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Abstract

This thesis explores the development and analysis of moving mesh Virtual Ele-
ment Methods for partial differential equations on time-dependent domains. This thesis
presents the first moving mesh method to purely use the Virtual Element Method, an
isoparametric Virtual Element Method for approximating partial differential equations
on curved domains and a high-order Arbitrary Lagrangian-Eulerian Virtual Element
Method for problems on time-dependent domains with moving boundaries. Each con-
tribution successfully demonstrates the applicability and accuracy of Virtual Element
Methods in existing moving mesh algorithms, achieving similar orders of accuracy com-
pared to classical Finite Element Method approaches. The results suggest that the
flexibility of moving mesh methods can be greatly improved by incorporating more
general mesh structures, including polygons and curved-edged polygons, proving the
Virtual Element Method offers an effective extension to classical approaches. This work
provides a foundation for future research in Virtual Element Methods for more complex
problems on time-dependent domains and developing the analysis to support proposed

moving mesh methods.
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Chapter 1

Introduction

This thesis is devoted to the development and analysis of Virtual Element
Methods for moving mesh methods for partial differential equations on time-
dependent domains.

In Section [I.I] the motivation for developing polygonal moving mesh meth-
ods is discussed. The structure and major contributions of this thesis are
highlighted in Section Standard notation and conventions adopted in this

thesis are discussed in Section [1.3

1.1 Motivation

Finite Element Methods (FEMs) have been successfully employed for decades in
the simulation of partial differential equations (PDEs). The theory and imple-
mentation of FEMs for a variety of problems are well-documented [41), 29, [74].
Among the benefits of FEMs is the adaptivity of the mesh (h-adaptivity) and
the polynomial degree (p-adaptivity), which allow for optimal mesh refinement
and increased accuracy of the FEM. In particular, these forms of adaptiv-
ity are effectively employed in discontinuous Galerkin FEMs which allow for
more general polygonal/polyhedral domain discretisations [37]. Another form
of adaptivity, known as mesh movement or r-adaptivity, is less well known.

The benefit of a moving mesh method is that the accuracy of a numerical

8
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simulation can be improved by relocating mesh vertices, without incurring the
computational expense of hp-refinement strategies. Moving mesh methods also
enable better resolution of time-dependent features of a given PDE, such as
moving boundaries.

A common setback of moving mesh methods in certain applications is the
need to remesh during simulations to prevent the degradation of the moving
mesh [89] [14].

Using a polygonal discretisation for a moving mesh method offers two ben-
efits: remeshing can be performed locally with greater efficiency and minimal
changes to the numerical method, and complex moving features, such as moving
boundaries, can be simulated with fewer degrees of freedom while achieving the
same level of accuracy [37, 38]. Additionally, the framework of a moving polyg-
onal mesh provides the foundation for developing even more general moving
mesh methods, including those with curved faces.

In developing a moving polygonal mesh method, the following conditions
were desired: (a) the discretisation had to reduce to classical moving mesh
FEMs when triangular meshes are employed, (b) the discrete space used had
to be, at least, continuous across the entire moving mesh, and (c) the analysis
of such a discretisation needed to be an extension of typical FEM analysis.

The Virtual Element Method (VEM) [18| 2] satisfies all three conditions. It
can be interpreted as an extension of classical FEMs to polygonal/polyhedral
meshes by introducing “virtual” shape functions that are implicitly understood
through a finite set of degrees of freedom. These degrees of freedom are used
to compute accurate and stable approximations of the weak formulation of a
given PDE.

Other well-developed polygonal discretisation techniques, such as the dis-
continuous Galerkin method [37], the Hybrid High-Order (HHO) method [49],
and the Mimetic Finite Difference (MFD) method [77], exist. However, at the

time of writing, only the discontinuous Galerkin method has been successfully
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applied to moving mesh problems, as shown in recent examples [78, 80, 59, [58].
Notably, the VEM has only recently (in 2019) been applied to moving mesh
methods when coupled with a discontinuous Galerkin method [78§].

The motivation of this thesis is to propose moving mesh methods using
exclusively a VEM. The first challenge is to test whether the VEM can be
successfully applied to an existing moving mesh algorithm. After this, a foun-
dation to analyse a moving mesh VEM is required in order to develop methods
for more complex problems. The objectives of this project can be summarised

as follows:

“To propose, analyse, and implement robust and effective

moving mesh Virtual Element Methods.”

1.2 Thesis Overview

The thesis is structured into three distinct parts, each of which can be con-
sidered as a self-contained piece of work. Results from previous parts will be
referenced appropriately and utilised in subsequent sections. The structure of
each part is broken down as follows: an introduction that outlines the key con-
tributions and provides an overview of the layout, chapters that present the
main contributions, and a discussion that critically reviews the work covered

in that specific part.

Part I

In Part I, a velocity-based moving mesh VEM is proposed. A moving mesh
algorithm is extended to polygonal discretisations by proposing a linear virtual
element approximation of the integral equations. The new method is numeri-
cally tested against non-linear diffusion problems and a mesh contact algorithm

is presented that exploits the generality of the VEM to simulate contact be-
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tween moving boundaries and fixed obstacles. The work presented in Part I is

currently under review [99].

Part 11

In Part II an isoparametric VEM is proposed for second-order elliptic partial
differential equations on transformed domains. Two discretisation approaches
are formulated and analysed with H' a priori error estimates being presented
in both cases. Numerical results are presented that validate the analysis. This
research was conducted in collaboration with Andreas Dedner (University of
Warwick). At the time of writing, a publication is being drafted which presents

the error estimates and a sample of the numerical results in 2D.

Part I11

In Part IIT the isoparametric VEM is employed to formulate a high-order con-
servative Arbitrary Lagrangian-Eulerian scheme for solving advection-diffusion
partial differential equations on time-dependent domains. Numerical experi-

ments are presented which obtain higher-order convergence rates.

1.3 Notation & Definitions

For a bounded set w C R?, the L? norm for a p € [1, o0] is defined for a function

f by
|umm0:(/uwwq | peN,

HfHLOO(w) :Slelp|f|; p = o0.

The well known Lebesgue space is defined by

L(w) = {f 0 >R fllpgy <0}
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For a positive integer k and an indexing set « the weak derivative of order |«|

of f is denoted by D*f [1]. The Sobolev norm is defined by

P

||f||W£(w) = Z ||Daf||ip(w) ) p e N)
|| <k
Il = s 10"l p=co

The Sobolev space is denoted by W} (w) and defined by

Wpw) = {f w=R| Iflwpe <o}

To simplify the presentation, the norm and semi-norms are denoted by ||-||k7p7w
and || kpw Tespectively. In the case of p = 2, the corresponding Hilbert space
is denoted by H*(w) with the norm and semi-norm denoted by [Nl and |-,
respectively.

The well known inequalities of Holderand Minkowski will be used without

proof [1]: for p,q € [1,00] with 1/p+1/g=1

HngO,l,w S HfHO,p,w HgHO,q,w7

1F + 9llop < I1S]

0,p,w + ||gHO,p,w .

The Cauchy-Schwarz inequality will also be used without proof [I]. Additional
inequalities will be used within this thesis with appropriate citation to detailed
proofs.

The notation < will be adopted in this thesis for ease of reading. The
statement X <Y implies there exists a constant C' > 0 such that X < CY.
This constant will be referred to as a “hidden constant” and the dependencies
of this constant will be stated in results that use this notation. The use of <
between two results does not imply that hidden constant is the same.

For functions, sets and variables f, w, z, discrete counterparts will be denoted
using fy, wp and zj,. Time-dependent terms will include an additional subscript
term of fr;, wpe and xp,. If a discrete time level ¢" is considered then the ¢

subscript will be replaced with an n. Solutions to PDEs will be denoted using
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p throughout the thesis. This is done to avoid confusion with velocity fields

that are denoted by u.



Chapter 2

Preliminaries

In this chapter, the prerequisite material for the Virtual Element Method and
moving mesh methods is presented. For the Virtual Element Method, the focus
is on the two-dimensional C°-conforming Virtual Element Method originally
proposed in [I8] and enhanced in [2]. The concept of a moving domain and the
Arbitrary Lagrangian-Eulerian method are introduced, along with a general
outline of moving mesh algorithms.

In Section 2.1} the Virtual Element Method is introduced, including a review
of the key components such as the construction of the discrete spaces, poly-
nomial projection operators, and discrete bilinear forms. The framework of a
moving mesh method and the Arbitrary Lagrangian-Eulerian method are pre-
sented in Section [2.2] A brief literature review, highlighting significant contri-
butions towards moving polygonal mesh methods, is provided at the conclusion

of this chapter in Section [2.3]

2.1 The Virtual Element Method

In this section the fundamentals of the Virtual Element Method (VEM) are
discussed. Primarily, this thesis will focus on two-dimensional problems using
conforming methods hence, only the details of this discretisation are presented.

The VEM was first presented in [18] as a generalisation of the Finite Ele-

14
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ment Method for a two-dimensional Poisson problem to unstructured polygonal
meshes. Subsequently, the VEM was applied to linear elasticity [43] and plate
bending problems [33] but has since been adapted to tackle more general elliptic
[20], parabolic [96], hyperbolic [95] and quasi-linear [36] PDEs. Additionally,
VEMs have been presented in a variety of disciplines including elasticity, frac-

ture modelling and computational fluid dynamics [5, 24], 102 61].

The novelty of the VEM method is that the basis/shape functions are only
implicitly understood through a finite set of degrees of freedom (DoFs). Ap-
proximations to a weak formulation of a given PDE can then computed, locally
on a given polygon/polyhedron, using only the DoF's via computable polyno-
mial projections of the virtual basis functions along with suitable stabilisation

terms.

Within the literature, there exist several works on the implementation de-
tails of the VEM in 2D and 3D [93, 88| [44] 39, [36], [48]. As such these details

are not discussed in this chapter.

Polygonal Mesh Structures

The main advantage of the VEM is the flexibility in mesh structures that are
permitted compared to classical Finite Element Methods. The most common
mesh structure considered is a polygonal /polyhedral mesh of elements that are
simple, connected, non-overlapping polygons/polyhedra that form a partition
of a given domain Q C R? (d = 2,3).

For © C R2, the mesh is denoted by 7, containing polygonal elements
E € Tp,. The properties of a given E € 7T, are defined as the diameter hg,
barycentric coordinate x¥ = (¥ y”) and area |E|, boundary edges of E are
denoted by e C OF. The global mesh size is defined by

h :=maxhg.
EeTy,
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The shape regularity of a given element is defined as a constant pg such that

where g is the maximum radius of a ball contained in E. The mesh is said to

be shape regular if the mesh regularity parameter

— 2.1
0 = maxgg, (2.1)

is contained in (0,1). To ensure that optimal approximation results can be

obtained, the following mesh regularity assumption is required [18].

Assumption 1 (Mesh Regularity).

FEvery E € Ty is a star-shaped domain or a finite union of star shaped domains
with respect to a ball of radius greater than vyhg for some uniform v > 0.
Additionally, for all edges e € OF, the length of e is greater than dhg for some

uniform o > 0.

Remark 1. [t has been observed in the literature that the VEM can remain
robust even when Assumption |1 does not hold [30]. This is observed in the
numerical experiments of Part I of this thesis where the VEM remains robust

even when arbitrarily small mesh edges are produced.

Two commonly used polygonal meshes are the Voronoi Tessellation [91], 10]
51] and agglomerated triangulations of €2: both are demonstrated in Figure
. These mesh structures can be generated by using PolyMesher [94], Gmsh
[63] or METIS [69], to name a few of the publicly available packages.

Polynomial Projection Operators

In order to attain sufficient accuracy in the VEM, polynomial projection op-
erators are employed to approximate integral equations. For a given bounded
set w C R? The space of polynomials of degree k& > 0 is denoted by Py (w).
The most common polynomial projection operators in the VEM literature are

denoted by IV, TI° and IT! [I8, 2, 20] and are defined respectively as follows.
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Figure 2.1: Two different methods to discretise a rectangular domain. The CVT mesh (left) shows
the the Voronoi seeds used to generate the mesh by squares. The agglomerated mesh (right) has
dashed lines to represent the removed edges from the triangulation.

Definition 2.1.1 (The IIV Operator).
The operator IIY : HY(w) — Py (w) is defined for all v € H'(w) by

/VHZU-V}? dX:/VU-Vp dx Vp € Pr(w)

w

/U—Hkvvdx—o.

Definition 2.1.2 (The II° Operator).
The operator 11 : L?(w) — Py (w) is defined for all v € L*(w) by

/H%updx:/vpdx Vp € Pr(w).

Definition 2.1.3 (The IT' Operator).
The operator 11}, : H'(w) — Py(w) is defined for allv € H'(w) by Hjv := T Vv

or equivalently

/H,lgv‘de:/prdx Vp € [Pe(w)]?.

For each of these projection operators there exists well established stability
and accuracy results under the condition that Assumption [1|is satisfied. This

is summarised in the following theorem.

Theorem 2.1.1 (Approximation of ITV, I1Y).
Let w C R? with diameter h,, satisfy the conditions of Assumption[l. Let a real

number p € [1,00] and k > 0 be an integer, s € {1,....k+1} and m € {0, ..., s}.
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Then for all v € WP(w) it holds that

v — Y v| S kT ||

m,pw ™~ S,pyw °

Additionally, for s € {0,....k + 1} and m € {0, ..., s} it holds that

v — I S k™ |

m,p,w "~ S,p,w 7

where the hidden constants depend only on the shape regularity parameter (2.1)
0, k, pand s.

Proof. A statement and proof of the estimates are given in Theorem 1.45 and

Theorem 1.48 of [49]. O

Local Virtual Element Spaces

The classical VEM space is built on a given polygon E7T, by considering a
local boundary value problem. Originally this was done by considering a Pois-
son problem subject to piecewise polynomial boundary conditions [18]. The

boundary space is defined as
B.(OF) = {v, € C°(OF) : w,|. € Pr(e) Ve C OE},
from which the original local VEM space of degree k can then be defined as

Wk<E) = {Uh € Hl(E) : Uh|<9E c Bk(aE), A’Uh’E S ]P)k,Q(E)} (22)

Degrees of Freedom

The construction of a VEM relies on choosing a set of degrees of freedom
(DoFs). These DoFs serve two purposes in the method: they provide the
necessary information to construct computable polynomial approximation op-
erators, and they uniquely identify a virtual element function on any given
polygon, which would otherwise be an unknown solution to a local boundary

value problem.
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To define the DoF's of the classical VEM, the space of scaled monomials of

degree k on a given element E € Ty, is defined as

a B
MZ(E):{(x;ExC) (y;Ey) C o, Be€Z>0, a+5:k},

where the union of scaled monomials forms a basis for Py(E):

Mu(E) = | Mi(B).

1<k

These polynomials are called “scaled monomials” because each polynomial
scales as one when defined on any given polygon:

||m0‘||0,oo,E ~1 Vma € Mk(E)

The use of this space is crucial in defining the degrees of freedom, which will
be discussed in further detail in the subsequent sections. In R2, the classical

VEM DoF's are presented in the following definition.

Definition 2.1.4 (Degrees of Freedom for the Virtual Element Method).
Let E € Ty, and Wy(E) be the local VEM space defined in Equation (2.2)). The

degrees of freedom of a given function v, € Wi(E) are defined as follows:
e The point values of v at each vertex of E.

e The point values of v at the Gauss-Lobatto quadrature points of order k—1

on each edge e C OF.
e The internal moments of |—]fj| fE vpq dx for all g € My_o(E).

An illustrative diagram of these DoFs is presented in Figure 2.2 A proof
that these constitute a unisolvent set of DoFs is provided in [I§]. The H'
projection IIY is computable using only these degrees of freedom, as is the L?

projection I19 .

Enhanced Virtual Element Spaces

In order to develop the VEM for problems beyond Poisson’s Equation, the local

VEM space had to be modified such that the full L? projection was computable.
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Figure 2.2: Degrees of freedom for a polygon E in the classical VEM for k = 1 (left), k = 2
(center), and k = 3 (right). Vertex values, edge quadrature point values, and internal moments are
denoted by squares, circles, and triangles, respectively.

A solution was presented in [2] and is commonly used as the default VEM space
in most recent discretisations. This enhanced space is referred to as the classical
VEM space in this thesis.

The approach to enhance the VEM space is to define an auxiliary projection
operator 115 : Wi (E) — Px(E) to supplement the remaining internal moments

of
1 * *
—/ vnq dzx q € M(E)UM;_(E).
E] /e
The original local VEM space is enlarged via,
Wk(E) = {Uh € Hl(E) : Uh'BE € ]B%k((?E), Avy, € ]Pk(E)},

and then restricted to define the classical VEM space,

Vk(E):{vheWk(E) : /E(vh—n;;vh)q dx =0 Vq € Py(E)\Pr_af }
(2.3)

The degrees of freedom given in Definition [2.1.4] also form a unisolvent set of
DoFs for the classical VEM space defined in Equation (2.3)) [2]. This auxiliary

projection is taken as the IIY projection in the classical VEM [2, 44].
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The global VEM space of degree k is then defined as
Vi, = {Uh € Hl(Q) vh‘E € Vk(E) VE € 7;L} . (24)

Using the VEM to solve PDEs with homogeneous Dirichlet boundary conditions
requires a restricted global VEM space with zero trace. This is denoted as

Vio = Vi N HL(Q).

Canonical Basis Functions & Interpolation

For a local VEM function v, € Vi(F), the DoFs on a local VEM space are
denoted by dof;(vy,) for i = 1,..., N5 with N9°5 being the number of DoFs
on FE. The Lagrangian VEM basis function is introduced as

Ndofs

{eitiny CVi(B),  dofi(p;) =di; fori,j=1,..., NO% (2.5)

From this definition, any v, € Vi(E) can be written as

N dofs

vn =Y _ dofi(vp) ;. (2.6)
i=1
For any v € H%(FE), the VEM Lagrange interpolant can be defined using
Equation ([2.6)):
vr = Z dof; (v) ;. (2.7)

From this, the following interpolation error estimate holds.

Theorem 2.1.2 (VEM Interpolation).
Let a polynomial degree k € N and an integer s € {2,..., k+1} be given. Then
for any element E € Ty, and all v € H*(E), the VEM interpolant Vi € Vi(E),

defined by Equation (2.7), satisfies
v — UIHO,E + hg|v— UI|1,E S hi |U|5,E )
where the hidden constant is dependent on o and k.

Proof. The inequality is given (see Proposition 4.3 in [18]) by classical Scott-

Dupont estimates [29]. O
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Remark 2. In the case of v ¢ H*(E), Theorem can be generalised to
infer the existence of a quasi-interpolant vy € Vi(FE) that satisfies the same

approzimation properties [29].

Approximation of Linear and Bilinear Forms

Let A(+,-) : H}(Q) x H}(Q) — R and I(-) : H}(Q) — R be a bilinear and linear
form respectively. Consider the general variational problem: find p € H}(Q)
such that A(p,v) = I(v) for all v € H}(€2). The bilinear and linear forms can
be decomposed into contributions over polygonal elements
Apo) =3 Ap), )= (),
EcTy, E€Th,

The novelty of the VEM is the introduction of discrete approximations A+, -)
and [j,(-) that use the DoFs to compute the projection operators IT*, TI° and IT!
and use these projections to approximate the integral equations to a sufficient
degree of accuracy. These approximations are also constructed via local element
contributions

Ay (pn,vp) = Z AF (pn, o), lh(vp) = Z IF (vn) Von,vn € Vio.

EeTy, EeTy,

To enforce the coercivity of the discrete bilinear form, a stabilisation term
is introduced S¥(-,-) to ensure that the kernel of AF(-,-) scales like the kernel
of AF(-,-). There exists VEMs within the literature for which stabilisation of
specific bilinear forms are not required [2} 44} 39].

An example construction of the bilinear forms is presented through the sim-

plest case of Poisson’s Equation [1§]

—Ap=f x € (),

p=0 x € 0f.

The continuous Galerkin formulation is well known [29, [74]

A(p,v) II/QVp'VU dXI/QfU dx = 1(v),
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and can be decomposed into a summation over local elements £ € T},

Alp,v) = Y AP(pv),  lv) =Y 1%(v),

E€Ty, E€Ty,

where

A (p,v) = / Vp - Vv dx, 1F(v) = / fo dx.
E E
To derive an appropriate VEM, the following assumptions on the discrete bi-

linear form are sufficient. In [I8] these conditions are utilised to prove optimal

order H! error bounds for a VEM approximation to Poisson’s Equation.

Assumption 2 (Polynomial k-consistency).
Let k € N and Ty, be a polygonal mesh that satisfies Assumption 1| with E € Ty,.
For a VEM approzimation of AZ(-,-) of a bilinear form A (-,-) it holds that

An(p,vn) = A(p,vn)  Vp € PR(E), v € Vi(E).

Assumption 3 (Stability).
Let k € N and Ty, be a polygonal mesh that satisfies Assumption 1 with E € Ty,.
For a VEM approzimation of AF(-,-) of a bilinear form AF(-,-) there exists

positive constants o, a, > 0 independent of hg such that
@ A(pn, vn) < An(pn, vn) < o Alpn,vn)  Ypu,vn € Vi(E).
Assumptions [2] and (3| are satisfied by defining the local approximation by
AR oy vn) = AP (IR o, I o) + S (pn — 10 pns v — T 0n),

where the stabilisation term is given by a Euclidean inner product of the DoF's

Ndofs

SE (up, wy) = Z dof;(up,) - dof; (wy) Yup, wy, € Vi(E), (2.8)
i=1

and is commonly referred to as“dofi-dofi” stabilisation within the VEM liter-
ature [I8, 2, [44]. For the discrete linear form, it is sufficient to use the II9_,
projection of f, under the assumption that f € H*"1(E), to obtain an optimal

order accuracy VEM

lf(vh) = /EH22f Up, dx.
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Remark 3. For approximating the Laplacian operator, the stabilisation does
not require any scaling, as A(-,-) scales as one on a given E € Ty, [18]. How-
ever, in general, the VEM stabilisation will have to be scaled according to the
dimension, PDE coefficient terms, and the measure of E [39, [30, [{8]. For
example, in the two-dimensional case of the L? inner product, the dofi-dofi

stabilisation is scaled by h%.

Extensions of the Virtual Element Method

This section concludes with a mention of extensions and variations of the VEM.
The classical VEM formulation and analysis in three dimensions have been
well-established [2, [44) [39]. Additionally, the VEM has been extended to non-
conforming [39, [I1], higher regularity [33] 6], and H(div), H(curl) spaces [45] 22].
Mixed VEMs have also been introduced [31], 19} 47, 46]. These discretisations
are not considered in this thesis. In Parts II and III, the curved VEM proposed

in [23] will be employed, which is reviewed in Chapter [6]

2.2 Moving Mesh Methods

In this section, an overview of moving mesh methods is presented for time-
dependent problems on moving domains. Moving mesh methods are part
of a large class of adaptive mesh refinement techniques, alongside h- and p-
refinement strategies. Moving mesh methods also have a close relation to the
Arbitrary Lagrangian-Eulerian (ALE) method in computational fluid dynamics
[50]. The fundamentals of the ALE method are also reviewed in this section.
The primary advantage of moving mesh methods is the ability to optimise
mesh structures without requiring any change in the mesh connectivity, which
can cause computational challenges, particularly when parallel implementa-
tions are considered. They also provide a natural framework for tracking phys-

ical features of a time-dependent PDE, such as blow-up problems [34], phase
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change modeling [17], fluid-structure interaction problems [89], and more gen-

eral time-dependent PDEs [13], 85, [62].

The primary goal of a moving mesh method is to evolve the coordinates of a
mesh over time in an optimal manner to maintain the accuracy of the numerical
simulation and provide computationally efficient resolution of moving solution
features. There are several approaches within the FEM literature, including the
moving FEM [13], the MMPDE method [65, [66], the Geometric Conservation
Law (GCL) method [40], and a velocity-based moving mesh algorithm [14} [15].

Moving Coordinate Systems

A moving domain is denoted by €2; and within this thesis it is assumed that
), is an open, bounded and simply connected subset of R? at any given time.
Frequently, €; will be referred to as the “physical domain”. A time-independent
“reference domain” is denoted by () and is also assumed to be an open, bounded

and simply connected subset of R2.

An invertible mapping between Q, and €, is defined for a finite time 0 <

t<T < o0 by

x(&,1): Q% [0,T] — Q.

where £ is a coordinate system of the reference domain. Typically the reference
domain is chosen to be the initial domain 2 = €, or a discrete approximation

of it. An example of such a mapping is given in Figure [2.3]

In the literature of computational fluid-dynamics x(&,t) is often referred
to as the Lagrangian coordinate system, owing to the fact that this typical
represents the moving coordinates of particles in a body of fluid. Following
the same reasoning £ is referred to as the Eulerian coordinate system. The
Lagrangian velocity field is also defined as the time derivative of x(&,t) and is

denoted by u = x(&, ).
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x(¢, 1)

////—\\\

Figure 2.3: A translation between two domains with respect to time. The function x(&,¢) maps
the coordinate system from the reference domain to the physical one.

The Arbitrary Lagrangian-Eulerian Framework

The ALE method was motivated by the inefficiency of Lagrangian and Eulerian
approaches to problems in computational fluid dynamics. The Lagrangian ap-
proach allows for simple tracking of solution features and moving boundaries.
However, the robustness of this approach depends on the fluid flow, and fre-
quently, the moving mesh degrades, resulting in poor-quality meshes. On the
other hand, the Eulerian approach fixes the computational mesh, preventing
mesh quality issues but at the cost of poor resolution of flow details and moving
boundaries [50]. The ALE method allows for an arbitrary transformation be-
tween 2 and ©; that exhibits the benefits of both the Eulerian and Lagrangian

approaches. The ALE mapping is defined by
oy QU x [0,T] — Q,

with a corresponding ALE velocity field denoted by w = 7.

ALE methods allow for the evaluation of terms between the three frames
of reference: the Lagrangian, Eulerian and ALE reference frames. In practise
only transformations between the ALE and Eulerian coordinates are required
[50]. A function f : €, — R can be represented in the ALE and Eulerian

coordinates via

f=fod,  f=fou " (2.9)
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Consistent with the literature, functions and operators defined on the reference
domain will represented using the hat notation [50 89, 60]. Additionally, the

Jacobian operator of the transformation is defined on the reference domain via

P .
T = ggih =V, (2.10)

with the corresponding time-dependent determinant defined by j = det (J,).
In order to perform the analysis of these ALE methods, regularity conditions
on the ALE mapping must be imposed [54], 60]. These conditions are discussed
in Parts II and III.

A Conservative Arbitrary Lagrangian-Eulerian Formulation

In this thesis, only the conservative ALE method is presented. Examples of
non-conservative formulations can be found in [54, 27, 28, 81]. The mate-
rial derivative operator plays an important role in the formulation of an ALE
method. This is defined as the time evolution of a function along the velocity

field trajectory

th:g—];—l—w-Vf.

Important to the formulation and analysis of ALE methods is the well-known

Reynolds Transport Theorem.

Theorem 2.2.1 (Reynolds Transport Theorem).
Let Q; be a time-dependent volume for 0 < t < T < oo with velocity w. For
t € [0, 7], it holds for a scalar function f defined on §; that

d [ of
pr Qtfdx— . Ot + V- (fw) dx.

Proof. Proofs can be found in [100, [86]. O

In the presentation of the material derivative and the Reynolds Transport
Theorem, The velocity field is given by w to denote the time derivative of the
domain transformation. This will be used in this thesis to denote an ALE ve-

locity field. Particle velocity fields or physical derived domain transformations



28 CHAPTER 2. PRELIMINARIES

will be denoted by u, noting that w = u is valid in Reynolds Transport Theo-
rem. In the derivation of the Navier-Stokes equations, u is commonly used to
denote the velocity field of fluid particles [100].

