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Abstract

The cosmological constant problem is one of the biggest theoretical hurdles of the modern

age. It comes out of two great theories in physics: [General Relativity] (GR]) and
Field Theory| (QFT]). (QFT] predicts the existence of vacuum energy and predicts that

it will gravitate like a cosmological constant, Ay,.. Through observations we find that the

Universe is undergoing an accelerated expansion which can be sourced by a constant term,
Aops, whose value is set by observations. Therefore it would be tempting to compare Agpg
with Ayac, but through this we find that the predicted value of the vacuum energy is far, far
greater than that of observation. In fact, at a lower estimate it represents a fine-tuning of
~ 103 orders of magnitude. However, this is not the full extent of the problem. Even if we
accept a fine-tuning in A, its value is unstable to higher order perturbations, leading to
repeated fine-tunings and re-tunings. This is known as radiative instability of the vacuum,

and it is the true source of the cosmological constant problem.

This thesis chooses to focus on self-tuning as a method for alleviating this problem. Self-tuning
refers to the practice of modifying [GR] by adding extra fields which act to force Avac ~ Agbs,
removing the need for fine-tuning. In this thesis we review a variety of self-tuning mechanisms

to allow the reader to get a basic idea of the different approaches adopted.

The bulk of the thesis focuses on self-tuning with a massive scalar-tensor theory on an

Ide Sitter| (AdS|) background, the idea for which originated by examining a range of allowed

modifications to [GR] and placing some self-tuning conditions upon them. Here, we construct
an explicit model and analyse the resultant field equations to check whether it can or cannot

self-tune.



We then perform a numerical analysis on the resultant cosmological equations to understand
the dynamics of the system; focusing specifically on whether our model can self-tune regardless
of initial conditions. Finally, we conduct a rudimentary analysis on the stability of this model

to further understand whether we can consistently self-tune without fine-tuning.

Overall this work serves as an initial point of exploration in self-tuning on an [AdS| background.
As we later discuss, there are many exciting future directions this model can take beyond

this thesis.
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Conventions

Throughout this thesis we adopt the following conventions, notations, and definitions unless

otherwise specified:

The spacetime metric uses the “mostly positive” signature, (—, 4, +, +), where Greek indices
w, v, ... = (0,1,2,3) represent the spacetime components. Here, 0 refers to the time coordinate
and 1,2, 3 refers to the spatial coordinates. Alongside this, we sometimes refer to the time
components as ¢t (which is equivalent to 0) and the spatial components as i, 7, k (which could
refer to 1, 2, or 3 interchangeably). This is especially used when we are being agnostic
about the specific spatial coordinate used, but we want to specify which components are
spatial or temporal. For example, if we write A;; and let ¢ # j this could refer to a set
Ajj = {Aa, Ais, Aoy, Aog, Agi, Aso b, whereas Ay = {Aor, Aoz, Aos}. We also work in natural

units where c = h = 1.

When computing derivatives we use 9, V,, and O = V#V, to represent partial derivatives,
covariant derivatives, and the d’Alembert operator respectively. To simplify notation we often
use dots to represent derivatives with respect to ¢, for example = = i—f. We also use primes

to represent partial derivatives with respect to the argument of the function, for example

fla) =2

Finally to simplify our calculations we use the following notational devices:

b A[ab] = %(Aab - Aba)a

o Ay = %(Aab + Aba)a
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Chapter 1

Introduction

The cosmological constant problem is one of the most elusive problems in modern theoretical

physics. Annoyingly, the problem is born from two of the most prestigious and well-tested

theories of the 20th century: [General Relativity] (GR)) and [Quantum Field Theory] (QFT]).

This introductory chapter first focuses on the basics of [GR]in section before discussing
vacuum energy and how it arises from in section [I.2] Finally, in section [I.3] we outline

how the cosmological constant problem emerges from the existence of vacuum energy and

GRI

1.1 General Relativity

Gravity can be simply thought of as the theory of a massless spin-2 propagator (a graviton).
Although this is completely sufficient, it is through Einstein’s theory of that we arrive

at a far more intuitive and insightful approach to gravity. [GR] is based around

I[Equivalence Principle| (EEP)), which states that local non-gravitational experiments performed

in a free falling laboratory are independent of the position and velocity of the laboratory. In
other words, acceleration in a flat (or Minkowski) spacetime is locally indistinguishable from
gravity. Note, that this is only true while in infinitesimally small regions of spacetime, as
the gravitational field will be (approximately) homogeneous. As we expand to finite regions,

inhomogeneities in the gravitational field will apply and so too will its effects. Returning
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to the local level, the acceleration that different forms of matter and energy experience will
depend only on the gravitational field i.e. the acceleration will be independent of its internal
properties. This idea suggests that gravity is an intrinsic feature of spacetime, hence we can
build [GR] as a geometric theory. Furthermore, matter and energy have a non-trivial effect
on the curvature of this spacetime. In fact, matter (and energy) distort the geometry of
spacetime and objects within it simply follow geodesics (the shortest distance between two
points). This phenomenon of following geodesics can be thought of as the force of gravity.
Hence, gravity can be understood by analysing the geometry of the spacetime and the effect

of matter and energy on it.

(GR] is built using objects called tensors which transform covariantly. By covariant
transformation, we mean that tensors will transform in a specific way under different co-
ordinate systems such that the underlying physics is unchanged. The metric tensor, g,
describes the distance, ds, between two infinitesimally separated points using a line element
ds?* = g, datda”. As such, the metric tensor is constructed as a 4 x 4 matrix with one time
coordinate (denoted with ¢) and 3 spatial coordinates (denoted with ¢, j, k). Using these

metric tensors we can construct the Riemann curvature tensor given by

RpU/W = Fﬁa,u - FZJ,I/ + FZ)\FI)/\O' - lei)\r;);a? (11)
with Christoffel symbols:
e — 1 pA( 4 _ ) (1 2)
wy 29 g/\,u,u g)\u,,u g,uu,)\ ) .

where a comma before indices refers to a partial derivative with respect to those indices i.e.

Loy = 88%“. R?,,, ascribes a tensor to each point in a pseudo-Riemannian manifold. These

manifolds, M, describe a Minkowski spacetime at a local level, but can admit to a non-trivial

geometry as we extend beyond that. Based on our description of [EEP] we can see that this
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Riemann curvature tensor would be an ideal candidate to model [GRI

From this, we can construct the Einstein-Hilbert action which describes gravity:
M2
Sp = /d4x\/—g <%R — Abm), (1.3)

where R = ¢g"R,,, is the Ricci scalar, R,, = R, is the Ricci tensor, g = det(g,,), and

Mgl = ﬁ is the Planck mass. We can also add a bare cosmological constant term, Ay,ye,
as there is nothing that disallows this kind of inclusion. Now, we can minimally couple the

matter sector to gravity such that

SGR - SEH + Sm[g/un w]v (14)

where 1 denotes the matter fields. Note, that throughout this thesis S,,[g,., ] represents
the generic action for these matter fields. We can vary the above action with respect to g,

to obtain Einstein’s field equation given by
MI:Q’IGMV = T;u/ - Abareguy (15)

where G, = Ry, — %Rg,w is the Einstein tensor, and the energy-momentum tensor, 7, is

given by

2 0Sn,
T, =—— ) 1.
j224 ﬁég‘w ( 6)

The 4 x 4 tensors in Einstein’s field equation (eq. (1.5))) are symmetric so contain 10 independ-

ent components, but they can be simplified to 6 using the Bianchi Identity, V*G,, = 0, and
the conservation of the energy-momentum tensor, V#T),, = 0, which provides 4 gauge-fixing
conditions. Here, V denotes a covariant derivative that we use to compute gradients of objects

independent of the underlying coordinate system, which we define as: V,¢ = 0,,¢ for a scalar;

LOf course, the mathematical details are far more involved, whereas this description gives a broad overview
of s relationship to geometry. Mathematical details can be found in [1,/2].

3
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Vi =0\ — FZV/\U for a vector; and V,T,, = 0,1, — | I P B for a tensor.

Through Einstein’s field equation (eq. (1.5))) we can now model the effects of gravity and

its interaction with the matter sector. Particularly relevant to this thesis is modelling the

cosmology of the Universe through these equations. For this we use a [Friedmann—Lemaitre-{

IRobertson—Walker| (FLRW]) metric, which is an exact solution to eq. (1.5 and describes a

homogeneous, isotropic Universe given by

gudardr” = —dt* + a*(t)yi;da'da’
a2 (1.7)

2, 2 20102 | 2072
= —dt* + a*(t) 1_krz+r(d«9 + sin® 0d¢”) |

Here, a(t) is the scale factor which is a function that ensures that distances are standardised
for a dynamic Universe (with a = 1 today), and k is the spatial curvature of the Universe.
The above describes the metric for a unit plane when k£ = 0; a sphere when k£ = 1; or a

hyperboloid when k£ = —1. These different choices can be rewritten as
vijda'da? = dr® + Q(r)?(d6* + sin® 6d¢?), (1.8)

with
.

ﬁsin(rﬁ), k>0

Q(r) = =0 (1.9)

?

\ﬁsinh(rﬂ), k < 0.

But for now we will take the simpler example of eq. ((1.7)).

<

We also often take the stress-energy tensor to be that of a perfect fluid, such that
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where p and p are the energy density and pressure of a given fluid. Substituting eqgs. ((1.7))

and ((1.10)) into eq. (1.5)) yields two equations. The ¢t components give the Friedmann equation:

= 1.11
- + = (1.11)

a\'_ _k  87Gp  Avae
a? 3 3

whereas the 77 components give the acceleration equation:

a 47TG Abaure
-—=—— 3 . 1.12
T )+ (1.12)

Through these equations we can effectively model the cosmology of the Universe. In particular
this thesis focuses on the interaction of gravity with the cosmological constant term. To
simplify we can set k, p, p = 0 so we are only left with Ay, and the scale factor terms. These
cosmological equations will have different solutions depending on the value of Ay,... Notice
that if Apae = 0 then a,a = 0, therefore a = constant. This corresponds to a Universe that is
completely static with a flat spacetime curvature which is referred to as a Minkowski solution.
This is not to be confused with the spatial curvature denoted by k, which simply refers
to the way we can slice our cosmological solutions. Different spatial curvatures will come
with different symmetries. Whereas the spacetime curvature refers to an intrinsic curvature
which governs the dynamics of our Universe. Returning to our cases for A, if it is positive then
a = exp ( Apare/3 t) which corresponds to a Universe undergoing an accelerated expansion,
where the spacetime is positively curved. This is known as a solution. Finally
if Apare < 0 then a = 29 with Apye = —3Q2, where the parameter “Q” is simply another

Q

way of describing the spacetime curvature. This corresponds to a Universe that expands for

0<t< %, but contracts for % <t< % This is known as an |Anti—de Sitter| (]AdSD solution

where the spacetime is negatively curved.

has celebrated much experimental success over the years [3], and recently there have

been experiments verifying ’s prediction of the existence of gravitational waves |4]. These



CHAPTER 1. INTRODUCTION

experiments cement [GR] as the best current description of gravity.

Despite these experimental successes, faces some modern problems. Firstly, it is
well known that [GR]is incomplete when considering smaller scale phenomena where quantum
effects tend to dominateﬂ At this point a complete quantum theory of gravity is required
to further understand these interactions, but even without this expected breakdown of the

theory problems arise on a cosmological scale.

In [89], they claimed that the Universe was accelerating through observations of type
1A supernovae. Type 1A supernovae come from exploding white dwarfs which were believed
to be “standard candles” as they all have similar masses, hence similar intrinsic luminosities.
In reality the intrinsic luminosity of these supernovae are varied, but they do exhibit a char-
acteristic luminosity decline rate [10], which allows the type 1A supernovae to be somewhat
standardised. Through measuring the spectral lines for many different supernovae we find
that some of these lines will be red-shifted, implying that these supernovae are moving away
from us. We can also independently measure the distances of galaxies that contain these
supernovae through measurements of the parallaxﬂ Through this, [8,9] find that galaxies
with a higher red-shift are further in distance. Therefore galaxies that are further away from
us are also travelling faster (away from us). This implies that the Universe is undergoing an
accelerated expansion. However, the notion that type 1A supernovae can be used as standard
candles is contested [11,/12] (these papers are also challenged by [13]). Furthermore, a more
recent study of type 1A supernovae [14] has determined that the evidence for an accelerated
expansion is “marginal” [15]. However, these observations are still consistent with a uniform

rate of expansion. Importantly, both studies into type 1A supernovae show that the Universe

2Note that both quantum and gravitational effects tend to dominate in black holes (see [56] and for more
a recent review see [7]).

3In simple terms, this is achieved by observing the apparent position of a given galaxy at two separate
observation points. Extending the line of sights of these apparent positions to the observation points and
“drawing a line” between the two observation points produces a triangle, where the line of sight intersection is
the actual position of the galaxy. By knowing the distance between the two observation points and the angle
of the triangle, we can use simple geometry to determine the distance of the galaxy from the observer.
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is expanding.

This has been verified through measurements of the [Cosmic Microwave Background|

(CMBJ) [16,/17] and large scale structure [18,/19]. In the early Universe photons and bary-

ons were coupled in a plasma. Over-densities within this plasma would cause contractions

and subsequent expansions, creating vibrations within the plasma called [Baryon Acoustic|

[Oscillations| (BAOJ). As the Universe cooled the photons decoupled from the baryons and

were allowed to free-stream out. These free-streaming photons created the and the
characteristic shape of it was due to these BAO] These [BAQ] would have also left imprints
within the decoupled baryons corresponding to over-densities, which would go on to form large
scale structure. By comparing the shape of the with the angular distance between these
large scale structures, we can determine the expansion rate of the Universe that would allow
such a distance. [16-19] show that the Universe must be undergoing an accelerated expansion.
But this method also has its flaws. Firstly, the above observations are also consistent with a
non-accelerating Universe [20] (but it once again confirms expansion). Secondly, the above
method is model dependent as it is based on a cosmology [21]. This is an assumption

that has been made, so it cannot be a true “objective” test of the expansion rate.

Despite its problems there are still a multitude of different observations that seem to
suggest that the Universe is currently undergoing an accelerated expansion (see [22] and
references therein for further discussions). So for the purposes of this thesis we will assume

that is the casdd

To describe the phenomenon of an accelerated expansion using our description of [GR]
we can exchange the Ay term in eq. (1.5)) for a cosmological constant term that is consistent
with observation, Ag,s. However, this does not explain where the source of the accelerated

expansion comes from, which has since been given the generic term ‘{Dark Energyl’. In this

4Even if this was not the case, this still does not change the nature of the cosmological constant problem
which will discuss in section
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sense we can write Aeg = Apare + Apg, wWhere the effective cosmological constant, A.g, is
the combination of an arbitrary bare cosmological constant, Apa., with that of [DE] Apg.
Through this construction we require Aeg ~ Agps to match with observations. In [23] there is
an excellent review for both the observational evidence for and its possible candidates.
However, this thesis chooses to specifically focus on the candidate that arises from the vacuum

energy, Ayac.

1.2 Vacuum Energy

Vacuum energy can arise from two different places. One is from the classical contribution,
Adass, which comes from the value of a particle’s potential at its minimum. If this is non-zero
then it will gravitate like a cosmological constant. The other is due to the quantum nature
of the source. This contribution, A,,, comes from the consideration of zero-point fluctuations
around the ground state of a source, which will also gravitate as a cosmological constant.
Both of these contributions combine to give the cosmological constant due to the vacuum
energy i.e. Ayae = Aglass + Asp. In this section we show where these contributions come from,
following the discussions in [24] (which provides an excellent review, both on the nature of

vacuum energy and how its existence creates the cosmological constant problem).

To see where the classical contribution comes from we consider an action for a real scalar

field, ®:
S =— /d%\/——g ngaﬂ@a,,cb + V(@)}, (1.13)

where V(@) is the scalar potential. Then, we vary the action with respect to the metric to

find the corresponding stress-energy tensor

1
Ty = 0,90, — g, [§gaﬁaaq>aﬁq> + V(cp)] , (1.14)
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where the definition of 7},, is given by eq. (1.6). The energy of this scalar is at its lowest

when the kinetic terms vanish and the scalar sits at its minimum such that
T,u,z/ = _V((I)min)g,uzw (115>

Notice that this form corresponds to that of a cosmological constant as in eq. (|1.5]), therefore
as long as the V(®y,,) is non-zero it will contribute to Ay,.. This problem is most apparent

with phase transitions in the vacuum [25].

To demonstrate this we consider an explicit example with two interacting scalar fields,
with a potential given by [24]
Ao 02, Yzo19
V(CID,\IJ):VO—l—Z(Q> —v?) +50°0%, (1.16)
where A and g are arbitrary coupling constants, Vj is an arbitrary potential constant, and
v is the value of the scalar needed to minimise the potential without W. If ¥ is in thermal
equilibrium we can identify the ¥? term with (¥?)7, which is the average value of the field
at temperature, 7. This average will be proportional to the temperature squared [26], which
alters the form of the potential to be

\ .
Vr(®) = Vo + 7 (97~ ) + gT2<I>2, (1.17)

where the coupling constant g is used to accommodate any constants when we used (¥?)p o

T2

Now, we can express the potential as

Mt A
Vert(®) = Vo + % + §m§ﬁ<b2 + Z(D4’ (1.18)
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5Vp

% Vbefore
>

3Vo

Vafter
Vo !
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©

Figure 1.1: This plot showcases the behaviour of the effective potential given by eq. (1.18)).
The orange and blue lines denote the behaviour of the effective potential before and after the
4 .
transition respectively. Here, we have defined Viefore = Vo + ’\%, which corresponds to the
4
minimum of the potential before the transition. Likewise Viyger = Vo + % — ”Zf\ff corresponds
to the minimum of the potential after.

where

T2
mgﬂc(T) = )\’U2 (TT — 1) N

crit
and we have defined T, = v\/g . We can see that there is an emergent phase transition
for this potential. For T' > T.; (before the transition) the effective mass squared is positive,
whereas for T' < T, (after the transition) it is negative. To minimise the potential before the
transition (when meg is positive) we require @i, = 0, hence Vog(Ppin) = Vo + ’\T”zl. However,
if we want to minimise the potential after the transition (when meg is negative) we require
Din = i\/@, hence Veg(Pmin) = Vo + ’\4L4 - nz;j\ff See fig. where we have plotted

the behaviour of the effective potential both before and after the transition. Notice that

_m?2
the minimising value of the scalar after the transition, ®.;, = + Tze“ , is imaginary if

we take m2; > 0 (i.e. the value of m2; before the transition). Interestingly, even if we can

normalise V[ = ’2\1”4, such that the potential vanishes before the phase transition, it will
4 4
reappear as Veg(Pmin) = — 53¢ after. Likewise, we can also set V = —% + 52, so that the

potential vanishes after the phase transition but is present before. To reiterate, a non-trivial

10
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minimised potential acts as a cosmological constant term, which will contribute to the vacuum
energy. Even if we can somehow construct a potential that automatically vanishes while at

its minimum, phase transitions will reintroduce the A, term.

The next contribution comes in the form of zero-point energy which arises from [QFT]
Broadly, predicts that particles found in nature are actually excitations on a quantum
field H It combines special relativity with quantum mechanics to describe standard model
particle physics. Using perturbative techniques, one finds that calculations of observable
quantities tend to result in infinities. To avoid this, uses so-called “renormalisation”
procedures [29] to predict these observable quantities whilst removing infinities. Unfortunately,
there is no such consistent renormalisation technique that can remove the infinities inside
calculations involving gravity. Therefore we consider a non-renormalisable theory [30].
However, similar to [GR] we still uphold as pillar of modern theoretical physics due

to its predictability (for example its highly prediction of the anomalous magnetic dipole

moment [31},32]).

To reiterate, a key prediction of is that particles can be thought of as excited
states of a quantum field, where each state corresponds to a quanta. It also predicts that
there are quantum fluctuations about a vacuum (or the ground state of a quantum field).
These fluctuations are a result of Heisenberg’s uncertainty principle, which states that there
is a fundamental uncertainty between a given particle’s position and momentum. As a
consequence, there is a corresponding uncertainty in the energy and duration of a particle,
AEAt > g This implies that even in a vacuum the energy cannot truly be zero for a finite

time interval, as this would violate the uncertainty principle.

®Due to the breadth of the topic and the complexity of the calculations we cannot give its due
diligence nor is the goal of the thesis. This thesis is mostly concerned with calculations within [GR] how they
relate to cosmology, and how they relate to processes that arise from Instead we offer a very broad
qualitative overview of focusing particularly on how it relates to vacuum energy. For a more detailed
review see [27}[2§]
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Qualitatively, this results in virtual particles that will “pop” into and out of existence.
To be more specific, the uncertainty principle allows for the creation of virtual particle/anti-
particle pairs (in accordance with conservation laws) from nothing. These pairs can exist as
long they then annihilate back into nothing in a “short enough” time period (the size of which
depends on the energy of the given virtual pair). These fluctuations will occur at all points in
the vacuum randomly, such that the culmination of all possible virtual particle/anti-particle

pair creations will produce a constant zero-point energy.

[GR] tells us that this zero-point energy must gravitate, where its energy density is given
by TiP = —Aypgu- After regularising away the infinities (which is standard procedure in
QFT)) the 1-loop energy density of the vacuum energy for a canonical scalar of mass m is

given by [24]
4 2
Lloop M m _
Azp P — m |:111 (W) —+ ﬁmte], (]_]_9)

where M is some arbitrary mass scale and the second term is used to denote some finite
constants. We can write further higher order vacuum interactions, for example 2-loop (“figure
of eight”) terms, but for now we will restrict our analysis to 1-loop; we mention it here
for reasons that will become apparent later H Qualitatively this calculation corresponds
to considering the ground state interaction of a simple scalar field. Using the stress-energy
tensor of a simple scalar field, we can explicitly calculate an interaction with the field that
starts and ends in the vacuum (or ground) state. This creates an integral which can be solved
with a cut-off to the limits that respect Lorentz invariance. Finally, an explicit calculation
of this integral yields an expression that contains infinities, which can be cancelled using a

consistent renormalisation scheme.

To highlight the key points of zero-point fluctuations: it gravitates like a cosmological

6Also note that we have not included any concrete details of the above calculation, which we leave to [24].
To fully appreciate and understand these calculations requires an intimate knowledge of To reiterate,
this thesis cannot offer a full description of so instead we surmise a qualitative explanation of the 1-loop
calculation.
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constant; and A;I‘}‘)Op scales with m*. Recall however that the above calculation only applies
for a single scalar field. To obtain an estimate for the value of all zero-point fluctuations for

1-loop we must sum over all particles, such that

A;I;loop ~ Z mf;articles‘ (120)

particles

It should also be noted that bosons and fermions contribute opposite signs to their respective
1-loop calculations, therefore there will be some cancellation between them when we sum over

all particles. However, since we do not live in a world with equal parts bosons and fermions

the sum (eq. (1.20)) will not automatically vanish (other than in [Supersymmetry| (SUSY))

theories which we discuss more in section [2.6)).

Therefore, we see that zero-point fluctuations will gravitate as a cosmological constant
if they exist. But there is one key question that we have not addressed yet: do they even
exist? A priori there is no reason why we should exclude zero-point fluctuations, as they are
completely allowed from [QFT] Therefore, to verify the existence of zero-point fluctuations
we must provide observable evidence. So far we have only presented the ongoing accelerated
expansion as evidence of this. But as we have described previously, this can be accounted for
by other forms of [23] or through Apss. Therefore, we present two different experiments
that provide strong evidence for the existence of zero-point fluctuations. Namely, the Lamb
shift [33] and the Casimir effect [34]. Similar to before, we will only briefly explore these

effects where detailed calculations can be found in [24].

The first clue to the existence of zero-point fluctuations came in 1947 from the Lamb-
Retherford experiment [35]. This experiment involved measuring the energy difference
between the 25 /2 and ’p /2 orbitals in a Hydrogen atom. Previously, it had been thought that
these two levels will have the same energy. Instead they discovered that there is a very tiny

shift in the energy, which can be explained by taking into account the interaction between the
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7

electron and the zero-point fluctuations. These interactions will cause the electron to “wiggle

4

about its usual orbit around a proton. These “wiggles” induce a “smearing” effect on the
electron’s wavefunction, which in turn will cause a shift in its energy. Since the 25 /2 orbital
is closer to the proton, the “smearing” will be more pronounced than in 2P, /2, therefore there

will be a difference in their energies.

Another piece of evidence comes in the form of the Casimir effect [34], which (in the
original 1948 paper [36]) theorised an experiment to detect zero-point fluctuations. Imagine a
setup of two conducting plates very close together. Due to quantum mechanics, the vacuum
energy states exist in discrete quanta rather than being continuous. The value of these
discrete energy states are governed by the size of the “box” it resides in. In this sense, the
space in-between the two plates acts as a “box”, limiting the energy states that can form
from zero-point fluctuations. Meanwhile outside of the plates, they are free to occupy all
viable energy states. Both of these effects will induce a force on the plates, but since more
energy states are available outside of the plates it will induce a greater force, pushing the

plates together. This effect has since been tested and verified multiple times [37-40].

However, we will note that this experimental evidence does not necessarily explicitly link
zero-point fluctuations to the Lamb shift or Casimir effect. In fact, it is entirely possible to
derive the Casimir force from the two conducing plates without invoking zero-point fluctu-
ations [41]. Despite this, we are not aware of any equivalent challenge to the Lamb shift,

therefore we assume that it is highly likely that zero-point fluctuations exist.

Another aspect we have not yet discussed relates to whether zero-point fluctuations
actually gravitate. Thus far, we have only shown that there is strong evidence for its
existence, not its relationship to gravity. Again, a priori there is no reason why this should
not be allowed, but it would be useful to verify that these zero-point fluctuations gravitate.

To see this, consider the experiment that measured the ratio of the gravitational mass to the
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inertial mass for Aluminium and Platinum nuclei [42]. They found that these ratios agreed
to the order of 10712, despite the fact that the “Lamb shift” energy effect in Platinum is 3
times that of Aluminium (see [24,43-45] and references therein for further details). In other
words, the inertial mass of Platinum is affected stronger than that of Aluminium due to this
“Lamb shift” energy effect. If zero-point fluctuations did not gravitate, it would lead to a far
larger difference in the ratios of the gravitational mass to the inertial mass for each nuclei.
Instead, [42] shows that this is not the case to an extremely high degree of precision. Similar
experiments agreed with the above result using Gold and Aluminium nuclei [46], as well as
Potassium and Rubidium nuclei [47]. This evidence suggests that zero-point fluctuations

gravitate.

However, there are still problems with these experiments. Firstly, despite the great deal
of evidence for its existence, there is no reason to suggest that the corresponding energy effect
for the Lamb shift must be that of a cosmological constant. Moreover, both the Lamb shift
and the Casimir effect only measure the energy differences caused by zero-point fluctuations,

so (for now) we can only look towards its cosmological effect to measure the absolute value.

Despite this, we have demonstrated that there is a great deal of evidence for the existence
of zero-point fluctuations and a priori there is no reason to not include them. Therefore, absent
a convincing mechanism to completely remove them, we proceed with the understanding that
they exist and their gravitational response is that of a cosmological constant. This, alongside
the classical contributions, combine to create what we refer to as vacuum energy such that

Avac = Aclass + A,p. Now, all that is left to do is to measure it.
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1.3 The Cosmological Constant Problem

This section focuses on the cosmological constant problem, which comes from the difference
between the observed cosmological constant and that of its theoretical prediction. Starting
with the theoretical prediction, recall that eq. gives us the value of a cosmological
constant arising from 1-loop zero-point fluctuations for a given particle. Of course, to get a
precise value for the cosmological constant we must take into account all particle contributions
(eq. (1.20)) alongside the classical contributions (a detailed calculation of this can be found
in [24]). However, to get a “ballpark” estimate we instead only consider the contribution
from eq. for an electron field. As long as this is somewhat similar to the observed
value of the cosmological constant, we can accept deviations and hash out the details later.
The mass of an electron is m, = 0.511MeV, therefore our estimate becomes A, ~ (MeV)™.
However, recall that the only way we can measure this is through its cosmological impact.

