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SUMMARY .

The complex nature of solving microwave circuit
problems with thelr many varied boundary conditions, precludes
direct analysis utilising the basic laws involved. This thesis
describes methods that have been developed to determine the
defining parameters of such problems. The methods are based on
nunerical techniques, using a digital computer to perform the
calculations,

The finite difference and element techniques are

reviewed briefly and extensions made into the analysis of three
dimensional configurations., The difficulties of such methods
are also discussed. The evolution of the steady state transmission

line element method from the finite difference/element techniques
is shown to possess many distinet advantages over the more

conventional techniques, notably that of the ease in which it is

formilated.

Examples of rectangular, circular and elliptical wave
gulde analysis are shown, and comparisons formed with finite
difference/element analysis where necessary, Proposals arc also
introduced whereby the method may be utilised to provide a wide range
of microwave characteristics, with little or no alterations to
existing procedures., The adaptation to other fields of interest,
such as those associated with structural or fluid dynamics was also

briefly noted.
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CHAPTER 1.

INTRODUCTION.,

The area of microwave circuits is a branch of electromagnetic
field theory and must therefore in;rolve the physical laws, described
by Maxwells equations, for such a theory, Since these equations are
essentially partial diffex'ential equations, their solution must depend
heavily on initial and boundary conditions. The large variety of
such possible conditions eliminates any hope of obtaining simple

analytical solutions for some parameter or field descriptions for the
structure involved. Consequently the engineer developing such

circuitry largely resorts to- computer orientated numerical techniques
enabling the circuit's performance and characteristics to be examined.
lhe propagation of electromagnetic waves are governed by the

now classical Maxwells equafions

VA E = 8D +J
ot
VA E = -8 "
ot (1.1)
V.D = P
V.B = O

together with the relationships that concern the medium in which

L

propagation occurs

D = &€& E

B = Mo por s (1.2)

J = O & '
where & €r o, Hr, G‘ , describe the permittivityﬁ, permeability and

conductivity of the medium, which is assumed to be homogeneous,

isotropic and source free.



For propagation in a perfekctx d.ielectric; contﬁining no

charges and conduction currents, it can be shown that

VE = Yo pi & Er oE
d t°
| (1.3)
2 *
VE = }b)lf&er-?;%g

Equations (1.3) are the vector wave equationsland by
considering the field components of either the electric or magnetic

field vectofs, the vector wave equation reduces to that of the scalar

wave equation
, | |
Ved = e éf_q:)z
ot

where ¢ represents any field component; X8 = “"H" and € = Eo€r

(1.4)

If it is assumed that the electric or magnetic fields possess
periodic variations in time such that they may be aimlysed in terms of

the complex expohehtial function e'jm', and also if a field dependence
in one direction is also assumed to be of the form e"Bz, where ¥ is a
constant which typif.{es propagation and z is the direction where

knowledge of the propagation is assumed, then the scalar wave equation

(1.4) becomes

Vg o +¢ = o (1.5)

-
-

k2 = Lb-z’le -~ Xz

where

1
Equation (1.5) is an elliptic partial differential equation

and is known as the two dimensional Helmholtz equation, It is this
equation which is widely used to determine the propagating characteristics
and field descriptions.of electromagnetic waves for a vast range of

microwave circuits and configurations.




Most of the present methods of solving equation (1.5) is
to consider a region R bounded by a closed boundary S, over which
equation (1.5) is assumed to hold, and is applicable to most of the
present day microwave circuitry applications. A rnumber of techniques
are avallable to solve the two dimensional Helmholtz equation. Apart
from the analytical methods which become restrictive due to the many
boundary conditions that may be imposed on S, the development of high
speed digital computers have enabled recourse to mmerical procedures
for evaluation of the particular parameters which are defined by the

structure under analysis.,

The finite difference technique was gpplied to electromagnetioc
waveguides and cavities as early as 1946 by Mot% and entalls dividing

the region under investigation into a net of small but finite mesh size.
At each intersection of the net or node, the potential existing at that
node is expressed as a function of the potentials existing at the
immediate neighbouring nodes. In this manner a difference equation

is formed at each node in the reglon considered, resulting in the
replacement of the scalar Helmholtz equation by a large mumber of

simultaneous linear algebraic equations. Subsequent investigations

closely followed, Collins and Dal;f , Davies and Muilwyllz and more

.. 6
recently Slnnot% and Corr applied themselves to the devclopment of the

method to include various arbitrary waveguide structures,

A simlilar approach to the finite difference technique, the
finite element technique, was developed by Zienkiewizﬁe for use in
structural mechanics, but was also applied to vibrating membranc
problems, which is a boundary value problem and for which Helmholtz's
equation can be used to describe the particular I;IOdBS of vibrations and

11
displacements. Silvesteg, Arlet:l:o, and Daly applied this form of




solution to the wave equation to similar regions as those
investigate;i by finite difference techniques. The fimite element
nethod relies on a variational approach, which is based on the
concept that the integral of some function typical of a system has

a smaller value for the actual perfomancé than it would have for
any other assumed performance. The method approximates the region
under consideration by polygonal sub domains or elements randomly
orientated. Within such sub domains the fields are approximated by

piecewise plane functions uniquely defined over each element. Use of

these elements give rise to vertices across the region at each

of which the appropriate finite element equation is derived., As in
the finite difference spproximation a large number of simultaneous linear
equations arise,

The two methods briefly described above are by no means the’ only
ones available for solving the scalar Helmholtz equation, but are those
most commonly employed. There has, however, becen a flourich of new

techniques and adaptive procedures to provide solutions to the wave

e a 12 *
equation and have been reviewed briefly by Davies who proposes in

answer to the question 'Which is the best method of solving our wave
guide problem?' that it is dependent on the requirements of the user;
viz., as to what region is being analysed, the suitability of the
particular method to various wavéguidé geémetries, the possibility of
requiring dominant and higher modes, or field values,and also the main
influential factor, computer running time and available store. This
reasoning is essentlally valid, but one factor not considefed by many,
” Ais the degree of ease with w hich ény particular method is formulated

’
bl

for computational use.




It is proposed here to develop a method which incorporates
most if not all the points Davies raises, and which is basically
simple in conception and use, a method to which an engineer can
readily adapt himself, since it contains no detailed mathematical
procedures inherent in such techniques described before, other than
that of basic transmission line theory.

the first part of the investigations concerned reviewing the

salient points of the finite difference/element techniques, the

difficulties encountered and the accuracy of solutions for several

spatial discretizations of the regions analysed in two dimensions.
lhe feasibility of analysing three dimensional structures by

the finite element technique utilising a simple cubic element , derived

in the text, was studied and initially applied to a homogeneous
rectangular cavity producing results to a good degree of accuracy.,

ihe three dimensional analysis and element was also applied to a
homogeneous rectangular cavity containing an axially continuous stripline.
By minimizing the stored electrostatic energy between the two

conductors the characteristic impedance of the structure could be

calculated. The continuous microstrip structure also examined

necessitated the inclusion of a dielectric slab. Because of the
inhomogeneity of the. cavity and lacking a formal variational expression \
for such a configuration, a quasi-static approach was assumed and again

the characteristic impedance of the system calculated. .Both

configurations gave reasonable solutions. ‘The final part of this

section investigated the possibility of adapting the variational

expression utilised in two dimensional analysis to describe propagation

in a three dimenslonal in homogeneous rectangular cavity, The derived

expression, although an incomplete one, yielded surprisingly accurate




solutions for the structure, but the limitations produced by the

derivation of the variational expression did not warrent further
analysis for the general purpose of this investigation.

Subsequent chapters produceian entirely new numerical teclinique
of solving microwave problems evolved from the methods of finite
differences/elements and consisted of modelling the cross-section of
various wavegulde structures by a mesh of intersecting transmission
lines, Identities were formed between the voltages and currents on the

mesh of transmission lines with the field components that exist within

a wavegulding system governed by Maxwells field equations. Essentially

the method (the steady state transmission line element method) replaced
the linear potential function between mesh intersections in the finite
difference/element methods by a circular function and could thus
describe the field variations in wavepguides of a rectangular geometry
éXactly and provide a much improved solution, (than those of the finite
difference/element techniques) to those geometries which are non-
rectangular,

The method possesses the advantages of providing solutions,
characterizing the cut-off of the dominant and higher ordered modes,
to a good degree of accuracy for any shape of waveguide, together with
the field descriptions throughout the structure. The method is easily
formulated since only basic transmission line theory is utilised and the
solution to a large system of simultaneous linear algebraic equations
is avoided. The computational store is minimal, all calculations being
performed on & machine of lmmediate access store 12 kbyte and no backing

store. No attempt was made to form a generalised program to deal with




configurations of arbitrary shape, due to the store limitations
imposed by the computer used; most of the store being used to
accommodate the description of the structure under investigation.
Naturally, however, no difficulty is foreseen if a generalised
program is to be written. 1he disadvantage of this method is the
relatively long machine run time that is required to obtain thek
solutions, because of the numerous trigonometrical calculations that
have to be performed, and as yet no procedure has been produced to
minimize the run time necessary.

However, it must be appreciated that the steady state
transmi:ssion line element method as it stands is still in a very

early stage of development and is capable of affording a wvast quantity

of further interesting, absorbing and worthwhile research.



CHAPTER 2.,

FINITE DIFFERENCE/FINITE ELEMENT FORMULATION OF THE HELMHOLTZ EQUATION.

Previous discussion impliecd that the most commonly used
techniques to solve the two dimensional Helmholtz equation were those
of finite difference and finite element approximations. It is accepted
that the Helmholtz equation is that which governs the propagation of
electromagnetic waves and since a dependence of e™%* was assumed for
propagation in the z co-ordinate direction, it is only necessary to
réstrict subsequent investigations to those concerning the cross-section
of the particular structure to be analysed i.e. two dimensional regions R
bounded by closed contours S. ‘Two methods of investigation are considered;
finite difference approximation of the Helmholtz equation using a Taylor
series expansion, and an analysis using finite elements. Both methods are
applied to a general multiply connected two dimensional region R, consisting

of two subregions R1 R2; R'l being bounded by C1anc1 C2 and R2 by 03 as shown

in fig. (2.1.). Regilons R, and R, consist of uniform, sectionally constant,
isotroplic, source free dielectric media of relative permittivities g, | €r,
respectively. The analysis for both methods is performed over the

rectangular cartesian system of co-ordinates.
The mode of propagation in such a structure is governed by Maxwell's

field equations, which in terms of their field components becoms

QEZ-\-XE'H - -J'lrbfxo Ry, -' Qﬂl.\.st - Jmege-;Ex
33 ?.33
- %z -y Ex = -Jw},u Hy -' - ot - ¥ Hy = JwWes en Ey (2.1)
X OX
QEy - DEx = —jwWpe Hz ; oMy — M o jwesen Eg

QX o\ oX N




Fig.(2.1.) General multiply connected two dimensional region.



