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Abstract

The Minkowski question mark function F(z) arises as a real distribution function
of rationals in the Farey (alias, Stern-Brocot or Calkin-Wilf) tree. In this thesis
we introduce its three natural integral transforms: the dyadic period function G(z),
defined in the cut plane; the dyadic zeta function {((s), which is an entire function;
the characteristic function m(¢), which is an entire function as well. Each of them
is a unique object, and is characterized by regularity properties and a functional
equation, which reformulates in its own terms the functional equation for F(z). We
study the interrelations among these three objects and F(x). It appears that the
theory is completely parallel to the one for Maass wave forms for PSLy(Z). One of
the main purposes of this thesis is to clarify the nature of moments of the Minkowski
question mark function.
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Chapter 1

Introduction and summary

1.1 Introduction
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Figure 1.1: Minkowski’s question mark F(z), = € [0, 2]

The main hero of this thesis is the function F(z) (with the awkward name “the
question mark function”, which is now standard), which was introduced by Minkowski
in 1904 [50] as an example of a continuous function F : [0,00) — [0, 1), which maps
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1.1. Introduction 2

rationals to dyadic rationals, and quadratic irrationals to non-dyadic rationals. For
non-negative real z it is defined by the expression

Flag, i, az, s, ..]) = 1 — 2700 4 27(00Fe) _g—(aotartes) (1.1)

where = = [ag, a1, a2, as, ...] stands for the representation of = by a (regular) continued
fraction [36]. The latter explicit expression for the first time was given in [16]. Our
definition slightly differs from the customary - usually one considers a function ?(z),
defined only for z € [0,1]. Thus, we will make a convention that ?(z) := 2F(x)
for x € [0,1]. For rational z the series terminates at the last nonzero element a,
of the continued fraction. Though being remembered rarely in the first half of the
20th century, this function received a substantial increase in interest in the past two
decades; the number of publications is constantly growing. Next section gives a short
overview of available literature. Nevertheless, the author of this thesis has a strong
conviction that many hidden facts still need to be discovered, and many profound
things are encoded in this simple definition. Why this object is so important in
number theory, dynamic systems, complex dynamics, ergodic theory and the theory
of automorphic forms? Recently, Calkin and Wilf [11] (re-)defined a binary tree
which is generated by the iteration

a a a+b

= R )
b a+b b
starting from the root % Elementary considerations show that this tree contains any
positive rational number exactly once, each being represented in lowest terms [11].

First four iterations lead to
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Thus, the nth generation consists of 2"~! positive rationals xﬁf), 1 <i<?2ml We
denote this tree by 7, and the nth generation by 7. The limitation of this tree to
the interval [0, 1] is the well known Farey tree (albeit with a different order of rational
numbers in the nth generation). Reading the tree line by line, this enumeration of
Q.. starts with

1 1 2 1 3 2 3 1 4 3 5 2 5 3 4

121323 1135253 11
This sequence was already investigated by Stern [65] in 1858, where the definition
of related the so called Stern-Brocot tree was presented. The sequence satisfies the
remarkable iteration discovered by M. Newman [52]:

r1 =1, Zpy1 = 1/(2[«%'71] +1- mn),
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thus giving an example of a simple recurrence which produces all positive rationals,
and answering affirmatively to a question by D.E. Knuth. The nth generation of
this binary tree consists of exactly those rational numbers, whose elements of the
continued fraction sum up to n; this observation is due to Stern [65]. Indeed, this
can be easily inherited directly from the definition. First, if rational number ¢ is
represented as a continued fraction [ao, ay, ..., a,], then the map § — “T*b maps 7 to
l[ao+1,a1...,ar]. Second, the map § — a%b maps 7 to [0,a1+1,...,a,;] incase § <1, and
to [1,ag,a1,...,a,] in case § > 1. Hence, this fact is of utmost importance in our work:
though it is not used in explicit form, this highly motivates the investigations of
moments My, and my, given by (2.4). The sequence of numerators of the Calkin-Wilf
tree

0,1,1,2,1,3,2,3,1,4,3,5,2,5,3,4,1, ...
is called the Stern diatomic sequence [65], and it satisfies the recurrence relations
s(0)=0, s(1)=1, s@2n)=s(n), s2n+1)=s(n)+s(n+1). (1.3)

This sequence, and the pairs (s(n), s(n+1)), where also investigated by Reznick [597;
see also Lehmer [45]. The statistics of this sequence plays an important role in the-
ories of phase transitions, spin-chains, and, naturally, in number theory and dio-
phantine approximations. See, for example, [8], [13], [15], [21], [23], [32], [34],
[51].

In the next section we will show that each generation of the Calkin-Wilf tree
possesses a distribution function F,(x), and that F,,(z) converges uniformly to F(x).
This is by far not a new fact. Nevertheless, we include the short proof of it for the
sake of self-containedness. The function F(x), as a distribution function, is uniquely
determined by the functional equations (2.1). This implies the explicit expression
(1.1) and the so called symmetry property F(z)+ F(1/x) = 1. Surprisingly, the struc-
ture of the moments of F(z), which is our principal concern, was not investigated
before (apart from the mean value). On the other hand, the mean value of F(x)
was treated by several authors and was proved to be 3/2 ([59], [66], [75]). We will
obtain this result using quite a different method.

All papers mentioned in the next Section are concerned with the function F(z)
per se. On the other hand, the aim of this thesis is to give a different treatment
of Minkowski’s ?(x). It appears that there exist several natural integral transforms
of F(x), which are analytic functions and which encode certain (in fact, all) sub-
stantial information about the question mark function. Each of these transforms is
characterized by a regularity property and a functional equation. Lastly, and most
importantly, let us point out that there are striking similarities and analogies be-
tween the results proved in Chapters 2 and 4, with Lewis’-Zagier’s [47] results on
period functions for Maass wave forms. Let, for example, u(z) be a Maass wave form
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for PSL2(Z) with spectral parameter s. This similarity arises due to the fact that the
limit value of u(z) on the real line, given by u(z +iy) ~ y! U (z) +y°U(z) as y — 0+,
satisfies (formal) functional equations U(z + 1) = U(z) and |z[*72U( - 1) = U(x).
Thus, these functional equations are completely analogous to those which F(z) does
satisfy (see (2.1)), save the fact that U(z) is only a formal function - it is a distribu-
tion (e.g. a continuous functional in a properly defined space of functions). Thus,
our objects G(z), m(t) and M (t), defined in Chapter 2, are analogues of objects ¢ (z),
g(w) and ¢(w) respectively, which are defined in [47]. In Section 4.1 we present
more explanations on this topic. In Chapter 4 it is shown that in fact L—functions
attached to Maass wave forms also do have an analogue in our setting - the dyadic
zeta function (uq(s).

1.2 Short literature overview

The Minkowski question mark function was investigated by many authors. In this
section we give an overview of available literature.

Denjoy [16 ] gave an explicit expression of F(z) in terms of continued fraction ex-
pansion (that is, the formula (1.1)). He also showed that ?(z) is purely singular: the
derivative, in terms of the Lebesgue measure, vanishes almost everywhere (the short
proof of this will be given in Section 2.1). Salem [62] proved that ?(z) satisfies the
los2 \where v = 1+V5 and this is in fact the best pos-

2log~y? 2
sible exponent for the Lipschitz condition. The Fourier-Stieltjes coefficients of ?(z),

Lipschitz condition of order

defined as fol e?™ne 47(z), where also investigated in the same paper (these coeffi-
cients also appeared in [9]; see also [58]). The author, as an application of Wiener’s
theorem about Fourier series, gives average results on these coefficients without giv-
ing an answer to yet unsolved problem whether these coefficients vanish, as n — oc.
It is worth noting that in Section 4.7 we will encounter analogous coefficients (see
Proposition 4.8). Kinney [37] proved that the Hausdorff dimension of growth points
of ?(z) (denote this set by A) is equal to a = %(fo1 logy (14 ) ?(:1:))71 (see Section 5.8
for a numerical value of this constant). Also, if zy € A, ?(z) at a point z( satisfies
the Lipschitz condition with an exponent «. The function ?(z) is mentioned in [14]
in connection with a game called “box”. In [42] Lagarias and Tresser introduced the
so called Q—tree: an extension of the Farey tree, which contains all (positive and
negative) rationals. Tichy and Uitz [67] extended Kinney’s approach (mainly, the
calculation of a Hausdorff dimension) to a parametrized class of singular functions
related to ?(z). Motivated by the investigation of Hermite problem - to represent
real cubic irrationals as periodic sequences of integers - Beaver and Garrity [6] intro-
duced a 2-dimensional analogue of ?(x). They showed that periodicity of Farey iter-
ations corresponds to a class of cubic irrationals, and that 2—dimensional analogue
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of 7(x) possesses similar singularity properties. Nevertheless, the Hermite problem
remains open. Bower [10] considers the solution of the equation ?(z) = z, different
fromz =0, % or 1. There are two of them (symmetric with respect to z = %), the first
one is given by x = 0.42037233 [24]. Apparently, no closed form formula exists for
it. In [20] Dilcher and Stolarsky introduced what they call Stern polynomials. The
construction is analogous to the one given in Section 5.2. Nevertheless, in the work
cited all polynomials have coefficients 0 and 1, and their structure is compatible with
regular continued fraction algorithm, whereas in our case another algorithm is be-
ing introduced ( p—continued fractions). In [22] Dushistova and Moshchevitin find
conditions in order ?(xz) = 0 and ?'(z) = oo to hold (for certain fixed positive real )
in terms of

lim sup dotart.. +a and liminf dotart.. +a

t—o0o t t—o0 t

respectively, where = = [ag, a1, a9, ...] is represented by a continued fraction. The na-
ture of singularity of ?(z) was clarified by Viader, Paradis and Bibiloni [55]. In
particular, the existence of the derivative ?(z) in R for fixed z forces it to van-
ish. Some other properties of ?(x) are demonstrated in [56]. In [35] Kessebohmer
and Stratmann study various fractal geometric aspects of the Minkowski question
mark function F'(z). They show that the unit interval can be written as the union
of three sets: Ay := {z : F'(z) = 0}, Axc := {2z : F'(z) = oo}, and Ao = {z :
F'(x) does not exist and F'(z) # oo}. Their main result is that the Hausdorff dimen-
sions of these sets are related in the following way:

dimH(l/F) < dimH(AN) = dlmH(Aoo) = dimgy (g(htop)) < dimH(Ao) =1.

Here Z(hop) refers to the level set of the Stern-Brocot multifractal decomposition
at the topological entropy hop = log 2 of the Farey map @, and dimy (vr) denotes the
Hausdorff dimension of the measure of maximal entropy of the dynamical system
associated with Q. The notions and technique were developed earlier by authors
in [34]. The paper [41] deals with the interrelations among the additive continued
fraction algorithm, the Farey tree, the Farey shift and the Minkowski question mark
function. The motivation for the work [54] is a fact that the function ?(x) can be char-
acterized as the unique homeomorphism of the real unit interval that conjugates the
Farey map with the tent map. In [54] Panti constructs an n-dimensional analogue of
the Minkowski question mark function as the only homeomorphism of an n-simplex
that conjugates the piecewise-fractional map associated to the Monkemeyer contin-
ued fraction algorithm with an appropriate tent map. Marder [49] introduces two
2-dimensional analogues of F(z), based on a map between Farey and barycentric
subdivisions of the triangle. In [69], [70] and [71] Vepstas gives the treatment of
various aspects of the question mark function from the perspective of computer sci-
ence. In [9] Bonanno and Isola introduce a class of 1-dimensional maps which can be
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used to generate the binary trees in different ways, and study their ergodic proper-
ties. This leads to studying some random processes (Markov chains and martingales)
arising in a natural way in this context. In the course of the paper the authors also
introduce a function p(z) :?(ILH), which is, of course, exactly F(z). Okamoto and
Wunsch [53] construct yet another generalization of ?(z), though their main concern
is to introduce a new family of purely singular functions. Meanwhile, the paper by
Grabner, Kirschenhofer and Tichy [29], out of all papers in the bibliography list, is
the closest in spirit to the current thesis. In order to derive precise error bounds for
the so called Garcia entropy of a certain measure, the authors consider the moments

of the continuous and singular function

oo
FQ([ah az, ]) = Z(_l)nilgi(aﬁr“#anil)(Qn + Qn—1)>
n=1
where ¢, stand for a corresponding denominator of the convergent to [a1, as, ...]. Lam-

berger [43] has shown that F(z) and F5(z) are the first two members of a family (in-
dexed by natural numbers) of mutually singular measures, derived from the subtrac-
tive Euclidean algorithm. The latter two papers are very interesting and promising,
and the author of this thesis does intend to generalize the results about F(z) to the
whole family Fj;(z), j € N.

1.3 Summary of the thesis

1.3.1 Chapter 2

In Section 2.1 we demonstrate some elementary properties of the distribution func-
tion F'(z). Since the existence of all moments is guaranteed by the exponential decay
of the tail, our main object is the generating function of moments, denoted by G(z).
In Section 2.2 we prove two functional equations for G(z), which can be merged
into a single one. In Section 2.3 this function is given the “Eisenstein” series expan-
sion. Moreover, the uniqueness of solution of the functional equation is demon-
strated, along with another representation of G(z); the latter allows to calculate the
moments numerically with much higher accuracy than directly from the Calkin-Wilf
tree. Surprisingly, the Eisenstein series G1(z) appears on the stage. In Section 2.4
we prove the integral equation for the exponential generating power function, using
standard techniques of Hankel transform. Further, a new class of functions emerg-
ing from eigen-functions of Hilbert-Schmidt operator (we call them “dyadic period
functions”) is introduced in Section 2.5. These are dyadic analogues of functions
discovered by Wirsing [74] in connection with Gauss-Kuzmin-Lévy problem. In Sec-
tion 2.6 we describe the p—adic distribution of rationals in the Calkin-Wilf tree. It
appears that, differently from the real case, the distribution is uniform. In the final
Section 2.7 some concluding remarks are presented. It took almost 8 months to ac-
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complish this Chapter. Indeed, the starting point for these investigations was only
the iteration » — x + 1, 5. It took quite a while for the wider picture to unfold.

1.3.2 Chapter 3

In Section 3.2 we establish the bounds for the moments m;. In Section 3.2 this
is improved to obtain the first asymptotic term for m; (and the method allows to
extract other terms in asymptotic expansion as well). The method is a variant of the
Laplace method for asymptotic expansion of certain integrals which depend on one
parameter. In our case we need some adjustments, though the main technique is a
standard one.

1.3.3 Chapter 4

In Section 4.1 we present some explanations why it is natural to introduce three
satellites of F'(z). In Section 4.2 we give a short proof of the three term functional
equation (2.13), and prove the existence of certain distributions F(z), which can be
thought as close relatives of F(x). In Section 4.3 it is demonstrated that there are
linear relations among moments M, and they are presented in an explicit manner.
Moreover, we formulate a conjecture, based on the analogy with periods, that these
are the only possible relations over Q. In Section 4.4 we prove the exactness of a
certain sequence of functional vector spaces and linear maps related to F(z) in an es-
sential way. This is an analogue of Kuzmin’s result on the convergence of the iterates
of the Gauss-Kuzmin-Lévy-Wirsing operator. Section 4.5 is devoted to calculation
of a number of integrals, giving a rare example of Stieltjes integral, involving the
question mark function, that “can” be calculated. Also, we exhibit that the “orthog-
onality” of dyadic eigen-functions G,(z) can be stated in terms of a series, involving
their Taylor coefficients. In Section 4.6 we compute the Fourier expansion of F'(z).
The idea to expand a periodic function ¥(x) = 2*(1 — F(z)) into a Fourier series,
though heing a simple idea, was a breakthrough which led to other results in this
Chapter. It is also shown that this establishes yet another relation among m(¢), G(z)
and F(z) via Taylor coefficients and special values. In the penultimate Section 4.7,
the associated Dirichlet series (“dyadic zeta function”) (u(s) is introduced. Appar-
ently, this zeta function has infinitely many zeros on the critical line $s = 0, though
there are many other zeros apart from these. In the last Section 4.8 some conclud-
ing remarks are presented, regarding future research; relations between F(x) and the
Calkin-Wilf tree (and the Farey tree as well) to the known objects are established.
Note also that we use the word “distribution” to describe a monotone function on
[0, 00) with variation 1, and also for a continuous linear functional on some space of
analytic functions. In each case the meaning should be clear from the context.
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1.3.4 Chapter 5

In Section 5.1 we formulate the main results of the Chapter, which ought to be con-
sidered as a climax of this thesis. It states that in a half-plane ®z < % (apparently,

Rz < 1is a precise region of convergence) the dyadic period function G(z) can be ex-
_ _Pn(2)

= Ga=2)ntls
where %,,(z) are certain polynomials of degree n — 1. In Section 5.2, for each p,

pressed as a convergent sum of explicit rational function of the form H,,(z)

1 < p < oo, we introduce a generalization of the Farey (Calkin-Wilf) tree, denoted by
Qp. This leads to the notion of p—continued fractions and p—Minkowski question
mark functions Fj(z). Though p—continued fractions are of independent interest
(one could define a transfer operator, to prove an analogue of the Gauss-Kuzmin-
Lévy theorem, various metric results and introduce structural constants), we confine
to the facts which are necessary for our purposes, and leave the deeper research for
the future. In Section 5.3 we extend these results to the case of complex p, ®p > 1.
The crucial proposition states that a function X( p, z) (which, if restricted to Q, gives
a bijection between the trees Q; and Q) is a continuous function in = and is analytic
function in p for |p — 2| < 1. Note that this section contains four unproved proposi-
tions: they are obvious heuristically, but very difficult to prove (see some remarks in
this section). Hence, eventually our proof of Theorem 5.1 depends on one unproved
statement. In Section 5.4 we introduce exactly the same integral transforms of Fj(x)
as was done in a special (though most important) case of F'(z) = Fy(z). Also, in this
section we prove certain relations among the moments. In Section 5.5 we give a
proof of the three term functional equation for G ,(z) and the integral equation for
mp(t). The results of the latter Section were obtained almost automatically using
precisely the same arguments as in Chapter 2. This was not very fascinating, up to
the moment when we arrived at an idea that partial derivatives (with respect to p)
of this three term functional equation does give a rich information about the case
p = 1! Thus, section 5.6 is devoted to demonstration how empirically one could ar-
rive at the statement of Theorem 5.4. Finally, Theorem 5.1 is proved in Section
5.7. The hierarchy of sections is linear, and all results from previous ones is used
in Section 5.7. There should be, of course, a straightforward way to verify Theorem
5.1 without introducing a variable p. Unfortunately, the recurrence for polynomials
P (z) is very complicated, and the direct proof will certainly pose many technical
difficulties. Supplementary Section 5.8 contains MAPLE codes to compute rational
functions H,,(z) and Q,,(z), as well as some numerical calculations. Also, it contains
a subsection where we speculate on yet another direction for investigations on the
Calkin-Wilf tree. The Chapter also contains graphs of some p—Minkowski question
mark functions F,(z) for real p, and also pictures of locus points of elements of trees
Q,, for certain characteristic values of p.



Chapter 2

Basic properties of integral
transforms: the dyadic period
function

2.1 Some properties of the distribution

The following proposition was proved by many authors in various forms, concerning
(very related) Stern-Brocot, Farey or Calkin-Wilf trees. Though to our knowledge
this was not written explicitly anywhere, this seems to be a well-known fact about
a distribution of rationals in these trees. For the sake of completeness we present a
short proof, since the functional equations for G(z) and m(¢) (see Sections 2.2 and 2.4)
heavily depend on the functional equation for F'(x) and are in fact reformulations of
these in different terms.

Proposition 2.1. Let F,,(z) denote the distribution function of the nth generation,
i.e.,

Fo(z) =217 #{5 - xén) <z}
Then uniformly F,(z) — F(z). Thus, F(0) = 0, F(c0) = 1. Moreover, F(x) is
continuous, monotone and singular, i.e., F'(z) = 0 almost everywhere.

Proof. Let x > 1. One half of the fractions in the (n + 1)st generation do not
exceed 1, and hence also do not exceed z. Further,

b
a—;— <z <~

<zx-—1.

SaliS]

Hence,
2Fp41(z) = Fplz—1)+1, n>1.

Now assume 0 < = < 1. Then
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Therefore,

2Fn+1(m):Fn<1fx).

The distribution function F, defined by (1.1), satisfies the functional equation

2P (x) Flz—-1)+1 if z>1,
xTr) =
F(%) if 0<z<l

l—x

(2.1)

For instance, the second identity is equivalent to 2F(

t = [bo,b1,...], then &5 = [0,1,b9,by,..] for ¢t > 1, and

and the statement follows immediately.

1) = F(t) for all positive ¢. If
g = 0,01+ 1,by,..] fort < 1,

Now define §,,(z) = F(x) — F,(z). In order to prove the uniform convergence
F,, — F, it is sufficient to show that

sup |0, (x)] < 27" (2.2)
x>0

It is easy to see that the assertion is true for n = 1. Now suppose the estimate is
true for n. In view of the functional equation for both F,,(x) and F(x), we have

25n+1(x):(5n< a )

1—z

for 0 < # < 1, which gives supy<, .1 [0n+1(x)| < 27""!. Moreover, we have
20p4+1(x) = dp(x — 1)

for z > 1, which yields the same bound for 4,,(x) in the range = > 1. This proves
(2.2).

Clearly, F, as a distribution function, is monotonic; obviously, it is also con-
tinuous. It remains to prove that F(z) is singular. Given an irrational number
a = [ag, a1, a2, ...], we consider the sequence

ap = a0, a1y ooy Gn—1, ap + 1, ap41, ...J;

obviously, «,, is the real number which is defined by the continued fraction expansion
of o, where the nth partial quotient a,, is replaced by a,, +1. Depending on the parity
of n, a, is less than or greater than «. Thus, any real number y, which is sufficiently
close to «, is contained between two terms of the sequence, oy and a5 say. Then
F(y) = F() ’ < ’F(QL) — F(o)
y—a |17 '
From the explicit form of F we deduce

Apt2 — &

1
|F(aL) — F(a)| < 52_(a0+a1+...+aL)‘
On the other hand,

|OéL+2 — Oé| > ([al,ag, v ar42+ 1, ] — [al,ag, ey, AL42, ])(ao + 1>_2

2
> ((a0+ (a1 +1).(azs2 + 1))

\%
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by induction. Thus,

L+2
< 21—(a0+a1+...+aL) H(az + 1)2

=1

F(y) — F(a)
Yy—«w
The theorem of Khinchin ([36], p. 86) implies that []}",(a; + 1)'/" tends to a fixed

constant limit almost everywhere. On the other hand, the same reasoning shows
that 2 3°7 | a,, tends to infinity for almost all z. Thus, almost everywhere the limit

lim (F(y) = F(a)(y — o)™

Yy—o

exists and is equal 0. This finishes the proof. B

As it was noted, the singularity of F'(z) was proved in [16]. By the same argument
as for the singular behaviour of F we can show that F”’ (@) = o0o. Actually, the
terms of 7(™ are densely concentrated around numbers with F’(x) = oo and scarcely
around those where F’(z) = 0. The value of F(z) is rational iff x is either rational or
quadratic irrationality, e.g.

1 3
F)=5. F(V2)=%,
This follows immediately from Lagrange’s theorem which characterizes the quadratic

F((V5+1)/2) = %

irrationals by their eventually periodic continued fraction expansion. For Euler’s
number e = [2,1,2n, 1] we find that F(e) can be expressed in terms of special values
of Jacobi theta functions.