Therefore, we must consider how Ayu. ~ (MeV)4 affects the cosmology of the Universe.

To see this, we reconsider Einstein’s field equation (eq. ([1.5])) sourced only by the above

vacuum energy (7, = —Ayacgu) and we set Apae = 0 for now. We also use a
ILemaitre-Robertson-Walker| (FLRW)) metric: g,,dz"dz” = ds* = dt* 4 a(t)?0;;dx'dx?, where

a(t)? is the scale factor. With these alterations eq. 1} becomes H2, = é}%, where the
Pl

Hubble parameter, H = %, measures the rate of expansion of the Universe. This corresponds

to the Friedmann equation sourced only by the vacuum energy, and if we only consider

the 1-loop zero-point energy for an electron we find that HZ_ ~ % In other words
Avac ~ (MeV)%. Now we want to measure the observed value of the Hubble parameter today,
and since this a rough estimate we would consider it a success if it is similar to that of the
vacuum energy i.e. Hy ~ H,. where Hy is the current value of the Hubble parameter set

by observations. Unfortunately we find through measurements of anisotropies [4§]
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that HZ ~ %, or in other words the observed value of the cosmological constant is
Aops ~ (meV)4. This means that the observed and theoretical values of the vacuum energy
differ by about 10%. This gap is only worsened when we consider particles with higher
masses, for example a proton has a mass that is close to the GeV scale. This means that the

prediction of Ay, ~ (MeV)? is actually a lower estimate, and the actual value is likely to be

much higher. Or in other words
Avae > (MeV)? ~ 10%A 6. (1.21)

Often this discrepancy between observed and predicted values is cited as the source of the
cosmological constant problem, but the problem is far deeper than that. Recall that we had
previously set the bare cosmological constant to vanish. in a Minkowski spacetime
ordinarily does not have any problems with using counterterms to cancel off infinite diver-
gences when calculating measurable quantities. Therefore, we should not have any problems

fine-tuning the bare cosmological constant as a counterterm, such that
Abare + Avac = Aobs- (122)

After all, there is no reason why Ay, should vanish: at the moment it is a free parameter in
our theory. The problem arises when we consider phase transitions, unknown particle species,

and higher order loops.

To focus on the former, whenever a phase transition occurs we must accordingly re-tune
Apare- However, we could instead accept that Ap.e + Avae = Aeg ~ Agps today, but then
the cosmological constant term would differ before any phase transitions. This may cause

problems for early Universe cosmology as Aeg will no longer be similar to Ag,s. If it is the

"Note, there is a discrepancy between this measurement and that of supernovae [49] which is known as
the Hubble tension [50]. Despite this, the differing values of these measurements are still well within an order
of magnitude.
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dominant term it will contribute to early Universe dynamics in a non-trivial fashion. For
example, if we want a period of radiation domination before a phase transition, we would
require a different mechanism to remove the gravitational response of A.g. This is undesirable
but it is a sacrifice we could be willing to make to ensure that the cosmological constant
problem is solved (for the Universe after phase transitions). Also the introduction of unknown
particles species beyond the standard model will give their own contributions to the vacuum
energy. This means we cannot get a truly accurate prediction of the vacuum energy density
until we know of every particle that exists. However, another major component of this

problem comes from the consideration of higher order loops of zero-point fluctuations.

Recall that we had only previously given an expression for 1-loop zero-point fluctuations
(eq. ) To truly calculate the full value of the vacuum energy we must consider contribu-
tions from higher order loops. To start, we can consider 2-loop (“figure of eight”) interactions
which scale as Am* [44], where A is some coupling constant. Without finely tuned couplings
these perturbations are not sufficiently suppressed, therefore we need to go back and re-tune
Apare in order to account for this. Similarly, we will have to do the same for higher order loops,
re-tuning the counterterm at each step. This process of fine-tuning and re-tuning is the “real”
cosmological constant problem: one of radiative instability in the vacuum energy. In this
sense, the true value of the vacuum energy is sensitive to higher order UV physics, which we
are (so far) ignorant of when it comes to and [QFT} Therefore simply “summing over all
the loops” is neither feasible nor possible given our current understanding of physics. Beyond
this, it shows that low energy physics is incredibly sensitive to the details of higher order
perturbations. This goes against our “natural” understanding of physics, where we believe
that low energy physics are emergent from some higher order theory. This has led some to
seek out anthropic considerations [51], which proposes that there are many possible versions
of this low energy physics and we just happen to live in the one with Aeg = Agps ~ (meV)4.

Despite this, our thesis focuses on solutions that are emergent due to modifications of our
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current theories. Even if anthropic principles prove to be true, we believe we must first
exhaust all other natural options. One such method to alleviate the cosmological constant
problem is by modifying [GR]in ways that naturally reduce the value of Ag using self-tuning
mechanisms. This will be the main focus of our thesis. Note, that from this point onward
we use “vacuum energy” to refer to classical contributions, zero-point fluctuations, and their

combination interchangeably unless we specify otherwise.
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Self-tuning Theories

Previously in section |1.3| we saw that the cosmological constant problem arises due to the large
difference in the values of A,. and Agps. Whilst we could proceed with an initial fine-tuning
of a Apare counterterm, such that Apae + Avac = Agps, this ignores the underlying problem.
Vacuum energy is incredibly sensitive to unknown UV physics, so its value drastically changes
when considering higher order loops. Changes in the value of A,,. leads to repeated fine-
tunings in Ap..e, owing to the radiative instability of the vacuum energy. In this chapter we
discuss a range of modifications to [GR] that seek to solve or alleviate this problem through

self-tuning mechanisms.

Broadly, self-tuning (or self-adjusting) mechanisms act to shield or cancel off the gravit-
ational effects of a large vacuum energy from the spacetime curvature using additional fields.
This suppression enables the cosmological constant to be naturally small, or in other words
it forces Ayac ~ Ao, eliminating the need for repeated fine-tunings in Ay.... Note, that the
self-tuning fields should adjust their value in response to the value of the vacuum energy.
If instead the value of a self-tuning field is predetermined it would be no different from a

counterterm, leading us back to the issue of radiative instability.

Depending on the theory, a self-tuning mechanism can act to either partially or wholly
cancel the gravitational effects of the vacuum energy. If a theory predicts Ayae = Aops, it is

trivial to see that this completely solves the cosmological constant problem. However, if a
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theory predicts that Ayae # Aops, it Tequires other forms of [23] to explain the discrepancy.

Regardless, any good self-tuning mechanism should seek to heavily reduce the value of A,.

However, before constructing a self-tuning theory we must first contend with Weinberg’s
no-go theorem [51]. In his review on the cosmological constant problem Weinberg argues
that, under general assumptions, it is not possible to achieve a phenomenologically viable
self-tuning theory in Minkowski space without fine-tuning (the very thing we want to avoid!).
Weinberg was able to demonstrate this for an arbitrary (but finite) number of self-tuning
fields, alongside a general metric theory that is not necessarily minimally coupled. For a clear
review on this see [44]. Here, we will briefly demonstrate the essence of his no-go theorem

using a simplified example with arguments presented in [52].

Consider a modified theory with a single scalarﬂ ¢, whose vacuum configuration is
a constant, ¢g. In Minkowski space we expect that the curvature of this system will vanish

on the background. In other words the trace of Einstein’s field equation (eq. (1.5))) becomes
R = 4(Abare + Avac) - T;Y(Qbo) = 4Aeff - T;/<¢O) = 07 (21)

where we have set Mp; = 1 for simplicity and we have written the energy-momentum tensor
as a linear combination of the vacuum contribution and the self-tuning field: T# = —A,.0% +
TH(¢). For this to truly be a self-tuning field, the scalar must adjust dynamically to changes

in the value of A.g. So we require that

ov(e) _ y
3—925 = 4\ — Ty ((b)a (2-2)

where the potential reaches its minimum at ¢, such that g—‘;|¢0 = 0. For a constant solution
there are no kinetic terms, so we can identify 7,,(¢0) = —V(¢0)g,, such that 77(¢) =

—4V (o). At first this seems promising, we have an adjustment mechanism with ¢ that will

8For a more in-depth description on scalar-tensor theories in general see section
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move the system to a Minkowski background in response to changes in A.g. Now let us extend
this to ¢ # ¢o where we only consider small changes in the scalar, hence we can discount
kinetic terms (i.e. 9,¢0,¢ = 0). This creates a differential equation for V'(¢) which can be
solved with

V() = Voe'® — Aesr, (2.3)

where Vj is an arbitrary constant. Unfortunately this potential is a runaway in ¢ and will
not generically have a minimum, therefore it cannot reproduce a vanishing curvature solution.
We can artificially enforce a minimum in two ways. Firstly, we can set Vy = 0 which allows
the potential to be minimised, but corresponds to a fine-tuning in the scalar. Any changes
in the value of the vacuum energy, will change the combination of the cosmological constants
ie. Apare + 0Avac = 0Aeg. Now, there is no dynamical mechanism that can change this, which
means that it cannot self-tune. We could instead set ¢! — 0, however this choice is not
phenomenologically sound. In this setup the exponent will act as a conformal factor with the
metric tensor in the Lagrangian [44], therefore all masses should scale with e?. This setup
should be avoided because all masses within this theory would go to zero, which clearly does

not correspond to the Universe we live in.

As shown, a self-tuning mechanism is not possible under this regime without fine-tuning.
This is because the value of the potential is determined automatically by the theory, rather
than responding to the cosmological constant. However, it is important to recognise that
this is derived under some very general assumptions. Weinberg assumes that: the theory
admits to local kinetic structure in four dimensions; Poincaré invariance holds across all
fields; there are a finite number of fields; and general covariance holds. To address the first
assumption, this means that physics is completely causal and interacts entirely at a local
level. However, breaking this is not necessarily out of the realm of possibilities (see [53}/54]
for further discussions). Poincaré invariance involves full symmetry in translations, rotations,

and boosts. In other words, Weinberg demands that the vacuum solutions involve a constant
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scalar field alongside a Minkowski spacetime metric, and we explicitly break this assumption
in chapters [l and [5] These chapters contain original work, thus are the main focus of this
thesis. Further discussions are contained within the above chapters, alongside chapter
and section [2.2, There are also possible avenues to explore when breaking the finite fields
assumption. In fact some Kaluza-Klein theories contain infinite towers of fields, whose effects
are hidden due to compactifications [55] (we will discuss compactification more in section [2.6)).
Finally, general covariance or diffeomorphism invariance involves the laws of physics being
invariant under different coordinate transformations. As with the other assumptions there
are ways we can break this which we discuss further in section 2.7 To conclude, evading at
least one of these assumptions will be pivotal to any self-tuning theory that wishes to avoid

fine-tuning.

To reiterate, a viable self-tuning theory must modify [GR]such that it produces a naturally
small cosmological constant, all whilst evading Weinberg’s no-go theorem. Also note that
precautions should be taken if one wishes to make such modifications. As discussed in
section [I.1], a multitude of experimental and observational results have cemented [GR] as our
best current description of gravity. Any theory that wishes to be phenomenologically viable

must either recover [GR]in some limit, or be prepared to explain away the discrepancies.

The rest of this chapter focuses on different approaches to obtain viable self-tuning
theories. This is by no means an exhaustive list nor will we provide full derivations of these
models. Instead, this chapter offers the reader a chance to understand some of the approaches

adopted, their mechanisms, and some of the pitfalls of self-tuning.
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2.1 Unimodular gravity

We begin with unimodular gravity which involves modifying such that the object det(g,.)
is immediately restricted. Restricting the allowed values of the metric will restrict the

gravitational effect of the vacuum energy. To see this we construct a modified version of the

Einstein-Hilbert action (eq. (|1.3])) such that [56,/57]

S = [[ate (VEEHER - (VT @) + Sulgue], (2

where )\ is a Lagrange multiplier (essentially an auxiliary field), ¢ is a constant, and we have

also removed the bare cosmological constant term for now. Varying with respect to A sets

\/—¢ = €, such that —2—,/—¢ = 0. This represents a gauge choice in |GR] but it is one that

dghv

breaks full diffeomorphism invariance. Note, that the “addition” of extra fields (in this case
A) only fixes the gauge condition. In reality, there are no physical extra fields that will act to
directly cancel off a cosmological constant. Instead, it changes the value of the cosmological

constant through an alternate mechanism.

To see this, we vary the action (eq. (2.4))) with respect to g,, to obtain
M}%IG;W + )\gw/ = Tw/’ (25)

where T, is given by eq. (1.6). Taking the trace of the above leads to A = 3 (M3 R+ T)
which we then substitute back into eq. (2.5)):

1 1
M3, [GW + ZRgW} = Tow = 5T (2.6)
Notice that if we expect there to be a pure vacuum source (i.e. T, = —Aacg,) then the

right hand side of eq. (2.5)) automatically vanishes. At first this seems great! We seem to
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have completely removed vacuum energy from affecting the curvature. However the problem
comes when take the divergence of above field equation. Einstein’s field equation (eq. )
automatically vanishes if we act on it with V#, but doing the same to eq. creates a
constraint:

VAT 4+ M3 R) =0 =T + M3 R = 4Apare, (2.7)

where Ay, is an arbitrary integration constant and we have used the Bianchi identity
(V*G,, = 0) alongside conservation of the energy-momentum tensor (V#T),, = 0). Now
we can see that substituting the constraint (eq. (2.7))) back into the above field equation

(eq. (2.6))) yields Einstein’s field equation (eq. (1.5)). In this sense, the above version of

unimodular gravity is no different from [GR]

To illustrate this phenomenon again, we consider a generalisation of unimodular gravity
by reintroducing diffeomorphism invariance [58]. As demonstrated by [59], this generalisation

is just a special case of the Henneaux-Teitelboim action [60]:

Sur = / d's {@ MTI%IR A (V=g = 0w") | + Silgp, ¥, (2:8)

where w* is a vector density and A is the Lagrange multiplier. Similar to before, we can vary
eq. with respect to A and w*, which yields /—¢ = J,w* and d,A = 0 respectively. Once
again, this restricts det(g,,). But the variation with respect to g,, yields eq. leading to
the same problem as before: it will be indistinguishable from . There is some “difference”
to in that the Ay, term is an integration constant that we can set, rather than having
it be arbitrary. However, this just hearkens back to the problem of radiative instability.
Even if we have more power to change Ay, this will not stop the repeated fine-tunings and
re-tunings that we need to avoid. Note, that there is some debate as to whether quantum

unimodular differs from quantum (see [59,61] and references therein). However, this

9A full generalisation of this action is analysed in [59] and is also shown to be indistinguishable from
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thesis is only concerned with [GR[s relationship to the cosmological constant problem. So
for our purposes we can say that unimodular gravity is indistinguishable from [GR] thus we

cannot create a viable self-tuning theory from it.

2.2 Fab Four

A simple way to modify gravity is through the addition of scalar fields. These alternatives
to have a rich history ranging from the seminal Brans-Dicke gravity [62] to more recent
examples [63,64]@ To briefly introduce scalar-tensor theories we will explore how two different
examples modify [GRl Namely quintessence [68] and Brans-Dicke [62]. To focus on the former

consider the modified Einstein-Hilbert action

R
5= / der/ g [5 _ %g“”auqb@ycb —V(6)| + Sonlgs . (2.9)

This modification simply corresponds to adding a scalar field which has a kinetic and a

potential term. We have also set M2 = 1 for simplicity. The field equations are then given

by
Gr — %agqsam + }lé,*jg“ﬁaacbam - Z—lléﬁV«b) =17, (2.10)
oV(e) _
00—, =T (2.11)

where we have varied with respect to the g,, and ¢ respectively. Note that [ = V,V*.
Here, we see that if ¢ = constant then the potential term in eq. acts as a cosmological
constant, which can induce a cosmic acceleration. Furthermore, we can decompose the stress-
energy tensor into vacuum and local matter parts, such that T, = 7, — Avacgn- In doing

so, we can see that the potential term can also be used to explicitly cancel a large vacuum

10See [65-67| for reviews on scalar-tensor theories.
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term. However, as we have discussed in section this reintroduces the problem of radiative
instability. Therefore these kind of simple modifications are often used in inflationary physics
(see |68)69] and references therein). Either way, clearly the addition of scalar fields can contain
non-trivial dynamics that alter the cosmology of our system. In fact, care should be taken to
ensure the so-called “fifth force” produced by these scalar field do not drastically alter shorter
distance physics, unless we admit to a departure from [GRl As we discussed in section [I.T
there is a very close agreement between and observation [3]. Therefore (to recover
in some limit) we must either work within the allowed bounds of experimentation [3] or

introduce non-trivial mechanisms that can screen these fifth forces [70].

Turning our attention Brans-Dicke gravity, we can get a better insight into how scalar

fields can affect gravity. The explicit action is given by

S:%/&x—gPR—%W@ﬂ+&MWW> (2.12)

where w is a coupling constant and we have once again set M3 = 1. The field equations for

this are given by

6= V50— 29,690+ g (m L2 (v¢)2> T, (2.13)
(2w+3)0¢ = T. (2.14)

Notice that the scalar is coupled to G,,. In a sense, it allows the scalar field to act as
effective gravitational constant where Geg ox %, which modifies the strength of gravity. This
makes it even clearer that one must be careful when using scalar fields to avoid a departure
from [GR] Similarly to quintessence, often Brans-Dicke models are confined to inducing an
accelerated expansion [71]. To demonstrate how Brans-Dicke can achieve this we can write
the modified Friedmann equation from eq. . For simplicity, we do so using a flat

metric (eq. (1.7) with & = 0), taking w = 0, and a Universe that is dominated by matter
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(T# = diag(—pm,0,0,0)) to obtain 3(H? + Hp) = p,,. Using ' = —L_ this can then be

rewritten as

Pm

3H? = .
o+

(2.15)

Recall that matter scales with the scale factor as p,, ~ a {1 To induce an accelerated
expansion we must have ¢ + ¢’ ~ a™3 at least (where H = constant in this example). If this
is the case, then the value of the scalar field is decreasing with time. Recall that the effective
gravitational constant is Geg o é, therefore G.g is actually increasing. In a sense, we are
increasing effect of gravity in order to produce an accelerated expansion. To reaffirm this
point, we can demonstrate what happens if we decrease the effective gravitational constant.

We can do this by taking the limit where Geg o 1

5 = 0. Re-adding spatial curvature, k,

causes the modified Friedmann equation to be given by
H* = ——. (2.16)

The only real solution is when £ < 0. If £ = 0 this corresponds to a completely static Universe.
Whereas if & < 0 the solution to the scale factor becomes a(t) o ¢. This is an expansive
solution, but not one of an accelerated expansion. Instead it describes a Universe that has
some initial ‘kick’” and then continues to expand linearly. To summarise we cannot achieve
an accelerated expansion by decreasing the strength of gravity, but we can by increasing iﬂ.
Returning our attention to self-tuning with scalar-tensor theories, we will use the rest of this

section to explore Fab Four, which is derived from Horndeski’s action.

By avoiding theories with higher than second order field equations Horndeski was able
to write the most general four dimensional scalar-tensor theory in 1974 72| (which was later

rediscovered in 2011 [73]). Due to this, any other scalar-tensor theory, with no more than

" This can be derived by considering canonical GR without a scalar field and with A.g = 0 = k. Then, the
solution to the Friedmann equation for matter becomes p,, ~ a~>.

127 special thank you to Andy Taylor for their helpful discussions on this topic.
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second order field equations, must necessarily be a special case of Horndeski’s theory. Note,
that we avoid higher order theories in order to evade the Ostrogradsky instability [74,75]. The
theory states that (generically) Lagrangians with higher than second order field equations
contain instabilities because the corresponding Hamiltonian will be unbounded both above
and belowﬁ. These unbounded Hamiltonians lead to states with a negative kinetic energy,
which are known as ghosts [67] (specifically the Ostrogradsky ghost in this case). In general,
ghosts are states with a negative norms or negative energy densities (depending on how
they are quantised). The former violates unitarity as it allows for the existence of states
with a negative probability, whereas the former insinuates the existence of negative energy
eigenvalues. If they are unphysical states we can accept them within the theory. However, if

they correspond to physical excitations they are unacceptable,

Starting from the Horndeski action, the model (first proposed in [79] and whose full
derivation is contained within [80]) was able to obtain a class of solutions that give rise to a
self-tuning mechanism on [FLRW]backgrounds. To achieve this without fine-tuning, the theory
must first overcome Weinberg’s no-go theorem [51] by breaking a key assumption. Inspired
by the approach of a bigalileon theory [81}82], this model maintains Poincaré invariance on
the metric but breaks it for the self-tuning scalar field. In other words, it maintains a flat

spacetime geometry, but the scalar field does not remain constant on the background.

Now that the no-go theorem has been evaded, Fab Four places some very general self-

tuning conditions on Horndeski’s action. Namely, they require that:

1. the theory produces a (patch of )E Minkowski spacetime for any value of the cosmological

constant;

2. the above condition continues to work through phase transitions, where the vacuum

BThere are examples to the contrary, but these require Lagrangians that are carefully constructed to avoid
an unbounded Hamiltonian [76H78].
4 Note, that the reason for the inclusion of “patch of” will become apparent later.
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energy instantaneously changes;

3. the theory allows for a non-trivial cosmology, such that the system is allowed to evolve

dynamically to an attractive fixed point.

The final assumption is that matter is minimally coupled to the metric, satisfying [EEP]

Remarkably, these conditions reduce the complicated Horndeski action to just four base
Lagrangians, each containing an arbitrary function of the scalar field coupled to a curvature

term. These Lagrangians combine linearly in the action given by
SFabFour - /d4ZL‘ —g [£] + Ep + ﬁg + »Cr - Abare] + Sm[gliw ¢] (217)

Here, L;, L,, L4, and L, are known as the Fab Four, where the indices refer to John, Paul,

George, and Ringo. The form of these Lagrangians are given explicitly by

L; =V;(0)G"'V,6V.,0, (2.18)
L, = Vo(0) POV 10V 09V, V5, (2.19)
L, = V,()R, (2.20)
L, =V(¢)Gas, (2.21)
where R is the Ricci Scalar, G, is the Einstein tensor, P* .5 = ——5%2‘;1{{”)‘@ = —RM .5+

2R, 65 — 2R[,65 — RO, 6E]E| is the double dual of the Riemann tensor [83], and Ggp =
RMPR a5 —4R" R, + R? is the Gauss-Bonnet combination [80]. The action (eq. ) also
includes an arbitrary bare cosmological constant term, Ay,... Requiring Ay, to vanish in order
to self-tune corresponds to an effective fine-tuning between it and the vacuum energy, Ayac.
In this sense, allowing for an arbitrary bare cosmological constant acts as a consistency check

to achieve a successful self-tuning mechanism. In other words, although we have previously

15Reminder that Ay = % (Aap — Apg) as defined in Conventions.
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stated that Ayae ~ Agps, in reality we require the combination Apae + Avac = Aegg ~ Agps. This
ensures that there are no hidden fine-tunings present, where Ay, can effectively be absorbed

into Ayac.

First, [80] begins by writing Horndeski’s action and field equations, albeit in a slightly
altered but still equivalent form to [72]. To study the cosmology of this system they consider
an metric as in eq. . Using this cosmological setup they are able to find some
useful identities, the full details of which are contained within [80]. They further recognise
that two Lagrangians will be equivalent in their equations of motion if they differ only by
a total derivative. Using these identities and performing several integration by parts to the
original Horndeski Lagrangian [72], Ly, they arrive at simplified cosmological minisuperspace

Lagrangian, L, which is given by

I — fd?’x\/—g LH
fd?’mﬁ ’

(2.22)

where v = det(7;;). To clarify, this Lagrangian, L, is essentially a simplified form of the
Horndeski Lagrangian, Ly, which [80] uses to fully capture the most general scalar-tensor
theory (in four dimensions with equations of motion up to second order). To further simplify
this, they demand the matter sector takes the form of a homogeneous cosmological fluid with

energy density, p, and pressure, p.

From this, they write down the field equations
H = —p, Ey =0, (2.23)

where

_1[8L. oL . L}) (2.2

=@l 9s?
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and

d[oL] oL
= {8_(25} L3 (2.25)

are the Hamiltonian density and the scalar equation of motion respectively. Here, they find

that E, is linear in second derivatives, therefore it can be written in the form

Ey = 6f(¢,6,a,0) + (¢, 6,0, 4, ), (2.26)

where the functions of f and g are determined eq. (2.25). Currently, everything we have
written is still following Horndeski’s full theory: the next step is to apply the three self-tuning

conditions outlined above.

The first self-tuning condition requires the vacuum energy density within the matter
sector to be in the form of a cosmological constant, pyac = Ayac, which will combine linearly
with Apae such that Ay, + Apare = Acg. Regardless of the value of Ag the system should
always return to a solution with a portion of flat spacetime. For this to hold the solutions
must be Ricci-flat which correspond to

k

H?=——,
a

(2.27)

for eq. (1.7]), where k = 0 is flat, k = —1 is a flat Milne slicing, and there is no slicing possible
for k = 1. Next, we go “on-shell-in-a” for the field equations by inserting a = a;(t) =
ag + v/ —k t, satisfying the Ricci-flat solution (eq. ) This means that the equations are

solved for the scale factor, but ¢ remains as a variable. This changes the functional forms

of H(¢7 Qb, a, CL) — Hk<¢7 é? CLk), f(¢7 (b7 a, CL) — fk(¢7 Qb, a’k)a and g(¢7 éa a, a7 Cl) — gk(¢7 éu a’k)'
Therefore, from eq. (2.23) the on-shell-in-a field equations take the functional form

Hk(¢7 ¢5, ak’) = —Aes, éfk(% (25, ak) + 9k(¢7 (b, ak) =0, (2-28)
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where Hy, fi, and g do not contain any explicit time dependence apart from those contained

within ay,.

The second self-tuning condition demands that the first condition holds in the presence
of (effectively) instantaneous, finite changes in the value of the vacuum energy. At the phase
transition the scalar field should act to maintain a Ricci-flat solution, or in other words the
scalar field should tune itself in response to changes in the vacuum energy. If we assume this
change is instantaneous, then A.g in eq. must be discontinuous at the time of transition,
t = t,. For the on-shell-in-a Hamiltonian equation to hold, there must be a discontinuity
in Hy (o, o, ar). We can achieve this by assuming that ¢(t) is continuous, whereas ¢ can be
discontinuous. This leads us to our first self-tuning constraint: the on-shell-in-a Hamiltonian,
H,,, must have a non-trivial dependence on ¢ to account for the discontinuity in A« at the

phase transition.

To find the second constraint, we (again) use the fact that the value of the vacuum
energy changes instantaneously at the time of transition. Therefore, the rate of change of
A will be proportional to a Dirac delta function, §(t — t.), centered about ¢ = t,. To study
this phenomenon we can differentiate the on-shell-in-a Hamiltonian equation in eq. to

obtain

OHp  OHr - OHi
vV—k 2a, +¢ 9% + ¢ 2% x O(t — t). (2.29)

Notice that the §(¢ — t.) on the right-hand side of the equation must be supported by one of
the terms on the left. Neither ¢(t) nor gzﬁ can do this, so <;§ must be proportional to a Dirac
delta function. This tracks with the fact that ¢ is discontinuous at the phase transition, so

its rate of change, ¢, must be o §(t — t,).

Returning to eq. 1) the on-shell-in-a scalar equation of motion contains a (Z) term

without a 6(¢ — t.) to support it. This implies that both fi(¢, b, ar) and gi(o, b, az,) must
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vanish to satisfy this equation. First, we consider

If f, contains a non-trivial ¢ dependence, the left-hand side of this equation must also be
discontinuous at t = t,. However, this discontinuity is not supported by the right-hand side

of the equation, so we conclude that fy is independent of ¢, or in other words

fr(d, 0, a) — fiu(9, ar). (2.31)

This can be constrained further by taking the time derivative of fi(¢,ar) = 0 around the

time of the transition:

8 0

f b ¢ﬁ =0. (2.32)
o¢
As before, there is no discontinuity on the right-hand side of the equation, therefore f £ must
vanish which implies

Ji(®, ax) = folar). (2.33)

Following the same process it is trivial to see that
(¢, &, ax) = gilar). (2.34)

Note, this is technically only valid around the region of t = t,.. However to allow a phase
transition to occur at any ¢, we extend this result to all times. Recall that ax(t) = ag+vV—kt
is fixed, so fr = 0 and gx = 0 do not contain any dynamics. Therefore fx, gx, and by extension

E4 must vanish identically on-shell-in-a.

