
GPS/Galileo Precise Point
Positioning and its integration

with Inertial Navigation System

Lei Zhao

Thesis submitted to the University of Nottingham
for the degree of Doctor of Philosophy

February 2023



To my parents.



Abstract

The GNSS (Global Navigation Satellite System) Precise Point Positioning
(PPP) technique that emerges in the late 1990s is well known for its flexi-
bility of single receiver and capability of high accuracy around the globe. It
can obtain centimeter-level accuracy as the classical real-time kinematic (RTK)
technique but it requires a convergence process of tens of minutes to reach this
level of accuracy.
The carrier-phase ambiguity resolution (AR) of PPP can accelerate the con-
vergence time and further improve the positioning accuracy. PPP AR requires
an additional layer of bias correction to recover the integer nature of the phase
ambiguity, which are traditionally represented in a combined form: the wide-
lane (WL) /narrowlane (NL) uncalibrated Phase Delays (UPDs) or the WL
Satellite Biases (WSB) plus the ’integer’ phase clocks (or the ’decoupled’ clock
model). As GNSS evolves, this PPP AR strategy is difficult to be extended
to the multi-frequency case since there are many more possible combinations,
which causes much inconvenience at the user side on PPP modelling. Another
latest form of bias is uncombined, which complies with the Radio Technical
Commission for Maritime Services (RTCM) state space representation (SSR)
for code bias. It can be extended to the multi-frequency case very easily and
GNSS PPP users can achieve AR of their preferable models using these un-
combined bias products without referring to the parameter estimation meth-
ods at the network side. With the transition of the bias form from combined
to uncombined, many IGS (International GNSS Service) analysis centers are
starting issuing the uncombined bias products routinely to the GNSS commu-
nity for free.
The Inertial Navigation System (INS) is an autonomous dead-reckoning system
and an effective complementary technique to GNSS in case of signal outage.
GNSS INS integration takes advantage of properties of each system and im-
proves the system resilience in Navigation.
In order to validate the flexibility of the uncombined bias products in PPP ap-
plications at a user side, this thesis investigates the performance of GPS/Galileo
zero-differenced PPP AR using uncombined bias products and its integration
with INS based on our in-house software POINT (Position Orientation Inte-
gration).
Two different PPP models: the ionosphere-free (IF) and the ionosphere-estimated
(IE) models are used first to assess the effect of phase AR with the correction
of the uncombined biases. The CNES (Centre National d’Etudes Spatiales)
uncombined bias products are applied to correct the raw code and phase mea-
surements from the International GNSS Service (IGS) stations. In both of the
IF and IE models, the east error component after AR is less than 1 cm with
a significant improvement of 45%, and 63% respectively compared with the
ambiguity-float solutions. The PPP convergence time after AR is also short-
ened by 23% for 3D error below 5 cm in the IF model and by 17% for 2D error
below 5 cm in the IE model.
The PPP/INS LCI (Loosely Coupled Integration) and TCI (Tightly Coupled
Integration) experiments are then carried out in a train positioning test and
two van positioning tests. A tactical-grade IMU are equipped in the tests.
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The train test is on the roof of NGB (Nottingham Geospatial Building) and
has good satellite observability. The van tests are run on a complex road and
around Nottingham city center respectively, where signal interruptions hap-
pen frequently due to bridges, vegetation,and city canyons. CNES real-time
orbit, clock and the uncombined bias products are used. In the train position-
ing test, ambiguity-float PPP has almost identical performance with LCI and
TCI with an accuracy of 8.5, 5.7 and 4.9 cm in the north (N), east (E) and
up (U) direction respectively. After AR, all the solutions achieve significant
improvements in all components, which are around 9%, 9% and 7% for the
North component, 47%, 40% and 38% for the East component and 14%. 12%
and 4% for the height component, for PPP-AR, PPP-AR/INS LCI and PPP-
AR/INS TCI respectively. For the two van tests, due to the frequent signal
interruptions, ionosphere-free AR is not feasible though uncombined phase bi-
ases are corrected. TCI achieves the highest accuracy, which can be 32, 29,
41 cm for the N E U component and also effectively eliminates the solution
re-convergence in PPP.
This work has demonstrated that the uncombined satellite bias products are
flexible for phase AR of different PPP modelling at the user end and can also
be applied easily to PPP/INS integration to obtain better positioning per-
formance. It is anticipated that more efficient methods for uncombined bias
estimation would be developed to facilitate real-time PPP-AR or its integra-
tion with other types of sensors, which could greatly benefit the navigation in
harsh signal reception environment.
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Chapter 1

Introduction

1.1 Overview

The Global Navigation Satellite System (GNSS) is a radio-based position-

ing system, which uses the distance measurements between signal transmitter

(satellites) and signal receiver (user) as well as the known positions of transmit-

ters to determine a user position. This positioning method is a kind of spatial

distance backward intersection in terms of geomatics, which is illustrated in

Figure 1.1.

Figure 1.1: Concept of backward intersection of distance measurements. The ob-
server is at the unkonwn position O

The GNSS distance measurement is known as pseudorange. It is obtained by

multiplying the signal travel time with the speed of radio wave. GNSS satel-

lites transmit ranging codes on its signals and a code replica is also generated

at the receiver. By code correlation technique the signal travel time can be

1
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determined when maximum correlation is identified inside receiver. In case

of GPS two well-known ranging codes are modulated over the L1/L2 carriers:

the civilian code and the precision code. The civilian code has a chipping

rate of 1.023 Mbps and thus means a width of 293.1 m. The chipping rate of

precision code is 10.23 Mbps, which leads to a width of 29.31 m and is ten

times precise than the civilian code. The determination of signal travel time

is based on clocks, which are the key components of GNSS. The GNSS satel-

lites are equipped with atomic oscillators with high daily stability (frequency

change ratio) ∆f/f ≈ 10−13 to 10−14 (Subirana et al., 2013). The receiver

clock is usually quartz clock with a poorer stability of 10−9 (Subirana et al.,

2013) and much cheaper. The satellite clock offset over time along with its

orbit information is broadcast to users in the navigation message modulated

in the signal. The receiver clock offset is usually modelled as white noise and

estimated together with coordinates in a filter at the user end.

The GNSS broadcast ephemerides and clocks modulated on carriers are in the

meter-level accuracy, leading to a code-based single point positioning (SPP)

of similar accuracy. However in relative positioning or differential positioning

between a base and a rover e.g. RTK (Real-time Kinematic), the use of precise

carrier-phase measurements enables an accuracy of centimeter level. The Pre-

cise Point Positioning (PPP) also benefits from carrier-phase measurements

besides the precise satellite orbit and clock products but usually requires a

certain period of time to reach centimeter-level accuracy.

The carrier-phase measurements from a receiver measures the instantaneous

fractional beat phase (Hofmann-Wellenhof et al., 2001), which is the phase

difference between a received signal and the generated signal at receiver, and

the integer number of carrier-phase cycles between satellite and receiver is

unknown. This unknown integer multiple is also called ambiguity. Without

loss of lock, this ambiguity remains constant. Due to the existence of signal

hardware delays at both transmitter and receiver, the standard PPP uses a

float ambiguity which is contaminated by code and phase biases. To recover
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the integer nature, an additional layer of bias correction is needed. PPP after

ambiguity resolution (AR) has higher accuracy and more rapid convergence.

In the last decade, the bias products has been transitioned from the combined

widelane/narrowlane form to the uncombined form, which can be applied to

the raw code and phase measurements directly and the phase ambiguity or

its combinations can still conserve the integer nature. This uncombined bias

products facilitate the PPP AR process at user end and can be extended to

multi-frequency easily. Figure 1.2 shows the different levels of GNSS point

positioning.

Figure 1.2: Concept of GNSS point positioning

The Inertial Navigation System (INS) measures the acceleration and rotation

rate of a moving object and can provide precise position, velocity and attitude

solution within a short interval. Its inertial measurement unit (IMU) consists

of accelerometer triad and gyro triad. Different grades of IMU could greatly

affect the INS performance. INS is an autonomous dead-reckoning system and

its navigation process is shown in Figure 1.3.

Figure 1.3: INS is a dead-reckoning system. r, v and Ψ denote position, velocity
and attitude respectively.

It is an effective complementary technique to GNSS in case of signal outage.
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GNSS PPP/INS integration takes advantage of properties of each system and

improves the system resilience in Navigation.

1.2 Aims and Objectives

The research question being addressed in this study is:

To what effect can the application of GNSS uncombined bias products to PPP

and PPP/INS integration improve the positioning performance?

The uncombined bias products for multi-constellation and multi-frequency

PPP have been issued routinely at some IGS (International GNSS Service)

anasis centers. There are already many studies demonstrating the use of this

bias form, which simplifies the PPP modelling and allows independent AR

method at user end. However as of the time of writing, the application of

this uncombined bias products to the PPP/INS integration especially for the

tightly-coupled integration has not been widely demonstrated.

Based on the above perception, the aim of this study is:

Aim: To investigate the performance of the integration of GPS/Galileo Pre-

cise Point Positioning using uncombined bias products and Inertial Navigation

System (INS).

The corresponding objectives are organised as follows:

1. To implement and evaluate GPS/Galileo dual-frequency ionosphere-free

PPP and PPP AR using uncombined bias products.

2. To implement and evaluate GPS/Galileo multi-frequency ionosphere-

estimated PPP and PPP AR using uncombined bias products.

3. To implement and evaluate GPS/Galileo PPP/INS and PPP-AR/INS

loosely coupled integration with the uncombined bias correction for AR.

4. To implement and evaluate GPS/Galileo PPP/INS and PPP-AR/INS

tightly coupled integration with the uncombined bias correction for AR.
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1.3 Innovation of this work

This thesis makes contribution to the validation of the flexibility of the GNSS

uncombined bias products in PPP ambiguity resolution. Furthermore, the

application of the uncombined bias is extended to the real-time PPP/INS

integration and the integrated positioning performance is evaluated. Parts of

the work are published in a journal paper presented in the ’List of Publications’.

The majority of this work is involved with programming based on our in-house

software POINT (Hide, 2003) and the contribution is made in the following

steps:

1. The review of the source code of POINT in preparation for developing

new algorithms.

2. The review of literature on GNSS PPP AR using uncombined bias prod-

ucts, especially the uncombined bias formulation proposed in Laurichesse

(2012).

3. The development and evaluation of GPS/Galileo dual-frequency ionosphere-

free PPP AR using CNES uncombined bias products based on POINT.

4. The development and evaluation of GPS L1/L2/L5 Galileo E1/E5a/E5b/E6

ionosphere-estimated PPP AR using CNES uncombined bias products

based on POINT.

5. The development and evaluation of GPS/Galileo PPP AR/INS LCI using

CNES uncombined bias products based on POINT.

6. The development and evaluation of GPS/Galileo PPP AR/INS TCI us-

ing CNES uncombined bias products based on POINT.

1.4 Outline

The organization of this thesis is as below:

Chapter 2 mainly reviews the literature on GNSS PPP AR. It is shown that
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the uncombined bias products for PPP AR can be extended to the multi-

frequency case easily and allows users to establish their own PPP model and

resolve phase ambiguities.

Chapter 3 presents mathematical basics of GNSS PPP modelling. Especially,

PPP AR modelling using CNES uncombined bias products are presented.

Chapter 4 gives a detailed description of the software tool: POINT and new

features developed on this software. Data sources and test settings are also

presented.

Chapter 5 presents the global GPS/Galileo PPP AR test results using CNES

uncombined bias products including dual-frequency and multi-frequency model.

Chapter 6 presents INS basics and modeling of PPP/INS integration with the

uncombined bias correction.

Chapter 7 presents the INS module in POINT and newly developed structure

of TCI and LCI with PPP using uncombined bias correction.

Chapter 8 gives GPS/Galileo PPP-AR/INS results with observation data from

a train positioning test.

Chapter 9 gives GPS/Galileo PPP-AR/INS results with observation data from

two van positioning tests.

Chapter 10 summarises the entire thesis and gives limitations of this research

and also points prospective work in the PPP/INS integrated navigation in the

future.

Figure 1.4 shows the highlights of each chapter, which are classified by objec-

tives of this research.
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Figure 1.4: Highlights of each chapter in this research



Chapter 2

Background and literature

review

2.1 Introduction

GNSS has already turned out to be an indispensable technology in our daily

life. GNSS applications for position, navigation and timing (PNT) can be

found from an individual travelling to massive scientific projects and military

actions. Currently it mainly consists of GPS (USA), GLONASS (Russia),

Galileo (EU), and BeiDou (China) satnavs. Other two regional navigation

satellite systems (RNSS) are QZSS (Japan) and NavIC (India). In addition,

the Satellite-Based Augmentation Systems (SBAS) is designed to improve the

GNSS service.

GNSS Precise Point Positioning (PPP) has been an increasingly popular tech-

nique over the last decade for its high accuracy and flexibility around the

globe. As GNSS evolves, PPP modelling at a user end also demonstrates

great variety, especially for the carrier-phase ambiguity resolution (AR). In

the multi-GNSS multi-frequency case, uncombined bias formulation gradually

becomes the mainstream for PPP AR.

This chapter is organised as follows: Section 2.2 gives a brief review of GPS

and Galileo status; Section 2.3 reviews the standard GPS dual-frequency PPP,

8
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followed by the development of PPP under multi-GNSS scenario in Section 2.4;

next description of uncombined PPP formulation is presented in Section 2.5;

finally Section 2.6 gives a brief summary.

2.2 GPS and Galileo status

A GNSS basically comprises the space segment, the control segment and the

user segment. The space segment or satellites mainly generate and trans-

mit navigation signals driven by the precise atomic clocks onboard, and also

broadcast navigation messages uploaded by the control segment, which is com-

posed of a network of stations and maintains the GNSS constellation status

and the corresponding GNSS time system. The user segment receives the

GNSS signals, processes the signals and computes coordinates. The GNSS

user equipment can be divided into four parts: the antenna, receiver hardware,

ranging processor, and navigation processor (Groves, 2013). More information

about these three segments can be found in the GNSS-related interface control

documents (Dunn, 2021; European Union, 2021) and many GNSS textbooks

(Hofmann-Wellenhof et al., 2001; Groves, 2013; Subirana et al., 2013; Morton

et al., 2020).

In this section, GPS and Galileo status are briefly reviewed and presented for

the coherence with the GNSS precise point positioning (PPP) in the subse-

quent chapters.

2.2.1 Constellation configuration

Both GPS and Galileo satellites circulates around the earth in a Medium Earth

Orbit (MEO) orbit. The nominal GPS constellation consists of 24 slots in six

orbital planes with four satellites per plane ensuring there are at least four

satellites in view from virtually any point on the planet. The total number

of operational satellites is typically 30 or 31 over the past 15 years (Morton

et al., 2020). The Galileo constellation in the Full Operational Capability

(FOC) phase consists of 24 MEO satellites in three orbital planes allowing

global users to have 6 to 11 Galileo satellites in view at any time. Parts of
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other constellation parameters are listed in Table 2.1.

Table 2.1: Partial GPS & Galileo constellation parameters

Configurations GPS Galileo

# of operational sats 30 24

# of orbital planes 6 3

Orbital altitude (km) 20 200 23 222 km

Inclination (◦) 55 56

Orbital period 11h58m02s 14h04m42s

Ground track repeats
(sidereal days)

1 10

Figure 2.1 and Figure 2.2 show the first-launched year of GPS block satel-

lites and the deployment phase of Galileo satellites repectively. It has been

reported that an inter-frequency clock bias (IFCB) exits for the GPS IIF satel-

lites (Montenbruck et al., 2012) but can be neglected for the new generation

systems including Galileo (Li et al., 2020b).

Figure 2.1: First launched year of GPS satellite blocks

Figure 2.2: Galileo launch plan. (IOV stands for in-orbit validation)

2.2.2 Coordinate and time reference frames

Both GPS and Galileo have their own independent geodetic reference frame

for coordinates and time reference frame, which are listed in Table 2.2. The

coordinate reference frame used by GPS is World Geodetic System (WGS) 84

while for Galileo is Galileo’s Terrestrial Reference Frame (GTRF). Those two

geodetic frames are aligned to international reference standards such as the
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International Terrestrial Reference Frame (ITRF) by which the International

Terrestrial Reference System (ITRS) is realised. The time reference frame for

GPS is GPS Time (GPST) starting at midnight UTC (Universal Time Co-

ordinated) on 6 January 1980. The initial epoch for Galileo System Time

(GST) is defined at 00:00 UTC on Sunday, 22 August 1999. Both of the time

frames are maintained by their own control segment on the basis of a set of

atomic clocks. Therefore, GPST and GST are continuous and not adjusted

by the leap seconds. The GPS Galileo Time Offset (GGTO) is broadcast via

Galileo’s navigation message allowing hybrid-system positioning, velocity and

timing (PVT) as long as at least four satellites from any of the two constella-

tions are available to a receiver (Morton et al., 2020).

Table 2.2: Geodetic and time reference frames of GPS and Galileo

Reference frame GPS Galileo

Coordinate WGS84 GTRF

Time GPST GST

2.2.3 Signal configuration

Frequency Plan

The frequency plan of GPS and Galileo signals is presented in Figure 2.3.

The Galileo E6 signal is open to public as a result of the free offering of its

commercial service (CS) by the European Union in 2018 (Laurichesse and

Banville, 2018). This greatly promotes the PPP technique at a user end allow-

ing instantaneous centimeter-level positioning performance (Laurichesse and

Banville, 2018).

Figure 2.3: GPS & Galileo frequency plan
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Signal structure

The GPS and Galileo navigation signal structures are listed in Table 2.3 and

Table 2.4. The same frequency is shared by all the GPS or Galileo satellites

and the signal access technique uses code division multiple access (CDMA).

Pilot channels are data-less signals helping the track of signals (Subirana et al.,

2013). Different channels correspond to different signal hardware delays, which

is key to the PPP carrier-phase ambiguity resolution. Galileo signals provide

more types of services including the Public Regulated Service (PRS), The

Commercial Service (CS), The Open Service (OS) and Search and Rescue

(SAR). It is noted that the navigation message is also modulated on the carriers

but not presented here.

Table 2.3: GPS navigation signals

Band/Frequency
(MHz)

Channel or code Sat block Services

L1/154×10.23

C/A All Civil
P All Military
M IIR-M and After Military

L1C-I data GPS III and After Civil
L1C-Q pilot

L2/120×10.23
P All Military

L2C M IIR-M and After Civil
L2C L

M IIR-M and After Military

L5/115×10.23 L5-I data IIF and After Civil
L5-Q pilot

Table 2.4: Galileo navigation signals

Band/Freqquency (MHz) Channel or code Services

E1/1575.42
E1-A Data+PilotTime Mux PRS

E1-B Data OS/SAR
E1-C Pilot OS

E6/1278.75
E6-A Data+Pilot Time Mux PRS

E6-B Data CS
E6-C Pilot CS

E5/1191.795
E5a/1176.450 E5a-I Data OS

E5a-Q Pilot OS

E5b/1207.140 E5b-I Data OS
E5b-Q Pilot OS
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2.3 Conventional GPS dual-frequency Precise

Point Positioning (PPP)

2.3.1 RTK versus PPP

GNSS real-time kinematic or differential baseline positioning is already well

established and a standard technique for high-precision surveying. GNSS PPP

is relatively new but also has many applications in both scientific and industrial

communities (Choy et al., 2016). Table 2.5 lists the general characteristics of

PPP and RTK.

Table 2.5: General characteristics of RTK and PPP

RTK PPP

Base stations and rovers Single receiver

Double-difference Zero- or single-difference positioning

Errors are eliminated or reduced Errors: precise products, model, estimate

Phase ambiguity is integer-valued Integer ambiguity requires bias correction

Centimeter-level or higher accuracy

Single-epoch positioning ability Convergence process (around 30 min)

Compared to RTK, PPP is well-known for its flexibility of single receiver and

comparable high-precision positioning ability. Errors in short baseline RTK

can be eliminated (e.g. satellite and receiver clock bias) or mostly reduced (e.g.

atmospheric delays) after double-difference operation. PPP is an absolute posi-

tioning technique and delivers global coordinates directly e.g. WGS84 ellipsoid,

and the errors are handled by using precise satellite orbit and clock products,

precise models such like earth solid tide effect and parameter estimation e.g.

zenith tropospheric wet delay. It can be zero-difference or between-satellite

single-difference. In RTK the carrier-phase ambiguity is already integer-valued

since the satellite/receiver hardware delays are also eliminated via thedoubled-

ifference but for PPP, code and phase biases are required to be corrected to

recover the carrier-phase integer property. RTK is capable of single-epoch

positioning while the conventional dual-frequency PPP takes around half an

hour to converge to centimeter-level accuracy. Nevertheless, Laurichesse and
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Banville (2018) shows that GPS L1/L2 and Galileo E1/E5a/E5b/E6 PPP can

achieve instantaneous centimeter-level accuracy and it is anticipated that PPP

might become a practical alternative to RTK in the near feature.

2.3.2 GPS dual-frequency PPP

Ambiguity-float solutions

GNSS Precise Point Positioning (PPP) emerges in the late 1990s and is orig-

inally for analysing GPS data from large networks (Zumberge et al., 1997).

It first determines the precise satellite positions and clock corrections from a

globally distributed network of GPS receivers. The quality of these computed

transmitter parameters is a few centimeters or better. Then receiver data

from local network are processed by estimating receiver-specific parameters

with satellite parameters fixed at the determined values in the global solu-

tions. Both carrier phase and pseudorange are used as raw data. Héroux and

Kouba (2001) and Kouba (2009) provide guidance on establishing GPS dual-

frequency ionosphere-free PPP model and parameter adjustment procedure at

a user end using IGS satellite orbit and clock products. They also listed addi-

tional correction terms that are significant for PPP including satellite/receiver

antenna phase center offset (PCO) and phase center variation (PCV), phase

wind-up effect, and the impact from solid earth tides, pole tides, ocean loading.

Figure 2.4 shows the conceptual chart. With the external clock/orbit prod-

uct that are generated from a sparse global station network, PPP can achieve

centimeter-level positioning accuracy at anywhere in the world without the

need of nearby base stations. However, it requires a convergence process to

obtain such high accuracy as the carrier-phase ambiguity parametersconverge

to constant values. This convergence time depends on the observational con-

ditions of specific station e.g. satellite signal availability, atmospheric activity,

receiver state. A typical value for the convergence time is 30 minutes but it

can vary from tens of minutes to hours (Bisnath and Gao, 2008).
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Figure 2.4: PPP conceptual chart

Ambiguity-fixed solutions

The carrier-phase ambiguity resolution in PPP is then exploited to accelerate

the convergence time and improve the positioning accuracy in the case of the

GPS legacy L1/L2 frequencies. This technique requires the computation of

satellite phase biases from a network of stations, which are then disseminated

as correction stream to a user side to enable PPP ambiguity resolution. The

satellite phase biases are usually represented in a combined form: the Wide-

Lane (WL) Uncalibrated Phase Delays (UPDs) and the Narrow-Lane (NL)

UPD (Ge et al., 2008) or the WL Satellite Biases (WSB) and the ’integer’

phase clocks (Laurichesse et al., 2009) or the ’decoupled’ clock model (Collins

et al., 2010). This bias form assumes that the phase ionosphere-free (IF)

combination is used at the user end, and after having this bias applied, the

Narrow-Lane (NL) ambiguity with a wavelength around 10 cm can be resolved.

The following Figure 2.5 shows the comparison of PPP AR procedures at a

user side using UPD products (Ge et al., 2008) and WSB and ’integer’ phase

clock (Laurichesse et al., 2009).



Chapter 2. Conventional GPS dual-frequency Precise Point Positioning (PPP)16

Figure 2.5: Comparison of PPP-AR procedures using UPD and WSB, ’integer’
phase clock

The UPD method (Ge et al., 2008) operates on the basis of between-satellite

single-differenced (SD) modelling which eliminates the common error sources

at the receiver end, e.g. receiver clock bias. The SD Melbourne–Wübbena

(MW) combination (Melbourne, 1985; Wübbena, 1985) first corrected by the

SD UPD products is used to estimate the WL ambiguity. The MW combina-

tion is a linear combination of dual-frequency code and phase measurements

and usually smoothed or averaged with a moving window to mitigate the code

noise effect and improve the precision of the WL ambiguity estimates. Since

the WL ambiguity has a wavelength of around 86 cm, it can be fixed very

easily using the simplest integer rounding method. Then the fixed SD WL

ambiguity is subtracted from the estimated SD IF ambiguity to obtain float

NL ambiguity, which is then corrected by the SD NL UPD for the integer res-

olution. The NL ambiguity has a wavelength of around 10 cm and in this step

the LAMBDA ((Least squares AMBiguity Decorrelation Adjustment) method

(Teunissen, 1995) is usually used for the NL AR, which takes into account the

correlations between the NL ambiguity estimates.

The WSB and ’integer’ phase clock method (Laurichesse et al., 2009) is based
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on the undifferenced modelling. The WSB is applied to the MW combination

to estimate the WL ambiguity. A WL ambiguity datum needs to be fixed

first to update receiver WL bias, which is accountable for the common frac-

tional parts of the corrected WL ambiguities. Then the fixed WL ambiguity is

removed from the decomposed phase IF combination, which is used together

with the integer phase clock to estimate the NL ambiguity. As with the WL

AR, a NL datum is also needed. The phase IF combination is not geometry-

free and usually the code IF combination is used to calibrate the phase range.

Note that the code measurement is modelled with the code clock e.g. the IGS

clock products instead of the phase clock (Laurichesse, 2011).

Both of these two PPP-AR procedures work with combined biases. The equiv-

alence of this combined formulation is demonstrated in Geng et al. (2010)

and Shi and Gao (2014). Li et al. (2013) proposed a GPS dual-frequency

ionosphere-estimated UPD scheme in which UPD on each frequency are gen-

erated and broadcast to user station. Cheng et al. (2017) further showed that

the fractional cycle biases (FCBs), which are the fractional part of UPDs,

can be estimated with high consistency using IF PPP model and ionosphere-

estimated PPP model. Similar PPP AR performance is achieved with these

two PPP models in their study. This equivalence is also confirmed in Wang

et al. (2019), indicating the feasibility of the application of the FCB products to

different PPP user model in the dual-frequecy case. The ionosphere-estimated

PPP model has the advantage of constraining the ionospheric parameters us-

ing external precise ionosphere information, allowing for instantaneous PPP

ambiguity fixing (Wabbena et al., 2005; Li et al., 2011; Juan et al., 2012).
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2.4 GNSS multi-constellation multi-frequency

PPP

2.4.1 GNSS multi-constellation dual-frequency PPP

Ambiguity-float solutions

As GNSS evolves, including the modernization of GPS and GLONASS and

the newly deployed Galileo and BeiDou, PPP with multiple constellations im-

proves the geometric strength of the solution as well as its reliability and has

shown better accuracy and more rapid convergence (Tegedor et al., 2014b; Li

et al., 2015; Choy et al., 2016). An additional Inter System Bias (ISB) or a

separated receiver clock bias is usually estimated when incorporating measure-

ments from another system since different system are referenced to their own

time frame. Choy et al. (2016) reported that GPS/GLONASS/BeiDou kine-

matic PPP achieves a significant accuracy improvements of 20 and 30 % in the

horizontal and vertical components, respectively compared to the GPS-only

solution, and the convergence time is shortened by about 20 %. More im-

portantly, multi-GNSS PPP shows a stable time series and experiences fewer

fluctuation compared to single constellation and could provide better position-

ing results in the GNSS-challenged environments.

Ambiguity resolution with combined phase biases

The PPP-AR methods for GPS: UPD or WSB and ’integer’ phase clock

are naturally extended to other constellations. Pan et al. (2017) achieves

GPS/BeiDou dual-frequency PPP AR using their estimated WL and NL FCB

products. Tegedor et al. (2014a) computes the Galileo WL and NL UPDs

for Galileo PPP-AR. Li et al. (2018) estimates WL and NL UPDs for GPS,

GLONASS, Galileo, and BeiDou and assesses quadruple-constellation PPP

with AR. However, as pointed in Banville et al. (2016), GLONASS satelltes

uses the frequency division multiple access (FDMA) technology, calibration of

code biases for widelane ambiguity resolution can be realized to some extent
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by defining stations with similar equipment. Recently the WSB and ’integer’

phase clock products from CNES are also available for Galileo E1/E5a mea-

surements enabling millimeter-level ambiguity-resolved kinematic PPP solu-

tions (Katsigianni et al., 2019a,b).

2.4.2 GNSS multi-constellation multi-frequency PPP

The prerequisite precise satellite clock products for PPP are conventionally

referenced to the P1/P2 or L1/L2 ionosphere-free combinations in the GPS

case. Applying these clock estimates directly to the modelling of the measure-

ments on the third L5 frequency will inevitably result in extra clock bias due to

the presence of the observable- and frequency-specific hardware delays. This

inter frequency clock bias (IFCB) between the L1/L2 and the L1/L5 clock off-

set can vary with peak-to-peak amplitudes of 10–40 cm (Montenbruck et al.,

2012). Many studies therefore have investigated the estimation of IFCB for

its compensation in GPS triple-frequency (TF) PPP (Pan et al., 2017, 2019).