For a given PDE 0p/0t = Lp, where L is some differential operator, the
Reynolds Transport Theorem is used to derive a Galerkin formulation of the

PDE by considering a test function v

d d(pv)
4 ix= [ &% Ly, dx.
i o, pv dx /Qt o + V- (wpv) dx

Applying the product rule and rearranging terms leads to

d
— | pvdx = / pDw +v{Lp+V - (wp)} dx. (2.11)
dt Q4 Oy

In discretising this equation it is assumed that the test function moves with
the mesh velocity, i.e. Dyv = 0 so that the right hand side of Equation (2.11))
can be computed using only the PDE information and the mesh velocity field

d
— [ pvdx = / vLp+ vV - (wp) dx. (2.12)
dt O o

Indeed, when the velocity field is represented discretely in the Lagrangian Fi-
nite Element space, this property is well-known [68]. However, non-Lagrangian
Finite Element representations require an additional integral term for com-
putation [68, [65]. In the FEM, an approximation of the right-hand side of
Equation is computed, and integration over time is performed using a
standard time-stepping scheme, such as an implicit Euler scheme [54]. The
solution is then reconstructed on a new mesh using a standard global L? pro-
jection [14], [65]. In computational fluid dynamics, it is common to transform
the integral equations to the reference domain using Equations and .
Details of this are deferred until Parts II and III of this thesis.

Mesh Updates

In general, a moving mesh method requires either the computation of a mesh

velocity or mapping between the current discrete time level and the next one.
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In practical applications it is required that the trace of A; and consequently
the trace of w corresponds to the Lagrangian domain transformation over time
(or a sufficiently accurate approximation of it).

A mesh movement strategy can be described as location-based if the ALE
map is solved for by a numerical scheme or velocity-based if the ALE veloc-
ity field is approximated and subsequently integrated with respect to time to

compute the ALE map [65].

Transferring Functions Between Meshes

In general, there is no hierarchical structure between meshes at different time
levels, which raises the question: How can a solution be transferred between one
mesh and the next? The choice of transferring a numerical solution between
meshes falls into one of two categories [65].

A rezoning approach seeks to simulate the PDE independently of the mesh
movement. To achieve this a transfer operator is required to map a numerical
solution between unrelated meshes at a fixed discrete time level. Once the
transfer is computed the numerical method is computed with the mesh positions
fixed.

A quasi-Lagrange approach considers the mesh vertices as moving contin-
uously with respect to time. Here the evolution of the PDE along the mesh
trajectories are approximated. The mesh and solution are therefore updated in
time simultaneously. The conservative ALE update given by Equation

is an example of a quasi-Lagrange approach.

Choices of ALE Mappings

The best choice of ALE mapping often depends on the specific problem being
solved. A degree of choice is also afforded to the user as to how much com-
putational effort is required to maintain an optimal moving mesh. The choice

of ALE mapping can be driven by the desire to improve the quality of the
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numerical simulation. This is achieved by, for example, introducing a func-
tion that monitors the distribution of solution quantities and seeks to maintain

alignment and equidistribution properties of this monitor over time [65].

In most cases the goal of the ALE mapping is to improve the robustness of
the moving mesh method and avoid issues such as node tangling and element
degeneration which eventually lead to numerical instabilities in the method
[50, 14, 89]. Two commonly used approaches are described below. Depend-
ing on whether a location-based or velocity-based mesh movement strategy is
employed, the ALE mapping or the ALE velocity field can be solved for respec-
tively using these approaches. For brevity, the location-based strategy case is

presented. The velocity-based counterparts simply involve the substitution of

<7, and x with w and u respectively in Equations (2.13), (2.14), (2.15)), and

@-16) [50].

The flexibility of the ALE method allows, generally, for the interior mesh
elements to move arbitrarily. Consequently, there is no requirement to compute
the interior value of the ALE map or velocity field to high precision. However,
it has been shown that the ALE method is more robust under complex do-
main transformations when variational approaches are taken that improve the

regularity of the ALE map [60, 89].

Laplacian smoothing seeks to regularise the ALE mapping separately in
both coordinate directions. As such the method is given by a simple Pois-
son’s Equation in which the Lagrangian map is taken as Dirichlet boundary

conditions [50]

Al =0 £cQ, (2.13)
o, = x(&, 1) ¢ € Q. (2.14)

A more complex approach is to treat the moving mesh as an elastic body

subject to a Navier-Lamé equation [60}, 55]. For a scalar parameter A\ > 0, the
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ALE map is given by

— A, + \V(V - o2,) =0 £cqQ, (2.15)
o, = x(&, 1) ¢ c 90, (2.16)

The special case of A = 0 is commonly referred to as harmonic extension.

2.3 Literature Review

To conclude this chapter, a review is provided of the recent works that in-
vestigate polygonal moving mesh methods. The mathematical details of these
studies are omitted here, but the required preliminary material can be found
in Sections and and further information can be obtained from the re-
spective publications. Finally, a brief mention is made of additional research

indirectly related to moving meshes and polygonal discretisations.

A Conservative ALE Remapping Method

Lipnikov and Morgan’s work [78,[80] presented a moving polygonal mesh scheme
using a discontinuous Galerkin method with a conservative ALE update. They
mapped a discrete function between two curvilinear polygonal meshes via a
pseudo PDE problem on a moving mesh between the original and final meshes.
They employed the VEM to approximate integrals that would otherwise be
uncomputable.

They constructed the moving coordinates system by linearising the differ-
ence between the two meshes by a pseudo-time parameter. By defining the
moving geometry and time derivative of the function, which is zero under move-
ment, they could simplify the Reynolds transport theorem into a computable
integral form.

A semi-discrete method subdivided the pseudo-time interval into segments,

each with a corresponding sequence of geometries and meshes. A discrete
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Jacobian was approximated via a virtual element space to approximate any
integration back to the initial discrete space.

They defined a fully discrete system with mass term and right-hand side,
and the system could be computed solely on the initial mesh with the final mesh
only required at the end of the pseudo-time stepping scheme. At the end of the
algorithm, the H' projection was applied to the solution interpolated onto a
virtual element space to ensure the local weight of the reconstructed polynomial
was consistent with that of the solution of the pseudo-time problem solved on
the initial mesh.

They demonstrated the volume of the solution over the domain was pre-
served during the pseudo-time stepping. Numerical results suggested optimal
accuracy in L? and L* norms for polynomial degrees k = 0, 1,2. The method
proved a moving polygonal mesh scheme was possible, with flexibility in defin-
ing the mesh movement, allowing for more generalised representations of the
velocity field.

However, limitations of this method included its restriction, to a fixed func-
tion on a fixed domain without a moving boundary. Further research would be
needed for extension to time-dependent PDE problems or domains with mov-
ing boundaries. The necessity to use a k41 order polynomial projection of the

velocity field requires examination, as it’s uncommon in typical VEMs.

Mappings between moving polygons

In the paper of Huang and Wang [66], the quality measures of polygonal meshes,
specifically focusing on anisotropic mesh refinement, are studied. They pro-
posed a set of quality measures for Voronoi meshes and utilised the MMPDE
scheme [65] for the refinement of adaptive moving meshes. Their study also
included numerical experiments that employed the Wachspress finite element
method [98] for the anisotropic solution of Laplace’s equation.

The paper considered two different types of meshes: computational and
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physical. For every physical mesh, they assumed a corresponding reference
polygon in the computational mesh. They connected these polygons through
a bijection, ensuring only mappings that preserve the polygon’s connectivity

and map nodes to nodes.

The quality of the polygonal mesh was assessed based on the integral of
a metric tensor over a particular domain [65]. They established that a high-
quality physical mesh should maintain a constant ratio between this metric
integral and the area of the domain. Two conditions are utilised, alignment and
equidistribution, to define the mesh quality. When adapting mesh movement,
an ideal mesh aligns and equitably distributes, such that the quality functions

equal one.

Three approximations of the mapping are suggested in this paper. A linear
least squares fitting method provides an approximation for all possible maps
that satisfy a specific condition. It employs the least squares approach to com-
pute the map, taking into account the nodal coordinates. This approach is
applicable for convex, non-degenerate polygons. This method provides an ap-
proximate measure of the mesh quality based on the Jacobian. Generalised
barycentric mappings is another approach that constructs a specific mapping
using generalised barycentric coordinate systems. These coordinates are func-
tions that satisfy specific conditions and are particularly applicable for a given
N-gon. The mapping can then be defined using these coordinates. There are
two possible coordinate systems for convex polygons: the Wachspress coordi-
nates and the piecewise linear coordinates. Each system has its own way of
defining the coordinates and the mesh quality measures. The third approach
utilises affine mapping by extending to higher dimensions. Here, a set of in-
finitely many reference polygons are used to ensure the mapping is affine. The
polygon in question is assumed to be translated such that the polygon cen-
troid is at the origin. A mapping can then be defined through a hyperplane

translation. The quality of the mesh is then defined using a specific Jacobian
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equation.

The study applies the moving mesh PDE method (MMPDE) [65] to adap-
tively refine the positioning of mesh vertices based on a metric tensor depen-
dent on the Hessian of the solution. The movement of mesh nodes is deter-
mined using piecewise barycentric mappings on sub-triangles. The method
demonstrates comparable convergence rates to uniform mesh refinement, while

achieving smaller numerical errors in solution accuracy.

Preliminary results compare three mesh quality measures for generating a
centroidal Voronoi tessellation (CVT) using Lloyd’s iteration [51]. The results
show convergence of the quality measures to 1, with the piecewise linear mea-
sure exhibiting more volatile behavior. Two test problems involving Poisson’s
equation on a unit square domain are considered, showcasing strong anisotropic
behavior in the solution gradient and Hessian. The MMPDE method, using
the defined metric tensor, achieves similar convergence rates to uniform mesh
refinement, but with smaller numerical errors in both test problems. The mesh
quality measures also converge to 1 for each moving mesh refinement, includ-
ing cases with modified metric tensors and an infinite solution Hessian at the

origin.

The paper’s contribution lies in the methodology of representing mesh trans-
formations, allowing for flexibility in approximating translations between ele-
ments in a moving polygonal mesh method. Different mapping techniques
demonstrate the potential for robust and computable mesh quality and align-
ment measures during r-refinement. However, the study does not explore the
coupling of this adaptive algorithm with time-dependent PDEs or the inte-
gration of translation choices within the computational mesh. The use of sub-
tessellations combined with polygonal discretisation schemes for PDEs presents

a promising avenue for future moving mesh methods.
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PDE based reconstruction on non-hierarchical meshes

In a paper by Cangiani, Georgoulis, and Sutton [38], an alternative approach
to moving mesh methods is proposed. The method utilises discrete elliptic op-
erators to transfer the numerical solution of a PDE between meshes. Residual-
based a posteriori error estimates are derived, and the method is tested on a
moving mesh method for a parabolic PDE.

The paper considers parabolic diffusion problems defined on a fixed bounded
domain. The PDEs are solved numerically using finite element or virtual ele-
ment frameworks. Bilinear forms are defined, along with corresponding norm
and projection operators. The numerical method involves solving a discrete
scheme for the PDE, with a discrete derivative and elliptic reconstruction of
the solution. Error estimates are provided for the L?*(H') and L*(L?) norms.

Computable transfer operators, such as the coarsening operator and refine-
ment operator, are introduced in the VEM. These operators interpolate degrees
of freedom and compute H'! projections, respectively. Estimators for the el-
liptic reconstruction, including L? and H' estimators, are derived based on
jump residuals and element residuals. A computable estimator for the tempo-
ral component is not presented in the paper but can be adapted from the finite
element counterpart.

Empirical results demonstrate the convergence and accuracy of the method.
The moving mesh method using classical finite element methods and VEM both
exhibit optimal convergence rates on various test cases. The method performs
well on parabolic problems with rapidly moving solution features, with a refined
mesh strategy based on error estimators.

The a posteriori error estimates provided in the paper offer a solid founda-
tion for further analysis of moving polygonal mesh methods. The numerical
results support the effectiveness of the virtual element method in handling
rapidly changing mesh geometries. The L?(H') norm estimator is found to be

particularly reliable for solutions with sharp features. However, the paper does
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not address time-dependent domains, leaving room for future exploration of

the impact of inconsistent meshes with the true domain boundary.

Space-time Elements on Moving Voronoi Meshes

In the work of Gaburro et al. [59, 58] a moving mesh method is proposed that is
based on Voronoi tessellations to construct space-time elements for simulating
hyperbolic PDEs while satisfying the geometric conservation law. The method
combines an ALE Finite Volume method with a Discontinuous Galerkin method
to achieve high-order accuracy and robustness.

The mesh is generated using Voronoi tessellations, which are regenerated at
each discrete time level. The movement of the mesh is determined by an ALE
velocity field that aims to maintain quasi-uniformity and emulate Lagrangian
behavior. The positioning of mesh generator points is computed based on
averaging the extrapolated Lagrangian velocity and an optimal seed position
derived from Lloyd’s algorithm [51]. Higher order representation of the mesh
movement is achieved by considering a Taylor expansion of the generator points.

Space-time elements are constructed by connecting the edges of the poly-
gons between consecutive time states. For standard elements, quadrilateral
faces connect the edges, while additional considerations are made for degen-
erate edges in sliver elements. The method includes a predictor step, which
is performed locally on each space-time element, and a corrector step that
integrates the weak form of the PDE globally using the predictor solutions.

Extensive numerical results demonstrate the method’s effectiveness and ac-
curacy for a range of test cases, including vortex flows, explosion problems, the
Sedov problem, and magnetohydrodynamics. The method exhibits high-order
convergence, robustness for long-time simulations, and the ability to handle
highly rotational flows without suffering from mesh tangling.

While the method shows promising results, some limitations and areas for

further investigation are mentioned. The explicit knowledge of the domain ge-
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ometry, particularly the rectangular region, is required, raising questions about
extending the approach to moving boundary problems. The impact of using a
low-order Finite Volume limiter has not been fully explored, and its frequent
use may result in a loss of convergence. The reconstruction-based nature of the
method eliminates the need for knowledge of the material derivative operator,

distinguishing it from other moving mesh methods.

Additional Works

To achieve higher-order accuracy in simulating moving boundary problems,
accurate representation of the boundary is crucial. Curved polytopic elements
offer the ability to achieve higher accuracy for PDEs on domains that deviate
from typical rectangular benchmarks. In the virtual element literature, there
have been significant research efforts to enhance the flexibility of this method
for curved elements. Promising results have been obtained through various
approaches [23, 26, 21, O, [46], demonstrating optimal convergence rates for
benchmark elliptic problems. To attain convergence rates higher than quadratic
order, it is essential to improve the representation of the moving boundary by
incorporating curved edge elements and assessing their impact on moving mesh
methods.

Moving surface and surface PDE problems are related to coupled moving
mesh and PDE models. Previous studies on moving surface FEMs include
[52, B3, 73, [0, 72, [71]. The analysis approaches used in these works can
potentially be extended to a virtual element discretisation for similar problems.
Additionally, there are works in the VEM literature focusing on surface PDEs
[57, 56l [12) [76], which closely relate to moving mesh methods and provide
theoretical foundations to analyse each component of the method separately.

To conclude this review, two additional relevant papers are mentioned.
In [83], a linear VEM is coupled with a mesh agglomeration algorithm for

long-term simulations of moving landforms. In [7], a cut-based discontinuous
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Galerkin scheme for fluid-structure interaction is introduced and tested. Both
papers demonstrate that changes in mesh connectivity can be successfully cou-

pled with polygonal discretisation techniques and produce accurate solutions.



Part 1

A Velocity-based Moving Mesh Virtual
Element Method

39



Introduction

Within the literature there did not exist an implementation and/or analysis of
a moving mesh method that fully depended on the VEM. In order to motivate
the development of moving mesh VEMs, it is imperative to demonstrate that
the VEM can be effectively applied to an elementary instance of a moving mesh
problem.

In Part I a VEM discretisation of a moving mesh method is proposed and
benchmarked against a series of numerical experiments. Here a velocity-based
moving mesh algorithm [14], 16|, 17, [67, 8], [15] is considered for the numerical
solution of free boundary problems. The method is closely related to the Ge-
ometric Conservation Law method (GCL) [40] and also forms part of a larger
family of adaptive moving mesh methods discussed in Section It uses a
Lagrangian formulation of the given PDE to solve directly for the mesh veloci-
ties which are integrated over time to evolve the mesh. The solution computed
on any given time-step is then transferred to the following time-step using an
ALE scheme based on a weak distribution of a given monitor function. The
lowest order VEM discretisation is formulated for this moving mesh method.
This new method is presented focusing on the solution of the free boundary
problem for the Porous Medium Equation (PME) as a model problem. This
method can also be regarded as an extension of the linear moving mesh FEM
to polygonal meshes that reduces to the original algorithm [14] when the mesh
consists of only triangles.

In Chapter 3| the moving mesh method is reviewed and a VEM formulation

40
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of the mesh velocity and ALE update are presented. The discrete equations are
derived using the classical VEM spaces defined in Section A conservation
law is then presented for the linear moving mesh VEM.

In Chapter [4] numerical results are presented for a similarity solution of
the PME. To showcase the methods generality, an extension of the method
to a nonlinear fourth-order problem is formulated and numerically tested. To
demonstrate the advantages of using a polygonal discretisation in moving mesh
methods, a simple node insertion/removal algorithm for problems involving
collision between a moving boundary and fixed obstacles is outlined and tested.
The benefit of this algorithm is that typical issues such as node tangling, contact
with obstacles, and topological changes of the moving domain [65] [15] can be
dealt with fully by local changes in the mesh topology.

A selection of results from Part I has been submitted for publication [99].



Chapter 3

A Virtual Element discretisation

of a Moving Mesh Algorithm

The velocity-based moving mesh method was first proposed in [14] for non-
linear diffusion problems (such as the PME). The solution and velocity spaces
were discretised using a linear Lagrange finite element space on the moving
mesh. In this chapter we present the formulation of the two-dimensional mov-
ing mesh method for the PME using the VEM. Whilst the method has been
successfully applied to a variety of parabolic problems with different solution
features, our presentation is restricted to the PME with an extension demon-
strated in Chapter 4l A summary review of the method is provided in [I5] and
provides a framework in which the moving mesh VEM could be extended to

these problems.

In Section we introduce the PME problem and the associated free-
boundary problem which the moving mesh method will be derived from. The
velocity-based moving mesh method is reviewed in Section[3.2] The VEM space
employed in the proposed method is outlined in Section [3.3] The discretisa-
tions of the velocity and solution problems are presented in Sections 3.4]and
respectively. The chapter is concluded with a conservation law result presented

in Section [3.6] and an overview of the algorithm in Section [3.7]

42
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3.1 The Porous Medium Equation

On an open, bounded domain Q@ C R2, we consider the following initial-

boundary value problem for the PME: find p : Q x RT — R such that
dp

5 (x,t) = AD(p(x,1)) (x,t) € Q x (0, 00], (3.1)
p(x,t) =0 (x,t) € 99 x (0,00,
p(x,0) = po(x) x € (), (3.2)

where ® = p™*/(m + 1), for some m > 0, and py > 0 having compact
support in Q. The PME belongs to the broader class of Generalised Porous
Medium Equations (GPME), also known as filtration equations, obtained with
® : RT — RT any increasing function. The mathematical analysis of the
GPME is well developed; see the monograph [97] and the references therein.
In particular, the notion of appropriate weak solutions is discussed in [97] where
it is shown that, for non-negative py € L'(Q) and for ¥(py) € L'(Q), where
U is the anti-derivative of ®, if ¥(p) > 0 for p > 0, there exists a unique
non-negative weak solution to the GPME globally in time.

The PME models a number of physical processes such as fluid flow, heat
transfer, and diffusion. It exhibits several interesting properties, including the
existence of a family of radially symmetric similarity solutions [86], which are
used to test the numerical method in Chapter [l Other properties of the PME
are discussed in [97, [15, [87].

It is a fundamental example of a degenerate parabolic equation, stemming
from the condition that ¥ is non-negative, rather than simply positive.

Solutions that exhibit an evolving compact support are ideal for the class
of moving mesh methods considered herein because considering as unknown
the support of the solution leads to a moving boundary problem that can be
simulated over time without having to discretise the entire geometry of Q.

Introducing the time-dependent support of p as §2;, we define the time-

dependent coordinate system x(&,¢) with a velocity field x = u(x,t) that
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corresponds, at 0€);, with the movement of the free boundary of €2; for all

€ [0,00]. Additionally, we consider the free boundary problem for the PME
in which part of the boundary may be obstructed by a fixed object. To this end,
the boundary is divided into a moving part QM and a fixed part QL such
that 99 = 9QM U QL and 9OM N INL = (). Thus, we arrive to the following

classical free boundary problem for the PME, whose smooth solutions are weak

solutions of (3.1))-(3.2)), cf. [97].

Problem 3.1.1 (The Porous Medium Equation (PME)).
Let T >0 and m > 0. Find p = p(x,t) such that p(x,0) = po(x) for x € Q
and, for allt € (0,7,

dp

5 =V (") x € 0,
p=0 x € 00V,
P"Vp-n=0 x € 00F.

Here, n is the outward pointing unit normal to the boundary 0S). Note that an

additional (kinematic) boundary condition,
pu-n=—p"Vp-n x € 00V,

which imposes zero flux through the moving boundary, is required to determine
the boundary velocity u. On O0F | the boundary velocity is specified and pu-n =
0.

3.2 Algorithm Review

We present the derivation of this method for a general time-dependent PDE of

the form
o _
ot

with L£p being a generic spatial differential operator in R?. In the case of the

PME in Section [3.1] we have Lp =V - (p™Vp).

Lp, (3.3)
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Monitor Distribution

The movement of the mesh is derived by specifying the time evolution of the
distribution of the spatial integral of some solution-dependent monitor function,
M(p). Specifically, the velocity field u is determined by requiring that the initial
distribution of the monitor function M(p) is conserved as time progresses.

We define the space-time domain as

The goal of this moving mesh method is to seek a u such that, for all
v € L*(Qr), the coordinates x(&,t) satisfy

th v(x,t) M(p(x,t)) dx _ fﬂo v(€,0)M(p(&,0)) d€
Jo, Mi(p(x, 1)) dx Jo, M(p(&,0)) d§

The derivation of the moving mesh method is based on application of the

Vte[0,T]. (3.4)

Reynolds Transport Theorem and on the assumption that the material
derivatives of the weighting functions v(x,t) are zero with respect to the ve-

locity field u. Namely,

Dtv:%—l—u-Vv:O. (3.5)

This is a common assumption made in finite element approaches to moving
mesh algorithms as discussed in Section and is equivalent to assuming that
v(x(€,t),t) =v(€,0) in Equation (3.4).

Equidistribution-based mesh movement algorithms typically attempt to re-
duce the global approximation error without changing the number of degrees of
freedom by choosing a finite set of weighting functions v;(x, t), so that each one
has a direct association with a mesh node or element. The monitor function
M(p) is then selected to act as a local error indicator, and the mesh is adjusted

in an attempt to equidistribute the values of the weighted monitor integrals

plo) = [ via(p) ax (3.6)

and hence to equidistribute the local error across the mesh. Such an approach

could be followed within our framework [81], [I5]. However, in this method we
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adopt the following approach which is more akin to Lagrangian mesh movement
algorithms, which attempt to move the mesh with the ‘flow’ velocity.

Choosing M(p) = p in equation naturally leads to a weak approxima-
tion of the Lagrangian ‘low’ velocity of the PDE when Lp = V - f for some
flux f in Equation (3.3). This has two benefits: (a) it allows us to predict
the movement of free boundaries; (b) it reduces interpolation error of the com-
puted mesh and solution between time-steps because the mesh (and hence the
solution) is transported with the velocity field inherent to the PDE.

In many PDEs (including the PME defined in Section , p represents a
density, i.e. its integral in space is a mass, so we will refer to M(p) = p as
the mass monitor. For clarity of presentation, we will assume use of this mass
monitor from now on. Hence, each weight function v(x,t) is assigned its own

‘mass’:
pe(v) = / vp dx = c(v)0; where 0, = / p dx. (3.7)
Qt Qt

Equation then provides c(v) = po(v)/0y from the initial conditions of
the PDE, and we assume that these distribution coefficients remain constant
in time. The evolution of p is governed by Equation (3.3)), so Equation (3.7))
provides us with a way to prescribe the evolution of the coordinate system in
a way which retains the initial ‘mass’ distribution.

The original moving mesh finite element method [I4] [15] chose the weight
functions to be the standard linear Lagrange finite element test functions on
meshes of simplices. This associates a fixed proportion of the total mass of
the system with each node of the mesh, so the values of y;(v) depend not only
on p, but also on the mesh node positions. In this situation, Equation (3.7))
provides a way to compute mesh node velocities using standard finite element
techniques, in a way which is consistent with local mass conservation when this
is a property of the underlying PDE. In this chapter we demonstrate that the

same principle can be applied on polygonal meshes within a virtual element
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framework.

The Velocity Field

Let t € [0,7] and consider all v € H'(Qr) such that D;v = 0, cf. Equa-
tion (3.5)). Differentiating the first equality in (3.7)) with respect to time and
applying the Reynolds Transport Theorem leads to

f(v) = /Qtv{%—i—v-(pu)} dx. (3.8)

Noting that (3.8]) does not fully determine the velocity, we further require that
each weighting function retains a fixed proportion of 6; as the mesh evolves.

Hence we impose the constraints
[1(v) = ¢(v)by. (3.9)
Inserting (3.9)) in (3.8)), using (3.3)), and integrating by parts results in

c(v)f, + / pVv-udx = / vLp dx + / vpu-nds, (3.10)
Q o) 09

with n the outward unit normal on 0€);. Similarly, a direct application of the

Reynolds Transport Theorem to the second equality in ({3.7]), yields

0, = /Epdx —i—/ pu - n ds. (3.11)
of o9

In fact, 6, is typically known explicitly because pu - n is known on the
whole of 0€);, and the boundary conditions provided with the PDE will enable
evaluation of the integral of Lp. Furthermore, for mass-conservative problems,
0, = 0. Note also that assuming that c(v) remains constant preserves the initial
distribution of the mass (or a more general monitor integral) so a monitor which
is initially equidistributed between a set of weighting functions should remain
equidistributed as the coordinate system evolves with this velocity field.

Equations and are used to compute an instantaneous velocity u
which is consistent with conserving the proportion of mass associated with each

weighting function. This provides a form of local mass conservation when 0, =
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0. However, it still does not uniquely define u in multiple space dimensions.
To overcome this issue, the velocity field is written in terms of its Helmholtz

decomposition

u=q+ Vo, (3.12)

where ¢ is a scalar potential and q must be specified. This constraint is equiva-
lent to imposing the curl of the velocity field because V x q = V xu. Moreover,
for simplicity, we may further assume that q = 0. This is the natural choice for
the porous medium equation, which is derived under the assumption of a curl-
free flow velocity field. An example of the method applied with a rotational
velocity field is presented in [I5]. The problem for determining the velocity
potential is therefore: find ¢ € H'(Q;) such that

/ pVu -V dX:/ vLp dx + / vpu-nds — c(v)b, Yo € HY(Qy),
Q of o
(3.13)
where ¢ = 0 is specified at one point in €); to ensure uniqueness.
The velocity field is finally obtained as the solution of equation (3.12)) written
in weak form with q = 0 and ¢ given by (3.13). That is, we find u € [H'(Q;)]?
such that

/ zu dx:/ 2V dx Vze HY(Q), (3.14)
Qt Qt

with u-n imposed on any part of the boundary where it is known. For instance,
in case of contact with an obstacle, we would impose u - n = 0 on the contact
boundary. Note that is just the component-wise L?-projection.

In the case of the PME, under the assumption that 0, =0, Equation (3.13))
can be simplified to: find ¢ € H*(€2;) such that

At(Qb, U) = dt(U) VU c Hl(Qt),
where
Ai(p,v) = / pVo - Vo dx, (3.15)
Q

di(v) = —/ p""Vp - Vv dx. (3.16)
Q
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Remark 4. We note the continuity of the velocity potential problem is guar-
anteed by the conditions on the PME solution of p; € L>(S) N HY(Qy) for all
t €0,7) [29]. Coercivity of As(-,-) is provided under the condition that p; > 0
on Q; and that the integral of p; is uniformly bounded below for all t € [0,t].
Proofs of well-posedness are given for the PME in [97].

