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Abstract
As with all differential equation based numerical methods, open boundary
problems in TLM require special boundary treatments to be applied at the edges of the
computational domain in order to accurately simulate the conditions of an infinite
propagating medium. Particular consideration must be given to the choice of the
domain truncation technique employed since this can result in the computation of
inaccurate field solutions. Various techniques have been employed over the years to
address this problem, where each method has shown varying degree of success
depending on the nature of the problem under study. To date, the most popular
methods employed are the matched boundary, analytical absorbing boundary
conditions (ABCs) and the Perfectly Matched Layer (PML). Due to the low absorption
capability of the matched boundary and analytical ABCs a significant distance must
exist between the boundary and the features of the problem in order to ensure that an
accurate solution is obtained. This substantially increases the overall computational
burden. On the other hand, as extensively demonstrated in the Finite Difference Time
Domain (FDTD) method, minimal reflections can be achieved with the PML over a
wider frequency range and for wider angles of incidence. However, to date, only a
handful of PML formulations have been demonstrated within the framework of the
TLM method and, due to the instabilities observed, their application is not widely
reported. The advancement of the PML theory has enabled the study of more complex
geometries and media, especially within the FDTD and Finite Element (FE) methods.
It can be argued that the advent of the PML within these numerical methods has
contributed significantly to their overall usability since a higher accuracy can be
achieved without compromising on the computational costs. It is imperative that such
benefits are also realized in the TLM method.

This thesis therefore aims to develop a PML formulation in TLM which
demonstrates high effectiveness in a broad class of electromagnetic applications.
Motivated by its suitability to general media the stretched coordinate PML theory will
be basis of the PML formulation developed. The PML method developed in this thesis
is referred to as the mapped TLM-PML due to the implementation approach taken
i

which avoids the direct discretization of the PML equations but follows more closely
to the classical TLM mapping of wave equations to equivalent transmission line
quantities. In this manner the highly desired unconditionally stability of the TLM
algorithm is maintained. Based on the mapping approach a direct stretching from real
to complex space is thus applied to the transmission line parameters. This is shown to
result in a complex propagation delay and complex frequency dependent line
admittances/impedances. Consequently, this modifies the connect and scatter
equations.

A comprehensive derivation of the mapped TLM-PML theory is provided for
the 2D and 3D TLM method. The 2D mapped TLM-PML formulation is demonstrated
through a mapping of the shunt node. For the 3D case a process of mapping the
Symmetrical Condensed Node (SCN) is formulated. The reflection performance of
both the 2D and 3D formulations is characterised using the canonical rectangular
waveguide application. Further investigation of the capability of the developed
method in 3D TLM simulations is demonstrated by applying the mapped TLM-PML
in: (i) the simulation of planar-periodic structures, (ii) radiation and scattering
applications, and (iii) in terminating materially inhomogeneous domains. A
performance comparison with previously proposed TLM-PML schemes demonstrates
the superior temporal stability of the mapped TLM-PML.
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Introduction

Chapter 1
Introduction
This chapter provides an introduction to the work carried out in this thesis and
discusses the significance of effective computational domain truncation techniques.
An appraisal of the absorbing boundary conditions implemented in TLM is provided
which highlights the long standing issue of an ineffective domain truncation method.
The research aims and methodology are briefly discussed. Finally the content of this
thesis is outlined.

1.1. Computational Electromagnetics Methods
Since the

mid-sixties,

Computational Electromagnetics (CEM)

has

progressively emerged as the prominent scientific discipline concerned with studying
electromagnetic (EM) field interaction in a variety of material and geometrical
environments. This development has predominantly been driven by the availability of
increasingly powerful computers as well as the growing complexity of real world
applications. Before the advent of digital computers analytical methods were the
preferred method to infer the EM response of physical systems. Through these an indepth understanding of the problem at hand could be readily obtained therefore
providing new insights on the physical phenomena involved. However, analytical
techniques could only be applied to simplified structures, and although these methods
are in itself of high accuracy their applications is limited. With the advent of personal
computers came the development of sophisticated algorithms and tools which elicit
the numerical solving of complex mathematical equations. The numerical approach
employed by CEM therefore opens the door to deepening our understanding of
electromagnetic problems with complexities that are rendered too difficult to be solved
1
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directly. This has in turn enabled evaluations of such systems under adaptable
conditions thus yielding performance and costs optimizations.

The broad scope of CEM techniques consists of numerical methods which
solve Maxwell’s equations in the differential or integral form. Each group can be
further categorized based on the domain upon which the solutions are obtained, i.e.
time domain or frequency domain. The main attractions of time domain methods over
their frequency based counterpart are their suitability to transient problems as well as
high computational efficiency gained when applied to wideband problems since the
EM response over a range of frequencies can be obtained from a single simulation.

The integral equation (IE) based CEM methods are formulated based on
deriving a Green’s function which encapsulates the problem specific properties i.e.
geometry, medium material, initial and boundary conditions. Radiation boundary
conditions are therefore implicitly included in the formulation which makes them
suitable for modelling problems with open boundaries for example an antenna on a
platform or in the free space. In most cases, the computational burden incurred is low
since discretization is only required on the sources of electromagnetic fields in the
domain. A popular IE based method is the Boundary Element Method (BEM) which
is also referred to as Method of Moments (MOM) [1.1], [1.2]. The BEM method
involves casting Maxwell’s equations into a “boundary-only” integral form from
which numerical solutions can thus be obtained at the desired points in the solution
space. The BEM is generally used to validate results from other numerical techniques.
Whilst it is considered to be efficient in the modelling of problems with small surface
to volume ratios, its main limitation is the inability to model field scattering from
inhomogeneous media [1.2].

In contrast to IE methods, differential equation (DE) methods are derived
directly from Maxwell’s curl equations and therefore require little analytical preprocessing. They rely on a spatial discretization of the entire problem for which field
samples are therefore obtainable at all points in space. This makes them suitable for
the modelling of structures with complex geometrical and material features . Popular
2
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DE based techniques include the Finite Difference Time-Domain (FDTD) method
[1.1], [1.3], the Finite Element Method (FEM) [1.4], and the Transmission Line
Modelling (TLM) method [1.1],[1.5],[1.6].

The FDTD method employs a direct centered difference approximations on the
space and time derivatives of Maxwell’s curls equations [1.1],[1.3]. This finite
difference approximation is applied on staggered grids (Yee cells) to compute each
component of the electric and magnetic vector fields. The computation of the fields
are carried out using a leapfrog algorithm where, for example, the magnetic field
components are computed first followed by electric field components. Conceptually
this means that they are solved at different points in time. Both fields are also shifted
in space by half a discretization step ∆𝑙. To ensure stability of the FDTD method the
time step ∆𝑡 is limited by the courant-stability criteria which for a uniform
computational domain is given as [1.1],[1.3]

∆𝑡 ≤

∆𝑙𝑚𝑖𝑛
𝑐√3

(1.1)

where c is the speed of light and ∆𝑙𝑚𝑖𝑛 is the smallest mesh size modelled in the
computational domain. According to (1.1) the overall computational time is thus
significantly impacted by the choice of mesh grid. Whilst the classical FDTD method
is capable of simulating complex geometry however the use of structured grids gives
rise to stair casing approximations when modelling curved boundaries which reduces
the accuracy of the solution obtained. An unstructured FDTD mesh implementation
was recently proposed which employed the use of a hybrid primal mesh containing
tetrahedral and hexahedral cells [1.7]. Although improvements in the computational
efficiency was shown to be attainable with this approach however instabilities were
also reported which were shown to be independent on the choice of the timestep.

The key attribute of frequency/time domain FEM [1.1],[1.4] technique is its
capability to efficiently model curved geometries through the use of tetrahedral spatial
discretization. This makes achieving accurate geometry representation attainable since
each tetrahedral element can be individually scaled to fit the problem at hand.
3
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Following the discretization the algorithm reduces the problem to a system of
simultaneous linear equations which are then solved using efficient techniques for
sparse matrices based on either direct methods or iterative methods. Whilst the
flexibility of the element shapes is a key advantage of FEM, this however increases
the complexity of discretization process, much more than the simple case of
rectangular discretization. Furthermore, the presence of sliver triangles can also affect
the accuracy and the stability of the method.

The time domain TLM method [1.5], whose continued development is the
subject of this thesis, has extensively been demonstrated as an attractive and widely
used method in simulating a large variety of EM problems. First introduced in 1971
by Johns and Beurle [1.6], the TLM method solves Maxwell’s differential equations
by mapping them to an equivalent, albeit approximate, set of transmission line
equations for which exact solutions can be obtained. The physical propagation of EM
waves is modelled by mapping the voltage and current pulses propagating on a
network of interconnected transmission lines to electric and magnetic fields
propagating in space. The temporal evolution of the fields is achieved by alternative
scatter and connect operations, where incident voltages are scattered at the nodes that
connect transmission lines and propagate to the adjacent nodes as incident voltages in
the next time step. A key attraction of the TLM formulation is the guarantee of an
unconditionally stable algorithm which is derived from the absence of the use of
discrete differential operators in its development [1.6]. In contrast with FEM [1.4] and
FDTD [1.3], the stability of the TLM algorithm is provable on a cell by cell basis and
does not require an eigen analysis computation on the whole mesh.

It is important to note that no single numerical method is optimized for all
problem cases. The choice of the specific technique employed is dependent on its
suitability to the problem under study in relation to a number of important factors. For
example, the accuracy attainable, ability to handle complex geometries and complex
materials and the overall computational costs [1.1].
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1.2. Criteria for Effective Absorbing Boundary
Conditions
Differential numerical methods rely on a volumetric discretization of the
problem domain which allows a realistic one to one mapping of geometric regions to
discrete cells. However, due to the finite resources of computers the computational
domain must be terminated. For problems involving naturally closed boundaries
suitable boundary conditions can easily be applied on the edges of the computational
domain e.g. magnetic or electric walls. A challenge however arises in truncating the
computational domain of simulations involving waves propagating outwardly in
unbounded regions e.g. an antenna radiating in free space. This can be physically
interpreted as translating an infinite domain problem to a finite domain problem. An
appropriate handling of such problems is a nontrivial task which if poorly attempted
can result in the computation of inaccurate field solutions.

Over the years, several numerical schemes have been explored to truncate
computational domains. These techniques, which are generally classified as absorbing
boundary conditions (ABCs), are typically enforced at the edges of the computational
domain to emulate an infinite computational space. A significant reduction in the size
of the computational domain can therefore be attained, thus substantially improving
the overall computational efficiency whilst maintaining high accuracy.

The effectiveness of an ABC is decided according to the following set of
criteria:
i.

Strength of absorption of incident waves.

ii.

Guarantee of temporal numerical stability.

iii.

Geometric flexibility and application to wide variety of
configurations.

iv.

Low computational costs – runtime and memory.

v.

Conceptual simplicity and ease of implementation.
5

Introduction
vi.

Ease of incorporation into legacy codes.

Intuitively, factors (i) and (ii) are considered as the principle criteria for
determining an ABC’s effectiveness since they directly influence the accuracy of the
solutions computed in the interior domain. To mitigate the unavoidable numerical
reflections which are generated at the interface between the medium and ABC, a
highly absorbing ABC must be employed, one which particularly supports a total
transmission for all frequencies, incident angles, and polarization of impinging
propagating waves as well as for evanescent waves. Furthermore, the high absorption
quality should not depend on the material properties of the interior domain, i.e. to the
presence of lossy or anisotropic materials.

The stability of any numerical procedure is critical to obtaining meaningful
results, and is a highly desired quality in an ABC. It is important to ensure that the
stability performance of an already strongly stable CEM scheme is not compromised
upon the integration of an ABC.

Factors (iii)-(vi) are the practical factors considered by the CEM worker, and
whilst these inherently do not affect the quality of the solutions computed, they in turn
influence the usability of a given CEM algorithm. They include conditions for high
computational efficiency, in terms of runtime and memory usage, as well as the ease
of implementation and incorporation into extant codes. In addition, the geometric
flexibility of an ABC is a desirable quality. This benefit is especially realized in large
scale EM scattering problems involving objects with complex geometric
configurations for which additional computational whitespace would be otherwise
required to obtain accurate results [1.8],[1.9].

It is true to say that no single method has been developed which meets all the
criteria outlined above. Majority of the ABCs developed perform excellently in the
continuous theory but deteriorate upon implementation into discrete models.
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This thesis is focused on development of an effective domain truncation
technique for the TLM method. Therefore, in the next section the performance of the
ABCs developed in TLM method shall be reviewed in terms of their overall
effectiveness. This review shall highlight a longstanding yet important problem in
TLM which is the lack of a sufficiently stable, highly accurate and computationally
practical ABC. Hence, the main concern of this thesis is the address of this crucial
problem.

1.3. A Performance Appraisal of ABCs developed in
TLM
In the TLM method, the simplest approach to simulating open boundary
problems involves terminating the transmission line mesh with the intrinsic
characteristic impedance of the medium modelled by the mesh [1.5]. In the literature,
this method is referred to as the matched termination or matched boundary. It is still
commonly employed in TLM simulations due to its simplicity, unconditional stability
and effectiveness in absorbing waves incident on the boundary from a near normal
angle. A limitation with the matched boundary ABC, however, is its poor absorption
of oblique incidence waves.

To address this the variable impedance boundary

condition VIBC [1.10] was developed which was based on varying the impedance of
the mesh boundary to match the analytically predicted impedance of an incoming
plane wave therefore obtaining reflection coefficient equal to zero. Whilst the VIBC
obtained better accuracy than the matched boundary ABC its performance is heavily
reliant on the accuracy of the prediction algorithm and its success is also limited to
applications involving plane wave propagation.

Global ABCs have been implemented in TLM. These aim to implement the
exact absorbing boundary conditions and as such the field solutions are a function of
the past time-history as well as the field solutions in the whole computational domain.
For this reason significantly high accuracy is attainable. The most popular of these
was demonstrated for the 3D TLM symmetrical condensed node based on the Johns
Matrix technique [1.11],[1.12]. This involved precomputing the discrete Greens
7
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function (impulse response) for each node on the boundary and performing a
convolution during the TLM simulation with each incident wave at the node. Although
these guarantee stability and demonstrate an ability to perfectly absorb outgoing
waves, they are computationally impractical due to the high computational expense
incurred. Compared to global ABCs, the computational demand of local ABCs are
significantly lower since only the fields in the vicinity of the boundary plane are
required to implement the absorption condition.

The development of local ABCs has been explored in 2D and 3D TLM.
Amongst the proposed local ABCs the techniques derived from Engquist-Majda [1.13]
one wave equations gained the most popularity because of their simplicity. These
techniques were based on employing rational approximations of pseudo-differential
operators. Such approximations include the use of Taylor or Padé approximants [1.14].
A TLM implementation of the Engquist-Majda’s one-way wave equation [1.13] was
implemented in [1.15]. The formulation demonstrated that the second order Padé
approximation of one-way conditions was sufficient in terminating 3D TLM
geometries however its performance was poor in the 2D case. In the same work the
relationship between the stability and the order of truncation of the one-way wave
equation and discrete boundary conditions were also investigated. The results showed
that higher order boundary conditions (with orders greater than 2) introduced
instabilities in both methods, this conclusion was found to be consistent with those
reported by Higdon in [1.16]. The performance of analytical ABCs based on Higdon’s
absorbing condition and Taylor’s expansion algorithm was compared in [1.17]. The
validity of both methods was demonstrated by computing the reflection coefficient in
an infinite rectangular waveguide. The results obtained show that reflection
coefficients lower than -35 dB is attainable across the bandwidth of operation with
both ABCs. Similar to the ABCs based on the one-way wave equation, instabilities
were also reported for which various design suggestions were provided to attain an
improved stability performance. Of all the analytical ABCs demonstrated in TLM the
Super Absorbing Boundary Condition (SABC) proposed by [1.18] demonstrated an
improvement in the accuracy, stability and computational efficiency when applied to
Higdon ABC. Nonetheless, a major drawback with local ABCs methods is their weak
absorption of near-grazing incident waves and inability to absorb evanescent waves,
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such that most reflect completely the evanescent fields. Under such circumstances, the
ABCs must be placed at a considerable distance

( approximately 2 wavelengths

) away from the region of interest, in order that the evanescent fields decrease naturally
to a sufficiently small level. Local ABCs are therefore considered to be ineffective in
practical applications.

