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SU121"Am. 

The complex nature of solving microwave circuit 

problems with their many varied boundary conditions, precludes 

direct analysis utilising the basic 1&ws involved. This thesis 

describes methods that have been developed to determine the 

defining parameters of such problems. The methods are based on 

nxmerical techniques, usirW, a digital computer to perform the 

calculations. 

The finite difference and element techniques are 

reviewed briefly and extensions made into the analysis of three 

dimensional configurations. The difficulties of such methods 

are also discassed. The evolution of the steady state transmission 

line element method from the finite difference/element techniques 

is shown to possess many distinct advantages over the more 

conventional techniques, notably that of the ease in which it is 

fonmlated. 

Examples of rectangular, circular arul elliptical-wave 

guide analysis are shown, and comparisons formed with finite 

difference/element analysis where necessary. Proposals are also 

introduced whereby the method may be utilised to provide a wide range 

of microwave characteristics, with little or no alterations to 

existing procedures. The adaptation to other fields of interest, 

such as those associated with structural or fluid dynamics was also 

briefly noted. 
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CHAPITR I. 

INTRODUCTION. 

The-area of microwave circuits is a branch of electromagnetic 

field theory and must therefore involve the physical lavIst described 

by Maxwells equations, forsuch a theory. Since these equations axe 

essentially partial differential equations., their solution must depend 

heavily on initial and boundary conditions. The large variety of 

such possible conditions eliminates any hope of obtaining simple 

analytical solutions for soma parameter or field descriptions for the 

structure involved. Consequently the engineer developing such 

circuitry largely resorts to-computer orientated numerical techniques 

enabling the circuit's performance and characteristics to be examined. 

The propagation of electromagnetic waves'are - governedby the 

now classical Maxwells equations 

VA K= 6D +J 
bt 

Vt 

0 

together with the relationships that concern the medium in which 

propagation occurs 

D=6, er E 

BH (1.2) 

j 

where describe the permittivityj permeability and 

conductivity of the medium, which is assumed to be homogeneous) 

isotropic and source free. 



-2- 

For propagation in a perfect dielectric, containing no 

charges and conduction cur-mnts, it can be shown that 

212 
6 Er 

V 2ýH 
606r 

t 

(1.3) 

Equations 0 
-3) are the vector wave equations ana by 

considering the field components of either the electric or magnetic 

field vectors, the vector wave equation reduces to that of the scalar 

wave equation 

7z Cý = I.. (1-4) 

where 4) represents any field component; ýL ý6 pr and G=C. F-r- 

If it is assumed that the electric or magnetic fields possess 

periodic variations in time such that they may be analysed in tems of 

the complex exponential function e 
jWt 

and also if a field dýependence 

-1Z in one direction is also assumed to be of the form e where W is a 

constant which typifies propagation and z is the direction where 

knowledge of the propagation is assumed, then the scalar wave equation 

(1.4) becomes 

mhere 

1 
Equation (1 

-5) is an elliptic partial differential equation 

and is known as the two dimensional Helmholtz equation. it is this 

equation which is widely used to detexmine the propagating characteristics 

and field desoriptions-of electromagnetic waves for a vast range of - 

microwave circuits and configurations. 
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Most of the present methods of solving equation (1 
-5) is 

to consider a region R bounded by a closed boundary S., over which 

equation (1 -5) is assumed to holdi, and is applicable to most of the 

present day microwave circuitry applications. Anumber of techniques 

are available to solve the two dimensional Helmholtz equation. Apart 

from the analytical methods which become restrictive due to the many 

boundary conditions that may be imposed on S, the development of high 

speed digital computers have enabled recourse to numerical procedures 

for evaluation of the particular parameters which are defined by the 

structure under analysis. 

The finite difference technique was applied to electromagnetic 

2 
waveguides and cavities as early as 1946 by Motz and entails dividing 

the region under investigation into a not of small but finite mash size. 

At each intersection of the net or node., the potential existing at1that 

node is expressed as a function of the potentials existing at the 

immediate neighbouring nodezs. In this manner a difference equation 

is formed at each node in the region considered,, resulting in the 

rqplacement of the scalar Helmholtz equation by_a large number of 

simultaneous linear algebraic equations. Subsequent investigations 
34 

closely followed, Collins and Daly, Davies and Muilwyk and mom 
6 

recently SinnA and Corr applied themselves to the devalopment of the 

method to include various arbitrary waveguide structures. 

A similar approach to the finite difference technique, the 

finite element technique,, was developed by ZienkiewiW for use in 

structural mechanics, but was also applied to vibrating membrane 

problems, which is a boundary value problem and for which Helmholtz's 

equation can be used to describe the particular modes of vibrations and 

displacements. Silvesteý, Arlett 
0, 

and Dal 
11 

applied this form of y 



-21. - 

solution to the wave equation to similar regions as those 

investigated by finite difference techniques. The finite element 

method relies on a variational approacho which is based on the 

concept that the integral of some function typical of a system has 

a smaller value for the actual performance than it would have for 

any other assumed perfoxmance. The method approximates the region 

under consideration by polygonal sub domains or eler, -ants randomly 

orientated. within such sub domains the f ields are approximated by 

piecewise plane functions uniquely defined over eacl-i element. Use of 

these elements give rise to Vertices across the region at each 

of which the appropriate finite element equation is derivý-., d. As in 

the finite difference approximation a largc ntunber of simultaneous limar 

equations arise. 

The two methods briefly described above are by no means the'only 

ones available for solving the scalar Helmholtz equation, but are those 

most comnonly employed. There has, howevers been a flourish of now 

techniques and adaptive procedures to provide solutions to the wave 
12 

equation and have been reviewed briefly by Davies who proposes in 

answr to the question 'Which is the best method of solving our wave 

guide problemV that it is dependent on the requirements of the user; 

viz., as to what region is being analysed,, the suitability of the 

particular method to various waveguide geometries, the possibility of 

requiring dominant and higher modes, or field valuesjand also the main 

influential factor, computer running time and available store . This 

reasoning is essentially valid, but one factor not considered by manys 

a the dagree of ease výdth w hich any particular method is fo=ulated 

for computbAi0hal use. 
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It is proposed here to develop- a nethod v&ich incorporates. 

most if not all the points Davies raises, and which is basically 

simple in conception and use, a method to whiah an engineer can 

readily adapt himselfp since it contains no detailed mathematical 

procedures inherent in, such techniques described beforep other than 

that of basic transmission line theory. 

The first part of the investigations concerned reviewing the 

salient points of the finite difference/elewnt techniques, the 

difficulties encountered and the accuracy of solutions for, several 

spatial discretizations of the, regions analysed in two dimensions. 

The feasibility of analysing three dimensional structures by 

the finite element technique utilising a simple cubic element, derived 

in the text, was studied and initially applied to a homogeneous 

rectangular cavity producing results to a good degree of accuracy. 

The three dimensional analysis ahd element was also applied to a 

homogeneous rectangular cavity containing an axially continuous stripline. 

By minimizing. the stored electrostatic energy between the two 

conductors the characteristic impedance of the structure ýcould be 

calculated. The continuous microstrip structure also examined 

necessitated the inclusion of a dielectric slab. Because of the 

inhomogeneity of the, cavity and lacking a formal variational expression 

for such a configuration, a quasi-static approach -was assumed and again 

the characteristic impedance of the system calculated. _Both 

configurations gave reasonable solutions. The final part of this 

section, investigated the possibility of adapting the-variational 

propagation expression utilised in two dimensional analysis-to describe 

in a three di-mensional in homogeneous rectangular cavity. The derived 

expression, although an incomplete one., yielded surprisingly accurate 
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solutions for the structure, but the limitations produced by the 

derivation of the variational expression did not warrant further 

analysis for the general purpose of this investigation. 

Subsequent chapters producEdan entirely new numerical technique 

of solving microwave problems evolved from the methods Of finite 

differences/elements and consisted of modelling the crOss-seotion of 

various waveguide structuresýby a mesh of intersecting transmission 

lines. Identities were formed between the voltages and currents on the 

mesh of transmission lines with the field components that exist within 

a waveguiding system governed by Max%rells field equations. Essentially 

the method (the steady state transmission line element method) replaced 

the linear potential function between mesh intersections in the finite 

difference/element methods by a circular funotion-and could thus 

describe the field variations in waveguides of a rectanEular geometry 

exactly and provide a much improved solution, (than those of the finite 

difference/element techniques) to those geometries which are non- 

rectangular. 

The method possesses the advantages of providing solutionsp 

characterizing the cut-off of the dominant and higher ordered modes, 

to a good degree of accuracy for any shape of waveguide, together with 

the field descriptions throughout the structure. The method is easily 

fo=ulated since only basic transmission line theory is utilised and the 

solution to a large system of simultaneous linear algebraic equations 

is avoided. The computational store is minimal, all calculations being 

performed on a machine of immediate access store 12 kbyte and no backing 

store. No, attempt was made to form a generalised program to deal with 
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configurations of arbitrary shape,, due to the store limitations 

imposed by the computer used; most of the store being used to 

accommodate the description of the structure under investigation. 

Naturally, however, no difficulty is foreseen if a generalised 

program is to be written. The disadvantage of this method is the 

relatively long ma china run time that is required to obtain the 

solutions, because of the numerous trigonometrical calculations that 

have to be performed, and as yet no procedure has been produced to 

minimize the run time necessary. 

however, it must be appreciated that the steady state 

transmission line element method as it stands is still in a very 

early stage of development and is capable of affording a vast quantity 

of further interesting,, absorbing and worthwhile research. 
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CHAPTER 2. 

PINITS DIFFERENCE/FINISS ELEIMET FOMMUTION OF THE MUM= EQUATION. 
- 

Previous discussion implied that the most commonly used 

techniques to solve the two dimensional Helmholtz equation were those 

of finite difference and finite element approximations. It is accepted 

that the Helmholtz equation is that which governs the propagation of 

electromagnetic waves and since a dependence of P--4R was assumed for 

propagation in the z, co-ordinate direction, it is only necessary to 

restrict subsequent investigations to those concerning the cross-section 

of the particular structure to be analysed i. e. two dimensional regions R 

bounded by closed contours S. Two methods of investigation are considered; 

finite difference aPproximation of the Helmholtz equation using a Taylor 

series expansion., and an ahalysis using finite elements. Both methods are 

applied to a general multiply connected two dimensional region R, consisting 

of two subregions R, RR 2; 1 being bounded by C and C. and R2 by C as shown 13 
in fig. (2.1. ). Regions R, and P2 consist of unifomp seotiomUy constantp 

isotropic, source free dielectric media of relative permittivities rzr, , 
Crz 

respectively. The analysis for both methods is performed over the 

rectangular cartesian system of co-ordinates. 

The mode of propagation in such a structuna is governed by Maxwell's 

field equationax which in terms of their field components become 

; ýBz + as 

- W= -S EY, -j olk. HS 
bx 

ap-. ý - ; ýLEv. - Hz 

bx as 

ýRx +jw Ey, 
b3 

69-L -IHj0 E-o C-r; F-4 

ax 
21ý2 - MAX 
BY, aj 



cl 

C2 

Crt 

I C, I 

, it 

\22 

12 

I. 

Fig. (2.1. ) General =ultiply connected two dimensional region. 
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The transverse field components can however be expressed in terms 

of the axially directed field components., by suitaole manipulation of 

equation (2.1. ) yielding 

Eý =-1ý ýý5X e22 

j QýLo 

H Y. -j U3 E. erL Cýý 

(2.2) 

ýýEz 

with tRýL C_q + cut-off wave number 

and further manipulation yields the pair of Helmholtz equations 

AZ' i4Z (2.3a) 

2. 
Vs Ez -4- 1; ýt tz -0 (2.3b) 

thus E and H must satisfy equation (2-3) tog6ther with the necessary zz 
boundary conditions. 