Similarly, the velocity reconstruction Equation (3.14)) can be written as: find
u € [H(Q,)]? such that

M(u,v) = b(v) Yo € H(Q,),

where
My (u,v) = / w dx, (3.17)
Q¢
bi(v)= [ Vo v dx. (3.18)
Q

The velocity field in the interior of €); could be discarded at this stage, and
replaced by one derived using a different approach which is constrained by the
boundary velocity derived above. Any of the ALE velocity schemes presented
in Section would be appropriate. Here we introduce the ALE velocity field

given through a Laplacian smoothing of the velocity field. From Equations

(2.13) and ([2.14]), the velocity field is defined by

AWZO XEQt,

w=u X € 0€);.
For completeness, we define the bilinear form for this Poisson’s Equation by

Ki(w,v)= [ Vw-Vudx  Vve Hj(). (3.19)

Q

The Solution

The ALE velocity field w derived using Equations (3.13)), (3.14]) and (3.19) can
now be used in the update of the solution. Integration of Equation (3.8]) by
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parts and substitution of Equation ({3.3]) results in

,[Lt(v):/ vLp dx — / pVu-w dx + / vpu-n ds Vo e H (Q).
Q Q o

(3.20)
This is a standard conservative ALE update reviewed in Section Inserting
the PME into Equation (3.20)) leads to

/lt(v):—/ p"Vp-Vvdx — / pVu-w dx Vo e H'Y(Q).
Q

Q
Along with the condition x = w, it gives a system of ODEs governing the
evolution of the coordinate system and the distribution of the mass monitor
which can be approximated using standard solvers such as explicit Runge-Kutta
methods [15, 67]. With these at hand, the solution can be recovered by solving
the problem: find p € H'(€2;) such that

my(p,v) == /Q pv dx = p;(v) Yo e HY(Q). (3.21)

In the special case where § = 0 and c(v) is assumed constant in time, Equation

(3.20]) is redundant because fi;(v) ~ 0 by design. In fact, without the velocity

recovery from the potential through (3.13)) and (3.14)), we would have fi,(v) = 0.

However, the practical steps of the recovery procedure may introduce small
perturbations. Alternatively, one may use the knowledge that fi,(v) = 0 and
hence resort directly to the initial values po(v), avoiding the need to calculate
the ALE update (3.20)) altogether: we refer to this as direct recovery. However,
direct recovery can only be used with the specific choice of the mass monitor
and with mass-conservative PDEs. In other situations the interior velocity field

will not correspond to fi;(v) = 0 and the ALE update is essential.

Remark 5. The alternative, non-conservative, ALE formulation discussed in
Section[2.9 can be derived which would give an equation for the material deriva-
tive Dyp instead of [ (see [81)]). This derivation does not require that the weight
functions evolve with zero material derivative, but conservation of mass is lost

as a result.
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3.3 A Moving Virtual Element Space

Similar to the original method, we consider a semi-discretisation approach for
the moving mesh method VEM. In the following we let 0 =t5 <t < ...tn, =
T denote a given sequence of discrete time levels at which the PME is discre-
tised.

We consider the set of moving mesh vertices defined at a time level ¢, as
{(xh,n)i}fvzdlofs C R?. The time-dependent mesh 7y, is defined to be the polygo-
nal mesh given by transforming the initial mesh vertices according to the nodal
displacements given by xj,,. A polygonal element of 7}, is denoted by Ej, ,,.

The mesh connectivity is maintained for all time levels. Assumption[I]can be
imposed on the initial domain but there is no guarantee this regularity will be
maintained, especially if the mesh velocity approximates a Lagrangian velocity
field [50]. The conditions of Assumption |I| can be maintained by introducing
an ALE velocity field on the interior of 2, such as the Laplacian smoothing
defined in Equation (3.19). Other choices of ALE velocity include the examples
given in Section [2.2] Alternatively, we could formulate this method using a

different monitor function [81].

The classical linear VEM space constructed on 7}, is using Equations ([2.3))
and (29)
th = {Uh € Hl(Qh’n) DUy € V1<Eh,n) VEh’n € 7;L7n} . (322)
When required, homogeneous Dirichlet boundary conditions can be embed-
ded in the virtual element space by fixing the relevant boundary nodes. Hence,
given a I' C 92, ,,, we denote the constrained space by
Vh{‘n = {Uh S Vh,n : Uh|F = 0}

For ease of reading the second subscript will be omitted on the understanding
that the VEM space of Equation (3.22)) is only constructed on discrete time
levels. At a fixed time, the moving mesh method considers approximations of

the solution p, € V}, and Lagrangian velocity u, € [Vh]z.
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Remark 6. As this moving mesh method is only considered for the lowest order
discretisation, we only need to consider the vertex coordinates in the moving
mesh at discrete time levels. In general the mapping from o to p,, would
be represented by a discrete VEM function ), ,(§) of degree k € N. This
generalisation is explored in Part II for time-independent transformations with

Chapter [0 being a direct extension of this idea to higher-order methods.

3.4 A Virtual Element Method for the Velocity Field

We present the VEM for the solution of the velocity Equations and
(13.14)).

It is assumed that a discrete solution at time level ¢, has been computed
as pn € Vi, on the current mesh 7;,,. When n = 0, p, is defined as the
virtual element interpolation of the initial condition of the PME Problem [3.1.1]
Otherwise, pp, is the current time discrete solution.

The VEM discretisation of the velocity potential Equation reads:
given py € Vj, ,, find ¢, € Vj,, such that

Ah,n(¢h, Uh) = dh,n(vh) Yu, € Vh,n (323)

with the approximate bilinear form A, (-,-) and linear form dj,,(-) built by
summing element-wise contributions
Apn(Pn,vn) = Z Ahn bn,vn) and dpn(vn) Z dhn Up).
Eh €77L n Eh€7—h n
As anticipated above however, the preceding definition of the local VEM forms

necessitates the use of projections as follows:

A (fn, o) = / pn Mg - Mooy, dx
Ep
+ pnS" (o, — IIY ¢, v, — T wp), (3.24)

dEn

hn (VR) = —/ ()™ Topp, - Moy, dx, (3.25)
Ep,
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where py, is the nodal average of p, computed via

N dofs

_ 1
Ph = N dofs Z dOfZ(ph)
i=1

Following standard VEMs [18], we employ the dofi-dofi stabilisation form

ydofs

SER (wy,, vp) = Z dof;(wp,) - dof;(vy) Ywp, v, € Vi(E}). (3.26)

i=1

The integration constant is fixed by constraining a single vertex value of ¢y,
to zero. A variety of suitable stabilisation choices are admissible [20, 39] but
we adopt the simplest choice in this chapter. In particular, in the case when
arbitrarily small edges appear in the mesh we refer to [30] for more appropriate
stabilisation terms.

The velocity reconstruction Equation (3.14) is a global L? projection, which
has a well documented VEM discretisation [2, 44]. Its VEM discretisation
reads: given ¢, € Vj,, the solution of , find u, € [Vhyn]z such that

w;, -n = 0 on the portion of 2, ,, approximating 9Q% and
Mh,n(“ha vp) = bh,n(Uh) Vo € Vi

As before, the forms M, ,, (-, -) and by, ,,(+, ) are obtained summing the respective

elemental forms

M}fZ(uh, Uh) = / H(l)uh H?Uh dx

Ep

+ |Eh| SEh (uh - H?uh, Vp — H(I)Uh), (327)

by (0n) = / Moy, Mogn dx, (3.28)
Ep

with the stabilisation term given by Equation . We remark that the
computation of Equations and are done component-wise using
the standard VEM.

In a VEM framework the interior ALE velocity mesh velocity is computed
by solving a standard Poisson’s equation with Dirichlet boundary conditions

taken as the approximation of the Lagrangian velocity field [44]. We denote
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this ALE velocity by w; € [thn]Q and define the discrete approximation of

Equation (3.19)) by

KhE’Z(W}Z, Uh) = / H(l)Wh . H(l)vh dx + SEh (Wh — Hlvwh, Up — Hlvl)h), (329)
Ep

where the Dirichlet boundary condition of w;, = u; is imposed. We present
the remaining formulation using this velocity field.
The mesh is transferred between discrete time levels by displacing the nodes

of the mesh and maintaining the mesh connectivity between ¢t = ¢, and ¢t = ¢,,.1.

Ndofs

For the set of mesh nodes {(x4,):};,_, , the new positions are obtained by the

forward Euler method applied to xj,, = Wy, ,, yielding

Xhn+1 = Xpn + (tn—i-l - tn)wh,n-

Thus, consistent with the VEM philosophy, only the values of wy, at the nodes,
that is the degrees of freedom of wy,, are required to compute the mesh move-

ment.

Remark 7. We note that the mesh velocities computed in this way do not guar-
antee a priori that Assumption |1| holds true. For instance, when performing
the numerical experiments for contact problems of Section[{.5, we observed a
degradation of mesh quality near the contact boundary. The Laplacian smooth-

ing tmproves the robustness of this method but not indefinitely. This is also

observed in FEM ALE schemes [89].

3.5 A Virtual Element Method for the Solution

Once the new mesh node positions have been computed, we consider the pro-
cess of updating the solution. This is performed in two steps corresponding,
respectively, to the conservative ALE update of the mass monitor Equation
and the actual solution update Equation .

The original moving mesh method in [I5] was based on the linear FEM

for which the validity at the discrete level of the material derivatives assump-
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tion leading to the ALE update has been proven in [68]. In the
VEM setting, instead, we exploit the fact that virtual element functions are
only accessed through their nodal values: in close alignment with the work of
Lipnikov & Morgan reviewed in Section [2.3] only the mesh skeleton velocity
is known and used. Hence, in view of the solution update through the time
step [tn, tni1], We can assume that is satisfied by the space-time discrete
basis functions, which are then interpolated at the new time level, again, just
by accessing the nodal values of the solution.

The initial condition pp o is approximated by interpolating the degrees of
freedom of py into the VEM space V}, o. Then, the initial mass monitor distri-

bution is computed via
fin,o(vn) = Z / 11 pno Mvpo dx. (3.30)

The next task is the update of the mass monitor over time levels. Once again,
this is performed via the forward FEuler method: the new monitor is thus given
by

P11 (V) = pnn(Vn) + (tnr — o) fonn(Vn)-
This, in turn, requires the approximation of the ALE Equation (3.20)) which is

performed still on the old time level (temporal subscript omitted) by
ﬂh(vh) = — Z / H(l)ph H(l)vh : {(ﬁh)m_lﬂéph + ngh} dX, (331)

where again p, denotes the nodal average of p, on Ej. Once the monitor is
updated, we set the time level to the new time and update the solution using

a VEM discretisation of Equation (3.21): find pp 41 € Vi1 such that

Mhn41(Phs VR) = hnt1(Vn) Y Upns1 € Vit

Similarly to the velocity reconstruction, the discrete form my, ;41 (+, -) is com-

puted on the new time level by summing over element contributions

Min+1(Phs Vr) = Z mﬁ%ﬂ(ﬂh,vh);
Eh€7—h,n+l
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where

my" o (pn, vn) = / 0p, vy, dx + | Ep| S™ (pn — Mypn, v, — Hyon), (3.32)

Ep

with the stabilisation term given by Equation (3.26)).

3.6 A Conservation Law

A beneficial property of the linear virtual element method is that the basis

functions form a partition of unity on €2, at any discrete time level, i.e.

Ndofs

> =1, (3.33)
=1

where the set {gpi}f\:ffs refers to the set of canonical VEM basis functions
associated to the vertices of the mesh (see Section [2.1)); that is ¢;((xn,);) = 6i;
for i =1, ..., N9® where (x;,,); is the j-th node in the mesh.

For a given p;, € V},,, the monitor integral 0,, reads

Hhm = / Ph dX,
Qh,n

from which the polynomial consistency and partition of unity property of the

VEM gives

= 32 [ Mo dx
E

Eh€7-h,n h
Ndofs
0
= E /Hlph § p; dx
En€Thn ” Eh i=1
Ndofs

=3 Y [ e ax

R o
Therefore the global conservation of the mass monitor is only dependent on
the polynomial component of the discrete solution and weighting functions.
Further, the exact value of the discrete monitor integral can also be recovered
Via dofs

Hh,n - Z ,uh,n((;pi)-
=1



3.7. IMPLEMENTATION DETAILS o7

Following a similar argument we obtain using Equation (3.31]) that

ydofs

Onn = Z ftnn (i) =0,
i=1

which implies that the VEM conserves the global mass of the solution at every
time level and agrees with the conservation of mass principle for this particular
PDE. In fact, virtual elements preserving relevant global conservation laws in
different contexts can be constructed, an example of which is given in [96] for

the heat equation.

3.7 Implementation Details

This section presents a complete overview of the moving mesh virtual element
method. The construction of the required algebraic equations and imposition of
boundary conditions are reviewed along with some practical remarks regarding
the implementation of this method. The initial weak distribution of the monitor
is stored in the vector py and can be computed using equation (3.30]) whilst the
mass matrix M, is computed by assembling the contributions from equation
(13.32).

In order to compute the discrete potential ¢;, € V},,, from equation ([3.23)), we
solve the linear system A, ¢ = d, with A, and d,, computed using equations
and , respectively. The solution of the resulting linear system
determines ¢, up to an additive constant which is inherited from the continuous
formulation of the method; here we impose dof;(¢;) = 0.

Once ¢y, is recovered, the Lagrangian velocity field is reconstructed solving
MZ%Zu = b,,, with MZ and b,, given by equations and (3.28)), respectively.

The discrete ALE velocity is computed by solving K,,w = 0 using Equation
(13.29).

The ALE update of vector g, is then obtained using equation and,

along with the mesh nodal velocities x,,, = Wy, ,,, provides a system of ODEs



CHAPTER 3. A VIRTUAL ELEMENT DISCRETISATION OF A
58 MOVING MESH ALGORITHM

which can be approximated using the forward Euler method. The main method

is outlined in algorithm [1]

Algorithm 1: Moving mesh VEM
input : The initial condition ps o € Vi, o and mesh 7j o, the final time
T.
Set n = 0;
Compute pg according to equation (|3.30));
while ¢, <7 do
Construct and solve A, ¢ = d,, using equations (3.24) and (3.25]) for
On € Vs
Reconstruct the velocity via MZu = b,,;

Compute the ALE velocity via K, w;

Compute the ALE update g, from equation (3.31J);

Select At and set t,,1 = t, + At;

Update the mesh node by Xp, ,+1 = Xpn + Atw;

Update the monitor distribution by t,41 = t, + Atfy;
Reconstruct and solve M, 11041 = fn+1 for pppi1 € Whntr;

Update n =n + 1;
end
output: The final solution p, 1 € Vj, r, the final mesh 7 ¢

If required, we can strongly impose any Dirichlet boundary conditions on the
solution over time whilst simultaneously conserving the monitor integral, the
test space used in recovering the solution is augmented to preserve the partition
of unity property . In the solution updates, Dirichlet boundary conditions
can be enforced using the methodology presented in [67] which extends to a
near identical virtual element approach when considering polygonal elements.
This is not a necessary step to attain the accuracy results given in Chapter

and so the implementation details are not discussed in this thesis.



Chapter 4

Numerical Investigations

Numerical experiments are presented in this chapter for the moving mesh VEM.
The method is tested against known similarity solutions of the PME in line with
the preliminary tests conducted for the FEM discretisation of this method
[14, 15]. The numerical errors are assessed for both the solution DoFs and
coordinates of the moving boundary. To exploit the generality in mesh structure
granted by the VEM, we implement a contact algorithm to handle local changes
in mesh topology without requiring a global remeshing or significant changes

to the method’s structure.

In Section [4.1] the PME is used as a test PDE on a set of varied polygonal
mesh structures. The contact algorithm is presented and tested in Section [4.2]

The moving mesh VEM for a fourth-order diffusion problem is presented in

Section (4.3

4.1 Convergence for the Porous Medium Equation

In our first set of tests we consider a family of radially symmetric similarity

solutions on a given initial circular domain of radius 7 for the PME (Problem

99
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3.1.1)) derived in [86] and given by

1
2\ m
Ok (1 - <r0§(t)) ) 7| < roA(t)
p(r,t) =

0 otherwise

where d is the spatial dimension, rq is the initial radius, and

1
o\ 2+dm rem
At)=|— tg= —2——.
Q <t0> © YT 22+ dm)

Because of the nature of Equation (4.1]), the solution is expected to have finite
slope normal to the moving boundary for m < 1 whilst, for m > 1, the solution
presents an infinite slope normal to the boundary. Further properties of this

analytical solution are discussed in [87] [15].

Sample meshes

We have tested four different mesh types used to subdivide the initial domain;
representative examples of each are shown in Figure 4.1, The first mesh is
the Voronoi Tessellation produced by randomly sampling mesh seeds in the
domain [91], T0]. The second mesh is a Centroidal Voronoi Tessellation (CVT)
produced by the Lloyd algorithm which smooths a given Voronoi tessellation
such that the generator points are the barycentric coordinates for each poly-
gon [5I]. The MATLAB package PolyMesher [94] was used to produce these
two mesh types. The third mesh is constructed by overlaying the domain with
a grid of uniform squares and cutting the mesh along the boundary. The last
mesh type is a mixture of uniform Cartesian and polar tessellations. Note that
the first three initial mesh types may present arbitrarily small edges and, more-
over, arbitrarily small elements may appear near the boundary in the grid mesh
type, as such potentially contradicting the mesh regularity Assumption [T} In
this respect, we note that the VEM is known to be quite robust, as we have
also witnessed. We refer to the mesh size in each case as the largest element

diameter in 7.
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Figure 4.1: Examples of each of the four mesh types used in numerical tests for a circular domain:
the Voronoi Tessellation (top left), the CVT (top right), the grid mesh (bottom left) and the mixed
mesh (bottom right).

Error computation

The numerical error is computed for both the solution and mesh by generalising

the discrete approximations from [I5]. An ! solution error is given by,

Ndofs

1
[on = phnllsol = Ndofs Z |dof;(pn) — dofi(pn.n)|, (4.2)

i=1
while, for the mesh error, an I' norm is considered for the radial distance r(t)
from the boundary of the mesh to the origin; thus

NB

1
||Tn - rh,n”m@sh = ﬁ Z |Rz,n - TO/\<tn)| . (43)
i=1

Here, N? denotes the number of boundary nodes in the mesh and R; , denotes
the radial distance from the origin of the i-th boundary node at time ¢,. A
uniform At that is small enough to ensure numerical stability is set for each
initial sample mesh. Note that the meshes used in these numerical tests are not

hierarchical. Furthermore, each Voronoi mesh is generated independently from
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randomly generated seeds. For each reduction of initial mesh size by a factor
of 2, the time-step At is reduced by a factor of 4 to ensure numerical stability.
By reducing the time-step size by this factor we also expect that the temporal
error to be O(h?) when using the Forward Euler method for the refinement

path of the four mesh types.

Convergence Tests

In this first convergence test the solution of the similarity solution for m =
1,d = 2, and ry = 0.5 is compared against the numerical solution for ¢t = ty+17T.
The method is tested on each of the four mesh types for a circular domain. The
time step sizes for the coarsest meshes are chosen according to

Loy

At = —h2
250 mean

where hyeqn s the average element diameter of the initial mesh 7, 0. In each
mesh case we observe that the initial time-step size is approximately 107%.
From the coarse-mesh time-step sizes we reduce At by a factor of 4 each time
the mesh is refined, which corresponds to the mesh size approximately halving
with each refinement. In choosing the time step sizes we made conservative
choices such that the numerical method was stable and presented the expected
orders of convergence. A more robust approach would be to use adaptive time-
stepping schemes but in this work we present convergence results for a uniform
reduction in the time-step.

A selection of solution snapshots are given in Figure using the CVT-type
mesh.

As shown in Figure [4.3] second order accuracy is observed for the solution
error for all mesh cases when T' = 0.01. In the case of the Voronoi and Grid
meshes, the empirical order of convergence (EOC) is less smooth compared to
the CVT and mixed mesh types. This is most likely due to the weaker shape

regularity of elements in these mesh types, but further studies are required.
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time = 0.00 time = 0.00

0.5

solution

-0.5
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X

time = 0.05 time = 0.05

0.5

solution

-0.5

-1 -0.5 0 0.5 1
X

time = 0.20 time = 0.20

0.5

solution

-0.5

Figure 4.2: Snapshots of the moving mesh VEM solution for the PME with m =1 at ¢t = 0 (top),
t = 0.05 (middle), t = 0.2 (bottom). A CVT-type mesh with 800 elements was used to initialise the
mesh at t = 0.

The mesh error EOC appears to have a long pre-asymptotic regime: the
EOC grows monotonically towards the expected rate in all cases with the final
computed values ranging between 1.55 (Voronoi) and 1.83 (mixed). This is
consistent with finite element approximations of Darcy flow which observed

the order of convergence of the velocity field to be lower than that of the
pressure field [32], 82].

Conservation of mass in the numerical solution is observed up to machine

precision in all test cases.
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Figure 4.3: PME similarity solution with m = 1: the I* solution and mesh errors ([4.2) and (14.3)),
respectively, at time T' = 0.01 for each mesh type: Voronoi (top left), CVT (top right), Grid (bottom
left), Mixed (bottom right).

Remark 8. Setting 1 = 0 produces similar results to those reported in Fig-

ure [{.3. This is referred to as a “direct recovery” approach in the literature,

see [15]. For brevity, the corresponding results are not presented here.

4.2 A Contact Algorithm

In this section we discuss two occurrences of contact and present corresponding
basic node insertion algorithms that allow for localised and minimal changes
to the mesh structure. In all mesh refinements considered, the change in mesh
topology is only performed at the discrete time-levels. Hence, to ease notation,
the subscript used to denote time-steps is omitted. Modified discrete functions,

operators, and vectors are denoted using a superscript of R.
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Q

Figure 4.4: A demonstration of the mesh self-intersection problem. The initial condition has
disconnected support in Q (left). The disconnected 8 continues to move until some time t* where
the boundary collides with itself (centre). A new connected boundary is formed over time and the
topology of €; is now connected.

Contact scenarios

Here we present two contact scenarios that are numerically investigated in
this section. The first scenario concerns the collision of the moving boundary
with itself whereas the second situation involves collision with fixed geometric

obstacles.

Self-intersection handles the situation where two parts of the moving bound-
ary collide with each other. Typically, a remeshing is required in this instance.
By using a VEM, the remeshing can be kept local and simple for colliding el-
ements. A motivational case for a disconnected initial condition of the PME
is given in Figure Moving mesh finite element simulations of this type of

problem are presented and discussed in [87].

Obstacle contact is encountered when the evolution of €2; is obstructed by
external obstacles. An example of this is the presence of a solid phase in porous
media. Figure presents an example of collision with impermeable obstacles.
By using a collision detection and node insertion algorithm, the moving mesh
is capable of simulating the contact and the interaction between the moving
mesh and a set of obstacles. As with the self-intersection problem, the VEM
allows for this with minimal changes to the mesh topology. Additionally, the
VEM is capable of performing local changes to polygonal elements such that
the mesh boundary can move around the object boundaries without requiring

additional mesh refinements.



66 CHAPTER 4. NUMERICAL INVESTIGATIONS

) § @
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Figure 4.5: A demonstration of the obstacle contact problem. The initial condition is contained in

a region of obstacles (left). After some time t* the moving boundary collides with the first obstacle
(centre). A time-dependent interface now forms between the obstacles and 9€; (right).

Collision detection

For detecting mesh contact we use an adaptation of the classical node-to-
segment collision detection algorithm [64, 10T, T02]. We only consider boundary
mesh and obstacle edges and nodes, thus ensuring that the additional computa-
tional cost is O(N3), where Np is the number of boundary nodes. We consider
triplets of points (X1, Xa,,X3,) where x;, and x5, form a time-dependent edge
e; and x3; is boundary node disconnected from e;. This triplet is referred to
as a node-to-edge pair.

Given a set of linear velocities (X1, X2, X3), by defining the vectors

T1 n T (1
X=122|5 Y= [y2|> X= |2Z2|5 Y= |y2]|>
T3 Y3 T3 U3

the contact time At* between the line of e; and x5, is given as the minimum

positive root of the quadratic equation
0 = a(At*)* + b(At) +c, (4.4)

where the coefficients are defined by

3 3

a:Z(yxX)i b= (¥ xx+yx%), c=) (yxx),.

i=1 i=1 i=1
In practise, we choose the contact time that makes physical sense (e.g. we dis-
card negative roots as infeasible contact time) and only admit a single contact
time value for At*. In the case of no feasible contact times we set At* = oo

and when two feasible contact times are given by equation (4.4) we choose
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the minimum of the two. By solving equation for a set of node-to-edge
pairings, a set of contact times can be computed. In the context of the mov-
ing mesh method, each node-to-edge pair on the boundary of the mesh and
(when given) obstacle mesh is considered. If any cases indicate contact, the
time step is scaled down to the minimum contact time and the corresponding
node-to-edge pair is marked for contact. The detection method is outlined in

Algorithm 2] for a single node-to-edge pairing.

Algorithm 2: Contact Detection
input : A node-to-edge pairing (X ¢, X2+, X3¢), @ set of nodal velocities
(X1,4,X24,X34), the current time step At
Solve equation and set At* to the minimum positive root;
for each value of At* € R do
Compute X3 4a and e, ap;
if At* € [0,At] and X341 € €141+ then
| Mark the node-to-edge pair for contact;
else
\ Set the contact pair to no contact;
end
end
output: the node-to-edge contact pair, the contact time step At*

Node Insertion algorithm

Since the mesh allows for general polygonal element shapes, the insertion of a
new node into a mesh edge can simply be performed by adding a vertex to the
polygons sharing that edge. Then, a solution value associated with the new
vertex must be introduced which requires an interpolation technique between
the old and new global discrete spaces. In contrast to the approaches reviewed
in Section [2.3] we choose to preserve the polynomial component of the solution
I} pr, between refinements through a redistribution of u,. The reason for this
choice is that, by preserving the polynomial component of p;, the global mass
conservation of 0}, ,, is maintained. This would not be the case if interpolation
of the degrees of freedom was employed instead.

On a given element Ej € 7T, with an inserted node on the boundary, we
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impose that the polynomial component of the solution is preserved so that the

reconstruction pf¥ € V/R(Ey,) satisfies
Iy py = 103 p, (4.5)

where V;®(E},) denotes refined VEM space.

The arguments in Section can be easily modified to show that this ap-
proach conserves both locally and globally the mass of the discrete solution.
When introducing a new node onto a mesh edge of a given element £ under

the assumption of Equation (4.5)), the local contribution to u® is given by,
pnn " (0F) = / Mp Mpf dx i=1,..,N©®+1. (4.6)
E}L

The algorithm for node insertion is given in Algorithm

Algorithm 3: Node Insertion
input : An element Ej,, a position x € 0F}, to insert a node, the
monitor distribution p, the solution p; € V},,, the mesh 7y, ,,
Compute I1p, on E;
Compute the new mesh m by inserting the node;
Compute the new monitor distribution g using equation ;
Reconstruct the new solution pjf € V;%, by solving M?pR = p;

output: the new solution pX, the new monitor distribution p®, the
new mesh ’ThRn

Self-intersection algorithm

Due once more to the VEM flexibility in element geometries, the self-intersection
problem does not require any introduction of additional degrees of freedom. In-
stead, the local connectivity of the disconnected mesh is updated to include
the new node-to-edge pairing. Then, the node insertion algorithm is applied
to recompute the solution and monitor distribution. As the boundary node
velocities are not arbitrarily set, small edges are likely to appear during node
insertion. This has not presented any stability issues within the numerical
experiments presented later in this section and we expect that the method re-

mains robust in the presence of degenerate edges [30]. The subsequent mesh
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Figure 4.6: A demonstration of the self intersection algorithm. A sample of elements is shown (left)
where a collision is expected. Algorithm is applied with contact nodes marked by a square (centre).
Following subsequent mesh updates certain degrees of freedom no longer lie on the boundary (right).
The highlighted degrees of freedom are now treated as internal degrees of freedom.

velocity problem is then solved based on the updated mesh and corresponding

virtual element space. A simple demonstration is provided in Figure the

method at a given time step ¢" is presented in Algorithm [4]

Algorithm 4: Self-intersection
input : A mesh 7}, a solution py, ,, a velocity field w, a time step
size At.

Apply Algorithm [2[ for boundary node-to-edge pairs in 7 ,;

Update At;

Compute Tppni1, Bnt1, Phntt;

if any contact pairs are marked then
find the element Ej, € T}, ,,+1 which contains the marked edge;
Apply Algorithm ;

end

Update the boundary conditions of pj, p41;

Obstacle contact and pivot node algorithm

We denote a time-independent polygonal discretisation of the set of obstacles
by O} and consider the mesh node-to-edge pairings of boundary nodes from
Th.n and edges of Oy, and vice versa. In the case of obstacle-node to mesh-edge
contact, the node insertion Algorithm [3|is applied to introduce an additional
degree of freedom to the system; we refer to this new node, which is a fixed
point on the obstacle geometry, as a “pivot node”.