A non-analytical physical ABC can be derived by appending a lossy media to
the edges of the computational domain. This results in the attenuation of outgoing
propagating waves according to the medium’s conductivity and thickness. The
obvious limitation with this approach is the high reflections expected at the boundary
interface due to the impedance mismatch. The perfectly matched Layer (PML)
[1.19],[1.20] addresses this limitation by matching the impedance of an absorption
layer with the interior media. Originally demonstrated in the FDTD method [1.20]
through a splitting of fields, reflections below -120 dB was shown to be attainable for
wide angles, frequency and polarization of incidence waves. An additional attraction
of the PML is its conceptual simplicity and the ease of integration into legacy CEM
codes. The success and simplicity of the PML has encouraged different revisions and
extensions of the original proposal and has resulted in various formulations beyond
the initial FDTD technique [1.21]-[1.27]. Compared to the numerously developed
FDTD PML formulations, only a handful of formulations have been proposed for
TLM method [1.24]-[1.28] all of which to some degree demonstrate the PMLs
capability to truncate TLM mesh. The performance of these schemes are properly
demonstrated in several applications in Chapter 6. Nonetheless, a critical limiting
factor with TLM-PML formulations is the weak temporal stability reported which
severely limits its application in a broad class of problems [1.24]-[1.28].

1.4. Research Aim
It is now generally recognized that the PML, once optimized, can yield
significant improvements to the overall performance of CEM simulations compared
to other local ABCs. It is imperative that such benefits are also realized in the TLM
method. Developing a stable and efficient TLM-PML formulation however presents a
unique challenge for TLM developers. Unlike the finite difference method where
9
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differential operators are straightforwardly discretized by central-differencing
approximations, the TLM method relies on the derivation of a suitable circuit to field
equivalence in the PML medium which, in a similar fashion to the classical TLM
development, ensures an unconditionally stable algorithm. This thesis therefore aims
to implement a PML formulation in 2D and 3D TLM simulations which demonstrates
improved effectiveness and temporal stability in a broad class of electromagnetic
applications. Particular consideration is made on the implementation approach taken
in order to address the issues relating to the weak temporal stability demonstrated by
previously developed TLM-PML schemes [1.24]-[1.28].

1.5. Research Methodology
Many mathematical equations reveal new interesting insights and capabilities
on the underlying physical phenomena upon a transformation of coordinate systems.
For this reason coordinate transformation techniques have long been explored in the
mathematical analysis of a variety of engineering problems. In computational
electromagnetics, complex domain displacements are widely utilized as a method to
manipulate electromagnetic fields [1.29]-[1.31]. An example application of this
methodology, one which is of interest in achieving the research aims, is the Stretched
Coordinate (SC) PML formulation [1.21],[1.31]-[1.33] which achieves the
reflectionless attenuation of propagating waves through an analytical continuation of
Maxwell’s equations solutions from real to complex space. Compared to other PML
formulations (e.g. anisotropic/Uniaxial[1.23] and split-field PML [1.20]), the SC PML
theory offers a more mathematically rigorous definition of the PML theory which has
motivated its easy extension to curvilinear coordinates and conformal mesh
terminations [1.32], [1.33]. Further motivated by its suitability to general media the
SC PML theory will be basis of the TLM-PML formulation developed in this thesis.

The choice of the approach taken in implementing the PML is strongly
influenced by the particular nature of the numerical method in which it is being
deployed. Therefore, in order to maintain the efficacy of the TLM algorithm, the PML
equation to be discretized must lend itself well to being mapped to an equivalent
transmission line model. Ensuring this enables the derivations of suitable equivalent
10
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field to circuit representations for the PML medium. This approach to a TLM-PML
implementation avoids the direct discretization of the PML equations as employed by
previously proposed TLM-PML schemes, and follows more closely to the classical
mapping of wave equations to equivalent transmission line quantities thus ensuring an
unconditionally stable algorithm.

1.6 Outline of the Thesis
The remainder of the thesis is organized as follows. Chapter 2 presents the
PML theory from the split-field, stretched coordinate and anisotropic interpretations.
The advances in the PML formulation are discussed as well as the limitations of the
PML in both the continuous and discrete settings.

Chapter 3 introduces the TLM theory through the 2D shunt and series node
where an analogy with the second-order wave equation is derived. Subsequently, a
new framework for implementing the second-order stretched coordinate PML
equations in TLM will be formulated for the 2D TLM shunt node. The proposed TLMPML scheme is formulated based on mapping the second-order stretched coordinate
PML equations to a suitable set of transmission line equations. This method is referred
to as the mapped TLM-PML and when applied within the context of the shunt node it
is specifically referred to as the mapped shunt-node PML. The effectiveness of the
mapped shunt-node PML is investigated through a rectangular waveguide application.
In particular the influence of the PML parameters on the reflection coefficient shall be
demonstrated for a particular case of an infinitely long rectangular waveguide.

In Chapter 4, the TLM theory in the 3D setting is presented through the
Symmetrical Condensed Node (SCN). Subsequently the theory of mapped TLM-PML
framework described in Chapter 3 is extended to the SCN. Extensions to hybrid SCN
(HSCN) nodes are also presented. When applied in this context the mapped TLMPML is specifically referred to as the mapped SCN-PML or mapped HSCN-PML,
respectively.

11
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Chapters 5 and 6 demonstrate the formulation developed in Chapter 4 in a
variety of 3D TLM problems, namely: the simulation of planar-periodic structures,
radiation and scattering applications and in terminating materially inhomogeneous
domains. A performance comparison with previously proposed split-field TLM-PML
formulations [1.24],[1.25] and the matched boundary will be made where the superior
temporal stability of the mapped SCN-PML will be demonstrated.

A summary of the work carried out in this thesis is presented in Chapter 7
followed by a discussion on further work.
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Chapter 2
The

Perfectly

Matched

Layer
This Chapter introduces the classical PML formulations namely the split-field,
stretched coordinate and anisotropic approach. The advances in the PML formulation
are also discussed as well as the limitations of the PML in both the continuous and
discrete settings.

2.1 The Classical PML Equations
Since its first introduction in 1994, the PML has continually been recognized
as the most effective and thus most widely employed domain truncation technique.
The original split-field theory proposed by Berenger has been adapted and reformulated in a variety of ways. Nonetheless, in theory all PML interpretations
demonstrate the following core properties [2.1]: i) an artificial medium surrounds the
interior problem space, ii) a perfect transmission is achieved at the medium-to-PML
interface (i.e. no reflections) for all incident angles and frequencies, and iii) all incident
waves can be attenuated to a near zero value.

The focus of this thesis is the development of an effective PML
implementation for the TLM method. In order to describe the discrete implementation
proposed it is necessary to first describe the PML equations in the continuous setting.
In this section the classical PML theory will thus be described. First, the details of
original PML theory will be presented followed by the subsequent formulations which
16
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were developed shortly afterwards. Section 2.2 will detail some of the key PML
advances/extensions. For completeness, the chapter will conclude by discussing the
limitations of the PML in the continuous and discrete space.

2.1.1 Split-field PML
All classical electromagnetic behavior can be described by Maxwell’s
equations which in the differential form are given as [2.2],

∇ . 𝜖̿𝑬 = 𝜌,

(2.1𝑎)

∇ . 𝜇̿ 𝑯 = 0,

(2.1𝑏)

−∇ × 𝑬 = 𝜇̿

∇ × 𝑯 = ̿𝜖

𝜕𝑯
+ 𝜎̿𝒎 𝑯,
𝜕𝑡

(2.1𝑐 )

𝜕𝑬
+ 𝜎̿𝒆 𝑬 ,
𝜕𝑡

(2.1𝑑 )

where E and H, represent the vectors of the electric field and magnetic field,
respectively, 𝜇̿ , 𝜖̿ , 𝜎̿𝒎 and 𝜎̿𝒆 respectively are the permeability, permittivity and
magnetic and electric conductivity tensors of the medium, and 𝜌 is the total electric
charge density.

Assuming a free space medium with anisotropic losses in Cartesian
coordinates, the equations in (2.1c) and (2.1d) are fully expanded as:
𝜕𝐻𝑧 𝜕𝐻𝑦
𝜕𝐸𝑥
−
= 𝜖0
+ 𝜎𝑒𝑥 𝐸𝑥 ,
𝜕𝑦
𝜕𝑧
𝜕𝑡
𝜕𝐸𝑦
𝜕𝐻𝑥 𝜕𝐻𝑧
−
= 𝜖0
+ 𝜎𝑒𝑦 𝐸𝑦 ,
𝜕𝑧
𝜕𝑥
𝜕𝑡
𝜕𝐻𝑦 𝜕𝐻𝑥
𝜕𝐸𝑧
−
= 𝜖0
+ 𝜎𝑒𝑧 𝐸𝑧 .
𝜕𝑥
𝜕𝑦
𝜕𝑡
17
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𝜕𝐸𝑧 𝜕𝐸𝑦
𝜕𝐻𝑥
−
= −𝜇0
− 𝜎𝑚𝑥 𝐻𝑥 ,
𝜕𝑦
𝜕𝑧
𝜕𝑡
𝜕𝐻𝑦
𝜕𝐸𝑥 𝜕𝐸𝑧
−
= −𝜇0
− 𝜎𝑚𝑦 𝐻𝑦 ,
𝜕𝑧
𝜕𝑥
𝜕𝑡

(2.2𝑏)

𝜕𝐸𝑦 𝜕𝐸𝑥
𝜕𝐻𝑧
−
= −𝜇0
− 𝜎𝑚𝑧 𝐻𝑧 ,
𝜕𝑥
𝜕𝑦
𝜕𝑡

As its name suggests, the split-field PML involves splitting the field
components into two subcomponents where the time evolution of each subcomponent
is related to the spatial variations of other dual field components. The field splitting is
thus given as
𝐸𝑥 = 𝐸𝑥𝑦 + 𝐸𝑥𝑧 ,

𝐻𝑥 = 𝐻𝑥𝑦 + 𝐻𝑥𝑧 ,

𝐸𝑦 = 𝐸𝑦𝑥 + 𝐸𝑦𝑧 ,

𝐻𝑦 = 𝐻𝑦𝑥 + 𝐻𝑦𝑧 ,

𝐸𝑧 = 𝐸𝑧𝑥 + 𝐸𝑧𝑦 ,

𝐻𝑧 = 𝐻𝑧𝑥 + 𝐻𝑧𝑦 ,

(2.3)

which upon substitution into (2.2a) and (2.2b) results in a total of 12 equations where
independent conductivities are applied to the resulting subfield components. This
obtains the following re-expression of (2.2a) and (2.2b),

𝜕𝐸𝑥𝑦
𝜕(𝐻𝑧𝑥 + 𝐻𝑧𝑦 )
+ 𝜎𝑦 𝐸𝑥𝑦 =
,
𝜕𝑡
𝜕𝑦

(2.4𝑎)

𝜖0

𝜕(𝐻𝑦𝑧 + 𝐻𝑦𝑥 )
𝜕𝐸𝑥𝑧
+ 𝜎𝑧 𝐸𝑥𝑧 = −
,
𝜕𝑡
𝜕𝑧

(2.4𝑏)

𝜖0

𝜕𝐸𝑦𝑧
𝜕(𝐻𝑥𝑦 + 𝐻𝑥𝑧 )
+ 𝜎𝑧 𝐸𝑦𝑧 =
,
𝜕𝑡
𝜕𝑧

(2.4𝑐 )

𝜖0

𝜕𝐸𝑦𝑥
𝜕(𝐻𝑧𝑥 + 𝐻𝑧𝑦 )
+ 𝜎𝑥 𝐸𝑦𝑥 = −
,
𝜕𝑡
𝜕𝑥

(2.4𝑑 )

𝜖0

𝜕(𝐻𝑦𝑧 + 𝐻𝑦𝑥 )
𝜕𝐸𝑧𝑥
+ 𝜎𝑥 𝐸𝑧𝑥 =
,
𝜕𝑡
𝜕𝑥

(2.4𝑒)

𝜖0
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𝜖0

𝜕𝐸𝑧𝑦
𝜕(𝐻𝑥𝑦 + 𝐻𝑥𝑧 )
+ 𝜎𝑦 𝐸𝑧𝑦 = −
,
𝜕𝑡
𝜕𝑦

(2.4𝑓)

𝜇0

𝜕𝐻𝑥𝑦
𝜕(𝐸𝑧𝑥 + 𝐸𝑧𝑦 )
+ 𝜎𝑦∗ 𝐻𝑥𝑦 = −
,
𝜕𝑡
𝜕𝑦

(2.4𝑔)

𝜇0

𝜕(𝐸𝑦𝑧 + 𝐸𝑦𝑥 )
𝜕𝐻𝑥𝑧
+ 𝜎𝑧∗ 𝐻𝑥𝑧 =
,
𝜕𝑡
𝜕𝑧

(2.4ℎ)

𝜇0

𝜕𝐻𝑦𝑧
𝜕(𝐸𝑥𝑦 + 𝐸𝑥𝑧 )
+ 𝜎𝑧∗ 𝐻𝑦𝑧 = −
,
𝜕𝑡
𝜕𝑧

(2.4𝑖 )

𝜇0

𝜕𝐻𝑦𝑥
𝜕(𝐸𝑧𝑥 + 𝐸𝑧𝑦 )
+ 𝜎𝑥∗ 𝐻𝑦𝑥 =
,
𝜕𝑡
𝜕𝑥

(2.4𝑗)

𝜇0

𝜕(𝐸𝑦𝑥 + 𝐸𝑦𝑧 )
𝜕𝐻𝑧𝑥
+ 𝜎𝑥∗ 𝐻𝑧𝑥 = −
,
𝜕𝑡
𝜕𝑥

(2.4𝑘)

𝜇0

𝜕𝐻𝑧𝑦
𝜕(𝐸𝑥𝑦 + 𝐸𝑥𝑧 )
+ 𝜎𝑦∗ 𝐻𝑧𝑦 =
,
𝜕𝑡
𝜕𝑦

(2.4𝑙 )

where parameters 𝜎𝑥 , 𝜎𝑦 , 𝜎𝑧 and 𝜎𝑥∗ , 𝜎𝑦∗ , 𝜎𝑧∗ are the PML conductivities, which satisfy
the impedance matching condition [2.1], [2.3]

𝜎𝑖 𝜎𝑖∗
= ,
𝜖0 𝜇0

(𝑖 = 𝑥, 𝑦, 𝑧).

(2.5)

Since the split field formulation models the PML as a lossy medium the electric
and magnetic conductivities employed in (2.2) can be replaced by the notations used
in (2.4) representing the PML conductivity. In this manner the PML conductivities are
thus used to achieve the desired field attenuation along the desired spatial direction.
For example, the attenuation of the x polarised electric field along the y-axis 𝐸𝑥𝑦 is
achieved using the conductivity 𝜎𝑦 .
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Substituting the plane wave solution into (2.4), where the field subcomponents
take the form,

𝜓 = 𝜓0 𝑒 𝑗𝜔𝑡 𝑒 −𝑗( 𝑘𝑥 𝑥 + 𝑘𝑦 𝑦 + 𝑘𝑧 𝑧) ,

(2.6)

obtains 12 equations relating the angular frequency 𝜔 and the wave numbers
𝑘𝑥 , 𝑘𝑦 , 𝑘𝑧 . For example, the first two equations in (2.4) yield

𝜔𝜖0 (1 +

𝜎𝑦
)𝐸
= −𝑘𝑦 ( 𝐻0𝑧𝑥 + 𝐻0𝑧𝑦 ),
𝑗𝜔𝜖0 0𝑥𝑦

(2.7𝑎)

𝜎𝑧
)𝐸 = 𝑘𝑧 ( 𝐻0𝑦𝑧 + 𝐻0𝑦𝑥 ),
𝑗𝜔𝜖0 0𝑥𝑧

(2.7𝑏)

𝜔𝜖0 (1 +

From (2.7) the following parameter can be defined [2.10],

𝑆𝑖 = 1 +

𝜎𝑖
,
𝑗𝜔𝜖0

𝑆𝑖∗ = 1 +

𝜎𝑖∗
𝑗𝜔𝜇0

(𝑖 = 𝑥, 𝑦, 𝑧).