Since F(z) has a tail of exponential decay (1 — F(z) = O(27%), as it is clear from
(1.1)), all moments do exist. Let for L € Nj

My, = /a;L dF(x),
0

my —

1 1
r \L
dF(z) =2 [ 2L dF(z) = [ 2l d2(x). (2.3)
() aro =2 [taro - |

r+1
0

Therefore, M; and my, can also be defined as

N L
M; = lim 2" E [ag, a1, ..,as]”,
n—oo
aptai+...+as=n
mrp = lim 227" E [0,a1,..,as]", (2.4)
n—oo
a1+...+as=n

where the summation takes place over all rationals, whose elements of the continued
fraction sum up to n. It is these expressions which highly motivate our research on
moments. Numerically, one has

My, = 1.5, My = 4.29092, M5 = 18.556, My =107.03;

my = 0.5, mgo = 0.29092, ms = 0.18638, my = 0.12699.
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We will see that the generating power function of m; possesses some interesting
properties. Let w(x) be a continuous function of at most power growth: w(z) =
O(z1), z — oo for certain 7. Then, as noted above, F(z) has a tail of exponential
decay; therefore, there exists next integral. The functional equation for F(z) (2.1)
gives F(r+n)=1—-2""+2""F(x), x > 0. Hence

o0

0o 1 1
/ (z) dF (z —Z/wa:—i—n )dF(z +n) —/
nzOO 0

0

Z x+n Fla).

n

Let 2 = 7, t > 0. Since F(g7) = 1F(t), this change of variables gives
T +
t+1 n)
[etwarw =3 [ ary
0 n=07p

(All changes of order of summation and integration are easily justifiable minding the
condition on w(z)). Let w(z) = 2, L € Ny. Then, if we denote B; = > °° we

n ()2n+17
/x dF(x /Z — (Z,)BL_idF(:c).
0 0

1=

have

Whence the relation

L
L
ML:ZmZ(Z,)BL_i, ,L>0. (2.5)
=0
The generating exponential power function of B; is
o oo o0 oo
Br 1 nttk e 1
B(t) = ﬁt :ZZQN+1L!:ZQn+1:2_€t'
L=0 L=0n=0 n=0

Denote by M(¢) and m(t) the corresponding exponential generating power functions
of the coefficients M, and m, respectively. Thus,

00 00 1
— [ et _ ot P
M(t) = /e dF(z), m(t) = /eXp (:H 1) dF(z) = z/e dF ().
0 0 0
The relation (2.5) in terms of M(¢) and m(t) reads as
N Mo
M(t) = LZ;; ot =g et = 5= etm(t). (2.6)

We see that the function m(¢) is entire and the generating function M (t) has a positive
radius of convergence. The last identity implies the asymptotics for M .

Proposition 2.2. For L € Ny,

m(log2) /1 NI 2 1/2 L
My = L 4 log 2 — L!
L 2log2 <log2> +OE((< m + (log2) ) )

= (Tiga (o) +o03™)2
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Proof. By Cauchy’s formula, for any sufficiently small r,

L! M(z)
Mp =5 s

dz.

|2|=r
Changing the path of integration, we get by the calculus of residues

M, = —Res,_jog2 (m(z)) L / m(z) dz

(2 — e#)zLHL 2710 Jizj=p 2 — €2 2LV

where R satisfies log2 < R < |log2 + 27i| (which means that there is exactly one
simple pole of the integrand located in the interior of the circle |z| = R). It is easily
seen that the residue coincides with the main term in the formula of the lemma; the
error term follows from estimating the integral. W

Also, (2.6) gives the inverse to linear equations (2.5):

-1 I
mL—ML—ZMS< ) L>0. (2.7)

s=0 s
Since B(t)(2 — €') = 1, the coefficients By can be calculated recursively: B, =

S (E)Bs. Thus, By =1, By = 1, By = 3, By = 13, By = 75, B; = 541. This
sequence is labeled A000670 in [64].

In the future we will consider the integrals involving m(¢), and we need the eval-
uation of this function for negative ¢.

Proposition 2.3. Let C' = ¢ V™82 = (.4349.... Then C?V? < m(—t) < CV* ast — oco.

Proof. 1In fact, m(—t) = [;° exp(—25)dF(x). Hence, m(t) is positive for ¢ € R.

Let0 < M < 1. Since 1 — F(z) <x27% as ¢ — oo, and F(x) + F(1/x) =1,

M oo
m(—t) = </+/)exp(—xitl)dF(a:)<<2_1/M+exp<— M]\ﬁfl)
0 M

This is valid for every M < 1 and the implied constant is universal. Now choosing

M = Vi‘}%Q gives the desired upper bound. To establish lower bound, note that

Mt)

M
_ e —1M _
m( t)>/exp( x+1)dF($)>>2 exp( Vi)
0

The same choice for M establishes the lower bound. Naturally, similar evaluation

holds for the derivative, since m'(—t) = [ 225 exp(—-%;) dF(z). B

We will prove one property of the function m(¢) which represents the symmetry
of F given by F(z) + F(1/z) = 1.

Proposition 2.4. We have m(t) = e'm(—t).
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Proof. In fact,

= /exp (%—&—1) dF(z) = et/exp ( - mmt )dF(ac) =m(-t)e'!. N
0 0

Whence the relations

=3 <£’> (—1)ms, L >0.

s=0

For example, m; = my — my, which gives m; = 1/2, and thus we have M; = 3/2. For
other coefficients we only have linear relations. Thus, 2ms = —1/2 4 3ms.

2.2 Generating function of moments: G(z)
We introduce the generating power function of moments
M(z) = z mrzt.
L=0

A priori, this series converges in the unit circle. Since fo"o "¢ Fdx =T(n+1) =nl,
we have, using the symmetry relation for m(¢), and for real z < 1:

/m<tzz—1>(1iz)€_tdt:M<zi1)1iz' (2.8)

Both integrals converge for z < 1 (since my, < 1, |m(z)| < ¢*), hence for these values of
z we have the above identity. M(z) is initially defined for |z| < 1; nevertheless, this
identity gives us the holomorphic continuation of M(z) to the half plane Rz < 1/2.

Proposition 2.5. The function M(z) can be analytically continued to the domain
C\[1, ).

Proof. Infact, m(t) = [~ exp(3¥5t) dF(x). As noted above, |m(t)| < ¢’ for positive
t (in fact, Proposition 2.3 gives a slightly better estimate). Therefore, forreal 2z, z < 1,
we have:

o0

M(z) = 77exp (x i 1zt) et dF(z)dt = /1_1 dF ().
0 0

T
0 x+lz
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We already obtained the analytic continuation of M to the region {|z| < 1} |J{Rz <
1/2}. Let z = 0 + iy with y > 0 and ¢ > 1/2. In a small neighborhood of = the
imaginary part is bounded: y > yo > 0, and also the real part is bounded: o < 0y.
In this neighborhood the integral converges uniformly; in fact, there we have the

estimate
X

1—

( T+ 1
For 0 < z < 1/0 we have the bound +1, UO+1
Hence, the function under integral in thlS neighborhood is uniformly bounded, which

T €T
t‘}.
z+1 z+1
and for z > 1/0 we have the bound

z)} > max{)l —

al,

proves the uniform convergence of the integral and the statement of Proposition. H

The system (2.5) gives us the expression of M|, in terms of mg. In fact, there exists
one more system which is independent of the distribution F(z); it simply encodes

L
the relation among functions (ﬁ) and z° given by

( X )L Z(S—].) s
= z®, L>1, 0<z<l1.
1—=x = L—-1

ot o
Change z = 7 gives

And ultimately,
s—1
ML:Z(L_1>mS. (2.9)
s>L

For the convenience, we introduce a function

[ee] 1
_M(z) -1 — L—1/ x+1
G(z) = . =Y mpz — +1Z (2.10)
L=1 0 * 0

Our next purpose is to prove the main result about the function G(z). The power
series converges in the disc |z| < 1 (including the boundary, as can be inherited from
(2.9); moreover, this implies that there exist all left derivatives of G(z) at z = 1).
The integral converges in the cut plane C\ (1, 00).

Theorem 2.6. Let m; = fo z+1) dF(z). Then the generating power function, de-
fined as G(z) = >.%°, mpz~!, has an analytic continuation to the domain C\R,~.
It satisfies the functional equation

1 1 1
1-—z (l—z)zG(l—z

and also the symmetry property

) +26G(z+1) = G(2), (2.11)

Glz+1) = —Z%GG +1) - %

Moreover, G(z) = o(1) as z — oo and the distance from z to R tends to infinity.
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Proof. In analogy to M(z), for real z < 0 define the following function: My(z) =
Jo° M (zt)e " dt. In view of (2.6), this integral converges for real z < 0. Thus,

[e.o]

Mo(z):/oo/ooexp(xzt)etdF(x) dt = / L ar@).
0 0

1—2xz
0

In the same manner as with M(z), we deduce that My(z) extends as an analytic
function to the region C\R-(. In this domain now we see that
Mo(z) =1 M(z+1) -1
z z+1
which is the consequence of an algebraic identity

9 (2.12)

1 1 1 1

(Lﬂw—Q'ZZQ_3;@+n‘Q'WH'
The relation (2.12) is independent of the specific distribution function, it simply en-
codes the information contained in (2.9) about the relation of z* to (z/(z +1))*. On
the other hand, the specific information about F(z) is encoded in (2.5), or in the
form (2.6). The comparison of these two gives the desired functional equation for
G(z). In fact, for real ¢t < 0 the following estimate follows from (2.6) and Proposition
2.3: M) = m(t)(2 — €)Y < |m(t)] < 1; and thus for real z < 0:

M(z) = / m(zt)e" dt = / (2 — M (2t)e~" dt =
0 0

1—2z/1—2

M%@—/memamzm@@—sz/)l
0

Finally, the substitution (2.12) gives us the functional equation
1—=2 z
1+z2 11—z 1—=2

This equation from the principle of analytic continuation should be satisfied for

z
all values of arguments in the region of holomorphicity of M(z). Direct inspection
shows that for G(z) = % this equation reads as (2.11). Also, the symmetry
property is a reformulation of (2.8). This proves the first part of the theorem. Ob-
viously, the last assertion follows from the integral representation of G(z) given by
(2.10). m

We call the function G(z) the dyadic period function, since its functional equation
is completely parallel to a three term functional equations which are satisfied by
rational period functions and period functions associated with Maass wave forms
[47]. The word “dyadic” refers to the binary origin of the distribution function
F(z). Indeed, thorough inspection shows that the multiplier 2 in the equation (2.11)
emerges exactly from the fact that every generation of 7 has twice as many members
as a previous generation.
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2.3 Uniqueness of G(z)

In this section we prove the uniqueness of the function having the properties, de-
scribed in Theorem 2.6. Note that two functional equations for G(z) can be merged
into single one. It is easy to check that

%+ 12GG) 1 2G( +1) = G(2) (2.13)

22
is equivalent to both together. In fact, the change z — 1/z in the last equation gives
the symmetry property and application of it to the term G(1/z) of the above gives

the functional equation (2.11).

Proposition 2.7. The function G(z), satisfying the conditions of Theorem 2.6, is
unique.

Proof. Suppose, there are two such functions. Then their difference Gy(z) has
the same behavior at oo, and satisfies the homogenic form of the equation (2.13).
Let M = sup_;<,<o|Go(z)|. We will show that M = 0 and by the principle of analytic
continuation this will imply that Gy(z) = 0. Let z be real, —1 < z < 0. Let us
substitute z — z — n in the equation (2.13), n € N, n > 1, and divide it by 2". Thus,
we obtain:

Go(z—n) Go(z—n+1) 1 < 1 )
2n on—1 Tz —n)2 O\ n/)
Note that for z in the interval [-1,0], -2 belongs to the same interval as well. Now

sum this over n > 1. The series on both sides are absolutely convergent, minding

the behavior of Gy(z) at infinity. Therefore,

—GO(Z)ZZW(;_”)QGO(;”). (2.14)

n=1
The evaluation of the right side gives

7.[.2

1 1
n=1

The constant is < 1. Thus, unless M = 0, this is contradictory for z; in the interval
[—1,0], such that |Gy(z0)| = M. This proves the Proposition. B

Note the similarity between (2.14) and the expression for the Gauss-Kuzmin-
Wirsing operator W. The latter is defined for bounded smooth functions f : [0,1] — R

by the formula

> 1 1
(Wilw) = kZ:l (k—l—x)Qf(k—&—x)'

The eigenvalue 1 corresponds to the function 1%@ (see [36] chapter 111, for Kuzmin’'s
treatment). The second largest eigenvalue —0.303663... (the Wirsing constant) leads
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to a function with no analytic expression known [ 74 ]; this eigenvalue determines the

c
1+«

analysis of our operator is presented in Section 2.5. Chapter 4 contains much more

speed of convergence of iterates [W () f](z) to (for certain ¢ € R). The spectral

details and results in this direction.

Let 3z > 0. We remind that the Eisenstein series of weight 2 is defined as [63]

! 1
Gi(z) = Z Z m;

nEZ meZ

(mind the order of summation, since the series is not absolutely convergent). This
series has the following Fourier expansion If ¢ = ¢?™#, then

2 o0
T
Gi(z) = 3 8772”2::101(71)qn> o1(n) = dZ:d-
Then this function is not completely modular, but we have the following identities
([63], chapter VII):

Gi(z+1)=Gi(2), Gi(=1/2) = 2°G1(z) — 2miz.

Note that for Sz > 0, all arguments in (2.11) simultaneously belong to the upper half
plane. It is surprising (but not coincidental) that the function %Gl(z) satisfies the
functional equation (2.11) for 3z > 0 (see the remarks in Section 2.7 about possible
connections in idelic setting). To check this statement, note that

iG(— 1) i((z—1)2Gl(z—1)—27”'(2_1)>:2i

%1 z—1 :27'[‘

(1—2)2G1(2) — (1 — 2).

™

Thus, plugging this into (2.11), we obtain an identity. If we define G1(z) = G1(z) for
Sz < 0, one checks directly that the symmetry property is also satisfied. This is a
surprising phenomena. See last section of Chapter 4 for more speculations on this
topic, where the space of dyadic period functions in the upper half plane (denoted
by DPF) is introduced.

We end this section with presenting a system of linear equations which the mo-
ments my, do satisfy. This system is derived from the three term functional equation
(2.13) and is a superior result in numerical calculations: whereas directly from the
definition we can recover only a few digits of the moments, this method allows to
calculate up to 60 digits and more.

Proposition 2.8. Denote ¢, = >0°, -+ = Lir(3). The moments m, satisfy the

n=1 gnnL

infinite system of linear equations

o0

L+s—1
mSZZ(—l)LcL+S< .1 >mL, s> 1.

L=0
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Proof. Indeed, for Rz < 0 we have (recall that my = 1):

—G(2) = i%(;_n)%—i 2”(z1—n)2G<zin> Zg;ngmL<zin>L+l.

n=1 n=

This series is absolutely and uniformly convergent for Rz < 0, as is implied by (2.9).
We obtain the needed result after taking the sth left derivative at z =0. B

Numerical calculations are presented in Section 5.8. This method gives high pre-
cision values for other constants, including the Kinney’s constant.

2.4 Exponential generating function m(¢)

The aim of this section is to interpret (2.13) in terms of m(¢). The following Theorem
uniquely determines the function m(¢), along with the boundary condition m(0) =1
and regularity property as in Proposition 2.3.

Theorem 2.9. The function m(s) satisfies the integral equation

m(—s) = (2¢° — 1) [ m/(—t)Jo(2Vst)dt, s€Ry, (2.15)

where Jy(x) stands for the Bessel function:

1 ™
Jo(z) = — /cos(z sinz) dz.

™
0

Proof. For Rz < 1, we have that G(z) = [;" w'(zt)e " d¢. Thus,

G(z) = —%

w (—t)et/ dt for Rz < 0, G(z) = i/m'(t)e_t/z dt for 0 < Rz < 1.
0

Thus, the functional equation for G(z) in the region Rz < —1 in terms of m’(¢) reads

as
17 9 1, 1.
= _ 1 4 —ef? — Zez . 2.16
- (b L e
0
Now, multiply this by ¢~ and integrate over Rz = —o < —1, where s > 0 is real.
We have ([44], p. 465)
—o+i0c0

—S8z
/ ¢ dz = —2mi;
z
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,o‘+zoo€#_sz 071+100632*; 0’0+l006 = \/ZE
2 dz = —2¢° dz = —2¢° ——— dz = —4mie® Jo(2V st),
z+1 z z
—0—100 o—1—100 00 —100

where o¢p = (0 — 1)\/g > 0, and J)(x) stands for the Bessel function (see [44], p. 597
for the representation of the Bessel function by this integral). Further,

—0+1i00 —o+ico 4

(t=s)z —2mi  if s > t, z 782
/ C Ta=! " / T dr = —2mido(2V/s0).

< 0 if s <t,

—0—100 —0—100

Thus, eventually
—2mi = —2m/m V(2% — 1)Jo(2V st) dt—2m/ '(—t) dt;
0

0

since m(0) = 1, this proves the theorem. B

Thus, we obtained an integral equation for m(s), which corresponds to the func-
tional equation (2.13) for G(z). Since the Laplace transform of Jy(2v/¢) in variable z
is %e_l/ Z ([44], p. 503), multiplying the integral equation by e *%, and integrating
over s > 0, we obtain:

/Jo (2V/st) _sts dt =

0

) e **ds =

N\H

0\8
3

/m 6_2dt G(—z).
0

0

Despite the fact that the first integral was calculated for £z > 0, it does converge for
Rz > —1, and therefore we have an integral representation of G(z) in a wider region

o

/ m(—t
20t _

0

We conclude this chapter with yet another integral equation, which, unfortu-

Rz < 1 by a single integral

ietht:G(z). (2.17)

nately, is insufficient in determining the moments, since it represents only the sym-
metry property of G(z). Consider the integral (2.17) in the half plane Rz < 0. Since
m(0) = 1, this reads as

T 1 : 1
/m 2et—1 +—ez)dt:—;. (2.18)
0

Recall that, as usually, K, (x) denotes the Macdonald function, which for positive

1 Ooe—t/z(z+§)

([72], chapter VI, section 6.22). Then the following proposition holds.

real ¢ is defined as
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Proposition 2.10. We have an identity

/M' Ko 2\/ s+1t) ) fKO (2s), for s > 0.

Proof. If we substitute in (2.18) = — —z, then this equality holds for ®z > 0.
Multiply now both sides by e **~%, s > 0, and integrate over real z > 0. Thus,

/etzszgdzzfezzgdzzz SLHKI(QM), /e — dz = 2K0(29).
0 0 0
Therefore,

/m(—t 2€t — 1 1/ Kl 2 S-}-t )dt K0(28)
0

By (2.6), m(—t)(5:+—+1) = 2M(—t). Now integrate by parts. We have K/(t) = —K1(t)
([72], chapter 111, section 3.71; this can be easily proved directly, given the integral
representation of these functions). Thus,

—Ko (2¢/(s +t)s) = —K1(2\/M)\/STH7

and
—2Ko(V/(s +1)s) M (=) [°= 2K0o(2s),
whence the claim of the proposition follows. B
Now we will make some formal calculations involving divergent series. They
show that the last proposition is insufficient in determining M (t) - it simply repre-
sents the symmetry property of G(z) given in Theorem 2.6. One auxiliary lemma

about integrals involving the Macdonald function is needed ([ 72], chapter XIII, sec-
tion 13.47).

Lemma 2.11.

K (avz +s) P2+ g 2T (pu+ 1)
(22 + 52 artlgr—p—l

K,_u-1(as), fora >0 and Rp > —1.

Thus, after change of variables (s + t)s = 22 4 52, (with a = 2, v = 0), we obtain

7t”K0 (wm) At = 01 K1 (25), .

0
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Since K_,(z) = K,(z) ([72], chapter 111, section 3.71), integration of the equation in
Proposition 2.10 term by term leads to (a formal divergent sum)

[e.o]

(1" M (25) = 5 Kof25).

n=0

Formally (see (2.12), and the equation above), Zfzo(—l)"z])fffl = 1 Mp(-1), and

z

therefore, after change of variables z — 1/z, we get the following valid integral
oe d
/ —SEED Mo (—2) = = Ko(2s).
0 z
This can be rewritten as

/oo e—5<z+%>(M0(—z) + Mo(— 1/z)> iz Ko(29).

1

The symmetry property implies Mg(z) + My(1/2z) = 1 (Theorem 2.6). Thus, indeed
we have an identity, and this suggests that the last proposition only encodes the
latter property of G(z).

2.5 Dyadic eigenfunctions

We proceed with the definition of the sequence of functions G (z) which satisfy the
functional equation analogous to (2.13).
Since J)(*) = —J1(x), J1(0) = 0, integration by parts in (2.15) leads to

T m(=t) 1 m(—s)
0/ 7 J1(2Vst) dt = — —

Vs Ve —1)

Recall that the Hankel transform of degree v > —1/2 for the function f(r) (provided

that fo r)/r dr converges absolutely) is defined as
/f v(rp)rdr,
0

where J, (%) is vth Bessel function. The inverse is given by the Hankel inversion
formula with exactly the same kernel ([72], chapter XIV, section 14.4.). Thus, after
proper change of variables,

0= [ 101w e £6) = [ o)V
0

0

Thus, application of this inversion to our last identity yields

m(=s) _ [ Ji(2v/5D) 2\F T
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The first integral on the right hand side is equal to —ﬁJo(%/E) |220= ﬁ Let 1(s) =
(2¢® —1)%/2. Then this equation can be rewritten as

m(—s) t)  J1(2vst)

I OOm(— ‘
50(s) . 5s) 0/ OO C

Hence, if we denote

J1(2\/§) B s m(—s) -1 N s
O T IR SRANY -7 P

we obtain a second type Fredholm integral equation with symmetric kernel ([39],
chapter 9):

where

P 7 J(2vst) 1 wefs/n o
ey i -1 v (e ),

n=1

The behavior of the Bessel function at infinity is given by the asymptotic formula

Ji(z) ~ (l) i oS (:B - ZTF)

T

([72], chapter VII, section 7.1). Therefore, obviously,
//|K(s,t)|2ds dt < oo, /E(s)|2ds < 0.
0 0 0

Thus the operator associated with the kernel K (s,t) is the Hilbert-Schmidt opera-
tor ([39], p. 532). The theorem of Hilbert-Schmidt ([39], p. 283) states that the
solution of this type of integral equations reduces to finding the eigenvalues A and
the eigenfunctions A)(s). We postpone the solution of this integral equation (or
equation in the form (2.13)), for the future. Till the end of this section we deal
with eigenfunctions. The integral operator, consequently, is compact self-conjugate
operator in the Hilbert space, it possesses a complete orthogonal system of eigen-
functions, all A are real and A\, — 0, as n — oo. If we denote A, (s)y(s) = By(s), then
the equation for an eigenfunction reads as

/ B,\(t)M dt = AB(s).

0

This gives B)(0) = 0. Since Ay(s) € L2(0,00), and J;(*) is bounded, this implies that
By (s) is uniformly bounded for s > 0 as well. Moreover, since the Taylor expansion
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of Ji(x) contains only odd powers of the variable, B)(s)/s has a Taylor expansion
with center 0. Now, multiply this by \/se~*/?, z > 0, and integrate over s € R,. The
Laplace transform of /sJ1(2/s) is Z%e_l/z ([44], p. 503). Thus, we obtain

o0

1 [ BAOVE ., 1 7’ .
)\/ 5ot 1 © dt = = B\(s)y/se” = ds. (2.19)
0 0

Denote by G)(—z) the function on both sides of the equality. Thus, G,(z) is defined
at least for Rz < 0. Since 2¢/*+D — ¢t = (2¢! — 1)e!*, we have

A(26:( 1)~ Gr(2)) = /Bk(t)\/ietz dt — %G,\(l/z).
0

Therefore, we have proved the first part of the following theorem.

Theorem 2.12. For every eigenvalue )\ of the integral operator, associated with the
kernel K(s,t), there exists at least one holomorphic function G, (defined for z €
C\ Rs1), such that the following holds:

2r(2+ 1) = Gr(2) + %Gk(%) 2.20)

Moreover, G(z) for Rz < 0 satisfies all regularity conditions imposed by it being an
image under Laplace transform ([44], p. 469).

Conversely: for every )\, such that there exists a function, which satisfies (2.20) and
these conditions, \ is the eigenvalue of this operator. The set of all possible \’s is
countable, and \,, — 0, as n — oo.