Ambiguity-resolved GPS TF PPP with the correction of the estimated IFCB

is further demonstrated in Li et al. (2020a). In Guo and Geng (2018) a sep-

arated satellite clock parameter is proposed for the L5 frequency to account

for the IFCB effect instead of an explicit estimation and GPS TF PPP with

ambiguity resolution based on the clock-separated model is also achieved in

Geng et al. (2020). For Galileo E1/E5a/E5b PPP, it is found that the magni-

tude of the time-varying IFCB is negligible and the ambiguity-fixed solutions

are also presented in many studies (Li et al., 2019; Geng et al., 2020; Li et al.,

2020a). In Li et al. (2020b), Galileo five-frequency PPP with AR through

using pairs of classical ionosphere-free combinations on different frequencies is

even showed. The ambiguity resolution (AR) process for multi-constellation

and multi-frequency PPP in the above studies compute the uncalibrated phase

delays (UPDs) (Ge et al., 2008) or the fractional cycle biases (FCB) first using

a network of reference stations. These satellite UPDs are generated in the



Chapter 2. Uncombined bias products 20

form of extra-wide lane (EWL), wide lane (WL) and narrow lane (NL) or L1

in the triple-frequency case. Then the integer nature of ambiguity estimates

at a PPP user end could be recovered with the correction of these UPDs and

ambiguity-fixed solution is then obtained. It is noted that these UPD products

in the above studies are dedicated to their TF PPP models and the applica-

bility of their bias products to different TF PPP models is not presented.

The characteristics of multiple types of EWL UPD for Galileo five-frequency

ionosphere-free PPP AR are also studied in Li et al. (2020b).

2.5 Uncombined bias products

2.5.1 Limitations of combined bias products

Though UPDs or the WSB plus ’integer’ phase clocks provide a solution for

dual-frequency PPP ambiguity resolution (AR), Laurichesse (2012) and Lau-

richesse and Langley (2015) listed major drawbacks of this combined form of

biases, which are summarised as below:

• These bias products are just one type of solutions for accounting for the

code and phase hardware delays in dual-frequency PPP AR. Different

methods of handling these delays or biases will lead to different repre-

sentations e.g. UPD products, despite the same physical signal delay

fact. These combined bias products are now available from many IGS

(International GNSS Service) analysis centers such like Centre National

d’Etudes Spatials (CNES) (Loyer et al., 2012), School of Geodesy and

Geomatics (SGG) (Li et al., 2016). As a result, PPP users have to estab-

lish consistent model as the server end when applying the bias products

in order for AR.

• These combined bias formulations are limited to dual-frequency case and

inconvenient to be extended to the triple-frequency case since there are

many more possible combinations instead of only two WSB and ’integer’

phase clock quantities. Li et al. (2020b) applied the UPD methods to
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compute Galileo five-frequency PPP AR. Five pairs of EWL UPDs are

computed first: E5a/E5b, E5a/E5, E5a/E6, E5/E5b, E5/E6. Then two

pairs of WL UPDs are computed: E1/E5a and E1/E5. Multiple NL

UPDs are also generated for frequency combinations of E1/E5a/E5b,

E1/E5a/E5, E1/E5a/E6, E1/E5/E5b and E1/E5/E6. Their AR proce-

dures follow the cascading scheme: extral widelane (EWL), WL and NL

ambiguities. It’s evident that combined bias representations for multi-

frequency PPP AR are not a convenient choice.

2.5.2 Uncombined bias products

State space messages for code biases

The Radio Technical Commission for Maritime Services (RTCM) standard

(https://www.rtcm.org) uses state space representation (SSR) to provide in-

formation on the status of individual GNSS error sources. Its SSR messages

basically consist of satellite orbit errors, satellite clock errors, satellite signal

biases, ionospheric delay parameters. tropospheric delay parameters. These

SSR messages can be disseminated to users and used together with individual

tracked observation data to obtain precise positioning. This SSR is different

from observation space representation (OSR) for differential positioning.

In particular, the code biases reported in the SSR signal bias messages are

in uncombined form and must be added directly to the corresponding pseu-

dorange measurements instead of the combined form differential code biases

(DCB).

CNES uncombined bias products

Laurichesse (2012) proposed a new uncombined phase bias representation which

uses the same adding convention as the existing RTCM standard for the code

biases. Advantages of this new uncombined phase bias is summarised as fol-

lows:

• Its modelling follows the basic GNSS observation equations for satellite

and receiver signal biases and is closer to the physical nature of the

https://www.rtcm.org
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hardware delays, and thus it is independent of the methods used at

the server or network side to estimate these biases. The unity of this

uncombined form allows great flexibility of the implemented algorithms

and simplicity of the application at user end.

• It can be extended to the multi-frequency code and phase observations

very naturally and easily. All the uncombined phase bias products are

referenced to the same clock datum as the code biases. The defini-

tion of the clock datum can be arbitrary but in the IGS convention

the ionosphere-free P1-P2 combination is used in the GPS case.

• The most delicate property is that the phase ambiguity can still preserve

the integer property after adding these uncombined biases to the raw

code and phase observables. No assumptions are made on ambiguity

resolution methods at the network or user level.

It also takes into account the inter frequency clock bias (Laurichesse, 2012) and

in Laurichesse (2014) it is showed that various combined phase ambiguities in

the GPS triple-frequency context can conserve their integer property.

Figure 2.6: Uncombined phase bias estimation at CNES

In the dual-frequency case, with the defined RTCM uncombined code biases,

the uncombined phase biases can be obtained by a unique linear transforma-

tion from the conventional WSB and ’integer’ phase clock products. But in
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the multi-frequency case, this transformation is not unique any more since

there are more possible frequency pairs for combinations instead of two. Lau-

richesse (2014) extends their WL methods for dual-frequency bias estimation

to the multi-frequency cases, which is explained in the following Figure 2.6.

The MW combinations on different frequency pairs as for the WSB generation

are used for the WL bias estimation. In addition, the triple-frequency phase

ionosphere-free widelane-only combination is also used, which is much more

accurate than the MW combination and will improve the accuracy of the es-

timated WL biases. Then the remaining biases on L1 are computed using the

fixed L1/L2 widelane and the L1/L2 ionosphere-free combinations. After an

inverse transformation the uncombined phase biases on each frequency can be

reconstructed. It is clear that this uncombined phase biases are not the true

phase hardware delays. It is also noted that this estimation method works

on the combinations first, more investigation is needed on the bias estimation

from the multi-frequency raw uncombined observation equations, which should

also conserve the integer property of phase ambiguity for all possible phase and

code combinations.

Since September 15 2014, CNES has started broadcasting these uncombined

phase bias products on the IGS (International GNSS Service) CLK93 real-time

data stream. Currently code and phase biases for GPS L1/L2/L5, Galileo

E1/E5a/E5b/E6 and BeiDou-2 B1/B2/B3 signals are issued routinely while

only code biases for GLONASS G1/G2 are available. An open source PPP

client software PPP-WIZARD (With Integer And Zero-Difference Ambiguity

Resolution) (Laurichesse and Privat, 2015) from CNES also demonstrates the

use of their real-time bias products for GPS/Galileo/BeiDou-2 TF PPP with

AR in a zero-differenced ambiguity-combined model. More detailed assessment

of GPS/Galileo triple-frequency PPP based on the software is presented in Liu

et al. (2020). In Duong et al. (2020) the bias stream is applied to a between-

satellite single-difference PPP model and the performance after AR with the

inclusion of Galileo E6 signal is assessed. In Laurichesse and Banville (2018),
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an OEUFS (Optimal Estimation using Uncombined Four-frequency Signals)

strategy is showed in which GPS L1/L2 and Galileo E1/E5a/E5b/E6 signals

allows for instantaneous centimeter-level positioning with ionospheric infor-

mation from the global ionospheric map (GIM) model. They remarked that

this strategy is a generalization of the widelaning technique. CNES now also

generates post-processed daily uncombined phase biases for validating their

OEUFS strategy. Some other studies have also explored the single-epoch pre-

cise positioning ability with fixed widelane ambiguities (Geng and Guo, 2020a;

Li et al., 2020b).

Uncombined bias products from other institutions

The Center for Orbit Determination in Europe (CODE) also provides uncom-

bined bias products in the Solution (Software/technique) INdependent EX-

change format (SINEX) (Schaer, 2016). These bias products are applied to

the raw observations before making any combinations (Glaner and Weber,

2021). The Graz University of Technology (TUG) estimates the uncombined

bias products using an uncombined formulation Strasser et al. (2019), which

simplifies the parametrization of these time-variable biases. Geng and Guo

(2020b) from Wuhan University also implemented satellite- and frequency-

specific phase bias estimation and applied them directly to raw carrier-phase

observations enabling wide-lane AR for single-epoch point positioning beyond

three frequencies. Their estimation method is still based on between-satellite

single-difference processing. Banville et al. (2020) from Natural Resources

Canada achieved a combination of PPP AR products from six analysis centers

by transforming them into a common observable-specific bias (OSB) represen-

tation. They remarked the combined OSB products provide better or equiv-

alent results than the individual analysis center for both static and kinematic

state. Geng et al. (2022) estimated phase OSBs with ambiguity-fixed, satellite

clocks to enable PPP-AR over any frequency choices and possible observable

combinations at the user end. Li et al. (2022a) also demonstrates the use of

the OSBs for multi-cobstellation and multi-frequency PPP AR. These studies
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clearly show that the uncombined phase bias formulation is widely accepted

as a convenient way for multi-constellation multi-frequency PPP AR. It is

necessary to validate the flexibility of these uncombined bias products with

different PPP models at user end, especially for ambiguity resolution, which

is addressed in this study.

2.6 Summary

This chapter presents the current development of GNSS PPP techniques. The

standard dual-frequency GPS PPP can achieve centimeter-level positioning ac-

curacy but a convergence process of around half a hour is required. Ambiguity-

fixed PPP can obtain better accuracy and more rapid convergence. Multi-

constellation multi-frequency PPP AR has further improvement but the con-

ventional combined bias products for AR is not convenient and difficult for

standardization. This leads to the recent uncombined bias formulation, which

uses the RTCM SSR adding convention for code biases on raw measurments

and is independent of PPP modelling at server or user end.

It is anticipated that more institution would use uncombined bias representa-

tion for PPP and work is needed for more effective estimation of these uncom-

bined biases.



Chapter 3

GNSS Precise Point Positioning

3.1 Introduction

In this chapter, the PPP models using the CNES uncombined bias products

are derived. Two models are evaluated in this study: ionosphere-estimated

and ionosphere-free models. Thanks to the uncombined biases, the phase am-

biguity resolution is allowed in both models.

This chapter is organised as follows: the basic GNSS observation models as

well as the positioning error sources are reviewed in Section 3.2 and Section 3.3;

then the discrete Kalman filter for parameter estimation is briefly presented in

Section 3.4; then the conventional dual-frequency PPP including ambiguity-

float and ambiguity-fixed models is given in Section 3.5; next the CNES un-

combined formulation and uncombined biases are presented in Section 3.6;

then the PPP models evaluated in this study with the correction of the CNES

uncombined biases are given in Section 3.7. Finally a short summary of this

chapter is in Section 3.8.

3.2 GNSS positioning error sources

The GNSS positioning errors are typically classified into three groups which

are corresponding to the satellite (transmitter), the signal transmission path

and the receiver respectively, as listed in Table 3.1.

26
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Table 3.1: Typical GNSS positioning errors

Error Sources Comment

Satellite

Orbit and clock Precise products accuracy: centimeter-level;
Broadcast: meter-level (Montenbruck et al., 2015)

Relativistic effect Range domain: up to > 10 m
Shapiro effect (secondary): < 2 cm (Subirana et al., 2013)

Antenna PCO and PCV PCO effect on height up to >10 cm
PCV usually in mm level

Instrumental delays DCB effect on range up to tens of cm

Phase wind-up effect range effect up to > 10 cm

Eclipse Satellite in earth shadow with a random yaw angle

Transmission
Ionospheric delay Range domain effect: up to tens of meter

Tropospheric delay Range effect: ten-meter level (Subirana et al., 2013)

Receiver

Clock Estimated as white noise

Instrumental delays Usually coupled with clock bias

Phase wind-up effect The same as the satellite part

Phase cycle slip Phase ambiguity reinitialization

Antenna PCO and PCV The same as the satellite part

Site displacement e.g. Pole tide, solid tide, ocean load
Range domain effect: Centimeter-level

PCO: Phase Center Offset; PCV: Phase Center Variation
DCB: Differential Code Bias

These errors are already well explained in many GNSS textbooks (Hofmann-

Wellenhof et al., 2001; Subirana et al., 2013). A brief review over these errors

are given in this section for the integrity of this thesis.

• GNSS ephemerides

The broadcast ephemerides are included in the GNSS satellite naviga-

tion message. A typical 16 quasi-Keplerian parameters consists of six

orbital elements, three rate parameters, three pairs of sinusoidal correc-

tions and the reference ephemeris epoch. Noted that the GLONASS

broadcast ephemerides contain initial conditions of position and velocity

and gravitational acceleration perturbations of moon and sun instead of

the keplerian orbital parameters (Subirana et al., 2013).

The precise satellite orbit and clock products can be downloaded freely

from IGS website in both real-time and post-processed mode. These

precise products are usually determined using a priori constraints from

broadcast ephemerides and clocks (Takasu et al., 2005).

• Computation of satellite coordinates
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The signal emission time is computed first to retrieve correct satellite

position from the provided ephemerides. This computation is usually an

iterative process of the following equation:

temission = treception − dttravel − (dtsat + dtrelativity) (3.1)

where dttravel is the signal travel time; dtsat is the satellite clock bias

and dtrelativity is the relativistic effect on satellite clock. Due to the

earth’s rotation during the signal transmission time, the satellite position

at signal emission time needs to be transformed to be used at signal

reception time or in navigation:

rsattreception
= R(ω · dttravel) · rsattemission

(3.2)

where rsat is the satellite position vector in the ECEF (earth-centered

earth-fixed) frame; R is a rotation matrix around the earth axis; ω is the

earth rotation rate.

• Satellite antenna PCO & PCV correction

Satellite antenna PCO & PCV correction is required when the satellite

ephemerides information are from the precise satellite orbit and clock

products, which are referred to the satellite mass center instead of the

satellite antenna phase center. In the IGS ANTEX (Antenna Exchange

Format) file, these phase center offsets are given in a satellite-fixed frame,

which is defined by the following three orthogonal unit vectors (Subirana

et al., 2013):

k = − rsat

||rsat||

j = k× e, e =
rsun − rsat

||rsun − rsat||

i = j× k

(3.3)

where rsat is the satellite position referred to the earth mass center.
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Assume the antenna phase center offset is ( x, y, z)T , which is frequency

dependent, then the phase center correction would be:

∆phase center = x · i + y · j + z · k (3.4)

• Ionospheric delay

The ionosphere layer extending from about 60 km to more than 2000 km

above the earth surface is a dispersive medium which causes frequency-

dependent delay as signal goes through. In specific, the GNSS code mea-

surements are delayed while the carrier phases are advanced. By cutting

off the series expansion of the refractive index after the quadratic term,

the ionospheric delay or refraction for code measurement at frequency f

can be expressed as:

∆Iono =
40.3

f 2
TEC (3.5)

where TEC is the total electron content along the signal transmission

path. The influence on the carrier phase has the same magnitude but

reverse sign. TEC is usually given in TEC units (TECU):

1 TECU = 1016 electrons per m2 (3.6)

The GPS code ionospheric delay is about 0.16 m if one TECU is substi-

tuted.

• Tropospheric delay

The troposphere layer with a height of about 60 km from earth surface

is a nondispersive medium for GNSS signals, thus its effect is frequency

independent. The tropospheric delay depends on the temperature, pres-

sure and humidity of a local receiver. This delay can be usually divided

into hydrostatic or dry and wet components. The hydrostatic effect

varying with local temperature and atmospheric pressure is caused by
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dry gases (mainly N2 and Q2) and can be precisely predicted (Subirana

et al., 2013). The wet delay is relevant to the water vapour of local

weather and changes faster. Its effect is difficult to model and usually

estimated in the navigation filter together with receiver coordinates in

precise point positioning. The tropospheric delay is often expressed as

zenith delay multiplied by an elevation-dependent mapping function for

both dry and wet components as follows:

Trop = MdryZdry +MwetZwet (3.7)

where M is mapping function and Z is the zenith tropospheric delay.

• Phase wind-up effect

GNSS signals are right circularly polarized and an relative orientation

change between satellite and receiver antenna will cause a shift in the

received phase measurements up to one cycle. This effect is only con-

sidered in precise point positioning. Its correction corresponds to two

effective dipoles for the receiver and satellite (Wu et al., 1993):

d = a− ρ(ρ · a) + ρ× b

d
′

= a
′ − ρ(ρ · a′

)− ρ× b′
(3.8)

where ρ is the satellite to receiver unit vector; a and b are unit vectors

of local receiver; a
′

and b
′

are unit vectors of a satellite-fixed frame. It is

noted that the satellite body frame defined in Equation (3.3) can be used

for simplicity. However a satellite body frame involves the yaw angle is

more realistic especially during the satellite eclipse periods.

3.3 Basic functional model of GNSS measure-

ment

This section gives basic functional models of GNSS code, phase and doppler

measurements. These are the fundamental equations that will be used to derive
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PPP models in the following sections.

3.3.1 Code measurement

For a specific GNSS satellite j, the code measurement C (meters) on band k

with frequency fk tracked at a receiver i may be modelled as:

Ck = ρ+ c(dti − dtj) + T + γkI +KCk,i −K
j
Ck

+ εCk
(3.9)

where:

ρ is the geometric propagation distance of the GNSS radio wave between satel-

lite j and receiver i antenna phase centers including phase centre correction on

frequency fk, relativistic effects.

c is the speed of light.

dti and dtj are the clock offset at receiver i and satellite j.

T is the slant troposeric delay, see Equation (3.7).

I is the slant ionospheric delay at a reference frequency; Higher-order effect is

ignored, see Equation (3.5); γ is a constant ratio, e.g. γk = f 2
1 /f

2
k in the GPS

case, which is referenced to band L1.

Ki and Kj are the instrumental delays at receiver i and satellite j. This delay

is dependent on observable type, frequency and tracking code.

ε groups multipath and other unmodeled errors.

Noted that in accordance with the conventional notations related to the GPS

legacy L1/L2 frequencies, fk with k = 1,2,5 are still used for the frequency of

the GPS Lk carrier. Likewise P1, P2 and C5 are for the GPS code measure-

ments.

3.3.2 Carrier-phase measurement

The carrier-phase measurement L (cycles) on frequency k may also be modeled

as:

λkLk = ρ+ c(dti − dtj) + T − γkI +KLk,i −K
j
Lk

+ λkNk + λkW + εLk

(3.10)
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where:

λk = c/fk is the wavelength of signal.

I has the same magnitude as it in the code model but is inversely corrected in

the phase case.

N is the carrier-phase integer ambiguity (cycle).

W is the phase wind-up effect (cycle).

3.3.3 Doppler measurement

The Doppler measurement D (Hz) on band k may be expressed as:

−λkDk = ρ̇+ ˙dti − ˙dtj + εDk
(3.11)

where: ρ̇ is the range rate between satellite j and receiver i.

˙dti and ˙dtj are the clock bias drift for receiver i and satellite j.

Given satellite and receiver velocity vj , vi and position rj , ri, the range rate

ρ̇ is computed as:

ρ̇ = (vj − vi) ·
rj − ri
||rj − ri||

(3.12)

3.4 Kalman filter

Kalman filtering can be regarded as synonymous with recursive minimum vari-

ance and/or least squares estimation (Bierman, 1975). This section presents

key equations in prediction and measurement update of a discrete Kalman

filter.

3.4.1 Prediction

The estimated states x̂
(+)
t−1 from Kalman filter at previous epoch is predicted

to current epoch x̂
(−)
t by multiplying by the state transition matrix Φ :

x̂
(−)
t = Φx̂

(+)
t−1 + wt−1 (3.13)
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where w is the system noise or driving noise. This is assumed to be a zero

mean and uncorrelated sequence (Hide, 2003). Φ is computed as:

Φ = eF∆t

= I + F∆t+
(F∆t)2

2!
+ ...

(3.14)

where I is the identity matrix; ∆t is the prediction interval; F is the dynamics

matrix. For standard PPP model, the identity matrix is usually used as the

transition matrix. When the inertial measurements are available, the dynamic

model is formed using the error dynamics of the inertial system, see Chapter 6.

The corresponding covariance matrix P
(+)
t−1 at previous epoch is also propagated

to P
(−)
t with:

P
(−)
t = ΦP

(+)
t−1 ΦT +Qt−1 (3.15)

where Qt−1 is termed the process noise matrix and approximated using:

Qt ≈ GQGT∆t (3.16)

where G maps the disturbing forces to the states in INS and is simply an

identity matrix in PPP; Q is the spectral density matrix. Noted that this

approximation does not account for any of the correlations between the com-

ponents of the driving noise wt (Shin, 2001).

3.4.2 Measurement update

With new measurements zt and the above predicted states, an innovation vec-

tor is formed by their difference:

v
(−)
t = zt −Htx̂

(−)
t

(3.17)

where Ht is the design matrix. In POINT Ht is linearised at the predicted

states, which is also known as Extended Kalman filter. The linearisation of Ht

can also be evaluated at a coarse point at each epoch (Laurichesse and Privat,
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2015).

Then the innovation vector weighed by the Kalman gain Kt is added to the

predicted states to yield the measurement updated states:

x̂
(+)
t = x̂

(−)
t +Ktv

(−)
t

(3.18)

where Kt is computed as:

Kt = P
(−)
t HT

t (HtP
(−)
t HT

t +Rt)
−1 (3.19)

where Rt is the measurement noise matrix.

The measurement updated covariance matrix is then expressed as:

P
(+)
t = (I −KtHt)P

(−)
t (I −KtHt)

T +KtRtK
T
t

(3.20)

3.5 Standard GNSS dual-frequency ionosphere-

free PPP

3.5.1 Ambiguity-float PPP

The conventional dual-frequency (DF) ionosphere-free (IF) code and phase

measurements in the GPS case may be expressed as follows:

PIF = α · P1 + β · P2

= ρ+ c ·∆dt+ T + ∆KPIF
+ εPIF

λIFLIF = α · λ1L1 + β · λ2L2

= ρ+ c ·∆dt+ T + ∆KLIF
+ λIFNIF + λIFW + εLIF

(3.21)
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with:

α =
γ2

γ2 − 1
=

f 2
1

f 2
1 − f 2

2

β = 1− α = − 1

γ2 − 1
= − f 2

2

f 2
1 − f 2

2

(3.22)

where:

∆(∗) = (∗)i − (∗)j denotes the difference operation between receiver i and

satellite j. ∆dt = dti − dtj; ∆K = Ki −Kj.

(∗)PIF
= α · (∗)P1 + β · (∗)P2 denotes the IF combination of error term (∗) for

code on frequency f1 and f2; (∗)LIF
= α · (∗)L1 +β · (∗)L2 is the IF combination

of error term (∗) for phase; ∆KPIF
= α ·∆KP1 + β ·∆KP2 = α(KP1,i−K

j
P1

) +

β(KP2,i−K
j
P2

); ∆KLIF
= α·∆KL1+β ·∆KL2 = α(KL1,i−K

j
L1

)+β(KL2,i−K
j
L2

).

λIFNIF = α · λ1N1 + β · λ2N2 = c
f21−f22

(f1N1 − f2N2) denotes the IF combined

ambiguity. NIF = 77N1−60N2 with λIF ≈ 6mm after substituting the values

of the GPS f1 and f2 frequencies (Collins et al., 2010).

The IF ambiguity can also be decomposed as:

λIFNIF = λNL(N1 +
λWL

λ2

NWL) (3.23)

where λNL = c
f1+f2

≈ 11 cm is the narrow-lane (NL) wavelength; λWL =

c
f1−f2 ≈ 86 cm is the wide-lane (WL) wavelength. This decomposition is fre-

quently used for resolving the NL ambiguity N1.

The precise satellite clock product from IGS are referenced to the P1/P2

ionosphere-free (IF) combination in the GPS case. It may be modeled as:

dtjPIF
= dtj + αKj

P1
+ βKj

P2
= dtj +Kj

PIF
(3.24)

Rewriting the receiver clock offset with the same format:

dtPIF ,i = dti + αKP1,i + βKP2,i = dti +KPIF ,i
(3.25)

and substituting Equation (3.24) and Equation (3.25) into Equation (3.21), it
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follows that:

PIF = ρ+ c ·∆dtPIF
+ T + εPIF

λIFLIF = ρ+ c ·∆dtPIF
+ T + AIF + λIFW + εLIF

(3.26)

where AIF = λIFNIF + ∆KLIF
− ∆KPIF

is the float ambiguity which also

includes the code hardware delays. When the IGS satellite clock products

are used, dtjPIF
is regarded as known value and can be eliminated from Equa-

tion (3.26). Therefore a further reduced form can be obtained as below:

PIF = ρ+ c · dtPIF ,i + T + εPIF

λIFLIF = ρ+ c · dtPIF ,i + T + AIF + λIFW + εLIF

(3.27)

This equation is the standard dual-frequency ionosphere-free ambiguity-float

PPP model.

3.5.2 Ambiguity resolution

In order to resolve the ambiguity in Equation (3.27) with Equation (3.23),

the hardware biases have to be corrected first. The manner of these biases

correction varies with the definition of applied bias products. Ge et al. (2008)

formed a between-satellite single-difference (SD) PPP model , in which the

common receiver clock and hardware biases are eliminated, then computed

the SD WL and NL uncalibrated phase delays (UPD) for correction. Another

form of bias representation is the undifferenced ’decoupled’ code and phase

clock model presented in Laurichesse et al. (2009) and Collins et al. (2010).

This undifferenced model also resolves the satellite WL ambiguity first with

the WL satellite biases (WSB) products. The Melbourne–Wübbena (MW)

combination (Melbourne, 1985; Wübbena, 1985) is usually constructed for the

WL ambiguity estimation:

MW = L1 − L2 + α1P1 + α2P2 = NWL + µi − µj (3.28)
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where α1 = λ1−λ2
(λ1+λ2)λ1

; α2 = λ1−λ2
(λ1+λ2)λ2

; µi is the receiver WL delays; µj is the

satellite WL delays, which can be corrected by applying the WSB products.

This combination is usually averaged to smooth the effect from the code noises

and then the WL ambiguity NWL can be identified easily due to its long wave-

length. With the fixed NWL, the phase IF combination in Equation (3.26) can

be expressed as:

γ2λ1L1 − λ2(L2 +NWL)

γ2 − 1
= ρ+ dtLIF ,i − dt

j
LIF

+ T + λNLN1 + λNLW + ε

(3.29)

where dtLIF ,i = dti +KLIF ,i; dt
j
LIF

= dtj +Kj
LIF

.

Then the satellite phase clocks products are used to eliminate dtjLIF
and fix

the remaining N1 ambiguities with wavelength around 11cm. This phase clock

is also called ’integer’ phase clock as it allows the direct fixing of N1, however

it is different from the IGS clock products in Equation (3.24).

3.5.3 Integer estimator

Integer estimator is used to compute the integer-valued ambiguities from their

real-valued or float estimates and covariance. The simplest way is a direct

integer-rounding to their nearest integers ignoring their correlations. In GNSS

data processing, three other integer estimators are commonly used: integer

bootstrapping (IB), integer least square (ILS) and best integer equivariant

(BIE).

Integer Bootstrapping

The integer bootstrapping makes use of integer rounding but it also takes

some of the correlation between the ambiguities into account. Its computation

follows a sequential conditional least-square adjust. The condition comes from

the fixed ambiguities in previous steps prior to rounding in current step. More

discussion can be found in Teunissen (1999) and Verhagen et al. (2013). This

estimator enables partial ambiguity resolution (PAR) and could still benefit

the estimated states when the ambiguity set has different levels of accuracy.

See Figure 8.10 for an example.
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Integer Least-Square

The integer least-squares refer to the estimation of ambiguities in a least

square sense with additional integer constraint. It consists two steps: Z-

transformation decorrelation and integer search. This procecedure is well

mechanized in the LAMBDA ((Least squares AMBiguity Decorrelation Ad-

justment) method (Teunissen, 1995). This estimator has higher success rate

than IB but works on an ambiguity vector instead of a separate ambiguity.

See Figure 5.2 for an example.

Best Integer Equivariant

The best integer equivariant estimator (Teunissen, 2003; Odolinski and Teu-

nissen, 2020) may be expressed as

ā =
∑
z∈Z

z
exp(−1

2
||â− z||2Qââ

)∑
z∈Z

exp(−1
2
||â− z||2Qââ

) (3.30)

where â is a vector of float ambiguities with its covariance matrix Qââ; z ∈ Z is

an integer candidate; ||·||2Qââ
= (·)TQ−1

ââ (·). Therefore the output solution ā is a

weighted average of integer candidates, which could mitigate the effect of wrong

fixing although ā is non-integer. The decorrelation and search procedures of the

conventional LAMBDA method can still be used for finding integer candidates.

See Figure 5.11 for an example.