The transverse field components can however be expressed in terms
of the axially directed field components, by suitaple manipulation of

equation (2.1.) yielding

[t
|

-1 OEx ' dHz
. 252 4 jWike OF
R. [ g oX SO Y ]

&

£, = .:_l_;i[na_l;z_— Juo)l.a_'jz]

RT =] X
(2.2)
Hx = -~ [—Jub&eﬂ, Qb2 + X Q_HZ ]
IQ?" aﬂ AR
Hj = :Lz [-JLQEo&n Otz + ¥ oH;
R [> dyY
2 2 7
with R{ = Pate € + Y | = cut-off wave number
and further manipulation yields the pair of Helmholtz equations
r k3
v’l_l’ Hz + Qi_ Hz = O (2.5&)

thus Ez and Hz must satisfy equation (2.3) togéther with the necessary

boundary conditions,

Ez=o0 ; OHz = © ; Q2 « © on (Zl (electric walls)
on, k oL, (2 4)
Ez = © ; Hz = © X @_Bz = O on 02 (magnetic walls)

A PY OCa

where @ = spatlal derivative tangentlal to the contour C; and o0 = spatial

OCL on.
derivative in the direction of the outward normal to C{-
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On the contour C,; i.e. the interface between the two media;

b

(1) E,» H, must be continuous

(2) Tangential components of E, H must be contimious
(3) Normal components of D, B must be continuous
Continuity of the tangential components of E across the interface C

requires

T, {ﬁ E: - (%_&:;)} . -T, \ﬁga_az ] (Q_Hz)

whilst continuity of the normal components of D across the interface 03
requires
LB (R (8),
l }lﬁ N R, 2 UO}.LA ON; R,

where Y = JP » & loss free system
and T; = w"-!iseo - EZ — E"

W* Mo o€y — B RS
Thus for an imlofnogeneous region R, the dxially directed field components
must in addition to satisfying equations (2.3) and (2.4), satisfy equations
(2.5) and (2.6) and the propagating mode is said to be hybrid due to the

coexlistence of Ez and Hz field components.,

For the case of a homogeneous region i.e. e'-l- €, in fig, (2.1),
interfacial boundary conditions do not exist and the problem reduces to that
of seeking a solution to either equation (2.3a) (18 modes) or (2.3b) (TM modes)

subject to the conditions of equation (2.4)



2,1, Finite difference formulation using a Taylor Series expansion,

This method is alrecady well docmnentedj’ 12 but will be reviewed
briefly, such that the salient points may emerge. The structure to be
examined is shown in fig.(2.2.). A regular cartesian mesh is imprinted
on the region, such that the boundaries of the structure lie on the mesh
lines. The mesh intersections or nodes are numbered in some ordered

sequence and with each node 1, there 1s an assocliated scalar magnetic

potential ctal% HZL) and a scalar electric potential Llli (== bb__@_gEz_.) such
B

that c!:) andq) are dimensionally compatible, Fig. (2.3.) shows a typical

interior node with its four immediate neighbours, each a distance h, the

mesh pitch, away from the centrally located node. In this manner the

actual continuous field is represented by the discretized field at each

node on the cross sectional region R.
Using Taylors series to expand the derivatives in equations (2.3a),

(2.3b) and assuming that b(x, y) and ¢(%Y) and their derivatives are

single valued, finite, and piecewise continuous functions at each node, then

Z(T.', +'C.-:.) Ct)n - -".5.. (tt-‘l-'Cz)(qD. +¢3) — 'C, qu. - 2 ¢2

+ (T2 —Tie) (Y, - 43) = h*R &, (2.72)

2. (t|€:| + -Cze:) Wo = -'-2 (t|el + tZ.e?-XLP|+ q‘G) - € Ll/q. - L&y LPZ

+ L (Ta=TY( $a- i) = > PR (G+ &) te (2.70)

represent the finite difference form of the potentials &, , G, at a
typical interior interfacial node on the boundary CF, fig. (2.2). In their
derivation the concept of 'image' nodes is utilised such that the boundary

conditions at the interface may be written into the formulation, yielding

the coupling terms

2 (&2 Te ) $-ty) 5 L (C-T a- )




i el . S,

[ T

E oy

= il syl ek, Sy,

L = B L o LY L B R o O R S P R L e

= wl gl i

= mgte o age
<

Fam ™ Sy o -

T
. L ] - Tw !'I.IL
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. (2.2.) Structure to bs analysed using finite difference/alzment

techniques.



Fig. (2.3.) “ypical interior rode , with immediate neighbouring nodss.

. fig. (2.4.) Right triangular element.




The finite difference form of the potentials ¢, and U, at a node
situated wholely in one of the homogeneous regions, can be obtained

from equation (2.7) directly, by allowing
Ty —> Y ) €z —> & for node 1in region 1.
T, - Ta , & —> &3 for node in region 2.

and equation (2.7) reduces to the familiar 5 point finite difference

formulation of Helmholtz's equation, with the coupling terms automatically
vanishing,

Nodes on the boundardes, however need special treatment, yielding
slight modifications Lo the generalised interior situated nodal equat’ions.

For a node on an electric wall C, (ABCDE -~ fig, 2.2), ¥=O and an
equation is unnecessary to describe the variation of the electric potential,

further %j: © on the contour AB, and this condition is written into

equation (2.7a) by stipulating &y = b, .

In a similar manner nodes situated on the contours BD, DE give rise to

modified versions of the generalised equation,

The magnetic wall conditions on C, (AFE - fig. 2.2) require éﬂ":—. b=O
< OX.
and the ldentical dual procedure to that for electric walls is performed, |
Discussion, so far, has been restricted to the analysis of the
propagation of hybrid modes such that the system of equations represented
by equation (2.7) taken over all the nodes in the structure with the nesce ssary
boundary modifications must be solved simultancously. If the case where

variation of the axlally directed magnetic field in the x direction is

zero is considered, (Q_dl ﬂo) then a TM mode can exist within such a

OX
structure satisfying the boundary conditions on the interface, viz.
T, ( 2P\ - T, Q_d’)

iﬂ fig. (2-2)'
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The problem is then reduced to replacing the one dimensional
Helmholtz operator by the sppropriate finite difference operator at
nodss along any one mesh line in the y direction, the generalised
equation for the finite difference form of the magnetic potential cba
at the interface node being

(Tr+T2) b, - T D, - T2, = REh*d, (2.8)
with the modifications described previously being performed for nodes
situated on electric or magnetic walls.

Most structural problems to be analysed do not usually possess

boundaries which lie on mesh lines parallel to the co-ordinate

directions, for example, a circular boundary. Two main alternatives
are then open to the user (a) to approximate the true boundary by
mesh lines, with a much finer mesh pitch, thus allowing the boundary

to become deformed or (b) to allow the mesh arm lengths - fig. (2.3) -
to be corrected so that nodes lie on the boundary, but the mesh is'mo
longer regular everywhe1 11"'

The repeated application of equations (2.7) at each node in the
region, with due consideration for nodes at the boundaries, results in
approximating the Helmholtz equations (2.3a, 2.3b) by a series of
algebraic equations in @ and Y which must be solved simltancously.

This may be written as a matrix eigenvalue problem of the form

(A-XBYe = o (2.9)

- Where A has as its components, the coefficients of the CP'S and  U's
defined by the left hand side of equation (2.7), whilst B is similarly
defined for the right hand side of equations (2.7), A is representative

of the structures wave rnumber k2 , and depend/a':ﬁt on the mesh pitch. X




A is a square, sparse banded matrix and B a diagonal matrix, both

of order 2m, where m is the number of nodes defining the structure.
Providing a regular mesh is used everywhere over the region, A will be
symmetric for electric walls completely surrounding the region, but this
condition does not hold for the presence of a magnetic wall due to the
presence of image points in this type of boundary. 6 is a column
matrix of order 2m whose elements consist of the potentialsd ¢ at each

node in the structure.

Since 'Ci is frequency dependant, the eigenvalue equation is >
solved for discrete values of T{ corresponding to investigations
performed over a selected frequency band ylelding a dispersion curve. ‘he
properties of A are further influenced by the chioice of T. for in the
range Tj> O , (corresponding to the velocity of the propagating wave
exceeding that. of light in free space), A is at least positive semidefinite,
thus assuring A possesses real, nonnegative eigenvalues. For Ti & O
(corresponding to the velocity of the propagating wave being less than
that of light in free space), the eigenvalues associated with A can either
be positiveand negative or all negative, since A may no longer be positive
definite and the elgenvalue corresponding to the dominant mode is
normally taken as the least negative oneG.

1he homogeneous system (e‘...l,,r= Grz) requires the solution to either
(2.3a) or (2.3b) together with the boundary conditions at an electric or

magnetic wall, since the absence of interface conditions in effect

decouples the equations represented in equation (2.3). Thus Ti= Ta= |

Eq

=€ = €~ , in either equation (2,7a) or (2.7b) yields the

generalised finite difference form of the potential @, or Y, at a
typical interior node, and application of this operator again forms a

matrix eigenvalue equation similar to that of (2.9), with the properties

of A, B as described above.,
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6 represents the scalar magnetic (Bmodes) or scalar electric (TM modes)

potentials and X\ Dbecomes proportional to the cut off wave mumber of
the structure. However since -t is no longer frequency dependant,
the eigenvalue equation has only to be solved once to obtain the
desired information regarding the fields and cut-off wave numbers of
the propagating modes. 1

Although discussion has been restricted to the 5 point finite

difference operator, improved é.ccuracy can be obtained under certain

conditions, by approximating the Laplacian operator by a 9 point or
1,5,

even higher ordered difference operators.

ce2. FINITE ELEMENT FORMULATION.,

Unlike finite differences, which depends on constructing a set

of difference equations involving field values at mesh points, to

replace the diffe}c‘éntial operator, the theory of finite elements allows
the two dimensional reéion to be divided into a finite ;urnber of
polyg,on;s or elements over: each of which the fieltdf.:is eﬁpmssed as &
function of the fields af. the vertices of the elcﬁanfs. A varia{:ional
expression 1s constructed for some parameter of the problem and
minimization of the variational expression with respect to the field
values existing at each vertex is performed.

The principle behind variational methods is based on the concept
that the integral of some function, typical}of a system has a smaller
value for the actual performance of the system than it would have for
any other assumed performance. 4 variatioqnal expression which is

stationary in k2 , the wave number of the system, for the structure of

. 1
fig. (2'1')! is given by °




T(d¥) = [ BTl |Vy y|*dR + [ = 19, 6" 4R
-+ ZJ ey. ﬁ’--CL(VVﬂU( N QH Cb) dR — t;z’-j (‘ﬁzeq Ll/l‘\" ¢2)dR (2.10)
) R
wher;e E:._______(pé)z | R2 B (l—- Ez)

and thus tl. = W JPoCo — E"" B | — E"
. T =

Fpseotn ~ BT En- B

the variational expressiond (¢>,q,) can be shown to have as its Euler

equations16 | f | F
and ?’Ztiefc VXSL\’ + B Ery Ry = O | - (2.11b)

over each region R:‘{, which are satisfied because of the two dimensional
Helmholtz equations, equation (2.3).

By taking a branch cut as shown in fig. (2.1) such that

region R1 is simply connected, it can be shown that the natural

boundary conditions automatically satisfied by J (d), 4) when stationary are

G {EI%_-,W - (g"ﬁ %}R, = “.C’{Ez %LI'C_ - K%?\f\ . }R:. (2.122)
and
T f {eﬁ (%t:)c: ?; JR =~ Ez le"z k%‘)@.—t %i)-}k (2.12b)
. | 2 .

A

at the interface of the two medié., WhiCi’l are the boundary conditions for
the continuitylof the tangential electric and magnetic filelds across

thei;'interface, providing that the fields $ and q, satisfy

b=2P = O | on a magnetic wall
oC | |

\p = M = O on an electric wall

o
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If oiy), w(xy) are the trial solutions of the scalar

magnetic and electric potentials over the region represented itself

by a finite number of elements, the values of qb(x,y) and L%(x,;y)_} |

which yields the smallest possible J (cp,Ll..) will be the correct values

satisfying equation (2. 3) .

Over a triangular element fig. (2.4), q) (x,y) and L{—-(x:y)

are represented by

K=p,q,r,

e e

Y e(x:Y) = E N, (x,¥) Y
K=p,q,r.