For contact between 7, and O a no-penetration condition on the nodal

velocities is strongly imposed on the formulation of the potential problem
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(see Equations (3.15]) and (3.16))) and the velocity reconstruction problem (see
Equations (3.17)) and (3.18))); namely,

un=Veo-n=0. (4.7)

Hence, movement tangential to the obstacle’s boundary is allowed. This is
except when a pivot node is introduced, in which case we constrain its velocity
to zero to preserve the geometry of the interface between the domain and the
obstacle. The obstacle contact algorithm is outlined in Algorithm 5|

Given that the pivot node mesh velocity is constrained to zero, it is possible
for the other boundary nodes laying on the obstacle (which have experienced
mesh-node to obstacle-edge contact) to pass through the pivot node. When
this occurs, the connectivity of the mesh is updated to transfer the pivot node
from one mesh edge to another as well as swapping the boundary node from
one obstacle face to another.

Detection for pivot node collision is performed using Algorithm [2| for con-
nected mesh boundary nodes moving from one obstacle edge to another.

A node is considered to be on 895’ ,, only if both boundary edges sharing that
node are in contact with the obstacle. We define a node to be “connected” if it
lies on an edge of an obstacle. Degrees of freedom associated to connected nodes
are constrained by equation in the mesh velocity computations. If a node
is connected by mesh edges to other connected boundary nodes we consider this
to be an “interface” node and consequently change the boundary conditions
from Dirichlet to Neumann defined in problem m (i.e. we change the degree
of freedom from 9Q} to 99 ,). If a connected node is not also an interface
node, the homogeneous boundary condition and no-penetration condition are
maintained. The structure of the boundary conditions are updated once every
time step.

When a mesh node x; and a pivot node coincide (while the mesh node is

moving along the obstacle boundary) the test function associated to a pivot
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Algorithm 5: Obstacle contact

input : A mesh 7}, a solution py, ,, a velocity field u, a time step size
At, an obstacle mesh O,.
Apply Algorithm [2 for boundary nodes in 7}, and boundary edges in

Oh;
Apply Algorithm [2] for boundary nodes in O} and boundary edges in
h,n»
Select the contact pair with the smallest At* and set At = At*;
Compute ﬁz,n+17 Hnt1s Phnt1;
if obstacle node to mesh edge is marked then
find the element £ € 7Ty, ,,41 which contains the marked edge;
Apply Algorithm 3| to introduce a pivot node Xpyot;
set u = 0 at Xpjpot;
end
f Mesh node to obstacle edge is marked then
Set u-n = 0 at mesh node;
Update Neumann conditions for pp, ,,41;
end

=

node is chosen to satisfy ¢piet = ;. In other words, we duplicate the original

VEM basis function and add it to the new discrete space.

Node insertion convergence test

Our next numerical experiment considers the case of the one-dimensional PME
extended in the x direction to a two-dimensional problem. This experiment
has two interesting features. Firstly, the initial domain is geometrically exact
(Q = Qpp) unlike the circular meshes. Secondly, it allows us to test the
obstacle contact and node insertion algorithm numerically against a known

analytical solution derived from the one-dimensional case of equation (4.1)).

This is obtained by considering once again Equation (4.1)) with the values
m = 1,d = 1,rp = 0.5, and r = y on the initial domain given by Q° =

[—0.5,0.5]* with initial condition
10<X7 0) =1- 4y2'

The mesh is connected to two vertical planes at x = —0.5 and x = 0.5 with a
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Figure 4.7: A solution snapshot at time 7' = 0.1 for a CVT mesh with 800 elements (right).

TTTT T T
1072 2., :
i &/, 1
I RN 1 |
@ AN
2108 ) ‘m |
= N 3
~ - I~ B
S i NN i
L ~ ~ B
i o s |
\\\ \»
104 3 1 g
7\\\\ | | |
102 103 10
Ndofs

EE=] Solution Error Mesh Error

Figure 4.8: Node insertion convergence test on a 1D-type PME similarity solution with m = 1:
the I* solution and mesh errors (4.2) and , respectively, at time 7' = 0.1.

no-penetration condition strongly imposed in the x direction; namely,
=0 when |z|] =1/2.

Solution snapshots at time 7' = 0.1 are shown in Figure .7] for the CVT
mesh type. The mesh error is exclusively computed on the top and bottom
faces of the rectangular domain.

In this test we only focus our attention on the CV'T mesh type. We test the
accuracy of the node insertion algorithm by including a discretisation of the
two planes into intervals in the y direction. In reference to the fixed domain
PME (B.1) we define Q := [~1,1]* and discretise the boundary 9 into N

uniformly spaced intervals to construct an N-gon. Vertices are then removed
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that intersect QY. This results in uniformly discretised intervals along both
contact planes.

For the discretisation of the contact planes IV is set to an initial value of 32
and is doubled with each mesh refinement. Convergence results are reported
in Figure [4.8] Here we observe second order accuracy in both the solution and
mesh error. Also the mass is conserved, by design, up to machine precision

throughout each test.

Contact demonstrations

We finally present two demonstrations of the node insertion algorithms for
Problem in challenging scenarios without known analytical solution.

To ensure the quality of the mesh is preserved we have to use the Lapla-
cian smoothing ALE velocity defined using Equation (3.19)). We remark that
the quality of the mesh will still deteriorate over time. The purpose of these
examples is to demonstrate the application of the node insertion algorithms.
Optimising the choice of ALE velocity is left for future investigation.

In the first demonstration, we consider an initial condition of the PME that
has a disconnected support such that self-intersection is expected to occur. The
initial condition is given by

;

1—4r2  ry=|x—(=0.8,0)], r <1/2,
px,0) =91 —4r2 ry=|x—(0.8,0)], rs <1/2,

0 otherwise.

0
An illustrative example of such initial condition is given in Figure (top-
left plot). The standard method is applied to simulate the PME for m = 1
with the contact detection Algorithm [2| applied at every time level to check
for collision between elements. When contact occurs, Algorithm [4] is used
to update the monitor distribution whilst the Dirichlet boundary degrees of

freedom are flagged as interior degrees of freedom as the mesh connectivity
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time = time =
0 0.20049

2 4 0 1 2 2 4 0 1 2
X X
time = time =
0.75096 1

Figure 4.9: Self-intersection demonstration: snapshots of the moving mesh VEM solution at ¢t =0
(top left), t = 0.20049 (top right), t = 0.75096 (bottom left), and ¢ = 1 (bottom right). A CVT type
mesh with 800 elements was used to initialise the mesh at t = 0.

evolves. Snapshots of the solution evolving over time are reported in Figure 4.9
The behaviour of the PME solution over time is in agreement with fixed mesh
finite element approximations of this problem and similar benchmark tests

performed for the PME in [87].

To demonstrate the obstacle contact algorithm we consider again the initial
condition given by Equation (4.1). A set of obstacles are added to the com-
putational domain in the shape of uniform polygonal approximations of circles
with random radii and centres. Each circle is approximated as a uniform poly-
gon of comparable accuracy to the initial mesh. We tested the moving mesh
VEM starting with a CVT type mesh made of 800 elements discretising the
support of the initial solution. A few snapshots of the numerical solution are
shown in Figure [4.10] Pivot nodes are inserted and removed along the contact.
Mesh degeneration occurs after 7" = 0.2 and thus the simulation had to be

terminated. In this case, and similar to finite element methods, a remeshing
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time =
0.050205

time =
0.10011

Figure 4.10: Obstacle contact demonstration: snapshots of the moving mesh VEM solution at
T = 0 (top left), T = 0.050205 (top right), 7' = 0.10011 (bottom left) and T" = 0.2 (bottom right).
A CVT type mesh with 800 elements was used to initialise the mesh at ¢ = 0.

approach would rectify this issue.

4.3 A Fourth-order Diffusion Problem

To demonstrate the extensibility of the moving mesh VEM we consider the
following fourth-order nonlinear diffusion problem used as a benchmark for the
original moving mesh method [14} [15], for which the whole of the boundary 0€2;
is free to move, and the differential operator is given by Lp = —V - (p™VAp).
In this chapter we choose m = 1, for which there is a simple similarity solution,
defined below. The resulting time-dependent equation dp/dt = Lp is comple-
mented, at the free boundary, with two conditions on p, namely p = Vp-n =0
plus the kinematic condition pu-n = pVAp-n, which is used to determine the
boundary velocity u.

In view of its numerical solution, we re-write the fourth-order problem as a

coupled system of second-order PDEs by introducing a pressure term p = —Ap.
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The problem then reads as: find p = p(x,t) such that p(x,0) = po(x) forx €
and, for allt € (0,T],

0
8—[;:V-(pr) x € Oy,
p=—Ap x € (Y, (4.8)
p=Vp-n=0 x € 08y,
pu-n=—pVp-n x € 0.

This problem is structurally very similar to the porous medium equation prob-
lem and the moving mesh algorithm remains mostly unchanged. The main
addition is an intermediate step which provides the pressure by discretising the

weak form of (4.8)), namely: given p € H' (), find p € H'(Qy) such that

/pvdX:/ Vp-Vudx Yo e HY(,).
Q Q

This is discretised using once again the VEM applied to the problem within

each time-step ¢,: given p;, € V3, find p;, € V},,, such that

M0 (Phy Un) Z / I3 pp, - vy dx Vo, € Vi,
Ep

EhETn

where my, (-, -) is defined by Equation (3.32).

Equations (3.16)) and (3.20]) are also modified for this problem to give, re-

spectively,

d,(v) = —/ pVp - Vv dx,
Q
fin (V) = / —pVu-{Vp+w} dx Vo e H ().
Q

These equations are approximated using the VEM discretisations (3.25)) and
(3.31), as described in Sections and for the approximation of the cor-

responding integrals for the porous medium equation. These are computed at



4.3. A FOURTH-ORDER DIFFUSION PROBLEM 77

time t,, as follows:

dnn(on) == > pn Tgpy, - Tguy dx,
Eh€7—h,n Eh
: _ 0, 17l 1 0
fnn (V) = — Z / 119 pr vy - {gpy, + Miwy, } dx,
Ehen,n Eh
Vvh € Vh,n-

In view of assessing numerically the resulting moving mesh VEM, we recall
that this fourth-order nonlinear diffusion problem has a radially symmetric
similarity solution given by

APUN1 —n2)? || < A3t

p(r,t) = ,
0 otherwise

where
T 1

— §= —
Aitd] d+d
Setting d = 2, we fix Uy = 1/192 so that p(0,%y) = 1 and ¢, = 1/192 is specified

n= B =46 —1, A=Us".

so that the initial radius is equal to 1.

The VEM is tested on the same sequence of CVT-type meshes used in
Section , with the same coarse-mesh time-step size of 10~* and a reduction
by a factor of 4 each time the mesh is refined. Figure shows that second-
order accuracy is again attained for both the solution and mesh errors. Similar

to the PME, the mass is conserved exactly at each time step.
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Figure 4.11: Convergence test for the fourth-order diffusion problem: the I' solution and mesh
errors (4.2) and (4.3)), respectively, at time 7' = 0.01 using the CVT mesh type.



Discussion

In Part I a velocity-based moving mesh FEM is extended to polygonal discreti-
sations using the lowest order VEM. The classical VEM reviewed in Section
[2.1] was directly employed onto physically reconstructed polygonal meshes at
each time step using the mesh connectivity and coordinates of the moving mesh
vertices. Numerical tests confirmed that this moving mesh VEM obtains the
same orders of accuracy as the original FEM discretisation and satisfies the
same conservation properties for specific non-linear diffusion problems with
associated conservation laws. Demonstration of node insertion algorithms sug-
gest that this moving mesh method offers practical extensions to more complex
problems.

Extensions to this method would include the construction of a linear three-
dimensional VEM to test the robustness of this method. Moving polyhedral
elements also present the issue of degenerate faces that would be worthy of
investigation. Further investigation into optimising the choice of ALE velocity
is also required to improve the robustness of this method under complex domain
transformations. It is important to note that these are also open problems
within the finite element implementation of this algorithm [15]. Extensions
of the algorithm to non-conservative ALE updates with more general monitor
functions [81] has also been implemented in a VEM framework but these results
are omitted from this thesis.

A major set back of this new method is the computational cost associated

with computing the discrete bilinear forms. Unlike the FEM case, each local

79
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VEM space and the corresponding projection operators must be recomputed
at each discrete time level. Considering this cost with the constraint that the
time integration scheme must be explicit, and consequently subject to a stabil-
ity condition on the time step sizes, results in a numerical method that might
not be feasible compared to other numerical schemes. A beneficial property of
the VEM is that it can be coupled with FEM discretisations between neigh-
bouring elements. Taking the contact examples of Section 4.2 as motivation,
the moving mesh could be initially constructed using only triangular elements
and the solution could be computed using a FEM. The VEM would only then
be employed when changes in mesh connectivity were required. This would
improve the overall efficiency of the proposed moving mesh VEM.

To overcome the restriction to a linear VEM, it is expected that a higher
degree of accuracy is required in simulating the ALE map 7 over time. Nu-
merical experiments which coupled higher-order (k£ > 1) VEMs with this mesh
movement strategy resulted in poor quality numerical solutions. The results
of [79, B0] suggest that higher orders of convergence should be possible when
moving mesh are permitted to contain curvilinear polygons. To address this
issue, a greater understanding of VEMs on transformed domains is required,
such as VEMs on domains with curved edges [23]. This is the motivation for

the work of Part II.
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Introduction

In Part I the groundwork for the analysis of a moving VEM is presented.
Following the discussion of Part I, an understanding of how the VEM behaves
under domain transformations is required. A natural consequence of non-linear
domain transformations is the presence of curved elements in the physical co-
ordinate system. This motivates the study of the VEM on curved domain
transformations.

Within the literature, curved edge VEMs have already been proposed [23],
20), 21, 3, [8, 46]. The limitation of these works for moving mesh methods is that
they each depend on explicit a priort knowledge of the domain transformation
and its regularity. In practise these methods usually only consider transforma-
tions local to the domain boundary and of sufficient “closeness” to the identity
mapping.

Moving mesh methods require a method that only depends on the degrees of
freedom of a given transformation. This is achieved by designing, analysing and
implementing isoparametric VEMs. Isoparametric finite elements are charac-
terised by the use of the same finite element space for the solution as that used
to approximate the domain geometry [41]. This is also an ideal choice of ap-
proach for moving meshes as the domain transformation and/or velocity field is
given as a virtual element approximation, such as the method proposed in Part
I. In principle isoparametric finite elements extends to using VEM spaces for
the domain approximation and solution. A C° domain transformation can be

defined using a standard VEM space however, the “virtual” nature of this trans-
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formation means integration on these isoparametric elements is not necessarily
computable. Instead two approaches are proposed to construct a computable
VEM, these are referred to as Methods I & II in this thesis. These methods
are designed in such a way that they reduce to well established isoparametric
finite element methods on triangular/tetrahedral meshes [42] [75].

In Chapter |5| we consider the problem transformed to a computational ref-
erence domain by a discrete VEM mapping. The VEM is then further used to
approximate the terms resulting from this transformation such as the Jacobian
operator, its determinant and inverse operator. Using these approximations
we propose a computable VEM on the computational reference domain. This
framework closely aligns with and is motivated by the approaches taken by
Lipnikov & Morgan [78, 80] discussed in the literature review of Section [2.3]

In Chapter [6] we consider the problem on the domain generated by the VEM
approximation of the transformation. On this “virtual domain”, we define on
local elements a variation of the curved VEM space presented in [23]. To ensure
the method is computatable we introduce bespoke polynomial approximation
operators such that the consistency and stability terms can be computed to a
sufficient degree of accuracy.

Numerical results are presented in Chapter [7| for a selection of problems in
two-dimensions. These results verify the expected orders of accuracy in the H*!
norm and suggest optimal orders of accuracy can be obtained in the L? norm
as well.

The results of Part II are presented for two-dimensional problems. Both
methods extent to a conforming three-dimensional method and this will be
reviewed at the end of Part II.

This work was conducted in collaboration with Andreas Dedner, University
of Warwick in addition to the project supervisors. A summary of the research
for the two-dimensional case is being drafted for publication at the time of

writing this thesis.
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The PDE is considered on a bounded Lipschitz domain 2 C R? with a cor-
responding polygonal /polyhedral computational reference domain Q c R2. To
assist the reader in Part II, the following notation is adopted in the proofs of
Chapters [5|and @: constants will be denoted by C; 4 3, to represent hidden con-
stants dependent on «, # and ~ with the index 7 used to differentiate between

constants with the same dependencies.



Chapter 5

Method 1

The first isoparametric approach is to consider a discretization of the trans-
formed problem onto a mesh of the reference domain. The VEM is then em-
ployed to approximate the components of the transformed weak formulation
such as the Jacobian operator through the standard polynomial projection op-

erators.

In Section The elliptic PDE and domain transformation under consid-
eration for both methods is presented. The virtual element approximation
of the domain transformation is outlined in Section 5.2 A discussion on the
extension of the PDE from the physical domain to the VEM approximation
is provided in Section The approximation of the Jacobian operator is
given in Section along with stability and accuracy estimates. The VEM for
Method I is formulated in Section [5.5] and well-posedness is verified in Section
5.6l Technical lemmas are presented in Section [5.7] that aid in the derivation
of the Strang-type H' error estimate of Section [5.8

85
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5.1 Problem Statement

For both Method I and II, a general elliptic PDE is considered. The PDE is
defined as follows: find p such that

-V - (aVp)+b-Vp+ep=f x€, (5.1)

p=0 x€0df.

Standard assumptions are made regarding the PDE coefficients; a € L>({2),
b € [L=(Q)]*,c € L®(Q) where there exists an ag > 0 such that

a(x) >ay Vxe€Q,
Furthermore, we suppose that there exists a constant o > 0 such that
1
u::c—§V~b2,uo,

for almost every x € ), and assume that V - b € L*(). The resulting weak
formulation with convective term in skew-symmetric form: find p € H}(Q)

such that
A(p,v) :== A(p,v) + B(p,v) + C(p,v) = l(v) Vv € Hy(Q),
where

Alp,v) = /Q aVp - Vo dx, (5.2)
B(po) =5 [ b+ (0Vp— Vo) dx
C(p,v) Z/Qu pv dx,

I(v) = /Q fo dx. (5.3)

It is well known that this weak formulation has a unique solution in H}(2) by
the Lax-Milgram Theorem [74].
The domain transformation is introduced as an invertible, bijective mapping

between the reference and physical domains < : 0 — Q. Additional conditions
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are imposed on the mapping inline with assumption made within ALE analysis
[27, 28, 60, B5]. We impose that o is bi-Lipschitz i.e. there exists A\;, Ay > 0
such that

17 (&) — (&) < M |6 — &l VE,&€Q,
H&f_l(xl) —d_l(XQ)H S )\2HX1—X2H vxl,Xg e Q.

The Jacobian of o7 and its determinant are denoted, consistent with Equation
(2.10), by

Jy, =V, j=det(J,).
Following [27), 28], as a consequence of the assumptions on 7, we have that
the Jacobian matrix is invertible. We also have that the determinant of the

Jacobian is uniformly bounded
Jje L)
and strictly positive such that there exits a jo € (0,1) such that
Jo <]
We note the equivalence of H' norms between the physical and reference con-
figurations is a well known classical result [41].

To simplify the presentation of the analysis, we restrict the regularity of the

domain transformation to
a2
JZ{G[ m—H(Q)} )
where m € N satisfies m > max{l,k} with [ and k being the domain and

solution discretisation degrees respectively.

Remark 9. The domain () or, rather, its polygonal mesh defined below, will
serve as a collection of reference polygonal elements for the isoparametric VEM
scaled with the physical frame. For instance Q could Just be defined as a polygon
whose boundary interpolates 0. As such, the VEMs introduced provides a
direct generalisation of the classical isoparametric finite elements on general

meshes.
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5.2 The Virtual Element Mapping

The classical VEM space of degree | € N defined by Equation (2.4]) is taken
as the discretization space on (). In both Method I and II we denote this
space by [Vhr. The mesh of Q is denoted by 7, and we assume that this
mesh satisfies the standard regularity conditions of Assumption [} For the
purposes of analysing the accuracy of Methods I and II we impose the following

2
assumption on the approximation of the mapping ., € [Vh} .

Assumption 4.

Let Ty, be a polygonal mesh of QO satisfying the shape regqularity Assumption
NEE

and let m,l € N. A mapping &/ € [W,%OH(Q)] has a VEM approzimation

72
o), € [Vh} of degree | such that for all s € {1,...,1}

l = hllog+ bl — hly g S B |

s+1,Q )
where the hidden constant depends only on the mesh regularity parameter (2.1)
0 and [.

If we consider the case of .7, being the interpolant of the degrees of freedom
of &/, Assumption [4 holds by Theorem For the remainder of Part IT we
consider @7, to be the VEM interpolant of /. This transformation approx-
imation follows the ideas of [79, B(] in that we use the VEM approximation
), of & to define a transformation to a “virtual mesh”, which is piecewise
polynomial on the edges of T,. The “virtual polygon” FEj, is then defined by

the image of the approximated mapping
Eh = beh<EA1),
a simple example of this for [ = 1,2, 3 is given in Figure We then define

the virtual mesh 7}, as the collection of virtual polygons given by .o7,. We also

define the virtual domain by
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Figure 5.1: An example of the virtual polygon E; compared to a true mapped element E (top
left). The curved boundary is interpolated from &7 using degrees of | = 1 (top right), I = 2 (bottom
left) and I = 3 (bottom right).

5.3 Extending the PDE to the Virtual Domain

Important to the implementation and analysis of the isoparametric VEM is
the availability of extension operators, which is guaranteed by the well-known

Stein’s Extension Theorem [92, [I].

Theorem 5.3.1 (The Stein Extension Theorem).
Let w C R? be a bounded Lipschitz domain, then for all p € [1,00] and integers
s > 0 there exists an extension operator € : WP(w) — WP(R?) such that for all

v € WP(w) the following holds:

Cv=w a.e. in w
HQEUHS,p,R2 5 Hv”s,p,w7

where the hidden constant depends only on s and p.

In the following, extensions will be required for the PDE data and exact

solutions; for short we shall denote these by v := v and so on.
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The weak formulation of the PDE (5.1) has an intuitive extension to the
virtual domain €2, given by the perturbed bilinear form B(-,-) : H'(Q) X
Hl(Qh) — R

1~
B(p,v) = / aVp-Vv+ Eb - (vVp = pVv) + fipv dx Vp,v € H' (),
Qp
along with an approximation of degree k of
. 1~ .
Bu(p,v) = ) / all_p - W_yv + 5b - (MReTl_yp — TpIly_yv) + Allp T dx
Ey,

En€Th

+ SEr(p — i p, v — i), (5.4)

with the stabilisation term S¥»(. .) being defined by the dofi-dofi stability
Equation scaled appropriately. Following the works of [39] or [20], we can
prove that this VEM is well-posed and accurate. The setback in the case of an
isoparametric VEM is that Equation is not generally computable.

To remedy this, the two methods presented in Part II approximate the
physical domain by two separate approaches. Method I, presented in the re-
mainder of this chapter, approximates the Jacobian operator and computes an
approximation to the problem on the computational reference domain using
the classical VEM outlined in Section [2.1] For Method II of Chapter [6] the
DoF's of the domain transformation are used to compute projected elements
on which the curved VEM of [23] and bespoke polynomial projection operators
are employed to approximate Equation ([5.4]).

In Part II, the extension of the PDE data, @, b, ¢ and f is assumed to be
prescribed and computable. In Method I we presume that the PDE data can
be represented and integrated on the computational reference domain with suf-
ficient accuracy. In Method II, we presume that the extension of the PDE data
can be integrated over each projected element with sufficient accuracy. In the
numerical experiments of Chapter , the PDE data is well defined over R? and
the DUNE implementation computes the necessary integration using symbolic

UFL expressions of each term [48]. Further studies are required to quantify the
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effects of approximating the PDE data extensions for both methods.

5.4 Approximating the Jacobian

Method I utilizes the VEM as a mapping scheme in order to approximate the
continuous problem posed on the reference domain. The bilinear forms defined

in equations — can be written in the reference configuration by
Alp,v) = /Q a I IVp- I Vo det (J,) dE,
Bp) = 5 [ B (63,1 — 3,1 5) det (1) de.
Clpv) = [ i det (1) de.
I(v) = /Q fo det (J,) dE.

The novelty of Method I lies in the approximation of the Jacobian matrix, the
inverse and the determinant. Using the gradient projection IIV to approximate
these was first introduced in [79], in this work a more standard projection
operator is considered. The Jacobian will be approximated for an [ € N and a
reference element E via

I =11 o, (5.5)

The determinant j, := det (J. ) is computable and is also a polynomial of
degree 2(I — 1). The matrix of cofactors of J 5 is denoted by C. 4.

In quantifying the Jacobian error we make use of the operator norm on the
Jacobian and it’s inverse transpose. On an open and bounded set w C R, for
a d x d matrix operator A : [L*(w)]” — [L*(w)]" the operator norm is defined
by

[Allp = sup [|Avll,,,.

||U||L2(w):1

To utilize the projection estimates in bounding the operator norms we use the
following bound

A, < dllAllp - (5.6)
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Further we consider the inverse of a matrix A in the form

1
Atlt=——_Ct )
det (A)CA, (5 7)

where C, is the matrix of cofactors of A.

The norm of the determinant and inverse of A can be bounded using the

following lemma.

Lemma 5.4.1.
Let A be 2 x 2 matriz operator A : [L*(w)]> — [L2(w)]” that satisfies A €
L>®(w) fori,j = 1,2. If there exists a ag such that det(A) > ag > 0 for all

X € w then it holds that

ldet (A)llo e < 2 1Al 0
_ 1 1
HA 1H0,oo,w S a_o ||CXHO,OO,UJ S a_O ||A||07007W ’

Proof. The first inequality is derived from the formula for the determinant and
bounding each term by the L® norm of A. Similarly, the second bound is
derived from Equation (5.7) using the lower bound on det (A) and bounding

the entries of the matrix of cofactors of A. O

Error & Stability Estimates

For ease of reading, the error terms used in this analysis are defined via

Ey=Iyn—Jo,
gdet = jh - j;
(c;cof = C;zf,h - Cdv

71 -1
ginv . J,Q{,h_J,Q/

For this method, estimates on an element E € Ty, for the approximations
of the Jacobian, the determinant and the inverse are given in the following

lemmas.
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Lemma 5.4.2 (Jacobian Error & Stability Estimate).

Let the degree of the VEM approximation </ be | € N and o/ € VV[fl(E)
For the approximate Jacobian defined in Equation and a fized integer
s €40,1,...,1} it holds that

1€3ll000.i2 S H [

s+1,oo,E ’

HJ%hH()ooE S |f527‘1ooE’

where the hidden constants depends only on o and l.

Proof. The stability is a direct consequence of the definition of J, 5. By defi-
nition of the approximate Jacobian (5.5) and discrete mapping .o, and using

the triangle inequality it holds that

€3l = |[THrh = V7 |

0,00,E

< Mot - Vit | || VIe - V| (5.8)

DooE OooE

we apply the inverse estimate found in [49] (Lemma 1.25) of

Hp”o,oo,E < Cl,g,lh;jl HPHO,E Vp € Py (E).
Applying this inverse estimate gives

HH},IM—@H?QZH < Cypih HHl 1%—VH°M”

OOOE

Further application of the triangle inequality leads to

HHll—va{h HOJZ{H L=< Cth <||Hl1—1dh B Hll—ldHo,E

0,E
+ H@% a @H?%HO,E>'
Application of the stability of IT' and Assumption |4/ and Theorem results
in
|ty — HWH < Crgahp { oty |}

< C3,g,lhs§1 |=Qf|s+1,E-
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Inserting this bound into Equation (5.8) and directly applying Theorem m

provides

€3 < Cypihty || + G i ||

s—i—l,oo,E s+1,E .

Noting that

|d’s+1,E S hE ‘%‘

s+1,oo,E' ’

in the second bounding term leads to

||5J||000E < C5 g,lh ‘ﬂ’

s+1,oo,E .