(2.8)

Equations (2.7a) and (2.7b) can be merged into a single equation by first
dividing both sides with 𝑆𝑦 and 𝑆𝑧 and by combining 𝐸0𝑥 = 𝐸0𝑥𝑧 + 𝐸0𝑥𝑦 and 𝐻0𝑧 =
𝐻0𝑧𝑥 + 𝐻0𝑧𝑦 . By similarly applying this to (2.4c) – (2.4l)the following set is obtained,

𝜔𝜖0 𝐸0𝑥 = −

𝑘𝑦
𝑘𝑧
𝐻0𝑧 + 𝐻0𝑦 ,
𝑆𝑦
𝑆𝑧

(2.9𝑎)

𝜔𝜖0 𝐸0𝑦 = −

𝑘𝑧
𝑘𝑥
𝐻0𝑥 + 𝐻0𝑧 ,
𝑆𝑧
𝑆𝑥

(2.9𝑏)

𝜔𝜖0 𝐸0𝑧 = −

𝑘𝑦
𝑘𝑥
𝐻0𝑦 + 𝐻0𝑥 ,
𝑆𝑥
𝑆𝑦

(2.9𝑐 )
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𝜔𝜇0 𝐻0𝑥 =

𝑘𝑦
𝑘𝑧
𝐸
−
𝐸 ,
0𝑧
𝑆𝑦∗
𝑆𝑧∗ 0𝑦

(2.9𝑑 )

𝜔𝜇0 𝐻0𝑦 =

𝑘𝑧
𝑘𝑥
𝐸0𝑥 − ∗ 𝐸0𝑧 ,
∗
𝑆𝑧
𝑆𝑥

(2.9𝑒)

𝜔𝜇0 𝐻0𝑧 =

𝑘𝑦
𝑘𝑥
𝐸0𝑦 − ∗ 𝐸0𝑥 .
∗
𝑆𝑥
𝑆𝑦

(2.9𝑓)

Given the following,

𝒌𝒔 = (

𝑘𝑥 𝑘𝑦 𝑘𝑧
, , ),
𝑆𝑥 𝑆𝑦 𝑆𝑧

(2.10𝑎)

𝒌∗𝒔 = (

𝑘𝑥 𝑘𝑦 𝑘𝑧
, , ),
𝑆𝑥∗ 𝑆𝑦∗ 𝑆𝑧∗

(2.10𝑏)

then (2.9) can be rewritten more compactly as

where

𝑬𝟎 and

𝑯𝟎

are

𝜖0 𝜔𝑬𝟎 = −𝒌𝒔 × 𝑯𝟎

(2.11𝑎)

𝜇0 𝜔𝑯𝟎 = 𝒌∗𝒔 × 𝑬𝟎

(2.11𝑏)

vectors

of

the

components

𝐸0𝑥 , 𝐸0𝑦 , 𝐸0𝑧

and

𝐻0𝑥 , 𝐻0𝑦 , 𝐻0𝑧 respectively.

From (2.11) it is clear that the E and H fields are perpendicular and the wave
vector 𝒌𝒔 is also perpendicular to both E and H, as is the case in a vacuum. Substituting
𝑯𝟎 from (2.11b) into (2.11a) yields,

𝜖0 𝜇0 𝜔2 𝑬𝟎 = −𝒌𝒔 × (𝒌∗𝑠 × 𝑬𝟎 ),
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which according to vector identity 𝐴 × (𝐵 × 𝐶 ) = −𝐶 (𝐴. 𝐵) + 𝐵(𝐴. 𝐶) can be reexpressed as,

𝜖0 𝜇0 𝜔2 𝑬𝟎 = −(𝒌𝑠 ∙ 𝑬𝟎 ) ∙ 𝒌∗𝑠 + (𝒌𝑠 ∙ 𝒌∗𝑠 ) ∙ 𝑬𝟎 .

(2.13)

Since 𝒌𝒔 is perpendicular to the E field, then 𝒌𝑠 ∙ 𝑬𝟎 = 0 and (2.13) reduces to

(𝜖0 𝜇0 𝜔2 − 𝒌𝒔 ∙ 𝒌∗𝒔 )𝑬𝟎 = 0.

(2.14)

This results in the following expression for the dispersion,

𝜖0 𝜇0 𝜔2 =

𝑘𝑦2
𝑘𝑥2
𝑘𝑧2
+
+
,
𝑆𝑥 𝑆𝑥∗ 𝑆𝑦 𝑆𝑦∗ 𝑆𝑧 𝑆𝑧∗

(2.15)

Equation (2.15) is the 3D equation of an ellipsoid which when solved with
respect to the wave numbers obtains the following,

𝑘𝑥 =

𝜔
√𝑆𝑥 𝑆𝑥∗ 𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜙,
𝑐

(2.16𝑎)

𝑘𝑦 =

𝜔
√𝑆𝑦 𝑆𝑦∗ 𝑠𝑖𝑛𝜃 𝑠𝑖𝑛𝜙,
𝑐

(2.16𝑏)

𝑘𝑧 =

𝜔
√𝑆𝑧 𝑆𝑧∗ 𝑐𝑜𝑠𝜃,
𝑐

(2.16𝑐)

here 𝜙 and 𝜃 show the orientation of 𝒌𝒔.
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By substituting (2.16) into the field solution in (2.5), the field subcomponents
take the form,

𝜔

𝜓 = 𝜓0 𝑒 𝑗𝜔𝑡 𝑒 −𝑗 𝑐 (𝑥𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜙+𝑦𝑠𝑖𝑛𝜃𝑠𝑖𝑛𝜙+𝑧𝑐𝑜𝑠𝜃) 𝑒

𝜎𝑦
𝜎
𝜎
− 𝑥 𝑥𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜙 −
𝑦𝑠𝑖𝑛𝜃𝑠𝑖𝑛𝜙 − 𝑧 𝑧𝑐𝑜𝑠𝜃
𝜖0 𝑐
𝑒 𝜖0 𝑐
𝑒 𝜖0 𝑐

(2.17)

Allowing 𝜉𝑥 , 𝜉𝑦 , 𝜉𝑧 to be the angles that direction (𝜙 , 𝜃) forms with the axis of
coordinates obtains a symmetrical expression for (2.17) given as,

𝜔

𝜓 = 𝜓0 𝑒 𝑗𝜔𝑡 𝑒 −𝑗 𝑐 (𝑥𝑐𝑜𝑠𝜉𝑥 +𝑦𝑠𝑖𝑛𝜉𝑦 +𝑧𝑐𝑜𝑠𝜉𝑧 ) 𝑒

𝜎
−𝑥 𝑥 𝑐𝑜𝑠𝜉𝑥
𝜖0 𝑐

𝑒

−𝑦

𝜎𝑦
𝑐𝑜𝑠𝜉𝑦 𝑦
𝜖0 𝑐

𝑒

−𝑧

𝜎𝑧
𝑐𝑜𝑠𝜉𝑧
𝜖0 𝑐

(2.18)

Applying the PML impedance matching condition (2.5) on (2.8) results in 𝒌𝒔
= 𝒌∗𝒔. Since the wave vector 𝒌𝒔 is perpendicular to both E and H then (2.11) can be
written as,

𝜖0 𝜔 ∥ 𝑬𝟎 ∥ = ∥ 𝒌𝒔 ∥∥ 𝑯𝟎 ∥

(2.19)

where ∥. ∥ denotes the magnitude of the vector quantities.

Employing the relation in (2.15) and substituting into (2.19) obtains the
impedance expression,

𝑍=

∥ 𝑬𝟎 ∥
∥ 𝑯𝟎 ∥

(2.20)

i.e. the impedance in the PML medium is matched to the impedance of a vacuum.
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Given the above derivations the following deductions can be made about the
PML medium,

i.

The first 2 exponentials in (2.18) are similar to the waveform in a
vacuum where the phase propagates in directions 𝜉𝑥 , 𝜉𝑦 , 𝜉𝑧 with speed
c, as is the case in a vacuum. It is also clear that the phase propagates
perpendicular to the 𝑬 − 𝑯 plane, as is the case in a vacuum.

ii.

By enforcing the matched impedance condition, the PML medium is
matched to the vacuum. Therefore all incident waves are perfectly
transmitted without any reflections.

iii.

The last three exponential terms in (2.18) contribute towards the
attenuation of fields. It is clear that the attenuation along a particular
axis-direction in the 3D PML is controlled by the value of conductivity
set. For example, by setting 𝜎𝑥 = 𝜎𝑦 = 0 then the waves propagating
along the x and y axis are not attenuated and only the waves propagating
along the z direction are attenuated.

According to the above (and as more elaborately described in [2.1] and [2.3]),
a plane wave incident on a PML layer with an arbitrary incident angle is perfectly
transmitted across the PML medium without any reflections. Across the PML medium
the wave experiences an attenuation along the directions as dictated by the attenuating
terms in (2.18). Upon reaching the end of the PML medium, the residual wave is
reflected back in the direction of the vacuum where a further attenuation is applied on
the return path. The total reflection coefficient, for example in the 𝑧-direction, is given
by,

𝑅(𝜉𝑧 ) = 𝑒

𝜎
−2𝐿 𝑖 cos 𝜉𝑧
𝜖0 𝑐
,
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where 𝐿 is the PML thickness.

From (2.21) it is clear that the reduction of the total reflection can be achieved
by choosing a wider PML medium or by setting a sufficiently high value of PML
conductivity. Indeed, it is desirable to set the PML thickness to be as small as possible
since this reduces the computational costs contributed from the PML region. For this
reason, in the continuous space the PML conductivity is set such that the residual wave
component will be sufficiently attenuated so that it has no real contributions to the
behavior observed in the physical domain. This behavior is different to what is
observed in the discrete space, as will be discussed in the later sections of this chapter.

An important thing to note about the split-field PML interpretation is the
manner in which the PML theory is realized. By employing a field splitting Maxwells
equations are modified into the form shown in (2.4). Although the split-field PML
medium can be viewed as a physical lossy medium the formulation in itself results in
non-Maxwellian fields due to the modification of Maxwells equations. In theory this
has no significant impact on the performance. However any implementation in
numerical methods requires substantial modification of the underlying algorithm.
Further, the orthogonal field splitting restricts its implementation to structured grids
systems which thus limits its general usability.

2.1.2 The Uniaxial PML
Several PML interpretations were proposed shortly after Berenger’s ground
breaking split-field theory. These were primarily developed to address some of the
limitations of the split-field PML particularly its non-Maxwellian form and to allow
for the PMLs extensions to general media. A popular Maxwellian PML interpretation
is the anisotropic PML or also commonly referred to as the uniaxial PML
(UPML)[2.4], [2.5] which was first demonstrated in the frequency domain finite
element method (FEM). The UPML theory implements the PML theory as an
anisotropic medium but with the field solution derived in (2.18) scaled by 𝑺𝒊 .
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Nonetheless, the desired nonreflective behavior is yet preserved by setting 𝑺𝒊 = 𝑺∗𝒊
[2.4].

The following set of equations define the frequency domain representation of
the UPML,

𝜔𝜖0 𝜖̿𝑠 𝑬′𝟎 = −𝒌∗ × 𝑯′𝟎

(2.22𝑎)

𝜔𝜇0 ̿̿̿𝑯
𝜇𝑠 ′𝟎 = 𝒌 × 𝑬′𝟎

(2.22𝑏)

where 𝑬′𝟎 and 𝑯′𝟎 denote scaled field solutions i.e. (𝑬′𝟎 = 𝑺𝒊 𝑬𝟎 and 𝑯′𝟎 = 𝑺∗𝒊 𝑯𝟎 ) and
as a result of the matched condition i.e. 𝑺𝒊 = 𝑺𝒊∗ the permittivity and permeability
tensors 𝝐̿𝒔 and ̿̿̿
𝝁𝒔 are given as,

𝝐̿𝒔 = ̿̿̿
𝝁𝒔 =
[

𝑆𝑦 𝑆𝑧
𝑆𝑥

0

0

0

𝑆𝑧 𝑆𝑥
𝑆𝑦

0

0

0

𝑆𝑥 𝑆𝑦
𝑆𝑧 ]

(2.23)

The propagation characteristics of the transmitted wave of the UPML medium
has been demonstrated to be identical to that of the split-field PML medium. This thus
implies some form of physical equivalence exists between both formulations, the proof
of this is detailed in [2.4]. The main advantage of the UPML formulation is the ease
of implementation into any numerical method which supports the definition of
diagonally anisotropic material tensors. This makes it very suitable for FEM
applications.
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2.1.3 The Stretched Coordinate PML
So far in this chapter the split-field and UPML theory have been introduced
where the attenuation mechanism of both formulations have been described. Another
popular PML interpretation is the Stretched Coordinate (SC) PML [2.1],[2.6]. This
employs a non-physical approach through an analytic continuation of Maxwell's
equations from real space to a complex space defined within the absorbing layer. The
SC PML theory modifies Maxwells Equation in frequency domain into the following
form,

𝑗𝜔𝜖0 𝑬 = −𝛁 𝒔 × 𝑯,

(2.24𝑎)

𝑗𝜔𝜇0 𝑯 = 𝛁 𝒔 × 𝑬,

(2.24𝑏)

where 𝛁 𝒔 is the spatial differential operator in the complex stretched space, which is
given as

𝛁𝒔 = (

𝜕
,
𝑆𝑥 𝜕𝑥

𝜕
,
𝑆𝑦 𝜕𝑦

𝜕
),
𝑆𝑧 𝜕𝑧

(2.25)

and 𝑆𝑥 , 𝑆𝑦 , 𝑆𝑧 are the coordinate stretching factors defined according to (2.8).

By substituting the plane wave solution (2.5) into (2.24) the full set of
equations in (2.9) can be obtained where the wave vectors are transformed as shown
in (2.10) i.e. 𝒌 → 𝒌𝒔 and 𝒌∗ → 𝒌∗𝒔 . The SC PML equations in (2.24) can thus be reexpressed as (2.11). In a similar manner to the derivation shown in (2.12) - (2.19) the
plane wave solution to SC-PML is also given as in the split-field PML(2.18). This
shows that the SC PML interpretation is equivalent to the split-field approach however
both interpretations differ in their implementation. The coordinate stretching shown in
(2.25) is applied along each axis and through this oscillating fields become the
exponentially decaying fields shown in (2.18). Attenuation along the desired direction
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is obtained by setting the corresponding PML conductivities 𝜎 , 𝜎 ∗ greater than zero.
In a similar fashion to the split-field and UPML formulations the SC PML layer is also
perfectly matched to the interfacing computational domain which is governed by the
standard Maxwell's equations.

In its original form, as shown in (2.24), the SC-PML results in non-Maxwellian
fields since the form of Maxwell’s equation is modified. However, owed to the
robustness of the formulation these non-Maxwellian fields can be mapped to a set of
Maxwellian fields in an anisotropic medium representing the PML. The full derivation
of the constitutive parameters for the Cartesian, cylindrical and spherical anisotropic
PML media is presented in [2.7]. This demonstrates the equivalence between the
UPML interpretation and SC-PML approach. The SC-PML offers a more elegant and
mathematically rigorous interpretation of the PML and so it generalizes more easily
to other wave equations, coordinate systems, and inhomogeneous media. This is the
prime advantage of the SC-PML interpretation when compared to the other
formulations presented.

2.2 PML Advances
To realize the benefit of the PML it must be applied to the simulation of
unbounded wave propagation. A discrete representation of the continuous PML
equations described in Section 2.1 is therefore sought suitable for implementation in
a numerical method of choice. The first demonstration of the PML in the discrete
setting was within the framework of FDTD method [2.3]. Due to the success shown
it was quickly adapted for implementations in other numerical methods. Undoubtedly,
to date, the PML usage is still more popularly used in FDTD due to the ease of
implementation of the finite difference schemes as well as the superior absorption
performance demonstrated.

It is worth noting that the SC PML interpretation has been the most
instrumental in the PML extensions in numerical methods. The literature is abundant
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on this subject, where the benefits of the PML have been realized in other domains of
wave-physics beyond the electromagnetics domain [2.8]-[2.15].

Within the domain of electromagnetics the PML has been more popularly
applied in finite difference and finite element methods. Some of the PML advances in
both schemes are worth noting and are thus described below.

The classical PML theory which was designed to absorb planar
electromagnetic waves was extended to cylindrical and spherical [2.16] coordinate
systems shortly after its proposal. Indeed this was recognised as a major advancement
since this extended the range of applicability of the PML. Nonetheless, employing a
PML derived using these canonical coordinate systems was found to be less
computationally efficient for most practical applications where a geometrically
convex PML is required to minimize the so-called buffer region. To address this
problem, the conformal PML [2.17] was proposed which adjusts the PML boundary
shape according to the convex hull of the scatterer embedded in the computational
domain. This way, the unwanted buffer region can be reduced and thus the memory
requirement of simulation are reduced significantly. The conformal PML when
deployed within an unstructured grid method yields a superior algorithm with
improved geometry flexibility/handling. For this reason the most recent literature on
the subject have been reported within the context of finite element-based methods
[2.18]-[2.20].