Proof. The converse is straightforward, since, by the requirement, G)(z) for
Rz < 0 is a Laplace image of a certain function, and all the above transformations
are invertible. We leave the details. If the eigenvalue has multiplicity higher than 1,
then these A\—forms span a finite dimensional C—vector space. Note that the proof
of Proposition 2.7 implies |\| < 0.342014... Finally, the functional equation (2.20)
gives the analytic continuation of G)(z) to the half-plane ®z < 1. Further, if z € U,
where U/ = {0 < Rz < 1} \ {|z|] < 1}, we can continue G(z) to the region &/ + 1, and,
inductively, to &/ +n, n € N. Let Uy be the union of these. We can, obviously, con-
tinue G\ (z) to the set Llo_l +mn, n € N. Similar iterations cover the described domain.
|
Note that, in contrast to G(z), we do not have a symmetry property for G,(z).

Next calculations produce the first few eigenvalues. The Taylor expansion of
G (z) is given by

Gi(z) = Z m(LA)zL_l.
L=1
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It converges inside the unit circle, including its boundary (as is clear from (2.20),
there exist all left derivatives at z = 1). Thus, m(L’\) have the same vanishing proper-
ties as my, (which guarantees the convergence of the series in (2.9)). And therefore,

as in the Proposition 2.8, we obtain:

> L+s—1
Am{Y = Z(_l)L_ch—i-.s( ::j 1 >m(L)\)7 s> 1.
L=1

Here ¢, = Y 0% | zr. If we denote e, = (—1)27tep g (Ljffl

value of the infinite matrix £ _, = (es,1)%_,. The numerical calculations with the

), then X is the eigen-

augmentation of this matrix at sufficiently high level give the following first eigen-
values in decreasing order, with all digits exact:

A1 = 0.255532104, A2 = —0.08892666, A3 =0.032615864, A4 = —0.01217621,.

Figure 2.1 shows the functions G (z) (for the first six eigenvalues) for real z in
the interval [—1,—0.2]. The choice of this interval is motivated by Theorem 2.12.

Note also that functional equation implies G(0) = (5 + 5)GA(—1). Thus, one has
GA(0)
GA(-1)

— 00, as A — 0. This can also be seen empirically from Figure 2.1.

2.6 p-—adic distribution

In the previous sections we were interested in the distribution of the nth generation
of the tree 7 in the field of real numbers. Since the set of non-equivalent valuations
of Q contains a valuation associated with any prime number p, it is natural to con-
sider the distribution of the set of each generation in the field of p—adic numbers
Qp. In this case we have an ultrametric inequality, which implies that two circles
are either co-centric or do not intersect. We define

Fo(z,v) = 2—”“#{% eT™ ordp(% —2)>v), 2€Q, veL

(When p is fixed, the subscript p in F;, is omitted). Note that in order to calculate
Fy(z,v) we can confine to the case ord,(z) < v; otherwise ord, (7 —2) > v < ord,(}) >
v. We shall calculate the limit distribution y,(z,v) = lim,,_,~ F,,(2,7), and also some
characteristics of it, e.g. the zeta function

Zp(s) = / lul®dpy, s€C, zeQp,

u€Qyp

where | x | stands for the p—adic valuation.

To illustrate how the method works, we will calculate the value of F,, in two
special cases. Let p = 2 and let E(n) be the number of rational numbers in the
nth generation with one of a or b being even, and let O(n) be the corresponding
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Figure 2.1: Eigenfunctions G(z) for z € [-1, —0.2]
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number of fractions with both a and b odd. Then E(n) + O(n) = 2"~!. Since ¢ in
the nth generation generates _¢; and “T“’ in the (n + 1)st generation, each fraction
¢ with one of the a, b even will generate one fraction with both numerator and
denominator odd. If both a, b are odd, then their two offsprings will not be of this
kind. Therefore, O(n+1) = E(n). Similarly, E(n+ 1) = E(n) +20(n). This gives the

recurrence E(n+ 1) = E(n) + 2E(n — 1), n > 2, and this implies

C2n 4 2(—1)"
- T

_ Qn—l + 2(_1)n—1

B(n) )

O(n)

M2(Ov O) =

Wl N

(For the last equality note that ¢ and £ simultaneously belong to 7(™, and so the
number of fractions with ordy(x) > 0 is E(n)/2). We will generalize this example to
odd prime p > 3. Let L;(n) be the part of the fractions in the nth generations such
that ab™' =i mod pfor0<i<p—1ori=oo(thatis, b=0mod p). Thus,

1€lF,Uoco

in other words, L;(n) = F,(i,1). For our later investigations we need a result from
the theory of finite Markov chains.

Lemma 2.13. Let A be a matrix of a finite Markov chain with s stages. That is,
a;; > 0, and ijl a;; = 1 for all i. Suppose that A is irreducible (for all pairs
(i,7), and some m, the entry aﬁ?) of the matrix A™ is strictly positive), acyclic and
recurrent (this is satisfied, if all entries of A™ are strictly positive for some m). Then
the eigenvalue 1 is simple and if \ is another eigenvalue, then |\| < 1, and A™, as
m — oo, tends to the matrix B, with entries b; ; = 7;, where (71, ...,7s) Is a unique

left eigenvector with eigenvalue 1, such that > 7°_, m; = 1.
A proof of this lemma can be found in [33], Section 3.1., Theorem 1.3.
Proposition 2.14. 1,(z,1) = zﬁ for z € Z,.

Proof. Similarly as in the above example, a fraction § from the nth generation

generates ;% and @b in the (n + 1)st generation, and it is routine to check that

1 1
L,(n—i—l) = iLi(n)+§Ll_1(n) for iEFpU{OO}, (221)
1—2
(Here we make a natural convention for ﬁ and i—1, ifi = 1 or co). In this equation,
it can happen that i — 1 = ﬁ mod p; thus, (2i — 1)2 = —3 mod p. The recurrence
for this particular ¢ is to be understood in the obvious way, L;(n + 1) = L;_1(n).
Therefore, if we denote the vector-column (Le(n), Lo(n), ..., Ly—1(n))T by v, and if

A is a matrix of the system (2.21), then v,,.1 = Av,, and hence

vy = A" vy,
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where v; = (0,0,1,0,...,0)”. In any particular case, this allows us two find the values
of L; explicitly. For example, if p = 7, the characteristic polynomial is

F@) = (2 — 1)(20 — 1)(222 + 1) (42 + 223 + 20 + 1),

16
The list of roots is
1 " 1 —1—\/17i\/1+\/17
1 = y o = =, [0 = —, (8% J = 5
1 9 3,4 \/5 5,6,7,8 S 2\/5

(with respect to the two values for the root v/17), the matrix is diagonalisible, and
the Jordan normal form gives the expression

8
Lz(n) = Z Ci,s@?-
s=1

Note that the elements in each row of the (p+ 1) x (p+ 1) matrix .4 are non-negative
and sum up to 1, and thus, we have a matrix of a finite Markov chain. We need to
check that it is acyclic. Let 7(i) =i — 1, and o(i) = { for i € F, U {cc}. The entry
agzl) of A™ is
az(?) = Z @iyiy " Qigyip oo " Qi
U1 yeeesbm—1

Therefore, we need to check that for some fixed m, the composition of m ¢'s or 7’s
leads from any ¢ to any j. One checks directly that for any positive k, and ¢, j € F),

P 10501k OO'OTi_l(i) = 7,
1o gori(oa) =
FogorTi(i) = oo

(for i = 0, we write 7~ ! for 77~ !). For each pair (i, j), choose k in order the amount
of compositions used to be equal (say, to m). Then obviously all entries of A™ are

positive, ant this matrix satisfies the conditions of lemma. Since all columns also

1

sumup to 1, (7, ..., Tpq1), T = A l<i<p+1, is the needed eigenvector. This

proves the Proposition. B

Next theorem describes yu(z,v) in all cases.

Theorem 2.15. Let v € Z and z € Qp, and ordy,(z) < v (or z = 0). Then, if z is p—adic

integer,
()=
MzV) = -1
pu +pu 1
If = is not integer, ord,(z) = =X <0,
1

w(z,v) = AR L AT
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Forz=0, —v <0, we have
1

H(O, —V) =1- m

This theorem allows the computation of the associated zeta-function:

Corollary 2.16. For s in the strip —1 < s < 1,

s p_12
2 = [ oty - du)
ucQp

(p—p*)(p—p%)
and Zy,(s) = Z,(—s).

The proof is straightforward. It should be noted that this expression encodes all the
values of p(0,v) forv € Z.

Proof of Theorem 2.15. For shortness, when p is fixed, denote ord,(x) by v(x).
As before, we want a recurrence relation among the numbers F),(i, k), i € Q4. For
each integral x, we can confine to the case i < p*. If i = 0, we only consider x > 0
and call these pairs (i, <) “admissible”. We also include G, (0, —«) for x > 1, where
these values are defined in the same manner as F,,, only inverting the inequality,
considering 7 € 7 such that v(%) < —k; this is the ratio of fractions in the nth
generation outside this circle. As before, a fraction 7 in the nth generation generates
the fractions _¢; and “be in the (n+ 1)st generation. Let 7(i,x) = ((¢ — 1) mod p~, k).
Then for all admissible pairs (i, %), i # 0, the pair 7(i, <) is also admissible, and

b
i G YL PR 1
b b

Second, if a%b =i+ ptu, i # 1, u € Zy, and (i, k) is admissible, then

1 pu

b 1—i (1—i)(1—i—ptu)

Since v(t%) = v(i) — v(1 —14), this is 0 unless i is an integer, it equals v(i) if the latter
is > 0 and equals —v(1 — i) if v(1 —4) > 0. Further, this difference has valuation
> kg =K, ifi € Z,i Z 1 mod p, valuation > ko = k — 2v(1 —4), if i € Z,i = 1 mod p,

and valuation > ko = x — 2v(7) if i is not integer. In all three cases, easy to check,

that, if we define iy = ﬁ mod p"°, the pair o(i, k) :def(z'o, ko) is admissible. For the

converse, let ¢ =i + p™°u, u € Z,. Then
a io p"e

a+b 1+ig (L4ig+poou)(l—+ip)

If i = 1_’in is a p—adic integer, i # 1 mod p, this has a valuation > xk = ko; if i is a
p—adic integer, ¢ = 1(p), this has valuation > k = kg — 2v(ip) = ko + 2v(1 —4); if 7 is

not a p—adic integer, this has valuation > x = ko — 2v(1 + i) = ko + 2v(4). Thus,

v(

a
a+b

—i)Zf{@v(%—io)zmo.
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Leti=1. If -4 = 1+p*u, then x > 0, u € Z,, and we obtain ¢ = —1——L-, v(%) < —k.

Converse is also true. Finally, for x > 1,

b
v(a+ )S—H@U(E)S—F&,
b b
and
a a
< - —4+1) >k
v(a—l—b)_ I<L<:>U(b+ ) > K

Therefore, we have the recurrence relations:

Fpii(iyk) = 3Fu(1(i,K)) + 2 Fo(o(i, k), if (i, ) is admissible,
Fn+1(1a’%) = %Fn(oﬂ‘i)"i_%Gn(Oa _5)752 L, (222)
Gn41(0,—K) = %Gn((), —Kk) + %Fn(—l, k), k> 1.

Thus, we have an infinite matrix A, which is a change matrix for the Markov chain.
If v,, is an infinite vector-column of Fs and G/ s, then v, ;1 = Av,, and, as before,
v,, = A" 'v,. Itis direct to check that each column also contains exactly two nonzero
entries %, or one entry, equal to 1. In terms of Markov chains, we need to determine
the classes of orbits. Then in proper rearranging, the matrix A looks like

P, 0 ... O

0o Py ... O

o 0 ... Py O
0

where P, are finite Markov matrices. Thus, we claim that the length of each orbit is
finite, every orbit has a representative G.(0, —«), x > 1, the length of it is p* 4 p~~1!,
and the matrix is recurrent (that is, every two positions communicate). In fact, from
the system above and form the expression of the maps 7(i, x) and o(i, k), the direct
check shows that the complete list of the orbit of G, (0, —«) consists of (and each pair
of states are communicating):

G.(0,—k),
F*(iv"{) (i:0’1727"'apﬁ_1)7
Fup™u,k—2\) (A=1,2,..,6 — L,u € NyuZ 0mod p,u < p" ).

In total, we have
rk—1
1 _|_pf< + Z(pn—)\ _pﬁ—A—l) _ pn +pn—1
A=1

members in the orbit. Thus, each P, in the matrix above is a finite dimensional
¢.. x {,, matrix, where ¢, = p* + p"~!. For x = 1, the matrix P, is exactly the ma-
trix of the system (2.21). As noted above, the vector column (1,1,...,1)7 is the left
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eigenvector. As in the previous theorem, it is straightforward to check that this
matrix is irreducible and acyclic (that is, the entries of P are strictly positive for
sufficiently large n). In fact, since by our observation, each two members in the or-
bit communicate, and since we have a move G, (0, —x) — G.(0, —«), the proof of the
last statement is immediate: there exists n such that any position is reachable from
another in exactly n moves, and this can be achieved at the expense of the move just
described. Therefore, all entries of P} are strictly positive. Thus, the claim of the
theorem follows from the Lemma 2.13. B

2.7 Conclusion

We end the Chapter with the following remarks. As is implied by Theorem 2.15, the
measure /i, of those rationals in the Calkin-Wilf tree which are invertible elements
of Z, is equal to ;%. We follow the line of the Tate thesis [12], and modify this
measure in order Z; to have measure 1; accordingly, let us define M; = gf—iup. Thus,
we are lead to the formal definition of the zeta function

s 1.1 1 1 1 6
) =11 / o =1l (= ) T e = € e ).

p

This product diverges everywhere; nevertheless, if we apply the functional equation
of the Riemann ( function for the second multiplier, we obtain

Gr(s) = T3 (2m) cos () T(s)C(s)C (s + 1),

From the above definition it is clear that, formally, this zeta function is the sum of
the form ng@+ wurr—*%, where, if r € Q4, and p, stands for the limit measure of those
rationals in the nth generation of 7, which have precisely the same valuation as r at
every prime which appears in the decomposition of , times the factor [ | ord, (1) £0 g%}.
Surprisingly, the product ((s){(s 4+ 1) is the zeta function of the Eisenstein series
G1(z), which is related to the distribution of rationals in 7 at the infinite prime
Qs = R. In fact,

o0
/ (Gl(z’z) - Gl(z’oo)>zs_1 dz = —872(27)~*T(5)C(s)C(s + 1).
0
This is a strong motivation to investigate the tree 7 and the Minkowski question
mark function in a more general - idelic - setting, thus revealing the true connection
between p—adic and real distribution, and clarifying the nature of continued frac-
tions in this direction. We hope to implement this in the subsequent papers.
Unfortunately, currently we left the most interesting question, the explicit de-
scription of the moments of F(z), unanswered. It is desirable to give the function
G(z), and, more generally, dyadic forms G (z), certain modified Fourier series ex-
pansion. This is in part accomplished in Chapter 4, which is a direct continuation of
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thw current one. Among other results, the dyadic zeta function (\(s) is introduced,
(o, ¢]

given by (um(s)I'(s + 1) = [ 2*dF(z), the nature of dyadic eigenfunctions G,(s) is
0

clarified, and certain integrals involving F(z) are computed.



Chapter 3

Asymptotic formula for the moments

3.1 Formulation

In this chapter we establish an asymptotic formula for the moments my,, which are
defined by (2.3). As said before, this sequence is of definite number-theoretic sig-
nificance because of (2.4). It is not clear whether there exists a closed form formula
for the moments my,. This would be greatly desirable minding the expression (2.4).
As a matter of fact, we cannot present a precise definition of the expression “closed
form”. The above limit clearly gives the sequence of explicitly constructed rational
numbers whose limit is m;. Moreover, Chapter 5 is devoted to finding another such
representation, in a much more fundamental way. On the other hand, one has the
following asymptotic result. Let C = ¢~2vI°g2 — (.189169995269...

Proposition 3.1. The following estimate holds, as L — oco:
CVE < my, < LMACYE,
Both implied constants are absolute.

Though the result of Proposition 3.1 is contained in the next Theorem 3.2, we
indulge in presenting a separate proof for it, since it is considerably shorter and is
less technical.

Thus, the final aim of this Chapter is to prove the first exact asymptotic term
for the sequence of moments my. Though from our point of view this is of inferior
significance than the closed form formula, nevertheless, it is of definite interest too.

Theorem 3.2. Let m; be defined by (2.3). Then the following holds as L. — oo:
my, = /Ar2log2 - co - LYACVE + O(Cﬁlfl/‘l).

Here the constant ¢, is given by ¢y = fol U(x)dz = 1.030199563382+, where ¥(z) is
1—periodic function given by ¥ (z) = 2*(1 — F(z)).

33



3.2. Estimate for the moments 34

Remark 1. The periodicity of ¥(z) is obvious from (2.1). Numerically, /472 log 2-
cp = 2.356229889908+. The sequence of moments M, (see definition (2.4)) is equally
important. These moments represent special values of higher left derivatives of G(z)
at z = 1; more precisely, formal Taylor expansion at z = 1 is given by (see (2.6))

G(z+1) ZMLle

As is implied by Proposition 2.2, one has the asymptotic formula M, ~ L!(logioz)L'
Moreover, in this case there exists exact convergent asymptotic series (see Proposi-
tion 4.8). Though sequences M;, and mj, are linearly dependent via relations (2.7),
it is nevertheless significant that the same structural constant ¢y does manifest in
asymptotic formulae for both of these sequences.

Remark 2. As it is clear from the proof, other terms of asymptotic expansion
can be calculated as well. We confine to the first term since calculations are stan-
dard (though tedious) with no new ideas being introduced. Note that structural
constants c; = fol x*W¥(x)dx do appear in the asymptotic expansion, and the method
used shares some similarities with the Euler-Maclaurin summation.

Remark 3. 1If we start from the representation of my, via the last integral of (2.3)
(which is the most natural), then to obtain the representation by the first integral we
use the second equation in (2.1). Moreover, one of the core stages of the proof relies
on the periodicity of ¥(z) and so uses the first equation in (2.1). Since these two
equations are characteristic only to the Minkowski question mark function, generally
speaking, our asymptotic formula for the moments of F(z) is unique among similar
results for other probabilistic distributions with proper support on the interval [0, 1].

3.2 Estimate for the moments m;

This section gives the proof of Proposition 3.1. A priori, as it is implied by the fact
that the radius of convergence of G(z) at z = 0 is 1, and by the fact (2.9), for every
e>0andp>1, onehas$>>mL>> (1—-¢)F, as L — oco.

Proofof Proposition 3.1. Fix J € N, and choose an increasing sequence of positive
real numbers p; < 1,1 < j < J. We will soon specify p; in such a way that p; — 0
uniformly as . — co. An estimate for m, is obtained via the defining integral (recall
that F(z) + F(1/z) = 1):

M1 J—1 Hj+1 o0

6554 Ry (SRR

=1
LF 1 AL
1) (1) + (fJJr 1) :

J-1

1
Flu)+ > (
P
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This indeed holds: the integrand is bounded by 1 in the first integral. In the middle
integrals, we choose the largest value of integrand, and change bounds of integration
to [0, u41]. The same is done with the last integral, with bounds being changed
into [0,00). Now choose p; = cj%ﬁ for some decreasing sequence of constants c;.
Functional equation for F(z) implies F'(z +n) = 1 — 27"+ 27"F(z), « > 0. Thus,
1 - F(z) <277, as x — oo (the implied constants being min and max of the function
U(z); see Figure 4.1, Section 4.6). Using the identity F(z)+ F(1/z) = 1, we therefore
obtain

\/E J—1 1 L . \/Z 1 L
mp <27V 4y (171) 2=Vl 4 (171) <
7j=1 c]»ﬁ + CJ\/Z .
J-1
s G B
j=1

At this point we need an elementary Lemma.

Lemma 3.3. ForgivenJ € N, there exists a unique sequence of positive real numbers
ci,...,c, such that

Moreover, this sequence {c},1 < j < J} is decreasing, and it is given by

,_sinIT
G =——"— J=12,.. ,J = ¢} = 2cos

—n
S 555

T
J+2
Proof. Indeed, we see that ¢j = = determines the sequence c uniquely. First,

¢ =x—21 =221 Let Fi(z) =z, F(z) = 22 — 1. Suppose we have shown that
_ _Fi@
¢ = B ()

one obtains

for a certain sequence of polynomials. Then from the above equations

Fj_1(z)  xFj(x)— Fj_l(:r).

Cit1 = C1 — =
" F;(x) Fj(x)
Thus, using induction we see that ¢; = 157_'7%, where polynomials F;(z) are given by

the initial values Fy(z) = 1, Fi(x) = z, and then for j > 1 recurrently by F;,(z) =
xFj(z) — Fj—1(x). This shows that F;(2z) = U;(x), where U(x) stand for the classical
Chebyshev U—polynomials, given by

' - sin(j + 1)0
Uj(cos®) = —ang
The last equation ¢} = 1mphes Fri(z ) = 0. Thus, Uj1i(x/2) =0, and all possible

values for ¢} are given by ¢; =z =2cos = Ti3: k=1,2,...,J + 1. Thus,

+1)m
. Fi@) _ U(z/2) _sin “m)
1

- Fia(z)  Uja(z/2) sin L];f;
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Since we are concerned with only positive solutions, this gives the last statement of
the Lemma. Finally, monotonicity is easily verifiable. Indeed, the system of equa-
tions implies ¢} < ¢}, and then we act by induction. W

Thus, ¢f > 2 — % for some constant b > 0. Let us return to the proof of the
Proposition. For a given J, let ¢} be the sequence in Lemma, and let ¢; = ¢;v/log 2.
Thus,

1 1 1 1
ci1log2=—+colog2=—+c3log2=..= +cyjlog2 =—.
! C2 Cj—1 cJ

Choosing exactly this sequence for the estimate (3.1), and using the bound for ¢}, we
get:

653
mp < (J + 1)@7‘5"’1 log2 - (J + 1)Cﬁeb }ngﬁ.

Finally, the choice J = [L!/4] establishes the upper bound.

The lower estimate is immediate. In fact, let u = % Then

VL

“w

my, > / <xi1>LdF(x) > (,LL~1F1>LF(M) s 9-oVL VL1
0

The choice ¢ = log~'/? 2 establishes the desired bound. W

The constants in Proposition can also be calculated without great effort. As was
said before as a Remark 3, it should be noted that, if we start directly from the second
definition (2.3) of m, then in the course of the proof of Proposition 3.1 we use both
equalities F'(z) + F(1/z) = 1 and 2F(;77) = F(z). Since these two determine F(z)
uniquely, generally speaking, our estimate for m, is characteristic only to F(x). A
direct inspection of the proof also reveals that the true asymptotic “action” in the
second definition (2.3) of m, takes place in the neighborhood of 1. This, obviously, is
a general fact for probabilistic distributions with proper support on the interval [0, 1].
Additionally, calculations show that the sequence my/(LY/4CVE) is monotonically

decreasing. This is indeed the case, and there exists a limit A = lim;_ as

mr
Li/4cvL’
stated in Theorem 3.2.

3.3 Asymptotic formula

This section gives a proof of Theorem 3.2.

3.3.1 Preliminary calculations

We use the notation of Landau to denote by B some absolutely bounded function in
certain neighborhood of a variable; in our case B depends mostly on L and we con-
sider the case L — oo. As a convention, B stands for different function if considered
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in another or even the same formula. Occasionally, this notation is used to denote
dependence on other variables and in each case it should be clear which variable and
which neighborhood is implied in notation B. The main tool of the proof is a variant
of saddle-point method. The latter is used in finding asymptotic expansion of cer-
tain integrals depending on parameter and it traces its history back from the works
of Laplace. Though in our case certain corrections, amendments and variations are
necessary, the main technique is standard and can be found, for example, in [44].