Stability is given taking s = 0 and applying the triangle inequality

I llo e < (Cs00+ 1) [ oo -

Further bounding the constant term completes the proof. [

Lemma 5.4.3 (Matrix of Cofactors Error & Stability Estimate).

Let the degree of the VEM approzimation o/ bel € N and C. y, be the matrix
of cofactors of Iy . If o € VVlofl(E) then for a fived integer s € {0,1,...,1} it
holds that

1€ 5 ST I%I

s+1,oo,E ’

where the hidden constants depend only on o and .

Proof. Stability is a direct consequence of Lemmas [5.4.1] and [5.4.2] The error

estimate is trivial, given the definition of minors of J j in the two-dimensional

case. ]

Lemma 5.4.4 (Determinant Error & Stability).
Let the degree of the VEM approximation &7 bel € N and o/ € I/Vlofl(E) For
a fized integer s € {0, 1, ...,1} it holds that

. 2
||jh||0,oo,E 5 |£{|1 ,00,E

|Edetllo oz < B 112

s+1ooE’
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where the hidden constants depend only on o and [.

Proof. Stability is given by noting that j; is a linear combination of products
of terms from J, 5. To demonstrate the proof, we denote the terms of the
discrete Jacobian matrix terms by Jj,;; = (J1)i; for i, j = 1,2. Applying the

triangle inequality and bounding L* norms leads to

178 ll0.00.8 = 1TR0.070,1,1 = In1,0m0,11l0 0.5

< ho00llo00, 1011110 00, + 18,1000 00,2 [[T00,1 |0 00,5

2
< 21T nllg 0,

then applying Lemma[5.4.2|completes the stability estimate. The error estimate
is proven with a similar argument. By considering the entries of J,,, we have

the error term of
Eaet = Jn00Jn1,1 — JooJ11+ J10do1 — Jn1,07k0.1-
Considering the first difference term, we can rewrite this as
Ih00In11 — JooJ11 = Jnoo(Jni1 — J11) + J11(Iho0 — Joo)-

bounding this term using the triangle inequality and Lemma [5.4.2) gives

[Jh0.0dm11 = Jo0 11l 005 S M llgpe i 1€3 10 005 + 1 llo oo i 1€3

S (OLQJ + 1) |%|1,OO7EA' ||5J|’O,OO,E

0,00,E

S 027071(017971 + 1)hSE ‘dll,oo,EA |%‘s+1,oo,E' :

By repeating this argument for the remaining terms in €4 and applying the

triangle inequality we get
||gdet||o,oo,E < 202,9,Z<CL@J + 1)hSE |M|1,oo,E’ ’427|5+1,00,E'
Bounding the semi-norms by the W27, norm completes the proof. ]

Lemma 5.4.5 (Inverse Error & Stability Estimate).

A

Let the degree of the VEM approzimation </ be | € N and of € W (E). It
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holds for sufficiently small hz and a fived integer s € {0,1,...,1} that

jh > jOu (59)
II&M 5 S ||sz||s+looE,

where the hidden constants only depend on jy, 0 and .
Proof. From the estimate of Lemma 5.4.4, we have a.e. on E that
. 2
7 = Jnl < Croihip |9 |50

then we define

0
= 3 ,
Ci01 HdeooE

such that for hp < h* we have [|Edetly oz < J. Equation (5.9) is then deduced

= ll3llo .00, — Jos

by using a continuity argument.

Equation (5.10)) is proven by using Equation (5.9) and Lemma m

MhHOooE

1
J _
H h”OOOE HJ OooE
< — W IIJQ{hIIOOoE

The bound is then concluded by applying Lemma [5.4.2

Using the definition of £ and substitution of I = JJ ;{1 results in
Emv=—3,1 &3,
Expanding and bounding norms gives

1€ llo.00, < 1190l o 2 130,00, 195 Mg 5

Lemmas |5.4.1{ and [5.4.2| and Equation 1) provides

HSHIVHOOOE — HJWthOooE HgJ“OOOE ’%‘100E
< HJ hHOOOECQ Q,lhE|%|s+looE |'Q{|100E’
< C3vjoyg,l "Q{|1,oo,E C2,g7lhspj |527|5+1 00, E |'527/|1 00,E
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Collecting terms gives
1 s 2
Hgil’lVHO,oo,E < %Cb,g,lc&jo,e,lhg |f@7‘1,oo,E |d|s+1,oo,E'

We complete the proof by bounding the semi-norms by the W27, norm. O

Remark 10. In practise, we do not require the invertibility of J. 5 provided
that the determinant is mon-zero at the quadrature points used in numerical

integration.

5.5 Method I Formulation

In Method I we seek a solution to the PDE in the reference configuration.
The solution space of degree k is defined on the reference mesh T using the
classical VEM space given by Equation denoted in this chapter by V.
The restriction of this space to VEM functions with zero trace on 92 is defined
as Vh,o =V, N H&(Q) Here we seek a VEM approximation py, € ‘A/h,o of degree
k € N. In the analysis of Method I we assume that the PDE data is sufficiently
regular on (), this can be proven by following the analysis of [42]. The method
formulation is given by summing up local contributions from elements on the

computational mesh 75, hence

An(pron) = > A (pnyon) + B (o vn) + CF (pr vn)
EeTy,
+ > S (o — TIY pn, 0, — T ),
EEeT,
In(vn) = Z I (vn),

EeTy,
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with the local forms defined by

AE(Pha Up) = / a '];{Thnllc—llah ' J;f:,rhﬂllc—lﬁh Jn d€ (5.11)
E
R 1 . o R o o
By (pn, o) = 5/ b (R0, I M0 pn — 1w I 1051 0n) i dE,
E

CE(pn, vn) = / i I8 oy, 100y, g dE,
E
li]?(vh) = / fn 11 0y, g dE.
E

For the stabilization term SZ(-,-) we use the dofi-dofi stabilisation defined in

Equation (2.8)) scaled appropriately by the PDE coefficients [39]

ydofs

SE(pnvn) = (a + h3) Y dofi(py) - dofy(on), (5.12)
i=1

where - denotes the nodal average over E. For the forcing term approximation
fn € Vi, we consider the II° projection of f, := II?_,f for k > 2 and f, := II9f
for k =1.

The VEM is then defined as follows: find p;, € Vh,o such that

Ah(ph,’l)h) = lh(vh) V@h € Vh’o.

Remark 11. We note that the choice of stabilization scaling is given as an
example. For brevity, we do not present the analysis for other choices of stabi-
lization. In these approaches we can follow the proof structure outlined in [20)]

to obtain the same optimal bounds.

5.6 Well-posedness

In order to prove this method satisfies the conditions of the Lax-Milgram theo-
rem, we require a series of technical lemmas that quantifies the error in approx-
imating the bilinear form. The continuity and coercivity constants obtained
in this section will also influence the computation of the H' estimate in the

subsequent sections.
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Lemma 5.6.1 (Continuity).
For a sufficiently small mesh size h 0f7A71, The discrete bilinear and linear forms

defined in this method are continuous and satisfy for all py, v, € \A/h,o

An(pr,vn) S ”ﬁhHlQ HﬁhHl,Q’

where the hidden constant depends on o, I, the L*™ norms of a, b and u, the

stability constant given in Assumption |3 and the W{° semi-norm of <. It also

holds that

tn(wn)  [[7]], ol

with the hidden constant in this case only dependent on o, | and the W semi-

norm of < .

Proof. Through applying Hélder’s, Cauchy-Schwarz and the operator norm in-
equality of Equation (5.6) we have on a local reference element E e T, that

AE(pn,on) < 4 allo 0z 1Co hllg 00,5 HJ;/:,FhHomE 10 1on |5 [T 9m ]

B (pnen) 2B 1C o sz ([Tsn

[T3n |, 5 + [Tk on

‘O,E} ‘1,1@ ‘

CE (onon) < Nl se o 1o e 11168 o s 111900, 5

Applying the stability of the projection operators and bounding these norms
by the H! norm leads to

Ag(ph, Uh) <4 H&HO,OO,E' “Cd,hHo,oo,E HJ;KZ,FhHOpOE HﬁhulE |‘@h|‘1,E’

B (pnvn) < 4[|

 IC g Nl ol 2
K )

Ci?(pha vp) < ||/1H000E ”thO,oo,E ”ﬁhulE ||ﬁh“1E

Next we apply Lemmas [5.4.3] |5.4.5( and [5.4.4] to get

R R ) X R
AE(thvh) < Chjoyol Ha”o,oo,E |%|1,oo,E ||th1,E ||Uh”1,E7

BE (pn,vn) < Ca

], bz Il e lonl g

R R ) R )
C}?(thvw < Csp, ||:u’H0,oo,E |=Q7|1,oo,E ||/)h”1,E thHLE'

11y O

‘1,E> ’
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For the stabilization term, we employ the stability Assumption [3} there exists

an o > 0 such that
S (=~ 50,) < 0”0 = T, 60— T .
from this we apply Theorem to get

S(pr — I pn, 0 — 1Y 03) < Cagpar

pully g onll,

Summing these bounds over T, globally bounding the W semi-norm and

introducing the constant

Cs jo.aboklor = maX{Cuo,g,z lallg.no. s Coror ’BHOOOE’ Cs00 1ll0 00,5 » C4,g,k,a*};

EeTy,

results in

2 ~ ~
An(pn00) < Cspaantar (19 wa + 11 e + 1) Ionllig o0l g

For the linear form [(-), we prove the continuity bound by noting the sim-

ilarity to Cy(-, ) with v, = fh and i = 1, hence
E 2 p A
() < Cs00 |9} oo i HthoE [onllo,5 -

Since we have chosen fh as the II° projection, we apply the stability of II° and

bound the norm of vy, to get

BEn) < Coa | [} o | | Mol

The proof is concluded by summing over elements and bounding the W° semi-

norm. O

Lemma 5.6.2 (Coercivity).
For all v, € Vh,o it holds for sufficiently small mesh size h that

1onl17 g S An(vn, vn),

where the hidden constant is dependent on jo, the PDE coefficient lower bounds
of ag and pg, the stability constant of Assumption[d, o, | and the W* semi-
norm of < .
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Proof. Consider the L? norm of the II}_, projection on a element E €75, and

assume a sufficiently small h such that jo < j, (see Lemma [5.4.4). This gives
. 1 ~ |12 ~ 1~ |2 .
aojo || TT—10n |y o < / i | Ty 0n|” jn d€
B

< [

E
T 2 ~
S HJﬂth(Loo’EA N a

E

< HJéhHimE AhE(UmUh)-

2 de

T =T 1 ~
Jm,hJ%,th—Wh

2y de

_T 1 ~
J ,Qz,th;—Wh

where in the last line we have applied the definition of Ay(-,-) in Equation

(5-11). Applying Lemma gives a bound of
aopJo HH%?—l@hHi,E < Cl,g’l7£{AhEA(U}l, Up). (5.13)
Similarly, we have
Cf?(@h,vh) > HoJo |{H2@hH(2)7E7
and we note the definition of B,’;j(', -) implies that
BE (0, 0) = 0.
By adding
CE (0, vn) + BE (6n, vn) + SE (b — Ty B4, 0, — Y 0p),
to Equation we get

(Chpner + 1) AL (vh,00) > p10jo HHgvhHiE + aojo Hnllcflﬁh}liﬁ

+ SE oy, — TV oy, 0, — TV vp). (5.14)

Following standard VEM analysis [20, B39], we apply the definition of the sta-
bilization term in Equation (5.12)) and Assumption : there exists an o, > 0
such that

SE(@h - Hkvfjh,f)h - Hkvl)h) Z (e H@f}h - Hllf—lf)hHOE + (e} H@h — HgﬁhHO,E’
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from which substitution into Equation ([5.14)) obtains

(Choner + 1) Af (vn, o) > min{an, jo o |0nlg 5

+ min{a., jo }ag

V@hH

2
0B

We introduce the constant Cs o, jo uo.a0 = Min{ ., jo, flo, @} which gives us
(Chotor + 1) AY (vh,08) > Co e oo 0115 -
Summing over elements and bounding norms completes the proof. O
We now prove that Method I is well posed through the following theorem.

Theorem 5.6.3 (Well-posedness).
For sufficiently small h, the VEM: find py, € Vh,o such that

An(pn, vn) = ln(vn) Y, € Vo,

it holds that Ap(-,-) is coercive and continuous and l,(-) is continous. Conse-

quently, the solution p, € Vh,o exists and is unique.

Proof. Continuity of Ay(-,-) and I,(+) is given as a consequence of Lemmalp.6.1]
Coercivity is given by Lemma [5.6.2 The proof is concluded by application of
the Lax-Milgram Theorem. ]

5.7 Consistency Errors

We follow the approaches of [20, 39] in constructing the Strang-type error
bound. Specifically, we are required to quantify the error terms on a given

element £ € T;, for a polynomial p € Py(F) and all o, € Vi (E)
AR (B vn) = AP (D, on),
12 (o) — 1% (vy).
These bounds are proven in Theorem [5.7.3

In order to compute these bounds we require product rules for Sobolev norms

given by the following Lemmas [5.7.1] and [5.7.2]
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Lemma 5.7.1.
Let w C R? be a bounded domain and s € N. For f € W>(w) and g € H*(w)
it holds that

||fg||5w ~ ||f||soow ||g||5w7

where the hidden constant depends only on s. For a matriz A with entries

Aij € W(w) fori,j = 1,2 and a vector v € [H¥(w)]? it holds that

AV, < 1A

S,00,w || Hs,uﬂ

where the hidden constant depends only on s.

Proof. We prove the first bound by considering the semi-norm for some integer
0 <[ < s. For indexing sets «, § with |«| = [ it holds a.e. that
o «Q oa—
D(fg)= Y ('WDDﬁf Doy,
1B1<]e
We then take the L? norm, bound the derivative of f and the binomial coeffi-

cients and apply the triangle inequality to get

1D* (Dl < Ul D D2l

1BI1<]c

< Crs [l

$,00,w ”gHs,w :

Considering the definition of the | fg||>, and bounding terms in the summa-
tion completes the first bound. For the second bound we have using standard

arguments

2 2
|Av|Z,, Z“ (Av) |2, < 4122§2||AW||M

S

Applying the first bound and the definition of the matrix and vector Sobolev

norms gives

IAV]Z,, < Cos A

S,w —

vl

$,00,w S,w?

taking square roots completes this proof. O
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Lemma 5.7.2.
Let w C R? be a bounded domain and f € W (w) for some s € N. If there

exists an fo € (0,1) such that f > fy a.e. in w then it also holds that

Hfile,oo,w 5 Hf“s,oo,w7

where the hidden constant depends on s and fo.

Proof. The chain rule and quotient rule give, for any indexing set |«| < s, that

al

|D Y = ‘(‘U'aml)af

s! o
Swmm /]

<% |pe
_m| f]
0

1 s+1
<s! (%> | D* £
1 s+1
< sl (f—) T

The proof is concluded by noting this hold for any indexing set a. O]

Theorem 5.7.3 (Consistency Error).

Let E be a polygonal element of T, that satisfies the mesh reqularity Assumption
with hyg sufficiently small. Let a, i € W,%OH(E) and /,b € [W,%OH(E)F
The VEM bilinear forms defined in Section satisfy for a fixed integer s €
{1,...,min{k,(}} that

AL (Bvn) = AP on)| S B I 90 g

() = )| S 3 | 4]

gl

where The first hidden constant is dependent on o, s, jo, the WP, norms of a,
b and fi and the W2, norm of «/. The second hidden constant is dependent

on o, s and the W2, norm of <.
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Proof. For brevity, we copy the presentation in [39] and only present the deriva-

tion of the estimate for A,‘?(ﬁ, vp) — AL (p, v,) and state the remaining estimates,

in each case the same line of reasoning can be pursued to attain the bounds.
By adding and subtracting terms we have for v, = p that the stability term

and projection difference terms vanish to give
AhE(ﬁa Uh) - AE(ﬁ) Uh) =FEl+E2+ E37
where

El= / 0Eeot VP - IV 0y, dé
E

E2 = / aC ) Vp - EL Vi, dE

E

E3 = / &Jjﬁﬁ - Coyn(V =TI )y dé.
B

By considering E'1 and applying the Hélder and Cauchy-Schwarz inequalities

then Lemma [5.4.1| we get

B < Nl o [€cotllo oz |95 Nl i 1011 5 1901,

. 1
S HG’HO,OO,E HSCOfHO,oo,E ]_O HCW

0,00,F ‘ﬁ’lE |@h’1,E :

Next we apply Lemma to bound |E1]| by

. 1 . .
1 < 1l { Crooh 1o} 5 1o o Pl 5 1] 5
Cl,g,s

< HdHo,oo,E hi_; |%|s+1,oo,E |=Q7|1,oo,E |ﬁ|1E ’@h‘l,E

. Ch,e, 2 . .
< ||a||o,oo,E jOQShSE H@{HSH,OO,E |p|1,E |Uh|1,E :

We simplify this bound by introducing the constant C5 s jo.a.cr @S

017978

Jo

1|17

02,{_2,5,‘7.0,(17”0{ = ||d||0,00,E S+1,OO,E7

so that |E1| is bounded by

|E1| < CZ,Q,s,jo,a,%hsE |15|1E |ﬁh|1,E .
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A similar argument using instead Lemma provides

. C3,0,jo, 3 A
|E2| S ||a||07oo,EA' %h% ||'d||s+1,oo,E‘ |”Q%|1700,E |p

1.5 |Only 5

. C3,0.0, 4 NP
< {lallo e 22 Lol 1 1

< 04,9,s,jo,a,%h% ’ﬁ|1E |ﬁh‘1,E

Combining these bounds leads to

|E1| +]E2| < (Copsjoas + Cuosioaa) iy 1Bl 5 10nll1 5

To bound E3 we emulate the steps taken in [39], E3 can be written as
E3 = / d'];{:,ph@ﬁ Coyn(V —TIL_, )by, d€
E

- / (Y~ TIL )0, de

E
where C, 5, has polynomial entries of degree (I—1) and ~ := (aJ J}Th@ﬁ)Tth.

By orthogonality of the II° projection we have

B3 = / (Y~ T ) - (¥ — TIL )i, dé.
F

Then applying Cauchy-Schwarz and Theorem [2.1.1] gives

B3] < [y = Ty, | (V= T )i

< C5,g,shSE H'VHSE HﬁhHl,E : (5.15)

We bound the norm |||, 5 making use of Lemma m Firstly, we note that
~ can be written as

7= -(Ca Vi) Curn.
From repeated applications of Lemma [5.7.1] and Lemma [5.7.2] it holds that

1

NCoanl s [V

s,00,F

1Ylls2 < Coys llalls .5

s,B

(5.16)

~ . 2 AT
< G il e Wil Gl ||V

To bound the norms of j, and C, ; we apply an inverse Sobolev embedding,

noting that both terms are polynomials of degree 2/ — 2 and [ — 1 respectively.
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Here we present the first case with j;, with the norm C, j, following in a similar
fashion. By adding and subtracting I13, ,j and applying the triangle inequality

we have

Ml e < |l7n = T2, oo+ (2103, oo

= HHgl—dietH s+ HHgl—QjH

s,00,F 5,00, °

From [49] (Corollary 1.29) it holds that

17nllg o0, < Csh” [Mor—a€aet |y oo + [T21-27] ], oo (5.17)

The stability of the IIY projection is then applied to both terms in Equation

(5.17) to give
170l 00,8 < Cs,sh" Eactllo 0. + 1171|0022

Lemma is then applied to the first term and the second term is bounded
using Lemma

H«ths,oo,E‘ S (087509,975 + 2) H‘QinJrl,oo,EA' : (518)

Using again Corollary 1.29 from [49] and Lemma gives a positive constant
C5 dependent on the shape regularity of E and s such that

|Cw i

5 < Cros |||

s,00,FE —

(5.19)

s+1,oo,E :

Inserting Equations ([5.18)) and (5.19)) into Equation (5.16) gives

s,00,F

A 4 = A
¥ < CosCrso 8l (Co.sCo. + 2) O 17 21 i [ V5

s,B

A~ 4 ~
< {CoCrinio Il (Cs.Co +2) Coogu 19 1 e } 1)1

< Ciigsgoae 1Dlls11.5 -

Inserting this bound into Equation (5.15)) and combining the bounds for E'1,
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E2 and E3 we have that

A5 (Do) — AP(p,vn) | < (Cagsjoans + Cagsioaa )05 1Bl 5 10nll 5

+ Cso.5h 715 2 100l 2

< (02,g,s,jo,a,ﬂ + 047Q,s,jo,a,%)h51; ”13 1,E ”ﬁh|l1E
+ (05,9,8011,9,8,%,a,eﬂ)hs}; ||ﬁ||s+1,E ”@h||1E

< Ci20.550.a, 5 1Dl g1 5 10l 5

A similar line of reasoning provides the additional constants with the similar

dependencies such that

IBEG,vn) = BE(,00)| < Cs i 1ol 1. 1

)C;?(ﬁ vn) — CP(B,0n)| < Chapsjona s 1Bl o415 10n]

1 on) = 15 o

1,E

~—

S Cl5,g,s,jg,ﬂhsE” f” . ||@h||1,E’
s—1,F

where in the final bound the estimate of approximating f is used. Applying

the triangle inequality and combining the bounds completes the proof. [

5.8 A H! Estimate

We now prove the H' estimate for Method I using the framework outlined
in [39]. Let C1 a0, C200abpue > 0 denote the coercivity and continuity

constants of this method derived in Lemmas [5.6.2f and [5.6.1] respectively. We

consider a polynomial p € P, (771), where Pk(ﬁ) is the space of polynomials of
degree k that are discontinuous across element faces and w, = pp — 0. The
Strang-type bound is given by

1

Cl,g,ao,uo,l,%

on = Y g < [n(on) = )] + Y (AE D wn) = AZ(, )

EeT;,

+ Ap(p — O, wn) + A(p — D, Wp).
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Applying the continuity of A(-,-) on the reference domain and the continuity
of Au(-,-) from Lemma [5.6.1] provides

ol =l < i) — 1))+ 3 (AFGin) — AP 0n)

Cl,g,ao,uo,l,d EETh
+ linlly o (Covtapanor 16 = il 0+ Cor 16 = Bll1g)
We introduce the constant Cioer.p.a0,10,1,a,b,,5 DY
Ccoer,g,ao,uo,l,a,b,u,ﬁ = max {Cl,g,ao,uo,l,da CQ,g,l,a,b,u,Wa 03,44%7 1} . (520>

As a result we have

1

70 = 0l < i) = 1))+ 3 (AR poiin) — AZ(pin)

EeTy,

g (16 = ol + 17— llg) -

Ccoer,gyao,uo,l,a,b,mﬂ

Dividing through by [|@y|; ¢ and applying the triangle inequality gives

1 R : N . NN
e lp = pnllig < inf lp—dnlly g+ nf [lp—pllq
coer,0,a0,140,l,a,b, 1, wWrEVR 0 PEPL(Th)
AE ) — A, i)
+ inf Z sup -
ﬁEPk(ﬂl)Eej_h WneVi.0\{0} ||wh||1,E
In(wy) — l(w
L osup (D) — 1G] (5.21)
whthyo\{O} ||whH1,Q

Theorem 5.8.1 (H' Error Estimate for Method I).

Let o7 € Wﬁﬂ(fl) be a mapping from a polygonal reference domain ) to
Q. Additionally, suppose the coefficients satisfy the regularity conditions of
a,b, i € 2 1(2). For the corresponding solution to the PDE (5.1)) on the
reference domain p € Hm“(fl) and the VEM solution p, € \A/;LO of degree [
and k outlined in Section we have for sufficiently small mesh size h and
s €{0,1,...min{k,(}} that

1P = pully o S H° (”/3”8%0 + HfHH n) ’

where the hidden constant is dependent on o, s, [, the lower bounds jo, ag, jio

and the W¥, norms of a, b, i and <o .
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Proof. For ease of reading, we introduce the constants C', dependent on the
mesh regularity and s, that implicitly bounds all constants independent of .o/

in this proof. We bound each line of Equation (5.21]) in order. By considering

wy, = pr and p = I13p from Theorems [2.1.2] and [2.1.1| we have that

o=l + it (= T120], g < Crash 19l

WrEVh 0 PEPL (T

For the second line we consider p = I19p and apply Theorem to get

AP (. n) = AP (5, )

inf Z sup

pePk(Th)Eej.h Wy EVA,0\{0} H hl 1,E
s 0~
< Cogsabpmiosr Y 15 TR,
EeT;,

S C27Q787a7b7/"7j07<%h’8 ||p/\||8+1,§2 ?

where in the final line we applied the stability of the II° projection and bounded
norms. Next, we have from Theorem that

£ in) — ()|

| (0n) — U(t0n)| <y

lole 2 Tl
S 03,9,3,,;2{ Z hsE ‘f s—l,E‘
EeTy,

S C3,g,s,,tafh8 Hf

s—l,Q '
Combining the three bounds and the bounding constants and inserting these
into Equation ([5.21]) along with the constant defined in Equation ([5.20) we

have that

||Ié - /A)hHLQ S Ccoer,g,ao,,uo,l,a,b,,u,d (Cl,g,s + CZ,g,s,a,b,,u,,jo,yf
+ 0319’5)4%)]7/8 (Hp\HS—‘,—l,Q + Hf” A) N
s—1,0)

We conclude the proof by further bounding the constant terms. O



Chapter 6

Method 11

The second of our proposed isoparametric methods is to construct virtual,
physical curved edge polygons. This is achieved by constructing a curved VEM
space on each virtual polygon using the framework of curved virtual elements
proposed in [23] and perform the necessary integration by considering a set of

projected elements using the II° operator on computational reference domain

~

Q.

In Section the projected element used in the computation of Method
IT is introduced. The curved VEM space used in Method II is reviewed in
Section [6.2] The discrete projection operators are introduced and analysed in
Section [6.3] The complete formulation of Method II is given in Section
The consistency error and well-posedness of Method II are proven in Sections
and respectively. The proof of the H! a priori estimate is given in
Section [6.7]

6.1 Projected Elements

In Method II, the integration over the virtual domain is decomposed into con-
tributions over projected elements. By using a projection of an element, we
have a computable geometry on which we can integrate polynomials exactly.

In keeping with the VEM philosophy, we decompose ., into a polynomial and

111
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non-polynomial component, namely
t, = ) aty, + (o, — 11).4,),

The projected element EJ := H?;th(E) will be used to construct an explicitly

computable method.

Remark 12. In constructing the projected elements we require the use of a
computational reference domain. However, the method is independent on and
the resulting linear systems of equations are purely computed without coordinate

transformations.

We utilise the projected elements to provide a computable method. Local
VEM spaces will be constructed on £}, and not Ef with £ only being used to
perform quadrature. We quantify the effects of using the projected elements

for integration in the following technical results.

Lemma 6.1.1 (Area Approximation for the Projected Element).

Let Ty, be the computational reference domain that satisfies Assumption . Fora
reference element E €Ty, and the corresponding element on the virtual domain
En € Ty, and a projected element EF of degree [, it holds for a fived integer

s €40,1,....,1} and for a sufficiently small mesh size that

|meas(Ey) — meas(E])| < hsH? HJZ/HiH,oo,E’

3
meas(Ep\E;) S W21 240 0o

meas(Ej\En) S 0372 |||,

s+1,oo,E ’

where the hidden constants depend on o and .

Proof. By definition we have that

meas(E},) — meas(E;) =

| det (@H?%) dg’.

/Edet (@%) dg‘ . /

We apply the arguments of Lemma to imply that for a sufficiently small

hz, it holds that both determinants are strictly positive

meas(Ep,) — meas(Ey) = /

| det (@m) — det (@H?dh) de.
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Holder’s inequality gives

|meas(E}) — meas(E])| < ‘E’ Hdet (@%) — det (@H?%}J H

0,00,E'
< 12 [|det (th) — det (@H?ﬂfh) (6.1)
0,00,F
Next we add and subtract terms and apply the triangle inequality to get
Hdet (wh) ~ det (@H?%) H = Hdet (w@ ~ det (w) H .
0,00, 0,00,
+ ’ det (ﬁef) — det (@H?d) H )
0,00,F
+ Hdet (Vi) — det (VI1f.eA,) HO .