To maximize the effectiveness of the PML, the PML media must match the
interfacing physical media in the interior domain. The classical PML equations
described in Sections 2.1 handle the simple case of terminating lossless vacuum or
homogeneous dielectric media. To match more general media (i.e. either anisotropic,
lossy or dispersive media) various re-formulations of equations (2.4), (2.22) and (2.24)
have been proposed over the years. As previously mentioned, the split-field PML is
modelled as a physical lossy medium and so the electric and magnetic conductivities
are replaced by the PML conductivities (i.e. 𝜎𝑒 ↔ 𝜎 , 𝜎𝑚 ↔ 𝜎 ∗ ) which are then used
to achieve the necessary field attenuations. In practice this creates a challenge when
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the split-field PML is required to match a lossy medium. A split-field PML capable of
matching anisotropic and dispersive material has been demonstrated in [2.21] and
[2.22], respectively. Both formulations failed to attract much attention because of the
analytical effort involved since each anisotropic/dispersive material required unique
PML constitutive parameters. On the other hand an extension of the SC-PML to match
anisotropic and/or dispersive media (including lossy) with little analytical effort was
demonstrated in [2.23]. Owing to the analytical continuation employed in the SC-PML
the derivation shown in [2.23] revealed no conceptual difference from the
dispersionless and isotropic case. This again highlights the benefits of the SC-PML
interpretation. A uniaxial PML formulation has also been presented [2.24] which was
successful in matching lossy and dispersive material media.

The advent of the PML has enabled the study of more complex geometries and
media, especially within the FDTD and FEM methods. It can be argued that the
continued advancement of the PML within these numerical method has contributed
significantly to their overall usability since a higher accuracy can be achieved without
compromising on the computational costs. The development of the PML outside of
these schemes however pales in comparison, even within similarly popular finite
difference based numerical algorithms. For example, within the finite difference beam
propagation method (BPM) which finds much application in simulation of
optoelectronics devices, the PML was first and only demonstrated in [2.25]. A
modified dufort-Frankel BPM technique was proposed in [2.26] which for the first
time reported the instability issues which arise in the usage of the PML in BPM.
Similarly, as mentioned in Chapter 1, only a handful of TLM-PML [2.27]-[2.33]
formulations have been proposed. The first demonstration of the PML in TLM was
via a hybrid TLM-FDTD grid approach [2.27]. This was based on the non-Maxwellian
PML formulation and was applied to the termination of the canonical rectangular
waveguide test case. In this test case a reflection level below -55 dB was obtained
across the full operating bandwidth. Uniform grid TLM-PML formulations have since
been proposed for 2D and 3D TLM simulations [2.29]-[2.33]. These were also based
on the split-field formulation, all of which have demonstrated a significant absorption
of outgoing waves is attainable with the PML. However, instabilities inherent with the
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TLM-PML schemes have also been reported in [2.28]-[2.33] which generally limits
the application of PMLs in TLM.

2.3 Limitations Of The PML
In the continuous setting the PML equations boast of the property of being
reflectionless and are generally recognized as a superior alternative to the local ABCs.
However, upon discretization the limitations of the PML become evident. Firstly, the
continuous and infinite medium is approximated by discrete finite layers. Truncating
the PML to a finite thickness introduces a residual-wave which is propagated back
into the computational domain. In theory, the attenuating ability of the PML increases
proportionally with the PML conductivity and so the amplitude of the residual wave
can be reduced to a near zero value. However, the discretisation of the PML equations
modifies the phase velocities of the propagating waves and introduces numerical
dispersion into the model [2.1],[2.3]. Consequently, this alters the “perfect” matching
property and generates transitional reflections at the PML-to-media interface and
between adjacent PML layers.

The transitional reflections generated by the discrete PML are particularly
exacerbated by discontinuities in material properties across the PML-to-media
interface. For this reason, a mitigating strategy to reduce the PML reflections involves
introducing a smooth conductivity profile across the PML layers, such that the PML
conductivity is gradually increased from a near zero value to a maximum value at the
end of the PML. In practice, the parabolic and geometric conductivity smoothing
functions are commonly employed due to the minimal reflections obtainable [2.3].
Indeed, another way to circumvent the discretization based reflections involves
increasing the grid resolution. This is intuitive since the discrete PML equations
become the exact PML equations in the limit when the grid resolution tends to zero.
However, this is impractical since the computational costs of simulating with a fine
grid often outweigh the benefit ( i.e. higher accuracy ).

An important observation to be made is the discrepancy in the PML
performance across various numerical models. This behaviour is widely reported and
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highlights the sensitivity of the continuous PML models to the underlying
discretization technique employed. A clear demonstration of this is the appearance of
instabilities in some numerical implementations whilst absent in others. According to
the study carried out in [2.34],[2.35] for a given discretization the long time
performance of the continuous PML model can either be strengthened or weakened.
Careful consideration must therefore be given at the discretization stage to ensure
appropriate temporal behaviour is maintained. A second example demonstrating the
discrete PMLs susceptibility to the numerical approach employed is the superior
absorption (approximately 40 dB higher) obtainable with the FDTD scheme compared
to similar second-order accurate methods e.g. TLM [2.31]. In sharp contrast to the
continuous PML, fewer attempts have been made to obtain closed-form expressions
of the numerical reflection generated by the discretized PML. Optimisation of the
PML with the aim of minimising the reflections generated is thus generally carried out
for each application by tuning the PML parameters, i.e. the thickness of the PML layer,
the conductivity across each PML layer and the conductivity profile.. The main
difficulty in quantifying the discrete PMLs performance lies in the fact that a cascade
of numerical reflections are generated as each wave passes through the PML layers.
Keeping track of all reflections becomes increasingly challenging as the number of
layers grows. In addition, such an analysis can only be performed for one frequency
at a time, which further complicates the optimization effort.

A seldomly addressed but important limitation of the continuous PML is that
their performance is severely degraded when waves are incident on them at neargrazing angles. Grazing angles of incidence are observed when a scatterer or a source
is located close to the PML. They are also present in the simulation of elongated
structures such as in waveguides. From the PML field solution derived in (2.17), it
was shown that the attenuation rate depends on the cos 𝜉𝑖 term. Wide angle incident
waves are thus attenuated less than normally incident (i.e. 𝜉𝑖 = 0 ) waves.
Applications where the waves are propagating at a grazing angle will thus require a
substantial increase in PML thickness to ensure these transitional reflections are
substantially reduced.
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In their present form the classical PML models (as described in Section 2.1)
strongly absorb evanescent waves much more than purely travelling waves [2.1]. This
however creates complications in finite methods since their absorption is much
stronger than can be properly sampled in space i.e. shorter than a spatial step. As a
result evanescent waves are thus strongly or entirely reflected by discrete PMLs
[2.37],[2.38]. To mitigate this, an extension of the SC-PML was proposed which is
referred to as the complex frequency shifted (CFS) PML [2.1],[2.39]-[2.40]. The CFSPML adds a degree of freedom 𝛼𝑖 to the complex stretch factor 𝑠𝑖 . The stretch factor
as defined in (2.7) is modified to,

𝑠𝑖 = 1 +

𝜎𝑖
,
𝛼𝑖 + 𝑗𝜔𝜖0

for 𝑖 = 𝑥, 𝑦, 𝑧

(2.25)

By a careful choice of 𝛼𝑖 the zero-frequency singularity (i.e. frequency
dependent pole) can be shifted off the real axis onto the negative imaginary axis of the
complex plane. In this way the CFS-PML acts as a low pass filter and thus enables a
reasonable attenuation of both the travelling and low frequency evanescent waves. In
addition to an improved absorption of low evanescent waves, the CFS-PML has also
been demonstrated to improve the absorption of near-grazing incident fields.

2.4 Summary
To conclude, a general discussion of the behavior of the classical PML
equations in the continuous and discrete domains was delivered in this chapter. The
theory of the PML was presented through the split-field, uniaxial and stretchedcoordinate PML interpretations. The main distinctions between each interpretation
was highlighted. That is, the UPML offers a Maxwellian representation of the PML
which has a physical basis of a diagonally anisotropic medium. Compared to the splitfield, which relies on an orthogonal field splitting, both UPML and SC-PML have an
advantage of being utilized in unstructured grids. Overall the SC-PML offers a more
mathematically rigorous interpretation of the PML and has thus contributed
significantly to re-formulations/advances of the PML as well as its extension beyond
the electromagnetic domain.
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Whilst in theory the PML offers an extraordinary solution to the challenge of
domain truncation, its limitations are evident in practical use. The discretization
process alters the “perfect” matching condition and generates spurious reflections
which propagate into the interior domain. The performance discrepancy between
different PML implementations also indicate a sensitivity to the underlying
discretization approach taken. This phenomena is demonstrated by the difference in
reflection performance observed across various numerical schemes as well as the
degradation in temporal behavior observed in some methods.

Nonetheless, even with its limitations the PML is still widely recognized as
the preferred domain termination technique. The continued advancement of the PML
can significantly impact the overall usability of a numerical method providing that an
effective implementation is attainable. This is particularly true for the TLM method.
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Chapter 3
Stretched-Coordinate
PML in 2D TLM
This chapter introduces the TLM theory for the two-dimensional (2D) shunt and series
nodes where the analogy with the second-order wave equation is derived.
Subsequently, a new framework for implementing the stretched coordinate PML
equations in TLM will be formulated for the 2D TLM shunt node. The effectiveness
of the proposed stretched coordinate TLM-PML scheme will be investigated on an
example of wave propagation in the infinite rectangular waveguide where the impact
of the PML parameters on the waveguide termination are investigated.

3.1. Introduction
Since the seminal paper by Johns and Beurle. [3.1], the TLM method has
continually established itself as a powerful and effective method for numerically
solving Maxwell’s equations. Originally developed as a two-dimensional (2D) method
based on transmission lines interconnected as shunt nodes, the TLM method solves
Maxwell’s differential equations by mapping to an equivalent set of transmission line
equations. It is especially preferred because of the unconditional stability
demonstrated [3.2] which has encouraged its application in a variety of complex
electromagnetic problems.

As discussed in Chapter 1, open boundary problems in TLM require special
boundary treatments to be applied at the edges of the computational domain in order
to accurately simulate the conditions of an infinite propagating medium. The finite
computational domain could therefore be terminated with either a simple matched
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boundary [3.3], an analytical absorbing boundary condition (ABC) [3.4]-[3.5] or the
Perfectly Matched Layer (PML) [3.6]-[3.9]. Due to the low absorption capability of
the matched boundary and analytical ABC a significant distance (typically greater than
twice the largest wavelength of interest) must exist between the boundary and the
features of the problem in order to ensure that an accurate solution is obtained [3.10].
This substantially increases the overall computational burden. On the other hand,
minimal reflections can be achieved with the PML over a wider frequency range and
for wider angles of incidence [3.6]. To date, only a handful of PML formulations have
been demonstrated in the TLM method. Included in these are three implementations
[3.13]-[3.15] proposed for 2D TLM simulations. The first PML implementation was
developed based on a coupling between the 2D TLM and a FDTD network [3.13]. A
limitation with this formulation, however, is the non-unified approach taken which
introduces parasitic reflections at the TLM-FDTD interface. A unified development
was subsequently proposed and implemented for a 2D TLM hybrid node [3.14] which
demonstrated better absorption properties than [3.13]. Both PML formulations in
[3.13] and [3.14] have been developed based on Bérenger’s original split-field
interpretation [3.6] which, as discussed in Chapter 2, is not suitable for terminating
lossy media. The implementation of an anisotropic 2D TLM-PML was demonstrated
in [3.15], which was reported to be unstable.

Prior to the work carried out in this thesis, there had been no reports of a
stretched coordinate (SC) PML implementation applicable to terminate 2D TLM
grids. Owing to its suitability to general media, the SC PML [3.7] presents a more
attractive implementation than the split-field PML [3.6]. However, the inherent
complex frequency dependence requires an appropriate yet efficient time domain
transformation which in the TLM method is a nontrivial task.

In light of the huge benefits attainable (i.e. in terms of the higher accuracy and
lower computational demand gained) the goal of this chapter is to outline a framework
for implementing an efficient stretched coordinate PML in TLM. A vital aspect of the
development presented is the implementation approach taken to ensure that the
unconditional stability of TLM is preserved. Such a formulation will first be developed
and validated for the 2D TLM shunt node. Based on the duality of electromagnetics
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the theory developed can also be straightforwardly extended to the 2D TLM series
node.

The remainder of the chapter is structured as follows: Section 3.2 provides a
brief introduction to the 2D TLM theory. The TLM shunt and series node which
respectively model transverse electric (TE) and transverse magnetic (TM) propagation
will be presented along with their scatter and connect equations. Section 3.3 presents
a detailed derivation of the new stretched coordinate TLM-PML formulation which is
implemented via a mapping approach for the shunt node. In subsection 3.3.4 the
developed method is characterized using the canonical rectangular metal waveguide
application. The influence of the PML control parameters will be investigated and the
reflection performance compared with published 2D TLM-PML schemes. Section 3.4
summarizes the findings of this chapter.

3.2. TLM Theory
The objective of all numerical methods in Electromagnetics is to obtain
approximate solutions to Maxwell’s equations (or of equations derived from them)
which satisfy specific boundary and initial conditions. A common approach taken by
most methods involves a discretization over the function domain, which creates both
space and time intervals upon which the field values can be computed. The TLM
method models the physical propagation of fields using a wave scattering approach
which is implemented by discretizing the spatial domain using a suitably selected
network of interconnecting transmission lines [3.3]. Since the propagating medium is
modelled as a transmission line network, the propagating waves are thus realized as
voltage pulses travelling across transmission line junctions. The basis for such a
physical discretization is a derived equivalence between the field variables in space
and voltage impulses propagating on transmission lines. Field solutions are obtained
by mapping Maxwell’s equations to a network of equivalent transmission line
equations for which exact solutions can be obtained by applying circuit theory.

A 2D Cartesian TL network is shown in Fig. 3.1 illustrating the processes
underpinning the evolution of a voltage pulse in a TLM simulation. The solid lines
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represent transmission lines which intersect at nodes. The separation between each
node is defined using an elementary unit ∆𝑙 which represents the mesh discretization
length. The time taken for each pulse to travel from one node to the next is given
according to the time step ∆𝑡 = ∆𝑙/𝑢 where u is the speed of propagation of the
transmission line.

The first step in the TLM simulation involves an initialisation of the
transmission line network. Through this process the initial and boundary conditions
are set and the input sources are defined. The initialization can take different forms
and in Fig. 3.1a a Dirac excitation of a point source is assumed. Upon the injection of
energy into the grid, voltage pulses travel along the direction of adjacent transmission
line arms to the nearest node centre where, due to the mismatch of impedance seen by
each pulse at the line intersections, each pulse will experience a scatter as shown in
Fig. 3.1b. This is an instantaneous process, where pulses incident on the lines are
scattered/reflected along the transmission lines to adjacent nodes. Following a TLM
scatter, the scattered pulses become the incident pulses to the neighboring transmission
lines in the next time step. Given that the TLM scatter is instantaneous in time across
the mesh, and assuming all pulses in the network experience the same line impedance,
then it is sufficient to assume all scattered pulses arrive as incident pulses at the
adjacent nodes at the next time step as shown in Fig.3.1c. The TLM connect process
is therefore defined by the exchange of pulses from adjacent transmission lines. The
condition which enforces the arrival of pulses at the same time is referred to as the
time synchronism criterion [3.3]. This iterative process of scattering and connecting
defines the manner in which voltage pulses are propagated across the TLM network.
The scatter-connect iteration is therefore repeated as many times as is needed to
simulate the propagation of voltage pulses across the network. The propagation of
voltage impulses described above applies to 2D TLM network, however the principles
applied are general and applicable to all dimensions of space as well as for all wave
propagation phenomena.
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a)

b)

c)

Figure. 3.1 A 2D TL network showing the (a) initialisation, (b) scattering
and (c) connect process
An important aspect of the TLM method is the analogy between Maxwell’s
equations and equations for voltages and currents on a mesh of transmission lines.
This concept shall be explored in the following subsections where the isomorphism
between the 2D TLM nodes and Maxwell’s equations is derived. The 2D TLM shunt
and series node configurations which model TM and TE wave propagations will be
discussed with their corresponding scatter algorithms presented.

3.2.1

TLM Shunt Node

Consider the differential form of Maxwell’s equations as presented in (2.1) and
expanded in (2.2a) and (2.2b) for Faraday’s and Ampere’s law. In the 2D setting,
assuming that there are no spatial variations in the z-direction (i. e.

𝜕
𝜕𝑧

= 0), only the

propagation of the Transverse Electric (TE) or the Transverse Magnetic (TM) modes
is supported.