Since 1 — F(x) = 27%W¥(x), identity (2.3) implies

L\ 4F) -1 F S
mL/(x—i—l) ( (1)_ ) = (x)— )<:c—|—1> 0
7 L
0 0
Put ¢ = log2. The function f(z) = L - log % T e achieves its maximum at z = =z,
where
sl + 1) = £ g = TV B SN [ S 3
0(Zo = 0= 0=\ 773 \/f
Let ¢g = fo U(z)dz, and let us rewrite the expression for my, as
1 )
my, = Lecg “) dz + L —co dx =coLgr + Lry.
z( x + 1)
0 0

Our specific choice in extracting ¢y out of ¥(z) as a dominant ingredient can be mo-
tivated for the following reason. Since 0.9 < ¥(z) < 1.2 (see Figure 4.1), the main
weight of the integral defining mj, (as far as ¥(z) is concerned) befalls on a certain
constant in the range (0.9,1.2). Moreover, it is easy to verify that for any continuous
periodic function Y (z) one has

o0

_/ Y(:Jc)e"‘””2 de = ﬁ\/}(o) +O(A™) as A — oo (if Y(x) is smooth),
1

o0 VT [ T(z)dx

_/ T(gc)efAﬂc2 dz = OT +0(1)as A—0+.

This can be seen empirically from the fact that in the first case the dominant weight
of the integral is supported only in the neighborhood of 0, while in the second case
this interval has length tending to infinity. As it is seen from the next subsection, we
have the second case (a posteriori, the weight of m/, is properly supported on the
interval (/L/c—L?*7,\/L/c+ L*7), and hence the correct constant is ¢, rather then
U(xp).
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3.3.2 Evaluation of g; .

Choose 6 = §(L) such that L1/4 — oo and Lw

§ = 0(L) = L*/7. Separate the integral defining g;, into four parts:

:/ / / / $+1 dﬂf—f1+ﬂ2+ﬂ3+ﬂ4

Evaluation of .#;

— 0. For example, henceforth we fix

First, f'(z9) = 0 and f”(z9) < 0. Suppose |z — z9| < §. Then the Taylor formula
implies that for certain 6, € [z¢,z] one has

(9,
F(a) = F(a0) — ala — 20)° + B — a0)* + L0 (o )t
Direct calculations show that
L2z +1) c? /2 B
7 A L 7 __< _c P
" (z) xQ(x+1)2:>f(1:o) L(2$0+1):>a \E—FLB/Q,
3 f"(x0)  L(3x5+3z0+1) ¢ N B
- 6  3xd(zo+1) L L3/
1 1 B
(4) - - (4) =
£ (z) 6L<($+1) x4>:>f (02) = 7375
In the same fashion,
1 1 )
w(x+1)  wzo(zg+1) + (@ = 20) + (@ = 20)%,
where
220 + 1 2632 B B
1T T2 5= sz s 0T g
22(zo + 1) L3/2 " L5/ L
Now let us evaluate the value of ¢f(®0) . For z — oo, we have
log —— = l TS AN
%8 +1 2x2 3
o L c B
Ll =— B vz B
oo +1 Ji-t+s 2VL VI
c 2 VL
Further,
c B
_ — el + =+ =
CT( cl + 5 + NG =
£(z0) _ Covel 4+ C 4o By aver B
e exp( 2 CL+2+\/E) e \/5(1+\E)

We already have obtained all necessary components to evaluate .#;. Note that

Bo =0 = 7 IV = 0(1), oo —a0)t = 1),
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Since €Y = 1+ y + By? for y = o(1), in the range (zo — §, 7o + ) the function under the
integral can be written as

1 o) 1 B
mef( ) = (m +v(z — zo0) + 72 (:c—$0)2>

K B —a(r—x
-exp (f(mo) —a(r —z0)? + Bz — 20)* + W(w — x0)4> = ef(@0)g=alr—w0)*
B B
(14—5(90—1‘0) +m($—$o) 12 ($—9E0)6) :

(m—&-’y(w—x) [l:);(:c—xo)?)

(The bound |z — zo| = BLY? was used in merging %(w —20)" and & (z — z)® into
%(m —120)%). Thus, we have decomposed the function under integral 1nto the sum of
twelve functions. It is important to note that two of these functions
2 1

mﬂ(f’? - xO)ga
thought being comparatively large, are odd function in (z — () and consequently
contribute 0 after integration. We are left with evaluating all the rest summands.

€f(xo)€_a(x_x0)2’)/($ o x()) and 6f(ac() —a(z—x0)

This is a routine job. For example,

1‘0+5

ef (o) / (3*"‘(33*360)2(35—:100)4 dz =
2o—6
1 v > Lo/
ef(xo)’yﬁm / yle ™ dy = WC\/Z = BL9/4cVE,
—Jas
Second example:
z0+0
f(m)li% efa(xfzo)Qla:—:ro\sdx =
206
Jas
ef(xo)LngYag / yPe v dy = BL-3/2-3/2432cVE _ gr-3/2cVL,
—Jas
Another example:
B 20+0 ; 75/4
ef(zo)m e~ @ m0)" (1 — go)tda = BWC\E — BL9/cVE,
zo—6

Therefore, direct inspection shows that all functions apart from the main term con-
tribute at most BCYZL—5/4 into the value of gr,. We are left with determining the
magnitude of the main term. Since \/ad ~ ¢3/4L'/?3, this yields
Vas 0o o0
/ eV’ dy = / eV’ dy + B / eV’ dy = /7 + Bexp(—03/2L1/14).
—Vas —00 vas
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And so, the main term is given by

4
- ef(@o) /6_0“"32 dx = (ﬁ + Bexp(—c?’/QLl/M))iil ef@o) —
-4

I‘o($0+1) \/&mo(x(ﬁ— 1)
€ Jom—eL YT ~3/4(1 4+ B_
i3 2me vLe (1 + \E>

Thus we obtain the main asymptotic term

Sy = /Ar2log2 - L73/4CVE 4 BL5/ACVE,

Evaluation of ./, .% and .7

Trivially,

1

oL
/ +1L+12 Tde = B27".
0

To evaluate %, we use standard inequality
T 1 1
1 ( ) - for z > 1. 3.2
g1 < + 5.2 for e (3.2)

Thus, since f(x) is increasing function in the interval [1, 2], we have

zo—0
Sy = / (1€f(x) dz < log2 - ef@0=9) — Bef(zo=0)

z(z+1)
1

Further, using (3.2), we have

L L

x0_5+2(x0_5)2—cx0+05:

-9

L L L
———caco—i—B—i-ccS—}—(f— )z
o

0 To— 0
L Lo 1 1
o Bies— —2 s - -
) cro+D+c :L‘o(.r() + 1) <.’E0(:I:o — 5) xo(iv() + 1))

2
—£—cw0+5—£——2\/ L+B— 32/
3]
(recall that § = L?/7). Therefore,
Sy = BCVE exp(—c3/2LY ) = BL5/4CVE,

In the same vein,

f(xo+06) = —2VeL + B— 320V,
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Since f(z) is decreasing in the interval [z¢, c0), we obtain

T 1 [ de
g £(2) gy < of(@0to) / _
* / x(a:—l—l)e v z(zx+1)
:E0+5 1

BCVEL exp(—c?2LMMy = BL5/4CVE,

Combining all estimates for .71, %, %3 and .%;, we eventually obtain

gL, = v/4r2log?2 - L3/4CVT 4 BL5/ACVE,

3.3.3 Evaluation of ;.

In this subsection we can be more concise, since the method is the same as we used
to evaluate g;. Recall that

rL = /(\I/(:E) — Co)x(:pl—&—l)ef(aj) dzx.
0

Let
B(z) = /(\I/(t) ~ ) dt.
0

Definition of ¢, yields that ¥(z) is bounded (and periodic) function. Using integration
by parts, we can rewrite r;, as

o

rL = /\i/(az)h(x)ef(m) de = rp = B/h(x)ef(m) dz,
0

where
1 1 1 L c 2041
h(z) = — — - "(z) = — :
(z) 22 (z+1)?2 z(zx+1) () 22(x+1)2  z(x+1) 22(z+1)2
Note that
20 + 1 2¢42 B
h = = .
()= B 12~ 17 T IR

As a matter of fact, we have completely analogous integral to the one defining g,

with the major difference in the estimate h(x) = BL /2, whereas m = BLL.

Thus, using the same method to evaluate r; as we did with ¢g;, one gets

rp = BLYA=32¢VE = BL-9/4CVE,

Since my, = cgLgy, + Lry, this finishes the proof of Theorem 3.2. B
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3.3.4 Final remarks

As can be inherited from the proof, the share of integrals .#;, .%; and .#, into the exact
value of my, is of order CVZ exp(—c3/2LY/14). Thus, standard machinery of asymptotic
expansion shows that all terms for asymptotic series of my are supported on the
neighborhood (z¢ — 4, z9 + ¢). More thorough inspection reveals that

mp, ~ LY/ACVE. Z LL/2
As was mentioned, every term of this expansion can be obtained by (increasingly
tedious) computations. For example, A; is a sum of ¢y and ¢; = fol x¥(x)dz, each
multiplied by some explicit constant (constant ¢; occurs while extracting the main
term out of the integral ;). The main idea is a classical fact that for any continuous
periodic function Y(z), a function

1 xT
T def/ / / Y (xy,)da, dae,—q...dzy = m /(x _ t)n_lT(t) dt
0

is a sum of certain polynomial and some periodic function (of course, this idea is
the core of the Euler-Maclaurin summation). Nevertheless, from number-theoretic
point of view our main concern is the structure of values my, rather than their mag-
nitude (though dominant) in some small neighborhood of zy, and hence we have
confined only in exhibiting such a possibility of asymptotic expansion.

We finish with providing a table for some values of constants m;. Here m} =
The main result of this Chapter implies that sequence m} tends to the limit

VL cf
cov4m2log 2 = 2.3562298899 . Unfortunately, we do not have yet any evidence that

the closed form expression exists for ¢y (as well as for m; with L > 2). Finally,
we remark that the result of Theorem 3.2 should be considered in conjunction with
linear relations mj, = ZSL:O (?)(—1)57715, L > 0 (Proposition 2.4), which the sequence
my, satisfies, and with the natural inequalities, imposed by the fact that m is a
sequence of moments of probabilistic distribution with support on the interval [0, 1].
We thus have Hausdorff conditions, which state that for all non-negative integers m
and n, one has

20/195 (1-2)"dF(z) = ZZ; (T)(—l)imHn > 0.

This is, of course, the consequence of monotonicity of F(z).
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Sequence mj,

mr

*
mr,

© 0~ O Ul W N |

G W N = =
SO O O O N = O

100

0.5000000000
0.2909264764
0.1863897146
0.1269922584
0.09016445494
0.06592816257
0.04929431046
0.03751871185
0.02897962203
0.02266585817
0.01792085923
0.01430468951
0.003008686707
0.0006211064464
0.0001622371309
0.00004937221843
0.0000004445933003

2.643125297
2.577573745
2.533204605
2.509329792
2.496320715
2.488147649
2.481940613
2.476544438
2.471583746
2.466982861
2.462750421
2.458897371
2.438565967
2.425096683
2.416702495
2.410831724
2.395743861




Chapter 4

Further properties of integral
transforms: the zeta function

4.1 Four objects

It was shown in Chapter 2 that each generation of the Calkin-Wilf tree possesses a
distribution function F,(z), and that F,(x) converges uniformly to F(z). This is, of
course, a well known fact about the Farey tree. The function F(z), as a distribution
function is uniquely determined by the functional equation (2.1)

On the other hand (as was mentioned in the introduction), almost all the results
of other authors reveal the properties of the Minkowski question mark function as
a function itself. Our goal and main motivation of this thesis is to show that in fact
there exist several unique and very interesting analytic objects associated with F(z)
which encode a great deal of essential information about it. Two of these objects
were introduced in Chapter 2. As was already noticed, let us point out that, surpris-
ingly, there are striking similarities and analogies between the results proved here as
well as in Chapter 2, with Lewis’-Zagier’s [47] results on period functions for Maass
wave forms. That work is an expanded and clarified exposition of an earlier paper by
Lewis [46]. The concise exposition of these objects, their properties and relations
to Selberg zeta function can be found in [76]. The reader who is not indifferent to
the beauty of the Minkowski question mark function is strongly urged to compare
results in this thesis with those in [47]. Thus, instead of making quite numerous
references to [47] at various stages of the work (mainly in Sections 4.2, 4.6 and 4.7),
it is more useful to give a table of most important functions encountered there, jux-
taposed with analogous object in this work. Here is the summary (some notations
were already introduced, others will be explained in Sections 4.6 and 4.7).

44
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Maass wave form | u(z) U(z) | Periodic function on the real line
Period function | i(z) G(z) | Dyadic period function
Distribution | U(x) dx dF(z) | Minkowski’s “question mark”
L—functions | Lo(p), L1(p) || {m(s) | Dyadic zeta function
Entire function | g(w) m(t) | Generating function of moments
Entire function | ¢(w) M (t) | Generating function of moments
Spectral parameter | s % ;1 | Analogue of spectral parameter

As a matter of fact, the first entry is the only one where the analogy is not precise.
Indeed, the distribution U(z) is the limit value of the Maass wave form u(z + iy) on
the real line (as y — +0), in the sense that u(z + iy) ~ y'~°U(z) + y*U(x), whereas
U(z) is the same F(x) made periodic. As far as the last entry of the table in con-
cerned, the “analogue” of spectral parameter, sometimes this role is played by 1,
sometimes by % This occurs, obviously, because the relation between Maass forms
and F(x) is only the analogy which is not strictly defined.

Summarizing, these are the three objects associated with the Minkowski question
mark function.

e Distribution F(x) = Functional equations (2.1) + Continuity.

e Period function G(z) = Three term functional equation (2.13) + Mild growth
condition (as in Theorem 2.6).

e Exponential generating function m(t) = Integral equation (2.15) + boundary
value and diminishing condition on the negative real line (Proposition 2.4).

Each of these objects is characterized by the functional equation, and subject to some
regularity conditions, it is unique, and thus arises exactly from F(z). The objects are
described via the “equality” Function = Equation + Condition. This means that the
object on the left possesses both features; conversely - any object with these prop-
erties is necessarily the function on the left.

As expected, here we encounter the phenomena of “bootstrapping”: in all cases,
regularity conditions can be significantly relaxed, and they are sufficient for the
uniqueness, which automatically imply stronger regularity conditions. Here we
show the rough picture of this phenomena. In each case, we suppose that the object
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satisfies the corresponding functional equation. See Chapter 2 for the details.

(1) F(x) is continuous at one point = F(z) is continuous.

(i7)  There exists ¢ < 1 such that for every z with Rz < 0, we have
G(z —x) = 0(2°%) as x — 00 = G(2) = O(|z|™1) as dist(z,R;) — oo.

(iii) w(—t) =0t ") ast — oo = |m(—t)| < e V82 a5 t — 0.

Corresponding converse results were proved in Chapter 2. For F(x), this was in fact
the starting point of these investigations, since the distribution of rationals in the
Calkin-Wilf tree is a certain continuous function satisfying (2.1); thus, it is exactly
F(z). The converse result for m(¢) follows from Fredholm alternative, since all eigen-
values of the operator of the Section 2.6 are strictly less than 1 in absolute value.
Finally, the converse theorem for G(z) follows from a technical detail in the proof,

2
which is the numerical estimate 0 < 7{—; — 1og2 2 < 1; as a matter of fact, it appears

that this is essentially the same argument as in the case of m(¢), since this constant
gives the upper bound for the moduli of eigenvalues.

One of the aims of this Chapter is to clarify the connections among these three
objects, and to add the final fourth satellite, associated with F'(xz). Henceforth, we
have the complete list:

e Zeta function (\(s) (see definition (4.11) below) = Functional equation with
symmetry s — —s (4.12) + Regularity behavior in vertical strips.

In this case, we do not present a proof of a converse result. Indeed, the converse
result for G(z) is strongly motivated by its relation to Eisenstein series G;(z) (see
Chapter 2 and its last section). In the case of (\((s), this question is of small impor-
tance, and we rather concentrate on the direct result and its consequences.

4.2 Three term functional equation, distributions F)(z)

In this section, we give a proof of (2.13) different from the one presented in Chapter
2, since it is considerably shorter. For our purposes, it is convenient to work in a
slightly greater generality. Suppose that A\ € R has the property that there exists a
function F(x), x € [0,00), such that
1 1 1
dFy(@ +1) = 5 dF)(), dF) (f) = L dF\(@). (4.1)
X

We omitted the word “continuous” in the description of the function intentionally.
For a moment, consider F(z) = F(z) with A = —1. Then F_;(z) is certainly contin-
uous. The reason for introducing A will be apparent later. Let

o0

Gi(z) = /aﬁti—zdF)‘(x)
0
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Since F(z)+ F(1/z) = 1, we see that for A = —1 this agrees with the definition (2.10).
This integral converges to an analytic function in the cut plane C\ (1,00). We have

2G(z + 1) —2/dFA /
1

[e.o] o0

1 x 1

P dF( ) 2/dF 1) =

%H—z /\x+1 + r+1—2z Az +1)
0 0

o0

zo/ xi—lFi 1—|—1>dF)\($_1i_1)+G>\(z)—

o0

1 1
+ @G,\@) + Gi(2), where o = / dF)\(x).
0

@
Az

For A = —1 and F_;(x) = F(z), this gives Theorem 2.6. Further, suppose \ # —1.
Then

o] 00 1
Z/dF)\({I}):/dF,\(.f)—F/dF)\(x)ZC;—;;\@a:O.
0 1 0

Therefore, the last functional equation reads as

265(z +1) = 2GA( )+ Ga2).

As a matter of fact, there cannot be any reasonable function F)(z) which satisfies
(4.1). Nevertheless, the last functional equation is identical to (2.20). Thus, Theo-
rem 2.12 gives a description of all such possible A. This suggests that we can still find
certain distributions F)(z). Further, as it was mentioned, —1 is not an-eigen value
of operator from the Section 2.6. Due to the minus sign in front of the operator, this
is exactly the exceptional eigenvalue, which is essential in the Fredholm alternative.
The above proof (rigid at least in case A = —1), surprisingly, proves that the next
tautological sentence has a certain point: “—1 is not an eigenvalue because it is —1".
Indeed, we obtain a non-homogeneous part of the three term functional equation
only because A\ = —1, since otherwise a = 0 and the equation is homogenic.

Distributions F)(z) can indeed be strictly defined, at least in the space of func-
tions, which are analytic in the disk D = {z : |z — 1| < i}, including its boundary.
This space is equipped with a topology of uniform convergence, and a distribution
on this space is any continuous linear functional. Denote this space by C¥. Now,
since

1
dFy( :——G

/_m e (2 ZmLZ ’

0
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define a distribution F) on the space C* by (2L, F\) =m?}, L > 1, (1, F\) = 0, and for
any analytic function B(z) € C¥, B(z) = Y.7° ,br2%, by

(B,Fx) =>_br(z" F)).
L=0

First, (x, F)\) is certainly a linear functional and is properly defined, since the func-
tional equation (2.20) implies that G (z) possesses all left derivatives at z = 1; as a
consequence, the series ) 77, Lp\m(LA)| converges for any p € N (see Proposition 3.1
for the estimates on moments m ). Second, let B, (z) = > 7., b(L")zL, n > 1, converge
uniformly to B(z) in the circle |z| < 1. Thus, sup,|<; |Bn(2) — B(2)| = r, — 0. Then
by Cauchy formula,

b — 1 By (z)

2 2L+l
|z]=1

dz.

This obviously implies that |b(L") —br| <r,, L >0, and therefore (x, F\) is continuous,
and hence it is a distribution. Using the condition dFy(z + 1) = 1dF)(z), these
distributions can be extended to other spaces. Summarizing, we have shown that
Minkowski question mark function has an infinite sequence of “peers” F)(z) which
are also related to continued fraction expansion, in somewhat similar manner. F(z)

is the only one among them being “non-homogeneous”.

4.3 Linear relations among moments )/

In this section we clarify the nature of linear relations among the moments M. This
was mentioned in Chapter 2, but not done in explicit form. Note that Proposition
2.4 gives linear relations among moments my: my = ZSL:O (g) (=1)*ms, L > 0. These
linear relations can be written in terms of M. Despite the fact that these relations
form a general phenomena for symmetric distributions, in conjunction with (2.6)

they give an essential information about F(z). Let us denote
[e.e] tn
q(:E?t) = (2 - et)ezt - (26t - 1)6_mt = ZQTL(ZL‘)E
n=1

We see that Q,,(x) are polynomials with integer coefficients and they are given by
Qn(z)=22" —(x+1)" =21 — )" + (—x)". (4.2)

The following table gives the first few polynomials.

2r — 3 2x° — 152% + 102® — 3022 + 52 — 3
2x — 3 62° — 452% + 2023 — 4522 + 62 — 3

227 — 2125 + 212° — 1052* + 3523 — 6322 4+ 72 — 3
8x7 — 8418 + 5625 — 2102* + 5623 — 8422 + 8¢ — 3

223 — 922 + 32— 3
dg® — 1822 + 42 — 3

B oW N =S

o 3 o o3
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Moreover, the following statement holds.

Proposition 4.1. Polynomials Q,,(x) have the following properties:
(1) Qan(z) € Lg(Qi(z),Qs(z), ..., Qan—1(z)), n>1;
(”) degQ2n =2n—1, degQop_1=2n-1, n>1,

A n 3. . ~ _9Aa 1
(7i7) Qan(z) := QQ(?—F is reciprocal : Qo (z) = 22" 2Qqy, <E>;

7Qn(w) dF(z) =
0

Naturally, it is property (iv) which makes these polynomials very important
in the study of the Minkowski question mark function. Here Lg(*) denotes the
Q-—linear space spanned by the specified polynomials.

Proof. (i) Let qc(x,t) = ( (:U t) + q(z, t)), and q,(z,t) = %(q(m,t) — q(z, —t)).
Direct calculation shows that, if e/ = T, then

2 _ 1 2 _ 1
2q. = e™(3 - T — T) +e (3~ T 2T), 2q, =" (1 —T + T) —e (1~ 7+ 27T).
This yields
T -1 et —1 e $2n+l
E t =) -
Qan( ' Qe(z,t) = T+ 1%(35,0 1 n:0Q2n+1(fL‘) @n 1 1)

The multiplier on the right, zt;i = tanh(¢/2), is independent of =, and this obviously
proves the part (i). Also, part (ii) follows easily from (4.2).
(iii) Since Qan(z) = 1 (32" — (x +1)*" — 2(x — 1)*" + 3), the proof is immediate.
(iv) In fact Proposition 2.4 gives (2—e') M (t) = (2¢! —1)M(—t). Forreal || < log 2,

we have M(t) = [;* e* dF(z). This implies

o0 n (0.)

t
/ (z,t) dF(x Z '/Qn )dF(z) =0, for|t| <log2,
0 0

and this completes the proof. W

Consequently, there exist linear relations among the moments M;. Thus, for
example, part (iv) (in case n = 1 and n = 3) implies 2M; — 3 = 0 and 2M35 — 9M, +
3M; = 3 respectively. The exact values of M; belong to the class of constants,
which can be thought as emerging from arithmetic-geometric chaos. This resembles
the situation concerning polynomial relations among various periods. We will not
present the definition of a period (it can be found in [40]). In particular, the authors
conjecture (and there is no support for possibility that it can be proved wrong) that
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“if a period has two integral representations, then one can pass from one formula
to another using only additivity, change of variables, and Newton-Leibniz formula,
in which all functions and domains of integration are algebraic with coefficients in
Q”. Thus, for example, the conjecture predicts the possibility to prove directly that
IS EI dedy = [, W without knowing that they both are equal to
27’1, and this indeed can be done. Similarly, returning to the topic of this paper,
we believe that any finite Q—linear relation among the constants A, can be proved
simply by applying the functional equation of F(z), by means of integration by parts
and change of variables. The last proposition supports this claim. In other words,
we believe that there cannot be any other miraculous coincidences regarding the

values of M. More precisely, we formulate

Conjecture 4.2. Suppose, r, € Q, 0 < k < L, are rational numbers such that
Zé:o TkMk =0. Let?¢ = [%] . Then

L

D et € Lo(Qi(x), Qs(), ..., Qors1(2)).
k=0
This conjecture, if true, should be difficult to prove. It would imply, for example,

that M, for L > 2 are irrational. On the other hand, this conjecture seems to be
much more natural and approachable, compared to similar conjectures regarding
arithmetic nature of constants emerging from geometric chaos, e.g. spectral values
s for Maass wave forms (say, for PSLy(Z)), or those coming from arithmetic chaos,
like non-trivial zeros of Riemann’s {(s). We cannot give any other evidence, save
the last proposition, to support this conjecture.