This impacts the on-shell-in-a Lagrangian, Ly = Ly (¢, ¢, ax), as the scalar equations of

34



CHAPTER 2. SELF-TUNING THEORIES

motion become

d (OL,\ 0L,
T (a_¢> 6 (2:35)
= { - Lk,w} ¢+ { V—=k Ly g, — 0Ly gy + Lig| =0, (2.36)
= fro+ gk =0, (2.37)

where we recognise that fy = —L; 35 and g = —vV =k Ly 4, — gz.SLk o6 T Lig. As areminder

we use the notation: A, 8‘4 . By applying fi = 0, the Lagrangian becomes

Ly, = Gro(d, an)d + &(9, ar), (2.38)

where (¢, a;) is a general function of ¢ and aj. Notice that (j 4(¢, a;) is also general, but
we have written it in the form of a partial derivative for later convenience. Then, by applying

gx = 0, &(¢, ar,) must take the form

(@, ar) = V—k Coay (6, ar) + vi(ar), (2.39)

where v(ay) is a generic function of ai. This can be directly inserted into eq. (2.38]) to yield

the final form of the on-shell-in-a Lagrangian:

Ly, = Crg(d, an)d + V—=k Coay (6, ar) + v(ar) = ¢ + vilar) = vi(ar), (2.40)

where we have used the form of (j 4(¢, ax) to write C . We have then discarded ( because it is
a total derivative, therefore it will not contribute to the equations of motion. This form of

Ly, is the second self-tuning constraint: the on-shell-in-a Lagrangian must be independent of

¢ and (;5

The third constraint appears when we apply the last self-tuning condition: the full theory
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must have a non-trivial cosmology. Before going on-shell-in-a, recall that the scalar equation
of motion (eq. (2.23))) vanishes when imposing the Ricci-flat solution (eq. (2.27))). This can
be achieved if E; = 0 is either algebraic or dynamic in H — @ If it is algebraic, then the
scalar equation of motion will demand a Minkowski solution at all times. This immediately
forces a trivial cosmology, which goes against the above self-tuning condition. To avoid this

i.e. it must not be independent of a.

E4; = 0 must contain derivatives of H — —V;k

To conclude these conditions imply that a self-tuning scalar-tensor theory must:

1. not be independent of ¢ in the on-shell-in-a Hamiltonian density,
2. be independent of ¢ and ¢ in the on-shell-in-a minisuperspace Lagrangian,

3. not be independent of @ in the full scalar equation of motion.

Now these self-tuning constraints can be applied to Horndeski’s action to reveal the final form
of Fab Four. After some manipulation [80] finds that the action becomes eq. (2.17). They
also discover that self-tuning with a homogeneous scalar for £ = 0 is forbidden, however an
identical setup is allowed for £ = —1. Whilst this regime is not purely flat, by changing the
self-tuning ansatz and coordinate choice, the geometry of the system can correspond to (a

patch of ) Minkowski.

Another interesting property can be found by explicitly calculating the Hamiltonian for
eq. (2.17):

36



CHAPTER 2. SELF-TUNING THEORIES

where

H; = 3V;(6)¢? <3H2 + %) (2.42)
H, = —3V,(¢)$°H (5H2 + 3%) : (2.43)
Hy = —6V,(¢) KHQ + %) + Hgb;ﬂ, (2.44)
H, = =24V (¢)pH <H2 + %) (2.45)

with primes denoting a derivative with respect to ¢. Recall, that our first self-tuning constraint

required the on-shell-in-a Hamiltonian to not be independent of qﬁ By substituting the Ricci-

flat solution (eq. (2.27)) into egs. (2.42) to (2.45), we find that #H;, H,, and H, contain

non-trivial qb dependencies, whereas H, does not. Therefore, to achieve self-tuning we must

have

{V;, Vi, Vo } # {0, 0, constant }. (2.46)

This clearly rules out (given by eq. (L.3)) which is not too surprising. But it does
mean that some care should be taken if Fab Four hopes to be a phenomenologically viable
cosmological theory (such that is recovered in some limit). This constraint also implies
that the Ringo term cannot achieve self-tuning alone despite its non-trivial effects on the

cosmological dynamics.

Next, we seek cosmological solutions for the Fab Four model that admit to self-tuning.
Further studies of the model with a large vacuum energy that dominates over other sources
can be found in [84]. Using specific scalar potentials, they show that the fixed point solutions
can correspond to inflation, radiation, and matter dominated epochs. In other words, the
scalar gives the appearance of a cosmology that is dominated by other sources, despite
the energy density being dominated by the vacuum. They find that there exists a class of

scaling solutions with a net cosmological constant term. However, these include a “matter
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dominated” solution that upon perturbing contains a gradient instability that grows too fast
to be phenomenologically sound. By setting Aeg = 0, a “matter dominated solution” can
be found that is stable against cosmological perturbations. Whilst allowing the cosmological
constant to vanish goes against the principle self-tuning, the solutions represent a good
approximation to a viable cosmology through numerical simulations when a large Aqg is
reintroduced. Although this is not ideal for a self-tuning theory, it is remarkable that Fab

Four can find such solutions.

To conclude, Fab Four is derived from Horndeski’s Lagrangian |72, making it a highly
generalised self-tuning, scalar-tensor theory in four dimensions. In this respect, it is similar
to Weinberg’s no-go theorem [51]: providing constraints on the possibilities of viable self-
tuning models using scalars. Despite its cosmological shortcomings, it is able to retrieve
solutions that mimic well-known cosmological epochs. However, it should be noted that the
discovery of gravitational waves [4] led to observational constraints on Horndeski’s action
(and by extension Fab Four). [85-87] were among the first papers to focus specifically on
constraining Horndeski theories through these observations. This has since been addressed
by [88] (see references therein for further details) which identify a class of “rescued” Horndeski
(and beyond Horndeski) theories that reside within these observational bounds. Future
explorations into Horndeski have often been through the lens of (for a review on the
subject see [89]). For example, through an effective field theory for [90,91] have been able
to reconstruct a class of Horndeski theories that reproduce the same background dynamics
and linear perturbations, which lies within the observational constraints from gravitational
waves. However to refocus on self-tuning, even absent of gravitational wave considerations, it
was later found that issues arise when one tries to reconstruct viable cosmological histories
with Fab Four [92]. But we will save this discussion for the end of section [2.3] where we

explore an extension to Fab Four that suffers from the same issue.
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2.3 Fab Five

In section [2.2| we showed that Fab Four is the most general scalar-tensor theory that can
self-tune through the linear combination of four Lagrangians, egs. to . To extend
this, the idea of combining these Lagrangians in a non-linear fashion was first proposed
in [93], which extends beyond Horndeski’s action EL Naively, these non-linear theories do not
necessarily reproduce equations of motion that only go up to second order, but in certain
situations they can. One example is a theory involving a non-linear combination of the Ricci
Scalar and the Gauss-Bonnet term [96] (which can be identified in Fab Four as mixing the
George and Ringo terms). The lack of higher order terms within the equations of motion
are a consequence of symmetries within these particular theories. Likewise, the equations
of motion for the Lagrangian in |93] remain up to second order. In this paper they analyse
a non-linear version of a “purely kinetic gravity” model as a proof of concept. The linear
version of this model involves the addition of a standard kinetic term alongside derivatives of
the scalar field coupled to the Einstein tensor (which can be identified as the John term in
Fab Four) to [97]. Whilst this was shown to give rise to an accelerated expansion, it was

later ruled out due to various instabilities in the model [9§].

We start with the non-linear action [93]

2
S = /d%ﬁ {%R + ClX + ff5 (C) + Sm[g,uluw]a (247)

where f;5(C) is a generic non-linear function with a variable ( = ;X + {$G"'V .0V, ¢; g
is the metric; ¢, c9, and cg are constants; X = —%g“”vugbvygb; and M is a mass scale that
renders cg dimensionless. From the equations of motion, we can study the cosmology of the
system using a [FLRW] metric, assuming spatial flatness, alongside a fluid with energy density,

p, and pressure, p. To study the dynamics we can use dimensionless parameters H = Hﬂ
0

16For more information on scalar-tensor theories beyond Horndeski see [94,(05] and references therein.
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and x = ]\%1, where Hy = Z—g is the Hubble parameter at the present day and primes denote

derivatives with respect to 7.

First, consider the cosmological evolution of the system without an explicit cosmological
constant term, A.g. By analytically and numerically studying the late-time evolution, [93]
finds that there are [dS| attractor solutions (with f(¢) = ¢*%). These fixed point solutions
occur when H’ = 0, or in other words, H — constant. In a particular case (c; = 0) there is a
solution that corresponds to H2g = _<5Cc_207 where ¢y and c¢g must have opposite signs. This is

encouraging, but it is not self-tuning. To show self-tuning, the model must demonstrate that

[dS] solutions can be found upon the reintroduction of a large Acg term.

For simplicity, [93] neglects any matter /radiation terms and considers the dynamics when
¢; = 0 (alongside the reintroduction of A.g). It can be analytically shown that there are two
fixed point [dS] attractors for this. The first point corresponds to the explicit cosmological
constant, H? = % = (2, where the scalar field contribution decays away, i.e. py —
0. Whilst this is a [dS] solution, clearly this is not one that self-tunes. The second point
corresponds to Hy = H2g = — g Where H, > H,. This point is a self-tuning solution: not
only does the solution severely reduce the effect of the cosmological constant, but the scalar
field also dynamically adjusts to cancel it off. This can be verified numerically as the system
can evolve to either point (depending on the initial conditions). To further cement this idea,
it can be shown that the negative of the scalar field energy density asymptotically approaches
the effective cosmological constant at late times i.e. py — —Acg with py < 0. Remarkably, a
numerical analysis of the system shows that this result holds even in the presence of phase
transitions. Finally, by considering linear perturbations the theory is shown to be free of
ghosts. Unfortunately, there is a possibility of an early time instability and predictions that
the gravitational couplings of the theory could differ from [GR]for a given form of f;. Whilst

it renders this specific model untenable, the goal of [93] was to explore the possibilities of

non-linear extensions to Fab Four. In that sense it was successful in showing that eq. (2.47))
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can self-tune.

Upon further research, it was shown that the above cannot reproduce phenomenologically
viable cosmologies. By placing constraints on non-linear purely kinetic gravity, [92] showed
that these theories must admit to an early-time instability if it hopes to generically produce
periods of radiation/matter domination. Likewise, for the theory to be stable it must also
admit to fine-tuning in the initial conditions to produce a viable early Universe cosmology.
Whilst this is a bit of a dampener, one can still proceed with a different non-linear theory in

the hopes it can ameliorate these problems.

However, [92] also showed that all non-linear (and by extension linear) Fab Four theories
self-tune too well. These scalar fields act to cancel off any energy density within the theory.
In other words, the value of the scalar field energy density dynamically changes to counteract
any form of matter, vacuum energy or otherwise. Whilst this self-tunes away the cosmological
constant, it also “self-tunes” away any radiation or matter contributions. Therefore, even if
the theory initially starts in an era of radiation or matter domination, the scalar field quickly
acts to push the system into the given background solution. The speed at which this occurs
is far too swift to allow for radiation/matter to dominate for long enough to be consistent
with our Universe’s cosmological history. This unfortunately renders Fab Four (and Fab Five)

theories in general to not be phenomenologically viable.

2.4 Well-tempered Cosmology

As shown in sections [2.2] and we can construct scalar-tensor theories that admit to self-
tuning by using the additional scalar fields to dynamically cancel off a cosmological constant.
However, these theories also screen any radiation or matter fields, as such they cannot produce

a viable cosmological history. To alleviate this problem, a scalar-tensor model would have to
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self-tune the vacuum energy density, whilst ignoring anything else from the matter sector. A
potential solution to this problem comes in the form of well-tempered cosmology. The idea of
a well-tempered cosmology, first introduced in [99], is to create a model whereby the scalar

field has a bias towards self-tuning a cosmological constant. We consider the specific action

5= [atey=5 | MBR+ K(6.0) - G0 X)06 + M| + Sulguev], 249

where K and G are arbitrary functions of ¢ and X. To study the cosmology of this system
they use: a perfect fluid; a [FLRW| metric g, dz#dz” = —dt* + a(t)?6;;dz’da’; and a time
varying scalar field ¢ = ¢(t). From this, they find the field equations where the Hamiltonian

constraint is given by

SMEH? = p+ Apare + 2K x X — K + 3G xHP® — 2G 4 X, (2.49)
the acceleration equation is given by

~ M, (SH2 + 2H) =P — Apare + K — 2 (G,¢ + G,Xg'b') X, (2.50)

and the scalar field equation is given by

K x (é +3H d)) F2K xx X+ 2K xsX — Ky —2(Gy— G xpX) <<}5 + 3Hq’5)

+6G x [(HX) + BI2X| — 4G 5 X6 — 2G 4o X + 6HG xx XX = 0. (251)

If the scalar has shift symmetry, ¢ — ¢ + constant, these arbitrary functions can be
written as K (¢, X) = esM3¢ + M*A(X 7] and G(¢,X) = MB(X). A(X) and B(X) are

arbitrary dimensionless functions, M is some mass scale, and c3 is a constant. Next, we can

"The csM?3¢ term is shift symmetric as any constant shift can be absorbed by the cosmological constant.
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write the field equations in terms of dimensionless parameters
_H _ _oAs2 a2

Using these definitions, the Hamiltonian constraint (eq. (2.49)) becomes

M2 o M2M?
VPZI}LQ - W + #4/\ + Aﬂ/)/d)/ — Cg?/] — A + 3hB,¢/ ,2, (253)

3
the acceleration equation (eq. (2.50])) becomes

Mg Mg Mg, M

p
2o b #8355 =~ + = — ost) — At By, (2.54)
and the scalar field equation (eq. (2.51))) becomes
0= 3hA7w/ + Aﬂbqp/w” —cC3+ 3B,w/(h/¢/ + hw” + 3h2¢l) + 3hB,¢/w/w/¢//, (255)

where primes denote derivatives with respect to 7‘|E| Note, that eq. (2.54)) can be simplified

through a linear combination with eq. (2.53)), such that the Ay, terms vanish:

MP2’1 ! 14 p / r(o /
2ol = = — At + By (0 — 3h). (2.56)

First, we examine whether the theory can self-tune in any capacity by considering vacuum

energy contributions only, p = —p = Ayac (or in other words, when the equation of state
isw = % = —1). For purposes that will become clear later, eq. 1' is multiplied by an

arbitrary non-trivial function fy7(¢'). To impose a self-tuning condition we go on-shell for

a solution, H = Hgg, such that h = hgs = % = constant. With this choice, egs. 1)

18Reminder that Loy = %, as defined in Conventions.
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and ([2.56) become
0=—AyFwr() + By )" — 3hast)) Fywr(¥'), (2.57)
0= 3hasA s + Ayt — ¢34 3B yr(hast)” + 3h3 ") + 3has Byr'0",  (2.58)

where Fyyr(¢') = ¢ fiwr(¢'). Recall that Fab Four (section and Fab Five (section
would solve this system by demanding that the scalar field equation (eq. ) vanishes
identically on-shell-in-a. The Hamiltonian constraint (eq. ) would then determine the
evolution of the scalar that cancels off a large cosmological constant on-shell-in-a. Using the
above method the model can self-tune, but it will still be plagued by the problems discussed

in section [2.3]i.e. self-tuning too well.

To avoid this [99] takes an alternative approach: through the requirement that egs. (2.57))
and ([2.58)) are equivalent. This equivalency can be written by equating the ¢” term coefficients,

and then equating everything else such that

Fwr(Y) By = Ay + 3has(Byy’ + By), (2.59)

_FWT(w/MA,w’ -+ 3hdsB,¢/¢/) = 3hds(A7¢/ + 3hdsB7w/wl) — C3. (260)

From this, we can write A v and B in terms of Fyr(¢'):

Ay =—2 4 3chq (Fwr).ut” By = —cs (Fwr)w (2.61)
Y Bhas + Fwr " Fwr(3has + Fwr)? ’ Fwr(3has + Fwr)?
Plugging these forms back into egs. (2.57) and ({2.58]) yields

(Fwr)

Clearly this shows that the on-shell field equations (egs. (2.57) and (2.58))) are equivalent

for this specific choice of 1, which depends on the form of Fyr(¢)'). In [99] they showcase
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various solutions, one of which is A(¢’) = constant (this sets the form of Fyr(¢') and

B(v")). By substituting these forms into eqgs. (2.53)), (2.55]), and (2.56)) they were able to
find that solutions exist for h = hys, where egs. (2.55)) and (2.56)) both reduce to ¢” = 3hgs).

3hqsT

This corresponds to an evolving field such that ¢/ ~ e . This is a form of self-tuning

because the solution to h is that of a [dS] solution. Also, the form of the evolving field is

set by eqgs. (2.55)) and ([2.56])) which do not contain any vacuum energy terms. Furthermore,

the scalar field within this [dS] solution is time varying, hence we avoid Weinberg’s no-go
theorem [51]. To further cement this idea, the numerical solutions for A(¢') = constant show
that these conditions do indeed correspond to a [dS| attractor. It can also be shown that a
large vacuum energy can be screened both before and after a phase transition. There is a
brief period during the transition where this is not the case, which could lead to observational
traceﬂ. However, for this specific theory the duration and amplitude of these deviations
from w = % = —1 are small. In short, this well-tempered model also seems to be resistant to

the impact of phase transitions.

Now that we have established that the model (eq. (2.48)) can self-tune a large cosmological
constant, we turn our attention to the problems presented in [92]. To evade this, the scalars
must not screen other forms of matter that we introduce to the system. To see this return to
egs. and but this time keep the matter components generic. These field equations
are now no longer equivalent unless w = —1, i.e. during vacuum energy domination. Whilst
w # —1, the system will no longer be satisfied by a [dS] solution. Instead, the scale factor,
h, and the scalar field, 1, will react to these other matter components forming a different
solution. This shows that a well-tempered cosmology can self-tune by forcing a [dS] solution
during vacuum energy domination, but the scalars that screen this large cosmological constant

can allow other forms of matter to dominate. To reiterate, this contrasts with previous “Fab”

models (sections and [2.3)), where the scalar field equation (eq. (2.55)) would be trivially

9For example [100] examines the effect of phase transitions on the energy spectrum of primordial gravita-
tional waves.
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satisfied on-shell to enforce a self-tuning solution irrespective of the matter component. In
the well-tempered approach, the background solution is satisfied only for constant energy
densities. This has been verified numerically, where [99] shows that the model can admit to

a conventional period of matter domination before settling into a late-time [dS] state.

To conclude, in this section we have established that the model (eq. (2.48)) can use
scalar fields that dynamically cancel off a large cosmological constant. Moreover, unlike
previous models, the theory does not screen other forms of matter, thus allowing for a
viable cosmological history. However, despite its successes at demonstrating a well-tempered
cosmology, [99] is a highly simplified model. [101] provides a generalisation by applying a
well-tempered approach to Horndeski’s original model using a series expansion of its arbitrary
functions. [102] takes a different approach by assuming various ansétze for functions within
the model. Both papers go on to present example solutions that verify the results of [99].
Further explorations into this method of self-tuning are contained within [103-106]. The
future of well-tempering seems positive, prompting further investigations into its properties

to constrain the theory and verify its cosmological viability.

We will also very briefly mention a minimal self-tuning model that uses scalar fields to self-
tune differently to well-tempering, whilst avoiding the “Fab” problem [92]. Recently, [107] have
devised a “Kinetic Gravity Braiding” model "] (also studied using well-tempering in [102,104])
given by the action eq. . To study the self-tuning properties, they consider: a perfect
fluid where the energy-momentum tensor is given by 7)) = diag(—p, p, p, p); with a W

metric g, dztdz” = —dt? + a(t)?d;;dz'da?; and a time-dependent scalar field ¢ = ¢(t). They

then take the specific potentials K (¢, X) = —3coHe X + ¢;M3¢ and G(X) = 2+/2X where

co and c¢; are dimensionless parameters; M is an arbitrary mass scale; Hys is the late-time

attractor solution for the Hubble parameter; and recall X = —%g““V,ﬁVﬂﬁ = %2 such that

20S0-called due to the “braiding” of the scalar and metric terms in the equations of motion. For further
background reading on this topic we refer the reader to [108-110].
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the action becomes

J2)
/d% — ( Mg, o ﬁX e M3 — %\/zx O + Abare) + Splgus ¥, (2.63)

where they consistently choose the positive branch of v/2X . From the above (eq. (2.63))),

they derive the Friedmann equation:

360

3MAH? = p+ Apare + o1 2H — Hy)d? — et Mo, (2.64)
the acceleration equation:
2 172 2 77 _ CoHds 3
and the scalar equation:
. . . o M*
(p+3H¢)(H — Hys) + Hp — o 0, (2.66)
0

where the Hubble parameter is H = % and dots refer to derivatives with respect to t. Also,

the energy conservation equation is given by

p+3H(p+p) =0. (2.67)

First, [107] combines egs. (2.64)) and (2.65) to obtain the “Hubble evolution equation”:

2MEH = —(p+p) — —¢*(H — Hys) + — 0. (2.68)

This is similar to eq. (2.56)) in well-tempering, in that eq. (2.68)) is an expression that auto-

matically removes its dependency on the vacuum term (i.e. when p = —p = A,.). Where

this model differs is how they use the scalar equation. Well-tempering would enforce an
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equivalency between the scalar and Hubble evolution equation (egs. and ), then
solve the resultant expressions. Instead, [107] recognises that eq. is not independent as
it can be derived through a combination of eqs. , , and . This means that
eq. can now be solved explicitly for (;5, and in this sense it is different to well-tempering.
But similar to well-tempering it seeks to find self-tuning solutions that consistently remove
cosmological constant terms, whilst allowing for other forms of matter. To solve these equa-
tions they first consider an explicit energy density that contains matter and vacuum energy
parts only (i.e. p = pym + Avac and p = —Ay.c). Now, they make the following dimensionless
¢

. . . _ H _ _ _ M2 _ _ Ay, _ A
substitutions: h = i w = T = Mt, n = FPQI, Pm,0 = %, Abare,O = ]l\?ie7 and Avac,O = ﬁ.

With these substitutions they use egs. (2.64)), (2.67)), and (2.68)) to find two dimensionless

evolution equations given by

—3(h — @)(3co*(2h — ) + pmo) + a1tV
6u(h — a) + 3corp"™ ’
9cott' (h — a)(coth — 2uh) + 3cot) pmo + 24y
6uco(h — ) + 3¢y ’

h = (2.69)

W = (2.70)

where the attractor is denoted by the dimensionless parameter o = HWd and primes denote a
derivative with respect to 7. For completeness the dimensionless fluid conservation equation
becomes

o+ 3hpmo = 0. (2.71)

Now, egs. (2.69) to (2.71]) represent a full numerical system to be solved. Notice that

none of the above equations contain explicit Ayaco Or Apareo dependencies. Instead, the value
of the vacuum energy is used to choose the initial value of ¢ using eq. (so that they have
the freedom to choose the initial conditions of h and ). The evolution of the system itself
does not depend on the value of Ay,co (0r Apare), but it does depend on p,,o. Hence, this
mechanism has (similar to well-tempering) enforced a removal of the cosmological constant

terms from the dynamics of the system, whilst allowing for matter to be included. Finally, the
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scalar equation (eq. (2.66))) is merely used to measure the behaviour of ¢/’ (which is represents
). Full details of these calculations can be found within [107]. But we have provided this
short description here to demonstrate to the reader that well-tempering is not necessarily the

only way to self-tune whilst allowing for other forms of matter domination.

They go on to show that the above model can cancel off a large vacuum energy, whilst
self-tuning to a [dS] attractor solution. They further demonstrate that the model can undergo
a period of matter domination, and that these solutions are stable under phase transitions in
the value of the vacuum energy. Overall, [107] exists as an initial exploration into a self-tuning
mechanism, that is similar but separate to well-tempering. To our knowledge the above is the
only exploration into this mechanism, therefore exploring it using another model or through

generalising the above model would be interesting.

2.5 Vacuum Energy Sequestering

Vacuum Energy Sequestering is a unique method of self-tuning that recovers [GR] and requires
a simple modification to the usual gravitational equations. The idea is to promote a bare
cosmological constant term, Ay, to a variable to provide constraints on the action. In this
section we will showcase the sequestering mechanism by considering a global vacuum energy
sequestering model [111H114]. This theory also introduces another variable, A, where both
Apare and A are global variables i.e. variations occur on the level of the action, but not in

spacetime. The explicit action considered is

2
S = /d%s/——g [%R — Apare — ML (A 26", ) | +0(2), (2.72)

where the matter sector £, is minimally coupled to the “Jordan” frame metric, g,,, and

z = /;*4’—;49 Note that a Jordan frame usually describes a scalar-tensor theory, whereby the
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Ricci scalar is coupled directly to a scalar field. Our action (eq. (2.72)) is not written in
this way, therefore it is in the “Einstein” frame. But it can be changed into an equivalent
“Jordan” frame using a redefinition of the metric, g,, — G = A\, [115). However, X is not
related to a scalar field in this model, hence the quotation marks on “Jordan” and “Einstein”.
Finally, o is a smooth function that lies outside of the integral that is dimensionless due to a

mass scale, .

Varying the action with respect to Ap.e and A yields

o 1
N :/d T/—g, (2.73)
and
/
Mmﬁ%:/&%ﬁmﬁg (2.74)
i
respectively, where o’ = 8‘;(;) and T,w = —%ggsﬁ is the energy-momentum tensor defined

in the “Jordan” frame, which is T = AT/ in the “Einstein” frame. By combining these two

equations the constraint equation becomes

AApare = (T2), (2.75)
where the 4-volume average quantity is defined by (Q) = m—‘/f_‘(’f. Then, varying the action
with respect to g, yields

MEGH = NTH — §H A, (2.76)
which becomes
1
ME\GYy =Ty — (T3)d), (2.77)

4

using eq. (2.75). Now, we can split the energy-momentum tensor such that TH = 7 — A,.0¢,

where 7 and A,,. represent the contributions from local matter sources and vacuum energy
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respectively. By writing 7# in this way, eq. (2.77]) becomes
2 M 1 oy 1
MPIGV =T, — Z<Ta> v (278)

where (Ayac) = Avac. Notice that both the Ay, and Ay, terms have completely dropped out
of the equations, but the local matter sector has survived. This shows that the cosmological
constant terms no longer have a direct gravitational response, whereas the 74 term still
contributes. In other words, the explicit self-tuning mechanism here uses eq. to set
a constraint that requires Ap..e to cancel off Ay, irrespective of its overall value. Here,
eq. has left behind a residual cosmological constant term, Aeg = 1(72), where (72) is
the 4-volume average of the trace of the local matter sector. However, since (1) is unrelated
to vacuum loops, Aeg does not suffer from the same radiative instability that plagues the
cosmological constant problem. Instead, the value of A.f is determined by a measurement
of the historic (and future) matter density. In this sense, the Universe must have a finite
spacetime to ensure that the value of A.g is bounded. In other words, the Universe must
be spatially finite and collapse in the future. Similarly, due to the infinite volume in their
interiors, black holes would ordinarily provide significant contributions to this historic matter
density measurement. However, as [112] demonstrated, this is no longer the case in finite

spacetimes. They were further able to show that this A.g is automatically small in large, old

Universes [111], with [112] providing a mechanism to achieve this.