Where df)h y Yr are the values of the fields ¢,y at the k, vertex,

th
and Ni(x,Y) is a function of the spatial co-ordinates, uniquely

defined and differentiable over each element and reducing to zero
outside it. The substitution of equation (2.13) into the functional

form of J (b,4) then reduces J(¢,y-) to a function of the variables
dr and Y1, « The optimum sets of oy | Y, @nd thus the optimum
fieldﬁ..;; ¢, 4+ are then obtained by minimising J (Q) 'Ur) with respect

to each of the parameters ‘1’&:% viz,

ég_-(q)r*) = _a_E(Q,L\-) = O k =p, q, r,
2%, | S\

The minimisation of J(&,4- ) over R is equivalent to the minimisation

of J(¢, 4-) over each element providing the fields are continuous
8

| (é.‘i}a)

(2.13b)

across the element interfacs, which is assured since at least two nodes

must be common to adjacent elements, and if each vertex k of the

element , e, is common to P elements, then
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(D, 4) = Z.Z [j Ty {_3_[@] ¢° N + 2 [G] ?Q' d\f&} dx dy
ach o | el. oX - O 63 OH
+ B[ Ti {2 la]w® Ne — 3[G]Y Nk ) ddy
p'c[,l.. {aﬂ[]_ OX a"\[w‘_’ag}
- & ( @] % - Ne dx.dgl (2.14e)

I - Zi U Eztter;{é[ﬁ_'] ¢ ANy 4 iR Q‘.\ﬁi] dx dy
3

e T o RN °
- B [ T {2[e]d" Ak - 2ra] ¢ Wk |k
al Y OX % -
- B Fen [G] 4 Na dxdy X (2.14D)
) .

represents the minimization of J(¢,4) with respect to ¢ andy at
the kth vertex, where G is the row matrix |
[NB NS N ]
P q r
and C{)Q , Li-e are column matrices
- | LT N T
Q. e e, | | e Q Q.
[Cbp ¢°L cbr] [L"'F’ q’q U- ]
with reference to the triangular element fig. (2.4).
Over one such element, the functional dependance of ¢ and Y

can be written as in equation (2.13) where

= (a +bx+cy) / 2A

NG

P b P b
a, = X - X

P qyr r yq
b = -

P yq yr

C — X - X

P Ir g
A

area of the triangle
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with the other parameters being obtained by cyclic rotation of

the suffices p, q, r, and this mindmization of J (CI),L}-) over

the element may be written compactly as

M (q)q’) (_ci éﬂ‘. ?O-_t_ Ez-ci C:- H:Q..) ~ +R?. FP. cbe.
¢

AT (01 = (B*Tien 5% - BT (¢ - Krp¥en 4
Y \Bmie = ) P

where o o
§_ =1 S N S C — C C
PP Pq Pr - FP P4 pr
L I e - C C
SQP Sqq SqI' qp qq qr
i | - C C
SI‘P Srq srr - Crp rq rr
Fe = I F
o PP Pdg FPr
) B i)
P qq qr

“ro Trq Frr

and S = _l J SNe dNq o b\\lP EN:] dx di
Pa 4 2 é,l.[ OXR  OX | ] :

oNp ONg — ONp aNq 7 dxd
Fa 4Az JQ, [ oy X ‘be dY } J

F_= 1 Ne N dxdj
Pq ﬁ'[. P 1Nq,
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Evaluation of these integrals over the right triangular element in

fig. (2.4) results in the final form for _3_3, Ce, F° as

s%5-1 1 o c=kl-1 0 # F=ADAl1 2 1
- 0 1 A 10 2119 1 2

Thus the finite element representation of the potentials § and 4. at

a typical interior interfacial node on the boundary CF - fig. (2.2)

common to six right triangular elements, as in fig, (2.5) becomes

2 ("-'. +'Cz) CP., - -“___;_('Cﬁ'czx ¢‘+ dPs) - T ¢’u- - Tz‘:bz

T %‘.2 2 T-T"X a7 ) S %ht[ b%, + .Z‘. i (2.150)

2(T¢ + r€a) Yo "-é-('cael +T€ U+ $a) — T i€ 4y

" TSt - R (TG-TX®u-d) = R [ 2(erea)

=4
-+ .i.. &+l b + 43) + € (Yot Ys) + €a(yy+ L\’b)] (2.15p)

oT (.4
oF' /a4t
performed., JIn a similar manner to that of finite differences, the

after the condition for stationarity i.e. O has been
finite element formulation for nodes situated entirely in one of the
homogeneous regions can be obtained directly from equation (2.15) by

allowing the parameters T; \ €; to possess the same values for that

region R,, and noting that the coupling terms vanish.



sl sl b

Fiz. (2-5-) Interior interfacial node, éonmn to six right

trianzular elements.

-
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For nodes on an electric wall ¢=oand a nodal. formulation

of the potential is unnecessary. On the same wall, for example AB

in fig. (2.2),%3 = O but it can be secen that for a typical node

on this wall there :\70.( at most three right triangular elements amyﬁ
associated with this node, and by summing the contributions to 23 (Cb,kp)
over the triangles, the finite element representation of the O[3t
potential ¢ existing at this nods can be derived, automatically

satisfying the required boundary condition. Identical arguments

are valid for the dusal case of magnetic walls.
The propagating mode, that can be solved using one spatial
dimension can be found in a similar manner, by utilising a line
17

element ' Jjoining two nodes, each node therefore being common to at

most two such elements and the finite element formulation of the .

potential ¢, existing at the boundary between the two media yields,

('C,-I- 'Cz\ ¢°“ T ¢),+ - > ¢’7_ — gh-:' (4 Cbb-l- ct)_l 1- cbq_,\ ” (2.16)
o

with modifications being made where the node under consideration is

situated entirely within either of the homogeneous media, or placed
on.an electric or magnetic wall. This can be seen to be identical to

equation (2.8) if the weighting on the right hand side is thrown entirely

omtothe central node,

Application of equation (2.15) over each node in the region,
with due regard for the modifications at the boundaries, again results
in approximating the simultaneous equations (2.3) together with their
boundary conditions, by a set of linear algebraic equations in ¢, |- ;

the set forming the matrix eigenvalue problem

(F’l\ - )\g') & = O (2.17)
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vith A being the matrix of the coefficients of the ¢'s and W's

defined by the left hand side of equation (2.15), whilst is

B
—1
defined by the right hand side of equation (2.15).Ais the eigenvalue

proportional to the wave number k° and the mesh pitch. 'é'l and §1

are rnow both symmetric, even under magnetic wall conditions, due to

the symmetry of the matrices_g_e, _Eeand _(_J_e , further they are sparse

and banded and _@1 is positive definite. 'él is positive or negative

semi definite according as to the values of T; discussed previously.

© is the column matrix representing the values of the fields cb, -
at each node or element vertex. Other than these exceptions, the
examination of the dispersive properties of the structure together

with the effect of varying T;on the matrix and the investigation of

A
—1
the fields within a totally homogenesous structure, follow those discussed

previously for the finite difference analysis of the same structure.

Although it has been briefly shown here, the development of the
finite element forxmulation for triangular elements, the approach can

be applied to other elemental shapes which serve to lncrease the
accuracy of the approximation. This increase in accuracy can be

brought apout in two ways.

(a) using a hiéher order polygonal element e.g. a rectangular
element, these however produce additional difficulties when
approximating a structure whose boundaries do not lis parallel to one
of the co-ordinate directions, such as the perimeter of the circle,
and thus use of the simplest two dimensional region - the triangle is

advisable.
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. 18,1
(b) using a higher order polynomial approximation ~’ 7

of the function describing the variation of the fields across an
element. ‘This approach is the favoured one, even though it does

give rise to more complicated elemental subregions such as 6 point,

10 point triangles etc. 'The advantages are such that one higher

ordered polynomial element can replace a few lower ordered polynomial

elements in defining the region, but it must be appreciated that

a large nmumber of the simpler elements 1is clearly advantageous when

modelling a complicated boundary shape.

2,3, METHODS OF SOLUTION OF THE DERIVED MATRIX EIGENVALUE PROBLEMS.

© ifainalterpriijuine e - Al T '--n_

The methods of solution of the generalised matrix eigen value

problemn (B N @) O = O (2.18)

fall into two well defined categories viz; (i) by relaxation of the

fields at each rode within the system - indirect methods and (ii) by

direct matrix manipulation. Each method possesses its characteristic
advantages and disadvantages, according to the size of the matrices,

solutions for all eigenvalues and the properties of the individual
matrices., It is to be observed that the methods involved in the
solution of the particular equations are many for both the above
categories and discussion of the relevant techniques 1s beyond the scope
of this thesis.

Since the system of linear equations from which the matrix
eigenvalue problem is derived are usually large, they must be solved

using rumerical techniques with high speed digital computers.




2.3.1. Indirect Methods.

Indirect or relaxation methods base their mode of operations
on the principle of repeated application of a simple algorithm.
The edvantage of this method is that the non-zero elements of the
rows of the matrices A, B need only be generated when required, and
thus storage of the complete matrices which are sparse , 1s obviated.

Further since there are only a few different types of node structures
within the region of Fig. (2.2) and hence few different types of rows

of the matrices, only a small number of sub~algorithms need to be

written for the complete algorithm. The algorithm that has received

most attention over previous years is that of successive point over-
relaxation1’“" (SOR) and it is proposed to use this powerful technique
here for the solution of derived matrix eigen value problem.
Consider the implementation of SOR on equation (2.18). An
approximation is made to the required eigenvector,@_' and eigenvaluse >\',

then for each element of B, B ythe residual Rﬁ"L at that element is

found by
Ri = (F}i_ - )\'E);)Q'

vhere éi denotes the ith row of matrix A.

Ideally the residual should be zero at each element for a
solution and thus the ith component of @' should be over relaxed

by a factor wRi

where w is known as the accelerating factor and affects the rate of
convergence to the correct solution. The eigenvector is scanned

systematically several times in this manner.
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The eigenvalue estimate, however will rot usually be the correct one,
and in this case for an estimated eigenvelue greater (or smgller) than
the correct eigenvalue the eigenvector grows (or dimini_shes) and
cannot converge as the determinant of (A-\8) is non zero. However
the elements of © tend to assume their correct shape, and after

several iterations, the incorrect although !'shaped' eilgenvector is

substituted into the Rayleigh quotientn“"
\ @*a :
- =T

which gives an improved eigenvalue estimate Anew and is also

stationary for the true solution. Using this new estimate, the SOR
process is reverted to with the most recent eigenvector and an improved 8
found. Alternate usage of the SOR process and the Raylelgh quotient

causes convergence to the correct eigenvalue and eigenvector within the

accuracy required.

The disadvantage of the SOR method is that it cannot be used
with convergence guaranteed on an arbittary matrix. The convergence
‘theore;ln states that convergence is guaranteed only on symmetrical and
positive semidefinite matrices, with diagonal terms greater than zero,
and off diagonal terms less than or; equal to zero, and for 04 W< 2,
For example this means that the SOR process can only calculate the
dominant eigenvalue.

The finite element formulation of Helmholtz's two dimensional

equations ylelds A and B as symmetrical and positive definite matrices
for T;> 0O and thus convergence occurs. For T;< O the matrix A is
indefinite whilst still retaining its symmetry and thus convergence to

the correct eigenvector is in no way guaranteed, and recourse has to be
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20
made to other techniques notably that of Peters and Wilkinson ,

which is a semi~iterative technique and although permitting A to be
indefinite has the added advantages of utilising the band structures
of A and B and calculating higher ordered eigenvalues.

The finite difference formulation of the same problem does
not necessarily produce a symmetric matrix A and only when the
structure is devoid of magnetic walls will A be symmetric. For the
general case A will only be slightly non-symmetric, but is sufficient
to waive the convergence criterion for coarse meshes when the non

symmetry is most pronounced, but for finer meshes A will tend to a

more symmetrical nature and convergence can be optimistically thought
of., Again the definiteness 9f’ indef'initeness of A 1s of lmportance
and the discussion held in the previous paragraph is equally applicable

here.
The matrix eigenvalue equation derived for the totally

homogeneous structures, have both A and B symmetrical or 'near’
symmetrical, and positive definite and thus a guarantee of cenvergence.
It is worthy to note that for TE modes in a structure being bounded
solely by electric walls that the trivial solution®© = constant to
equation (2.18) exists, this can be eliminated by using magnetic walls
of symmetry such that the fundamental mode also satisfies these
boundary conditions.