Following the same steps as in Lemma for each of the three terms in the

above bound we have

Hdet <@,th) — det (@H?%) Ho,oo,E < O pih H:Q/Hiﬂ,oo,];;

where substitution of this into Equation (6.1) completes the first estimate.
The second estimate is proved by introducing the indicator function xgr :

R? — {0,1}

1 x e by,
XEF (x) = .
0 otherwise

in which we note that HXEZZ Hop < 1. We write meas(E,\ET) as

meas(E,\E}) :/ (1 —XE;;) dx

Ep

— [ (1= oo () ) det (1) de.

E

Applying the Cauchy-Schwarz inequality and the operator norm inequality for

XEr gives
meas(Ey\Ey) < [|det (J5)lo.5 |1 = X7 0 9|, 5
< lldet (3ol [z © TP — x5z © ]
< lldet (3l g Iz [, 1100 = 4],
< || det (g )llo, 5 |10 9% — |, 5
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Next we apply Holder’s inequality with Lemma to get

L (1/2
meas(En\E7) < |E| " [[det (Tug) o 2 1005 — 4,

< Coothip | |3 o o |10 — 0| - (6.2)

The projection error is bounded by using the triangle inequality, the stability
of 11°, Assumption [4 and Theorem [2.1.1]
HH?M’Z - 'Q{h”oﬁ = HH?Mh - H?%HO,E + HH?"Z{ - MHO,E
< H*th - 'Q{HO,E + HH?&% B *Q{HO,E
< Cs by |y 5
< Cs 00035 ||

s—l—l,oo,E‘ :

Inserting this bound into Equation (6.2)) and bounding norms gives

meas(FEp\E}) < CZ,Q,ZO3,g,thE+2 E4k

s+1,oo,E' :

The final estimate follows by the same arguments. ]

When quantifying the error of this method, we have to consider the scaling
of the mesh size terms h,, for a choice of w = E, E}, E7. This is presented in

the following theorem.

Lemma 6.1.2 (Scaling of Mesh Sizes).
Let Ty, be a mesh of O of sufficiently small mesh size h satisfying the shape
reqularity Assumption [l We have

hE S hEh’ hE 2 hEh

where the first hidden constant depends on jo and oz and the second depends

on the W norm of & and og, .
Proof. From [49] (Lemma 1.12) it holds for any shape regular element E that

oamhy < |E| < hi,. (6.3)
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Using Equation (6.3) and Lemma we have
Jodmh < jo | B
< |Ep]
< h, .

Taking square roots completes the lower bound. The upper bound is given by

computing the area of Ej, using E and applying Holder’s inequality

= e (50)

0,1,E

<]

wa (5r)], ., ¢

0,00,E

From this we use Equation (6.3) to get
2 32 2 2
QEhﬂ-h/Eh S 2 |dh|1,OO,EA hE,.

The proof is concluded by using a stability argument to bound |, O]

2
‘1,m,E'
Remark 13. We note that if the computational reference domain Q is defined
as being “close to” Q) then the element sizing scales as one. An example of this
is when Q is a polygonal interpolant of Q). The generality provided by Lemma

allows us to extend the analysis of Part II to moving domains, where in

general the mesh size varies over time.

Extension of Polynomials

In the case of polynomials on E}, the extension p for some p € P (E}) is defined
as the natural extension obtained by preserving the polynomial coefficients of
p and evaluating p over R?, in these cases we drop the extension notation. We
emphasise that this extension does not satisfy Stein’s Extension Theorem [5.3.1]

Instead we have the following polynomial extension bound.

Lemma 6.1.3 (Polynomial Extension).

Let T be a computational reference domain satisfying Assumption |1, Ej, €



116 CHAPTER 6. METHOD II

T be shape regular and EF be the projected element of degree | € N. For a

polynomial of any degree p € P(E},) and hy sufficiently small, it holds that

||p”07oo,E;l" S ||p||0,oo,Eh J

where the hidden constant depends on the shape regularity parameters o, o, , |

and the W norm of </ .

Proof. In this proof we consider the ratio between the norms and prove that
this scales as one. Let R be given as

B ”pHo,oo,E;;
12ll0,00,,

Applying an inverse estimate [49] to the numerator and a Sobolev inequality

to the denominator of R gives

h?]% [F2 0,E7 HPHO,Eg
[ = U200,
hEi HpHO,Eh ¢ HPHO,Eh7

where we applied the property of hgr, hg, ~ hg from Lemma [6.1.21. We con-

R < Cl,g,

sider the bound of R? and expand the numerator to get

2 9 ) )
R? < (2 l”m'ﬂ _c2 I2llo,5, — HpHO,Eh\E;: + HpHO,E;{\Eh
- = 2 @5 2
‘ “pHo,Eh ‘ HpHO,Eh
1Pl &7
< Gl (1 e (6.4)
HPHO,Eh

The ratio of norms in the bound above can be further bounded by applying
Holder’s inequality on the numerator and an inverse estimate [49] on the de-

nominator to give

2
HPHO,E;;\Eh < o | EF\Ey|

2 = V3,0,
”pHO,Eh | Enl

Using Lemmas [6.1.1] and [6.1.2| we get

2
Hp”O,E;{\Eh
2
Hp”O,Eh

Substitution into Equation (/6.4) provides

278
S C47Q7QE}L»%>ZR hE

2 2 2 2
R S CQ,Q,I + CZ,Q,ZCZLQ:QE}IM%’IR hE’
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therefore taking a hz such that

-1
2
hE < (CQ,Q,ICAx,Q,QEh,M,l) )

results in
1
§R2 < C2,9J'

Bounding constant terms and taking square roots completes the proof. O

Quadrature Error

In Method IT we choose to use the projected elements to approximate the
integration of polynomials over Ej,. In two dimensions integration could be
performed over an isoparametric triangulation of E}. However, in three dimen-
sions the projected elements become a necessity and the following presentation
easily extends to three-dimensional problems. The accuracy of performing
quadrature over these projected elements is given in the following lemma for

two dimensions.

Lemma 6.1.4 (Integration Error Over a Projected Element).

Let E be a physical element given by the mapping £ = JZ/(E), with its corre-
sponding interpolated element Ey, and the projected element ET. For g € L>(E)
and p, q being polynomials of any degree, the following holds for a fized integer
s €{0,1,....1} and sufficiently small h,

/ apq dx—/ gpq dx
E, E

T
h

Shilp

0,E HqHO,Eh’

where the hidden constant depends on o, [, the L> norm of g, the W2, norm

o and jo.

Proof. We decompose the integral difference into

/ gpq dx — / gpq dx = / gpq dx — / gpq dx,
o E Ep\EF ET\Ej,

s
h
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from which we have

/ apq dx—/ gpq dx
E, E

L
h

< H@“o,oo,EhAE;; HpHo,oo,EhAE;; lq

(6.5)
where we denote by E,AE] = (E,\E]) U (EF\E})) the symmetric difference

between the two sets. We bound the measure of this set using Lemma [6.1.1

meas(E,AE}) < meas(Ep\Ef) + meas(E7\Ey)

3
S Cl,g,lh}+2 ||%||

s+1,oo,E‘ :
Substitution back into Equation (/6.5)) and Applying Stein’s Extension Theorem
for g gives

/ apq dx—/ gpq dx
E, E

< H§||o,oo,EhAE;; HpHo,oo,EhAEg
h

3
HqHO,oo,E;LAEg Ol,@vthE‘+2 ||%”s+1,oo,E
< Oy ngo,oo,E ||p||o,oo,EhAE;;

3
Hquo,oo,EhAE;: Cl,g,thE+2 H%HS—"—l,OO,EA :

(6.6)

Next we consider the L* norm of p and bound this via
||p||o,o<>,EhAE;Lr < ||p||0,OO,Eh\E}T{ + ||p||o,oo,E;;\Eh
< HpHO,oo,Eh + HpHO,oo,E',’L' :
From Lemma [6.1.3] it holds that
||p||o,oo,EhAE;; < (1+Cs) ||p||0,oo,Eh ’
and similarly we have

||Q||o,oo,EhAEg <(1+Cs) Hquo,oo,Eh :

Substitution of these bounds into Equation results in

/ apq dx—/ gpq dx
E, E

s
h

< C,51Co(1 + CS)QhSE” 190,002

3
HpHO,oo,Eh ||q”0,oo,Eh H'Q{Hs+1,oo,E ' (67)

s
0,00,ER AE] meas(E,AEY),
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We simplify Equation (6.7)) by introducing the constant
Ciotgs = CroiCa(l + C3>2 HQHO,oo,E Hﬂ||i+looE )

such that

/ apq dx—/ gpq dx
Ey, E

™
h

< 047@7l,g,&fhsg+2 ||p||0,oo,Eh ||q||0,oo,Eh : (6.8)
Finally, we apply the inverse estimate found in [49] (Lemma 1.25) of

—1/2
1Dl o, < 1B llplom, Vo€ P(ER),

Then combining the inverse estimates with Equation obtains

/ gapq dx—/ gpq dx
Ep, E

-1
) < Cuplg | Enl hSEH HpHO,Eh Hqu,Eh :
h

Application of Lemma concludes the proof. O

6.2 A Virtual Element Space on Curved Edge Polygons

Here we review the VEM on elements with curved edges proposed in [23]. This
space will be used to compute the discrete solution of the PDE. Importantly
in our method, any curved edges of OF} can be represented as piecewise poly-
nomial maps from dF or more simply a collection of maps from the reference
interval I = [0, 1].

We denote a curved edge of E}, by ej, with its corresponding reference straight
edge é C OF and define an arc-length parameterisation by 7., : I, — ey, where
I., =[0,l.,] and [, is the length of e,. From this we introduce the mapped

polynomial space of degree k as
]P)Z(eh) = {q € LQ(eh) qg= CjO’thla qA S ]P)k([eh>}-
The local VEM space on FEj, is given in [23] as

Wk(Eh) = {Uh - Hl(Eh)ﬂOO(Eh) . Al)h - Pk_Q(Eh), Uh|eh - ]P)Z(eh) ‘v’eh C 8Eh}
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Following the remarks of [23], we enhance this space under the same approach
as the polygonal element case [2], taking IT* to be the least square projection

[48], to
Vi(Ep) = {vn, € H'(EL) NCEy) : Avy, € Pu(Ey), vile, € P)(en) Ve, C OE,
/E (I;vp, — vp)q dx = 0 Vg € Pr(Ep)\Pr_2(Ep)}.
(6.9)

The DoF's for this space are similar to the original VEM, we define them for a
Vp € Vk(Eh) as,

e The point values of v, at the vertices of Ej,.

e The point values of v, for £ — 1 internal points of e, that are the images
through ., of the k —1 internal points of the (k4 1)-point Gauss-Lobatto

quadrature on [0, [, |.
e The internal moments of ﬁ ‘fEh vpq dx for all ¢ € My_o(Ep).

A proof that these constitute a unisolvent set of DoFs is given in [23]. The

global VEM space is then defined as
Vi, = {Uh S Hl(Qh) : Uh’Eh € Vk<Eh) VE, € E}, (610)

with the restricted space of VEM functions with zero trace on 0€2;, defined by
Vh70 = Vh N Hol(Qh)

Remark 14. In defining our VEM space we have chosen to use an arc-length
parametrisation of each curved edge in the mesh. By doing this we have an
interpolation estimate for Vi, in which the unknown constant is only dependent
on k [23]. In the implementation we use a parametrisation of 7., : [0,1] — e,

and still attain optimal orders of accuracy in the numerical experiments of

Chapter 7,

We provide a global interpolation estimate for this virtual element space in

the following theorem.
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Theorem 6.2.1 (Curved VEM Interpolation Estimate).
Let Vi, be the virtual element space of degree k defined using Equation ((6.10))
on a virtual domain . For any v € H§+1(Qh) it holds for a fized integer
s €{0,1,...,k} that

lo—vill g, SB[l

~

s+1,92p
where the hidden constant depends on k, the Poincaré-Friedrichs constant of

Qp, the W norm of o/ and the shape regularity parameter oo of T,.

Proof. This result is a corollary of Theorem 3.1 from [23]. It holds that

Z v — UI|1,Eh < Clikow 1%127}% hSEh ||U||s+1,ﬂh .
EneTh

We bound the error on a local element and scale the mesh size via Lemma [6.1.2]

v = vily p, < Cuke, maxCouhy ||l

S
1,00,E ||U||s+1,9h
€'/n

S CS,k,Qgghs ||d||ioo,0 ||U||s+1,Qh :

Summing over elements of the virtual domain and bounding terms gives

”U - ,UI‘LQ}L S C47k7ggfvvq{hs HUHS+1,Qh :

The proof is concluded by applying the Poincaré-Friedrichs inequality. m

6.3 Computable Projection Operators

Unlike Method I proposed in Chapter , we do not directly use the H' and L?
projection operators IT° and IT'. In [23] it is argued that a sufficient amount of
quadrature points can be used to compute the required integrals over curved
edges and curvilinear polygons. Additionally, this works under the assump-
tion that the properties of the mapping &/ are known a priori. In our work
we have made the assumption that only a set of DoFs of o, are known and
that these may be an approximation themselves. Hence, we introduce two new

computable operators that serve to approximate IT° and IT', namely II) and
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I} respectively. The benefit to this is that we can compute these new oper-
ators exactly using only the projected elements and the DoFs with minimal
quadrature rules required.

We describe these new operators as projections but note that they do not
generally satisfy the definition of a projection as they do not reproduce poly-
nomials exactly on Ej,. In general II0p # p, II}p # Vp for p € P(E,). The
error estimates of Theorem [6.3.1] and [6.3.2] suggests that this inconsistency

introduces errors terms that are appropriately controlled by the mesh size.
We approximate the II° projection using the projected element and quan-
tify the error of this approximation below. Similarly, we introduce the operator

0} : Vi(Ey) — [Pr_1(Ep)]? to approximate II'. The accuracy of these approx-

imations are given in Theorems [6.3.1] and [6.3.2] Without loss of generality, we

order the DoF's such that dof;(v,) corresponds to the internal moment with

respect to the ith scaled monomial.

Definition 6.3.1 (The II9 Projection).
Let Ey, € Ty, and vy, € Vi(Ey) for some k € N. The projection H?L’kvh satisfies
for all m,, € My (Eh)

Hg’kvh My dx =

/ |ET | dof,,(vn) Mo € My—2(Ep)
o fE}’: szh Mo dx Mo € Mk(Eh)\Mk72<Eh)

Definition 6.3.2 (The II} Projection).

Let Ey, € Ty, and vy, € Vi(Ey) for some k € N. The projection 11}, ,_ v, satisfies

_|ER]
|Enl /B,

/ H}l’k_lvh-ma dx =
E

™
h

v, V-m, dx—l—/ vp,M,-n dS vm, € [M;_1(E)]%
B0

Theorem 6.3.1.

Let Ty, be the computational reference mesh that satisfies Assumption |1 and
E, € T, be a shape reqular element given by mfh(E) for some E e T, with
hy, sufficiently small. For the projection operator 11y, . : Vi(En) — Pr(Ey) the
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following bound holds for all k € N, v, € Vi(E}) and s € {0,1,...,1}
HH%U}L — H?kavhHO,Eh 5 hSE thHO,Eh ) (611)

where the hidden constant depends on N%F, o, 1, jo and the W, norm of < .

Furthermore, the following stability estimate holds

HH%’CU}L”O’E}I 5 ||Uh||0,Eh7

with the same hidden constant dependency as Equation (6.11]).

Proof. In this proof we adopt the notation used in [44] in defining the matrix
equations to compute the L? projection. We consider the error for some v;, €

Vi.(Ey) as a vector-matrix product
2
HHgvh - H?z,kvh”o,Eh = (t— th)T M(t —ts),
where we define the mass matrix on Ej, by

Mg = ; mempg dXx,
h

for ma, mg € My (E)) and the vectors of coefficients of I1° and II) are given by
t and t;, respectively. By using the l; norm ||-||, and the matrix norm induced
by |||, and analysing individual matrix terms we can bound the error noting

that the mass matrix terms scale like |Fjy|
2 2
TR0 = 105 on [, < IV, 16 — tall3
< Cl,NdOfSh]th It — th”i ; (6.12)

and it remains to bound the error in the projection coefficients. The II} pro-

jection is determined by

|Eh‘ dOfa(Uh) me € Mk72<Eh)
t=M"lc where ¢, = )

fEh I vy, me dx Mg € My(ER)\My_2(E}p)

and, similarly, the TI9 projection is determined by

‘Eﬂ| dOfa<Uh) meg € Mk_2<Eh)
t, = M, 'c,, where ¢, , = h

fE;: szh My dX My € Mk<Eh)\Mk_2(Eh).
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We then consider the difference of these coefficients, noting that
t—t,=(M"'=M;")c + M, (c—cp).
Taking the norm and applying the triangle and matrix norm inequalities results
in
1t = tally < [[MTH = M|, llell, + MG, e = eall,-

The first term can be expanded by

M'-M,'=M;'M, -M)M . (6.13)
We note that matrix inverses scale like

M~ M, ~ by

We bound Equation (6.13]) using matrix norms, the scaling of the mass matrix

and applying the result of Lemma

IV =M, < [V IVE — M [V

S OQJVdesth HMh — M||2

S 037Ndofs th max

a’/B

mamg dx — Mmempg dx
Ep EfF

< Cs naorshig, Chgtjo,r W 1Mallo g, 1msll g,
S C5yNdofs ,g,l,jo ”Q{ héi hSE,

where in the last bound we applied the property that [|mql|o 5 ~ hg, for all

me. Using this bound gives us
Ht - thH2 S O6,Nd0fs,9,l,j0,%hgzhsEA HCHQ _'_ C’?’Ndofshgvz HC - ChH2 . (614)

The difference of ¢ — ¢, requires a case-by-case analysis.

Case I: m, € My _o(E})

In this case the integral is provided by the DoF's of v;,. Without loss of generality
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we refer to these as the a-th degree of freedom
Co = / vpMe dx = | Ey| dof,(vy,).
Ep,

In this case only the measure of Fj, is unknown and approximated using the
projected element. Taking the difference and applying Lemma (for p =

qg=1) gives

Ca = Cap| < |dofa(vn)] || En| — [ER]

< |dof, (vp)| Cs,00,.jo |En| -
Here we recall the “scaling as one” property of the scaled monomials [44]
dofa(va) ~ hp, l[oallo g, -
Using this property we get

|ca = Canl < Cop1,.501m, M vnllo g, -

Case II: m, € Mk(Eh)\Mk_g(Eh)
In this case we use the orthogonality condition imposed in the definition of the
VEM space in Equation . Here we have
Co = / vy my dx, Coh = / v, my dx.
Ep Ef

Then applying Lemma [6.1.4] and the Cauchy-Schwarz inequality we get

|ca = Canl < Cro,00,0.50 0% 1T vnllo g, 1Mallo g, -

Next we apply the stability of the II; projection and bound the norms of the

scaled monomials to get

ca = Capl < Cipp,.050hE, 1% |vnllo g, -

Having bounded both cases we can now bound ¢ — ¢; via

lc = cnlly < Crapra,johe,hy [vnllo g, - (6.15)
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The norm of ¢ can also be bounded by a similar argument
lell < Cug waotshg, [lonllo g, - (6.16)

Now we bound the term t — t, using Equations (6.14)), (6.15) and (6.16)) and

the scaling of M, ' to get

It = tall, < Cravaor g1.a.ioh iz, 0nllo g, -
To conclude the proof we substitute this bound into the original error Equation
(16.12))
[T, = 103 on[; . < Conaorh, 16— tall3
< Cy yaorh, (014,Nd°f5,g,l,d,johsﬁh15i thHo,Eh>2
< OlS,NdOfS,g,l,M,joh%g thllé,Eh .
Taking the square root completes the proof. The stability bound is a conse-

quence of setting s = 0 and applying the triangle inequality. O

Theorem 6.3.2.

Let Ty, be the computational reference mesh that satisfies Assumption |1 and
E, € Ty, be a shape reqular element by %(E) for some E e T, with hg suf-
ficiently small. For the projection operator H,IL’,C?1 : Vi(ER) — Pr(Ey) the
following bound holds for all k € N, vy, € Vi (E}) and s € {0,1,...,1}

HHllc—lvh - Hflz,k—lvh”(),Eh S hSE ||Uh||1,Eh )

where the hidden constant depends on N9, o, 1, jo and the W, norm of <.

Furthermore, the following stability estimate holds

HHflL,kflrl}hHQEh 5 thl 1,Ep

Proof. The proof of the estimate follows the same arguments as Theorem [6.3.1]

We have

2 2
0,E), < ||M||2 ||t - th”Q

< Cy yaorsh, It = tall3 (6.17)

[T 1vn = Ty
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where M and the corresponding approximation My, are the vector equivalent of
M and M}, defined in the proof of Theorem We recall the II' projection
is determined by

t=M"c

Y

where

Co = —/ v,V -m, dx —|—/ vpm, - n dS m, € [Mk_l(Eh)]z. (6.18)
Ep OB

Similarly, the II} projection is determined by

th = M;lch,

where

_ B 2

Ca,h = th - 1M, dx + VpIMy, - 1N dS m, € [Mk—l(Eh)] .
| Enl /g, o8,
(6.19)

Following the proof of Theorem up to Equation (|6.14)) gives

6 = €l < Covaot g 521 lelly + Coyaon g e —cally.  (6.20)

Applying integration by parts to Equation (6.18]) gives

Coq = m, - Vv, dx,
Ep

from which we bound ¢ using the Cauchy-Schwarz inequality and the scaling

of m,,
lelly < Cs naorhag, [[Vnllg g, - (6.21)

It remains to estimate the error term of ||c — ¢||,. Since V-m,, € [Pr_o(E))]?

we can evaluate

1

|En| J g,

exactly using only the DoFs. As a result the difference term is given, using

Equations (6.18]) and (6.19)), by

Ca = Capn = (|En| — |E}])

v,V - m, dx,

— v,V - m, dx, 6.22
l Jr, (6.22)
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noting that the integration over the element boundary is computed exactly on
the reference element. The integral in the difference term is computable using
the internal DoFs. The difference in volume is bounded as done in Theorem

6.3.1] by applying Lemma [6.1.4
ER] = |Enl| < Chopergohy | Enl -

Noting that the weighted integral is a linear combination of DoFs of v, that

scale as one by definition [44], we have

1

— oV -m, dx ~ hz!||v .
|Eh‘ E, h o By H h”O,Eh

Inserting these bounds into Equation ([6.22)) gives

e —cull, < Cy,Ndos o107 jo V5NV E), ||Uh||0,Eh .

Next we insert this bound into Equation (6.20) along with Equation (6.21))

gives
[t —twll, < C5,Nd0f5,g,l,j0,yfhijh}5i (vahuo,Eh + HUhHo,Eh)
S 2057Nd0fs7g7l’j0“%hsEA,h/Ei thHl,Eh .
Finally, we have from Equation (6.17)) that
2 - 2
1008 son = T on 5, < Cuaosh, (265 w150, 0l i, )
§ C6,Nd0fs,g,l,j0,g{h%9 H’Uh”iEh .

Taking the square root completes the proof. The stability bound is a conse-

quence of setting s = 0 and applying the triangle inequality. ]

6.4 Method II Formulation

This method is formulated in the standard VEM fashion locally on each pro-

jected element [20] [39]. In this method we divide the bilinear /linear forms into
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contributions over the virtual mesh 7},

An(pnson) = D AL (onsvn) + By (ons vn) + C (o vn)

EneTh

+ > 8" (pn — Wipn, vn — TMiop),

EneTh

(on) = ) I (on).

ELeTy,
The local integral equations are defined by
Afh(Phﬂ)h) = / a Hfll,k—lph : H;lz,k—ﬂh dx,
2

1 N
By (psvn) = 5/ b - (I youlLy oy pn — 1) Iy oy on) dx,
E

T
h

Ci™(pnyvn) = / fi 105 . pn 1T, op dx,

ER

I (vp) = fo IO o dx,
By

and the stabilisation term is given by the dofi-dofi formula (see Equation (12.8)))

N dofs

S (pn,on) = (a+ b, i) > dof;(ps) - dof;(vy), (6.23)

i=1
with @ and i being nodal averages on Ej, of the extensions of a and p respec-
tively. In this method fh = H%}k_2j: for k > 2 and fh = Hgf for k =1,2. To
simplify the analysis we assume the scaling constants in the stabilisation are
equivalent to those used in the definition of the perturbed bilinear form.

The isoparametric VEM is then defined, recalling the definition of V}, and
Vho in Equation , as follows: find pj, € V}, o such that

An(pn,vn) = (vn) Yo € Vi

6.5 Consistency Error

Here we introduce a bound on the inconsistency by the use of the projected

elements that will be used in the H' estimate as well as the coercivity proof
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for this method. For the analysis we recall the non-computable VEM bilinear

form By,(+,-) defined in Equation ((5.4)

. 1~ .
Bulp.v) = 30 [ altp T o 5B (Mol p = TpITE o) + T Mo dx
h

ELeTh

+ SEh(p - HZIL v = HI:U)>

with the stabilisation term taken exactly as in Equation ([6.23). The isopara-

metric VEM is directly compared against Bf "(-,-) in the following Lemma.

Lemma 6.5.1.

For k,l € N, let E,, € Ty, be a curved element of degree | given by a shape
reqular reference element E e 77” with hy, sufficiently small, and Ej, = ,szf(E)
For pp,v, € Vi(Ey) and a fived integer s € {0,1,...,min{k,l}}, the following
bound holds

By (s, on) — A (on vn) | S B3 lonlly s, Ilvnlly g, »

where the hidden constant depends on N%F o, 1, jo, the W, norm of &/ and
the L*™ norms of a, b and p on the element E = d(E)

Proof. Firstly we split the difference term via

B (pn,vn) — AP (pn, o) = EQ + E1+ E2 + E3 + ES,
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where through adding and subtracting terms and noting that E'S = 0 we have,

Q= [ aliy o Wy on dx— [ Il T, o, dx

E, w

1 .

+ 5/ b- (Hg,kvhni,kflph — Hg,kphn}lz,kflvh) dx
Ep

1 _
- 5/ b- (Hg,kvhni,k—wh - H?L,kphn}l,,k—lvh) dx
h

+/ ﬂng,kpﬂg,kvh dX—/ ﬂHloz,ka?z,kvh dx,
By, H

E1 = / (d<Hllc Hhk 1)Ph - Hl{:—lvh + dﬂi,k_lph : (Hllc—l - H}l,k—l)vh ) dx,
Ep,

1

B2=5 [ B (Ml = T+ T+ T Tl ) .
h

E3 = /E (a(ITy — 115 o) prXTRvy, + GIT) o (I — 115 )y ) dx.
The quadzature error EQ is bounded by directly applying Lemma [6.1.4] to give
EQ| < Chgrrihiy( naHMh 185 i apmll g, [T il
HbH Mivonll s, [Mhsvnlly g,
HbHOwE T -10nllg g, [T snl,

1l (T80l 5, T8 0201 5, )

Then using the stability bounds in Theorems [6.3.1] and [6.3.2f provides

EQ| < Co oo 1.0 Py (1l i,

3P
+o

[onlly, g,

. ol Wl

45 Bl Mol ol

1l ., Nmll 5, Nl i, )-

Bounding the L? norm by the H' norm and Applying Stein’s Extension The-

orem [5.3.1] gives

IBQ| < Cy s 1.0y max (lally e 1Bl i

) lonlly g, lonlly i,

lonlly gz, - (6.24)

S 047Nd0fs’97l7'%7j0’a7b h
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We bound E1 by using Holder’s inequality and the Cauchy-Schwarz inequality
along with Theorem to get

|E1] < |a

0,00,Ep, HHilf—lph - Hllz,k—ltho,E,L HHllf—lvhHo,Eh
+ Hd”o,oo,Eh ||H111,k71th07Eh ||H11€71(Uh - Hilz,kflvhHQ’Eh
< C5,Nd°fs7,g,l,j07%7ahsg ||Ph||1,E,, ||Uh||1,Eh )
where in the final line we applied Stein’s Extension Theorem [5.3.1]to bound the

norm of a by a constant. Following similar steps for £2 and E3 and utilising

Theorems [6.3.1] and [6.3.2] gives

[ B+ [E2] + B3| < Co nor gu,5o.7.ab.0l0 5 1nll1 g, [0n

LE -

We conclude the proof by combining the above bound with Equation (6.24). [

6.6 Well-posedness

Theorem 6.6.1.
For sufficiently small h, Ay(-,-) is coercive and continuous and l,(+) is bounded

such that the VEM: Find py, € Vi, o such that
An(pr,vn) = ln(vn) Yoy, € Vi,
has a unique solution via the Laz-Milgram Theorem.