This action (eq. (2.72)) was later modified into a local sequestering theory [116}[117],
by promoting A and Ap... to scalar fields. Performing a similar analysis grants a global
constraint, evoking a cancellation that sets the value of A.g, as shown previously. Note, these
models avoid Weinberg’s no-go theorem [51] as they contain non-gravitating 4-forms which
are used to break translational invariance in the corresponding 3-forms [116]. Most recently,
the “Omnia Sequestria” model [118,]119] proposes a method that gravitationally decouples

matter loops (along with its predecessors) and graviton loops.
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To conclude, vacuum energy sequestering theories modify [GR] to achieve self-tuning.
Promoting a bare cosmological constant to a variable alongside introducing a separate variable
allows us to vary the action with respect to them, which provides constraints on the model.
These constraints set the bare cosmological constant to automatically cancel vacuum energy
contributions without altering local matter sources. This cancellation leaves behind a residual
cosmological constant that is not related to vacuum loops and is naturally small in large,
old Universes for finite spacetimes (with [120] setting |(7)| < M3 HZ, where Hy is the
Hubble parameter today). In general, both global and local sequestering theories yield similar
cosmological responses through self-tuning the value of the vacuum energy. The future
direction of these sequestering theories would be to understand these mechanisms as a UV
complete theory to further test its viability as a gravitational alternative to[GR] We also briefly
mention a similar theory, which involves promoting the Planck mass to a variable [121-123].
As in vacuum energy sequestering, it acts to self-tune an arbitrary cosmological constant in

exchange for an effective cosmological constant that is set by historic matter excitations (i.e.

Aegr o (T)).

2.6 Braneworlds and supersymmetry in cosmology

Despite the fact that we appear to live in a 4D Universe, models such as string theory [124,/125]
exist in 10D. The structure of these extra dimensions affect the physics within our 4D
observable Universe, but their effect is (usually) suppressed as a consequence of Kaluza-Klein
compactifications [126]. If these compactifications are sufficiently small they do not spoil

standard model particle physics.

Braneworld gravity [127] uses the idea that our 4D observable Universe exists in an

object called a “brane”. This brane is a hyperspace inside a larger (4+N)D spacetime called
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the “bulk”. Analogous to string theories, the structure of this bulk affects physics within
the brane. The difference is that all matter fields are restricted to the brane, whilst gravity
and other non-standard model physics are not. This means that the usual constraints on
the size of these extra dimensions no longer apply, but instead they can be as large as a
few micrometres [128-130]. This non-trivial embedding of the brane in the bulk can offer
mechanisms that “hide” the gravitational response of vacuum energy in the bulk, whilst

recovering [GR] on the brane.

The 5D [Randall-Sundrum] (RS)) braneworld model [L31JPT] was the first to include the

self-gravity of branes. This model is described by a 5D action, where the matter Lagrangian
is confined to a 4D spacetime that recovers in a low energy limit [133]. These models
can be oriented to produce a self-tuning mechanism [133+135]. Consider the relatively simply

5D action

S = /d5X BTE [(5)1%— %(w)? —A5] — /d‘lxﬁﬁm, (2.79)

where ®)G and ®)R are the determinant of the metric, ®’Gy;n, and trace of the Ricci tensor,
®) Ryrw, respectively. Furthermore ¢ is a scalar, As is the cosmological constant on the bulk,
and X are the coordinates. All of the objects we have just described are 5-dimensional, such
that the indices run as M, N = 0, ...,n— 1, where n is the dimension of the model (in this case
n =4 with M, N = 0 as the time dimension and M, N = 1,...,4 as the 4 spatial dimensions).
The 4D integral in eq. corresponds to the brane where g = det(g,,) and g,, is the 4D
metric (such that u,v =0, ..., 3). For simplicity we consider A5 = 0 and L, = 0e®®. Here, o
is the brane tension which corresponds to the value of the vacuum energy as calculated by a

4D observer and b is an arbitrary constant. Then, we demand a Minkowski solution on the

21This is an example of a RSII model which contains two branes, where one is placed infinitely far away,
thereby effectively removing it (at least physically). The other brane contains our standard model physics.
The RSI model has the same geometrical setup, but instead both branes are a finite distance away and our
standard model physics is contained within one of them. This model was first introduced as a method of
solving the hierarchy problem [132].
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brane such that the 5D metric ansatz is given by
O GundXMAXY = dy? + 24y, da"da?, (2.80)

where A(y) is the warp factor, y = X° denotes the extra dimension, and for simplicity we
have chosen that the brane lies at y = 0. To enter into a self-tuning regime we must find
solutions that recover a flat spacetime for any value of o. Substituting eq. into the
(M, N) = (4,4) components of Einstein’s field equation yields A" = a¢’, where a = j:% and
primes denote derivatives with respect to y. Substituting this solution into a combination of
the scalar equation, alongside the (4,4) and (u,r) components of Einstein’s field equation
gives ¢ + % ((/5’)2 = 0. By assuming that a = % for y >0 and a = —% for y < 0 the solution

to the above relationship becomes

%log (§y+cl) + dy, for y <0
o(y) = (2.81)
—%log (%y—i—cQ) +dy, fory >0

where cq, ¢o, di, and dy are integration constants. First, dy can be determined by demanding
continuity in ¢(y) across y = 0. Then, substituting eq. back into the field equations
yields two expressions for the integration constants ¢; and ¢y, in terms of dy, b and o for
b #£ i%@ Therefore for any given b, there exists a Minkowski solution for the brane, regardless
of the value of . In other words, the system exhibits self-tuning, without fine-tuning the
vacuum energy density. We can “see” this at the level of the action (eq. ) where the
scalar field in the 4D integral can absorb shifts in . Note, a similar result can also be shown
for a general £,, [135]. Unfortunately these models have several issues. Firstly, notice that
eq. contains a singularity at y = —%cl and y = _%CQ. Any attempt to regularise these
singularities re-introduced fine-tuning [136-138]. Secondly, there are instabilities related to

external expansion or singular collapse of the braneworld [139].

2There are solutions that exist for b = :l:% which requires a = % for all y as detailed in [135]. But for
simplicity we will only consider solutions for b # i%.
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A different approach increases the dimensions from 5 to 6. [140] considers a 6D bulk

action

1 1
S = / X/ -G [5@3 — Ag — ZFMNFMN , (2.82)

where ©G and © R are the 6 dimensional determinant of the metric and Ricci scalar respect-
ively. Furthermore Fj,y is the Maxwell field strength (which provides the pressure needed
to stabilise the extra dimensions |140]), Ag is a cosmological constant on the bulk and X are
the six-dimensional coordinates. The notation is consistent with the previous example such
that indices run as M, N =0, ....,5, and p,v = 0, ..., 3 refer to indices on the brane. As before

we consider a Minkowski metric ansatz given by
ds® = GundXMAXY = n,,dztds” + v (y)dy*dy?, (2.83)

but this time 74 (y) is the metric of the two extra dimensions y¢, y°, where the indices
refer to (a,b) = (4,5 Now, we can choose Fyry to be a magnetic flux threading the

extra-dimensional space such that

Fab = \/7B0€aba (284)

where By is a constant, v = det(v4), €4 is anti-symmetric such that €5 = 1, and all other

components of F,;, vanish. Next we make the choice of a two-sphere geometry for vy,
Yap(y)dy*dy® = a3(d6* + sin? d¢?), (2.85)
alongside fixing the magnetic field strength By and the radius aq in terms of Ag:

BY =2\, af=-—— (2.86)

2To be clear this does not necessarily mean that a = 4 and b = 5. Similar to how (4, j, k) refer only to
the spatial coordinates on a 4D spacetime, (a, ) are used to refer only to the extra dimensions (4,5) and can
do so interchangeably.
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which is consistent with a static, stable solution [140,141].
Now, branes can be added using the action
Sy = —a/d4x —q, (2.87)

where o is the brane tension. This explicit addition is done by placing the two branes atop

the bulk on opposite ends of the 2-sphere. The metric now adjusts such that [140]

Yap(y)dy'dy’ = a3(d6? + o sin® 0de?), (2.88)
where
o 1
a=1-o a3:2—A6, B = 2A. (2.89)

This metric corresponds to removing a wedge that stretches from the north pole to the south
pole from the 2-sphere bulk, where ¢ is proportional to the size of the wedge (see figure 1
from [140]). To picture this, imagine the geometry of the bulk is a rugby ball’ with branes
that sit atop opposite points of the ball. Notice that the only object that changes due to the
brane tension, o, is a. ag and By, which are necessary to ensure that the 4D spacetime is flat,
remain the same. In other words, the brane tension affects the bulk geometry but leaves the
4D geometry untouched. Unfortunately, this does not solve the cosmological constant problem.
In [142] they show that effective 4D cosmological constant corresponds to Ay o< 3A¢ — $B3.
For A4 to vanish it requires Bf = 2A¢ as in eq. , which is a choice that we made. So
for A4 to vanish it requires a fine-tuning between Ag and By. In a sense, this moves the

fine-tuning of the cosmological constant onto the magnetic field.

This problem can be avoided by considering a [Supersymmetric Large Extra Dimension|

Z4Note, the authors in [140] refer to the geometry as an “American football”.
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(SLED|) model [143-145], which is a modified version of [140]. The action is given by
1 1
S = / dSz/—O @ {5(@3 — Oy O™ p) — Ze—@uVMNFMN —e®Ag, (2.90)

where there is a constant scalar solution ¢ = ¢y = constant, and the effective 4D cosmological
constant can be shown to be Ay %Aﬁeq50 — %Bge“ﬁo [142]. Now, notice we can write the
effective scalar potential from eq. as V(¢) = —3BZe™® — Age? (where the B? picks up
a factor of 2 by summing over M N). For there to be a constant scalar solution, the potential
must be minimised at ¢, i.e. V/(¢o) = —3Bje " + Age®™ = 0. Notice that this is the exact
cancellation needed for A4 to vanish. By introducing a scalar which has a constant solution,
the theory automatically chooses the value of the magnetic flux to counter the cosmological

constant in the bulk, such that the effective 4D cosmological constant vanishes. This fixes the

problem we have outlined above without introducing [Supersymmetry| (SUSY]) on the brane.

Instead [SLED] models use [SUSY] to improve the model in other ways.

First a short note on in relation to the vacuum energy (for a review on in
general see |[146]). The basic idea is that each boson has a corresponding partner that
is a fermion of the same mass, and vice versa. As we have previously discussed, bosons and
fermions contribute opposite signs to the value of the vacuum energy. Therefore the vacuum
energy will automatically vanish if we live in a fully Universe [24]. Unfortunately this
is not the case, so how does this help us? If any form of [SUSY] exists, it must exist above a
certain scale due to the lack of experimental evidence for superpartners below this scale [147].
In accordance with experimental observations, [143] places this lower bound of breaking
at the level of the electroweak scale, M,,. This sets the coefficient of cosmological constant in
the bulk to be Ag < M2, as the cancellation between boson and fermion fields will stop at the
[SUSY] breaking scale. Firstly, this allows one to introduce [SUSY] particles in the bulk, further
generalising the theory. But without fully exploring these different particles (which is beyond

the scope of this thesis, see [143-145] and references therein for details), introducing
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generates another interesting property. As shown in [133], the breaking scale can be
linked to the compactification scale, which in turn will be linked to the value of A4. This
provides further constraints on the size of the extra dimensions, which in turn could leave
experimental and observational traces [144}145]. However, we find that these models
cannot return to a Minkowski spacetime when considering phase transitions [142,(148|. In
fact, it was later shown that there is still a hidden fine-tuning condition in the form of the flux
quantisation condition, which arises from the Maxwell sector in eq. (see [149,150] and
references therein). Without this flux sector, the extra dimensions will either decompactify
or will collapse; either way this destroys our self-tuning mechanism. To be clear, the flux
sector can still stabilise our extra dimensions without fine-tuning, but without the fine-tuning
a large cosmological constant will reappear on the brane. Despite its lack of success, the
proposal has some interesting properties. To reiterate, the idea is that the gravitational
response of the 4D cosmological constant can be “pushed” into the bulk to recover a flat
spacetime. Here, [SUSY]acts to introduce new particles in the bulk and restrict the size of the

cosmological constant in the bulk, which in turn restricts the size of the compactifications.

To conclude this section we briefly point towards the future directions of self-tuning
with branes and [SUSY] First, to focus on the former, recent advancements come in the
form of holographic self-tuning (see |[151] and references therein). This alters the original
5D RS branes [131] and casts solutions to be on the bulk, rather than flat. But it
still invokes a self-tuning mechanism, whereby there is an interplay between the bulk and
the brane. [152-154] verify the stability of this proposal and explore its dynamics further.
In general there are still many open questions to this model as [151,|154] points out, which
must be explored further. As for [SUSY] most recently [155] has showcased a class of 4D
supergravity models, which can be used to impose a scalar potential that can dynamically act
to reduce the gravitational response of the vacuum energy. However, due to the complexity

of this model there are several unaddressed issued®] which demand further research.

25For example the theory introduces a dilaton that couples to ordinary matter, which could result in
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2.7 Massive gravity

Massive gravity is a modification of [GR] that propagates with a massive spin-2 particle
of mass m (see [156,]157] for a review). It started with the original Fierz-Pauli action in

1939 [158|, which describes a linear free massive graviton. Interestingly, a 4D massive theory

propagates with 5 [Degrees of Freedom| (DOF) instead of the usual 2 of [GR] In the 1970’s van

Dam, Veltman, and Zakharov studied this linear theory coupled to a source [159,(160]. They
discovered that in the limit where m — 0[GR]is not fully recovered, which is known as the
vDVZ discontinuity. This arises due to the extra [DOF| present in a massive gravity theory.
Even when a massless limit is taken, these extra [DOF]do not fully decouple from the source.
The number of DOF] instead become 2 from a massless graviton, 2 from a massless vector,
and 1 from a massless scalar. Specifically, the scalar remains coupled to the source, leading
to the discontinuity between the predictions of [GR] and massive gravity in the massless limit.
Vainshtein later studied non-linearities within massive theories [161], utilising the Vainshtein
mechanism in order to evade the vDVZ discontinuity (see [157,[162] and references therein).
However, these non-linear massive gravity theories were still plagued by Boulware-Deser
ghosts [163]. These theories propagate with 6 where the extra mode presents itself as
an instability. To remove this instability one can tune the coefficients in the expansion of
the metric perturbation, to write a massive gravity theory that is ghost free [164-167]. Since
then there have been successful demonstrations of non-linear massive gravity theories that

are absent of ghosts [168-170].

Degravitation [53,/54,[171L[172] is the idea of modifying to give it a “high pass filter”
that does not allow higher energy (longer wavelength) sources to pass through, but leaves that
of lower energy (shorter wavelength) untouched. In other words, the gravitational response

of a large cosmological constant (with an effectively infinite wavelength) is screened, but

inconsistencies with gravitational tests.
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(which involves shorter wavelength interactions) are kept intact.

To demonstrate this phenomenon we first consider the case of a massive vector, reiterating

the arguments made in [157]. We start with the action

1 1 1
S:/ﬂ%{—z WHW—5m%wﬂ—m&ﬁ%—§@d%¢h%ﬂ}, (2.91)

where H,, = 0,A, — 0,A,, ¢ is a scalar, A, is a vector, J is a source, m is the mass of the
vector and D are the dimensions of the model. Here, ¢ is a scalar that is introduced as part of
a Stiickelberg trick, to ensure no are lost when m — 0 [173H175]%] The scalar equation
of motion becomes

O 4+ m 8, A" = 0, (2.92)

which can then be plugged back into eq. (2.91) to eliminate ¢, such that

D 1 m2 v
S = d”zx _ZHMV 1—E H* ‘I—ANJ'M N (293)

where we have used H,, L H" = —2A, A" — 28#14“%8,,14”. The resulting equation of motion

v
becomes
m2 17 v
If we allow A, to be a massive photon we see that eq. (2.94) is equivalent to Maxwell’s
-1
electromagnetism seen through a high pass filter, <1 — %2> . For higher momenta (shorter

wavelength) sources the filter ~ 1, so ordinary electromagnetism is preserved. Whereas for

low momenta (longer wavelength) sources the filter is small, weakening the response of .J.

We can demonstrate a parallel phenomenon in linearised massive gravity in flat spacetime

26A similar “trick” can be used within massive gravity theories [176].

60
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by taking the action [157]

1 1
S = / dDm{Emzo — S (= ) = S Hy Y = 2m (0 A — 19, AY)

(2.95)
+ gmhuuTlW } )

where h,, is the perturbation of the metric such that g,, = 1., + hu, gm is the coupling
strength to the source, and m now refers to the mass of the graviton. Similar to the role of
¢ in eq. (2.91), A, is a Stiickelberg field. Finally, £,,— corresponds to the Lagrangian of a

linearised massless graviton given by
1 uvap
Lo—o = §hW5 hag, (2.96)

where

EMap = (?7&“?7}3) — 77W77a6> 0 — 20%0(an)y) + 0"0"Nap + OaDa”. (2.97)

To further simplify we add an auxiliary field, M = %h + 0,A", so that the action becomes

1 1
S = /de{Lng +m? { — 5l + ZhQ + A,O0A" + M(h— M)

(2.98)
— A*M0,h — 20" hy + 28HM)} + gmhm,T‘“’}.
We can then eliminate the vector field A, using the equation of motion
1/1 ,
A, = O §8Mh — 0"hy + 0, M |. (2.99)

This elimination yields

2
S = / d%{%hw (1 - %) EOPh g — zMé(a#ath —Oh) + gmthW}. (2.100)

Notice the incredibly similar structure between this and eq. (2.93)). Therefore, computing the
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field equations of eq. (2.100) will yield a similar structure to eq. (2.94)), such that the massive

graviton acts as a filter to the source.

Although degravitation can be shown to work at a linear level, an exploration into a
non-linear extension has so far been unfruitful (see |[177] and references therein). Despite this,
a study into its cosmology [178] has shown that massive gravity can produce an accelerated
expansion [179,/180]. It also seems that a related theory, bi-metric gravity [181], can also
reproduce phenomenologically accurate cosmologies [182]. Finally, there remains a small
possibility that the non-linear form of another related theory, partially massless gravity, could
provide a solution to the cosmological constant problem [183]. However, constructing such a

theory has thus far proved unsuccessful [183-187].
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Chapter 3

Obstructions to self-tuning

In this chapter we review the work from F. Niedermann and A. Padilla in [188], which explored
obstructions to self-tuning and possible ways around these. The reason for this review is due
to the fact that our work comes as a direct reaction to the results of this paper. Much like
Fab Four (section and Weinberg’s no-go theorem [51], they construct a generalised model
and place self-tuning conditions upon it to examine what types of theories can and cannot
self-tune. To explore this, they first construct an exchange amplitude, A, which represents
the interaction between a “probe” source, T;w, and a given field. For example, to see how
a scalar, ¢, interacts linearly with a source we can examine the object 7/¢. Then, we can

understand its gravitational effect by coupling it to the metric and examining the resultant

integral (similar to the form of an action):
Ao = /d4x\/—§ ) (3.1)

where Ay represents the exchange amplitude for a single massive spin-0 state, 7/ = T/’Lug””,
and g,, is the background metric where g = det(g,,). Note, the use of the background
metric is due to the fact that we are exploring linearised interactions. These amplitudes
are used here to represent the strength of a given interaction. From these amplitudes, one
can study how they behave under certain limits. This method is simply a different way of

studying the gravitational interaction of a given theory 7l It offers a different perspective

27 Alongside this it offers a way to consider a range of fields with different masses and coupling strengths,
using the [Kallén-Lehmann| (KL|) spectral representation. We will discuss this in more detail later in the
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CHAPTER 3. OBSTRUCTIONS TO SELF-TUNING

from the “usual method” of solving the field equations from an explicit action, to provide
a new insight into a given model’s interaction with gravity. Then from this linear study
of the exchange amplitudes, one can construct an explicit non-linear action to study the
model’s field equations and cosmology based on some desired characteristics. Specifically
with self-tuning, [188] focuses on what conditions require the exchange amplitude to vanish
when interacting with a vacuum energy source in a long wavelength limit (where a constant
source has an infinite wavelength). This corresponds to the gravitational effect from a vacuum
source vanishing, which is the desired result for self-tuning to be realised. Alongside this,
they also demand a close agreement with the exchange amplitude of [GR] for short wavelength
sources. This ensures that the theory to be constructed from this analysis can fit within
observational bounds. Note that the exchange amplitude for [GR] can be found by computing

the interaction between a probe source and a massless spin-2 particle.

To write eq. into a more functional form, we can think of this scalar as being
generated by a separate source, 7. Therefore, we can rewrite eq. by considering the
inhomogeneous equation for a scalar interacting with a separate source via (—(+m?)¢ =
7, where m? is effective mass squared of the scalar and 7 = 7,,g*. Using this expression we

can now write ¢ = (= + mQ)_1 7 and substitute this into eq. 1' to obtain

1
AO = —/d4l’ —g T/D——’)?’LQT'

This now represents a source TZW interacting with another source 7, via a propagator. In this
case the propagator takes the explicit form (—O + mz)_l, which is that of a massive scalar

field.

Furthermore, we want an exchange amplitude that is mediated by both single and multi-

particle states using a [Kallén-Lehmann| (KL|) spectral representation [189,/190] to ensure that

chapter.
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CHAPTER 3. OBSTRUCTIONS TO SELF-TUNING

we fully capture all possible configurations. This idea of a[KI]spectral representation is to
create an expression for the sum of all the possible propagators (which will differ based on
the value of the mass term) for a given spin state. Returning to our scalar field example, we

want a way to write the sum of all propagators for spin-0 (from a lower mass limit, s, all the

> 1
N

way up to oo) such that

where A represents the sum of the propagators, po(s) is the “spectral density function” for
a massive scalar, and s refers to the effective mass squared. The key point here is that the
above integral effectively creates a sum of all possible massive spin-0 configurations. Then
the spectral density function, py(s), simply describes the coupling of that propagator at a
given mass s. This construction allows us to represent the full range of propagators when we

build our exchange amplitude.

In |188] they also consider the exchange amplitude for all states up to spin-2. Therefore,
we can write the entire exchange amplitude, assuming linear couplings to the source, by

summing the massless and massive components of each given spin state such that

A = paAs + poAo + /00 ds pa(s)Asa (s) + /OO ds po(s) Ao(s). (3.2)

52 S0

The model includes the exchange amplitude of: a single massless spin-2 state, A,, with
coupling, ps; a single massless spin-0 state, Ay, with coupling, py; massive spin-2 states, A,
of mass s with spectral density, ps(s); and massive spin-0 states, Ay, of mass s with spectral
density, po(s). Notice, we have not included any spin-1 states since we only consider linear
couplings to conserved sources. A linear spin-1 state can only contribute via a derivative,
therefore if we assume conservation of the source, V,7# = 0, a spin-1 term will never

contribute as we can consistently remove it by integrating by parts. Finally, s, and s are

the lower limits of the mass of the spin-2 and spin-0 states respectively. Note, in order to
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CHAPTER 3. OBSTRUCTIONS TO SELF-TUNING

evade Weinberg they also allow for breaks in translational invariance and non-local kinetic
operators. It is further assumed that free field propagators are in a canonical form such that
they obey unitarity and Lorentz invariance, and the spectral densities are positive to preserve

unitarity (i.e. pa, po, p2, po > 0).

We can keep the couplings and spectral densities entirely arbitrary for now, as these
objects only infer the strength of the given state. But we must define the exchange amplitude
for each state. First, we reiterate our definition for the exchange amplitude of a massive

scalar, Ao, and state that of a massless scalar, Ay, by taking s = 0 to obtain

Ay =— /d‘*:c\/—g T/éT, (3.3)

Ay = —/d4x\/—g7'/_ L
—s

T, (3.4)

where O = vﬁu, which refers to the derivatives when computed on the background since

we are dealing with linearised sources. For spin-2 we start by examining the object

A= / d* /=g " R, (3.5)

where hy,, is the graviton fluctuation due to a separate source 7,,. Note, that eq. is
the most general way of writing the exchange amplitude for models up to spin-2. However,
in order to write down Ay separately we must first write down an expression for the h,,
that is generated by 7,, for a massive spin-2 state. By considering this explicit expression
on a curved background, [188] were able to write the exchange amplitude as two sources
interacting via a massive spin-2 propagator. Unlike before, we cannot generically find the
massless counterpart by setting the mass to 0 as this will give rise to the well-known vDVZ
discontinuity [159/[160] (as discussed in section[2.7)). Although the vDVZ discontinuity can be
evaded on a curved background, the same cannot be said for that of Minkowski. Therefore,

we must reconstruct an expression for the graviton fluctuation generated by a source for a
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massless spin-2 state to find Aj,. The full derivation is fairly involved, but can be found in

the Appendix of [188], so we will instead state the form herelﬂ

1 1 1
_ 4 — = yn (TT)  ~ .1
Ay = /d /=7 {T(TT)D — T g 41%7'}, (3.6)
y 1 K 1
AQ - _/d4$\/ —g {T(/;T)Ij_—T(TT) — ! }, (37)

2k — s 1 3(2R—S)T|j—|—4/€7—

where k is the spacetime curvature (k = 0 is a Minkowski background, x > 0 is a

background, and x < 0 is an background) with

l o = = 1
T/EZT) =T+ 3 [V“V,, — g (0+ 3/%)] (D n 4/€)T. (3.8)

Note k, which refers to the intrinsic curvature of the system, should not be confused with
k in eq. , which refers to the spatial curvature. Usually 3k = (—Aeg, 0, Aegg) for m,
Minkowski, and [dS] solutions respectively without a self-tuning mechanism. However with an
apt mechanism, we can force 3x (the intrinsic spacetime curvature) to be small (or 0 if we
want to achieve a Minkowski solution for Ag # 0) for an arbitrarily large Ag. This ensures
the gravitational effect of A.g, which would usually produce a large intrinsic curvature, can be
cancelled off. In other words, the value of the effective cosmological constant will not affect
the value of the spacetime curvature. Using eq. they also derive the spin-2 amplitudes

for localised sources:

: 1 1,[ 1/2 1/2
— — | Q=G4 v — L, — =T | = = 3.9
Az / v g{T O-2="™ 2" [D—2/<;+D+6/JT}’ (3:9)

3.10
Sl [y kesf6 12 ] (3.10)
2 |O-2k—s kK—5/20+6k—s .

28In section we calculate the exchange amplitude of a theory which involves a single massive graviton
(alongside a single massive scalar) on a curved background. So a slightly altered derivation is contained within
this thesis.
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Conservation of localised sources ensures that it vanishes in response to V,V, (contained
within our definition for eq. ) However, since vacuum sources are constant they do not
generically vanish in response to V,V, due to the presence of non-local operators. Therefore
we cannot generically use eqs. and , instead we must use the general expressions
when considering vacuum interactions (egs. and ) Note, that egs. and
do not contain any V,V, terms, so these expressions can be used for both localised and

vacuull sources.

Now that we have constructed our general exchange amplitude we place two self-tuning
conditions upon it, in order to constrain the parameter space of the theory. Self-tuning here
requires the gravitational response of an infinite wavelength source to be screened, whilst

leaving short distance gravity sources mostly untouched. In other words our conditions are

defined such that:

(1) the exchange amplitude, A, should vanish in response to a vacuum energy source, which

corresponds to a low energy (long wavelength) limit,

(2) the exchange amplitude, A, should closely agree with that of (due to its experimental
success) in response to localised sources, which corresponds to a high energy (short

wavelength) limit.

We start by considering this theory on a Minkowski background (x = 0). In [188] they
take very general lower mass limits such that s, = 07 = 5y to ensure the positivity of each
effective mass squared (where the above refers to s, s > 0, but we have written it as above
for notational convenience). We first examine condition (1) by allowing the vacuum energy

source, T, = —Ayachyu, to interact with a localised probe, 7,,,. Substituting this into eq. (3.2)
with our exchange amplitudes for generalised sources (eqs. (3.3)), (3.4), (3.6), and (3.7))) yields

68



CHAPTER 3. OBSTRUCTIONS TO SELF-TUNING

the “vacuum” constraint

2 a1 4+ 4p 1 4/Ood (521 =0 (3.11)
—_— —_ =1 — S S)—1 = .
3P2D POD o Po p )

where we have used =1 = —1 (as |0| < |s|) and the fact that the transverse-tracefree part

TT .
of the energy-momentum tensor 7',(“, ) vanishes for a constant vacuum source. If we operate

on the above (eq. (3.11))) with [J we notice that the third term is much smaller than the first
two terms since || < |s|. Therefore, we obtain our first vacuum constraint for a Minkowski

background: p; = 6ﬁﬂ.