ýHz 

an, 
ýIEZ =a on CI (electric walls) 
25Cýj 

- (2-4) 

CbEx = C:: ) j Hz an 0 ýHz =o on C2 (magrietic walls) 
-an., acm 

where a= spatial derivative tangential to the contour Ci and b spatial 
br-L SýVL 

derivative in the direction of the outward noxmal to C1. 
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On the contour C3i. e. the interface between the two media; 

(1) EH must be continuous 

(2) Tangential components of E, H must be continuous 

Wozmal components of D., B must be continuous 

Continuity of the tangential components of E across the interface C 

requims 

, r-, ý4 ýý - ( iýHL )ý 
= 

a 
- -cz 4 2ýýa - (2-5) 

n, 

Whilst cOntinuitY of the nozmal components of D across the interface C 

requires 

'Cl ri + ( Lz L I )I Cr- + ýEz (2.6) ar-, Lzýio n R, .3 U3 11. bnz R2. 

where x, a loss free system 

and týL 
02. 

Thus for an irliomogeneous re'gion R, the" axially directed field co=ponents 

must in, addition to satisfying equations (2.3) and (2-4),, satisfy equations 

(2-5) and (2.6) and the propagating mode is said to be hybrid due to the 

coexistence of. E 
z and Hz field co=ponents. 

For the case of a homogeneous region i. e. er. . Er in fig. (2.1) 

interfacial. boundary conditions do not exist and the problem reduces to that 

of seeking a solution to either equation (2-3a) (=, modes) or (2-3b) (TM modes) 

subject to the conditions of equation (2.4) 
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2.1. Finite difference fomulation using a Ta or Series e? Spansion. 

This method is already well documented 
3,13 

but will be reviewed 

brieflyv such that the salient points may emerge. The structure to be 

examined is shown in fig. (2.2. ). A regular cartesian mesh is imprinted 

on the region, such that the boundaries of the structure lie on the mesh 

lines. The mesh intersections or nodes are numbered in some ordered 

sequence and with each node i, there is an associated scalar magnetic 

potential H-I! ZL) and a scalar electric potential Yj (ý Ez such 
13 

that + and LP are dimensionally compatibleg Fig. (2-3-) shows a typical 

interior node with its four i=ediate neighbours.. each a distance hp the 

mesh Pitch, away from the centrally located mcle. In this manner the 

actual cOntinuous field is represented by the discretized field at each 

node on the cross sectional region R. 

Using Taylors series to expand the derivatives in equations (2.3a),, 

(2-3b) and assuming that (ý(xq) and q/(Y, )ý) and their derivatives are 

single valued., finite., and piecewise continuous functions at each nodep then 

-cl 72 Cýz 

1: 2 r=, 
tz. (2-7a) 

2- ("Cr: 
-, + T-26---L) Yo - -L 

(1: 
16, + 2-6; Lý4-1+ q-,: i) - r-161 Ytý- - -CZr=.,. q/2 

J; Zý (C-1 + C:;:,. ) Lýo (2.7b) 

represent the finite difference form of the potentials (ý. ) 
+,, at a 

typical interior interfacial node on the boundary CF, fig. (2.2). In their 

derivation the concept of #image, mdes is utilised such that the boundary 

conditions at the interface may be written into the formulation, yielding 

the coupling terms 

I(T 
4-: 3) 



.4 
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P 
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D 

Figy. (2.2. ) Structure to be analysed usiqg finito difference/alement 

tecliniquo-'s. 
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Fig- (2-3. ) Typical interior rod2., ,.,; ith ir=adjate mighbouring'nodos. 

I 
- 

- pig. (2.4. ) Right triangular element., 

z. 
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The finite difference fonn of the potentials ý. and4, at a node 

situated wholely in one of the homogeneous regions, can be obtained 

fmm equation (2-7) directly, by allowing 

T-, r=: L 
C-1 

for node in region 1. 

T-2. E% e2- for node in region 2. 

and equation (2-7) reduces to the familiar 5 point finite diffei: ence 

formulation of Helmholtz's equation., with the coupling terms automatically 

vanishing. 

Nodes on the boundariess however need special treatments yielding 

slight modifications to the generalised interior situated nodal equations. 

For a node on an electric wall C, (ABCDLI - fig. 2.2) 2 k, ý= 0 and an 

equation is unnecessary to describe the variation of the electric potential, 

further ý30, 
- a on the contour AB, and this condition is written into 

2)JI 
equation (2.7a) by stipulating 

In a similar manner nodes situated on the contours BD, M, give rise to 

wdified versions of the generalised equation. 

The magnetic wall conditions on C2 (Apz - fig. 2.2) require 
t4-= d? =0 2)x 

and the identical dual procedure to that for electric walls is performed.. 
Discussion, so far., has been restricted to the analysis of the 

propagation of hybrid modes such that the system of equations represented 

by equation (2.7) taken over all the nodes in the structure with the necessary 

boundary modifications must be solved simultamously. If the case where 

variation of the axially directed magnetic field in the x direction is 

zero is considered$, 2Ptý 
, 0) then a I'M mode can exist within such a 

ax 

structure satisfying the boundary conditions on the interface, viz. 

-C I(t, -), = -C'2(t! 
ý ) 

aj 
I 

a, 9 ; Z2 

izi fig. 
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The problem is then reduced to replacing the one dimensional 

Helmholtz operator by the appropriate finite difference operator at 

nodes along any one mesh line in the y direction,, the Seneralised 

equation for the finite difference form of the magnetic potential 

at the interface node being 

(2.8) 

with the modif ications' described previously being performed'fbr nodes 

situated on electricý or magnetic walls. 

Most structural problems to beanalysed do not usually possess 

boundaries which lie ori mesh lines-parallel to the co-ordinate, 

directions,, for examplep a circular boundary. Two main alternatives 

are then open to the user (a) to approximate the true boundary by 

mash lines, with a much finer mesh pitch, thus allowing the boundary 

to become deformed or (b) to allow the mash arm lengths - fig. (2-3)' - 

to be corrected so that nodes lie on the boundary, but the mash is'no 

14. longer regular everywhe! 4. 

I The mpeated application of equations (2-7) at each node in the 

region, with due consideration for-nodes at the boundaries, results in - 

approximating the Helmholtz equations (2.3a, 2.3b) by a series of 

algebraic equations in ý and Lý vhich must be solved similtancously. 

This may be 'written as a matrix eigenvalue problem of the form 

(9- XB) g=a (2.9) 

Where A has as its components, the coefficients of the ýIz and ' LVS 

defined by the left hand side of equation (2-7)p whilst B is similarly 

defined for the right hand side of equations (2-7), X is representative 

of the'structures wave number k2 and dependaht on the wsh pitch. 7- 
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is a square, sparse banded matrix and Ba diagonal matrix, both 

of order 2m, where m is the number of nodes defining the structure. 

Providing a regular mesh is used everywhere over the region, A will'be 

symmetric for electric walls completely surrounding the region, but this 

condition does not hold for the presence of a magnetic wall due to the 

presence of image points in this type of boundary. 6 is a column 

matrix of order 2m, whose elements consist of the potentials(ý, + at-each 

node in the structure. 

Since'Cl* is frequency dependgmt., the eigenvalue equation is >11 

solved for discrete values -of T-1 corresponding to investigations 

perfonned over a selected frequency band yielding a dispersion curve. The 

properties of A are further influenced by the choice of T-1 for in the 

range -Ci >0# (corresponding to the velocity of the propagating wave 

exceeding that, of light in free space), 4 is at least positive semidefinite, 

thus assuringL possesses real, nonnegative eigenvalues. For T-ý -<0 

(corresponding to the velocity of the propagating wave being less than 

that of light in free space). pthe eigenvalues associated with A can either 

be positive and negative or all negative 0 since A may no longer be positive 

definite and the eigenvalue corresponding to the dominant mode is 

mmally taken as the least negative one 
6. 

Ihe homogeneous system (C-r,. C-r ) requizes the solution to either 

(2.3a) or (2-3b) together with the boundary conditions at an electric or 

magnetic wall, since the absence of interface conditions in effect 

decouples the equations represented in equation (2-3)- Thus Tj 

eq= C-r. - C-r- , in either equation (2.7a) or (2-7b) yields the 

generalised finite difference form of the potential 4), or +. at a 

typical interior node, and application of this operator again forms a 

matrix eigenvalue equation similar to that of (2.9), with the properties 

of A., B as described above. 
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6 represents the scalar magnetic (TS modes) or scalar electric (TM modes) 

potentials and X becomes proportional to the cut off wave n=ber of 

the structure. However since -C-, is no longer frequency dependant, 

the eigenvalue equation has only to be solved once to obtain, ihe 

desired infomation regarding the fields and cut-off wave =mbers of 

the propagating modes. 

Although discussion has been restricted to the 5 point finite 

difference operator, improved accuracy can be obtained under certain 

conditions, by approximating the Laplacian operator by a9 point or 

even higher ordered difference oPeratorsIO. 

2.2. FINITE EL&IISRX FOBNAMAXION. 

Unlike finite differences,, which depends on constructing a set 

of difference equations involving field values at mesh points, to 

replace the differential operator, the theory of finite elements allows 

the two dimensional region to be divided into a finite number of 

polygons or elements over each of -which the field is expressed as a 

function of the fields at the vertices of the elcments. A variational 

expression is constructed for some parameter of the problem and 

minimization of the variational expression with respect to the field 

values existing at each vertex is performed. 

The principle behind variational methods is based on the concept 

that the integral of some function, typical of a system has a smiler 

value for the actual performance of the system than it wjuld have for 

any other assumed performance. , 6. variational expression which is 

stationary in k2P the wave number of the system, for the structure of 

fig. (2.1. ) is given by 
15 
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12 AR 

d PI 

where 

and thus T-i 

the variational expression J (t), Lý) can be shown to have as its Euler 

equations 
16 

-C, 7'ýý 4) + 1ý'Cý -0 
and 12ý'7-L E-rý 7)(S Ue + f9ý*GrL 

over each region Rýp which are satisfied because of the two dimensional 

Helmholtz equations,,, equation (2-3). 

By taking a branch cut as shown in fig. (2.1) such that 

(2. o) 

(2. lla) 

(2.11 b) 

region RI is simply connected, it, can be shown that the natural 

boundary conditions automatically satisfied by -T(4), vdien stationary are 

-p g-L a 4- _C2 (2.12a) 
on 

and- 

-. 2 T- I -rj 
(LLý) 

+ r= ýý 
=ý 

'- 

- CZ r. (2.12b) 
zyq zr_ 

at the interface of the two media, which are the boundary conditions for 

the continuity of the tangential electric and magnetic fields across 

the interface, providing that the fields 0 and Y satisfy 
q 

on a magnetic wall 

on an electric wall 
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If 4, (Kjý) are the trial solut 
I 
ions of the scalar 

magnetic and electric potentials over the region represented itself 

by a finite number of elementso the values of q(xsy) and Lý (xxy), 

which yields the smallest possible J will be the correct values 

satisfying equation (2.3). 

Over a triangular element fig. (2-4)., (ý (x,, y) and Lý (x, y) 

are represented by 

,, ýe(x, y) Ne ýX,, Y) i 
k=p, q, r, 

e (Xvy) y0 (Xpy) =Z Ni k 
k=p., q, r. 

(2.1 3a) 

(2-1 3b) 

Where ý,, 
, Lýk are the values of the fields ý, Lý at the k th vertex, 

and Ni(xvy) is a function of the spatial co-ordinates, uniquely 

defined and differentiable over each element and reducing to zero 

outside it. The substitution of equation (2.13) into the functional 

form of J then reduces J(4ý I Lý-) to a function of the variables 

and thus the optimum 4) and Lkk. The optimum sets Of 40 

fields (ý, Lý- are then obtained I by minimising J ((ý, Lý ) with respect 

to each of the parameters ck, viz. 

c -)j (4), Ur) Lý-) =0k : -- p j, qpr, 
a ep 6 UM 

The minimisation of J(0,4- ) over R is equivalent to the minimisation 

of j((ý, Lý ) over each element providing the fields are continuous 
8 

across the elemnt interface, which is assured since at least two nodes 

must bpr common to adjacent elementsp and if each vertex k of the 

elemnt , e, is conunon to P clementso then 
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-CL 4ýNL d 

aNQ, 
- C) dv, dS 

dy. (1 I+eL) 

1ý Q N' ZZ SJ-P2'EjGrý 4, ý 

0- Ic I 

ýe j)Nz dA fat 

NA 

P C-rj Ne' d,, 

represents the minimization of J((P, 9-) with respect to (ý andur at 

the k th vertex,, 

N0 
p 

and ar e 

0- e. [ýp (ý, ý 

vvhere G is the -row matrix,, 

Na No 
qr 

column matrices 
_r "a CL 4ýr I [+p Y9 4-ýr 

with reference to the triangular element fig. (2-4). 

