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Abstract

Recent developments in the field of gravitational physics, including the emergence of
gravitational wave astronomy, black hole images, and more accurate telescopes, have
allowed us to probe the strong-field character of gravity in a novel and revolutionary
manner. This accessibility related to strong gravity brings into the foreground discus-
sions about potential modifications to General Relativity (GR) that are particularly
relevant in high curvature regimes. The most straightforward way to generalize GR is
to consider an additional degree of freedom, in the form of a scalar field. In this thesis,
we study generalized scalar tensor theories that predict interesting strong-gravity phe-
nomenology. First, we review scalar no-hair theorems and the conditions under which
they can be evaded. Next, we study solutions of black holes with scalar hair and the way
in which higher derivative terms alter their properties. We then move our discussion to
the spontaneously scalarized solutions, which only deviate from GR in the strong-field
regime. We propose a model consistent with compact object scalarization, that allows
for a GR attractor at late times, without fine-tuning (EsRGB model). Then, we pro-
ceed to study properties of black holes and neutron stars in this theory, revealing the
interesting phenomenology of the solutions. We also study the radial stability of black
holes in EsRGB and perform a preliminary analysis of the hyperbolicity of the problem.
Finally, we take a look at the shadows of black holes and wormholes in theories with
scalar fields, in light of recent observations of black hole shadows.
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Notation

For this thesis, the metric signature is chosen to be (−,+,+,+). Greek letters take
values 0, 1, 2, 3 denoting the indices of the spacetime coordinates. We will be working
in the natural system of units, where we set c = ℏ ≡ 1. Let us also note that unless
explicitly said otherwise, we will be using the terms “spontaneous scalarization” and
“scalarization” interchangeably. Following, is a list of symbols, tensors, and conventions
we employ:

c speed of light, we set c ≡ 1

ℏ reduced Planck’s constant, we set ℏ ≡ 1

G Newton’s gravitational constant

M⊙ solar mass

κ 8πG/c4

gµν spacetime metric

g determinant of the metric

∂µ partial derivative

Γρ
µν Christoffel symbol

∇µ covariant derivative

Rρ
µσν Riemann tensor

Rµν Ricci tensor

R Ricci scalar

Gµν Einstein tensor

G R2 − 4RµνR
µν +RµνρσR

µνρσ, Gauss-Bonnet invariant

ϕ scalar field

X −∂µϕ∂µϕ/2, scalar kinetic term

T
(ϕ)
µν scalar stress-energy tensor

SM matter action

ψM matter fields

iv



G. Antoniou Notation

T
(m)
µν matter stress-energy tensor

ϵ energy density of a perfect fluid

p pressure of a perfect fluid

uµ 4-velocity of a perfect fluid

TPF
µν stress-energy tensor of a perfect fluid

M ADM mass of the compact object

Q scalar charge of the compact object

M̂, Q̂ normalized scalar charge and mass

(µν) symmetrization with respect to µν

For the Fourier transformations we will employ throughout this thesis we will assume
the notation

f(x) =
1√
2π

∫
F (k) e−ikx dk

F (k) =
1√
2π

∫
f(x) e+ikx dx
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Preface

Through the centuries, the field of gravity has provided the ground for momentous
debates, groundbreaking research, and epochal discoveries, intimately associated with
our understanding of the cosmos and the human perspective. From Aristotle’s ideas on
gravity’s fundamental connection with earth, to Kepler and Galileo, and from Newton’s
law of universal gravitation to Einstein’s mathematical revolutionization of the field,
gravity has been an area of ongoing development. The theory of General Relativity (GR)
has been one of the cornerstones of modern physics, having made accurate predictions
and been repeatedly verified observationally. GR is considered the conventional theory
describing the gravitational interaction and has been extensively studied over the last
century. In its framework, spacetime is described by the metric tensor, which encodes
its casual structure and constitutes the main object of study.

Physicists, however, have been looking into ways of generalizing GR even from its
early stages, driven either by pure scientific curiosity, or (more recently) by concrete
observational data, including observations of dark matter/energy, LSS etc. The easiest
way to generalize GR is by adding a degree of freedom in the form of a scalar field,
resulting in the so-called scalar-tensor theories of gravity. In this thesis we will study
such theories, mainly motivated by our current unprecedented access to the strong field
regime of gravity. Over the last years, we have been experiencing the beginning of a new
era in astrophysics, in the face of gravitational wave astronomy, that allows us to probe
never-before accessed regions of spacetime, in the very neighborhood of black holes and
neutron stars. From a theoretical standpoint, these regions delve into the high-energy
regime of gravity, where new physics might lurk, being associated with the quantum
nature of the interaction. Even more recently, we have been granted “visual” access to
the vicinity of black holes, by having the images of the supermassive black holes M87∗
and Sagittarius A∗ taken by the Event Horizon collaboration. Such observations open
up a direct visual path onto potential deviations from the predictions of GR in the high
curvature regime.

As mentioned earlier, black holes and very compact neutron stars are ideal candi-
dates for carrying beyond-GR characteristics. However, in the case of black holes, there
have been a number of no-hair theorems preventing solutions carrying (scalar) hair.
As is usually the case, from their conception, the various no-hair theorems have been
challenged, and eventually solutions with nontrivial hair were found in several theories.
Recently a class of theories belonging in the Horndeski framework, predicting black
holes evading the existing no-hair theorems, has attracted a lot of attention. The type
of nonminimal coupling between the scalar field and the metric tensor that acts as the
source for the scalar hairs in this model, is the scalar-Gauss-Bonnet (sGB) term. Hairy
black holes, neutron stars, and wormholes with interesting phenomenology, all appear
within the sGB framework.

Of particular interest, is a subclass of the sGB scalar-tensor models that allow for
what we call spontaneous scalarization of compact objects. These scalarized solutions
are spontaneously endowed by hair in a process resembling a phase transition, that is
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triggered at the linear level by a tachyonic instability. Spontaneously scalarized objects,
only present deviations from their GR counterparts in the strong field region of space-
time, i.e. near the black hole horizon. Far away from the compact object, on the other
hand, spacetime approaches the flat one just as the GR solution.

In this work we study compact objects carrying scalar hair in an overall attempt
to discover a theory, consistent with observations and predicting deviations from GR
at those regions where the latter is still unconstrained. The outline of the thesis is
the following: in Chapter 1 we introduce briefly the concepts of GR, and summarize
some of its main successes and shortcomings. We discuss potential modifications of
GR, focusing particularly on the Horndeski theory, and explain the existence of no-hair
theorems concerning scalar fields. In Chapter 2 we examine how the no-hair theorems
presented in the introduction may be evaded, and once again focus on the evasion of
the no-hair theorem regarding Horndeski gravity. In the last section of this chapter
we introduce the concept of spontaneous scalarization of compact objects, a theme
that will be on the foreground for the largest part of this thesis. In Chapter 3 we
focus on hairy black holes in shift symmetric theories, in an attempt to verify how
the properties of the solutions depend on the Lagrangian terms that are not directly
related with the sourcing of the scalar hair. We derive the existence conditions for
scalarized black holes to exist, and determine the dependence of the black hole mass
and scalar charge on the terms appearing in the Lagrangian. In Chapter 4 we present
a model within the spontaneous scalarization framework, that allows for a late-time
cosmological attractor, a characteristic that is crucial from an observational standpoint.
In this model, which we call EsRGB model and exists in the more general Horndeski
theory, a scalar field couples nonminimally with gravity through the Ricci and Gauss-
Bonnet geometrical invariants. Next, in Chapter 5 we discuss the properties of the
black holes arising in the EsRGB model demonstrating an interesting dependence of
them on the particular synergy between the two couplings. In Chapter 6 we do a similar
analysis but for scalarized neutron stars emerging in EsRGB. We examine a few different
neutron star configurations corresponding to different choices for the energy density. We
also discuss our results in light of the very strong binary pulsar constraints that have
thus far significantly restricted models predicting scalarization. In Chapter 7 we turn our
attention once again to the spontaneously scalarized black holes found in Chapter 5. We
now perform a stability analysis for the solutions, perform a quasinormal mode analysis
to demonstrate the transition from GR to scalarized solutions, and finally investigate the
effects the sRGB synergy has on the hyperbolicity formulation of the problem. Finally, in
Chapter 8 we look into the impact that potential modifications to GR with scalar fields,
may have on the shadows of the hairy solutions. We do that, especially, considering the
recent images of black holes captured by the EHT. We analyze shadows of black holes
and wormholes in Gauss-Bonnet gravity, curvature-induced spontaneous scalarization
models, and the Einstein-Maxwell-scalar theory. We present our final conclusions in
Chapter 9.

Nottingham, 14 April 2023 Georgios Antoniou
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CHAPTER 1
Introduction

1.1 General Relativity: should we go beyond?

In the beginning of the previous century Albert Einstein revolutionized the way the
gravitational interaction is perceived. According to the General theory of Relativity
(GR), gravity is inherentlty connected to the geometry of space and time, in an equally
impressive and nontrivial way.

The Einstein-Hilbert action

SEH =
1

2κ

∫
d4x

√
−g R , (1.1)

is the action that after variation with respect to the metric tensor yields the Einstein
field equations, which elegantly describe the correspondence between the spacetime and
the energy and momentum contained in it. The constant appearing in the Einstein-
Hilbert action is given by κ = 8πGc−4, where G is Newton’s gravitational constant and
c is the speed of light; g ≡ det(gµν) is the determinant of the metric tensor, and R is
the Ricci curvature invariant. In the context of this thesis, as is also usually assumed
for GR, the connection and the metric are related through

Γµνσ =
1

2
(gµσ,ν + gνσ,µ − gµν,σ) , (1.2)

while the Riemann tensor, expressing the spacetime curvature, is defined as

Rρ
µσν = Γρ

µν,σ − Γρ
µσ,ν + Γρ

λσΓ
λ
µν − Γρ

λνΓ
λ
µσ . (1.3)

After variation of the Einstein-Hilbert action with respect to the metric tensor, we find
that the vacuum Einstein field equations are given by:

δSEH

δgµν
= 0 ⇒ Gµν ≡ Rµν − 1

2
Rgµν = 0 , (1.4)

where Gµν is the Einstein tensor. If a matter distribution is assumed to be present, and
the presence of a cosmological constant is accounted for, the action for the theory reads

S =
1

2κ

∫
d4x

√
−g (R− 2Λ) + LM , (1.5)

where LM is the matter Lagrangian and Λ is the cosmological constant. Then, the
Einstein equations are modified by the addition of the Λ contribution and the energy-
momentum tensor, the latter of which appears in the right-hand side of the equation
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below

Gµν + Λgµν = κTµν where Tµν = − 2√
−g

δ(
√
−gLM )

δgµν
. (1.6)

As of now, GR has managed to pass a variety of experimental tests and has proven
to be one of the most successful physical theories. Gravitational lensing provides one
of the most direct observationally confrontable predictions of GR. During the solar
eclipse of May 1919, Dyson, Eddington, and collaborators made the first experimental
observation of light deflection as predicted by GR, by noticing the change of the position
of stars around the sun in the celestial sphere [7]. Another important prediction of GR
concerned the gravitational redshift of light. In 1954 Popper performed the first accurate
measurement of the redshift for the light of a white dwarf [8]. Moreover, the equivalence
principle, is considered to be one of the basic pillars of GR, essentially stating the
equivalence between the inertial and gravitational mass. Since the 1960s a number of
tests have managed to verify the equivalence principle to very high accuracy. Recently,
a lot of tests have managed to confront GR in the strong field regime, with the field
of gravitational-wave astronomy evolving rapidly. In 1993, Hulse and Taylor won the
Nobel Prize in Physics for their discover of a binary pulsar and the measurement of the
effects of the gravitational wave emission on its orbit [9]. More recently, in 2016 the first
direct measurement of gravitational waves was announced [10], officially marking a new
era in the field of gravitational waves and opening a never before accessible window onto
the strong gravitational regime. These waves were predicted by Einstein [11] and their
direct detection marks perhaps the most important experimental verification of GR. A
few years later, in 2018, the first ever images of a black hole shadow to be taken were
published [12–19], in agreement (for the most part!) with black hole shadows predicted
by models using the principles of GR. We will return to the two last points in the next
section.

Despite its numerous successes, however, GR fails to address a number of issues
related to gravity as a mathematically-consistent physical theory, as well as within the
context of cosmology. To begin with, GR cannot be reconciled with quantum physics.
In many scenarios we can safely rely on classical GR to describe strong gravitational
fields at large scales, or QFT to explain small-scale physical processes on effectively flat
backgrounds. If one, however wants to investigate strong gravitational interactions at
small scales, the importance of a quantum description of gravity becomes obvious.

In QFT, a perturbative quantization process, inevitably leads to ultraviolet diver-
gences and nonsensical results for the sought-after quantities. These divergences, how-
ever, can be cleverly removed by the use of renormalization techniques, which effectively
allow us to absorb the seemingly infinite self-interactions into re-definitions. A simi-
lar approach in GR seems rather bleak as the dimensions of the gravitational coupling
would lead to an infinite number of terms, with increasingly high curvature, rendering
the theory non-renormalizable [20, 21].

A quantum gravitational theory would allow us to predict the behaviour of gravity
at all scales, but as of now the achievement of that goal has not been fully realized. GR
has been extensively tested and verified in the weak-field limit as already mentioned, but
in the strong-gravity regime it remains relatively unconstrained [22]. In these strong-
field regions new physics may emerge while evading our attention due to the limitations
introduced by the use of GR.

Perhaps most famously, GR fails to incorporate the physics of dark matter and dark
energy into its scheme, and also to address the cosmological constant problem. By now
it is well accepted among the scientific community that regular matter constitutes no
more than a small part of the universe around us. Discussions about unseen matter
affecting in some way astrophysical observables occurred at many different points of the
20th century [23–27]. The latest Planck data [28, 29] suggests that around 31% of the
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matter-energy distribution in the universe is in the form of matter, with ordinary matter
contributing around 5% and dark matter contributing 26% of that. Through the years
there have been several candidates for dark matter ranging from neutrinos to axions,
supersymmetric particles, and primordial black holes [30–35]. Despite the plethora of
potential explanations, however, dark matter has not yet been identified.

The rest, which happens to be the largest contribution to the total energy of the
universe is in the form of dark energy, comprising an astonishing 69%. In the Λ-CDM
(Lambda cold dark matter) model which is primarily used to describe the cosmological
history of our universes, all three of the above contributions are considered, with the dark
energy expressed through the cosmological constant Λ-term. The cosmological constant
was first introduced by A. Einstein in 1917 in an attempt to retrieve a model predicting
a static universe [36], and can be perceived as the energy density of the vacuum itself.
From a QFT point of view, this energy density emanates from zero-point fluctuations
of the quantum fields spread across the quantum vacuum. A reasonable assumption for
the cut off threshold for the vacuum energy is the Planck scale. Then we can estimate
for the vacuum energy density the following

⟨ρ⟩ =
∫ MPl

0

d3p

(2π)3
1

2

√
p2 +m2 ∼ 1072 GeV4 . (1.7)

On the other hand the numerical value of the cosmological constant as it is estimated
from observations and cosmological models, is found to be 120 orders of magnitude
smaller. Because of Lorentz invariance for the vacuum we have that

⟨Tµν⟩ = −⟨ρ⟩gµν , (1.8)

which in turn contributes to the Einstein equations in the form of a cosmological constant

Λ = 8πG⟨ρ⟩ . (1.9)

From cosmological observations we know that the expectation value for the vacuum
energy density is

⟨ρ⟩ ∼ 10−47 GeV4 . (1.10)

By requiring Lorentz invariance of the vacuum state, this vast difference in orders of
magnitude can be brought down to some 50 orders of magnitude [37, 38], but remains
mysteriously large either way. We are confronted therefore with a huge discrepancy that
would require extremely precise fine-tuning.

Various solutions have been suggested to the cosmological constant problem. For in-
stance, applying one interpretation of the Anthropic Principle, which was first proposed
by Dicke [39, 40], we may claim that we just happen to live in a universe characterized
by the observed value of the cosmological constant. Our universe is only one of many
regions (universes) with different vacuum energies. In string theory, there is suppos-
edly a humongous landscape (≳ 10500) of solutions [41–43] allowing for many different
cosmological constants. The cosmological problem has also been considered alongside
supersymmetry. When supersymmetry holds, the fermionic and bosonic contributions
cancel out and the vacuum energy is exactly zero, while breaking supersymmetry in-
duces a nonzero vacuum energy [44, 45]. Considering the supersymmetric scale to be
MSUSY ∼ 103 GeV, would lead to a discrepancy MSUSY/Mvacuum ∼ 1015 which is
significantly smaller than MPlanck/Mvacuum ∼ 1030, but still not small enough for the
problem to be resolved.

In the process of tackling the variety of different issues emerging in the context of
GR, we might have to resort to the basics of the theory itself [46]. There are three main
(non-mutually exclusive) ways to define alternatives theories of gravity [47]: (i) break-
ing one of the assumptions related to the fact that GR is defined on a 4-dimensional
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pseudo-Riemannian manifold, where local Lorentz invariance holds, (ii) adding extra
fields (interacting with the metric tensor), and (iii) considering the graviton to be mas-
sive. Following either one of these three paths is equivalent to modifying gravity, which
could presumably resolve one or more of the aforementioned problems associated with
GR. In the following section we discuss various ways in which one can reasonably modify
GR.

Before we close this section let us explain the unit system we will be using throughout
this thesis. Unless stated otherwise we will be using geometrized units where all units
are expressed in terms of powers of length or mass. We also set c ≡ ℏ ≡ G = 1. In
these units the metric tensor is dimensionless, the Ricci invariant R had units L−2, and
unless stated otherwise we will define the scalar fields appearing in our theories so that
they are is dimensionless.

1.2 Modifying GR

The transition from our current understanding of gravity, which is mostly limited to
low energies, to the one that probes extremely high energy regimes, does not have to
be direct. In other words modifying gravity as we currently know it might be enough
to capture physics inaccessible by GR, potentially realized at long distances, while still
remaining within an effective theory framework that only breaks down at some high
energy limit. In technical terms, these modifications that one can introduce to GR
would appear as additional terms in the Einstein-Hilbert action (1.1). So the question
that follows naturally is, how can one reasonably modify GR?

First of all, as pointed out in the previous section, GR is properly fixed on a 4-
dimensional pseudo-Riemannian manifold where locality and Lorentz invariance are re-
spected. A possible avenue that allows for GR modifications is the introduction of extra
spatial dimensions permitting the construction of new operators using the metric tensor.
Kaluza-Klein theory, Lovelock gravity, brane-world models and string theory [48–57] are
examples of theories considering more than four spacetime dimensions in an attempt to
tackle issues not addressed by standard GR. Moreover, theories violating Lorentz in-
variance can be considered. Arguing in favor of a preferred foliation of spacetime can
result in that, as in the case of Hor̆ava gravity [58–61]. Another famous Lorent-violating
example is that of Einstein-aether gravity [62–64], where an additional to the metric,
unit vector field is assumed, and the existence of a preferred reference frame breaks
Lorentz invariance.

Another relatively obvious way to modify GR is to consider the graviton to be
massive. Despite the simplicity of the theoretical consideration, making the graviton
massive has proven to be a task followed by a number of issues that are not trivial to
address. They pertained to inconsistencies between the zero-mass limit of the massive
theory with GR, and more importantly to the appearance of ghosts [65–68]. A decade
ago the dRGT model was proposed, managing to present a massive gravity model free
of ghosts [69, 70].

Lorentz invariance and locality are properties that we would like to preserve. Addi-
tionally, from our previous discussion, especially on the issue pertaining to the cosmo-
logical constant, the need to explore GR in the infrared is important. Consequently, it
is reasonable to investigate whether changing the gravitational degrees of freedom could
potentially be helpful. In that respect, we can distinguish these additional degrees of
freedom to tensorial, vectorial, and scalar. Characteristic examples of modified grav-
itational theories with additional tensor fields are those of Bigravity [71], where two
spin-2 particles exist, and Multigravity [72] where more than two interacting metrics
are considered. Theories introducing vector fields have been considered in the context
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Figure 1.1: Roadmap of modified gravitational theories. This figure is based on a similar one presented
in [47], where a tour through the avenues of modified gravity and the arising observational constraints
can be found.

of dark energy. Perhaps the most well-known theory in the framework of vector-tensor
theories is the Proca theory including a kinetic and a mass term for the vector field
[73]. Generalizations of the Proca theory [74–76] have also been made resembling the
Horndeski theory which we will analyze in detail in the following pages. On this mat-
ter, maybe the most straightforward generalization of GR is the one considering one or
multiple additional scalar fields. The most general theory considering a metric tensor
and a scalar field that leads to second order equations of motion is the Horndeski theory
[77]. Scalar fields are studied both in the context of strong gravitational effects and of
cosmology. Especially in the latter case, an important advantage scalars offer in contrast
to the vectors scenario, is that they do not affect the isotropy of the universe if they
are only time-dependent, as they do not have a preferred direction. Furthermore, one
can introduce extra high-order terms in the Lagrangian formulation of GR, in such a
way that the resulting equations do not yield unphysical results despite being of higher
order. These extended theories are usually referred to as DHOST (Degenerate-Higher-
Order-Scalar-Tensor) theories [78–81]. There also exist models including both additional
vector and scalar degrees of freedom [82]. A road map of the possible avenues that one
can follow in order to modify gravity can be seen in Fig. 1.1.
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1.2.1 Early scalar-tensor theories
The origins of scalar-tensor theories trace back to Jordan’s work in 1955, who introduced
the concept of a scalar field, in a attempt to embed a curved 4-dimensional manifold in
a flat 5-dimensional spacetime. The Jordan action is given by

SJ =

∫
d4x

√
−g ϕγ

[
R− ω

ϕ2
(∂ϕ)2 + LM(gµν , ϕ, ψM )

]
. (1.11)

where ψM correspond to the matter distribution, which is coupled with the metric tensor
and the scalar field. When the matter Lagrangian does not depend on ϕ there exists
an invariance with respect to the constant γ. This invariance was taken into account
by Robert H. Dicke and Carl H. Brans in 1961, when they redifined the scalar field,
in a way that absorbs γ into the definition of the field and developed the first scalar-
tensor theory as a competitor to Einstein’s GR [83]. In addition to the metric tensor
the gravitational interaction is mediated by a scalar field, nonminimally coupled with
curvature. The action for the Brans-Dicke model reads:

SBD =

∫
d4x

√
−g
[
ϕR− ω

ϕ
(∂ϕ)2 + LM (gµν , ψM )

]
, (1.12)

where ω is a parameter of the theory that can be chosen in order to satisfy observational
constraints, and is called the Brans-Dicke coupling constant. Now the matter is not
coupled with the scalar field. This is important when considering the weak equivalence
principle (WEP) which has been so far verified to a high level of precision [84, 85].
The absence of the scalar-matter coupling at the level of the Lagrangian, implies that
the inertial mass appearing in the the action for the geodesics of a point particle, is
independent of the scalar field and can therefore be factored out, i.e.

SM = −m
∫
dτ , (1.13)

where τ is the proper time. Therefore, the trajectories are not affected by it, and the
WEP holds. It is worth pointing out that the kinetic term appears to be singular due to
the presence of the ϕ−1 factor in front of it. It is however easy to employ the following
redefinition

ϕ→ 1

2
ξϕ̃2 , ξ−1 ≡ 4ω , (1.14)

that allows us to bring this term into the standard canonical form, so that the action
can then be written as

SBD =

∫
d4x

√
−g
[
ξ

2
ϕ̃2R− 1

2
(∂ϕ̃)2 + LM(gµν , ψM)

]
, (1.15)

where now the coupling between the scalar and the Ricci invariant is quadratic. We will
be calling couplings of this form nonminimal couplings. In particular, if a term of the
action cannot be retrieved from the flat limit by applying the comma-to-semicolon rule,
which substitutes ηµν with gµν and promotes partial derivatives to covariant ones, then
we will be calling it nonminimally coupled.

In the Brans-Dicke theory the Einstein equations are modified by the presence of an
effective energy-momentum tensor for the scalar, and a scalar coefficient in front of the
Einstein tensor, eventually leading to

Gµν =
κπ

ϕ
TM
µν +

ω

ϕ2

[
∂µϕ∂νϕ− 1

2
gµν(∂ϕ)

2

]
+

1

ϕ
(∇µ∇νϕ− gµν2ϕ) ,

(1.16)
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while the scalar equation of motion reads:

2ϕ =
κ

3 + 2ω
TM . (1.17)

It is noteworthy that despite the fact that the matter Lagrangian does not contain
couplings with the scalar field, the latter appears to be sourced from the energy momen-
tum tensor as a result of the nonminimal coupling, and it strengthens the detectability
prospects for the scalar. It is straightforward to deduce that GR is retrieved in the
limit ϕ→ constant. One of the main points of the Brans-Dicke model concerns the ap-
pearance of an effective gravitational constant proportional to the inverse of the scalar
field, i.e. Geff ∼ 1/ϕ, provided that the time-variation of the scalar is slow. Like GR,
the Brans-Dicke model predicts gravitational lensing and precessions in a way that is
dependent on the exact value of the Brans-Dicke parameter. Therefore, observations
can be used to place constraints on this parameter. The most recent and larger lower
bound on the Brans-Dicke parameter has been set by the Cassini–Huygens experiment,
and is of the order of ω > 40, 000 [86].

1.2.2 Horndeski gravity
As we mentioned already, Horndeski’s theory is the most general four-dimensional dif-
feomorphism invariant theory involving a metric tensor and a scalar field that leads
to second-order field equations upon variation [77]. It is important for a theory to
yield second-order equations of motion in order to avoid a type of instability know as
Ostrogradsky’ instability [87]. Whenever the Lagrangian satisfies a condition known
as nondegeneracy, theories yielding equations of motion of order higher than two, are
usually associated with linear contributions of canonical momenta in the Hamiltonian
formulation of the theory. This leads to unphysical modes that are unbounded from
below, otherwise known as ghosts. The action of the Horndeski theory is given by

SH =
1

2κ

5∑
i=2

∫
d4x

√
−gLi, (1.18)

with each sub-Lagrangian Li given by

L2 =G2(ϕ,X), (1.19)
L3 = −G3(ϕ,X)2ϕ, (1.20)

L4 =G4(ϕ,X)R+G4X [(2ϕ)2 − (∇µ∇νϕ)
2], (1.21)

L5 =G5(ϕ,X)Gµν∇µ∇νϕ

− G5X

6

[
(2ϕ)

3 − 32ϕ(∇µ∇νϕ)
2 + 2(∇µ∇νϕ)

3
]
,

(1.22)

where the canonical kinetic term is defined as X = −(∂ϕ)2/2 and GiX ≡ ∂XGi. The
action of the full theory is completed by the matter contributions, namely SM[gµν , ψM].
In order to derive the equations of motion a variation of the action with respect to the
metric and the scalar must be taken [88]:

δ

(
√
−g

5∑
i=2

Li

)
=
√
−g

[
5∑

i=2

Gi
µνδg

µν +

5∑
i=2

(
P i
ϕ −∇µJ i

µ

)
δϕ

]
+ total derivative .

(1.23)

Minimizing the action then yields the metric and scalar field equations
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5∑
i=2

Gi
µν = 0, ∇µ

(
5∑

i=2

J i
µ

)
=

5∑
i=2

P i
ϕ. (1.24)

with some of the specific expressions for the quantities defined above given in appendix C.
In this format the scalar equation has been put in a useful way, as the quantities P i

ϕ are
absent when shift symmetry is considered.

1.3 No-hair theorem

Despite the mystery associated with black holes, they are in general rather simple physi-
cal objects characterized by a small number of independent parameters. Let us consider
a stationary spacetime, i.e. one admitting an asymptotically timelike Killing vector
field. According to the no-hair theorem stationary black holes derived as solutions of
the Einstein-Maxwell Lagrangian of general relativity, are characterized by three ob-
servables, namely their mass, electric charge, and angular momentum.

Since black holes can in principle be characterized by non-trivial electromagnetic
fields, it is reasonable to question whether more general black hole classes exist, that are
characterized by more degrees of freedom. The simplest extension to the three "charges"
mentioned earlier would be an additional scalar degree of freedom associated with a
scalar field. In the following chapters we will be referring to the property quantifying
the scalar hair of a black hole solution as the scalar charge of the black hole.

1.3.1 No scalar hair theorems
In the Brans-Dicke theory, and in the Jordan frame (the physical one where matter is
coupled minimally to gravity and therefore particles have constant mass), the action for
the theory reads

S =
1

2κ

∫
d4x

{√
−ĝ
(
φR̂− ω

φ
∇̂µφ∇̂µφ

)
+ Lm(ĝµν , ψ)

}
, (1.25)

where the second contribution corresponds to the matter distribution. Stationarity
implies that the solution admits an asymptotically timelike killing vector ξµ. We will be
using the symbol T(ϕ) for the contribution to the energy-momentum tensor coming from
the scalar field. Then, in the Einstein frame, T(ϕ) does not contain second derivatives for
the scalar and satisfies the weak energy condition. The weak energy condition essentially
states that the energy density for any field as seen by any observer should not be negative,
namely:

T (ϕ)
µν ξ

µξν ≥ 0 , (1.26)

where the vector ξµ is timelike (e.g. 4-velocity). In [89] it was shown that stationary
and asymptotically flat spacetimes that satisfy the WEC are axisymmetric or static
(globally timelike killing vector), and therefore admit an asymptotically spacelike killing
vector ζµ (associated with rotational symmetry). The event horizon occurs wherever
the time translational killing vector becomes null. By defining the bivector ξ[µζν], it
can be claimed that following to Carter’s analysis [90], the horizon is located at h ≡
ξ[µζν]ξ[µζν] = 0. Then, following Hawking’s analysis [91], outside of the horizon

h = ξ[µζν]ξ[µζν] < 0 .

In the Einstein frame, and when no matter distribution is present, the scalar equation
simply reads

gµν∇µ∇νϕ = 0 . (1.27)
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This can be straightforwardly integrated to yield∫
V
ϕ gµν∇µ∇νϕ = 0 ⇒

∫
V
gµν ∇µϕ∇νϕ =

∫
∂V
ϕnµ∇νϕ ,

where ∂V bounds V and is made from the horizon hypersurface, the spacelike infinity,
the future and the past timelike infinities. Bekenstein’s “old” no-hair theorem [92] yields
the same result following a slightly different analysis. There, it was shown that for an
arbitrary number of minimally coupled scalar fields ϕk, k = 1, 2..., the scalar equation
of motion yields∑

k

∫
V
d4x

√
−g
[
∂µϕk

∂L
∂ϕµ

+ ϕk
∂L
∂ϕk

]
−
∫
∂V
bµ dSµ = 0 , (1.28)

where dSµ is the hypersurface element bounding the domain V. The following quantity
was also defined

bµ =
∑
k

ϕk
∂L

∂(∂µϕk)
. (1.29)

The reader is referred to [92] for the details where it is shown that for static and asymp-
totically flat spacetimes the surface integral appearing in (1.28) should vanish (at the
horizon the resulting Schwarz inequality bounds the quantity bµdSµ = (gijdS

ibj)2 to be
less than or equal to zero, while the contribution at infinity vanishes due to the fall-off
of physically relevant scalar fields). Then it is shown that the only allowed solution for
the scalar fields is the trivial one.

The theorem was generalized to scalar-tensor theories where ω → ω(ϕ) and a scalar
potential may be included [93]

S =
1

2κ

∫
d4x
√

−ĝ
{[
φR̂− ω(φ)

φ
(∇̂φ)2 −V (φ)

]
+Lm(ĝµν , ψ)

}
. (1.30)

By employing the transformation

gµν = φ ĝµν and dϕ =
dφ

φ

√
2ω(φ) + 3

2κ
, (1.31)

we can go to the Einstein frame, and like before we can show with a slight modification
that

gµν∇µ∇νϕ = U ′ ⇒
∫
V
U ′ gµν∇µ∇νϕ− U ′2 = 0

⇒
∫
V
U ′′ gµν ∇µϕ∇νϕ+ U ′2 =

∫
∂V
U ′ nµ∇νϕ ,

(1.32)

where U(ϕ) = V (φ)/φ2. As long as U ′′ > 0, the same reasoning as before leads to ϕ
being constant. At this point let us stress that we can identify the quantity U ′′ with
the effective mass of the scalar field. As long as the effective mass is not tachyonic the
no-hair theorem holds and the only solution is the constant scalar.

1.3.2 “Novel” no-hair theorem
A different approach to formulating a no scalar hair theorem for black holes was followed
in [94], with Bekenstein’s “novel” no-hair theorem. It concerns static and asymptotically
flat solutions, and theories where the scalar field(s) are only minimally coupled to gravity.
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It is proved by showing that for hairy black holes, the behaviour of the Trr component
of the energy-momentum tensor near the horizon and at asymptotic infinity does not
allow for a smooth matching.

The action considered by Bekenstein was the following

Sϕ,χ,... =

∫
d4x

√
−g
[
R+ E(J ,F ,K, . . . , ϕ, χ, . . .)

]
, (1.33)

where ϕ, χ, . . . are scalar fields, and the quantities J , F , K, . . . are invariant terms made
of first derivatives of the scalar fields, i.e. for the ϕ and χ scalars we have

J = ∂µϕ∂
µϕ , F = ∂µχ∂

µχ , and K = ∂µϕ∂
µχ . (1.34)

The energy momentum tensor for the case of two scalar fields is given by

Tµν =− E gµν + 2
∂E
∂J

∂µϕ∂νϕ+ 2
∂E
∂F

∂µχ∂νχ+
∂E
∂K
(
∂µϕ∂νχ

+ ∂µϕ∂νχ
)
.

(1.35)

By employing the energy momentum conservation for a static and spherically symmetric
spacetime, one can derive the components of the energy momentum tensor near the
horizon and at asymptotic infinity, where the spacetime becomes flat. The following
hold:

• The spacetime is static, spherically symmetric, and asymptotically flat. The scalar
fields respect the symmetries, i.e. they have a timelike Killing vector.

• For an observer with 4-velocity uµ (u2 = −1) moving along the timelike Killing
vector ∂µϕuµ = 0, . . ., so then from the weak energy condition

E ≥ 0 .

• Because the spacetime is static it is straightforward to see that T θ
θ = Tφ

φ = −E .

• Near the black hole horizon it is found that T r
r < 0 and (T r

r)
′ < 0.

• At asymptotic infinity it is found that T r
r > 0 and (T r

r)
′ < 0.

It is obvious then, that there has to be some intermediate point where the monotonicity
of the spatial derivative of the rr component of the energy momentum tensor must
change. By using the Einstein equations however, it becomes clear that (T r

r)
′ retains

its monotonicity throughout the black hole exterior, and therefore the only reasonable
conclusion is that the scalar fields should be trivial.

1.3.3 No-hair theorem in Horndeski

In [95], a no-hair theorem was proposed for generalized Galileons. In [88] the equivalence
between generalized Galileons and Horndeski gravity was demosntrated. This new no-
hair theorem for Galileons is formulated under a number of assumptions that we will
analyze below, but it allows for arbitrarily defined functions G2, G3, G4 and G5 provided
they do not depend explicitly on ϕ, i.e. ∂ϕGi = 0. The main assumptions of the theorem
are that (i) the spacetime is static and spherically symmetric, (ii) the scalar field respects
the same symmetries, (iii) the Lagrangian includes a canonical kinetic term for the scalar,
(iv) GiX ∼ Xn with n ≥ 0 when X → 0, and (v) the current does not diverge. We then
present the steps followed to establish the theorem:

10
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• For the generalized Galileon, in the covariant formulation, a Noether current can
be derived originating from the shift symmetry ϕ→ ϕ+ constant.

For ∇µJ
µ = 0, where Jµ =

1√
−g

δS[ϕ]

δ(∂µϕ)
we find:

Jµ = −∂µϕ
{
G2X −G3X2ϕ+G4XR+G4XX

[
(2ϕ)2−

(∇ρ∇σϕ)
2
]
+G5XG

ρσ∇ρ∇σϕ− G5XX

6

[
(2ϕ)3

− 32ϕ(∇ρ∇σϕ)
2 + 2(∇ρ∇σϕ)

3
]}

− ∂νX
(
− δµνG3X

+ 2G4XX(2ϕδµν −∇µ∇νϕ) +G5XG
µ
ν − 1

2
G5XX

[
δµν (2ϕ)

2

− δµν (∇ρ∇σϕ)
2 − 22ϕ∇µ∇νϕ+ 2∇µ∇ρϕ∇ρ∇νϕ

])
+ 2G4XR

µ
ρ∇ρϕ+G5X

(
−2ϕRµ

ρ∇ρϕ+Rρν
σµ∇ρ∇σϕ∇νϕ

+Rρ
σ∇ρϕ∇µ∇σϕ

)
.

(1.36)

• In static spherical coordinates it turns out that the only nonzero component of
the current is the Jr, because the current has to respect the symmetries of the
configuration, i.e. J = (0, Jr, 0, 0). It is then easy to calculate the norm of
the current, J2 = grr(J

r)2. The norm should remain regular everywhere, and
therefore, since at the horizon grr → ∞, we must have Jr

∣∣
h
= 0.

• From the scalar equation of motion it then follows that Jr has to vanish every-
where. In order to see that let us introduce the static and spherically symmetric
ansatz

ds2 = −A(r)dt2 + 1

B(r)
dr2 + r2dΩ2 , (1.37)

so then the scalar equation yields

Jr =
c̃

r2

√
B

A
⇒ J2 =

c̃2

r4A
. (1.38)

where c̃ is a constant. Evaluating the expression above at the horizon, while de-
manding that the current remains finite, leads to c̃ = 0, so that Jr = 0 everywhere.

• For the final part of the proof of the theorem it is useful to express the current
in the specific metric components. In this case the current can be written in the
following form:

Jr = −BG2Xϕ
′ +

rA′ + 4A

2rA
B2(ϕ′)2G3X

+
2A− 2AB + 2rA′

r2A
B2ϕ′G4X − 2A+ 2rA′

r2A
B3(ϕ′)3G4XX

+
BA′ − 3(ϕ′)2A′

2r2A
B3(ϕ′)2G5X +

A′

2r2A
B4(ϕ′)4G5XX

≡ B ϕ′ P(r;ϕ′, A′/A,B) .

(1.39)

where the prime denotes differentiation with respect to the radial coordinate. The
spacetime is assumed to be asymptotically flat which translates to the asymptotic
conditions

(A,B,A′, B′, ϕ′) → (1, 1, 0, 0, 0) .

11
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Then, it follows that asymptotically P → −1, provided that G2 ⊆ X. Let us as-
sume that the scalar field has a non-trivial profile that asymptotically approaches a
constant, since ϕ′∞ = 0 (the value of the constant is irrelevant since shift-symmetry
is assumed anyway). Then as we start moving to smaller radii we expect that ϕ′
will start acquiring nonzero values. The only way for Jr to yield zero then, is if
P = 0 whenever ϕ′ ̸= 0. However, for every nondegenerate Galileon theory featur-
ing a kinetic term, P should approach a constant asymptotically. By continuity as
we start moving from infinity inwards P will still be nonzero when ϕ′ picks up a
nonzero value, which means that at some point Jr ̸= 0 violating one of our earlier
conclusions. Therefore, ϕ′ = 0 should be the only viable option, which means that
GR is retrieved.

12



CHAPTER 2
Evasion of no-hair theorems in scalar-tensor gravity

In the previous chapter we discussed some well-known no-hair theorems governing black
holes with scalar fields and the conditions under which they apply. As it has turned out
however, it has been possible to evade them, either by breaking one of the assumptions
concerning them, or simply by gaining a deeper understanding of the underlying theories.
The old no-hair theorems for instance were outdated by the discovery of black holes with
Yang-Mills [96–98], Skyrme fields [99–101], or a conformal coupling to gravity [102]. The
novel formulation of the no-hair theorem proposed in 1995 by Bekenstein was evaded
within a year with the discovery of the dilatonic black holes found in the context of
the Einstein-dilaton-Gauss-Bonnet theory (EdGB) [103] (for some earlier studies that
paved the way, see [104–109]). In the EdGB theory the motivation emanates from the
lower energy limit of superstring theory [110]. The colored black holes were found next
in the context of the same theory completed by the presence of a Yang-Mills field [111–
113], and higher-dimensional models [114–116] or rotating versions [117–122] were also
constructed.