For TM-modes, Hz=0 and the only non-zero field components are 𝐸𝑧 , 𝐻𝑥
and 𝐻𝑦 . To maintain the simplicity in this discussion the material tensors are assumed
to be isotropic i.e. 𝜇𝑥 = 𝜇𝑦 = 𝜇𝑧 = 𝜇 , 𝜖𝑥 = 𝜖𝑦 = 𝜖𝑧 and magnetic sources are
assumed to be absent 𝜎𝑚 = 0. Therefore equations (2.2a) and (2.2b) are reduced to:
𝜕𝐸𝑧
𝜕𝐻𝑥
= −𝜇
,
𝜕𝑦
𝜕𝑡

(3.1𝑎)

𝜕𝐻𝑦
𝜕𝐸𝑧
=𝜇
,
𝜕𝑥
𝜕𝑡

(3.1𝑏)
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𝜕𝐻𝑦 𝜕𝐻𝑥
𝜕𝐸𝑧
−
= 𝜖𝑧
+ 𝜎𝑒𝑧 𝐸𝑧 .
𝜕𝑥
𝜕𝑦
𝜕𝑡

(3.1𝑐 )

Differentiating equations (3.1a) and (3.1b) with respect to y and x, respectively,
and adding them together obtains
1 𝜕 2 𝐸𝑧 1 𝜕 2 𝐸𝑧
𝜕 𝜕𝐻𝑦 𝜕𝐻𝑥
+
=
(
−
)
𝜇 𝜕𝑥 2
𝜇 𝜕𝑦 2
𝜕𝑡 𝜕𝑥
𝜕𝑦

(3.2)

Substituting the right side of (3.1c) into (3.2) obtains,
1 𝜕 2 𝐸𝑧 1 𝜕 2 𝐸𝑧
𝜕 2 𝐸𝑧
𝜕𝐸𝑧
+
= 𝜖𝑧
+ 𝜎𝑒𝑧
,
2
2
2
𝜇 𝜕𝑥
𝜇 𝜕𝑦
𝜕𝑡
𝜕𝑡

(3.3)

which represents the 2D wave equation for the propagation of the 𝐸𝑧 electric field
component in a 2D 𝑥𝑦 plane.

The circuit equations isomorphic to (3.2) and (3.3) are given as [3.1]

−

1 𝜕𝐼𝑥 1 𝜕𝐼𝑦
𝜕𝑉𝑧
𝜕𝑉𝑧
−
= 2𝐶𝑡𝑧
+ 𝐺𝑒𝑧
,
∆𝑙 𝜕𝑥 ∆𝑙 𝜕𝑦
𝜕𝑡
𝜕𝑡

(3.4)

(∆𝑙 )2 𝜕 2 𝑉𝑧 (∆𝑙 )2 𝜕 2 𝑉𝑧
𝜕 2 𝑉𝑧
𝜕𝑉𝑧
𝑧
+
=
2𝐶
+ 𝐺𝑒𝑧
,
𝑦
𝑡
𝑥
2
2
2
𝐿𝑡 𝜕𝑥
𝜕𝑡
𝜕𝑡
𝐿𝑡 𝜕𝑦

(3.5)

𝑦

respectively, where ∆𝑙 denotes a discretization length, 𝐿𝑥𝑡 and 𝐿𝑡 represents the total
x and y-directed node inductance, respectively, and 𝐶𝑡𝑧 and 𝑉𝑧 denote the total zdirected node capacitance and voltage, respectively, and 𝐺𝑒𝑧 represents the
conductance in the node.

Equations (3.4) and (3.5) represent the law which govern the x and ypropagations of voltage 𝑉𝑧 and currents 𝐼𝑥 and 𝐼𝑦 across an equivalent 2D transmission
line structure referred to as a shunt node [3.3]. The transmission line representation of
the shunt node is illustrated in Fig. 3.2 which shows two transmission lines with line
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admittances given as 𝑌𝑖 { 𝑖 ∈ 𝑥, 𝑦} . As shown both lines are intersected at the node
centre. An open circuit stub admittance 𝑌𝑜𝑧 is connected at the node centre to handle
the additional admittance required by the node. As shown, each i-directed transmission
line supports the propagation of incident 𝑉 𝑖 and reflected 𝑉 𝑟 pulses to and from each
TLM node centre. The circuit representation to the shunt node model is presented in
Fig. 3.3 which shows the node inductance associated with each transmission line. The
node capacitance is also shown to be common to both the x-y transmission lines.

Figure 3.2 Transmission line structure of the shunt node with the capacitive
stub at port 5 and lossy stub at port 6.
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Figure 3.3 The TLM shunt node modelling a block of space with
dimensions ∆𝑥 = ∆𝑦 = ∆𝑧 = ∆𝑙.

By comparing the forms of (3.1c) with (3.4) and (3.3) with (3.5) the following
equivalence can be established between the field and circuit parameters of the node:

−𝑉𝑧 = 𝐸𝑧 ∆𝑙,
𝐼𝑦 = 𝐻𝑥 ∆𝑙,

𝐼𝑥 = 𝐻𝑦 ∆𝑙,

𝐿𝑥𝑡 = 𝜇∆𝑙,

𝐿𝑡 = 𝜇∆𝑙,

𝐶𝑡𝑧 = 𝜖𝑧 ∆𝑙,

𝐺𝑒𝑧 = 𝜎𝑒𝑧 ∆𝑙.

𝑦

(3.6)

𝑦

The total inductances 𝐿𝑥𝑡 and 𝐿𝑡 and capacitance 𝐶𝑡𝑧 in the shunt node are
comprised of the sum of the contributions from the distributed inductance and
capacitance along each transmission line, as well as contributions from stubs.
Traditionally, the TLM stubs are added to each node to make up the node deficits
which would otherwise be incorporated in the transmission lines. Therefore, it follows
that [3.17]

𝐿𝑥𝑡 = 𝐿𝑦 ∆𝑙,
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𝑦

𝐿𝑡 = 𝐿𝑥 ∆𝑙,
𝐶𝑡𝑧 = 𝐶𝑥 ∆𝑙 + 𝐶𝑦 ∆𝑙 + 𝐶𝑜𝑧,

(3.7)

where 𝐶𝑖 and 𝐿𝑖 denote the distributed line capacitance and inductance along the idirected lines, and 𝐶𝑜𝑧 denotes a capacitive stub. Equations (3.7) represent the general
constitutive relations for the shunt node which by substituting parameters from (3.6)
yields a relation that allows the appropriate modelling of the medium.

According to transmission line relations, the line admittances 𝑌𝑖 and transit
time ∆𝑡𝑖 can be defined as follows
(3.8)

∆𝑡𝑖 = ∆𝑙√𝐿𝑖 𝐶𝑖 ,
𝑌𝑖

𝐶𝑖
= √ .
𝐿𝑖

(3.9)

Note that the TLM time synchronism criterion enforces the time step ∆𝑡𝑖 to be
the same throughout the mesh, therefore ∆𝑡𝑖 = ∆𝑡. In the stubs, pulses have to make a
round trip [3.3], thus requiring the transit time along the length of a stub to be equal
to ∆𝑡/2 .This results in the following expression for the stub admittance

𝑌𝑜𝑧 =

2𝐶𝑜𝑧
.
∆𝑡

(3.10)

Employing the expressions 𝐶𝑖 ∆𝑙 = 𝑌𝑖 ∆𝑡 the general constitutive relation in
(3.7) can be re-expressed in terms of line admittances as

𝜖𝑍

∆𝑙
Yoz
= 𝑌𝑥 + 𝑌𝑦 +
.
∆𝑡
2

(3.11)

Generally, the transmission line admittances are set to the impedance of the
background medium for which in free space 𝑌𝑥 = 𝑌𝑦 =
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√2

𝜖

= √2𝜇0 [3.3], therefore the
𝑜
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stub admittance handles all deficits on the R.H.S of (3.11). Rearranging (3.11)
therefore obtains an expression for the stub admittance in terms of the time step and
material permittivity

Yoz = 2𝑌𝑜 (𝜖𝑟𝑧

∆𝑙
− √2),
𝑐∆𝑡

(3.12)

where 𝜖𝑟𝑧 represents the relative permittivity of the material, and c denotes the speed
of light. In order to ensure stability the stub values must be positive. Hence the time
∆𝑙

step for the shunt node is determined as ∆𝑡 ≤ 𝜖𝑟𝑧 𝑐

√2

since this is the condition which

ensures this in (3.12).

3.2.2

TLM Series Node

Following a similar procedure to that described in Section 3.2.1, it can be
shown [3.3] that an alternative structure referred to as the series node models the
propagation of the TE-modes. Intuitively the circuit’s z-directed current 𝐼𝑧 is mapped
to the z-polarized magnetic field 𝐻𝑧 and since 𝐸𝑧 = 0 then the x and y-directed electric
fields, 𝐸𝑥 and 𝐸𝑦 are mapped to the propagation of the 𝑉𝑥 and 𝑉𝑦 voltage components,
respectively. The transmission line schematic of the series node is shown Fig. 3.4
where ports 5 and 6 are the connections to the inductive and lossy stubs, respectively.
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Figure 3.4 Transmission line structure of the series node showing the
inductive stub at port 5 and lossy stub at port 6.

The field to circuit equivalence for TE mode propagation is given as [3.3]

𝐼𝑧 = 𝐻𝑧 ∆𝑙,
−𝑉𝑦 = 𝐸𝑦 ∆𝑙,

−𝑉𝑥 = 𝐸𝑥 ∆𝑙,

𝐶𝑡𝑥 = 𝜖∆𝑙,

𝐶𝑡 = 𝜖∆𝑙,

𝑦

𝐿𝑧𝑡 = 2𝜇𝑧 ∆𝑙,

𝑅𝑚𝑧 = 𝜎𝑚 𝑧 ∆𝑙.

(3.13)

This yields a general constitutive relation for the series node given in terms of
line impedances as[3.17]

𝜇𝑧

∆𝑙
𝑍𝑠𝑧
= 𝑍𝑥 + 𝑍𝑦 +
,
∆𝑡
2

(3.14)

where Zsz represents the impedance of the inductive stubs. Assuming the transmission
lines model a free space background medium then 𝑍𝑥 = 𝑍𝑦 = 𝑍0 √2 [3.3]. Therefore
the value of the inductive stub impedance is similarly used to model additional
required impedances and is given as
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Zsz = 2𝑍𝑜 (𝜇𝑟𝑧

3.2.3

∆𝑙
− √2).
𝑐∆𝑡

(3.15)

Scatter and Connect Algorithms

Based on the physical connection of transmission lines the total voltage on
each line is given by the sum of the incident and reflected pulses 𝑉 = 𝑉 𝑖 + 𝑉 𝑟 [3.3].
Since the TLM algorithm is a time stepping algorithm at each time step a pulse 𝑉 𝑖 is
incident on each transmission line whose value is determined either by a source
excitation or is taken as the pulse 𝑉 𝑟 scattered from an adjacent transmission line in
the previous time step. The scattering process therefore represents a central component
of the TLM algorithm as it defines the process for computing the reflected pulses 𝑉 𝑟 .

By obtaining the total voltage at the node the reflected voltage can be easily
calculated. A key advantage of the 2D TLM models is their ability to represent a node
by an equivalent electrical circuit. This enables the total node voltage, and thus the
scattering matrix, to be straightforwardly obtained upon a circuit analysis of the
Thevenin equivalent circuits [3.3].

The Thevenin equivalent circuits for the series and shunt node are respectively
shown in Figs. 3.5a and 3.5b.

50

Stretched-Coordinate PML in 2D TLM

(a)

(b)
Figure 3.5 Thevenin equivalent models of 2D TLM nodes:
(a) Shunt node circuit (b) Series node circuit.
By a simple circuit analysis of Fig. 3.5a (assuming 𝑌𝑥 = 𝑌𝑦 = 𝑌𝑇𝐿 ) the
following expression for the total voltage for the shunt node is
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𝑉1𝑖 + 𝑉2𝑖 + 𝑉3𝑖 + 𝑉4𝑖 + 𝑌̂𝑜𝑧 𝑉5𝑖
𝑉𝑧 = 2
,
4 + 𝐺̂𝑒𝑧 + 𝑌̂𝑜𝑧

(3.16)

where 𝑌̂𝑜𝑧 and 𝐺̂𝑒𝑧 represent normalized quantities given as,

𝑌̂𝑜𝑧 =

𝑌𝑜𝑧
,
𝑌𝑇𝐿

𝐺̂𝑒𝑧 =

𝐺𝑒𝑧
.
𝑌𝑇𝐿

Applying the relation 𝑉 𝑟 = 𝑉 − 𝑉 𝑖 on each port results in the scattering
equation for the shunt node at the time step N as

𝑟
𝑁 𝑉1
𝑟
𝑁 𝑉2
𝑟
𝑁 𝑉3
𝑟
𝑁 𝑉4
[ 𝑁 𝑉5𝑟 ]

2𝛼 − 1
2𝛼
= 2𝛼
2𝛼
[ 2𝛼

2𝛼
2𝛼 − 1
2𝛼
2𝛼
2𝛼

𝑖
2𝛼
2𝑌̂𝑜𝑧 𝛼
𝑁 𝑉1
𝑖
2𝛼
2𝑌̂𝑜𝑧 𝛼
𝑁 𝑉2
𝑖
2𝛼
2𝑌̂𝑜𝑧 𝛼
𝑁 𝑉3 ,
𝑖
2𝛼 − 1
2𝑌̂𝑜𝑧 𝛼
𝑁 𝑉4
2𝛼
2𝑌̂𝑜𝑧 𝛼 − 1] [ 𝑁 𝑉5𝑖 ]

2𝛼
2𝛼
2𝛼 − 1
2𝛼
2𝛼

(3.17)

with
𝛼 =

1
4 + 𝐺̂𝑒𝑧 + 𝑌̂𝑜𝑧

.

However, in the series node V represents the total voltage at each port n which
is given as 𝑉𝑛 = 𝑉 𝑖 𝑛 − 𝐼𝑧 𝑍𝑇𝐿 . Assuming 𝑍𝑥 = 𝑍𝑦 = 𝑍𝑇𝐿 , then the loop current 𝐼𝑧 is
given as

𝐼𝑧 = 2

𝑉1𝑖 + 𝑉4𝑖 − 𝑉3𝑖 − 𝑉2𝑖 + 𝑉5𝑖
4𝑍𝑇𝐿 + 𝑅𝑚𝑧 + 𝑍𝑠𝑧

with
𝑍̂𝑠𝑧 =

𝑍𝑠𝑧
,
𝑍𝑇𝐿

𝑅̂𝑚𝑧 =

𝑅𝑚𝑧
,
𝑍𝑇𝐿

this results in the following expression for the scattering equation
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[

𝑟
𝑁 𝑉1
𝑟
𝑁 𝑉2
𝑟
𝑁 𝑉3
𝑟
𝑁 𝑉4
𝑟
𝑁 𝑉5 ]

1 − 2𝛾
2𝛾
2𝛾
=
−2𝛾
[ 2𝛾 𝑍̂𝑠𝑧

2𝛾
1 − 2𝛾
−2𝛾
2𝛾
2𝛾̂𝑍𝑠𝑧

2𝛾
−2𝛾
1 − 2𝛾
2𝛾
2𝛾 𝑍̂𝑠𝑧

−2𝛾
2𝛾
2𝛾
1 − 2𝛾
−2𝛾 𝑍̂𝑠𝑧

−2𝛾
2𝛾
2𝛾
−2𝛾
1 − 2𝛾 𝑍̂𝑠𝑧 ]

[

𝑖
𝑁 𝑉1
𝑖
𝑁 𝑉2
𝑖
𝑁 𝑉3 ,
𝑖
𝑁 𝑉4
𝑖
𝑁 𝑉5 ]

(3.19)

with
𝛾 =

1
4 + 𝑅̂𝑚𝑧 + 𝑍̂𝑠𝑧

,

The TLM connect process represents the exchange of the voltages between the
adjacent nodes where reflected voltages from adjacent nodes become incident at the
neighbor nodes at the next time step N+1 as
𝑖
𝑁+1 𝑉1

(𝑥 + ∆𝑥, 𝑦) =

𝑖
𝑁+1 𝑉3 (𝑥

− ∆𝑥, 𝑦) =

𝑟
𝑁 𝑉3 (𝑥, 𝑦),
𝑟
𝑁 𝑉1 (𝑥, 𝑦),

𝑖
𝑁+1 𝑉2 (𝑥, 𝑦

+ ∆𝑦) =

𝑟
𝑁 𝑉4 (𝑥, 𝑦),

𝑖
𝑁+1 𝑉4 (𝑥, 𝑦

− ∆𝑦) =

𝑟
𝑁 𝑉2 (𝑥, 𝑦),

𝑖
𝑁+1 𝑉5 (𝑥, 𝑦)

=

𝑟
𝑁 𝑉5 (𝑥, 𝑦),

(3.20)

where the L.H.S represents the incident voltages at each port in a node at the next time
step N+1, and the R.H.S represents the reflected voltages from adjacent nodes
computed at the time step N.