Over one such elewntp the functional dependance of S5 and W 

can be written as in equation (2.13) where 

Ne = (a +bx+c y) / 26 
ppp p 

ap xqyr-xryq 

bp Yq Yr 

0 p X-X rq 

IL = area of the triangle 

(2 -14b) 
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with the other parameters beinZ obtained by cyclic rotation of 

the sufficos ps q, r, and this minimization of J over 

the element may be written compactly as 

bsgt(qý, Y) T 62 4? 411 P2T Cý IL ) 2. a -L 0- 

lbe 
b7e- (0. ) =( P2- T: i Eq ýý ±ý -riC ep"- )- ; a? - ze týc 

where e s 
pp pq pr 

cc 
Rp pq pr 

s 
qp 

s 
qq 

s 
qr 

c 
qp 

c 
qq qr 

sss 
rp rq rr 

c 
rp rq rr 

J 

pp 
F 
pq 

F 
pr 

qp qq 
F 

qr 

rp 
F 

rq rr 
L 

and S dy, (b pq + 

c NP ZNI - ýtA Nq 
pq 

el. 49 ZS N 

Fpq NNq, dlý di 
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Evaluation of these integrals over the right triangular element in 

fig. (2.4) results in the final form for Se, e, Fe as 

2 -1 -1 0 +1 -1 21 1 

0 ce -1 0 +1 12 1. 

L 
01 10 

j 
12 11 

L 
2 

Thus the finite element representation of the potentials 0, and at 

a typical interior interfacial node on the boundary G? - fie. (2.2) 

common to six right triangular elements, as in f ig. (2-5) becomes 

(2.15a) 

+ T2. ea) Lý. - L(-c, el 
z 

tý (c- je e> 

4- Guýý 4-1 + 4-sý (4-++ + 43,4 YIJ (2,15b) 

after the condition for stationarity i. e. 
az((M-) 

=Q has been bE _dv ý112 1 43ý4 - 
performed. In a similar manner to that of : Finite- differences, the 

finite element formulation for nodes situated entirely in one of the 

homogeneous regions can be obtained directly from equation (2-15) by 

allowing the parameters T-1 
I 

Ej to possess the same values for that 

region Ri. and nOtinP, that the coupling tems vanish. 



II 

If 

31OXI 

(iv) 

(V) 

6 

Interior. inter-facial node.. coz=n to six right to 
triangular elements. 

I. 

A. 
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For nodes on an electric wall ý=-D and a mdal. fomulation 

of the potential is unnecessary. On the same vall, for example AB 

in fig. (2.2), i* =0 but it can be seen that for a typical node 
DY 

OfK 
on this wall there at most, three right triangular elements 

IX 

associated with this node, and by suming the contributions to 

over the triangless the finite element representation of the 

potential q) existing at this node can. be derived, automatically 

satisfying the required boundary condition. Identical arguments 

are valid for the dual case of magnetic walls. z 

The propagating mode, that. can be solvvd, using one spatial 

dimension can be found in a similar mannor, by utilising a line 

element17 joining two nodeso each node thereforc being co=Don to at 

roost two such elements and tile finite element formulation of' the 
ý 

potential 4),, existing at the boundary between the tvo media yields# 

-Cz 

with modifications being made where the node under consideration is 

situated entirely within either of the homogeneous 
_mediap 

or placed 

on, an electric or magnetic wall. This can be sean to be identical to 

equation (2.8) if the weighting on the right hand side is thrown entirely 

ortothe central node. 

Az pplication of equation (2.15) over eacli node in the region, 

-with due regard for the modifications at the boundaries, again results 

in approximating the simultaneous equations (2-3) together with their 

boundary conditions., by a set of linear algebraic equations in 4), Lý. 

the set forming the matrix eigenvalue pzvblem 

51) g= 
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with. ý being the matrix of the coefficients of the 4ý% and 4)s 

defined by the left hand side of equation (2.15),, whilst B is 
"I 

defined by the right hand side of equation (2-15). X is, tile eigenvaluo 

proportional to the wave =, iber k2 and the mesh pitch* arid B 
1ý1 

are now both symmetric, oven under magnetic walloonditions, due to 

the symmetry of the matrices Se. Fe and Ce', further they are sparse 

and banded and B is positive definite. is positive or negative =1 

semi definite according as to the values of"Cl discussed previously. 

a is the column matrix representing the values of the fields (ý, + 

at each node or element vertex. Other than these exceptionso tho 

examination of the dispersive properties of the structure together 

with the effeot of varyingr-lon the matrix A and the investigation of I 

the fields within a totally homogeneous structure, follow those discussed 

previously for the finite difference analysis of the same structure. 

Although it has been briefly shown here, the development of the 

finite element formulation for triangular elements., the approach can 

be applied to other elemental shapes which serve to increase the 

accuracy of the approximation. This increase in accuracy can be 

brought aoout in two ways. 

(a) using a higher order polygonal element e. g. a rectangular 

element, these however produce additional difficulties when 

approximating a structure whose boundaries do not lie parallel to one 

of the oo-ordinate directionsp such as the perimeter of-the circlep 

and thus use of the simplest two di=nsional region - the triangle is 

advisable. 
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(b) using a higher. order polynomial approximation 
18,19 

of the function describing the variation of the fields across an 

element. This approach is the favoured one, even though it does 

give rise to more complicated elemental subregions such as 6 point, 

10 point triangles etc. The advantages are such that one higher 

ordered polynomial element can replace a few lower ordered polynomial 

elements in defining the region, but it must be appreciated that 

a large number of the simpler elements is clearly advantageous when 

modelling a complicated boundary shape. 

2.3. NEIIHODS OF SOLUTION OF TBS DERMD MATRIX EIGENVALUE PROBLUM. 

The methods of solution of the generalised zaatrix eigen value 

problem 

fall into two 'well defined categories viz; (i) by relaxation of the 

fields at each node within the system - indirect methods and (ii) by 

direct matrix manipulation. Each method possesses its characteristic 

advantages and disadvantages., according to the size of the matrices, 

solutions for all eigenvalues and the properties of the individual 

matrices. It is to be observed that the methods involved in the 

solution of the particular equations are many for both the above 

categories and discussion of the relevant techniques is beyond the scope 

of this thesis. 

6ince, the system of linear equations from which the matrix 

eigenvalue problem is derived are usually largeo they must be solved 

using rAmerical techniques with high speed digital computers. 
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2. ý. I. Indirect Methods. 

Indirect or relaxation methods base their mde of operations 

on the principle of rupeated application of a simple algorithm. 

The advantage of this method is that the non-zero elements of the 

rows of the matricesA, R need only be generated výhen required, and 

thus storage of the complete matriceswhich are sparse , is obviated. 

Further since there are only a few different types of node structures 

within the region of Fig. (2.2) and hence few different types of rows 

of the matrices, "only a small number of sub-algorithms need to be 

written for the complete algorithm, The algorithm that has received 

most attention over previous years is that of successive point over- 

relaxation' (SOR) and it is proposed to use this powerful teduUque 

herc for the solution of derived matrix eigen value problem. 

Consider the implementation of SOR on equation (2.18). An 

approximation is made to the requimd eigenvector, q and eieenvalue)ý , 

then for each element of the residual R4- at that element is 
3. 

found by 

Rj = (ýý -X Bz) @' 
'whe re Ai denotes the i 

th row of matrix A. 

Ideally the residual should be zero at each element for a 

solution and thus the i 
th component of d should be over relaxed, 

by a factor vR i 
i. e. 

ez -. * eL + ýq P'-' 

where w is known as the accelerating factor and affects the rate of 

convergence to the correct solution. 'The eigenvector is scaruwd 

systematicallY several times in this manner. 
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The eigenvalue estimate, however will not usually be the correct one, 

and in this case for an estimated eigenvalue greater (or smaller) than 

the correct eigenvalue the eigenvector grows (or diminishes) and 

cannot converge as the determinant of (A-XS) is non zero. However 

the elements ofP tend to assume their correct shape, and after 

several iterations, the incorrect although 'shaped' eigenvector is 

substituted into the Rayleigh quotient, 
14 

Xnew 

which gives an improved eigenvalue estimate ýnew and is also 

stationary for the true solution. Using this now estimates the SOR 

pwcess is reverted to 'with the most recent eigenvector and an improvedO 

found. Alternate usage of the SOR process and the Rayleigh quotient 

causes convergence to the correct eigenvalue and eigenvector within the 

accuracy required. 

I The disadvantage. of the SOR method is that it cannot be used 

with convergence guaranteed on an arbitmry matrix. The convergence 

theorem. states that convergence is guaranteed only on symmetrical and 

positive semidefinite matrices, with diagonal terms greater than zerot 

and off diagonal terms less than or equal to zeroo and for 0 2.. 

For example this means that the SOR process can only calculate the 

dominant eigenvalue. 

The finite element formulation of Helmholtz's two, dimensional 

equations yields A and B as symmetrical and positive definite matrices 

for'ci')- 0 and thus convergence occurs. For Mi <0 the matrix A is 

indefinite whilst still retaining its symmetry and thus convergence to 

the col-rect eigenvector is in no way guaranteed,, and recourse has to be 
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20 
made to other techniques notably that of Peters and Wilkinson 

which is a semi-iterative technique and although pexmitting A to be 

indefinite has the added advantages of utilising the band structures 

of A and B and calculating higher ordered eigenvalues. 

The finite difference fonnulation of the same problem does 

not necessarily produce a symetric matrix A and only when the 

structure is devoid of magnetic walls will A be symmetric. For the 

general case A will only be slightly non-symetrics but is sufficient 

to waive the convergence criterion for coarse meshes when the non 

symetry is most pronounced, but for finer meshes A will tend to a 

more symmetrical nature and convergence can be optimistically thought 

of. Again the definiteness ýf indefiniteness of A is of importance 

and the discussion held in the previous paragraph is equally applicable 

here. 

The matrix eigenvalue equation derived for the totally 

homogeneous structuresp have both A arid B symmetrical or 'near' 

sy=netrical,, and positive definite and thus a guarantee of cenvergence. 

It is worthy to note that for TE modes in a structure being bounded 

solely by electric walls that the trivial solution 0= constant to 

equation (2.18) exiats,, this can be eliminated by using magnetic walls 

of symmetry such that the fundamental mods also satisfies these 

boundary conditions. 

The method of successive overrelaxation applied to equation 

(2.18) yields the dominant eigenvalue, since an attempt to seek the 

next ordered eigenvalue would result in A beooming negative definite 

and hence the loss of convergence. 
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21 22 
Silvester and Beaubien and Wexler have developed biharmonic 

operators to make the relevant matrices positive definite so as to 

compute higher order eigenvalues and to use SOR for the inhomogeneous 

problem. The di sadvantage, is that - the value of the next lowe st 

eigenvalue has to be known for the computation of any eigenvalue to 

be successful. This is suitable for empty waveguides as Beaubien 

and Wexler have noted, but for the inhomogeneous system,, since the 
6 

dominant mode can correspond to a negative eigehvalue the choice of 

the 'next lowest' eigenvalue is a difficult one to estimate. The 

introduction of the biharmonic operator also gives rise to a 13 point 

or 25 point operator and this must give aciditional complexity in 

formulating the necessary boundary conditions. 

Succussive over-relaxation was applied to the matrix formulation 

of fig. (2.2) using 5 point., 9 point finite difference operators and 

right triangular and squaxe finite element operators to describe the 

field variations. The totally homogeneous case being considered 

initially, with electric walls an AB, BCD, 10, and a magnetic wall on 

AFE thus seeking the cut-off wave numbers of the'llf II mode. These 

results are shown in Table (2.1) with b= 2%. 