Turning our attention to condition (2), shorter wavelength sources must closely match

the exchange amplitude of [GR] such that
A — —MLF%]/d‘lm —q {T"‘”émy - %(1 - e)T'éT , (3.12)
as 0 — —oo. The exchange amplitude here is constructed by considering a massless spin-2
state on a generic background with a coupling constant p, = M%p] Here, we can set kK = 0 as
the kinetic sources will dominate over « for a high energy (short wavelength) limit, |0| > |x|.
Finally, € represents a small deviation from [GR]in accordance with solar system tests of
gravity where |e| < 107° [3]. The € can be written coupled to the tensor parts, but instead
we have chosen to normalise it to the scalar parts. It is used to ensure that we can encode
a deviation from [GR] into the above description, whilst still residing within observational
bounds. To satisfy condition (2) we demand that the general exchange amplitude (eq. )
agrees with that of eq. (hence it closely agrees with for localised sources (using
the “localised” amplitudes eqs. , , , and ) From this we can write two

more constraints by separating the tensor (o< 7#”) and the scalar (o< 7) components, and

29Note that this also implies that the third term must vanish separately, which is a property that we will
exploit when x # 0.
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expressing them in momentum space such that

o0 11
/02 +/ dsz(S) N —, (313)
x o+ x+s Mjx
Lpo 1 [ pa(s)  po /OO po(s) 1 11
=z d — d - ——1—-€)——. 3.14
2x 3/0+ Sx+s+x+ o+ SI—I—S 2< E)Mgla: ( )

where 0 o x = p,p* — o0o. We can also modify the “scalar” constraint (eq. (3.14)) b

removing the py term using the “tensor” constraint (eq. (3.13))):

1 [ 1
—/ asP28) | P +2/ as 2o ) S - (3.15)
3 Jo+ T+ s X o+ T+ Mp1

which we will now refer to as the scalar constraint. We can immediately recognise that the

size of each term in the scalar constraint (eq. ( m is limited due to the positivity of x

po(s) «

e < MQ. Since

and the spectral densities. In other words, = [ ds2%, po, and x [} ds

x+s ’

x fo N dsp 22 is small, the tensor constraint (eq. (3.13)) implies that ps ~ —. Notice there is

le]
MZ)

a contradiction: the scalar constraint implies that py < whereas the tensor constraint
implies that ps ~ —5. This directly contradicts the vacuum constraint: ps = 6py. Therefore
P

self-tuning, as we have defined it, is not allowed on a Minkowski background.

We can repeat the same process on a curved background (x # 0). Through condition (1)

we, once again, demand that the exchange amplitude (eq. (3.2))) vanishes for 7 = —Ayucgu:

p2 1.1 % pa(s) /Oo po(s)
— —dpp=1—= [ d 4 [ d = 0. 1
6K o5 3 /82 "5 om * s s 0 (3.16)

This is an analogous expression to the vacuum constraint on a Minkowski background

(eq. (3.11))), where this time we have used eqgs. (3.3)), (3.4), (3.6, and (3.7) with & # 0.

Operating on the above (eq. (3.16))) with (J renders the first, third, and fourth terms as small
since || < |s], |#|. Therefore the liner combination of the three terms will vanish according

to eq. (3.16)). This also implies that the second term must vanish separately, such that py = 0.
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This is our vacuum constraint.

To satisfy condition (2) we, once again, split the tensor and scalar parts for our exchange

amplitude eq. (3.2)) (using the “localised” amplitudes eqgs. (3.3)), (3.4), (3.9), and (3.10]) with
k # 0) and compare with that of eq. (3.12)) to obtain

] o 11
@ ‘I’/ dsz(s) — T (317)
x S2 T+s Mle

1 py 1/00 p2(s) K Po /OO po(s) 1 11
LR - - d Sl —) -, (318
22 3 Jor g s—om| T T o+ et 2< 6)]\/[13156’ (3.18)

where we have used the fact that |z| > |k| for the high energy (short wavelength) limit.

Similar to deriving eq. (3.15)), we can remove py from the “scalar” constraint (eq. (3.18]))

using the “tensor” constraint (eq. (3.17))) to obtain our new scalar constraint:

1 [~ 2 o 1 D o 1
_/ 4522 +_“/ dSPQ_(*S)_+2@+2/ s <1 3
3 Js, r+s 3 /g T+ ss—2kK T T+ s Mg, x

S0

Note, the lower limit in [dS| space for ss is set by perturbative unitarity on spin-2 states such
that s > 2k [183),/184],191-193|, which is often called the “Higuchi bound”. However, for
space we must take the lower limit as sy > 0 to avoid helicity-1 ghosts [194]. Also in [18§]
they set a very general lower mass limit for the scalar, so > 0, in [dS] space ensuring that
the effective mass squared of the scalar is positive. However, for [AdS| space they use the

Breitenlohner-Freedman bound [195] such that sy = 4k.

First, we specifically focus on the implications of these constraints for a [dS] background

(k > 0). Once again, the positivity of the spectral densities requires each term in the scalar

constraint (eq. (3.19)) to sum to be small, such that xfsoj dsf—g S A';L . This then sets
Pl

P2 ~ M% from the tensor constraint (eq. (3.17)). We then narrow our focus to the second
Pl
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term in scalar constraint to obtain

o [ a2 1
2

2~ )
Mg, ot S—2kx+S

Z /‘i/ ds p2(5> 1
2

o S—2kl+s/z

(3.20)

Then, we use the fact that  — oo in the high energy (short wavelength) limit such that

i >/ as 228 g (3.21)
2

ME ™ Jor  s—2k
where s, is some arbitrarily large but finite constant. Note, there is some loss of generality
now that we have assumed that the masses for spin-2 states do not extend to oo, rather the
ceiling is s,. Nevertheless, we can still proceed with the knowledge that we can capture spin-2
1

states with large masses in our self-tuning analysis. Now, we substitute ps ~ 77 and pg = 0
Pl

into the vacuum constraint (eq. (3.16)), alongside the fact that f;,: L ds f 2_(22 is small to obtain

24/$M§1/ s 140, (3.22)

S0 S

which directly contradicts the positivity of pg. This suggests self-tuning is not allowed in [d5]
space either. Note, that these findings appear to rule out Fab Four (constructed in Minkowski
space) and well-tempering (constructed in [dS|space) as viable self-tuning models. However
to reiterate, the above self-tuning conditions only apply to linearised theories. Indeed, the

non-linearities within Fab Four and well-tempering ensure that both models can self-tune.

Turning our attention to an [AdS background, we find that there exists an ‘{AdS|loophole”
that can satisfy all three constraints (eqs. (3.16]), (3.17)), and (3.19))) simultaneously. Now

that k < 0, the %" f:: ds%l term in the scalar constraint (eq. (3.19)) must be negative.

Consequently, in contrast to Minkowski and [dS] backgrounds, each term in the scalar constraint

(eq. (3.19))) does not necessarily have to be small in order to sum to %% Instead, there
Pl
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are theoretically a great number of loopholes we can exploit, so we demonstrate that the
constraints are satisfied through an explicit example. In [188], they achieved this by writing a
choice of spectral densities that described a theory with a massless graviton, a single massive
graviton, and a single massive scalar. Instead, we consider a choice of a spectral densities

that describes a single massive graviton alongside a single massive scalar:
p2=0, po=0, pas)=~50(s—m2), po(s)=—5—=0(s—mj), (3.23)

where I' = 2¢° + m and we have made a change in variables such that £ — —¢* with ¢* > 0
for convenience. Furthermore, mf] and mi are the effective mass squared of the graviton and

the scalar respectively, where both masses are finite. Substituting this explicit example into

the vacuum constraint (eq. (3.16))) yields

1 11 4 mj
2| T332 T eer| =0
Mg, 32¢° +my  12mgl’

which is clearly automatically satisfied. Likewise, the tensor constraint (eq. (3.17)) is imme-
diately satisfied when we recognise that © — co. However, the scalar constraint (eq. (3.19)))

yields

1 1262\ 1 my 1 e 1
TZ\3 730 7 +2 ol Sy
Mg (\3 3T Jz+m; 121" x 4+ my Mg, x
mi—&-ng

6I"

which produces the constraint ¢ = when we take r — oo. This suggests that it is
viable to construct a linear self-tuning theory on an [AdS| background, and it is through the

specific example in eq. (3.23)) that we write an explicit action.
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Chapter 4

Generalised Fab Four in anti-de Sitter

space

This chapter is based on the work published in [196], but before we consider the specific
action we will briefly discuss the efficacy of working in [AdS| space. We start by mentioning
the AdS/CFT correspondence (see [197] for a review), which posits the duality between
quantum field theories and gravitational theories on an background (first hypothesised
by Maldacena in 1997 [198]). These principles are interesting, having been used in other areas
of modern day physics (such as condensed matter [199]) and they could provide key insights
into a complete picture of quantum gravity. However, despite its success this thesis does not
focus on this aspect of [AdS| space, but instead approaches it with a purely gravitational lens.
Observations seem to suggest that the Universe is undergoing an accelerated expansion (as
discussed in chapter [1]), which implies that the curvature of the Universe corresponds to a
small [dS] space. In contrast to this, our theory seeks to create a Universe with a small [AdS
background regardless of the value of the vacuum energy. However, we still consider it a
success provided that the value of the cosmological constant is heavily reduced. As discussed
in chapter 2] even if Ay, # Aobs, as long as Ay, is on the same scale as Agps this removes
the need for repeated fine-tunings in Ay,.... Hence radiative instability is no longer a problem.
After this, it is on the onus of a candidate to make up the difference. Even so, [AdS|
spacetime makes for a great testing ground to explore the underlying mechanisms of a model.

As highlighted in [188] it is not immediately possible to construct a linear self-tuning theory
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on a Minkowski or backgroundm. is allowed, serving as an exploration point that
could point us towards possible loopholes for self-tuning in |dS| or Minkowski space (as we will

later show).

Returning to chapter , our choice of spectral densities in eq. (3.23) corresponds to a
single massive scalar field, alongside a single massive graviton. To fully capture the scalar

component and the massive graviton we consider a generalisation of the Fab Four action

(eq. (2.17) in section on an background [196]:
S = /d4JI —g [‘C] + 'Cp + »Cg + Lr - K(Qb)g'wjvugbvugb - umg - Abare] + Sm[guw QM? (41)

where

L; = Vi(¢)(G" = 3¢*¢"")V.,¢V uo, (4.2)
L, = Vi(9) (PP + 2¢°g"* g7 )V 10V OV, V 56, (4.3)
Ly = Vy()(R+12¢%), (4.4)
L, =V (¢)(Gap — 24q"), (4.5)

where g, is the Jordan frame metric. The usual Fab Four terms (egs. to )
have been modified to include an curvature term, —¢* (where ¢> > 0), by shifting
Rvag — Ruvap + qQ(gng,g — 9upYva)- Here, we have extracted the latter term to ensure that
the background curvature from R is negative. This choice ensures that each term vanishes on
an [AdS) background solution. Recall, that we allow for an arbitrary Apa..e term to ensure that
there are no hidden fine-tunings between it and A,,.. We have also included two additional
terms. The first is an extra kinetic scalar term coupled to the arbitrary function K(¢), with

the reasons for its inclusion becoming apparent later.

30Note the use of the word linear. Non-linearities within other scalar-tensor models (as in sections
to[2.4]) ensure that self-tuning can still be achieved.
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The second additional term is that of a|de Rham-Gabadadze-Tolley| ({RG'T]) massive

gravity term that takes the form [168]

L 5 o Fe
Uy = 3V U] (4.6)

Fg

where we use [Z/{mg(Z)] = Uyy(Fg) — Unmg(Fg) as shorthand. The explicit arguments take

E
the form (F2)* = §"Gyq = Vngng and (F2)" = ‘-};55 through the Einstein frame metric,
9w = V49w, where the background metric is g, and ‘_/g is the George potential evaluated

on the background (when ¢ = ¢). The explicit form of the ¢ (X) is given by
UR) = —4(12 — 632 + 208 — 29%7). (4.7)

Here, we will briefly describe the derivation for our form of the potential. In [168], the form

/

of the metric is given by Gu = N + hu = 1450,9°0,0° + B

where h,, is the metric
perturbation, h;w is the “covariantised” metric perturbation, 7, is the Minkowski background
metric, and ® are the Stiickelberg fields. This simply refers to the metric perturbation when
Stiickelberg fields are added to the theory. We set the Stiickelberg fields to vanish so hj,, — hy,
and we set 7, — g, to cast the background into @ space. Now, the metric takes the form

Gy = Guv + hy. The explicit form of U (eq. (4.7))) in [168] is given by
U(g,h) = —4(HLH, — HIHY), (4.8)

where H* = 0¥ — /6, — hl,. Through a substitution of h* = 0¥ — §"*g,,, we can write

H! = 6" — \/gFG,, . Plugging this into eq. (4.8) yields

Z/{(g, h) = _4(12 - 6 g,uzzg‘uy + \/gwfl“”flaﬁgaﬁ - \/gyagpaguﬁguﬁ ) (49)

Since this only contains terms that are summed over we can simplify our notation such that
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(F2)E = §"G,q, S0 eq. (4.9) becomes eq. (4.7) if we identify ¥ with Fg. Finally, the explicit
form of U,,, is given in [168] as

2 2
_ Mgym?

Ung = =57

Ug, h). (4.10)

Recall, that g,, is the Einstein frame metric, which can be cast into the Jordan frame using

2
MPI

>4 with V;, by comparing the Lagrangian in [168] with

Guv = Vg9 Then, we can identify
eq. . Lastly, in a similar fashion to our reconstruction of the Fab Four terms (eqs.
to (4.5), we demand that U,,, vanishes on the background yielding eq. . Notice U,
contains explicit forms of the background metric, hence breaks diffeomorphism invariance.
Usually this can be restored with the addition of Stiickelberg fields [156], which we have set

to vanish. However, to simplify our analysis we proceed with this break in diffeomorphism

invariance, knowing that it could be restored in an extended analysis.

To achieve self-tuning we explore whether the field equations at the level of the back-
ground can accommodate for a cancellation between Ap... and Ay,., whilst the linearised
perturbations remain free of instabilities and closely align with [GR] Unlike the original Fab
Four (section , we evade Weinberg’s no-go theorem by breaking translational invariance
on the level of the metric (as we are no longer in Minkowski spacetime) rather than the
scalars. This leaves us free to find a background solution that can accommodate for constant
scalars, which also allows us to consistently remove the John and Paul terms (£; and L,),
as they will not contribute to our analysis. Therefore the addition of the K(¢) term within
our action is to provide the model with a kinetic dependence for ¢. This will ensure that the
scalar field can be dynamical; without it we run the risk of a static scalar field. If ¢ is static
then it will not be able to evolve towards its background solution when perturbed. Instead,
the scalar field will remain at its perturbed position which could spoil our self-tuning vacuum
solution (as shown in section [4.1)). Also notice that the addition of the K(¢) term will not

alter our vacuum solution (section [4.1)) but it will contribute to the linearised perturbation
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(section [4.2)).

These truncations reduce the action to

S = / dz/=g [g<¢>2(R +12¢°) + Vi(¢)(Gap — 24¢")
(4.11)

- Abare + Sm [guw \Ij])

— K(6)9" Vu6V,6 — m{gw)ﬁ u)|

Q=
ol

where we have written the George potential as V,(¢) = G(¢)? to ensure that V; remains
positive irrespective of the value of ¢ and the form of G. As per our discussion of Brans-Dicke
in section , V, acts as an effective gravitational “constant”, therefore we require it be
positive. Now we calculate Einstein’s field equation (€# = 0) and the scalar field equation

(€, = 0) which are varied with respect to the metric and the scalar respectively such that

g =2(V'V, — 50— G*)G* + 124°G°6" + zlc{vwwp - %(w)?ag} — 5" Apare

m2 Fg (4.12)
+ I{Wﬁ —oF [Z/{(E)} ) l}g4 + (SP“O‘VﬁVaVB — 24q465)VT + T
g
/ 2 / 2 m? 3/ ou e
£y =2GG' (R+12¢°) + K'(Vo)” +2K0¢ — —G*G' [4U(X) — Tr( 5
4 0% ) |1
gl (4.13)
+ V;/ [GGB - 24(]4],
where W is given by
ou \“ N N
Wi =\3p.) Frla= —4( = 6(Fp)y + 2(Fp)a(Fr)y — 2(Fp)a(Fp)y), (4.14)
E/ v
T, = —\/%?g;ﬁ is the energy-momentum tensor for matter minimally coupled to the metric,

and primes denote a derivative with respect to ¢. Finally, recall that the form of both P** g

and Ggp are given in section [2.2]

Here, we will address the non-trivial parts of these calculations. We first focus on
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Einstein’s field equation (eq. (4.12])), where the first and third terms are given by Brans-Dicke
gravity [62], and the Ringo terms (coupled to V;.) are given by Fab Four [80]. Turning our
attention to the massive terms, it is not immediately obvious where the W/ term arises.

Varying U(Fg) yields

(%;ZE)(SQFEY , (4.15)

where d, denotes a variation with respect to the metric. Recall that (F2)! = §"“Gya, SO we
can write (F)k(0,Fg)S + (0,F5)5(FE)) = 63" Gua = éég“agya, which reduces to 2(6,F) =

5§f8“gya((FE)*1)g if we assume that g,, and g,, only contain diagonal components. Now we

(Basrs) =3 (% o) i

can write

(03
Then, by raising the indices with the Einstein frame metric and once again recognising the

definition of Fg we obtain W as in eq. (4.14)).

Similarly with the scalar field equation (eq. (4.13))) the second and third terms are given
by Brans-Dicke [62], whilst the Ringo terms are given by Fab Four [80]. The massive term
contains (Eg—g)a which arises by varying U (X):

ou oxr

U)o,
5500 = g5 50 (4.17)

SU(S) =

where 0, denotes a variation with respect to ¢. From this, we automatically recognise

H /
(%) = —%E’,j and substitute this result directly back into eq. (4.13]).

4.1 Self-tuning constraints

First, we consider the field equations on the background using ¢ = ¢ = constant and I = Guv-

alongside an arbitrarily large vacuum energy source, T},, = —Ayacg,. This will allow us to
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establish whether the theory can accommodate for an arbitrary cosmological constant term,
to recover a small background solution with curvature —q?. It is clear to see that the
scalar field equation is automatically satisfied for the background solution (which can be
shown by substituting ¢ = ¢ and 9w = Guv into eq. ), whereas Einstein’s field equation

(eq. (4.12)) yields our “self-tuning equation”:

Avac +Abare Aeﬁ 2/~ 2 4(] >
where a bar denotes the corresponding potential evaluated at ¢ = ¢ (i.e. evaluated on the
background). To understand the role of the massive graviton and the Ringo term we can
remove them from eq. (4.18) and analyse the resulting self-tuning equation, which is now

given by
Aeff 2

6G2
For self-tuning to occur the scale of the background curvature must be similar to or smaller
than that of the curvature of the Universe today (¢> < Hg), which sets |Aeg| < MEHZ. This
combination fine-tunes Ay, to cancel Ay,. to an extreme degree of precision, leading to the
familiar problem of radiative instability. A reintroduction of the Ringo term can provide this
cancellation between the cosmological constant term and the scalar within V.. Naively, the
massive term can be used in a similar way, but upon closer inspection this is not allowed.
The massive term’s scalar dependence is contained within G, which we can identify with the
Planck mass scale, G ~ Mp; ~ 10'8GeV, as it sets the scale of the gravitational interactions.
This greatly restricts the allowed scalar dependence for the mass term. Whereas, V, can (so
far) be totally arbitrary. However, there is some potential use of the massive term still. If it
is large enough to cancel A, this is still a step in the right direction, but it effectively moves
the fine-tuning from Ay, to the massive term. Unfortunately, through a detailed analysis
on fluctuations about the vacuum (in section , we demonstrate that m? (G — 1) must be

small. This reintroduces the fine-tuning onto the bare cosmological constant, highlighting
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the importance of the Ringo term.

4.2 Exchange amplitude between two conserved sources

To further understand this model, we write the exchange amplitude between two conserved
sources (similar to the analysis in [188]). This will allow us to determine whether the two self-
tuning conditions as defined in chapter [3| are met. That is to say: (1) the amplitude vanishes
for a vacuum source; but (2) the amplitude closely matches that of for localised sources.
Examining the resultant expression will further help us to identify potential instabilities that

we wish to avoid. The most general exchange amplitude for this action is given by
A= / d'zy/=g 7" .

where the form matches that of eq. in chapter |3| [188]. However, this time we consider
a metric perturbation, h,,, that can be sourced by both scalar and graviton fluctuations.
Therefore, it can describe the exchange amplitude for our entire action, not just the spin-2
components (in contrast to eq. which considered a metric perturbation that is sourced
only by massive graviton fluctuations). In order to separate the tensor, vector, and scalar

parts of the metric perturbation we decompose h,, such that

hyw = BT + 2V, AD) + 29,9, x + 25,0, (4.19)
where hg,T) is transverse-tracefree (g“”hfg,T) =0= thf;”), ALT) is transverse (?“A;(LT) =0),

and indices are raised and lowered with respect to the background metric, g,,. Here, we
assume that the couplings to the energy-momentum tensor are linear. In that case, AELT) will

consistently enter into equations with the form ?“A,(LT), which vanishes due to the transverse
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condition. Therefore, we are free to write
huw = D + 2V, VX + 2g,u,0. (4.20)

Now, substituting the decomposition of h,, (eq. (4.20))) into the general equation for the

amplitude (eq. (3.5))) we obtain
A= / d*zv/=g ("D + 2770), (4.21)

where we have removed the V,V, x term: if we assume conservation of the source, V, 7" = 0,

these terms will vanish when we integrate by parts, hence we can remove them.

Now the goal is clear, to understand the interaction our theory has in relation to another

source, we must find expressions for h,%T) and 1 that are proportional only to the source,

T To find this, we start by perturbing eqs. (4.12]) and (4.13]) about the background solution

using

G = G + Py, b=¢+ 0, TH = — Ayl + 74 (4.22)

To reiterate the metric is perturbed around an [AdS| background, the scalar is perturbed
around a constant background scalar, and we separate the vacuum components from the
local matter components in the energy-momentum tensor (where the vacuum components
are essentially the background). The perturbed field equations, 6&€/ = 0 and d&; = 0, are

given by

SE! = — 2G25G! + (4GG' — 8¢°V!)DIS + m?(6GG' 565" + G2 (hol — ht)) + 7t (4.23)

685 = 2GG'SR + 3m2GG'h + 2K00¢ + V, (4P,%,sV, VPR — 12¢*h), (4.24)

where

Dt = VIV, — O + 3¢%6", m? =m?*(3G — 2), (4.25)
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_. As before, with deriving the field equations we will
¢

address the non-trivial parts of this calculation. The massive terms can be simply derived by

substituting the perturbations (eq. (4.22)) into the field equations (eqs. (4.12)) and (4.13)),

where we have used 0¢"“go, = —h**Ga, = —ht.

and primes are used such that A’ =

24
96

For the Ringo terms we first consider the perturbed Einstein field equation (eq. ),
where only the d¢ terms have survived since 6P“a,,5vav5 V, = 0, leaving (SP““ngavB —
24q455) V,6¢. Evaluating this expression then yields —8¢*V/D"d¢ as in eq. . However,
the Ringo term derivation in the perturbed scalar equation (eq. ) is a little bit more in-
volved. Of course, we could derive this expression by explicitly substituting the perturbations
(eq. (4:22)) into the scalar equation (eq. (4.13)), but it is easier to see it emerge through a little
“trick”. We first only consider the Ringo parts of &4 (eq. ) where (&), = V! [Gap— 244"

and by perturbing this we obtain

(&), = oV () 60(y) (Gap — 24¢%) dy + V! mG—f@)@W(y)dy
y 00(y) y 09" (y) (4.26)
_ T 5GGB(:E) my ‘

where (&), is a variable in # and y is a dummy variable that we integrate over with fy.
Note we have not included every instance where a function is dependent on x which we keep
implicit. Also, notice that we have removed the term o< §¢ within eq. as Ggp = 24¢°.
Next, we must find an expression for the term on the second line. In order to do this we first
define S, = [ d*z\/=g'V,[Gp — 24¢*], which is simply the “Ringo action” given by eq. (4.5)).

An explicit variation with respect to the metric yields

(SGGB(.%)

597 (y) 5g“”(y)dy} : (4.27)

1
8ySr = /d4x\/—g V, [ ~3 (GGB — 246]2) G 09" +/
y

The above is true, however the explicit form of the field equations for the Ringo term (given

by eq. (£.12) in section [2.2]and [80]) is 232 = 8P4, , VAV, V, — 24¢04V;. We can write
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this in the same form as eq. (4.27)) such that

1
85, = -5 / d*zv/—g [8P"%,3V5VQVT - 24q251’er} 5g™ . (4.28)

We can then perform several integration by parts on eq. (4.28) to obtain

1
0gSy = 9 /d4x‘/;‘ vV—4 [8VO¢V’B (Puauﬁéglw) - 24(]29MV59;W : (4.29)

This will allow us to compare eq. (4.27)) with eq. (4.29) to find that

0G 1
/ Gf(x) 5g/w(y)dy — _4vavﬁ (Puauﬁéguu) + _QWGGBCSQW- (4‘30)
y 09" (y) 2

We then substitute the above (eq. (4.30))) into eq. (4.26):

_ _ _ 1 _
0 (gqﬁ)r = V;«/ |: - 4vavﬁ (P,uau,é’dgwj) + §§uuGGB§gHV ) (431)

where we have set everything apart from d¢*” to its background value, as we are only
considering first order perturbations. Finally, recognising that dg"” = —h*" yields the Ringo
term in the perturbed scalar equation (eq. (4.24).

Next, we use 0R,, = —%ALhW to derive 0G,,, where the Lichnerowicz operator is
given by Aph,, = Ijhw, — vaahy)a — QRQ(Mh,‘j‘) + QRWV[ghO‘ﬁ. Now we can substitute this,
alongside the metric decomposition (eq. (4.20)), into the perturbed Einstein field equation

(eq. (4.23) to obtain
TN = G20+ 2¢* — m2)hTn (4.32)

g v

where

I8 = 7 G2m?2 (2064 — 2V#V, ) x + 2(2D% + 3m25%) (G2 + GG'6¢)

(4.33)
—8¢*V!DH§¢.
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Note, we have kept the V¥V, terms in eq. as they are not directly interacting
with the source (in contrast to eq. ) Therefore, they may yet contribute non-trivially to
our exchange amplitude. Next, we find an equivalent expression for the perturbed scalar field
equation (eq. ) by using the Lichnerowicz operator to derive d R, alongside substituting
in the metric decomposition (eq. (4.20)) to obtain

0=12GG'( — O+ 4¢%)y + 3m2GG' (20x + 8¢) + 2K + 244V, (O — 4¢%)p.  (4.34)

Our first step is to simplify eq. (4.33)) by introducing new variables:

S = G*(mix — 20 — 2769) + 4¢°V,6¢, (4.35)
and
C =6G°m. (¢ + ¢*x + 760) (4.36)
where 7 = % This trivial substitution alters the form of eq. (4.33]) to be

7Tk — 71 _ 9DES 4 CH-. (4.37)

To further simplify, recall that we have assumed conservation of the source. Operating on

eq. (4.37) with V yields C = 0, or in other words from eq. (4.36):
6G°m> (v + ¢*x + 70¢) = 0. (4.38)

Notice that this is only non-trivial due to the break in diffeomorphism invariance caused by

2:
g

Now we can use eq. (4.38]) to simplify eq. (4.37)) such that

the massive graviton. If we have a massless graviton m 0, C will automatically vanish.

7Dk — 71 _ 9DHS, (4.39)
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The constraint (eq. (4.38])) can also be used to simplify the form of S (eq. (4.35])) by removing
X such that
1 - _
S = 7z (G*TY + Ré9) , (4.40)

where R = TG — 4¢*V/ and recall that I' = 2¢*> + m2. Returning to the scalar field

perturbation (eq. (4.34])) we once again remove x using the constraint equation (eq. (4.38]))

yielding

—6— (0 — 4¢*) + 2K 50000 = 0, (4.41)

| D

372m2G?
q2

where Ko = K —

For completeness we reiterate our key equations. In eq. (4.32)) we have an expression
for h,(flr,T), where the definition of T,SZT) is given in eq. (4.39)). Here, S is defined by the
combination in eq. (4.40)), which contains ) and d¢ terms. We also have eq. (4.41]), which

(TT)

contains a relationship between 1 and d¢. We now focus on finding an expression for h,,

that is proportional only to the source.