3.6 CNES uncombined bias representation

The CNES uncombined bias formulation can be extended to multi-frequency

measurements easily without explicit estimation of the IFCB for the GPS

Block IIF satellites (Laurichesse, 2012) and the integer nature of phase ambi-

guity and its combinations is also preserved. In this section, two PPP models:

ionosphere-float and ionosphere-free models are formulated with the CNES

uncombined biases correction on the raw GNSS measurements.
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3.6.1 CNES undifference and uncombined model

Laurichesse (2012) extended the definition of code biases in the Radio Technical

Commission for Maritime Services (RTCM) framework, which can be directly

added to the raw code measurements, to the phase biases and the general

model for uncombined code and phase biases in the GPS triple-frequency case

is expressed as (Laurichesse and Langley, 2015):

P
′

1 = P1 + ∆bP1 = ρ+ ∆h+ I + T

P
′

2 = P2 + ∆bP2 = ρ+ ∆h+ γ2I + T

C
′

5 = C5 + ∆bC5 = ρ+ ∆h+ γ5I + T

λ1L
′

1 = λ1(L1 + ∆bL1) = ρ+ ∆h− I + T + λ1W + λ1N1

λ2L
′

2 = λ2(L2 + ∆bL2) = ρ+ ∆h− γ2I + T + λ2W + λ2N2

λ5L
′

5 = λ5(L5 + ∆bL5) = ρ+ ∆h− γ5I + T + λ5W + λ5N5

(3.31)

where ∆h = hi − hj is the clock difference between receiver i and satellite j;

∆bP = bP,i − bjP and ∆bL = bL,i − bjL denote the bias difference between i and

j for code and phase, respectively.

This model reflects that the code or phase bias is inherent to each frequency

and the estimated phase ambiguity has integer property. Hence it allows for

zero-differenced ambiguity resolution after the phase bias correction. It is also

independent of the method of bias estimation on the network side and user can

implement the ambiguity resolution method of his choice (Laurichesse, 2012).

This uncombined biases ∆bP and ∆bL are referenced to the same clock ∆h

while ∆h is arbitrary and can follow any definition (Laurichesse and Privat,

2015). The convention chosen for the standard is the same as the one used by

IGS, namely:

∆h = ∆dtPIF
(3.32)

With this standard, the relationship between the uncombined and undiffer-

enced biases bP , bL and the original hardware delays KP , KL can be obtained
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as follows:

∆bP1 = −β(∆KP1 −∆KP2)

∆bP2 = α(∆KP1 −∆KP2)

∆bC5 = ∆KPIF
−∆KC5

λ1∆bL1 = ∆KPIF
−∆KL1

λ2∆bL2 = ∆KPIF
−∆KL2

λ5∆bL5 = ∆KPIF
−∆KL5

(3.33)

It can be seen that the code and phase biases bP , bL are not true signal hard-

ware delays but just can be added to the raw measurements with respect to

the defined clock.

3.6.2 Estimation of uncombined phase bias

In the dual-frequency case, bL1 and bL2 can be uniquely determined by the

previous WSB µ and the ’integer’ phase clock dtLIF
when dtPIF

is introduced.

Laurichesse and Langley (2015) gave the mathmatical transformation as below:

 bL1

bL2

 =
1

γ2λ1 − λ2

 −λ2 1

−γ2λ1 1


 µ− α1bP1 − α2bP2

(γ2 − 1)(dtLIF
− dtPIF

)

 (3.34)

In the triple-frequency case, however, different sets of µ and dtLIF
could be

generated depending on the the used frequency pair. It is difficult to use three

uncombined phase biases bL1, bL2 and bL5 to keep the integer nature of all

viable combinations. Laurichesse and Langley (2015) proposed to work with

combinations of biases and adpot the traditionaled WL/NL GPS scheme. The

WL biases bLi
−bLj

are computed first. The classical MW combinations and the

triple-frequency widelane-only ionosphere-free combinations are used to iden-

tify all the bLi
−bLj

and the remaining bL1 is estimated using the ionosphere-free

phase combination of L1 and L2.
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3.7 PPP models using CNES uncombined bi-

ases

3.7.1 GPS/Galileo multi-frequency ionosphere-estimated

PPP

Functional model

In Equation (3.31), after applying precise satellite clock products and the

CNES bias products, the terms hj, bjP and bjL can be eliminated. As a con-

sequence, one receiver clock per observable can be reparameterized at a user

end. Alternatively, a common receiver clock offset with additional receiver

clock biases may be defined in these equations as:

P1 = ρ+ dtG + I + T

P2 = ρ+ dtG + bP2 + γ2I + T

C5 = ρ+ dtG + bC5 + γ5I + T

λ1L1 = ρ+ dtG + bL1 − I + T + λ1W + λ1N1

λ1L2 = ρ+ dtG + bL2 − γ2I + T + λ2W + λ2N2

λ1L5 = ρ+ dtG + bL5 − γ5I + T + λ5W + λ5N5

(3.35)

Where dtG is the common GPS receiver clock offset and we omit the subscript

i of b. It is noted that for simplicity no change is marked in the bias terms but

they should be different from those in Equation (3.31).

Similarly, Galileo E1/E5a/E5b/E6 code and phase measurements are expressed

as:
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CE1 = ρ+ dtE + I + T

CE5a = ρ+ dtE + bCE5a
+ γE5aI + T

CE5b = ρ+ dtE + bCE5b
+ γE5bI + T

CE6 = ρ+ dtE + bCE6
+ γE6I + T

λE1LE1 = ρ+ dtE + bLE1
− I + T + λE1W + λE1NE1

λE5aLE5a = ρ+ dtE + bLE5a
− γE5aI + T + λE5aW + λE5aNE5a

λE5bLE5b = ρ+ dtE + bLE5b
− γE5bI + T + λE5bW + λE5bNE5b

λE6LE6 = ρ+ dtE + bLE6
− γE6I + T + λE6W + λE6NE6

(3.36)

where dtE is the Galileo receiver clock offset.

Instead of the usual method of converting the float ambiguity estimates to their

widelane combinations or using the Melbourne–Wüebbena (MW) combination

(Melbourne, 1985; Wübbena, 1985) to achieve the ambiguity resolution, an

explicit widelane-nested model is presented in Laurichesse and Privat (2015)

for GPS carrier-phase measurements in which the individual ambiguities are

configured as follows:

λ1N1 = λ1N1

λ2N2 = λ2(N1 +NWL)

λ5N5 = λ5(N1 +NWL +NEWL)

(3.37)

where NWL and NEWL are the GPS well-known widelane and extra-widelane

ambiguities. Likewise, the Galileo quadruple-frequency phase ambiguities in

Equation (3.36) can also be rearranged as:

λE1NE1 = λE1NE1

λE5aNE5a = λE5a(NE1 +NWL,E1E5a)

λE5bNE5b = λE5b(NE1 +NWL,E1E5a +NWL,E5aE5b)

λE6NE6 = λE6(NE1 +NWL,E1E5a +NWL,E5aE5b +NWL,E5bE6)

(3.38)
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where the subscript Galileo frequency pair indicates the used frequencies for

forming the widelane observation. These widelane ambiguities with long wave-

length (meter level) can be resolved more easily and thus the resolution is

usually performed in a cascading manner according to their wavelengths.

Implementation in Kalman filter

Assuming m GPS satellites (p1, ..., pm) and n Galileo satellites (q1, ..., qn) are

observed at an epoch, the states to be estimated in the above models Equa-

tion (3.35) and Equation (3.36) are:

x =
[
ϕ λ h ZTD dtG bP2 bC5 bL1 bL2 bL5

dtE bCE5a
bCE5b

bCE6
bLE1

bLE5a
bLE5b

bLE6

Ip1 Np1
1 Np1

2 Np1
5 ... Ipm Npm

1 Npm
2 Npm

5

Iq1 N q1
E1 N q1

E5a N q1
E5b N q1

E6 ... Iqn N qn
E1 N qn

E5a N qn
E5b N qn

E6

]T
(3.39)

where ϕ is latitude; λ is longitude; h is the geodetic height with reference to

the WGS84 ellipsoid surface; ZTD is the zenith tropospheric delay on the wet

component. p and q denote a specific GPS and Galileo satellite respectively.

The transition matrix of states in Equation (3.14) is set as identity. The G

matrix in Equation (3.16) with position spectral densities in the north east

and up directions is as follows:

G =


1

RN+h
0 0

0 1
(RE+h)cos(ϕ)

0
0 0 1

0

0 I

 (3.40)

whereRN andRE are the radii of curvature in the meridian and prime vertical.

Assume the measurement vector is arranged as :
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z =
[
P p1

1 P p1
2 Cp1

5 λ1L
p1
1 λ2L

p1
2 λ5L

p1
5 ...

P pm
1 P pm

2 Cpm
5 λ1L

pm
1 λ2L

pm
2 λ5L

pm
5

Cq1
E1 Cq1

E5a Cq1
E5b Cq1

E6 λE1L
q1
E1 λE5aL

q1
E5a λE5bL

q1
E5b λE6L

q1
E6 ...

Cqn
E1 Cqn

E5a Cqn
E5b Cqn

E6 λE1L
qn
E1 λE5aL

qn
E5a λE5bL

qn
E5b λE6L

qn
E6

]T
(3.41)

H =



Hp1
r,T Hp1

clk 0 Hp1
I,amb ... 0 0 ... 0

...
...

...
...

...
...

...
...

...
Hpm
r,T Hpm

clk 0 0 ... Hpm
I,amb 0 ... 0

Hq1
r,T 0 Hq1

clk 0 ... 0 Hq1
I,amb ... 0

...
...

...
...

...
...

...
...

...
Hqn
r,T 0 Hqn

clk 0 ... 0 0 ... Hqn
I,amb


(3.42)

with:

Hp
r,T =


Hp
ϕ Hp

λ Hp
h mw

Hp
ϕ Hp

λ Hp
h mw

Hp
ϕ Hp

λ Hp
h mw

Hp
ϕ Hp

λ Hp
h mw

Hp
ϕ Hp

λ Hp
h mw

Hp
ϕ Hp

λ Hp
h mw

 , Hp
clk =


1 0 0 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 1 0 1



Hp
I,amb =


1 0 0 0
γ2 0 0 0
γ5 0 0 0
−1 λ1 0 0
−γ2 0 λ2 0
−γ5 0 0 λ5

 , Hq
r,T =



Hq
ϕ Hq

λ Hq
h mw

Hq
ϕ Hq

λ Hq
h mw

Hq
ϕ Hq

λ Hq
h mw

Hq
ϕ Hq

λ Hq
h mw

Hq
ϕ Hq

λ Hq
h mw

Hq
ϕ Hq

λ Hq
h mw

Hq
ϕ Hq

λ Hq
h mw

Hq
ϕ Hq

λ Hq
h mw



Hq
clk =



1 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1


, Hq

I,amb =



1 0 0 0 0
γE5a 0 0 0 0
γE5b 0 0 0 0
γE6 0 0 0 0
−1 λE1 0 0 0
−γE5a 0 λE5a 0 0
−γE5b 0 0 λE5b 0
−γE6 0 0 0 λE6


(3.43)
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where mw is the tropospheric mapping function for the wet component; Hp
r

and Hq
r are the partial derivatives of ρp and ρq with respect to receiver position

r = [ϕ λ h]T . The line-of-sight vector [Hp
ϕ H

p
λ;Hp

h]T can be computed as:


Hp
ϕ

Hp
λ

Hp
h

 =


RN + h 0 0

0 (RE + h)cosϕ 0

0 0 1

Cn
e


∂ρp

∂rX

∂ρp

∂rY

∂ρp

∂rZ

 (3.44)

where [rX rY rZ ]T is the receiver coordinate vector in the Cartesian form. Cn
e

is the rotation matrix that transform coordinates from earth frame to a local

navigation frame.

The measurement noise matrix R in Equation (3.19) is usually diagonal and

weighted according to the elevation angles of satellites.

3.7.2 GPS/Galileo dual-frequency ionosphere-free PPP

Functional model

Equation (3.35) shows the undifferenced and uncombined GPS observation

model with the corrections of precise satellite clock products and CNES un-

combined code and phase biases. Applying the traditional ionosphere-free (IF)

combination on the first two frequencies, the IF code and phase observation

equations would be:

PIF = αP1 + βP2 = ρ+ dtGP + T

λIFLIF = αλ1L1 + βλ2L2 = ρ+ dtGL + T + λIFW +BIF

(3.45)

where dtGP = dtG+βbP2 ; dt
G
L = dtG+ (αbL1 +βbL2); BIF = λIFNIF = αλ1N1 +

βλ2N2, which can be decomposed as WL ambiguity and narrow ambiguity,

see Equation (3.23). The WL ambiguity can still be estimated from the MW

combination but with the uncombined biases instead of using the WSB in
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Equation (3.28) as below:

MWL1L2 = (L1 − bpL1
)− (L2 − bpL2

) + α1(P1 − bpP1
) + α2(P2 − bpP2

)

= NWLL1L2
+ µGi

(3.46)

where µGi =
bL1

λ1
− bL2

λ2
+α2bP2 is the receiver WL bias. After the WL ambiguity

is fixed, the remaining N1 can also be resolved using Equation (3.23) with the

eatimated BIF .

Similarly the Galileo E1/E5a IF model can be expressed as:

CIFE1E5a
= αE1E5aCE1 + βE1E5aCE5a = ρ+ dtEC + T

λIFE1E5a
LIFE1E5a

= αE1E5aλE1LE1 + βE1E5aλE5aLE5a

= ρ+ dtEL + T + λIFE1E5a
W +BIFE1E5a

BIFE1E5a
= λNLE1E5a

(NE1 +
λWLE1E5a

λE5a

NWLE1E5a
)

MWE1E5a = (LE1 − b
q
LE1

)− (LE5a − b
q
LE5a

)

+ α1E1E5a
(CE1 − b

q
CE1

) + α2E1E5a
(CE5a − b

q
CE5a

)

= NWLE1E5a
+ µEi

(3.47)

where αE1E5a =
γE5a

γE5a
−1

=
E2

1

E2
1−E2

5a
; βE1E5a = 1 − αE1E5a = − 1

γE5a
−1

= − E2
1

E2
1−E2

5a
;

α1E1E5a
=

λE1
−λE5a

(λE1
+λE5a

)λE1
; α2E1E5a

=
λE1
−λE5a

(λE1
+λE5a

)λE5a
.

Implementation in Kalman filter

Assuming m GPS satellites (p1, ..., pm) and n Galileo satellites (q1, ..., qn)

are observed at an epoch, the states to be estimated in the above models

Equation (3.45), Equation (3.46) and Equation (3.47) are:

x =
[
ϕ λ h ZTD dtGP dtGL dtEC dtEL

Np1
IF ... Npm

IF N q1
IFE1E5a

... N qn
IFE1E5a

]T (3.48)
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Assume the measurement vector is arranged as:

z =
[
P p1
IF λIFL

p1
IF ... P pm

IF λIFL
pm
IF

Cq1
IFE1E5a

λIFE1E5a
Lq1IFE1E5a

... Cqn
IFE1E5a

λIFE1E5a
LqnIFE1E5a

]T (3.49)

and the design matrix will be:

H =



Hp1
r,T Hp1

clk 0 Hp1
amb ... 0 0 0 0

...
...

...
...

...
...

...
...

...

Hpm
r,T Hpm

clk 0 0 ... Hpm
amb 0 0 0

Hq1
r,T 0 Hq1

clk 0 0 0 Hq1
amb ... 0

...
...

...
...

...
...

...
...

...

Hqn
r,T 0 Hqn

clk 0 0 0 0 ... Hqn
amb


(3.50)

with:

Hp
clk =

1 0

0 1

 , Hp
amb =

0

1

 , Hq
clk =

1 0

0 1

 , Hq
amb =

0

1

 (3.51)

The components of the measurement matrix R are also elevation-dependent

but are propagated from the standard deviations of original measurements

through IF combination.

3.8 Summary

This chapter formulates two PPP models using CNES uncombined bias prod-

ucts at a user side. The integer nature of the phase ambiguities in both of the

models can be preserved after applying the uncombined biases on the raw code

and phase measurements, which allows users to resolve phase ambiguities in

undifferenced mode. This flexibility of uncombined bias products simplify the

ambiguity resolution process and is more inherent to physical nature of GNSS

biases.

The current generation of CNES bias products are transformed from the WL

combined biases, which requires the computation of all possible WL ambigui-
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ties first. The direct estimation of these uncombined biases from uncombined

observation models is to be investigated.

In the next chapter, the methodology for assessing the two PPP models is

presented.



Chapter 4

Methodology for GNSS Precise

Point Positioning evaluation

4.1 Introduction

In this chapter, the methodology of GPS/Galileo PPP using CNES uncom-

bined bias products is presented. The internal software tool POINT developed

at Nottingham Geospatial Institute is introduced, which is mainly utilized to

perform analysis in this thesis.

This chapter is organised as follows: Section 4.2 gives the data sources used

in the PPP evaluation, including precise products and observation data; then

the POINT software tool used for PPP processing is introduced in Section 4.3,

with emphasis on newly developed features and comparison with external PPP

software; Section 4.4 presents the basic settings of POINT for PPP compu-

tation including ionosphere-free and ionosphere-estimated models, followed by

the positioning accuracy assessment manner; last this chapter is recapped in

Section 4.5.

4.2 Data sources

The International GNSS Service (IGS) has set up a Multi-GNSS Experiment

(MGEX) nearly a decade a ago (Steigenberger et al., 2013; Montenbruck and

Et.al, 2014) to track, collate and analyze all available GNSS signals. For ex-

49
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ample, it includes signals from modernized GPS and GLONASS satellites, the

relatively new BeiDou, Galileo, QZSS and space-based augmentation system

(SBAS). Since 2016, IGS has decided to terminate the experimental phase of

MGEX and pursue the IGS multi-GNSS activities as a pilot project with the

term ’MGEX’ retained.

As of summer 2022, there are around 365 IGS multi-GNSS stations globally

distributed. With the existing network of the IGS GPS/GLONASS reference

stations, more than 500 stations in total are available,

Observation data of these stations and the precise products such like orbit,

clock and signal bias for the new constellations are archived in the IGS data

centers and the analysis centers respectively. In the following, the IGS multi-

GNSS products from analysis centers GeoForschungsZentrum Potsdam (GFZ)

and Centre National d’Etudes Spatiales (CNES) used in the study are briefly

introduced, followed by the information of the selected station data.

4.2.1 IGS multi-GNSS products

The IGS multi-GNSS products usually include precise ephemerides, clocks,

earth orientation parameters (EOPs), site coordinates, atmosphere and com-

bined and uncombined biases. Currently seven IGS analysis centers (ACs)

are contributing dedicated multi-GNSS products routinely, which are Centre

National d’Etudes Spatiales (CNES), Collecte Localisation Satellites (CLS),

Groupe de Recherche de Géodésie Spatiale (GRGS); Center for Orbit Deter-

mination in Europe (CODE); GeoForschungsZentrum Potsdam (GFZ); Infor-

mation and Analysis Center (IAC); Shanghai Observatory (SHAO); Wuhan

University; Japan Aerospace Exploration Agency (JAXA).

Products from GFZ and CNES

Table 4.1 summarises the products from GFZ and CNES. It is noted that the

GFZ products have three modes: ultra-rapid (latency 3-9h; GPS, GLONASS,

Galileo), rapid (latency 1 day; GPS, GLONASS, Galileo), and final (latency

two weeks; GPS and GLONASS) while CNES/CLS only provides final-mode
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products. Both of these two analysis centers provide dual-frequency code and

phase uncombined bias products in the SINEX form and CNES/CLS also gen-

erates its conventional dual-frequency WSB and integer phase-clock products

for GPS and Galileo.

Table 4.1: Products of two IGS analysis centers: GFZ and CNES/CLS. The time
information are the sampling intervals of the products; the same below.

Products GFZ CNES/CLS

Constellation GPS(G)/GLONASS(R)/ G/R/E
Galileo(E)/BeiDou(C)/QZSS(J)

Satellite orbit 5 min; ∗.SP3

Satellite and station clocks 30 s;∗.CLK

Site coordinates None 1 d, ∗.SNX

EOPs 1 d, ∗.ERP None

Bias 1 d, ∗.BIA; Dual frequency; Code and phase

Satellite attitude 30 s;∗.OBX

CNES products in the PPPWIZARD project

Thanks to the CNES PPPWIZARD (Precise Point Positioning With Integer

and Zero-difference Ambiguity Resolution Demonstrator) project (Laurichesse,

2010), multi-constellation and multi-frequency code and phase bias products

are available for outside users for multi-frequency PPP with ambiguity reso-

lution and archived in their daily products portal. These products are issued

in both real-time and post-processed modes. Noted their post-processed bias

products have to be used with the GFZ MGEX rapid orbit and clock prod-

ucts for consistency reasons. Table 4.2 lists the CNES products in the PPP-

WIZARD project. It can be seen that the tracking channels of bias types in

real-time and post-processed mode are not exactly the same.
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Table 4.2: CNES products in the PPPWIZARD project. The bias types are refer-
enced to the bias file headers, which are also consistent with the RINEX document
(Gurtner and Estey, 2006).

Products Real-time Post-processed

Constellation G/R/E/C

Satellite orbit 5 min, ∗.sp3 -

Satellite clock 5 s, ∗.clk -

Bias 30 s, ∗.bia 30 s, ∗.BIA
Used with the above orbit

and clock
Used with GFZ MEGX rapid

orbit and clock
G code: C1P C2C

C1C, C1W, C2S, C2L, C2X, C2W
C5Q, C5X

G phase: L1C, L2W, L5I
R code: C1C, C1P, C2C, C2P
E code: C1C, C5Q, C7Q,C6C C1X, C5X, C7X, C6X, C8X
E phase: L1C, L5Q, L7Q, L6C L1X, L5X, L7X, L6X
C code: C5P C1X, C5X, C7Z, C8X

C1P, C7I, C2I C6I
C phase: - L7I

L2I, L6I
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Figure 4.1: Uncombined GPS satellite code and phase bias products generated at
CNES on 01/05/2021. Different color represents different satellite, the same below.
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Figure 4.2: Uncombined Galileo satellite code and phase bias products generated
at CNES on 01/05/2021

Figure 4.1 and Figure 4.2 demonstrate the CNES post-processed code and

phase bias products on 01/05/2021. These products are not only relevant to

the observable types and frequencies but also to the tracking modes or chan-

nels as indicated by the third character in the titles of the subplots (namely

the C, W, Q, C, W, I modes in the types C1C, C2W, C5Q, L1C, L2W and

L5I for GPS). These tracking modes should be considered when applying the

CNES bias products at a user side. It can be seen that the code biases are con-

stant values over the 24-hour period and the phase biases are relatively stable

on most of the frequencies despite some small variations (a few centimeters)

for specific satellites. The GPS L5 phase biases fluctuate more significantly

because of the inclusion of the IFCB for the GPS IIF satellites (Liu et al.,

2020).
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4.2.2 IGS multi-GNSS observation data

The observation data of the IGS multi-GNSS stations are archived in RINEX3

format and can be downloaded freely from IGS global data centers: Crustal

Dynamics Data Information System (CDDIS), Institut Géographique National

(IGN) and Bundesamt für Kartographie und Geodäsie (BKG). The daily RINEX

files are at 30 s update rate and the high-rate (1 Hz) data are also available

at selected stations.

The following Table 4.3 lists the information of the stations used in the PPP

evaluation. These selected stations are globally and evenly distributed and

routinely report both GPS and Galileo multi-frequency code and phase mea-

surements.

Table 4.3: General information of the stations used in the PPP test

Site Country
Receiver
Firmware

Antenna
Radome

Constellation

BRST France
TRIMBLE AL-
LOY 5.45

TRM57971.00
NONE

GPS,GLO,GAL,
BDS,SBAS

BSHM Israel
SEPT POLARX5
5.4.0

TRM59800.00
SCIS

GPS,GLO,GAL,
BDS,QZSS,IRNSS

POL2 Kyrgyzstan
JAVAD TRE 3
DELTA 4.1.01

TPSCR.G3
NONE

GPS,GLO,GAL,
BDS,QZSS

CUSV Thailand
JAVAD TRE 3
DELTA 4.1.01

JAVRINGANT
DM NONE

GPS,GLO,GAL,
BDS,QZSS

PERT Australia
TRIMBLE AL-
LOY 5.45

TRM59800.00
NONE

GPS,GLO,GAL,
BDS,QZSS

ZAMB Zambia
JAVAD TRE 3
DELTA 4.1.01

AOAD/M T
NONE

GPS,GLO,GAL,
BDS

BOGT Colombia
JAVAD TRE 3
DELTA 4.1.01

JAVRINGANT
DM NONE

GPS,GLO,GAL,
BDS

QUIN USA
JAVAD TRE 3
DELTA 4.1.01

ASH701945E M
SNOW

GPS,GLO,GAL,
BDS,QZSS

CEDU Australia
SEPT POLARX5
5.4.0

AOAD/M T
NONE

GPS,GLO,GAL,
BDS,QZSS,IRNSS

TID1 Australia
SEPT POLARX5
5.4.0

AOAD/M T
NONE

GPS,GLO,GAL,
BDS,QZSS

4.3 The POINT software tool

The POINT (Position Orientation and INTegration) software (Hide et al.,

2007) was initially developed at Nottingham Geospatial Institute (NGI) for

the integration of real-time kinematic (RTK) and Inertial Navigation System
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(INS). It is coded in standard C++ computer language and can be installed

on any supported environments. In this section, the GNSS-related modules in

POINT are presented first, including POINT features and POINT architecture.

Then the newly developed features based on POINT are given, followed by a

comparison with the CNES PPPWIZARD software.

4.3.1 General features of POINT

POINT provides a number of C++ libraries that can be assembled for multiple

GNSS applications apart from RTK or PPP. Three groups of features can

be summarised as: basic geodesy functions, file handling and GNSS error

modelling, which are listed in Table 4.4, Table 4.5 and Table 4.6 respectively.

Geodesy functions

Table 4.4: Basic geodesy functions in POINT

Time system conversion UTC ⇐⇒ GPST ⇐⇒ MJD

Coordinate system conversion ECEF ⇐⇒ Local NEU ⇐⇒ Body frame

Earth radii of curvature RN, RE

Parameter estimation Least-square, Kalman filter
UTC: Universal Time Coordinated; MJD: Modified Julian Date

File handling

Table 4.5: File handling in POINT

GNSS observation RINEX2 & RINEX3

GNSS ephemerides Broadcast ephemerides; Precise orbit and clocks

Bias products CNES WSB products and phase integer clocks
CODE DCB products

Sun moon position NASA SPICE files

Earth orientation data EOP 14 C04 (IAU2000A) (1962-now)

Antenna PCO/PCV IGS ANTEX file
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GNSS error modelling

Table 4.6: GNSS error modelling in POINT

Antenna PCO/PCV correction Both satellite and receiver

Phase wind-up effect Satellite yaw angle not considered

Phase cycle slip Detected and marked as lock time gap
Ambiguity states are reset

Site displacement correction Pole tide, Solid tide, Ocean loading

Relativistic effect Compacted in the signal temissionEarth rotation effect

Tropospheric delay
Model: EGNOS, Saastamoinen ...
Mapping function: EGNOS, Saastamoinen,
Neil ...

Ionospheric delay
Ionosphere-free combination
Slant ionospheric delay estimation
Higher order modelling

It is noted that POINT uses L1 PCO/PCV correction for L5.

For the PPP module in POINT, the specific features are listed in Table 4.7.

Table 4.7: POINT PPP features

Constellation GPS, GLONASS, Galileo, and BeiDou-2

Frequencies L1/L2/L5, G1/G2,
E1/E5a/E5b/E6, B1/B2

Ionosphere Ionosphere-free & ionosphere-estimated

Troposphere Wet ZTD estimation

Ambiguity resolution Single-difference and zero-difference
IF combined ambiguity

Integer estimator Integer rounding, LAMBDA, Bootstraping

4.3.2 The POINT structure

The POINT software can be divided into the modules as shown in Figure 4.3.
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Figure 4.3: Structure of the POINT software. Meas. is measurement. The same
below.

POINT has flexible design of data structure that allows for convenient variable

configuration in the initialisation stage. The loop in the center is driven by

input measurements and a process of kalman filtering including prediction

and update. The navigation output of POINT has multiple format and is

compatible with the Google earth XML for trajectory demonstration.

The following Figure 4.4 is the POINT initialisation module. Different posi-

tioning models can be configured such as ionosphere-free/ionosphere-estimated

PPP, PPP/INS integration etc. Different model corresponds to different pa-

rameters to be estimated, of which the initial values and constraints are set.

The spectral densities of the estimated parameters are also specified at this

step. Other configurations are also specified at this stage. This could be

satellite orbit/clock/bias products, error correction models, variable spectral

densities, output files etc.
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Figure 4.4: POINT Initialisation

The prediction module is shown in Figure 4.5. The dynamic model computes

state transition matrix. For PPP, this matrix is simply an identity matrix

but for PPP/INS fusion the acceleration and rotation of IMU will be involved.

Then the process noise for each variable is computed. With the state transition

matrix and process noise matrix, POINT is ready for prediction, which com-

putes the predicted state and its covariance matrix. When the kalman filter

is configured to reset with centain time interval, the reinitialisation process is

followed.

Figure 4.5: POINT prediction

When prediction is finished, POINT preprocesses the measurements from dif-

ferent sensors. For a typical GNSS receiver with POINT zero-difference con-

figuration, the satellite measurements of different constellations are classified

as range, range rate, MW combinations etc. as shown in Figure 4.6. Error
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correction models for different types of measurements are then applied for each

satellite. If the combined measurements are configured such like dual-frequency

ionosphere-free combination, the linear combination is then computed as well

as the related measurement noise matrix after combination. Currently, POINT

supports the combination of triple-frequency either code or phase measure-

ments with arbitrary coefficients. The combination between code and phase

like MW is not supported, which is the reason that the MW combination is

enumerated along with range and range rate and needs to be improved.