In TLM, losses in the form of electric 𝜎𝑒 and magnetic 𝜎𝑚 conductivities are
respectively modelled using lossy stubs 𝐺𝑒𝑧 and 𝑅𝑚𝑧 which are terminated by their
own characteristic impedances. Their main contribution is the removal of energy from
the node, for this reason no pulse is incident from them on the node. This explains the
absence of associated voltage sources in port 6 of the Thevenin circuits shown in Figs.
3.5a and b.

53

Stretched-Coordinate PML in 2D TLM

3.2.4

Modelling Boundaries in TLM

In the TLM method simple boundaries can be modelled as straightforward
modifications of the connect equations (3.20). For the case where a physical boundary
is located on the port 3 for example , then the connect equation for the port is modified
as follows:
𝑖
𝑁 𝑉3 (𝑥, 𝑦)

= Γ 𝑁−1 𝑉3𝑟 (𝑥, 𝑦),

(3.21)

where Γ represents the reflection coefficient calculated as

Γ=

𝑍𝑠 − 𝑍𝑇𝐿
,
𝑍𝑠 + 𝑍𝑇𝐿

(3.22)

where 𝑍𝑠 denotes the impedance of the boundary at the port 3 and 𝑍𝑇𝐿 is the
characteristic impedance of the line. In the specific case of the short circuit or perfect
metallic boundary, it is assumed that the boundary impedance is

𝑍𝑠 = 0, and

reflection coefficient is Γ = −1. For the specific case of open circuit of a perfect
magnetic wall, the boundary impedance is 𝑍𝑠 → ∞ and the reflection coefficient is
given as Γ = 1.

A more interesting case is the representation of open boundaries using the
concept of a matched impedance. By setting the boundary impedance equal to the
transmission line impedance 𝑍𝑠 = 𝑍𝑇𝐿 a fictitious open boundary can be represented
as Γ = 0. This approach is commonly referred to as the Matched boundary or Matched
termination and, although it offers a highly efficient solution to simulating open
boundaries, it is however only effective in applications with waves impinging
normally on the boundary. In problems with oblique incident waves reflections are
generated at the boundary which inevitably propagate back into the solution space.
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3.3. Stretched Coordinate PML Formulation in 2D
TLM
In the previous section, the core principles of TLM theory were introduced.
The remainder of this chapter shall focus on the formulation for developing the
stretched coordinate PML in 2D TLM.

According to the theory presented in Chapter 2, the attenuation of propagating
fields is achieved in the stretched coordinate PML by imposing an analytic
continuation which maps real to complex space ℝ → ℂ. In the Cartesian coordinate
system the new complex metric is thus obtained by the following transformation [3.7]
𝜕𝑥 → 𝜕̃𝑥 = 𝑆𝑥 𝜕𝑥,
𝜕𝑦 → 𝜕̃𝑦 = 𝑆𝑦 𝜕𝑦,

(3.23)

where 𝜕𝑥 and 𝜕𝑦 are the differential lengths along each coordinate axis, ̃ indicates
the complex stretched complements. Variable 𝑆𝑖 denotes a frequency dependent
complex stretch factor given as

𝑆𝑖 = 1 +

𝜎𝑠𝑖
,
𝑗𝜔

with

𝜎𝑠𝑖 =

𝜎𝑖
,
𝜖0

(3.24)

where 𝜎𝑠𝑖 represents a positive real variable and 𝜎𝑖 ≥ 0 is a conductivity parameter
used to control the attenuation of the incident fields in a PML.

Consider the case for TM mode propagation which is modelled by the TLM
shunt node. By substituting the spatial derivatives given in (3.23) into the 2D wave
equation (3.3) the second order stretched coordinate PML equation is obtained as:
1 1 𝜕 2 𝐸𝑧
1 1 𝜕 2 𝐸𝑧
𝜕 2 𝐸𝑧
𝜕𝐸𝑧
+
=
𝜖
+
𝜎
.
𝑧
𝑒𝑧
𝜇𝑦 𝑆𝑥2 𝜕𝑥 2
𝜇𝑥 𝑆𝑦2 𝜕𝑦 2
𝜕𝑡 2
𝜕𝑡

(3.25)

The TLM implementation of (3.25) can be achieved in a number of different
ways. However, since the TLM algorithm models the physical behavior of wave
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propagations a crucial point to maximize the efficacy of the SC PML implementation
is to apply the coordinate stretching directly to the numerical algorithm itself. This
ensures that the dispersion error attributable to the discretization is impedance
matched by the PML. This also guarantees that the highly desired unconditional
stability of the TLM node is preserved following the PML implementation. For this
reason a TLM implementation of the SC PML is not sought for the form presented in
(3.25), but rather equation (3.26) is manipulated into a suitable form to reveal the
transformation of the transmission line parameters in terms of the geometric change
prescribed by (3.27).
This is achieved by multiplying both sides of (3.25) with 𝑆𝑥 𝑆𝑦 . This results in
a re-expression of the SC PML equation given as
1 𝑆𝑦 𝜕 2 𝐸𝑧 1 𝑆𝑥 𝜕 2 𝐸𝑧
𝜕 2 𝐸𝑧
𝜕𝐸𝑧
+
=
𝜖
𝑆
𝑆
+
𝜎
𝑆
𝑆
.
𝑧
𝑥
𝑦
𝑒𝑧
𝑥
𝑦
𝜇𝑥 𝑆𝑥 𝜕𝑥 2 𝜇𝑦 𝑆𝑦 𝜕𝑦 2
𝜕𝑡 2
𝜕𝑡

(3.26)

Comparing the forms of (3.26) and (3.3) enables the spatial transformation
given in (3.23) to be mapped on to the circuit expressions as given in (3.5). This yields
(∆𝑙)2 𝑆𝑦 𝜕 2 𝑉𝑧 (∆𝑙 )2 𝑆𝑥 𝜕 2 𝑉𝑧
𝜕 2 𝑉𝑧
𝜕𝑉𝑧
𝑧
+
=
2𝑆
𝑆
𝐶
+ 𝑆𝑥 𝑆𝑦 𝐺𝑒𝑧
.
𝑦
𝑥 𝑦 𝑡
𝑥
2
2
2
𝐿𝑡 𝑆𝑥 𝜕𝑥
𝜕𝑡
𝜕𝑡
𝐿𝑡 𝑆𝑦 𝜕𝑦

(3.27)

Equivalent circuit parameters in the stretched domain are thus given as

𝐿̃𝑥𝑡 =

𝑆𝑥 𝑥
𝑆𝑥
𝐿𝑡 =
𝜇 ∆𝑙,
𝑆𝑦
𝑆𝑦 𝑥

𝑦
𝐿̃𝑡 =

𝑆𝑦 𝑦
𝑆𝑦
𝐿𝑡 =
𝜇 ∆𝑙,
𝑆𝑥
𝑆𝑥 𝑦

𝐶̃𝑡𝑧 = 𝑆𝑥 𝑆𝑦 𝐶𝑡𝑧 = 𝑆𝑥 𝑆𝑦 𝜖𝑧 ∆𝑙,
𝐺̃𝑒𝑧 = 𝑆𝑥 𝑆𝑦 𝐺𝑒𝑧 = 𝑆𝑥 𝑆𝑦 𝜎𝑒𝑧 ∆𝑙.

(3.28)

According to (3.28), the complex coordinate stretching in (3.23) maps the
standard shunt node defined in real space to a PML shunt node defined in complex
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space. Hence the transformed node is referred to as the mapped shunt node. In
accordance with the TLM general constitutive relation (3.7), which separates the total
node parameters into contributions from distributed line components, it is clear that
with the mapped shunt node each distributed line component undergoes a similar
transformation to its associated node parameters. Therefore, the distributed line
inductances 𝐿̃𝑥 and 𝐿̃𝑦 in the mapped shunt node are transformed in a similar manner
as the total inductances, thus yielding

𝐿̃𝑥 =

𝑆𝑥
𝐿 ,
𝑆𝑦 𝑥

𝐿̃𝑦 =

𝑆𝑦
𝐿 ,
𝑆𝑥 𝑦

(3.29)

where 𝐿̃𝑥 and 𝐿̃𝑦 represent the inductance distributed along the x and y-directed lines
in the mapped shunt node and Lx and Ly denote the x and y-directed line inductances
in the standard shunt node.

Likewise, the distributed line capacitances are transformed in a similar way to
𝐶𝑡𝑧 to yield
𝐶̃𝑥 = 𝑆𝑥 𝑆𝑦 𝐶𝑥 ,
𝐶̃𝑦 = 𝑆𝑥 𝑆𝑦 𝐶𝑦 ,
𝐶̃𝑜𝑧 = 𝑆𝑥 𝑆𝑦 𝐶𝑜𝑧 ,

(3.30)

where 𝐶̃𝑥 and 𝐶̃𝑦 denote the capacitance distributed along the x-and y-directed lines,
respectively, and 𝐶̃𝑜𝑧 denotes the stub capacitance in the mapped shunt node.
Following from (3.29)-(3.30), the propagation delays experienced by pulses
propagating along the x-and y-directed lines of the mapped shunt node are given as

∆̃𝑡𝑥 = ∆𝑙√𝐿̃𝑥 𝐶̃𝑥 = ∆𝑙√𝐿𝑥
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∆̃𝑡𝑦 = ∆𝑙√𝐿̃𝑦 𝐶̃𝑦 = ∆𝑙√𝐿𝑦

𝑆𝑦
𝑆 𝑆 𝐶 = 𝑆𝑦 ∆𝑡,
𝑆𝑥 𝑥 𝑦 𝑦

(3.31)

where ∆̃𝑡𝑥 and ∆̃𝑡𝑦 are the timesteps associated with the x and y directed transmission
lines, respectively. Expanding (3.31) reveals the complex form of the propagation
delay which is given as follows
𝜎𝑠𝑥
),
𝑗𝜔
𝜎𝑠𝑦
∆̃𝑡𝑦 = ∆𝑡𝑆𝑦 = ∆𝑡 ( 1 +
).
𝑗𝜔
∆̃𝑡𝑥 = ∆𝑡𝑆𝑥 = ∆𝑡 ( 1 +

(3.32)

The resulting characteristic admittances in the mapped shunt node are given as

𝑌̃𝑥 =

𝑌̃𝑦 =

𝑆𝑥 𝑆𝑦 𝐶𝑥
= 𝑌𝑥 𝑆𝑦 ,
√ 𝑆𝑥
𝐿
𝑆𝑦 𝑥
𝑆𝑥 𝑆𝑦 𝐶𝑦
= 𝑌𝑦 𝑆𝑥 ,
√ 𝑆𝑦
𝑆𝑥 𝐿𝑦

(3.33)

The characteristic admittance of the capacitive stubs 𝑌𝑜𝑧 experiences a similar
stretching to 𝐶𝑜𝑧 and is thus given as
𝑌̃𝑜𝑧 = 𝑌𝑜𝑧 𝑆𝑥 𝑆𝑦 .

(3.34)

The equivalent circuit representing the mapped shunt node is illustrated in Fig.
3.6 which takes a similar form to the regular shunt node shown in Fig. 3.5b but
employs the use of transformed characteristic admittances and conductance. It should
be noted that the circuit and transmission line parameters of the mapped shunt node
reduce to the standard shunt node parameters when 𝜎𝑖 = 0, i. e. 𝑆𝑥 = 𝑆𝑦 = 1.
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Figure 3.6 Thevenin equivalent circuit of the mapped shunt node.

3.3.1.

Modified Scatter and Connect Algorithm

The developments made in the previous sub-section have described how the
complex stretching of space in the PML medium transforms the 2D TLM circuit
parameters to equivalent complex frequency components in the stretched coordinates.
This section outlines the resulting modifications to the TLM scatter algorithms
following the complex domain stretching.

In the 2D shunt TLM node, the reflected voltage at each port n is given by
𝑉𝑛𝑟 = 𝑉̃𝑧 − 𝑉𝑛𝑖 ,

(3.35)

where 𝑉𝑛𝑖 is the voltage incident on port n and 𝑉̃𝑧 is the total voltage in the mapped
shunt node.

Assume that the link line admittances are equal i.e. 𝑌𝑥 = 𝑌𝑦 = 𝑌𝑇𝐿 . By a
simple circuit analysis of Fig. 3.7 the following expression is obtained

𝑉̃𝑧 = 2

𝑆𝑦 (𝑉1𝑖 + 𝑉3𝑖 ) + 𝑆𝑥 (𝑉2𝑖 + 𝑉4𝑖 ) + 𝑆𝑥 𝑆𝑦 𝑌̂𝑜𝑧 𝑉5𝑖
,
2𝑆𝑦 + 2𝑆𝑥 + 𝑆𝑥 𝑆𝑦 (𝐺̂𝑒𝑧 + 𝑌̂𝑜𝑧 )
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where the stub admittance 𝑌𝑜𝑧 and node conductance 𝐺𝑒𝑧 respectively are normalised
𝑌

𝐺

to the line admittance as follows 𝑌̂𝑜𝑧 = 𝑌𝑜𝑧 and 𝐺̂𝑒𝑧 = 𝑌𝑒𝑧 .
𝑇𝐿

𝑇𝐿

In its present form the total voltage 𝑉̃𝑧 as defined in (3.36) is a complex and
frequency dependent variable and requires transformation to a time domain
representation. In the TLM method the standard approach to incorporate frequency
dependent quantities involves the use of digital filters [3.18]. This requires the
following transformation
2 (1 − 𝑧 −1 )
→
∆𝑡 1 + 𝑧 −1

𝑗𝜔 → 𝑠

→

[𝑁∆𝑡].