Over the last years, the construction of generalized gravitational theories was signifi-
cantly enlarged via the revival of the Horndeski theory and led to new formulations of the
no-hair theorems, with the most famous one presented in the last section of the previous
chapter. However, these recent forms were also evaded [123] and concrete black-hole
solutions were constructed [124–127].

In the first section of this chapter, we show how the presence of the scalar-GB
coupling in the action, which is equivalent to G5 ∼ ln |X|, can lead to the evasion of
the no-hair theorems formulated for the shift-symmetric Horndeski theory. We then
generalize the analysis by abandoning the shift-symmetry requirement and discuss how
both the old [92] and the “novel” no-hair theorem [94, 95] by Bekenstein are evaded,
allowing for a large class of hairy black hole solutions with interesting phenomenology.
Finally, we discuss a particular class of hairy black hole solutions that evade the no-
hair theorems, which belong to the framework of spontaneous scalarization, which is a
process that spontaneously endows black holes and compact neutron stars with scalar
hair.

2.1 Evasion of the no-hair theorem for the generalized
Galileon

We will begin our discussion on evasions of the black-hole no-hair theorems by consid-
ering the case of shift-symmetric Horndeski gravity. Let us briefly discuss why this case
is a justifiably good starting point for the analysis. Considering the length scale of very
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compact objects, strong gravity observations probe lengths of the order of kilometres.
If one assumes that the no-hair theorems for scalar fields can somehow be evaded, the
experiments probing strong-field gravity are expected to be relevant for massless or ul-
tiralight scalar fields. That is because, massive scalars in this case, produce nontrivial
profiles around compact objects that are expected to decay exponentially at a timescale
set by the inverse of the mass. Shift symmetry, i.e. invariance under ϕ→ ϕ+ constant,
protects scalars from acquiring a mass. Consequently, strong gravity observations effec-
tively probe scalars that exhibit either this symmetry or very small violations of it.

Let us begin by examining the no-hair theorem postulation for the shift-symmetric
generalized Galileon (ssgG) theory presented in the introduction. If we examine closely
the expression for the current we see that there is one general case that violates one of
the main assumptions of the ssgG no-hair theorem, which states that P approaches a
finite value asymptotically. A way to achieve that is if Jr is of order n ≥ 0 with respect
to ϕ′, with at least one term being of zeroth order [124]. In other words, if at least one
of the terms appearing in (1.39) is independent of ϕ′, the condition Jr = 0 forces ϕ′ to
acquire a nonzero value. This can be achieved by specific choices for the functions Gi

appearing in the Lagrangian, e.g. G2, G4 ∼
√
−X and G3, G5 ∼ ln |X| [128].

Taking a step back and reviewing the problem at the Lagrangian level, we can see
that the only way through which ϕ-dependent terms do not appear in the equation of
motion for the scalar, and the gravitational equations of motion remain second-order
and divergence-free, is if we add a term of the form ϕA[g] in the action, where from the
Lovelock theorem the scalar quantity A[g] is the Gauss-Bonnet invariant G , defined as

G = RµνρσRµνρσ − 4RµνRµν +R2 . (2.1)

At first glance, the GB invariant seems to be absent from the Horndeski Lagrangian.
However, it was shown [129] that it simply corresponds to the choice G2 = G3 = G4 = 0
and G5 = −4 ln |X|. Let us make this discussion a bit more tangible by considering as
an example the following action

S =
1

2k

∫
d4x

√
−g
[
R+X + αϕG

]
. (2.2)

By varying the above action with respect to the scalar we get the corresponding scalar
equation

2ϕ = αG . (2.3)

As we explained earlier the shift-symmetric property of the theory allows one to write
the scalar equation as the conservation of a current, i.e. ∇µ(∇µϕ − αG µ) = 0, where
G = ∇µG µ, and G µ considers the contributions to the current by the GB term. It is
apparent that in this scenario the theory does not admit any constant ϕ solutions unless
G = 0. This however is not the case for black holes and hence they have to be endowed
with scalar hair. As explained earlier in a generic context, the contradiction with the
no-hair theorem of [95] relates to the assumption that every single term in the current
depends on the gradient of ϕ. The contribution of the linear coupling to G clearly violates
this assumption and is indeed unique in this respect [123]. Interestingly, hairy black hole
solutions in this theory violate another assumption of the theory of the Galileon no-hair
theorem [95]: (Jr)

2
/grr diverges on the horizon [128]. It was subsequently shown in

[130] that this quantity is not an invariant when it receives a contribution from a linear
coupling with G and hence there is no reason to impose that it is finite in this case. It is
worth noting that the linear coupling term ϕG would arise in a small coupling or small
ϕ expansion of the exponential coupling eϕG that had already been known to introduce
black hole hair [103, 131, 132].
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For black hole solutions with a non-divergent scalar field to emerge in this theory,
it was shown that the derivative of the scalar field at the horizon should satisfy a
particular condition which dictates the existence of a lower mass limit for the solutions,
i.e. rh > rh(min). Hairy black hole solutions in the ϕG but also in the eϕG cases
share this property, with the minimum mass being in principle different for the different
coupling functions. Moreover, in both cases, the scalar charge is not an independent
parameter, but it is instead fixed with respect to the black hole mass and spin by a
regularity condition on the horizon. In the next chapter we will focus on the linear
coupling case and determine how these two properties are affected by the presence of
additional shift-symmetric (derivative) interactions in the action.

In [133], theories described by the shift-symmetric Horndeski action (1.18) were
classified as follows:

Class-1: Eϕ[ϕ = 0, g] = 0, ∀g, (2.4)

Class-2: lim
g→η

Eϕ[ϕ = 0, g] = 0. (2.5)

Class-3: All the rest. (2.6)

Class-1 theories are defined by their property to accept ϕ = 0 as a solution for any
general background; hence, they admit all possible GR solutions. Class-2 theories allow
for ϕ = 0 to be realized only for flat spacetimes. The third class is defined as the
complement of the other two. Therefore, class-3 theories admit a non-trivial scalar
configuration in flat spacetime as a solution, or flat spacetime is not a solution, and
hence they violate Local Lorentz symmetry.

At first sight, it appears that classes 1 and 2 are unrelated. On the contrary, it was
shown in [133] that a class-2 Lagrangian can always be expressed as a class-1 Lagrangian
plus a contribution from the Gauss-Bonnet invariant, namely:

L(2) = L(1) + αϕG . (2.7)

Consequently, all shift-symmetric non-Lorentz violating Horndeski theories admit all
GR solutions, provided that a linear coupling between the scalar and the Gauss-Bonnet
invariant is not present. Using this result, it was then shown that the scalar charge Q
of a stationary black hole in any theory in classes 1 and 2 is given by

4πQ = α

∫
H
naG

a, (2.8)

where G a is the Gauss-Bonnet contribution to the shift-symmetric current, H denotes
the Killing horizon and na its normal. We will discuss the scalar charge property of
black holes later on.

2.2 General couplings

The no-hair theorem for the generalized Galileon [95] pertains to shift-symmetric Horn-
deski theories. Now we will show that hairy black holes can be found in the Horndeski
framework even when one abandons shift symmetry, leading to the evasion of the old
and new no-hair theorems proposed by Bekenstein. Consider the following action

S =
1

16π

∫
d4x

√
−g
{
R+X + f(ϕ)G

}
, (2.9)

so then the dilatonic and shift-symmetric models are found for f(ϕ) = αeγϕ and f(ϕ) =
αϕ respectively. In order to retrieve (2.9) from the Horndeski Lagrangian (1.18) the
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following choices have to be made

G2 =X + 8f (4)X2(3− ln |X|) ,
G3 =4f (3)X(7− 3 ln |X|) ,
G4 =1 + 4f (2)X(2− ln |X|) ,
G5 = = −4f (1) ln |X| ,

(2.10)

where f (n) ≡ ∂ϕn ≡ ∂nf/∂ϕn. The scalar equation of motion and the Einstein field
equations in this theory are given by

2ϕ+ (∂ϕf)G = 0 , (2.11)

Gµν = Tϕ
µν ≡ −1

4
gµν(∇ϕ)2 +

1

2
∇µϕ∇νϕ

− 1

g
gµ(ρgσ)νϵ

κραβϵσγλτRλταβ∇γ∂κf(ϕ) ,
(2.12)

where ϵµνρσ is the 4-dimensional antisymmetric symbol.
In order to demonstrate the evasion of the no-hair theorems, and especially Beken-

stein’s novel one, we will need the near-horizon and asymptotic expansions for the func-
tions appearing in our analysis. Casting the equations of motion in the specific metric
ansatz (1.37) we end up with three independent equations, that after careful manipula-
tion allow for B(r) to be eliminated and reduce to the following two ordinary differential
equations of second order for the functions A and ϕ

A′′ =
P
(
r, ϕ′, A′, ∂ϕf, ∂ϕϕf

)
S
(
r, ϕ′, A′, ∂ϕf, ∂ϕϕf

) , ϕ′′ =
Q
(
r, ϕ′, A′, ∂ϕf, ∂ϕϕf

)
S
(
r, ϕ′, A′, ∂ϕf, ∂ϕϕf

)
, (2.13)

where P, Q, S are functions of the quantities in the parentheses. We will now demon-
strate that our set of equations, with a general coupling function f(ϕ), allows for the
construction of a black-hole solution with a regular horizon provided that f satisfies
certain constraints. For a spherically-symmetric spacetime, the presence of a horizon is
realised for A → 0, as r → rh, or equivalently for A′/A → ∞ – the latter will be used
in our analysis as an assumption but it can be shown to follow from the former. On
the other hand, the regularity of the horizon amounts to demanding that ϕ, ϕ′ and ϕ′′

remain finite in the limit r → rh. Then, the assumption that A′ → ∞ while ϕ′ remains
finite, results in (2.13) taking the following form to leading order(

A′

A

)′

≈ −r
4 + 4r3ϕ′(∂ϕf) + 4r2ϕ′2(∂ϕf)

2 − 24(∂ϕf)
2

r4 + 2r3ϕ′(∂ϕf)− 48(∂ϕf)2

(
A′

A

)2

, (2.14)

ϕ′′ ≈ −
[
2ϕ′(∂ϕf) + r

][
r3ϕ′ + 12(∂ϕf) + 2r2ϕ′2(∂ϕf)

]
r4 + 2r3ϕ′(∂ϕf)− 48(∂ϕf)2

(
A′

A

)
. (2.15)

Focusing on the second of the above equations, we observe that ϕ′′ diverges at the
horizon if f(ϕ) is either zero or left unconstrained. However, ϕ′′ may be rendered finite
if either one of the two expressions in the numerator of Eq. (2.15) is zero close to the
horizon.

If we assume that (2ϕ′∂ϕf + r) = 0 close to the horizon, then a careful inspection
of our equations reveals that, in that case, ϕ′′ ≃

√
A′/A/(∂ϕf). Thus, for ϕ′′ to remain

finite, we must demand that ∂ϕf → ±∞, near the horizon. This may be easily shown to
lead to either a divergent or a trivial scalar field near the horizon, for every elementary
form of f(ϕ) we have tried. Therefore, for the construction of a regular horizon in the
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presence of a non-trivial scalar field, we are led to consider the second choice: r3ϕ′ +
12(∂ϕf) + 2r2ϕ′

2
(∂ϕf) = 0 when r → rh. This may be easily solved to yield

ϕ′h =
rh

4(∂ϕf)h

(
−1±

√
1−

96(∂ϕf)2h
r4h

)
, (2.16)

where all quantities have been evaluated at rh. To ensure that ϕ′h is real, we must
impose a constraint on the coupling function, which translates to a constraint regarding
the black hole size

r4h > 96
(
∂ϕf

)2
h
. (2.17)

For a given coupling function f(ϕ), and fixed (α, ϕh) - where α is the coupling constant
introduced in the function f(ϕ), the constraint (2.17) imposes that there is a lower bound
for the horizon radius of the derived black hole solutions given by r2h > 4

√
6 |(∂ϕf)|, and

thus a lower-bound on their mass, in agreement with previous works, including the
dilatonic and the shift-symmetric cases [103, 123, 124, 134].

Turning now to Eq. (2.14), and using the constraint (2.16), we find that the coef-
ficient of A′2 simplifies to −A2. Then, upon integration with respect to r, we obtain
A′/A = (r− rh)

−1 +O(1) which, in accordance to our initial assumption, diverges close
to the horizon. Integrating once more and putting everything together, we may write
the near-horizon solution as

A = a1(r − rh) + ... , (2.18)
B = b1(r − rh) + ... , (2.19)

ϕ = ϕh + ϕ′h(r − rh) + ϕ′′h(r − rh)
2 + ... . (2.20)

The above describes a regular black-hole horizon in the presence of a scalar field provided
that ϕ′ and the coupling function f satisfy the constraints (2.16)-(2.17).

A general coupling function f(ϕ) for the scalar field does not interfere with the
requirement for the existence of an asymptotically flat limit for the spacetime (1.37).
We assume the following power-law expressions for the metric functions and scalar field,
in the limit r → ∞

(A,B) = 1 +

∞∑
n=1

(pn, qn)

r
, ϕ = ϕ∞ +

∞∑
n=1

dn
r
. (2.21)

2.2.1 Evading the old no-hair theorem
Let us now turn our attention to the no-hair theorems. The older version of the no-hair
theorem for scalar fields [92], that employs the scalar equation of motion, fails to exclude
the existence of black-hole solutions in our theory (2.9): multiplying the scalar equation
(2.11) by f(ϕ) and integrating over the black-hole exterior region, we obtain the integral
constraint ∫

V
d4x

√
−g f(ϕ)

[
∇2ϕ+ (∂ϕf)G

]
= 0 . (2.22)

Integrating by parts the first term, the above becomes∫
V
d4x

√
−g (∂ϕf) [ 2X + f(ϕ)G ] = −

∫
∂V
d3x

√
−hf(ϕ)nµ∂µϕ ,

where h is the induced metric on the hypersurface ∂V serving as the boundary of V.
The boundary term [

√
−hf(ϕ)∂µϕ]∞rh vanishes both at the horizon (due to the

√
AB

factor) and at infinity, for an asymptotically vanishing scalar field. Since ϕ = ϕ(r), the
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first term in Eq. (2.2.1) gives 2X = −grr(∂rϕ)2 < 0 throughout the exterior region.
Also, for the metric (1.37), the GB term has the explicit form

G =
2B

r2

[
(3B − 1)

A′B′

AB
− (1−B)

2A′′A−A′2

A2

]
z, . (2.23)

Employing the asymptotic solutions near the horizon (2.18)-(2.19) and at infinity (2.21),
we may easily see that the GB term takes on a positive value at both regimes. Therefore,
in the simplest possible case where both f(ϕ) and G are sign-definite, Eq. (2.2.1) allows
for black-hole solutions with scalar hair for every choice of the coupling function that
merely satisfies f(ϕ) > 0.

The boundary term does not necessarily vanish in the more generic scenario where
f(ϕ∞) ̸= 0. Therefore, the condition f(ϕ) > 0 is not absolutely derived, and solutions
with f(ϕ) < 0 can also be recovered provided that the field does not vanish asymptot-
ically. It is important to stress out that the constraint f(ϕ) > 0 is not unique and is
based on the steps we followed in the analysis above, and particularly on the fact that
we chose to multiply the scalar equation with f(ϕ) before integrating by parts. For
example, if we had instead multiplied with ϕ, then we would have found:∫

V
d4x

√
−g [ 2X + ϕ(∂ϕf)G ] = −

∫
∂V
d3x

√
−hϕnµ∂µϕ ,

and so when the field vanishes asymptotically, the constrain now becomes ϕ(∂ϕf) > 0.

2.2.2 Evading the “novel” no-hair theorem

We will now continue with the “novel” no-hair theorem developed by Bekenstein [94].
As we saw in the introduction, assuming positivity and conservation of energy, it was
demonstrated that the asymptotic forms of the T r

r component of the energy-momentum
tensor near the horizon and at infinity could never be smoothly matched. That argument
proved beyond doubt that there were no black-hole solutions in the context of a large
class of minimally-coupled-to-gravity scalar field theories. Here, we will show that the
coupling of the scalar field to the quadratic GB term causes the complete evasion of
Bekenstein’s theorem. This may be once again be realised for a large class of scalar
field theories, with the previously-studied exponential [103, 134] and linear [123, 124]
GB couplings comprising special cases of our argument.

The energy-momentum tensor Tµν satisfies the equation of conservation ∇µT
µ
ν =

0 due to the invariance of the action (2.9) under coordinate transformations. Its r-
component may take the explicit form

(T r
r)

′ =
A′

2A
(T t

t − T r
r) +

2

r
(T θ

θ − T r
r) , (2.24)

where the relation T θ
θ = Tφ

φ has been used due to the spherical symmetry. The non-
trivial components of the energy momentum tensor Tµν for our theory (2.9) with a
generic coupling function f are:

T t
t =− B2

4r2

{
ϕ′2

B

[
r2 + 16f (2)(1−B)

]
+ 8f (1)

[
B′

B2
ϕ′(1− 3B) +

2ϕ′′

B
(1−B)

]}
,

(2.25)

T r
r =

Bϕ′

4

[
ϕ′ − 8 (1− 3B) f (1)A′

r2A

]
, (2.26)
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T θ
θ =

B2

4r

{
4f (1)

[
ϕ′(2A′′A−A′2)

A2
+
A′

A

(
2ϕ′′ +

3B′ϕ′

B

)]
− ϕ′2

(
r

B
− 8f (2)

A′

A

)}
.

(2.27)

We will first investigate the profile of T r
r at infinity. We find that −T t

t ≃ −T θ
θ ≃ T r

r ≃
ϕ′2/4 + O

(
1/r6

)
. Since the metric function A there adopts a constant value (A → 1),

the dominant contribution to the right-hand-side of Eq. (2.24) is

(T r
r)

′ ≃ 2

r
(T θ

θ − T r
r ) ≃ −1

r
ϕ′2 + .... . (2.28)

Therefore, at asymptotic infinity, the T r
r component is positive and decreasing, in agree-

ment with [94] since the GB term is insignificant in this regime.
In the near-horizon regime, r → rh, the T r

r component (2.26) takes the approximate
form:

T r
r = −2A′B

r2A
ϕ′f (1) +O(r − rh) . (2.29)

The above combination is finite but not negative-definite as in [94]. In fact, the T r
r

component is positive-definite since, close to the black-hole horizon, A′ > 0, and ḟ ϕ′ < 0.
Therefore, the existence of a regular black-hole horizon in the context of the theory (2.9)
automatically evades one of the two requirements of the novel no-hair theorem.

Turning finally to the expression for (T r
r)

′ and employing the energy-momentum
components (2.25)-(2.27) in Eq. (2.24), we obtain the following expression, in the limit
r → rh

(T r
r )

′ =
A′B

A

[
−rϕ

′2

4Z
− 2(f (2)ϕ′2 + f (1)ϕ′′)

rZ
+

4f (1)ϕ′

r2

(
1

r
+B′

)]
+O(r − rh) ,

(2.30)

where we have defined Z ≡ r + 2(∂ϕf)ϕ
′. Close to the black-hole horizon, Eq. (2.16)

guarantees that (∂ϕf)ϕ
′ < 0 while Z > 0. Employing also the metric functions be-

haviour A′ > 0 and B′ > 0, we conclude that (T r
r)

′ is negative in the near-horizon
regime if a sole additional constraint, namely (∂ϕϕf)ϕ

′2 + ḟϕ′′ > 0, is satisfied. This
may be alternatively written as ∂r[(∂ϕf)ϕ′]|rh > 0, and merely demands that the neg-
ative value of the quantity (ḟϕ′)|rh , necessary for the existence of a regular black-hole
solution, should be constrained away from the horizon. This is in fact the only way
for the matching of the two asymptotic solutions (2.18)-(2.20) and (2.21) to be realised.
Therefore, for ∂r(ḟϕ′)|rh > 0, the T r

r component is positive and decreasing also near
the horizon regime. As a result, both requirements of the “novel” no-hair theorem [94]
do not apply in this theory, and thus it can be evaded.

2.2.3 Numerical demonstration
In this subsection we briefly discuss a few representative numerical results as a means
to graphically confirm that the behavior explained approximately in the last subsection,
is independent of the particular coupling function. We also want to demonstrate the
complete profile of the rr component of the energy momentum tensor.

The derivation of exact solutions, valid over the entire radial domain, demands the
numerical integration of the equations of motion. Our integration starts at a distance
very close to the horizon of the black hole, i.e. at r ≈ rh +O(10−5), and for simplicity,
we set rh = 1. We use as boundary conditions the near-horizon solution (2.18)-(2.20)
together with Eq. (2.16) for ϕ′h upon choosing a particular coupling function f(ϕ). The
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Figure 2.1: The scalar field ϕ and the T r
r component for different coupling functions f(ϕ), for a = 0.01

and ϕh = 1. The plots are taken from [135].

integration proceeds towards large values of the radial coordinate until the form of the
derived solution matches the asymptotic solution.

The solutions for the scalar field are depicted in Fig. 2.1, for a variety of forms
of the coupling function f(ϕ): exponential, odd and even power-law, odd and even
inverse-power-law. For easy comparison, the coupling constant in all cases has been
set to α = 0.01 and the near-horizon value of the field to ϕh = 1. For f(ϕ) =
(αeϕ, αϕ2, αϕ3), which all have f ′h > 0, our constraint (2.16) leads to a negative ϕ′h;
for f(ϕ) = (αe−ϕ, αϕ−1, αϕ−4), which all have f ′h < 0, Eq. (2.16) demands a positive
ϕ′h – the decreasing and increasing, respectively, profiles are clearly depicted in Fig. 2.1.
In all cases, for a given value of ϕh, Eq. (2.16) uniquely determines the quantity ϕ′h.
The integration of the system (2.13) with initial conditions (ϕh, ϕ

′
h) then leads to the

presented solutions. The positivity and decreasing profile of the T r
r component, neces-

sary features for the evasion of the novel no-hair theorem, are clearly seen in Fig. 2.1.
It is worth mentioning that the second constraint, ∂r[(∂ϕf)]ϕ′)|rh > 0, we derived in the
discussion about the evasion of Bekenstein’s “novel” theorem, is automatically satisfied
for every solution found and does not need any further action or fine-tuning of the free
parameters.

2.3 Spontaneous scalarization

In the previous sections we discussed how the evasion of the scalar no-hair theorems oc-
curing for theories belonging in the Horndeski framework can lead to solutions described
by non-trivial scalar configurations. Here we discuss a subclass of these theories that
allow for a very interesting phenomenology, predicting severe deviations from GR in the
strong-field regime while retrieving GR in the asymptotic weak-field one. The general
idea can be expressed in the form of the following question: is it possible that GR only
becomes unstable beyond some threshold related to the strength of the gravitational
field, while remaining perfectly stable elsewhere?

Spontaneous scalarization is perhaps the most direct manifestation of new physics
that stays dormant in the weak field regime and yet leads to large deviations from GR
in the strong field regime. The first model that exhibits the spontaneous scalarization
phenomenon was proposed by Damour and Esposito-Farèse (DEF) in [136]. Here, a
direct coupling between a scalar field ϕ and the Ricci scalar, R (or equivalently the
matter in a different conformal frame), generates at linear level an effective mass for ϕ.
As the compactness of an object increases, this effective mass can become negative and
trigger a tachyonic instability. The scalar field then grows until nonlinear effects kick in
and quench the instability, thereby leading to a “scalarized” object: a neutron star that
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is dressed with a scalar configuration and, hence, has different structure than its GR
counterpart. In the original work the DEF action expressed in the Einstein frame was
given by

S =
1

2κ

∫
d4x

√
−g
[
R− 2(∂ϕ)2

]
+ SM[ψm, A

2(ϕ)gµν ] , (2.31)

It was shown that the nonminimal coupling between the scalar and matter was responsi-
ble for these nonperturbative strong field effects in neuron stars. In order to demonstrate
this, we need to consider the scalar field equation of motion

2ϕ = −κ
2
α(ϕ)T , α(ϕ) ≡ ∂ lnA(ϕ)

∂ϕ
. (2.32)

One of the key points of spontaneous scalarization is the fact that GR can be retrieved
in the weak field limit. That is ensured by demanding that for some ϕ0, the condition
α(ϕ0) = 0 is satisfied. A simple choice for the coupling function allowing that, is the
one made by the authors in their original work, namely

A(ϕ) = exp

(
βϕ2

2

)
. (2.33)

As mentioned earlier the onset of the scalarization can be captured at the linear level
as the manifestation of a tachyonic instability. To see that consider

ϕ = ϕ0 + δϕ , (2.34)

so then the scalar equation for the particular choice of the coupling function, yields

2δϕ+
1

2
κβT δϕ = 0 , (2.35)

where we identify the effective mass as

m2
eff = −1

2
κβT . (2.36)

For very compact neutron stars, it turns out that (considering the energy momentum
tensor of a perfect fluid) the trace of the energy momentum tensor is negative. Therefore
a tachyonic instability, corresponding to negative values of the effective scalar mass,
develops for negative values of the coupling parameter β. It was found that scalarized
neutron star configurations emerge for β < −4 1.

GR solutions of black holes in this theory do not exhibit instabilities. In order to
see that clearly, it is useful to move to the Jordan frame [137], so then action (2.31)
transforms to one containing the following nonminimal coupling

√
−g ζ φ2R . (2.37)

where ζ is a coupling constant and φ is the scalar field expressed in the Jordan frame.
The effective mass then receives the following contribution m2

eff ⊂ ζ R, which cannot
attribute to a tachyonic instability in the Ricci flat geometries of black holes in GR.

In the previous chapter we discussed how the no-hair theorem can be evaded within
the context of the Horndeski theory when a coupling between the Gauss-Bonnet invariant
and the scalar field is assumed. We will now show how this general framework allows for

1In contrast with flat spacetime, a negative effective mass in curved spacetime does not guarantee
the development of an instability. The nontrivial way in which curvature changes may actually stabilize
the configuration. In curved spacetimes, in principle, some threshold needs to be exceeded.
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ϕ

Energy

Figure 2.2: Qualitative description of spontaneous scalarization. The blue line corresponds to stable
GR solution where a positive effective mass keeps the scalar settled in its GR configuration. The red
line depicts the tachyonic instability driving the scalar away from GR, and the grey line corresponds to
the situation after non-linearities have managed to stabilize the configuration.

the spontaneous scalarization of both black holes and neutron stars. Let us consider the
model presented in (2.9), which as explained leads to hairy solutions for an arbitrary
coupling function f(ϕ). If we turn our attention to the scalar equation (2.11) we can see
that the only way for the theory to admit ϕ = ϕ0 constant solutions is if f (1)(ϕ0) = 0
for some ϕ0. It is instantly clear that this can never be the case for the shift-symmetric
case f(ϕ) ∼ ϕ [123, 124] or the dilatonic black holes with f(ϕ) ∼ eαϕ [103, 109]. If
we accept that in order for GR to be a solution of our theory, the coupling function
must satisfy f (1)(ϕ0) = 0, then the next step is to examine under what conditions GR
becomes unstable and when the system transitions to the scalarized version. Let us
rewrite the scalar equation of motion (5.3) after taking linear perturbations around the
GR solution [

2+ f (2)(ϕ0)G
]
δϕ = 0 . (2.38)

We can now identify the term involving the Gauss-Bonnet invariant as the negative of
the effective mass for the scalar field, i.e.

m2
eff ≡ −f (2)(ϕ0)G . (2.39)

Once the effective mass of the scalar becomes suffieciently negative a tachyonic instability
develops driving the scalar to an exponential growth. That growth is quenched by non-
linearities which are however irrelevant when one studies the onset of the scalarization.
The phenomenology of the full non-decoupled physical system was first studied in [138,
139] for the quadratic coupling function2, for which the special value for the scalar
that allows for spontaneous scalarization is ϕ0 = 0. In [138] it was shown that black
holes but also neutron stars can undergo spontaneous scalarization in this model. For
static and spherical black hole solutions, as we saw in the previous section, the Gauss-
Bonnet invariant is positive definite. Therefore, in the quadratic model, spontaneous
scalarization is only allowed when the coupling constant is positive.

2In [139] the quadratic coupling function was given in an exponential format but the two functions
are equivalent in the small ϕ limit. Therefore, the onset of the instability is effectively the same since
it is derived in the linear limit.
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For rotating black hole spacetimes, on the other hand, the parameter space of so-
lutions widens and a new class of scalarized black holes emerges, that of spin-induced
spontaneously scalarized solutions [140, 141]. More specifically, the Gauss-Bonnet in-
variant takes the following form for the Kerr spacetime

GKerr =
48M2

(r2 + χ2)6
(
r6 − 15r4χ2 + 15r2χ4 − χ6

)
, (2.40)

where χ ≡ α cos θ, with α = J/M being the spin parameter of the black hole and J its
angular momentum. For rapidly rotating black holes it is now possible for the quantity in
the parenthesis to become negative rendering the Gauss-Bonnet invariant negative too.
Therefore, in this scenario spontaneous scalarization is possible even for negative values
of the coupling constant in the quadratic coupling case, provided that the black hole is
spinning fast enough. The study of spin induced scalarization has revealed interesting
phenomenology but will not concern us it the context of this thesis, since we will focus
on static spacetimes.
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CHAPTER 3
Minimum black hole size and scalar charge in shift sym-
metry

It the first part of Chapter 2 we discussed the evasion of the no-hair theorems governing
the shift-symmetric Horndeski Lagrangian. As we explained there, a theory that respects
shift symmetry does not allow the scalar to acquire a mass which would lead to an
exponential decay. Therefore, it is of particular interest considering observations probing
the strong-field gravitational regime. We saw in the last chapter that black holes carrying
scalar hair, that emerge in Horndeski through a nonminimal coupling of the scalar with
the Gauss-Bonnet invariant share two key properties:

• For the general coupling between the scalar and the Gauss-Bonnet invariant (which
includes the linear one) a condition for the minimum black hole size emerges (2.17).
In other words, for any fixed value of the coupling constant that controls these
nonminimal terms (i.e. any given theory within the class), black holes have a
minimum mass, controlled by the value of that coupling constant(s).

• The scalar charge of the hairy solutions is not an independent quantity, but is
instead fixed with respect to the black hole mass and spin by a regularity condition
on the horizon. This was first shown in [133], were the authors proved that for
the most general shift symmetric action that leads to second-order equations upon
variation (shift-symmetric Horndeski theory) and respects local Lorentz symmetry,
the scalar charge Q is given by 4πQ = α

∫
H naG a, as discussed in the previous

chapter.

Indeed, hairy black hole solutions in the ϕG and in the eϕG scenarios which are subcases
of the generic f(ϕ) case, share these two properties [124]. The scope of this chapter is
to focus on the linear coupling case and determine how these two properties are affected
by the presence of additional shift-symmetric (derivative) interactions in the action [6].

It is worth emphasising that having a minimum mass for black holes in the ϕG
model leads to a strong constraint on the coupling constant of this term, coming from
the lightest black hole observed [142, 143]. Most other observations are sensitive to
the scalar charge but this gets converted to a constraint on the same coupling constant
using the relation that fixes the scalar charge in terms of the black hole mass (and spin)
e.g. [144–147]. In the case of extreme mass ratio inspirals (EMRIs), a scaling of the
scalar charge with respect to the black hole mass inspired by the ϕG theory proved to
be a crucial ingredient to drastically simplify the modelling for a vastly broader class
of nonminimally coupled scalars [146]. Note that, although there are good reasons to
believe that such terms can remain subdominant when modelling binary dynamics and
gravitational wave radiation [146, 148], they could still have a crucial effect on the prop-
erties of the sources, including their quasi-normal ringing [149], and their dependence

24



G. Antoniou Minimum size and scalar charge in shift symmetry

on the coupling constants of the theory [133]. This can affect how observations get
translated to bounds for these coupling constants. Considering also that Effective field
theory (EFT) strongly suggests that additional terms should be present, it is rather
pertinent to understand their contributions to relations between mass and charge and
to check whether they affect the minimum size of black holes.

As expected from the discussion above, the charge vanishes if the ϕG term is absent.
The value of G a does however depend on any additional couplings, where corrections
with respect to GR are suppressed by the mass scales that correspond to these cou-
plings. If one assumes continuity as these couplings are driven to zero and that their
characteristic energy scales are similar to that of the Gauss-Bonnet one which sources
the hair (i.e. no hierarchy of scales), then one expects corrections to the charge and its
scaling with the mass of the black hole to be subdominant. How much so is a matter
of further exploration. Moreover, the aforementioned expression for the charge does not
give any information on the minimum size of black holes.

3.1 A theory with higher order operators

As we explained before, our broader goal in this chapter is to understand how adding
additional shift symmetric terms to action (2.2) would affect the two key properties of
the black hole solutions, namely the minimum size and the scalar charge. In this section
we will avoid using numerical methods, and we will constrain our analysis in analytical
or semi-analytical methods to track and study the aforementioned properties.

3.1.1 The high-order action
To make the calculations more tractable, we will not consider all of the terms appearing
in the Horndeski Lagrangian (1.18), but we will instead restrict ourselves to the following
theory

L ∼
[
R+X

(
1 + σ2ϕ+ κX

)
+ αϕG + γ Gµν∇µϕ∇νϕ

]
. (3.1)

This action can be obtained from action (1.18) by selecting 1

G2(X) =X + κX2,

G3(X) =− σX,

G4(X) =1/2 + γX,

G5(X) =− 4α ln |X|.

(3.2)

In units where G = c = 1 the scalar field is dimensionless while α, γ, σ, κ have dimensions
of a length squared. We will work on the spherical symmetric and static background
we introduced in (1.37) when we were discussing the no-hair theorem for the Galileon.
There, we also introduced the conserved current (1.39) for the shift-symmetric Horn-
deski. Once again, the only non-vanishing component of the current Jµ is Jr, which for
the theory (3.1) yields

Jr =−Bϕ′(1− κBϕ′2)− σϕ′2
rA′ + 4A

2rA
B2

+ γϕ′
2AB − 2A+ 2rA′B

r2A
B + α

4(1−B)BA′

r2A
,

(3.3)

1Up to a total derivative the term XR + (2ϕ)2 − (∇µ∇νϕ)2 is equivalent to Gµν∇µϕ∇νϕ. Since,∫
d4x

√
−g (2ϕ)2 =

∫
d4x

√
−g

[
(∇µ∇νϕ)2 +Rµν∇µϕ∇νϕ

]
+

∫
total derivative .
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where a prime denotes a derivative w.r.t. the radial coordinate r. As discussed earlier,
and according to the classification of [133], the current can be separated into a part in
which every term contains ϕ′ and a contribution by the coupling of the scalar field with
G , as follows

Jr = J̃r − αG r, G r =
4(B − 1)BA′

r2A
, (3.4)

The conservation of the current can be straightforwardly integrated:

∇µJ
µ = 0 ⇒ Jr =

c̃

r2

√
B

A
. (3.5)

Using (3.3), one can then determine ϕ′ and then integrate once more to obtain ϕ(r).
Due to shift symmetry, c in (3.4) is the only meaningful integration constant. Hence,
considering also the mass parameter of the black hole, one would have a two-parameter
family of solutions. The scalar charge would then be independent.

However, ϕ′ evaluated on the horizon of a black hole, r = rh, denoted as ϕ′h, gener-
ically diverges. If we impose that ϕ′h is finite, which is required for regularity, and we
take into account that at r = rh we have A(rh) = B(rh) → 0, then (3.3) implies that
J̃r(rh) = 0. Evaluating (3.4) on the horizon then fixes the value of c. As a consequence,
the scalar charge ceases to be an independent parameter. After substituting c back in
(3.4), and solving with respect to J̃r we find

J̃r =
4α

r2

√
B

A

[
lim
r→rh

(√
A′B′ sgn(B′)

)
+ (B − 1)

√
B

A
A′
]
. (3.6)

This is the equation we will be using in the following subsection.

3.1.2 Decoupling limit

As a warm-up, we consider the scalar in a fixed Schwarzschild background. We look for
solutions that are regular at the horizon and approach a constant value asymptotically.
For simplicity, we fix that value to zero, as the value of the constant is irrelevant due
to shift symmetry. The γ term is not expected to contribute anything to the decoupled
equations since it multiplies the Einstein tensor which vanishes at decoupling. The scalar
equation on a GR-Schwarzschild background is:

mr3κ(2m− r)ϕ′3 +mr2σ(2r − 3m)ϕ′2

+mr4ϕ′ + 2α
(
4m2 + 2mr + r2

)
= 0 ,

(3.7)

where m is the black hole mass. First, let us note that if only the α-term is present, one
can find an analytic solution for the scalar field [123]:

ϕα =
2α
(
4m2 + 3mr + 3r2

)
3mr3

. (3.8)

We note that, in this case, no specific restriction on the choices of α is suggested. We
then consider the σ-term in addition to the α one, and we solve for the derivative of the
scalar field:

ϕ′ασ =
r3 −

√
r6 + 8ασ

(
12m2 − 2mr − r2 − 2r3

m

)
6mrσ − 4r2σ

, ασ <
2m4

3
. (3.9)
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The quantity under the square root needs to be non-zero and positive, therefore, an
existence condition emerges. It is straightforward to see that

lim
σ→0

ϕ′ασ = ϕ′α , ϕ′ασ(r ≫ rh) = ϕ′α(r ≫ rh) ≈ − 2α

mr2
. (3.10)

The inequality condition appearing in (3.9) imposes an upper bound on the product ασ.
This, in turn, yields an upper bound on α when σ > 0, and a lower one when σ < 0.
It is also possible to employ a near-horizon expansion, i.e. r = r + ϵ, for the two cases
discussed above. This yields

ϕ′α = − 3α

2m3
+ . . . , ϕ′ασ = −2m2 −

√
4m4 − 6ασ

mσ
+ . . . . (3.11)

When α is positive, from the near-horizon expressions we can deduce that for σ > 0
(σ < 0) the scalar field fall-off is larger (smaller) than in the σ = 0, α ̸= 0 case, while
in the limit σ → −∞ we retrieve the trivial solution ϕασ = 0 for the near-horizon
expansion. When α is negative the aforementioned properties are reversed.

The case where κ ̸= 0 is more subtle. By examining the ϕ′3 coefficient in (3.7), we
see that when the κ-term is present, the derivative of the scalar at the horizon does
not depend on κ, therefore, we deduce that κ does not enter an existence condition
analogous to (3.9). If one attempts to solve the equation in the region [rh + ϵ,∞), for
ϵ ≪ 1, it turns out that a regular solution can be found ∀κ ∈ R. However, not all of
those solutions have the desired asymptotic behaviour, and for large positive values of
κ, ϕ′ακ(∞) ̸= 0.

3.1.3 Existence conditions
In the previous subsection, we saw how the existence conditions for the scalar equation
are affected by the extra terms in the decoupling limit. Here, we derive the existence
conditions for black holes beyond decoupling, for the full system of equations. To do
so, we assume the existence of a horizon located at r = rh, so that Ah± → 0±, where
the + sign corresponds to approaching the horizon from the outside, while the − to
approaching it from the inside. By employing the near-horizon expansions, we find the
following expression for the second derivative of the scalar at the horizon

ϕ′′ ≈
(4αϕ′ + r)

{
24α+ ϕ′2

[
24αγ + r2(8α+ σ)

]
+ 2r3ϕ′

}
−2 {r4 − 96α2 + ϕ′ [r3(4α+ σ) + 24αγr]}

(
A′

A

)
(3.12)

We note that in order to get a black hole solution (4αϕ′ + r) ̸= 0. Since (A′/A)h = ∞,
in order for ϕ to be regular at the horizon, it is required that

[24α+ ϕ′2
[
24αγ + r2(8α+ σ)

]
+ 2r3ϕ′]rh = 0,

therefore,

ϕ′h =

√
r6h − 576α2γ − 24αr2h(8α+ σ)− r3h

24αγ + r2h(8α+ σ)
. (3.13)

It is possible to derive from equations (3.12), and (3.13) two conditions for black hole
solutions to exist. The first is for the quantity under the square root of equation (3.13)
to be positive; the other condition imposes a nonzero denominator in both equations.