Figure 4.6: GNSS measurement retrieval in POINT. comb. is for combination

Figure 4.7 is the real Kalman update module in POINT. POINT supports

multiple types of measurements as are listed and each type of measurement

follows the same route. First compute the prefit residuals or innovation vector;

then form the design matrix for a specific measurement type. Thanks to the

data structure of POINT, the implementation of a new measurement model

can be carried out easily in this part.
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Figure 4.7: Measurement update in POINT. Obs. is observation; comp. is com-
putation.

Figure 4.8 is a typical process for the reading of GNSS RINEX format data

including parsing the header and record.

Figure 4.8: The module of reading GNSS measurements in POINT. RINEX stands
for Receiver INdependent EXchange GNSS measurement format.

Figure 4.9 shows the POINT output. The navigation solution position, ve-

locity and attitudes are printed to specified files. The Byproducts after each

GNSS measurement update are also yielded including atmosphere, receiver

clock bias/drift, phase ambiguity etc.
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Figure 4.9: The output module of POINT

4.3.3 Newly developed features

Thanks to the POINT features and structure, new applications can be ap-

pended easily. The PPP models with the CNES biases corrections in Sec-

tion 3.7 are implemented in POINT in this study and the newly developed

features are listed in Table 4.8.

Table 4.8: Newly developed PPP features in POINT

CNES uncombined bias reading SINEX format

CNES uncombined bias correction Simple linear interpolation
Indexed by temission

MW combination smoothing Both GPS and Galileo

Galileo DFIF PPP with AR bEL added
IF NL AR: Bootstrapping; Partial AR

Multi-frequency ionosphere-float

bP2 , bC5 , bL1 , bL2 , bL5

bCE5a
, bCE5b

, bCE6
, bLE1

, bLE5a
, bLE5b

, bLE6

N1, N2, N5, I1
NE1 , NE5a , NE5b

, NE6 , IE1 added
AR: combined WL ambiguities

PPP See Equation (3.37) and Equation (3.38)
BIE, independent AR

The key new features: CNES uncombined bias correction, Multi-frequency

ionosphere-float PPP and Independent ambiguity resolution are expalined in

the following:

CNES uncombined bias correction

The CNES uncombined bias products are applied to GNSS raw code and

phase measurements with the same observation codes or types. These obser-

vation codes for each constellation are listed in the header of a RINEX file.
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However, the codes in the RINEX2 file format only contains observation types

(code/phase/doppler) and frequencies. The channel or tracking mode attribute

of signal is not specified. In the RINEX3 format, all of these three elements

are included. The CNES bias products uses the observation codes compatible

with the RINEX3 format and thus the channel information has to be recorded

when reading the GNSS measurements. With the recorded observation codes,

the CNES uncombined biases can be matched and corrected to the GNSS

measurements. This correction process for GPS PRN01 codes L1C is shown

as an example in the following error correction module Figure 4.10 which is a

sub-module of Figure 4.6. It is noted that the signal emission time should be

computed first to index the bias products and a simple linear interpolation is

used for time tags that are not exactly matched.

Figure 4.10: The process of CNES uncombined bias correction in POINT.

Multi-frequency ionosphere-float PPP

With the CNES uncombined bias corrections, multi-frequency ionosphere-float

model can be established. At the receiver side, new receiver clock bias param-

eters apart from the original receiver clocks for each system are needed to be

configured. Undifferenced phase ambiguities on each frequency and slant iono-

spheric delay are also estimated, see Table 4.8.

Figure 4.11 shows the new variable registration in POINT, in which four spe-

cific classes (see Appendix A) are used to handle the new parameters.
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Register new variables

New receiver clock biases:

GPS:

Galileo:

New ambiguity and ionosphere states

E01 NE1 NE5a NE5b IE1NE6

br,P2 br,C5 br,L1 br,L2 br,L5

br,CE5a
br,CE5b

br,CE6
br,LE1

br,LE5a
br,LE5b

br,LE6

G01 N1 N2 N5 I1

StateManager

SpectralDensityManager

AmbiguityStateManager

IonosphereStateManager

Figure 4.11: New parameter registration in POINT

However, when adding or removing parameters, the consistence between these

classes is vital as it could cause severe index problem in the subsequent esti-

mation.

After adding the variables, the prefit residuals or innovation vector and design

matrix need to be computed and filled due to the contribution of new param-

eters. This is shown in Figure 4.12 and Figure 4.13 by an example of GPS

PRN01 phase measurement on L2.

Obs. minus comp. (OMC)

Prefit residual = L2 − comp./λ2

N2AmbiguityCheck:

comp. = ρ + dtr + solid tide + pole tide + T

Range G01 L2

+ br,L2 + λ2N2 − γ2I2

Figure 4.12: Innovation vector computation in POINT
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Design matrix

Range G01 L2

br,L2
N2... ...I2

λ21

Fill the design matrix of this row:

Param.:

Coef.: ... ...−γ2

Figure 4.13: Design matrix filling in POINT

The highlighted parts are related to the new variables for the L2 measurement

modelling. These two figures are sub-modules of Figure 4.7. The carrier-phase

ambiguity is reset when cycle slip is marked in the step ’AmbiguityCheck’.

Independent ambiguity resolution

An independent AR module is added in POINT as Figure 4.14. The ambigu-

ities are fixed at each epoch instead of being held from the fixed epoch. The

float states are assigned back for subsequent Kalman filtering.

Independent ambiguity resolution

Fix ambiguities

Output fixed solution

Assign float filter back

Duplicate float filter

Figure 4.14: Independent ambiguity resolution in POINT

4.3.4 Comparison with the PPPWIZARD software

The PPPWIZARD (Precise Point Positioning With Integer and Zero-difference

Ambiguity Resolution Demonstrator) software is an open source PPP client

software that is released by the CNES (Laurichesse, 2011; Laurichesse and Pri-

vat, 2015). It originally demonstrates the use of their widelane biases (WSB)
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and ’integer’ phase clock products for GPS legacy L1/L2 ionosphere-free ambi-

guity resolution (Laurichesse, 2011). As the uncombined phase bias products

are pushed forward (Laurichesse, 2012), an updated version are published for

the demonstration of multi-constellation multi-frequency PPP AR using their

uncombined bias products (Laurichesse and Privat, 2015). This software is

also programmed in C++ and dedicated to ionosphere-estimated PPP in the

current version. It supports triple-frequency GPS/Galileo/BeiDou-2 PPP with

AR. At the time of writing, an online PPP service (Laurichesse, 2010) is run-

ning and the PPPWIZARD package is not available currently.

The PPPWIZARD software is referenced for the implementation of uncom-

bined bias correction in the multi-frequency PPP model in this study. This

section presents the features and structure of PPPWIZARD, followed by a

comparison with POINT.

General feature

PPPWIZARD is a specific PPP processing software with features as listed in

Table 4.9.

Table 4.9: PPPWIZARD PPP features

Constellation GPS, GLONASS, Galileo, and BeiDou-2

Frequencies L1/L2/L5, G1/G2,
E1/E5a/E5b, B1/B2/B3

Ionosphere Slant ionospheric delay estimation

Troposphere Wet ZTD estimation

Ambiguity resolution Zero-difference
WL combined and N1 ambiguity

Integer estimator Bootstraping

It is not a completely independent software but employs libraries from RTKLIB

(Takasu, 2009) for reading data like satellite orbits, clocks and observations.

PPPWIZARD structure

Figure 4.15 shows the top leves of PPPWIZARD, which consists two mod-

ules: generateLowlevel and processLowlevel. The generateLowlevel outputs a

satellite-indexed table with all the orbit, clocks, biases, and observations. The

ProcessLowlevel loads the table and computes PPP solutions. This separated
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design facilitates the debugging process in PPP as the data is not read from

the raw input files.

Figure 4.15: The structure of the PPPWIZARD software

The internal structure of the processLowlevel is shown in Figure 4.16. As in

Figure 4.3, the core parts of this modules are Kalman prediction and measure-

ment updates.

Figure 4.16: The structure of the PPPWIZARD ProcessLowlevel module

Comparison between PPPWIZARD and POINT

Table 4.10 lists the properties of POINT and PPPWIZARD. POINT linearises

the geometric distance between satellite and receiver at predicted receiver co-

ordinates while the linearisation in PPPWIZARD is evaluated at receiver coor-

dinates based on code measurements. Moreover, the computation of Kalman

filtering in PPPWIZARD is directly in numerical form following algorithms

of covariance decomposition, which completes computing task more efficiently
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than the traditional vector/matrix form. PPPWIZARD does not include any

cycle slip detection method; instead, it estimates combined phase cyle slips to-

gether with ambiguity parameters, hence supporting the cycle slip correction

as well.

Table 4.10: Comparison between POINT and PPPWIZARD

POINT PPPWIZARD

Real-time data
stream

No Yes

Constellations GPS, GLONASS, Galileo and BeiDou

Frequencies L1/L2/L5, G1/G2 L1/L2/L5, G1/G2
E1/E5a/E5b/E6, B1/B2 E1/E5a/E5b, B1/B2/B3

Sun, moon, earth
position

IERS, NASA SPICE files Internal models

Observation
model

Ionosphere-free/-estimated Ionosphere-estimated

Linearisation At predicted states At receiver coordinates based on code measurements

Kalman filter
Vector/Matrix form UDUT decomposition
See Section 3.4 Bierman (1975)

Thornton and Bierman (1975)

Sat-dependent
param.

Specific data structure A pass indicator

Phase cycle slip Detected using observation Estimated together with
linear combinations ambiguities

PPP results using real data

Figure 4.17 and Figure 4.18 show the PPP results of POINT and PPPWIZ-

ARD using real data. The purpose of this comparison is mainly to justify

the POINT multi-frequency ionosphere-estimated PPP results with external

reference software PPPWIZARD. Table 4.11 is the related statistical results.

Table 4.11: RMS of PPP errors (after one hour) computed from PPPWIZARD and
POINT at station BRST on 10/09/2020. Unit: cm

Software High rate 30-s rate
N E U N E U

PPPWIZARD 2.69 4.40 9.78 3.78 5.05 10.76

POINT 2.03 4.39 3.92 1.84 2.20 4.34

It can be seen that POINT obtains a better converged positioning accuracy

for both high-rate (Figure 4.17) and 30-s sampling rate data (Figure 4.18).
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Figure 4.17: GPS triple-frequency ionosphere-estimated PPP results using high-
rate data at IGS station BRST
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Figure 4.18: GPS triple-frequency ionosphere-estimated PPP results using data
with 30 s sampling rate at IGS station BRST

4.4 Test configuration

4.4.1 POINT PPP settings

Table 4.12 is the settings of the POINT software for computing ionosphere-

free and ionosphere-estimated PPP solutions. The model noise values are

empirical, which are referenced from Laurichesse and Privat (2015).
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Table 4.12: POINT PPP settings

PPP ionosphere-estimated PPP ionosphere-free

Constellation GPS & Galileo

Frequency L1/L2/L5 E1/E5a/E5b/E6 L1/L2 E1/E5a

Meas. noise Code: 0.3 m; Phase: 0.01 cycle

Parameter estimation Extended Kalman Filter

Orbit and clocks GFZ rapid products

Biases CNES post-processed uncombined products

Elevation cut-off 7◦

Weighting function 1.001√
0.002001+sin2θ

where θ is the elevation angle (radian)

Antenna PCO/PCV correction igs14.atx

Site displacement
Pole tides and solid earth tides corrections

Earth orientation parameters: IERS EOP 14 C04
(IAU2000A); Solar system body ephemerides:

NASA NAIF SPICE files

Phase windup Wu et al. (1993)

Phase cycle slip detection Liu (2011)

Ionosphere

Higher-order terms are ignored
Estimation of slant

Ionosphere-free combinationionospheric delay on L1
Initial value and Std.: 0, 10 m

Model noise 2 mm/s

Troposphere
Saastamoinen model for the hydrostatic delay

Niell mapping function
Estimation on the zenith wet delay

Initial variance: 0.5 m; Model noise: 0.005 mm/s

Receiver code
clock

Initial value and Std.:
0,1000 m; Model noise

1000 m/s

-

Receiver
phase clock

- Initial value and Std.: 0, 0
m; Model noise 1000 m/s

Receiver state Model noise: 100 m/s

Additional
receiver clock
bias

Initial value and Std.: 0,0
m; Model noise 1 mm/s

-

Output
format

Geodetic latitude, longitude and height

4.4.2 Results evaluation

Accuracy

The IGS site coordinate products are used as reference to compute the po-

sitioning errors of all the selected stations during the testing periods. There

are transformed to a local NEU frame and the errors are demonstrated in the

following three forms:

• Typical repeatability
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For all the sessions of a testing day of a individual station, the superim-

posed positioning errors are depicted to show the typical performance of

PPP repeatability in the timeline. See Figure 5.2 for an example.

• Accuracy representative

The the 68th percentile (Banville et al., 2020) of the absolute positioning

errors after half an hour is computed for the accuracy assessment instead

of the RMS error to mitigate the impact from possible wrong ambiguity

fixing or outliers. See Figure 5.4 for an example.

• Error distribution histogram

All the positioning errors after half an hour are also counted in the con-

ventional frequency histogram with defined bin width. This histogram

reflects the distribution property of errors. See Figure 5.5 for an example.

Convergence Time

The convergence time for each session is defined as the time interval which

the 2 dimensional (2D) or 3 dimensional (3D) positional error takes to reach

a certain accuracy (5cm) for at least 10 or 20 successive epochs. These are

represented in a conventional frequency histogram with a defined bin width

of 10 min, i.e. where 10 denotes 5-15 min, 20 denotes 15-25 min, 30 denotes

25-35 min, etc. See Figure 5.6 for an example.

4.5 Summary

This chapter provides the information regarding the data sources, software

tool and results assessment manner for the GPS/Galileo PPP evaluation.

The POINT software tool with the newly developed features supports the pro-

cessing of GPS/Galileo ionosphere-free and ionosphere-estimated PPP. Mul-

tiple frequencies and phase ambiguity resolution are also supported. Accord-

ing to the results compared with the external CNES PPPWIZARD software,

POINT can be used as a precise tool for GNSS PPP application.

Nevertheless, POINT still needs to be improved for real-time data stream pro-

cessing and phase cycle slip correction under signal blockage conditions.
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Global PPP performance

analysis

5.1 Introduction

In this chapter, GPS/Galileo PPP using CNES uncombined bias products is

evaluated. Two PPP models: the ionosphere-free (IF) and the ionosphere-

estimated are tested with real IGS global observation data respectively. For

both cases, the uncombined code and phase biases are added to the raw mea-

surements, which keeps the integer property of phase ambiguities, thus allowing

ambiguity resolution. All the tests are computed using the POINT software.

The ionosphere-estimated PPP results have been published in the journal Re-

mote Sensing in early 2022 (Zhao et al., 2022).

This chapter is organised as follows: Section 5.2 presents the ionosphere-

free PPP ambiguity-float and ambiguity-fixed results; Similarly Section 5.3

presents the ionosphere-estimated results. Section 5.4 summarises the PPP

performance of all the tests and lists other potential research points regarding

the application of the CNES uncombined bias products.

71
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5.2 GPS/Galileo dual-frequency ionosphere-free

PPP

5.2.1 Test description

The PPP model in Section 3.7.2 is implemented in the POINT software (see

Section 4.3 ) and is applied to real GNSS measurements with a 30-s sampling

interval collected at eight IGS MGEX stations (see Table 4.3) from 19 to 21

May 2020. GPS L1/L2 and Galileo E1/E5a IF float PPP and ambiguity-fixed

PPP are configured and GFZ MGEX rapid precise orbit and clock products and

the CNES post-processed uncombined bias products are used (see Table 4.1

and Table 4.2). Figure 5.1 shows the distribution of the eight selected stations.

The Kalman filter is reset with an interval of three hours for each day at each

station, thus there are 192 testing sessions in total. A minimum time for NL

AR is set to half an hour in order to reach a reliable ambiguity resolution.

The LAMBDA (Least-squares AMBiguity Decorrelation Adjustment) method

(Teunissen, 1995) is used to search for the optimal integer ambiguity candidates

and the ratio test is used for validation of fixed solution. All the following

positioning tests are in the simulated kinematic mode which assigns a process

noise of 100 m/s for the coordinate estimates (see Table 4.12).
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Figure 5.1: Selected IGS stations for GPS/Galileo dual-frequency IF PPP test
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5.2.2 PPP results evaluation

Positioning accuracy

The PPP results of station BRST on 19/05/2020 are shown in Figure 5.2,

eight sessions are superimposed in each of the sub-plot. It clearly shows that

therepeatability on the three positioning error components are all improved in

the fixed setting (the three sub-plots on the right side), especially in the east

direction.
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Figure 5.2: GPS L1/L2 and Galileo E1/E5a ionosphere-free float (left) and fixed
(right) PPP results on 19/05/2020 at station BRST. (Different color represents
different session; dN, dE dU stand for positioning error in the north, east and up
direction respectively; G and E denote for GPS and Galileo; DFIF is dual-frequency
ionosphere-free, the same below)

From the ambiguity fixing rates in Figure 5.3, it can be seen that both GPS

and Galileo WL ambiguities have high fixing rates. It also shows that GPS

achieves higher NL-ambiguity fixing rate than Galileo, which could be caused

by the relatively less satellite number of Galileo system.



Chapter 5. GPS/Galileo dual-frequency ionosphere-free PPP 74

0.0

0.2

0.4

0.6

0.8

1.0

Fix
in

g 
ra

te

NG,WL
NG,N1

00:00 03:00 06:00 09:00 12:00 15:00 18:00 21:00 00:00
0.0

0.2

0.4

0.6

0.8

1.0

Fix
in

g 
ra

te
NE,WL
NE,N1

Figure 5.3: Ambiguity-fixing rate of GPS L1/L2 and Galileo E1/E5a ionosphere-
free PPP fixed solutions on 19/05/2020 at station BRST. The LAMBDA method is
used for ambiguity resolution and the ratio test for validation.

The 24-h positioning statistic error for both the ambiguity-float and ambiguity-

fixed solutions in this DFIF setting for all the selected stations are also com-

pared in Figure 5.4. Overall, comparing between the float and the fixed so-

lutions, a noticeable improvement in the east component for all the stations

could be found; the north and the up components also have slight improve-

ments for most of the stations and exhibit some exceptions, which could be

caused by improper setting of conditions for ambiguity resolutions.
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Figure 5.4: The 68th percentile of GPS/Galileo DFIF PPP solutions from selected
stations on 20/05/2020
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For all the 192 sessions the positioning errors (after half an hour within a

session) are counted in the histogram of Figure 5.5. It can be seen that the

east error distribution of the fixed solution has significantly higher frequency

around zero. The north component also shows slight accuracy improvement

while the improvement in the up direction is marginal.
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Figure 5.5: Histogram of GPS L1/L2 and Galileo E1/E5a ionosphere-free float
(left) and fixed (right) PPP errors (after half an hour) for all the 192 testing sessions
of the eight selected stations from 19/05/2020 to 21/05/2020

The 68th percentile (Banville et al., 2020) of the positioning errors is computed

instead of the root mean square (RMS) to mitigate the impact from possible

wrong fixing or outliers and listed in Table 5.1. The east component achieves

an improvement of 45% on accuracy. Ge et al. (2008) also reported marked

accuracy improvement on the east component of about 27% after AR for GPS

PPP, which is further improved by computing the NL FCB with ambiguity-

fixed GPS network solutions (Geng et al., 2012).

Table 5.1: The 68th percentile of positioning errors and convergence time average of
GPS L1/L2 and Galileo E1/E5a ionosphere-free PPP for all the 192 testing sessions
of the eight selected stations from 19/05/2020 to 21/05/2020

PPP model North (cm) East (cm) Up (cm)
Convergence
time
(3D<5cm)(min)

Float 0.87 1.73 3.12 45.1
Fixed 0.82 0.96 3.04 34.7
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Table 5.2 also lists the convergence time averages under different conditions.

It can be seen that the horizontal convergence is more rapid requiring about

20 min and longer successive condition requires a longer convergence time.

Table 5.2: The convergence time average of GPS L1/L2 and Galileo E1/E5a
ionosphere-free ambiguity-float and ambiguity-fixed PPP solutions for all the 192
testing sessions of the eight selected stations from 19/05/2020 to 21/05/2020. Unit:
min

Convergence condition Float Fixed

3D<10cm, 20 epochs 45.1 34.7

3D<5cm, 10 epochs 42.0 33

2D<5cm, 10 epochs 22.5 21.6

2D<5cm, 20 epochs 25.4 24.2

Convergence time

Figure 5.6 shows the convergence time distribution for all the testing sessions.

It clearly shows that the fixed solution achieves substantial improvement with

most sessions less than 100 min and many more sessions in the 25-35 min

bin, indicating the benefit of AR on accelerating the PPP convergence. Noted

that the convergence time here is defined as the time interval which the three-

dimensional (3D) positioning error takes to reach 5 cm accuracy for at least 20

successive epochs (10 min). It is also found that both float and fixed solutions

can obtain 3D error less than 10 cm in about 20 min on average. Table 5.1 also

lists the averaged convergence time for all the sessions. An improvement of

23% is achieved after AR. This convergence time acceleration is also confirmed

in many studies (Pan et al., 2017; Nadarajah et al., 2018; Glaner and Weber,

2021) for the dual-frequency PPP AR though the adopted constellations and

convergence definition vary.
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Figure 5.6: Histogram of GPS L1/L2 and Galileo E1/E5a ionosphere-free float
(left) and fixed (right) PPP convergence time (3D positioning error less than 5 cm)
for all the 192 testing sessions of the eight selected stations from 19/05/2020 to
21/05/2020

More detailed PPP results of each selected station during the testing days are

presented in Appendix B.

5.3 GPS/Galileo multi-frequency ionosphere-

estimated PPP

5.3.1 Test Description

The GPS/Galileo multi-frequency positioning models in Equation (3.35) and

Equation (3.36) have been applied to real data collected from 1 to 10 May 2021

with a 30-s sampling interval at nine globally distributed IGS (International

GNSS Service) MGEX (Multi-GNSS Experiment) stations. GPS L1/L2/L5

and Galileo E1/E5a/E5b/E6 code and carrier-phase observations are routinely

collected at these sites as shown in Figure 5.7.
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Figure 5.7: Selected IGS stations for GPS/Galileo multi-frequency ionosphere-
estimated PPP test

The POINT software was used for PPP implementation and results evalua-

tion. A common configuration of POINT for all the following tests is listed in

Table 4.12. Noted that the additional receiver clock bias refers to the terms

bP2 , bC5 , bL1 , bL2 and bL5 in Equation (3.35) for GPS and the same for the

terms in Equation (3.36) of Galileo.

Cycle slip detection is still indispensable in our implementation. Because when

fixing the undifferenced ambiguities, an ambiguity datum is needed to be

selected first. But when this selection happens on an ambiguity which has

unidentified cycle slip , a spike in the positioning error series is observed in our

results. For single-epoch processing, the cycle slip detection is not necessary

as the ambiguity is reset at each epoch. The classical geometry-free (GF) and

MW combinations (Blewitt, 1990; Liu, 2011) are used for cycle slip detection.

But this method suffers from high ionospheric activity and code measurement

noises Banville and Langley (2013).

The best integer equivariant (BIE) estimator (Teunissen, 2003; Odolinski and

Teunissen, 2020) is used for ambiguity resolution, see Section 3.5.3. The open-

source software goGPS (Herrera et al., 2016) is referenced for the implemen-

tation of this estimator. To mitigate the effect of wrong ambiguity fixing, the

ambiguities are resolved independently at each epoch.

5.3.2 Stochastic analysis

As shown in the multi-frequency model in Section 3.7, a series of widelane am-

biguities are configured to be estimated and resolved. Laurichesse and Banville
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(2018) evaluates the benefit of the Widelane Ambiguity Resolution (WAR)

to the range estimates through a Galileo single-satellite quadruple-frequency

model. In their analysis, the range precision can reach around 19 centimeters

after WAR with a priori 3 millimeters and 30 centimeters for the phase and

code standard deviation respectively. However, the advantage of the WAR on

the estimation of the remaining narrow-lane ambiguity is not presented. Fur-

ther more, with additional constraints provided from other satellite system on

the range parameter and the external ionospheric information, the effect of the

WAR on the resolution of the narrow-lane ambiguity is not clear. To further

explore the stochastic characteristics of the estimates with fixed widelanes, we

extended their model with the inclusion of pseudo measurements for the range

and the ionospheric parameters as below:

E {ys} = E





CE1
CE5a
λE1LE1
λE5aLE5a
λE5bLE5b
λE6LE6
ρ0
I0




=



1 1 0 0 0 0
1 γE5a 0 0 0 0
1 −1 λE1 0 0 0
1 −γE5a λE5a λE5a 0 0
1 −γE5b λE5b λE5b λE5b 0
1 −γE6 λE6 λE6 λE6 λE6
1 0 0 0 0 0
0 1 0 0 0 0




ρ
I
NE1
NWL,E1E5a
NWL,E5aE5b
NWL,E5bE6


= Asx̂s

D{ys} = Qys
(5.1)

where E {·} and D {·} are the expectation and dispersion operation. Qys is

diagonal and consists of the noise of the measurements. Then the covariance

matrix of

x̂s will be:

Qx̂s = (ATsQ
−1
ys As)

−1 (5.2)

When the float widelane ambiguities in x̂s are fixed, Qx̂s will be updated as:

Qb̌b̌ = Qb̂b̂ −Qb̂âQ
−1
ââQ

T
b̂â

(5.3)

where â is the ambiguity states to be fixed; b̂ is the remaining states of x̂s and

b̌ is the updated states.

Figure 5.8 shows the possible values of σρ̂ under different σcode and σphase
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with a loose constraint of 100 m for both σρ0 and σI0 . It can be clearly seen

that the range precision after fixing the three widelanes in Equation (5.1) is

substantially dependent on the variation of σphase while keeps nearly constant

over the specified range of σcode. For the precision of the estimated N̂E1, similar

pattern is also observed in Figure 5.9. In particular, at coordinate (0.3, 0.003),

σN̂E1
is still larger than one cycle which indicates the difficulty of resolving the

remaining N̂E1 instantaneously. Figure 5.10 displays that only when the range
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Figure 5.8: Contour of σcode, σphase, and σρ̂; The diagonal line has a slope of 1
100 ,

the same below
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Figure 5.9: Contour of σcode, σphase, and σN̂E1

is sufficiently precise would the resolution of N̂E1 be possible. which is mainly

due to its short wavelength(≈ 20cm); In the mean time, the contribution of

the precision of ionosphere is not significant.
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Figure 5.10: Contour of σρ0 σI0and σN̂E1

5.3.3 Multiple−epoch filtered positioning

The conventional PPP solution of the above model is first assessed with the fil-

ter reset every three hours. The code and phase measurements noise is set to 20

cm and 0.01 cycles at zenith respectively. The ambiguity resolution process is

performed independently at each epoch and the float states and its covariance

matrix are delivered to Kalman filter for next measurement update instead of

using the fixed states. This process is designed to mitigate the impact of possi-

ble wrong fixing and it is also easy to study the difference between the float and

fixed solutions, see Section 4.3.3. After resolving the extra-widelane, widelane

and the remaining ambiguities sequentially, the ambiguity-fixed positioning

solutions are more centered around zero and achieve more rapid convergence,

especially on the east component as displayed in Figure 5.11.
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Figure 5.11: Superimposed GPS L1/L2/L5 + Galileo E1/E5a/E5b/E6 ambiguity-
float (left) and ambiguity-fixed (right) PPP solutions at station BRST on
01/05/2021 (Different color represents different sessions; dn, de, du stand for po-
sitioning errors in the north east and up direction respectively; Each session has a
length of 3 hours or 10800 seconds as shown in the ticks of the horizontal axis.)

Obtaining these more aggregated fixed solutions still requires a certain period

of time (roughly half an hour) mainly caused by the slow convergence of N1

and NE1 ambiguities. These ambiguities are difficult to be fixed due to short

wavelengths and normally have lower fixing rate among all ambiguities.

For each session in Figure 5.11, the 68th percentile (Banville et al., 2020) of

the absolute positioning errors after half an hour is computed instead of the

RMS error to mitigate the impact from possible wrong fixing or outliers.

Figure 5.12 and Figure 5.13 show the ambiguity fixing rates of two integer

estimators. It can be seen that the both GPS and Galileo could achieve high

fixing rates for different kinds of ambiguities.
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Figure 5.12: Ambiguity fixing rates of GPS L1/L2/L5 + Galileo E1/E5a/E5b/E6
PPP fixed solutions at station BRST on 01/05/2021. The BIE estimator is used for
ambiguity resolution.
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Figure 5.13: Ambiguity fixing rates of GPS L1/L2/L5 + Galileo E1/E5a/E5b/E6
PPP fixed solutions at station BRST on 01/05/2021. The LAMBDA method is used
for ambiguity resolution and ratio test for validation. Partial ambiguity resolution
is used.

The 68th percentile of positioning errors from all the eight sessions on 01/05/2021

for each station is displayed in Figure 5.14. It can be seen that the east com-

ponent achieves substantial improvement from float to fixed solutions for all

the stations. The height component degrades at some stations after AR. It

was found that when using the BIE estimator, it is critical to set proper stan-

dard deviations (STD) for code and phase measurements. This is illustrated
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in Figure 5.15. It shows that the ambiguity-fixed height solutions are more

sensitive to the setting of code and phase STD. Figure 5.16 is another exam-

ple of fixed solutions at station BOGT with different seting of phase STD.