To explicitly state the expression we substitute eq. (4.39)) into eq. (4.32) such that
T —2DES = —G* (O + 2¢° — m2)h 1, (4.42)

Taking the trace of the above expression (eq. (4.42)) yields

S=—-= T, (4.43)

where we have used the traceless properties of h,(lTVT) and the trace of the source is 7 = g"'7,,,

likewise 7' = g"’7/,,. To be clear, the form of

S= _% (G°TY + Ri9) ,
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has been defined in eq. (4.40). Now, eq. (4.43]) is merely a statement that

1, ., _ 11
——(G°r §¢) = —— = .
fw ¥+ R69) apwrl

(4.44)

With this we can write an expression for hg,T) that is proportional only to the source. For
notational convenience we explicitly write this expression in terms of S, where in eq. (4.43])

we have shown that it is proportional only to the source:
Wil = —=—=————— 7' = 2DIS]|. (4.45)

Similarly, we want to write an expression for ¢ in terms S by using eq. (4.40)) to eliminate
d¢ in eq. (4.41)) which yields

m?b —4¢> 0O
© 4G O—m

S, (4.46)

where
12(3G°T — 4¢*V/)?
Q2F(I€ + 672G2 — 24(127‘7/) + 48q6‘7r’2'

m; = (4.47)

Now, we are in a position to explicitly calculate the exchange amplitude as we have the

required expressions. In particular, substituting our expressions for h,(gT) (eq. 1} and v

(eq. (4.46)) into eq. (4.21) yields

1 1 1
= —— d4 —q w__ - v — 2 ,NV—D ZIS
A 92/ v g{T D+2q2—m§7—“ T D+2q2—m§ K
] o 49 = (4.48)
M 4q O S
-7 - )
2T O — mi

Recall, we can consistently work with & as it is effectively an expression for the source, T,
given by eq. (4.43). Then, we make use of the following formula in the appendix of [18§]
1 _

g VS = ViV

1 M? (M? + 8¢°)
S+ g | = -~ S, (4.49
+ g {D—MQ B M7 —3p (4.49)
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alongside the conservation of the source such that the V,V,S terms vanish. The amplitude

now becomes

1 1 — 3¢*
./4———_ d4 — - my 5 2/
QQ/ ) g{T O + 2¢2 §“+ "B —m2
L[ 2admy (607 4 my) Mo = = sl (a50)
2 |[O+2¢*-m2 0O—06¢>—m2 2 O—mg

Finally, we use eq. (4.43) to write our final expression for the amplitude:

U [ — 1
A:—a/dl' —g{T, mTMV

T 1/2 q* +m/6 1/2 1
—E{— +< = ey T+g¢7’i_m27 ,

0+ 2¢% —m2 ¢*+m?2/2 )0~ 6¢?

2
Mg

where we have defined gy, = s

as the scalar coupling (where the graviton coupling is
normalised as g, = 1). This closely matches our explicit example in eq. , where the
first and second line of the amplitude describe a massive graviton with an effective mass
mg = m?%(3G — 2), as defined in eq. 1) Likewise, the third line describes a scalar with an

effective mass given by eq. (4.47)), as defined in eq. (3.4). Also, recall that I' = 2¢* + m? and

y= g—/ If we identify G = Mp; this amplitude exactly matches our {AdS|loophole” example

in eq. (3.23)). Firstly, we must check that our amplitude vanishes for a vacuum energy source
(long wavelength sources) in correspondence with condition (1). Here, we can use the “low
energy limit”, |0 < |¢?|, |mZ|, |m3|, where vacuum sources will have a greater effect on

physics over local sources. The amplitude will indeed vanish if we substitute this alongside a

pure vacuum source, 7, = —0Ayacfu into eq. (4.51)), provided that g, m¢, ¢+ 2 7& 0.

Condition (2) requires the amplitude to closely agree with for short wavelength

sources. For this we can take the “high energy limit”, O] > [¢?],|m|, |m}|, where local
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sources will have a greater effect on physics over vacuum sources. Now, the amplitude becomes

1 4 /V1 1/1 2m.(27+m3)/1
AN_?/d I{T“ ﬁTHV_ﬁTET+TTET . (452)
If we allow G = Mp), we can identify the third term in eq. (4.52)) with € in the ‘ Amplitude”
(eq. (3.12))). This is the exact constraint we derived to ensure that the scalar constraint for a

curved background (eq. (3.19))) is satisfied for our explicit loophole (eq. (3.23), namely

that

m2 + 2m?2

where [e| < 107° in accordance with solar system constraints [3] and recall that I' = 2¢* +m?.
These checks ensure that there is an agreement between the above analysis and the results
in [188]. We now proceed to analyse the stability of the resulting amplitude, to further

understand the phenomenology of this model.

Scenario m; m; dS||AdSP
1. 0<m2<SO107°)¢* | 0<m? SO(107°)¢* ||AdS|(¢* > 0)
2. m? =0 0<mi SO(107°)¢* ||AdS|(¢* > 0)
3. m? =0 0>m3 2 —O0(107°)|¢? | |dS|(¢* < 0)

Table 4.1: This table showcases the distinct phenomena of the three allowed scenarios, where

other scenarios are forbidden due to observational constraints on the system. We display the

allowed range of the graviton mass, m?2, the allowed range of the scalar mass, mi, alongside

whether the system is in |dS| space or space (i.e. whether ¢*> < 0 or ¢* > 0).

Consider the massive graviton term on lines one and two of the exchange amplitude
(eq. ) To prevent a helicity-2 ghost we must have G > 0, ensuring the positivity of
the coupling. We must also have mg > 0, as it is shown in [194] that this limit avoids a
helicity-1 ghost for space. Similarly, if we choose to work in [dS|space (i.e. ¢> < 0), then
we must have m? > 2|¢*| due to the Higuchi bound [191]. Note, that setting m? = 0 changes
the massive graviton to a massless graviton, which we are free to do in a curved spacetime.

Turning our attention to the scalar on line three, this is ghost free when g, > 0. However
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2
unlike the massive term, removing the scalar (i.e. setting g4 = g—i‘: = 0) means that the

amplitude no longer vanishes for a vacuum source, hence the model will not self-tune. To
reiterate, these constraints imply G, gy > 0, and mg > 0 (alongside mg > 2|¢?| or mg =0 in

space) in order for the theory to be ghost free and to self-tune.

From this analysis we identify three distinct scenarios whose constraints are showcased
in table . We summarise the phenomenologies of these scenarios here (with the assumption
that the scale of the background curvature is smaller than that of the curvature of the Universe

today, |¢°| < Hp):

1. Massive graviton, no tachyons, [AdS| vacuum: The no-ghost condition on the

2

graviton, m

> 0, ensures that mg is positive. Also, the no-ghost condition on the

2
M
12T

scalar, g4 = > 0, ensures that mi is positive since ¢ > 0 in |AdS| space. The

constraint in eq. (4.53) ensures that m? and mj are both small (m?2, mZ < O(107°)¢?).
Reminder, that we can read off the coupling of each particle to a source from the
exchange amplitude (eq. ) This shows that the coupling for the scalar field is gy,
where the coupling for the graviton is g, = 1. Therefore, this scenario corresponds to
an ultralight graviton and an ultralight scalar, where the latter is very weakly coupled

to matter (0 < g, < O(107°)g,).

2. Massless graviton, no tachyons, |AdS| vacuum: We have set mg = 0, changing

the graviton from massive to massless. Also, the no-ghost condition on the scalar,

2
gy = g—“; > 0, ensures that mi is positive since ¢ > 0 in |AdS|space. The constraint in

eq. (4.53) ensures that mj is small (m3 < O(107°)¢?). As before we can understand the
strength of the coupling through the exchange amplitude (eq. (4.51))). This corresponds

to an ultralight scalar that is very weakly coupled to matter (0 < g5 < O(107°)g,).

3. Massless graviton, tachyonic scalar, vacuum: We have set mf] = 0, once

again changing the graviton from massive to massless. Also, the no-ghost condition
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on the scalar, g, = % > 0, ensures that m} is negative since ¢* < 0 in [dS| space.
The constraint in eq. ensures that m3 is small (jm3] < O(107°)|¢?]). Allowing
mi < 0 could present an instability, which is perhaps the cause of [dS|solutions being
ruled out in [188] (as discussed in chapter [3). But since we have assumed |¢*| < HZ
this ultralight tachyon has a lifetime that exceeds the current age of the Universe.
Therefore we can potentially accept this instability, since it evolves very slowly. As
before we can understand the strength of the coupling through the exchange amplitude
(eq. ) This corresponds to an ultralight scalar that is very weakly coupled to

matter (0 < g, < O(107%)g,).

These scenarios all exhibit self-tuning, are ghost-free, and can fit within solar system con-
straints if the coupling of the light scalar field remains weak. Note, that through examining
each scenario 0 < m? = m?(3G — 2) < O(107°)|¢?|. As alluded to in section , this also
implies that the term m?(G — 1) cannot be much greater than ~ O(107°)|¢?|. This means
that the massive term in self-tuning equation (eq. ) cannot counter an arbitrarily large
Ag. This, once again, highlights the importance of the Ringo term, implying that V, must

be the “self-tuning” term (hence the scalar acts as the self-tuning field).

As a demonstration of this theory we consider an explicit canonical example: G2 = M3,

K= %, V, = %, and m? = 0, which covers scenario 2 if ¢ > 0 and scenario 3 if ¢> < 0. The

exchange amplitude (eq. (4.51))) is now given by

1 1 ! 1/2 1/2 1
A= /d4x —g {7'““’ T / += / T+gsT = 7'}, (4.54)

M2, E—i—QqQTw_E O+ 2¢2 0O — 6¢2 0 —m}
where
3844° 16¢*
2 _ = 4.55
Mo Mgl/ﬂ +96¢*’ 99 Mﬁl/ﬂ + 96¢* ( )
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At large wavelengths, |O| < |¢?|, [m}|, the amplitude becomes

Uy 1, 1
A~ _M_;Qul/d ry/— 2—(‘]2{7'“ Ty — 17"7‘}, (4.56)

which clearly vanishes for a vacuum source, 7, = —0Ayacg,. Note the importance of the
background curvature, as we require ¢ # 0 for this to be well defined. At short wavelengths,

0| > |¢?|, |m3|, the amplitude becomes

1 (1 1,1 1
A~ —M—gl/d4$ -9 {TW ET;W - 57—/57_ + g¢7_li7_}a (457)
which exactly matches eq. (3.12)) if we identify € with g4. This requires |u| = 1000|¢?| /M,

such that g, < 107°, ensuring the scalar is very weakly coupled.

To conclude this section we have shown that the exchange amplitude for our theory will
vanish for a vacuum source (condition (1)). At the same time, for localised sources it will
closely match the exchange amplitude for (condition (2)). This can be achieved with
three distinct scenarios, whose constraints are summarised in table [£.1] This clearly matches
the goal of self-tuning as outlined in chapter [3| but for our model we demand a greater level
of scrutiny. More specifically we now require a model that will dynamically tune to the
given background solution for an arbitrary cosmological constant term. In other words, if we
place the system away from the vacuum solution, the self-tuning fields will act to move the

system accordingly. For this we study the cosmology of the model.
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Chapter 5

Cosmology of the Fab Four in anti-de

Sitter space

This chapter is based off unpublished works from the authors of [196]. In this chapter we derive
the cosmological equations of this model, which can be used to explore how the self-tuning
fields are used to produce a small [AdS| background curvature. They also provide a framework
to solve the equations numerically. As alluded to previously, this will allow us to verify whether
the system moves to a vacuum solution regardless of the initial conditions. This will ensure
that we truly have a self-tuning theory i.e. the self-tuning fields will dynamically act to move
the system to a small [AdS| background from an arbitrary cosmological constant. To find these
cosmological solutions we use the ansatz metric g, dz*dz” = —N(t)2dt? + a(t)*dH3, where
N(t) is the lapse function and a(t) is the scale factor. Here, dH3 = r?(d6? + sinh® 0, (d63 +
sin? 0, d6? )) corresponds to a 3-hyperbole metric, where the angular coordinates are 6, 65 €
0, 7] and 5 € [0, 27]. This choice corresponds to the third line in eq. (L.9), so we are
considering a negative spatial curvature slicing. Alongside this, the background [AdS| metric is
Gudarda” = —dt* + a3dH3, where ag = Sinqut which corresponds to a small background if
|¢?| < |HE|. We also assume the form of the energy-momentum tensor to be that of a perfect

fluid: T# = dla‘g(_p7p7p7p)

Considering the t¢ parts of Einstein’s field equation (eq. (4.12))) we obtain a modified
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Friedman equation:

2 12 2 2
N A a 2 . oane  KO® pN? N
H? =m KQ —a2) + (3—@ 4)9}1\1 27HG = 2¢°N" + o5 + o T

ApareN? 4 N? (5:1)
bare 2 ! 4 nt4d
— H*— —— |HV.¢ — ¢"N*V, | |,
i | (- v
where v = %, H= g, dots represent a differential with respect to ¢, and primes represent a

differential with respect to the scalar, ¢. Similarly, considering the ij parts of eq. (4.12) we

obtain an acceleration equation:

. Gg"\ N sao Ké* pN* N N?  ApaeN?
) - 2H — — )| —6¢*°N? — —— — —_ +2—H
'y[gzﬁ T (7 + )¢ + | — 064 2G2  2G2 * N + a?r? + 2G?

4 N? , o N, i N .
- —— || H* - — ! "ot — —V! 2( = — —=H |HV'¢ — 3¢"N*V,|. (5.2
Also, the scalar field equation (eq. (4.13])) becomes

7 N N? 2 39
0212792{9+H2—NH—W+2q2N2+m2[—2+ﬂ+@+<6———ﬂ>g]1v2}
a asr a

— K'¢? —2/6(55— %¢+3H¢) + %KHQ - %22) (g —~ %H) —q4N4}

Finally, to model the fluid we use the energy conservation equation

p=-—3H(p+p). (5.4)

Through these equations we have been able to find consistent vacuum solutions where

N =1 a=a = Sir;qt, p = —p = Aye, and ¢ = ¢ = constant. As in section , this

choice automatically satisfies the scalar equation (eq. (5.3)) as long as we set r = 1 (which
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we consistently do so from here). Similarly eq. is automatically satisfied, whereas the
modified Friedmann and acceleration equations (egs. and ) both yield the self-
tuning equation (eq. ) In other words, if we choose an arbitrary value of Ag it sets the
background solution of the scalar, ¢. This ¢ counteracts the cosmological constant term such
that we reproduce an [AdS| spacetime evolution. We can also form a further constraint due
to the massive graviton, which explicitly breaks diffeomorphism invariance. Recall that we
could have restored it in chapter 4| using Stiickelberg fields. However we set the Stiickelberg
fields to vanish, hence the break in diffeomorphism invariance. To find this constraint we
want to find an expression for eq. using our definitions for p and p. To see this we
first differentiate eq. with respect to ¢, such that we have an expression for p. We can

then substitute this into eq. ((5.4)), alongside our definitions of p (eq. (5.1))) and p (eq. (5.2))).

Finally, we can eliminate the a and é terms from this expression using eq. 1} to obtain

m2g2

aN

(3aG — 2a) (—aoN ta+ aw&) —0. (5.5)

Notice that our background solution immediately satisfies the above expression due to the
second bracket in this constraint. This expression can also be trivially satisfied by m? = 0,
which changes the graviton from being massive to massless. It can also be satisfied by G = 0,
but we reject this solution as we have previously found that we require G # 0 to avoid ghosts
in section Interestingly, this constraint can also be satisfied through the first bracket, i.e.
3aG — 2ag = 0. Since our background solution is satisfied for the second bracket, we do not
have to satisfy this constraint. However, if we were to write different background solutions,
then we must satisfy 3aG — 2ag = 0. Writing a different background solution is not something

we consider in this work, but we discuss the possibility further in chapter [6]

To expand on this cosmological analysis we explore numerical solutions to the model.
To this end, we consider something similar to our canonical example in section (K= %,

2
G? = @, V, = %), but we also allow m? # 0, and set Mp; = 1 for simplicity. Recall, through
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our choice of the background metric, this set of cosmological equations can only be understood

in space i.e. for ¢> > 0. We also invoke a change in variables such that

a

[e=]

o) = L(t),  d(t)=VEy(), a= (5.6)

a
This change in variables is used to rewrite the cosmological equations in terms of H(t), x(t),
y(t), and «(t). These parameters will have “scaling solutions”, which correspond to the
metric undergoing an [AdS| evolution and the scalar reaching a constant that satisfies the
self-tuning equation (eq. (4.18)) for an arbitrary Aes. In other words, we want the above
variables to approach the background solutions (as outlined in section in our numerical
analysis such that

Hit) —» L =qeotqt,  x(t) =0,  yt) =0,  at) =1, (5.7)
Qo

where ¢ is a constant and is determined by substituting this scaling solution into eqgs. ([5.1))

and (5.2)):
o = é <m2 <i3f - 6) +6q% — 2Aeﬁ) . (5.8)

This essentially sets the background value of the scalar in terms of m, ¢ and Ag.
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Returning to our cosmological equations, alongside setting N =1 and p = —p = Ay, for

simplicity, we substitute the change of variables (eq. (5.6)) into egs. (5.1) to (5.3)f] to obtain

2 2 2 1 2 o Nesr o
H=m"|2—-a" | £ |3a—4)—| —2¢ +y + +—
V2 3 af (5.9)
N .
—§{\/€(H2——2>H(y—ﬂx},
1 8
a 2 2 2 1 2 2 ’
2-+H =m"|[{6—a"—2a | £ (6a—9|—=| —6¢" —3y" + Az + —
a V2 a?
< ) ; (5.10)
——{<H2—7)$+2\/69Hy——ux},
H ap
. 24 2 ..
¢+3\/€Hy:—[(H2—C“—2)9—q4}, (5.11)
1 aj ) a

respectively. From this point on we consistently take the positive solution whenever there
is a £ sign, however we obtain similar results upon consideration of the negative solution.
Notice that we can find an explicit expression for o which effectively appears as a quadratic

in eq. (5.9):

a(t) = sz (5.12)

where

2 4 H 1
o — 2T (93O Hy L
V2 2 Hag ap
JEH A 1 (5.13)
8v6 H e 2
(—y+H2+2\/5m2—2m2+2q2—?ﬁ—gf—x)] ,
L
and
8v6 H 1
Odom = (@Jrj—m?). (5.14)
Hag ap

Since eq. (5.9)) is quadratic in « it will have two solutions, but we (once again) consistently
choose to take the positive solution (although we see a similar phenomenology when we use

the negative solution).

31'Equation (5.4) is trivially satisfied as p = —p = Ayac, hence p = 0 in accordance with a cosmological
constant.
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Now that eq. ((5.9) is used to determine a, we effectively have two equations that determine

a

the cosmology: egs. 45.10[) and d5.11[). Since they both contain E and ¢ terms we can use

egs. (5.10) and (5.11)) as two simultaneous equations. Explicitly solving these simultaneous

equations yields two separate expressions for % and ¢ To start with our expression for g

becomes
A
- = 5.15
= (5.15)
where
a? 244*
A 8<H2_%> <3J€Hy+7q> a’ 2 2 (60 —9 2
= +—5—H +m —a"—2a+6
1 a3 V2 (5.16)
+ At — 6¢% — 3y* + 3z,
and )
192(H - %) 165
B= /g V6Hy (5.17)
H H
Then our expression for ¢ becomes
. C
= — 5.18
o= (518)
where
C = —12ua*

+ 6uaga’ {4H2 + 2mia <a —3V2 + 2) + 6y* — 62 + 3m? <3f — 4) +12¢° — 2Aeﬁ‘:|
+ 3ag {2,&12( — 3m? <3F - 4) —12¢% — 2m3« (a —3V2 + 2) — 30y + 61 + erff)
—V6'H (,u2 + 64q4) y — dpH* — 8uq4] ,

(5.19)

and

D = —192a2H%* + d (8\/6 WHy + 96H + ,ﬁ) + 9604, (5.20)
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where the form of a in both equations is given by eq. (5.12)). In this sense we can rewrite

these equations as

ol QW

= f(t,H, z,vy), (5.21)

- Q| Q:
I

=g(t, H,z,y), (5.22)

where f and ¢ are given functions of ¢, H, x, y, whose forms can be found by examining

eqs. and and using eq. to eliminate o. Notice that we now have expressions
for g and q§ solely in terms of our “scaling variables” and ¢. From this, we can form three
rate equations to fully capture the dynamics of the system. Here, we differentiate our
scaling variables with respect to ¢t and then substitute in a given solution such that the rate

equations are first order. First, consider H differentiated with respect to t. Through an

explicit calculation H = % — H?, and now we can use eq. 1D to replace % with f(t, H,x,y).

Likewise for y: ¢y = \%, and now we can use eq. (9.22)) to replace the <b with g(t, H, z,y).

Finally, for x: = = %gﬁ, and we recognise that ¢ = v/6y. These form our three rate equations:

H=-—-H=f—-H? (5.23)
a
8q* . 8q¢*

i= 9 4= /5y, (5.24)
p T
o _ 9

(5.25)

Now we can proceed to solve these specific rate equations numerically.

To address our values chosen for the initial and final times of our numerical system we

can examine the background scale factor ag = % with fig. . We firstly restrict the initial

time to be t; = 107°. Ideally we would like to have ¢; = 0, but ay will vanish when ¢ = 0,

therefore we set t; > 0 to avoid singularities appearing in H = ;ﬂ = ¢<S% where H is the
0 sin gt

value of the Hubble parameter on the scaling solution. To understand our choice for the
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final time, ¢;, notice that in fig. the scale factor increases for 0 < gt < 7 but decreases
for § < qt < . This corresponds to a cosmological expansion and subsequent cosmological
crunch (inherent to an evolution). It should be noted that this cosmological crunch does
not happen in our own Universe. In a sense, 0 < gt < 7 is the most important era to study, as
it corresponds to a cosmological expansion (similar to that of our own Universe). However, it
would still be interesting to study the evolution for an entire cosmological cycle, 0 < gt < ﬂlﬂ
For this cosmological analysis we use the Wolfram Mathematica inbuilt numerical solver,
NDSolve [200]. Unfortunately, we find that evolving past gt = 7 pushes our numerical solver
beyond its capability as numerical instabilities start to appeaﬂ Despite this, setting gty = 7

still allows us to study the cosmology for a full expansion cycle. To reiterate we set t; = 107°

and ¢ty = % unless otherwise specified.
gt
py
s 0
[
_1/q L
1 1 1
0 712 T

qt

Figure 5.1: A graph showcasing the evolution for the background scale factor in space,
ap = 22 Notice that it undergoes an expansion for 0 < ¢t < 5, but contracts for § < ¢t <.

The above represents a full cosmological cycle for [AdS| space.

We then ensure we are consistent with the constraints discussed in section [£.2] Namely

32Where gt > m corresponds to an entirely separate cosmological cycle, therefore we do not need to study
this.

33Note, this is only true for a weak scalar coupling i.e. when 9o S O(107?) in accordance with the
constraint in eq. (5.28). In section [5.1| we later find that for the “strongly coupled regime” (g, > O(107°))
we can evolve the system beyond gt = 7.
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we satisfy

0<mj < O107°)¢, 0<m2 <0077 (5.26)

to fit within solar system constraints. Here, our cosmological framework sets

768¢° 3

2 _ 2 _ 2

where we have chosen the positive branch of G = j:% and recall that I' = 2¢? +m§. Alongside
m2

this, we must ensure that the scalar coupling gy, = 5% > 0. Recall, that g, is related to mi,

so to further satisfy the solar system constraints we must have
0<gs SO(1077), (5.28)

where
64¢°

_ , 5.29
90 = T (Tp2 + 192¢°) (5:29)

Alongside H(t), (t), and y(t) we measure the function z(t) = H(t)* — & = H(t)* — ;(é); as
a consistency check because its scaling solution, z(t) — —¢?, is a constant. This is simply
another way of measuring the scale factor, a(t), but the value of the self-tuning solution is
physically important. Recall that ¢> measures the intrinsic curvature, and if ¢ is small then
the intrinsic curvature of the system is also small. Therefore, if z(t) — —¢? at late times
this implies that the system is undergoing an [AdS] evolution with a small intrinsic curvature
(if |¢*| < |HE|), and that the gravitational effect of the vacuum has been cancelled out.
Importantly (as we discussed in section with eq. ) this will hopefully be achieved

via the scalar field, which will dynamically adjust to cancel an arbitrarily large effective

cosmological constant term on the background.

We first discuss the plots in fig. [5.2] where we have chosen the parameters such that

¢ =107 m? =1075¢%, Aeg = —1072, u = 1, which sets zy ~ 3.43 x 1073. In this example
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we place the initial conditions of H(t), z(t), and y(t) on their respective scaling solutions
i.e. H; = qcotqt;, x; = o, y; = 0 where the i denotes the initial value of the variable (and
recall that x( is set by eq. ) This will act as a consistency check to ensure that our
system remains on the scaling solution if initially placed there. Firstly, H(t) (fig. [5.24)), z(t)
(fig. , and z(t) (fig. all remain on their respective scaling solution (g cot ¢t, xq, and
—q¢*). Notice that y(¢) (fig. deviates from the scaling solution despite being initially
placed there. But this is a tiny deviation where 6y ~ O(107'), which is much smaller than
the scale of 2y ~ O(1073), so we can treat it practically as 0. Note that the machine precision
of our chosen numerical solver is ~ O(107!%), so we can be sure that the deviation in dy is
simply a product of the numerical analysis. This verifies that our system remains on the

scaling solution when it initially starts there.

To further test this claim we numerically analyse the system for a variety of parameters
with differing initial conditions for H(t). In fig. we set H; = 10q%‘£;. Here, H(t) rapidly

approaches its scaling solution, but this is not displayed in fig. as H(t) — qcotqt too

quickly to easily see on a plot. However, we can essentially track the evolution of the metric

using z(t) = H(t)* — :;((%22 Fig. |5.3d|shows that z(t) starts away from its scaling solution but

quickly approaches it and remains there. Similar to the above, in several other upcoming plots
we also do not show H(t) explicitly approach its scaling solution from a different initial value,
with the understanding that z(¢) can track the metric evolution. Alongside this, z(t) (fig.|5.3b))
remains on its scaling solution. As before y(t) (fig. deviates from its scaling solution,
but it is still extremely small (6y ~ O(10722)) compared to the value of 2y ~ O(1072). These
results are similar to the plots in fig. where set H; = 10*4q%. Once again fig.
appears to always follows H(t) — gcot gt as we have restricted the axis of H(t). z(t) in
fig. also appears to start at the self-tuning solution and remain there. This is likely

due to the deviation from the self-tuning solution being initially very small (and in fact not

detectable in our numerical solver). Finally, the x(¢) (fig.|5.4b|) remains on its scaling solution,
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whereas y(t) (fig. [5.4d]) deviation is beyond the computation precision of our numerical solver.