I: r6h − 576α2γ − 24αr2h(8α+ σ) ≥ 0 , (3.14)

II:
[
24αγrh + (4α+ σ)r3h

]√
r6h − 576α2γ − 24α(8α+ σ)r2h

+ 4α
[
r6h − 576α2γ − 24α(8α+ σ)r2h

]
̸= 0 .

(3.15)
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It is worth pointing out that when we consider only the GB term, conditions I and II
reduce to the existence condition appearing in [124]. Thus, we see that in the non-
perturbative approach σ but also γ enter the existence conditions. In particular, in the
case γ = 0, the parameter α has both an upper and a lower bound for either sign of σ.

3.1.4 Perturbative treatment
We will now attempt to gain insight into the dependece of the scalar charge of the
solutions on these higher order terms by employing a perturbative approach with respect
to the coupling constant α, where the latter is associated with the term that sources
the hair. To do that we define the dimensionless parameter α̃ ≡ α/r2h ≪ 1, where the
horizon radius rh is the length scale we associate with our solution. In a similar manner
we can define γ̃ = γ/r2h, σ̃ = σ/r2h and κ̃ = κ/r2h. For nonzero, small values of α̃ we
expect to acquire perturbative deformations to the Schwarzschild solution. Those are
expressed through the following expansions for the metric elements

A(r) =

(
1− 2M

r

)[
1 +

∞∑
n=1

An(r)α̃
n

]2
, (3.16)

B(r) =

(
1− 2M

r

)[
1 +

∞∑
n=1

Bn(r)α̃
n

]−2

, (3.17)

ϕ(r) = ϕ0 +

∞∑
n=1

ϕnα̃
n . (3.18)

For α̃ = 0, we retrieve GR minimally coupled to a scalar field, which for the spherically
symmetric static configurations yields the Schwarzschild solution. These expansions are
substituted in the equations of motion, which are then solved order by order for the
unknown coefficients {An, Bn, ϕn}. We work out the calculations up to the fifth order
in the perturbative parameter O(ã5). The solutions become very lengthy beyond 2nd-
order and, therefore, are omitted. However, the expressions for the scalar charge and
the mass of the black hole can be written in the following compact form

Q =Q1 α̃+Q3 α̃
3 +Q4(σ) α̃

4 +Q5(γ, σ, κ) α̃
5, (3.19)

M =m+M2 α̃
2 +M3(σ)α̃

3 +M4(γ, σ, κ) α̃
4 +M5(γ, σ) α̃

5, (3.20)

where the coefficients Qn and Mn can be found in Appendix C. Notice that we have to
extend to the 5th order in α̃ before we see κ contributing to the scalar charge.

Perturbative treatment will break down at some radius. To trace when that happens
we simultaneously scan the following expressions

A(r) =A0(r) +A2(r) α̃
2 +A3(r, σ) α̃

3 , (3.21)

B(r) =B0(r) +B2(r, γ) α̃
2 +B3(r, γ, σ) α̃

3, , (3.22)

ϕ(r) =ϕ0 + ϕ1(r) α̃+ ϕ2(r, σ) α̃
2 + ϕ3(r, γ, σ, κ) α̃

3 , (3.23)

G (r) =G0(r) + G2(r, γ) α̃
2 + G3(r, γ, σ) α̃

3 , (3.24)

for perturbative inconsistencies. If at some radius rnp terms of different orders of α̃
become comparable in size, the perturbative treatment can no longer be trusted. The
coefficients An, Gn are also given in Appendix C. From (3.21)-(3.24) we see that even at
second-order in α̃, terms involving γ appear. We note that in the case where γ̃, σ̃, κ̃ = 0
it was shown in [124] that loss of perturbativity occurred at roughly the same radius at
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Figure 3.1: Top left : Singular radius derived from the perturbative analysis, for σ̃ = 0 and
γ̃ = 0, ±0.5, ±1, ±5. Top right : Normalized scalar charge and mass derived from the perturba-
tive analysis. Bottom left : Singular radius derived from the perturbative analysis, for γ̃ = 0 and
σ̃ = 0, ±0.5, ±1, ±5.Bottom right : Normalized scalar charge and mass derived from the perturbative
analysis.

which the non-perturbative solutions exhibited a finite area singularity. We will return
to this issue in the next section.

In the top-left panel of Fig. 3.1 we present the radius rnp denoting the point where
the perturbative analysis breaks down, for γ̃ = 0, ±0.5, ±1, ±5 and σ̃ = 0. In the
top-right panel of Fig. 3.1 we present the Q̂-M̂ solution-existence curves for the same
choices of γ̃. The quantities Q̂ and M̂ are defined as

M̂ = M/α1/2 , Q̂ = Q/α1/2 , (3.25)

In the bottom panels, we present the analogous results for the case σ̃ = 0, ±0.5, ±1, ±5
and γ̃ = 0. The horizontal axis in these plots corresponds to the normalized mass with
respect to the GB coupling, M̂ = m/α1/2, with m = 0.5.

When rnp exceeds rh part of the exterior cannot be described by the perturbative
solution. One can read of the corresponding mass from Fig. 3.1. From both top panels,
we deduce that this mass increases (decreases) for positive (negative) values of γ̃. We
also see that for M̂ ⪆ 2.5 all curves start merging, as the γ-term becomes significantly
subdominant with respect to the GB one. One other interesting property we notice
occurs for the larger value of γ̃ = 5 and it pertains to more than one solutions existing
for the same mass. These solutions are different from one another however as they
describe black holes with different scalar charges.

From the bottom panels, we notice a similar trend regarding the effects of σ̃ and the
mass for which perturbativity is lost already at the exterior. For M̂ ⪆ 3.5 all solutions
in the M̂ -Q̂ plots begin to merge as the σ-term becomes subdominant. One of the main
differences with respect to the top-panel plots, however, has to do with the maximum
scalar charge. In the σ̃ = 0, γ̃ ̸= 0 scenario we manage to get solutions with substantially
larger scalar charges in comparison to the σ̃ = γ̃ = 0 (blue line). In the γ̃ = 0, σ̃ ̸= 0 case
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this does not happen. Let us also point out that the values for rnp depicted in the bottom
left panel, are the same for positive and negative values of σ. To understand why this
occurs it is helpful to discuss how σ enters the perturbative expansions. Specifically, σ
appears at second order in the expansion of the scalar field as a multiplicative constant,
which explains why changing its sign yields the same solution for rnp.

It should be noted, however, that these conclusions have to be drawn with care, as
they correspond to a region of the parameter space where M̂ < 5, or α̃ > 0.01. This is
a region that can in principle render the perturbative approach problematic in general
and only a proper numerical analysis can either confirm or disprove the aforementioned
effects.

3.2 Numerical results

We now move to solving the full system of equations numerically. This is a system
of ODEs of the form {ϕ′′, A′, B′} = f(r, ϕ′, ϕ,A,B). We separate the analysis into two
regions: the black-hole exterior and the black-hole interior. In both cases, the integration
starts at the horizon. The theoretical parameter space is made by (γ, σ, κ, rh), where
rh is the black-hole horizon radius. Since rh appears in the existence condition (3.13),
the allowed values for the coupling parameters are expected to be affected if we variate
rh. We can straightforwardly reduce the dimension of the parameter space by one if
we normalize the coupling parameters with the horizon radius as we did in the previous
section.

For a given theory defined by (γ̃, σ̃, κ̃) we allow the values of α̃ to scan the parameter
space starting from small α̃ and gradually increasing until the existence conditions are
saturated, We, therefore, need the set of values {ϕ′, ϕ,A,B}rh . Despite appearing to
constitute “initial data”, this set of values is not entirely free to choose. In practice, in
order to apply the existence conditions (3.14)-(3.15) with reasonable numerical accuracy,
we use a perturbative expansion near the horizon and we numerically solve the system
of algebraic equations for the first coefficients appearing in the expansions, up to order
O(r−rh)2. This process reduces the number of the free initial conditions to two, namely
the value of the scalar field at the horizon and that of the first-order coefficient of A.
The latter one, however, is fixed by asymptotic flatness, leaving ϕh as the only free-to-
chose initial condition. The asymptotic value of the scalar field should be constant but
otherwise unconstrained since our model is shift-symmetric. For simplicity, we choose
ϕh so that ϕ∞ = 0. To achieve that we employ a shooting method while integrating
outwards, demanding ϕ vanishing to a part in 104. The remaining free parameter is
the horizon radius rh. We then start the numerical integration outwards (inwards) from
r = rh ±O(10−5). In the exterior, we typically integrate up to r/rh ≈ 105.

In the following subsections, we present plots corresponding to different cases of
couplings. In each case we numerically calculate the scalar charge and ADM mass of
the black hole using the following expressions:

Q = − lim
r→∞

(
r2ϕ′

)
, M = lim

r→∞

[
r
(
2− 2B + r2ϕ′2

)
r2ϕ′2 − 4

]
. (3.26)

We were also able to verify the emergence of a finite-radius singularity, consistent with
the existence conditions. While integrating from the horizon and inwards we noticed
the following general trend: Starting from GR (α → 0) and gradually increasing the
couplings, the geometric invariants diverge and the solutions become singular at some
radius rs. The larger GR deviations become the more rs approaches rh. When one
of the existence conditions is saturated the singularity radius approaches the horizon
radius, i.e. rs → rh.
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Figure 3.2: Left: The relation between the normalized mass and charge. Right: The scalar field profile
for black hole solutions with M̂ ∼ 10.

In the following paragraphs we attempt to present the overall generic trend that
the black-hole properties follow, if one considers action (3.1). We discuss the charge,
mass and scalar profile for a few examples corresponding to different scenarios, which
motivate the more thorough analysis that follows in the next subsections.

On the left panel of Fig. 3.2, we show the M̂ -Q̂ plot for different negative values of
the coupling constants γ and σ. The corresponding plots for positive couplings are not
presented here, since -at these scales- they are overshadowed by the γ̃ = σ̃ = 0 curve,
as will be explained later in more detail. In all positive-coupling cases, the minimum
black-hole mass is larger than the one corresponding to γ̃ = σ̃ = 0. Furthermore, non-
zero κ̃ curves are almost indistinguishable from the γ̃ = σ̃ = 0 one, since as we saw
κ does not enter the existence conditions. Consequently, the corresponding κ̃-plots are
not presented here. We see that for large M̂ which corresponds to small GB couplings,
the charge in all cases drops off to zero and GR is retrieved. This is of course associated
with the fact that the GB term is the one sourcing the hair. In the small M̂ regime
significant deviations are observed, which are explained in the following coupling-specific
subsections. On the right panel of Fig. 3.2, we show the profile of the scalar field, properly
normalized with the distance and the scalar charge. All curves exhibit a 1/r fall-off and
asymptotically approach 1. For large radii, the scalar field profiles are indiscernible for
different couplings. In the near horizon regime, however, there are apparent deviations
in accordance with the non-trivial deviations shown in the left panel.

To make things easier for the reader, in what follows, we consider the GB coupling
α̃ in combination with γ̃, σ̃ and κ̃ separately. In this work, we consider α > 0 as this
is consistent with most of the bibliography. However, it is worth pointing out, that
action (3.1) is invariant under the simultaneous transformation α → −α, ϕ → −ϕ and
σ → −σ and that in the case of σ = γ = κ = 0, the sign of ϕ is determined by the sign
of α for solutions that are continuously connected to Schwarzschild as α → 0. In what
follows we consider both positive and negative values for σ. γ, and κ, and hence our
analysis should effectively cover the α < 0 case as well, at least for configurations that
are continuously connected to Schwarzschild.

The γ̃ and σ̃ terms

First we consider the case σ̃ = κ̃ = 0. From (3.14) and (3.15) we find the conditions on
γ̃ necessary for regularity at the horizon. The existence conditions I-II are in general
non-trivial and the easiest way to track them is to examine the corresponding region
plot. In the left panel of Fig. 3.3 we see the aforementioned plot with γ̃ being on the
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Figure 3.3: Top Left: Existence conditions in the case of σ̃ = κ̃ = 0. The blue shaded region
corresponds to the area of the parameter space allowed by condition I (3.14). The red line corresponds
to the values within the allowed blue region that are excluded by condition II (3.15). Top Right: Mass-
Charge plots for σ̃ = κ̃ = 0 and γ̃ = {−5,−1,−0.5, 0}. Bottom Left: Existence conditions in the case
of γ̃ = κ̃ = 0. The blue shaded region corresponds to the inequality of condition I (3.14), while the
red lined corresponds to the inequality of condition II (3.15). Bottom Right: Mass-Charge plots for
γ̃ = κ̃ = 0 and σ̃ = {−5,−1,−0.5, 0}.

horizontal axis and α̃ occupying the vertical one. The first obvious observation relates
to the apparent asymmetry about the vertical axis. Therefore, we expect the sign of γ̃
to influence the black-hole solutions and properties. In particular, for negative values
of γ̃ the parameter space of allowed values for α̃ increases, and so we expect negative
values of γ̃ to allow for hairy solutions with smaller masses. On the other hand when
γ̃ > 0 the parameter space of α̃ shrinks and we expect the black-hole-mass range to also
decrease. Regarding the GB-coupling α̃, extending the plot to negative values of α̃ is
trivial as, for σ̃ = 0, the action (3.1) is invariant under the simultaneous transformation
α̃→ −α̃ and ϕ→ −ϕ.

These are indeed verified in Fig. 3.4, where the emergence of a finite-radius singularity
is demonstrated in the interior of the black hole. The left panel shows the singularity
radius of the black-hole mass for γ̃ = {0, 0.5, 1, 5} while the right panel shows the
corresponding results for γ̃ = {0,−0.5,−1, 5}. The values are chosen to be of order
∼ 1− 10 with respect to α̃max, where α̃max corresponds to the largest allowed value for
α satisfying the existence conditions. For the choices of γ̃ made, we present the results
for the minimum hairy black hole mass in the following table:

For a negative γ̃, we notice another interesting property of the solutions: at small
masses, the apparent change in monotonicity in the M̂ -Q̂ and M̂ -rs (see the inset) plots
indicates that black holes with the same mass can correspond to different scalar charges
and singularity radii. Therefore, one would expect that the black hole with the larger
scalar charge, would shed some of it to reach a more favourable scalar configuration with
a smaller charge. Finally, from Fig. 3.4 it is pointed out that in the larger mass regime,
the sign of γ̃ becomes unimportant and the cases with opposite signs merge.
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Figure 3.4: Top: The finite singularity radius rs as a function of the normalized mass M̂ for σ̃ = κ̃ = 0
and γ̃ = {−5,−1,−0.5, 0, 0.5, 1, 5}. Bottom: The finite singularity radius rs as a function of the
normalized mass M̂ , for γ̃ = κ̃ = 0 and σ̃ = {−5,−1,−0.5, 0, 0.5, 1, 5}. The horizon radius is rh = 1.

In the left panel of Fig. 3.3 we present the allowed and excluded regions of the
parameter space according to the existence conditions in the case of γ̃ = 0, with σ̃ being
on the horizontal and α̃ on the vertical axis. For negative values of α̃ the region plot we
retrieve demonstrates an origin symmetry which was anticipated since the action (3.1)
is invariant under the simultaneous transformation α̃ → −α̃, σ̃ → −σ̃, and ϕ → −ϕ.
For α̃ > 0, σ̃ < 0 the allowed values for α̃ increase and therefore the mass range also
increases, and hairy black holes with smaller masses are found. At the same time for
α̃ > 0, σ̃ > 0, the parameter space of α̃ shrinks and the black-hole mass range should
also decrease. If we considered α̃ < 0 the above conclusions would be reversed.

In Fig. 3.4 we display the singularity radius in this scenario and its dependence
on the value of σ̃. Verifying the above, positive(negative) σ̃ leads to a larger(smaller)
minimum black-hole mass.

In the σ̃ ̸= 0 scenario, the relation between the finite singularity radius and the
normalized mass exhibits discontinuous behaviour, which is evident from the vertical
jumps shown in Fig. 3.4. As already explained, we identify the singularity radius as

Minimum mass for σ̃ = κ̃ = 0, γ̃ ̸= 0, α̃ > 0

γ̃ −5.0 −1.0 −0.5 0.0 +0.5 +1.0 +5.0

M̂ 1.45 1.77 1.87 2.08 2.45 2.71 3.75

Minimum mass for γ̃ = κ̃ = 0, σ̃ ̸= 0 , α̃ > 0

σ̃ −5.0 −1.0 −0.5 0.0 +0.5 +1.0 +5.0

M̂ 1.61 1.84 1.91 2.08 2.47 2.83 5.55

Table 3.1: Minimum mass in the high-order shift-symmetric model.
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the one for which a geometric invariant (e.g., the Gauss-Bonnet or equivalently the
Kretschmann invariant) diverges. To explain the discontinuity let us imagine that we
start from some large M̂ moving inwards towards smaller masses. At r = rs the GB
invariant diverges and we identify rs as the singularity radius. There exists a second
special point at r = r′s > rs where the metric functions and the scalar field appear
to lose differentiability. The differential equations however can still be integrated for
r′s > r > rs. If we plotted r′s instead of rs, then the vertical jump would no longer be
present and the lines would be continuous. In all cases, however, we chose to plot the
singularity corresponding to the divergence of the geometric invariants. On the other
hand, for positive σ̃, we do not encounter any other “singularities” than the ones we
plot, which correspond once again to the geometric invariants diverging.

Similar discontinuities have also been encountered in Einstein-scalar-Gauss-Bonnet
gravity with a quadratic exponential coupling [142]. In the zoomed-in part of the right
panel of Fig. 3.4, similar behaviour to the negative γ̃ case is exhibited, where same-mass
black holes have different singularity radii. This can also be understood from the M̂ -Q̂
plot, in the right panel of Fig. 3.3, where a turning point appears at small masses.

The κ̃ term

It is evident from equations (3.14) and (3.15) that κ does not enter the existence condi-
tions. As a result, one might naively conclude that black hole solutions exist irrespective
of the value that κ takes, given that the remaining parameters satisfy the existence con-
ditions. Contrarily, that is not the observed behaviour. If κ is taken to be positive, then
we cannot find solutions for all values of α that are allowed by the existence conditions;
however, if κ is negative, then solutions could be found for all values of α allowed by the
conditions. This behaviour is illustrated in Fig. 3.5, where for negative values of κ it is
possible to saturate the existence condition and have solutions with a naked singularity,
but for κ > 0, in general, that cannot be achieved. To better understand this trend, it
is useful to rewrite the scalar equation for γ = σ = 0 as

hµν∇µ∇νϕ ≡
[
gµν

(
1− κ(∇ϕ)2

)
− 2κ∇µϕ∇νϕ

]
∇µ∇νϕ = αG . (3.27)

In practice, we see that when κ̃ > 1 not all values of α̃, allowed by the existence
conditions, yield black-hole solutions. In order to give an explanation to this issue, we
numerically examine the value of the quantity inside the square brackets in eq. (3.27),
namely hµν . Due to the symmetry of our problem only hrr will be nonzero. In the
bottom panels of Fig. 3.5, we plot hrr (and hrr) for values of κ̃ spanning a few orders
of magnitude, i.e. O(1) − O(102). We see that for O(κ̃) > O(1), the quantity hrr

approaches zero at some intermediate radius, which seems to increase as we increase the
value of κ. Beyond that point, the ODE system can no longer be integrated. This bares
similarities with the behaviour of ϕ′′ at the horizon, the regulation of which yielded the
existence conditions. Thus, it appears that imposing regularity for the scalar field at
the horizon results in divergences appearing elsewhere for large positive values of κ̃.

3.2.1 Numerical solutions vs perturbative solutions

As mentioned earlier, it has already been demonstrated that in the case γ = σ = 0 loss
of perturbativity is associated with the appearance of a finite-radius singularity in the
black-hole interior. Here we discuss the relation between the perturbative treatment
breakdown radius rnp and the finite-radius singularity rs in the general case where γ̃, σ̃
are nonzero. We present the comparative plots in Fig. 3.6. Verifying the results of [124],
we see that the radius of the singularity in the black-hole interior in the case γ̃ = σ̃ = 0,
is traced almost perfectly by the perturbative analysis. However, this is not the case, at
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Figure 3.5: Top: The finite singularity radius rs as a function of the normalized mass M̂ , with σ̃ = γ̃ =
0. The horizon radius rh = 1. Bottom Left: hrr = B(1− 3κBϕ′2). Bottom Right: hr

r = 1− 3κBϕ′2.

least to the same level of success, when one considers the γ and σ contributions. From
the left panel of Fig. 3.6, we see that when γ̃ ̸= 0 the rnp curve sits below the singularity
radius rs. From the right panel, we notice that in the σ̃ ̸= 0 case on the other hand the
rnp curve sits between the disconnected branches of the numerical solutions.

We can also compare the results regarding the scalar charge and mass of the black
holes, by inspecting Figs. 3.1 and 3.3, 3.3. Specifically, for the γ̃ ̸= 0 case, by comparing
Figs. 3.1 and 3.3 we deduce that the perturbative approach captures at least quanti-
tatively the two main conclusions drawn by the numerical analysis: (i) For γ̃ > 0 the
minimum black-hole mass for each γ̃ increases and the mass-parameter space of solu-
tions shrinks. (ii) For γ̃ > 0 the minimum black-hole mass for each γ̃ decreases, and
for small masses it is possible to retrieve black holes of the same mass with different
scalar charges. Similar conclusions were also drawn in the numerical analysis σ̃ ̸= 0
scenario (with the addition of the discontinuities), where the qualitative trends were
also captured by the perturbative analysis.

3.3 Discussion

In this chapter we studied hairy black holes in generalized scalar-tensor theories that ex-
hibit a range of shift-symmetric derivative interactions, in addition to the linear coupling
to the Gauss-Bonnet invariant that is known to introduce black hole hair. We found
that, although these additional interactions cannot introduce hair themselves, they can
significantly influence the behaviour of the scalar fields near the horizon of the black hole
and hence affect the configuration in general, including the value of the scalar charge
for a given mass.

Interestingly Gµν∇µϕ∇νϕ and X2ϕ modify the regularity condition on the horizon
that determines the scalar charge of the black hole with respect to its mass and affects
the regularity condition that determines the minimum black hole mass, whereas X2
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Figure 3.6: Left : Plot for the radii rnp and rs for different values of γ with σ = 0. Right : Same as
left but for different values of σ with γ = 0.

leaves both conditions unaffected. All terms affect the scalar configuration however and
a large positive coupling for X2 can compromise the existence of black holes altogether.

Our two key findings are the following: (i) additional shift-symmetric interactions
affect the minimum size of hair black holes, and hence the constraints one can derive
from that (e.g. [142, 143]), but their effect is rather moderate for dimensionless couplings
(with respect to the scale of the black hole in geometric units) of order 1 or less. (ii)
additional shift-symmetric interactions have an effect on the scaling of the charge per
unit mass versus the mass of the black hole only for masses that are fairly close to the
minimum mass. Hence, sufficiently large black holes in shift-symmetric theories will
not carry a significant charge per unit mass, irrespective of the presence of additional
shift-symmetric interactions [c.f. [133, 146, 147]].
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CHAPTER 4
Cosmological attractors and scalarization

As explained in the Chapter 2, spontaneous scalarization models rely on the fact that
the effective mass for the scalar field m2

eff depends on curvature. This allows for objects
characterized by high curvature to scalarize, while objects charactirized by low curvature
will be described by GR solutions with ϕ = ϕ(0). There is a subtlety though: if one treats
these objects as isolated and hence asymptotically flat, as usual, then one can always
assume that ϕ = ϕ(0) asymptotically. However, in a more realistic setup the value of ϕ far
away from the object is actually determined by cosmological considerations. As it turns
out, when the coupling constant of the DEF model is such that scalarization can occur
for neutron stars, GR solutions with ϕ = ϕ(0) are not attractors in late time cosmology
[150], see also [151] for a more recent detailed analysis. Similarly, models that exhibit
black hole scalarization due to a coupling between the scalar and the Gauss-Bonnet
invariant also exhibit exponential growth of the scalar during cosmological constant
domination [152]. Hence, without severely fine-tuning initial conditions in cosmology,
localized matter configurations in the late universe could not be described by GR with
ϕ = ϕ(0) and scalarization models would be effectively ruled out.

In this chapter, we point out that (generalized) scalar-tensor theories that have GR as
a cosmological attractor and still exhibit scalarization at large curvatures actually exist.
We first demonstrate this by means of a simple (perhaps the simplest) example and
argue intuitively about why this is expected. We then proceed to discuss the cosmology
of such models a bit more thoroughly, examine how generic our results are, and explain
how they would change in more general classes of scalarization models.

4.1 Framework of the model

Let us consider the following action,

S =
1

2κ

∫
d4x

√
−g
{
R+X −

(
β

2
R− λL2G

)
ϕ2
}

(4.1)

where X = −(∂ϕ)2/2 is once again the kinetic term of the scalar field, β, λ are coupling
constants and L is an additional lengthscale that one needs to choose. We assume that
the metric is minimally coupled to matter. The corresponding scalar equation of motion
is

2ϕ+

(
λL2G − β

2
R

)
ϕ = 0. (4.2)

The couplings with R and G generate an effective mass for the scalar field,

m2
eff =

β

2
R− λL2G . (4.3)
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We are interested in models that exhibit spontaneous scalarization around compact
objects so we need to demand that m2

eff becomes negative at high curvature in order
to trigger a tachyonic instability. For the time being our goal is to just demonstrate
that this simple model can exhibit spontaneous scalarization for some type of compact
objects and still have GR as a cosmological attractor. So, we restrict our attention
to spherical black holes. Our GR solution will then be the Schwarzschild solution, for
which we have R = 0 and G = 12r2S/r

6.
As mentioned earlier, G is then sign-definite and the condition for having a negative

m2
eff becomes λ > 0 [138]. For scalarization to be relevant to astrophysical black holes we

need to choose L to be of the order of the characteristic lengthscale of the compact object,
so we choose L ∼ 10 km. Finally, we stress that for GR solutions to be admissible in the
model under consideration, one should have ϕ = ϕ(0) = 0. Hence, this is the asymptotic
value that ϕ would need to take for unscalarized configurations.

4.2 Cosmological scales

Next, we turn our attention to studying this theory on cosmological scales. Assuming a
flat Friedman-Lemaître-Robertson-Walker metric:

ds2 = −dt2 + α(t)
[
dr2 + r2

(
dθ2 + sin2 θ dφ2

)]
, (4.4)

the equation of motion for ϕ can be expressed as,

ϕ̈+ 3Hϕ̇+m2
eff(t)ϕ = 0 , (4.5)

where m2
eff(t) is given by eq. (4.3) and depends on the cosmological background. To get

the evolution of the scale factor a(t) we study the tt component of the modified Einstein
e quations

Gtt = κ (ρϕ + ρa) , (4.6)

where ρa denotes the energy densities of the various conventional components of the
cosmic fluid and ρϕ is an effective energy density associated with the scalar field, given
by

ρϕ = κ−1
[
ϕ̇2 + 6βH2ϕ2 + 12Hϕ ϕ̇

(
β − 8λL2H2

)]
. (4.7)

The cosmic fluid is well approximated by a barotropic fluid whose pressure is given by
pa = waρa, with the index a = r,m, de and wa = 1/3, −1, 0 for radiation domination
(RD), matter domination (MD) and dark energy domination (DED) respectively.

We do not require ϕ to play any role in late universe cosmology, so we will assume
that it is subdominant with respect to ρa. This assumption helps avoid the gravitational
wave constraints on Dark Energy theories (see [153–157]), as discussed in detail in [152].
Under the condition ρϕ ≪ ρa Eq. (4.6) simplifies to the usual Friedmann equation,
H2 ≈ κρa/3. This, together with the continuity equation, ρ̇a+3Hρa(1+wa) = 0 allows
us to simplify the expressions for the curvature terms

R = 6(2H2 + Ḣ) = κ ρa (1− 3wa), (4.8)

G = 24H2(H2 + Ḣ) = −4

3
(κ ρa)

2(1 + 3wa), (4.9)

and hence the expression for the effective mass.
Let us now return to (4.5) and consider the behaviour of the scalar in different

cosmological eras. Table 4.1 summarizes the signs of the Ricci scalar, R, and the Gauss-
Bonnet invariant, G , during each era. Note that these, together with the signs of the
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Radiation Matter Dark Energy
G < 0 < 0 > 0
R 0 > 0 > 0

Table 4.1: Signs of the Ricci scalar and the Gauss-Bonnet invariant during different cosmological eras.

coupling constants β and λ, control the sign of the effective mass. It is also worth
emphasising that R and G have different dimensions and hence different scaling with
time, with G being clearly dominant at earlier times.

During RD, R effectively vanishes and, hence, the mass of the scalar field is entirely
controlled by the G term, withm2

eff ≃ −λL2G ≈ 24λH4L2 orm2
eff ∝ 1/t4, sinceH ∝ 1/t.

At very early times m2
eff will dominate over the friction term in Eq. (4.5). However, m2

eff
decays much faster than the Hubble friction and the latter will rapidly take over and
drive ϕ to a constant. The time that ϕ takes to freeze is approximatively given by
the time at which the potential is comparable with the Hubble friction. After this
point, it only takes a few Hubble times for ϕ̇ to effectively vanish. More concretely,
meff ≲ H ⇒ H(z)× L ≲ 1, which happens very early, around the redshift z ≈ 1011 for
our choice of L. As a result, the scalar field is already frozen to a constant solution well
before MD.

At the onset of MD, ϕ starts evolving again. This is because R no longer vanishes
on cosmological scales and thus it provides a non negligible contribution to m2

eff. The
contribution of the G term in m2

eff has actually become largely subdominant to that of
the R term because of their different scaling. During MD, H ≪ L−1.

As has been pointed out in [158], action (4.1) with λ = 0 is related by a simple
field redefinition to a linearized version of the DEF model. In fact, we have defined
β such that 8β = βDEF in the appropriate limit. Nonlinearities are not important in
our regime. As a result, one expects that once the G term in our theory has become
negligible, cosmological evolution will match that of the DEF model. Interestingly, the
latter actually exhibits our desired cosmological behaviour for β > 0 [150]: GR is a
cosmological attractor! Hence the scalar field will naturally be driven to ϕ = 0. The
transition to DED does not chance the dynamics of the scalar qualitatively and GR with
ϕ = 0 continues to be the attractor.

4.3 Dynamical evolution

All of the above can be verified by studying the scalar dynamics quantitatively. We can
chose to either express everything with respect to the time parameter τ = M t, where
M is the mass scale of the problem, or the redshift 1 + z = 1/a. In the former case it
takes the following form

d2ϕ(a)

dτ2
+ f (τ)a

dϕ(a)

dτ
+ q(τ)a ϕa = 0, (4.10)

where the coefficients in the different epochs are given by

f (τ)r =
3

2τ
, q(τ)r =

3λ

2τ4
, f (τ)m =

2

τ
, q(τ)m =

(
128λ

27τ4
− 4β

3τ2

)
. (4.11)

In this work, however, we chose to work with respect to the redshift. Then, Eq. (4.5) in
terms of the redshift takes the following form:

ϕ′′(a) + faϕ
′
(a) + qaϕ(a) = 0, (4.12)

39



G. Antoniou Cosmological attractors and scalarization

Figure 4.1: Top panel: Effective energy density of the scalar ρϕ over the energy density of the cosmic
fluid ρa as a function of redshift. Bottom panel: Evolution of the scalar field ϕ in units of its a reference
value ϕi, fixed at z = 1010.

where prime denotes differentiation with respect to z, with

fa(z) =
H ′(z)

H(z)
− 2

z + 1
, qa(z) =

24L2H(z)2(λ+ 3λwa) + 3β(3wa − 1)

(z + 1)2
. (4.13)

We begin our numerical analysis at zi = 1010, just before Big Bang Nucleosynthesis
(BBN). To set the initial conditions for the scalar field and its derivative, we assume
that ϕ is just coupled with the thermal bath. Therefore a natural initial value is ϕi ≃
H(zi)/κ ≪ 1. The initial value ϕ′i can be, instead, derived from ϕ̇i: we expect ϕ̇i ≃
H(zi)ϕi ⇒ ϕ′i ≃ ϕi/zi, which is, again, much smaller than unity. These two conditions
ensure that ρϕ(zi) ≪ ρr(zi) and are hence consistent with the assumption that ϕ is
cosmologically subdominant. We stress that ϕ ∼ 1 would imply Planckian energy scales
in our units and hence initial conditions with ϕi ≪ 1 do not constitute fine tuning.

Fig. 4.1 shows the evolution of the scalar and of the ratio ρϕ/ρa for z < zi. ρϕ
remains subdominant as expected and the plots confirm the qualitative behaviour de-
scribed previously. In particular, ϕ remains constant throughout, with the exception of
transitions between cosmological eras. The ratio of the energy density with respect to
the redshift, is given by the following expression

ρϕa/ρa =
1

3

[
12(z + 1)ϕ(a)ϕ

′
(a)

(
β − 8λL2H2

)
+ (z + 1)2ϕ′2(a) + 6βϕ2(a)

]
.

(4.14)

The value that ϕ takes at late times does depend crucially on β. For β = 0, ϕ
effectively remains frozen to the value it has in the early RD era. Unless this value is
set to be extremely close to zero by fine tuning initial data, any local configuration in
the late universe will have to be scalarized because cosmological asymptotics will be
incompatible with having unscalarized configurations. As discussed in the begining of
this chapter, this would clash with weak field constraints. For β > 0 instead, ϕ → 0
during MD and GR with ϕ = 0 becomes a cosmological attractor. To approach this
attractor fast enough, β should be of order unity so that the oscillations seen in Fig. 4.1
at the onset of MD are nearly critically damped. These oscillations correspond to changes
on the effective Newton’s constant that will, in principle, affect the formation of Large
Scale Structures. However, the time scale of the oscillations is very large, of order of
the Hubble rate. Moreover, the corrections to Newton’s constant would be ∝ |β|∆ϕ2,
and hence negligible. In summary, cosmic evolution is expected to be almost identical
to GR for late times.

Fig. 4.2 shows the evolution of ρϕ and ϕ for z > zi and the very early epochs before
recombination. As anticipated in our qualitative analysis, for z ≫ 1011, the signifi-
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Figure 4.2: Left: Same as Fig. 4.1 but for high redshifts. Right: Same as Fig. 4.1 but for high redhsifts
and λ = −1.

cant contribution of the G term to the effective mass results in a sinusoidal behaviour.
The oscillation is damped by Hubble friction when we move forward in time. ρϕ also
shows oscillatory behaviour and, moving to higher redshift, the oscillations are ampli-
fied. Eventually, our approximation that ϕ is subdominant ceases to be valid. It is worth
emphasising that ρϕ does not need to remain positive, as it is just an effective energy
density.

All of the above referred to λ, β > 0. Next we discuss the case β > 0, λ < 0. On
astrophysical scales, λ < 0 leads to spontaneous scalarization triggered by a tachyonic
instability in the interior of neutron stars [138]. As the previous analysis has already
shown, on cosmological scales the λ term has an impact only at very early times, before
z ≃ 1011. Indeed, numerical analysis confirms that flipping the sign of λ makes no
difference during BBN and at later times. However, as seen from Table 4.1, for λ < 0,
the λG contribution to m2

eff will be negative and will lead to exponential growth of
ϕ once one reaches sufficiently z for the mass contribution to dominate over Hubble
friction. As shown in Fig. 4.2, ρϕ/ρa grows exponentially fast and reaches 1 a lot earlier
than in the λ > 0 scenario.

Note that, since scalarization relies on curvature couplings, it is rather intuitive that
the terms that trigger it will become relevant in the very early universe. The coupling
with the Gauss-Bonnet invariant is the dominant one at large curvatures and its coupling
constant is dimensionful. As such, it controls the curvature scale at which departure
from standard cosmology would appear. This would happen when the universe is of the
size of a few kilometres, well before BBN, for values of the coupling that are compatible
with compact object scalarization. At earlier times, departures from standard cosmology
would be significant, as our results show, and as has been pointed out in the literature
[159]. However, it is quite a stretch to consider these models as good effective field
theories, and hence take their predictions seriously, all the way to energy scales where
the universe is the size of kilometres. Instead, it seems sensible to try to embed them in a
theoretical framework valid at those scales, and eventually in a suitable UV completion
with the appropriate inflationary cosmology. For completeness in Fig. 4.3 we depict
the behaviour of our solutions at very early times. For positive values of λ we notice
that the energy density blows up in a sinusoidal fashion. For negative λ this happens
monotically.

Finally, we consider β < 0. For λ = 0, one expects to recover the results of Refs. [151].
In fact, for any value of λ one will have a tachyonic instability on cosmological scales
at late times. This instability will be very slow, so it is not particularly threatening in
its own right. However, without an attractor mechanism at late times, severe tuning of
initial conditions would be needed to have GR configurations locally (see β = 0 case)
and the instability would only make things worse.
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Figure 4.3: Left: Same as Fig. 4.1 but for very high redshifts. Right: Same as Fig. 4.1 but for very
high redshifts and λ = −1.

4.4 Discussion

To conclude this chapter, we have demonstrated by using a specific model as an example,
that the phenomenon of spontaneous scalarization around compact objects is compatible
with having an attractor mechanism to GR on cosmological scales. In fact, our results
show that fairly simple scalarization models can track GR cosmology over a vast range
of redshift and all the way back to BBN. The key feature that leads to the desired
behaviour is that the scalar can couple in two different ways to curvature — through
the Gauss-Bonnet invariant and through the Ricci scalar — with one coupling triggering
scalarization locally and the other providing a late time attractor cosmologically.

The action we have considered is rather minimal, as it only includes terms that
contribute to linearized perturbations around GR solutions with constant scalar. It is
sufficient for discussions about the onset of scalarization and whether GR is a cosmo-
logical attractor. However, the properties of scalarized solutions will be controlled by
the nonlinear (self)interactions of the scalar that one can add to our action [158, 160].
Hence, there is actually a wide variety of scalarization models with the desired cosmo-
logical behaviour at late time and different properties for compact objects. In the next
chapters we will look into the properties of the scalarized compact objects arising in this
theory.
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CHAPTER 5

Scalarized black holes in EsRGB

In Chapter 4 we examined a simple scalar-tensor model that is motivated from compact
object scalarization and is consistent with the appearance of a late time cosmological
attractor. This model is slightly more complicated than the ones proposed initially in
[138, 139] as a coupling of the scalar with the Ricci scalar is also assumed in addition
to the one with the GB invariant. The compact objects in this model are therefore
expected to present differences in comparison with the EsGB model solutions.

As has been stressed in Ref. [161], although the onset of scalarization is determined
by terms that are linear (in the equations) in the scalar, the properties of the scalarized
object depend crucially on nonlinear interactions, as these are the ones that quench the
linear instability and determine its endpoint. Non-linearities can originate from scalar
self-interactions [160], from the coupling function to G [139], and from the backreaction
of the scalar onto the metric. The potential coupling between the scalar field and the
Ricci scalar, R, has mostly been disregarded in the case of black holes.