Table (2.1) indicates that analysis using square elements is as 1 

accurate as for the five point finite difference formulation., mhich 

further are an improvement on the accuracies obtained by the triangular 

element subdivision of the mesh and using a nine point finite difference 

operator. The greater errors incurred in the triangular element 

formulation is due to the non symmetry 
19 

of the description of the 

potential at a typical node - fig. (2-5) where the images of points 5 

and 6 in the planes defined by 103 and 204 are absent; uhilst the nine 
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point finite difference's errors are caused by the introduction 

of more nodal potentials to describe the potential at the central 

node and thus at the magnetic wall,, where modifications have to be 

made to the relevant difference equation, a less symmetrical matrix 

than that for the set of five point difference equations is 

produced. 

The one dimensionalTE 10 was also investigated, by using one 

mesh line of fig. (2.2), BD with a magnetic wall at D and an electric 

wall at B. Table (2.2) records the results of the cut off wave 

number for several values of the discretisation of the line, using 

the finite difference and finite element fomulations, equations 

(2.8) and (2.16) respectively, with-Cj=-C2- I for the completely 

homogeneous system. Examination of Table (2.2) indicates that there 

is little difference in accuracy,, but, as in Table (2.1), the finite 

element formulation yields an upper bound to the correct solution 

whilst the finite difference formulation yi&14s a lower bound. 

Table (2-3) represents the wave lengths of the propagating wave 

for the inhomogeneous structure of fig. (2.2) for the dominant 

longitudinal section magnetic (LSM) mode 
23 

at cut-off. Square finite 

element and five point finite difference formulations were used., as 

these were the most accurate of all the formulations discussed for the 

homogeneous region. The dispersive properties although readily 

obtained by the SOR process for the range -ci > (D are not recorded as 

these are well documented elsewhere. 
6,915 

Region I possesses a relative 

permittivity of unity and region 2 has relative permittivities of 2.45j, 

9.0,50.0, and 100.0. 



TABLE 

Cut-off wave number ( kb) 2 for'the TE 10 mocle,, in a waveguicle 

of width 2b. 

IVb 

Finite 

(kb) 2 
elements 

e rro r 

Finite Difference 

(kb) 2e 
rror 

1/4 2.4992 1.29-, 2*4359- 1.29 

1/8 2-4753 0.32 2.4595 0-32 

1/16 2.4691+ 0108 2.4655 0.08 

(kb 2')2=2.4674 ) anal =( Z- 



- 29 - 

ABCDS - fig. (2.2) again represents an electric wall whilst AFL 

represents a magnetic wall of symnetry, the discretization employed 

h/b with the dielectric interface situated at y= b/2. 
2j+ The analytical results are obtained from Marcuvitz Again there is 

little or no difference in the accuracies between the two methods. 

The dominant longitudinal section electric (LSE) mode 
23 

was 

investigated, utilising its one dimensional representation or model. 

ýable (2.4) shows the cut-off wavelengths of this dominant modo,, for 

the same values of relative permittivities as those in the I&I 

investigations. The mesh line BCD was utilised for the modo-is together 

with an electric wall at B and a magnetic wall at D,, the disoretization 

h/b = 1A is utilised so as to provide compatibility with the 

dimensions of the structure analysed for ISM mode-type propagation. 

The accuracy of the finite element formulation is now far better than 

that of the finite difference fomulations comparing the results with 

tz 24. the analytical ones obtained from Marouvi This must be due to 

the fomulation of the matrix B in the eigenvalue-equations where for 

the finite element representation of matrix B the potential existing 

at any one node is replaced by a linear function of the potential at 

that node and also of the potentials existing at the neighbouring nodes, 

whilst the finite difference representation of, the same matrix weights 

the potentials existing at the surrounding nodas and 'throws' them on to 

the central node, and is clearly disadvantageous when a relatively 

large variation in the field exists such as that at a dielectric boundary. 



TABLE-(2.3) 

Cut-off wavelengths Wý, ) of the dominant IMi mode in a waveguide 

of square cross-section of side b. 

Gr 
Finite element 
b/, \c error 

Finite difference 
b/, \, error galytio (see text)* 

2.45 0.3875 o. 66 0.3831 0.49 0.3850 

9.0 0.2278 o. 66 0.2251 0.51 0.2263 

50.0 0.09992 o. 62 0.09864 0.66 0.09930 

100.0 0-07088 0.59 0.07001 o. 65 0-07047 

TABLE (2.4) 

Cut-off wavelengths (t/>)) of the dominant IM mode in a waveguide of 

width 2b. 

Finite element 
b/)\L erivr 97a 

Finite 

b/, \, 

Difference 

error (S., te, týnalytio 

2.45 0.3385 0.38 0.33Y+ 0.98 0.3372 

9.0 0,1812 0.25 0.1785 1.19 0-1807 

50.0 0.07748 0.20 0.07631 1.30 0-07732 

100.0 0.05483 0.20 0.05400 1.31 0-05472 
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2.3.2. Direct Yethods. 

For direct matrix manipulation of the eigenvalue 

problem most computing centres possess large matrix routine PUCICages 

and it is on these that the user nomally relies. The algorithms 
25 

employed in most cases, are those noted by Wilkinson an(I Reinsch, 

who recomiiend certain algorithms for the numerical solution of 

equation (2.18) where matrices Ap2 can be symmetric or nonsyirmetric, 

sparse or dense, real or complex and B can take the value ofj, the 

identity matrix. Further the authors record (and have tested 

rigorously) the algorithms in a fully readable programmable form to 

enable the user to incorporate the required solution technique into 

the relevant program. - 

For the generalised sy=netric eigenvalue problem represented 

in equation (2.18) where A is a real symmetric or I near' symmetric 

matrix and B is a real symmetric positive definite matrix, 
.2 

can be 

factorised. by Cholesky' s methodpp = JL T 
where L is a lower triangular 

matrix. Hence equation (2.18) can be vrritten 

F, (L: I)T t Ll eI 

so that symmetry is still guaranteed for tý' R (L: fl but the banded 

structure is destroyed, and the transformed matrix is now dense. In 

the finite difference formulation B is or can be arranged to be the 

identity matrix and the Cholesky decomposition is not required, 

therefore the eigenvalues are sought of the real symmetric.. sparse banded 

matrix A. 



- 31 - 

Wilkinson recommends the methods of Jacobi or Householder 

(ref. 25 pp 202-270) to solve the matrix eigenvalue problem for realp 

symmetric matrices,, but these methods suffer from, the fact the whole 

of A and B or at least one of their symmetrical halves must be stored 

and no advantage of their respective sparseness is taken. The 

sparseness must be of paramount importance especially when 

manipulating and storing large order matrices and Peters and 
20 

Wilkinson indicate the manner in which the property of sparseness 

may be utilised in deriving solutions to equation (2.18) vaiilst 

Schwarz (ref. 25, p 273) reports the method of solution for the 

generalised matrix eigenvalue problem where B is the identity matrix 

and. again full advantage is taken of the sparseness of A. 

The alternative approach of premultiplying equation (2.18) 

by the inverse of B, B -i is to be avoided$ for although both A, E are 

symmetric and sparse the product_ A is not necensarily symmetric 

and is dense, thus reducing the methods of solution for which the 

complete nonsymmetrical matrix is stored and these methods Wilkinson 25 

has noted tend to be rxunerically unstable. 

The direct approach was applied to the homogeneous 

configuration of fig. (2.2), (C-r 
I= 

F-r, 7 1) , with electric walls at AB, 

BCDj, DE and a magnetic wall at AFE9 and thus seeking the cut-off wave 

numbers of the T11 modes that satisfy these boundary conditions. These 

are recorded in Table (2.5) withb=2a and using the finite element 

formulation over square elements, and solving the resultant matrix 

eigenvalue equation by the method of householder. 'Two disoretisations, 

h/b, are employed with modes whose computed cut-off wave numbers differ 

from the analytic ones by at least 10/1ý being rejected. 



TABM 
-(2.! 

a 

2 
Cut-off wavenumbers (kb) of 'I'M 

nm 
modes in a waveguide of square 

cross-section of side b. 

h 

b 

Mode (kb) 2 
comp. (kb) 2 

anal. Erxvr'p" 

1/6 TM 11 19.9942 19-7392 1.29 

TM12 51-5437 49-34-80 4.45 

1/10 'I'll 19*9020 19-7392 0.82 

TMI 2 50-7450 49-34bb, 2.83 

fill 31 105-5300 93.6960 6.92 

=13 105-5300 98.696o 6,92 - 

TM32 136-3700 128.3049 6.28 

Tu 33 
189-5000 177.6529 6.67 



TABLE-(2.6) 

Cut-off waven=ber (kb) 2 
of TE 

no 
modes in a waveguide of width 2b. 

h 
b 

3110& 
2 (kb) COMP 

2 (kb) anal. Error 

'A TH 10 -2.4992 2.4674 

1/8 =1 10 
2-4753 2.4674 0.32 

U30 22-8557 22.2o66 2.92 

= 50 
66-7776 61.6850 8.26 

1/16 = 10 2.4691+ 2-4674 

TE 30 22*3675 22.2066 0-72 

T1,50 62.9325 61.6850 2.02 

TS 70 125-7318 120.9027 3.99 

ITS 90 213-1686 199-8595 6.66 
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The ermrs in Table (2-5) are the same for the 

corresponding entries in Table (2.1), but it can be seen that a 

slight decrease in discretisation3 not only produces an improved 

accuracy but also introduces far more results concerning the higher. 

order modes below the imposed IQ% error level. Note, also, that 

ermrs incurred in the computation of the T11 13' and 'IM 31 out-off 

wave numbers are larger than that'of the next two higher modes, this 

is due to the degeneracy of the two modes, thus allowing, the matrix 

eigenvalue problem to possess at least one set of multiple eigenvalues 

but with differing eigenvectors between which the Householder routim 

is incapable of distinguishing. 

The one dimensional model of TEýo mode propagation was also 

investigated for various values of discretization and the results 

recorded in Table (2.6) for the saw range of erzvr,, Again it can 

be seen that the results in Table (2.6) are identical to the 

corresponding entries in Table (2.2). 

2.4. 
-UMI-T-3 

DIMMIONAL FINITE EMEMENTS. 

Previous discussion has been restricted to those two 

dimensional problems vuhere the field dapendance in tho diroction of 

propagation, z, has been assumed to be of the form where ý is 

the constant of pzvpagation. This situation is ideal for structures 

possessing an axi&Ll continuity, as has been shown. However modern 

microwave communication applications require, for example, the use of 

sophisticated microstrip circuitry where the strip is seldom axially 

continuous (change in strip width, terminations etc., ) and where 

variations in field components exist in each spatial directioný 

necessitating the utilisation of three dimensional analysis. 



- 33 - 

To date there has been no formal proposal of such analysis and 

it is at this point that the feasibility of such studies is considered. 

Although, as has been shown, there is little difference 

between the finite element and finite difference fomulations for the 

same configuration, it is felt that the assertion of a symmetrical 

matrix operator and the weighting process of nodal potentials 

exhibited in the derivation of matrix B, makes the finite element 

technique slightly more favourablet and thus the finite element approach 

is considered throughout all further analysis. 

Solution of Homopeneous Cavities. 

Considering the configuration of fig. (2.6),, a rectangular 

prismatic cavity V consisting of two subregions VI., V2. Regions V 
10 

V2 

consist of uniform, sectionally oonstanti, isotropics source free 

dielectric media of relative permittivities r=r, ) 6e2. * respectively and 

unity pameabilitie s. 

In a similar manner to that of the two dimensional structure# 

a set of equations to be satisfied by the field components over a 

homogeneous subsection of fig. (2.6) are 

V2 Hz + tzý, Hz =a 
V2 Ez + Pýi Ez , 

whe re 02- ý-* ri 

subject to the boundary conditions 

E2., = LEz 

as 

bH, 

ý-"z 
= C) on an electric wall 

2)n 

IýEz on a magnetic wall 

9a) 

(2.1 9b) 



\I ,- 

ýcl 

Fig. (2.6. ) RactangUar pritnatic cavity. 