(3.37)

where s and z are the Laplace and Z-transform variables, respectively.
Upon an s-domain transformation (𝑗𝜔 → 𝑠) the stretch factors become 𝑆𝑥 =
1+

𝜎𝑠𝑥
𝑠

, 𝑆𝑦 = 1 +

𝜎𝑠𝑦
𝑠

which, when substituted into (3.36), yield the expression

𝑉̃𝑧 [𝑠] =

𝑀(𝑠)
,
𝑁(𝑠)

(3.38)

where
𝑀(𝑠) = 2𝑠(𝑠 + 𝜎𝑠𝑦 )(𝑉1𝑖 + 𝑉3𝑖 ) + 2𝑠(𝑠 + 𝜎𝑠𝑥 )(𝑉2𝑖 + 𝑉4𝑖 ) + 2(𝑠 + 𝜎𝑠𝑥 )(𝑠 + 𝜎𝑠𝑦 )𝑌̂𝑜𝑧
and
𝑁(𝑠) = 𝑠(4𝑠 + 2𝜎𝑠𝑦 + 2𝜎𝑠𝑥 ) + (𝑠 + 𝜎𝑠𝑥 )(𝑠 + 𝜎𝑠𝑦 )(𝑌̂𝑜𝑧 + 𝐺̂𝑒𝑧 ).
2 1−𝑧 −1

By applying the bilinear transformation 𝑠 → ∆𝑡 1+𝑧 −1 to (3.38) the following
Z-transform representation is obtained,
𝑌𝑠𝑡 (𝑉𝑧 − 2𝑉𝑧 𝑧 −1 + 𝑉𝑧 𝑧 −2 ) +
𝜎𝑠𝑦 ∆𝑡(𝑉1𝑖 + 𝑉3𝑖 − 𝑉1𝑖 𝑧 −2 − 𝑉3𝑖 𝑧 −2 ) +
𝑉̃𝑧 [𝑧] = 𝛼 𝑃𝑀𝐿 𝜎𝑠𝑥 ∆𝑡(𝑉2𝑖 + 𝑉4𝑖 − 𝑉2𝑖 𝑧 −2 − 𝑉4𝑖 𝑧 −2 ) + ,
[

𝐴𝑉5𝑖 + 𝐵𝑉5𝑖 𝑧 −1 + 𝐶𝑉5𝑖 𝑧 −2 +
𝐷𝑉̃𝑧 𝑧 −1 − 𝐸𝑉̃𝑧 𝑧 −2
60

]

(3.39)

Stretched-Coordinate PML in 2D TLM
where 𝑉𝑧 represents the voltage in the standard shunt node given as

𝑉𝑧 = 2

𝑉1𝑖 + 𝑉2𝑖 + 𝑉3𝑖 + 𝑉4𝑖 + 𝑌̂𝑜𝑧 𝑉5𝑖
,
𝑌𝑠𝑡

and the coefficients are given as
𝑌𝑠𝑡 = 4 + 𝐺,
𝐺 = 𝑌̂𝑜𝑧 + 𝐺̂𝑒𝑧 ,
𝐴 = 𝑌̂𝑜𝑧 (𝜎𝑠𝑥 ∆𝑡 + 𝜎𝑠𝑦 ∆𝑡 +

𝜎𝑠𝑥 𝜎𝑠𝑦∆𝑡 2
2

),

𝐵 = 𝑌̂𝑜𝑧 𝜎𝑠𝑥 𝜎𝑠𝑦 ∆𝑡 2 ,
𝐶 = 𝑌̂𝑜𝑧 (−𝜎𝑠𝑥 ∆𝑡 − 𝜎𝑠𝑦 ∆𝑡 +
𝐷 = 8 + 𝐺 (2 −

𝜎𝑠𝑥 𝜎𝑠𝑦 ∆𝑡 2
2

𝜎𝑠𝑥 𝜎𝑠𝑦∆𝑡 2
2

𝐺

),

𝐸 = 4 + 𝐺 − (1 + 2 ) (𝜎𝑠𝑥 ∆𝑡 + 𝜎𝑠𝑦 ∆𝑡) +
𝛼 𝑃𝑀𝐿 =

),

𝐺𝜎𝑠𝑥 𝜎𝑠𝑦∆𝑡 2
4

𝑌𝑠𝑡
𝐺𝜎𝑠𝑥 𝜎𝑠𝑦 ∆𝑡 2
𝐺
4 + 𝐺 + (1 + 2 )(𝜎𝑠𝑥 ∆𝑡 + 𝜎𝑠𝑦 ∆𝑡) +
4

,

,

To obtain a discrete time domain representation of 𝑉̃𝑧 [𝑧] an inverse Ztransform is performed on (3.39) where 𝑧 −𝑝 indicates the use of the sample at the pth
previous time step, (𝑁 − 𝑝)∆𝑡, denoted as “ 𝑁−𝑝 ”. This yields a compact formulation
̃ = 𝛼 𝑃𝑀𝐿 𝑁 𝑉𝑧 +

𝑁 𝑉𝑧

𝑃𝑀𝐿
𝑁 𝑉𝑧

where the PML voltage

𝑃𝑀𝐿
𝑁 𝑉𝑧

(3.40)

,

represents a digital filter attributed to the analytical

continuation given as

𝑃𝑀𝐿
𝑁 𝑉𝑧

=

𝑌𝑠𝑡 ( 𝑁−2 𝑉𝑍 − 2 𝑁−1 𝑉𝑍 ) +
+ 𝜎𝑠𝑦 ∆𝑡( 𝑁 𝑉1𝑖 + 𝑁 𝑉3𝑖 − 𝑁−2 𝑉1𝑖 − 𝑁−2 𝑉3𝑖 ) +

𝛼 𝑃𝑀𝐿
𝑌𝑠𝑡

𝜎𝑠𝑥 ∆𝑡( 𝑁 𝑉2𝑖 +

[

𝑖
𝑁 𝑉4

𝑖
𝑖
𝑁−2 𝑉2 − 𝑁−2 𝑉4 )
𝑖
𝑖
𝑁−1 𝑉5 + 𝐶 𝑁−2 𝑉5 +

−

𝐴 𝑁 𝑉5𝑖 + 𝐵
+ 𝐷 𝑁−1 𝑉̃𝑧 − 𝐸 𝑁−2 𝑉̃𝑧
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Substituting (3.40) into (3.35) yields a general expression for the reflected
voltage at each port 𝑛 which is given as
𝑟
𝑁 𝑉𝑛

= 𝛼 𝑃𝑀𝐿 𝑁 𝑉𝑧 −

𝑖
𝑁 𝑉𝑛

+

𝑃𝑀𝐿
.
𝑁 𝑉𝑧

(3.42)

The TLM scatter process for the mapped shunt node can also be succinctly
expressed by the scattering matrix

[

𝑟
𝑁 𝑉1
𝑟
𝑁 𝑉2
𝑟
𝑁 𝑉3
𝑟
𝑁 𝑉4
𝑟
𝑁 𝑉5 ]

2𝛼 𝑃𝑀𝐿 − 1
2𝛼
=

𝑃𝑀𝐿
𝑃𝑀𝐿

2𝛼
2𝛼 𝑃𝑀𝐿
[ 2𝛼 𝑃𝑀𝐿

2𝛼 𝑃𝑀𝐿
2𝛼

𝑃𝑀𝐿

−1

𝑃𝑀𝐿

2𝛼
2𝛼 𝑃𝑀𝐿
2𝛼 𝑃𝑀𝐿

2𝛼 𝑃𝑀𝐿

2𝛼 𝑃𝑀𝐿

𝑃𝑀𝐿

𝑃𝑀𝐿

2𝛼

2𝛼

2𝑌̂𝑜𝑧 𝛼 𝑃𝑀𝐿
2𝑌̂𝑜𝑧 𝛼 𝑃𝑀𝐿

2𝛼
−1
2𝛼 𝑃𝑀𝐿
2𝑌̂𝑜𝑧 𝛼 𝑃𝑀𝐿
2𝛼 𝑃𝑀𝐿
2𝛼 𝑃𝑀𝐿 − 1
2𝑌̂𝑜𝑧 𝛼 𝑃𝑀𝐿
𝑃𝑀𝐿
𝑃𝑀𝐿
2𝛼
2𝛼
2𝑌̂𝑜𝑧 𝛼 𝑃𝑀𝐿 − 1] [
𝑃𝑀𝐿

+

𝑃𝑀𝐿
.
𝑁 𝑉𝑧

(3.43)

.
which reduces to the standard nodal voltage 𝑁 𝑉̃𝑧 =

𝑖
𝑁 𝑉1
𝑖
𝑁 𝑉2
𝑖
𝑁 𝑉3
𝑖
𝑁 𝑉4
𝑖
𝑁 𝑉5 ]

𝑁 𝑉𝑧

as expressed in (3.17) when

𝜎𝑠𝑥 = 𝜎𝑠𝑦 = 0.
Following a TLM scatter each reflected voltage impulse 𝑉 𝑟 becomes the
incident impulse on the adjacent transmission line at the next time step. As shown in
Section 3.2.3, the connect equation for the standard shunt node has the following form
𝑉𝑎𝑖 (𝑥 + ∆𝑥, 𝑦, 𝑡) = 𝑉𝑏𝑟 (𝑥, 𝑦, 𝑡 − ∆𝑡𝑥 ).

(3.44)

Since, the time delay in (3.44) can be interpreted through a Fourier transform as
a phase shift i.e. ℱ(𝑡 − ∆𝑡𝑥 ) → 𝑒 −𝑗𝜔∆𝑡𝑥 , therefore (3.44) can be represented as
𝑉𝑎𝑖 (𝑥 + ∆𝑥, 𝑦) = 𝑉𝑏𝑟 (𝑥, 𝑦)𝑒 −𝑗𝜔∆𝑡𝑥 .

(3.45)

As discussed in Section 3.3, the process of mapping the TLM node transforms
the transmission line propagation delay from a real valued to a complex valued
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̃𝑥 = ∆𝑡 ( 1 +
parameter. Therefore by substituting ∆𝑡𝑥 → ∆𝑡

𝝈𝒔𝒙
𝑗𝝎

), into (3.45) the form

for the connect equation of the mapped shunt node is given as
𝑉𝑎𝑖 (𝑥 + ∆𝑥, 𝑦) = 𝑉𝑏𝑟 (𝑥, 𝑦)𝑒 −𝑗𝜔∆𝑡𝑥 𝒆−∆𝒕𝝈𝒔𝒙 .

(3.46)

By comparing (3.46) with (3.45) it is clear that in the mapped shunt node the
connect equation is modified through the introduction of a scaling factor 𝑒 −∆𝑡𝜎𝑠𝑥
which is shown to be applied as an attenuation of the reflected pulses propagating
along the axis of the coordinate stretching. For this reason the TLM criterion of
impulse synchronism [3.12]-[3.13] is maintained since the real component of the time
delay is the same for all directions. The full connect equation in the mapped shunt
node is thus given as
𝑖
𝑁+1 𝑉1

(𝑥 + ∆𝑥, 𝑦) =

𝑖
𝑁+1 𝑉3 (𝑥

− ∆𝑥, 𝑦) =

𝑟
−∆𝑡𝜎𝑠𝑥
,
𝑁 𝑉1 (𝑥, 𝑦)𝑒

𝑖
𝑁+1 𝑉2 (𝑥, 𝑦

+ ∆𝑦) =

𝑟
−∆𝑡𝜎𝑠𝑦
,
𝑁 𝑉4 (𝑥, 𝑦)𝑒

𝑖
𝑁+1 𝑉4 (𝑥, 𝑦

− ∆𝑦) =

𝑟
−∆𝑡𝜎𝑠𝑦
,
𝑁 𝑉2 (𝑥, 𝑦)𝑒

𝑖
𝑁+1 𝑉5 (𝑥, 𝑦)

3.3.2.

𝑟
−∆𝑡𝜎𝑠𝑥
,
𝑁 𝑉3 (𝑥, 𝑦)𝑒

=

𝑟
𝑁 𝑉5 (𝑥, 𝑦).

(3.47)

Fields in the Mapped Shunt Node PML

As with the regular TLM node, the fields are obtained at the node centre. The
electric and magnetic field components are given according to the field equivalence
derived in (3.6)

𝐸̃𝑧 = −
̃𝑦 =
𝐻

𝐼̃𝑥
,
∆𝑙

𝑉̃𝑧
,
∆𝑙
̃𝑥 =
𝐻

(3.48𝑎)
𝐼̃𝑦
,
∆𝑙

(3.48𝑏)

where 𝐼̃𝑥 and 𝐼̃𝑦 , respectively, denote the currents flowing along the x-and y-directed
transmission lines of the mapped shunt node which according to the current-voltage
relation 𝐼̃ = 𝑌̃ V are given as
63

Stretched-Coordinate PML in 2D TLM

𝐼̃𝑥 = 𝑆𝑦 𝑌𝑥 (𝑉1𝑖 − 𝑉3𝑖 ),

𝐼̃𝑦 = 𝑆𝑥 𝑌𝑦 (𝑉4𝑖 − 𝑉2𝑖 ).

(3.49)

Equation (3.49) can also be re-expressed as
𝐼̃𝑥 = 𝑆𝑦 𝐼𝑥 ,

𝐼̃𝑦 = 𝑆𝑥 𝐼𝑦 ,

(3.50)

In order to obtain the time domain expressions for the currents 𝐼̃𝑥 and 𝐼̃𝑦 the
variable transformation (3.37) must be applied to (3.50) in a similar manner to the
derivation given in (3.38)-(3.41) for 𝑉̃𝑧 .
Therefore, upon a s-domain transformation (𝑗𝜔 → 𝑠) the stretch factors
𝜎𝑠𝑥

become 𝑆𝑥 = 1 +

𝑠

, 𝑆𝑦 = 1 +

𝜎𝑠𝑦
𝑠

which, when substituted into (3.50) yield the

expression
𝜎𝑠𝑦
)𝐼 ,
𝑠 𝑥
𝜎𝑠𝑥
𝐼̃𝑦 = 𝑆𝑥 𝐼𝑦 = (1 +
)𝐼 .
𝑠 𝑦
𝐼̃𝑥 = 𝑆𝑦 𝐼𝑥 = (1 +

(3.51)

2 1−𝑧 −1

By applying the bilinear transformation 𝑠 → ∆𝑡 1+𝑧 −1 to (3.51) and upon an
inverse Z-transformation the following time domain expressions for the currents are
obtained

̃
𝑁 𝐼𝑥 =

̃ =

𝑁 𝐼𝑦

𝑁 𝐼𝑥 (2

𝑁 𝐼𝑦 (2

+ 𝜎𝑠𝑦 ∆𝑡) +

𝑁−1 𝐼𝑥 (𝜎𝑠𝑦 ∆𝑡

− 2) + 2 𝑁−1 𝐼̃𝑥

2
+ 𝜎𝑠𝑥 ∆𝑡) +

𝑁−1 𝐼𝑦 (𝜎𝑠𝑥 ∆𝑡

2

− 2) + 2 𝑁−1 𝐼̃𝑦

.

,

(3.52)

Substituting equations (3.52) into (3.48b) allows the magnetic field
components in mapped shunt node to be obtained.
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3.3.3.

Implementation Details

A key benefit of the mapped shunt node PML is the unified formulation it
offers which allows an easy interfacing with the regular shunt node. By setting the
PML conductivities to zero 𝜎𝑖 = 0, the mapped shunt node reduces to the standard
shunt node. However, this is not the suggested mode of usage since the auxiliary
variables introduced by the complex coordinate stretching result in a higher
computational burden than necessary. The mapped shunt node PML is therefore only
applied at the boundaries of the computational domain as depicted in Fig. 3.7. When
used as a PML node the x and y conductivities, 𝜎𝑥 and 𝜎𝑦 , respectively, must be set
according to the direction and strength of attenuation that is required. The different
layouts of the PML surrounding the 2D computational domain are shown in Fig. 3.7.
Particular attention must be given to the corner regions where attenuation in both x
and y direction is simultaneously required. This region represents an overlap of PML
layers and is implemented by setting 𝜎𝑥 > 0, 𝜎𝑦 > 0.

Figure 3.7 The PML layer specification surrounding the 2D computational
domain. The values of 𝜎𝑥 and 𝜎𝑦 correspond to the degree of attenuation applied to
the fields propagating in the x-and y-directions, respectively.

65

Stretched-Coordinate PML in 2D TLM
Finally, the overall computational procedure of the mapped shunt node follows
the standard TLM schematic [3.3] but with the additional requirement to compute the
PML voltage 𝑉𝑧𝑃𝑀𝐿 (3.40) and scale the reflected voltages by an attenuation factor
𝑒 −∆𝑡𝜎𝑠𝑖 .

3.3.4.

Numerical Results

Following the developments made in the previous sections, various numerical
experiments shall now be carried out to characterize the mapped shunt node PML. The
objective is to examine the impact of the PML control parameters, e.g. type of the
conductivity profile, the number of layers 𝑁𝑃𝑀𝐿 , and the theoretical reflection factor
𝑅𝑡ℎ , on the overall reflections generated by the PML.
The PML theoretical reflection factor 𝑅𝑡ℎ for normally incident waves is
defined according to the relationship [3.10]

𝑅𝑡ℎ = 𝑒

2𝜎 𝐿
− 𝑢 𝑃𝑀𝐿
(𝑛+1)𝜖0 𝑐

(3.53)

,

where 𝑐 is the wave velocity in free space, 𝜖0 is the permittivity of free space, 𝑛 is the
conductivity profile for which 𝑛 = 0, 1, 2 and 3 denote a constant, linear, parabolic
and cubic conductivity profile, respectively, 𝜎𝑢 is the conductivity at the outer layer of
the PML. The total thickness of the PML medium is denoted as 𝐿𝑃𝑀𝐿 which is
discretized into a total of 𝑁𝑃𝑀𝐿 layers according to 𝑁𝑃𝑀𝐿 =

𝐿𝑃𝑀𝐿
∆𝑙

.

By rearranging (3.53), 𝜎𝑢 can be expressed as a function of the reflection to
obtain
𝜎𝑢 = −

(𝑛 + 1)𝜖0 𝑐
ln( 𝑅𝑡ℎ )
2𝐿𝑃𝑀𝐿

(3.54)

The actual conductivity 𝜎𝑃 implemented at each TLM-PML node with index
P can be expressed as a function of 𝑅𝑡ℎ and is given as [3.10],
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𝜎𝑃 (1) = −

𝜖0 𝑐
𝑛+1 ln 𝑅𝑡ℎ ,
2𝑛 ∆𝑙 𝑁𝑃𝑀𝐿

𝜎𝑃 (𝑃 > 1) = 𝜎𝑃 (1)[ (𝑃 )𝑛+1 − (𝑃 − 1)𝑛+1 ] ,

(3.55)

(3.56)

where 𝜎𝑃 (1) denotes the conductivity of the first layer at the PML-Medium interface
and 𝜎𝑃 (𝑃 > 1) is the conductivity applied at subsequent PML layers for 1 < 𝑃 ≤
𝑁𝑃𝑀𝐿 .
To ensure a reliable and benchmarkable test, the mapped shunt node PML is
applied to terminate the length of a WR28 rectangular metal waveguide. The
configuration of the simulated waveguide is shown in Fig. 3.8 where the PML medium
is applied at both ends of the waveguide to simulate an infinitely long guide. Hence
the desired attenuation is for the fields propagating in the x direction (i.e. 𝜎𝑥 > 0, 𝜎𝑦 =
0). This simulation set up represents the canonical test for ABCs since the absorption
performance for a wide range of incident angles and frequencies can be evaluated.