Therefore improper STD configuration could deteriorate the height accuracy

when evaluating as in Figure 5.14. However proper setting of STD for spe-

cific station requires to check its postfit code and phase residuals. Moreover,

currently no validation measure for the fixed solution from the BIE estimator

is implemented in this study and an effective method could be applied in the

future to check the difference between the fixed and the float solution to avoid

poor results for user output. Figure 5.17 shows the ambiguity-fixed solutions

using the LAMBDA method. It shows that output of this estimator could also

be affected by different setting of phase STD.
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Figure 5.14: The 68th percentile of GPS L1/L2/L5 + Galileo E1/E5a/E5b/E6
ambiguity-float and ambiguity-fixed PPP solution errors at all the selected stations
on 01/05/2021
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Figure 5.15: One session of PPP solutions with different settings of zenithal code
and phase STD at station bogt on 01/05/2021: float: σcode = 0.2 m,σphase =
0.01 cycles for both GPS and Galileo; fixed A: σcode = 0.2 m,σphase =
0.01 cycles for both GPS and Galileo; fixed B: σcode GPS = 0.1 m,σphase GPS =
0.015 cycles, σcode Galileo = 0.2m,σphase Galileo = 0.015 cycles ; fixed C: σcode GPS =
0.1 m,σphase GPS = 0.015 cycles, σcode Galileo = 0.2 m,σphase Galileo = 0.035 cycles;
dn de and du denote the error components in the north, east and up direction, the
same below.
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Figure 5.16: Superimposed GPS L1/L2/L5 + Galileo E1/E5a/E5b/E6 ambiguity-
fixed PPP solutions with different settings of phase STD at station BOGT on
01/05/2021. The BIE estimator is used for ambiguity resolution
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Figure 5.17: Superimposed GPS L1/L2/L5 + Galileo E1/E5a/E5b/E6 ambiguity-
fixed PPP solutions with different settings of phase STD at station BRST on
01/05/2021. The LAMBDA method is used for ambiguity resolution and ratio test
for validation.

Figure 5.18 is the distribution of the positioning errors accumulated from all

the sessions (after half an hour for each session) over the ten testing days of

the selected stations. It clearly shows that significant accuracy improvement

on the east component is observed after AR. The fixed north error components

are also more precise, while for the up direction no apparent improvement is

found. As shown in Table 5.3 , an improvement of 63% is obtained in the east

direction of the fixed solutions. However, the height solution after AR has a

marginal improvement. It is noted that current functional model is based on

the widelane combinations, and this strategy excludes the measurements if the

required frequencies for the widelane combination are not complete or valid in

the observation file. It is not uncommon when the receiver misses the measure-

ments on a specific frequency, and thus this widelane-nested solution will be

weakened due to reduced measurements. In order to assess this effect, the error

statistics of the ambiguity-float solutions based on the separated frequencies

were computed as listed in Table 5.3, which outperforms the widelane-nested

float solutions in both the north and especially the height components. In
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this study, all the ’float’ solutions presented refer to the widelane-nested or

-combined model.
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Figure 5.18: Histogram of GPS L1/L2/L5 + Galileo E1/E5a/E5b/E6 PPP
float (left) and fixed (right) errors at all the testing stations from 01/05/2021 to
10/05/2021. All types of ambiguities are resolved in the fixed solutions

Table 5.3: The 68th percentile of GPS L1/L2/L5 + Galileo E1/E5a/E5b/E6 PPP
errors at all the testing stations from 01/05/2021 to 10/05/2021 (unit: cm). Float∗

stands for the float solution based on the frequency-separated model; The Float and
Fixed solutions are from the widelane-combined model.

Model North East Up

Float∗ 1.3 2.64 4.34
Float 1.37 2.63 4.48
Fixed 1.16 0.98 4.44

The convergence time is also evaluated statistically from all the sessions. Here

it is defined as the time it takes to converge below 5 cm for at least 10 consecu-

tive epochs in the horizontal plane. Higher peak at around 25 min of the fixed

solutions is clearly shown in the histogram of convergence time of Figure 5.19.

From Table 5.4 the averaged convergence time is expedited by 17% after AR.

It is also noted that in Figure 5.19 and Figure 5.6 the percentage of float PPP

are slightly better than that of PPP-AR, which is also reported in Choy et al.

(2016) showing that a specific time period is first required for the float solution

to converge to then ensure correct ambiguity fixing.
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Figure 5.19: Convergence time (2D<5cm) histogram of GPS L1/L2/L5 + Galileo
E1/E5a/E5b/E6 PPP float (left) and fixed (right) solutions for all the testing sta-
tions from 01/05/2021 to 10/05/2021

Table 5.4: Statistics of convergence time (2D<5cm) of GPS L1/L2/L5 + Galileo
E1/E5a/E5b/E6 PPP float and fixed solutions for all the testing stations from
01/05/2021 to 10/05/2021 (unit: min)

Float Fixed

Average 35.1 29.2
Std. 25.3 14.4
68th percentile 37.1 29.6
median 28 25

Table 5.5 lists the statistic results of PPP fixed solutions with different settings

of minimum time for AR. It can be seen that this minimum value could affect

the statistic convergence time to some degree but this time period is still in

the vicinity of 30 min for these cases.

Table 5.5: Statistics of convergence time (2D<5cm) (min) and positioning errors
(the 68th percentile) (cm) of GPS L1/L2/L5 + Galileo E1/E5a/E5b/E6 PPP fixed
solutions with different settings of minimum time for ambiguity resolution for all
the testing stations from 01/05/2021 to 10/05/2021

Convergence time Min. AR time = 600 s Min. AR time = 1200 s

Average 38.9 36.7
Std. 23.5 23.9
68th percentile 44 42
median 34 31

Error

North 1.23 1.23
East 1.19 1.21
Up 4.73 4.78
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More detailed PPP results of each selected station during the testing days are

presented in Appendix B.

5.3.4 Single−epoch positioning

In this section, the single-epoch positioning results of the GPS/Galileo multi-

frequency model is studied. The filter is reset at each epoch for the ten testing

days of all stations. Only the widelane ambiguities are fixed in this test since

the remaining estimated ambiguity may still have noise level exceeding one cy-

cle as discussed in 5.3.2. As shown in Figure 5.20, the widelane-fixed solutions

have less dispersion than the float or code-only results. This improvement is

due to the instantaneously fixed widelane ambiguities. The float solutions are

completely determined by the code measurements since the phase ambiguities

are reset at each instant. Figure 5.21 is the related fixing rate and it shows

high fixing rates at each epoch for both GPS and Galileo.
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Figure 5.20: GPS L1/L2/L5 + Galileo E1/E5a/E5b/E6 single-epoch float and
fixed solution errors at station BRST on 01/05/2021; The float solution here means
that the filter is reset at each epoch and the phase measurements does not contribute
to the solution; The fixed solution only has the widelane ambiguities resolved( the
same below)

The 68th percentile of positioning error is still used for results evaluation. Fig-

ure 5.23 shows the percentile error for each station on 01/05/2021. It can

be seen that horizontal precision improvement is achieved for all the testing

stations while the height solutions from seven of them are negatively impacted
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Figure 5.21: Ambiguity fixing rates of GPS L1/L2/L5 + Galileo E1/E5a/E5b/E6
single-epoch fixed solution at station BRST on 01/05/2021. The filter is reset at
each epoch. The fixed solution only has the widelane ambiguities resolved and the
BIE estimator is used for ambiguity resolution.

by AR. It is found that the empirical standard deviations of the phase mea-

surements can significantly affect the height precision of the fixed solutions

as illustrated in Figure 5.22. Proper configuration of the GPS and Galileo

measurements standard deviations would help to achieve a better accuracy

in the up direction when using the BIE estimator and this requires further

investigation.

Figure 5.22: GPS L1/L2/L5 + Galileo E1/E5a/E5b/E6 single-epoch solutions at
station BRST on 01/05/2021. fixed A: σphase GPS = 0.02 cycles σphase Galileo =
0.03 cycles; fixed B: σphase GPS = 0.015 cycles σphase Galileo = 0.03 cycles;fixed C:
σphase GPS = 0.01 cycles σphase Galileo = 0.03 cycles
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Figure 5.23: The 68th percentile of GPS L1/L2/L5 + Galileo E1/E5a/E5b/E6
ambiguity-float and ambiguity-fixed single-epoch errors at the selected stations on
01/05/2021

As presented in the last section, the distribution of the positioning errors over

the ten testing days for all stations is presented in Figure 5.24, which shows

that both of the north and east errors of fixed solutions are more aggregated

around zero and have higher peak. From Table 5.6, the accuracy of the north

and east components after AR can reach 32 cm and 31 cm (68th percentile) im-

proved by 13% and 16% respectively. The height accuracy degrades as found in

Figure 5.23. As discussed in Figure 5.15, appropriate code and phase standard

deviation for specific stations when using the BIE estimator could improve the

results further. At the same time, more precise ionospheric information would

also benefit the single-epoch solution since there is no convergence process.
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Figure 5.24: Histogram of GPS L1/L2/L5 + Galileo E1/E5a/E5b/E6 single-
epoch float (left) and widelane fixed (right) solutions at the selected stations from
01/05/2021 to 10/05/2021

Table 5.6: The 68th percentile of GPS L1/L2/L5 + Galileo E1/E5a/E5b/E6 single-
epoch positioning errors at all the testing stations from 01/05/2021 to 10/05/2021
(unit: m).

Model North East Up

Float 0.37 0.37 1.11
Fixed 0.32 0.31 1.27

5.4 Summary

This chapter presents the GPS/Galileo ionosphere-free and ionosphere-estimated

PPP results using CNES uncombined bias products. It has been demon-

strated that the uncombined code and phase bias products can be applied

to ionosphere-free and ionosphere-estimated models and the combined phase

ambiguity or its uncombined form still have the integer property conserved,

thus allowing for integer ambiguity resolution. This chapter proves the flex-

ibility of these uncombined biases for ambiguity resolution of different PPP

models from a user side.

Based on the in-house software POINT, the GPS/Galileo zero-difference PPP

AR performance using the uncombined biases are highlighted as following:

The dual-frequency ionosphere-free ambiguity-fixed kinematic PPP can achieve

an accuracy of 0.82, 0.96, 3.04 cm on average in the north, east and up direc-
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tion respectively (68th percentile). In particular the east component obtains

a significant improvement of 45% compared to the float solutions. In terms of

the convergence, PPP is accelerated by 23% after AR for 3D error below 5 cm.

In the multi-frequency case, the ionosphere-estimated ambiguity-fixed solution

can achieve an accuracy of 1.16, 0.98 and 4.44 cm in the north, east and up

direction respectively (68th percentile). A significant improvement of 63% on

the east component is obtained with respect to the ambiguity-float solution.

The PPP convergence requires 29.2 min on average to be below 5 cm hori-

zontally after AR with an acceleration of 17%. Regarding the instantaneous

positioning capability of the multi-frequency model, an accuracy of 32 and

31 cm for north and east components (68th percentile) can be obtained after

WAR improved by 13% and 16% respectively relative to the code-only solu-

tion. The N1 and NE1 AR was deactivated in our single-epoch test as their

estimated precisions could still be larger than one cycle and not sufficient for

resolution.

With the use of additional measurements from other constellations, more

strengthened geometry would further benefit the multi-frequency PPP solu-

tion and it is anticipated that full ambiguity resolution would be more reli-

able at an instant even without external ionospheric correction. CNES now

also issues the uncombined satellite code and phase bias products for the

Chinese BeiDou satellite navigation system, the positioning performance of

GPS/Galile/BeiDou multi-frequency PPP is to be investigated, especially us-

ing this widelane-nested model.

Further investigation would also be required for the validation of the fixed so-

lutions and proper weighting between code and phase observation especially

when using the BIE estimator. A procedure of hypothesis test about the

empirical measurement standard deviation to determine proper measurement

weights for the BIE estimator should also be investigated.

Moreover, the performance of multi-frequency ionosphere-free PPP is also to

be studied, especially its single-epoch positioning ability.



Chapter 6

PPP integration with Inertial

Navigation System (INS)

6.1 Introduction

In the previous chapters, it is clearly shown that GNSS PPP is capable of

achieving centimeter-level positioning accuracy. However, this high-accuracy

capability would be deteriorated severely when frequent signal blockages hap-

pen in navigation. The Inertial Navigation System (INS) is an autonomous

system that does not require measurements to external signals. It provides

high-accuracy short-term position, velocity and attitude at a high data rate.

The integration of PPP and INS is expected to achieve better positioning per-

formance, especially in the harsh GNSS signal reception environment. In this

chapter, the integration models between GPS/Galileo PPP using CNES un-

combined bias products and INS are formulated including both loosely coupled

integration (LCI) and tightly coupled integration (TCI).The organization is as

follows: Section 6.2 presents the INS principle and reviews the PPP/INS in-

tegration architecture especially for the TCI; Section 6.3 gives the PPP/INS

integration models used in this study, which is presented in the form of Kalman

filter implementation; Section 6.4 briefly summarises this chapter.

94
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6.2 Background

6.2.1 INS principle

Inertial Navigation System (INS) is an autonomous, dead-reckoning system

using accelerometer and gyro measurements. It can provides precise velocity,

position and attitudes solutions in a short term. Due to the error accumula-

tion in integral, INS solution will drift over the measuring time span. The INS

principle including basic frame transformation, navigation equation and error

dynamics are presented in the following.

Frame transformation

• Earth frame e to local navigation frame n

Cn
e = Ry(−ϕ− π/2)Rz(λ)

Ce
n = (Cn

e )T
(6.1)

where C is called Direction Cosine Matrix (DCM) which is derived from

rotation matrix R. ϕ and λ are geodetic latitude and longitude.

• Local navigation frame n to body frame b

Cb
n = Rx(φ)Ry(θ)Rz(ψ)

Cn
b = (Cb

n)T
(6.2)

where ψ ,θ and φ are body’s yaw, pitch and roll angles with respect to the

local frame, which are also called Euler angles. Note that this angle rela-

tionship can also be described by quaternion and the conversion between

quaternion and Euler angles is commonly used in INS algorithms.

• The earth rotation rate vector

ωeie = [ 0 0 ωe ]T

ωnie = Cn
e ω

e
ie

(6.3)
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where ωe is the earth rotation rate.

• The transport rate vector The transport rate ωnen describes the rotation

of local frame with respect to the earth frame. It is related to the rate

of geodetic latitude and longitude as follows:

ϕ̇ = vN/(RN + h)

λ̇ = vE/(RE + h)

(6.4)

where RN,RE are radii of curvature in the meridian and prime vertical.

And we can also get:

ωnin = ωnie + ωnen (6.5)

INS navigation equation

The inertial navigation equation refers to the time derivatives of position,

velocity and attitude or quaternion as following:

ṙn =


ϕ̇

λ̇

ḣ

 =


1

(RN+h)
0 0

0 1
(RE+h)cosϕ

0

0 0 −1


vNvE
vD


v̇n = Cn

b f
b − (2ωnie + ωnen)×vn + gn

q̇ = Ωq =
1

2


0 −ωx −ωy −ωz
ωx 0 ωz −ωy
ωy −ωz 0 ωx

ωz ωy −ωx 0



q0

q1

q2

q3

 =
1

2

−q1 −q2 −q3

q0 −q3 q2

q3 q0 −q1

−q2 q3 q0


ωxωy
ωz


(6.6)

where rn = [ ϕ λ h ]T is the curvilinear position; vn = [ vN vE vD]T is the body

velocity (with respect to the earth) resolved in the navigation frame; f b is the

accelerometer measurements (in the body b frame); ωnie is the earth rotation

rate resolved in the navigation frame; ωnen is the transport rate, which describes

the rotation of local frame with respect to the earth frame; ωb = [ ωx ωy ωz ]T

denotes the gyroscope measurements with respect to a local navigation frame;

q = [ q0 q1 q2 q3 ]T is the attitude quaternion for conversion between body
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and navigation frame; gn is the gravity vector in the navigation frame and in

POINT it is approximated using the normal gravity γh at hegiht h above the

WGS84 ellipsoid (Heiskanen and Moritz, 1967). The 2nd-order Runge-Kutta

method is used in POINT to solve Equation 7.3 and navigation solution are

finally obtained.

INS error dynamics

when the coordinate transformation matrix and Euler angles represent a small

angle perturbation for which the small angle approximation is valid, the coor-

dinate transformation matrix becomes

Cb
n ≈

 1 ψ −θ
−ψ 1 φ

θ −φ 1

 = I − [ Ψ × ] (6.7)

where [Ψ × ] denotes the skew-symmetric matrix of the Euler angles. This

expression is frequently used in the derivation of the position, velocity and

attitude error derivatives as below:

δṙn = Frrδr
n + Frvδv

n

δv̇n = Fvrδr
n + Fvvδv

n + (fn×)εn + Cn
b δf

b

ε̇n = Ferδr
n + Fevδv

n − (ωnin×)εn − Cn
b δω

b
ib

(6.8)

Where δrn and δvn are the error states of position and velocity respectively;

δrn = [δϕ δλ δh]T , δvn = [δvN δvE δvD]T ; ε is attitude error in the form of

Euler angle and ε = [εN εE εD]T . F stands for partial derivative and the exact

expressions for Frr, Frv, Fvr, Fvv.Fer, Fev can be found in many textbooks like

Groves (2013) and Shin (2001). The attitude error components εN , εE and εD

correspond to pitch, roll and yaw angles respectively.

6.2.2 Review of PPP/INS integration

Loosely coupled architecture

The LCI of PPP or RTK and INS is in the domain of solutions (Scherzinger,

2000; Shin, 2001). As summarised in Gautier (2003), in LCI the GNSS receiver
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can be treated as a ”black box”. However, if there is a GPS outage, the GPS

stops providing processsed measurements and the inertial sensor calibration

from the GPS/INS filter stops as well. Elsheikh et al. (2018) studies the posi-

tioning performance of single-frequency loosely coupled PPP/INS integration

and show that sub-meter accuracy can be achieved with good satellite observ-

ability.

The architechture of LCI could be depicted as in Figure 6.1. The INS data rate

is usually much higher than the GNSS sampling and an alignment is required

at first. Then the kalman filter integrates the position and velocity solutions

by making differences to estimate the error states and corrects the sensors with

updated solutions.

PPP/INS LCI

PPP solution

User

No

Yes

Yes

Meas.
Update

PredictionINS solution

Comp.
difference

LCI Kalman filter

Time
aligned?

Figure 6.1: Architecture of loosely coupled integration between INS and PPP

Tightly coupled architecture

The TCI is in the GNSS measurements domain. A TCI structure limits the

problems due to satellite signal blockage and benefits from GNSS measurement

updates even if there are less than four satellites available for a complete GPS

navigation solution (Gautier, 2003). It is then possible for a TCI system to

remain high positioning accuracy in harsh GNSS reception environment.

The development of the PPP technique leads to a great variety of PPP/INS

TCI models. Zhang and Gao (2008) first proposed the model of tightly cou-

pled GPS dual-frequency ionosphere-free PPP and INS integration. It is an

undifferened PPP model as in Héroux and Kouba (2001); Kouba (2009) but
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the phase ambiguities are real-valued. Roesler and Martell (2009) assesses the

implementation of tightly coupled GPS PPP/INS filter in an airborne envi-

ronment and their results show an significant improvement during periods of

poor satellite geometry or after losses of lock. Du and Gao (2012) uses iner-

tial data to estimate the phase (range) variation between adjacent epochs to

determine the phase cycle slips in comparison with the computed phase mea-

surement time difference. Their results indicate this INS-based method can

effectively identify cycle slips and improve the performance of GPS PPP/INS

integrated system. Muhammad (2014) incorporated GLONASS into PPP and

assess the GPS/GLONASS PPP with loose and tight integration of low cost

inertial sensors in vehicular urban navigation. Their results show that the

inclusion of GLONASS measurements yields great improvement and an ac-

curacy of about 20 meters in position, about 2 m/s in velocity, about 2-3

degrees in roll/pitch angles and about 25 degrees in azimuth can be obtained.

But they also explained that the TCI suffers more of the blunders issue and

the LCI has the best results in this scenario. Abd Rabbou and El-Rabbany

(2015) investigate GPS PPP/ Micro-Electro-Mechanical System (MEMS) IMU

TCI and show that the between-satellite single-difference (BSSD) system per-

forms better in general than the undifference model. Gao et al. (2017b) study

the performance of GPS/GLONASS/BeiDou PPP tightly integrated with the

MEMS IMU and show that the additional satnavs significantly improve the

positioning accuracy. The benefits of multi-GNSS on PPP/INS convergence

and results during signal outage are also demonstrated. Gao et al. (2017a)

evaluates the results of tightly coupled integration of GPS/BeiDou PPP and

four different grades of INS using an ionosphere-estimated model and the and

the apriori constraints on the slant ionospheric delays are from the IGS Global

Ionosphere Maps (GIM) products. Vana et al. (2019) assesses the tightly

coupled GPS/GLONASS/Galileo/BeiDou PPP/MEMS IMU integration. The

dual-frequency ionosphere-free model is used and it is shown that the inte-

grated solution offers less than meter-level accuracy when there is a GNSS
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signal outage for half a minute.

As PPP with ambiguity resolution (AR) is increasing studied since around

2008, PPP/INS integration with AR also becomes popular. Han et al. (2016)

and Liu et al. (2016) study the GPS PPP/INS TCI with AR. The between-

satellite single-difference PPP model is used and the CNES WSB and ’integer’

phase clock products are applied for phase bias correction, which can actually

used directly in undifferend model. Both studies report significant accuracy

improvement after AR. Zhang et al. (2018) also studied the ambiguity-fixed

GPS PPP/INS TCI. The UPD products are used for AR and their model is

also single-differenecd and ionosphere-free. Their results show that for the

navigation- and tactical-grade IMU, significant improvement is obtained when

the outage duration is less than 10 s. Recently, undifferenced and uncombined

PPP model for integrated navigation is also demonstrated (Gu et al., 2021,

2022; Li et al., 2021, 2022b). Besides the additional bias correction, external

atmospheric information including tropospheric and ionospheric corrections

are also disseminated to user side, which is also referred as PPP-RTK. Li

et al. (2021, 2022b) show that PPP-RTK can converge almost instantaneously

and achieve centimeter-level accuracy when integrated with IMU and camera.

However their bias correction is still based on the conventional combined WL

and NL form instead of the uncombined observable-specific form.

Figure 6.2 is a general PPP/INS TCI structure.
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Figure 6.2: Architecture of tightly coupled integration between INS and PPP

For the ultra-tightly coupled integration, the INS outputs of position, velocity

and attitude, used as external inputs to a GNSS receiver, aid in the pre-

positioning calculations for faster signal acquisition and inteference rejection

during signal tracking (Gautier, 2003). This type of integration is in the re-

ceiver hardware level and more description on this can be found in Groves

(2013) and Morton et al. (2020).

6.3 PPP/INS integration using uncombined bias

products

This section presents mathematical models for PPP/INS integration with the

application of CNES uncombined bias products in a local navigation frame

n. The GPS/Galileo dual-frequency ionosphere-free PPP model is used, see

Section 3.7.2. These models are given in the form of Kalman filter implemen-

tation.

6.3.1 Loosely-coupled integration

Prediction

The discrete Kalman filter prediction step is presented in Section 3.4. For LCI

the estimated states may be expressed as:

x =
[
δrn δvn εn ba bg sa sg

]T (6.9)
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where b stands for biases of IMU sensors; ba = [baX baY baZ ]T is the IMU

accelerometer bias vector in the IMU XYZ frame; bg = [bgX bgY bgZ ]T is the

IMU gyro bias vector in the IMU axis tripod; s stands for scale factor of IMU

sensors.

The state transition matrix is not identity but comprises the contribution from

the IMU error dynamics. The dynamic matrix is formed as :

F =



Frr Frv 03×3 03×3 03×3 03×3 03×3

Fvr Fvv (fn×) Cn
b 03×3 Cn

b f
b 03×3

Fer Fev (−ωnin×) 03×3 Cn
b 03×3 Cn

b ω
b
nb

03×3 03×3 03×3 βba 03×3 03×3 03×3

03×3 03×3 03×3 03×3 βbg 03×3 03×3

03×3 03×3 03×3 03×3 03×3 βsa 03×3

03×3 03×3 03×3 03×3 03×3 03×3 βsg

 (6.10)

where β is the self-correlation time matrix for IMU sensor bias and scale factor

parameters. Then The state transition matrix Φ is computed according to

Equation (3.14). The spectral density matrix is defined as:

Q = diag{na ng σ2
ba σ2

bg σ2
sa σ2

sg} (6.11)

where na and ng are IMU sensors noises and σ is spectral density. And the

disturbance mapping matrix is as below:

G =


03×3 03×3 03×3 03×3 03×3 03×3

Cn
b 03×3 03×3 03×3 03×3 03×3

03×3 Cn
b 03×3 03×3 03×3 03×3

03×3 03×3 I3×3 03×3 03×3 03×3

03×3 03×3 03×3 I3×3 03×3 03×3

03×3 03×3 03×3 03×3 I3×3 03×3

03×3 03×3 03×3 03×3 03×3 I3×3

 (6.12)

Then the process noise matrix can be computed using Equation (3.16). And

the computation of the predicted states and covariance matrix follows Equa-

tion (3.13) and Equation (3.15).
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Measurements update

The measurements in LCI are the position and velocity difference between

PPP and INS, which can be expressed as:

z =

[
S(rnPPP − rnINS)− Cn

b l
b

vnDoppler − vnINS − Cn
b (ωbnb×)lb

]
(6.13)

where lb is the lever arm from IMU center to the antenna phase center; S is a

scale matrix to convert radian to meter:

S =

[
RN + h 0 0

0 (RE + h)cosϕ 0
0 0 1

]
(6.14)

This conversion avoids numerical instabilities in the computation of Kalman

gain. The design matrix is then formed as:

H =

[
S 03×3 03×3 03×3 03×3 03×3 03×3

03×3 I3×3 03×3 03×3 03×3 03×3 03×3

]
(6.15)

The measurements noise matrix can be expressed as:

R = diag{σ2
rnPPP

σ2
vnDoppler

} (6.16)

where the σ2
rnPPP

σ2
vnDoppler

can be the precision of the estimated position and

velocity from PPP solutions using the CNES bias products and doppler mea-

surements.

The update procedure follows Equation (3.18) and Equation (3.20).
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6.3.2 Tightly-coupled integration

Prediction

For the tight integration of GPS/Galileo dual-frequency ionosphere-free PPP

using CNES bias products and INS the states to be estimated could be:

x =
[
δrn δvn εn ba bg sa sg ZTD dtGP dtGL ḋt

G
dtEC dtEL ḋt

E

Np1
IF ... Npm

IF N q1
IFE1E5a

... N qn
IFE1E5a

]T
(6.17)

where m GPS satellites (p1, ..., p2) and n Galileo satellites (q1, ..., qn) are

assumed to be used. The dynamic matrix in this TCI case is formed as:

FTCI =

[
F 0
0 0

]
(6.18)

where F is the same as Equation (6.10). The spectral density matrix is formed

as:

Q = diag{na ng σ2
ba σ2

bg σ2
sa σ2

sg σ2
ZTD σ2

dtGP
σ2
dtGL

σ2

ḋt
G σ2

ḋt
E σ2

dtEC
σ2
dtEL

0}
(6.19)

where the spectral densities of all the ambiguities are set to zero. The distur-

bance mapping matrix is :

GTCI =

[
G 0
0 I

]
(6.20)

where G is equal to Equation (6.12).

Measurements update

Assume the measurement vector is arranged as:

z =
[
P p1
IF λIFL

p1
IF λL1D

p1
L1

... P pm
IF λIFL

pm
IF λL1D

pm
L1

Cq1
IFE1E5a

λIFE1E5a
Lq1IFE1E5a

λE1D
q1
E1

... Cqn
IFE1E5a

λIFE1E5a
LqnIFE1E5a

λE1D
qn
E1

]T
(6.21)
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and the design matrix will be:

H =



Hp1
r,v 0 Hp1

T Hp1
clk 0 Hp1

amb ... 0 0 0 0
...

...
...

...
...

...
...

...
...

...
...

Hpm
r,v 0 Hpm

T Hpm
clk 0 0 ... Hpm

amb 0 0 0
Hq1
r,v 0 Hq1

T 0 Hq1
clk 0 0 0 Hq1

amb ... ...
...

...
...

...
...

...
...

...
...

...
Hqn
r,v 0 Hqn

T 0 Hqn
clk 0 0 0 ... ... Hqn

amb


(6.22)

with

Hp
r,v =

Hp
ϕ Hp

λ Hp
h 0 0 0

Hp
ϕ Hp

λ Hp
h 0 0 0

0 0 0 Hp
vN

Hp
vE

Hp
vU

 (6.23)

where [Hp
vN
Hp
vE
Hp
vU

]T is the line of sight of vector in a local frame (also see

Equation (3.44)), which are the coefficients for the velocity parameters. HT

consists of the coefficients for ZTD and is a column vector with same elements

for all range measurements lines. The measurement weight or noise matrix are

set as Section 3.7.2.

6.4 Summary

The integration models of PPP and INS is presented in this chapter. The

GPS/Galileo dual-frequency ionosphere-free PPP model using CNES uncom-

bined bias products is used for integration. The selected PPP model is undif-

ferenced but allows for phase ambiguity resolution. For the INS part both of

the IMU biases and scale factors are estimated in the states. The integration

models are based on forward filtering, thus are suited for real-time navigation

scenario.