4.4 Exact sequence

In this section we prove the exactness of a sequence of continuous linear maps, intri-
cately related to the Minkowski question mark function F(z). Let C[0, 1] denote the
space of continuous, complex-valued functions on the interval [0, 1] with supremum
norm. For f € C[0, 1], one has the identity

1 0o 1
/f )dF(z :Z/f w+n 2 "AF (z), (4.3)
0 0

n=1

Indeed, using functional the equation (2.1), we have

o0

/1f(x)dF( /f( dF _i/l x+n dF(x+n),
0 n=1 0

1

which is exactly (4.3). Let C¥ denote, as before, the space of analytic functions in the
disk D = |z — %] < %, including its boundary. We equip this space with the topology
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of uniform convergence (as a matter of fact, we have a wider choice of spaces; this
one is chosen as an important example). Now, consider a continuous functional on
C« given by T'(f) = f01 f(z)dF(z), and a continuous non-compact linear operator
[Lf](x) = f(z) — Y0, f(54;)2 " Finally, let i stand for the natural inclusion i :
C— Cv.

Theorem 4.3. The following sequence of maps is exact:

0—>(Ci>(C“)’£>(C“))Z>C—>O. (4.4)

Proof. First, i is obviously a monomorphism. Let f € Ker(£). This means that

flx) = Zlef(ﬁﬂ_”. Let x9 € [0,1] be such that |f(z¢)| = sup |f(x)|. Since
z€[0,1]

>one1 27" =1, thisyields f(;-5;) = f(z0) for n € N. By induction, f([0,71,7n2,...,n1 +

xo]) = f(xo) forall I € N, and all n; € N, 1 < i < I; here [x] stands for the (regular)

continued fraction. Since this set is everywhere dense in [0,1] and f is continuous,

this forces f(z) = const for z € [0,1]. Due to the analytic continuation, this is valid
for x € D as well. Hence, we have the exactness at the term (x).

Next, T is obviously an epimorphism. Further, identity (4.3) implies that Im(£) C
Ker(T'). The task is to show that indeed we have an equality. At this stage, we need
the following lemma. Denote [Sf](z) = Y02, f(555)27"
Lemma 4.4. Let f € C¥. Then [S"f](z) = 2T(f)+O(y~?") forz € D; here T(f) stands
for the constant function, v = 1*—2‘/5 is the golden section, and the bound implied by
O is uniform for x € D.

Proof. Infact, lemma is true for any function with continuous derivative. Let z € D.
We have

o0

[S"fl@) = > ammEmettm) 1[0,y g,y + 2]).

ni,mn,...,nyr=1
The direct inspection of this expression and (1.1) shows that this is exactly twice
1
the Riemann sum for the integral [ f(x)dF(x), corresponding to the division of unit

0
interval into intervals with endpoints being [0, n1, no, ..., n,], n;, € N. From the basic
properties of M&bius transformations we inherit that the set [0, ny,ng, ..., n, + z| for

z € D is a circle D, whose diagonal is one of these intervals, say I.. For fixed r,

F, F,

the largest of these intervals has endpoints le and T where F,. stands for the

usual Fibonacci sequence. Thus, its length is E%m ~ ey~ %, Let xg,z; € D,, and
sup,cp | f'(z)] = A. We have

sup | f(z0) — f(w1)] < Aey™?

0,21 €Dy
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Thus, the Riemann sum deviates from the Riemann integral no more than

[Sf(@) —2T(f)| < Ay > S -lmwbmatetun) _ oy

This proves the Lemma. B

Thus, let f € Ker(T"). All we need is to show that the equation f = g — Sg has
a solution g € C¥. Indeed, let g = f + > 7, S"f. By the above lemma, |S"f|| =
O(y~?"). Thus, the series defining g converges uniformly and hence ¢ is an analytic
function. Finally, g — Sg = f; this shows that Ker(7') ¢ Im(£) and the exactness at
the term (xx) is proved. B

A generalization of Theorem 4.3 is the following

Proposition 4.5. Let ¢ > 2 be a fixed positive integer. Then the following sequence
of maps is exact:
0-cheler Le o
(x) ()

Proof. Let f € Ker(L£’). This means £/(f) = 0. By Theorem 4.3, this implies that
L7Y(f) = ¢, where c is a constant function. Thus, on the one hand, T o £71(f) =
T(c) = ¢/2. On the other, using exactness of the sequence (4.4), we obtain T o
L) =ToLoL2(f) =0. Whence ¢ = 0. Therefore, if £ > 2, £f(f) = 0 implies
L71(f) = 0. By induction, this yields £(f) = 0 = f = const., and this proves the
exactness at the term (x).

As before, Im(£%) C Ker(T). Let f € Ker(T). We need to show that £/(g) = f has
a solution g € C¥. Indeed, let

[o.¢]

n+{—1\,,

0=> (")
n=0

Lemma 4.4 states that this series converges uniformly to an analytic function. Fur-

ther, using Pascal’s identity, we obtain

o (nHl—2\ L,
£g=9—59=2< . >Sf-
n=0

We act by induction, and this gives exactly £/(g) = f. This proves the exactness at
the term (xx). B

These results imply that, for example, Q := Im(£) is a linear subspace of C¥ of
codimension 1, and that £|q is an isomorphism.

The eigenfunctions of S acting on the space C* are given by G*(—z) = fofx Ga(z)dz+
fE1 Ga(z)dz (see equations (4.6) and (4.7) in the next section). Thus, the problem
of convergence of S"f is completely analogous to the problem of convergence for
the iterates of Gauss-Kuzmin-Wirsing operator. Let us remind that if f € C[0,1], it
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is given by [Wf]( )= 00 (H% (ﬁ) Dominant eigenvalue 1 correspond to an
eigenfunction . As it was proved by Kuzmin, provided that f(z) has a continuous

derivative, there exists ¢ > 0, such that

(W" f(z) =

1+

1
1
—evm ] _
+O(e ), asn —o0; A logQ/f(:v)dx
0

The proof can be found in [36]. Note that this was already conjectured by Gauss,
but he did not give the proof nor for the main neither for the error term. For the
most important case, when f(z) = 1, Lévy established the error term of the form
O(C™) for C = 0.7. Finally, Wirsing [74] gave the exact result in terms of eigenfunc-
tions of W, establishing the error term of the form ¢"¥(z) + O(z(1 — x)u™), where
¢ = —0.303663... is the sub-dominant eigenvalue (Gauss-Kuzmin-Wirsing constant),
U(x) is a corresponding eigenfunction, and p < |c|. Returning to our case, we have
completely analogous situation: operator W is replaced by S, and the measure dz is
replaced by dF(z). The leading eigenvalue 1 corresponds to the constant function.
However strange, Wirsing did not notice that eigenvalues of W are in fact eigenval-
ues of certain Hilbert-Schmidt operator. This was later clarified by Bobenko [7].
Recently, Gauss-Kuzmin-Lévy theorem was generalized by Manin and Marcolli in
[48]. The paper is very rich in ideas and results; in particular, in sheds a new light
on the theorem just mentioned.

Concerning spaces for which Theorem 4.3 holds, we can investigate the space
C[0,1] as well. However, if f € C[0,1] and f € Ker(7T), the significant difficulty
arises in proving uniform convergence of the series > >° ,S"f. Moreover, operator

S, acting on the space C[0, 1], has additional point spectra apart from \. Indeed, let
-1
P,(y) =y"+ Z a;y’ be a polynomial of degree n which satisfies yet another variation

of three term functlonal equation

2Pn(1 — Zy) - Pn(l - y) = %P(y)

n

for certain §,,. The comparison of leading terms shows that §, = %, and that
indeed for this ¢,, there exists a unique polynomial, since each coefficient a; can be
uniquely determined with the knowledge of coefficients a; for i > j. Thus,

Pi(y)=y— 1, Py(y) =y* — 3y + £,
P(y) =’ = 5%y* + iy —mm Paly) =yt — 5500 + 597 — oy + st
The equation for P, implies that
o0
1 1—y
n=1

Then we have
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Proposition 4.6. The function P,(F(x)) is the eigenfunction of S, acting on the space
C[0,1], and eigenvalue % belongs to the point spectra of S.

Proof. Indeed,

S0 )l = Y i Po (- i )& R (1 Fam) &
n=1
> i Pa(2 2 (@) 5P (o).

Thus, operator S behaves differently in spaces C[0,1] and C¥. We postpone the
analysis of this operator in various spaces for the future.

4.5 Integrals which involve F'(x)

In this section we calculate certain integrals. Only rarely it is possible to express
an integral involving F'(x) in closed form. In fact, all results we possess come from
the identity M; = 3, and any iteration of identities similar to (4.3). The following
theorem adds identities of quite a different sort.

Theorem 4.7. Let G)(z) be any function, which satisfies the hypotheses of Theorem
2.12. Then
\ 1 1
) 1o [Gale)de= / G(—2)F(x) da:
1

A+1
0

1 1
(44) /logach :2/log + xz)dF(z :/G
0 0 0

Gl=2)(1+ 22) dF (z) = i;

GA(—:z)<1 - ”f) dF(z) = 0.

Proof. We first prove identity (i). By (2.20), for every integer n > 1, we have

2G\(—z —n+1) — Ga(—2 —n) = WGA(— Zin)

Divide this by 2" and sum over n > 1. By Theorem 2.6, the sum on the left is
absolutely convergent. Thus,

‘;MGW‘;J
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Let G (z fo G (z)dz. In terms of G%(z), the last identity reads as
NEURRIE S ISV SIS S IS
—Gi(=) = ;)&"G ( x+n) ;/\Z”G)‘( n) (4.6)
In particular, setting = 1, one obtains
Z es(~2) = (5 - e (4.7)
)\2” n/ A AV R '

Now we are able to calculate the following integral (we use integration by parts in
Stieltjes integral twice).

1 1
[axorwa=- [ Lanrea=-1600+ [aenarem Y
0 0 0
1 I 1 N1 1
e o - * L *x( —-n (43):,(47)
3=+ 3 « A2n A( ) AZI/GA< x+n>2 dF(z)
n= n= 0

This establishes the statement (7).
Now we proceed with second identity. Integral (2.10) and Fubini theorem imply

/1G(—z)dz:2/1/11 dzdF(z) = /110g(1+x) dF (z).
0 0 0 0

Lastly, we apply (4.3) twice to obtain the needed equality. Indeed,

1 oo
— [1og1+2)aF iZ;/bg(”xin)dF(”:
J =

1

- 1
Z;/log x+n)dF(x) — I(Zi—g)—/logazdF(x)—I.
n=1 0

This finishes the proof of (7).
In proving (zii), we can be more concise, since the pattern of the proof goes along
the same line. One has

o0 (e o]

1 1
27(z2 4+ n)? (_z+n)+ m(z+n)

n=1 n=1
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Thus,

. 1
G(—x)dF(a:):—Z/ ! G(— ! )dF(:n)+
! 0

1
o/ — ) 2*(z +n)? r+n
00 1 ] 1 1
S g dF@) W _ [ 260 dF@) + [ zdF(2).
2wt /

Since fol rdF(z) = " = I, this finishes the proof of (iii). Part (iv) is completely
analogous. W

Part (ii7), unfortunately, gives no new information about the sequence my. In-
deed, the identity can be rewritten as

. 1
> mp (=) mp +mpg) = >
=1

which, after regrouping, turns into the identity mom; = %
Concerning part (iv), and taking into account Theorem 4.3, one could expect
that in fact Ker(7') is equal to the closure of vector space spanned by functions
G(—z)(1— “";—2). If this is the case, then these functions, along with G(z)(1 +z?), pro-
duce a Schauder basis for C¥. Thus, if 2% =3, a(L’\)G,\(—x)(l — %), then a(L_l) =2mpy,.
We hope to return to this point in the future.
Concerning (i), note that the values of both integrals depend on the normaliza-

tion of G, since it is an eigenfunction. Replacing G (z)by ¢G,(z) for some c € R, we
1

deduce that the left integral is equal to 1 or 0. Then (i) states that [ F(z)G)\(—z)dz =
0

%H or 0 (apparently, it is never equal to 0). The presence of A\+1 in the denominator
should come as no surprise, minding that ) is the eigenvalue of the Hilbert-Schimdt
operator. The Fredholm alternative gives us a way of solving the integral equation
in terms of eigenfunctions. Since |\| < A\; = 0.25553210... < 1, the integral equation is
a posteriori solvable, and \+1 appears in the denominators. Curiously, it is possible
to approach this identity numerically. One of the motivations is to check its validity,
since the result heavily depends on the validity of almost all the preceding results
in Chapter 2. The left integral causes no problems, since Taylor coefficients of G(z)
can be obtained at high precision as an eigenvector of a finite matrix, which is the
truncation of an infinite one. On the other hand, the right integral can be evaluated
with less precision, since it involves F'(z), and thus requires more time and space
consuming continued fractions algorithm. Nevertheless, the author of this thesis

have checked it with completely satisfactory outcome, confirming the validity.

Just as interestingly, results (7) and (iv) can be though as a reflection of a “pair-
correlation” between eigenvalues A and eigenvalue —1 (see Section 4.2 for some
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remarks on this topic). Moreover, minding properties of distributions F,,(z) (here n
simply means another eigenvalue), the following result can be obtained. Given the
conditions enforced on F), by (4.1), identity (4.3) is replaced by (rigid for f € C¥)

1 1
1 & .
O/f(:zc)d “Zo/f $+n 2 dF, ().

n=1

Then our trick works smoothly again, and this yields an identity

1
/ Gr(=2)(A + pa?) dF () = 0.
0

This fact, consequently, is an interesting example of “pair correlation” between
eigenvalues of the Hilbert-Schmidt operator in Section 2.6. Using definition of dis-
tribution F),, the last identity is equivalent to

. ) \)
Z mL mL+1/\ m(L m(LJ)rlM) 0,

and thus is a property of “orthogonality” of G,(z). This expression is symmetric
regarding  and \. As could be expected, it is void in case © = \. As a matter of
fact, the proof of the above identity is fallacious, since the definition of distributions
F, does not imply properties (4.1) (these simply have no meaning). Nevertheless,
numerical calculations show that the last identity truly holds. We also hope to return
to this topic in the future.

4.6 Fourier series

Minkowski question mark function F(z), originally defined for x > 0 by (1.1), can
be extended naturally to R simply by the functional equation F(z + 1) = 2 + 1F( ).
Such an extension is still given by the expression (1.1), with the difference that a
can be negative integer. Naturally, the second functional equation is not preserved
for negative x. Thus, we have

22T (F(z+1)—1) =2%(F(z) — 1) forz € R.

So, 2*(F(x) — 1) is a periodic function, which we will denote by —¥(z). Figure 4.1
gives the graph of U(x) for z € [0,1]. Thus, F(z) = —27"¥(z) + 1. Since F(x) is
singular, the same is true for ¥(z): it is differentiable almost everywhere, and for
these regular points one has ¥/'(z) = log2 - ¥(x). As a periodic function, it has an

associated Fourier series expansion ¥(z) ~ Y. ¢,e?™. Since F(x) is real function,
n=-—00
this gives c_,, = ¢,, n € Z. Letforn > 1, ¢, = a, + ib,, and ag = % . Here we list

initial numerical values for ¢ = ¢,(2log2 — 4min) (see the next Proposition for the
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1.05

095

Figure 4.1: Periodic function ¥(z)

reason of this normalization).

cy = 1.428159, c3 = +0.128533 — 0.026840¢, ¢5 = —0.262601 + 0.004128¢,
c; = —0.521907 + 0.1487544, ¢} = —0.140524 — 0.021886¢, c¢7 = +0.198742 — 0.013703¢,
c5 = —0.334910 — 0.0178697, c; = +0.285790 + 0.003744¢, c§ = —0.008479 4 0.0240123.

It is important to note that we do not pose the question about the convergence
of this Fourier series. For instance, the authors of [62] and [58] give examples
of singular monotone increasing functions f(x), whose Fourier-Stieltjes coefficients
fol e?™ne d f(z) do not vanish, as n — oco. In [62], the author even investigated
f(x) =?(x). In our case, the convergence problem is far from clear. Nevertheless,
in all cases we substitute —27*W¥(z) instead of (F'(x) — 1) under an integral. Let, for
example, W (z) be a continuous function of at most polynomial growth, as x — oo,

N .
and let Uy (z) = > c,e?™™%. Then
n=—N

)/W z) —1) + 27Uy (z )dm}<<Z|W )2 /|2f ) — 1) + Uy (z)| dz.

Since 2% (F(x) — 1) € L2[0,1], the last integral tends to 0, as N — co. As it was said,
this makes the change of (F(z) —1) into —27*¥(z) under integral legitimate, and this
also justifies term-by-term integration. Henceforth, we will omit a step of changing
U(z) into ¥ (z), and taking a limit N — oc.

A general formula for the Fourier coefficients is given by

Proposition 4.8. Fourier coefficients c, are related to special values of exponential
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generating function m(t) through the equality

m(log 2 — 2min)

and ¢, = O(n™1).
2log2 —dmin ' 2Nd e =0(n7)

Cp —

Proof. We have (note that F(1) = 3):

1

1
— 9T ([ 1) 2winz d (log 2—-2min) _
n / (F(z) Je v log2 — 2min /
0 0

1
m(log2 — 27in)

(log 2—2min) dF — )
10g2— 2min /6 (z) = 2log 2 — 4min
0

The last assertion of proposition is obvious. B

This proposition is a good example of intrinsic relations among the three func-
tions F'(z), G(z) and m(¢). Indeed, the moments m, of F'(x) give Taylor coefficients of
G(z), which are proportional (up to the factorial multiplier) to Taylor coefficients of
m(¢). Finally, special values of m(¢) on a discrete set of vertical line produce “Fourier
coefficients” of F(x).

Next proposition describes explicit relations among Fourier coefficients and the
moments. Additionally, in the course of the proof we obtain the expansion of G(z)
for negative real z in terms of incomplete gamma integrals.

Proposition 4.9. For L > 1, one has

c
Mg =L! n . 4.8
L % (log2 — 2min)L (4.8)

Proof. Let z < 0 be fixed negative real. Then integration by parts gives

G(z+1):/ v d(F(x)—1):/(11m)22w\y(g;)dx:
0 0

oo(log 2—27in)

o0
1 . 1 1
v | = —a(log2—2min) g, .~ / “Ydy.
0= [ G "= g2 2mim s
0 0
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Since by our convention z < 0, the function under integral does not have poles for
Ry > 0, and Jordan’s lemma gives

[e.o]

V, My =
(2) = log 2 — 27Tm / ~ Tog2 Zan) -
0

o0

1 z 1
-V here V(z) = [ —————=e Ydy.
log2 — 2min <log2—2m'n>’ where V(z) /(1 —yz)Qe 4
0

The function V(z) is defined for the same values of z as G(z + 1) and therefore is
defined in the cut plane C\ (0,00). Consequently, this implies

z
Glz+1) Zlog2—2mn V(log2—2m’n>' (4.9)

The formula is only valid for real z < 0. The obtained series converges uniformly,
| >1forn € Zand z <0. Since

001 )
V /dey,
1

this gives us the expansion of G(z + 1) on negative real line in terms of incomplete
gamma integrals. As noted before, and this can be seen from (2.9), the function G(z)
has all left derivatives at z = 1. Further, (L — 1)—fold differentiation of V' (z) gives

: z
since |1 - ylog 2—2min

L'/ - L+1€ Ydy = VED(0) = LI(L — 1),
— )
0

Comparing with (4.9) and (2.9), this gives the desired relation among moments M,
and Fourier coefficients, as stated in the Proposition. B

It is important to compare this expression with the first equality of (2.6). Indeed,
since m(¢) is entire, that equality via Cauchy residue formula implies the result ob-
tained as Proposition 2.2, i.e.

log 2 1 \L
M, ~ mUos )( ) L (4.10)
2log?2 \log?2

It is exactly the leading term in (4.8), corresponding to n = 0.

4.7 Associated zeta function

Recall that for complex ¢ and s, ¢® is multi-valued complex function, defined as
esloge — gs(loglelt+iarg(c))  Henceforth, we fix the branch of the logarithm by requiring

that the value of argc for ¢ in the right half plane Rc¢ > 0 is in the range (—7/2,7/2).
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Thus, if s = o + it, and if we denote r,, = log2 + 27in, then |r, 5| = |r,| 7e!¥8™ ~
|rn|~7e*™/2 as n — +oo. Minding this convention and the identity (4.8), we intro-
duce the zeta function, associated with Minkowski question mark function.

Definition 4.10. The dyadic zeta function (\(s) is defined in the half plane Rs > 0

by the series
Cn
Cm(s) :ZW, (4.11)

neL

where c,, are Fourier coefficients of V(z), and for each n, (log2 —2min)® is understood
in the meaning just described.

Then we have

Theorem 4.11. (u((s) has an analytic continuation as an entire function to the whole
plane C, and satisfies the functional equation

Cm($)T'(s) = = Cm(=5)0(=s). (4.12)

Further, (m(L) = % for L > 1. (am(s) has trivial zeros for negative integers:
Cm(—=L) =0for L > 1, (\(0) =1, and (' (—L) = (L — 1)!(-=1) M. Additionally,
Cm(s) is real on the real line, and thus (\(S) = (m(s). The behavior of (aq(s) in

vertical strips is given by estimate
|Cm(o +it)| < —o=1/2  omlt]/2

uniformly fora < o <, [t| — 0.

As we will see, these properties are immediate (subject to certain regularity con-
ditions) for any distribution f(x) with a symmetry property f(z)+ f(1/x) = 1. Nev-
ertheless, it is a unique characteristic of F/(x) that the corresponding zeta function
can be given a Dirichlet series expansion, like (4.11). We do not give the proof of the
converse result, since there is no motivation for this. But empirically, we see that
this functional equation is equivalent exactly to the symmetry property. Addition-
ally, the presence of a Dirichlet series expansion yields a functional equation of the
kind f(z+1) = %f(x)Jr%. Generally speaking, these two together are unique for F(z).

Note also that the functional equation implies that (u(it)['(1 +it) = [ 2" dF(z) is

real for real t. Figures 4.2-4.4 shows its graph for 1.5 < ¢ < 270. Fur(%her calcula-
tions support the claim that this function has infinitely many zeros on the critical
line s = 0. On the other hand, numerical calculations of contour integrals reveal
that there exist much more zeros apart from these.

We need one classical integral.
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Figure 4.2: (ap(it)[(1 +4t), 1.5 <t < 90.
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Figure 4.4: (pq(it)D(1 +4t), 180 < ¢ < 270.

Lemma 4.12. Let A be real number, arctan(A) = ¢ € (-7, %), and Rs > 0. Then

/xs_le_x cos(Ax)dx =
0

1
A A7)z S0 (s):

The same is valid with cos replaced by sin on both sides.

This can be found in any extensive table of gamma integrals or tables of Mellin
transforms.

Proof of Theorem 4.11. Let for n > 0, arctan 120% = ¢,. We will calculate the

following integral. Let Rs > 0. Then integrating by parts and using Lemma 4.12,
one obtains

/ms d(F(z)—-1) = /:US_IQ_QC\IJ(JC) dr=s Z cn/xS_IQ_xe%im dz
0 0 nez 0
=s Z / 25t (2an cos(2mnz) — 2by, sin(27rnx)> 27%dx =
n=0 0
QSF(S) nzzo | log 24+ 27Tni|_s <an COS(QZSTLS) - bn Sin(qbns)) = SF(S) 7% m

Note that the function [;°z*dF(x) is clearly analytic and entire. Thus, sI'(s) (aq(s)
is an entire function, and this proves the first statement of the theorem. Since
F(z)+ F(1/x) = 1, this gives [;~ 2°dF(z) = [;° «~5dF(z), and this, in turn, implies
the functional equation. All other statements follow easily from this, our previous
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results, and known properties of the I'—function. In particular, if s = o + it,
()G + 1)) < [ [2°]dF (@) = Culo)Dlo + 1),
0

and the last statement of the theorem follows from the Stirling’s formula for I'—function:
IT(0 + it)| ~ V2rt?~1/2e=71/2 uniformly for a < o < b, as |t| — co. A

At this stage, we will make some remarks, concerning the analogy and differ-
oo

ences with the classical results known for the Riemann zeta function ((s) = L.

n=1

Let A(z) denote the usual theta function: (z) = ¥ e™°%, Sz > 0. The following
neN
table summarizes all ingredients, which eventually produce the functional equation

both for ((s) and {aq(s).