This is entirely justified when studying the onset of scalarization, as GR black holes
have a vanishing R. However, it is bound to have an effect on the properties of scalarized
objects, as it will contribute to the nonlinear quenching of the tachyonic instability that
leads to scalarization. Indeed, as soon as the scalar becomes nontrivial, R will cease
to be zero and it will contribute directly to the effective mass of the scalar. From an
effective field theory (EFT) perspective there seems to be no justification to exclude such
a coupling. As we saw in the previous chapter this coupling makes GR a cosmological
attractor and hence reconciles Gauss-Bonnet scalarization with late-time cosmological
observations. It has also been pointed out in Ref. [162] that this coupling can help
suppress scalarization of neutron stars and hence evade the relevant constaints. This
will be further explored in the next chapter.

In this section we examine the role a coupling with the Ricci scalar can have on
scalarized black holes and their properties. We consider the simplest model that con-
tains a coupling with both the Ricci scalar and Gauss-Bonnet invariant, and we study
static, spherically symmetric black holes. We explore the region of existence of scalar-
ized solutions when varying both couplings and the black hole mass. We examine the
influence of the Ricci coupling on the scalar charge of the black holes, which is the
quantity that controls the deviations from GR in the observation of binaries. We also
discuss the role this coupling can play in stability considerations even though a more
detailed analysis will follow in Chapter 7.

43



G. Antoniou Scalarized black holes in EsRGB

5.1 Setup

We will consider the same action as in the previous chapter but now we absorb the
length scale into the definition of the G coupling parameter, i.e.

S =
1

2κ

∫
d4x

√
−g
{
R− 1

2
(∂ϕ)2 −

(
β

2
R− αG

)
ϕ2

2

}
, (5.1)

where κ = 8πG/c4, β is a dimensionless parameter, while α has dimensions of length
squared. The normalization of β is chosen to match the standard DEF literature. From
now on we will be referring to this model as the Einstein-scalar-Ricci-Gauss-Bonnet
model (EsRGB).

One can consider the above action as part of an EFT in which the scalar enjoys
ϕ → −ϕ symmetry while shift symmetry is broken only by the coupling to gravity.
For linear perturbations around solutions that solve the vacuum Einstein equations,
the ϕ2G coupling will be the leading correction to GR [158]. However, more generally,
the ϕ2R term comes with a lower mass dimension and provides a direct contribution
to the effective mass. Hence it is expected to play a crucial role in the non-linear
quenching of the tachyonic instability that one associates with scalarization, and in
determining the properties of scalarized black holes. The complete EFT would include
more terms that can contribute to the effective mass (nonlinearly), such as the operators
Rϕ4 and Gµν∂µϕ∂νϕ. These operators would enlarge the parameter space, while they
are characterized by a higher mass dimension than ϕ2R. We will neglect them in our
analysis and we do not expect them to change significantly the final results qualitatively.
The modified Einstein equation is

Gµν = T (ϕ)
µν ≡− 1

4
gµν(∇ϕ)2 +

1

2
∇µϕ∇νϕ+

βϕ2

4
Gµν +

β

4

(
gµν∇2

−∇µ∇ν

)
ϕ2 − α

2g
gµ(ρgσ)νϵ

κραβϵσγλτRλταβ∇γ∇κϕ
2 ,

(5.2)

where ϵµνρσ is the ant-symmetric symbol in four dimensions, and T
(ϕ)
µν is the energy

momentum tensor contribution that comes from the variation of the ϕ-dependent part
of the action with respect to the metric. The scalar field equation reads

2ϕ = m2
eff ϕ , where m2

eff =
β

2
R− αG. (5.3)

The effective mass clearly receives two contributions, one from the Ricci and one from
the Gauss-Bonnet coupling as already explained in the previous chapter.

5.2 Scalarization threshold

Let us begin the analysis by deriving the scalarization onset for black holes in this model.
In order to do that, we look at the linearized equation for scalar perturbations in the
scalar equation of motion. Assuming spherical symmetry we are allowed to decompose
the scalar in the following way

ϕ(t, r, θ, φ) =

∫ +∞

−∞
e−iωt

[
+l∑

m=−l

∞∑
l=0

σl(r, ω)

r
Y m
l (θ, φ) e−imφ

]
dω , (5.4)

where Y m
l (θ, φ) are the spherical harmonics. In the usual spherical coordinates assumed
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Figure 5.1: Numerical solution of the decoupled scalar equation on a GR background. The points
where the line touches the horizontal axis correspond to the scalarization thresholds M̂

(n,l)
th .

in (1.37), the scalar equation on a Schwarzschild background reads

r(r − rh)σ
′′ + rh σ

′ +

[
ω2r3

r − rh
+

12αr2h
r4

− rh
r

− l(l + 1)

]
σ = 0 . (5.5)

As already mentioned, the β term is absent since the Ricci invariant vanishes on a
Schwarzschild background. This equation can be recast into a Schrödinger type form by
changing our coordinate from the radial one r ∈ (0,∞) to the tortoise one. The latter
is defined for the general spherically symmetric background (1.37) by the equation

dr∗ = (AB)−1/2dr . (5.6)

As is well known, in the case of the Schwarzschild background r∗ = r+2M ln (r/2M − 1),
so then (5.5) can be recast into(

− d2

dr2∗
+ Veff

)
σ = ω2σ , (5.7)

where the effective potential is given by

Veff =

(
1− 2M

r

)[
2M

r3
− 48αM2

r6
+
ℓ(ℓ+ 1)

r2

]
. (5.8)

The scalarization onset corresponds to the emergence of unstable solutions when one
performs a scanning of the parameter space. Therefore we will look for purely imaginary
modes ω → iω, in which case (5.7) yields

d2σ

dr2∗
=
(
Veff + ω2

)
σ , (5.9)

We will be looking for bound solutions with energy E = −ω2 < 0 which correspond
to the appearance of an instability with a growth parameter given by ω =

√
−E. In

practise we vary the parameter α which changes the effective potential. Before doing
that, we set ω = 0, which from continuity should correspond to a bound state too.
The last step significantly simplifies our process. Then, we determine the values of the
parameters (in this case just α) for which dσ/dr∗ → 0 in the limit r∗ → ∞. In this
case the effective potential (and hence the onset of scalarization) is controlled only by
the rescaled mass M̂ = M/

√
α, where M is the mass of the black hole. GR solutions

will become unstable for small values of M̂ , which correspond to large curvatures or
large α couplings. We search for such bound states while varying M̂ and identify the

45



G. Antoniou Scalarized black holes in EsRGB

threshold rescaled masses for different n and l, namely M̂ (n,l)
th , (n, l = 0, 1, 2, etc). This

is shown in Fig. 5.1 and the results are presented in Table 5.1. The mode associated
with a threshold mass M̂ (n)

th has n nodes. Hence, whenever M̂ < M̂
(n)
th , GR black holes

become unstable to a perturbation with n nodes. Numerically, for l = 0, these thresholds
are (n, M̂

(n)
th ) ≈ (0, 1.179), (1, 0.449), (2, 0.277), etc. Those along with more threshold

results for different pairs (n, l) are presented in Tab. 5.1.

M̂
(n,l)
th l = 0 l = 1 l = 2

n = 0 1.179 0.692 0.494
n = 1 0.449 0.363 0.302
n = 2 0.277 0.243 0.215

Table 5.1: Thresholds of scalarization for the first three modes and angular number l = 0, 1, 2.

5.3 Static, spherically symmetric black holes

We will now derive the equations in the coordinate system we chose, namely (1.37). The
field equations can be cast as three coupled ordinary differential equations. The (rr)
component of the metric equations can be solved algebraically with respect to B−1:

B−1 =
−B + δ

√
B2 − 4AC
2A

, δ = ±1, (5.10)

where

A = 4− βϕ2 , (5.11)

B = βϕ2 +A′(βr2ϕϕ′ − 8αϕϕ′ + βrϕ2 − 4r)/A

+ r2ϕ′2 + 4βrϕϕ′ − 4 ,
(5.12)

C = 24αA′ϕϕ′/A . (5.13)

and a prime denotes differentiation with respect to the radial coordinate. By substituting
(5.10) in the remaining field equations, we end up with a system of two coupled second
order differential equations just like in Chapter 2(

A′

A

)′

= Ã (r,A′/A, ϕ, ϕ′, α, β), (5.14)

ϕ′′ = ϕ̃ (r,A′/A, ϕ, ϕ′, α, β). (5.15)

In order to search for black hole solutions, we assume the existence of a horizon,
where A,B → 0. In line with previous results for different models fashioning a coupling
with G (e.g. [103, 124]), only δ = +1 leads to black hole solutions.

5.4 Near-horizon expansion

As in Chapter 2, near the horizon, one can perform the following expansion:

A(r ≈ rh) =α1(r − rh) + α2(r − rh)
2 + ... (5.16)

B(r ≈ rh) =β1(r − rh) + β2(r − rh)
2 + ... (5.17)

ϕ(r ≈ rh) =ϕh + ϕ1(r − rh) + ϕ2(r − rh)
2 + ... (5.18)
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One can substitute these expressions in Eqs. (5.10), (5.14) and (5.15), and obtain a
near-horizon solution. In particular, ϕ′′h remains finite only provided that

ϕ′(rh) = ϕ1 =
(
a+

√
∆
)
/b, (5.19)

where the expressions for a, b and ∆ are as follows:

a = 24αβrhϕ
2
h + r3h

(
−3β2ϕ2h + βϕ2h − 4

)
, (5.20)

∆ = 9216α3βϕ4h + r6h
(
3β2ϕ2h − βϕ2h + 4

)2
− 192α2r2hϕ

2
h

(
9β2ϕ2h − 2βϕ2h + 8

)
,

(5.21)

b = 2ϕh
(
8α− βr2h

) [
24αβϕ2h + r2h

(
−3β2ϕ2h + βϕ2h − 4

) ]
/(βϕ2h − 4) .

(5.22)

Requiring that ∆ ≥ 0 defines a region on the (rh, ϕh) space where regular black hole
solutions with scalar hair can be found.

5.5 Asymptotic expansion

In order to analyze the asymptotic behaviour of the solutions, one can perform a suitable
expansion, and solve the equations near spatial infinity imposing that ϕ vanishes there.
This yields

gtt = 1− 2M
/
r + β Q2

/
4 r2 +

(
MQ2 − 3βMQ2

)/
12 r3

+
(
8M2Q2 − 28βM2Q2 − 3β3Q4 + 5β2Q4 − βQ4

)/
48 r4

+
(
288M3Q2 − 1040βM3Q2 + 3072αMQ2 − 60β3MQ4

+ 115β2MQ4 + 10βMQ4 − 9MQ4
)/

960r5 +O
(
1/r6

)
,

(5.23)

grr = 1 + 2M
/
r +

(
16M2 + 2β Q2 −Q2

)/
4 r2 +

(
32M3 − 5MQ2

+ 11βMQ2
)/

4 r3 +
(
488βM2Q2 − 208M2Q2 + 768M4

− 12β3Q4 + 17β2Q4 − 13βQ4 + 3Q4
)/

48 r4 +
(
6064βM3Q2

− 2464M3Q2 + 6144M5 − 1536αMQ2348β3MQ4

+ 589β2MQ4 − 442βMQ4 + 97MQ4
)/

192 r5 +O
(
1/r6

)
,

(5.24)

ϕ = Q
/
r +MQ

/
r2 +

(
32M2Q− 3β2Q3 + 2βQ3 −Q3

)/
24 r3

+
(
48M3Q− 9β2MQ3 + 9βMQ3 − 4MQ3)

/
24 r4

+
(
2240βM2Q3 − 1680β2M2Q3 − 928M2Q3 − 4608αM2Q

+ 6144M4Q+ 117β4Q5 − 144β3Q5 + 86β2Q5 − 40βQ5

+ 9Q5
)/

1920 r5 +O
(
1/r6

)
,

(5.25)

where as always in this thesis, M is the ADM mass and Q is the scalar charge. Equations
(5.23)-(5.25) suggest, as one would expect, that the Ricci coupling dominates over the
Gauss-Bonnet coupling at large radii. Specifically, the Ricci coupling appears at order
r−2, whereas the Gauss-Bonnet coupling appears initially at order r−5.

5.6 Numerical implementation

The system of ordinary differential equations (ODEs) (5.14) and (5.15) can, in principle,
be solved by starting from the horizon and integrating towards larger radii. α and β
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are theoretical parameters that are considered fixed. The values of A′, A, ϕ′, and ϕ at
r = rh appear to be “initial data”. However, they are not all free to choose. A(rh) is
fixed by the condition A(rh) = 0, i.e. the fact that r = rh is a horizon. A′/A has to
diverge at r = rh, or else A will have a vanishing derivative on the horizon. Finally,
ϕ′(rh), and ϕ(rh) are related by the regularity condition (5.19). One also needs to fix rh.
The field equations are invariant under the global scaling symmetry r → µr, α → µ2α,
where µ is a free parameter. We can make use of this symmetry to reduce the space
of parameters that we have to explore. Practically, we can decide that the horizon is
located at rh = 1; solutions with rh ̸= 1 can later be obtained by a global scaling.

Hence, one can treat ϕ(rh) = ϕh as the only free parameter. Integrating outwards,
one will generically find a solution for arbitrary ϕh. However, for given α and β, only one
value of ϕh has the desired asymptotics, namely ϕ(r → ∞) = ϕ∞ = 0. Imposing this
condition (by a shooting method and to a desired precision) yields a unique solution.
The global rescaling mentioned above turns this solution into a one-parameter family,
that we can interpret as a family of black holes parametrized by their ADM mass M ,
for fixed couplings α and β. The scalar charge Q is then determined as a function of
M , α and β.

A practical complication is that the regularity condition of Eq. (5.19) cannot be
imposed numerically with any reasonable accuracy. To circumvent this problem we start
the numerical integration at r ≈ rh[1+O(10−4)], similarly to what we did in Chapter 3,
and we use the perturbative expansion in Eqs. (5.16)-(5.18) to impose the regularity and
propagate the data from the horizon to the starting point of the numerical integration.
We typically integrate up to distances r/rh ≈ 104 and impose that ϕ vanishes there to
a part in 104.

In the next section, we will be using the scale-invariant masses and charges M̂ and
Q̂ defined in (3.25), and we will assume that α > 0. Indeed, we will restrict our analysis
to positive values of α. As was explained in Chapter 2, evading the no-hair theorem
in spontaneous scalarization, where f(ϕ∞) = 0, requires α > 0 when β = 0 and G is
positive, which is the case for a Schwarzschild black hole. Moreover, the Ricci coupling,
controlled by β, does not contribute to linear perturbation theory around GR black
holes. It is hence unlikely that spontaneously scalarized spherically symmetric black
hole solutions will exist for α < 0. It should be stressed, however, that the α < 0
case is particularly interesting when studying rotating black holes [140] as explained in
Chapter 2.

5.6.1 Domain of existence and n = 0 solutions

The domain of existence for black holes with non-zero scalar charge is non-trivial. In this
subsection we present it for the fundamental branch (n = 0). To analyze the parameter
space in which these solutions exist, we scan (α/r2h, β) for BHs with a non-trivial scalar
field configuration that vanishes asymptotically. For α = 0 the only solution that is
regular at the horizon and asymptotically flat is the Schwarzschild BH [93], while for
β = 0, the allowed values for α are in agreement with [138, 139]

In Fig. 5.2 we show the solutions existence domain in the (α/r2h, β) plane. Scalar-
ized solutions with the desired properties, i.e. regular everywhere and asymptotically
vanishing, exist in the shaded regions. We can classify the space of solutions existing
in three domains bounded by a seemingly vertical line given by the critical value for
scalarization α/r2h ≈ 0.18 and a parabola-like curve defined by the condition ∆ ≥ 0.
To further analyze the solutions, in the left panel of Fig. 5.3, we show the domain of
existence in the (M/rh, Q/rh) plane, which is suggestive of several properties of these
solutions. First, it appears that the map (α/r2h, β) 7→ (M/rh, Q/rh) is invertible offering
a direct connection between the asymptotes of the solution and the underlying gravity
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Figure 5.2: The shaded part corresponds to the region in the parameter space (β, α/r2h) where scalar-
ized, and asymptotically flat black hole solutions exist.

0.50 0.51 0.52 0.53 0.54 0.55
0.0

0.1

0.2

0.3

0.4

0.5

1.00 1.05 1.10 1.15 1.20 1.25 1.30
0.0

0.2

0.4

0.6

0.8

1.0

Figure 5.3: Left: The mass and charge for scalarized black holes. The blue, green and red regions
correspond to the upper, middle and lower regions of the left-panel plot respectively. The contours
shown are of constant β with separation of δβ = 0.04, 0.01, 0.24 in the blue, green and red regions
respectively. Right: Same but for mass and charge normalised with respect to α.

model. The lines of constant β approaching the vertical line in the left figure, merge
at (M/rh, Q/rh) = (0.5, 0), which corresponds to the GR solution. These same lines
appear to be bounded from above as they approach the parabola in (α/r2h, β).

Now we turn our attention to Fig. 5.4, which presents a few example lines for some
characteristic values of β. Schwarzschild BHs are radially unstable for M̂ < M̂

(0,0)
th ≈

1.175 [160, 163]. It can be seen that M̂ (0,0)
th is the point where the curves converge in

Fig. 5.4. When M̂ < M̂
(0,0)
th , scalar perturbations grow spontaneously and form a non-

trivial scalar profile, and so are the energetically favourable solutions. We again stress
that the final scalar field profile is determined by the full non-linear equations and not
only the terms that trigger the instability. In contrast, Schwarzschild BHs are stable in
the region M̂ > M̂

(0,0)
th , and potential scalarized solutions would decay back to GR, as

seen from purely energetic arguments. This reasoning can be confirmed by performing
a radial stability analysis of the scalarized BH solutions. This is done in Chapter 7.

When β is smaller than some critical value βcrit ≈ 1.15, the charge-mass curve
tilts to the right and all scalarized black holes have larger ADM masses than the GR
mass instability threshold. Such scalarized black holes are unlikely to be produced
dynamically. ADM mass is a measure of energy for the system. The fact that all
scalarized black holes for β < βcrit have larger mass than all GR black holes that are
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Figure 5.4: Charge-mass diagram for scalarized BHs with the Ricci term. The blue part of the curves
corresponds to stable solutions while the red to unstable ones. The dotted vertical line represents
M̂ = M̂th. Left : Sample of solutions for different values of β. Solutions on the left part of the dotted
vertical line on the diagram are expected to be stable against radial perturbations. Right: Zoom on the
stability threshold region. We see that for β ≈ 1.15 (possibly) stable solutions appear in the theory.
For β > β ≈ 1.2 (potentially) unstable solutions are no longer present.

unstable implies that, if any scalarized black hole is considered to be the end point of the
tachyonic instability for a GR black hole, then this end state would have more energy
than the initial state.

Based on the argument above, we conjecture that scalarized black holes are unstable
for β < βcrit. Conversely, for β > βcrit the ADM mass for scalarized black holes can be
smaller than the GR counterparts and hence it is reasonable to expect that scalarized
black holes are endpoints of the tachyonic instability1. These arguments are consistent
with earlier results. In particular, it is already known that for β = 0 scalarized black
holes are radially unstable [163]. Moreover, the general picture shown in Fig. 5.4 is
very similar to the one presented in Ref. [160]. In that work, β was vanishing and the
ϕ2R term was absent, but a ϕ4 self-interaction had a similar effect. Analysis of radial
stability did show in that case that stability was associated with whether the curves
on the Q̂-M̂ plane tilt to the right or the left. In Chapter 7 we will perform a proper
stability analysis which will verify our conjecture. These considerations suggest strongly
that the coupling between ϕ and the Ricci scalar, can have a very interesting stabilizing
effect for scalarized black holes, without having to resort to scalar self-interactions.

Note that in some cases, when β > βcrit and hence the Q̂-M̂ curve initially leans to
the left, this same curve later turns towards the right. The points at which the curves
turn right are marked by black dots in Fig. 5.4. One expects configurations past the
turning point to be unstable, as configurations of the same ADM mass and smaller scalar
charge exist.

As is clear from Fig. 5.4, for β > βcrit, the normalized scalar charge Q̂ increases as the
normalized ADM mass M̂ decreases, at least in the part of the curves up to the turning
point (black dot), whereas for β < βcrit, the normalized scalar charge Q̂ increases as the
normalized ADM mass M̂ increases. Interestingly, the dependence of the curvature near
the horizon on the ADM mass turns out to be different in the two cases. For β > βcrit
scalarized black holes tend to have larger curvatures at the horizon when the ADM mass
decreases, as is the case in GR, whereas for β < βcrit the curvature on the horizon tends
to increase as the mass (and scalar charge) increases. Hence, in both cases, the scalar
charge seems to be controlled by the curvature. A way to see this is by comparing the
curvature near the horizon for same mass M̂ solutions but with different β. For β > βcrit

1As we will see in Chapter 7 this is not exactly the case even though it does capture the general
trend. That is because very close to the GR mass two different types of solutions exist with one being
stable and the other unstable
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Figure 5.5: Top left: GB invariant as a function of the distance for different values of β and M̂ ≈ 1.
Top right: Same but for M̂ ≈ 1.22. Bottom left: Domain of existence of n = 0 scalarized black holes
on the α-M plane. For a given β, solutions exist between the corresponding black line, and the dashed,
red line. The latter coincides with the line where GR solutions of equal mass would become unstable.
Bottom right: Same but on the α-Q plane. Both panels can be obtained from an “unfolding” of Fig. 5.4.

and fixed M̂ , increasing β decreases the charge, as seen from the top panels of Fig. 5.5.
The opposite holds for β < βcrit. This is equivalent to concluding that for all values
of β, moving along the M̂ -Q̂ curves for fixed β towards larger charges means moving
towards larger curvatures near the horizon.

In the bottom panel of Fig. 5.5, we show the domain of existence of scalarized
black holes on the α-M and α-Q planes. As discussed, linear analysis showed distinct
scalarization thresholds, the first (zero nodes) of which we denote with M̂ (0,0)

th ≈ 1.179.
This threshold is represented by the dashed, red line in Fig. 5.5. Note that M̂ =
constant (respectively Q̂ = constant) translates to a parabola in the α-M (α-Q) plane.
The rest of the curves correspond to the existence boundaries for various values of β.
They are related to the horizon condition presented in Eq. (5.19). Solutions then exist
everywhere between the red, dashed GR instability line and the plain, black existence
line. Examining the plots reveals something rather interesting: the value of the Ricci
coupling β can affect the relative position of the existence line with respect to the
instability parabola. This should not come as a surprise, based on the results presented
in Fig. 5.4, where β has a similar effect on the relative position of the curve with respect
to the threshold mass M̂ (0,0)

th .

As mentioned earlier, we do not plan to consider the β < 0 case in any detail as
positive values appear to be better motivated. However, we can report the following
based on a preliminary exploration. There is still a critical value of β, and for β smaller
than this value, scalarized black holes have smaller ADM masses than the GR instability
threshold, together with scalar charges that tend to increase with decreasing mass. For
β larger than the critical value, the behaviour is reversed. Hence, the equivalent to
Fig. 5.4 would be qualitatively similar for β < 0.
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5.6.2 n = 1, 2 nodes for the scalar profile

We now turn to solutions characterized by n = 1 and n = 2. For β > 0, the plot of the
normalized charge versus the normalized mass is given in Fig. 5.6. A noticeable pattern
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Figure 5.6: Normalized scalar charge versus normalized ADM mass for the solutions with n = 1 (left
panel) and 2 (right panel) nodes.

is that, for n = 0, the scalar charge is positive, while it is negative for n = 1, positive
for n = 2, and so on. This is simply due to the fact that the scalar field has to approach
0 at spatial infinity from a different side, depending on the number of nodes. There
is no deep significance in the sign of the charge, since the action (5.1) possesses parity
symmetry ϕ → −ϕ, and the signs would have been flipped, had we chosen negative
values of ϕh as initial conditions. Compared to the n = 0 case, we see that the order
of magnitude of the charge for all different values of β is significantly smaller, and the
range of masses for which we find scalarized solutions is strongly reduced. Once again
there is a critical value of β that separates right-leaning curves (likely unstable) from
left leaning ones (likely stable).

5.7 Discussion

We have considered the contribution that a coupling between the scalar, ϕ, and the
Ricci scalar, R, can have on black hole scalarization. We focused on static, spherically
symmetric configurations.

The βϕ2R coupling is known not to affect the threshold of scalarization. However,
our results show that it can alter the domain of existence of scalarized black holes,
significantly modify their properties, and control their scalar charge. Our results also
strongly suggest that the strength of this coupling can have an impact on the stability
of scalarized black holes. In particular, having β be larger than some critical value, βcrit,
is expected to resolve the stability problems for models that do not include the βϕ2R
coupling. We will investigate this issue in more detail in Chapter 7.

We have mostly focused on positive values for β. We did so for two reasons. First, as
we showed in Chapter 4, including the βϕ2R term in scalarization models and selecting
a positive β makes GR a cosmological attractor and allows one to have a consistent
cosmological history, at least from the end of the inflationary era. The numerical values
that we considered here for the couplings are similar to those used in Chapter 4. Second,
for positive values of the Ricci coupling (and reasonably small values of the Gauss-
Bonnet coupling), neutron stars do not scalarize [162]. This allows one to evade the very
tight binary pulsar constraints (e.g. [164–166]), related to energy losses due to dipolar
emission of gravitational waves, without the need to add a bare mass to the scalar (and
tune it appropriately). More discussion on this topic will follow in Chapter 6.

52



G. Antoniou Scalarized black holes in EsRGB

It is clear that the inclusion of the βϕ2R coupling has multiple benefits in scalariza-
tion models. It is worth re-iterating that this coupling has lower mass dimensions than
the αϕ2G coupling, which triggers scalarization at linear level. Moreover, unlike a bare
mass term or scalar self-interactions, it allows the scalar to remain massless and free in
flat space. Hence, the βϕ2R coupling can be part of an interesting EFT that respects
ϕ → −ϕ symmetry and in which shift symmetry can be broken only via the coupling
to gravity (the complete EFT would potentially include more terms, such as Rϕ4 and
Gµν∂µϕ∂νϕ).

Gravitational wave observation of binaries that contain black holes would still be able
to measure or constrain β and α. A detailed post-Newtonian analysis of the inspiral
phase would be sufficient to provide some first constraints. Scalarization models in
which the scalar charge is non-zero only below a mass threshold are also expected to be
severely constrained by extreme mass ratio inspirals (EMRIs) observations by LISA: the
supermassive black hole would be described by the Kerr metric, whereas the small black
hole can carry a scalar charge. This is the ideal scenario to apply the considerations of
Ref. [146].

It should be stressed that we only considered the case α > 0 throughout this paper, as
this is a requirement for having scalarized black holes under the assumptions of staticity
and spherical symmetry. However, it has been shown in Ref. [140] that, for α < 0
(and β = 0), scalarization can be triggered by rapid rotation. Indeed, some scalarized
black hole have been found in this scenario in Refs. [141, 167]. It would thus be very
interesting to consider the effect of the βϕ2R coupling for α < 0, i.e. in models where
scalarization is induced by rotation.

It is likely that theoretical constraints on the value of the couplings in scalarization
models will be imposed by the requirement that the initial value problem be well-posed in
dynamical evolution scenarios where one expects the models to be good EFTs. Results
in this direction have been obtained in Ref. [168] for β = 0. The inclusion of the
coupling with the Ricci scalar is likely to affect the results quantitatively, and hence is
an interesting prospect. We will come back to that in Chapter 7.
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CHAPTER 6
Scalarized neutron stars with Ricci and Gauss-Bonnet
couplings

As we saw the onset of the tachyonic instability that triggers scalarization is controlled by
linear terms (although Ref. [169] also examined what happens if linear terms are absent
from the potential) but eventually this instability is quenched by non-linearities, which
control the end-state. In Chapters 4 and 5 we saw that including the Ricci term does
seem to provide us with advantages (e.g. late-time attractor to GR in a cosmological
scenario and potentially stable solutions). Additionally, it was shown in [162] that
the Ricci term can help in suppressing the scalarization of neutron stars, which would
otherwise tend to place significant constraints. As we saw in Chapter 5, even though
the Ricci coupling does not affect the onset of black hole scalarization, it affects the
properties of the scalarized solutions and, consequently, observables. For certain values
of the Ricci coupling —which happen to be consistent with the ones associated with
a late-time attractor behaviour— the presence of this operator is expected to render
black holes radially stable, without the need to introduce self-interaction terms. This
will be further examined in the next chapter. For these reasons, it is of great interest to
examine how the combination of Ricci and Gauss-Bonnet couplings affects neutron star
properties as well.

The setup we need in order to study scalarized neutron stars in our theory (5.1), is
different compared to the black hole scenario as we now assume the presence of matter.
Therefore, the modified Einstein equations yield

Gµν = κT (ϕ)
µν + κTM

µν , (6.1)

where T (ϕ)
µν is given in (5.2) and comes from the variation of the ϕ-dependent part of the

action with respect to the metric, while

TM
µν = − 2√

−g
δSM

δgµν
, (6.2)

is the matter stress-energy tensor. We assume matter to be described by a perfect fluid
with TM

µν = (ϵ+p)uµuν+p gµν , where ϵ, p and uµ are respectively the energy density, the
pressure and the 4-velocity of the fluid. The pressure is directly related to the energy
density through the equation of state. The field equations then, for the spherically
symmetric metric (1.37), take the form of coupled ordinary differential equations for A,
B, ϵ and ϕ, as in the black hole case.
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6.1 Expansion for small radii

Close to the center of the star, we can perform an analytic expansion of the form

f(r) =

∞∑
n=0

fnr
n (6.3)

for the functions lnA, − lnB, ϵ, p and ϕ. Plugging these expansions in the field equa-
tions, we can solve order by order to determine the boundary conditions at the origin.
At this point, there are essentially three quantities that one can freely fix: the central
density ϵ0, the value of the scalar field at the center ϕ0, and the value of the time com-
ponent of the metric at the center, determined by A0. On the other hand, B0 has to
vanish in order to avoid a conical singularity at the center, while p0 is directly related
to ϵ0 by the equation of state. All higher order quantities {Ai, ..., ϕi}, i ≥ 1 can be
determined in terms of the three quantities {ϵ0, A0, ϕ0}. We will require that spacetime
is asymptotically flat, with a trivial scalar field at spatial infinity, which fixes uniquely
A0 and ϕ0, or rather restricts ϕ0 to a discrete set of values, each corresponding to a dif-
ferent mode; technically, these values are found through a numerical shooting method.
Therefore, for given parameters α and β, a solution is eventually fully determined by
the central density ϵ0. Different choices of ϵ0 will translate into different masses.

We must underline the difference with the black hole case, studied in Chapter 5.
For black holes, the equations are scale invariant up to a redefinition of the couplings.
Practically, this means that it is enough to explore the full space of parameters α and β
for a fixed mass. One can then deduce all solutions, of arbitrary mass, by an appropriate
rescaling. For neutron stars this scaling symmetry is broken by the equation of state
that relates p and ϵ. Therefore, one a priori has to explore a 3-dimensional space of
parameters (ϵ0, α and β) in the case of neutron stars. In order to keep this exploration
tractable, as it was already done in [162], we will focus our study on a selection of central
densities and equations of state. We pick these in order to cover very diverse solutions,
typically corresponding to the lightest/heaviest observed stars in general relativity. We
then explore a wide range of the (α, β) parameter space for these fixed densities and
equations of state.

To complete this section, let us note that solving order by order the field equations
for the higher order coefficients in the expansion (6.3) does not always yield solutions.
All first order coefficients in this expansion have to vanish; one can express A2, ϵ2, p2
and ϕ2 in terms of B2; however, B2 itself is determined by the following equation:

B4
2(512α

3κϕ20 − 256α3βκ2ϕ40) +B3
2(512 p0α

3κ2ϕ20 − 64α2βκϕ20

+ 32α2β2κ2ϕ40) +B2
2(12αβ

3κ2ϕ40 − 24αβ2κϕ20 − 192 p0α
2βκ2ϕ20)

+B2

(
2β − 16

3
αϵ0κ− 2β2κϕ20 + 3β3κϕ20 + 24 p0αβ

2κ2ϕ20

+
8

3
αβϵ0κ

2ϕ20 +
16

3
αβ2ϵ0κ

2ϕ20 +
1

2
β3κ2ϕ40 −

3

2
β4κ2ϕ40

)
− 2

3
βϵ0κ+

16

9
αϵ20κ

2 − p0β
3κ2ϕ20 +

1

3
β2ϵ0κ

2ϕ20 −
2

3
β3ϵ0κ

2ϕ20 = 0 .

(6.4)

Eq. (6.4) is a fourth order equation in B2. Such an equation does not necessarily possess
real solutions. Therefore, for any choice of parameters (α, β) and initial values (ϵ0, ϕ0),
we need to check that a real solution to Eq. (6.4) exists. In particular, we need to check
this when implementing the shooting method that will allow us to find the values of ϕ0
such that the scalar field is trivial at spatial infinity. Such values might actually not
exist in the domain where Eq. (6.4) possesses real solutions. In practice, we make sure
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that each choice of parameters that we consider guarantees not only that Eq. (6.4) has a
positive1 real solution, but that such a solution is connected to the GR one. We discard
all other parameter combinations that do not respect such criteria.

We now analyze the asymptotic behaviour of the solutions at spatial infinity. This
time, we expand the metric and scalar functions in inverse powers of r, and solve order
by order. We impose that the asymptotic value of the scalar field vanishes, that is
ϕ(r → ∞) ≡ ϕ∞ = 0, and that A(r → ∞) = 0. The asymptotic solution then reads

B = 1− 2M

r
+

1

2

Q2κ

r2
(1− 2βκ) +

1

2

MQ2κ

r3
(1− 3β)

+
1

12

Q2κ

r4
[
M2(8− 28β) +Q2βκ(1− 5β + 12β2)

]
+

1

48

MQ2κ

r5
[
768α+ 8M2(6− 23β)−Q2κ(1− 18β + 77β2

− 156β3)
]
+O(r−6),

(6.5)

A = 1− 2M

r
+

1

2

Q2βκ

r2
+

1

6

MQ2κ

r3
(1− 3β) +

1

r4
[
4M4

− 1

3
M2Q2κ(1 + 3β) +

1

8
Q4β2κ2

]
− 1

r5
{
8M5 − 1

30
M3Q2κ(58

− 75β)− 1

80
MQ2κ

[
512α−Q2κ(3 + 10β − 85β2 + 60β3)

]}
+O(r−6),

(6.6)

ϕ =
Q

r
+
MQ

r2
+

1

12

Q

r3
[
16M2 −Q2κ(1− 2β + 3β2)

]
+

1

r4
[
2M3Q

− 1

12
MQ3κ(4− 9β + 9β2)

]
+

1

480

Q

r5
{
Q4κ2(9− 40β + 86β2

− 144β3 + 117β4)− 8M2
[
144α+Q2κ(58− 140β + 105β2)

]
+ 1536M4

}
+O(r−6) ,

(6.7)

where M and Q are free. Once again, we identify M as the ADM mass and Q as the
scalar charge. As one can see from Eqs. (6.5)–(6.7), the contribution from the Ricci
coupling dominates the asymptotic behaviour of the solutions over the Gauss-Bonnet
coupling. Indeed, terms proportional to β enter the expansion already at order r−2,
whereas α-dependent terms arise only at order r−5. This expansion is in fact entangled
with the boundary conditions at the center of the star, as we already mentioned. For
fixed parameters α and β, the freedom in M directly relates to the freedom in the central
density ϵ0. On the other hand, the fact that only discrete values of ϕ0 yield a vanishing
scalar field at infinity means that the scalar profile is actually fixed once a central density
(or a mass) is chosen. Therefore, Q is fixed as a function of M , and does not constitute
a free charge.

The scalar charge constitutes probably the most direct channel to test the theory
through observations. Indeed, binaries of compact objects endowed with an asymmetric
charge will emit dipolar radiation. This enhances the gravitational wave emission of
such systems: in a Post-Newtonian (PN) expansion, dipolar radiation contributes to the
energy flux at order -1PN with respect to the usual quadrupolar GR flux. Generically,
this dipolar emission is controlled by the sensitivities of the compact objects, defined

1An acceptable solution to Eq. (6.4) must be positive, otherwise grr diverges at a finite radius, and
consequently the pressure and the energy density diverge as well.
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as2

αI =
1√
4π

∂lnMI

∂ϕ0
, (6.8)

MI being the mass of the component I, and ϕ0 the value of the scalar field at infinity.
The observation of various binary pulsars, notably the PSR J1738+0333 system, allows
one to set the following constraint:

|αA − αB | ≲ 2× 10−3, (6.9)

where A and B label the two components of the system [166, 170]. We can then relate
the sensitivity to the scalar charge Q, using the generic arguments of [171]. We have

QI = − 1

4π

∂MI

∂ϕ0
. (6.10)

If there is no accidental coincidence in the charge of the two components of the binary,
Eqs. (6.9)-(6.10) translate as ∣∣∣∣ QM

∣∣∣∣ ≲ 6× 10−4 (6.11)

for the solutions we consider. Only solutions satisfying this bound on the charge to
mass ratio are relevant. It is however a non-trivial task to map this bound onto the
parameters of the Lagrangian (5.1).

6.2 Numerical implementation

We solve the system of three differential equations for the three independent functions
A, ϕ and ϵ by starting our integration from r0 = 10−5 km. We fix the parameters of
the theory α and β, and the central density ϵ0, typically to values of order 1017 kg/m3.
Then, we give an initial guess for ϕ0, and determine boundary conditions as explained
in Sec. 6.1. The integration will generically give a solution; however, we also demand
that the scalar field vanishes at infinity, that is ϕ∞ = 0. Only a discrete set of ϕ0
values will yield ϕ∞ = 0. Each value corresponds to a different number of nodes of
the scalar field in the radial direction, where by nodes we refer to the number of times
the scalar field radial profile crosses the horizontal axis. In practice, we integrate up to
distances rmax = 300 km and we implement a shooting method to select the solutions
with ϕ∞ = 0. Generally, we use Mathematica’s built-in function FindRoot.

However, in some cases FindRoot fails to find the right solutions, even if one gives
it a limited range (ϕ0, min, ϕ0, max) where to look for. When this happens, we resort to
bisection instead. In this latter case, we require that ϕ(rmax)/ϕ0 ≤ 10−2.

At each stage of the shooting method, we must check that Eq. (6.4) gives a real
positive solution for B2 that is connected to the GR solution. In some cases, we reach
the limit of the region of the parameter space where these criteria are fulfilled before
reaching ϕ∞ = 0. When this is the case, there is no solution associated to the given
choice of α, β and ϵ0. Note also that, given a set of α, β and ϵ0, there is a maximum
number of nodes that the solution can have, consequently a maximum number of suitable
choices of ϕ0 (typically up to three modes in the regions we explore). Solutions with
more nodes are encountered only for higher values of the parameters α and β, or at
higher curvatures (that is, at higher ϵ0).

2The factor of 1/
√
4π is added to match the standard definition of the sensitivity in the literature,

where a different normalization for the scalar field is generally used.
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Given a solution, we extract the value of the ADM mass M and the scalar charge
Q, as defined in the asymptotic expansion (6.5)–(6.7). We have

M ≈ −
(
1

2
r2B′

) ∣∣∣∣
rmax

,

Q ≈ −
(
r2ϕ′

) ∣∣
rmax

.

(6.12)

6.3 Existence regions of scalarized solutions

In this section, we will study the regions where scalarized solutions exist in the (α, β)
parameter space.