6 
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vAiere ý. is as beforep and ý is the spatial derivative tangential 
Z)r) Z3. % 

to the surface S, together with continuity of the tangential 

components of E and 11, ancl normal components of D and B asserted 

across the interfacc. 

For a completely homogeneous cavity (6r, % 6r2. - Er) 9 either 

of equations (2.19) defines a spectrum of possilale propagating modes 

as in the two dimensional configuration. Those likewise are 

classified as M 
mnp 

type if a scalar field ý is found such that it 

satisfies equation (2.19a) and the boundary conditions 

! ýp =a on an electrio wall 

on a mgnetic wall 

and 1111 type if a scalar field Lýis found such that it now satisfies mInp 

equation (2.19b) with the dual boundary conditions 

on a magnatic wall Zj 
b 

4- on an electric wall 

A variational expression which is stationary'in k2 (k 2= 

for the homogeneous rootangular prismatic cavity described above can 

be shown to be 

dV (2.20) 

v r=r 
16 

which has as its Buler equations 

1 ivl ý) te (ý = 
er 
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and is satisfied by the three dimensional scalar Helmholtz 

equationp equation (2.19a). U"(Cý) is stationary providingv alsop that 

the fields ý satisfy the boundary conditions. Similarly, a 

variational functional of the form of equation (2.20) can be derived 

for the electric field scalar, which has its Buler equation the 

form of equation (2.19b) and is stationary providing the field scalar 

satisfies the necessary boundary conditions. 

The region V is subdivided into a finite number of elerwnts 

and the value of O(X, y, z) which yields the smallest possible J (q) 

will be the correct solution to the three dimensional scalar Helmholtz 

equation, subject to the boundary conditions. The element chosen for 

analysis being the cubic prism fig. (2-7). 

over such a typical prisra which possesses 8 vertices the 

f ield ý (XP Y., Z) can thus be repre se nte d by 

P 
eIQ. a 

IS I (V r 
ý cy,, 314 =L mr ýx 

t 7-) 

r= i d, tt.... 

-where the shape function N' is 19 
r 

a+bx+ cry +dz+e xz +f ryz + grxy +hz 
rrrrrr? 

Cy 

which is uniquely defined and differentiable over each element.. and 

where the coefficients ar ýb r ..... h 
r- 

are defined in Table (2.7) with 

reference to fig. (2-7-)- 

ýe is the value of the scalar magnetic field at the rt-h r 

vertex of the element. 



lt. 

Jr 

I 

i 

Fis. (2-7. ) Cubic alemant. 

26 1.8 23 

17 

25 

19 

II. 

Fig. (2.8. ) Interior node w=zon to eight cubic alements. 

21 12 20 
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The substitution of the expression defining the field 

over each element into the variational functional, yields J (cý )as a 

function of the field potentials (b,, existing at each vertex of every 

element describing the structure, and minimization of this function 

with rVSpect to each Cýr will give the correct field configuration 

and cut-off wave number. Again minimization of J (<ý)over the 

entire volume is equivalent to minimisingJ ( ý) over each element 

providing the field is continuous across the element interfaces, 
8 

which is assured,, and thus if each vertex r of the element, a, is 

common to P elements, ( <, 8) 

', 
] dV 

adpr rmr X %x ý3 )i az : bz 

-kJ ]cNciV] 
a. I 

where [ Gr] = 
[NeF N; j 

ei ko-. 
... 

IT 

Over one such elenLant,, the minimization of J(ý )may be written more 

compactly as 

67(op) =I 
§ý (t - ýý ffr- 

a4p 6r 
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where 

s ii Sii 00000 sip 2 11 F ij '**** F ip 

s ji 
s 

ii 0"*** s jp F Ji 
FN 00000 p jp 

ýpi s 
pj , .... s 

pp 1 ypi F 
Pi *$#*0 F 

pp 
1 

and 

dx d3 uz 
by, by, 'ÖZ 

= (tzibi + cicj + didi) + -t eiej +J, ii) +tý. thj 
,64. -3 

Rj fNi Nje- dK dý ckz 
v 

04 cký +I CA Cý ýc. ( 

-L k4A- 

by suitable integration over the volume and noting that S, jp F ij 

remain invariant to a change of origin. 

The components of Se and Fe have been evaluated,, for the 

element discussed and are shown in Table (2.8) where because of 

symmetry only the upper triangular half of Se and the lower 

triangular half of F0 are quoted, the leading diagonal terms being 

identical. 

For a typical interior vertex, o. fig. (2.8) within the 

volume V. minimization of J ((ý ) with respect to the potential existing 

at that vertex implies, with the aid of Table (2.8) 



TABLB 
-(2.1. 

)- 

Coefficients of shape functions Ni,, Njq --- Np overa cubic element 

P 1 

All coefficients have a oo=on divisor of B. 

TABLE (2.8.1 

Conr ee ponants of the matrices SjF for a cubic element, fig. (2-7. ) 

ijkIm. n0p 

4'*ý, 
ý 

0 -1 00 -1 -1 -1 1 

240 -1 -1 0 -1 -1 j 

se0 -1 -1 0 -1 k 

a21240 -1 1 -1 10 
1 

I "ý le 21z14 
***ý 

0 -1 0M 

1211 2240 -1 n 

12112400 

12212 

e Common divisor of 32 

Common divisor of Fe 108 
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is 2.1. 

Z 
L Ic I 

Er (P + 
1011 ?-ý tr- 1 Lxl in19 

and a similar treatment to that for the two dimensional 

formulation, is required for nodes situated on magnetic and 

electric walls. 

The repeated application of equation (2.21) or a 

similarly derived equation to eqch vertex in the systemo results 

in approximating equation (2.19a) together with the relevant 

boundary conditions by a system of linear algebraic equations in(p 

the system forming the familar eigenvalue equation 

=Q 

with As B being real,, sy=etric, banded, sparse,, positive 

definite matrices. 

The method of solution raust now be restricted to those 

involving iterative procedures, due to the large number of vertices 

or nodes generated within the volume. Successive over-relaxation 

was used to calculate the resonant frequencies of various sizes 

of cavities, for both TE and TM type modes and are tabulated in 

Table (2.9ýUsing most of the lines of symmetry available only a 

quarter of the rectamgularý- cavity was analysed with the appropriate 

magnetic and electric walls surrounding the volume. 

Table (2.9) indicates that the errors incurred in three 

dimensional analysis are identical to those for two dimonsio=Ll 

(2.21) 

analysis by comparison with Table (2.1. ). 



TAME 
-(?.. 2 - 

Resonant frequencies (k 2= Op. G ) of rectangular cavities represented 

using the unit cubic element. by fig. (2.6. ) with er, r- 

Mode ap bo a (ka) comp. (ka) anal. E, rrvr. 

100 51 10 7.7907 7.6953 1.24 

12,12,12 5.4570 5.4414 0,29 

TE111) 

TIý111) 16,16p 16 5.4510 5.4414 0.16 

TE 111) 

TE 101 
IOP 5p 10 1ý. 4618 Ij-. Ij)+29 0.43 

=1101 12p 12., 12 4.556 4-10+29 0.29 

TElOl 16 4.4503 4.4)+29 0-17 
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The TE 101 mode is a mode which can be analysed in two 

dimensions., but the inclusion was necessary so as to provide the 

relevant comparison. 

2. L. 2. 
- 

Solution of Continuous MicrostKIR_in three dimensions. 

Microstrip is a thin metal strip mounted on a dielectric 
26 

substrate whiah has a metallised. ground plane , and is now becoming 

essential for achieving future con=nication objectives. 

Fig. (2.9. ) shows a typical micmstrip configurationo where 

the strip is continuous in the z direction and situated on a dielectric 

substrate of relative permittivity C-r the system being bounded by a 

perfectly conducting enclosure, with magnetic walls placed at either 

end of the cavity, and a magnetic wall of symmetry adjacent to the 

longitudinal edge of the strip. This is necessary since the methods 

discussed are only applicable to the solution of boundary value 

problems. 

If the structure is totally homogeneous such that Gr =I 

then a pure transverse electromagnetic (T MI) wavo, can be supported by 

the multiconductor system. Within such a system, the variation of 

the electric potential is governed by the solution of Laplaces 

equation 

(2.22) 

over the volumes subject to the boundary conditions 

0 on the enclosure wall 

V, on the strip 

0 on magnetic walls 
2)n 



Llagnat 

of, syz 

Nýx 

NN 

/Tb 

Fig. (2.9. ) Typical microstrip structum. 

_______ a 
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By considering the stored electrostatic energy in the field 

between the two conductorap a variational expression in Co the 

capacitance of the system (ref. 23P P-148); is given by 

civ 

which will be stationary for a field(ý satisfying, equation (2.22) 

together with the associated boundary conditions. 

The domain of fig. (2.9) is subdivided into unit cubic 

elements and thus minimization of the functional 0 over one sucli 

element yields, 

\/ý" -6c 
60 64; 

(2.23) 

(2,24) 

where 3e, eare defined as in section (2-4-1), thus 

veý 
a01cLý sei. ýM-r ýR-f ýNi 

68 67- b2. 

IT I 5ý 

and if there are R elements describing the vol=e V 

VIRT 
o, 4e 

60 CLc I 

Hance a set of linear equations in $-, the potentials at each 

node within the regionx are constructed by the application of 

equation (2.24) at each of the nodes, and is of the form 
A 4) -0 

which is solved yielding the potentials cý; which in turn aro then 

substituted into equation (2.25) to procluc: a the capacitance of the 

(2.25) ý 

(2.26) ý 

stracture. 
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The configuration of fig. (2.9) was analyzed using 

this procedure with the following parameters. 

(i) a/d =4; a/b = 1.6 ;b= 10 units. 

(ii) a/d =5; a/b = 2,5 ;b=8 units. 

with the inner conductor situated at h=b/2p and of negligible 

thickness. 

Successive over relaxation was employed to solve equation 

(2,26) arul the capacitance calculated from equation (2.25). The 

impedance, Z, of such a structure is related to the capacitance by 

FU = 

zo cl 71 
where CI., L' are the capacitance and inductance per unit length 

respectively and these are listed in Table (2.10), together with 

the analytically derived impedances obtained from Collin (ref. 23, P-132)p 

also noting the observations made by Hayt 
27 

p wunaly that for a fixed 

separation of the ground planes, if 

1.25 aI>0.25 
b 

then the exact impedance and the appzoximato value obtained by 

assuming infinite width ground planes agree to within 0.29X. 

The results in Table (2.10) for both cases possess tolerable 

errors, and of the same order despite increasing the ratios noted 

by hayto enabling the modes to possess a better approximation to 

infinite width ground planes. The errors incurred are dul3to the 

relatively large variations in the field about the strip edzep 
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and. as no attempt was made to refine the mash about this 

singularity and hence an improved field descriptions the variations 

could not be adequately described. This inadequacy may however be 

overcome by using the mash refinement method or alternativelys, 

in the method of finite differences.. using mesh refinement and/Or 

allowing the placement of '-special' nodes in a specified-aralytic 

region surrounding the singularity such that during the relaxation 

process the potentials at these nodes are detennined by a truncated 

series of circular harmonics. 
28#29. 

If the configuration- of fig,, (2.9) is inhomogemous (C-r *, l) 

a= wave cannot be supported by Me system, unless under D. O. 

conditionst and thus the dispersion characteristics and propagation 

of higher ordered modes of microstrip transmission lines can never 

be properly investigated utilising'the previously discussed = 

Yam techniques. To date with few exceptl6hlos', 
31 j the analysis has 

&33# 34p 35j, been confined to*a quasi-static approach to the pro MV -i. e. 

the fundamen a mode of propagation resembles a TEW mode WIfficiently 

well to allow the approximation that the wde is TM-Toproviding the 

frequency of operation is not too high, and that the characteristics 

of such propagation can be obtained from the solution of Lopluces 

equation throughout the structure, 

The finite element formulation of'-this inhomogeneous 

structure requires that the matrix Qe in equations (2.24)p (2.25) be 

replaced by zS 
e --I, C- r, §ý 

where C-r; is the relative permittivity in either of the tvj6 

homogeneous xegions completing the stiucture. 
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Cubic elements were again used to describe the configuration 

of fig. (2.9. ), successive over relaxation applied to calculate the 

nodal potentials,, and substitution of the potentials into the 

permittivity modified quadratic fozm of equation (2.25)o yielded 

the total capacitance of the volume. 