Proof. Here we proof local continuity and infer the global property using stan-

dard arguments [20]. Through the triangle inequality we have that

\An(on, vn)| < |Aw(on, vn) — Br(pn, vi)| + |Bu(pon, va)|

< 3 AT (ons vn) = B (o )| + 1Bulonsen)

En€Th

We apply the local estimate of Lemma and bound terms to get

[An(pn, )| <> Ch ot g jo.or apyibls 10wl g, 1vnlly g, + 1Bn(ons vn)]
EnLeTh

< G Naots g1 jo, o7 a,b,ulV ||:0h||1,Qh thHl,Qh + |Br(pn, vn)| -
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To complete the continuity proof, we introduce the continuity constant of

B(-, ) given by [39] to give

| An(pn, vn)| < Cs Naofs o1, 5o, a b ||Ph||1,9h ||Uh||1,Qh . (6.25)

Continuity of I,,(-) follows from a similar argument

[In(vn)] < Cy yaos g 150,c7,5 10ll1.0, -

To prove the coercivity of Ay(+, -), we consider the bilinear form Bf "(-,-) defined

in Equation ([5.4) and consider the coercivity constant Cj 4, ,, > 0 given in [39]
and apply Lemma to get

Cs.aoo 10nll o, < Brlvn, vn)

< An(vn, o) + Y ‘Afh (0n, vn) — By (vn, vn)

ELeTy,

< An(vn, vn) + Co naots o1 50 o7 ab P’ thHiQh ;

hence
(05,(10,#0 - CQ,NdOfS,g,l,jg,sz,a,b,,uhs) thHiQh < Ap(vn; vp).
Local coercivity is then obtained by, for example, imposing that h is sufficiently
small such that
Co Ndots o1 jo.ct abul’ < %
This provides the coercivity condition with a constant independent of the mesh

size and the mapping &7/

067(107/10 thHiQh < Ah(”h; Uh)- (6.26)

6.7 A H!' Estimate

We derive a H' estimate through a Strang-type error bound quantification of
the quadrature error of using projected elements and bounds for local bilinear

form differences.



134 CHAPTER 6. METHOD II

Theorem 6.7.1 (Strang-type Bound).

Let py, v, € Vg be the VEM solution to the PDE using Method II outlined
in section[06.4 Furthermore, let p be the extension of the solution to the PDE
from Q to 2y, and let f* be the extension of the forcing term in Equation

defined as in [{1] by
—V-(aVp)+b-Vi+ip=f" xe, (6.27)
along with the following linear operator
L (vp) :/ frop dx.
Qp

It holds on Q, with a corresponding reference mesh Ty, satisfying Assumption

and of sufficently small mesh size h, that for all v, € Vi

—v S| oinf |p—w inf |[p—
o= onlv, (a8 1ol +_nt 5= ol

vh€Vh0

‘ ‘BEh(R wp) — th(p, wh)‘
R ) T
EneT,, wp €Vy (Er)\{0} hll1,Ey,
| B (0.w0) = AP (p. )|
fnf N2 s on]
EneT,, wp €V (Er)\{0} hlil1, By
l — 1,
s |ln(wh) (wh)|’
w €Vi.0\{0} ||wh||1,Qh

where the hidden constant depends on N9, o, 1, the lower bounds ao, 1o, jo,

the L> norms of a, b and p and the W2, norm of < .

Proof. From Equation ((6.26)) of Theorem there exists a coercivity of
Ap(+, ) such that

Chyao o lon — Uh||igh < Ap(pn — vn, pr — vn).

Then by setting w, = pp, — v, and expanding linear terms and introducing the

numerical method we get

Chao,0 |lon — Uh”igh < lp(wy) + An(p — vn, wi,) — An(p, wr),
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where p € Py(7;,) is piecewise polynomial. Then adding and subtracting

B(p,wy) and By (p, wy) provides
Chago 10 — Uh||igh < In(wp) = B(p, wn) + An(p — v, wy)
+ [Bu(p, wn) — An(p, wn)] + [B(p, wn) — Bp(p, wn)] .
Next we add and subtract B(p, wy) to get
Clago |10 — Uh”igh < [ln(wn) — B(p,wn)] + B(p — p, wn) + An(p — vn, wn)
+ [Br(p; wn) — An(p, wn)] + [B(p, wn) — Bu(p, wn)] .
We apply the continuity of the bilinear forms using Equation ((6.25)) of Theorem
and [39] to get,
Craomo 1on = v}, < Conaor g1jo,v abn (Hﬁ = Pllyg, lwnlliq, + P —vnlliq, ||wh||1,Qh>
+ [ln(wn) — B(p, w))
+ [Bn(p, wn) — An(p, wn)] + [B(p, wn) — Br(p, wn)]

Dividing through by [|wy ||, , and applying the triangle inequality gives

Choaouo 1on = vallyq, < Co,Naor 15,000, (2 1o —pllig, +1p— Uh||1,9h>
|In(wn) — B(p, wh)]

||whHl,Qh
n |Bi(p, wr) — An(p, wh)| n \B(p, wn) — Br(p, wp)|
[wnll1.q, [wnll1.q,

Through integration by parts and applying the homogeneous Dirichlet bound-

ary conditions we have

B(p,wp) = frwy, dx.
Qp,

Substitution into the previous bound and further application of the triangle

inequality by expanding terms over 7, completes the proof. O

Strang Error Terms

Here we break down the bounds of Theorem into four components. The

first term is bounded by standard projection and interpolation estimates. The
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second term can be bounded by applying exactly the results of [39] to give a
local bound. The third bound is given by the consistency estimate of Lemma

6.5.1. The fourth term is bounded in this section by Lemma [6.7.3]

Lemma 6.7.2.

Let k,m € N and p € H™(Q) be the solution to the PDE with co-
efficients satisfying the regularity conditions of a,b,c € W2 (Q). For the
extension p € H™(Qy) from Q to Q,, we have for all E, € T;, and a fized

integer s € {0,1,...,k} the following bound

BE (1195, w,) — BE (107, w)

sup

W, 171
wn€Vi(Bu)\{0} lwnlly, g, ~ e P41, 0

where the hidden constant depends on the shape regularity constant of Ej de-
noted by og,, k and the W22, norms of a, b and [i [t

Proof. See Theorem 6.2 in [39]. O

Lemma 6.7.3.
Letl,k € N and p € H™"(Q) be the solution to the PDE (5.1]) with coefficients
satisfying the regqularity conditions of a,b,c € W2 (Q). For the extensions

ﬁ,f € H™(Qy), we have for all Ey, € Th, wy, € Vio and a fized integer

sl,Qh> ’

where the hidden constant is dependent on N, the shape reqularity parame-

s € {1,...,min{k,l}}, the following bound

| (wn) — L(w)|

lwnlly g,

e (1levs, + |7

ters of Tp, and T, denoted by 0 and oy, k, 1, jo and the W, norms of <7, a,

b and p.

Proof. We prove the k > 2 case noting that the & = 1 case follows a near

identical presentation. We rewrite the difference as

l (wh —l wh Z / fh Hh L Wh dx — f*wh dx.
Ep

EncTh
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We can expand the second integral by adding and subtracting terms and using

the orthogonality condition of the II° projection

/ frwy, dx = £ Mwy, dx+/ (f* = fi)wy dx,
B, Ey, Ep

where fr = IIj , of* for k > 2 and fi = IIgf* for k& = 1. Via the above

expansion we can define the local difference terms by

I(wy) = L(wy) = Y El+E2+ E3,

ELeTh

where,

El= [ full}w, dx— [ fll} ywn dx,
Ef ’ E), ’

p2= [ (i~ £y dx,

E3= [ £l w, dx— [ fiIw, dx
By, 7 Ep

E1 is bounded by applying Lemma and the stability estimate of Theorem
[6.3.1] to get
B1] < Cy oo gy | £ nllz,
0,5,

S Cl,NdOfS

. SA r .
attioly || P, Tnll,

E2 is bounded by applying the Cauchy-Schwarz inequality, the triangle in-
equality and Theorems and

B2] < (|

f* —Hi_gf*

o) Il s,

0,Ey, + HH?L,k—Qf* - H2—2f*
< Conaots o kot jo (Mg, + RE) I Ml so1m, wnllo g, -
Applying Lemma gives
|E2| < O yaos g o1, jo,abslp 111, 1willo g, -

By the definition of f* in Equation (6.27)) we can further bound E2 via

|E2’ < 03,Nd°fs,gEh,k,l,%,jo,a,b,yhsE ‘|ﬁHs+1,Eh ||whH0,Eh :
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E3 is further split into two differences of

E3 = fh(H?L,kwh — ngh) dx — / (fh — f}t)ngh dx.

Ep, Ep,

The first integral is bounded by Applying the Cauchy-Schwarz inequality, The-
orem and the stability of II° which results in

r 0 0 s
In(I, pwp, — ywy) dx < Cy jaots g 5o P
Ep,

., Tenllos,

S
S C4de0fs7gvl7j07'Q{hEA'

7, el

The second integral is decomposed into

[ G s [ (G i, ax
En,NE En\E
From Steins Extension theorem we have that f = f* = f a.e. on the set E,NE.

The above equation is bounded by Applying Holder’s inequality and following
the proof of Lemma to get

AV Tl oo 0

/‘<ﬁ—ﬁmhmw
E\E

0,00,Ex\E

< Copr |- gi]

wi|
0,00,Eh\E 0,00,Eh\E

< Coqawh?|| = | (I

whH .
07007Eh ananh

Applying an inverse estimate on Ej, and scaling hg, according to Lemma

gives

< Cogaahiy | n = 1

[T wnl]y g, -
0., 1k 0,Ep

/ (.]Fh - f;)ngh dx
E\E
We then bound E3 using this inequality and applying the triangle inequality

and the stability of II° to get

|E3| < C4,Nd0fs,g,l,jo,m/hsEA f~ ”whHl,Eh + Oﬁ,@yhﬁhsﬁ' Hfh - f;: ||H2whH0 E,
0,Ep 0,En ’

< Cyaogigourhy | F |mm&+%ww%@ﬁH memwmwww
0,Ep, ' 0,E ' £

< Ci s 1o, | f |mm@+amﬂ%QVH +wwﬂ)mmwh
0,Ep 0,En

< Coasarsoorty (|1, #1505, ) lunl,
sy b
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We conclude the bounding of E3 by applying the definition of f* in Equation
(16.27))

1831 < Cumssgasasanalty (|7, 101z, ) Il -
sy LZh

Combining the bounds for F1, E2 and E3 and gives

nwn) = L) < 37 Conaot o, kiosamuhls (HﬁHSH,Eh |17, E) leonlly s,

ELeTh

From which the proof is concluded by applying triangle inequality, bounding

norms and dividing by [lws|, g, - O

The H! Error estimate

Theorem 6.7.4 (H' Error Estimate for Method II).

Letl,k € N and p € H™(Q) be the solution to the PDE with coefficients
satisfying the regularity conditions of a,b,c € W22, ,(2). For the extension
p € H™(Q), and the VEM of degree | and k outlined in section we
have the following error bound for a fixed integer s € {1,...,min{l, k}} and

sufficiently small h

R (P TN §

Proof. Firstly, we add and subtract the global VEM interpolant of the extension

pr. Using the triangle inequality and applying Theorem [6.2.1] provides,

17 = pullig, <116 = pillig, + 151 = pullig,

The second term is bounded by applying Theorem and considering p =
1195 and vy, = pr with the constant of Theorem denoted by

CStTang = strang,NdOfS,g,l,ao,,uo,jo,a,b,,u,,Q/7
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1

Cstrcmg

lon = p1llyq, < 17— prllyg, + 17 — T4,

B (15, wy) — BY* (T5, )|

£Y s
BreT, wh€Vi(En)\{0} [wnlly, g,

BEH (195, wn) — A (1105, )|

+ Z sup

E,eTh, wp €V (ER)\{0} ||wh||l,Eh
) — 1,
L sw [ (wn) — L (wn)|
wr€VR\{0} HwhHLQh

From this we again apply Theorems and scale the mesh size ac-
cording to Lemma to bound the first two terms. Lemmas[6.7.2] and
[6.7.3] are applied for the third, fourth and fifth terms respectively. This results

in
1 N P s |~
C th - pIHl,Qh S 027l7k7979.£2¢7£{h HpHSJrl _'_ Z Cgngh7k7a7bnuhEh ”pHS+1,Eh
strang EreTh
+ Y Canveor gt o W |T0A| o,

En€Th

s—l,Qh) ’

Applying Lemma the stability of II° and bounding local terms gives

+ 0579,9m,l,k,jo,ﬂ,a,b,uhs (HﬁHsH,ﬂh + Hf

1

Cstrang

Substitution into Equation (6.28)) gives

1w =l < Consenaansorama (1P, + ] )

lon = plly 0, < Crkom .ot [1Pll 41,0,

S—I,Qh>

The proof is concluded by applying Stein’s Extension Theorem [5.3.1] ]

—+ CstrangCG,NdofS,Q,Q@{7l7k7j07'!z{7a7b7uhs <||ﬁ||s+1,ﬂh + Hf



Chapter 7

Numerical Investigations

In this chapter we present numerical experiments to validate the theory of
Chapters 0] and [6] A series of domain transformations are defined in Section
[7.1] These are tested for the interpolation and projection of the solution data
onto the computation and virtual meshes 72, Ty for Methods I and II respec-
tively. Both methods are then tested against two second-order elliptic PDEs.
Convergence results are presented in Section [7.2] The numerical experiments
of this chapter may involve PDEs with non-zero boundary conditions. In these
instances, Dirichlet boundary conditions are enforced using the interpolant of
the DoF's of the true solution. Furthermore, the forcing data is prescribed by
applying symbolic differentiation to the known solution using the DUNE-UFL
library [48], as such explicit details of the forcing data is not provided in this

chapter.

7.1 Example Mappings

In this series of numerical experiments we use three different domain transfor-
mations to validate the estimates of Chapters[p|and[6] In this Chapter we refer
to these mappings as the “Diamond”, “CE” and “Warped Square” maps. In

all tests the reference domain is taken as Q = [0, 1]2.

141
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Diamond Map

The Diamond mapping serves as a patch test to validate the numerical methods

perform as expected under linear transformations. The mapping is defined by

E+n —&+n
2 2 |

&) |

The Jacobian and projection approximations of this mapping are exact for
[ > 1. As seen in Section [7.2] the expectation is that both numerical methods
will exhibit optimal orders of accuracy with respect to the solution degree k

and remain independent of the transformation degree [.

The CE Map

The CE mapping is taken from the works of Lipnikov & Morgan [78], [80]. This

is a cubic polynomial mapping defined as

(&) = [€+&n(1=£)/2, n+&n(l—n)/2]. (7.1)

Additionally, this mapping is the identity on the boundary of Q and only trans-

forms internal edges and vertices.

The Warped Square Map

The final mapping considered is the Warped Square defined by

o (£) = {sin %” eﬂ] . (7.2)

This choice of mapping is distinct from the previous two choices as Equation

(7.2) is a non-polynomial and non-linear translation between Q) and Q.

7.2 Convergence Results in Two Dimensions

For each convergence test we consider a sequence of 5 Centroidal Voronoi Tes-
sellations [91] of Q = [0, 1]2. The global mesh size roughly halves each time the
number of polygonal elements is quadrupled in the mesh sequence. The numer-

ical experiments are performed within the DUNE software environment. The
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mesh files are generated using PolyMesher within MATLAB [94] and imported
into DUNE.
The forcing term f is chosen in each test such that the exact solution, in

the physical coordinate system, is given by
p(x) = cos(zy)sin(z). (7.3)

These tests go beyond the scope of the theory on two accounts: we assess
both the H* and L? error norms for Methods I and II, all problems considered
have non-homogeneous Dirichlet boundary conditions.

To compare the accuracy of the two methods, we consider discrete H' and
L? semi-norms that approximate the solution error on ;,. These are defined

as the H! and L? norms respectively as

_ N ~N 12 .
lon=pliyi= 3 [ 105 W= ) des (1)
EeTy, E
~ ~N 2 .
Ion =l = 3 / 1000 — ) i d. (7.5)
EeTs, E

for Method I. Similarly, for Method II we estimate the errors via

2
lon— ol = 3 /

~ |2
‘Hllz,k—l(ph - P)‘ dx,
ELeTh, E;Lr

- |2
lon = pllyo = Z/ | I} 1 (on — P)| dx.
EneTh Y Eh

Interpolation & Projection

The first sequence of tests assess the accuracy of Interpolating the solution data
onto the computational domains. We consider a Lagrange-type interpolation
by assessing the DoFs of .7 and a global VEM L? projection approach.

In the case of the Diamond map, we observe in Figure that optimal
orders of accuracy of O(h*) in H' and O(h¥*1) in L? are achieved for both
Methods I and II. This is expected for the reasons outlined in Section as
the mapping requires no approximation. Indeed we obtain identical numerical

results when approximating &/ with a linear VEM space. As such we omit



144 CHAPTER 7. NUMERICAL INVESTIGATIONS
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Figure 7.1: Interpolation and Projection error plots using the Diamond mapping approximated
using the linear VEM (I = 1).

the data for [ = 2,3 from the presentation, this will also be the case for the

remainder of this section for the Diamond mapping.

The CE mapping presents the first instance in which the convergence rates
are limited by the minimum of [ and k, as expected by Theorems and
for Method I and Method II respectively. This behaviour is observed
only for Method II in which the data approximation is limited to O(h*!) in
the L? norm and O(h!) in the H' norm. From Figures [7.2] and [7.3| we observe
this effect for the [ = 1,2 cases, taking note that the CE map is exact for

[ = 3, in particular we observe sub-optimal convergence rates for the case in

uorjejodiojuy

uorjoslorg 7
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which k& = 3,1 = 2. In contrast Method I maintains O(h*) and O(R**1) H*
and L? errors independent of . This difference between Methods I and II is
explained through the implementation within DUNE. In Method I, the solution
data is given as a continuous UFL [4] expression transformed to the reference
configuration and consequently is independent of the mapping discretization
degree [. For Method II, the DoF's of the solution data are actually interpolated
onto the set projected elements { ET } which is an approximation of degree [ of
the physical domain €2. The reductions in convergence rates seen in method II
for k = 3,1 = 2 requires further investigation. The same conclusions are drawn
for the Warped Square mapping for both the interpolation and L? projection.

The numerical results are presented in Figures [7.4] and [7.5] respectively.

A Reaction-diffusion Problem

In this experiment we consider the simplified PDE defined when a = ¢ = 1
and b = 0. This is referred to as the Reaction-diffusion problem as can be

expressed as

—Ap+p=Ff x €,

p=yg x € 01,

for some function g € H/2(9Q). In each numerical test f,g are chosen such
that the true solution is given by Equation (7.3)).

As presented in Figure [7.6] the Diamond transformation produces optimal
order O(h*) and O(h**1) results in the H! and L? error norms for [ = 1 with
identical results for [ = 2,3. A similar outcome is noted between the CE and
Warped Square mappings in Figures and respectively. We notice that
the convergence rate for both Method I and Method IT is now similarly limited
to min(/, k) in the H' norm, in agreement with the estimates of Theorems m
and [6.7.4l A distinction between Method I and Method 1T is that in Method I

we see that for k = 3,1 = 2 that we maintain second and third order accuracy
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Figure 7.6: Error plots for the Reaction-diffusion problem using a Diamond mapping approxima-
tion of degree [ = 1.

for the H' and L? errors whereas Method II still has sub-optimal convergence

rates as seen in the interpolation and projection experiments.

A General Elliptic PDE

In the final experiment we consider a second-order elliptic PDE with inho-
mogenous Dirichlet boundary conditions.

from [20], the PDE ((5.1]) is defined by

Following the numerical example

v+1 —ay

a = c:x2+y3,

,  b=x
—ry r?+1
with f and the Dirichlet boundary conditions given such that the solution in the
physical coordinates satisfies Equation . The same convergence behaviour
discussed in the Reaction-diffusion problem is observed in Figures[7.9] and

for the Diamond, CE and Warped Square mappings respectively.
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Discussion

Two approaches to isoparametric VEMs have been presented in Part II. In
each case an optimal order H' a priori estimate is derived and these have been
verified, along with optimal L? orders of convergence, on a series of numerical
tests in two dimensions.

Both methods provide the groundwork to formally develop moving mesh
VEMs. In particular the formulation of Method II can be seen as extension
of the approach taken in Part I. The VEM of Part I can be viewed as the
k =1 =1 case of Method II where the projected elements are defined by an
interpolation of the vertices of a moving polygon. Method I also offers a formal
analysis which in combination with the reviewed works of Lipnikov & Morgan
in Section can provide a moving mesh method. This is studied in Part III.

The analysis of these isoparametric methods can include three-dimensional
elliptic problems by extending the technical results of Chapters[5land[6]to three-
dimensional domains. In the case of Method I, the results of Section [5.4] can be
extended to the three-dimensional setting through simple inductive arguments.
The H' estimate can then be deduced following the remaining arguments of
Chapter 5] In method II, the definition of the discrete projections extend
to three-dimensional curved polytopes. The use of curved three-dimensional
VEMs is not well developed in the literature and extending the analysis of
Method IT would be dependent on ongoing works in the curved VEM research
community. For example, an extension of the interpolation estimate of Theo-

rem and the projection approximation results of Theorems|6.3.1]and [6.3.2
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would require extension to curved polyhedral elements.

The construction of optimal L? error estimates for both Methods remains an
open problem. The use of a classical Aubin-Nitsche duality arguments used to
derive L? estimates for VEMs [20, 39] does not easily extend to these methods.

In the construction of both methods, a significant restriction is placed on
the regularity of the domain transformation through the Lipschitz continuity
condition. Whilst this is a standard assumption made in ALE analysis, and
has the additional benefit of simplifying the analysis, the choices of domain
transformations are more restricted than in isoparametric FEMs [42] [75]. Pre-
liminary numerical investigations found that in the case of a simple non-smooth
transformation & € C°(Q)\C" () that the orders of convergence are limited
to O(h3/?) for both Methods I and II. Additional analysis is required to explain

this observed behaviour.
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A Virtual Element ALE Method
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Introduction

In the final Part of this thesis a Virtual Element Method is formulated, analysed
and implemented for a conservative ALE scheme. Motivated by the successful
implementation of a linear VEM for a moving mesh algorithm in Part I, the
isoparametric VEMs studied in Part II are utilised in the computation and
analysis of this ALE scheme.

The analysis of FEM-ALE schemes is well developed. Early works provide
a formulation and analysis of a linear and quadratic finite element approaches
[54, 84, 60]. In more recent works a discontinuous-Galerkin method was pro-
posed and analysed [27] 28]. These papers form the template upon which the
Virtual Element Method Arbitrary Lagrangian-FEulerian (VEM-ALE) scheme
is designed and analysed. As this is the first instance of a VEM-ALE scheme,
the scope of Part III is limited to problems of reduced complexity. These
include: only considering prescribed fluid velocity fields, problems with a pre-
scribed ALE velocity and domain transformation and a conservative ALE weak
formulation only. Following the results of Part II, Method I of Chapter [5| will
be used in the formulation with the domain and solution polynomial degrees
being equal (I = k).

In Chapter [§] the definition of the time-dependent ALE mapping and ve-
locity field are presented and the advection-diffusion problem is defined. Then
a VEM using the isoparametric VEM of Chapter [5] is employed to derive a
moving mesh VEM-ALE scheme.

In Chapter [0 the VEM-ALE scheme is tested against a series of advection-
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diffusion problems and domain transformations. Numerical results suggest the
accuracy of the isoparametric VEM from Part II extends to moving mesh prob-
lems. In addition to this, numerical experiments are conducted to test the
extension of the isoparametric VEM to the velocity-based moving mesh VEM

of Part I.



Chapter 8

A Virtual Element Arbitrary

Lagrangian-Eulerian Scheme

In this chapter we propose an VEM-ALE scheme for an advection-diffusion
problem with a prescribed convective fluid velocity field. Using the framework
of Method I from Chapter [5| all components of the method: the solution, the
domain transformation and the ALE velocity field are considered on a VEM
space of degree k € N. Following elementary approaches in the literature, we
consider first a semi-discretization of this method then present a fully discrete
numerical method using a standard #-scheme to integrate with respect to time
[54., 60, [89).

In Section [8.1] we define the advection-diffusion problem and a corresponding
ALE formulation. The moving VEM space is defined in Section from which
a semi-discretisation using the isoparametric VEM of Chapter [5] is formulated

within Section [8.3] The fully discrete method is presented in Section [8.4]

8.1 Problem Definition

In alignment with Part II, we consider a polygonal reference domain Q C R?
with a time-dependent domain ; C R? for ¢ € [0, 7] where T > 0. We denote
time-dependent ALE map by « : @ — Q.. The ALE velocity is denoted in
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both the reference and physical domain by w and w respectively. In this ALE
formulation, we assumed that the ALE mapping is prescribed. In alignment
with [27] 28], we consider an ALE mapping that is Lipschitz with a continuous
Lipschitz inverse 27! : Q, — Q. Under this condition, we have that the
determinant of the Jacobian of the ALE mapping is uniformly bounded below

by a time-independent constant j, such that

0 < jo < det(Jay) vt € [0, 7).

The Advection-diffusion Problem

The PDE considered in Part III is a linear advection-diffusion problem given

as: for t € (0,77, find p(x,t) such that

0

o= ndp+ V- (bp) = f x €, 1€ (0,7), (8.1)
p:p()(X) XGQ(], tZO,
p=0 x € 0y, t €[0,T],

where b is a convection velocity and g > 0 is a constant diffusivity parameter.
The conservative ALE formulation for this advection diffusion problem is
well-documented [50]. We defined the space of functions with zero material

derivative by
X(Qt):{v:Qt—ﬂR v =dod @eﬂg(fz)}, (8.2)

Reynolds Transport Theorem gives for some test function v € X (£2;) that

d dp
pr Qtpv dX—/Qtv{§+V-(Wp)} dx.

Substitution of the PDE (8.1)) and integration by parts leads to

d
— pvdx:/ v{f +uldp+V-(wp—bp)} dx
dt O Qs

= [ fu—pVp-Vv—(w—D>b) pVu dx.
Q
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The above equation can be written as follows

M9, 0) + () + Bilpyviw) = (o), (5.3)
where,
My(p, v) = /Q v dx, (8.4)
Adlp,v) = Ql Vp- Vo dx, (8.5)
Bulpviw) = [ (w=b) %0 dx. (5.6)
W(w)= | foax (8.7)

The stability of this formulation is well known under the assumption that
V-be L*() and f € H () for all t € [0,T], where H~*(£;) denotes
the dual space of H'(Q2) [54]. The stability of the continuous formulation
is independent on the choice of ALE mapping. Similar estimates have been
presented for a FEM discretisation of the ALE method in which the stability
is dependent on the choice of ALE mapping [54], 55, 28]. In Part III we do
not present any analysis on the VEM-ALE scheme, instead we assume that the
choices of b and f satisfy the aforementioned regularity conditions and that
this is sufficient to propose a numerically stable method.

At this point we remark that the continuous formulation given by Equation
(8.3) is independent of the choice of a conservative or non-conservative ALE
approach in the continuous framework [28]. As with FEMs;, this is not the
case for VEM discretisation of Equation and the VEM formulation in
the next section is only applicable to a conservative ALE formulation of the

advection-diffusion problem.

8.2 A Moving Virtual Element Space

Following Chapter we denote the reference mesh, constructed on Q) and

satisfying Assumption , by 75. The classical VEM space of degree k on Q is
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defined as
v, = {@h e HYQ) : iplp € Vi(E) VE € 73} ,

with Vi (F) defined in Equation (2.3)), and the corresponding restricted space

with homogeneous boundary conditions defined by
Vhp = {Uh < Vh N H(%(Q)} .