6.3.1 Light star with SLy EOS
First, we consider a neutron star described by the SLy equation of state [172], with
a central energy density of ϵ0 = 8.1 × 1017 kg/m3, so that its gravitational mass in
GR is MGR = 1.12M⊙. The results are summarized in Fig. 6.1, where we relate our
new results to the previous study of the scalarization thresholds [162]. The white area

Figure 6.1: Regions of existence of scalarized solutions in the (α, β) space, for the SLy EOS with
ϵ0 = 8.1× 1017 kg/m3. The red (respectively blue) region is the region where scalarized solutions with
0 (respectively 1) node exist. We superimposed the grey contours obtained in Ref. [162], which represent
the lines beyond which GR solutions with the same density are unstable to scalar perturbations with 0,
1, 2, etc nodes. We see that the region where there exist scalarized solutions with n nodes is included in
the region where the GR solutions are unstable to scalar perturbations with n nodes, but much smaller.
The dashed boundary for the blue region corresponds to a breakdown of the integration inside the star.
In GR, a star with this choice of ϵ0 and EOS has a light mass, MGR = 1.12M⊙.

corresponds to the region of the parameter space where the GR solution is stable. When
cranking up the parameters α or β, a new unstable mode appears every time one crosses
a black line. The first mode has 0 nodes, the second 1 node, etc. We will refer to these
black lines as instability lines. Any point in the parameter space that lies within some
grey region corresponds to a configuration where the GR solution is unstable. The red
(respectively blue) area corresponds to the region where scalarized solutions with n = 0
(respectively n = 1) nodes exist. We do not include the equivalent regions for higher n,
to not complicate further the analysis. The region where a scalarized solution does exist
is considerably reduced with respect to the region where the GR solution is unstable.

One of our main results is that the parameters (α, β) corresponding to the grey areas
that are not covered by the colored regions must be excluded. Indeed, there, scalarized
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solutions do not exist while the GR solution itself is unstable. Therefore, neutron stars in
these theories, when they reach a critical mass, will be affected by a tachyonic instability,
but there does not exist a fixed point (a static scalarized solution) where the growth
could halt. This would imply that neutron stars with this mass and EOS do not exist for
the corresponding parameters of the theory (5.1). Considering that the properties of the
scalarized star are sensitive to nonlinearities, adding further nonlinear interaction terms
to the action, e.g. self-interactions in a scalar potential, as was proposed in [160], or
non-linear terms in the coupling functions [139, 161], can potentially change this result.

In Fig. 6.1, the regions where scalarized solutions exist are delimited by existence
lines, represented by a curve of the respective color. The plain lines correspond to
boundaries beyond which it is no longer possible to find a value of ϕ0 that allows a
suitable solution to Eq. (6.4), while providing ϕ∞ = 0. Beyond dashed lines, on the
other hand, nothing special occurs at the center of the star, but the numerical integration
breaks down at a finite radius inside the star. We do not know whether, when crossing
these dashed lines, our integration is affected by numerical problems, or whether the
divergence corresponds to an actual singularity of the solutions. It could be that this
singularity emerges as an artifact of the method we employ. Indeed, in our analysis, we
keep the central density ϵ0 fixed while pushing the couplings α and β to larger and larger
values. However, for each couple of parameters (α, β), there probably exists a maximal
central density beyond which star solutions do not exist, or equivalently it becomes
impossible to sustain such a high central density. The dashed line could correspond to
this saturation, where we try to push all the parameters beyond values that can actually
be sustained by the model.

A surprising feature, which is not visible in Fig. 6.1, is that scalarized solutions always
exist in a very narrow range along the instability lines. For example, when crossing the
black instability line that delimitates the white region where the GR solution is stable,
from the light-grey region where it is unstable against n = 0 scalar perturbations, there
exists a very narrow band (within the grey region) where scalarized solutions with zero
nodes exist. We observed similar behaviours along each instability line, also in the
scenarios discussed in the next paragraphs.

6.3.2 Light star with MPA1 EOS

We next consider a stellar model described by the MPA1 equation of state [173]. We
choose a central energy density of ϵ0 = 6.3×1017 kg/m3, such that it corresponds to the
same GR mass as in the previous case, that is MGR = 1.12M⊙. We report the results
in Fig. 6.2. As one can see, changing the EOS has only mild effects on the region of
existence of scalarized solutions. The analysis of the parameter space is qualitatively
the same as for the SLy EOS. The main difference is that, for the range of parameters
we considered, no numerical divergences (associated with dashed lines) appear with the
MPA1 EOS.

6.3.3 Heavy star with SLy EOS

Last, we consider a denser neutron star described by the SLy EOS, with ϵ0 = 3.4 ×
1018 kg/m3. It corresponds to an increased mass in GR of MGR = 2.04M⊙. The
results are shown in Fig. 6.3. In this case, positive values of β can also lead to scalarized
solutions. Already in [162, 174–176], it was shown that, in GR, dense neutron stars have
a negative Ricci scalar towards the center, which allows for scalarization to be triggered
even when β > 0. As before, a dashed line signals the appearance of divergences, which
in this case show up already for the n = 0 node.

In the right panel of Fig. 6.3, we zoomed on the region of small couplings, in order
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Figure 6.2: Regions of existence of scalarized solutions in the (α, β) space, for the MPA1 EOS with
ϵ0 = 6.3× 1017 kg/m3. The conventions are the same as in Fig. 6.1. In GR, a star with this choice of
ϵ0 and EOS is again light, with MGR = 1.12M⊙.

Figure 6.3: Left: Regions of existence of scalarized solutions in the (α, β) space, for the SLy EOS
with ϵ0 = 3.4×1018 kg/m3. The conventions are the same as in Fig. 6.1. In GR, a star with this choice
of ϵ0 and EOS is the heaviest possible, MGR = 2.04M⊙. Right: This is simply a zoom of the left one.

to understand better what happens for natural values of the Ricci coupling β. In the
absence of the Gauss-Bonnet coupling, scalarization can occur either if β < −8.55, or
β > 11.5. Let us concentrate on the β > 0 scenario, which is motivated by Chapter
4, where we showed that positive values of β make GR a cosmological attractor. We
remind that black hole scalarization (at least for non-rotating black holes) occurs for
α > 0. Hence, we see that there exists an interesting region in the α > 0, β > 0
quadrant where even very compact stars do not scalarize, while black holes do. Such
models can therefore a priori pass all binary pulsar tests, while being testable with black
hole observations. On the other hand, for β ≳ 11.5, the red region where GR solutions
are replaced by scalarized solutions spreads very fast in the α direction, and one has to
be careful, when considering black hole scalarization, that such models are not already
excluded by neutron star observations.

6.4 Mass and scalar charge of the β < 0 solutions

We now focus on the scenario where β < 0. This corresponds to the original situation
studied by Damour and Esposito-Farèse. Typically, scalarized solutions with β < 0 and
α = 0 are extremely constrained by binary pulsar observations [164–166]. A particular
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Figure 6.4: Mass difference and scalar charge of scalarized solutions for β < 0. The two left (respec-
tively right) panels show how these quantities evolve when varying α at fixed β = −5.5 (respectively
−10). The scalar charge Q (bottom panels) is normalized to the total mass of the solutions, M . For all
curves, the mass difference δM (upper panels) is computed with respect to a GR star with the same
central density and EOS. Plain curves correspond to a GR mass of 1.12 M⊙, using the SLy EOS; dashed
curves to the same GR mass, but the MPA1 EOS; and dotted-dashed curves to a GR mass of 2.04 M⊙,
using the SLy EOS. In this region of the parameter space, only solutions with 0 nodes for the scalar
field exist. A generic feature of lighter stars (plain and dashed curves), is that the charge decreases
when α increases, a priori offering a way to evade the stringent bound of Eq. (6.11) when increasing
α. However, it is only for values of β very close to the DEF threshold (β = −5.5) that we can obtain
scalar charges compatible with observations.

motivation to study solutions with β < 0 is therefore to determine whether the addition
of a non-zero Gauss-Bonnet coupling can improve their properties. We will consider
three different choices of the Ricci coupling: β = −5.5,−10 and −100. The two first
choices are relevant astrophysically: β = −5.5 is approximately the value where scalar-
ization is triggered for small Gauss-Bonnet couplings, while β = −10 corresponds to a
region where neutron stars are scalarized, but with rather small deviations with respect
to GR. The third choice, β = −100, is certainly disfavored observationally, but it will
allow us to illustrate an interesting behaviour concerning different scalar modes.

Let us start with the comparison between the cases β = −5.5 and −10. The results
are summarized in Fig. 6.4. This figure shows two properties of scalarized stars. First,
the mass default (or excess) of scalarized stars with respect to GR stars with the same
central density and EOS: δM = M −MGR. Second, the scalar charge of the scalarized
solutions, Q. We compare the results for the three different stellar models considered in
Sec. 6.3, for the two values of β. All curves extend only over a finite range of α. Indeed,
passed a certain value of α, we exit the red region on the β < 0 side of Figs. 6.1, 6.2
and 6.3 (moving vertically, since β is fixed to −5.5 or −10). Scalarized solutions do not
exist outside of this region.

Figure 6.4 shows that the choice of EOS does not affect much the properties of the
scalarized solutions. However, increasing the density drastically modifies these proper-
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Figure 6.5: Mass difference δM vs α at β = −100. The EOS considered here is the SLy one, with
ϵ0 = 8.1×1017 kg/m3, which in GR corresponds to MGR = 1.12 M⊙. The color and dashing conventions
is the same as in Fig. 6.4. We have more modes in this region of parameter space, that we represent as
dotted-dashed (for n = 1 node) and dashed (for n = 2 nodes) curves. For α ≳ 350 km2, solutions with
1 node start having a smaller mass than solutions with 0 nodes, which can indicate that solutions with
1 node are more energetically favored.

ties. In particular, at higher densities, there exist solutions with δM > 0. This can
appear problematic at first. Indeed, one expects that, in a scalarization process, energy
is stored in the scalar field distribution. Hence, the ADM mass, that constitutes a mea-
sure of the gravitational energy, should decrease in the process. However, we stress that
we are not studying a dynamical process. Indeed, the stars for which we are computing
the mass difference δM have, by construction, the same central energy density ϵ0. In
the scalarization process of a GR neutron star, the central energy density will not re-
main fixed. Hence, our results do not necessarily mean that a star will gain mass when
undergoing scalarization.

Perhaps more interestingly for observations, Fig. 6.4 also shows the behaviour of
the scalar charge. For the light neutron stars, the scalar charge always decreases when
α increases. Therefore, the constraint on the scalar charge, Eq. (6.11), disfavors the
solutions with α < 0 with respect to standard DEF (α = 0) solutions. On the contrary,
one could hope that a positive Gauss-Bonnet coupling could help evade these constraints
even for β < −5.5, by quenching the charge. Effectively, there will be a direction in
the α > 0 and β < 0 quadrant where the effects of the two operators, Ricci and
Gauss-Bonnet, combine to yield a small scalar charge. This interesting possibility is
moderated by what happens in the case of denser stars (dotted-dashed line in Fig. 6.4).
For large negative values of the Ricci coupling (β = −10), the scalar charge does not
have a monotonic behaviour with α. In particular, as shown in the bottom-right panel
of Fig. 6.4, Q starts increasing for positive values of α. Even at the point where Q is
minimal, its value (Q/M ≃ 8×10−3) already exceeds the bound of Eq. (6.11). Therefore,
it is only for values of β that are very close to the DEF threshold β ≃ −5.5, that the
addition of the Gauss-Bonnet coupling can help to reduce the scalar charge, and to pass
the stringent binary pulsar tests.

To conclude the study of the β < 0 region, we consider a significantly more negative
Ricci coupling, namely β = −100. To illustrate what happens at these large negative
values of β, it is enough to consider one scenario, for example the one of lighter neutron
stars with the SLy EOS. For such negative values of β, there exist several scalarized
solutions, with different number of nodes. We can then compare the mass difference
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of these solutions between each other. Figure 6.5 shows that, for α > αc ≃ 350 km2,
scalarized solutions with 1 node become lighter than scalarized solutions with 0 nodes.
This is a hint that, for α > αc, the one node solution will be preferred energetically to
the zero node solution. We cannot conclude definitively on this issue, as the ADM mass
does not take into account the energy stored in the scalar distribution (which is non-zero
for the two scalarized solutions). However, in the regime where this inversion happens,
the mass difference with respect to GR, δM , is rather small. If our interpretation in
terms of energetic preference is correct, the transition from a preferred solution with
zero node to a solution with one node is interesting. Indeed, the scalarized solution with
zero node is associated with the fundamental mode of the GR background instability. At
the perturbative level, all the other modes of instability have higher energies. It would
then be natural to expect that, at the non-linear level of scalarized solutions, this energy
hierarchy is respected. This is the case up to α = αc, but not anymore beyond. We
will return to this in a while, where we provide a putative explanation for this inversion:
that for α > αc, the profile of the effective mass over the GR background tends to favor
the growth of scalar field solutions with one node, rather than zero.

6.5 Mass and scalar charge of the β > 0 solutions

We now consider the case of positive β. Such solutions are less constrained by observa-
tions than their β < 0 counterparts. They are also very interesting from a cosmological
perspective, where β > 0 allows a consistent history throughout different epochs, as we
showed in Chapter 4. We have seen in Sec. 6.3 that, among the three different possible
neutron star configurations we focus on, only the denser one leads to scalarized solu-
tions for β > 0. In Fig. 6.6, we show the mass difference δM and scalar charge Q as
functions of α when β = 50. Note that scalarized solutions with zero nodes exist over

Figure 6.6: Mass difference and scalar charge of scalarized solutions for β > 0 (β = 50 here). Among
the three neutron star scenarios that we considered throughout the paper, only the heavier star (ϵ0 =
5.51×10−3 kg/m3, MGR = 2.04 M⊙, SLy EOS) possesses some scalarized solutions in this region. The
dashing convention is the same as in Fig. 6.5. Solutions that correspond to the interval of α centered
on 0 are interesting observationally, as they yield very small scalar charges, compatible with Eq. (6.11).

two disconnected ranges of α (−44 km2 < α < 57 km2 and 174 km2 < α < 522 km2).
In the gap, GR solutions are stable and no scalarized solutions exist. This is obvious
from Fig. 6.3, taking a cut along the vertical line β = 50.

Over the first interval, α is rather small and the scalarization process is dominated by
the negative Ricci scalar. For strictly vanishing α, the scalarization phenomenon with
β > 0 has already been examined in [174–176]. Here, we find that, in the interval of small
values of α, the scalar charges of the n = 0 solutions (as well as of the n = 1 solutions)
are very small. Typically, Q/M ≃ 10−4 − 10−5, compatible with Eq. (6.11). Hence,
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all solutions with β > 0 and rather small values of α are interesting observationally:
they display either no scalarization effects for neutron stars (for β ≲ 11.51) or very mild
scalar charges (for β ≳ 11.51). At the same time, they allow for a consistent cosmological
history; finally, together with positive values of α, they will generically give rise to black
hole scalarization, as studied in detail in [2]. In this region of parameter space, we can
therefore hope to discover scalarization effects in the future gravitational-wave signals
of binary black holes, that are either absent or suppressed in the case of neutron stars.

Over the second interval (174 km2 < α < 522 km2), the contribution of the Gauss-
Bonnet invariant tends to dominate, and the scalar charges are more significant, as one
can immediately notice in Fig. 6.3. Such setups are not compatible with Eq. (6.11), and
therefore less interesting phenomenologically.

6.6 Scalarized solutions in the proximity of the insta-
bility lines

As we mentioned at the end of Sec. 6.3.1, a generic feature that is not observable in
Figs. 6.1, 6.2 and 6.3, is that scalarized solutions are present in a tiny band close to
each instability line. Let us illustrate this with the light star model (with SLy EOS),
that is the one which corresponds to Fig. 6.1. For simplicity, we also restrict our study
to solutions with β = 0 (i.e., we take a cut along the vertical axis in Fig. 6.1). The
characteristics of the solutions are shown in Fig. 6.7. Scalarized solutions with zero

Figure 6.7: Mass difference and scalar charge of the scalarized solutions along the instability lines,
for β = 0. The scenario considered here corresponds to ϵ0 = 8.1 × 1017 kg/m3 (MGR = 1.12M⊙)
together with the SLy EOS. Solutions with zero node acquire a significant charge and mass difference,
and are apparently disconnected from GR when they appear while increasing α towards positive values.
Solutions with n = 1 nodes are very close to GR, with a small charge and mass difference. Since they
extend only over a small range of Q and δM , they are difficult to spot. They lie at the upper left
(respectively lower left) of the top (respectively bottom) panel.

nodes (the ones lying close to the n = 0 instability line of the GR solution) have a
characteristic mass difference and scalar charge which is not particularly small. It is of
the same order as for the solutions we previously examined (Figs. 6.4–6.6). They also
exhibit a surprising behaviour: when increasing α progressively from 0 towards positive
values, the mass and scalar charge suddenly deviate from GR, instead of being smoothly
connected; further increasing α, δM and Q then tend to decrease. This behaviour is
significantly different from what we could observe in Figs. 6.4–6.6.

Solutions with more nodes (n = 1, 2, 3...) exhibit a clear feature: they deviate very
slightly from GR in terms of mass, and acquire only a small scalar charge (typically
δM < 10−2 and Q/M < 10−4). We verified this behaviour for all higher nodes admitted;
however, for simplicity, in Fig. 6.7 we show only the case n = 1. This feature can be
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understood as follows; close to some instability line (on the unstable side), an unstable
mode of the effective potential associated with the GR solution has just appeared. A
very small deformation of the potential can therefore easily restore the equilibrium.
This deformation can be caused by the back-reaction of the scalar onto the metric: the
instability is triggered, the scalar field starts growing, but it immediately back-reacts
on the potential, making it shallower and suppressing the instability. Clearly, such a
behaviour can only happen close to instability lines, where a specific mode is on the
edge of stability.

6.7 The scalar profile of scalarized stars from GR so-
lutions

We will conclude this study by arguing that, already at the perturbative level of the
GR solution, we can identify an influence on the profile of the scalar field in the fully
scalarized solution. To this end, let us focus on the effective mass given in Eq. (5.3),
m2

eff = βR/2 − αG . This is a radially dependent quantity, and the scalar field is most
likely to grow at radii where m2

eff is most negative. In particular, it is natural to expect
that, if m2

eff has a minimum at r = 0, this will favor a monotonic profile for the scalar
field, and hence an n = 0 type of solution. On the contrary, if m2

eff has a minimum at
r > 0, this favors a peaked profile for the scalar field, which is more common in n ≥ 1
solutions. Let us illustrate this with a concrete example. We will consider the scenario
that corresponds to MGR = 1.12M⊙, together with the SLy EOS, and two choices of
β: β = −10 and β = −100. In the first case, only solutions with 0 nodes exist; in the
second case, we can construct solutions with 0 or 1 node.

We first focus on the case β = −10. The Ricci scalar is everywhere positive over the
background we consider, with a maximum at r = 0; hence, βR contributes negatively
to the squared mass, favouring the growth of the scalar field close to the center. The
Gauss-Bonnet scalar, on the other hand, is negative in the central region of the star,
and becomes positive towards the surface. Therefore, −αG reinforces the effect of βR if
α < 0, while couterbalancing it if α > 0. This is illustrated in the left panel of Fig. 6.8.
The right panel shows the scalar profile of the fully scalarized solutions associated with

Figure 6.8: Left Panel: Radial profile of the effective mass squared over the GR background, using
the SLy EOS and a central density ϵ0 = 8.1× 1017 kg/m3 (yielding MGR = 1.12M⊙), for β = −10 and
α = ±200 km2. Right panel: Radial profile of the scalar field, this time in the fully scalarized solution
with the same EOS, central density, and Lagrangian parameters. The radial coordinate is normalized
by Rs, the radius of the star surface. In the lower panel, the scalar field is normalized to its central
value for α = −200 km2. When the minimum of m2

eff is shifted to r > 0, so is the peak of ϕ.

the same parameters. In this range of parameters, only solutions with 0 nodes are
allowed (as one can check in Fig. 6.1); hence, pushing the minimum of m2

eff away from
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the center cannot favour n = 1 solutions, which do not exist. Still, we notice that
positive α values, which have the effect of displacing the minimum of m2

eff to r > 0, also
displace the peak of the scalar field to r > 0. The peak of the scalar field is located
approximately at the minimum of m2

eff. Again, one must be careful in the comparison of
the two panels, as one of them corresponds to a GR star while the other one corresponds
to a scalarized star. However, our analysis seems to capture what happens during the
transition from the GR to the scalarized branch.

Figure 6.9: Radial profile of the effective mass squared over the GR background, using the SLy EOS
and a central density ϵ0 = 8.1 × 1017 kg/m3 (yielding MGR = 1.12M⊙), for β = −100 and α = −200,
350 or 1500 km2.

Figure 6.10: Left: Radial profile of the scalar field solution with 0 nodes in the fully scalarized solution
with the same EOS, central density, and Lagrangian parameters. The normalization is similar to the
one of Fig. 6.8. When increasing α, the minimum of m2

eff is progressively shifted from r = 0 to a finite
radius, alternatively favoring the growth of n = 0 and n = 1 solutions. Right: Same but for the 1 node
case.

To illustrate better the transition between n = 0 and n = 1 solutions, let us now
consider the case β = −100. The qualitative discussion about the effect of βR and −αG
over the effective mass is exactly the same as in the previous case. We will therefore
consider again a large negative and a large positive value of α, as well as an intermediate
one: α = −2000, 350 and 1500 km2. Note that the intermediate value corresponds to
αc in Sec. 6.4, the critical value at which scalarized stars with n = 0 node become more
massive (and hence probably less stable) than those with n = 1 node. In Fig. 6.9 we
show the profile of the effective scalar mass. It behaves exactly as in the case β = −10,
with a minimum at r = 0 for negative values of α, which is progressively shifted to larger
radii when we increase α. For the parameters we chose, this time, both solutions with
zero and one nodes exist. In the left (respectively right) panel of Fig. 6.10, we show the
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n = 0 (respectively n = 1) solutions. In Sec. 6.4, we stated that for α < αc we expected
that the zero node solution will be energetically preferred over the one node solution, and
vice-versa for α > αc. The profiles of the effective mass squared give a complementary
argument that strengthens this expectation. Indeed, for α = −2000 km2 ≪ αc the shape
of m2

eff favours a scalar solution with a maximum at the center of the star, which decays
monotonically with r, i.e. a n = 0 solution. For α = 1500 km2 ≫ αc, the tachyonic
instability is still triggered inside the star, but away from the center. Thus, we expect
that a solution with one node will be favoured. The transition between a minimum at
r = 0 and r > 0 indeed seems to occur around αc. Even though it is beyond the scope
of this work, a thermodynamical analysis of the solutions could potentially shed some
more light on the aforementioned energetic considerations.

6.8 Discussion

In this chapter we performed a comprehensive study for the EsRGB model we introduced
earlier in the thesis, in the neutron star scenario. We have identified the regions of the
parameter space where solutions exist, considering three different stellar scenarios which
correspond to different central densities and EOS. Although we have considered only a
limited number of different central densities, we have selected the ones that correspond
to the lowest/largest neutron star mass in GR, in order to cover very different setups.
The regions where scalarized solutions exist are systematically smaller than the ones
where the GR branch is tachyonically unstable. The complementary regions, where the
GR solution is unstable while no scalarized solution exists, should be excluded.

We then investigated in detail the physical characteristics of the scalarized solutions.
In general, large parameters (|β| ≫ 1 or |α| ≫ L2, where L ≃ 10 km is the typical
curvature scale) lead to scalar charges that would be in conflict with binary pulsar
constraints. However, it is interesting to notice that solutions with β > 0 and reasonably
small α (typically |α| ≲ 50 km2) lead either to stable GR configurations, or to scalarized
stars with small charges. Remarkably, this is the region of the (α, β) parameter space
for which GR is a cosmological attractor [1] and black holes scalarization can take place
[2], as we explained in the two previous chapters. Therefore, it is possible to construct
scalarization models that are consistent with current observations, while still having
interesting strong field phenomenology. It is worth noting that future gravitational-
wave observations have the potential to reach the precision required to measure small
scalar charges for neutron stars.

We have also discovered that scalarized solutions systematically exist near the thresh-
olds that delimit the stability of the GR solutions, and provided a putative explanation
for this. Finally, we have shown that the profile of the effective mass at the GR level
can foster the growth of certain modes, characterizing the scalar profile, with respect to
others.

67



CHAPTER 7
Stability and Quasinormal modes

In Chapter 5 we talked about how the effect that the scalar-Ricci coupling has on
the black hole solution lines in the Q̂-M̂ plots, may be affecting the stability of the
scalarized solutions. We derived a threshold value for the scalar-R coupling, associated
with a change in the tilt of these curves and explained how in previous works this tilt
has been associated with the radial stability of the solution [160, 161]. In this chapter
we will further explore this by performing a stability analysis for the black holes derived
in Chapter 5.

Understanding how the various (self)interactions beyond the scalar-Gauss-Bonnet
coupling affect the scalar profile of a scalarized compact object is essential from an
observational perspective. It has been shown that scalarized black holes are unstable
under radial perturbations in the simplest, quadratic coupling scenario [163]. This
issue can be overcome if one considers an additional quartic interaction in the Gauss-
Bonnet coupling function, provided that the sign of the quartic coupling coefficient is
opposite to the quadratic one [161]. However, addressing the instability with quartic,
or exponential couplings is not entirely appealing from an effective field theory (EFT)
perspective. This is because these terms have a higher mass dimension than other terms
that could contribute non-linearly, e.g. a simple ϕ4 self interaction. It was, indeed,
shown in Ref. [160] that including self interactions for the scalar can lead to radially
stable scalarized solutions.

If we can actually demonstrate that the scalar-Ricci coupling can stabilize the so-
lutions, we would confirm another important effect that this interaction poses in the
general framework of scalar tensor theories. This would come as an addition to the re-
sults of Chapters 4 and 6. In this chapter, we perform a radial perturbation analysis for
scalarized solutions and fully explore the role of the Ricci-scalar coupling in the stability
of the solutions [4]. We also explore the interesting effect that this term has on the
hyperbolicity of the problem.

7.1 Thermodynamics and stability

Before proceeding to perturbing the black hole solutions we presented in Chapter 5 and
numerically testing their stability, let us briefly examine the thermodynamical differences
between these scalarized solutions and the GR black holes. In Appendix A, we derive the
expression for the entropy if one allows for generic couplings of the scalar with the Ricci
and Gauss-Bonnet invariants, which is given in Eq. (A.11). Here it takes the following
form

Sh =

[
1− βϕ2

4

]
Ah

4
+ 2απϕ2 , (7.1)
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where Ah is the horizon area of the scalarized black hole. In Fig. 7.1 we plot the entropy
of the scalarized black hole, normalized with the entropy of the GR black hole of the
same mass, versus the normalized mass M̂ .
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Figure 7.1: Ratio of the entropy of the scalarized solutions over the GR solutions with respect to M̂ ,
and for different values for the β coupling. The inset corresponds to a zoom of the plot in order to
depict clearly the case β = 1.2.

The results presented in Fig. 7.1 are in agreement with the assumption we made
in Chapter 5, about left and right tilting curves. The blue lines in the entropy plots
correspond to left tilting (parts of) curves, while the red ones to right tilting ones.
For the blue (red) curves the scalarized black hole has a larger (smaller) entropy with
respect to the GR solution indicating their stability (instbility). In Fig. 5.4 we saw
that the curve corresponding to β = 1.2, which is around the critical value, had both a
left (blue) and a right (red) tilting part. This is reflected on the inset, zoomed plot in
Fig. 7.1. The blue part of the curve has an entropy ratio greater than one, indicating
stable configurations, and the red part has a ratio smaller than one, correspondingly
indicating unstable solutions.

7.2 Radial perturbations

After looking at the thermodynamical stability of the scalarized solutions, we proceed to
verify our findings by employing a perturbative approach in order to investigate radial
stability. This not only allows us to further elucidate the timescale of the instability, but
also to analyze possible modifications to the oscillatory spectrum of the BHs. It is worth
noting that since a scalar degree of freedom is absent in GR, the radial modes contribute
only to a shift in the mass in that case, and hence are not radiative in nature [177].

We start by considering time-dependent radial perturbations of the metric tensor
and scalar field over the static and spherically symmetric background (1.37)

ds2 =− [A0(r) +A1(t, r)]dt
2 +

dr2

B0(r) +B1(t, r)
+ r2dΩ2 , (7.2)

ϕ = ϕ0(r) + ϕ1(t, r) , (7.3)

where A0, B0 and ϕ0 are the time-independent background solutions, while A1, B2 and
ϕ1 are the time-dependent perturbations. We can then write down a system of equations
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for (A1, B1, ϕ1), by substituting the metric and scalar perturbations in Eqs. (5.2) and
(5.3). This system can be reduced to a second order partial differential equation system
for ϕ1 [163]. If we follow the process presented in [129], the equations of motion can be
written as

α1ϕ
′′
1 + α2ϕ

′
1 + α3ϕ1 + α4B1 + α5B

′
1 = 0, (7.4)

β1ϕ̈1 + β2ϕ
′
1 + β3ϕ1 + β4A1 + β5A

′
1 + β6B1 = 0, (7.5)

γ1B1 + γ2ϕ
′
1 + γ3ϕ1 = 0, (7.6)

c1ϕ̈1 + c2ϕ
′′
1 + c3ϕ

′
1 + c4ϕ1 + c5A

′′
1 + c6A

′
1 +A1c7 + c8B̈1

+ c9B
′
1 + c10B1 = 0,

(7.7)

d1ϕ̈1 + d2ϕ
′′
1 + d3ϕ

′
1 + d4ϕ1 + d5A

′′
1 + d6A

′
1 +A1d7 + d8B̈1

+ d9B
′
1 + d10B1 = 0 .

(7.8)

Then, we can solve (7.6) for

B1 =− γ2ϕ
′
1 + γ3ϕ1
γ1

(7.5)−−−→ (7.9)

A′
1 =− β1

β5
ϕ̈1 +

(β6γ3 − β3γ1)

β5γ1
ϕ1 +

(β6γ2 − β2γ1)

β5γ1
ϕ′1 −

A1β4
β5

. (7.10)

If we now multiply (7.7) with d5 and (7.8) with c5 and then subtract them, we can
eliminate A′′

1 , and we reach the following equation

ϕ̈′1

(
c5γ2d8
γ1

− c8γ2d5
γ1

)
+ ϕ′′1

(
c2d5 −

c9γ2d5
γ1

+
c5γ2d9
γ1

− c5d2

)
+ ϕ̈1

[
d5

(
−β1c6

β5
− c8γ3

γ1
+ c1

)
+ c5

(
β1d6
β5

+
γ3d8
γ1

− d1

)]
+ ϕ′1

(
β6c6γ2d5
β5γ1

− β6c5γ2d6
β5γ1

− β2c6d5
β5

+
β2c5d6
β5

+
c9γ2d5γ

′
1

γ21

− c5γ2d9γ
′
1

γ21
− c9d5γ

′
2

γ1
+
c5d9γ

′
2

γ1
− c10γ2d5

γ1
+
c5γ2d10
γ1

− c9γ3d5
γ1

+
c5γ3d9
γ1

− c5d3 + c3d5

)
+ ϕ1

(
β6c6γ3d5
β5γ1

− β6c5γ3d6
β5γ1

− β3c6d5
β5

+
β3c5d6
β5

+
c9γ3d5γ

′
1

γ21
− c5γ3d9γ

′
1

γ21
− c9d5γ

′
3

γ1
+
c5d9γ

′
3

γ1
− c10γ3d5

γ1

+
c5γ3d10
γ1

− c5d4 + c4d5

)
+A1

(
− β4c6d5

β5
+
β4c5d6
β5

+ c7d5 − c5d7

)
= 0 .

(7.11)

In the equation above for the metric element (1.37), the coefficients of ϕ̈′1 and A1 vanish,
leaving us with the master equation for ϕ1:

g(r)2
∂2ϕ1
∂t2

− ∂2ϕ1
∂r2

+ C(r)
∂ϕ1
∂r

+ U(r)ϕ1 = 0, (7.12)

where the coefficients depend only on the background solution.
When considering a quadratic coupling function between the scalar and the Gauss-

Bonnet term, Ref. [163] pointed out that for some values of the coupling, the equation
describing the perturbations is not hyperbolic. While this can hinder the investigation
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of linear stability as a Cauchy problem, we can still examine the mode structure of the
spacetime by looking into the frequencies ω.

To perform a mode analysis of the spacetime, we search for the natural frequencies
of the system ω, such that ϕ1(t, r) = ϕ1(r)e

−iωt. The perturbation equation (7.12) can
be manipulated to the more familiar Schrödinger form(

− d2

dr2∗
+ Veff

)
ψ = ω2ψ , (7.13)

where ϕ1(r) = F (r)ψ(r) and the tortoise coordinate is defined through dr∗ = g(r) dr.
We also define

2F ′

F
= C − g′

g
, (7.14)

Veff =
1

g2

[
U +

C2

4
− C ′

2
− 3 g′2

4 g2
+
g′′

2g

]
. (7.15)

The real part of the frequency ω describes the resonant modes of the system, i.e.
for which frequencies an initial perturbation would respond. The imaginary part of the
frequency indicates the system’s (modal) stability. For modes with a negative imaginary
part, an initial perturbation decays exponentially, while when positive the perturbation
grows and the system is rendered unstable. Generally, the effective potential identified
from Eq. (7.15) is useful when one attempts to verify the presence of unstable modes
as a negative value for the integral of the effective potential with respect to the tortoise
coordinate indicates the existence of unstable modes [178], namely∫ +∞

−∞
Veff(r∗) dr∗ < 0 ⇒ unstable modes. (7.16)

It is worth noting that while the condition (7.16) is sufficient in indicating the presence
of unstable modes, it is not a necessary condition.

In what follows we will be making use of the compactified coordinate

x = 1− rh/r, (7.17)

which maps all of spacetime, from the black hole horizon up to infinity, to a finite region,
namely x ∈ [0, 1]. In Fig. 7.2 we plot the effective potential for two random normalized
masses M̂ corresponding to the left and right parts of the left panel of Fig. 5.4, i.e.
M̂ = 1 and M̂ = 1.2. We see that for M̂ = 1.2 > M̂th the effective potential has a
large negative region which is entirely absent for M̂ = 1 < M̂th (M̂th was defined in
Chapter 5). Taking into account (7.16), we have a further indication suggesting the
presence of unstable modes for M̂ > M̂th and the absence of them for M̂ < M̂th.

To explore the modal structure of the spacetime, we have to impose proper boundary
conditions in order to obtain the modes. These correspond to an ingoing wave at the
horizon and an outgoing one at infinity

ϕ1
x→ 0−−−−−→

r∗→−∞
e−iωr∗ , ϕ1

x→ 1−−−−−→
r∗→+∞

e+iωr∗ . (7.18)

We can see see that, for modes with ωI > 0 (unstable), they simplify to ϕ1(x→ 0, 1) = 0.
To finish this section, let us mention that the equations describing the radial pertur-

bations in the Schwarzschild spacetime can be directly obtained from (7.12) by setting
ϕ0 = 0 and A = B = 1 − rh/r which specify g, C and U . The resulting scalar wave
equation is given then by

∂2ϕ1
∂t2

− ∂2ϕ1
∂r2∗

+
(
1− rh

r

)[rh
r3

− 12
α r2h
r6

+
ℓ(ℓ+ 1)

r2

]
ϕ1 = 0 , (7.19)
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Figure 7.2: Left: Plot of the effective potential for four different cases. The red lines correspond to
right tilting curves with M̂ = 1.2, while the blue ones to left-tilting curves with M̂ = 1. In either case
the dashed lines are characterized by a larger value of beta in comparison with the solid ones. Right:
Effective potential for radial perturbations in the Schwarzschild spacetime. The effective potential for
the scalarized BH behaves similarly, as can be seen in Fig. 7.2, presenting a minimum and a maximum
as well.

where dr∗ = dr/(1 − r/rh) is the tortoise coordinate of the Schwarzschild spacetime.
The effective potential is identified as

V
(d)
eff =

(
1− rh

r

)[rh
r3

− 12 r2hα

r6
+
ℓ(ℓ+ 1)

r2

]
, (7.20)

where the index d stands for decoupling. In the right panel of Fig. 7.2 we plot the
potential in the decoupling limit for some values of α, using the tortoise coordinate to
improve visualization. Just as before, the equation describing radial perturbations can
be used to access the stability properties of the Schwarzschild spacetime in sGB. From
a direct integration of the potential, it is straightforward to see that (7.16) in this case
yields α/r2h ≳ 0.208.

7.3 Numerical results

In order to find the modes of scalarized BHs, we follow the direct integration method
presented in previous works on the same subject [161, 163]. We briefly summarize the
method here. After picking a value for ω, we integrate Eq. (7.12) from the horizon
and infinity, using in-going and-outgoing waves as boundary conditions respectively1.
In practice, the integration starts from finite values very close and very far away from
the horizon’s position, such that the potential is small. This changes the boundary
conditions which are no longer purely in-going and out-going waves, but are rather
given by the Taylor expansion of the field at the horizon and infinity. Using the two
separate solutions, we can demand that they are linearly dependent on a given frequency
ω. This is done by examining the Wronskian, given by

W =

[
ϕ
(−)
1

∂ϕ
(+)
1

∂r∗
− ϕ

(+)
1

∂ϕ
(−)
1

∂r∗

]
. (7.21)

where ϕ(−)
1 represents the solution obtained by integrating from the horizon and ϕ

(+)
1

the solution obtained from infinity. The Wronskian vanishes when the value of ω is a
QNM frequency. An alternative approach is to integrate from the horizon using the
in-going boundary condition, up to a large distance r∞/rh. Then one can decompose

1We could instead work with Eq. (7.13), but in our setup this would add an extra step, slowing down
the integrations.
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Figure 7.3: Imaginary part of the unstable modes for scalarized solutions in sGB considering the
Ricci term. We see that as we increase the value of β, the instability decreases, having a critical value
βcrit < 1.2 for which the M̂ -Q̂ curves start tilting to the left and solutions becomes stable. We found
no unstable modes for scalarized BHs with β > βcrit. The vertical dotted line marks the scalarization
threshold and the dashed black line the Schwarzschild mode.

the solution at infinity onto in-going and out-going waves, and should the value of ω be
a QNM frequency, the in-going amplitude is zero. For both methods, an initial choice
for ω is made, and root-finding algorithms are employed to solve for the QNM frequency.
This is usually called the shooting method, as one starts at one end, “shooting” for the
value of ω for which the boundary condition is satisfied at the other end.

Both methods are suitable for finding quasinormal modes with large quality factors,
i.e., with large |ωr/ωi|. This usually means that the fundamental mode is easily found.
The reason is that the function describing radial perturbations grows exponentially
in r, as ∼ eωir∗ . The method also works remarkably well with unstable modes, as
the perturbations decrease exponentially with r. As such, this method is reliable in
identifying regions where BHs are linearly unstable.

Black hole solutions of the theory (5.1) were already studied to some extent in
Chapter 5. In what follows, we present new insights considering the stability and modes
of the Schwarzschild and EsRGB black holes.

7.3.1 Radial oscillations and the existence of purely imaginary
modes

While the Schwarzschild BH is a solution in both GR and sGB theories, its dynami-
cal response to perturbations can be completely different. In fact, it is precisely this
difference that allows for spontaneous scalarized BHs, where the radial perturbation in-
stabilities lead to the scalar hair. Here we investigate the radial mode structure of black
holes in sGB, elucidating some major points considering Schwarzschild and scalarized
solutions.

We will work with the black holes we presented in Sec. 5.6 of Chapter 5. Let us look
into the solutions presented in Fig. 5.4. As discussed there, we expect to find unstable
modes for the region M̂ > M̂c, where the Schwarzschild BH is stable and energetically
favourable. We performed a search for the modes using the shooting method. In Fig. 7.3
we plot the unstable mode frequencies for the scalarized solutions considering different
values for β, some of which have been presented in the right panel of Fig. 5.4. These
frequencies are purely imaginary. The imaginary part of the Schwarzschild fundamental
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mode is also plotted, and it is independent of our choice of β. We notice that all
scalarized solutions with M̂ > M̂th ≈ 1.175 are unstable.