The impedance is mw related to the capacitance by 

ZGr =III zo =II 

cQ Ce: 
r 0 

where ZC-r 
) 

Clr=, represent the impedance and capacitance per unit 

length of the microstrip stmature partially filled with dielectrio, 

and Z 
0ý 

CIO the impedance and capacitance of the same structure 

entirely filled with air. 

The impedanoe for two ratios of h/d, for differing lengths 

of the cavity are presented in Table (2.11) 
. The analytical results 

for impedance are those obtained from Bryant and Weisi' 
., vdie re the 

graphical presentation of the parameters necessitated the inclusion 

of the relevant I reading' erxvrs. 

The analytical and calculated impedances agree to within 

approximately 10/'0. This large ez-xor must then be atti-ibuted to the 

lack of mesh refinement about the strip edp_e, to the use of a 

perfectly conducting enclosure to approximate the open microstrip 

configuration on which Bryant and Weiss's results are based, and to 

the intro duction of the air-dielectriclinterface. Resultslobtained 

by contracting the enclosure in the xy plane gave progressively vorso 

solutions for the configuratioxib impedance as was expected, the 

results quoted in Table (2. il) being the optimum set after a trado-off 
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between completeness and machine store available had been considered. 

The air-dielectric interface although causing the field to 

concentrate mostly in the dielectric and hence a larger variation in 

the field throughout the dielectric to be modelled by the finite 

element forzulation, can have little effect on the solution since 

the errors incurred in the homogeneous cases (Gr- I Table (2.11) ) are 

of the saim order as those considered with the relative permittivity 

possessing other specified values. 

2. L. 2. 
-- 

Solution of --inhomogeneous cavities-. 

The previous section indicated the manner in which 

parameters of enclosed microstrip structures may be calculated by 

utilising a static assumption, but as was noted the lack of dispersion 

chaxacteristica and information regarding the propagation of higher 

ordered riodesp placed severe restrictions on the use of such an 

assumption. 

To tr7 and reduce these problems, three dizwnsional finite 

element analysis was applied to the structure defimd in fig. (2.6), 

regions VI., V2 oonsisting of uniformp sectionally oonatants isotropic$ 

source free dielectric mer. Ua of relative permittivities C-r,, C-r.. 

respectively. 

An attempt to express the transverse field (3omponents 

E-, E, H, H. in terms of the axially directed cornpononts E and H 
XyXyzz Uri 

in equation (2.2) fails due to the presence of second orxbr partial 

derivatives., and thus the derivation of a variational expression in QL 

manner similar to that used by Ahmed 
37 

could not be found. Howe vo rQ 

set of equations to be satisfied by the scalar magnetic potentialfand tho 

scalar electric potential+ over a homogencous subsection of f ig- (2.6) aro 
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V2 tziz (ý = C) 

V2. Lý + e., Lý = 

where 1Z't2' 

subject to the usual boundary conditions on magnetic and. 

electric walls. 

If a, planep, in the xy plano, -is considered infi&(2.6), 

then it is shown equation (2.10) is a variational functional ink 2 

which when stationary yields the propagation characteristics of 

this two dimensional plane, satisfying the boundary conditions at 

the outer walls of the cross-seotion and also the interfacial 

boundary conditions., 

It is now the contention that if all similar planos are 

considered so as to form the configuration of fig. (2.6. ) then by 

allowingTi to beconxo, l to booomel V to -bocome 
r-r, 

fS 

in equation (2.10) 

+ VI) 12* -4- IV+ I 
Gri 

(2,27a) 

(2,27b) 

av (2.20) 

where I: e- = LSLps Ea .1t-", z + '- 

represents a variational expression in k2 

Note that since the cavity is continuous in tile z directions tho 
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field deper4ance of Cý13r- in this direction is retairiod and thus 

the propagating constant remains aa a factor in tho variational 

expression. The Buler equations of cquation (2,28) over each 

homogeneous subsection of fig. (2.6) are 

+ er; c =o 

* 

which are satisfied because of the three dimensional scalar Halmholtz 

equationst equation (2.27) - 

Equation (2.28) will be stationary in k2, if any first 

order change in the fields 0m 4- from their true valuen, will produce 

only second order changes in k21.0. 

9-+64. 
_-4 

-(k-) 
then 6 (k 2)=0 

neglecting all second order variations. By actual 

substitution and manipulation, tho variation 6 (2) in zero providad 

0 on an electrio wall* SA) on a maenatio wall ana 

-Z pa 
f- (b b3=eý-( 4'-V*) 

-ý Leý (2.29a) 

(2.2 9b) 

on the interfacial boundary considering one of the planes za constant,, 

vdiiah imply continuity of Gx I- and Vky-Q- -ýk' ) arul are no t tho 'I 

natural boundary conditions to be satit3fied. 
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Howevers vbilst realising that equation (2*28) did not 

represent a true and. complete variational expression in for the 

configuration of fig. (2.6); the three dimensional fbr=lation 

of the structure was accomplished via the variational functional of 

equation (2.28),, applying the finite element techniques described 

in the previous sections. 

11inimization of J( Ck4)over a cubic element.. describing a 

section of fig. (2.6), with respect to the potential (ý, q- existing 

at each vertex of the ele=nt yields. 

ý: re«p14 
=, 

c (e 4 ýL , CLEý- 
- 

epe-4ý- 

ae irj -- er! 
Lct) .--r 

e 
whe re 

V, q-ý are , column ma t ri oe sasbe fo ro who so e leme nt a are the 

values of the scalar magnetic and electric potentials at the vertricas 

of the elements and Se0 EG are the element submatrices defined in 

Table (2.8). The element submatrix Ce is that derived from the 

I coupling' to= in oquation (2.28) and wlx)se elements are defined in 

Table (2.12) v and for a typical interior node or vortex situated on 

the dielectric interface# surrounded by eight elements# then 

minimization of J (4), +)as in equation (2.30) implies the equationsp 

with reference to fig. (2.8). 

(2.30a) 

(2.30b) 
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-(2.12) 

Components of Ilatrix Ce for a cubic el=ents fig. (2-7-) 

C= 

j. j k 3. m n o p 

o -2 O 2 0 -1 0 1 i 

2 0 -2 0 1 0 -1 0 j 

o 2 0 -2 0 1 0 -1 k 

-2 0 2 0 -I 0 1 0 1 

0 -1 0 1 0 -2 0 2 m 

1 0 -1 0 2 0 -2 0 n 

0 1 c -1 0 2 0 -2 0 

-I 0 1 0 -2 0 2 0 p 

Common divisor of 12. 



-48 - 

+ (PC, 

+ ýq 21C-r, Io + 21C-r2 

/C-ri (dPICI + q. U t 
4>2,3 

-+ ý' (I lsr-ý -I /C-ri ) ('ý (4-a- 41) - +1 - Lbs + 4-13 -"- 4-11 ) 

: ýb 
z 

and 
it . 16 

EBZ 2-, Z 4-i 
i U-1 

sf- io(Er, 4 erý, )4-o + 4(6q-. ý C-r4+, 4 Lt'3 + t4-, s+ 4.,. ) + Srr, + 
l ra I a 

4-(erl -4- Gra +kt-* L; lz, -+ 41s-4- tb., ) + 2ar, (4-1 + H-i 4iu, -i- ýýM) 

+ r2( Lýj; 4- 4-1 + 4-m + 4v. ) 4- 112-c-r, ( 411 + 4= + 4-a 4 L66 

1/2-C-ra (q, ýLo + tt-W + 
Ap lication of these over each vertox within the cavity, with due .. Vp 

regard'for a vertex being situated wholly in one ro'gions and also for 

similarly derived equations according as to whether the vertex lies 

on a magnetic or electric wall yields the familiar eieenvalue equation 

Where again A is a sy=etrio, positive 'dofinito matrix 01ý 1) I- - 

and B is positive definite. Both matrices being, sparse and bandad. L) 

is the column matrix corresponding to the potentiale existing at each 

node within the cavity. 
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Initially a cavity of widths height and length of 

units was analysed.. with a magnetic wall situated at x=a/2 and 

z. = c/2, fig. (2.6. ), with electric walls elsewhere# so that only a 

quarter of the total configuration need be modelled. A dielectric slab 

of relative permittivity 1.5 and of height b/2 was situated as shown, 

with the relative permittivity of region V tning unity. I 

Unlike the two dimermional equivalents the present 

-2 
configuration cloes not have to be solved for sevoral. values of P 

since the phase constant is uniquely determined by the length of tho 

cavity, Thus the finite element fonriulatizn introduces two unknowns 
2 

namely k and 132 which are interdepondant by 

:M P; 4 7r'/ length of cavity 

Successive over-relaxation was applied to the resulting 

eigerrvalue equation,, the initial estimates of Ic2 and R2- were used in 

the first cycle of relaxations and applying the Rayleigh quotient to 

2 
the field shape# an improved estimate of k: obtained, from which an 

updated value Of ýL could be sought. This however causcdk? to 

fluctuate rapidly and convergence failed. The alternative of fixing 

-Z- and calculating k2 gave convergence with the results of Table (2.1 

row (a) . The analytic rosults wero obtainad from dispersion curvos 

by Mareuvitz 
33 

. since the product 

Le (width of cavity) 
Width of cavi 

xs xe LerZth of cavity 

is known. 



%w 

lcý 

91 

ýIIN 

119 

cz 

Co 

0 
ri 

. ti Cd 

Cd 

41 

0 

Pll% 

0 

Cd 
txo 
ci 

r4 
t*-4 
0 

0 
:I b4 
4 

Ul\ ýR A T- c 
CC) cli N 

UN 

co CFý 
CrN 
0 

U-1 
0 

M 
ON 

co 
T- R 

cm 

d 
6 6 1* 6 6 8 6 6 8 

co co 

r- 
KI, 
- N 6 f-11% 

T- 

ca a 
(r\ 

FS R 
: 0 0 6 o 8 1- 6 0 (3 (3 

\D D ka co z porl A- ON 

%D jj C, U-s R 0 Pý- 0 co q- R , 
d cr\ 

-t 

C; 6 (S o (3 (3 

UN 
CT\ co rz ý 0 ýs o 0 o C; C; C; 

ON 

0 C\j Co 0 CL) 

C; C; C; 

0 
(j "-N cli 

N 

9 0 

C; 
r, clý c0 0 

"1 
0 

cli C; 

m 

" 

C4 6 
co 
CM 

1: 

"I 
CM 

0 

C; 
V, cli 

d 

C\j 
tlr\ 

m 
Ch 

ZI 00 

Cý 

C4 

R 
9 4 

141% 
C\l 

ýg T- 8 
4 
o ýR 

. 0 V- 0 T. c; C; 10 
0 

T- 
1.0 C\l 

t- cl co t- o 0 0 0 11 1-- 

-0 

0 0 

co 00 
C\l C\l 

q- 
ft 0% 4ft 

co 00 %D 

N 
Lý 

CID 
11 %? 

0 
cs 
11 t P, 

co cc) 
T- 

t) 
ý 

ý4 Cý a 
it ft It 

L 
J3 

-% 

2 

Uý % 
cd rrl cd Cd rl 

Co 

49 Cd 

%-d %-# 

%. 0 

C; C; 
11 11 

CCL 
43 

09 

- .0 

�I 
ui 

4J 

t. ) 

, ci . 11ýý - ? li %_o . ýp %-. 0 %-. - 



- 50 - 

-L 2 
For the range of P considered the value of k did not vary 

appreciably; a minimum being expected around the analytical value 
7- 

of 
ig 

4, Further cavity sizas with differing relative permittivition 

of the dielectric slab, were also investigated, the rosults again 

shown in Table (2.13) rows bp cl d. Examination of Table (2.13) 

indicates that k2j the parameter representing the frequency of 

propagation, does not vary greatly with I& and the method of analysin 

give sk2 to reasonable degree of accuracy even for a value of 
2 

Having thus calculated kp the corresponding value of can quickly 

be found. 
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2. ý. DISCUSSION 11M OONCLUSIONS. 