This study uses dual-frequency ionosphere-free PPP for the integration. It

requires more investigation to evaluate the multi-frequency ionosphere-free

PPP/INS integration using CNES bias products.
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Methodology for PPP/INS

integration

7.1 Introduction

The integration of GNSS Precise Point Positioning (PPP) and Inertial Naviga-

tion System (INS) in the software level is a Kalman filtering process. Both the

loosely-coupled integration (LCI) and the tightly-coupled integration (TCI)

use INS error dynamics in Kalman prediction.The GNSS solutions and mea-

surements are used for LCI and TCI measurement update respectively. This

integration is realised using our internal software POINT.

This chapter is organised as follows: Section 7.2 presents the INS mechaniza-

tion module of POINT and the newly developed PPP/INS integration struc-

ture; Section 7.3 presents the test settings for PPP/INS positioning including

a test train and a test van; finally this chapter is summarised in Section 7.4.

7.2 The POINT software

The POINT software (Hide et al., 2007) already contains a module for INS.

Multiple types of IMU sensors are supported including Crossbow IMU440CA,

Honeywell HG1700AG62, Analogue Devices ADIS16350, Samsung Galaxy Tablet,

Litef LCI. A profile is defined for each of these IMUs, which gives the IMU

specifications.
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7.2.1 INS implementation in POINT

Figure 7.1 shows the INS mechanization in a local frame inside the POINT

software.

Initialization

The Initialization module provides the initial position, velocity and attitude of

body frame. The initial position and velocity values can be from GNSS or other

sensors. The determination of initial attitude is also called alignment, which

aligns the initial body frame with respect to a local navigation frame. There are

different types of alignment methods including static alignment and dynamic

alignment. The coarse alignment and fine alignment are usually used for static

alignment. The dynamic alignment is usually achieved using a Kalman filter

Hide (2003).

Figure 7.1: INS mechanization in local frame

A coarse alignment for the initial roll and pitch angles by comparing the ac-

celerometers measurements with the modeled gravity vector can be computed

as:

φ = atan2(−fy, fx)

θ = atan2(fx,
√
f 2
y + f 2

z )

(7.1)

where the acceleromter measurement vector is denoted as f b = [fx fy fz]
T . If

the gyro measurements are also used, the DCM matrix between navigation
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frame and vehicle body frame can be determined in a static mode with (Shin,

2001):

Cn
b =


−tanϕ
γ

1
ωecosϕ

0

0 0 −1
γωecosϕ

−1
γ

0 0


 (f b)T

(ωbib)
T

(f b × ωbib)T

 (7.2)

where γ is the normal gravity vector. Then by transforming the DCM matrix

to the Euler angles, the vehicle attitude can be determined as

φ = atan2(c32, c33)

θ = −tan−1(
c31√

1− c2
31

)

ψ = atan2(c21, c11)

(7.3)

where ci,j with i,j = 1,2,3 is the element of Cn
b .

For low-cost IMU sensors the earth rate cannot be detected and external yaw

solution from a compass output or a dual-antenna GPS receiver needs to be

used.

Gravity model

The normal gravity on the reference ellipsoid surface is computed as:

γ = γa
1 + bγb−aγa

aγb
sin2ϕ√

1− a2−b2
a2

sin2ϕ
(7.4)

where ϕ denotes the geodetic latitude; γa and γb are the gravity at the equator

and the pole. a and b are the semi-major and semi-minor axes of the ellipsoid.

The gravity γh above the ellipsoid with height h is expressed as:

γh = γ[1− 2

a
(1 + f +m− 2fsin2ϕ)h+

3

a2
h2] (7.5)

where f is the ellipsoid flattening; m is a ratio between the centrifugal force

at equator and the gravity at equator. For more explanations on the normal

gravity, readers are directed to Heiskanen and Moritz (1967). The POINT

software computes the gravity using the WGS84 ellipsoid parameters.
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Error compensation

The POINT software uses a closed-loop INS error compensation. The gyro

accelerometer measurements are compensated as:

[
ωx
ωy
ωz

]
=

[
sgx 0 0
0 sgy 0
0 0 sgz

][
ωx
ωy
ωz

]
+

[
bgx
bgy
bgz

]
(7.6)

[
fx
fy
fz

]
=

[
sax 0 0
0 say 0
0 0 saz

][
fx
fy
fz

]
+

[
bax
bay
baz

]
(7.7)

where the subscripts x, y and z indicate the components along the IMU axes.

At each epoch the errors of the accelerometer and gyro biases are estimated in

the filter and corrected to the bias values before next epoch. The scale factor

estimation has the same procedure.

Conversion of attitude expression

The attitude in POINT is represented in both cosine direction matrix (DCM)

or coordinate transformation matrix and quaternion. The DCM is mainly

used in the computation of reference frame transformation while the attitude

quaternion form is used in the navigation euqations. The conversion between

the two attitude representations is as follows:

q0 =
1

2

√
1 + C1,1 + C2,2 + C3,3, q1 =

C2,3 − C3,2

4q0

q2 =
C3,1 − C1,3

4q0

, q3 =
C1,2 − C2,1

4q0

(7.8)

C1,1 = q2
0 + q2

1 − q2
2 − q2

3, C2,2 = q2
0 − q2

1 + q2
2 − q2

3, C3,3 = q2
0 − q2

1 − q2
2 + q2

3

C1,2 = 2(q1q2 + q3q0), C2,1 = 2(q1q2 − q3q0)

C1,3 = 2(q1q3 − q2q0), C1,3 = 2(q1q3 + q2q0)

C2,3 = 2(q2q3 + q1q0), C3,2 = 2(q2q3 − q1q0)

(7.9)
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Numerical solutions of navigation equations

The INS navigation equations of Equation (7.3) are solved using the 2nd-order

Runge-Kutta Methods. More examples of this numerical method can be found

in Chapter 25 of Chapra and Canale (2014).

7.2.2 Newly developed features

Thanks to the well-implemented INS module in POINT, the integration of INS

and PPP can be achieved easily. For both tight and loose integration the PPP

model with uncombined bias correction is used, which allows for the ambiguity

resolution in zero-differenced form.

PPP/INS loosely coupled integration

The PPP/INS LCI diagram in POINT is showed in Figure 7.2. The aligned

INS and PPP solutions are integrated in the LCI module, which estimates the

error states using Kalman filter. At the user end, three types of solutions are

available: INS, PPP, and PPP/INS LCI. The PPP module can output the

ambiguity-fixed solutions and thus LCI also supports the integration with the

ambiguity resolution.

PPP-AR/INS LCI

PPP-AR

User

INS

INS solution

Time Alignment

Read INS
meas.

INS mechan.

Meas.
update

Ambiguity
resolution

Read GNSS
meas.

Prediction

Fixed
solution

Prediction

Comp. difference

Meas. update

Integrated solutionLCI

Figure 7.2: The structure of PPP/INS loosely-coupled integration in POINT
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PPP/INS tightly coupled integration

The PPP/INS TCI structure is presented in Figure 7.3. When the GNSS

measurements are aligned with the INS solutions, TCI predicts the states using

the INS solutions. The linearization of satellite-receiver geometric distance is

also evaluated at the predicted position with the correction of IMU center to

the antenna lever arm. AR is also supported after measurement update. At

the user side, INS-only and TCI solutions are available.

PPP-AR/INS TCI

User

INS

INS solution

Time Alignment

Read INS
meas.

INS mechan.

TCI

Prediction

Meas. update

Ambiguity resolution

Integrated solution

PPP-AR

Read GNSS
meas.

Figure 7.3: The structure of PPP/INS tightly-coupled integration in POINT

7.3 Data sources and test setting

7.3.1 NGI test train

An electric train that runs on the roof of Nottingham Geospatial Building

(NGB) is a specially designed teaching and research facility at Nottingham

Geospatial Institute (NGI) for precise positioning test. The left of Figure 7.4

gives a view of the train and the right is a plan of the track of the train. The

triangles in the plan are a series of precisely measured control points, among

which the NGB2 permanent station with known coordinates is used as base

for computing RTK (Real-Time Kinematic) reference solutions.
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(a) train (b) train track

Figure 7.4: NGI train facility

Sensor configuration

The LEICA GS10 (Leica-Geosystems-AG, 2016) GNSS receiver is used for

collecting GNSS measurements. It can track GPS L1/L2/L5 and Galileo

E1/E5a/E5b signals. The Novatel SPAN UIMU-LCI (Novatel-SPAN-UIMU-

LCI, 2014) is used for measuring acceleration and rotation, which is a tactical

grade IMU. The installation of these sensors is shown in Figure 7.5. The GNSS

signal from the LEICA AS10 antenna is split into two routes: one is connected

to the LEICA GS10 and the other to the SPAN GNSS receiver, which is also

connected to the IMU. This connection synchronizes the GNSS and inertial

measurements to the GPS time frame. The purpose of the signal split is to

enable the SPAN IMU integration with external GNSS receiver e.g. LEICA

GS10, instead of using its internal GNSS receiver, , so that various advanced

algorithm could be tested.

Figure 7.5: Sensor installation
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Table 7.1 lists the sensor sampling rates, lever arm and installation angle. The

installation angle is applied to the raw inertial measurements to align the IMU

axes to the train frame. After alignment, the lever arm which is measured in

the train frame is applied to correct the reference point from IMU origin to

the GNSS antenna center. The train Y-axis is towards its front and the Z-axis

towards up and the X-axis forms the right-hand rule. Table 7.2 is the technical

specifications of IMU sensors.

Table 7.1: Sensor sampling rates, lever arm and installation angles of train test

GNSS data rate 10 Hz

IMU data rate 200 Hz

Installation angle 180 ◦ (roll), 0 ◦ (pitch), 0 ◦ (yaw)
from IMU frame to vehicle frame

Lever arm 0.783 m, 0.156 m, -1.011 m

Table 7.2: Specifications of IMU sensors

Gyro rate bias 0.5◦/hr

Angular random walk 0.15◦/
√
hr

Gyro rate scale factor 100 ppm

Accel. bias <1.0 mg

Accel. scale factor 250 ppm

7.3.2 NGI test van

A survey van as shown in Figure 7.6 is another teaching and research facility at

Nottingham Geospatial Institute (NGI) supporting the collection of different

types of data such like GNSS, INS, wheel sensor and camera. GNSS antennas

can be attached on the top frame.
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Figure 7.6: NGI survey van

Sensor configuration

The LEICA GS10 and Novatel SPAN UIMU-LCI are used to collect GNSS

and IMU data respectively as in Chapter 8. A spliter is also used for the time

synchronization of the two sensors. The IMU data is saved on board of the

SPAN GNSS receiver as shown in Figure 7.7:

(a) Novatel SPAN receiver (b) Novatel SPAN UIMU-LCI

Figure 7.7: Sensor instellation

Table 7.3 lists the sensor sampling rates, lever arm and installation angle.

Table 7.3: Sensor sampling rates, lever arm and installation angles of van test

GNSS data rate 1 Hz

IMU data rate 200 Hz

Installation angle 180 ◦ (roll), 0 ◦ (pitch), 0 ◦ (yaw)
from IMU frame to vehicle frame

Lever arm -0.626 m, 0.307 m, -0.543 m
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7.3.3 Reference software

RTKLIB

The post-processed relative positioning solutions with base the NGB2 station

(see Figure 7.4) and rover the LEICA GS10 on board of either train or van

are used to provide the reference solution, which was computed using the

open-source RTKLIB software (Takasu, 2009) with basic settings as listed in

Table 7.4:

Table 7.4: RTKLIB setting for reference computation

Ephemeride IGS GNSS Broadcast ephemeris

Constellation GPS, Galileo

Frequency L1+L2

Ionosphere OFF

Troposphere OFF

Filter Forward & Backward combined

Antenna PCO/PCV igs14 2188.atx
For both satellites and base and rover antennas

Inertial Explorer

The Inertial Explorer (IE) is a commercial software that is developed by the

NovAtel company. It can compute GNSS solutions including differential posi-

tioning and PPP, LCI and TCI. For each positioning mode, it also supports

forward and backward smoothing. The IE solutions have different quality state

as shown in Figure 7.8.

Figure 7.8: Inertial Explorer solution quality state number indication. Source:
NovAtel (2022)
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7.3.4 Results evaluation

The POINT computed solutions and the reference solutions are transformed to

a local NEU frame similar to Chapter 4. Then positioning errors are obtained

by making the difference of the computed and the interpolated reference solu-

tions.

The error RMS is computed for accuracy evaluation instead of the 68th per-

centile as the number of test sessions is very limited compared to Chapter 4.

See Figure 8.9 for an example. The 68th-percentile errors are also computed.

See Table 8.2, Table 8.3 and Table 8.4.

7.4 Summary

This chapter presents the software tool POINT and test settings for PPP/INS

LCI and TCI positioning test. Based on our internal software POINT which is

originally for RTK/INS integration, the new feature for PPP/INS integration

is developed. Our PPP model uses uncombined bias products allowing carrier-

phase ambiguity resolution in the fusion with INS. The positioning tests use

a test train and a test van with LEICA geodetic receiver and tactical IMU

sensors onboard.



Chapter 8

Train positioning test

8.1 Introduction

This chapter investigates the real-time positioning performance of GPS/Galileo

Precise Point Positioning (PPP) integrated with Inertial Navigation System

(INS) through a train positioning test. Six positioning modes including PPP,

PPP/INS loosely-coupled integration (LCI), PPP/INS tightly-coupled inte-

gration (TCI), PPP with ambiguity resolution (AR), PPP-AR/INS LCI and

PPP-AR/INS TCI are evaluated. In particular, the real-time uncombined bias

products from CNES are used for PPP ionosphere-free AR. This train position-

ing test has a good observability of GNSS satellites and could be able to achieve

centimeter-level accuracy. Simulated GNSS signal gaps are also inserted in the

data processing to show the benefit of the use of IMU measurements in the

case of signal blockage.

This chapter is organized as follows: Section 8.2 gives an overview of the ob-

servation data. Section 8.3 presents a preliminary comparison between three

reference solutions. Section 8.4 presents the PPP/INS integrated results. Sec-

tion 8.5 shows the positioning performance with GNSS signal gaps. Finally

the evaluation test is summarized in Section 8.6.
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8.2 Observation data overview

8.2.1 Reference and trajectory

The train positioning test was conducted from 16:49 to 18:30 on 7 March in

2022. Figure 8.1 shows the trajectory of the reference solutions computed by

RTKLIB (see 7.3.3) on the Google earth. The reference solutions uses a post-

processed forward-backward combined differential positioning with the base

NGB2 (see 7.3.1). 96.6% of the solutions are phase ambiguity-fixed.

Figure 8.1: Reference solutions on Google Earth. Green, yellow and red points
standard for fixed, float and single solutions respectively.

Figure 8.2 is the time line of train state during the test. It takes about one

minute for the train to complete a cycle along its track.

Figure 8.2: Time line of train positioning test on 07/03/2022
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8.2.2 Satellite visibility and raw inertial data

Figure 8.3 shows that about 12 GPS/Galileo satellites are available during the

test period. This satellite visibility suggests that high precision GNSS-only

solutions should be available. Figure 8.4 is the decoded raw IMU data.

0

4

8

12

16

20

# 
of

 sa
ts

 (G
+E

)

16:49 17:19 17:49 18:19
HH:MM

0

1

2

3

4

DO
P 

va
lu

e

GDOP
PDOP

Figure 8.3: GNSS satellite information of train test on 07/03/2022
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8.3 Comparison of reference solutions

This section compares the data processing results from three sources: RTKLIB,

Inertial Explorer (IE) and a PPP online service prior to the integration of PPP

and INS.

The commercial IE software is used to generate smoothed GNSS differential

positioning solutions and TCI solutions. The open-source software RTKLIB

is also used to generate differential results. The RTK (Real-time kinematic)is

simply used to refer to this precise differential positioning technique in spite

of post-processing. From Figure 8.5, it can be seen that during the static

periods, IE RTK solutions are consistent well with the IE TCI results, of

which the difference is within 1 cm; while the difference becomes noisy as

the train moves, which is around 3 cm. The RTKLIB RTK solutions are more

aggregated in the kinematic states with respect to IE RTK, of which the major

difference is around 2 cm.
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Figure 8.5: Comparison of reference solutions

The measured train data is also processed by using the CNES online PPP

service (Laurichesse, 2010). Its PPP service can provide post-processed PPP

solutions with AR in a NMEA output format. Figure 8.6 is PPP accuracy with

respect to the RTKLIB RTK solutions. It shows that the north and up error
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components clearly are biased from the middle static period by more than 10

cm but recover to high accuracy at the end. This abnormal drift still needs

further investigation as the detailed data processing strategy is not provided

in the online PPP service.

Figure 8.7 shows that the estimated receiver clock bias fluctuate upwardly from

around 17:55.

Figure 8.6: Train positioning results processed by CNES online PPP service. Gen-
erated by RTKLIB
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8.4 PPP/INS results

This section presents the real-time GPS/Galileo PPP/INS integrated results

with the measured train data. The ionosphere-free PPP model is selected for

the integration as the unknown ionospheric could cause difficulty in tuning the

Kalman filter to obtain the optimal integrated solutions. The GPS and Galileo

doppler measurements on the L1/E1 frequency are used for velocity estimation

with the noise of 5 cm/s. The CNES real-time uncombined bias products

are applied to the GNSS code and phase measurements before forming the

dual-frequency ionosphere-free combination to enable the estimation of integer

phase ambiguities.

The Bootstrapping method is used for phase ambiguity resolution (AR). This

method starts fixing the ambiguity with the minimal variance first and then

updates the float solutions and fixes the remaining ambiguities iteratively.

The ambiguity-fixing conditions for the estimated float widelane (WL) and

narrowlane (NL) ambiguities are listed in Table 8.1. Only the ambiguities

with conditions in Table 8.1 satisfied are fixed, therefore partial ambiguity

resolution (PAR) is enabled in the results. To mitigate the effect of wrong

ambiguity fixing, the ambiguities are resolved independently at each epoch.

Table 8.1: Ambiguity-fixing conditions for train test on 07/03/2022

Minimal time of tracking WL: 1 min, NL: 25 min
Maximal ambiguity precision 0.25 cycles
Maximal ambiguity residual 0.25 cycles

8.4.1 Positioning accuracy evaluation

The positioning results of six positioning modes are demonstrated in Figure 8.8.
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Figure 8.8: PPP/INS results of the train positioning test on 07/03/2022 with
respect to IE RTK solutions

It can be seen that for both ambiguity-float (left column) and ambiguity-fixed

(right column) solutions, the integrated results conform well with the PPP-

only solutions. The converged PPP results maintain high positioning accuracy

of within 10 cm during the test period mainly because of the good satellites

visibility as indicated in Figure 8.3. With phase ambiguity resolution the

east component of the three fixed solutions achieves noticeable improvement

compared with the related left part. However all the solutions still require

approximately 25 min to obtain converged solutions. There is no substantial

improvement in convergence time in the integrated solutions in this case.

The positioning error RMS of each mode is given in Figure 8.9. It clearly shows

that the ambiguity-fixed solutions has higher accuracy in all directions than the

ambiguity-float results. The ambiguity-float LCI and TCI solutions are almost

identical to the PPP accuracy; PPP-AR outperforms the ambiguity-fixed LCI

and TCI but it has smaller sample size.
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Figure 8.9: PPP/INS positioning error RMS of the train test on 07/03/2022 with
respect to IE RTK solutions

The detalied statistics of the six modes solutions are listed in Table 8.2, Ta-

ble 8.3 and Table 8.4. All the PPP/INS solutions obtain an accuracy below

10 cm in each direction. After AR, all the solutions achieve significant im-

provements in all components, which are around 9%, 9% and 7% for the North

component, 47%, 40% and 38% for the East component and 14%. 12% and 4%

for the height component, for PPP-AR, PPP-AR/INS LCI and PPP- AR/INS

TCI respectively. In this open-sky environment, the accuracy of PPP/INS

loose and tight integration is indeed close. The relatively low improvement of

the TCI could be caused by the improper setting of the weighing scheme for

code and phase measurements as well as the IMU sensor profile (e.g. gyro ran-

dom walk noise) when tightly integrating the inertial data. It was found that

this setting could greatly affect the integrated results. As a consequence, mul-

tiple tuning of Kalman filter stochastic modelling is required to obtain optimal

solutions, which would hamper real-time applications. More investigation is

required for the weighting scheme in TCI with AR.
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Table 8.2: Statistics of GPS/Galileo PPP and PPP-AR results of the train test on
07/03/2022. Unit: cm

Statistics PPP PPP-AR
N E U N E U

RMS 8.4 5.7 4.9 7.6 3.0 4.2
Mean -8.4 4.0 2.6 -7.5 -0.8 2.6
Std. 1.2 4.1 4.1 0.9 2.9 3.3

68th Percentile 9.1 6.9 5.6 7.9 2.2 3.6

Table 8.3: Statistics of GPS/Galileo PPP/INS LCI and PPP-AR/INS LCI results
of the train test on 07/03/2022. Unit: cm

Statistics PPP/INS LCI PPP-AR/INS LCI
N E U N E U

RMS 8.5 5.7 4.9 7.7 3.4 4.3
Mean -8.4 3.9 2.6 -7.6 -1.0 2.6
Std. 1.3 4.1 4.2 1.3 3.3 3.4

68th Percentile 9.0 6.8 5.7 8.1 2.3 3.9

Table 8.4: Statistics of GPS/Galileo PPP/INS TCI and PPP-AR/INS TCI results
of the train test on 07/03/2022. Unit: cm

Statistics PPP/INS TCI PPP-AR/INS TCI
N E U N E U

RMS 8.5 5.8 5.0 7.9 3.6 4.8
Mean -8.4 4.0 2.6 -7.8 -1.2 2.9
Std. 1.5 4.2 4.2 1.4 3.4 3.8

68th Percentile 9.0 6.7 5.7 8.3 3.1 5.1

8.4.2 Ambiguity fixing status

Figure 8.10 shows the status of ambiguity fixing for each observed satellite

during the train test. The IF ambiguity fixing starts after 25 min. More

GPS satellites have fixed IF ambiguities while only 2 Galileo satellites have

IF ambiguities fixed. The fixed ambiguities are not spread continuously along

the tracking time, which is mainly caused by the fluctuation of the float NL

ambiguities. This is demonstrated in Figure 8.11 and Figure 8.12.
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Figure 8.10: Time span of observed satellites and the ambiguity fixing states of
PPP-AR train positioning test on 07/03/2022

Figure 8.11: Precision and fractional parts of estimated GPS WL and NL ambi-
guities of PPP-AR train positioning test on 07/03/2022

It can be seen that the NL ambiguities requires longer time to converge than

that of WL due to the shorter wavelength. As the ambiguities converge, the

precision also becomes higher. The fixing criteria of these two factors are listed

in 8.1.
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Figure 8.12: Precision and fractional parts of estimated Galileo WL and NL am-
biguities of PPP-AR train positioning test on 07/03/2022

8.4.3 Velocity and attitude accuracy evaluation

Figure 8.13 shows the estimated velocity values. It can be seen that the veloc-

ities from doppler estimation are much more noisy than that of the integrated

solution. The integrated velocity results have higher accuracy with nearly all

components below 5 cm/s in Figure 8.14. It also shows that PPP AR slightly

degrades the solutions which needs to be further studied.
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Figure 8.13: Velocity errors of PPP/INS train positioning test on 07/03/2022 with
respect to IE TCI
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Figure 8.14: PPP/INS positioning velocity error RMS of the train test on
07/03/2022 with respect to IE TCI solutions

The heading direction in Figure 8.15 shows frequent spikes because the head-

ing angles of the train contain dramatic changes in the movement along the

curved path and the interpolated results will be also affected when comparing

with the reference. The accurate heading determination requires additional

alignment for this PPP/INS system. The roll and pitch errors are below 0.1 ◦

in Figure 8.16.
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Figure 8.15: Attitude errors of PPP/INS train positioning test on 07/03/2022
with respect to IE TCI
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Figure 8.16: PPP/INS positioning attitude error RMS of the train test on
07/03/2022 with respect to IE TCI solutions

8.4.4 Estimates of IMU sensor biases and scale factors

Figure 8.17 and Figure 8.18 are the estimated biases of three gyros and three

accelerometers, which indicate the performance of a typical tactical grade IMU.
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Figure 8.17: Estimated gyro bias drift of PPP/INS train positioning test on
07/03/2022
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Figure 8.18: Estimated accelerometer bias of PPP/INS train positioning test on
07/03/2022

Figure 8.19 and Figure 8.20 are the estimated scale factor of the three gyros

and three accelerometers. These parameters are in the vicinity of value one

and optional for the navigation of tactical grade IMU. Groves (2013) stated

that the lowest-cost sensors can exhibit significant scale factor asymmetry.
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Figure 8.19: Estimated gyro scale factor of PPP/INS train positioning test on
07/03/2022
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Figure 8.20: Estimated accelerometer scale factor of PPP/INS train positioning
test on 07/03/2022

8.5 PPP/INS gap analysis

In this section, simulated GNSS signal gaps are inserted in the train measured

data and the performance of the PPP/INS LCI and TCI modes are investi-

gated during these gaps. Two gaps are added during the forward period, one

gap for backward and one gap for static The gap length is set to one minute.
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The Kalman measurement update is skipped during the gap and only the pre-

dicted solutions are output.

Figure 8.21 shows the positioning performance with the four inserted gaps. It

can be seen that after each gap the solution has a reconvergence process due to

the reset of all phase ambiguities. When the ambiguities remain the original

state after gap, the solution can reconverge instantaneously. However this only

works providing that no phase cycle slips occur during the gap.

Scaling up to the gap duration, the absolute positioning errors within each

gap are presented in Figure 8.22. These solutions are Kalman predicted solu-

tions after INS mechanization and the raw IMU measurements are corrected

by the predicted gyro and accelerometer biases. It shows that the positioning

drift during a one-minute gap in kinematic state can be more than 15 m in

the north direction (e.g. gap3) while in static mode the horizontal drifts are

around 2.5 m (e.g. gap4). It also suggests that within the first 10 seconds

INS-only solution in a kinematic state can still remain high-accuracy results

and in the static case this high-accuracy period can even be extended to more

than 20 seconds.
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Figure 8.21: PPP-AR/INS LCI performance of train test with different handling
of phase ambiguities after each gap. The gap period is marked with grey shading.
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Figure 8.22: Positioning results during four gaps

The predicted accelerometer and gyro biases during the four gaps are de-

picted Figure 8.23 and Figure 8.24 respectively. It shows that the predicted

accelerometer biases are constant within the four gaps but the reference bias

values are varied except the static gap4 case. The reference gyro bias has

non-zero constant drift in the IMU-Z axis direction during the gaps.
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Figure 8.23: Predicted accelerometer biases during GNSS measurement gaps
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Figure 8.24: Predicted gyro biases during GNSS measurement gaps

Figure 8.25 shows the positioning performance with partial satellites available

for each gap. It can be seen that the positioning errors are substantially

reduced with the increased number of satellites. When scaling up to 1 m error

threshold of y-axis in Figure 8.26, it is clear that the initial high-precision

period can be extended longer with more satellites. The gap2 shows that the

positioning errors are within nearly half meter over the 1-min gap after adding

three satellites.
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Figure 8.25: PPP/INS TCI positioning performance with partial satellites available
for all four gaps. Y limit is set to 20 m
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Figure 8.26: PPP/INS TCI positioning performance with partial satellites available
for all four gaps. Y limit is set to 1 m

Figure 8.27 and Figure 8.28 show the changes of estimated gyro and accelerom-

eter biases by the partial satellites measurements update. Only the static gap4

biases has marginally variations.
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Figure 8.27: Estimated gyro biases during gaps with partial satellites available
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Figure 8.28: Estimated accelerometer biases during gaps with partial satellites
available
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8.6 Summary

This chapter highlights the application of uncombined bias products to PPP

integrated with INS. we present real-time GPS/Galileo PPP/INS positioning

results through a testing train in an open sky environment. The CNES real-

time orbit, clock and bias products are used for PPP and PPP with ambiguity

resolution (AR). The dual-frequency ionosphere-free PPP model is selected for

the integration with the inertial data. Based on our internal software POINT,

results of six positioning modes are presented with respect to the Inertial Ex-

plorer TCI solutions. It is found that ambiguity-float PPP has almost identical

performance with LCI and TCI, which can reach an accuracy of 8.5, 5.7 and

4.9 cm in the north, east and up direction respectively. After AR, all the so-

lutions achieve significant improvements in all components, which are around

9%, 9% and 7% for the North component, 47%, 40% and 38% for the East

component and 14%. 12% and 4% for the height component, for PPP-AR,

PPP-AR/INS LCI and PPP- AR/INS TCI respectively.

The GNSS signal has good continuity during the train test and about 12

GPS/Galileo satellites are visible. Under this good observation condition, the

benefit of additional inertial measurements to the positioning results is not

significant. So, four simulated one-minute gaps are inserted in the GNSS data

to investigate the positioning drift. The results show that in kinematic state

the drift can be more than 15 m in the north direction while in static mode

the horizontal drifts are around 2.5 m. Within the first 10 seconds INS-only

solution in a kinematic state can still remain a high accuracy of around 30 cm

and in the static case this high-accuracy period can be as long as more than

20 seconds. With the increased number of satellites, the positioning errors are

substantially reduced. In kinematic state, positioning errors could be nearly

within half meter over the 1-min gap after adding three satellites.