In agreement with the predictions made by observing Fig. 5.4, for β > βcrit ≈ 1.15,
the behavior of the curves changes. We notice that the curve for which β = 1.2 begins
not from M̂th, but from some M̂ ≈ 1.168 < M̂th. This means that the minimum BH
mass for this parameter is no longer M̂th, but smaller. Once again, the reasoning for this
can be understood qualitatively from purely energetic arguments. For β = 1.2, we can
have two scalarized solutions for a given mass M̂ , presenting different charges. Solutions
with higher charges are unstable, decaying to the scalarized BH with a smaller charge.
A similar feature was observed for the case of scalarized BHs with self-interaction [160].
Overall, the timescale of the instability τ = |ω−1

I | increases as β increases, indicating
the shift from unstable to stable solutions.

7.3.2 Radial modes for the Schwarzschild-sGB spacetime

Since Schwarzschild BHs are stable for M̂ > M̂c and the dynamical response is different
from GR, it is natural to investigate the impact of sGB terms on the Schwarzschild
BH spectrum. The fundamental mode was already analyzed in Ref. [179], elucidating
how the transition from stable to unstable modes occurs. Here we take an additional
step, looking into the first and second overtones, as well as the first three values for the
angular number l. The results of this subsection are independent of β [cf. Eq. (7.19)].

To find the modes for the Schwarzschild-sGB black hole we use three different tech-
niques: (i) the Continued Fraction (CF) method, (see also Ref. [179, 180]), (ii) the
Wentzel–Kramers–Brillouin (WKB) approximation, and (iii) Direct Integration (DI). In
general, the DI method has low accuracy for modes with low quality factors |ωr/ωi|. For
these modes, which can be expected at the onset of scalarization, we expect that the
CF method is better suited in order to understand how the Schwarzschild spacetime be-
comes unstable. For completeness, however, we will attempt to do the same thing using
WKB and DI in order to demonstrate the limitations of each technique. The CF method
relies on providing a semi-analytical approximation of the wave function through the
Frobenius method [181]. In summary, the solution can be written in terms of coefficients
that are computed by a recursive relation that takes the form of a continued fraction,
justifying the name. Since the method requires the analytical form of the coefficients
(at least for the expansion to be implemented), we focus mostly on the stability analysis
of Schwarzschild BHs. When applying the CF method we will be resorting to accuracy
provided by about N ∼ 2× 104 terms in the CF expansion. In Appendix D, we discuss
all three methods in more detail, and show how we can reduce any sequence with more
than three terms, to a 3-term one that can always be solved.

As a warm-up and since it is important in the context of this discussion we use our
code to derive the modes for the GR Schwarzschild black hole. We use the CF method,
which is presented in Appendix D, and we substitute

ϕl =

(
r

rh
− 1

)−irhω ( r

rh

)2irhω

eiω(r−rh)
∞∑

n=0

an

(
1− rh

r

)n
, (7.22)

in (7.19), where now the effective potential is assumed to be

Veff =
(
1− rh

r

)[rh
r3

+
ℓ(ℓ+ 1)

r2
+
rh(1− s2)

r3

]
, (7.23)

with s = 0, 1, 2 for a massless spin 0, 1, 2 field [182]. As explained in Appendix D
expression (7.22) contains the appropriate boundary conditions for the perturbations.

74



G. Antoniou Stability and Quasinormal modes

■
■

■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■■

■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■

■
■ ◆

◆
◆

◆
◆

◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆◆

◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆

◆
◆

◆
◆

◆
◆ ○

○
○

○
○

○
○

○
○

○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○○

○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○

○
○

○
○

○
○

○
○

○

■

◆

○

-0.5 0.0 0.5
-20

-15

-10

-5

0 ■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■■

■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■

■ ◆
◆

◆
◆

◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆◆

◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆

◆
◆

◆
◆

◆ ○
○

○
○

○
○

○
○

○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○○

○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○
○

○
○

○
○

○
○

○
○

■

◆

○

-1.0 -0.5 0.0 0.5 1.0
-20

-15

-10

-5

0

Figure 7.4: Left: QNM frequencies for the Schwarzschild black hole in the case l = s and n = 0.
Right: Same but in the case n = s = 0 and ℓ = 0, 1, 2.

From this substitution we derive the following recurrence relation

αnan+1 + βnan + γnan−1 = 0 , n > 0 ,

α0a1 + β0a0 = 0 ,
(7.24)

where the coefficients are given by

αn =(n+ 1)(n+ 1− 2irhω) , (7.25)

βn =− r2h l(l + 1)− r2h [2n(n+ 1) + 1] + 4irhω(2n+ 1) + 8r2hω
2 , (7.26)

γn =(n− 2iωrh)
2 − s2 . (7.27)

Recurrently solving this as described in Appendix D, we find our results in agreement
with the bibliography [182] and we present them in Fig. 7.4. On the left panel we show
the QNMs for scalar, vector and gravitational perturbations with zero nodes, and on
the right the QNMs for ℓ = 0, 1, 2 in the case of scalar perturbations with zero nodes.

After this warm-up we move to the main part of this subsection which is the calcula-
tion of the modes in the decoupled Schwarzschild-sGB black hole. First we employ the
CF method. Now, the additional GB coupling leads to the following 6-term sequence of
recurrence relations

αnan+1 + βnan + γnan−1 + δnan−2 + σnan−3 + θnan−4 = 0 ,

α3a4 + β3a3 + γ3a2 + δ3a1 + σ3a0 = 0 ,

α2a3 + β2a2 + γ2a1 + δ2a0 = 0 ,

α1a2 + β1a1 + γ1a0 = 0 ,

α0a1 + β0a0 = 0 ,

(7.28)

where the coefficients are given by

αn =r2h(n+ 1)(n+ 1− 2irhω) , (7.29)

βn =12α− r2h l(l + 1)− r2h [2n(n+ 1) + 1] + 4ir3hω(2n+ 1)

+ 8r4hω
2 ,

(7.30)

γn =− 48α+ r2h (n− 2iωrh)
2
, (7.31)

δn =72α , (7.32)
σn =− 48α , (7.33)
θn =12α . (7.34)
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Figure 7.5: Fundamental mode and first overtone of radial QNM frequencies in the Schwarzschild
spacetime. We see that the fundamental mode is responsible for the instability. The horizontal dotted
lines represent the GR scalar modes and the vertical line, the thresholds for scalarization.

Following the Gaussian elimintation step process explained in Appendix D, we reduce
the above to a 3-term sequence of the type (7.24), which we then solve in the same
manner as in the GR case. In Fig. 7.5 we show the results. The two top panels show
the real and imaginary parts for the fundamendal mode and the first two overtones for
ℓ = 0, while the lower two depict the same for the fundamendal mode with ℓ = 0, 1, 2.
The dotted vertical lines correspond to the scalarization thresholds for different values
of (n, l), while the horizontal dotted ones correspond to the Schwarzschild limits as
presented in Fig. 7.4.

Let us first examine the two top panels. Starting from the rightmost part of the
plots, we see that for M̂ ≫ 1 (or equivalently α2 ≪ M) we recover the modes for a
minimally coupled scalar field in GR, as expected. As we decrease M̂ , both the real
and the imaginary part of the fundamental mode (n = 0) approach zero monotonically
at M̂ = M̂c. Beyond that point the frequency becomes purely imaginary and the
corresponding mode unstable. For the first overtone (n = 1), however, we notice that
the real part seems to approach zero before the instability occurs. This would imply that
Schwarzschild BHs with M̂ ≈ 1.87 in this theory have a purely imaginary mode, with
the first one being ωrh ≈ −i0.55. The real part of the first overtone goes to zero again
when this mode becomes unstable (purely imaginary), in the region M̂ < M̂c. Going
then to the second overtone (n = 2) we find the real part of the mode vanishing twice
before reaching the instability point, revealing two such purely imaginary modes. As a
reminder the scalarization thresholds M̂ (n,l)

th for different overtones and angular numbers
were given in tab. 5.1. We can infer a general trend that overtones follow, according to
which the n-mode has n of these purely imaginary modes in a region of the parameter
space where GR black holes are stable.

76



G. Antoniou Stability and Quasinormal modes

0 1 2 3 4 5
10-4

0.001

0.010

0.100

1

10

100

0 1 2 3 4 5
0.01

0.10

1

10

100

1000

Figure 7.6: Relative error in the frequencies as those are calculated using the CF and the WKB
method.

We highlight here that the usual CF method is not suitable to study purely imaginary
modes [183, 184]. As the real part of the modes decreases, more terms in the CF
expansion are needed in order to compute reliable values for the QNM frequencies.
Typically as we said, near the purely imaginary mode, we consider N = 2× 104 or more
terms in the CF expansion. Curiously, only recently this class of modes was computed
with a reliable precision for the Kerr spacetime [183, 184]. We shall not attempt to
generalize this method for sGB theories, but it would be interesting to further investigate
the full spectrum of the Schwarzschild spacetime in the theory in light of such tools.

Purely imaginary modes for black holes are not an exclusive feature of sGB theories.
As mentioned above, even within GR, the existence of such a class of modes has been
known for quite some time. For instance, Schwarzschild black holes in GR have alge-
braically special modes that are purely imaginary [185], and many works have studied
these modes for Kerr black holes. While the physical implications of these purely imag-
inary modes in black hole spacetimes are still poorly understood (they might be better
understood in the context of AdS configurations [182, 186–188])), it is interesting seeing
them arising in the overtones for Schwarzschild black holes in sGB. This feature, which
seems to be an exception for GR black holes, seems to be common in black holes in sGB.

The lower two panels of Fig. 7.4 show ωr and ωi for the fundamental mode while
changing the angular number ℓ. For large M̂ all curves converge to the Schwarzschild
limit as expected. For ℓ > 1 we observe an interesting behavior: close to the threshold
M

(0,ℓ)
th , both the real and imaginary parts of the frequency experience “jumps”. The

nature and reasoning behind these jumps is not clear and further exploration will fol-
low in future work, eventually determining if their emergence is simply a result of the
numerical techniques employed.

Next, we attempt to calculate these modes using the WKB method, which as de-
scribed in Appendix C, is not expected to yield trustworthy results near the thresholds
where ωr → 0. In Fig. 7.6 we present the relative error between the CF and WKB
method. We see that especially close to the threshold WKB yields results that deviate
significantly from the trustworthy results of the CF approach. Finally, we also employed
the DI method as described in the Appendix C, and the results we produced were in
good agreement with those from the CF method.

7.3.3 The hyperbolic nature of the equations
An important property of partial differential equations pertains to hyperbolicity. In
physical theories, hyperbolic equations are necessary to describe the time evolution of
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initial data. In GR, where equations are quasilinear, proof of strong hyperbolicity es-
tablishes the well-posedness of the theory (see Ref. [189] for a pedagogical discussion).
In linear equations such as (7.12), the situation is fairly straightforward. Eq. (7.12) is
hyperbolic provided that g2(r) > 0. It has been shown that for the exponential cou-
pling, the equation describing the radial perturbations is not hyperbolic for a variety of
solutions [163]. Interestingly, even though the equations are not hyperbolic, we can still
proceed to search for unstable modes. It was shown that for scalarized BHs in the expo-
nential model with low mass, an unstable mode arises in the region where hyperbolicity
is broken. Here we investigate the impact of the Ricci term on the hyperbolicity of the
equation describing radial perturbations.

We start by analyzing the behavior of the coefficient g(r)2 in the near-horizon regime.
In this subsection, we shall replace the quadratic coupling with the Gauss-Bonnet term
by a generic function of the form αϕ2 → αf(ϕ), in order to compare our results with
other works in the literature. Note that the definition of the normalized charge and mass
are unchanged under this substitution. Using the expansion of the background near the
event horizon we find that the coefficient g(r)2 appearing in Eq. (7.12) behaves as

g(r)2(r − rh)
2 ≈ 1

2a1

(
1 +

√
δ

λ

)
, (7.35)

where the constants are defined as

δ = 73728α3βϕh(∂ϕf)
3 − 768α2

[
β(9β − 2)ϕ2h + 8

]
(∂ϕf)

2

+
[
β(3β − 1)ϕ2h + 4

]2
,

(7.36)

λ = βϕh [(3β − 1)ϕh − 48α(∂ϕf)] + 4. (7.37)

In order to investigate whether the Ricci term helps maintaining the hyperbolic nature
of the equation, we look into large positive values of β that, from our previous analysis,
we know correspond to stable scalarized solutions. We find

g(r)2(r − rh)
2 ∼ 1

a1

[
1 +

8α

ϕhβ
+

8α(∂ϕf)

3ϕ2hβ
2

(ϕh − 24α) +O(β−3)

]
, (7.38)

which indicates that the Ricci term in the action acts in favor of the hyperbolic character
of the equation. Note, however, that in order to verify whether the equation maintains its
hyperbolicity we need to properly solve the black hole solution and obtain the coefficient
g(r)2 numerically. Now, let us consider a scenario that is known to break hyperbolicity
and check the influence of the Ricci term. We consider the exponential model presented
in Ref. [163], where

f(φ) ∝ [1− e−3ϕ2/2] , (7.39)

and look into solutions with a fixed ϕh and varying β. In Fig. 7.7 we compare two
scalarized solutions with ϕh = 2 and 2.5. We observe that the radial domain in which
the perturbation equation is non-hyperbolic decreases as β increases, as predicted by
Eq. (7.38). Further, we observe that for some limiting value of β the region with g2 < 0
seems to vanish and the solution is hyperbolic for all r > rh. We note, however, that as
we approach this threshold the solutions for a given ϕh are increasingly hard to find, and
beyond the threshold solutions cease to exist. It seems that while the β-term improves
the hyperbolicity of the perturbation equation, it still is not enough to ensure it for all
values of (r, ϕh) for a given β.

To further illustrate the hyperbolic properties of the equations as a function of the
background solution, Fig. 7.7 shows curves of constant β and varying ϕh in the nor-
malised charge-mass plane for the exponential model. The dotted part of the curves
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Figure 7.7: Left: Respresentative solutions illustrating the effect of hyperbolicity healing from the
Ricci term. The equations are not hyperbolic in the region g2 < 0. The solid lines have (M̂, Q̂) =

(0.2677, 0.4494) (left panel) and (M̂, Q̂) = (0.0319, 0.110) (right panel). The dashed lines have (M̂, Q̂) =

(0.0915, 0.195) (left panel) and (M̂, Q̂) = (0.029, 0.068) (right panel). Right: Normalised charge-mass
diagram for scalarized black holes considering the exponential GB coupling and the Ricci term. The
dotted lines indicate the region in which the pertubation equations are non-hyperbolic. For β = 2 the
perturbation equation is always hyperbolic.

corresponds to regions in which the radial perturbation equations are not hyperbolic.
The fact that the β = 2 curve ends is indicative of our inability to find any solutions
past this point. It seems that while the additional term helps with hyperbolicity, the
parameter space of the solutions is truncated.

7.4 Discussion

In this chapter we have explored the influence of a coupling between a scalar field and
the Ricci scalar on linear perturbations around scalarized black holes. This coupling,
which is expected to be present in scalarization models based on EFT considerations,
has already been shown in previous chapters to be crucial for observational viability:
it can make GR a cosmological attractor, thereby providing the right conditions for
compact objects without cosmological fine-tuning, and it can also suppress neutron star
scalarization, thus removing binary pulsar constraints. It also affects the amount of
scalar charge scalarized black holes can carry. We performed a radial stability analysis
and have numerically shown that this same term renders scalarized black hole solutions
stable, confirming the expectations we had, based on the work of Chapter 5. This
happens for values of the coupling constants that are within the same range considered
in the previous chapters. Indeed, we have not found unstable modes for β larger than
some critical value, β ≈ 1.2. Choosing a β above this threshold is consistent with having
a cosmological attractor and could quench neutron star scalarization for a range of α
that still leads to black hole scalarization. It is worth noting that negative values of β
are also capable of stabilizing the solutions in a similar manner, but since they do not
give rise to the cosmological attractor feature, they seem to be less interesting.

We have also performed a radial mode analysis in the Schwarzschild spacetime and
looked for QNM modes. We were able to illustrate an interesting property: beyond
the fundamental mode one can find purely imaginary modes in a region of the param-
eter space where Schwarzschild BHs are stable. Finally, we analyzed the effects of the
scalar-Ricci coupling on the hyperbolicity of the scalar perturbation equation, using the
exponential GB coupling as an example. We demonstrated that it actually improves the
hyperbolic nature of the problem, by reducing the region of the parameter space where
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hyperbolicity breaks down. This happens as the additional term changes the scalar field
profile, as determined by the full non-linear field equations, which in turn changes the
coefficients of the linear perturbation equations. It would be interesting to generalize
the hyperbolicity analysis to more general perturbations and beyond the linear level, in
order to check if the coupling with the Ricci scalar could have a positive effect when
considering hair formation by collapse [168] or binary mergers [190].
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CHAPTER 8
Shadows of compact objects with scalar fields

In the last few years we have witnessed the detection of gravitational waves from the
merging processes of stellar black holes [191–193] but also the imaging observations of
the supermassive black holes residing at the center of the M87 galaxy [12–19] and of our
own Galaxy [194–199]. These observations have been used extensively in the literature
to probe the validity of General Relativity and to set limits and constraints on modified
gravitational theories (see, for example, [153–156, 200–219]). Capturing the horizon-
scale image of Sagittarius A∗ in particular, the supermassive black hole located in the
center of our own Galaxy, presents a number of advantages. First, due to its proximity,
the mass to distance ratio of Sagittarius A∗ is much more accurately determined than
that of M87∗. In addition, Sagittarius A∗ has a much smaller mass than M87∗; this
allows us to test a curvature scale which lies between the low curvature scale of the
massive M87∗ black hole and the high curvature scale of stellar black holes.

The main feature in the horizon-scale images of the supermassive black holes is
the bright photon ring which marks the boundary of a dark interior region, called the
black-hole shadow [220]. The bright ring is formed by photon trajectories originating
from parts of the universe behind the black hole which are gravitationally lensed by its
gravitational field and directed towards our line of sight. These photons have impact
parameters slightly larger than the ones which lead to their capturing in bound, circular
orbits around the black hole. The quantitative characteristics of the shadow can be
calculated in the context of either GR or a modified theory of gravity and compared to
the observed value, thus probing the validity of the theory in question.

In this chapter, we consider a set of modified gravitational theories with their com-
mon characteristic being the presence of a scalar field. This scalar field will be sourced
by either gravitational terms, leading to induced or spontaneous scalarization, or gauge
fields, leading to charged scalarized solutions [5]. The presence of the scalar field mod-
ifies the gravitational background as well as the geodesic structure of the spacetime
including the photon trajectories and the size and shape of the black-hole shadow. Em-
ploying the bounds on the deviation of the observed black-hole shadow of Sagittarius
A∗ from that of the Schwarzschild solution 1, as these were derived by the Event Hori-
zon Telescope [199] in a mass-scale independent form, we will examine the validity of a
number of scalar-tensor and tensor-scalar-vector theories. In particular, we will consider
the Einstein-scalar-Gauss-Bonnet (EsGB) theory with three different forms of coupling
function between the scalar field and the GB term, the EsRGB theory, and finally, the
Einstein-Maxwell-scalar (EMs) theory with three different forms again of the coupling
function between the scalar and the Maxwell fields. We demonstrate that the black-hole

1Let us note that although we will make use of the bounds on the observed black-hole shadow from
Sagittarius A∗ [199], our analysis will cover also the corresponding bound from the M87∗ observation
[12–19, 211, 217] as the latter is less stringent and thus easier to satisfy.
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shadow bounds from Sagittarius A∗ can indeed impose restrictions on the parameter
space or on the form of the coupling function of the scalar field in the aforementioned
modified theories. However, the physical conclusions drawn depend very strongly on
the particular EHT bound, or combination of EHT bounds, employed for this purpose.
Thus, the use of individual bounds always allows amble parameter space where the ma-
jority of the modified theories considered are viable – in certain cases, they are even
favoured compared to General Relativity. In contrast, demanding that all EHT bounds
are simultaneously satisfied significantly reduces the parameter space and, at times,
eliminates it.

Before we start the main part of this chapter, let us point out that since we will only
consider non-rotating and spherical scenarios, and since Sagittarius A∗ (and of course
M87∗) is a supermassive black hole, we do not expect in principle any significantly strong
constraints to be derived. We rather use the examples of Sagittarius A∗ and M87∗ as
starting points motivating the study of the shadows produced in the context of different
alternative gravitational theories. In other words, we will demonstrate the potential
that the study of black hole and wormhole shadows has, in observationally confronting
the validity of modified gravity. Therefore, some of the analysis that will follow will be
using the observations regarding Sagittarius A∗ (and M87∗) merely as an “observational
compass”.

8.1 The EHT bounds

The Event Horizon Telescome (EHT) is a Very Long Baseline Interferometry (VLBI)
array with Earth-scale coverage [12–19]. It is observing the sky at 1.3 mm wavelength
and has so far managed to provide the horizon-scale image of the two supermassive black
holes located at the center of M87 galaxy and of our own Galaxy. The diameter d̂m of
the bright photon ring surrounding the inner dark area – the most distinctive feature of
these black-hole images – may be used to test theoretical predictions of both GR and
modified theories. As noted above, in this work we will be using the horizon-scale image
of Sagittarius A∗. Following [199], one may write:

d̂m =
d̂m
dsh

dsh = αc dsh = αc (1 + δ) dsh,th . (8.1)

The diameter d̂m is the value of the diameter of the photon ring obtained by using
imaging and model fitting to the Sagittarius A∗ data. The quantity αc is a calibration
factor which quantifies how accurately the ring diameter d̂m tracks the shadow diameter
dsh. It encompasses both theoretical and potential measurement biases and thus may
be written as

αc = α1 α2 ≡
(
dm
dsh

) (
d̂m
dm

)
. (8.2)

Specifically, α1 corresponds to the ratio of the true diameter of the peak brightness of
the image (bright ring) dm over the diameter of the shadow dsh. If α1 equals unity, the
peak emission of the ring coincides with the shadow boundary. Its value depends on
the specific black-hole spacetime and the emissivity model in the surrounding plasma.
A large number of time-dependent GRMHD simulations in Kerr spacetime as well as
analytic plasma models in Kerr and non-Kerr metrics lead to small positive values α1,
namely α1 = 1−1.2. This result indicates that the radius of the brightest ring is always
slightly larger than the black-hole shadow.

The second calibration parameter α2 is the ratio between the inferred ring diam-
eter d̂m and its true value dm. Three different imaging algorithms were used in the
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measurement of the ring diameter d̂m denoted by eht-imaging, SMILI and DIFMAP,
respectively [199]. The ring diameter was also determined by fitting analytic models,
and more specifically the mG-ring model [197], to the visibility data. The three imaging
methods led to a value of α2 close to unity, while the mG-ring model allowed values of
α2 in the range (1-1.3).

Employing the above, the diameter of the boundary of the black-hole shadow may
be written as dsh = d̂m/(α1 α2). Then, Eq. (8.1) allows us to solve for the fractional
deviation δ between the inferred shadow radius rsh,EHT and that of a theory-specific
black hole rsh,th [199]:

δ =
rsh,EHT

rsh,th
− 1 . (8.3)

The above deviation parameter allows us to test the compatibility of the EHT measure-
ments with GR or modified theories of gravity. The posterior over δ is obtained via the
formula

P (δ|d̂ ) = C

∫
dα1

∫
dα2

∫
dθg L[d̂ |α1, α2, θg, δ]

× P (α1)P (α2)P (θg)P (δ) .

(8.4)

In the above, θg = GM/Dc2 is a characteristic angular size set by the black-hole mass
and physical distance. Then, L[d̂ |α1, α2, θg, δ] is the likelihood of measuring a ring
diameter d̂, and P (θg) is the prior in θg. P (α1) and P (α2) are the distributions of the
two calibration parameters and C a normalization constant.

To obtain the characteristic angular size θg of Sagittarius A∗ one needs its mass
and distance. Two different instruments, the Keck Observatory and the Very Large
Telescope together with the interferometer GRAVITY (VLTI), were used to study the
orbits of individual stars around Sagittarius A∗. The brightest star observed, S0-2, with
a period of 16 years, has helped scientists to test relativistic effects such as gravita-
tional redshift and the Schwarzschild precession [221–224] and to constrain alternative
theories of gravity [225–227]. Its observation has also provided the most accurate so
far measurements of the mass and distance of Sagittarius A∗. The Keck team found
for the distance a value of R = (7935 ± 50 ± 32)pc and for the black hole mass the
value M = (3.951 ± 0.047) × 106M⊙ [224]. The VLTI team found correspondingly
R = (8277 ± 9 ± 33) pc and M = (4.297 ± 0.012 ± 0.040) × 106M⊙. Therefore, two
different priors for θg were derived, namely θg = 4.92 ± 0.03 ± 0.01µas (Keck) and
θg = 5.125± 0.009± 0.020µas (VLTI).

Employing these in Eq. (8.4), and assuming that the theory-specific solution con-
sidered in Eq. (8.3) is the Schwarzschild solution, for which it holds that rsh,th =
3
√
3GM/c2 = 3

√
3Dθg, the corresponding values for the deviation parameter δ, along

with their errors, were derived in [199] and are displayed in the first column of Table I.
We observe that the deviation δ always assumes negative values which means that the
observed black-hole shadow is found to be smaller than the one predicted by GR for the
Schwarzschild black hole. We also note that the value of δ derived by employing the
measurements by VLTI is consistently more negative as compared to the one derived
by Keck. The use of the specific algorithm for the image processing also affects the
deviation parameter, with δ taking larger negative values as the eht-imaging algorithm
is gradually replaced by the SMILI , the DIFMAP or the mG-ring algorithm. Finally,
the value of δ is slightly modified by the type of simulations used in the calibration of
α1; here we employ the values obtained using the GRMHD simulations as an indicative
case. We note, however, that all values derived for δ by EHT [199] are consistent with
each other independently of the specific telescope, image processing algorithm or type
of simulation used. For completeness, in Table II we present the corresponding value for
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Sgr A∗ estimates

Deviation δ 1-σ bounds 2-σ bounds
e
h
t-
im

g
VLTI −0.08+0.09

−0.09 4.31 ≤ rsh
M ≤ 5.25 3.85 ≤ rsh

M ≤ 5.72

Keck −0.04+0.09
−0.10 4.47 ≤ rsh

M ≤ 5.46 3.95 ≤ rsh
M ≤ 5.92

Avg −0.06+0.064
−0.067 4.54 ≤ rsh

M ≤ 5.22 4.19 ≤ rsh
M ≤ 5.55

S
M

IL
I VLTI −0.10+0.12

−0.10 4.16 ≤ rsh
M ≤ 5.30 3.64 ≤ rsh

M ≤ 5.92

Keck −0.06+0.13
−0.10 4.36 ≤ rsh

M ≤ 5.56 3.85 ≤ rsh
M ≤ 6.24

D
IF

M
A

P VLTI −0.12+0.10
−0.08 4.16 ≤ rsh

M ≤ 5.09 3.74 ≤ rsh
M ≤ 5.61

Keck −0.08+0.09
−0.09 4.31 ≤ rsh

M ≤ 5.25 3.85 ≤ rsh
M ≤ 5.72

m
G

-r
in

g VLTI −0.17+0.11
−0.10 3.79 ≤ rsh

M ≤ 4.88 3.27 ≤ rsh
M ≤ 5.46

Keck −0.13+0.11
−0.11 3.95 ≤ rsh

M ≤ 5.09 3.38 ≤ rsh
M ≤ 5.66

Avg −0.15+0.078
−0.074 4.03 ≤ rsh

M ≤ 4.82 3.64 ≤ rsh
M ≤ 5.23

Table 8.1: Sagittarius A* bounds on the deviation parameter δ. The colored bounds are the ones we
use in the plots in the main part.

M87∗ estimates

Deviation δ 1-σ bounds 2-σ bounds
EHT −0.01+0.17

−0.17 4.26 ≤ rsh
M ≤ 6.03 3.38 ≤ rsh

M ≤ 6.91

Table 8.2: M87* bounds on the deviation parameter δ [217].

the deviation parameter δ as derived by the black-hole image of M87∗ [217]; we observe
that the central value of δ is much closer to zero but the errors are larger, due the larger
uncertainty in the measurement of the mass and distance of M87∗.

The definition of δ via Eq. (8.3) in conjunction with its values in the first column
of Table I allows us to obtain the corresponding constraints on the dimensionless quan-
tity rsh/M (for notational simplicity, henceforth we drop the subscript EHT from the
quantity rsh, EHT). The 1-σ and 2-σ bounds on rsh/M are displayed in the second and
third column of Table I (and for completeness in the second and third column of Table
II). We observe that, as expected, the constraints derived from Sagittarius A∗ are more
stringent than the ones derived from M87∗: the allowed range of values in the former
case is always narrower and this leads to a consistently smaller upper limit of rsh/M .

Here, we will use only two indicative sets of constraints, namely the ones obtained
by using the eht-imaging method and the mG-ring analytic model, which lead to the
smallest and largest δ (in absolute value), respectively. Moreover, in order to take a
conservative stance, we will consider the Keck and VLTI values as independent and use
their average value for δ; these values together with the corresponding constraints on
rsh/M are displayed in the two rows of Table I denoted by the word "Avg". In Sections
IV-VI, these mass-scale independent constraints will be used to test the viability of
compact solutions arising in the context of modified gravitational theories with a scalar
degree of freedom, as potential candidates for Sagittarius A∗ and M87∗. Our analysis
will pertain to current but also to future observed black-hole shadow images, and will act
complementary to existing works placing bounds on the parameters of these modified
gravitational theories.

We would like to finish this section with the following comment. Throughout this
work, we will focus on spherically-symmetric solutions obtained in the context of modi-
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fied theories. It is for this reason that the theory-specific solution chosen above was the
Schwarzschild solution and not the Kerr one. The rotation parameter and inclination
angle of Sagittarius A∗ does affect the observed shadow radius. However, to our knowl-
edge, at the moment there is no clear consensus on the value of these two parameters
for Sagittarius A∗. In addition, it was found [219] that the shadow radius is affected
very little by the rotation of the compact object, independently of the inclination angle.
In fact, a recent study [228] hints towards a rather small value of a∗, namely a∗ ≤ 0.1.
In any case, it is estimated [199] that rotating black holes can have a shadow size which
is smaller that that of a non-rotating black hole by up to 7.5%. Therefore, considering
the Schwarzschild solution as the theory-specific solution in our analysis seems to be
a justified choice at the moment. In fact, due to the more compact geodesic structure
of any rotating black hole compared to a non-rotating one, any "Schwarzschild" con-
straint applied in our analysis may be considered as the largest possible value for the
corresponding "Kerr" one.

8.2 Black Hole Shadow Radius

Since the black hole spin affects the shadow feebly, as a first step, we investigate the
shadow size for a static and spherically symmetric configuration 2

ds2 = gtt dt
2 + grr dr

2 + r2dΩ2 . (8.5)

First let us locate the photon sphere for this background. To do that we consider the
trajectory of a photon. Since spherical symmetry is assumed, we can consider, without
loss of generality, the equatorial plane θ = π/2. The killing vectors associated with the
symmetries of this space time are ξµ1 = (1, 0, 0, 0) and ξµ2 = (0, 0, 0, 1). Then, following
[229], we can define the 4-momentum of a photon as k̃ = (kt, kr, kθ, kφ), with kθ = 0
(from symmetry arguments). Conservation of energy yields E = −ξµ1 kµ = −gttkt and
conservation of angular momentum L = ξµ2 kµ = r2kφ. Morevover, k̃2 = 0 fixes the kr
component of the 4-momentum, so that we finally get:

k̃ =

(
− E

gtt
,

√
− E2

gtt grr
− L2

grr r2
, 0 ,

L

r2

)
. (8.6)

It is now straightforward to locate the radius for circular photon orbits by demanding
kr = 0 and dkr/dr = 0. In terms of the impact parameter b ≡ L/E, these conditions
yield

b2 = −r2/gtt
∣∣∣∣
rph

=
r3 (−gtt g′rr − grr g

′
rr)

g2tt (r g
′
rr + 2grr)

∣∣∣∣
rph

, (8.7)

which can be easily solved to give the equation describing the photon radius

Photon radius equation: rph =
2gtt
g′tt

∣∣∣∣
rph

. (8.8)

Our next step is to determine the shadow radius as observed by a far-away observer after
lensing has been taken into account. For a null trajectory we can write gµν ẋµẋν = 0,
which in turn yields

grr

(
ṙ

φ̇

)2

= −r2 − gtt

(
ṫ

φ̇

)2

, (8.9)

2The notatation we use here is slightly different than what we have used so far (1.37), but it is
obvious that gtt ≡ A and grr ≡ B−1 .

85



G. Antoniou Shadows of compact objects with scalar fields

α

robs

r0

rshPhoton sphere rph

Figure 8.1: Qualitative representation of a light ray reaching an observer at an angle α, located at
distance robs from the point singularity. The blue line traces a light ray escaping from a closed orbit
around the black hole to infinity. The red line aligns with the inferred angle of approach for the light
ray to an asymptotic observer. The point of closest approach for the light ray with respect to the black
hole is located at r = r0. If r0 = rph the light ray escapes the photon sphere. The shaded, circular
area denotes the interior to the black-hole horizon, while the dashed, circular line corresponds to the
location of the photon sphere.

where E = −gttṫ , L = r2φ̇. Therefore we can equivalently solve for the radial deviation
with respect to the polar angle(

dr

dφ

)2

= − r2

grr

(
r2

gtt b2
+ 1

)
, (8.10)

At the point of closest radial approach r = r0, the equation above should vanish,

1

b2
= −gtt

r2

∣∣∣∣
r0

. (8.11)

From FIG. 8.1 we can easily deduce that

cotα =

√
grr

r

dr

dφ

∣∣∣∣
robs

, (8.12)

and by substitution in (8.10) we can show that

sin2 α = −gtt b
2

r2

∣∣∣∣
robs

. (8.13)

Then, it is obvious that the angle for the shadow of the black hole is retrieved in the
limit r0 → rph. We assume that asymptotically far away the spacetime is flat, therefore,
for a far-away observer sinα ≈ α and gtt → −1, so αsh = bcrit/robs, where bcrit is the
impact parameter in the limit r0 → rph (cf. eq. (29) in [230]). For robs ≫ rph we have
αsh ≈ rsh/robs. We can, finally, deduce that

rsh = bcrit =
rph√

−gtt(rph)
. (8.14)

8.3 A Wormhole Shadow

Wormholes constitute a different type of solution, the main characteristic of which is
the presence of a throat connecting different regions of spacetime.

ds2 = −e2v(l) dt2 + f(l) dl2 +
(
l2 + l20

)
(dθ2 + sin2 θ dφ2) . (8.15)
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Figure 8.2: Here we show the embedding diagram depicting a finite radius throat along the vertical
axis. The blue line traces a light ray escaping from the photon sphere to infinity, while the red straight
line corresponds to the inferred line of approach to an asymptotic observer.

The above line element can describe a wormhole geometry with the throat located at l0.
In the ansatz (8.15) the conserved quantities derived from the geodesics Lagrangian

are
E = −gttkt = e2v

dt

dλ
, L = gφφk

φ =
(
l2 + l20

) dφ
dλ

, (8.16)

As in the black hole-case we demand that for the photon sphere(s) dkl/dl = kl = 0,
which yields the following equation holding at the photon sphere(s):

v′(lph) =
lph

l2ph + l20
⇒ lph =

1±
√
1− 4 l20 v

′2
ph

2 v′ph
. (8.17)

For a null trajectory we find(
dl

dφ

)2

= −
(
l2 + l20

)
f

[
1 +

(
l2 + l20

)
e2v b2

]
(8.18)

At the point of closest approach l = lc we find the impact parameter

b2 =
(
l2c + l20

)
e−2vc . (8.19)

For the wormhole background (8.15), Eq. (8.12) for the lensing takes the form

cotα =

√
f(l)

l2 + l20

dl

dφ

∣∣∣∣∣
lobs

. (8.20)

If we now substitute this to (8.18) we find

sin2 α =
e2v b2

l2 + l20

∣∣∣∣∣
lobs

. (8.21)

For lobs ≫ l0, lph, asymptotic flatness demands that v → 0. The wormhole shadow is
retrieved in the limit lc → lph, b → bcrit, ash ≈ bcrit/lobs. But also, from FIG. 8.1,
ash ≈ (l0 + lsh)/lobs, so we can finally say that

lsh + l0 = bcrit = e−v(lph)

√(
l2ph + l20

)
. (8.22)
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Figure 8.3: Effective gravitational potential for the ansatz (8.15). We notice the existence of one
maximum in each case corresponding to an unstable circular orbit.

To test the existence of one/two extrema of the gravitational potential, which are
directly associated with the presence of photon spheres, we present the plots for the val-
ues of f0 for which the shadow radius is calculated. The effective gravitational potential
for photons in this ansatz is given by:

e2vf

(
dl

dλ

)2

= (E + LUeff)(E − LUeff) (8.23)

where the effective gravitational potential is defined as

Ueff =
ev√
l2 + l20

. (8.24)

By extremizing the potential we can find the two circular photon orbits, one being stable
and one unstable. For the model we consider (EsGB), it turns out that for our solutions
only one extremum can be found, due the positivity constraint of the quantity appearing
under the square root in (8.17).

8.4 The Einstein-Scalar-GB Theory

We initiate our analysis by considering the EsGB model. As analyzed in previous
chapters, the EsGB theory has produced a large number of solutions describing compact
objects with interesting characteristics: black holes with scalar hair [103, 112, 117–119,
123, 124, 129, 134, 135, 138, 139, 148, 160, 231–247], traversable wormholes [248–251]
and particle-like solutions [240, 252, 253]. Here, we will focus mainly on the first class of
solutions, namely black holes, and examine their viability under the light of the mass-
scale independent constraints coming from the measurement of the shadow radius of
Sagittarius A*. For the sake of comparison, we will briefly discuss also the viability of
the dilatonic wormhole solutions with a more detailed analysis of this type of compact
objects, left for a future work.
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8.4.1 Black holes
The presence of the GB term in the action (2.9), which we re-write here for convenience:

S =
1

16π

∫
d4x

√
−g
{
R+X + f(ϕ)G

}
,

causes the evasion of the scalar no-hair theorems and leads to the emergence of a large
number of scalarized solutions, as analyzed in Chapter 2. In the context of the present
analysis, we will consider spherically symmetric solutions that arise for three distinct
coupling functions, namely for linear coupling (shift symmetry), quadratic coupling (Z2

symmetry) and exponential coupling (dilatonic theory).
In principle, our solutions require the specification of three parameters beyond GR.

We need first to specify the coupling constant α which quantifies the strength of the
interaction between the Gauss-Bonnet curvature invariant and the scalar field; we also
need two boundary conditions for the scalar field, since it obeys a second order differ-
ential equation. As explained in detail in previous chapters, regularity at the horizon
imposes a condition for the derivative of the scalar at the horizon (2.16) This reduces
the parameters from three to two, namely the field value at the horizon ϕh and the
coupling strength α. Let us make an important distinction between the solutions of this
section and most of the black hole solutions we have seen in previous chapters. Here, we
leave ϕh as an independent parameter, instead of fixing it by requiring the asymptotic
vanishing of the scalar field. That is because in this section the black holes are not
considered to be spontaneously scalarized. We will simply be referring to such black
holes, as black holes with scalar hair.

In addition to the preceding constraint, we also need to limit the two dimensional
plane (ϕh, α) due to the requirement that the quantity under the square root in (2.16)
is positive definite. For this reason, in order to make the analysis easier to follow, we
will trade the parameter α with I defined as follows

I ≡
√
96

r2h
(∂ϕf)h . (8.25)

In this way, the parameter space we need to scan is (ϕh, I) with −1 < T < 1 defined
within clear boundaries. After the study of the complete parameter space, our results
will be eventually expressed again in terms of α for clarity.