The analysis of wavegUide stxuotures in two spatial 

dimensions has been briefly described using two oorimion, techniques# 

namely the represuntation, of the derivativen in the scalar Helmholtz 

equation,, by the method of finite differences; and by utilisinZ the 

stationary condition of a variational functional whore the fields 

within the waveguide configuration are described by an algebraic 

polynomial of the co-ordinate directions over a small subregion or 

element of that configuration. Tho natural extension und feasibility 

of analysing a three dimensional cavity employing a OxTle cubic 

element was also investigated. 

There is little differonco in accuracy of solution betwen 

the methods of finite differences using a5 roint, finito difforanca 

operator and finite elements using a square elemant (9 point operator) 

to describe the field variations over a rectanVmlar ragion and likowisa 

for the resPeotive 3 point operators employed for those structuros 

possessing only one spatial variation of the field. however tho 

finite element method is ruoognicod to be tho wre powerilul mainly duo 

to the , 3miwtry of the matrix operators and thus many criteria am 

satisfied uhich pennits the uac of algoritIns spocifteally dosipwd for 

the solution of such matrix eigenvalue problems; aml tho waighting 

process of nodal potentials in the construction of matrix 
_B. 

The subdivinion of a reE; ion into a regular much has so far 

bcen discussed., but there are certain distinct advantagon to bn Sainod 

from the use of a graded or irregular merhp to model avillmurd boundArY 
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shapes or notably when considering a part of the rogion possessing 

a large field variation and thus a fine mash is advisable to 

describe this variation whilst a relatively coarser mash may be used 

elsewhere. The fact that 'elemental may possess any orientation 

to the co-ordinate axes and hence application of a graded mash schema 

or the modelling of complicated boundaries presents little difficultyp 

whereas the less favourable approach to the problem using a finite 

difference formulation would incorporate intarpolation or other 

techniques (ref. 1, p. 365) thus intensifying the already-, presant 

lack of symmetry. 

Variational methods have been used in conjunotion with 

finite difference approximations (refs: 5; 1pp. 329; 38) and the 

derivation of the relevant operator is then assured to be symaotricrAl. 

Howevert these operators aro derived from exactly the saw assumptions 

as those used in the finite element technique, and the tvn methods 

are then identical. 

The eigenvalues and eigenvectors of the matrix eigenvaluo 

problems were calculated using indixoct and, direot metlIOLIS for the 

conditions of symmetric and at least positive samidefinita matrices, 

and in both casas were shown to provide the same accuracy. The 

direct method whilst solving for higher ordered eigenvalues than the 

fundamental suffered from the restriction that the whole or at leaot 

half of both matrices bad to be storodt or if the band structure of the 

matrices utilised the number of elements raquired to be stored dapanded 

on the order and band width of the matrices# , 
both of which depend. on 

the number of nodes describing the region of interest. Consequently 

mesh grading or refirament, schemes not OnLy increase the order of the 
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matrix but also the band width and the course of refining or 

grading must be curtailed before the matrices become prohibitively 

large. The indirect method of successive over relaxation generate 

the elements of the matrices when required, but this iterative 

procedure places far more constraints on the properties of the 

matrices for a guaranteed converger= to the correct solution. 

Convergence was apparent in all configurations examined except for 

the solution of = and LSIA type modes in a slab loaded waveguickp 

when the phase velocity of the propagating wave was allowed to bo 

less than that of light (r--, and the matrix A boooman indo: Vinite. 

The criterion of the matrix off-diagonal elements being loss than or 

equal to zero 'which was violated by the contribution of the coupling 

terms at the dielectric interface of the inhomogeneous structures 

did not cause the method to fails and thus in the finite elerjant method 

the choice of an elen-ent neea not be restricted to those giving rise 

e to an elemental submatrix S whose off-diagonal terms are non positive# 

as is the position with a triangular element possessing an interior 

0 
angle greater than 90 

most texts describing the techniques of successive over- 

relaxations suggest that the techniques prove most beneficial when tbe 

matrix A, possesses Young' a property (A) (ref. 1 242) which 

indicates the process by which an accelerated convergence can be 

achieved. All the matrix operators, exoept that resulting from tho 

5 point difference operatort on the pagewise ordoring of the node ncIiomup 

lacked this piDperty,, but the accelerating factor.. W. suggested by 

Carre 
39 

was used througbout. 



This value of w being contirzaally updAted after several iterative 

cycleso pzvvided a vast increase in the rute, of convergence# even 

though it was not the OptimUM VAluce Forsythe arul WasOw (rof-lp P-376) 

recommend an initial accelerating factor of I so that the residuals 

R existing at each node are 
Ikept 

to a minimum and tIms allowing the 

Rayleigh quotient to become settled with a 'shaped' field,, the 

accelerating factor also causes an erratic behaviour of the residuals 

so tiat a final sweep of the complete field with w=1 is suggestod, 

to clean up the eigenvector., these procedures were adopted. 

The application of the finite element method to three 

dimensional structures was accomplished via a simple cubic element, 

Although the trivial case of describing the fields and calculating 

the cut-off wave rumber of a rectangular prismatic cavity was 

successfully consideredp the method can be roadily adapted to mora 

complicated struoturest using cubic elements, or perhaps the simplest 

three dimensional element, the tetrehadron. 

A continuous strip line situated in a totally homogenooUD 

region was examinedby minimising the stored eleatrostatic energy 

between two conductOrst and calculating the capacitance per unit length 

and characteristic impedance of the structure such that the equivalent 

circuit may be easily derived. The propagating modes of the continuous 

microstrip structure are of a hybrid natuzv and laoking a formal throe 

dimensional variational expression for the solution of hybrid modes# 

the system could only be solved by assuming a quasi-static approaclis 

which is valid for the strip width and substrate thickness dimensions 

being a small fraction of the wavelength in the diolootrio, and whilat 
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being a relatively good approximation for low frequency operation 

and low relative pexmdttiviess the use of such aasumptions must 

remain suspect for high permittivity substrates and operation at 

higher frequencies. - The large errors incurred for the analysis of 

the two culti conductor systems just described were assumed to 

originate from the failure to describe the large field variations 

in the vicinity of the strip, where mash grading would have been 

advisable but not used, and'also to the modalling-of an open 

microstrip structure by an enclosed structuiv, which however tends 

to be the more applicable in modern microwuve circuit applications. 

Again the trivial case of a continuous strip was analysed., but ti-le 

method can easily be extended to accomodate discontinuities of one 

or more such conductors,, such as abrupt terminations, change in line 

width., gaps., etc., providing the quasi-static assumption still 

prevails. 

The attempted solution for propagation parameters of tho 

symmetrical dielectric loaded cavitys using an incomplete 

variational expressions produced surprisingly accurate results, The 

variational functional adoptedo satisfied the three dimensional scalar 

Helmholtz equationst but the boundary conditions satisfied at the 

interfaces equations (2.29)p required the continuity of 

E*ý (I- -ii%=r ) 
and 14y, (I - pz/6 

r 
). 

which are not the natural interface continuity conditions of the system. 
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It must be stressed that although the method yielded reasonable 

solutions the lack of a foxmally derived variational expression 

placed sevezerestrictions on the use of this method and it was 

concluded that this was sufficient to arrest the pursuit of 

further analysis. 

The above methods were based on the choice of the simplest 

finite differenoo fo=ulations and also one of the simplest 

elemental shapes for the finite element formulation, i-e- 5,7P 9 

point operators. higher ordered operators may be used for both 

3 1809 the above techniqu6s , to obtain more accurate solutionst but 

the disadvantage of an increased complexity in formulating the 

methods especially in the vicinity of the boundaries duscribing the 

structure must be inherent. 
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. 
aiARIER 3 .. 

COITARISON OF IMTEAR INTE RNODAL FUNCTIONS AM CIIMAR INTERNODAL FMICTIONS. 

The previous chapter indicated the manner in which wave 

guide configurations could be analysed by the methods of finite 

differences and finite elements. The main difficulties that araso 

were confined to the complexity of the respective for=lationst arA 

the inability to correctly describe the field variation between two 

adjacent nodes or vertices within the region. The former difficultyp 

can only be resolved by the user who is- well aware of the many 

detailed mathematical procedures necessary to provida the formulation 

and indeed to solve the resulting eigenvalue equation,, and tends to be 

quite tediou'so The absence of a complete internodal potential 

function is perhaps fundamentally' trivial, but as more accurate 

propagation characteristics are required, tile discretisation of the 

region has to be decreased to enable the potential function betwoen 

neighbourd. ng nodes to describe a progressively smaller fraction of the 

total field variationo and thus requiring the number of nodes within 

the region and hence machine store to be increased. The purpose of 

this section is to examino the possibility of using circular internodal 

potential functionsp which will possess the advantaga of an improved 

field description error and thus less nodes required within the region 

of interest, with a formulation that requiren only a. knowledgo of basic 

transmission line theory. 
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UPPER MM LOWER BOUNDS OF THE FMTET' IMI SNT AM 

MITE DIFFEMINCE FOPIXILMONS. 

Fig. (3.1) shows the one dimensional model use& in the 

previous chapter for the analysis of a TE 
mo 

type raoda in a homogeneous 

medium. Let a magnetic wall exist at x=0 and an electric wall at 

z=a such that the scalar magnetic potential satisfies., 

0 at x=00 at Xa 

If an operator A is defined such that 

A=2 co s m7ir h2 oos. m 7T 
2a 2n 

and 

then these S; mple recursive relationships are natisfiad by the true 

field variation of 

4W= sin M Ir x in = is3s5 . ...... 
2a 

since sin mT (i-I)h 
2a 

and from equation (3-1) 

2 cos m7T h sin rn7r (i-2)h - sin m-N (i-3)h 
2a, a2a 

sin m7r (i-I)h 
2a 

(3.1) 

with cýz = sin m'K h 
2& 



nh 

(i-i)h -m 
tn 
-H 

14 

0 

2h 

0-% 

I, 
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The finite difference and finite element formulation of the one 

dimensional TE 
no 

mode, relies on the repeated application of., 

1-2 -Cýi 
22 kýh (P J-1 

or 

'241-1 -01 01-2 22 
kýh (44j 

1 +ý 4. ) (3,2b) j _ 1-2 

at each node of the model. 

Comparing the finite difference relationship, equation 

(3.2a),. with that of equation (3-1. ), 
22 k. Lh =2-A=2 -2 co s m7T h 

2a 

and 
22 

lim. 1ý MInt Ep) 
2 

I -h . 
(mr)2 + O(hý 

T2 (-Za-) 
h0 

whi lat the finite element fo=ulation yields 
22 

k'h 6 ý2 -A 
(m-ff h 6 (1 - 008 

++ 'k) A) k2 + Cos ý ýwl I 

with 

lim k2= (M---9-) 2 (I+ h2 (m7l)2 + O(h 4) 

.& (2a h -4- 0 
T2 

where ý, and lcý represent the respective out-of f froquoncies 

of the finite difference and finite element methods. Thus the cut-off 

wavenumbers derived from the finite difference and finite element 

formulations form lower and upper bounds re. spectivelyt and f urther 
22 0< kýh 44 (finite differences) (3-4a) 
.U 

kýh2 < 12 (finite elements) (3-4b) 

which imply that the number of modes that can be solved using either 

formulation is limited to the number of nodes defining Via structure. 
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As a numerical examplIev consider the case n= 49 h zz I 

in fig. (3-1).. whereupon 

2 

2 Q 
(2 + A) 

20- cos mJ*m 

cm a 
6ý1 - oos( 

- ý2 
+ oosEM-117it 

m 1,, 5,7. 

lv3p5p7- 

These are tabulated in Table (3.1) 
s, together with the analytically 

222 
exact result; ka= (m Ti /2) The cut-off -wavemuabers corresponding 

to the dominant mode are those reported in Tables (2,2) and (2,5) &rvI 

examination of the corresponding entries in the respective arror 

columns indicate that these are 

.t(., )ý 0.1w. 
ý2a ) T2 

as fomeasted by equations (3-3) 
- The higher ordered modeal however 

do not follow the predictecl error, but on addition of the erivr tam 
4 in h, i. e. 