The method of successive overrelaxation applied to equation
(2.48) yields the dominant eigenvalue, since an attempt to seek the
next ordered eigenvalue would result in A becoming negative definite

and hence the loss of convergence.
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Si.lves-ztfs:z:'?I and Beaubien and We:icle:ra-2 have developed biharmonic

operators to make the relefant matrices po?sitive definite so as to
compute higher order eigenvalues and to use SOR for the inhomogeneous
problem. The disadvantage. is that ihe value of the next lowest
eigenvalue has to be known for the computation of any eigenvalue to
be successful. This is suitable for empty waveguides as Beaubien

and Wexler have noted, but for the inhomogeneous system, since the

6

dominant mode can correspond to a negative eigenvalue the choice of

the 'next lowest' eigenvalue 1s a difficult one to estimate. The

introduction of the biharmonic operator also gives rise to a 15 point
or 25 point operator and this must give additional complexity in

formulating the necessary boundary conditions.

Succussive over-relaxation was applied to the matrix formulation
of fig. (2.2) using 5 point, 9 point finite difference operators and
right triangular and square finite element operators to describs the

field variations. ‘The totally homogeneous case being considered

initially, with electric walls an AB, BCD, DE and a magnetic wall on
AFE thus seeking the cut-off wave numbers of the TM1 1 mode., These

results are shown in Table (2.1) with b = 2a,

Table (2.1) indicates that analysis using square elements is as
sccurate as for the five point finite difference formulation, which
further are an improvement on the accuracies obtained by the triangular
element subdivision of the mesh and using a nine point finite difference
operator. The greater errors incurred in the triangular element 11
formulation is due to the non synmetry19 of the description of the \\
potential at a typical node - fig. (2.5) where the images of points 5 \

and 6 in the planes defined by 105 and 20, are absent; whilst the nine




TABRLE (2.1).

2
Cut-off wave mumber (kb )~ for the iM,, mode in a wave guide of sguare cross-section of side b.

h/b 1 Triangular | Square 5 point finite 9 point finite
elements elements differences differences
(kb VN error % (kb vm error % Gﬂovm error % AE&N error %
1/6 21.1090 6.9, 20.19,2 2. 31 19.2920  2.26 18.8615 L.65
1/8 20.5056 3.88 19.99,2 1.29 19.4867 1.28 19.2390 2.60
1/10 20.278 2.48 19.9020 0.82 19.5770  0.82 19.4170 1.66
1/1, 19,9381 1.26 19.8215 0.42 19,6549 0.42 19.574:5 0.8,

19.7592.
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point finite difference's errors are caused by the introduction

of more nodal poteﬁtials to describe the potential at the central
node and thus at the magnetic wall, where modifications have to be
made to the relevant difference equation, a less symmetrlcal matrix
than that for the set of fiive point difference equations is

produced.

The one diJnensional‘I"E,‘O was also investigated, by using one

mesh line of fig. (2.2), BD with a magnetic wall at D and an electric

wall at B, ‘Table (2.2) records the results of the cut off wave
nunber for several values of the discretisation of the line, using
the finite difference and finite element formulations, equations
(2.8) and (2.16) respectively, withT,= Ty= | for the completely
homogeneous system. Examination of Table (2.2) indic;tes that there

is little difference in accuracy, but, as in Table (2.1), the finite

element formulation yilelds an upper bound to the correct solution
whilst the finite difference formulation yiélds a lower bound,

Table (2.3) represents the wave lengths of the propageating wave
for the inhomogencous structure of fig.(2.2) for the dominant

longitudinal section magnetic (LSM) mod.623 at cut-off. Square finite

element and five point finite difference formulations were used, as
these were the most accurate of all the formulations discussed for the

homogeneous region. The dispersive properties although readily

obtained by the SOR process for the range T:> o are mot recorded as

these are well documented elsewhere. Region 1 possesses a relative

permittivity of unity and region 2 has relative permittivities of 2.45,

9.0, 50.0, and 100.0,

— ot By i et b e M, ol e s g R — or




TABLE (2,2

Cut-off wave mumber ( kb)2 for the TE, . mods, in a waveguide

10
of width 2b.
Finite elements Finite Difference
h/b (kb)2 error % (kb)2 error %
1/16 | 2.469, 0.08 2.4,655  0.08
2 '

(kb ) anal = (2 )° = 2,467
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ABCDE -~ fig. (2.2) again represents an electric wall whilst AFZ
represents a magnetic wall of symmetry, the discretization employed
h/b = §, with the dielectric interface situated at y = b/2.

The analytical results are obtalined from I.Iarcuvitzzh'. Agaln there 1s
little or no difference in the accuracies between the two methods.

The dominant longitudinal section electric (LSE) md323 was
investigated, utilising its one dimensional representation or model.
Table (2.4) shows the cut-off wavelengths of this dominant mods, for
the same values of relative permittivities as those in the 1SM
investigations. Ihe mesh line BCD was utilised for the modes together
with an electric wall at B and a magnetic wall at D, the discretization
h/b = 1/4 is utilised so as to provide compatibility with the
dimensions of the structure analysed for LSM mode-type propagation.

The accuracy of the finite element formulation is now far better than

that of the finite difference formulatlon, comparing the results with

the analytical ones obtained from Ma.rcuvitzm. This must be due to

the formulation of the matrix B in the elgenvalus equation, where for

the finite element representation of matrix B the potential existing

at any one node is replaced by a linear function of the potential at
that node and also of the potentials existing at the neighbouring nodes,
whilst the finite difference representatlion of the same matrix weights
the potentials existing at the surrounding nodes and 'throws' them on toﬁ
the central node, and is clearly disadvantageous when a relatively

large variation in the field exists such as that at a dislectric boundary.




TABLE (2.

Cut-off wavelengths (/) of the dominant LSM mode in a waveguide

of square cross-section of side b,

b/
(see tex%?elytic

0. 3850

Finite difference
b/Ae. error %

Finite element
b/ e error %

0.3875
0.2278

0.,2263

0.09950
0.07047

0.09992

0.07088

TABLE (2.4)
Cut-off wavelengths (b/)\) of the dominant LSE mode in a waveguide of
width 2b.

Finite element

Finite Difference b/ A

lyti
(see text) v 0

b/ A, error %

245 0.3385  0.38 0.333 0.98
9.0 0.1812  0.25 0.1785 1.19

5.0 0.07748 0.20 0.07631 1. 30
100.0 0.05483 0,20 0.054L00 1e 51 0.05472
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2.5.2. Direct Methods.

For direct matrix manipulation of the eigenvalue

problem most computing centres possess large matrix routine packages
end it is on these that the user momally relies., 7The algorithms
employed in most cases, are those noted by Wilkinson and Reins %5
who recommend certain algorithms for the numerical solution of
equation (2.,18) where matrices A,B can be symmetric or nonsymmetric,
sparse or dense, real or complex and B can take the value of I, the
identity matrix. Further the authors record (and have tested
rigorously) the algorithms in a fully readable programmable form to

enable the user to incorporate the required solution technique into

the relevant program.

For the generalised symmetric elgenvalue problem represented

in equation (2,18) where A is a real symmetric or 'near' symmetric

matrix and B 1s a real symmetric positive definite matrix, B can be

factorised by Cholesky's method,B = J_,L_T where L is a lower triangular

matrix. Hence equaetion (2.18) can be written

(A -r1p{cel = o

so that symmetry is still guaranteed for {[._:' B_ (‘_—__:l).r] but the banded
structure is destroyed, and the transformed matrix is now dense. In
the finite difference formulation B is or can be arranged to be the
identity matrix and the Cholesky decomposition 1s not required,

therefore the eigenvalues are sought of the real symmetric, sparse banded

matrix A.
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Wilkinson recommends the methods of Jacobl or Householder
(ref. 25 pp 202-270) to solve the matrix eigenvalue problem for real,
symmetric matrices, but these methods suffer from the fact the whole
of A and B or at least one of their symmetrical halves must be stored
and no advantage of thelr respective sparsensss is taken. The
sparseness must be of paramount importance especially when
manipulating and storing large order matrices and Peters and

Wilkinsonzo indicate the manner in which the property of sparseness

may be utilised in deriving solutions to equation (2.18) whilst
Schwarz (ref.25, p 275) reports the method of solution for the
generalised matrix eigenvalue problem where B is the identity matrix

and agaln full advantage is taken of the sparseness of A.

The alternative approach of premultiplying equation (2.18)
by the inverse of B, _3_"1 1z to be avoided, for although both A, B are
symmetric and sparse the product _B_"1 A 1s not necessarily symmetric
and is dense, thus reducing the methods of solution for which the
complete nonsymmetrical matrix is stored and these methods Wilkinson25
has noted tend to be mumerically unstable.

The direct approach was applied to the homogeneous
configuration of fig. (2.2}, (6‘-l = Enw 1), with electric walls at AB,
BCD, DE and a magnetic wall at AFE, and thus seeking the cut-off wave
numbers of the TM modes that satisfy these boundary conditions. These
are recorded in Table (2.5) withb=2a and using the finite element
formulation over square elements, and solving the resultant matrix
elgenvalue equation by the method of Householder. I'wo discretisations,

h/b, are employed with modes whose computed cut-off wave numbers differ

from the analytic ones by at least 10% being rejected.




TABLE (2.5)

Cut-off wavenumbers (kb)2 of '].Mnm modes in a wavegulide of square

cross~gsection of side b.

52

h Mode

b

/8 | m, 19,9942 19.73%2 | 1e29
™, , 51.54:37 L9.3480 o5

1/10 | 1, 19. 9020 19.7392 0.82
T, , 50. 7450 49, 34,80 2.83
1M, 105,5300 98,6960 6.92 -
e, 105, 5300 98.6960 6.92 -
m}Z 136, 3700 128, 2049 6,28
™ 189, 5000 177.6529 6.67




TABLE (2.6)

2
Cut~off wavermmber (kb) of TE__ modes in a waveguide of width 2b.

_E Mode (kb)zoomp. | (kb) 2anél. Error %
1/4 TE, | 2.4992 2.467h  1.297
1/8 E, 2,4753 2,467k _ 0. 32
TEJO 22 .8557 22,2066 2692
Lol %*66.7776 * _ 61,6850 . 8.26
1/16 TZ, 2,469, S 2467 0.08
HTE30 22, 3675 22,2066 0 0,72
B, 62,9325 61.6850 2,02
T 125,7318 120, 9027 3,99
TE 213.1686 199.8595 6.66
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The errors in Table (2.5) are the for the

corresponding entries in Table (2.1), but it can be seen that a

slight decrease in discretisations not only produces an improved

accuracy but also introduces far more results concerning the higher

order modes below the imposed 10% error level. Note, also, that ) -i

34 cut~-off :

wave numbers are larger than that of the next two higher modes, this 'ﬁi

errors incurred in the computation of the TM1 3 and 1M

is due to the degeneracy of the two modes, thus allowing the matrix

eigenvalue problem to possess at least one set of multiple eigenvalues

but with differing eigenvectors between which the Householdaer routine

1s incapable of distinguishing.

The one dimensional model of Tk  mode propagation was also
investigated for various values of discretization and the results
recorded in Table (2.6) for the same range of error. Again it can

be seen that the results in Table (2.6) are identical to the

corresponding entries in Table (2.2).