Scenario I: f(ϕ) = αϕ(r)

For the case of the linear coupling, the two dimensional parameter space (ϕh, I) de-
scribed above is reduced to one dimensional parameter space since the value of the field
does not enter in the field equations as a result of the shift symmetry. This case is
obviously equivalent to the theory we studied in Chapter 3 if we set the couplings of the
higher order operators to zero. In this case, the solutions are expected to form a line in
the (α/M2, rsh/M) plane that spans the −1 < I < 1 parameter range.

This is indeed the case as seen in Fig. 8.4 where we depict the rescaled black-
hole shadow rsh/M in terms of the dimensionless parameter α/M2 of the theory. We
always choose positive values of ϕ so that the sign of the coupling parameter α directly
reflects to the sign of I. Here, we consider both positive and negative values for the
coupling parameter, and present the complete family of solutions for the allowed range
−1 < I < 1. As |I| → 1, the minimum mass solutions – a characteristic feature of the
EsGB theory – are reached and the solution lines terminate. We also note that the line
of the solutions is mirror symmetric around the α = 0 line. This is expected since the
field equations as well as the initial conditions are symmetric under the simultaneous
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Figure 8.4: Shadow radius for EsGB theory with a linear coupling. The colored regions correspond
to the parameter space of solutions excluded by the respective bounds presented in Tab. 8.1.

exchange of the sign of ḟ = α and (ϕ′, ϕ′′). This of course only holds for the linear
coupling, for which f̈ = 0.

We observe that the shadow radius rsh/M decreases as α/M2 increases. This is
easily understood if we recall (see, for example [103, 135, 239, 254]) that the GB term
causes a negative contribution to the total energy density of the theory and thus exerts a
repulsive force. Therefore, if a black hole is to be created, any matter distribution needs
to be compacted into a smaller area of spacetime compared to the case where the GB
term is absent. As a result, the GB scalarized black holes have always a smaller horizon
radius than e.g. the Schwarzschild black hole with the same mass [135, 239, 254]. Since
the whole geodesic structure gets more compact as α increases, the shadow radius will
also get smaller. This decreasing trend of the solution line holds for both α > 0 and
α < 0 since the GB contribution to the energy density is negative independently of the
sign of α. In fact, it is proportional to the combination ϕ′h(∂f)h, which is always negative
according to Eq. (2.16). This holds also independently of the exact form of the coupling
function f(ϕ), and thus we expect to see a similar behaviour for the other two forms of
f . The generically smaller size of the shadow radius of any EsGB black-hole solution
compared to the GR one brings to the foreground these type of modified theories since
the EHT constraints [199] point to observed shadow radii which are always smaller than
the Schwarzschild one.

Let us now focus on the constraints imposed on the shift symmetric theory by the
mass-scale independent bounds depicted in Table 8.1. As already explained, we will
employ two of the derived bounds: the most ‘conservative’ bound, the eht-imaging one,
which yields the smallest central value of the fractional deviation δ, and the most ‘liberal’
bound, the mG-ring one, which allows for larger deviations from GR. The two solid,
horizontal, blue lines denote the allowed 1-σ range by the eht-imaging bound, while the
two solid, horizontal, red lines denote the corresponding range allowed by the mG-ring
bound (the blue and red horizontal, dashed lines denote the corresponding 2-σ bounds).
Likewise, the blue-shaded area is the one excluded by the eht-imaging bound within 1-σ
accuracy and the red-shaded area the one excluded by the mG-ring bound. The white
area is the one which is allowed by both bounds.

According to Fig. 8.4, the complete range of scalarized solutions in the shift sym-
metric EsGB theory is compatible with the eht-imaging bound while it is altogether
excluded by the mG-ring bound within 1-σ! Our findings highlight in the best possible
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Figure 8.5: Shadow radius for EsGB theory with a quadratic coupling. Each line corresponds to a
different choice for ϕh. The red dots denote the solutions beyond which the condition limr→rh T r′

r (r) < 0
is exchanged for limr→rh T r′

r (r) > 0 holds (from solid to dashed).

way the need to “bridge the gap” between the different EHT bounds as they lead to
conflicting conclusions regarding the viability of certain solutions and, in a more general
context, the physical relevance of their underlying theories. We note that all solutions
found, which are allowed by the eht-imaging bound, satisfy also the recent experimental
constraint on the dimensionless parameter α/M2 < 0.54 [145] set on shift symmetric
EsGB theories by the detection of gravitational waves from black-hole binaries. If, on the
other hand, one takes a more conservative approach and demands that viable solutions
should satisfy both of the EHT bounds within 1-σ accuracy, one is forced to exclude
the complete range of scalarized, shift-symmetric solutions as none of them falls in the
optimum white area of the plot. All solutions are still allowed within 2-σ accuracy.

Scenario II: f(ϕ) = α
2
ϕ(r)2

Unlike the linear case, the case of the quadratic coupling function necessitates searching
along a two-dimensional parameter space due to the fact that the initial value of the field
ϕh is physical. In order to facilitate the search, we select N=25 points equally spaced
in the ln(ϕh) space with ϕh,min = 0.1 and ϕh,max = 100. For each of these N points, i.e.
for each choice of ϕh, we plot a line that spans the entire parameter range −1 < T < 1.
The results are displayed in Fig. 8.5. The red dots in the figure denote a transitioning
point regarding the sign of T r′

r near the horizon, which will be discussed shortly.
The lines in Fig. 8.5 denoting solutions with large ϕh are generally consolidated close

to the vertical axis. In constrast, the smaller ϕh is, the more the lines spread out to
larger values of |α/M2|. This is expected due to the definition of T which in this case
takes the form

T =

√
96

r2h
αϕh . (8.26)

It is clear that in order to reach the values of T ≈ ±1, i.e. the limits of the range of T ,
we need to choose an increasingly larger α in order to compensate for the smallness of
ϕh. This justifies the fact that the lines extend further and further away from the origin
for small ϕh values.

Additionally, one may readily observe that the symmetry under the change in the sign
of α, present in the shift-symmetric case, is now broken. In fact, for negative values of the
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coupling constant α, both the mass parameter M and the shadow radius rsh are affected
much more dramatically compared to the positive coupling case. This is manifest in
Fig. 8.5 where each solution line for α < 0 extends along a larger range of values of
rsh/M compared to that of the α > 0 solutions. The fact that the former lines turn
downward and to the right comes as a consequence of the dimensionless normalization
we have applied to the axes. In addition to that, we have observed numerically that
negative values of the coupling α lead to large and negative values of the scalar charge.
The largeness of the charge and mass for values of the coupling deep into the negative
regime is a generic consequence of the evolution of the field equations at intermediate
scales between the horizon and infinity, and hence it is difficult to understand the origin
of this effect by studying the asymptotic behavior of the solutions.

Moreover, it is interesting to note that, for some of the parameter space analyzed, one
crosses the boundary beyond which one can obtain a solution with limr→rh T

r′
r (r) > 0.

As explained in Chapter 2 the condition limr→rh T
r′
r (r) < 0 satisfied by the scalarized

solutions found in [103, 135, 239] was employed to demonstrate the violation of the novel
no-hair theorem [94]. Using the results of [255], we can compute the boundary beyond
which solutions with limr→rh T

r′
r (r) > 0 appear as follows

lim
r→rh

T r′
r (r) = 0 ⇒ α = −1

4
+

T 2

16
− 2

√
1− T 2

9
. (8.27)

Simultaneously, due to the definition of T , we can write

α =
r2h

4
√
6ϕh

T . (8.28)

The above result implies that depending on the choice of ϕh and T , α can be above or
below the boundary defined by (8.27). The points below the boundary, i.e. scalarized
black-hole solutions with limr→rh T

r′
r (r) > 0, are denoted by dashed lines in Fig. 8.5

and the transitioning points are marked by large red dots. We note that such solutions
arise only in the case of negative coupling constant α, and thus any analyses considering
only positive α are bound to overlook them.

In light of shadow observations of Sagittarius A∗, figure 8.5 leads to similar conclu-
sions regarding the validity of the quadratic, scalarized GB solutions with positive α to
the ones found for the linear-coupling case: the eht-imaging bound allows the complete
range of solutions while the mG-ring bound excludes all of them within 1-σ. No scalar-
ized solutions with positive α fall in the white area. However, the situation is radically
different for solutions with negative α. There, as noted above, the lines of solutions
with small or intermediate values of ϕh extend into the white area and thus survive all
EHT bounds. These favoured solutions are characterised by either a positive or negative
value of limr→rh T

r′
r (r).

Scenario III: f(ϕ) = αeγ ϕ(r)

For the dilatonic coupling, we need to scan a three dimensional parameter space since
there is an additional parameter γ that characterizes the coupling function. We follow
the same procedure as before, and display the results for two distinct values of γ = 1, 2
in the left and right panels of Fig. 8.6, respectively.

The subclass of solutions derived for positive values of the coupling parameter α
exhibit the same profile, for both values of γ, as in the previous two cases: the whole
range of solutions extend over a very restricted range of values of rsh/M . As a result,
they are all allowed by the eht-imaging bound but they are all also excluded by mG-
ring bound within 1-σ. No positive-α solution manages to satisfy both bounds. In fact,
all GB scalarized black holes derived for positive α demonstrate the same profile when

92



G. Antoniou Shadows of compact objects with scalar fields

-0.3 -0.2 -0.1 0.0 0.1 0.2 0.3

4.0

4.5

5.0

5.5

-0.10 -0.05 0.00 0.05 0.10 0.15

4.0

4.5

5.0

5.5

Figure 8.6: Left: Shadow radius for EsGB theory with a dilatonic coupling with γ = 1. Different lines
lines correspond to different choiced for ϕh. Right: Same but for γ = 2.

it comes to their viability under the Sagittarius A* constraints independently of the
particular form of the coupling function f(ϕ). We note however that all these solutions
satisfy the theoretical bound α/M2 < 0.69, for the existence of scalarized dilatonic black
holes [103, 236], and the experimental bound α/M2 < 0.54 [145] (which although was
derived for the shift symmetric case may apply also in the exponential case in the limit
of small α as is the case here).

The situation however is different when we consider the solutions derived for negative
values of the coupling constant α. Considering also the behaviour observed in the
previous two cases as well as the one depicted in Fig 8.6, we conclude that this subclass
of solutions is affected both by the form of the coupling function f(ϕ) and the particular
values assumed for the parameters of the theory. In Fig. 8.6, we see that, for γ = 1, none
of the negative-α solutions manages to satisfy both EHT bounds despite the fact that
they extend over a larger range of values of rsh/M compared to the positive α solutions.
However, for γ = 2, the solution lines manage to extend across the white optimum
area and thus a subgroup of solutions, for a specific range of α, are favoured by the
EHT constraints and may be rendered viable. We note that the only way to cross into
the regime where the the condition limr→rh T

r′
r (r) > 0 for the dilatonic coupling holds,

is to increase the value of γ even further. However, this yields a less observationally
motivated theory. Another important observation is that for the dilatonic coupling the
ratio rsh/M depends on γ but not on α and ϕh simultaneously - this is reflected in the
fact that all solution lines corresponding to different values of ϕh terminate at the same
horizontal line in Fig. 8.6. This is due to the presence of a symmetry in the Lagrangian
that allows us to absorb any change in the value of the scalar field on the horizon ϕh
into a redefinition of the coupling constant α [103], namely

ϕh → ϕh + ϕ∗ , α→ α e−γϕ∗ . (8.29)

As a result, the parameter space reduces from a 3-dimensional to a 2-dimensional one,
explaining why in Fig. 8.6, for a set value of γ the minimum of each curve corresponds
to the shame ration of shadow over mass.

8.4.2 Wormholes

In the context of the EsGB theory, traversable wormhole solutions have been discovered
for a variety of scalar-GB couplings, featuring single or double-throat geometries [249,
250, 254]. More on wormhole solutions discovered within Horndeski theory can be found
in Appendix B. Exploring the shadows of these solutions in depth is beyond the scope
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of this work and is left for future analysis. Here, however, we will present the results
for one characteristic example in order to demonstrate the potential of our analysis as
a tool to observationally distinguish wormhole from black-hole solutions.
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Figure 8.7: Wormhole solutions in EsGB theory with coupling function f(ϕ) = αe−ϕ, for f0 =
{1, 1.25, 1.5, 2, 3}.

The case we consider here is the first one historically studied [249, 250] and involves
an exponential coupling function of the form f(ϕ) = αe−γϕ with γ = 1. Single throat
solutions are then discovered if one assumes the line element given in ansatz 1. In
accordance with the black-hole scenario, a regularity for the scalar field’s derivative on
the throat is derived

ϕ′20 =
f0(f0 − 1)

2αe−ϕ0

[
f0 − 2(f0 − 1) α

l20
e−ϕ0

] , (8.30)

where f0 and ϕ0 are the values of f and ϕ evaluated at the throat. For simplicity here,
we chose ϕ0 so that asymptotically the field vanishes. Additionally, the value of the
other metric function v0 at the throat is chosen so that an asymptotically flat spacetime
is recovered. We are left therefore with one free parameter, i.e. f0, in addition to the
coupling one.

In the limit f0 → 1, the redshift function v0 tends to larger negative values and
a horizon emerges, thus yielding the relevant black-hole solutions in this theory. This
allows us to directly compare the shadow radii between black holes and wormholes, and
as an example we chose the case with γ = 1. The results are presented in Fig. 8.7, where
we see that f0 has non-trivial consequences both on the shadow radius and on the mass
range of the solutions. Specifically, it appears that as we increase f0 the mass range
can also increase significantly. In terms of the shadow radius, we see that all solutions
-including the black hole- presented lay within the averaged 1-σ eht-imaging bounds
presented in Table 8.1. On the other hand, all solutions are excluded within 1-σ if one
chooses to consider the averaged mG-ring estimates. Once again, no solution exists that
satisfies both bounds.
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8.5 Curvature-induced spontaneous scalarization

We now write the general action allowing for spontaneously scalarized solutions to
emerge, in the following form:

S =
1

2κ

∫
d4x

√
−g
[
R− 1

2
∇αϕ∇αϕ+ h(ϕ)R+ f(ϕ)G + V (ϕ)

]
. (8.31)

8.5.1 Minimal model

Here, we consider the minimal model associated with spontaneous scalarization identified
in [158] and explored in [3, 162] as well as in earlier chapters, and the coupling functions
are defined as

h(ϕ) = −β
4
ϕ2 , f(ϕ) =

α

2
ϕ2 . (8.32)

To this end, in Fig. 8.8 we present the shadow radius for spontaneously scalarizeed
black-hole solutions derived for different values of the scalar-Ricci coupling constant β.
We will only consider β > 0 motivated from the analysis of Chapters 4, 6, 7. In Chapter 7
in particular we saw that we can distinguish between three regions for scalarized black
holes: (I) for β ⪅ 1 solutions are unstable, (II) for 1 ⪅ β ⪅ 1.2 the solution curves have
both a stable and an unstable part (effectively yielding one stable and one unstable
solution for any M̂), and (III) for β > βcrit ≈ 1.2 all solutions are stable. Moreover, as
we saw O(β) ∼ 1 with β > 0 is consistent with a GR cosmological attractor, and can
suppress neutron star scalarization.

However, here we aim at conducting a comprehensive study and thus, in Fig. 8.8,
we present the results for the radius of the black-hole shadow in the minimal model
for a variety of values of β, namely β = {0, 5, 10, 50, 100}. The left panel depicts the
solutions for the fundamental mode (n = 0). Here, the case β = 0, shown with a solid
red line, corresponds to the radially unstable EsGB scalarization model. The solutions
in this case lie to the right of the scalarization threshold at M̂ (0,0)

th ≈ 1.179. The rest
of the curves shown correspond to values of β that are larger than the critical value
and therefore to stable configurations. The right panel shows the solutions for the first
overtone (n = 1). Here, only the solutions with β ⪆ 10, which lie to the left of the
threshold scalarization value of M̂ (0,0)

th ≈ 0.453, are stable. In both plots, the horizontal
axis depicts the value of the dimensionless parameter M̂ . The vertical axis showing the
shadow radius rsh of the black hole is also properly re-scaled in terms of the mass M so
that the results are independent of the black-hole mass under consideration.

We readily observe that significant deviations from GR appear in the value of the
shadow radius especially towards the lower mass limit of each curve. This is to be
expected since it is for the lightest black holes that the curvature is stronger and the
effect of both the GB and additional Ricci term becomes increasingly more important.
As in the EsGB theory, the quadratic GB term leads to black holes with a more compact
geodesic structure, compared to the Schwarzschild solution with the same mass, with
the radius of the black-hole shadow following along and taking smaller values, too. The
more conservative eht-imaging bound allows all of the solutions to 1-σ accuracy, whereas
the mG-ring bound, which favours larger deviations from GR, excludes almost all of the
solutions to 1-σ accuracy. The only solutions allowed are the ones towards the bottom
tip of the curves for the fundamental modes. Considering the mG-ring 2-σ bounds
however all solutions are allowed.

Therefore, if future observations of horizon-scale images of much lighter black holes
are made with the same error bounds, scalarized black-hole solutions would be either
favoured or even admitted as the only possible choice compared to the GR solution.
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Figure 8.8: Left: Shadow radius of the fundamental mode (n = 0) for spontaneously scalarized black
holes in the EsRGB theory with quadratic couplings between the scalar field and curvature. The values
of the ϕ-R coupling for the lines plotted are β = 0, 5, 10, 50, 100. At the same time the ϕ-G coupling
spans all the allowed values for which spontaneously scalarized solutions are retrieved. Right: Same
as left panel but for the first overtone n = 1. The β = 100 case is not presented here for illustrative
purposes as it extends to values of M̂ that are much smaller than the rest.

Focusing on the character of Sagittarius A∗, though, spontaneous scalarization may not
be a viable option: all stable solutions arise in the regime M̂ < 1.2, which translates
to 0.7 < α/M2. If, in addition, we focus on the subclass of solutions which survive
both the eht-imaging and the mG-ring bounds, these emerge for β ⪆ 7 in the regime
M̂ < 0.5 or for 4 < α/M2. At the moment, there are no bounds on the dimensionless
parameter α/M2 derived in the context of the EsRGB theory. However, if we take the
theoretical bound α/M2 < 0.69, for the existence of dilatonic black holes [103, 236], or
the experimental bound α/M2 < 0.54 for shift symmetric solutions [145] as indicative
values, we see that the aforementioned range significantly surpasses the latter ones.
A more detailed study dedicated to the EsRGB theory needs to be performed before
concluding whether Sagittarius A* is a spontaneously scalarised black-hole solution.

8.5.2 Quartic sGB coupling

Here we examine a variation of the EsGB model (without the Ricci coupling) that has
been shown to yield stable black-hole solutions under certain assumptions [161]

h(ϕ) = 0 , f(ϕ) =
α

2
ϕ2 +

ζ

4
ϕ4. (8.33)

For sufficiently negative values of the ratio ζ/α ⪅ −0.7, black holes in this theory do
get stabilized. Considering positive ratios, on the other hand, produces solutions that
are unstable. As in the minimal model, there is a particular range of negative values for
the ratio ζ/α for which both stable and unstable solutions emerge.

One of the reasons why this model is particularly interesting relates to the fact that
even for small values of the quartic coupling, the minimum mass can in principle be
pushed to very small values, contrary to the minimal model presented in the last sub-
section. This feature has evaded attention in other works and is of significant importance
as it allows us to probe a much larger range of masses. A consequence of this large mass
range is an equally large range in the shadow radii as can be seen in Fig. 8.9. It is
important to mention that the minimal mass for any ζ/α ⪅ −0.7 seems to have the
potential to be arbitrarily pushed to small values.

Employing the mass-scale independent bounds of Table 8.1, we may draw a number
of useful conclusions. To start with, solutions with fairly large, negative values of ζ/α,
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Figure 8.9: Shadow radius of the fundamental modes (n = 0) for spontaneously scalarized black holes
in EsGB theory with a quartic ϕ-G coupling, for different ratios α/ζ = {0,−1,−2,−10}.

i.e. ζ/α ≃ −10, seem to be excluded by the mG-ring bound, at least in the intermediate
and larger mass regime. For less negative values of ζ/α the region allowed by the
bounds from Table 8.1 is pushed to intermediate masses. In general, for some fixed ζ/α,
solutions with large masses tend to be disfavoured by the mG-ring bound while small-
mass solutions are excluded by the eht-imaging bound, and this holds independently of
the value of that ratio.

We note that, in this case, the solutions which are allowed by the existing bounds of
Table 8.1 emerge for M̂ < 0.85 or for 1.4 < α/M2. This is an improvement since the
lower bound on α/M2 is now much closer to the indicative theoretical and experimental
bounds mentioned earlier. Again, in the absence of a bound on α/M2 specifically for
the quartic EsGB model, we cannot conclusively state whether Sagittarius A* can be a
spontaneously scalarized solution arising in the framework of this model.

8.6 The Einstein-Maxwell-scalar Theory

In the black-hole scenario there exists a wider class of theories that also includes Einstein-
Maxwell-scalar (EMs) models as spontaneous scalarization frameworks [256]. The EMs
model describes a scalar field non-minimally coupled to Maxwell’s tensor, while being
minimally coupled to gravity. It has been shown that under certain assumptions black-
hole solutions appear to spontaneously scalarize [256–258]. For small values of the
charge to mass ratio q, these solutions have been demonstrated to be the endpoints of
a dynamical evolution of unstable Reissner–Nordström (RN) solutions with the same
q within numerical error, while for larger values dynamical scalarization decreases its
value. The action functional describing the EMs theory is given by

S =
1

2κ

∫
d4x

√
−g
[
R− 1

2
∇αϕ∇αϕ+ f(ϕ)FµνF

µν

]
. (8.34)

The theory we consider here admits the RN solution which is scalar free. To accom-
modate this we require that asymptotically our theory must approach the RN solution,
which translates to ϕ→ 0 and f(ϕ) → −1, as r → ∞.

The Einstein, Maxwell and scalar field equations are produced by variation with
respect to the metric tensor, the scalar field, and the electromagnetic tensor respectively,
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and they read

Gµν = Tµν , (8.35)

2ϕ+
[
∂ϕf(ϕ)

]
FµνF

µν = 0 , (8.36)

∂µ
(√

−g f(ϕ)Fµν
)
= 0 , (8.37)

where the energy-momentum tensor contains contributions from the scalar and electro-
magnetic field in the following way

Tµν =− 1

4
gµν(∇ϕ)2 +

1

2
∇µϕ∇νϕ

+ f(ϕ)

[
1

2
gµνFµνF

µν − 2gρσFµρFνσ

]
.

(8.38)

The explicit form of the field equations (8.35)-(8.37) for a spherically-symmetric line
element can be found in Appendix C.

As in the curvature-induced scalarization scenario, for the model to be continuously
connected to GR, the property (∂ϕf)

∣∣
ϕ0

= 0 should be satisfied for some ϕ0. The
coupling functions which we will consider here satisfy the aforementioned properties
and are given by

fe(ϕ) =− e−αϕ2

, (8.39)

fq(ϕ) =− 1 + αϕ2, (8.40)

fh(ϕ) =− cosh
(√

−2αϕ
)
, (8.41)

where the coupling constant α is negative. In this case, by taking perturbations of
the scalar equation around a RN background, we find that the requirement for the
emergence of a tachyonic instability is equivalent to the condition (∂ϕϕf)

∣∣
ϕ0
F 2 > 0.

Here, we consider a purely electric field, namely:

Aµdx
µ = V (r) dt⇒ FµνF

µν < 0, (8.42)

which in turn requires (∂ϕϕf)
∣∣
ϕ0
< 0. If we also integrate by parts, a second condition

is derived, namely ϕ(∂ϕf)
∣∣
ϕ0
< 0.

In order to demonstrate the dependence of the shadow radius on the parameters
of the theory, we fix α to different negative values and allow for our code to scan the
parameter space for the values of q ≡ Qe/M , where Qe is the electric charge, for which
scalarized solutions exist. The existence line for scalarization is presented in the top
left panel of Fig. 8.10. To create this plot, we examine the linear stability of scalar
perturbations around the RN background. We decompose the field perturbation as we
did in the curvature induced calarization scenario in Chapter 5 and we follow the same
procedure. Following this method, we determine the scalarization thresholds for the
first three modes, i.e. for n = 0, n = 1 and n = 2. This yields the minimum value of
|α| for a fixed value of q for which we expect spontaneous scalarization to occur. This
value appears to be increasing as one increases the overtone number n. It is worth-
pointing out that since the threshold of scalarization corresponds to small values of ϕ,
it is independent of our choices of the coupling function accounting for the fact that all
of them become identical for small ϕ.

In the remaining three panels of Fig. 8.10, we present the rescaled black-hole shadow
rsh/M in terms of q for the three coupling functions given in Eqs. (8.39)-(8.41). The
scalarized solutions depicted refer to the fundamental mode of the scalar field with n = 0
and ℓ = 0. The black solid line in each of the three plots corresponds to the shadow
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Figure 8.10: Top Left : Onset of scalarization for different overtone numbers. The threshold does not
depend on the coupling function. Top Right : Shadow radius for the fundamental mode for spontaneously
scalarized EMS black holes with an exponential coupling function f(ϕ) = −e−αϕ2

, for an s-EM coupling
with values α = {−5,−10,−20}. The solid line corresponds to the GR limit (RN). Bottom Left : Same
as top right but for a quadratic coupling function f(ϕ) = αϕ2 − 1. Bottom right : Same as top right
but for a hyperbolic coupling function of the form f(ϕ) = − cosh(

√
−2αϕ).

radius for RN black holes with different parameters q. The value of it can be found
analytically to be

rsh
M

=

√
9− 8q2 + 3√

2 +
(√

9− 8q2 − 3
)
/(2q2)

. (8.43)

The coloured lines correspond to solutions with a different value for the EMS coupling,
namely α = {−5,−10,−20}. The "×" symbol appearing in each coloured line corre-
sponds to the scalarization threshold for each α. For all three choices of the coupling
function we observe similar results: First, the extremality limit can be exceeded for
scalarized solutions, i.e. solutions with q > 1 emerge. Second, the charge range appears
to increase the more we increase the absolute value of the coupling parameter. This
confirms the results appearing in [256–258].

The latter result effectively means that a larger domain in the parameter space of q
allows for solutions with a shadow radius lying within the desired bounds. Indeed, as
we observe from the three plots of Fig. 8.10 for the three different forms of the coupling
function, an increase in |α| decreases the slope of each solution line and thus increases the
range of solutions which fall in the white area. These solutions satisfy again all bounds
of Table 8.1 coming from the Sagittarius A* constraints. The more ‘conservative’ bound,
the eht-imaging one, clearly favours solutions with small and up to intermediate values
of q. On the other hand, the more ‘liberal’ bound, the mG-ring one, tends to favour
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solutions with intermediate and large values of the charge parameter including the ones
beyond RN extremality. According to these results, charged scalarized solutions can be
viable candidates for future-observed black holes. However, on the average, they are
expected to possess a significant q parameter. This does not seem to be the case with
Sagittarius A* for which a very strict upper bound of q ≤ 8.6× 10−11 has been derived
[259, 260].

8.7 Discussion

The recent publication of black hole images by the EHT collaboration gave rise to a novel
way to probe the near horizon regime of black holes that is a valuable and complimentary
way to test deviations from GR. The data available by the EHT display a bright ring
of emission which surrounds a dark depression that is roughly the size of the black
hole shadow. In order to connect the size of the bright ring to the underlying shadow,
one has to use the mass-to-distance ratio which for the supermassive black hole in the
center of our galaxy Sagittarius A∗ is much more accurately known compared to the
previously available M87∗ due to the proximity of Sagittarius A∗ to Earth. For this
reason, the bounds presented in the recent EHT publication [199] are the strongest to
date regarding black hole metric deviations from GR in the near horizon regime, derived
from black hole imaging. In this chapter, motivated by the observational derivation of
these bounds, we explored shadows for a number of selected theories of modified gravity
whose overarching theme is that they predict the existence of black holes bestowed with
non-trivial scalar field profiles.

As there is no clear consensus yet on the spin parameter of Sagittarius A*, we limited
our analysis to the spherically symmetric case. For this particular case, the deviation
of the black hole metric from the Schwarzschild scenario is quantified by the fractional
deviation δ whose bounds were announced in [199] and were presented here in Table
8.1. Among the various choices displayed in the Table, we settled with displaying the
results of the image-domain feature extraction procedure eht-imaging and the fitting to
the analytic model mG-ring . Our choices were motivated by the fact that these two
constraints represent two very distinct methodologies. In addition, they lie at the two
extremes of the spectrum of possible results, with the eht-imaging constraints being the
most conservative ones allowing only for small deviations from GR and the mG-ring
constraints being the most liberal ones favouring much larger deviations from GR.

Regarding the theories under consideration, we first focused on the EsGB theory. Our
focus in section 8.4 was to study black holes with non-trivial scalar hair that are regular
from the horizon to infinity and for several different choices for the scalar coupling
function. We found that, for the linear coupling, the parameter space of the theory
cannot be constrained by the EHT observations since the entire range of solutions are
either all allowed by the eht-imaging constraint or excluded by the mG-ring constraints
within 1-σ accuracy. However, for the quadratic and exponential couplings, we found
a distinctly different behaviour of the solutions with positive and negative coupling
parameter. The solutions derived for a positive coupling exhibit the same behaviour
as in the linear coupling case with the whole set of solutions being allowed by the
former EHT constraint and excluded by the latter. On the other hand, solutions with
a negative coupling extend over a larger part of the parameter space and may thus be
more effectively constrained by the EHT bounds. In these cases, subclasses of solutions
that satisfy all EHT constraints within 1-σ accuracy could be determined. We also find
that special solutions for which the energy momentum tensor component T r

r (r) can have
a local maximum from the horizon to infinity can only occur for the quadratic coupling
in a way that is consistent with the EHT results. In the context of this theory, we also
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highlighted differences in the shadows between black-holes and wormholes. However, a
detailed analysis featuring wormhole solutions is left for a future work.

Subsequently, we turned our attention to spontaneous scalarization which for the
most part has been on the center of this thesis. We considered two different scenarios; in
the first one scalarization is associated with the compactness of the object in accordance
with Chapters 4, 5, and 6. In this case we examined in detail the effects on the shadow
radius from the couplings of a scalar field with curvature invariants (Ricci and GB).
We saw that in principle the EHT can place constraints on the theory depending on
the choices of the coupling parameters under examination. For the minimal EsRGB
model we saw that there exists a small region in the parameter space of solutions that
satisfies even the tightest combinations of the EHT bounds presented in Table 8.1. If we
also allow for higher order operator corrections in the EsGB coupling, then the allowed
parameter space widens due to the fact that the minimal black-hole mass in this case is
pushed towards zero.

Finally, in section 8.6 we studied scalarization as a result of a non-minimal coupling
of a scalar field with the Maxwell tensor. Compared to the RN scenario, we were able to
demonstrate that scalarized EMS black holes allow for agreement with the EHT bounds
for a broader range of electric charges. Additionally, solutions are retrieved beyond the
GR extremality limit with shadow radii within the desired bounds.

As we have underlined earlier, the scope of the work presented in this chapter was
rather theoretical than observational. We used the constraints derived from the images
we currently have at hand only as reference points, in order to study differences between
black hole (and wormhole) shadows pertaining to the theories discussed in this thesis.
Looking to the future, the Next Generation EHT (ngEHT) project will provide us with
significantly sharper images of the shadow of supermassive black holes such as M87∗ and
SgrA∗ and also possibly real time video of the evolution of the accretion disk around the
black hole horizon. This will usher a whole new era in fundamental physics in the strong
gravity regime while giving birth to a whole new field: imaging and time resolution of
black holes on horizon scales [261, 262]. It remains to be seen if the preference for a
smaller black hole shadow than the one predicted in the Schwarzschild case will persist
in the next generation of experiments, and what implications on the viability of modified
theories this will entail.
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CHAPTER 9
Conclusions

9.1 Summary

Despite the numerous successes of GR, both mathematical arguments (e.g. singularity
issue, non-renormalizability) and observational considerations (e.g dark energy) consti-
tute it incomplete. Over the decades, a vast effort has been made in order to modify GR,
in pursuit of a correct description of gravity at all scales. The simplest way to extend
GR is to increase the number of degrees of freedom by one, in the form of a scalar field.
Scalar tensor theories have been considered as viable candidates for gravity from the
1950s onward, and have been used to tackle issues traditionally emerging in standard
GR, as we explained in the introductory Chapter 1. There, we briefly discussed the
roadmap of modified gravitational theories and focused particularly on the Horndeski
model, the most general theory involving the metric and a scalar field while yielding
second order equations of motion. We then presented the most well-known no scalar
hair theorems, which prevent black holes from acquiring nontrivial scalar hair, while
once again paying particular tribute to the no-hair theorem governing the generalized
Galileon (shift-symmetric Horndeski).

In Chapter 2 we proceeded to explain how the no-hair theorem for the Galileon may
be evaded if not all of its assumptions are satisfied. In this shift-symmetric scenario,
we explained how the presence of a nonminimal coupling between the scalar field and
the Gauss-Bonnet invariant has the potential to source nontrivial scalar hair in curved
spacetime, and yield second order equations of motion. By allowing for more compli-
cated (non shift-symmetric) couplings with the Gauss-Bonnet term (EsGB theory), we
then presented a larger family of hairy black holes within the Horndeski framework. We
explained how numerical solutions may be found in this theory, and we demonstrated
that for numerical black hole solutions to be found, some existence conditions need to be
imposed at the black-hole horizon. These conditions yield a minimum black hole size de-
pending on the coupling parameter of the sGB term. Based on these numerical solutions
we explicitly showed how the old and novel no-hair theorems formulated by Bekenstein
are evaded. In the last part of this chapter we introduced the concept of spontaneous
scalarization of compact objects. In this process compact objects, including black holes
but also neutron stars experience a phase transition away from the GR solution and
toward a scalarized one, when some particular threshold is exceeded. The threshold can
be for instance curvature or spin related, even though rotating configurations were not
studied in this thesis.

The main goal in Chapter 3 was to study in depth the aforementioned existence
conditions and deduce the various effects higher order terms in the Lagrangian —that
do not directly contribute to the evasion of the no-hair theorems, may have on the
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properties of the hairy solutions— For that reason we resorted to the somewhat simpler
shift symmetric model. We found that these additional terms have in principle important
effects on the properties of the hairy solutions including their mass and scalar charge. We
also showed that even though the additional couplings do not strongly alter the minimum
black hole mass (at least for values that are reasonable from an EFT perspective) they
yield nontrivial differences between solutions that exist near the minimum mass limit.
Perhaps the most interesting conclusion from this analysis is that we cannot resort to
these additional higher order terms in order to retrieve significantly charged and heavy
black holes.

For the next few chapters, namely Chapters 4 to 7, we focused on a theory predicting
spontaneously scalarized solutions. Overall, it had been demonstrated that scalar-Gauss-
Bonnet models fail to be properly incorporated within a cosmological framework, since
they predict divergences in the late universe. In Chapter 4 we proposed a model (Es-
RGB), where except for the nonminimal coupling of the scalar with the Gauss-Bonnet
invariant —which is the one that sources the scalar hair— we considered another non-
minimal interaction in the form of a scalar-Ricci coupling. We showed that for reason-
ably small and positive values of the scalar-Ricci coupling β, a late time cosmological
attractor is retrieved. A shortcoming of our theory is found in its validity during the
early stages of the universe. That is because one of our main assumptions, namely
the subdomincance of the scalar energy density, breaks down for high enough redshift
(z ≈ 1012). This means that our theory eventually needs to be embedded in a UV
complete one that is consistent with inflation, and that it can only be considered as an
effective limit at later times.

In Chapter 5 we studied scalarized black holes in the EsRGB model, and we demon-
strated the dependence of their properties on the exact synergy between the scalar-Ricci
and scalar-Gauss-Bonnet couplings, β and α respectively. First we determined the pa-
rameter space (β, α) for spontaneously scalarized black holes to exist, and by performing
a perturbative analysis on a GR background we derived the scalarization thresholds for
the first few modes and angular numbers. In the numerical solutions we derived, we saw
that for values of β consistent with a late time attractor, there exist strong indications
that beyond a critical value, black holes get stabilized. This comes in contradiction
with the EsGB theory which ignores the scalar-Ricci interaction. Next, in Chapter 6 we
continued the study of compact objects in the EsRGB theory, by focusing on neutron
stars. We explored the parameter space (β, α) where spontaneously scalarized neutron
stars emerge in three different scenarios, spanning values from the lowest to the largest
neutron star masses appearing in GR, while resorting to two different EOS. We found
that the parameter space for scalarized solutions is significantly smaller than the one de-
termined by the onset of the scalarization, and we investigated extensively the properties
of the solutions appearing in this region. One of our main results pertained to the fact
that for values of β consistent with the cosmological attractor behaviour (and small α),
neutron star scalarization is suppressed and the solutions that manage to emerge carry
small charges. This way our theory evades the very strong binary pulsar constraints,
by allowing spontaneously scalarized black holes to emerge in a region of the parameter
space where neutron star scalarization is suppressed.

In Chapter 7 we returned to the issue regarding the stability of scalarized black holes
in EsRGB. The entropy of the EsRGB black holes was shown to be larger that their GR
counterpart for values of β beyond the critical value already derived in Chapter 5, indi-
cating therefore their thermodynamical stability. We then performed a radial stability
analysis of the solutions, decidedly confirming that black holes get stabilized for β larger
than its critical value. We also looked into the QNMs of the Schwarzschild spacetime
in order to explicitly show the transition from GR to scalarized solutions, and we found
that beyond the fundemental mode, purely imaginary modes may be found in a region
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of the parameter space where Schwarzschild black holes are stable. We finally demon-
strated the effects of the sRGB synergy in the hyperbolicity of the scalar perturbations.
Even though this constitutes a preliminary analysis, we found that in principle, this
synergy reduces the region of space where hyperbolicity breaks down.

Finally, in Chapter 8 we focused on a different aspect of compact object solutions with
scalar fields, namely their shadow properties, and we considered various theories to that
extent. We performed this analysis in light of the recent images of the two supermassive
black holes M87∗ and Sagittarius A∗ captured by the EHT. Our main goal, however,
was to use the images as a guide, in order to explore differences concerning the shadows
of black holes (and wormholes) with scalar fields. We began with EsGB black holes and
wormholes. Overall, the bounds set by the current shadow observations by EHT, do not
place siginificant constraints to the theory with positive scalar-Gauss-Bonnet couplings.
For negative couplings on the other hand, the parameter space of solutions may extend
deep into the forbidden regions set by EHT. Importantly, we showed that wormhole
solutions present larger shadows compared with black holes in the same theory. We then,
moved to spontaneously scalarized black holes in the quadratic EsGB, in EsGB with
quartic scalar-Gauss-Bonnet couplings, in EsRGB, and finally in the EMs model where
scalarization is induced by a scalar-Maxwell coupling. We noticed significant differences
between the shadows corresponding to the different choices of the coupling parameters
especially in the EMs model, where the extra coupling allows for more solutions within
the allowed bounds (electrically charged GR black holes are very constraint by EHT).

9.2 Future perspectives

As we explained in Chapter 4, the EsRGB model ceases to be a trustworthy theory at
very high redshifts and perhaps needs to be emdeded in a UV complete theory consistent
with very early universe cosmology and inflation, in order to yield reliable predictions.
In this respect, it may be worthwhile to examine the effect higher order terms (in a
manner similar to that followed in Chapter 3) may have, and whether they can push
the validity of the subdominance hypothesis to larger redshift.

In terms of the scalarized black hole solutions we found in Chapter 5 in the EsRGB
theory, we should stress that we only considered the case α > 0, as this is a requirement
for having scalarized black holes under the assumptions of staticity and spherical sym-
metry. However, as we mentioned in Chapter 2 it has been shown in Ref. [140] that, for
α < 0 (and β = 0), scalarization can be triggered by rapid rotation, and some scalarized
black holes have been found in this scenario in Refs. [141, 167]. It would thus be very
interesting to consider the effect of the βϕ2R coupling for α < 0, i.e. in models where
scalarization is induced by rotation.