It is also found that in PPP-AR/INS TCI the weighting scheme of code and

phase measurements can have non-negligible impact on the positioning er-
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rors, which requires further investigation. Also the real-time PPP results are

expected to have further improvement when precise external information(e.g

ionosphere) is added which needs to be assessed, especially with the integration

of INS.



Chapter 9

Van positioning test

9.1 Introduction

This chapter investigates the real-time GPS/Galileo Precise Point Position-

ing (PPP) integrated with Inertial Navigation System (INS) through a van

positioning test around city center streets and complex road layouts. Unlike

the good GNSS observability in the train test in Chapter 8, frequent signal

blockages occur in this van positioning test due to vegetation, bridges and

city canyon. As a consequence of the signal interruption or low satellite avail-

ability, the PPP solution filter could have frequent reconvergences, which will

degrade the positioning accuracy significantly. With the aiding of INS, ei-

ther loosely-coupled integration (LCI) or tightly-coupled integration (TCI),

the PPP divergence in the gap could be mitigated, and better positioning re-

sults would be expected. Like the previous chapter, six positioning modes:

PPP, PPP/INS LCI, PPP/INS TCI, PPP with ambiguity resolution (AR),

PPP-AR/INS LCI and PPP-AR/INS TCI are evaluated.

This chapter is organized as follows: Section 9.2 presents a brief description

of the test. Section 9.3 and Section 9.4 present the PPP/INS testing results

in the complex road and city center respectively. Section 9.5 summarises the

positioning performance of this chapter.

139
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9.2 Test description

9.2.1 Reference and trajectory

Two van positioning tests were carried out, on a city-express road with fly-over

bridges from 15:20 to 17:19 on 27 January 2022, and in the Nottingham city

center from 10:30 to 11:30 on 11 February 2022. The commercial software

Inertial Explorer (IE) is used to compute reference RTK/INS TCI solution

with base the NGB2 station (see Figure 7.4) and rover the LEICA GS10 on

the van. The maximum baseline length during the van movement is around 3

km. Figure 9.1 is the trajectory of the reference solutions of the two tests on

the Google earth.

(a) Complex road test

(b) City center test

Figure 9.1: Trajectories of two van positioning tests



Chapter 9. Test description 141

9.2.2 Satellite visibility and raw inertial data

The PPP/INS measurements basic information are provided in this section,

for the two different test environments.

Complex road test

Figure 9.2 shows that the number of observed satellites has a lot of drops. Nev-

ertheless, approximate 12 satellites can still be recovered rapidly after these

sudden drops. Figure 9.3 is the decoded raw IMU data from three accelerom-

eters and three gyros.
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Figure 9.2: GNSS satellite information of road bridges test on 11/02/2022
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Figure 9.3: Raw IMU measurements of road bridges test on 11/02/2022

City center test

Figure 9.4 shows that the number of tracked satellites has significant decrease

at around 16:00 and 16:30 and requires more time to recover peak values
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compared to Figure 9.2, which indicates harsh signal reception environment

in the city center. The inertial measurements in Figure 9.5 have more spikes

than Figure 9.3.
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Figure 9.4: GNSS satellite information of city center test on 27/01/2022
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Figure 9.5: Raw IMU measurements of van test on 27/01/2022

9.3 Complex road positioning test

This section presents the real-time GPS/Galileo PPP/INS integrated results

on the complex road. The real-time satellite orbit, clock and uncombined bias

products are from French CNES analysis center. The Bootstrapping method

is used for ambiguity resolution (see Section 8.4 ).
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9.3.1 Positioning performance evaluation

Phase ambiguity status

Figure 9.6 shows that only G24 and E01 have fixed ionosphere-free (IF) or

narrow-lane (NL) ambiguities and only for a short period of time. These two IF

ambiguities are actually fixed as datum but the remaining ambiguities cannot

be fixed due to the frequent interruptions and the conditions in Table 8.1 are

not satisfied. Single WL ambiguity resolution (AR) is not beneficial to the

solution because the WL ambiguity is estimated from the geometry-free MW

combination in this dual-frequency setting. The van starts moving at around

10:45.
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Figure 9.6: Phase ambiguity status of road bridge test on 11/02/2022

PPP/INS results

Since only datum IF ambiguities and WL ambiguities can be fixed, the PPP-

AR results will be equivalent to PPP only with uncombined bias correction

and without AR. New notation ’PPP+bias’ to indicate this condition of near-

zero IF ambiguity fixing rate. Figure 9.7 shows the six modes of positioning

results. 79.6% of the reference IE solutions are ambiguity-fixed with quality

flag 1, which is usually corresponding to epochs with good satellite visibility

and has higher accuracy of 3D < 15 cm as shown in Figure 7.8. The quality flag
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2 or 3 of reference solution usually have poor observation conditions e.g. under

bridges and lower accuracy. The van starts moving at around 10:45. It can be

seen that PPP or PPP+bias solutions suffer from frequent noisy divergence

in all directions during the movement but can still re-converge rapidly. The

solution divergence is caused by a drastic drop of observed satellite number

or even data gaps as the van passes through a bridge. When no cycle slip

occurs during a short signal outage, the previous converged ambiguity could

continue to be applied to the re-captured phase measurements to compute

new innovations for measurement update of kalman filter. As a result, PPP

can converge almost instantaneously as shown in Figure 8.21. The PPP/INS

integrated results for both LCI and TCI can effectively eliminate the noisy

spikes and conserve high accuracy throughout the test. The INS acts as a

good complement during short GNSS signal blockage. Moreover, the TCI

solutions achieve the best accuracy. In particular, the additional uncombined

bias correction can improve the related PPP, LCI and TCI further especially

on the up component. Figure 9.8 shows the ionosphere-free code residuals after

filtering. It can be seen that the code residuals with bias correction are more

aggregated for both GPS and Galileo system.
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Figure 9.7: GPS/Galileo PPP/INS results of road bridge test on 11/02/2022
with respect to IE RTK/INS TCI solutions. The notation ’PPP+bias’ means low
ambiguity-fixing rate only with bias correction instead of the full AR of ’PPP-AR’
in Figure 8.8. (The same below). The background color indicates different quality
flags of reference solutions as in Figure 7.8

Figure 9.8: Postfit code residuals of GPS/Galileo PPP of road bridge test on
11/02/2022
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Re-convergence examples

Figure 9.9 is a two-minute example with signal outage due to bridges from

Figure 9.7. It clearly shows that after each bridge epoch(red vertical line)

PPP converges rapidly within a couple of seconds. The LCI and TCI solutions

maintain high precision (decimeter level) horizontally and TCI obtains more

accurate and steady height solutions. With the real-time uncombined bias

correction, all solutions are more aggregated, especially for the height com-

ponent, and TCI achieves the highest accuracy. Nevertheless, PPP+bias can

also converge to comparable high accuracy at the end of the session. It is also

shown that at the forth red-line epoch (10:53:50) TCL and LCI solutions have

significant drift. TCI uses around 6 seconds to recover steady solutions and

about 12 seconds for LCI to be below 1 m. TCI solutions also maintain higher

accuracy of nearly less than 1 m in all directions during the drift. This drift

is caused by a 4-s data gap when the van travels through a tunnel instead of

a short bridges, which is illustrated in Figure 9.10. It can be seen that PPP

solutions are drifted severely after entering the tunnel while the TCI solutions

are consistent well with the reference solutions. It is also noted that the refer-

ence solution quality status in Figure 9.10 becomes yellow or number 2 (lower

accuracy) from entering the tunnel and changes to number 1 (highest accu-

racy) as the van leaves the tunnel gradually which also shows the difficulty of

positioning during longer GNSS data gaps.
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Figure 9.9: Re-convergence example 1. The red lines indicate the epochs through
bridges (The same below).

(a) POINT PPP solutions

(b) POINT PPP/INS TCI solutions

Figure 9.10: Re-convergence example 1 on Google earth. The red epoch 10:53:51
signifies the van is in a tunnel. IE stands for the reference software: Inertial

Explorer (The same below)

Figure 9.11 gives another example of PPP re-convergence after bridge epochs.

In this case the additional uncombined bias correction accelerates the PPP

convergence to a few seconds horizontally and also improves PPP, LCI and
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TCI positioning accuracy. TCI as expected achieves the best performance

and preserve a decimeter-level accuracy during the session. Figure 9.12 is the

related satellite view of the first two bridge epochs. As in example 1, PPP-only

solutions show large drift under bridge at 11:15:26 while TCI solutions gives

the best consistency with the reference.
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Figure 9.11: Re-convergence example 2. The red epochs 11:15:14 and 11:1526
signify the van is under bridge.
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(a) POINT PPP solutions

(b) POINT PPP/INS TCI solutions

Figure 9.12: Re-convergence example 2 on Google earth

In order to measure the re-convergence time when the van passes a bridge or

has short signal blockage statistically. The positioning solutions are divided

into multiple sessions where a data gap starts or the number of satellites is

less than 2 at the beginning . In total, there are 61 sessions generated but

it is found that only parts of the sessions can converge to be less than 50 cm

horizontally, which are shown in Figure 9.13. A convergence time is computed

when the converged solutions are consecutive for more than 10 epochs. It can

be seen that TCI with bias correction has most samples that are converged

and the 68th-percentile convergence time is only 4.7s, which is improved by

94% compared to PPP-alone solutions. INS can aid PPP to converge rapidly

for both LCI and TCI. Bias correction can accelerate the convergence further.
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Figure 9.13: Histogram of convergence time when passing through bridges. 61
sessions are analysed.

Error statistics

Figure 9.14 shows the overall error RMS of each positioning mode. The com-

parison is divided by the quality of the reference solutions e.g. Ref. state 1

and 2 in the figure. For quality 1, without bias correction, TCI achieves the

best accuracy in the north, east and up direction, which is 38, 48 and 67 cm

and has an improvement of 25%, 21% and 32% respectively compared to PPP

of 51, 61, 99 cm. After applying the uncombined biases to PPP, LCI and TCI,

higher positioning accuracy is obtained in comparison with the uncorrected

solutions. TCI still gives the highest accuracy of 32, 29, 41 cm for the N E U

component, which is improved by 18%, 40%, and 39% respectively compared

with uncorrected TCI and by 37%, 52% and 59% with PPP-only solutions.

The east accuracy after bias correction is almost identical for the three modes

and the up component is improved most. The LCI performance is in the mid-

dle of PPP and TCI. For quality 2, the integrated solutions have substantial

improvement, especially for the height component, which can be 94%. The

horizontal accuracy is improved from around 2.5 m to decimeter level. LCI

and TCI have comparable accuracy and bias correction can improve the results

further.
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Figure 9.14: Error RMS of real-time GPS/Galileo PPP/INS results of road bridge
test on 11/02/2022

9.3.2 Velocity and Attitude errors

Figure 9.15 shows the estimated velocity errors of GNSS antenna. It is noted

that the lever arm is needed to transfer the IMU velocity to the antenna refer-

ence point (ARP). It is clear that the integrated solutions are more aggregated

than doppler estimation. The effect of bias correction is not significant. As

shown in Figure 9.16, the PPP or doppler velocity accuracy is 0.31, 0.42, 3.39

m/s in the N E U direction respectively and 0.15, 0.11, 0.03 m/s for that

of LCI. The TCI results are nearly identical to LCI. The integrated solution

achieves an improvement of 52%, 74% and 99%.
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Figure 9.15: GPS/Galileo PPP/INS velocity results of road bridge test on
11/02/2022 with respect to IE RTK/INS TCI solutions
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Figure 9.16: Velocity error RMS of real-time GPS/Galileo PPP/INS results of
road bridge test on 11/02/2022

Figure 9.17 shows the attitude errors. The yaw (heading) errors have many

spikes similar to Figure 8.15 in the train positionig test which is caused by

dramatic change of heading during the movement. The bias correction is also

not significant. The LCI attitude accuracy as shown in Figure 9.18 is 0.06,

0.05, and 1.89 ◦ for roll, pitch and yaw angles respectively. The TCI attitudes

have an improvement of 10% in the heading accuracy. The effect of the bias
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correction is still negligible.
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Figure 9.17: GPS/Galileo PPP/INS attitude results of road bridge test on
11/02/2022 with respect to IE RTK/INS TCI solutions
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Figure 9.18: Attitude error RMS of real-time GPS/Galileo PPP/INS results of
road bridge test on 11/02/2022

9.3.3 Estimates of IMU biases and scale factors

The gyro and accelerometer biases are critical to correct the raw IMU measure-

ments before INS mechanization. In Figure 9.19, the reference gyro bias drift

varies after around 11:00 in all directions while the POINT computed values

are close to zero indicating a constant gyro bias. The accelerometer biases

of reference estimates in Figure 9.20 are also not constant. These difference

could be caused by the applied bias spectral densities in the configuration file

or profile. The clear shift in the IMU Z direction could result from different

gravity models.
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Figure 9.19: Estimated gyro bias results of road bridge test on 11/02/2022 with
respect to IE RTK/INS TCI solutions
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Figure 9.20: Estimated accelerometer bias results of road bridge test on 11/02/2022
with respect to IE RTK/INS TCI solutions

For tactical IMU sensors, the scale factor error estimation is optional because

they should be close to 1 as shown in Figure 9.21 and Figure 9.22.
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Figure 9.21: Estimated gyro scale factor results of road bridge test on 11/02/2022
with respect to IE RTK/INS TCI solutions
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Figure 9.22: Estimated accelerometer scale factor results of road bridge test on
11/02/2022 with respect to IE RTK/INS TCI solutions

9.4 City center positioning test

This section provides the real-time PPP/INS results from the Nottingham city

center test.

9.4.1 Positioning performance evaluation

Ambiguity status

Due to vegetation and highrise canyons, GNSS signal blockage or gap can occur

more frequently during the city center positioning test. As in Figure 9.23,
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the ambiguities of the tracked satellites are not consecutive and has many

interruptions, which makes it difficult to fix the IF or NL ambiguities as in

Figure 9.6. Only two datum IF ambiguities can be fixed G25 and E30. As a

result, PPP-AR solutions are just corrected with biases and no IF ambiguity

resolution contributes to the results. The . notation ’PPP+bias’ is again used

to indicate this type of solution.

15:20 15:50 16:20 16:50 17:20
G02
G04
G05
G06
G12
G16
G18
G20
G24
G25
G26
G29
G31
G32

GPS

15:20 15:50 16:20 16:50 17:20
HH:MM

E02
E07
E11
E15
E19
E21
E27
E30

Galileo

amb. continuity WL amb. fixed IF amb. fixed

Figure 9.23: Phase ambiguity status of city center test on 27/01/2022

PPP/INS results

The van starts moving at around 15:35 and stops for about 15 min from around

16:35. It can be seen in Figure 9.24 that the PPP solutions re-converge sig-

nificantly several times during the movement where solutions diverge severely

along with large positioning errors. PPP+bias improves the results in some

degree (e.g. at around 17:10) but still suffers from frequent re-convergence.

The LCI solution mitigates the noisy spikes of PPP but the improvement is

marginal. The bias correction adds more aggregation in the up component.

The TCI solutions however eliminates the divergence effectively and obtains

the best performance of the test. TCI with bias correction can improve the

results further especially for the up component.
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Figure 9.24: Real-time GPS/Galileo PPP/INS results of city center test on
27/01/2022 with respect to IE RTK/INS TCI solutions

Examples on Google earth

Two time periods at around 15:56 and around 16:30 have the worst accuracy

in Figure 9.24, where significant drops of satellite number are also observed

in Figure 9.4. This poor satellite visibility is mainly caused by the trees and

buildings along the road in city center. Figure 9.25 is a two-minute example

from 15:56:00. The majority of reference solutions is in yellow state. It can be

seen that the PPP solutions show irregularities at two regions where a building

canyon (right of subfigure (a)) and dense vegetation(upper left of subfigure (a))

are observed on the map. The LCI solutions also show clear drift after the

building canyon. TCI solutions are closely adherent to the reference trajectory.
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(a) POINT PPP solutions

(b) POINT PPP/INS LCI solutions

(c) POINT PPP/INS TCI solutions

Figure 9.25: Example 2 of city center test on Google earth

Figure 9.26 is another example from 16:31:02 to 16:32:52. Vegetation is clus-

tered along the curved path and the reference solutions show a lot of red

states indicating a challenging signal reception environment. As expected the

the PPP solutions as well as as the bias corrected solutions have large incon-

sistency along the path. The LCI solutions are better yet still have clear shift

from the reference. The TCI solutions again gives the best consistency.
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(a) POINT PPP solutions

(b) POINT PPP/INS LCI solutions

(c) POINT PPP/INS TCI solutions

Figure 9.26: Example 1 of city center test on Google earth

Error statistics

In terms of overall error RMS as shown in Figure 9.27, the contribution of bias

correction is mainly on the up component and the horizontal accuracy is almost

equivalent to the solutions without biases for PPP, LCI and TCI. With respect

to reference state or quality 1 solutions, TCI achieves the best performance

with an accuracy of 47, 26 and 55 cm in the N E U direction respectively,

which improves the up component most by 43% after bias correction. The

bias-corrected LCI has an accuracy of 118, 49 and 179 cm on the N E U

component and PPP of 183, 51 and 242 cm. Though the reference state 2

solutions may be only as precise as decimeter -level, the echelon form is still

clear from PPP, LCI and TCI solutions.
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Figure 9.27: Error RMS of real-time GPS/Galileo PPP/INS results of city center
test on 27/01/2022 with respect to IE RTK/INS TCI solutions

9.4.2 Velocity and Attitude errors

From Figure 9.28, the integrated solutions has higher accuracy than doppler

estimation in all directions. As in Figure 9.29, the doppler velocity accuracy is

0.97, 0.29, 0.97 m/s. The TCI velocity accuracy is 0.04, 0.04, 0.02 m/s with

an improvement of 96%, 86% and 98%. The LCI solution has slightly poorer

accuracy in the up direction compared to TCI.
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Figure 9.28: Real-time GPS/Galileo PPP/INS velocity errors of city center test
on 27/01/2022 with respect to IE RTK/INS TCI solutions
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Figure 9.29: Velocity error RMS of real-time GPS/Galileo PPP/INS positioning
of city center test on 27/01/2022 with respect to IE RTK/INS TCI solutions

The attitude heading errors also show many spikes in Figure 9.31. This is

caused by small time offset after INS and GNSS time synchronization, which

is illustrated in Figure 9.30. It can be seen that the reference and computed

yaw angles are not strictly synchronized and interpolation will cause spikes

when there are dramatic changes in the heading direction.
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Figure 9.30: Reference (Inertial Explorer) and computed (POINT) yaw angles of
city center test on 27/01/2022. The lower panel is the two superimposed heading
solutions. The upper panel is a scale-up view of the local part indicated by the red
arrow.

The LCI and TCI solutions are almost identical. As in Figure 9.32, the attitude

accuracy is 0.01, 0.01, 0.52 ◦ in this city center positioning test.
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Figure 9.31: Real-time GPS/Galileo PPP/INS attitude errors of city center test
on 27/01/2022 with respect to IE RTK/INS TCI solutions
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Figure 9.32: Attitude error RMS of real-time GPS/Galileo PPP/INS positioning
of city center test on 27/01/2022 with respect to IE RTK/INS TCI solutions

9.4.3 Estimates of IMU biases and scale factors

The estimated gyro bias drifts and accelerometer biases by POINT as shown

in Figure 9.33 and Figure 9.34 are in the same magnitude level with reference.

The difference could still come from the different profiles that are applied.
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Figure 9.33: Estimated gyro bias results of city center test on 27/01/2022 with
respect to IE RTK/INS TCI solutions
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Figure 9.34: Estimated accelerometer bias results of city center test on 27/01/2022
with respect to IE RTK/INS TCI solutions

The estimated scale factor errors in Figure 9.35 and Figure 9.36 are also very

close to one as in the previous tests.
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Figure 9.35: Estimated gyro scale factor results of city center test on 27/01/2022
with respect to IE RTK/INS TCI solutions
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Figure 9.36: Estimated accelerometer scale factor results of city center test on
27/01/2022 with respect to IE RTK/INS TCI solutions

9.5 Summary

In this chapter the GPS/Galileo PPP/INS positioning performance with CNES

real-time orbit, clock and bias products is evaluated through two van tests.

One of the test is conducted on a city-express road where several bridges ex-

ist. The other is around Nottingham city center where dense vegetation and

building canyons are spread along the path. Six positioning modes are tested.

The dual-frequency ionosphere-free PPP model is used for the integration.

Frequent drops of number of visible satellites during the two tests directly cause

multiple re-convergences in the PPP solutions, in which the IF AR is not fea-

sible though phase biases are corrected. With respect to the IE RTK/INS TCI

reference, in the complex road test PPP-alone has an accuracy of 51, 61, 99

cm in the N E U direction respectively. TCI achieves the best accuracy, which

is 38, 48 and 67 cm with an improvement of 25%, 21% and 32% respectively

compared to PPP. The LCI performance is in the middle of PPP and TCI.

After applying the uncombined biases, higher positioning accuracy is obtained.

TCI still gives the highest accuracy of 32, 29, 41 cm for the N E U component,

which is improved by 18%, 40%, and 39% respectively compared with uncor-

rected TCI and by 37%, 52% and 59% with PPP-only solutions. In the city

center test, the contribution of bias correction is mainly on the up component.

The bias-corrected TCI still achieves the best performance with an accuracy
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of 47, 26 and 55 cm in the N E U direction respectively, which improves the up

component most by 43% after bias correction. The bias-corrected LCI solution

has an accuracy of 118, 49 and 179 cm on the N E U component, and the PPP

solution of 183, 51 and 242 cm.

PPP/INS TCI can effectively reduce solution divergence and maintain high

accuracy during temporary signal blockage and short data gaps (e.g. a couple

of seconds). PPP with phase cycle slip correction (CSC) can also accelerate

re-convergence, and the performance of TCI with CSC, or even single-epoch

PPP is to be investigated in the future.



Chapter 10

Conclusions and perspectives

10.1 Conclusions

10.1.1 General remarks

The performance of GPS/Galileo PPP integrated with Inertial Navigation Sys-

tem (INS) is investigated in this thesis. Both loosely coupled integration (LCI)

and tightly-coupled integration (TCI) are developed and evaluated based on

our in-house software POINT.

The additional layer of the bias correction for PPP uses the CNES latest

uncombined bias products. This uncombined bias representation can be refer-

enced to arbitrary clock definition and its form is closer to the physical nature

of signal hardware delays. This formulation is also independent of the network

estimation and user application. These uncombined bias products are directly

added to the raw code and phase measurements, and the phase ambiguity or

its combinations can conserve the integer nature. The CNES uncombined bias

products were applied along with the corresponding precise satellite orbits and

clock to two GPS/Galileo PPP models for AR : dual-frequency ionosphere-free

(DFIF) model multi-frequency ionosphere-estimated (MFIE) model, which val-

idates the flexibility of this uncombined bias products in different user mod-

elling. Therefore users can establish positioning models at their own choice

with the availability of phase AR using the same uncombined form of biases.

167
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This assessment is the first part of this thesis and is reflected in Objective 1

& 2 in Section 1.2 .

Then the uncombined bias products are applied to the GPS/Galileo PPP/INS

integrated models. The LCI integrates the INS and PPP or PPP-AR solutions

by an independent Kalman filter. The LCI filter uses the difference between

the PPP and INS positioning solutions as measurements to update the pre-

dicted states from INS error dynamics. When there is PPP solutions outage,

LCI will only output INS solutions, which fills the GNSS solution gap but

degrades over time and the quality is closely related to the grades of IMU. The

TCI has the same prediction procedure as LCI, but updates the predicted so-

lution using GNSS raw measurements, which is similar to PPP. The raw code

and phase measurements are corrected with the CNES satellite uncombined

biases to enable AR. When only limited number of satellites are available, TCI

can still output solutions with higher accuracy than that of PPP. In general,

when satellite availability is good, PPP, LCI and TCI would have similar per-

formance, but when there is poorer satellite visibility, TCI would outperform

LCI and PPP. For both TCI and LCI, ambiguity-fixed or bias-corrected solu-

tion can achieve better accuracy than the ambiguity-float solution. This is the

second part of the thesis and reflected in objective 3 & 4 in Section 1.2.

10.1.2 Remarks on Objective 1 & 2

Objective 1: To implement and evaluate GPS/Galileo dual-frequency ionosphere-

free PPP and PPP AR using uncombined bias products.

Experiment review: The observation data is from selected globally dis-

tributed IGS stations. The GFZ MGEX rapid satellite precise orbit and clock

products are used. GPS L1/L2 and Galileo E1/E5a signals are used, and the

standard dual-frequency ionosphere-free PPP model are established based on

our in-house software POINT. The CNES uncombined bias products are added

to the raw measurements to recover the integer nature of phase ambiguities,

thus allowing for the resolution of the ionosphere-free (IF) combined ambigu-



Chapter 10. Conclusions 169

ities. The IF ambiguity is decomposed as the widelane (WL)and narrowlane

(NL) ambiguities. The WL intergers are determined by a simple integer round-

ing. The classical LAMBDA method is used for searching the best integer

candidate validated by a simple ratio test in NL AR. The receiver coordinate

parameters are assigned with a process noise of 100 m/s to simulate the kine-

matic case.

Conclusions: Results show that the dual-frequency ionosphere-free ambiguity-

fixed kinematic PPP can achieve an accuracy of 0.82, 0.96, 3.04 cm on average

in the north (N), east (E) and up (U) direction respectively (68th percentile).

In particular the east component obtains a significant improvement of 45%

compared to the float solutions. In terms of the convergence, PPP is acceler-

ated by 23% after AR for 3D error below 5 cm.

Objective 2: To implement and evaluate GPS/Galileo multi-frequency ionosphere-

estimated PPP and PPP AR using uncombined bias products.

Experiment review: The observation data is from selected globally dis-

tributed IGS stations. The GFZ MGEX rapid satellite precise orbit and clock

products are used. GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 signals are

used and the ionosphere-estimated PPP model are established based on our

internal software POINT. The CNES uncombined bias products are applied

to the raw measurements for AR. The original ambiguities on each frequency

(except L1 and E1) are configured as combinations of a series of WL ambigui-

ties. The best integer equivillant (BIE) is used for AR in a cascading manner

according to the wavelength of the combined ambiguities. The simulated kine-

matic state is also configured. The ionospheric parameters are constrained

using empirical values and no external ionosphere information is imposed.

Conclusions:The ionosphere-estimated ambiguity-fixed solution can achieve

an accuracy of 1.16, 0.98 and 4.44 cm in the north, east and up direction

respectively (68th percentile). A significant improvement of 63% on the east

component is obtained with respect to the ambiguity-float solution. The PPP
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convergence requires 29.2 min on average to be below 5 cm horizontally after

AR with an acceleration of 17%. Regarding the instantaneous positioning ca-

pability of the multi-frequency model, an accuracy of 32 and 31 cm for north

and east components (68th percentile) can be obtained after WAR improved

by 13% and 16% respectively relative to the code-only solution. The N1 and

NE1 AR was deactivated in the single-epoch test as their estimated precisions

are still larger than one cycle and not sufficient for resolution.

10.1.3 Remarks on Objective 3 & 4

Objective 3 & 4 : To implement and evaluate GPS/Galileo PPP/INS and

PPP-AR/INS LCI and TCI with the uncombined bias correction for AR.

Experiment review: The PPP/INS LCI and TCI experiments are carried

out in a train positioning test and two van positioning tests. A LEICA GS10

GNSS receiver and a NovAtel tactical-grade IMU are equipped in the two tests.

The train test is on the roof of NGI and has good satellite observability. The

van tests are on complex road and city center of the Nottingham city, where

signal interruptions happen frequently. CNES real-time orbit, clock and the

uncombined bias products are used. For both LCI and TCI, GPS L1/L2

and Galileo E1/E5a ionosphere-free PPP and PPP AR models are configured.

Artificial signal gaps are simulated in the train test for navigation resilience

investigation. The bootstrapping method is used for AR.

Conclusions: In the train positioning test, it is found that ambiguity-float

PPP has almost identical performance with LCI and TCI, which can reach an

accuracy of 8.5, 5.7 and 4.9 cm in the north, east and up direction respectively.

After AR, all the solutions achieve significant improvements in all components,

which are around 9%, 9% and 7% for the North component, 47%, 40% and

38% for the East component and 14%. 12% and 4% for the height component,

for PPP-AR, PPP-AR/INS LCI and PPP- AR/INS TCI respectively. When

simulated one-minute gaps are inserted, Within the first 10 seconds. INS-only

solution in a kinematic state can still remain a high accuracy of around 30 cm
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and in the static case this high-accuracy period can last as long as more than

20 seconds. With the increased number of satellites observed, the positioning

errors could be substantially reduced. In kinematic state, positioning errors

can be nearly within half meter over the 1-min gap of having three satellites

observed.

For the two van tests, due to the frequent signal interruptions, AR is not

feasible though uncombined phase biases are corrected. In the complex road

test, PPP-alone has an accuracy of 51, 61, 99 cm in the N E U direction

respectively. TCI achieves the best accuracy, which is 38, 48 and 67 cm with

an improvement of 25%, 21% and 32% respectively compared to PPP. The LCI

performance is in the middle of PPP and TCI. After applying the uncombined

biases, higher positioning accuracy is obtained. TCI still gives the highest

accuracy of 32, 29, 41 cm for the N E U component, which is improved by

18%, 40%, and 39% respectively compared with uncorrected TCI. In the city

center test, the contribution of bias correction is mainly on the up component.