2elio THREE DIMENSIONAL FINITE ELEMENTS.

Previous discussion has been restricted to those two
dimensional problems where the field dependance in the direction of
pmpagaficn, 2, has been assumed to be of the form Q:EL » where X is
the constant of propagation. This situation is ideal for structures

possessing an axial continuity, as has been shown. However modern

microwave communication applications require, for example, the use of
sophisticated microstrip circuitry where the strip is seldom axially
continuous (change in strip width, terminations etec.,) and where

variations in field components exist in each spatial direction,

necessitating the utilisation of three dimensional analysis,



- 37 o

To date there has been no formal proposal of such analysis and

it is at this polnt that the feasibllity of such studies 1s considered.
Although, as has been shown, there is little differance

between the finite element and finlte difference formulations for the

same configuration, it is felt that the assertion of a symmetrical

matrix operator and the weighting process of nodal potentials

exhibited in the derivation of matrix B, makes the finite element

technique slightly more favourable, and thus the finite element approach

is considered throughout all further analysis,

2.4.1, Solution of Homogpeneous Cavities.,

Considering the configuration of fig. (2.6), a rectangular

prismatic cavity V consisting of two subregions V,, V.., Reglons V1 V2
)

consist of uniform, sectionally constant, isotropic, source free

dielectric media of relative permittivities E.,... ; e";-,_, respectively and

unitypermeabilities.

In a similar manner to that of the two dimensional structure,

a set of equations to be satisfied by the field components over a

homogeneous subsection of fig. (2.6) are

V'E; + Ry Ez =« © (2.19p)
where Qi" = w"‘}-\QEnEr;

subject to the boundary conditions

Ez. = 0O ¢Ez = © \ a_ﬂz = O on an electric wall
oS N
He = © QHz = © ; QEz - © on & magnetic wall

on




Fig. (2.6.) Rectangular prismatic cavity.



vhere 8. is as before, and o
on o I
to the surface S, together with continmulty of the tangential

is the spatial derivative tangential

components of E and H, and normal components of D and B asserted
ecross the lnterface.
For a completely homogeneous cavity (€f= En = E.), elther

of equations (2.19) defines a spectrum of possihle propeagating modes

as in the two dimensional configuration., 1Those likewlse are

clagsified as wmnp type if a scalar field ¢ is found such that 1t

satisfies equation (2.19a) and the boundary conditions

v

°% _ o on an electric wall

on

¢=0; Qd _ o on a magnetic wall
oS

and '.[T.Imnp type if a scalar field 4. is found such that it now satisfies
equation (2.19b) with the dual boundary conditions

M . O "7 on a magnetic wall

N ’

4= O . dY - © on an electric wall
s

A variational expression which is stationary in k2 (lc2 =W)}-|oeo ) s

for the homogeneous rectangular prismatic cavity described above can
be shown to be

T() = j

Vv
which has as its Euler equations

< | Td|* v - R"-I G dV (2.20)
j 16 ‘

LV + R*® = ©
Ec
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and is satisfied by the three dimensional scalar Helmholtz
equation, equation (2.19a).3'(¢) ils stationary providing, also, that
the fields ¢ satisfy the boundary conditions. Similarly, a
variational functional of the form of equation (2.20) can be derived
for the electric field scalar, which has its Euler equation the
form of equation (2.19b) and 1s stationary providing the field scalar
satisfies the necessary boundary conditions.

The region V 1s subdivided into a finite number of elements
and the value of & (x,y,z) which ylelds the smallest possible J ()
will be the correct solution to the three dimensional scalar Helmholtz

equation, subject to the boundary conditions. 7The element chosen for

analysis being the cubic prism fig. (2.7).
Over such a typical prism which possesses 8 vertices the

field$ (x,¥,2) can thus be represented by

P
¢€(x'3'z) N Z Ne X,4,2) &

r=1i1R..

where the shape function Ni is 19
e
Nr = ar + brx + cry + clrz + erxz + £ Iyz + grxy + hrxyz

which is uniquely defined and differentiable over each element, and

where the coefficlents ar,br ceves hr. are defined in Table (2.7) with

reference to fig. (2.7.).

¢i is the value of the scalar magnetic field at the Yth

vertex of the element.




[ F"ﬂ" “_I'F'm,-ﬂri-r:'r I

1 1
}
—L '
. |
1 U i —l\n
\
N\

I"ig. (2.7.) Cubic elenment.

26 18 23

" Fiz. (2.8.) Interior nods common to eight cubic elements.




The substitution of the expression defining the fileld
over each element into the variational functional, yields d (cp )as a
function of the field potentlals ¢ ,.existing at each vertex of every
element describing the structure, and minimization of this function
with respect to each dr will give the correct field configuration
and cut-off wave number, Agein minimization of J (d)over the

entire volume is equivalent to minimlsingd (q))over each element

providing the field is continuous across the element iﬂt@l’f&C@B,a

which is assured, and thus if each vertex r of the element,e , is

common to P elements, ( £ 8)

. Q_
2T - 2 [_._ [ (2fe7 ¢ s %ngcbféh\r + 2[G] ¢ A

a‘bf‘ e“

MISEER)

where

[&] = LNT N§. .. . oNg ]

¢ = L ... ¢°§]T

Over one such element, the minimization ofJ (¢ )may be written more

compactly as

AT = L SFd - RE45
Bf’ Er -
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where
Sy Syy veeer Sy Byy Fyyeeees Py
S Syycveer Sy Fop Fyyoeeee ¥y
s = | o . o= |1 :
Spi Spy """ Spp Py Foy eeeee o
and

Fij = L Nie Nf' d‘&(\‘j A2z

= Qi+ L (Bibj+ GG +digi)~ : 0; C+ Q. Q; N
J n.( 1+ GG+ didg) \J@(@"d + fif; +8134\'f‘-_-;-ﬂh\m

1

by suitable integration over the volume and noting that S 157 Ty

remain invariant to a change of origin. -

The components of _E'_:_e and._l?_‘_e have been evaluated, for the
element discussed and are shown in Table (2.8) where because of
symme try only the upper triangular half t::-f‘m§“e and the lower
triangular half of_h:e are quoted, the leadling diagonal terms being
identical.

For a typical interior vertex, o, fig. (2.8) within the
volume V, minimization of J (¢’)with respect to the potential existing

at that vertex implies, with the aid of Table (2.8)




TABLE (2.7,

Coefficients of shape functions Ni, NJj, --= Np over & cubic element

i 1 =2 =2 =2 4 4 -8
J 1 2 =2 =2 < 4 -4 8
k 1 2 2 =2 =4 -l I, -8
1 1 =2 2 =2 4L =4 - 8
m 1 =2 =2 2 4 =4 L 8

All coefficlients have a common divisor of 8.

L

TABLE (2.8,

Comporents of the matrices §_e, _F_e for a éubic elémen’c, fig. (2.7.)

J k A m n o P
\O
s® 1 2\ 0 =1 =1 0 =t

2 1 2 4 0 -1 -1 0

i
&
v

H ® G

e
Common divisor of O 12

Common divisor of _E_e 108




Py - 2-|% cbi":k ¢|.
|Ji[32 “Z-; ;' ]

and a similar treatment to that for the two dimensional

formulation, 1s required for nodss situated on magnetic and

electric walls.

The repeated application of eguation (2.21) or a
similarly derived equation to egch vertex in the system, results
in approximating equation (2.19&) together with the relevant
boundary conditions by a system of linear algebraic equations ing ,
the system forming the familar eigenvalue equation

(A-NB)d = ©
with A, B being real, symmetric, banded, sparse, positive
definite matrices.

The method of solutlon must now be restricted to thosge
involving iterative procedures, due to the large number of vertices
or nodes gencrated within the volume. Successivae over-relaxation
was used to calculate the resonant frequencies of various gizes
of cavities, for both TE and IM type modes and are tabulated in
Table (2.9).Using most of the lines of symmetry avallable only a
quarter of the rectangular: cavity was analysed with the appropriate
magnetic and electric walls surrounding the volume.

Teble (2.9) indicates that the errors incurred in three
dimensional analysis are identical to those for two dimensional

analysis by comparison with Table (2.1.).

(2.21)



TABLE (2.

Resonant frequenciles (k2 = b)“r.lb&) of rectangular cavities represented

by fig. (2.6.) with € = En= | ‘using the unit cublc elemeant.
Ml N ) el i
mt,,,) | 10,5, 10 | 7.7907 7.6953
)
£111)
m111g 12, 12, 12}  5.4570 CIRANIA 0.29
T85144)
TMW; 16, 16, 161  5.4510 5ol 0.16
T2111)
%, o, 10, 5, 10 | L4618 | 40429  0uL3
IE, o4 12, 12, 12|  L.556 L 11429 0.29

TE) 04 16, 16, 161  4.4503 o 1429 0,17
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The TE1 01 mode is a mode which can be analysed in two
dimensions, but the inclusion was necessary so as to provids the

relevant comparison.

2ek.2. Solution of Contimuous Microstrip in three dimensions.
Microstrip is a thin metal strip mounted on a dielectric
substrate which has a metallised ground plana:%6 and is now becoming

essential for achieving future communication objectives.

Fig. (2.9.) shows a typical microstrip configuration, where
the strip is contimious in the z direction and situated on a dielectric
subgtrate of relative permittivity €&r the system being bounded by a
perfactly conducting enclosure, with magnetic walls placed at either
end of the cavity, and a magnetic wall of symmetry adjacent to the
longitudinal edge of the strip. This 1s necessary since the methoda
discussed are only applicable to the solution of boundary value
problems.

If the structure is totally homogeneous such that €Er =]

then a pure transverse electromagnetic (TEM) wave can be supported by

the multiconductor system. Within such a system, the variation of

the electric potential O is governed by the solution of Laplaces

equation

V' = o (2.22)
over the volume, subject to the boundary conditions

P = on the enclosure wall

b= Ve on the strip

aﬂ) - 0 on magnetic walls



o gl vy ey

ol o

- Magnetic wall
of . symmetry

Fig. (2.9.) Typical microstrip structure.
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By considering the stored electrostatic energy in the field
between the two conductors, a variational expression in C, the

capacitance of the system (ref.23, p.148), is given by
C | j 2 '
- = - V dV 242
= = ), Ve (2.23)

which will be stationary for a field ¢ satisfying equation (2,22)

together with the associated boundary conditions,
The domain of fig.(2.9) is subdivided into unit cubic

elements and thus minimization of the functional C over one such

element ylelds,

Vo  , S*° :
- aq) R (2.24)

where _S_e’ .@_QE.I‘B defined as in section (2-14-.1), thus

Vo

J i Z 3“‘ bNﬁ + A Wy L 3N AN | dr B AV
FeigRe qulit. 0 ¥y =

_ i,&"éa.?a..

and 1f there are R elements describing the volume V

a o.T e e
g Et.’ S ¢.f. (2.25)

Hence a set of linear equations in ¢ the potentials at each
node within the region, are constructed by the application of

equation (2.24) at each of the nodes, and is of the form
which is solved yielding the potentials ¢p; which in turn are then

substituted into equation (2.25) to produce the capacitance of the

structure.




The configuration of fig. (2.9) was analysed using

this procedure with the following parameters.
(1) a/d = 43 a/b = 1.6 ; b = 10 units.

(11) a/d = 5 ; a/b = 2,56; b = 8 units.

with the inner conductor situated at h=b/2, and of negligible
thickness.

Successive over relaxation was employed to solve equation
(2.26) and the capacitance calculated from equation (2.25). The
impedance, Z, of such a structure is related to the capacitance by

Z-H\/g = J}Eg _|_'

c' eC

wvhere C', L' are the capacitance and inductance per unit length

respectively and these are listed in Table (2.10), together with

the analytically derived impedances obtained from Collin (ref.23,p.132),
also noting the observations made by Hayt27, namely that for a fixed
separation of the ground planes, if

* 1.25 ; & (1-d) 0.25
5 7 D ( 'E)>

then the exact impedance and the approximate value obtained by
assuming infinite width ground planes agree to within 0.25%.