N MIR It 
2a 

such that the negligible residual will bo of the order h6. the erivra 

can again by accurately predicted. One imediate advantage is that 

providing a reasonable choice of spatial discretization in made then the 

exact solutions can be obtained via equations (3.3) %hich are quadratic 

in the true cut-off wavenumber. This obviates the use of Aitkens 6ý 

process (ref. 13; page 287) which relies on the ratios of successive 

error terms being ultimately constant., and consequently a More exact 

extrapolated solution can be sought. 
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This is usually applied to thme solutions k2vk29k2, obtained 123 

by succes5ive mesh halving and extrapolating by 

k2', -2k (2 )2 
extrap. L- 32 

222 
kI-2 W2 +k3 

which is identical to that obtained from the application of equationj3 
11 A recent publication has the same results as discussed 

above with extensions into two and"t1wee dimensions for the finite 

element formulation,, and also for higher ordered polynomial elements. 

The errors possessed by both the finite element and 

difference methods., thus cannot vanish but only minimised by a decrease 

in mesh discretization. The operator A is essentially a circular 

function, which simply adds a constant phase onto the phase of tho 

previous nodal potential, and since it, is an exact, reprosentation of 

the true TEM. field structure, application of equations (3-1) to the 

model of fig. (3-1-) will provide the advantage of a complete absenoo 

of discratization errors and restrictions, of the m=ber of nodes that 

can be generated. 

_3_. 
2. APFLICATION OF THE OPERATOR A. 

Allowing fig. (3-1. ) to represent the complete cross sectional 

model for TE 
mo 

type mode propagation.. such that an electric wall or 

perfect conductor now exists at x=0 and x=a. then let 

2 co s kh -t =I I IC 
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where k is the angular shift (radians) per unit length across the 

guide. 9 thus 

co s kh. 

A 102 10+1 

A+ 

A I 
+n 

I n- I 

= Cos 2kh 

= cos (i-1) kh 

= co an kh 

where is the magnetic potential existing at the i node in the th 
1st series of operations with A, or iterations in the direction of 

(3-5) 

increasing x. 

Now the system of equations (3-5) represent an elootromagmtic 

plana wave travelling towards and incident upon a perfect conductor at 

X=a. The occurrence of incidence implies the introduction of a 

reflected wave., such that the electric field strength is reversed in 

phase on reflection, in order to produce a zero resultant field at the 

conductors and thus for a reversal of direction of energy propagation 

the magnetic field strengthý , is reflected without a phase reversal, 

,. this reflection at the conducting bourulary is accomplishod by 

JL (F = co s (n+l ) kh. Iýn 1 n+l -4n 

1 
41+1 - 41+2 = oos (2n-i+i) kh. 

1ý1 1ý2 - 113 = oo s2 nkh 

-where is similar to + but obtained from the first iteration Iýi 
4, 

in the direction of decreasing x. 
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If them are in all P such series of iterations, then 

the field, shape acxvss the one dimensional modal can be obtained from 

V'i p 
i) 

p 

where Cos (2 (p-I n+i-1) kh. 

Cos (2pn-i+l) kh. 
Pýi 

i=I p2,93 ....... n+1 - 
(3.6) 

Except for discrete values of the angular shift per unit length, - kv the 

field across the one dimensional model of the waveguids will be zero. 

This can readily be observed from equation (3-6) 
s, where in the limit of 

P tencling to infinity, the forward and backward directed wavest interfere 

destructively with each other, producing a null field, except in the 

cases when they become coherent and add constructively. In this 

situation, the field and the value of kv satisfy the one dimensional 

lialmholtz equation 

CY(t) 
c bxý 

together with the boundary conditions, at cut-off. 

Thuss to obtain a cut-off solution, a suitable node within 

the model has to be chosen and the su'A Of sucr-essivelY refloated magnotio 

potentials at that node calculated for a range of ko until a maxLm= 
I 

t , r, potential is achieved,. thus'ensuring the pa týicular value of k is 

causing coherent addition. The choice of node is of importance ani in 

this present representation since the field is known to be a, maximm at 

either x=0 or x=a, it is reasonable to take the corresponding node 

as a solution point. 



- 64- 

Fig. (3.2) indicates the manner in which the output represents 

itself due to the multiple reflected wave for an arbitary value 

of k, and consists of a sequence of unit magdtuda dalta f unotions 

of period multiplied by the waveform Cos (knph) 
j, thus 

P 
(nph) cos (knph) (nph - 3A 

Summation of the areas of these delta functions as in 

equation (3.6) produces the amplitude of the field at the diosen noda 

for the particular value of k. Ideally this will either produoe a 

zero or infinite magnitude of potential, but practically the nwnber 

of iterations will be limited to P, and the maenitude of the fieldl 

will lie someAere between these two extremess thus the response of 

the model to variations in k. for a fixed number of iterations IV 

is given by 
p 

k) cos (knph) d(nph) (I" 

and this is representative of the real part of a Pourier trunsform 

integral. 

J)ef ining 
" 

Cý (r, 62 (k) = -I 
f 

ph) -Jknph d(nph) 
ZIT 

- 00 

with the inverse transform 

4) (nph) =I"ý (k) eJ 
knph 

dk 

-06 



0) 

oe 



- 65 - 

such that ý (k) is measured as Amplitude/(radianq/unit longth), 

the n 

(k) E6(nph-rX) 
F(nph)o-6knph d(rTb) 

rn -A 

where F (nph) =10 nph 

=00> nph 

The k-spectrum of equation (3.7) can then be obtained via 

the Fourier transform pair, by convolving the tmnsfom of the 

delta functions with that of the unit rectangular function, i. e. 

11 (k) TI(k) -A ý2. (k) =f 4ý1(kl) §2. (k-kl) dk' 

-04 
whero co Z6(k 

ru 
and 

(k) P)ý sin 2? ) 
--(kPXL 21T (kP, \ 12) 

thus 

P sin (k-k$)P, \_/2 dkl 
21t (k-kl)Pý, /ý 

00 
(3 
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Thus the k- spectrum of Cý (nph) is of a (sin x)/x nature centrod 

about values of kcorresponding to k= 21Tr/X ;r =-ooe. Op 00 

As P tends to infinity, 4 (k) assumes its correct form of a delta 

function situated at each of the previously specified values of k. 

Since the choice of node was taken at either of the 

extremities of the waveguides cross section, X= 2a, hanco 

Tm 0#1 j2p 
a 

ignoring the negative values of ro which serve only to place k in its 

(3-9) 

negative plane., and thus equation (3-9) represent all the cut-off 

wavenumbers of the propagating modes within the waveguide. Should 

the solution point be taken at the oentre of the waveguide then the 

period A=a, and thus (sin x)/x type, envelopes Llavelop, about ka2 IT plap 

corresponding to the cut-off wavenumbers of the even ordered modes. 

This is to be expected since the field is identically zero at this 

point for all odd ordered modes. 

The approximation of the ideal k- spectrum oonsinting of a 

sequence of delta functionss by the sequence of (sin x)/x type runotionsp 

will however cause some inaccuracy due to the interferenco of tho side 

lobes of -the relevant function on neighbouring solutionsp an-I thus 

tends to displace the true solutions as in fig. (3-3) 
, vdiero the true 

solutions of a particular structure are denoted by k, p k2# but side loba 

interference from neighbouring (sin x)/x type solutions cause the 

t 
solutions to deviate to k, ) 1ý- The influence of the side lobes 

however can be minimized, by taking the n=ber of . 
iterations sufficiently 

large, such that the width of tho curve becomes small, and the magnituda 

of the side lobes negligibly small. 
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k k' 
1-1 11 VI-2 

Fiz- (3-3). Diaplace=ant of true solutions k, p k2 by 

in'terfennee from side lobes of naialibouring solutions. 
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Choosing a solution point., i, other than the tvio 

previously mentionedp would yield two sets of unit impulsost both 

of periodicity X and modulated by the wave form coo Ochph), but each 

set possessing a phase differencep defimd by equation (3.6), of 

(2n - 21 + 2)kh, This has the advantage of suppressing the 

influence of modes possessing a zero field at that particular point, 

as was demonstrated by choosing the solution point as the centro of 

the guide,, due to the reasons discussed innediately above. 

If the technique of suming potentialo at a solution Ivint, 

due to a multiply reflected waves is performed with the operator A in 

equations (3-5) and (3.6) being replaced by the appmpriate finito 

difference and finite element operators# then since tAiese linear 

functions approximate the true sinusoidally varying field, the foxm of 

the solution will be similar to that of equation (3-8) 
- The solutions 

obtained from the application of the two linear operators will differ 

from the correct solution by amounts predicted by aquation3 (3-3) 
, being 

upper and lower bounds to the required solution, and also rontrictod to 

r, olving the propagating modes whose cut-off wavenumbers are limited by 

equation (3-4). 

The three techniques were applied to fig. (3-1)) with a 

. netic wall at x=0 and an electric wall at x=a, the solution ma87 

point being taken at the node on the electric 'wall. The magnetic wall 

requires no special treatment except for a reversal of phasoi, however 

the periodicity of the sequence of pulses fomed at the solution point 

now becomes 
2nh(k + -rr 

2nh 
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which implies kI --* k' + (-K /2nh) in equation (3.8) 
v and thus the 

solutions according to equation (3-8) will again bo of a (sin x)/x 

nature centred about values of ko corresponding to 

k= 27 m- i- ý (2m -1)7qm= 09 esesbo 
2nh 2nh 2a 

thich. are the cut-off wavenumbers of the odd ordered modes 

propagating within the waveguide. The semivddth of the waveguida is 

a=4 corzesponding to n= I+ and h=I. and the value of v- equation 

(3-1) - was set to unity, an arbitary choice., for the finite difference/ 

clement descriptions. The form of the solution about the true cut-off 

waverumber of the dominant mode is displayed in fig. (3-4) , for P -a 100 

iterationsp and the results tabulated in Table (3.2) for various values 

of P. Table (3.2) indicates that P does not have to be made relativoly 

large for the correct solutions to emerge using the method of a circular 

internodal function, but P must be increased for the linear intemodal 

function methods to yield their solutions,, and must therefore be morn 

susceptible to interference from their respective neighbouring solutions. 

The latter two methods., when settledp i. e. P is taken sufficiently large, 

possess the cut-off wavenumbers as predicted in Table (3-1)- IUw 

attempt to exceed the limitations expressed in equations (3-4) causes the 

respective methods to fail) when the field being constructed at a 

w1ution point tends to diverge. The use of the circular internodal 

f-Unction possessed no such disadvantages and yielded exaot solutions 

of the system for any mode, an example being the calculation of the 
2 

cut-off wavenumber, of the TE mode which yieldod the exact 25.. 0 
2 

result of 96.3829 (rad. /unit length) 
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The passage of the multiplyý-reflected waves represented 

by equations (3-5) and (3.6) across the waveguide can easily be 

seen to be equivalent to the passage of VIZI wave down R sirw, 10 

coax-Ul transmission line with the appropriate short circuited or 

open circuited terminations. The modal of fig. (3-1) then reprononts 

such a transmission line subdivided into finite elemental sectionsp 

each of vhir-h becomes a distributed constants network, possessing a 

series impedance Z=R+ JWL per unit length and a shunt admittanco 

Y=G+ JwC per unit length. For the case under discussion iso. 

propazation in a lossless mediums R=G= Op and the elemental 

transmission line sections are thus illustratod by fig. (3-5), vAiGro 

L is the inductance per unit length and C the capacitance per unit 

length of such a section. 

Over such a section, basic tran=ission line thoory states 

- bV =Lb (1ý - I-) ;-A (1* - I-) =0 bv Fx- Tt bx wt- 
yielding 62V LC b2ý 

'6 x2 bt 2 

whilst Maxwells field equations for a 153. modo, at cut-off booumo 

- allz a2 bs -- 
-Y -Y btt 

which yield 
2Hz hz 

ýx2 t2l 

comparing equations (3-10) and (3-11). thO identities 

Hz=v; By (I +L 
-v C. C is 

are fomed together with 

(3.10) 

i) 
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