In terms of the neutron star solutions in Chapter 6, an obvious continuation of the
work presented there, is the stability analysis of the scalarized solutions. Moreover,
since rotation is known to have important effects on black hole scalarization, by either
quenching it or triggering it, it is interesting to see what its impact is on scalarized
neutron stars in different models. The effect of rotation on neutron star scalarization
was investigated in the framework of the DEF model [263], and it would be interesting
to extend this analysis to coupled Ricci/Gauss-Bonnet couplings, or pure Gauss-Bonnet
ones.

It will also be interesting to combine the bounds coming from neutron star and
black hole observations with the theoretical constraints that relate to the requirement
that scalarization models have a well-posed initial value problem [168]. So far, the
combined theory with both Ricci and Gauss-Bonnet couplings has not been studied in
detail from the initial value problem perspective. In Chapter 7 we explored the impact
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of the Ricci coupling on the hyperbolicity of scalar perturbations and deduced that it
actually improves it. It would be interesting to generalize the hyperbolicity analysis to
more general perturbations and beyond the linear level, in order to check if the coupling
with the Ricci scalar could have a positive effect when considering hair formation by
collapse [168] or binary mergers [190].

It is also worth pointing out that, gravitational wave observations could potentially
place constraints in the case of the scalar-Ricci-Gauss-Bonnet synergy. Approaches
similar to the one followed in [145] can be extended in the EsRGB model (even though
the analysis becomes more complicated in non shift-symmetric theories), but even a
Post-Newtonian analysis of the inspiral could place some preliminary constraints (see
for example [264, 265]).

With regard to the study of QNMs in EsRGB, but also more generally in the Horn-
deski Lagrangian a proper analysis of their spectrum could be performed. A significant
challenge in this direction pertains to the fact that most of the black hole solutions
with scalar hair found are numerical, and hence some of the usual QNM techniques are
tough to apply. From an observational point of view however, potential deviations of the
no-hair theorems are expected to yield imprints on the QNM spectrum, and therefore
their analysis is critical.

Finally, regarding the shadows of compact objects with scalar fields, an interest-
ing work to follow would be the analytical study of wormhole shadows in the theories
we examined here. Such a study would point out whether shadow observations could
potentially be used in the future to distinguish black hole solutions from wormholes.
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APPENDIX A
Black hole thermodynamics

In this appendix, we calculate the thermodynamical properties, which can reveal inter-
esting characteristics of the scalarized solutions, namely their temperature and entropy.
The first quantity may be easily derived by using the following definition [266, 267]

T =
kh
2π

=
1

4π

(
1√

|gttgrr|

∣∣∣∣dgttdr

∣∣∣∣
)

rh

=

√
a1b1
4π

, (A.1)

that relates the black-hole temperature T to its surface gravity kh. The above formula
is valid for spherically-symmetric black holes in theories that may contain also higher-
derivative terms such as the GB term. The final expression of the temperature in Eq.
(A.1) is derived by employing the near-horizon asymptotic forms (2.18)-(2.19) of the
metric functions.

The entropy of the black hole may be calculated by using the Euclidean approach in
which the entropy is given by the relation [268]

Sh = β

[
∂(βF )

∂β
− F

]
, (A.2)

where F = IE/β is the Helmholtz free-energy of the system given in terms of the
Euclidean version of the action IE , and β = 1/(kBT ). The above formula has been used
in the literature to determine the entropy of the asymptotically-flat coloured GB black
holes [103, 134] and of the family of novel black-hole solutions found in [135] for different
forms of the GB coupling function.

Alternatively, one may employ the Noether current approach developed in [269] to
calculate the entropy of a black hole. In this, the Noether current of the theory under
diffeomorphisms is determined, with the Noether charge on the horizon being identified
with the entropy of the black hole. In [270], the following formula was finally derived
for the entropy

S = −2π

∮
d2x
√
h(2)

(
∂L

∂Rabcd

)
H
ϵ̂ab ϵ̂cd , (A.3)

where L is the Lagrangian of the theory, ϵ̂ab the binormal to the horizon surface H, and
h(2) the 2-dimensional projected metric on H. The equivalence of the two approaches
has been demonstrated in [271], in particular in the context of theories that contain
higher-derivative terms such as the GB term. Here, we will use the Noether current
approach to calculate the entropy of the black holes as it leads faster to the desired
result.

To this end, we need to calculate the derivatives of the scalar gravitational quantities,
appearing in the Lagrangian of our theory with respect to the Riemann tensor. Let us
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here consider the general theory with Ricci and Gauss-Bonnet couplings relevant for
Chapters 5, 6, and 7,

S =
1

2κ

∫
d4x

√
−g
[
R− 1

2
∇αϕ∇αϕ+ h(ϕ)R+ f(ϕ)G + V (ϕ)

]
. (A.4)

Then, substituting in Eq. (A.3), we obtain

S =− 1

8

∮
d2x
√
h(2)

{
1 + h(ϕ)

2

(
gacgbd − gbcgad

)
+ f(ϕ)

[
2Rabcd +−2

(
gacRbd − gbcRad − gadRbc + gbdRac

)
+R

(
gacgbd − gbcgad

) ]}
H
ϵ̂ab ϵ̂cd .

(A.5)

The first term inside the curly brackets of the above expression comes from the variation
of the Einstein-Hilbert term and leads to:

S1 = − 1

16

∮
d2x
√
h(2)

[
1 + h(ϕ)

] (
ϵ̂ab ϵ̂

ab − ϵ̂ab ϵ̂
ba
)
. (A.6)

We recall that ϵ̂ab is antisymmetric, and, in addition, satisfies ϵ̂ab ϵ̂ ab = −2. Therefore,
we easily obtain the result

S1 =
[
1 + h(ϕ)

] AH

4
. (A.7)

where AH = 4πr2h is the horizon surface. The remaining terms in Eq. (A.5) are all
proportional to the coupling function f(ϕ) and follow from the variation of the GB term.
To facilitate the calculation, we notice that, on the horizon surface, the binormal vector
is written as: ϵ̂ab =

√
−g00 g11

∣∣
H

(
δ0aδ

1
b − δ1aδ

0
b

)
. This means that we may alternatively

write: (
∂L

∂Rabcd

)
H
ϵ̂ab ϵ̂cd = 4g00 g11

∣∣
H

(
∂L

∂R0101

)
H
. (A.8)

Therefore, the terms proportional to f(ϕ) may be written as

S2 = −1

2
f(ϕ) g00 g11

∣∣
H

∮
d2x
√
h(2)

[
2R0101 + g00g11R

− 2
(
g00R11 − g10R01 − g01R10 + g11R00

) ]
H
.

(A.9)

To evaluate the above integral, we will employ the near-horizon asymptotic solution
(2.18)-(2.20) for the metric functions and scalar field. Substituting in Eq. (A.9), we
straightforwardly find

S2 =
f(ϕh)AH

r2h
= 4πf(ϕh) . (A.10)

Combining the expressions (A.7) and (A.10), we finally derive the result

Sh =
[
1 + h(ϕh)

] Ah

4
+ 4πf(ϕh) . (A.11)

The above describes the entropy of a GB black hole arising in the context of the theory
(A.4), with a general coupling function f(ϕ) between the scalar field and the GB term.
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APPENDIX B
Other “hairy” solutions

In this appendix let us briefly discuss other types of solutions appearing in the context
of scalar-tensor theories with couplings between the scalar and the GB invariant.

B.1 Solutions with cosmological constant

One interesting class of solutions was recovered in the presence of a cosmological constant
[242].

S =
1

16π

∫
d4x

√
−g [R+X + f(ϕ)G − 2Λ]. (B.1)

The procedure for finding these regular solutions bares a lot of similarities with the steps
we followed in the case of asymptotically flat solutions. Since the uniform distribution
of energy associated with the cosmological constant permeates the whole spacetime, we
expected Λ to have an effect on both the near-horizon and far-field asymptotic solu-
tions. Indeed, analytical calculations in the small-r regime reveal that the cosmological
constant modifies the constraint that determines the value of ϕ′h for which a regular,
black-hole horizon forms. In addition, such a horizon is indeed formed, for either pos-
itive or negative Λ and for all choices of the coupling function f(ϕ). The behaviour
of the solution in the far-field regime depends strongly on the sign of the cosmological
constant. For Λ > 0, a second horizon, the cosmological one, is expected to form at a
distance rc > rh, whereas for Λ < 0, an Anti-de Sitter type of solution is sought for at
asymptotic infinity. Both types of solutions are analytically shown to be admitted by
the set of our field equations at the limit of large distances, thus opening the way for
the construction of complete black-hole solutions with an (Anti)-de Sitter asymptotic
behaviour.

GB black-hole solutions with a negative cosmological constant smoothly merge with
the SAdS ones, in the large mass limit. As in the asymptotically-flat case, it is the small-
mass range that provides the characteristic features for the GB solutions. These solutions
have a modified dependence of both their temperature and horizon area on their mass
compared to the SAdS solution. Another characteristic is also the minimum horizon,
or minimum mass, that all our GB solutions possess due to the existence condition
inequality, which in this case is given by

256Λḟ4c
(
Λr2c − 6

)
+ 32r2c ḟ

2
c

(
2Λr2c − 3

)
+ r6c ≥ 0 . (B.2)

Contrary to the asymptotically flat case the form the field acquires asymptotically
does not contain a 1/r fall-off but instead a logarithmic contribution, ∼ ln r. The
absence of a (1/r)-term in the expression of the scalar field at large distances excludes
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Figure B.1: Left: The metric components |gtt| and grr in terms of the radial coordinate r, for
f(ϕ) = αe−ϕ. Right: Same as left but for a positive cosmological constant. The plots are taken from
[242].

the presence of a scalar charge, even a secondary one. The coefficient d1 in front of
the logarithmic term in the expression of ϕ can give us information on how much the
large-distance behaviour of the scalar field deviates from the power-law, valid in the
asymptotically-flat case. It turns our that this deviation is stronger for GB black holes
with a small mass whereas the more massive ones have a d1 coefficient that tends to
zero.

B.2 Wormholes

A particularly interesting property emerging in the EdGB solutions is the presence of
regions with negative effective energy density – this is due to the presence of the higher-
curvature GB term and is therefore of purely gravitational nature [103, 249]. Conse-
quently, the EdGB theory has been shown to allow for Lorentzian, traversable wormhole
solutions without the need for exotic matter [249, 250]. It is tempting to conjecture that
the more general EsGB theories should also allow for traversable wormhole solutions.
Indeed, traversable wormholes require violation of the energy conditions [272, 273]. But
whereas in General Relativity this violation is typically achieved by a phantom field
[274–279], in EdGB theories it is the effective stress-energy tensor that allows for this
violation [249, 250].

The metric element initially considered in the case of EdGB wormholes was the
following:

ds2 = −e2v(l) dt2 + f(l) dl2 +
(
l2 + l20

)
(dθ2 + sin2 θ dφ2) , (B.3)

and allowed for single-throat wormhole geometries. By changing the metric element to
the following one:

ds2 = −ef0(η)dt2 + ef1(η)
{
dη2 +

(
η2 + η20

) (
dθ2 + sin2 θdφ2

)}
, (B.4)

a richer family of wormhole solutions emerges in EsGB with single and double throat
geometries.

A traversable wormhole solution is characterised by the absence of horizons or singu-
larities. In order to ensure that this is the case for the wormhole solutions, the following
regular expansions for the metric functions and scalar field, are considered near the
throat/equator η = 0

ef0 =a0 (1 + a1η + a2η
2 + ...) , (B.5)
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Figure B.2: Left: Schematic picture for the construction of double-throat and single-throat wormhole
solutions. Right: The embedded equatorial plane is shown for the double-throat wormhole with α/η20 =
0.35 and Q/M = 0.886, for f(ϕ) = 0.25 e−ϕ. The plots are taken from [254].

ef1 =b0 (1 + b1η + b2η
2 + ...) , (B.6)

ϕ =ϕ0 + ϕ1η + ϕ2η
2 + ... . (B.7)

The Lorentzian signature of spacetime demands that both parameters a0 and b0 must
be positive; in addition, they should be finite and non-vanishing. The emergence of an
extremum in the circumferential radius Rc dictates that f ′1(0) = 0; this leads to the
result b1 = 0. The (ηη) component of the Einstein equations yields near the throat a
constraint equation [(

η20ϕ
′2 + 4

)
ef1 − 8f ′0ϕ

′Ḟ
]
η=0

= 0 . (B.8)

similar to the existence conditions emerging at the black hole horizon which we encoun-
tered repeatedly in this thesis.
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APPENDIX C
Equations of motion and other lengthy expressions

In this appendix we present the various equations of motion discussed in the main part
of this thesis, and other lengthy expressions that we omitted.

C.1 Scalar equation in the Horndeski Lagrangian

In Chapter 1 we introduced the Horndeski Lagrangian and equations of motion. The
equations for the full Lagrangian are given in (1.24) but the exact expressions for the
terms we used there were omitted. Since, the scalar equation of motion is used exten-
sively in Chapter 3, here we present the terms related with the scalar equation as they
were derived in [88].

The “source terms” are given by

P 2
ϕ =G2ϕ , (C.1)

P 3
ϕ =∇µG3ϕ∇µϕ, (C.2)

P 4
ϕ =G4ϕR+G4ϕX

[
(2ϕ)2 − (∇µ∇νϕ)

2
]
, (C.3)

P 5
ϕ =−∇µG5ϕG

µν∇νϕ− 1

6
G5ϕX

[
(2ϕ)3 − 32ϕ(∇µ∇νϕ)

2

+ 2(∇µ∇νϕ)
3
]
,

(C.4)

while the terms contributing to the shift-symmetric current are given by

J2
µ =− L2X∇µϕ , (C.5)

J3
µ =− L3X∇µϕ+G3X∇µX + 2G3ϕ∇µϕ , (C.6)

J4
µ =− L4X∇µϕ+ 2G4XRµν∇νϕ− 2G4XX(2ϕ∇µX

−∇νX∇µ∇νϕ)− 2G4ϕX (2ϕ∇µϕ+∇µX) ,
(C.7)

J5
µ =− L5X∇µϕ− 2G5ϕGµν∇νϕ−G5X

[
Gµν∇νX +Rµν2ϕ∇νϕ

−Rνλ∇νϕ∇λ∇µϕ−Rαµβν∇νϕ∇α∇βϕ
]

+G5XX

{
1

2
∇µX

[
(2ϕ)2 − (∇α∇βϕ)

2
]
−∇νX(2ϕ∇µ∇νϕ

−∇α∇µϕ∇α∇νϕ)

}
+G5ϕX

{
1

2
∇µϕ

[
(2ϕ)2 − (∇α∇βϕ)

2
]

+2ϕ∇µX −∇νX∇ν∇µϕ

}
.

(C.8)
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C.2 High-order shift symmetric model

In this section we present the equations of motion related to the theory we considered
in Chapter 3. Varying action (3.1) with respect to the scalar field yields the following
scalar equation

2ϕ = + αG + 2γGµν∇ν∇µϕ+ κ(∇ϕ)22ϕ+ 2κ∇µϕ∇νϕ∇µ∇νϕ (C.9)

− σ∇µ 2ϕ∇µϕ− σ (2ϕ)2 + σ∇µϕ2∇µϕ+ σ(∇µ∇νϕ)
2,

while varying with respect to the metric yields

Gµν =+
1

2
∇µϕ∇νϕ− 1

4
gµν(∇ϕ)2

− α

2g
gµ(ρgσ)νϵ

κραβϵσγλτRλταβ∇γ∇κϕ

− γ

2
R∇µϕ∇νϕ+ γ∇ν∇µϕ2ϕ− γGνρ∇µϕ∇ρϕ

− γGµρ∇νϕ∇ρϕ+
γ

2
Rµν(∇µϕ)

2 − γ∇ρ∇νϕ∇ρ∇µϕ

− γ

2
gµν(2ϕ)

2 +
γ

2
Gρσgµν∇ρϕ∇σϕ+

γ

2
gµνRρσ∇ρϕ∇σϕ

− γRµρνσ∇ρϕ∇σϕ+
γ

2
gµν(∇σ∇ρϕ)

2

+
σ

2
∇µϕ∇νϕ 2ϕ− σ∇ρ∇(µϕ∇ν)ϕ∇ρϕ

+
σ

2
gµν∇ρϕ∇σ∇ρϕ∇σϕ

− κ

2
(∇ϕ)2∇µϕ∇νϕ+

κ

8
gµν(∇ϕ)2(∇ϕ)2.

(C.10)

C.3 Equations motion in EsRG

C.3.1 Black holes

Here we present the equations used to derive the numerical static and spherically sym-
metric black hole solutions in Chapter 5 that were also used in Chapter 7.

(t, t) : B
{
βϕ2 + 2ϕ

[
ϕ′′
(
− 8α+ 8αB + βr2

)
+ 2βrϕ′

]
+ ϕ′2

[
− 16α+ 16αB + (2β − 1)r2

]
− 4
}
+ 4 = 0

− β ϕ2 +B′[ϕϕ′(− 8α+ 24αB + βr2
)
+ βrϕ2

− 4r
]
= 0 ,

(C.11)

(r, r) : Bϕϕ′
[
A′(− 8α+ 24αB + βr2

)
+ 4Aβr

]
+
(
βϕ2 − 4

)[
BrA′ +A(B − 1)

]
+ABr2ϕ′2 = 0 ,

(C.12)

(θ, θ) : AA′{B′[48αBϕϕ′ + r
(
βϕ2 − 4

)]
+ 2B

(
βϕ2 + 16αBϕ′2

+ 2βrϕϕ′ − 4
)}

+ 2A2B′[βϕ(2rϕ′ + ϕ
)
− 4
]

+ 8ABϕϕ′′
(
4αBA′ +Aβr

)
+ 2ABA′′[16αBϕϕ′

+ r
(
βϕ2 − 4

)]
−BA′2[16αBϕϕ′ + r

(
βϕ2 − 4

)]
+ 4A2Bϕ′

[
2βϕ+ (2β − 1)rϕ′

]
= 0 ,

(C.13)
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The background equation for the scalar field reads

(ϕ) : ϕ
{
AA′[B′(24αB − 8α+ βr2

)
+ 4βBr

]
+ 4A2β

(
rB′ +B

− 1
)
−BA′2(8α(B − 1) + βr2

)}
+ 2Arϕ′

(
BrA′ +ArB′

+ 4AB
)
+ 2ABϕA′′[8α(B − 1) + βr2

]
+ 4A2Br2ϕ′′ = 0 .

(C.14)

C.3.2 Neutron stars

Here we report the field equations solved in Chapter 6 for a static and spherically
symmetric spacetime and with matter described as a perfect fluid

(t, t) : B−2
(
βκϕ2 + 2κr2ϵ− 2) +B−1

(
8ακϕB′B−1ϕ′ + 16ακϕ′2

+ 16ακϕϕ′′ − βκϕ2 − βκr2ϕB′B−1ϕ′ − 2βκr2ϕ′2

− 2βκr2ϕϕ′′ + κr2ϕ′2 − βκrϕ2B′B−1 − 4βκrϕϕ′

+ 2rB′B−1
)
+ 2− 24ακϕB′B−1ϕ′ − 16ακϕ′2

− 16ακϕϕ′′ = 0 ,

(C.15)

(r, r) : B−2
(
βκϕ2 − 2κpr2 − 2

)
+B

(
8ακϕA′A−1ϕ′ − 4βκrϕϕ′

+ 2− βκr2ϕA′A−1ϕ′ − βκrϕ2Γ′ + 2rA′A−1 − βκϕ2

− κr2ϕ′2
)
− 24ακϕA′A−1ϕ′ = 0 ,

(C.16)

(em) : 2p′ + (ϵ+ p)Γ′ = 0 . (C.17)

The equation for the scalar field reads

(ϕ) : 4βϕB−2 +B−1
[
8αϕA′A−1B′B−1 + 8αϕ

(
A′A−1

)2
+ 16αϕ

(
A′A−1

)′ − 4βϕ− βr2ϕA′A−1B′B−1

− βr2ϕ
(
A′A−1

)2 − 2βr2ϕ
(
A′A−1

)′ − 2r2A′A−1ϕ′

− 2r2B′B−1ϕ′ − 4r2ϕ′′ − 4βrϕΓ′ − 4βrϕB′B−1 − 8rϕ′
]

− 24αϕA′A−1B′B−1 − 8αϕ
[
(A′A−1)2

+ 16αϕ
(
A′A−1

)′]
= 0 .

(C.18)

C.4 Einstein-Maxwell-scalar model

Here we derive the equations of motion used to solve for scalarized black holes in the
context of the EMs theory, pertaining to Section 8.6 of Chapter 8

S =
1

2κ

∫
d4x

√
−g
[
R− 1

2
∇αϕ∇αϕ+ f(ϕ)FµνF

µν

]
. (C.19)

Variation the action (C.19) with respect to the metric tensor, the electromagnetic tensor
and the scalar field, yields

Gµν = Tµν , (C.20)

2ϕ+ ḟ(ϕ)FµνF
µν = 0 , (C.21)

∂µ
(√

−g f(ϕ)Fµν
)
= 0 , (C.22)
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where the energy-momentum tensor contains scalar and electromagnetic contributions
as follows

Tµν =− 1

4
gµν(∇ϕ)2 +

1

2
∇µϕ∇νϕ

+ f(ϕ)

[
1

2
gµνFµνF

µν − 2gρσFµρFνσ

]
.

(C.23)

For the EMS scalarization model discussed in, we use the following metric ansatz (in
order to be consistent with []):

ds2 = −N(r)e−2δ(r)dt2 +N(r)−1dr2 + r2dΩ2 (C.24)

where N(r) = 1 − 2m(r)/r, with m(r) being the Misner-Sharp mass []. Then, the
Einstein (tt and rr), scalar and electromagnetic equations (8.35)-(8.37) yield:

(t, t) : m′ − 1

8
r2
(
1− 2m

r

)
ϕ′2 +

1

2
e2δr2f V ′2 = 0 , (C.25)

(r, r) : 4δ′ + rϕ′2 = 0 , (C.26)

(ϕ) : 4r (r − 2m)ϕ′′ + r2(2m− r)ϕ′3 − 8e2δr2V ′2ḟ

+ 4
[
e2δr3fV ′2 + rδ′(2m− r)− 2m+ 2r

]
ϕ′ = 0 ,

(C.27)

(em) : r2f V ′ − e−δQe = 0 . (C.28)

It is then straightforward to solve with respect to m′′ and ϕ′′, which leaves with a system
of ordinary differential equations that can be integrated. The appropriate boundary
conditions are found by taking the near-horizon expansions of the functions m, ϕ, δ, V .

C.5 Perturbative coefficients

Here we present the coefficients appearing in the ã-expansion of the scalar charge and
the ADM mass. In order to find the perturbative expressions we solve the perturbed field
and scalar equations. To that extent, we emply the asymptotic expansions introduced
in Eqs 3.16-(3.18). To first order with respect to α̃, the equations read

(tt) : (r − 2m)B′
1 +B1 = 0, (C.29)

(rr) : (2m− r)A′
1 +B1 = 0, (C.30)

(ϕ) : r5(2m− r)ϕ′′1 + 2r4(m− r)ϕ′1 − 48m2 = 0 . (C.31)

To second order with respect to α̃, the field equations yield

(tt) : m2r10(r − 2m)B′
2 +m2r10B2 + 2304γm6 − 384γm3r3

− 52m2r6 − 8m3r5 − 16m4r4 + 736m5r3 − 2mr7

+ 12γr6 − r8 = 0 ,

(C.32)

(rr) :
(
4m2 + 2mr + r2

) [
8m3

(
4γ + 5r2

)
− 16m2r3 − 4r3γ

+ r5
]
+m2r9(2m− r)A′

2 +m2r9B2 = 0 ,
(C.33)
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(ϕ) : 40m2r4σ − 672m3r3σ − 224m4r2σ − 2m2r11ϕ′2

+ 2m3r10ϕ′2 −m2r12ϕ′′2 + 2m3r11ϕ′′2 − 512m5rσ

+ 3456m6σ + 16mr5σ + 24r6σ = 0 .

(C.34)

Higher order equations are very lengthy but we have calculated them up to O(ã5). We
can then solve for the coefficients appearing in the expressions (3.19)-(3.20) for the charge
and mass expansions, in an attempt to verify how the higher order terms appearing in
Lagrangian (3.1) enter the eperturbative expressions. The charge coefficients are given
by

Q1 =
2

m
, Q3 = − 1

60m5
, Q4 = − 689σ

36960m9
,

Q5 =
11051κ

720720m11
− 268867γ2

16336320m13
− 84317γ

180180m11

− 4609603σ2

130690560m13
− 118549

158400m9
.

(C.35)

We notice that the σ-term contributes to the 4th perturbative order, while the γ and σ
terms enter the coefficients at 5th order. The mass coefficients yield

M2 =
49

40m3
, M3 =

18107σ

73920m7
,

M4 =
244007γ

360360m9
− 635421γ2

10890880m11
+

11838611σ2

87127040m11
+

408253

246400m7

+
130309κ

1441440m9
,

M5 =
995527207γσ

1241560320m13
− 210006269γ2σ

2595989760m15
+

56711635κσ

496624128m13

+
12276069473σ3

119189790720m15
+

84509327587σ

50315865600m11
.

(C.36)

Now, we notice that σ enters at 3rd order, while σ and κ enter at the 4th-order coefficient
of the mass. In Eqs. (3.23)-(3.24) we presented the general form of the expansions for
the scalar field and the GB invariant up to third order in α̃, which were used in Fig. 3.1.
In the following equations we give the analytic expressions for the coefficients appearing
in these expansions. For ϕ, in accordance with the results for the mass and charge, the
higher-order term to enter the perturbative expressions at the lowest order is the σ one,
with the γ and κ following. For G the γ contribution is already noticed in 2nd order,
while σ contributes at 3rd order. Let us also point out that setting γ = σ = κ = 0 we
retrieve the perturbative result of [124].

ϕ0 =0 , (C.37)

ϕ1 =
2
(
3r2 + 4m2 + 3r

)
3mr3

, (C.38)

ϕ2 =
2σ
(
21r5 − 224m5 − 84m4r − 24m3r2 + 84m2r3 + 42mr4

)
21m2r9

, (C.39)
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ϕ3 =
1

30m4

[
18432m9σ2

r15
+

7680m8
(
8γ2 + 3σ2

)
7r14

+
15360m7

(
8γ2 − σ2

)
13r13

+
240m(2γ + κ)− 952m3

5r5

+
48m2

(
−10γ2 + 58m4 − 5m2(γ − κ) + 15σ2

)
r8

+
320m6

(
24γ2 + 8m2(7γ − κ)− 33σ2

)
r12

+
96m4

(
−8γ2 + 24m2(3γ − κ)− 5σ2

)
r10

+
32m2

(
15(2γ + κ)− 82m2

)
3r6

+

+
160m

(
−6γ2 + 35m4 + 18κm2 + 12σ2

)
7r7

+
66m2

r4
+

526m

3r3

+
3840m5

(
4γ2 + 8m2(4γ − κ)− 9σ2

)
11r11

− 1

2mr
+

73

r2

+
160m3

(
−72γ2 + 424m4 − 24m2(2γ + κ) + 99σ2

)
9r9

]
,

(C.40)

G1 =
48m2

r6
, (C.41)

G2 =
79872γm5

r15
+

14336γm4

r14
+

6656γm3

r13
− 12288γm2

r12

+
53760m4

r12
− 4096m3

5r11
− 448m2

r10
+

588

5m2r6
− 1408γm

r11

+
384γ

mr9
− 4608m

r9
− 64

mr7
− 640γ

r10
− 32

r8
,

(C.42)

G3 =
106496γm5σ

r19
− 5603328γm7σ

r21
− 98304γm6σ

r20

+
1892352γm4σ

r18
+

129024γm3σ

r17
+

28672γm2σ

r16

− 2174976m6σ

r18
+

3981312m5σ

11r17
+

841728m4σ

5r16

+
507904m3σ

r15
− 38016m2σ

r14
+

18107σ

770m6r6
− 181248γmσ

r15

+
4608γσ

m2r12
− 4096γσ

mr13
− 122880mσ

7r13
− 12288γσ

r14

− 27648σ

r12
.

(C.43)
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APPENDIX D
Quasinormal mode techniques

Solving the eigenvalue problem for the equations of the type presented in (5.7), requires
the consideration of appropriate boundary conditions and the application of problem-
specific numerical techniques. In this appendix we present the boundary conditions and
three different ways of solving for the radial quasinormal modes in Chapter 7. For a
detailed overview of QBN techniques one may refer to [180, 182].

The boundary conditions are those of an ingoing wave at the horizon, and of an
outgoing one at infinity. Physically we don’t expect anything to cross the black-hole
horizon outwards, or incoming waves from infinity

σl
r→ rh−−−−−→

r∗→−∞
e−iωr∗

σl
r→ rh−−−−−→

r∗→+∞
e+iωr∗

, where dr∗ = (AB)−1/2dr. (D.1)

At this point let us consider a Schwarzschild background, so that r∗ = r+2M ln (r/2M − 1).
Then the boundary conditions yield

σl
r→ rh−−−−−→

r∗→−∞
e−iωr∗ ∼

( r

2M
− 1
)−2iMω

,

σl
r→ rh−−−−−→

r∗→+∞
e+iωr∗ ∼ eiωr

( r

2M

)2iMω

,

(D.2)

As mentioned above, in linearized theory, scalarization manifests itself as a tachyonic
instability around a GR solution. Linearizing around a Schwarzschild background and
neglecting backreaction, we can recast the scalar equation (5.3) into the following form:

− ∂2σ

∂t2
+
∂2σ

∂r2∗
= Veff σ, (D.3)

where the scalar field is decomposed into spherical harmonics, δϕ = ϵ σ(r, t)Y m
ℓ (θ, φ)/r,

dr = dr∗
√
AB, and

Veff = A

[
B

2r

(
A′

A
+
B′

B

)
− αG

]
. (D.4)

In the next subsections we present three techniques we can follow in order to solve
the differential equation (5.7) with the boundary conditions we just introduced.
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D.1 Continued fraction method

For a scalar field satisfying the boundary conditions we discussed, we may assume the
following form

ϕl =

(
r

rh
− 1

)−irhω ( r

rh

)2irhω

eiω(r−rh)
∞∑

n=0

an

(
1− rh

r

)n
, (D.5)

which assumes the appropriate form in the boundaries, in accordance with Eqs. (D.2).
Substituting this expression into (5.7) yields a recurrence relation for the coefficients an.
These relations are satisfied for ω being a QNM frequency. In order to find the n-th
QNM frequency we need to consider the n-th inversion of the recurrence relations. We
will be reducing our equations to a three-term recurrence relation where we consider the
ladder operator R+

n , since that is a problem which we can always solve. As a matter
of fact, especially for low quality factors ωr/ωi this method works better than WKB or
even DI. Consider the following recurrence relations

αnan+1 + βnan + γnan−1 = 0 , n > 0 ,

α0a1 + β0a0 = 0 .
(D.6)

We now define a ladder operator R+ such as

R+
n an = an+1, (D.7)

so from (D.6), after we substitute n→ n+ 1 we have the ladder operator satisfying the
following recurrence relations

R+
n = − γn+1

βn+1 + αn+1R
+
n+1

, R+
n = −γn + βnRn−1

αnR
+
n−1

, (D.8)

In order for the series to converge, we demand that

lim
n→∞

Rn = 0. (D.9)

In practice, we start from some very high n = N , so that Rn+1 = 0, and we re-
currently solve for Rn from top to bottom N → n, where n corresponds to the n-th
QNM frequency. We then solve recurrently for Rn from bottom to top 0 → n, where
R0 = −β0/α0.

−

[
γn + βn

(
. . .−

γ1 − β1β0

α0

−α1β0

α0

)]/[
αn

(
. . .−

γ1 − β1β0

α0

−α1β0

α0

)]
= − γn+1

βn+1 + αn+1

(
. . .− γN−1

βN−1+
αN−1γN

βN

) .
(D.10)

The continued fractionmethod has been sucessfully adopted in the context of decoupled
EsGB in[179].
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D.1.1 Six-term sequence elimination steps
We will now show how to reduce the 6-term sequence of recurrence relations appearing
in Chapter 7 to a 3-term one. Consider the following

αnan+1 + βnan + γnan−1 + δnan−2 + σnan−3 + θnan−4 = 0

α3a4 + β3a3 + γ3a2 + δ3a1 + σ3a0 = 0

α2a3 + β2a2 + γ2a1 + δ2a0 = 0

α1a2 + β1a1 + γ1a0 = 0

α0a1 + β0a0 = 0

(D.11)

In order to bring the above into a 3-term sequence that can always be solved, we first
eliminate θn:

α(1)
n an+1 + β(1)

n an + γ(1)n an−1 + δ(1)n an−2 + σ(1)
n an−3 = 0

α
(1)
2 a3 + β

(1)
2 a2 + γ

(1)
2 a1 + δ

(1)
2 a0 = 0

α
(1)
1 a2 + β

(1)
1 a1 + γ

(1)
1 a0 = 0

α
(1)
0 a1 + β

(1)
0 a0 = 0

(D.12)

The coefficients of the first level are determined as

n ≥ 4 : α(1)
n = α(0)

n , β(1)
n = β(0)

n − θ
(0)
n

σ
(1)
n−1

α
(1)
n−1 ,

γ(1)n = γ(0)n − θ
(0)
n

σ
(1)
n−1

β
(1)
n−1 , δ(1)n = δ(0)n − θ

(0)
n

σ
(1)
n−1

γ
(1)
n−1 ,

σ(1)
n = σ(0)

n − θ
(0)
n

σ
(1)
n−1

δ
(1)
n−1 ,

n < 4 : β(1)
n = β(0)

n , γ(1)n = γ(0)n , δ(1)n = δ(0)n , σ(1)
n = σ(0)

n

(D.13)

Then we eliminate σn

α(2)
n an+1 + β(2)

n an + γ(2)n an−1 + δ(2)n an−2 = 0 ,

α
(2)
1 a2 + β

(2)
1 a1 + γ

(2)
1 a0 = 0 ,

α
(2)
0 a1 + β

(2)
0 a0 = 0 .

(D.14)

The coefficients of the second level are determined as

n ≥ 3 : α(2)
n = α(1)

n = α(0)
n , β(2)

n = β(1)
n − σ

(1)
n

δ
(2)
n−1

α
(2)
n−1 ,

γ(2)n = γ(1)n − σ
(1)
n

δ
(2)
n−1

β
(2)
n−1 , δ(2)n = δ(1)n − σ

(1)
n

δ
(2)
n−1

γ
(2)
n−1 ,

n < 3 : β(2)
n = β(0)

n , γ(2)n = γ(0)n , δ(2)n = δ(0)n .

(D.15)

Finally, we eliminate δn:

α(3)
n an+1 + β(3)

n an + γ(3)n an−1 = 0

α
(3)
0 a1 + β

(3)
0 a0 = 0 .

(D.16)
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The coefficients of the third level are determined as

n ≥ 2 : α(3)
n = α(2)

n = α(1)
n = α(0)

n , β(3)
n = β(2)

n − δ
(2)
n

γ
(3)
n−1

α
(3)
n−1 ,

γ(3)n = γ(2)n − δ
(2)
n

γ
(3)
n−1

γ
(3)
n−1 ,

n < 2 : β(3)
n = β(0)

n , γ(3)n = γn .

(D.17)

D.2 WKB method

-∞ x1 x0 x2 ∞

I II III

Figure D.1: Qualitative graph of a generic potential V (r) with two turning points, located at r
(1)
∗

and r
(2)
∗ and a maximum at r

(0)
∗ .

The WKB method, which is named after G. Wentzel, H. Kramers and L. Brillouin,
provides a useful way of approximating the solution to linear differential equations such
us the one we consider below

d2ψ(x)

dx2
+Q(x)ψ(x) = 0 , Q(x) ̸= 0, (D.18)

where x is a tortoise coordinate spanning all space from −∞ to +∞. The function Q(x)
approaches some constant asymptotically (not necessarily the same at ±∞), therefore
the solutions there are wave-like. In regions I and II we write the solution as an expo-
nential power series of the form

ψ(x) ≈ exp

[
1

ϵ

∞∑
n=0

ϵnSn(x)

]
, ϵ≪ 1, (D.19)

in order to get the solution in the physical optics approximation. The solutions, then,
take the form

ψI ∼ 1

Q1/4
exp

[
±i
∫ x

x2

√
Q(s) ds

]
, (D.20)

ψIII ∼ 1

Q1/4
exp

[
±i
∫ x1

x

√
Q(s) ds

]
. (D.21)

The WKB method is based on the fact that the function Q ≡ ω2 − Veff necessarily
has two turning points, and the procedure involves relating different WKB solutions
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across a matching region with limits being the turning points, where ω2 = V (x), i.e.
Q(x1) = Q(x2) = 0. The technique works best when the classical turning points are
close, i.e. when ω2 ∼ Vmax, where Vmax is the peak of the potential. Then we can
expand the function Q around the extremum of the potential x0 up to some arbitrary
order

Q ∼ Q0 +

order∑
n=2

Q
(n)
0

(x− x0)
n

n!
, where Qn

0 =
d2Q(n)

dx2

∣∣∣∣
x0

(D.22)

This is done so that we can retrieve the following approximate differential equation in
region II

d2ψ

dx2
+

[
Q0 +

order∑
n=2

Q
(n)
0

(x− x0)
n

n!

]
ψ = 0 . (D.23)

The procedure followed involves matching the solutions over all regions while respecting
the appropriate boundary conditions (D.1), and leads to a simple equation for the n-th
overtone solution of the QNM frequency. For an early application of this method to
black holes see [280]. This method has been applied to 3rd order [281, 282] and has
been extended up to 6th order [283].

Since the WKB method requires that Q ≡ ω2 − Veff has two turning points close to
one another, we expect it to yield better results for higher excitations (large n, l). From
the CF approach in Chapter 7, we saw that as we approach the scalarization thresholds
from large masses, both the real and the imaginary part of the frequency goes to zero.
We expect the WKB method to break down the closer we get to the thresholds.

D.3 Direct integration

In order to apply the direct integration method we need to determine the boundary
conditions at the horizon and at asymptotic infinity. Near the horizon and at infinity
we assume

ϕnear = e−iωr∗
∑
n

hn(r − rh)
n ≈ (r − rh)

−iωrh
∑
n

hn(r − rh)
n , (D.24)

ϕfar = eiωr∗
∑
n

gn
rn

≈ eiωr

(
r

rh

)iωrh ∑
n

gn
rn

, (D.25)

where r∗ = r + rh ln (r/rh − 1) is the tortoise coordinate. For the calculations done in
Chapter 7, we have calculated the coefficients hn, gn up to 10th order. Here we present
them up to 2nd order

h1 = h0
i
[(
ℓ2 + ℓ+ 1

)
r2h − 12α

]
r3h (2ωrh + i)

(D.26)

h2 = h0
(
144α2 − 24α

(
ℓ2 + ℓ− 1

)
r2h + 2i

(
2ℓ2 + 2ℓ+ 3

)
ωr5h ,

+ ℓ
(
ℓ3 + 2ℓ2 + 3ℓ+ 2

)
r4h − 144iαωr3h

)/[
4r6h (ωrh + i) (2ωrh + i)

]
,

(D.27)

g1 = g0
iℓ(ℓ+ 1)

2ω
, (D.28)

g2 = g0

[
ℓ
(
−ℓ3 − 2ℓ2 + ℓ+ 2

)
+ 2iωrh

]
8ω2

. (D.29)

We then perform two integrations: the first one from the horizon to some intermediate
matching point, imposing the condition of purely in-going waves at the horizon. The
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second one is done from infinity to the matching point, imposing the condition of purely
out-going waves asymptotically far away from the horizon. We finally demand that the
Wronskian of the two solutions vanishes at the matching point.
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