The results in Table (2.10) for both cases possess tolerable
errors, and of the same order despite increasing the ratios noted
by Hayt, enabling the modes to possess a betier approximation to
infinite width ground planes. The errors inc@md are duw to tho

relatively large variations in the field about the atrip edge,
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and as no attempt was made to refins the mesh about this

sinpularity and hence an improved field description, the variationa
could not be adequately described. This lnadequacy may however be
overcome by using the mesh refinement method or alternatively,

in the method of finite differences, using mesh refinement and/or
allowing the placement of 'special' nodes in a specified analytic
region surrounding the singularity such that during the relaxation
process the potentials at these nodes are determined by a truncated

serles of circular harmnica.28’29'

If the configuration of fig.: (2.9) is inhomopensous ( Er *4)
a 1TEM wave cannot be supported by the system, unless under D,C.
conditions, and thus the dispersion characteristics and propegation

of higher ordered modes of microstrip transmission lines can nover

be properly investigated utillsing the previously discussed TEM

wave techniques. To date with few exceplééx'}x%:y’ the analysis has

been confined to a quasi-static approach to the pmg.zlé:%?’y"’}s’ .0,
the fundamental mode of propagation resembles a TEM mode sufflciently
well to allow the approximation that the mwde is TEM,providing the
frequency of operation is not too high, and that the charuocteristics
of such propagation can be obtained from the solution of Laplaces
equation throughout the structure,

The finite element formulation of this inhomogensous
structure requires that the matrix _§6 in equations (2.24), (2.25) be

replaced by 5e —> €& 5"

b
L

where €c; is the relative permittivity in either of the two

homogeneous regions completing the structure, ""
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Cubic elements were again used to describe the configuration

of fig. (2.9.), successive over relaxation applied to calculate the
nodal potentials, and substitution of the potentials into the
permittivity modified quadratic form of equation (2.25), yielded

the total capacitance of the volume.

The impedance is now related to the capacitance by

Zer' = 1, Lo = "
/ /
where Zg. , C'c. represent the impedance and capacitance per unit

length of the microstrip structure partially filled with dielectrio, -

and ZO Cé the impedance and capacitance of the same structure
)

entirely filled with air,

The impedance for two ratios of h/d for differing lengths

of the cavity are presented in Table (2.11). The analytical resulis
. for impedance are those obtained from Bryant and Weisgé wvhere the

graphical presentation of the parameters necessitated the inclusion

of the relevant 'reading' errors.

The analytical and calculated impedances agree to within
approximately 10%. This large error must then be attributed to the
lack of mesh refinement about the strip edge, to the use of a
perfectly conducting enclosure to approximate the open microstrip

configuration on which Bryant and Weiss's results are based, and to
the introlduction of the air-dlelectric interface. Results obtained
by contracting the enclosure in the xy plane gave progressively worse
solutions for the configuratiorts impedance as was expected, the

results quoted in Table (2.11) being the optimum set after a trade-off
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between completeness and machine store avallable had been considarcd.
The air-dielectric interface although causing the fleld to

concentrate mostly in the dlelectric and hence a larger variation in
the field throughout the dlelectric to be modelled by the finite
element formulation, can have little effect on the solution since

the errors incurred in the homogencous cases (€& =1! Table (2.11) ) are
of the same order as those considered with the relative permittivity

possessing other specified values.

Solpe Do Solution of linhomogencous cavities.

Ihe previous section indicated the manner in which
parameters of enclosed microstrip structures may be calculated by
utilising a static assurption, but as was noted the lack of dlspersion
characteristics and information regarding the propagation of higher
ordered modes, placed severe restrictions on the use of such an

assumption-

To try and reduce these problems, three dimensional finite

element analysis was epplied to the structure defimed in fig. (2.6),
regions v1, V2 consisting of uniform, sectionally conatant, isotropic,

source free dielectric media of relative permittivities &g &,
respectively.
An attempt to express the transverse fleld components

Ey» B, s H.» H, in terms of the axially directed compononts E, and H_

in equation (2.2) fails due to the presence of second order partial
derivatives, and thus the derivation of a variational expression in a
manner similar to that used by Ahmed37 could not be found. Howevor &
set of equations to be satisfied by the scalar magnetic potential¢and the

scalar electric potential 4. over a homogeneous subsection of rig.(2.6) arc
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Vid + R = O  (24278)
Vig. + Riy= O (2.27b)

vhere R* = W'M&Er
subject to the usual boundary conditions on magnetic and
electric walls.

If a plane, in the xy plane, is considered infip(2.6),
then it is shown equation (2.10) is a varlational functional in Ke ,
which when stationary ylelds the propagation characteristics of
this two dimensional plene, satisfylng the boundary conditions at
the outer walls of the cross—-section and also the interfacianl
boundary conditions,. . T,

It is mow the contention that if all similar plancs are

considered so as to form the configuration of fig. (2.6.) then by

allowing T; to become | J’ to beoomej‘ 3 Yy to become Y
er‘, 3 v

in equation (2.10)

TOM) = ([ LIVOF 4 B (Ve 26 B (TaTe)
Vv i €ry

s --?R'J- (E?-e‘.‘ TR (b?.\ '1 dvV ! : (2.28)

U= WS E..
) =

represents a variational expression in k™.

where Rl — LD"}.heo -‘ q)l.'.'. “z.

Y

Note that since the cavity is continuous in the z direction, tho
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field dependance of O.JP in this direction is retainod and thus

the propagating constant A remains as a faotor in tho variational
expression. The Euler equations of equation (2,28) over each

homogencous subsection of fig. (2.6) are

Vi + Rermd = o

PV Yy « 'E"‘f'&rit\ai: O

which are satisfied because of the three dimensional scalar Helmholtz

equations, equation (2.27).

Equation (2.28) will be stationary in k2, if any first

order change in the fields & , 4 from their true values, will produco

only second order changes in k2 i.e.

¢— o+ 8

\\ —> L+ 8Bu

R-— R4 5(R) \
then & (k2) = 0 neglecting all second ordor variations. By actual
substitution and manipulation, the variation & (kz) ls zoro providsd

S% = O on an electric wall, b= 0O on & magnstic wall and

a2 | ....(:?.:émn+ él_r. _¢>} .- \“(%ﬂv{* f:_}f'e?x X ' (2.298)
L (3 #""" = = L S ! ,
l a \’ er‘ ~ ‘efz.(%?ﬂ\h.-k Eefzb; - (2.299)

on the interfacial boundary considering onec of the plarws z = constant,
- —y
vhich imply continuity of Ex(l- %.__f.‘r ) and He (V- %q) and are not the
\

natural boundary conditions to be satlsfied.




Howaver, whilst realising that equation (2.28) did not
represent a true and complete variational expression in k2 for the

configuration of fig. (2,6); the three dimensional formulation

of the structure was accomplished via the variational functional of

equation (2.28), applying the finite element techniques described

in the previous sectlons.

Minimization of J ( @y over a cubic element, describing a

section of fig., (2.6), with respect to the potential Cb,q» exlating
at each vertex of the element ylelds.

@Ee(cb,w) - 1 éa' q_)e. o+ E‘-” ga l_L_a. - B Ee. (i)c_
ac_tfo' Cr; = of

T (dy) = B S Y - B e - r Beq F*ut
DY er. Y

e e
wherai"’ y & are column matrices as beforv whose elements are the

values of the scalar magnetic and electric potentials at the vertrices

of the elements and _§_e, EG are the elemont submatrices defined in

Table (2.8). ‘The element submatrix _ge is that derived from the

'coupling' term in cequation (2.28) and whose elements are defined in

rable (2.12), and for a typical interior node or vertex situated on

the dielectric interface, surrounded by eight elements, then

minimization of J (& y)as in equation (2.20) implies the equutions,
with reference to fig. (2.8).

(21-:’03)

(2.30b)



TABLE (2,12

©
Components of MMatrix C

1 J k
O =2 0
2 0 =2
O 2 O
-2 O 2

4 O -
O 1 U
-1 0 1

Common divisor of 12.

for a cubic element, fig. (2.7.)

1 m n 0 P

2 0 -1 O 1 i

0 1 0 =1 O J
-2 O 1 O -1 k

O =1 O 1 O 1

Y
O
!
N
C
N
=



1o( Ver + e $o - (Ver + '/er:_XCb.ﬁ da + dig + b )
- 2/eq (¢>1"‘ dPtO_"' ¢’|q- + Q’m) = Z/Grz (‘b‘! + ¢°’l +L¢’D-'\' Cbu,\

— 1fer, (Da+ Do+ baat Paw) = 16 (St Dar + Dyt das)
-+ Ea' ( '/Erz"‘ '/6"'|)("q (Yn= ) - i = Yis+ Yz + Uy )

IS 36
= _E:' (32¢a-+?2 di + 2 Z)q)h -+ -.'-22 ¢‘-)
|0%B =2 | tw] w19
and i
232 Y, - zi Wi - D bi - (Ve = YerX 4Dy =) - by~ s+ b ‘bn)
= ) =\

= R (|b(er.+ en)to + F(ER+enY i+ Wa + Yg+ Un) + BER Y, + BEn Yy

260 (s + Ua + U+ ) + 12er (the + e + Yoz 4 4ai)
-+ ’/Z&I’z (q‘.:_o"‘Lb.l + L‘b.q-"'q’-if)

Application of these over each vertex within the cavity, with due
regard for a vertex being sltuated wholly in one region, and also for
similarly derived equations according as to whether tho vertex lies
on a magnetic or electric wall yields the familiar eigenvalus equation
(A-ABYQ =o
Where again A is a symmetric, positive dofinito matrix (ﬁ’ll)
and B is positive definite. Doth matrices being sparse and bandsd. 9

is the column matrix corresponding to the potentials existing at each

node within the cavity.,
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Initially a cavity of width, height and length of 8
units was analysed, with a magnetic wall situated at x=0,/2 and
z2 = ¢/2, fig. (2.6.), with electric walls elsewhere, so that only a
quarter of the total configuration nesed be modelled. A diolectric slub

of relative permittivity 1.5 and of hedght b/2 was situated as shown,

with the relative permittivity of region V1 being unity.

Unlike the two dimensional equivalent, the present

configuration does not have to be solved for sevoral values of Ez 1

since the phase constant is uniquely determined by the length of the

cavity. Thus the finite element formulation introduces two unknowns

namely kzand Ez which are interdependant by

Ez_ _ 4.“.2/[-;22- ( 2. . length of cavity )z ]

Successive over-relaxation was applied to the resulting

eigenvalue equation, the initial eatimates of k¢ and E:‘mm used in
the first cycle of relaxations and applying the Rayleigh quotlent to
the field shape, an improved estimate of k.2 obtained, from which an

g

updated value of P could be sought. This howover caused K¢ to
fluctuate rapidly and convergence failed. ‘The alternative of fixing

2 2

B and calculating k® gave converpgenca with the results of 1able (2.1.3):

row (a). The analytic results were obtainod from dispersion curves

by hmrcuvitzjj, since the product

Ao (width of cavitz? = 1 Width of cavity

[

)\3 Ao | Lenzth of cavity

is known.
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For the range of E" considered the value of k‘?' did not vary
appreciably; a minimum being expected around the analytical value

g,

of P . Further cavity sizes with differing relative permittivitios
of the dielectric slab, were also investigated, the results again

shown in Table (2,13) rows b, ¢, d. Exeamination of Table (2.13)

indicates that k2, the parameter representing the frequency of

propagation, does not vary greatly with B and the method of analysis

gives k2 to reasonable degree of accuracy even for a value of E = O

2 —
Having thus calculated k , the corresponding value of B  can quickly

be fourd.
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2.5. DISCUSSION AND OONCLUSIONS.