Function ¢(s) Cm(s)
Dirichlet series exp. | Periodicity: §(z +2) = 0 | Periodicity: F'(xz +1) = $F'(x)
Functional equation (ix) = ﬁe(%) Fl(z)=—-F'(3)

Since F(x) is a singular function, its derivative should be considered as a dis-
tribution on the real line. For this purpose, it is sufficient to consider a distri-
bution U(z) as a derivative of a continuous function V(z), for which the scalar
product <U ), deﬁned for functions f € C*°(R) with compact support, equals to
- ff z)dz. Thus, both 6(z) and 27 F'(z) are periodic distributions.

This guarantees that the appropriate Mellin transform can be factored into the prod-
uct of Dirichlet series and gamma factors. Finally, the functional equation for the
distribution produces the functional equation for the Mellin transform. The differ-
ence arises from the fact that for 6(z) the functional equation is symmetry property
on the imaginary line, whereas for F’(z) we have the symmetry on the real line in-
stead. This explains the unusual fact that in (4.11) we have the summation over the
discrete set of the vertical line, instead of the summation over integers.

We will finish by proving another result, which links {y(s) to the Mellin trans-
form of G(—z + 1). This can be done using expansion (4.9), but we rather chose a

direct way. Let [ G(—z+1)z*"1dz = G*(s). Symmetry property of Theorem 2.6 im-
0
plies that G(—z + 1) has a simple zero, as z — oo along the positive real line. Thus,

basic properties of Mellin transform imply that G*(s) is defined for 0 < Rs < 1. For
these values of s, we have the following classical integral:

1
/ 1+Z /x (1—2)°de=T(s)I'(1—s) = 7
0
0

sinms



4.8. Concluding remarks 65

Thus, using (2.10), we get

xzs—l z°" 1 S —s
= dF(z)dz = dzdF(x dF(z).
14+ xz 1+ z sin s
0 0 00 0

This holds for 0 < s < 1. Due to the analytic continuation, this gives

Proposition 4.13. For s € C\ Z, we have an identity

* _ _ . ™
G*(s) = Culs = D0(s) - .
Therefore, G*(s) is a meromorphic function, G*(s + 1) = -G*(—s + 1), and

ress—.G*(s) = (=1)"Mp_,. This is, of course, the general property of the Mellin

M

transform, since formally G(z +1) = 322 Mp2l~t. Thus, G(z +1) ~ > MpzF~tin
L=0

the left neighborhood of » = 0.

4.8 Concluding remarks

4.8.1 Dyadic period functions in H

As noted in Chapter 2, one encounters the surprising fact that in the upper half
plane H, the equation (2.13) is also satisfied by ;-G (z), where G1(z) stands for the
Eisenstein series (see page 18). Let fo(z) = G(z)—5=G1(z), where G(z) is the function
in Theorem 2.6. Then for z € H, fy(z) satisfies the homogeneous form of the three
term functional equation (2.13); moreover fy(z) is bounded, when Sz — co. Thus, if

f(z) = fo(2),

(1_2)2]"( )+ 2f(2 4+ 1) = £(2).

Therefore, denote by DPF? the C—linear vector space of solutions of this three term
functional equation, which are holomorphic in H and are bounded at infinity, and
call it the space of dyadic period functions in the upper half-plane. Consequently,
this space is at least one-dimensional. If we abandon the growth condition, then
the corresponding space DPF is infinite-dimensional. This is already true for periodic
solutions. Indeed, if f(z) is a periodic solution, then f(z) = Z%f(—l/z). Let P(z) €
C[z], and suppose that j(z) stands, as usually, for the j—invariant. Then any modular
function of the form j/(2) P(j(z)) satisfies this equation. Additionally, there are non-
periodic solutions, given by fy(2)P(j(z)). Therefore, G(z) surprisingly enters the
profound domain of classical modular forms and functions for PSL2(Z). Moreover,
in the space DPF, one establishes the relation between real quadratic irrationals (via
G(z), Minkowski question mark function F(z) and continued fraction algorithm),
and imaginary quadratic irrationals (via j—invariant and its special values). Hence,
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it is greatly desirable to give the full description and structure of spaces DPF’ and
DPF.

4.8.2 Where should the true arithmetic zeta function come from?

Here we present some remarks, concerning the zeta function (u((s). This object
is natural for the question mark function - its Dirichlet coefficients are the Fourier
coefficients of F(z), and its special values at integers are proportional to the mo-
ments M. Moreover, its relation to G(z), m(t) and F(z) is the same as the role of
L—series of Maass wave forms against analogous objects [76]. Nevertheless, one
expects richer arithmetic object associated with Calkin-Wilf tree, since the latter
consists or rational numbers, and therefore can be canonically embedded into the
group of ideles Ag. The p—adic distribution of rationals in the n—th generation of
Calkin-Wilf tree was investigated in Section 2.6. Surprisingly, Eisenstein series G;(z)
yet again manifest, as in case of R (see previous subsection). Nevertheless, there is
no direct way of normalizing moments of the n—th generation in order for them to
converge in the p—adic norm. There is an exception. As can easily be seen,

1
Z [a07a17"7a8] :3'2TL*2_§?

aptai+...+as=n

and thus we have a convergence only in the 2—adic topology, namely to the value

—%. The investigation of p—adic values of moments is relevant for the following

reason. Let us apply F(x) to each rational number in the Calkin-Wilf tree. What we
obtain is the following:

i/%\i
S ,

/N /N

1
8
13 3

7

L 9 5
16 16 16 16 16 1

N\

16

—

1

\z
8
e
16

=]

1
27
each rational r produces two offsprings: 5 and 5 + 1. One is therefore led to the

Using (2.1), we deduce that this tree starts from the root 3, and then inductively

following

Task. Produce a natural algorithm, which takes into account p—adic and real
properties of the above tree, and generates Riemann zeta function ((s).

We emphasize that the choice of ((s) is not accidental. In fact, R—distribution
of the above tree is a uniform one with support [0,1]. Further, there is a natural
algorithm to produce “characteristic function of ring of integers of R” (that is, e~™*")
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from the uniform distribution via the central limit theorem through the expression

1

1
1
R “1 “1 3TV

(For clarity, here we take the uniform distribution in the interval [—1, 1]). This for-
mula and this explanation and treatment of e~™” as “characteristic function of the
ring of integer of R” is borrowed from [30], p. 7. Further, the operator which is
invariant under uniform measure has the form U/ f](z) = 2 f (%) +3f(£+3). Indeed,
for every f € C[0,1], one has fol[l/lf](a:) de = fol f(z)dz. The spectral analysis of U
shows that its eigenvalues are 27", n > 0, with corresponding eigenfunctions being
Bernoulli polynomials B, (z) [27]. These, as is well known from the time of Euler,
are intricately related with ((s). Moreover, the partial moments of the above tree

can be defined as Z?J:Vl (2§§1)L. These values are also expressed in term of Bernoulli
polynomials. As we know, there are famous Kummer congruences among Bernoulli
numbers, which later led to the introduction of the p—adic zeta function (,(s). Thus,
the real distribution of the above tree and its spectral decomposition is deeply re-
lated to the p-adic properties. This justifies the choice in the task of ((s).
Therefore, returning to Calkin-Wilf tree, one expects that moments can be p—adically
interpolated, and some natural arithmetic zeta function can be introduced, as a “pre-
image” of {(s) under map F.



Chapter 5

Explicit series for the dyadic period
function

5.1 Introduction and main results

We wish to emphasize that the main motivation for previous research was clarifica-
tion of the nature and structure of the moments m . It was greatly desirable to give
these constants (emerging as if from geometric chaos) some other expression than
the one obtained directly from the Farey (or Calkin-Wilf) tree, which could reveal
their structure to greater extent. This is accomplished in the current Chapter. Thus,
the main result can be formulated as follows.

Theorem 5.1. There exist canonical and explicit sequence of rational functions H,,(z),
such that for {Rz < 3}{|z| < 1}, one has an absolutely convergent series

G:) = [ s dF@) = D (1) Hu(2), Hu(2) = e
0 "

where %,,(z) is the polynomial with rational coefficients of degree n — 1. Forn > 1
it has the following reciprocity property:

Bulz 1) = (1) B, (1 41), B(0) =0,

The following table gives initial polynomials %, (z).

68
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n Bn(2) || n PBn(2)
0 —1 4 f%z3+%227%2
o) ot 0 e -
2 _EZ 6 —313%° + T50% — 1atrs% — 303752 + GoTe0”

1 2 X
1o 2 16 .6 1628392 .5 | 272869 _4 , 5392444 .3 _ 238001 2 , AT7802
3 z 92' 7| 59 29325625 % T 223256257 T 22325625 637875% T 3189375

Example. In fact, apparently the true region of convergence of the series in ques-
tion is the half plane Rz < 1. Take, for example, zy = % + 4i. Then by (2.13) and
symmetry property one has

1 1 1 !
G(z0) = iG(ZU —1) - 2(z0 — 1)2G<Zo - 1> 2(0-1) -

_ 1 (zo — 1) _ 1 G( 1 ) _ 1 _ 1 ‘
2(z0—2)%2 \zp—2 2(z0—1)2 \zp—1 2(z0—2)  2(20—1)
Both arguments under G on the right belong to the unit circle, and thus we can
use Taylor series for G(z). Using numerical values of m, obtained via the method
described on page 18, we obtain: G(zp) = 0.078083,+0.205424 i, with all digits exact.
On the other hand, the series in Theorem 5.1 for n = 60 gives
60
> (=1)"Hp(z0) = 0.078090 4 + 0.205427 ;. i.
n=0
Finally, based on the last integral in (2.10), we can calculate G(z) as a Stieltjes in-
tegral. If we divide the unit interval into N = 3560 equal subintervals, and use
Riemann-Stieltjes sum, we get an approximate value G(zy) ~ 0.078082 + 0.205424:.
All evaluations match very well.

With a slight abuse of notation, we will henceforth write f(/~1)(z,) instead of
L—1
é?azL—l (Z)’z:zo'

Corollary 5.2. The moments mj, can be expressed in the closed form by the conver-
gent series of rational numbers:

my = lim 227" Z [0,&1,@2,...,GS]L=

el ai1taz+...fas=n
- (L
= o L CUHEO)
" n=0

The speed of convergence is given by the following estimate: ‘H%Lil)(())’ < ﬁ for

every M € N. The implied constant depends only on L and M.
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Thus, mg = Y 7 ((—1)"H/,(0) = 0.290926476,. Regarding the speed, numerical
calculations show that in fact the convergence is geometric. For example, Theorem
5.1 in case z = 1 gives

M1:G(1):1+0+Zé<§>n:g,
n=0

which we already know. Geometric convergence would be the consequence of the
fact that analytic functions my(p) extend beyond p = 1 (see below). This is sup-
ported by the phenomena represented in Theorem 5.4. Meanwhile, we are able to
prove only the given rate. Theorem 5.1 gives a convergent series for the moments
M, as well. This is exactly the same as the series in the Corollary 5.2, only one needs
to use a point z = 1 instead of z = 0. To this account, Proposition 5.14 suggests the
following prediction, which is highly supported by numerical calculations, and which
holds for L = 1.

Prediction 5.3. For L > 1, the series

My(p) = (Lil), Do

has exactly 2 — %\/5 as radius of convergence.

The following two tables give starting values for the sequence H/,(0).

n | H,(0) || n H/ (0) n H/ (0)
0 1 5 7 10 8026531718888633
4 T 9.34.52 T 212.39.57.71.11.172
87 797209536976557079423
1 0 6 ~98.35.53 1 211.310.58.75.112.173-31
) 1 7 238901 12 4198988799919158293319845971
48 27.36 .54 .7 214.311.59.76.113.13.174.312
3 1 8| — 181993843 13 _12702956822417247965298252330349561
79 210 .37 .55 .72 210.312.510.77.114.132.175-313

4 53 9 12965510861 14 7226191636013675292833514548603516395499899
8640 26 .38 .56.73.77 216.313.511.78.115.133.176.314
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n H/ (0)

15 129337183009042141853748450730581369733226857443915617
5.314.512.79.116.134.177.315.43-127

16 31258186275777197041073243752715109842753785598306812028984213251
218.315.513.710.117.135.178.316.432.1272

17 | = 3282520501229639755997762022707321704397776888948469860959830459774414444483
212.316.514.711.118.136.179.317.433.1273-257

The float values of the last three rational numbers are
—0.000025804822076, 0.000018040274062, and — 0.000010917558446

respectively. The alternating sum of the elements in the table is ZnNzo(—l)”H’n(O) =
0.2909255862, (where N = 17), whereas N = 40 gives 0.2909264880, and N = 50
gives 0.2909264784, . Note that the manifestation of Fermat and Mersenne primes
in the denominators at an early stage is not accidental, minding the exact value of
the determinant in Lemma 5.21, Section 5.7 (see below).

As will be apparent later, the result in Theorem 5.1 is derived from the knowledge
of p—derivatives of G(p, z) at p = 2 (see below). On the other hand, since there are
two points (p = 2 and p = 0) such that all higher p—derivatives of G( p, z) are rational
functions in z, it is not completely surprising that the approach through p = 0 also
gives convergent series for the moments, though in this case we are forced to use
Borel summation. At this point, the author does not have a strict mathematical
proof of this result (since the function G( p, z) is meanwhile defined only for Rp > 1),
though numerical calculations provide overwhelming evidence for its validity.

Theorem 5.4. (Heuristic result). Define the rational functions (with rational coeffi-
cients) Q,(z), n >0, by

1 1 1 o , 1
Qo(z) = ~55 and recurrently by Q,,(z) = 3 z; - an_]—_l(—l) . (zJ - ﬁ)
]:
Then
_ : 2—n L _
mp = lim 2 Z 0,a1,az,...,as]" =
aitaz+...fas=n
Q ) r4+1
— n B —t
- S (N [t
r=0 n=0 -
Moreover,
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where 2,(z) are polynomials with rational coefficients (Q, integers for p # 2) of
degree 2n — 2 with the reciprocity property

Dn(z) = 2229, (%) .

Note the order of summation in the series for my, since the reason for introducing
exponential function is because we use Borel summation. For example,

r+1

)" /tne_tdt) = %

r

« 5y Borel -
1—244-8416—32+ .. = §(§ =
r=0 n=0

The following table gives initial results.

n | Dn(z) n | Dn(z)
1] 4| §(225 - 325 + 62 — 323 + 622 — 32+ 2)
2 (22 +1) 5 2(28 =227 +420 — 725 442 — 723 4 422 — 22+ 1)
312 =242 —2+1) | 6| £(2210 =529 + 1228 — 2027 + 3726—
—202° +372% — 2023 + 1222 — 52 + 2)

The next table gives Q/,(—1) = 2(—1)"%,(—1) explicitly, which appear in the series
defining the first non-trivial moment msy. Also, since these numbers are p—adic in-
tegers for p # 2, there is a hope for the successful implementation of the idea from
the Section 4.8; that is, possibly one can define moments m;, as p—adic integers as
well.

QD[ n QD[ e QD[ e Q)

0 % % 16 2068634{)175 24 168512312707817

1 o % o % 17 _ 33993422899 25 o 92779951132448103

2 1 10 % 18 1125;22909 2% 80142217248019997

3 _% 11 —9751 19 o 1501411350659 27 _ 1111839521428032133
4 % 192 30365 20 2518865452721 28 774005(1550532342455

5 —16 13 o 306392719 21 — 170011624860947 29 _ 1351597(5)?38654393
6 43 14 1221099 29 115373?(1584807 30 4735424?(1330630005
7 o QSL 15 — 317%3165 23 — 983662214037 31 o 6656321(2)(1)11121 145115

The final table in this section lists float values of the constants

r+1
00 (1 - 00
197.:2(2"72!)-/15"6 tdt, r e Ny, Z'ﬁr:mg,
n=0

r r=0

appearing in Borel summation.
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Uy
0.2327797875
0.0471561089
0.0085133626 0.0004005270
0.0005892453 0.0002722002

—0.0001872357 || 10 | 0.0001607897
0.0002058729 || 11 | 0.0000812407

Uy
0.0004701146
0.0004980015

T = W N = O
© 00 N O3

Thus, Y11, 9, = 0.2909400155 = my + 0.000013539 .

5.2 p—question mark functions and p—continued fractions

In this section we introduce a family of natural generalizations of the Minkowski
question mark function F(z). Let 1 < p < 2. Consider the following binary tree,
which we denote by Q,. We start from the root + = 1. Further, each element
(“root”) x of this tree generates two “offsprings” by the following rule:

px z+1
x+1’ p

€T —

We will use the notation 7,(z) = %, Up(r) = 25. When p is fixed, we will some-

times discard the subscript. Thus, the first four generations look like
% (5.1)
/ \ 2

P 2
/ ; \ / ’ \
p? p+2 2p p+2
p+2 2p p+2 p
/ \ e AN / AN \ \
p’ pP°+p+2  p°+2p 3pt2 2p? 3p+2 p>+2p p°+p+2
p2+p+2 p2+2p 3p+2 2p? 3p+2 p2+2p  pZ+p+2 p3

We refer the reader to the paper [23], where authors consider a rather similar con-
struction, though having a different purpose in mind (see also [9]). Denote by T,,(p)
the sequence of polynomials, appearing as numerators of fractions of this tree. Thus,
Ti(p) =1, Ta(p) = p, T3(p) = 2. Directly from the definition of this tree we inherit
that

Ton(p) = pTu(p) forn>1,
Ton—1(p) = Tu—1(p)+ p “Tn(p) forn > 2,

where ¢ = ¢(n) = 1 if n = 2 and ¢ = 0 otherwise. Thus, the definition of these poly-
nomials is almost the same as it appeared in [38] (these polynomials were named
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Stern polynomials by the authors), with the distinction that in [38] everywhere one

has ¢ = 0. Naturally, this difference produces different sequence of polynomials.
There are 2"~! positive real numbers in each generation of the tree Q,, say a,(ﬁn),

1 < k <2"!. Moreover, they are all contained in the interval [p — 1, ﬁ]. Indeed,

this holds for the initial root z = 1, and

1<x< 1 & 1< i <1
_ < —— _ P

P - T p-—-1 P “r4+1 77
p—1§x§—1 <:>1<$+1<71

p—1 ~p " p—1
This also shows that the left offspring is contained in the interval [p — 1,1}, while
the right one - in the interval [1, ﬁ]. The real numbers appearing in this tree have
intrinsic relation with p—continuous fractions algorithm. The definition of the latter

1

is as follows. Letz € (p—1 ). Consider the following procedure:

) p—1

T Hz) = pr—1, if 1§m<ﬁ,

Ry(z) = I(z)=1, if p-l<z<l,
STOP, if z2—=p—1.

Then each such z can be uniquely represented as p—continuous fraction

x = [ag, a1, a2, a3, ... p,

where a; € N fori > 1, and agp € NU {0}. This notation means that in the course
of iterations R’ (z) we apply 7 ~1(x) exactly ag times, then once Z, then we apply
7! exactly a; times, then Z, and so on. The procedure terminates exactly for those
ze(p—1, ﬁ), which are the members of the tree 9, (“ p-rationals”). Also, direct
inspection shows that if procedure does terminate, the last entry as > 2. Thus, we
have the same ambiguity for the last entry exactly as is the case with ordinary con-
tinued fractions. At this point it is straightforward to show that the nth generation
of 9, consists of x = [ag, ai, ..., as] , such that Z;:o aj = n, exactly asin the case p=1
and tree (1.2).

Now, consider a function X ;(z) with the following property: X ,(z) =z, where «
is a rational number in the Calkin-Wilf tree (1.2), and 7 is a corresponding number
in the tree (5.1). In other words, X,(x) is simply a bijection between these two
trees. First, if z < y, then T < 3. Also, all positive rationals appear in the tree (1.2)
and they are everywhere dense in R,. Moreover, 7 and U both preserve order, and
[p —1,557) is a disjoint union of 7[p — 1, 517) and U[p — 1, 517). Now it is obvi-
ous that the function X,(z) can be extended to a continuous monotone increasing
function

Xp(x) iRy = [p— 1= ). Xploc) = .
Thus,

%p([ao, ai, ag, CL3...]> = [ao, ai, ag, a3...] p-
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As can be seen from the definitions of both trees (1.2) and (5.1), this function satisfies
functional equations

Xp(z+1) = %p(a:p)—l—17
x _ pXp(x)
%p(x—i—l) B %p(a:p)—i—l’ (5-2)

1 1
4(l) < o
z Xp(x)
The last one (symmetry property) is a consequence of the first two. We are not aware
whether this notion of p—continuous fractions is new or not. For example,

1+ VT4 145
1rtvitip [1,1,1,1,1,1,...]p:3€p( +f),
2p 2
V3 = [4,2,1,10,1,1,2,1,51,1,2,1,2,1,1,2,1,3,7,4, .]s,
2 = [4,1,1,2,T,1) 4

Now fix p, 1 < p < 2. The following proposition follows immediately from the
properties of F(z).

Proposition 5.5. There exists a limit distribution of the nth generation of the tree
Qp asn — oo, defined as

Fy(z) = 77h_)lr{)lo 2yt a,(fn) < x}.

This function is continuous, F,(z) =0 forz < p—1, F,(z) =1 forz > ﬁ, and it
satisfies two functional equations:

: 1
Fo(pr —1) +1, if 1§$§ﬁa (5.3)

Fp(pfx), if p—-1<z<1.

2Fy(z) = {

Additionally,
1
Fy(z) + Fp<5) =1 forz > 0.
The explicit expression for Fy(z) is given by

Fy([ag, ay, a2, a3,...]p) = 1 — 27% 4 g~ (aotar) _ g—(aotar+az) 4
We will refer to the last functional equation as the symmetry property. As was
said, it is a consequence of the other two, though it is convenient to separate it.

Proof. Indeed, as it is obvious from the observations above, we simply have

Fo(Xp(z)) = F(z), z€]0,00).
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Therefore, two functional equations follow from (5.2) and (2.1). All the other state-
ments are immediate and follow from the properties of F(z). B

Equally important, consider the binary tree (5.1) for p > 2. In this case analogous
proposition holds.

Proposition 5.6. Let p > 2. Then there exists a limit distribution of the nth genera-
tion asn — oo. Denote it by f(x) This function is continuous, f,(x) = 0 forz < ﬁ,
folxz) =1forxz > p—1, and it satisfies two functional equations:

fo(pz—1) if 1<z<p-1,

folz5)+1  if Sy <z<l,

2fp($) = {
and

folz)+ fp(%) =1 forz>0.

Proof. The proof is analogous to the one of Proposition 5.5, only this time we
use equivalences

1 px
-1<z< —6 1< ——< p—1,
e T

1 1 <a:—|—1
P

p—1<z< &

<p-1 W
p—1  p—-17 =P

For the sake of uniformity, we introduce F,(z) = 1 — fp(z) for p > 2. Then
F,(x) satisfies exactly the same functional equations (5.3), with a slight difference
that F(z) = 1 for z < ﬁ and F,(z) = 0 for z > p — 1. Consequently, we will
not separate these two cases and all our subsequent results hold uniformly. To this
account it should be noted that, for example, in case p > 2 the integral [ ;_l*d*
should be understood as — flp_l *xdx. Figure 5.1 gives graphic images of typical cases

for Fy(z).

5.3 Complex case of the tree 7,

After dealing the case of real p, 1 < p < oo, let us consider a tree (5.1), when p € C.

Fact 5.7. Fix p, Rp > 1, p # 1. Then all members of Q, belong to a compact set.
Moreover, for |p — 2| < 1 this set is contained in the half plane Rz > —%.