01— 1.1xg ¢
% o TT—— — g X () [
-0.1 }l, rlf 0.9x0 }‘, r‘,
t t
(a) H(1) (b) z(t)
1x10719} =
8x10720
_ 6x10720}
g ¥ 0
4x10720
2x10720} R
0 7\ L
t t
(c) y(t) (d) 2(t)

Figure 5.2: These figures showcase the numerical evolution of the system when x; = xg
(i.e. the initial condition corresponds to the scaling solution). The blue line represents the
evolution of the system, whereas the orange dashed line represents the scaling solution of the
given variable, where H(t) — qcot gt, z(t) — xo, y(t) — 0, and 2(t) — —¢*. The parameters
are chosen such that ¢ = 1074, m? = 107°¢?, Aeg = —1072, ;1 = 1, which sets zg ~ 3.43x 1073
and is consistent with eqs. and . The initial conditions chosen are H; = ¢ cot qt;,
x; = xo, y; = 0. Note that H(t) rapidly decreases from its initial value. Therefore, we have
chosen to restrict the vertical axis of fig. to better display its evolution.
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0.1 0.99x¢
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(a) H(t) (b) =(t)
-1.001¢2
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t tr -0.999q° & 0.01tr
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Figure 5.3: These figures showcase the numerical evolution of the system when x; =
(i.e. the initial condition corresponds to the scaling solution). The blue line represents the
evolution of the system, whereas the orange dashed line represents the scaling solution of
the given variable, where H(t) — gcotqt, z(t) — mo, y(t) — 0, and z(t) — —¢*>. The
parameters are chosen such that ¢ = 107, m? = 1075¢?, Ag = 1071, 1 = 100, which sets
2o ~ —3.33 x 1072 and is consistent with egs. and . The initial conditions chosen
are H; = 10q cot qt;, z; = xo, y; = 0. Note that both H(t) and z(t) rapidly decrease from their
initial values. Therefore, we have chosen to restrict the vertical axis of figs. [5.3al and [5.3d]
and the horizontal axis fig. to better display the evolution of each parameter.
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-0.1 . . 1.01xg ; »
t t
(a) H(t) (b) =(t)
of -0.95¢2
-1x10722
= _ox10-221 T -
-3x10722 f
4 t -1.05¢° ; :
t / .
(c) y(t) (d) z(t)

Figure 5.4: These figures showcase the numerical evolution of the system when x; = x
(i.e. the initial condition corresponds to the scaling solution). The blue line represents the
evolution of the system, whereas the orange dashed line represents the scaling solution of the
given variable, where H(t) — qcot qt, z(t) — xo, y(t) — 0, and 2(t) — —¢*>. The parameters
are chosen such that ¢ = 1078, m? = 1078¢?, Aeg = 10, u = 1000, which sets xy ~ —3.33 and
is consistent with eqgs. and . The initial conditions chosen are H; = 10~%g cot qt;,
x; = xo, y; = 0. Note that H(t) rapidly decreases from its initial value. Therefore, we have
chosen to restrict the vertical axis of fig. to better display its evolution.

However, we should note that H(¢) is not generically robust to changes in H;. As
H; — 0, numerical instabilities arise within the solver (as we have previously discussed).
Similarly, setting H; < 0 pushes our numerical analysis beyond its validity. But this should
be expected as the initial rate of expansion should never be negative for a Universe that
starts at ag = % = 0 for t = 0. Finally, making H; too large also pushes our solver beyond

its validity, but the same can be said for most parameters (dividing by very large numbers
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will result in instabilities within the numerical analysis).

Altogether the above implies that we can achieve self-tuning if the initial conditions
correspond to the self-tuning scaling solutions. In fact, despite changes in H; the system
still approaches the self-tuning solutions. Similarly the scalar field remains on the self-tuning
solution when placed there. This shows that the gravitational effects of an arbitrary Ag
have been cancelled off to return to a small intrinsic negative curvature, as demonstrated by
z(t)— > ¢? at late times. Once again (as shown through eq. (4.18)), we believe this is due to

an explicit cancellation from the scalar field inside of the Ringo term.

However, it would be interesting to see whether the scalar field can dynamically achieve
this. In other words we want to test whether the scalar field, when initially placed away from
the self-tuning solution, will dynamically evolve towards it to cancel off an arbitrary A.g and
recover small intrinsic curvature. To observe this we follow the plots in fig. where we have
shifted the initial conditions of z(t) (where z; = 0.995z). Notice how in fig. |5.5a H(t) seems
to reside on its scaling solution, but at late times deviates from it. However, its deviation
from the scaling solution appears to be incredibly small (< 0.01). Similarly, from fig. [5.5d] z(¢)
seems to remain at a constant that deviates from its scaling solution (—¢?®) by approximately
0.2¢%. Note that although z(¢) appears to be constant, it could be varying very slowly. Despite

this we choose to focus our analysis on the dynamics of the scalar, since we have already

shown previously (through figs. |5.2a} |5.2d} [5.3al [5.3d} |5.4a}, and [5.4d]) that both H(t) and

2(t) approach their scaling solutions irrespective of H; when z; = xy. Ideally we would want
z(t) to evolve towards the self-tuning solution. Once it reaches the self-tuning solution we
would expect the scalar to remain there, such that it acts as a counterterm to an arbitrarily

large cosmological constant (as in eq. (4.18)). Then, as long as the scale factor follows an

AdS|evolution (where a(t) = Sthqt) this corresponds to self-tuning. In other words, regardless

of the value of Az the system undergoes an [AdS| evolution with small intrinsic curvature

(1¢*] < HZ), where the scalar acts to cancel the gravitational effect of A.g. Interestingly,
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from fig. [5.5b] x(t) appears to not be dynamically changing at all. This is in contrast to
y(t) (fig. [5.5c)) which is non-zero and positive. Therefore z(t) should be dynamically evolving
towards x¢, albeit very slowly. In fact, it is so small that our numerical solver cannot detect

this change in z(t) (at least when y; = 0).

We can better demonstrate this by reconsidering the same system, but instead we set
p = 0.01. This violates our solar system constraints (egs. and ) and in particular
it sets gy ~ O(1073) (from eq. (5.29)). Hence, p = 0.01 corresponds to an increase in the
scalar coupling, which in turn increases the interaction strength of the scalar. We do this to
demonstrate that z(t) is indeed dynamical (see fig. [5.6a]), but is very slow when the scalar
coupling is weak. To verify this claim we can measure the form of the effective potential
against the value of the scalar. To see this, consider the [KG] equation for a scalar with an

effective potential, which is given by

Vg

0o =50

(5.30)

We further study the same example but instead we set x; = 0.99x4. Once again, we find

that H(t) and z(t) (figs. |p.14al and [5.14d|) quickly approach their respective scaling solutions.

This shows that the intrinsic curvature is once again small for an arbitrarily large cosmological
constant. Therefore the scalar field has been effectively able to self-tune A.g As before, there
is a slight deviation in z(t) at late times (fig. [p.14€]), which could be traced back to numerical
instabilities. Similarly, z(¢) (fig. approaches and reaches its scaling solution at ¢ = ty,
but moves beyond x, for ¢ > t¢. Similar to before there is a turning point in y(¢) (fig. |5.14c)

at t =ty which could imply some sort of oscillatory nature in z(t). However, the behaviour

of the effective potential is slightly altered in fig. |5.14f Similar to fig. |5.13f] aaLgf crosses the

horizontal axis at xy. Unlike fig. |5.13f] ‘%;ff (in fig. [5.141)) is initially negative and becomes

positive after crossing the axis. This implies that the scalar is rolling down the effective
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potential to zy, which corresponds to its minimum. After this it then rolls back up to the
potential away from x(, but this is with the expectation that it will follow the slope back to

the minimum. This is exactly the type of behaviour needed in order to evade fine-tuning.

0.1 . 1.01xq

H[t]
x[t]

Xor

Xt

-0.1+ - 0.99xp - L
t; tr tj tr

-0.5¢2

2.5x107%

= 1.5x1076}

>

z[t]
4

5x1077

L L 2 " 1
ti tf -1.5q 4 t

(c) y(t) (d) 2(t)

Figure 5.5: These figures showcase the numerical evolution of the system when z; = 0.995z
(i.e. the initial condition does not correspond to the scaling solution). The blue line represents
the evolution of the system, whereas the orange dashed line represents the scaling solution
of the given variable, where H(t) — qcotqt, x(t) — wo, y(t) — 0, and 2(t) — —¢*> The
parameters are chosen such that ¢> = 1074, m? = 107%¢%, Aeg = —1072, u = 1, which
sets xo ~ 3.43 x 1072 and is consistent with egs. and . The initial conditions
chosen are H; = 10, x; = 0.995x¢, y; = 0. Note that H(t), rapidly decreases from its initial
value. Therefore, we have chosen to restrict the vertical axis of fig. to better display its
evolution.

Comparing eqs. (4.13) and 1' we can see that (¢ = —% <¢ — %gb + 3Hq§>, which

becomes [p = — (g +3HV6' y) when we take N = 1, perform a change in variables using
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eq. 1' and replace qb with ¢ which is given by eq. 1} According to the equation,

the above is equal to aaLf, therefore

Ve
=~ (g+3HVEY). (5.31)
99

Now we can plot the right hand side of eq. (5.31)) against x to verify that the scalar is moving

as demonstrated by fig. |5.6bl Here, we see that the scalar is indeed rolling along the potential.

Verr

Since 50

< 0 it implies that this scalar is rolling down a slope, hopefully towards a minimum
at xo. Altogether, fig. [5.6] implies that our scalar is moving very slowly towards its scaling
solution. As before the scalar does not reach the self-tuning solution as it evolves too slowly.

However fig. does imply that z(t) is approaching z.

-8.68+1076

(1+8x1072)x; I _8.72+10-6 |
— ©

x S -8.76+107% "
(1+4x1075)x; F ©

-8.84107°

Xj .
ti tr 5 5
t Xj (1+4x107°)x; (1+8x1077)x;
X
(a) x(t) (b) OVegr/0¢ against x

Figure 5.6: These figures showcase the numerical evolution of the system when z; = 0.995z
(i.e. the initial condition does not correspond to the scaling solution). The blue line represents
the evolution of the system and the scaling solutions are given by H(t) — qcot qt, x(t) — xo,
y(t) — 0, and 2(t) — —q®. The parameters are chosen such that ¢ = 1074, m? = 107°¢?,
Aeg = —1072, u = 0.01, which sets 2y ~ 3.43 x 107, Our choice of p now sets g5 ~ O(1073),
which is no longer consistent with egs. and . Instead these parameters are chosen
to increase the scalar coupling, which demonstrates the dynamical nature of the scalar to
compare with fig. The initial conditions chosen are H; = 10, x; = 0.995x¢, y; = 0.
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Figure 5.7: These figures showcase the numerical evolution of the system when x; = 1.05x
(i.e. the initial condition does not correspond to the scaling solution). The blue line represents
the evolution of the system, whereas the orange dashed line represents the scaling solution
of the given variable, where H(t) — qcotqt, x(t) — wo, y(t) — 0, and 2(t) — —¢*>. The
parameters are chosen such that ¢> = 107*, m? = 107%¢%, Ay = —0.1, u = 10, which
sets xo ~ 3.34 x 1072 and is consistent with egs. and . The initial conditions
chosen are H; = 10, x; = 1.05z¢, y; = 0. Note that H(t) rapidly decreases from its initial

value. Therefore, we have chosen to restrict the vertical axis of fig. to better display its
evolution.

We retest this numerical analysis using a variety of parameters and initial conditions as
showcased by fig. In this example H(t) (fig. initially appears to follow its scaling
solution, but deviates from it at late times. Whilst z(¢) (fig. appears to remain at
a constant that deviates from —¢? by approximately 0.35¢> (again, it may be very slowly

moving, but it certainly appears to be constant. Note that upcoming plots may also be
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slowly evolving even if it appears to be constant, but we will not state it explicitly to avoid
repetition). Here, z(t) (fig. appears to remain on x; = 1.05z,. However this is only
because it evolves incredibly slowly as demonstrated by y(t) (fig. |5.7c|), which is negative as
x; > xg. This further evidence that the scalar is trying to move towards the the self-tuning

solution, but is far too slow to reach it.

Similarly, in fig. |5.8] H(t) (fig. initially resides on the scaling solution, but deviates
slightly from it at late times. Similarly z(¢) (fig. seems to remain at a constant that
deviates from —q* by about 0.35¢*. As before, z(t) (fig. appears to remain on its initial
condition, z; = 0.99x¢. However, this is only because it evolves slowly as shown by y(t)
(fig. , which is positive as x; < xg. To reiterate the point, the scalar is seemingly trying

to evolve towards the self-tuning solution, but is too slow to reach it.

To recap we have shown how our system evolves for a wide range of parameters and
initial conditions in H(t). Furthermore, H(t) seems to always approach its scaling solution
for © = xy, which can be more easily tracked via z(t). For small deviations in z; = xy, we
see that H(t) and z(t) seem to deviate slightly from their scaling solutions at late times.
This is echoed by the behaviour of z(t), which appears to be a constant that deviates from
xo. However, through the evolution of y(t) we see that z(t) does want to evolve to xy,
albeit very slowly. This can be demonstrated explicitly by analysing the system with a large
scalar coupling, which resides outside of the solar system constraints. However, the above
unfortunately does not correspond to dynamical self-tuning. Recall that we want A.g to be
arbitrary (and large), and the scalar should act to approach the self-tuning solution of x.
These scalar fields will modify the value of the Ringo term within eq. , which is used
to counter an arbitrary Aeg. In turn the system will undergo an [AdS| evolution with a small
intrinsic curvature, showing that the gravitational effect of the cosmological constant has
been cancelled. Instead, since x(t) does not reach the z( at late times and the system deviates

from an evolution, as evidenced by the deviation of z(¢) (which effectively measures the
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evolution of a(t)) from its constant self-tuning solution, —g?. Since this self-tuning solution
represents the intrinsic curvature of the system, the fact that it deviates from —q? shows that
the intrinsic curvature can be arbitrarily large depending on the deviation of x; from xy. In
this sense, the scalar field has not been able to effectively self-tune away an arbitrary A.g to

recover a small intrinsic curvature.
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Figure 5.8: These figures showcase the numerical evolution of the system when x; = 0.99x
(i.e. the initial condition does not correspond to the scaling solution). The blue line represents
the evolution of the system, whereas the orange dashed line represents the scaling solution
of the given variable, where H(t) — qcotqt, x(t) — zo, y(t) — 0, and z(t) — —¢*. The
parameters are chosen such that ¢ = 107*, m? = 107°¢?, Aeg = 1072, i = 10, which sets
T ~ 3.43 x 1073 and is consistent with eqs. (5.26]) and (5.28). The initial conditions chosen
are H; = 100, z; = 0.99z, y; = 0. Note that H(t) rapidly decreases from its initial value.
Therefore, we have chosen to restrict the vertical axis of fig. to better display its evolution.

Now we want to force x(t) to be dynamical in an attempt to force xz(t) — o at late
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times, whilst keeping within the constraints set by egs. ((5.26|) and (5.28). In doing so we hope

that z(t) — —¢? such that the system is evolving with a small intrinsic curvature, having
cancelled off an arbitrary A.g. To do this we deviate y; from its scaling solution, 0, which is
equivalent to giving x(t) a “kick”. In fig. [5.9] we use similar parameters to fig. , but we set
x; = 0.995z and y; = 400. Notice that H(t) (fig. seems to reside on its scaling solution
(but slightly deviates from it at late times). Similarly, z(¢) (fig. [5.9¢)) seems to approach a
constant which deviates from —g? (by about 0.1¢%). Turning our attention to x(t) (fig. [5.9b)),
it appears to have a large increase in a short amount of time before settling into a constant.
This is evidenced by examining y(t) at early times, which swiftly approaches its scaling
solution from a large initial value (fig. [5.9d). Interestingly, by examining y(t) at late times
(fig. [5.9d)), we see that it does not seem to approach its scaling solution. Instead, it changes
from its early time trajectory and starts increasing rather than decreasing. This makes sense
because at this time z(t) > xg, therefore we must have a positive y(t) in order for z(t) — x.
Unfortunately, the increase in z(t) at late times is undetectable in our numerical analysis
(even if it can be demonstrated in the behaviour of fig. [5.9d)). Furthermore, it is strange
that even if y(¢) is given a high initial value, it still rapidly decreases before increasing. For
this system we also plot OV.q/0¢ against = to further understand how the effective potential
moves the scalar. Fig. implies that the scalar is rolling up the slope (as OVeg/0¢ > 0)
and it appears to be close to 0 at ¢ = t¢. This hopefully implies that it then has the intention
of rolling down the slope to a minimum at zy. However, since it does not cross 0 we cannot

make too many inferences about the form of Vig.

We then perform the same analysis but this time we set y; = 2000. This ensures that
the z(t) reaches and surpasses zo (fig. [5.10D]). Firstly we will address the similarities. H(t)
(fig. seems to reside on its scaling solution. But we see that z(t) (fig. seems to
approach a constant at late times that deviates from —¢? (by about 0.05¢?). This implies

there is a small deviation in H(t) from its scaling solution at late times. At early times y(t)
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(fig. once again decreases rapidly, approaching the scaling solution. Examining y(t)
at late times (fig. |5.10d]), we find that it does not increase after decreasing (in contrast to
fig. [5.9d)). This makes sense as the high initial value of y; raised x(t) > zo. However, what
we would expect is that y(t) becomes negative in an attempt to decrease z(t) — . Instead,
we find that y(t) at late times seems to approach a constant. Considering 0Veg/0¢ against x
(fig. we find that the scalar seems to roll up the slope of the potential (as 0Veg/d¢ > 0).
This is despite moving past our scaling solution, zy. However, once again, it does not cross

the horizontal axis, therefore we cannot make any strong inferences about the form of Vg.

Next, we examine a similar scenario, but this time we set x; = 1.005x,. Unfortunately,
setting y; < 0 (which we would like to do since x; > x¢) seems to push the numerical solver
beyond its validity. The reasons for this are unknown, and y; < 0 remains as an unexplored
region. Despite this, setting y; = 1 and observing its evolution still has interesting results.
Once again, H(t) (fig. resides on its scaling solution but slightly deviates from it late
times. Also, z(t) (fig. seems to approach a constant that deviates from —q? (by about
0.1¢%). z(t) (fig. appears to remain at its initial value, but as we have seen before, it
is far more instructive to track the evolution of y(t). At early times y(t) (fig. quickly
decreases to its scaling solution. However, at late times y(t) (fig.[5.11d)) evolves past axis, and
becomes negative. This is in contrast to (fig. [.10d] which stays positive despite z(t) > .

Turning our attention to dVeq/0¢ against = (fig. |5.111]), the scalar seems to once again roll

up the slope of a potential. As in figs. [5.10fl and [5.111] it does not cross the axis, so we cannot

make too many inferences about the form of Vig.
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Figure 5.9: These figures showcase the numerical evolution of the system when x; = 0.995x
(i.e. the initial condition does not correspond to the scaling solution). The blue line represents
the evolution of the system, whereas the orange dashed line represents the scaling solution
of the given variable, where H(t) — qcotqt, z(t) — o, y(t) — 0, and 2(t) — —¢*>. The
parameters are chosen such that ¢ = 107*, m? = 1075¢%, Aeg = —1072, 1 = 1, which sets
T ~ 3.43 x 1073 and is consistent with eqs. (5.26]) and (5.28). The initial conditions chosen
are H; = 10, z; = 0.995z, y; = 400. Note that H(t), y(t), and z(t) rapidly decreases from
their initial values. Therefore, we have chosen restrict the vertical axis of figs. [5.9a] [5.9d,
and to better display the evolution of each variable.
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Figure 5.10: These figures showcase the numerical evolution of the system when x; = 0.995x
(i.e. the initial condition does not correspond to the scaling solution). The blue line represents
the evolution of the system, whereas the orange dashed line represents the scaling solution
of the given variable, where H(t) — qcotqt, z(t) — o, y(t) — 0, and 2(t) — —¢*>. The
parameters are chosen such that ¢ = 107*, m? = 1075¢%, Aeg = —1072, 1 = 1, which sets
T ~ 3.43 x 1073 and is consistent with eqs. (5.26]) and (5.28). The initial conditions chosen
are H; = 10, z; = 0.995x, y; = 2000. Note that H(t), y(t), and z(t) rapidly decreases from
their initial values. Therefore, we have chosen to restrict the vertical axis of figs.
and to better display the evolution of each variable.
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Figure 5.11: These figures showcase the numerical evolution of the system when x; = 1.005x
(i.e. the initial condition does not correspond to the scaling solution). The blue line represents
the evolution of the system, whereas the orange dashed line represents the scaling solution
of the given variable, where H(t) — qcotqt, z(t) — o, y(t) — 0, and 2(t) — —¢*>. The
parameters are chosen such that ¢ = 107*, m? = 1075¢%, Aeg = —1072, 1 = 1, which sets
T ~ 3.43 x 1073 and is consistent with eqs. (5.26]) and (5.28). The initial conditions chosen
are H; = 10, x; = 1.005x¢, y; = 1. Note that H(t), y(t), and z(t) rapidly decreases from their
initial values. Therefore, we have chosen to restrict the vertical axis of figs. [5.11a] and [5.11¢]
to better display the evolution of each variable.
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Figure 5.12: These figures showcase the numerical evolution of the system when x; = 1.4
(i.e. the initial condition does not correspond to the scaling solution). The blue line represents
the evolution of the system, whereas the orange dashed line represents the scaling solution
of the given variable, where H(t) — qcotqt, x(t) — wo, y(t) — 0, and 2(t) — —¢*>. The
parameters are chosen such that ¢> = 1074 m? = 107%¢%, Aeg = —1072, u = 1, which
sets xo ~ 3.43 x 1072 and is consistent with egs. and . The initial conditions
chosen are H; = 10, z; = 1.4zq, y; = 0. Note that H(t) rapidly decreases from its initial
value. Therefore, we have chosen to restrict the vertical axis of fig. to better display its
evolution.

Finally, for completeness we consider what happens when we “push” the initial value
of x; too much. Here, we find that “pushing” too far in the direction of x; < xy moves our
system beyond the validity of the numerical solver. However, we can “push” x; further if

x; > xo. In fig. we have set x; = 1.4z and y; = 0. Here, H(t) (fig. [5.12a}) seems to
reside on the scaling solution before deviating from it at late times. Likewise, z(t) (fig. [5.12d))
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remains at a constant that deviates by a large amount away from —¢? (by about 14¢*). This
is not too surprising as z(t) (fig. seems to remain at z;, therefore we are currently
deviating from our scaling solutions. However despite setting y; = 0, y(t) (fig. appears
to evolve in the positive direction (when x(t) > ). This implies that the scalar is trying to

move away from the scaling solution, not towards it.

The above shows that even when we have given the scalar a “kick” (by setting y; # 0) the
scalar still does not find its scaling solution. Likewise, z(¢) approaches a constant that differs
from its scaling solution. In this sense, we cannot generically recover a small because z(t)
does not seem to select —q? consistently. This means that the curvature (represented by —g¢?)
can be large, showing that the scalar has been unable to effectively counter an arbitrarily
large cosmological constant unless x; and y; have been fine-tuned. Therefore we have been

unable to self-tune without fine-tuning the initial value of the scalar field.

To conclude, for this specific set of scaling equations, the system can recover the scaling
solutions when initially placed there (fig. 5.2). In fact, we find that H(¢) approaches its
scaling solution for a variety of initial conditions and parameters (figs. and . But,
we find that the scaling solutions are not recovered when we perturb z; from zo (figs. ,
and [5.8). However, (as fig. suggests) z(t) still dynamically evolves slowly towards its
scaling solution. To further test this we give z(t) a “kick” using y; # 0. In figs. to we
find that H(t) seems to find its scaling solution at early times, even if it deviates from it at
late times. Similarly, z(¢) very quickly settles into a constant that deviates from its scaling
solution (as a reminder z(t) could be moving so slowly that its evolution cannot be detected
by our numerical solver). We also observe that y(¢) seems to approach its scaling solution at
early times after it has given a “kick” to z(¢). Then at late times, it takes on a non-zero value
dependent on the value of z(t) at the time. In general, it appears that z(¢) can dynamically
change its value to try and recover the scaling solutions (at least for small deviations from

x;), but it does so incredibly slowly. In this sense, we have only been able to exactly recover
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the scaling solutions through fine-tuning the initial values of the scalar (z; and y;).

Note, that this could be an artefact of the method we have chosen rather than it being
intrinsic to the model. Firstly, we have used a couple of assumptions by consistently setting
N(it)=1,G = MTg‘, K= %, and V, = %, due to the complexity of the numerical analysis.
Changing the form of these variables (in particular V;) may result in alleviating the fine-
tuning presented. Solving these equations via a different method could also eliminate this

fine-tuning.

As we have previously alluded to, understanding the nature of this fine-tuning requires
a stability analysis of the cosmological equations. That is to say, we want to perturb the
cosmological variables about their background solutions to understand why the scalar seems to
require such a great deal of fine-tuning. To this end, we perform a linear stability analysis [201]

on our dynamical system. Our system (eqs. (5.23) to (5.25])) can be written in matrix form:

H f— H?
i | = %\/ﬁy : (5.32)

which we can write as h = M (m). Here, m = (H,x,y) and M (m) = (M;(m), My(m), M3(m))
as defined by eq. (5.32)). Now, we can perturb this system with m — m + dm, where m and
om are the background values and the perturbed values of m respectively. From this, we

can write a perturbed matrix system such that

OH OH
oi | =M, | 62 |, (5.33)
0y 0y
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where
oo Y Y
M, = 0 0 VG| (5.34)
1 99 199 199
V6 0H V6 0z V6 Oy

where each partial derivative is evaluated on the scaling solution, m. Recall, that the
definitions of f and g are given by eqs. and respectively. Now, by computing the
eigenvalues, \;, we can study the linear stability of our system. According to linear stability
theory, a solution to our system constitutes a linear combination of e**. Therefore, if all the
real parts of \; are negative (Re();) < 0), the system is stable for linear perturbations since
the exponent converges. Instead, if the system has eigenvalues that are positive (Re()\;) > 0),
it will be unstable as the exponent will diverge. Computing the eigenvalues of eq.

yields:

(5.35)

( 8\/5.8\/E.>

o Vi + T V2 + 9%
or in other words Re(\;) = 0. Our linear stability analysis does not provide us with any new
information about the stability of the system. To overcome this we must use other techniques,
for example the centre manifold theory studies the dynamics of a linear system, but this
would be challenging given the complexity of f and g. Another example is using Lyapunov’s
method (see [201] and references therein), which we can use to explore the dynamics of a
system through the construction of a Lyapunov function, V(m). It states that a system is
stable about m if we can find a V' (m) that obeys a certain set of rules, one of which involves
interactions with m and M (m). Unfortunately, the only way to find this function is through
trial and error which, once again, would be incredibly difficult to find due to the complexity

of the system.
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5.1 Evading fine-tuning?

In this final section we return to the key question: does our theory truly evade “Weinberg’s
no go theorem”? Weinberg’s no-go theorem only accounts for constant scalar fields on a
Minkowski background, so there is no a priori reason to reject an [AdS| background. After
all, the translational invariance inherent to Weinberg’s construction of the no-go theorem
is broken by the explicit coordinate dependence of the metric. So we do evade the no-go

theorem, but what we are truly asking with this question is can we evade fine-tuning?

Of course, we have already shown that self-tuning without fine-tuning is possible. This
can be shown through our exchange amplitude (eq. (4.51)) in section , which satisfies both
self-tuning conditions as defined by chapter [3] This is further demonstrated by our numerical
analysis in chapter 5] Although the scalar has been unable to reach its scaling solution at
late times for z; # xo, there is evidence that that it tries to evolve there (albeit very slowly).
Instead, this section is used to verify that our model can indeed self-tune without fine-tuning.
If this is the case, then it would appear that the difficulties faced in our numerical analysis
are not due to fine-tuning. We later offer an alternative explanation as to why our system

does not appear to self-tune.

To show this, we return to our analysis at the start of chapter [2| where we explored
Weinberg’s no-go theorem. Recall that we were able to show that self-tuning is not possible
for a constant background scalar field in a Minkowski spacetime. Here, we demonstrated
that the effective potential, Vg, of the self-tuning scalar field evaluated on the background is
used to cancel an arbitrary cosmological constant. However, for small perturbations in the
scalar this potential cannot be minimised without fine-tuning. In other words, if a scalar is
placed away from its background solution, it cannot return to it to cancel off an arbitrary
cosmological constant. This can only be achieved through fine-tuning, which reintroduces

the radiative instability inherent to the cosmological constant problem. Therefore, the goal
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of this section is to provide evidence that the effective potential within our model can be

minimised for small changes in the scalar.

We start by extending the analysis in chapter [2] to our model by taking the trace of

eq. (4.12)) which yields

R= éDQ2 — 244 + g(w)2 + %
2 @ ey B8 «a B 48 24 2
—m*| = 9(Fp)g + (Fr)a(FE)s — (Fe)3(FE)a + Y g (5.36)
4
- E(vaavﬁ — 12¢"V,.