The analysis of waveguids structures in two spatial
dimensions has been briefly described using two comnon technlques,

nemely the represcntation of the derivatives in the scalar Helmholtz

equation, by the method of finite differences; and by utilising the
stationary condition of a variational functional vhere the flelds

within the waveguide configuration are described by an algebraloc

polynomial of the co-ordinate directlons over a small subregion or
element of that configuraticn; The natural extension and feasiblility
of analysing a three dimensional cavity employing a simple oublo
element was also investigated.

There is little difference in accuracy of solution between

the methods of finite differences using a 5 point finite diffumncﬁ |
‘operator and finite elements using a square element (9 point operator)

to describe the field variat}x.orxs over a rectangular region and likowlse
for the respective 5 point operators employed for thoase structuros
possessing only one spatial varlation of the field. lilowaverj tho
finite element method is reoognised to be the more po;verml mainly duo
to the symmetry of the matrix operators and thus many criteria are
satisfied which permits the uac of algoritlms gpecifically deoslipgnad for
the solution of such matrix eldgenvalue problems; and tho wolghting
process of nodal potentials in the construction of matri;t B I

The subdivision of a region into a mgula; ma sh ims BO *far
been discussed, but there are certain distinct advantsges to bo gainod

from the use of a graded or irregular mesh, to model awlward boundary
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shapes or notably when considering a part of the roglon possessing
a large field variation and thus a fine mesh 1s advisable to
describe this variation whilst a relatively ooarser mesh may be used
elsewhere. The fact that 'elements' may posseoss any orientation
to the co-ordinate axes and hence application of a graded mosh schemo
or the modelling of complicated boundaries presents little difficulty,
whereas the less favourable approach to the problem using a finlte
difference formulation would incorporate interpolation or other
techniques (ref. 1, p.365) thus intensifying the already present
lack of symmetry.

Variational methods have baen used in conjunction with
finite difference approximations (rof's: 5; 1, p.329; 38) and tho
derivation of the relevant operator 1s {hen assurcd to be symmtrical,

However, these operators are derived from exactly the same assumptions

as those used in the finite element technique, and the two methods
are then ldentlcal.

The elgenvalues and eigenvectors of the matrix eigenvalue
problems were calculated using indirect and diroot methods for the
conditions of symmetric and at least positive semidefinits matrices,
and in both cascs were shown to provide the same accuracy. Tha
direct method whilst solving for hlgher ordered eigenvalues than tho

fundamental suffered from the restrictlion that the whole or at least
half of both matrices had to be atored, or If the band structure of the
matrices utilised the number of elements regquired to be stored deponded
on the order and band width of the matrices, both of which depend on
the mumber of nodes dsscribing the region of interost. Consoquently

mesh grading or refinement schemes not only increase the order of the
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matrix but also the band width and the course ofv refining or ﬂ
grading mus be curtailed before the matrices become prohibitively
large. The iﬁéirect method of successive over relaxation gensrate
the elements of the matrices when required, but this iterative
procedure places far more consiralnts on the properties of the
matrices for a guarainteed convergencs to the correct solution.
Convergence was apparent in all configpurations examinad except fofj

the solution of LSE and LSM type modes in a slab loadsd waveguldas,
when the phase veloclty of the pmpagatinnguve wag allowed to be
less than that of 1ight?r(t'.<0) and 'the? matrix A becomea MI‘the.
The criterion of the ma{;rix off—diagoml aiemen'ca being leas than or
equal to zero which was violated by the contribution of the coupling

terms at the dlelectric interface of the inhomogensous structures

did not cause the method to fail, and thus in the finite elemoent ﬁathod

the choice of an element need not be restricted to fhoaa givix;g rise

to an elemental submatrix _S_e whose off-dlagonal terms are non positive,
as is the position with a triangular element possessing an iﬁtﬂrior
angle greater than 90°,

Most texts describing the techniques of successive over-
relaxation, suggest that the techniques prove most beneficial when the
matrix A, possesses Young's property (A) (ref. 1, p. 242) which
indicates the process by which an acceleratéd convergence can Jba
achieved. All the matrix operators, uxoei)t thatxraaulting from tho
5 point difference operator, on the pagewino orderingﬁ o%’f‘“ the node adl‘uzum,

lacked this property, but the accelerating factor, w, sugrested by

Caz:':r':s?9 was used throughout.



This value of w being contimually updated after several lterative
cycles, provided a vast increase in the rate of convergencs, even
though it was not the optimum value. Forsythe and Wasow (ref.1, p.376)
recomuend an initial accelerating factor of 1 sgo that the reslduals

R existing at each node are kept to a minimum and thus allowing the
Rayleigh quotient to become settled with a 'shapqd' field, the
accelerating factor also causes an erratic behaviour of the residuals

so that a final sweep of the complete field with w = 1 1s suggestod

to clean up the eigenvector, these procedures were adopted.

The application of the finite element mothod to three
dimensional structures was accomplished via a simple cuble slenent,
Although the trivial case of describing the fields and calculating
the cut-off wave rumber of a rectangular prismatic cavity was

successfully considercd, the method can be rcadily adapted to more
complicated structures, using cublo elements, or perhaps the simplest

three dimensional element, the tetrehedron.

A continuous strip line situated in a totally homogencous
region was examined,by minimising the stored electrostatic energy
between two conductors, and calculating the capacitance per unit length
and characteristic impedance of the structure such that the equivalent
circuit may be easily derived. The propagating modes of the continuous
microstrip structure are of a hybrid nature and lacking a formal thrvo
dimensional variational expression for the solution of hybrid modes,
the system could only be solved by assuming a quasi-static approach,
which is valid for the strip width and substrate thickness di.matnaiona

being a small fraction of the wavelength in the dielectric, and whilst



being & relatively good approximation for low frequency operation
and low relative permlttivies, the use of such assumptions must
remain suspect for high permittivity substrates and operation at

higher frequencies. The large errors incurred for the analysis of

the two multl conductor systems Just described were assumned to
originate from the fallure to describe the larpe field variations
in the vicinity of the strip, where mesh grading would have been

advisable but not used, and also to the modelling of an opoen

microstrip structure by an enclosed structure, which howevar tends
to be the more applicable in modsrn microwave circuit applications.
Again the trivial case of a ocontinuous strip was analysed, but the
method can easily be extonded to accomodate discontimiities of ono
or more such conductors, such as abrupt terminations, change in line

width, gaps, etc., providing the quasi-static assumption still

prevails.

The attempted solution for propagation parameters of the

symmetrical dielectric loaded cavity, using an incomplete

variational expression, produced surprisingly accurate results., The
variational functional adopted, satisfied the three dimensional scalar
Helmholtz equations, but the boundary conditions satisfied at tho

interface, equations (2.29), required the contimity of

B (1 - Ez/(:q) and P (\ - EQVer;).

which are not the natural interface continuity conditions of the asyatem.



It must be stressed that although the method ylelded reasonable
solutions the lack of a formally derived variational expression
placed severcrestrictions on the use of this method and 1t was
concluded that this was sufficient to arrest the pursuit of

further analysis.
Ihe above methods were based on the choice of the simplest

finite difference formulatlions and also one of the simplest
elemental shapes for the finite element formulation, il.e. 5, 7, 9

point operators. ligher ordsred operators may be used for both

3,18,19
3

the above techniqié , to obtain more accurate solutions, but

the disadvantage of an increased complexity in formulating the

methods especially in the vicinity of the boundaries describing the

structure must be inherent.
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CHAPIER 3,
COMPARISON OF LINEAR INTERNODAL FUNCTIONS AND CIRCULAR INTHRNODAL FUNCITIONS.

The previous chapter indicated the manner in which wave
guide configurations could be analysed by the methods of finite
differences and finite elements., The main difficulties that arose
were confined to the complexity of the respective formulatlons, and
the inability to correctly describe the fleld variation betwaen two
adjacent nodes or vertices within the region, The former difficulty,
can only be resolved by the user who is well aware of the many
detailed mathematical procedures necessary to provida the formulation
and indeed to solve the resulting elpenvalue equation, and tends to be

quite tedious. ‘The absence of a complete intermnodal potential

function is perhaps fundamentally trivial, but as more accurate

propagation characteristics are required, the discretisation of the
region has to be decreased to ehable thae potential function between
nelghbouring nodes to describe a progressively asmaller fraction of the
total field variation, and thus requiring the number of modes within
the region and hence machine store to be increased. The purpose of

this section is to examine the possibility of uai4ng circular internodal
potential functions, which will possess the advantage of an improved

field description error and thus less nodes required within the region
of interest, with a formulation that requires only & knowledge of basio

transmission line theory.



3,1. UFPER AND LOWER BOUNDS OF 1HE FINITE ELEMENT AND

FINITE DIFFERENCE FORMULATIONS.,

Fig. (3.1) shows the one dimensional model uced in the
previous chapter for the analysis of a TEmo type mode in a homogencous
medium. Let a magnetic wall exist at x = 0 and an electric wall at

x = a such that the scalar magnstic potentlial satisfies,

& =0 at x=0 ; P =0 at x=a
O X

If an operator A is defined such that

A=2cos mTh = 2cosnT
28, en

and ¢'2 = Y

Gy = R¢2"¢n = Ao,

Pi.o~ AP, - Pi-q (3.4)
qn-lﬁ’ F\d”ﬂz" dn.;
¢; = RAdy, - i,

then these simple recursive relationships are satisfied by the true

field variation of

¢(}C) —— Bin m-“.x m=1’3’5’ " se 0
2a
since ¢i = sin _I_n_l (i"1)h
28

and from equation (3.1)

® =2 cosmth sinmW(i-2)h - sinm7m (i-3)h
28 2a. 28

sin mT (i-1)h
28,

I

sin mT¥Th
28

with b,
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The finite differesnce and finite elesment formulation of the ons

dimensional TE mode, relies on the repeated application of,

24 4 =Py b, = kghch 1-1

(J.Eu)
or k |
r —cb —¢ .82
6
at each node of the model.
Comparing the finite difference relationship, equation
(3.?9.), with that of equation (3.1.), o
k§h2= 2 -~ A = 2 =2 cos dmnh
| 28
and 1lim k]2) = (IO 2 2 1 -_112. mﬂ')2 + O(hl*') ) (3.33)
h —» O 2a ) 12 (2a ) )
whilst the finite element formulation ylelds
kf:hz = 6 (2 - A
Ea + A)
with
2 2
lim k. = (o) (3.313)

b e O (2a )

where k, and k. (= W,/,.xﬁe.') represent the respective cut-off frequencies

of the finite difference and finite element me thods. Thus tha cut-off
wavenumbers derived from the finite difference and finlte elemont

formulations form lower and upper bounds respectively, and further

2 -
0 g kgh £ 4 (finite differences) (5.2;.3)
0 < 1&2‘,».2 < 12 (finite elements) (3.4D)

which imply that the number of modes that can be solved using eithor

formulation is limited to the nmumber of nodes daefining the atructure.




As a numerical example, consider the case n= L, h = 1

in fig. (3.1), whereupon

K =(2-4) = 2(1- s nr) ;  m=1,357.

( 8 )

2 (mm) )
kﬂr'eu":é"'mﬂa %3 m=1,25,5,7.

(2 + A) 52 + ooa(msu)

These are tabulated in Table (3.1), together with the analytically
exact result; k2a2 = (m™ /2)2. The cut-off wavenumbers corresponding
to the dominant mode are those reported in Tables (2.2) and (2.5) and
examination of the corresponding entries in the respective error

columns indicate that these are

+ (mm g _llg 100%
28 12

as forecasted by equations (3.3). 1The higher ordered modes, however

do not follow the predicted error, but on addition of the error term

in hh', i.e.