As a consequence, since this set is invariant under z — 1, for |p — 2| < 1 this set
is contained outside the circle |z + 1| < 1.

We want to extend the definition of X( p, z), given for a positive p in the previous
Section, to complex values of p. Thus, as before, let us define X(p,z) = = for z €
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1
03 s
5 // 16
//_/
it 04
[ / 02
//
J 1 i 15 1 b3 % [\ f 12 14 15 18
p=12,2¢€][0.2,3] p=3,z€l0.5,2]
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p=10, z € [0.1,9] p=25,z € [0,10]

Figure 5.1: Functions Fj(x)
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Figure 5.2: .7, p=0.4+1.8:

Q;, where 7 is a corresponding element of the tree Q,. Then Fact 5.7 after some
preliminary calculations implies

Fact 5.8. Fix ®p > 1. Then the function X(p,z) : Q1 — C is uniformly continuous
function, and consequently it can be extended by continuity to X(p,z) : [0,00) U
{0} — C. Therefore, the curve X(p,|[0,cc]) (denote it by .#,) is a closed set in C.
As a consequence, 0 ¢ ., for p # 1.

This curve .#, has a natural fractal structure: it decomposes into two parts,
namely j"—pﬂ ;;ﬁl’ with a single common point z = 1. Additionally, .#, = ,%P
Thus, each point 2 on this curve has a unique representation of p—continued fraction
of the form z = [ag, a1, as, ...] ,, Where ag € Ny, and a; € N for i > 1. For this reason,
the curve is not self intersecting (except for p = 2, since in this case .# is a single
point). Figures 5.2-5.6 show the images of .#, (we take sixteen generations of Q)
for certain characteristic values of p. They are indeed all continuous curves, at least

for Rp > 1!

and

Now we will pass to the next level. Namely, it appears that the function X(p, z) :
[0,00] — C has a derivative in p, ®p > 1, and it is a continuous and bounded function
for p # 1. On the other hand, the point p = 1 must be treated separately. It appears
that there exist all derivatives at p = 1 as well, though this time they are contin-
uous functions only for irrational z. This is a generic situation: higher derivatives
dd—pTT%( p,x) for T > 2, Rp > 1, are also continuous functions only for z € Ry \ Q.



5.3. Complex case of the tree T, 79

Figure 5.3: ., p=0.1+ 2:.

Luckily, this will have a small impact on the analyticity of m(p) inthe disc |p—2| <1
(Proposition 5.11).

Fact 5.9. Let x,y € Q. be elements in (1.2), and T and y be the corresponding
rational functions in (5.1). Suppose Rpy > 1, po # 1. Then, as = varies over [0, o],
complex numbers dipf\ p=p, Delong to compact set. Moreover, ifz,y — o, z,y € Q4,
a € Ry, then {S7|,—p, and {7 p=p, tend to the same finite limit.

For example, Figure 5.7 shows the image of the curve dip%( P, T)| p=1.540.5i) T €
[0, o0].

We are left to tackle the case p =1.

Fact 5.10. There exists Sy(x) = Cf“—ljv%( p,x)|p=1. This function is continuous for
p
irrational x. Moreover, Sy(z) <y V! forx > 1, and Sy(z) <y 1 for z € (0,1).

Surprisingly, all straightforward attempts to prove the Fact 5.7 fail. Facts 5.8,5.9
and 5.10 are almost direct corollaries of the latter. As a matter of fact, the investiga-
tions of the tree Q, deserves a separate paper. I am very grateful to my colleagues
Jeffrey Lagarias and Stefano Isola, who sent me various references, also informing
about the intrinsic relations of this problem with: Julia sets of rational maps of
the Riemann sphere; iterated function systems; forward limit sets of semigroups;
various topics from complex dynamics and geometry of discrete groups. Thus, the
problem is much more subtle and involved than it appears to be. This poses the
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Figure 5.4: .#,, p=1+0.9:. This is a continuous curve!

deep question on the limit set of the semigroup, generated by transformations /,
and 7,, or any other two “conjugate” analytic maps of the Riemann sphere (say,
two analytic maps A and B are “conjugate”, if A(a) = «, B(B) = 3, A(B) = B(a) =~
for some three points «, # and v on the Riemann sphere. We construct the same
tree, starting from the root v. The limit set should be some curve with endpoints «,
B3). The case of one rational map is rather well understood, and it is treated in [5].
On the other hand, the main Theorem 5.1 of this chapter is not directly related to
these topics. Therefore, we believe that graphic images of the curves .7, (and their
“derivatives”) should certainly convince the reader that the last four propositions
do certainly hold. Hence we do not present the strict proofs of the last four propo-
sitions, with an intention to investigate this problem in a separate paper.

With all these preliminary results, we formulate the main proposition of this
section, which is crucial in the final stage in the proof of Theorem 5.1. Let us define

1
my(p) =2 / xH(p,a)dF(z) = lim 27" 3 [0,a1,a2,., 4],
0 a1taz+...+as=n

Proposition 5.11. The function my(p) is analytic in the disc | p — 2| < 1, including its
boundary. In particular, if in this disc

n(p) = "L =S (e 2"
v=0



5.3. Complex case of the tree T, 81

m{m—"ﬁ”'x?:;

0s

e, 5““;“‘1“‘3
VDZ D’;%J:mglé v TR R
-

Figure 5.5: ., p=12+3¢

then for any M € N, one has an estimate n, , < v~ ™ asv — oo.

Proof. The function X(p,z) possesses a derivative in p for ®p > 1, p # 1, and
these are bounded and continuous functions for x € R,. Therefore my(p) has a
derivative. For p = 1, there exists ddTNfW%( p,z) < 2™+ and it is a continuous func-
tion for irrational z. Additionally, F'(z) = 0 for = € Q.. This proves the analyticity
of myz(p) in the disc |p — 2| < 1. Then an estimate for the Taylor coefficients is the
standard fact from Fourier analysis. In fact,

1
/ 2 + 6271'219 —2mivd do.
0

The function (2 + ¢>™) € C®(R), hence the iteration of integration by parts im-
plies the needed estimate. W

Definition 5.12. We define Minkowski p—question mark function Fy(z) : %, — [0,1],
by
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a5 06 a7 0a ik 1 11 12

Figure 5.6: ., p=1.5+0.5¢

5.4 Properties of integral transforms of F,(x)

For given p, p > 1, we define

o= PP 2 xast] = X(p. [nm 4+ 1)) for m € No.
prt(p—1)
Complex numbers y,, stand for the analogue of non-negative integers on the curve
#,. In other words, x, = U"(p — 1). We consider .#, as part of the curve .7,
contained between the points y,, and x,+1. Thus, xo = p—1, x1 = 1, and the

sequence x,, is “increasing”, in the sense that x; as a point on a curve .7 is between
o0

xi and xy, if i < j < k. Moreover, U 4, {55} = 4.
n=0

Proposition 5.13. Let w(x): .#, — C be a continuous function. Then

/w(m)de(:r) = i)Q”lH /w( pn_l(a;+ 1 + pnpfl__lpn> d Fy(x).
n= A

Zp

Proof. Indeed, using (5.3) we obtain:

[e@arm =3 [wwirw=3 [ wwire L
Zp =0z, =07 )
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Figure 5.7: £%(p, [0,00])| p=py, Po = 1.5+ 0.5

and this is exactly the statement of the proposition. B

For L, T € Ny let us introduce

[e.9]

1 pt —1 L
Bun(o) - oLy
L,T( p) TLZ:%) on+1 an pn+1 — pn
For example,
T T
p p
B = ———, B
O,T(p) 2pT_17 IT( ) (2p 1)(2pT+1_1)7
P T TR e T - DEpT - 1)
B;.r(p) pl(4p*"*3 +4p™H2 4+ 4p" ! +1)
’ 2pf3 —1)@2pf T2 —1)(2pT Tt —1)(2p! 1)
B pT(2 pT+2 + 1)(4 p2T+4 16 pT+3 +8 pT+2 16 pT+1 4 1)
Byr(p)

(2T = 1)(2pTF — (2p" 7~ D2pT T 12T — 1)’

As it is easy to see, By, r(p) are rational functions in p for L, T € Ny. Indeed,

1 <1 1\L - 1
BL,T(p): p_lL'Z(]an2n+1<1_pn) = p_lL Z <)22npn(s+T):

Z Pt T%’LT( )
p—1 (p—1)E 2p5+T 1 @2pT*+L —1)2pT+L-1 —1)....-(2pT+ —1)(2pT — 1)’
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where Z;, r(p) are polynomials. This follows from the observation that p = 1is a
root of numerator of multiplicity not less than L.

Asin case p = 1, our main concern are the moments of distributions F,(z), which
are defined by

1
mi(p) = 2 et dbw) = [ (LP5) dF) =2 [ 2F(p.0) dF (@),
0

S To
Mp(p) = /:ELde(SU).
Zp
Thus, if sup.c 4, [2| = pp > 1, which is finite for ®p > 1, p # 1 (see Section 5.3), then
|ML(p)| < pp-

Proposition 5.14. Functions My (p) and mp(p) are related via rational functions
Brr(p) in the following way:

Ma(p) = 3 () Br () (%)

S
s=0

Proof. Indeed, this follows from the definitions and Proposition 5.13 in case
wiz)=zL" 1

Let us introduce, following Chapter 2 in case p = 1, the following generating

functions:
= th ot pxt
mp(t) = > mu(p) =2 [ " dFp@) = [ exp (m)de(x);
L=0 Fo Ty
— OOmL(P) L—1_/1 _7 1
Gplz) = > R x+1_zde(:E) = 3€(w)H_ZdF(:U).(s.z;)
L=1 A 0

The limit situation p = 2 is particularly important, since all these functions can
be explicitly calculated, and it provides the case where all the subsequent results can
be checked directly and the starting point in proving Theorem 5.1. Thus,

1

mg(t) :et, GQ(Z): 9_

By the definition, expressions m(p)/ p” are Taylor coefficients of G ,(z) at z = 0.
Differentiation of L — 1 times under the integral defining G ,(z), and substitution
z =1 gives

YV = (- 1! [ L dRe) = Mulp) = Gl +1) = Y- Mi(p)E ', (5.9)
7, L=0
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with a radius of convergence equal to p;; L. Aswas proved in Chapter 2 and mentioned
before, in case p = 1 (p1 = oo) this must be interpreted that there exist all left
derivatives at z = 1. The next proposition shows how symmetry property reflects in

mp(t).

Proposition 5.15. One has

mp(t) = ePmp(—t).

Proof. Indeed,

A T
ePt (ﬂp(—uj%f)dF(@ =" ePlmy(—t). W
r+1 P P
Zp

This result allows to obtain linear relations among moments m( p) and the exact
value of the first (trivial) moment m;(p).

Corollary 5.16. One has

p? + 2
4p—2°

mi(p)= 2. Mi(p)=

Proof. Indeed, the last propositions implies

L
mp(p) =3 (L) (—1)ma(p) PP, L>0.

S
s=0

For L = 1 this gives the first statement of the Corollary. Additionally, Proposition
5.14 for L = 1 reads as

Mi(p) = =—— -ma(p) +

2p—1 2p—1’

and we are done. B

5.5 Three term functional equation

Theorem 5.17. The function G ,(z) can be extended to analytic function in the domain
C\ (HFp + 1). It satisfies the functional equation

1 p p Ip+1
4 2Gp(;) +2G,(2 4 1) = pGy(p2), forz¢ “ET-. (5.6)

z
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Its consequence is the symmetry property
1 1 1

Moreover, G p(z) — 0 if dist(z, Sp) — oo.
Conversely - the function satisfying this functional equation and regularity property

is unique.
Proof. Let w(x,z) = -—4—. Then it is straightforward to check that
r+1
P P p, 1
v 1) = -2 PN _ =
w(x+1,z+ ) ZQw(x’z) z

Thus, for Rp > 1, p # 2,

2Gp(2+1):2/w(w,z+1)de(x)+2 / w(z,z+1)d Fy(z) =

v I\ Fo
px px z+1 x4+ 1\
Q/w(w,zﬁ)de(m)m/w( ; ,z+1)de( . )_
A YA
p z+1 1 p p
Ju e nan@ [ oy s =1 - 560(2) + peu(po).
A T

(In the first integral we used a substitution z — 1). The functional equation holds
in case p = 2 as well, which can be checked directly. The holomorphicity of G (%)
follows exactly as in case p = 1, see Chapter 2, Proposition 2.5. All we need is the
first integral in (5.4) and the fact that .7}, is a closed set.

As was mentioned, the uniqueness of function satisfying (5.6) for p = 1 was
proved in Chapter 2, Proposition 2.7. Thus, the converse implication follows from
analytic continuation principle for the function in two complex variables (p, z) (see
Lemma 5.22 below, where the proof in case p = 2 is presented. Similar argument
works for general p). B

Corollary 5.18. Let p # 1, and ¢ be any closed smooth contour which circumvents
the curve .4, + 1 once in the positive direction. Then

1
% Gp(Z)dZ— —1.

4

Proof. Indeed, this follows from functional equation as well as from symmetry
property. It is enough to take a sufficiently large circle ¥ = {|z| = R} suchthat ¢ ~1+1
is contained in a small neighborhood of z = 1, for which (¢! +1)n (£, + 1) = 0.
This is possible since 0 ¢ .7, (see Fact 5.7). &
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We finish with providing an integral equation for m,(¢). We indulge in being
concise since the argument directly generalizes the one used in Chapter 2, Theorem
2.9, to prove the integral functional equation for m(¢) (in our notation, this is m;(¢)).

Proposition 5.19. Let 1 < p < oo be real. Then the function m(t) satisfies the
boundary condition m,(0) = 1, regularity property m,(—t) < e~V!1°22 and the inte-
gral equation

mp(—s) = /m’p(—t)(QeSJo(z\/ﬁ) - J0(2\/§)) dt, seRy.
0

For instance, in the case p = 2 this reads as

o oo
2¢° / e Io(2V2st) dt = 2e’e > = e fe =" + / et Jo(2V/st) dt,
0 0

which is an identity (see [72]).
Proof. Indeed, the functional equation for G ,(z) in the region Rz < —1 in terms of
m’, () reads as

o
1 , 2 w1, 1.
== —t( Sgs Z—fz>dt.
z /mp( )z—i-le +ze P
0

Now, multiply this by e ** and integrate over &z = —0 < —1, where s > 0 is real.
All the remaining steps are exactly the same as on the page 19. R

Remark. If p # 1, the regularity bound is easier than in case p = 1. Take, for
example, 1 < p < 2. Then

‘ —

p—1

1
p—1
pxt
]mp(t)|§/‘exp(x+1)‘de(x)< et d Fy(z) = e,
p—1 1

P

Thus, Proposition 5.15 gives |m,(—t)| < e(!~P?*. The same argument shows that for
p > 2 we have |mp(—t)] < e '.

5.6 Approach through p = 0: into the realm of unknown

Let us rewrite the functional equation for G ,(z) = G(p, 2) as

L. p P _

;+?G(p,;)+2G(p,z+l)— pG(p, pz). (5.7)
With a slight abuse of notation, we will use the expression 83;SG(O,z) to denote
88—;36‘( P, z)| 0=0 for s € Ng. Though the function G(p, z) is defined only for Rp > 1,
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z ¢ (Fp+1), assume that we are able to prove that it is analyticin p in a certain wider
domain containing a disc |p| < w, @ > 0. These are only formal calculations, but
they unexpectedly yield Theorem 5.4 (see Section 5.1), and numerical calculations
do strongly confirm the validity of it.

Thus, substitution p = 0 into (5.7) gives G(0,z) = 2(11_Z). Partial differentiation

of (5.7) with respect to p yields
1 p, P 0 p,, PO
) G(p, 2)+ B Gp )

B )
G(p, pz) + p%G(p, pz) + szG(p, pz).

0
2— 1) =
+ apG(p,z+)

Consequently, after substitution p = 0, we get

1 0 B 9 =11

In the same fashion, differentiating the second time, we obtain £ 8 >G(0,2) = (z-1)i-1

2(z—1)3 *
In general, direct induction shows that the following “chaln—rule” holds:
o n 9t I ,
= J
5o (pG(p, pZ)) H;n (j) P oo C (P PR +
n—1 0t oI )
J
E n( j > 8pi8sz(p’ pz)z7, (5.8)

itj=n—1
where in the summation it is assumed that 7, j > 0. Thus, differentiating (5.7) n > 1
times with respect to p, and substituting p = 0, we obtain:

o n—1\ 00 . 1
= - J _
255w G024 1) ) n< ; )apiasz(O’O)(z ZH).

i+j=n—1
Let

1 o —
Then

2Q, (2 +1) = Zl, Q ()(zj—zj%).

Consequently, we have a recurrent formula to compute rational functions Q(z). Let
Q.(2) = Q,,(z +1). Thus,

where &, are polynomials of degree 2n — 2 with the reciprocity property 2, (z) =
2229, <%) (this is obvious from the recurrence relation which defines Q,,(z)). More-

over, the coefficients of 7, are Q, integers for any prime p # 2. These calculations
yield the following formal result.



5.7. Approach through p = 2 89

Proposition 5.20. (Heuristic result). One has

Glp.2) =73 ph-Quz—1) = 3 priE @2_)%151_ 2
n=0 n—=0

This produces the “series” for the second and higher moments of the form
ma(p) = p*- Y p"Q,(-1).
n=0

In particular, inspection of the table in Section 5.1 (where the initial values for
Q/,(—1) are listed) shows that this series for p =1 does not converge. However, the
Borel sum is properly defined and it converges exactly to the value msy. This gives
empirical evidence for the validity of Theorem 5.4. The principles of Borel summa-
tion also suggest the mysterious fact that indeed G(p, z) analytically extends to the
interval p € [0, 1].

Additionally, numerical calculations reveal the following fact: the sequence
{/|1Q.(—1)| is monotonically increasing (apparently, tends to co), while % log |QL,(—1)|—
log n monotonically decreases (possibly, tends to —cc0). Thus,

A" < |Q(=1)] < (en)™,

forc =0.02372 and A = 3.527, n > 150. We do not have enough evidence to conjecture
the real growth of this sequence. If ¢ = ¢(n) — 0, as n — oo, then the function

n=0 ’

is entire, and Theorem 5.4 is equivalent to the fact that
o

/A(t)e_t dt = ma.

0

5.7 Closed form formula: approach through p =2

In this section we provide rigid calculations which yield explicit series for G(p, z) in
terms of powers of (p — 2) and certain rational functions. The function G(p,z) is
analyticin {| p—2| < 1} x {|]z| < 1}. This follows from results is Section 5.3, Fact 5.7,
integral representation (5.4), and also from (5.5) and explanation afterwards. Thus,
for {|p — 2| < 1} x {|z| < 1} it has a Taylor expansion

G(p,2)=>_ Y mur 2" (p-2)". (5.9)

L=1v=0
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Moreover, the function G(2 + €™ ¢2™%) ¢ C®(R x R), and it is double-periodic.
Thus,

1 1
oL, = //G(2 + 627ri197 e?m’cp)ef%rivﬂf%ri(Lfl)Lp dddp, v>0, L>1.
0 0

A standard trick from Fourier analysis (using iteration of integration by parts) shows
thatn, ;, < (Lv)~™ forany M € N. Thus, (5.9) holds for (p, 2) € {|p—2| < 1} x{|2| <
1}.

Our idea is a simple one. Indeed, let us look at (5.4). This implies the Taylor
series for mz(p)/pt = Y00 mu.r(p — 2)?, convergent in the disc |p — 2| < 1. Due
to the absolute convergence, the order of summation in (5.9) is not essential. This

yields
G(p,2) =Y (p=2)" (D mr - 2471,
v=0 L=1
Therefore, let
1 o _ _ = L—1
ﬁapnG(F%Z) — _HTL(Z) _Lzz:lnn,[/ z .

We already know that Hy(z) = 2;- Though my(p) are obviously highly transcen-

dental functions, the series for H,(z) is in fact a rational function in z, and this is

the main point of our approach. Moreover, we will show that

PBn(2)
(z —2)ntL’
where %,,(z) is a polynomial with rational coefficients of degree n — 1 with the reci-
procity property %, (z +1) = (—1)"2""'%,, (% + 1), #,(0) = 0. We argue by induction
on n. First we need an auxiliary lemma.

H,(z) =

Let Q[z],—1 denote the linear space of dimension n of polynomials of degree <
n — 1 with rational coefficients. Consider the following linear map £,,_; : Q[z],—1 —
Q[z]n-1, defined by

Lna(P)(z) = P(z+1) =

P(22) + HWPG)%?

on+1 on+1 >

Lemma 5.21. Forn € N, det(L,,—1) # 0. Accordingly, L, is the isomorphism.

Remark. Let m = [2]. Then it can be proved that indeed det(£, ;) = Li={* =D,

2m2+m

Proof. Suppose P € ker(L,,_1). Then the rational function H(z) = % satis-

fies the three term functional equation
AN
H(z+1)—H(2z)+H<;>Z—2_O, 241 (5.10)
Also, H(z) = o(1), as z — oo. Now the result follows from the following
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Lemma 5.22. Let Y(z) be any analytic function in the domain C\ {1}. Then if H(z)
is a solution of the equation

H( + 1) — H(22) + H(%)% —T(2),

such that H(z) — 0 as z — oo, H(z) is analytic in C\ {2}, then such H(z) is unique.

Proof. All we need is to show that with the imposed diminishing condition,
homogeneous equation (5.10) admits only the solution H(z) = 0. Indeed, let H(z)
be such a solution. Put 2z — 2"z + 1. Thus,

1 2
H(2"z +2) — H(2" 2 + 2 H( ):
(272 +2) - HE™ 2+ )+ Gy,
This is valid for z # 0 (since H(z) is allowed to have a singularity at = = 2). Now
sum this over n > 0. Due to the diminishing assumption, one gets (after additional
substitution z — z — 2)

>° 2
-3 H( ).
(272 — 2n+1 +1)27 \2nz — 20+l 4]

For clarity, put z — —z and consider a function H(z) = H(—z). Thus,

o0

o 1 o 2

H(z) = *Z (277 + 271 — 1)2H(2nz+2n+1 _ 1)'
n=0

Consider this for z € [0,2]. As can be easily seen, then all arguments on the right also
belong to this interval. We want to prove the needed result simply by applying the
maximum argument. The last identity is still insufficient. For this reason consider
its second iteration. This produces a series

o0

. 1 .
H(z) = Z (ntmil, 4 ontmi2 _ony —ontl 4 1)2H<wm © ”"(Z))’

n,m=0

where wn(2) = g5 As said, wy o wn(2) € [0,2] for z € [0,2]. Since a function
H(z) is continuous in the interval [0,2], let z € [0,2] be such that M = |[H(z)| =
SUPc[o,2] \ﬁ(z)\. Consider the above expression for z = zy. Thus,

1 A~
M = ‘ ZO ‘ < Z ’ 27’L+m+120 + 2n+m+2 _ 27LZO _ 2n+1 + 1) H(u)m o wn(zo)>’ S
n,m=0
1
Mn;() on+m+2 _ 9n+1 + 1) 0.20453+M‘

This is contradictory unless M = 0. By the principle of analytic continuation, H(z) =
0, and this proves the Lemma. B
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Remark. Direct inspection of the proof reveals that the statement of Lemma
still holds with a weaker assumption that H(z) is real-analytic on (—o0, 0].

Now, let us differentiate (5.7) n times with respect to p, use (5.8) and afterwards
substitute p = 2. This gives

n n—1

2 , 1 o .
E - - . J E - . J _
: ]' aszTij(ZZ)Z + . ]' aZan*]*1(2Z)Z
j=1 7=0
"9 i oy 1 g g 2\ 1
D 55z Hni GF=E> 71 977t (5)om=
Jj=1 j=0
2 1
OH,(z + 1) — 2H,,(22) + 2Hn(7> . (5.11)
z/ Z

We note that this implies the reciprocity property

Ho(:41) = —gH (T +1), n>1
z z
A posteriori, this clarifies how the identity F'(z)+ F'(1/z) = 1 reflects in the series for
G(z), as stated in Theorem 5.1: reciprocity property (non-homogeneous for n = 0
and homogeneous forn > 1) is reflected in each of the summands separately, whereas
the three term functional equation heavily depends on inter-relations among H,,(z).