TCI still achieves the best performance with an accuracy of 47, 26 and 55 cm

in the N E U direction respectively after bias correction with an improvement

of 43% on the up component. The bias-corrected LCI has an accuracy of 118,

49 and 179 cm on the N E U component and PPP of 183, 51 and 242 cm.

10.2 Innovation summary

This work makes contribution to the validation of the flexibility of the latest

GNSS code and phase uncombined bias products, especially for the AR of an

arbitrary PPP model established at a user side.

This validation is accomplished through the two following designed experi-

ments:

• AR of two basic PPP models: the ionosphere-free and the ionosphere-

estimated models with the application of the GNSS uncombined code

and phase bias products.

• PPP/INS integration including LCI and TCI with AR using the uncom-
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bined bias products.

It is demonstrated that the uncombined bias products could allow for AR of

different PPP modelling at a user end, which would be compatible with the

diverse PPP applications for better positioning accuracy. Besides, PPP/INS

integration with the uncombined bias correction yield better positioning per-

formance, which could be used as an effective technique for robust real-time

air-borne or land-borne navigation.

10.3 Limitations and future work

10.3.1 Limitations

This research investigated the application of GNSS uncombined bias products

on ionosphere-free and ionosphere-estimated PPP models with AR. Neverthe-

less, the following points are not covered in this study:

• The positioning performance of multi-frequency ionosphere-free PPP AR

using uncombined bias products.

• The contribution of external precise ionospheric information to the per-

formance of multi-frequency PPP AR with the uncombined bias correc-

tion.

10.3.2 Future work

Accordingly, these following work could be carried out in the near future based

on the POINT software:

• GPS L1/L2/L5 Galileo E1/E5a/E5b/E6 ionosphere-free PPP AR using

CNES real-time/post-processed uncombined bias products.

• GPS L1/L2/L5 Galileo E1/E5a/E5b/E6 ionosphere-estimated PPP AR

using CNES real-time/post-processed uncombined bias products with

the correction of external ionospheric information.

• GPS/GLONASS/Galileo/BeiDou multi-frequency ionodphere-free/ionosphere-

estimated PPP AR using uncombiend bias products.
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• The evaluation of uncombined bias products from other institutions of

the above PPP models.

• Direct satellite orbit, clock and bias estimation based on the raw undif-

ferenced and uncombined GNSS observation equations allowing for phase

AR of any kind at a user side.

• The performance of the integrated INS and the above PPP models.

10.4 GNSS PPP Perspectives

GNSS multi-frequency PPP can provide a series of phase widelane combina-

tions and the phase ambiguities of these widelane combinations can be re-

solved easily due to the longer wavelength (meter level) with the phase bias

information. As a result, these phase combinations could be used as precise

’pseudorange’ to contribute to positioning. As demonstrated in Laurichesse

and Banville (2018), GNSS multi-frequency PPP is capable of instantaneous

centimeter-level positioning. This single-epoch PPP feature is free of phase

cycle slip detection and correction because the phase ambiguity is resolved at

each epoch. It is anticipated that single-epoch PPP would be an effective al-

ternative to the traditional RTK and greatly increase the navigation resilience

especially in harsh GNSS environment.
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Appendix A

Basic classes in POINT

The variables in GNSS positioning can be receiver-related like receiver coordi-
nateds, satellite-related like satellite orbits and receiver- and satellite-related
such like phase ambiguity. These variables are handled mainly by three classes
in POINT: stateManager, SpectralDensityManager and AmbiguityStateMan-
ager. With these classes, a variable in POINT can be configured and accessed
conveniently. In the following, each of the class is presented according to three
C++ language properties for class, which are Private members, User Interface
and Inheritance relationship.

A.1 The stateManager class
The private arrays inside the stateManager class map a variable name or ID,
which is usually assigned by users and has been registered within POINT, to
a unique index number and make it easy to access a variable merely through
its name without concern about its actual index for a user.

• Private members

The stateManager basically consists of two private arrays: n and value.

Table A.1: Basic elements in stateManager

Element Explanation

n Indices and their related variable names
value Values of variables

For example n[X] = 0 means that the X component of a point in
the Cartesian coordinate system has an index number 0. value[X] =
3850179.38 could be interpreted that the value of the X component of a
point in the Cartesian coordinate system is 3850179.38 m.

• User Interface

External users can access the n and value arrays through the methods
as below:
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Table A.2: Interface for user in stateManager

Operation Explanation

sn Returns the index of a variable
get value Get the value of a variable
add state Add a new variable
remove Remove an existing variable

For example add state(X, 3850179.38) adds a new state X with value
3850179.38 into the the n and value arrays in Table A.1. When adding
a new variable, the value of n will be incremented in order. If a variable
is removed by the remove method, the associated n value is assigned to
be -1. POINT uses this negative indicator to check if a variable is in the
current states list.

• Inheritance relationship

The stateManager class is not an independent class but derived from
four base classes as shown in Figure A.1.

Figure A.1: Inheritance diagram for stateManager. Generated by Doxygen.

The AmbiguityStateManager and IonoStateManager are two specific
data structure in POINT for managing the phase ambiguity and iono-
spheric delay parameters, see AmbiguityStateManager in the following.
The prefix DD is for double-differencing modeling. A pure virtual method
(C++ syntax) newStateNo is defined in all the four base classes and im-
plemented in the stateManager, which extends the size of states. This
function together with the remove method makes the length of the esti-
mated states grow dynamically instead of a fixed size and increases the
flexibility of POINT in dealing with parameters.

A.2 The SpectralDensityManager class
The SpectralDensityManager class handles the spectral density or the empirical
standard deviation of a stochastic variable to be estimated. This value is used
to compute the related process noise in the Kalman filter.

• Private members

Similar to the stateManager structure, the SpectralDensityManager is
mainly made up of two arrays n and q which save the indices and the
values respectively of spectral densities. As an example, the command
add position n(std), see Table A.3, adds a new element into n and assigns
a new value std to q with the same index, thus the standard deviation
of the north component of a point in a local frame is stored.
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• User Interface

Users have to employ the variable-specific function to get its index in
q and then access the spectral density by calling get value(index). Ta-
ble A.3 just lists an example for the north error variable. The compound
command get value(position n()) then returns the spectral density of
the north component of a point in a local frame.

Table A.3: Interface for user in SpectralDensityManager

Operation Explanation

add position n Add a spectral density for north error
position n Get the index of the spectral density for north error
get value Get a spectral density
remove Remove an existing spectral density

• Inheritance relationship

This class is also derived from the same base classes as in Figure A.1:

Figure A.2: Inheritance diagram for SpectralDensityManager. Generated by Doxy-
gen

The newStateNo and the remove methods are also realized within the
stateManager. Noted that when adding or removing a variable in POINT,
both the stateManager and the SpectralDensityManager should be con-
figured coordinately. The inconsistency of the indices within these two
structure will cause severe mistake in the subsequent Kalman filter. How-
ever the size of states in stateManager may not be equal to the number
of spectral densities in SpectralDensityManager. For example when
predicting the error states in INS, the disturbing forces or the noises of
gyro and accelerometer have to be mapped into the prediction which are
not in the error states.

A.3 The AmbiguityStateManager class
The AmbiguityStateManager managers the GNSS phase ambiguity parameter
and is one of the major characteristics of the POINT software.

• Private member

This class manipulates a collection of ambiguity data. The ambiguity
data in POINT mainly consists of the following elements:
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Table A.4: The ambiguity data in POINT

Element Explanation

Time Time tag expressed in GPS week and seconds of week.
Constellation GPS, Galileo, GLONASS, BeiDou (Currently supported)
Satellite ID Satellite PRN number
Receiver ID Receiver name
Frequency The Frequency of ambiguity
Value The value of ambiguity
Fix indicator Fixed or not

• User Interface

The AmbiguityStateManager primarily supports the following operations
on a specific ambiguity:

Table A.5: Interface for user in AmbiguityStateManager

Operation Explanation

add ambiguity Add a new ambiguity
ambiguity sn Get the index of a ambiguity in the states list
ambiguity delete Delete an existing ambiguity
get ambiguity Get a specific ambiguity

• Inheritance relationship

The AmbiguityStateManager is a base class as shown in Figure A.1, see
more in Figure A.1 and Figure A.2.

Figure A.3: Inheritance diagram for AmbiguityStateManager. Generated by Doxy-
gen

The stored values in stateManager are kept synchronized with the actually es-
timated states in Kalman filter through two methods: updateStateVector and
updateStateCovariance.

The updateStateVector method updates the states in Kalman filter with the
latest values in stateManager. This typically happens when the states in-
cluding position, velocity and attitudes in stateManager are corrected by INS
update at a new epoch before entering the Kalman filter.

The updateStateCovariance uses the lastest states from Kalman filter to update
the stateManager. This operation is required after each time Kalman filter is
performed. POINT prints out the estimated products from the stateManager
instead of directly from the Kalman filter.



Appendix B

POINT global PPP results of
tested stations

This chapter gives a fairly full demonstration of PPP results of the selected
global stations in Chapter 5.
The organization is as follows: first the dual-frequency ionosphere-free (DFIF)
PPP results are presented, followed by the multi-frequency ionosphere-estimated
(MFIE) results.

B.1 Dual-frequency ionosphere-free test
This section presents the DFIF PPP results. The superimposed positioning
errors of each station for each testing days are given first; then the errors of
multiple stations on each of the three days are depicted; last, the error values
of all sessions of each station during the testing days are listed.

B.1.1 Superimposed results
Figure B.1 to Figure B.24 show the superimposed PPP errors of all sessions
from the ambiguity-float and ambiguity-fixed solutions. It can be seen that for
some ambiguity-fixed results e.g. Figure B.3 spike errors occur. This is mainly
caused by wrong ambiguity fixing at these epochs and can be mitigated by
using more strict fixing criteria. Effective validation methods for ambiguity-
fixed solutions could also improve the results and this kind of technique needs
further investigations.
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Figure B.1: GPS L1/L2 and Galileo E1/E5a ionosphere-free float (left) and fixed (right)
PPP results on 19/05/2020 at station BOGT. (Different color represents different session;
dN, dE dU stand for positioning error in the north, east and up direction respectively; G
and E denote for GPS and Galileo; DFIF is dual-frequency ionosphere-free, the same below
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Figure B.2: GPS L1/L2 and Galileo E1/E5a ionosphere-free float (left) and fixed (right)
PPP results on 20/05/2020 at station BOGT.
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Figure B.3: GPS L1/L2 and Galileo E1/E5a ionosphere-free float (left) and fixed (right)
PPP results on 21/05/2020 at station BOGT.
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Figure B.4: GPS L1/L2 and Galileo E1/E5a ionosphere-free float (left) and fixed (right)
PPP results on 19/05/2020 at station BRST.
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Figure B.5: GPS L1/L2 and Galileo E1/E5a ionosphere-free float (left) and fixed (right)
PPP results on 20/05/2020 at station BRST.
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Figure B.6: GPS L1/L2 and Galileo E1/E5a ionosphere-free float (left) and fixed (right)
PPP results on 21/05/2020 at station BRST.

−0.2
−0.1

0.0
0.1
0.2

dn
 (m

)

G+E DFIF float G+E DFIF fixed

−0.2
−0.1

0.0
0.1
0.2

de
 (m

)

0 3600 7200
−0.2
−0.1

0.0
0.1
0.2

du
 (m

)

0 3600 7200
Seconds (s)

Figure B.7: GPS L1/L2 and Galileo E1/E5a ionosphere-free float (left) and fixed (right)
PPP results on 19/05/2020 at station BSHM.
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Figure B.8: GPS L1/L2 and Galileo E1/E5a ionosphere-free float (left) and fixed (right)
PPP results on 20/05/2020 at station BSHM.
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Figure B.9: GPS L1/L2 and Galileo E1/E5a ionosphere-free float (left) and fixed (right)
PPP results on 21/05/2020 at station BSHM.
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Figure B.10: GPS L1/L2 and Galileo E1/E5a ionosphere-free float (left) and fixed (right)
PPP results on 19/05/2020 at station CUSV.
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Figure B.11: GPS L1/L2 and Galileo E1/E5a ionosphere-free float (left) and fixed (right)
PPP results on 20/05/2020 at station CUSV.
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Figure B.12: GPS L1/L2 and Galileo E1/E5a ionosphere-free float (left) and fixed (right)
PPP results on 21/05/2020 at station CUSV.
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Figure B.13: GPS L1/L2 and Galileo E1/E5a ionosphere-free float (left) and fixed (right)
PPP results on 19/05/2020 at station PERT.
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Figure B.14: GPS L1/L2 and Galileo E1/E5a ionosphere-free float (left) and fixed (right)
PPP results on 20/05/2020 at station PERT.
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Figure B.15: GPS L1/L2 and Galileo E1/E5a ionosphere-free float (left) and fixed (right)
PPP results on 21/05/2020 at station PERT.
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Figure B.16: GPS L1/L2 and Galileo E1/E5a ionosphere-free float (left) and fixed (right)
PPP results on 19/05/2020 at station POL2.
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Figure B.17: GPS L1/L2 and Galileo E1/E5a ionosphere-free float (left) and fixed (right)
PPP results on 20/05/2020 at station POL2.
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Figure B.18: GPS L1/L2 and Galileo E1/E5a ionosphere-free float (left) and fixed (right)
PPP results on 21/05/2020 at station POL2.
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Figure B.19: GPS L1/L2 and Galileo E1/E5a ionosphere-free float (left) and fixed (right)
PPP results on 19/05/2020 at station QUIN.
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Figure B.20: GPS L1/L2 and Galileo E1/E5a ionosphere-free float (left) and fixed (right)
PPP results on 20/05/2020 at station QUIN.
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Figure B.21: GPS L1/L2 and Galileo E1/E5a ionosphere-free float (left) and fixed (right)
PPP results on 21/05/2020 at station QUIN.
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Figure B.22: GPS L1/L2 and Galileo E1/E5a ionosphere-free float (left) and fixed (right)
PPP results on 19/05/2020 at station ZAMB.
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Figure B.23: GPS L1/L2 and Galileo E1/E5a ionosphere-free float (left) and fixed (right)
PPP results on 20/05/2020 at station ZAMB.
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Figure B.24: GPS L1/L2 and Galileo E1/E5a ionosphere-free float (left) and fixed (right)
PPP results on 21/05/2020 at station ZAMB.

B.1.2 Multi-station demonstration
Figure B.25 to Figure B.27 show the multi-station statistical errors for the
three days. The 68-percentile is used for error representation. It can be seen
that the ambiguity-fixed errors of some stations are degraded compared to the
float errors, which could be caused by improper setting of ambiguity-fixing
conditions and need to be further studied.
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Figure B.25: The 68th percentile of GPS/Galileo DFIF PPP solutions from selected
stations on 19/05/2020
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Figure B.26: The 68th percentile of GPS/Galileo DFIF PPP solutions from selected
stations on 20/05/2020
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Figure B.27: The 68th percentile of GPS/Galileo DFIF PPP solutions from selected
stations on 21/05/2020

B.1.3 Error values of all sessions
Table B.1 to Table B.8 list the error values of all sessions of the stations during
the three days. The 68th percentile is still used to measure the error of each
session.

Table B.1: The 68th percentiles of positioning errors in all sessions of GPS/Galileo DFIF
PPP solutions at station BOGT during the three testing days
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Table B.2: The 68th percentiles of positioning errors in all sessions of GPS/Galileo DFIF
PPP solutions at station BRST during the three testing days

Table B.3: The 68th percentiles of positioning errors in all sessions of GPS/Galileo DFIF
PPP solutions at station BSHM during the three testing days



Chapter B. Dual-frequency ionosphere-free test 198

Table B.4: The 68th percentiles of positioning errors in all sessions of GPS/Galileo DFIF
PPP solutions at station CUSV during the three testing days

Table B.5: The 68th percentiles of positioning errors in all sessions of GPS/Galileo DFIF
PPP solutions at station PERT during the three testing days
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Table B.6: The 68th percentiles of positioning errors in all sessions of GPS/Galileo DFIF
PPP solutions at station POL2 during the three testing days

Table B.7: The 68th percentiles of positioning errors in all sessions of GPS/Galileo DFIF
PPP solutions at station QUIN during the three testing days
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Table B.8: The 68th percentiles of positioning errors in all sessions of GPS/Galileo DFIF
PPP solutions at station ZAMB during the three testing days

B.2 Multi-frequency ionosphere-estimated test
This section presents the MFIE PPP results. The superimposed positioning
errors of each station for each testing days are given first; then the errors of
multiple stations on each of the ten days are depicted; last, the error values of
all sessions of each station during the testing days are listed.

B.2.1 Superimposed results
Figure B.28 to Figure B.117 show the superimposed PPP errors of all sessions
from the ambiguity-float and ambiguity-fixed solutions. It shows that spike
errors happen at some testing sessions e.g. Figure B.29, which results from
wrong ambiguity fixing. But the overall comparison between float and fixed
solutions can still demonstrate the advantage of ambiguity resolution in po-
sitioning accuracy i.e. Figure 5.18 and acceleration of convergence time i.e.
Figure 5.19. Effective validation methods for ambiguity-fixed solutions needs
further investigations.
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Figure B.28: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 01/05/2021 at station BRST.
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Figure B.29: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 02/05/2021 at station BRST.
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Figure B.30: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 03/05/2021 at station BRST.
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Figure B.31: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 04/05/2021 at station BRST.
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Figure B.32: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 05/05/2021 at station BRST.
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Figure B.33: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 06/05/2021 at station BRST.
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Figure B.34: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 07/05/2021 at station BRST.
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Figure B.35: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 08/05/2021 at station BRST.
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Figure B.36: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 09/05/2021 at station BRST.
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Figure B.37: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 10/05/2021 at station BRST.
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Figure B.38: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 01/05/2021 at station BOGT.
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Figure B.39: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 02/05/2021 at station BOGT.
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Figure B.40: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 03/05/2021 at station BOGT.
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Figure B.41: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 04/05/2021 at station BOGT.
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Figure B.42: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 05/05/2021 at station BOGT.
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Figure B.43: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 06/05/2021 at station BOGT.
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Figure B.44: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 07/05/2021 at station BOGT.
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Figure B.45: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 08/05/2021 at station BOGT.
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Figure B.46: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 09/05/2021 at station BOGT.



Chapter B. Multi-frequency ionosphere-estimated test 207

−0.2
−0.1

0.0
0.1
0.2

dn
 (m

)

float fixed

−0.2
−0.1

0.0
0.1
0.2

de
 (m

)

0 3600 7200
−0.2
−0.1

0.0
0.1
0.2

du
 (m

)

0 3600 7200
Seconds (s)

Figure B.47: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 10/05/2021 at station BOGT.

−0.2
−0.1

0.0
0.1
0.2

dn
 (m

)

float fixed

−0.2
−0.1

0.0
0.1
0.2

de
 (m

)

0 3600 7200
−0.2
−0.1

0.0
0.1
0.2

du
 (m

)

0 3600 7200
Seconds (s)

Figure B.48: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 01/05/2021 at station TID1.
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Figure B.49: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 02/05/2021 at station TID1.



Chapter B. Multi-frequency ionosphere-estimated test 208

−0.2
−0.1

0.0
0.1
0.2

dn
 (m

)

float fixed

−0.2
−0.1

0.0
0.1
0.2

de
 (m

)

0 3600 7200
−0.2
−0.1

0.0
0.1
0.2

du
 (m

)

0 3600 7200
Seconds (s)

Figure B.50: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 03/05/2021 at station TID1.
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Figure B.51: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 04/05/2021 at station TID1.
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Figure B.52: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 05/05/2021 at station TID1.
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Figure B.53: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 06/05/2021 at station TID1.
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Figure B.54: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 07/05/2021 at station TID1.
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Figure B.55: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 08/05/2021 at station TID1.
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Figure B.56: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 09/05/2021 at station TID1.
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Figure B.57: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 10/05/2021 at station TID1.
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Figure B.58: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 01/05/2021 at station CEDU.
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Figure B.59: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 02/05/2021 at station CEDU.
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Figure B.60: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 03/05/2021 at station CEDU.
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Figure B.61: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 04/05/2021 at station CEDU.
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Figure B.62: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 05/05/2021 at station CEDU.
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Figure B.63: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 06/05/2021 at station CEDU.
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Figure B.64: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 07/05/2021 at station CEDU.
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Figure B.65: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 08/05/2021 at station CEDU.
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Figure B.66: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 09/05/2021 at station CEDU.
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Figure B.67: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 10/05/2021 at station CEDU.
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Figure B.68: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 01/05/2021 at station QUIN.
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Figure B.69: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 02/05/2021 at station QUIN.
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Figure B.70: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 03/05/2021 at station QUIN.
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Figure B.71: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 04/05/2021 at station QUIN.
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Figure B.72: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 05/05/2021 at station QUIN.
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Figure B.73: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 06/05/2021 at station QUIN.
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Figure B.74: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 07/05/2021 at station QUIN.
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Figure B.75: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 08/05/2021 at station QUIN.
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Figure B.76: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 09/05/2021 at station QUIN.
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Figure B.77: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 10/05/2021 at station QUIN.
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Figure B.78: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 01/05/2021 at station BSHM.
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Figure B.79: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 02/05/2021 at station BSHM.
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Figure B.80: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 03/05/2021 at station BSHM.
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Figure B.81: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 04/05/2021 at station BSHM.
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Figure B.82: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 05/05/2021 at station BSHM.
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Figure B.83: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 06/05/2021 at station BSHM.
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Figure B.84: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 07/05/2021 at station BSHM.
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Figure B.85: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 08/05/2021 at station BSHM.
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Figure B.86: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 09/05/2021 at station BSHM.
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Figure B.87: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 10/05/2021 at station BSHM.
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Figure B.88: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 01/05/2021 at station ZAMB.
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Figure B.89: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 02/05/2021 at station ZAMB.
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Figure B.90: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 03/05/2021 at station ZAMB.
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Figure B.91: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 04/05/2021 at station ZAMB.
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Figure B.92: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 05/05/2021 at station ZAMB.
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Figure B.93: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 06/05/2021 at station ZAMB.
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Figure B.94: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 07/05/2021 at station ZAMB.



Chapter B. Multi-frequency ionosphere-estimated test 223

−0.2
−0.1

0.0
0.1
0.2

dn
 (m

)

float fixed

−0.2
−0.1

0.0
0.1
0.2

de
 (m

)

0 3600 7200
−0.2
−0.1

0.0
0.1
0.2

du
 (m

)

0 3600 7200
Seconds (s)

Figure B.95: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 08/05/2021 at station ZAMB.
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Figure B.96: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 09/05/2021 at station ZAMB.

−0.2
−0.1

0.0
0.1
0.2

dn
 (m

)

float fixed

−0.2
−0.1

0.0
0.1
0.2

de
 (m

)

0 3600 7200
−0.2
−0.1

0.0
0.1
0.2

du
 (m

)

0 3600 7200
Seconds (s)

Figure B.97: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 10/05/2021 at station ZAMB.
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Figure B.98: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 01/05/2021 at station CUSV.
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Figure B.99: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 02/05/2021 at station CUSV.
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Figure B.100: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 03/05/2021 at station CUSV.
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Figure B.101: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 04/05/2021 at station CUSV.
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Figure B.102: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 05/05/2021 at station CUSV.
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Figure B.103: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 06/05/2021 at station CUSV.
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Figure B.104: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 07/05/2021 at station CUSV.
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Figure B.105: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 08/05/2021 at station CUSV.

−0.2
−0.1

0.0
0.1
0.2

dn
 (m

)

float fixed

−0.2
−0.1

0.0
0.1
0.2

de
 (m

)

0 3600 7200
−0.2
−0.1

0.0
0.1
0.2

du
 (m

)

0 3600 7200
Seconds (s)

Figure B.106: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 09/05/2021 at station CUSV.
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Figure B.107: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 10/05/2021 at station CUSV.
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Figure B.108: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 01/05/2021 at station PERT.
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Figure B.109: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 02/05/2021 at station PERT.



Chapter B. Multi-frequency ionosphere-estimated test 228

−0.2
−0.1

0.0
0.1
0.2

dn
 (m

)

float fixed

−0.2
−0.1

0.0
0.1
0.2

de
 (m

)

0 3600 7200
−0.2
−0.1

0.0
0.1
0.2

du
 (m

)

0 3600 7200
Seconds (s)

Figure B.110: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 03/05/2021 at station PERT.
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Figure B.111: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 04/05/2021 at station PERT.
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Figure B.112: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 05/05/2021 at station PERT.



Chapter B. Multi-frequency ionosphere-estimated test 229

−0.2
−0.1

0.0
0.1
0.2

dn
 (m

)

float fixed

−0.2
−0.1

0.0
0.1
0.2

de
 (m

)

0 3600 7200
−0.2
−0.1

0.0
0.1
0.2

du
 (m

)

0 3600 7200
Seconds (s)

Figure B.113: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 06/05/2021 at station PERT.
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Figure B.114: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 07/05/2021 at station PERT.
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Figure B.115: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 08/05/2021 at station PERT.
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Figure B.116: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 09/05/2021 at station PERT.
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Figure B.117: GPS L1/L2/L5 and Galileo E1/E5a/E5b/E6 ionosphere-estimated float
(left) and fixed (right) PPP results on 10/05/2021 at station PERT.

B.2.2 Multi-station demonstration
Figure B.118 to Figure B.127 show the multi-station statistical errors for the
ten days. The 68-percentile is used for error representation. It shows that the
ambiguity-fixed height solutions of some stations are degraded compared to
the float solutions, which could be caused by improper setting of ionospheric
modelling as the empirical values are applied for all the testing stations. It
also clearly shows the significant improvement in the horizontal direction for
most of the stations.
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Figure B.118: The 68th percentile of GPS L1/L2/L5 + Galileo E1/E5a/E5b/E6
ambiguity-float and ambiguity-fixed PPP solution errors at all the selected stations
on 01/05/2021
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Figure B.119: The 68th percentile of GPS L1/L2/L5 + Galileo E1/E5a/E5b/E6
ambiguity-float and ambiguity-fixed PPP solution errors at all the selected stations
on 02/05/2021
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Figure B.120: The 68th percentile of GPS L1/L2/L5 + Galileo E1/E5a/E5b/E6
ambiguity-float and ambiguity-fixed PPP solution errors at all the selected stations
on 03/05/2021

brst bogt tid1 cedu quin bshm zamb cusv pert
0

1

2

3

4

5

6

7

8

Er
ro
r (
cm

)

dn_float
dn_fixed

de_float
de_fixed

du_fixed
du_float

Figure B.121: The 68th percentile of GPS L1/L2/L5 + Galileo E1/E5a/E5b/E6
ambiguity-float and ambiguity-fixed PPP solution errors at all the selected stations
on 04/05/2021
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Figure B.122: The 68th percentile of GPS L1/L2/L5 + Galileo E1/E5a/E5b/E6
ambiguity-float and ambiguity-fixed PPP solution errors at all the selected stations
on 05/05/2021
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Figure B.123: The 68th percentile of GPS L1/L2/L5 + Galileo E1/E5a/E5b/E6
ambiguity-float and ambiguity-fixed PPP solution errors at all the selected stations
on 06/05/2021
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Figure B.124: The 68th percentile of GPS L1/L2/L5 + Galileo E1/E5a/E5b/E6
ambiguity-float and ambiguity-fixed PPP solution errors at all the selected stations
on 07/05/2021
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Figure B.125: The 68th percentile of GPS L1/L2/L5 + Galileo E1/E5a/E5b/E6
ambiguity-float and ambiguity-fixed PPP solution errors at all the selected stations
on 08/05/2021
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Figure B.126: The 68th percentile of GPS L1/L2/L5 + Galileo E1/E5a/E5b/E6
ambiguity-float and ambiguity-fixed PPP solution errors at all the selected stations
on 09/05/2021
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Figure B.127: The 68th percentile of GPS L1/L2/L5 + Galileo E1/E5a/E5b/E6
ambiguity-float and ambiguity-fixed PPP solution errors at all the selected stations
on 10/05/2021

B.2.3 Error values of all sessions
Table B.9 to Table B.17 list the error values of all sessions of the stations
during the ten days. The 68th percentile is still used to measure the error of
each session.
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Table B.9: The 68th percentiles of positioning errors in all sessions of GPS/Galileo MFIE
PPP solutions at station BRST during the ten testing days
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Table B.10: The 68th percentiles of positioning errors in all sessions of GPS/Galileo MFIE
PPP solutions at station BOGT during the ten testing days
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Table B.11: The 68th percentiles of positioning errors in all sessions of GPS/Galileo MFIE
PPP solutions at station TID1 during the ten testing days
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Table B.12: The 68th percentiles of positioning errors in all sessions of GPS/Galileo MFIE
PPP solutions at station CEDU during the ten testing days
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Table B.13: The 68th percentiles of positioning errors in all sessions of GPS/Galileo MFIE
PPP solutions at station QUIN during the ten testing days
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Table B.14: The 68th percentiles of positioning errors in all sessions of GPS/Galileo MFIE
PPP solutions at station BSHM during the ten testing days
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Table B.15: The 68th percentiles of positioning errors in all sessions of GPS/Galileo MFIE
PPP solutions at station ZAMB during the ten testing days
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Table B.16: The 68th percentiles of positioning errors in all sessions of GPS/Galileo MFIE
PPP solutions at station CUSV during the ten testing days
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Table B.17: The 68th percentiles of positioning errors in all sessions of GPS/Galileo MFIE
PPP solutions at station PERT during the ten testing days
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