Here we have written the equations in terms of R which represents the curvature and we have
used T}, = —Acqr 9. Note, we exclude other matter sources as we only want to analyse the
self-tuning field, ¢, alongside the cosmological constant and their effects on the curvature of
the system. Now as a check the curvature should be negative (R < 0) on the level of the

background. For this, we use ¢, = g and ¢ = ¢ = constant, such that eq. (5.36) becomes

48¢*

Aeff
GV (5.37)

g‘z

R = —24¢* + 20t _ 12m*[G — 1] +
Using the self-tuning equation (eq. ) we find that R = —12¢?, which means the curvature
is negative and can be small as long as |¢?| < |HZ|. This is not surprising as we were able to
show, both analytically and numerically, that the model admits to this solution. We cannot
immediately identify R with 8%;3 (as we did in our analysis for a constant scalar in Minkowski
space) as the curvature is non-zero. Instead, we recognise that the right hand side of eq.
must dynamically adjust to achieve a curvature of —12¢. Therefore, the form of the effective

potential must be such that it uses the right hand side of eq. (5.36]) to dynamically evolve

aVeH
09

the scalar to the background solution, but when is evaluated at ¢ = ¢ it vanishes. So
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we can say that

OVest 9 K 20\oq
_ 3 0g2 — o4
9o ~gE 9 A+ E(Vor+
18 2

—m?| — 9(Fg)% + (Fg)2(Fp)j — (Fp)3(Fe)? + T G? (5.38)

— (va VP —12¢YV, + 1247,

where the right hand side of the above is identical to that of eq. (5.36]), aside from a +12¢>
which ensures that eq. (5.38)) vanishes on the background. Recall that V.g refers to the

effective potential of the scalar field.

To study how the scalar self-tunes we consider a metric that lies on the background,
9y = Juv, alongside small perturbations around a constant background scalar, ¢. Similar
to our previous analysis (in chapter , this removes the explicit kinetic term coupled to K.
Furthermore, recall that G can be identified with Mp, as discussed in sections [4.1] and [£.2]
which means we do not want G to vary much (if at all). Therefore we set G = 1 such that it
cannot vary, which subsequently removes the massive termﬂ. We can also justify the massive
term vanishing, as it is truly the Ringo term that accommodates for a large vacuum energy,
as shown through the self-tuning equation (eq. (4.18)). With these truncations eq.

reduces to
OVerr

9¢

where ¢ represents small perturbations from ¢ and we have kept the form of vaavﬁ V, for

= —12¢° + 2Aeg — 4 (G5VV” — 12¢") V,, (5.39)

clarity. To address this we use the fact thatf]

N 3 N? N
G5V VPV, = ~i <H2 _ W) (af — N@) |7 (5.40)

34Note, we can make other constant substitutions for the G. The key point is that G “loses” its ¢
dependence.

35We have derived this using our ansatz metric g, dz"dz” = —N(t)? + a(t)?dH3, where N(t) is the lapse
function, a(t) is the scale factor, and dH3 = r2(d6? + sinh® 6; (d63 + sin® 5 d63 )).
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and we set the metric on the background (such that a = ag = Sil;qt, N=1andr =1) to

obtain

0%V, . ov,. ..
G5V VPV, = =3¢ (3752‘;52 + 5 ¢) . (5.41)

However, recall that we are only considering small changes around a constant background

scalar. This means that the ¢? term will vanish, hence we can substitute eq. 1} back into
eq. (5.39) to obtain

a‘/eﬂ“_ 2 2 8‘/r
6 = 12¢% 4 2A5 + 12¢g ((%

¢+ 4q2VT> . (5.42)
5

First, notice that on a Minkowski background the above potential cannot be minimised
unless Aeg = 0, which corresponds to fine-tuning. Whereas on an background, the ¢
term opens up a pathway for V g to be minimised. This is a demonstration of how our model
can accommodate for an effective potential that can be minimised without fine-tuning. Note,
there are still some assumptions that we could avoid to further generalise the above analysis.
In eq. there is a G term coupled to V.. Similar to R, this will have a non-trivial effect
on the curvature, but we have set G§ on the background to simplify our analysis. Another
key assumption we made is to set G = constant. Whilst it is still true that we do not want
this value to vary much, a non-constant G could still provide some non-trivial effects. Even
with these assumptions we have demonstrated that there is now a possibility of minimising

the effective potential with the Ringo term on an [AdS| background.

With this in mind we search for other pieces of evidence that suggest that the effective

potential can be minimised. For this we return to our expression for the [KG| equation with
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an effective potential (eq. (5.30)). Applying this to the scalar equation (eq. (4.13) yields

Ver _ _ 1 {299’(R+12q)+/€’(v¢)2

a6 2K
m? ., au

(5.43)

Fg

+ V] [Gap — 244"] }

Q=
[N

As before, we set the metric on the background and consider small changes in the scalar, which
causes the right hand side of the equation to vanish®® Therefore, for small perturbations in
the scalar, the effective potential (when constructed in this fashion) can also be generically

minimised.

To numerically verify this claim we reconsider eq. (5.31]), which is equivalent to eq. ([5.43))

using our previous cosmological setup in egs. ) to E Within figs. and |5 n 5.14 we

plot the derivative of the effective potential against x (the scalar field). Previously we have

displayed these plots in figs. [5.6b] [5.91, [5.10f, and [5.11ff But we found that x evolves too

slowly to reach its scaling solution at late times, therefore agf does not cross the horizontal
axis. This is due to fact that the scalar in the “weakly coupled regime” (where g5 < O(1079)).
To fix this we set p = 1079, which sets g5 ~ O(107!) such that the scalar field is in the
“strongly coupled regime”, allowing x to be more dynamical. Now, our choice for u is no
longer consistent with eqs. and , but this value is chosen to better display how the
effective potential evolves with x. To be clear, this is far beyond the allowed bounds for the
scalar coupling to be consistent with solar system constraints of [GRl But its inclusion here is
to demonstrate the behaviour of the scalar by increasing the strength of the coupling. In a
way, this is not a representation of what our model can do, rather it demonstrates what our

model is trying to do. Note, that by increasing the scalar coupling and only allowing for small

perturbations from z; = zy, we find that we can let ¢t > 7 without encountering numerical

36Recall, that we have purposely constructed the scalar equation (eq. - to vanish for the background
solution. The only non-trivial part is (V(;S) which clearly Vanlshes for small perturbations in ¢.

37Recall, this involves making the expllclt choice: K = 27 G? = Mr’ LV, = m with Mp; = 1. Alongside a
change in coordinates: ¢(t) = gl (t), o) = V6y(t), a = e
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instabilities. But for consistency we define t; = %} whilst allowing for the system to evolve
beyond that. Ideally we would like the system to evolve til ¢ = 2ty = % as this represents a
full cosmological cycle (see fig. . However we do encounter numerical instabilities at this

point, possibly due to ao(%) = % = 0 which will create instabilities in H(t) =

Qe

In fig. we set z; = 1.01zg to find that H(t) and z(t) (figs. |5.13a] and |5.13d)) quickly

approach their respective scaling solutions. There is some deviation in z(t) at late times
(fig. , however this could be due to the system approaching the aforementioned numerical
instabilities. Interestingly, with an increased scalar coupling, x(t) (fig. approaches and
reaches its scaling solution at ¢ = t; contrary to our previous numerical analysis. Note that
this all happens during the “expansion era” (see fig. |5.1)). However, for ¢t > ¢; it seems to
move away from its scaling solution, which corresponds to the “crunch era”. To understand
this, it is instructive to see how y(t) (fig. behaves. At t = ts it reaches its maximum,
but beyond this y(¢) decreases. This could imply some sort of oscillatory behaviour in the
scalar. However, we cannot extend ¢ beyond 2t to study this. Firstly due to the numerical
instabilities, but more importantly evolving beyond this implies that the Universe is in a
different cosmological cycle. But it is still interesting that with an increased scalar coupling,
the system seems to remain on an evolution where z(t) — —¢* with z; # zo. This is
despite the fact that z(¢) does not settle into its scaling solution, z, for late times as we
previously expected. Therefore the scalar field has been able to effectively counter a large
cosmological constant, whilst deviating from its self-tuning scaling solution, to recover a
Universe with a small intrinsic curvature. This is in contrast to previous attempts within the
weak scalar coupling regime. When in the strong scalar coupling regime, the scalar can now
freely evolve in order to cancel off an arbitrary A.g. This shows that the increase in the scalar
coupling strength has played a pivotal role in retrieving a small AdS solution. To reiterate,
this regime is outside the allowed bounds of solar system tests, but it demonstrates what

our system is trying to do. We can further examine the derivative of the effective potential
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against x(t) in fig. . This plot starts positive, crosses the horizontal axis at zy, and then
becomes negative. This could imply one of two things. It could imply that the scalar has
rolled up the slope of the potential onto an unstable equilibrium point (at xg), rather than
settling into a global minimum. Or it could imply that the scalar is rolling up the slope and
reaches its peak at xy. After this it will roll down to a minimum that is # xy. Both scenarios

are not ideal, but they both demonstrate that the effective potential can be minimised.

We further study the same example but instead we set x; = 0.992,. Once again, we find

that H(t) and z(t) (figs. |5.14al and [5.14d|) quickly approach their respective scaling solutions.

As before, there is a slight deviation in z(¢) at late times, which could be traced back to
numerical instabilities. Similarly, x(t) (fig. approaches and reaches its scaling solution
at t = ty, but moves beyond x( for ¢t > t;. Similar to before there is a turning point in y(t)
(fig. at t =ty f which could imply some sort of oscillatory nature in z(¢). Once again,
despite deviating from its scaling solution, the scalar field has been effectively able to recover

a small AdS solution (as shown by z(t)— > ¢?) for an arbitrary A.g. However, the behaviour

of the effective potential is slightly altered in fig. |5.14ff Similar to fig. |5.13f, ag—;ff crosses the

WVerr

P (in fig. |5.141)) is initially negative and becomes

horizontal axis at xy. Unlike fig. |5.13f]

positive after crossing the axis. This implies that the scalar is rolling down the effective
potential to zg, which corresponds to its minimum. After this it then rolls back up to the
potential away from xy, but this is with the expectation that it will follow the slope back to

the minimum. This is exactly the type of behaviour needed in order to evade fine-tuning.
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Figure 5.13: These figures showcase the numerical evolution of the system when x; = 1.01x
(i.e. the initial condition does not correspond to the scaling solution). The blue line represents
the evolution of the system, whereas the orange dashed line represents the scaling solution
of the given variable, where H(t) — qcotqt, z(t) — o, y(t) — 0, and 2(t) — —¢*>. The
parameters are chosen such that ¢> = 107*, m? = 1075¢%, Aeg = —1072, u = 1075, which
sets kg ~ 3.43 x 1073, But g4 ~ O(107'), therefore it is no longer consistent with egs. (5.26])
and (5.28)). The initial conditions chosen are H; = 10, z; = 1.01zo, y; = 0. Note that H(t)
and z(t) rapidly change from their initial values. Therefore, we have chosen to restrict the
vertical axis of figs. |5.13al and [5.13d| to better display the evolution of each variable.
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Figure 5.14: These figures showcase the numerical evolution of the system when x; = 0.99x,
(i.e. the initial condition does not correspond to the scaling solution). The blue line represents
the evolution of the system, whereas the orange dashed line represents the scaling solution
of the given variable, where H(t) — qcotqt, z(t) — o, y(t) — 0, and 2(t) — —¢*>. The
parameters are chosen such that ¢> = 107*, m? = 1075¢%, Aeg = —1072, u = 1075, which
sets kg ~ 3.43 x 1073, But g4 ~ O(107'), therefore it is no longer consistent with egs. (5.26])
and (5.28)). The initial conditions chosen are H; = 10, z; = 0.99z0, y; = 0. Note that H(t)
and z(t) rapidly change from their initial values. Therefore, we have chosen to restrict the
vertical axis of figs. |5.14al and [5.14d| to better display the evolution of each variable.
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We conclude by reiterating that the purpose of this section is to show that our model
truly evades fine-tuning by attempting to minimise its effective potential. In this section we
have offered several pieces of evidence that demonstrate this. Firstly, we have shown that the
effective potential (in a setup similar to our analysis of Weinberg’s no-go theorem in chapter [2)
has the possibility of being minimised. Next, we constructed a separate effective potential
using our [KG] equation, and analytically showed that this can be generically minimised for
small perturbations in the scalar. To verify this numerically we returned to our cosmological
analysis whilst greatly increasing the scalar coupling and studying the corresponding dynamics
for x; # xy. Here, we showed that an increase in the scalar coupling allows x(t) to reach xq at
t=t;= Q’T—q (in contrast to our numerical analysis in chapter . Strangely, the scalar evolves

beyond its scaling solution for ¢ > t¢, but the system remains on an @ evolution until late

OVesr
B

times. By specifically examining in fig. |5.13| we found that it crosses the horizontal axis

at xg, but is initially positive. We can infer two different behaviours from this plot, but the

key point is that the effective potential can be minimised. We also found that the plot of 8;/;“
in fig. crosses the horizontal axis at xy. Since it is initially negative, this implies that the
scalar is rolling down the effective potential to its minimum: xy. These pieces of evidence
together, alongside the analysis contained within section [4.2] and chapter [ heavily imply
that our model can self-tune without fine-tuning. It also implies that the previous difficulties
with self-tuning (without fine-tuning) are due to the coupling of the scalar: specifically that

it is too weak.
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Chapter 6

Discussions and future avenues

This thesis has explored modifications to [GR], such that the observational value of the
cosmological constant better matches our theoretical understanding. Specifically we have

focused on self-tuning, which requires adding extra fields to [GR] to achieve this.

In chapter [I] we discussed how [GR] and predictions within combine to create the
cosmological constant problem. predicts the existence of vacuum energy, and [GR]
predicts that it will gravitate as a cosmological constant, A,... Even a lower estimate of its
theoretical value far surpasses the observational value, A.,s. However as we emphasised, the
real problem is the radiative instability of vacuum energy. Naively, we can add a finely-tuned
counterterm, Ap.e, to “eat up” A... But vacuum energy is incredibly sensitive to higher
order perturbations, which will lead to repeated fine-tunings in the counterterm. This process

of fine-tuning and re-tuning is something we want to avoid.

In chapter [2] we reviewed a range of self-tuning theories. By self-tuning we mean that
additional fields act to naturally reduce the effective value of the cosmological constant.
As explained previously, to expose any hidden fine-tunings a self-tuning theory should also
admit to an arbitrary bare cosmological constant term. Setting Ap... = 0 corresponds to
a fine-tuning between it and A,,.. Therefore, the real goal is to construct a model where
Avare + Avac = Aet ~ Aops. First, we considered a modified version of [GR] with a scalar field

that is constant on the background to show that it cannot self-tune without fine-tuning. In
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doing so we demonstrated the essence of Weinberg’s no-go theorem, which places some very
general constraints on self-tuning theories. Then, we reviewed a range of self-tuning theories

which seek to avoid this. Here, we will briefly outline each section.

We began with unimodular gravity (section which involves restricting the allowed
values of the determinant of the metric. In a sense, this will prevent the vacuum terms from
gravitating. At first glance it appeared to work well. But on closer inspection we found that
the cosmological constant terms are just reintroduced via a constraint, and that the field

equations become indistinguishable from (at least classically).

In section [2.2) we showed that Fab Four was able to write the most general linear scalar-
tensor action (with field equations up to second order) that can self-tune using Horndeski’s
action. Using various self-tuning conditions, this complex action can be reduced to a linear
combination of four Lagrangians. Fab Five (section constructs a more general action by
combining the Lagrangians non-linearly. We later discovered that both “Fabs” self-tune away
a large cosmological constant, but they also self-tune away all other matter contributions.
This removes the model’s ability to enter into a radiation/matter dominated era, driven by
radiation/matter. Well-tempered (section theories can fix this by solving the field
equations in a different way. The “Fab” theories use a solution that trivially satisfies the
scalar field equation, regardless of the matter component. Whereas well-tempering demands
that the scalar field equation is only satisfied for a cosmological constant. This ensures
that non-constant matter components are not self-tuned away. We also briefly mentioned
a recently discovered mechanism separate from well-tempering, that can both self-tune and

allow for other forms of matter domination.

We then explored a different approach with vacuum energy sequestering (section ,
which involves promoting the bare cosmological constant term to a global variable, alongside

the addition of another global variable. Varying the action with respect to these variables
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creates constraints, such that the Ap,.. automatically cancels the A,,.. But, this leaves behind
a separate effective cosmological constant that is proportional to the 4-volume average of
the trace of the local matter sector, (7). This object is determined by measurement, which
removes the fine-tuning problem, and can be shown to be automatically small in large, old

Universes.

In section we discussed braneworlds, which is based on the idea that our observable
Universe is a 4D brane that lies atop a bulk that exists in extra dimensions. We can effectively
“hide” the gravitational response of the vacuum energy into these extra dimensions. If we
existed in a full SUSY] Universe, the vacuum energy would automatically vanish since
fermions and bosons contribute opposite signs to its energy density. However we know that
a full SUSY] sector cannot exist on our 4D brane. Instead, [SUSY] can be used to introduce
novel particles in the bulk (that can induce a non-trivial effect on the curvature), alongside

constraining the compactification scale (to fit with observations).

Finally, we explored self-tuning with massive gravity in section [2.7] The massive
graviton acts as a high-pass filter that allows shorter wavelength sources to pass through
unhindered, but screens longer wavelength sources. This screens the effect of a cosmological

constant, whilst allowing for an agreement with [GR] physics.

In chapter[3|we explored another self-tuning model by reiterating the arguments presented
in [188]. Here, they analyse the linear exchange amplitude between two conserved sources,
mediated by both single and multi-particle states up to spin-2. In order to self-tune, they
demand that the amplitude vanishes for vacuum energy sources but is in close agreement
with [GR] for short wavelength sources. Under some general assumptions, they argue that
we cannot create a self-tuning theory for Minkowski or [dS] backgrounds since these types of
theories violate the self-tuning constraints. However, they discover that there are models that

can satisfy these constraints through the so-called {AdS|loophole”. They later construct an
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explicit example to demonstrate that there are indeed models that can self-tune in [AdS| space.
Slightly departing from this example, we created a model that can satisfy the constraints
using a single massive graviton and a single massive scalar. It is through this example that

we constructed a full realisation of the model.

In chapter |4, we started by considering a generalisation of the Fab Four action, which
we modified to include an curvature, —¢?. Alongside this, we included a massive
gravity term and an extra kinetic term. Unlike the original Fab Four we broke translational
invariance at the level of the metric, rather than the scalar. This allowed us to evade
Weinberg’s no-go theorem, with a constant scalar field on the background. This also allowed
us to remove the John and Paul terms, which do not contribute to the exchange amplitude
or background solutions, whilst justifying the addition of the extra kinetic term (which will

contribute).

Next, in section 4.1 we wrote down the field equations and examined them on the
background solution (g,, = g, ¢ = ¢ = constant, and p = —p = Ay.). The scalar field
equation is automatically satisfied, whereas Einstein’s field equation reduces to an expression
for Ayac, which we call the “self-tuning equation”. This expression tells us that we can indeed
accommodate for a large cosmological constant, to recover a small [AdS| background solution.
In other words, our combination of the cosmological constant terms, Apae + Avac = Aegg, can
be countered by the Ringo term to create a background solution that is small and negative.
By looking at the self-tuning equation one can naively conclude that the massive terms can
also counter an arbitrarily large cosmological constant. Instead, we noticed that the massive
terms are related to G, which we later identified with Mp, (as it sets the scale of gravitational
interaction). Therefore we do not want to vary G too much. Even worse, we later found
that this massive term must be small to avoid ghosts. This almost completely removes its
effectiveness at countering the large cosmological constant, which highlights the importance

of Ringo.
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Then in section we compared our analysis with [188] by writing the exchange amp-
litude between two conserved sources for the model. To do this we returned to the field
equations, perturbed about the background solutions, and decomposed the metric perturba-
tions. Using these expressions we were able to write an exchange amplitude for our model.
Then, we showed that it both recovers [GR]in the high energy limit and vanishes for a cosmo-
logical constant source. We also used this expression to check the stability and the ghost-free
conditions of our model. From this, we found that there are three distinct scenarios, each
representing distinct models. We finally demonstrated this model through an explicit example,

verifying that it vanishes for a vacuum source and recovers [GR]in the high energy limit.

To further understand the dynamics of our model we then computed its cosmological
equations, studying them both analytically and numerically in chapter [5l For this we con-
sidered an [AdS] background metric, and we assumed the matter components to be that of
a conserved perfect fluid. Applying these requirements yields four equations: the modified
Friedmann equation; the modified acceleration equation; the scalar equation; and the energy
conservation equation. From this, we first verified that the vacuum solutions satisfy these
equations. The scalar equation and the energy conservation equation are immediately satis-
fied, whilst the modified Friedmann and acceleration equation yield the “self-tuning equation”.
Also, due to the break in diffeomorphism from the massive gravity term we were able to derive
a constraint equation. By differentiating the modified Friedmann equation with respect to
t, and combining again with the four “base” equations, we obtained a constraint which has
two general solutions. The first is satisfied automatically by our vacuum solution, so it acts
as a verification tool. The second creates an entirely new constraint: 3aG — 2ag = 0. This
could provide a different set of solutions, should we choose to study a different solution in

the future.

Expanding on this we used a numerical analysis to study the dynamical nature of the

system. For this, we considered a canonical example (similar to section [4.2)) and a change

136



CHAPTER 6. DISCUSSIONS AND FUTURE AVENUES

2x(t), and ¢(t) = V6y(t). Note that these variables

in variables such that a = %, ¢(t) = ¢

will have constant vacuum scaling solutions of the form z(t) — o, y(t) — 0, and «a(t) — 1,
alongside H(t) — Z—g = g cot qt. These scaling solutions correspond to the system undergoing
an [AdS] evolution with a constant scalar. This is consistent with the background solution we
derived in section , where g, = g, and ¢ = ¢ = constant. From the change of variables
we rewrote the modified Friedmann equation in terms of «, which we used to simplify the
modified acceleration equation and the scalar equation. By manipulating these equations we
were able to derive two second order equations in terms of g and gb separately, sourced by the
t, H(t), x(t) and y(t). Finally, using the above we derived three rate equations for H(t), x(t),
and y(t), such that H = 8 _H>=f-H*i= %éz %\/gy, and g = % = = where f

and g are given by eqs. (5.21) and ([5.22)) respectively.

Then, we proceeded with our numerical analysis, where we verified that the model

cos qt;
sin qt; ’

recovers the scaling solutions given the initial conditions H; = ¢ xr; = xg, and y; = 0.
We also tracked the variable z(t) = H(t) — =, where z(t) — —¢* on the scaling solution, to
support this verification. We showed that the scaling solutions can be recovered for a wide
range of different parameters and initial conditions in H;. Next, we perturbed x; from z,
but we found that the system does not recover its scaling solution. However, upon examining
the behaviour of y(t) we found that x(¢) can dynamically evolve towards xg, although it does
so very slowly. To further understand this we gave z(t) a “kick” with y; # 0. These plots

showed that z(t) can dynamically change when given a “kick”. However, we were not able

to generically recover the scaling solutions without fine-tuning x; and y;.

To understand the nature of this fine-tuning we initially conducted a linear stability
analysis by perturbing the cosmological equations about the scaling solutions. Unfortunately,
our method produced results that are inconclusive. To overcome this requires analysing the

stability of this model through a different method, beyond the scope of this thesis.
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Finally, we verified that our model can self-tune without fine-tuning in section [5.1] Here,
we provided several pieces of evidence showing that the effective potential for our model
can be generically minimised. As explained towards the beginning of chapter [2] this is a
requirement of self-tuning with a constant background scalar field without fine-tuning. This
implies that the difficulties experienced in our numerical analysis (in chapter 5] is not actually
due to the system needing to be fine-tuned. Through figs. and we have also shown
that the system remains on an evolution for small changes in z; = z( (in contrast to our
results in chapter . Similarly, z(t) reaches its scaling solution at ¢t =ty = % (at the end
of the cosmological expansion era), but moves beyond it at ¢t > ¢t (during the cosmological
crunch). We also examined the derivative of the effective potential, to show that Vog can be
minimised in both of these scenarios. However, this can only be achieved by working in the
“strong scalar coupling regime”, which is well beyond the allowed solar system constraints
that we derived in egs. and . Therefore these results cannot be taken as a direct
representation of the evolution of our system. Instead, it represents what the system is trying

to do. However, it does imply that “fine-tuning” in our numerical analysis is really an artefact

of the scalar being too weakly coupled.

An interesting aspect of our work is that there are many potential directions that it
can take. In [188] they demonstrated that an explicit example (that differs from our model)
satisfies all of their self-tuning constraints. Namely, one that includes a single massless
graviton, a single massive graviton, and a single massive scalar. It would be interesting to
conduct an analysis similar to ours on this aforementioned example. Furthermore, there
are theoretically a great number of separate examples that can satisfy the constraints in
[188]. These will create distinct models that require separate analyses to understand their
phenomenologies. A separate project could further explore the parameter space that satisfies

these constraints, rather than constructing singular examples.

We have been able to show that our model, both analytically and numerically, can self-
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tune. In fact, the scalar seems to evolve towards its scaling solution in our numerical analysis
for small perturbations in its initial value (i.e. z; # ). However, despite evidence that z(t)
can be dynamical, it evolves far too slowly to recover its scaling solution in the “weak scalar
coupling regime”. Therefore, there are still a number of potential avenues to explore through
changes in our numerical analysis. This could take the form of numerically solving through an
alternate method, through a different choice of arbitrary functions (corresponding to different

choices of V., K, G, and N(t)), or by generalising these arbitrary functions entirely.

We could also seek to understand our system better through a stability analysis. Our
linear stability analysis proved to be inconclusive, but we can still study it via other methods

(that we discussed further in chapter [5]).

An interesting approach to further extend our model would be to seek background
solutions that involve a non-constant scalar. This represents a full [AdS| generalisation of Fab
Four. Of course, reintroducing a non-constant scalar on the background will also reintroduce
the John and Paul terms™] This requires a separate analysis (similar to our work) in order
to explore whether these non-constant scalar background solutions exist. If they do, it would

be interesting to study the phenomenology of such a system.

Finally, we briefly mention that our work resolves the field equations of our model in a
similar way to Fab Four and Fab Five (sections and . But as we pointed out, this
method may result in the self-tuning technique working “too” well. By this we mean that it
removes the gravitational effect for all matter components, not just that of a cosmological
constant. Therefore, it would be useful to solve these equations in a similar way to the
well-tempered analysis to ameliorate this problem. If this is the case, we must also satisfy
the constraint equation due to the massive graviton (eq. as derived in chapter |5)), as

it is no longer automatically satisfied by the background solution. In other words we must

38This will prompt the removal of K as the John and Paul terms will now be able to provide the system
with a kinetic dependency i.e. terms containing V,¢V"¢.
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satisfy 3aG — 2ay = 0, which could prove to be a useful testing ground.

Regardless, we must first find a consistent generalisation of Fab Four in [AdS| space
that can dynamically self-tune away an arbitrary cosmological constant term. We have
shown that self-tuning without fine-tuning is indeed analytically possible with our model.
Our numerical analysis has also shown that it can self-tune when the initial conditions of
the scalar (z(t)) match that of its self-tuning scaling solution (xg), whilst allowing for the
initial conditions of the Hubble parameter (H(t) = ) to be (mostly) arbitrary. Furthermore,
when we perturbed x(t) away from xg, there is evidence that it tries to slowly evolve to it.
However, it never quite reaches zy at late times without fine-tuning the initial conditions
of z(t) and & o< y(t). Therefore, even though there is evidence that the scalar dynamically
evolves towards the scaling solution, we have been unable to numerically show that our
system can effectively counter an arbitrary cosmological constant at late times without some
fine-tuning. Despite this, our work stands as a novel exploration into self-tuning in an [AdS|
space. As demonstrated, there are many potential avenues that this project could take in

order to find a model that can consistently solve the cosmological constant problem.
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