Now, suppose we know all H;(z) for j < n.

Lemma 5.23. The left hand side of the equation (5.11) is of the form

where 7,(z) € Q[z]p—1.

Proof. First, as it is clear from the appearance of 1.h.s., we need to verify that 2
does not divide a denominator, if I.h.s. is represented as a quotient of two co-prime
polynomials. Indeed, using the symmetry property in (5.7) for the term G(p, £), we
obtain the three term functional equation of the form

1 P P

- - G(lo, )+2G p,z+ 1) = pG(p, pz).
p—z (p—2)? p—z ( ) (P, p2)

Let us perform the same procedure which we followed to arrive at equation (5.11).

Thus, differentiation n times with respect to p and substitution p = 2 gives the

expression of the form

l.h.S.Q = 2Hn(z + 1) - 2H”(22) - 2Hn (%) (2—12)2’

where lh.s.; is expressed in terms of H;(z) for j < n. Nevertheless, this time the
common denominator of L.h.s.5 is of the form (z — 1)"*!(z — 2)"*2. As a corollary, =
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does not divide it. Finally, due to the reciprocity property, for n > 1 one has

H”(zfz)(g_lz)a = ‘Hn@%'

This shows that actually l.h.s. = 1.h.s.5, and therefore if this is expressed as a quo-
tient of two polynomials in lowest terms, the denominator is a power of (z — 1).
Finally, it is obvious that this exponent is exactly n + 1, and one easily verifies that
deg 7,(z) < n—1. (Possibly, #,(z) can be divisible by (z — 1), but this does not
have an impact on the result). B

Proof of Theorem 5.1. Now, using Lemma 5.21, we inherit that there exists a

unique polynomial %, (z) of degree < n — 1 such that %4,(z) = 15;11(/71)( ). Sum-

marizing, H, (z) = € Ag)(n)ﬂ solves the equation (5.11). On the other hand, Lemma

5.22 implies that the solution of (5.11) we obtained is indeed the unique one. This
reasoning proves that for |p — 2| <1, |z| < 1 we have the series

[e.e]

G(p,2) =) (p—2)" Ha(2).

n=0
This finally establishes the validity of Theorem 5.1. Note also that each summand
satisfies the symmetry property. The series converges absolutely for any z, |z] < 1,
and if this holds for z, the same does hold for _%5, which gives a half-plane #z < ;.|

Curiously, one could formally verify that the function defined by this series does
indeed satisfy (5.6). Indeed, using (5.11), we get:

2G(p,z+ 1) =2Hp(z + 1) +2§:(p -2)"H, (2 +1) =

. 2 = L :
2Ho(z+ 1) + Z( p—2)" ( Z ﬁ@Hn_j(Qz)z] + ]—a—Hn_j_l@z)zJ —
n=1 j=0""

n ] n—1 .
2 o 2y 1 1 o o\ 1
jg() ﬁ%Hn J( )Zj+2 o J;O ﬁ%Hn—j—l(;) W)

Denote n — j = s. Then interchanging the order of summation for the first term of
the sum in the brackets, we obtain:

oo n 1 8j oo 00 8j
_ 9\n _ — _ ]+5 . _ _
2;@ 2) j;j! o Hn-(22)) = Z::o; p— 2Pt H J(22)27 — 2H(22) =

2 Z p—2)°H,(22 4 (p — 2)2) — 2H(22) = 2G(p, pz) — 2Hy(22).
The same works for the second sum:

L1 0 ;
> (p-2) Zﬁ%ﬂn_j_1<2z>zf = (p—2)G(p, p2).
j=0""

n=1
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We perform the same interchange of summation for the second and the third sum-
mand respectively. Thus, this yields

2 2
2G(p, = +1) = pG(p, pz) — 5GP, £ ) +2Ho(z + 1) — 2Ho(22) + - Ho( ) =

P py 1
pG(p, pz) — ;G(p,;> - -

z
On the other hand, it is unclear how one can make this argument to work. This
would require rather detailed investigation of the linear map £,_; and recurrence
(5.11), and this seems to be very technical.

5.8 Appendices

5.8.1 Numerical calculations

Unfortunately, the Corollary 5.2 is not very useful in finding exact decimal digits of
ms. In fact, the vector (mq,ms, ms...) is the solution of an (infinite) system of linear
equations which encodes the functional equation (2.13). Namely, if we denote c;, =
Yo 2nnL = Lir(3), we have a linear system for m, which describes the coefficients

ms uniquely (see page 18):

o0

L+s—1
mg = Z(_l)LCL+S< 5 — >mL, s> 1.

1
L=0

Note that this system is not homogeneous (my = 1). We truncate this matrix at
sufficiently high order to obtain float values. By a lucky chance, the accuracy of this
calculation can be checked on the test value m; = 0.5. This approach yields (for the
matrix of order 325):

my = 0.2909264764293087363806977627391202900804371021955943665492...
mg = 0.1863897146439631045710466441086804351206556532933915498238...
mg = 0.1269922584074431352028922278802116388411851457617257181016...

with all 58 digits exact (note that 3msy — 2m3 = 0.5). In fact, the truncation of matrix
at an order 325 gives rather accurate values for m; for 1 < L < 125, well in corre-
spondence with Theorem 3.2. Higher numerical moments tend to deviate from this
expression rather quickly.

Kinney [37] has proved that the Hausdorff dimension of growth points of ?(z) is
equal to

1
/1og2 (1+2)d?(z ))
0
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Based on the calculations of Lagarias, the author in [24] reproduces the following
estimates: 0.8746 < a < 0.8749. We have (note that ?(1 — z)+7?(z) = 1):

1—=x

1 1 1
A= /log(1+x) d2(z) = /log (1 - )d?(:c) +/log2d?(1:) -
0 0 0

__E - — )\ Ea? - _ L
L.2L(/k1 x)”d?(z) + log 2 E AL-2L<+10g2'
L=1 0 L=1

Thus, we are able to present much more precise result:

log 2
o= ;’i — 0.874716305108211142215152904219159757...

with all 35 digits exact. Additionally, the constant ¢ in Theorem 3.2 (and Proposition
2.2) is given by

|
2log?2 o L!

/ (log2) 1
m(lo m _
c0:/2z(1—F(m))dx: S ZEZ—L(logQ)L L
0
This series is fast convergent, and we obtain

co = 1.03019956338269462315600411256447867669415885918240...

5.8.2 Rational functions H,,(2)

The following is MAPLE code to compute rational functions H,,(z)=h[n] and coeffi-
cients H,(0)=alpha[n] for 0 < n < 50.

> restart;
> with(LinearAlgebra):
> U:=50:
> h[0]:=1/(2-2):
> for n from 1 to U do
> j[n]:=1/2*simplify(
add( unapply(diff(hln-jl,z$j),z) (2x2)*2/j!*(z"(j)),j=1..n)+
add ( unapply (diff(h[n-j-11,z$j),z) (2*z)*1/j1*(z"(§)),j=1..n-1)+
unapply(h[n-1],z) (2%z) ):
k[n] :=simplify((z-1) " (n+1)*(unapply(j[n],z) (z)-
unapply(j[nl,z) (1/2)/2z"2)):
M[n,1] :=Matrix(n,n) :M[n,2] :=Matrix(n,n): M[n,3]:=Matrix(n,n):
for tx from 1 to n do for ty from tx to n do

M[n,1] [ty,tx] :=binomial (n-tx,n-ty)

V V V V V V V VvV VvV

end do: end do:
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> for tx from 1 to n do M[n,2] [tx,tx]:=2" (n-tx) end do:

> for tx from 1 to n do M[n,3] [tx,n+1-tx]:=2"(tx-1) end do:

> Y[n] :=M[n,1]1-1/2"(n+1)*M[n,2]+(-1) " (n+1) /2" (n+1)*M[n, 3] :

> A[n]:=Matrix(n,1):

> for tt from 1 to n do Aln][tt,1] :=coeff(k[n],z,n-tt) end do:
> B[n] :=MatrixMatrixMultiply(MatrixInverse(Y[n]),A[n]):

> h[n]:=add(z" (n-s)*B[n] [s,1](s,1),s=1..n)/(z-2) " (n+1):

>

>

>

end do:

for n from O to U do alphal[n]:=unapply(diff(h[n],z$1),z)(0) end do;

It causes no complications to compute h[n] on a standard home computer for
0 < n <60, though the computations heavily increase in difficulty for n > 60.
5.8.3 Rational functions Q,(z)

This program computes Q,(z) =q[n] and the values
Q),(—1) =betal[n] for 0 < n < 50.

> restart;
>q[0] :=-1/(2%2) ;
>N:=50:

>q[1] :=simplify(1/2*unapply(ql[0],z) (-1)*(1-1/2"2)):
> for n from 1 to N do
> qln]:=1/2*simplify(
> add (unapply (diff(q[n-j-11,2z8$j),2) (-1)/j!'*(z"(j)-1/z"(j+2)),j=1..n-1)+
> unapply(q[n-1],z) (-1)*(1-1/z"2)
> ):
end do:
> for w from O to N do betalw]:=unapply(diff(qlw],z$1),z)(-1) end do;

5.8.4 Summatory function of the Calkin-Wilf tree

In this thesis we were interested in the properties of the nth generation of the Calkin-
Wilf tree (1.2) as a whole, without taking into account the order of rationals in this
generation. Let z;, i« > 1, be the sequence of rational numbers in this tree, read
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line-by-line. In this appendix our main interest is a summatory function

N
S(N) = Z:pn
n=1

Since M; = 3, this implies S(2¥ — 1) ~ 3 .2V, Moreover, as was proved by Reznick
[59], one has a stronger result:
3
S(N) =5 - N +0((log N)?).

As a matter of fact, since z,n_; = N, there does not exist a continuous approximation
to S(N) — 3N. Figure 5.8 shows the point-plot of the set {N,S(N) — 3N} for 1 <
N < 2'6. Due to this reason, our main object of future investigation will be the

0 10000 20000 30000 40000 0000 G000

Figure 5.8: S(N) — 2N,1 < N < 216,

“smoothed” version of S(V). Therefore, let us introduce

N
FS(N) = (N=n+1)-z,

n=1
Using Abel summation formula we immediately obtain the first asymptotic term:
Z(N) ~ 2. N2 To extract other terms, we use numerical calculations. We take
N = 224, Denote (y(QN) — %NQ) = Z(N). In fact, these calculations reveal that
there exists constants A and B such that there exists a finite positive limit
Jim 27 ANN=BZ(N).

Let us try to interpolate. For example, our aim to find ¢, o and 3, such that 2(2"V) =
c-a - NP is an equality for N = 22,23 and 24. This gives o = 2.000541765...,
8 = 1.518618751..., ¢ = —0.2932455601... Based on these calculations, it ought to be
deduced that indeed « = 2 (this is one would anticipate). The following Figure 5.9
gives the point-plot of the set

{log,(N), (%’(N) +0.27639833 - N - (logQ(N))l‘5409112498) N7, 28 < N <216

This lead to the following
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0.67

0.4

0.31

02 A

e g 10 1

Figure 5.9: (R(N) — eN(log, N)B)N—l, 26 < N < 216,

Prediction 5.24. There exists constants ¢ < 0, B > 0 and a continuous 1—periodic
function ¥(x), such that

3
S(N) = ZN2 + ¢N(logy N)B + N - (logy N) + o(N).

Moreover, the function ¥(z) is nowhere differentiable, it possesses fractal structure
(the point x = log, g divides it in “quasi-similar” parts), and the points log, QLT lis
odd integer, 27 < ¢ < 2T*1, serve as local extrema.

As could be expected, this prediction is void for the function S(V). Though it
certainly gives the following

S(N)=Y(N)—- (N —-1)=

3 B B-1 N 3
= §N+ c(logy N)* 4 d(logy N) + N¥(log,y x) Vot +o(N) = §N+ o(N).

Thus, all “interesting” terms are devoured by a mysterious fluctuation o(N).

If this prediction is true, the picture we would obtain is completely analogous
to the results known for g—ary expansion digit summatory function (Delange), and
arbitrary ¢g—multiplicative function (Grabner). We hope to prove this prediction in
the future.

i\\ \? ;‘
o1 3
f
7] 1 o T

B



The list of publications

Four publications, which are the basis of the current thesis, are given in the bibliog-
raphy. Here we list the rest of them.

e A generalization of the Rodseth-Gupta theorem on binary partitions, Lith.
Math. ]. 43 (2) (2003), 103-110.

e Dirichlet series associated with strongly ¢g—multiplicative functions, Ramanu-
jan J. 8 (1) (2004), 13-21.

e Prime and composite numbers as integer parts of powers (with A. Dubickas),
Acta Math. Hungar. 105 (3) (2004), 249-256.

e Functional equation related to quadratic and norm forms, Lith. Math. ]. 45
(2) (2005), 123-141.

e A curious proof of Fermat’s little theorem, Amer. Math. Monthly (to appear).

99



Bibliography

[1]

[2]

[3]

[4]

[5]
[6]

[7]

[8]

[9]

G. Alkauskas, Minkowski question mark function and its generalizations, asso-
ciated with p-continued fractions: fractals, explicit series for the dyadic period
function and moments (submitted); arXiv:0805.1717.

G. Alkauskas, Asymptotic formula for the moments of Minkowski question mark
function in the interval [0, 1] (submitted); arXiv:0802.2721.

G. Alkauskas, Generating and zeta functions, structure, spectral and analytic
properties of the moments of Minkowski question mark function (submitted);
arXiv:0801.0056.

G. Alkauskas, The moments of Minkowski question mark function: the dyadic
period function (submitted); arXiv:0801.0051.

A. F. Beardon, Iteration of rational functions, Springer-Verlag, 1991

O. R. Beaver, T. Garrity, A two-dimensional Minkowski ?(x) function, J. Num-
ber Theory 45 (2) (2005), 153-172.

K.I. Bobenko, On a problem by Gauss, Dokl. Akad. Nauk SSSR 238 (5) (1978),
1021-1204; English translation: Soviet Math. Dokl. 19 (1) (1978), 136-140.

C. Bonanno, S. Graffi, S. Isola, Spectral analysis of transfer operators associated
to Farey fractions; arXiv:0708.0686.

C. Bonanno, S. Isola, Orderings of the rationals and dynamical systems;
arXiv:0805.2178.

[10] C. Bower, Fixed points of Minkowski’s ?(z) function, unpublished note (1999).

[11] N. Calkin, H. Wilf, Recounting the rationals, Amer. Math. Monthly 107 (2000),

360-363.

[12] ]J.W.S. Cassels, A. Frohlich (eds.), Algebraic number theory, Academic Press,

1967.

[13] P. Contucci, A. Knauf, The phase transition of the number-theoretical spin

chain, Forum Math. 9 (4) (1997), 547-567.

100



BIBLIOGRAPHY 101

[14] ]. H. Conway, On numbers and games, A K Peters Ltd., 2001, p. 82-86.

[15] P. Cvitanovi¢, K. Hansen, J. Rolf, G. Vattay, Beyond the periodic orbit theory,
Nonlinearity 11 (5) (1998), 1209-1232.

[16] A. Denjoy, Sur une fonction réelle de Minkowski, J. Math. Pures Appl. 17
(1938), 105-151.

[17] A. Denjoy, La fonction minkowskienne complexe uniformisée éclaire la gene
e des fractions continues canonique réelles, C. R. Acad. Sci. Paris 242 (1956),
1817-1823.

[18] A. Denjoy, La fonction Minkowskienne complexe uniformisée détermine les
intervalles de validité des transformations de la fonction réelle, C. R. Acad. Sci.
Paris 242 (1956), 1924-1930.

[19] A. Denjoy, Propriétés differentielles de la Fonction Minkowski réelle. Statis-
tique des fractions continues, C. R. Acad. Sci. Paris 242 (1956), 2075-2079.

[20] K. Dilcher, K. B. Stolarsky, A polynomial analogue to the Stern sequence, Int.
J. Number Th. 3 (1) (2007), 85-103.

[21] A. Dushistova, On partitions of the unit interval generated by Brocot se-
quences; arXiv:math/0512598.

[22] A. Dushistova, N.G. Moshchevitin, On the derivative of the Minkowski ques-
tion mark funtion ?(x); arXiv:0706.2219.

[23] M. D. Esposti, S. Isola, A. Knauf, Generalized Farey trees, transfer operators
and phase transitions; arXiv:math-ph/0606020.

[24] S. R. Finch, Mathematical constants, Cambridge Univ. Press 2003, p. 441-443,
p. 151-154.

[25] S. R. Finch, Minkowski-Alkauskas constant, unpublished note (2008); http:
//algo.inria.fr/csolve/alk.pdf.

[26] S. Finch, Errata and addenda to Mathematical constants; http://algo.inria.
fr/csolve/erradd.pdf.

[27] Ph. Flajolet, B. Valée, Continued fraction algorithms, functional operators, and
structure constants, Theoret. Comput. Sci. 194 (1-2) (1998), 1-34.

[28] R. Girgensohn, Constructing singular functions via Farey fractions, J. of Math.
Anal. and Appl., 203 (1996), 127-141.

[29] P.). Grabner, P. Kirschenhofer, R. Tichy, Combinatorial and arithmetical prop-
erties of linear numeration systems, Combinatorica 22 (2) (2002), 245-267.



BIBLIOGRAPHY 102

[30] M.]. Haran, The mysteries of the real prime, Oxford University Press, 2001.

[31] S.Isola, Notes on number theory and dynamical systems, https://unicam.it/

~stefano.isola/notes.pdf.

[32] S. Isola, On the spectrum of Farey and Gauss maps, Nonlinearity 15 (2002),
1521-1539; arXiv:math/0308017.

[33] S. Karlin, A first course in stochastic processes, Academic Press, 1968.

[34] M. Kessebohmer, B. O. Stratmann, A multifractal analysis for Stern-Brocot
intervals, continued fractions and diophantine growth rates, J. Reine Angew.
Math. 605 (2007), 133-163; arXiv:math/0509603v2.

[35] M. Kessebohmer, B. O. Stratmann, Fractal analysis for sets of non-
differentiability of Minkowski’s question mark function, J. Number Theory 128
(2008), 2663-2686; arXiv:0706.0453.

[36] A. Ya. Khinchin, Continued fractions, The University of Chicago Press, 1964.

[37] J. R. Kinney, Note on a singular function of Minkowski, Proc. Amer. Math.
Soc. 11 (5) (1960), 788-794.

[38] S. Klavzar, U. Milutinovic, C. Petr, Stern Polynomials, Adv. Appl. Math. 39
(2007), 86-95.

[39] A. N. Kolmogorov, S.V. Fomin, Elements of the theory of functions and func-
tional analysis, Nauka, Moscow, 1989.

[40] M. Kontsevich, D. Zagier, Periods, Mathematics unlimited - 2001 and beyond,
771-808, Springer, Berlin, 2001.

[41] ). C. Lagarias, The Farey shift and the Minkowski ?-function, unpublished
manuscript (1991).

[42] ]. C. Lagarias, C.P. Tresser, A walk along the branches of the extended Farey
tree, IBM ]. Res. Develop 39 (3) May (1995), 788-794.

[43] M. Lamberger, On a family of singular measures related to Minkowski’s ?(x)
function, Indag. Mathem., N.S., 17 (1) (2006), 45-63.

[44] M. A. Lavrentjev, B. V. Shabat, Methods in the theory of functions of complex
variable, Nauka, Moscow, 1987.

[45] D.H. Lehmer, On Stern’s diatomic series, Amer. Math. Monthly 36 (1929),
59-67.

[46] ].B. Lewis, Spaces of holomorphic functions equivalent to the even Maass cusp
forms, Invent. Math. 127 (2) (1997), 271-306.



BIBLIOGRAPHY 103

[47] ]. B. Lewis, D. Zagier, Period functions for Maass wave forms. I, Ann. of Math.
(2), 153 (1) (2001), 191-258; arXiv:math/0101270.

[48] Yu.l. Manin, M. Marcolli, Continued fractions, modular symbols, and non-
commutative geometry, Selecta Math. (N.S.) 8 (3) (2002), 475-521.

[49] A. Marder, Two-dimensional analogs of the Minkowski ?(x) function;
arXiv:math/0405446.

[50] H. Minkowski, Zur Geometrie der Zahlen, Verhandlungen des III Interna-
tionalen Mathematiker-Kongresous, Heidelberg 1904, 164-173. [Also: Werke,
Vol. 11, 43-52.]

[51] N. Moshchevitin, M. Vielhaber, Moments for generalized Farey-Brocot parti-
tions; arXiv:math/0703566.

[52] M. Newman, Recounting the rationals, Continued, Credited in Amer. Math.
Monthly 110 (2003), 642-643.

[53] H. Okamoto, M. Wunsch, A geometric construction of continuous, strictly in-
creasing singular functions, Proc. Japan Acad., 83 Ser. A (2007), 114-118.

[54] G. Panti, Multidimensional continued fractions and a Minkowski function,
Monatsh. Math. 154 (3) (2008), 247-264; arXiv:0705.0584.

[55] J. Paradis, P. Viader, L. Bibiloni, The derivative of Minkowski’s ?(z) function,
J. Math. Anal. Appl. 253 (1) (2001), 107-125.

[56] J. Paradis, P. Viader, L. Bibiloni, A new light on Minkowski’s ?(z) function, J.
Number Theory 73 (2) (1998), 212-227.

[57] G. Ramharter, On Minkowskis singular function, Proc. of the AMS, 99 (3)
(1987), 596-597.

[58] S. Reese, Some Fourier-Stieltjes coefficients revisited, Proc. Amer. Math. Soc.
105 (2) (1989), 384-386.

[59] B. Reznick, Regularity property of the Stern enumeration of the rationals;
arXiv:math/0610601.

[60] F. Ryde, Arithmetical continued fractions, Lunds universitets arsskrift N. F.
Avd. 2, 22 (2) (1926), 1-182.

[61] F. Ryde, On the relation between two Minkowski functions, J. of Number The-
ory, 77 (1983), 47-51.

[62] R. Salem, On some singular monotonic functions which are strictly increasing,
Trans. Amer. Math. Soc. 53 (3) (1943), 427-439.



BIBLIOGRAPHY 104

[63] ].-P. Serre, A course in arithmetic, Graduate Texts in Mathematics, Springer,
1996.

[64] N. Sloane, The On-line Encyclopedia of integer sequences,
http://www.research.att.com/~njas/sequences/

[65] M.A. Stern, Uber eine zahlentheoretische Funktion. J. Reine Angew. Math. 55
(1858), 193-220.

[66] ]. Steuding, Personal communication.

[67] R.F.Tichy,]. Uitz, An extension of Minkowski’s singular function, Appl. Math.
Lett. 8 (5) (1995), 39-46.

[68] J. Uitz, Chaotische dynamische Systeme und Minkowski Funktionen, Master’s
thesis, Technical University Graz, 1995.

[69] L. VepStas, The Minkowski question mark, GL(2,Z) and the modular monoid;
http://www.linas.org/math/chap-minkowski.pdf.

[70] L. Vepstas, The Gauss-Kuzmin-Wirsing operator; http://www.linas.org.
[71] L. Vepstas, On the Minkowski measure; arXiv:0810.1265.

[72] G. N. Watson, A treatise on the theory of Bessel functions, 2nd ed. Cambridge
University Press, 1996.

[73] E.  W. Weisstein, Minkowski’'s question mark function, From
MathWorld-A Wolfram Web Resource. http://mathworld.wolfram.com/

MinkowskisQuestionMarkFunction.html

[74] E. Wirsing, On the theorem of Gauss-Kuzmin-Lévy an a Frobenius-type theo-
rem for function spaces, Acta Arith. 24 (1973/74), 507-528.

[75] E. Wirsing, ]J. Steuding’s Problem, Palanga 2006 (preprint).
[76] D. Zagier, New points of view on the Selberg zeta function (preprint).

[77] Minkowski question mark function, Wikipedia, The Free Encyclopedia. http:

//en.wikipedia.org/wiki/Minkowski’s_question_mark_function