+ m'rtl" hz"

28, -330

such that the negligible residual will be of the ordsr h6, the errors
can again by accurately predicted. One immediate advantage is that
providing a reasonable choice of spatial discretization is made then the
exact solutions can be obtained via equations (3.3) which are quadratic
in the true cut-off wavenumber. This obviates the use of Aitkens &*
process (ref. 13; page 287) which relies on the ratios of successive
error terms being ultimately constant, and consequently & more exaot

extrapolated solution can be sought.
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This is usually applied to three solutions k? ’ k2, k§ , obtainad

by successive mesh halving and extrapolating by

K2 = - (K )
extrap. 2

k‘l - 21*:2 + k
which is identical to that obtained from the application of equations (3.3).
A recent publicatioy has the same results as disocuased
above with extensions into two and three dimensions for the finite
element formulation, and also for higher ordered polynomial elements.

The errors possessed by both the finite element and

difference methods, thus cannot vanish but only minimised by a decrease
in mesh discretization. The operator A 1s essentlally a circular

function, which simply adds a constant phase onto the phase of tho
previous nodal potential, and since it .1s an exact representation of
the true TEmo field structure, application of equations (3.1) to the

model of fig. (3.1.) will provids the advantage of a complete absance

of discretization errors and restrictions of the mumber of nodes that

can be generated,

Ye 2o APPLICATION OF THE OPERATOR A.

Allowing fig. (3.1.) to represent the ocomplete cross sectional
model for TE type mode propagation, such that an electric wall or

perfect conductor now exists at x = O and x = a, then let

A =2 cos kh ,|¢ = 1



where k is the angular shift (radians) per unit length acroas the

gulde, thus

1¢+ cos Kkh.

+ + + _
93 =& B - @ = cos 2a

+ + _ + - _

1¢i = A 1¢i—1 1¢i-2 CcOs (i 1) kh (3:5)
-+ + . )

Pret= & @y - @,y =cos nln

where 1¢I is the magnetic potential existing at the i,, nods in the

th
18t series of operations with A, or iterations in the direction of

increasing x.

Now the system of equations (3.5) represent an elactromagmtié
plane wave travelling towards and incident upon a perfect conductor at
x = a., The occurrence of incldence implies the introduction of a
reflected wave, such that the electric field strength is reversed in
phase on reflection, in order to produce a zero resultant field at the
conductor, and thus for a reversal of direction of energy propagation
the magnetic field strength¢, is reflected without a phase reversal,

fhis reflection at the conducting boundary is accomplished by

1?:1 - 1¢n+1 N 1¢n

!
H

cos (n+1) kh.

cos (2n~i+1) kh.

A absg = 1 DPigo

A 1¢; - 1(.])3 = cos 2nkh

g

19y

I

where 1Cp 5 1s similar to 1(1)1 but obtained from the first iteration

in the direction of decreasing x.



If there are in all P such series of iterations, then

the field shape across the one dimensional model can be obtained from

| P |
éi - Z gpd).i'. N PCP;:) “ 1= 1’2’5 PP S A I (3.6)
1

P =
+ :
where qui = cos (2(p-1)n+i=1)kh.

P¢i = cos (2pn-i+1) kh.

Except for discrete values of the angular shift per unit length, k, the
field across the one dimensional modsl of the waveguide will be zero.

This can readily be observed from equation (3.6), where in the limit of

P tending to infinity, the forward and backward directed waves, intorfere

destructively with each other, producing a null field, except in the
cases when they become coherent and add constructively. In this

situation, the field and the value of k, satisfy the one dimensional
Helmholtz equation

P . R*® = o
x>

together with the boundary conditions, at cut-off,

Thus, to obtain a cut-off solution, a suitable node within
the model has to be chosen and the sum of successively reflected magnotio
potentials at that node calculated for a range of k, until a maximum
potential is achieved, thus ensuring the par:t{ié-icular value of k is ok
causing coherent addition. The choice of node is of importance and in
this present representation since the fleld is known to be a maximum at

elther x = 0 or x = a, 1t is reasonable to take the corresponding nods

as a solution point.



Fig. (3.2) indicates the manner in which the output represents
itself due to the multiple reflected wave for an arbitary valuse
of k, and consists of a sequence of unit magnitude dslta funotions

of period A miltiplied by the waveform cos (knph), thus

P

$(nph) = cos (knph) Z ®(nph = I\ )
1=t
Ssummation of the areas of these delta functions as in

equation (3.6) produces the amplitude of the field at the chosen nods
for the particular value of k. Idsally this will either producs a
zero or infinite magnitude of potential, but practically the mumnber
of iterations will be limited to P, and the mugnituds of the field,
will lle somewhere between these two extremes, thus the responss of

the model to variations in k, for a fixed number of iteretions P

is given by
o P
00 = | cos G ' (uphelh) (e
- 00 -1"
‘and this is representative of the real part of a Fourier trunsform
integral.
Defining

0 = L J "¢ (rph)a TR g0
<1 -

vith the inverse transform

& (nph) = rq, (e R 4 i
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such that ¢ (k) is measured as Amplitude/(radians/unit length),
then

$ ()

f ZS(nph-r%) F(nph)a-,jknph d(nph)

- 00 {m =N

whare F(nph)

1
_— N
o

A

g

~
*

= 0 O> nph > P
The k-spectrum of equation (3.7) can then be obtained via

the Fourler transform palr, by convolving the transform of the
delta functions with that of the unit rectangular function, i.e.

B = BB = [ B0 Byler)
-~ Ob

B () = 1 Sk -21r)
| % 2. )

e -~ 00

" ®, (k) = PBA sin (kP)/2) o~ JKFIN
2% (kPA/2)

thus

4
k) = P S(k'-27w r) sin (k=-k')P )\ =3 (k=k' )P A ‘
T =k f p SUEED sin (GIEA o a

(3.8)
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Thus the k- spectrum of ¢ (wph) is of a (sin x)/x nature centrod
about values of k corresponding to k = 2T r/N ; r =-®... 0, ceu ©0 ;
As P tends to infinity, < (k) assumes its correct form of a dslta
function situated at each of the previously specified values of kK.
Since the choice of node was taken at either of the
extremities of the waveguides cross section, A = 2a, hence

k:M m=0’1’2, eevs e X (}.9)
a g

jgnoring the negative values of r, which serve only to place k in its
negative plane, and thus equation (3.9) represent all the cut-off
wavenumbers of the propagating modes within the waveguide. Should

the solution point be taken at the centre of the wavegulde then the

period AN = a, and thus (sin x)/x type envelopes develop about k = 27 n/a,
corresponding to the cut-off wavenumbers of the even ordsred modsas.

this 1s to be expected since the field is identically zero at this

point for all odd ordered modes.

The approximation of the ldeal k- spectrum consisting of a
sequence of delta functions, by the sequence of (sin x)/x type functions,
will however cause some inaccuracy dus to the interference of the side
iobes of the relevant function on neighbouring solutions, and thus
tends to displace the true solutions as in fig. (3.3), whers the true
solutions of a particular structure are denoted by k1, k2’ but side lobe

interference from neighbouring (sin x)/x type solutions cause the

solutions to deviate to ]::,'l 9 ké. The influence of the side lobea
however can be minimized, by taking the number of . iterations suffilclently

large, such that the width of the curve becomes amall, and the magnitude

of the side lobes negligibly small.

-, e



Pig. (3.3). Displacement of true solutiona k1, kz by

interfersnce from sids lobss of nelchibouring solutions.



Choosing a solution point, i, other than the two
previously mentioned, would yield two sets of unit impulses, both
of periodicity A and modulated by the wave form cos (knph), but each
set possessing a phase difference, defined by equation (3.6), of
(2n - 24 + 2)kh, This has the advantage of suppressing the
influence of modes possessing a zero field at that particular point,
as was demonstrated by choosing the solution point as the centro of

the guide, due to the reasons discussed immediately above.

If the technique of summing potentials at a solutlon point,

due to a multiply reflected wave, is performed with the operator A in
equations (3.5) and (3.6) being replaced by the appropriate finile
difference and finite element operators, then since these lincar
functions approximate the true simusoidally varying field, the foim of

the solution will be similar to that of equation (3.8). The solutions

obtained from the application of the two lincar operators will differ

from the correct solution by amounts predicted by aquations (3.3), being

upper and lower bounds to the required solution, and also restricted to
solving the propagating modes whose cut-off wavermmbers are limited by

equation (3.4).
The three techniques were applied to fig. (3.1), with a

magnetic wall at x = O and an electric wall at x = a, the solution
point being taken at the nods on the electric wall. The magnetic wall
requires no speclal treatment except for a reversal of phaso, howsver

the periodicity of the sequence of pulses formed at the solution point

now becomes



!
which implies k — k' + (7 /2nh) in equation (3.8), and thus the
solutions according to equation (3.8) will again bo of a (sin x)/x
nature centred about values of k, corresponding to

k=2Tm - X = (Cn=-1)T , m=0, +¢ee¥
2nh 2nh 28

vhich are the cut-off wavenumbers of the odd ordered modes

propegating within the waveguide. The semiwldth of the wavegulds 1s

a = 4 corresponding to n =4 and h =1, and the value of v - equation
(3.1) - was set to unity, an arbliary cholce, for the finite difference/
clement descriptions. The form of the solutlon about the true cut-off
waverumber of the dominant mode is displayed in fig. (3.4), for P = 100
jterations, and the results tabulated in Table (3.2) for various valuen

of P Table (3.2) indicates that P does not have to be made relatively
large for the correct solutlons to emerge using the method of a circular

jnternodal function, but P must be increased for the linear internodal
function methods to yield thelir solutions, and must thereforc bo more
susceptible to interference from thelr respective neighbouring solutions,
The latter two methods, when settled, i.e. P is taken sufficlently large,
possess the cut-off wavenumbers as predicted in Table (3.1). Any

attempt to exceed the limitations expressed in equations (3.4) causen the

respective methods to fail, when the field being constructed at a
solution point tends to diverge. ‘The use of the circular internodal
function possessed no such disadvantages and ylelded exact solutions

of the system for any mode, an example being the calculation of the

2
cut-off wavenumber, k , of the TE25 0 mode which ylelded the exact
P b

result of 96.3829 (rad./unit 1ength)2.
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The passage of the miltiply-reflected waves represonted
by equations (3.5) and (3.6) across the waveguids can easily be
seen to be equivalent to the passage of TEM wave down & single
coaxial transmission line with the appropriate short circulted or
open circuited terminations. The model of fig. (3.1) then reprosents
such a transmission line subdivided into finite elemental sections,

each of which becomes a distributed constants network, possessing a

series impedance Z = R + JwL per unit length and a shunt adnittance
Y =G + JwC per unit length. For the case under discussion i.0.
propagation in a lossless medium, R = G = 0, and the elemaontal
transmission line sections are thus illustrated by fig. (3.5), where

L 1s the inductance per unit length and C the capacitance per unit

length of such a section.
Over such a section, basic transmission lins theory states

-3V =L3d (I"-1) ; -3 (xt-1) = cav

AX ot d X b
yielding
2%y = Lod%y
2 2
whilst Maxwells field equations for a '].‘Emo mods, at cut~off bacomo
- OH = JO! B -
?.._.z €. .a.__.y ) E_..Y ,?_fz
O X dt dx ot
which yleld
2 Va
H = H
3—-; }1060 E—z
d x b tz (301 1)

comparing equations (3.10) and (3.11), the identities

H
A

i

+ -
Vv EyE (I"=-I ) ; Lze€s ; Cz}.;.,

are formed together with




Fig, ( Do 5) . Transmission=lins *elemen‘!;.