The discrete ALE mapping 47, € [Vh} i is defined for all time t € [0, 7] using
the VEM interpolation of the true ALE mapping. The corresponding ALE
velocity field wy,; € [Vhr is given by the interpolation of w;. As the ALE
mapping and velocity are defined on the reference domain, these functions are
only spatially dependent on & with a time-dependent set of DoFs. We define

the discrete Jacobian matrix by
I, =Wy,  Vte[0,T],

with the corresponding determinant denoted by j,,. The virtual domain gen-
erated by this VEM mapping is denoted by €2, , and the corresponding virtual
mesh is denoted by 7,,. We refer to Section for additional details.
The discrete counterpart to Equation is defined using the discrete ALE
mapping
X ) = {v: Qo R v=dom ) D€V,

For the VEM we choose a basis to be a subset of A},

Ndofs

{eix,O)}in C Xn(Qna),

where each basis function satisfies for all ¢ € [0, T]]

QOZ'(X, t) = @Z(ﬁ) © *52{};;7 (88)
with ¢; being the canonical VEM basis function of V,, defined using Equation
(2.5)). Using this basis, we define a time dependent VEM function by

Ndofs

e = op(x, 1) = Y _ dofi(vs(x, 1)) i(x, 1), (8.9)

i=1
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where ¢; is defined by Equation (8.8). We emphasis that the DoFs of the
discrete function vy, in Equation (8.8) are time-dependent so in general vy, ; ¢
Xn(Qnt), instead vy, is a time-dependent linear combination of elements of

Xn(Qnt). The moving VEM space can then be defined, using Equations (8.8))
and , as

1 . oA -1 A ’
Ve = {Uh,t € Hy(Qpt) : vpp=10ps0 ﬂfh,t , Unt € Vh} .

To impose the homogeneous Dirichlet boundary conditions, the restriction of

these VEM spaces to zero boundary conditions are denoted by

Vito = {Uh,t €Vhe @ Upg =0y € Vh,o} )

Xh70 = {Uh c Xh(Qhﬂg) © Uy =, 0 dh,t < ‘A/}ho} .

8.3 A Semi-discrete Scheme

In this VEM the numerical solution of the advection-diffusion equation is given
by pnt € Vhio. This solution is only implicitly known in the ALE coordinates
as the VEM-ALE scheme is computed using only the representation of py,; and

the test functions vy € X, (Q4) in the reference coordinates.

For ease of reading, we drop the temporal subscript for the solution and test
functions in the following formulations, instead the time-dependency will be

described by the temporal subscript in the bilinear forms of the method.
The VEM-ALE semi-discrete formulation is given as follows: For a given

t € (0,7 find ppt € Vit such that

d

EMh,t(/)h, vp) + AR (pnyvn) + Bri(pn, vn; Wi) = lpt(vn) Vo, € Xno(Qt).

The VEM discretisations of Equations ({8.4]), (8.5), and (8.7)) are given



CHAPTER 8. A VIRTUAL ELEMENT ARBITRARY
166 LAGRANGIAN-EULERIAN SCHEME

by element-wise contributions on the reference mesh

My +(pr, vn) Z Mht PhsUn), Ap.i(pn, vn) Z Aht PhsUn),
EcT, EeT,

Bus(pn,vn;wn) = > Bily(pwvniwa),  lng(on) = Y £, (n).
EeT, EeT,

The local element contributions are defined in a similar fashion to those given

in Section .1l as

ME (pnyvn) = | Ty My iy d€ + hASE (o, — Y px, 0n — IL00k),

Api(pnson) = | I Ty pn 35 T y0n e d€ + ST (o — T prey 0 — T 00),

BY (pn, vn; Wh) = HO(Wh —by) - I pnd o Wy g dE,

lhtvh /fh kvh jhtd€>

where SE(-,-) is the standard dofi-dofi stabilisation term defined in Equa-
tion (2.8), f is a discrete approximation of the forcing data defined as f, :=
Hng(f(x t) o ey for k> 2 and f, := I0f(x, ) for k=1 and by, := b o a7,

8.4 A fully Discrete Scheme

A method of lines approach is taken to perform the integration of the weak
formulation with respect to time. The @-scheme is well known [74], 35] for an
ODE dy/dt = f(x,t) over an interval [t,,t,11] as

dy

Tl ~ROf(x,thy1) + (1 —=0)f(x,t,) 0 € 0,1].

We define the fully discrete VEM-ALE scheme using the #-scheme. For 6 €

[0,1] and 0 < t,, < tpp1 < T with At, 1 = t,41 — t,, the time derivative of
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M, +(pn, vp) is approximated via

My ns1(pn, vn) — Myn(ph, vn)
At

= Olpnt1(pn, vn) + (1 = 0) o (pn, vn)

— 1 (0 A ny1(pns o) + (1 — 0) Apn(pns vn))
— (0Bnnt1(pn, vn; Wi) + (1 = 0) Bpn(pn, vn; W) -

(8.10)

By rearranging the terms of Equation (8.10)) we can define an algebraic system

of equations. We define the matrices G,,.1 and ‘H,, by

(Gnt1)ij = My nsa1 (@i, 0;) + AtO[Apni1 (i, ©5) + Bhnt1(@is 953 W)

(Hn)i,j = Mh,n((pia 80]) + At(e - 1)[Ah,n(9027 (pj) + Bh,n(@i? ()0]7 Wh)]a

and the vector F,, is defined as

(fn)z = At@lh7n+1<g0i) + At(l — 9)1},””(@@)

The fully discrete VEM-ALE scheme is the defined as follows: given p,,

w,+1 and w,, find p,.1 such that

gn—l—lpn—I—l = %npn + -7:71

To conclude this chapter, we note that if the ALE velocity field wy, is not

computable, but the ALE mapping is known, we can approximate this via

o =Q{h,n+1 - edh,n

8.11
Athrl ( )

Whon

If the boundary transformation is known, the ALE mapping can be chosen
such that it is indeed given as a piecewise linear displacement in time meaning

Equation (8.11)) introduces no additional discretisation error.



Chapter 9

Numerical Investigation

In the final chapter of this thesis, the VEM-ALE scheme is benchmarked against
a series of advection-diffusion problems on moving meshes within DUNE, di-
rectly utilising the isoparamteric VEM software developed in Part II. Third
and Fourth order convergence results are obtained in all test cases in the L2
norm for £k = 2 and k = 3 respectively. The formulation is then extended to

attain higher orders of accuracy for the moving mesh method of Part I.

A sequence of CVT-type meshes is utilised in all numerical experiments of
this chapter, an example of a CVT-type mesh was given in Figure [2.1, The
VEM-ALE is implemented, as in Chapter [7] within the DUNE environment
[90], [48]. Unless stated otherwise, the Crank-Nicolson method (6 = 0.5) is used
to approximate integration between discrete time levels. This choice provides
unconditional stability on the numerical solution and second-order accuracy in
time [35]. The time step size At is reduced in all advection-diffusion simulations
according to At? ~ h**1 such that the expected orders of convergence in the
spatial discretisation are produced. All numerical experiments in this chapter
are run to a final time of 7' = 0.01. The H! and L? errors are computed at the

final time T using the error norms used for Method I in Equations (7.4]) and
3.
To ensure that the accuracy of the VEM-ALE scheme can be assessed, prob-
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lems with inhomogenous boundary conditions have to be considered. These
conditions are enforced by applying a Dirichlet boundary condition on the
method at each time step using the interpolant of the DoFs of the true solu-
tion on the moving boundary. Similar to the experiments of Chapter [7 the
DUNE-UFL library is used to symbolically compute the forcing data and the
explicit expressions of these terms are omitted in this chapter.

In Section [9.1} the VEM is verified by considering an advection-diffusion
problem on a pair of time-independent ALE mappings. A pure diffusion prob-
lem is tested in Section 0.2l A general advection-diffusion problem on a time-
dependent domain is considered in Section [0.3] In Section [9.4] the chapter is
concluded with a high-order discretisation of the velocity-based moving mesh

VEM of Part I.

9.1 Time-independent ALE Maps

In the first test we validate the numerical method by considering a time-

independent domain transformation. The CE and Warped Square mappings

are reused. These are given by Equations ([7.1)) and ((7.2) of Section as

(&) =[§+En(1—8)/2, n+&n(1—n)/2],

- [, o]

We choose the diffusivity parameter to be p = 1 and the convective velocity
to be b = x. The forcing data f and Dirichlet boundary conditions are chosen
such that the true solution of the advection-diffusion problem in the physical

domain is given as
p(x,y,t) = exp(—m*t) sin(mz) sin(my).

Numerical results for both mappings are given in Figure [9.1] Here we observe
the expected convergence rates in the H' and L? norms of O(h*) and O(h**1)

respectively when run to a final time of 7" = 0.01.
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The CE Map The Warped Square Map

T T T T T T T T T L T T T T

IR -

1072 | S AR PPED S B et e
O(h) ——— ’,—"&::—_:=m 1074 |- O(h)&—é ',ﬂ“_—’ﬁ B

-7 _.& .-=B"" _zz77

4| ooz NemT -8 Y

10 ow) B Jo7 e 8 1074 owm?) Z;fr:’ o E

FE=l k=1, L>norm E®= k=1, H'-norm
FE=l k=2, [>norm E®= k=2, H'-norm
FE=l k=3, L>norm  E®= k=3, H'-norm

Figure 9.1: Error plots for the advection-diffusion equation on the time-independent CE ALE
mapping (left) and the Warped Square ALE mapping (right) for £ = 1,2, 3.

9.2 A Pure Diffusion Problem

For this experiment a heat equation problem is considered in which there is a
zero convection term b = 0, leading to a linear diffusion problem on a moving
domain. We set 4 = 1 and f = 0 and choose an initial conditions such that

the solution is given by
p(z,y,t) = exp(—27%t) sin(rz) sin(7y).

The domain is transformed by the linearised CE mapping from Equation ([7.1))

t

M(E):€+ﬁ§n[1—§,1—n],

where 7' = 0.01 is the final time in the simulation. The vorticial motion (VM)
map [78] is defined as the solution of the system of ODEs:
& = 2sin(mz) cos(my), (9.1)
y = —2cos(mx) sin(my). (9.2)
In the case of the VM mapping defined by Equations and , only

the velocity-field of the ALE mapping is provided and the non-linear nature of



9.3. A GENERAL ADVECTION-DIFFUSION PROBLEM 171

The CE Map The VM Map
101 T T T T T T T T T T T T T T T ]
0 =28 -7
- -z -
e e =1 a-enT BT
10_3 O(h)M*,":,z[—’f:;,E 10 oh) —ZJ—E_,::Q::" E
i BRSO - LN - e h 4l st LA
—5 | Q‘:” D” | ,/’ ,E’
r —6 | P N
10 O(h3) _ 10 O(h3) A’,a
r 2
10°7 1 owmy A ] 1078 out) ]
1072 107! 1072 107!
h h

Fe=] k=1, L>norm E¥= k=1, H'-norm
FE=1 k = 2, L?-norm k=2, H'-norm
FE=1 k = 3, L?-norm k =3, H'-norm

Figure 9.2: Error plots for the pure diffusion problem on the linearised CE ALE mapping (left)
and the VM ALE mapping (right) for £ = 1,2, 3.

the velocity field requires an explicit time integration scheme. To match the
second-order accuracy of the Crank-Nicolson time-stepping scheme, we employ
Heun’s method (modified Euler [35]) to integrate Equations and over
time. The numerical results are presented in Figure for both the CE and
VM ALE mappings, again we observe O(h**1) and O(h*) orders of convergence

in the L? and H' norms for both mappings.

9.3 A General Advection-diffusion Problem

In this final experiment we consider the numerical example of a solution to the
advection-diffusion equation with a travelling feature. The domain is trans-
formed from Q = [0,1]2 to a rectangular domain [0,2] x [0, 1] which oscillates

in the y direction. This transformation is defined as
(&) =&+ [¢ Asin(muyt)],

where A > 0 and u, are user specified parameters which control the amplitude

and frequency of the oscillations respectively. The ALE velocity field of this



172 CHAPTER 9. NUMERICAL INVESTIGATION

100 E T T T T T 3
5 -4
S __—0‘——’,»0 =
10 2§ Q___,—O‘" ’40‘”;::5 E
1077F o4 —=14: T cB
21073} P R~ g
é E O(h2) % //,,Iz E
S 1071 ¢ o ;L
K B Y- §
107° E":i : E
oo B j
10—7; O(h*) *
= IR I R |
1072 1071

h

FEs1 k=1, L?>-norm k=1, H'-norm
FE51 k = 2, L?>-norm k =2, H'-norm
EEs1 k = 3, L?-norm k =3, H'-norm

Figure 9.3: Error plot for the general advection-diffusion problem using the oscillating ALE map
for k=1,2,3.

transformation is given as

w = [0, Au,m cos(muyt)].

The parameters of the advection-diffusion Equation (8.1)) are set as u = 1,

b = x and f is chosen such that the true solution of the PDE is

p(x,t) = exp(—7*t) sin(r(y — Asin(ruy,t))) sin(r(z — uyt)),

where u, is another user specified parameter that controls the speed of travel
of the solution in the positive = direction. In our experiment we consider the
ALE mapping given by A = 1/10 and u, = u, = 20 and run the simulation
to a final time of T = 0.01. From Figure [9.3, we observe the expected orders
of convergence in the L? and H! norms. Moving mesh and solution profile

snapshots are provided in Figures [9.4] and [9.5] respectively.
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Figure 9.4: Solution snapshots of the advection-diffusion equation using a quadratic VEM and a
reference mesh of 800 elements. The snapshots are taken at times ¢ = 0 (top left), t = 0.025 (top
right), ¢t = 0.05 (bottom left) and ¢ = 0.075 (bottom right).

Figure 9.5: Solution snapshots of the advection-diffusion equation using a quadratic VEM and a
reference mesh of 800 elements. The snapshots are taken at times ¢ = 0 (top left), ¢ = 0.025 (top
right), ¢ = 0.05 (bottom left) and ¢ = 0.075 (bottom right).
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9.4 The Velocity-based Moving Mesh Method

To conclude this chapter, we revisit the moving mesh VEM proposed in Part
I and consider the formulation for the PME presented in in Chapter [3] By
applying the isoparametric VEM discretisation of Method I, the velocity field
and the ALE update can be computed to a higher-degree of precision than
before.

We consider the m = 1 case of the PME

dp
5 =V (Vp),

and measure the numerical error, as done in Section 4.1], against the similar-
ity solution of the PME defined by Equation . In the interest of brevity,
we only present the local bilinear form equations for the velocity-based mov-
ing mesh method. The construction of the global system of equations and
the structure of Algorithm [I] remains unchanged. The same dofi-dofi stabilisa-
tion terms are also used (see Equation (2.8)) computed in this case using the

projection operators defined on the reference domain.

The Velocity Problem

Consistent with the approach in Section [3.4] we discretise the velocity potential

problem as: find qgh,n € Vhn such that

Apn(On,v0) = dppn(vp) VUhn € Vi,

where the local element contributions From Equations (3.24)) and (3.25)) are
now given by
AR n(Pn, o) = /Eﬂgﬁh I 1035, TGy 0y g d€
+ nSE(Gn — TIY o, 03, — T1Y 0),

dy;(vn) = —ﬁ o 3 Wy_yin - I T y0n i d€,
E
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~

and we impose that dof;(¢,) = 0. Likewise the velocity reconstruction problem

is discretised as: find uy, € [V;]? such that
M, (ap, vp) = bpn(vn) Vonn € Vi,

where M}, (-, ) and by, (+) are modified from Equations (3.27)) and (3.28]) to

local contributions of

M,fn(uh,vh) = / Hgﬂh Hg@h jh,n d£
E

+ hESE (@, — T9ay, 0, — T90),
bF (un) = / 35T T, o dE.
e,
The ALE Problem

In this experiment we only consider the case of w;, = u;,. The distribution of

the initial mass monitor defined in Equation (3.30]) is now computed locally via

pno(vn) = Y / I pn T0n jno dE.
EeT,

The ALE update Equation (3.31)) is redefined locally by

il (o) = — / {J;gnn}c,l,sh _ ngh} T10pn I I (i jan A€, Yonn € Vin.
o ,

Integration of the above equation is performed as done in Section [3.5] using a
forward Euler time stepping scheme. The solution is reconstructed at a new

time level by the following problem: find py,,, € V3, such that
M (Phy VB) = hn(Vn) Vo, € Vi,
where the local element contributions of my, ,,(ps, vy,) are given by
mE (o) = /E [0n [0 o d€ + h2,SE(py, — 105, 5y — 1100,
Approximating g

Since the initial domain is a circle of radius ry = 1/2, we take the reference

domain to be the polygonal interpolation of €2y. In the linear VEM this was a
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suitable choice as the interpolant was a second order accurate approximation

of Qy. From Assumption [d], we require that
|’5yh70 - %‘l,fl = O(hk)7

which is achieved by modifying the boundary DoFs (point values in two-
dimensional VEM) of the polygonal approximation to interpolate 0€y. An
alternative would be to apply the harmonic extension operator defined by Equa-

tions (2.15)) and (2.16). This has also been implemented and we discuss the

impacts of choosing the approximation of {2y at the end of this section.

Time-stepping

As the Lagrangian velocity field is required before the ALE update can be
performed this experiment is restricted to using the Forward Euler method
only (¢ = 0). In our presentation we use the original Forward Euler approach
and scale the time-step sizes appropriately such that the numerical method is
stable and produces the expected orders of accuracy. The VEM-ALE mapping
can be written as
Ly 1 = D0 + Z(tiJrl — 1) Whi.
=0
In the FEM implementation, Heun’s method has been successfully implemented

to improve the efficiency of the method [67].

Results

Numerical experiments were conducted for the moving mesh method with k£ =
2,3 ran for T = 0.01. At first, we tested the moving mesh method using the
interpolation of the initial domain. This resulted in poor convergence rates
limited to O(h*~%/2) in the H! norm and O(h*+1/2) in the L? norm. By using
the harmonic extension of Equations and to construct €2, we
observe improved rates of convergence. These results are presented in Figure

. For the quadratic case we observe the expected convergence rates of O(h?)
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Figure 9.6: Error plots for the velocity-based moving mesh VEM of degree k = 2 (left) and k = 3
(right).
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Figure 9.7: Discrete ! solution and mesh errors for the velocity-based moving mesh method of
degree k =1,2,3.

and O(h*) in the H' and L? error norms respectively. In the cubic case we
observe a reduction in convergence rates from the quadratic VEM to O(h)
and O(h?) in the H' and L? norms respectively. This observation is further
supported in Figure with a comparison of the discrete [! errors compared

to the linear moving mesh VEM presented in Part I.

To offer a possible explanation of this behaviour, we considered taking €2}, o =

Q) and weakly imposing the boundary conditions on the solution. In this case
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the initial ALE map is the identity map, and consequently o7, € [C’ OO(Q)] 2.
As the initial condition is a quadratic polynomial, we expect from the polyno-
mial consistency property of the VEM that the only source of numerical error
in this simulation comes from integration with respect to time and the moving
boundary being restricted to O(h?) accuracy. From figure we observe that
the order of convergence for the numerical solution is O(h**1) in both the H*
and L? norms. In figure we also observe against the original linear moving
mesh VEM of Part I that this new scheme provides higher order accuracy in
the discrete [* norm for k = 2,3. The mesh error convergence rates do improve
to second-order for k = 2 but does not achieve a higher order of accuracy for
k = 3, with reduced mesh error but not an additional degree of accuracy.

We hypothesise from these results that the choice of the initial ALE map is
important in obtaining expected convergence rates. This is possibly due to a
regularity condition on the .27, o that a VEM interpolation of a circle does not
satisfy. As discussed at the conclusion of Part II, we have observed that non-
smooth domain transformations lead to a reduction in the orders of accuracy
of the isoparametric VEM. One remedy could be to employ a higher regularity
VEM space for &, o such as a C! conforming VEM discretisation [48]. This

remains an open problem that will be the subject of future works.
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Discussion

In Part III a VEM discretisation is formulated and analysed for a conservative
ALE formulation of an advection-diffusion problem. This VEM-ALE scheme
is then successfully tested against a series of problems in which high orders of
convergence of O(h¥) and O(h*!) are observed in the H! and L? norms re-
spectively. The framework is then extended to the velocity-based moving mesh
method proposed in Part I which provides improved rates of convergence, lead-
ing to a substantial improvement in the accuracy of the moving mesh method.

To support the results of Part III, semi-discrete a prior:i stability and er-
ror estimate need to be developed. The framework for analysing FEM-ALE
schemes from [54, R4, [60] can be extended to the VEM-ALE scheme using the
isoparametric VEM analysis of Part II. A study is also required to verify the
numerical time-stepping schemes and whether in the virtual element context
these still possess satisfactory conservation properties, such as the Geometric
Conservation Law, that finite element approaches can provide [54, 27].

It is also worth noting that only the first isoparametric VEM (Method I)
of Chapter |5 was considered in the formulation and experiments. Method II
could also be formulated by changing the semi-discrete equations of Section
accordingly. Similarly, a non-conservative ALE formulation could also be pre-
sented and discretised using both isoparametric methods. The implementation
of these is ongoing work.

Within these experiments, there was an attempt to reproduce the results of

the conservative remapping scheme [78] reviewed in Section 2.1 The VEM-

180
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ALE did not produce a converging numerical approximation to this problem.
In certain circumstance, such as when the ALE mapping was polynomial, the
numerical scheme converged with O(h¥*1) accuracy in the L? norm. The hy-
pothesis for this issue is that the psuedo-time PDE is effectively a transport
equation, thus a conforming VEM would not be expected to produce numer-
ically stable results. Instead a non-conforming Petrov-Galerkin type VEM
would be more appropriate [25], this remains an open problem.

Having successfully implemented a high-order VEM-ALE scheme, the scope
for expansion is very promising. The advection-diffusion equation has typi-
cally been used as a preliminary problem to benchmark and analyse before a
numerical method is derived for the Navier-Stokes equations on moving do-
mains. To develop a moving mesh method for the Navier-Stokes equations, a
H(div) VEM, such as the one found in [45], would be required. In fact this has
very recently been implemented for simulating Navier-Stokes on a fixed domain
with a divergence-free VEM where the VEM produced better resolution of flow

features compared to a standard Taylor-Hood finite element discretisation [48].
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Chapter 10

Conclusion

10.1 Introduction

The objective of this project was stated as: To propose, analyse, and implement

robust and effective moving mesh Virtual Element Methods.

This was pursued by proposing and implementing several moving mesh Vir-
tual Element Method schemes for non-linear diffusion and advection-diffusion
problems on time-dependent domains. Isoparametric Virtual Element Meth-
ods were proposed and analysed to support the development of higher-order

accurate moving mesh methods using the Virtual Element Method.

The results presented in this thesis demonstrate that Virtual Element Meth-
ods can be successfully applied to existing moving mesh algorithms and achieve
the same order of accuracy compared to classical Finite Element Method ap-

proaches.

The important contributions of this thesis include: the first moving mesh
Virtual Element Method that solely utilises the Virtual Element Method in
the numerical computations, an isoparametric Virtual Element Method that
allows for the approximation of partial differential equations when only degrees
of freedom of the domain transformation are known, and the first high-order

Arbitrary Lagrangian-Fulerian Virtual Element Method for partial differential

183
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equations on time-dependent domains with a moving boundary.

10.2 Summary of Part I

In Part I, a velocity-based moving mesh Finite Element Method is extended to
a polygonal discretisation using the lowest order Virtual Element Method. The
new method is benchmarked against non-linear diffusion problems by modeling
the support of the solution on a moving boundary. Numerical results demon-
strate that the Virtual Element Method achieves similar orders of accuracy
compared to the Finite Element Method. The additional flexibility of the
Virtual Element Method is then exploited to propose and implement a more
complex algorithm to simulate contact between a moving boundary and fixed
obstacles. Numerical simulations suggest that the Virtual Element Method re-
mains robust in the presence of degenerating mesh edges and coalescing mesh

vertices.

10.3 Summary of Part 11

In Part II, an isoparametric Virtual Element Method is proposed, analysed, and
benchmarked for second-order elliptic partial differential equations on trans-
formed domains. Two discretisation schemes are proposed to provide a com-
putable and accurate isoparametric method. In both methods, H' estimates
are proven, suggesting that the orders of accuracy are limited to the minimum
discretisation degree of the domain transformation and the partial differential
equation solution. Numerical experiments validate the H' estimates and indi-
cate that an additional degree of accuracy is obtained in the L? error norm as

well.
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10.4 Summary of Part III

In Part III, the isoparametric Virtual Element Method from Part II is employed
to propose and implement a conservative Arbitrary Lagrangian-Fulerian Vir-
tual Element Method for advection-diffusion problems on time-dependent do-
mains with prescribed boundary motion. Numerical experiments achieve high
orders of convergence in the H' and L? error norms for a series of advection-
diffusion problems. The formulation is then extended to the moving mesh
method from Part I, resulting in improved orders of accuracy over the lowest

order Virtual Element Method.

10.5 Discussion, Interpretation, and Contribution to Knowl-
edge

At the time of writing, this thesis provides the first successful implementations
of the Virtual Element Method for moving mesh algorithms in the literature.
This demonstrates that moving mesh methods can be extended to incorporate
more general mesh structures, including polygons and curved-edged elements.
This greatly improves the flexibility of moving mesh methods and allows for
the future development of optimal mesh movement strategies that exploit this
flexibility. In the area of Virtual Element Methods, this thesis contributes to
the rapidly growing list of problems to which the Virtual Element Method can
be successfully and efficiently applied, setting itself apart from other directions
in this research community. The successful application of the Virtual Element
Method in this context serves as a motivation for its continued development

for applications in mathematics and engineering.

10.6 Recommendations for Future Research

The scope for future research is very broad, falling into two categories.
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The first direction is to further develop the mathematical analysis to sup-
port the numerical methods presented in this thesis. The analysis of the moving
mesh algorithm from Part I remains an open problem in both the finite ele-
ment and virtual element implementations. Additional analysis is required to
support the isoparametric Virtual Element Method, specifically in deriving L?
estimates and studying the use of domain transformations with limited regu-
larity. The stability and error estimates necessary to support the numerical
results presented in the Arbitrary Lagrangian-Eulerian scheme from Part II1

are currently being investigated.

The second direction is to implement Virtual Element Methods for more
complex problems. The results of Part III suggest that the next step would be
to develop an Arbitrary Lagrangian-Eulerian Virtual Element Method for the
Navier-Stokes equations. This would involve utilising H (div) Virtual Element
Methods and further examining the choice of mesh transformations and time-
stepping schemes. If successful, the method can be further developed for fluid-
structure interaction problems, which commonly employ Arbitrary Lagrangian-
Eulerian schemes. Additionally, the isoparametric Virtual Element Method
from Part II can be extended to simulate surface partial differential equations
and moving surface problems, which are ongoing popular areas of research as
discussed in Section [2.3] The numerical method from Part II may provide

higher-order methods for some of the problems in this research area.

10.7 Conclusion

In conclusion, this thesis has made contributions to the field of moving mesh
methods by proposing and analysing robust and effective moving mesh Virtual
Element Method schemes. The results demonstrate the applicability and accu-
racy of Virtual Element Methods in existing moving mesh algorithms, achiev-

ing similar orders of accuracy compared to classical Finite Element Method
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approaches.

The contributions of this research include the development of novel mov-
ing mesh Virtual Element Method formulations, such as the first purely Vir-
tual Element Method-based moving mesh scheme and the isoparametric Vir-
tual Element Method that allows for the approximation of partial differential
equations using only known degrees of freedom of the domain transformation.
Additionally, the introduction of a high-order Arbitrary Lagrangian-Eulerian
Virtual Element Method for problems on time-dependent domains with mov-
ing boundaries provides a stepping stone to develop more complex methods to
simulate problems in computational fluid dynamics.

The significance of this work lies in its ability to enhance the flexibility and
applicability of moving mesh algorithms by employing polygonal and curved
edge polygonal meshes. The findings and methodologies presented contribute
to the existing knowledge by providing alternatives to classical Finite Element
Method approaches.

The future research directions identified in this thesis offer exciting opportu-
nities to further advance the mathematical analysis and explore the application
of Virtual Element Methods in more complex problems. By pursuing these av-
enues, researchers can continue to expand upon the techniques developed in this
thesis. If these future developments prove fruitful, then moving mesh Virtual
Element Methods will become viable for industrial applications and commercial

software development.
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