Figure 3.8 Geometry of the rectangular waveguide WR28

Unless otherwise stated, the geometry of the waveguide throughout the
investigation carried out is 7.112 mm x 25 mm and this was uniformly discretized
using ∆𝑙 = 0.22 𝑚𝑚. The fundamental 𝑇𝐸10 mode was excited at one end of the
waveguide with an amplitude modulated Gaussian pulse with a centre frequency of
32.5 GHz and a bandwidth of 15 GHz. The observation point (shown as a black square
in Fig. 3.8) was positioned at the other end of the guide-one node away from between
the medium filling the waveguide (assumed to be air) and the PML interface.
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The total field at the observation node, 𝐸𝑧 , is a sum of the incident and the field
reflected from the PML boundary. The reflection generated in the waveguide by the
PML was computed using the reference waveguide which is identical to the one in
Fig. 3.8 but with the length extended such that the reflections do not propagate back
to the observation point within the time period of the simulation. The incident field,
𝑟𝑒𝑓

𝐸𝑧

, was obtained from the reference structure. The reflected field at the observation
𝑟𝑒𝑓

node was thus extracted by subtracting the incident field 𝐸𝑧

from the total field

𝐸𝑧 . This results in the following calculation for the reflection coefficient given in the
frequency domain :

𝑅𝑑𝐵 (𝑓) = 20 log10

𝑟𝑒𝑓
ℱ (𝐸𝑧 (𝑡) − 𝐸𝑧 (𝑡))
𝑟𝑒𝑓

ℱ(𝐸𝑧

(𝑡 ))

= 20 log 10

ℱ(𝐸𝑧𝑟 (𝑡))
𝑟𝑒𝑓
ℱ (𝐸𝑧 (𝑡))
𝑟𝑒𝑓

where 𝐸𝑧 denotes the z-polarized electric field value, and 𝐸𝑧

,

(3.57)

denotes the same

quantity but obtained in the reference structure, ℱ( . ) represents a discrete Fourier
transform operator, and 𝑓 represents the frequency.

3.3.4.1

Influence of the PML conductivity profile

In the discrete space, the sharp variation in the material properties from the
medium to the PML layer generates high reflections which propagate back into the
interior domain. Along with this, inter-node reflections arise due to the mismatch of
transmission line impedance across adjacent PML nodes. To mitigate these effects,
the conductivity across the PML must be gradually increased from a near zero value
𝜎𝑝 (1) ~ 0 𝑆/𝑚 at the first layer to a maximum value 𝜎𝑚𝑎𝑥 at the end layer. For
illustrative purposes, a graph of different conductivity profiles across a PML with 𝑅𝑡ℎ
(dB) = -50 dB is shown in Fig. 3.9. As shown, the cubic and parabolic profiles provide
a smoother grading than the linear and constant profiles and have a 𝜎𝑃 (1) value closer
to zero. The inverse relationship between the PML conductivity 𝜎𝑃 and 𝑅𝑡ℎ (𝑑𝐵) is
demonstrated in Fig. 3.10 As shown, a lower theoretical reflection level 𝑅𝑡ℎ (𝑑𝐵) →
−∞ results in a higher conductivity 𝜎𝑝 (1). This will in turn cause the propagating
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waves to experience a larger variation at the medium to PML interface which is
expected to increase the transitional reflections.

Figure 3.9 Constant, linear, parabolic and cubic conductivity profiles applied across
a 10 layer PML with theoretical reflection factor 𝑅𝑡ℎ (𝑑𝐵) = −50 𝑑𝐵.

Figure 3.10 Plot showing the relationship between the conductivity at the first layer
𝜎𝑃 (1) and theoretical reflection factor 𝑅𝑡ℎ (𝑑𝐵) for different conductivity gradings
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The first investigation therefore examines the influence on PML performance
of the conductivity gradings across the PML medium. The profiles studied were the
constant, linear, parabolic and cubic gradings respectively. In this test, the waveguide
was truncated by 25 layers of a mapped shunt node PML backed by a PEC boundary
and the theoretical reflection factor was set to 𝑅𝑡ℎ = −100 𝑑𝐵. The reflection
coefficients obtained from the conductivity profiles studied are plotted as a function
of frequency in Fig. 3.11. As expected, the highest reflection is demonstrated by the
uniform conductivity profile with a reflection coefficient in the range of -59 dB to 70 dB across the bandwidth of operation. The reflections produced when employing
the uniform conductivity profile solely arise at the medium-to-layer interface, and
whilst the absorption at the interface can be improved by lowering the conductivity
and substantially increasing the PML thickness this results in a significant increase in
computational costs. The benefits of a graded conductivity profile are shown in Fig.
3.11 by the lower reflection levels achieved compared to the constant profile case. The
best performing conductivity profile is shown to be the parabolic grading which is in
agreement with the findings generally reported [3.6],[3.10]. Consequently, the
parabolic profile is used for the subsequent investigations.

Figure 3.11 Numerical reflection coefficients of the mapped shunt node PML
with conductivity profiles: uniform , linear, parabolic, cubic, as simulated for the
waveguide WR28 structure shown in Fig. 3.10 filled with air.
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3.3.4.2 Influence of the number of PML layers 𝑵𝑷𝑴𝑳
Next, the effect of the number of PML layers 𝑁𝑃𝑀𝐿 on the overall reflection
behaviour is evaluated. The simulation configuration was maintained as in the
previous study. The relationship between the numerical reflections and the theoretical
reflection factor for different number of PML layers is shown in Fig. 3.12. As shown,
the reflections generated by the mapped shunt node PML can be significantly reduced
for a given theoretical reflection factor 𝑅𝑡ℎ (dB) by increasing the number of PML
layers used. This is largely due to the increase in the damping experienced as the waves
propagate through the medium. However, from the same plot, it can also be seen that
an optimal value of 𝑅𝑡ℎ (dB) exists which achieves the lowest reflections for a given
choice of 𝑁𝑃𝑀𝐿 . For example, when 𝑁𝑃𝑀𝐿 = 25, the optimal value of 𝑅𝑡ℎ (dB) is shown
to be approximately -100 dB and any further decrease in the value of 𝑅𝑡ℎ (dB) results
in an increase in the numerical reflections. Generally, finding the optimum 𝑅𝑡ℎ (𝑑𝐵)
for a given 𝑁𝑃𝑀𝐿 is not straightforward and in most cases requires a tuning process as
will be described in more details in Chapter 5. The appropriate design choice to be
made is therefore decided based on the trade-off between the accuracy required and
the computational expense incurred from increasing the value of 𝑁𝑃𝑀𝐿 .

Figure 3.12 Numerical reflection coefficients obtained using the mapped
shunt node PML as a function of theoretical reflection factor 𝑅𝑡ℎ (𝑑𝐵) for different
number of PML layers 𝑁𝑃𝑀𝐿 for the simulated termination of waveguide WR28 as
shown in Fig. 3.8.
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3.3.4.3

Reflection Performance of the Mapped

Shunt Node PML in Lossy and Dielectric Media
The reflections generated by the mapped shunt node PML in a lossy dielectric
host were investigated by simulating the same waveguide but filled with the following
materials: (a) 𝜖𝑟 = 1, 𝜎𝑒 = 0 𝑆/𝑚 (freespace); (b) 𝜖𝑟 = 5, 𝜎𝑒 = 0 𝑆/𝑚; (c) 𝜖𝑟 =
1, 𝜎𝑒 = 0.5 𝑆/𝑚 and (d) 𝜖𝑟 = 5, 𝜎𝑒 = 0.5 𝑆/𝑚. In this test, the waveguide was
truncated by 25 PML layers backed by a PEC boundary. The theoretical reflection
factor was set to 𝑅𝑡ℎ (𝑑𝐵) = −100 𝑑𝐵. The results for numerical reflections are
presented in Fig. 3.13 and show that good absorption performance (>70 dB) is
maintained even when incorporating lossy media, whilst an increase in the medium’s
relative permittivity (i.e. 𝜖𝑟 > 1 ) is shown to reduce the overall absorption (i.e. higher
reflection).

Figure 3.13 Numerical reflection coefficient of the mapped shunt node PML
for a WR28 waveguide filled with lossy dielectric media
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3.3.4.4

Comparison with Published 2D TLM-PML

Schemes
The reflections generated by the mapped shunt node PML were compared
against the results obtained from waveguides terminated by the split-field TLM-PML
formulation presented in [3.14] and a conventional TLM matched boundary [3.3]. As
shown in Fig. 3.14, both PML schemes demonstrate better absorption ( >50 dB )
compared to the matched boundary termination and better absorption ( >15 dB) than
the split-field TLM-PML reported in [3.13]. Whilst the matched termination offers the
most computationally efficient method to truncate TLM meshes, its absorption
performance is however severely degraded by waves incident on the boundary at an
oblique angle. This explains the high reflections generated in this case. It can be seen
from Fig. 3.14, that a comparable level of absorption is achieved by both PML
schemes where reflection levels lower than -76 dB are obtained in the mapped shunt
node PML over the entire band of operation. Nevertheless, a clear advantage of the
mapped TLM-PML formulation is its applicability to terminating both lossless and
lossy dielectric media. In such applications, the split field based TLM-PML schemes
[3.13] –[3.14] fail since the node conductance 𝐺𝑒𝑧 is naturally employed by these
formulations to enforce the attenuation of propagating modes in the x and y directions.
Hence 𝐺𝑒𝑧 cannot be employed to suitably model the electric losses represented by the
electric conductivity 𝜎𝑒𝑧 .
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Figure 3.14 Numerical reflection coefficients extracted from a TLM
simulation of an empty WR28 rectangular waveguide with various boundary
conditions applied.

3.3.4.5

Topical 2D Application: Scattering from

NACA0015 Airfoil
For further illustrative purposes the mapped shunt node PML was applied to a
topical wave-structure application, involving the plane wave scattering of a PEC
airfoil with profile Naca0015 [3.19].

The equation which defines the shape of the Naca0015 airfoil is given as
±𝑦𝑡 = 75( 0.2969√𝑥 − 0.1260𝑥 − 0.3516𝑥 2 + 0.2843𝑥 3 − 0.1015𝑥 4 ), (3.58)
where 𝑦𝑡 is the thickness given at a value of position 𝑥 ∈ [0,1].
The airfoil structure was placed in a 0.6 m × 2 m computational domain which
was uniformly meshed with ∆𝑙 = 5 mm. The plane wave was incident on the airfoil
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along the x direction. Figures 3.15a and b show the electric field intensity (in dB) at
time t = 30 ns, in simulations where a 10 layer mapped TLM-PML and matched
boundary termination were applied, is shown in respectively. The high absorbing
capability of the PML is clearly demonstrated by how quickly the overall energy is
attenuated in Fig. 3.15b compared to Fig. 3.15a where the matched boundary is
employed.

(a)

(b)
Figure 3.15 Scattered electric field intensity captured at t = 30 ns from a
NACA0015 airfoil with (a) TLM matched boundary, (b) 20 layer PML applied at all
edges of the domain
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Finally, it is reported that numerical instability has not been observed in any
of the investigations carried out in this work. This further demonstrates the utility of
the proposed formulation.

3.4 Summary
This chapter introduced the TLM theory through its core principles. The 2D
shunt and series TLM nodes were described and their analogy with Maxwell’s
equations was derived. Subsequently, this led to the development of a framework for
implementing the SC PML in TLM which was formulated for the 2D TLM shunt node.
The PML formulation was developed based on establishing an analogy between the
equations describing the TLM shunt node and the modified (stretched) second-order
wave equations.

The performance of the developed method was studied through a variety of
numerical tests based on the canonical waveguide application. The first investigation
carried out examined the influence of different conductivity gradings across the PML
medium on the PML performance. The constant, linear, parabolic and cubic
conductivity profiles were studied. The benefits of a graded conductivity profile were
demonstrated by the comparatively lower reflection levels achieved compared to the
constant profile case. The best performing conductivity profile is shown to be the
parabolic grading which is in agreement with the findings generally reported
[3.6],[3.10].

Next, the relationship between the numerical reflections and the theoretical
reflection factor for different number of PML layers was investigated. Results show
that the reflections generated by the mapped shunt node PML can be significantly
reduced for a given theoretical reflection factor 𝑅𝑡ℎ (dB) by increasing the number of
PML layers used. This behaviour arises because of the increase in the damping
experienced as the waves propagate through the medium. However, it was also seen
that an optimal value of the theoretical reflection factor 𝑅𝑡ℎ (dB) exists which achieves
the lowest reflections for a given choice of 𝑁𝑃𝑀𝐿 .
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The ability of the mapped shunt node PML in terminating lossy dielectric
media was demonstrated. The numerical reflections generated show that good
absorption performance (>70 dB) is maintained even when incorporating lossy media.
As a final characterization test, the performance of the mapped shunt node PML was
compared against the split-field TLM-PML formulation presented in [3.14] and a
conventional TLM matched boundary [3.3]. Both PML schemes demonstrated better
absorption ( >50 dB ) compared to the matched boundary termination. Nonetheless,
the clear advantage of implementing a SC PML formulation, is the ability to terminate
both lossless and lossy dielectric media. In such applications, the split field based
TLM-PML schemes [3.13] –[3.14] fail since the node conductance 𝐺𝑒𝑧 is naturally
employed by these formulations to enforce the attenuation of propagating modes in
the x and y directions. Hence 𝐺𝑒𝑧 cannot be employed to suitably model the electric
losses represented by the electric conductivity 𝜎𝑒𝑧 .
For further illustrative purposes the strong absorbing capability of the mapped
shunt node PML was demonstrated in a topical application, involving the plane wave
scattering from a PEC airfoil with profile Naca0015. Compared to the matched
boundary termination the scattered field in the computational domain was shown to
be more rapidly attenuated when employing the mapped shunt-node PML.

No instabilities were observed in all the tests carried out, demonstrating the
utility of the proposed formulation. Owing to the simplicity of the developed method
its extension to more advanced 3D symmetrical condensed nodes shall be the subject
of Chapter 4.
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Chapter 4
A Complex Domain
Mapping of the SCN
In this chapter, the 2D mapped TLM-PML theory is extended to 3D TLM problems.
The symmetrical condensed node (SCN) variant of the 3D TLM node is considered
due to its simplicity and popularity in practice. The theory described will include the
derivation of the full scatter equations for the mapped 12-port standard SCN suitable
for terminating homogenous media and the scatter equations for the mapped 15-port
hybrid SCN effective in terminating general inhomogeneous and lossy media.

4.1. Introduction
Reducing the high computational demand of electromagnetic simulations is a
prime motivator of majority of the CEM techniques developed today. In the case of
3D open boundary problems, it is critically important for the viability of large-scale
computations to minimize the volume of free space that needs to be explicitly
modelled; as well as to guarantee appropriate and highly accurate solutions are
computed. The PML has been largely optimized for the 3D FDTD where various
implementation approaches and PML extensions have been explored. On the other
hand, the limited PML formulations in 3D TLM have all implemented the PML theory
by imposing a direct modification of the field behavior at the TLM node centers. These
models rely on the introduction of stubs to achieve the required field attenuations.

The pioneering 3D TLM-PML development was based on a coupling between
the TLM-FDTD network [4.1]. This however suffered from a degradation in its
absorption performance due to the non-physical reflections generated at the non80
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uniform TLM-FDTD interface. A number of uniform TLM developments have since
been proposed and demonstrated for the 3D TLM symmetrical condensed node (SCN).
The initial development was proposed in [4.2] which implemented the PML by
splitting each field component into two subcomponents and applying anisotropic
electric/magnetic conductivities to attenuate along each direction of propagation. The
process of field splitting resulted in an increase in total voltage stored per node. A
second split-field based SCN-PML was developed in [4.3] which employed a direct
discretization of (2.4) through a centered differencing and averaging of the PML
equations. This demonstrated similar absorption performance to [4.2] and had the
advantage of requiring less storage per node. A limitation with the formulation
proposed in [4.3] however is the singularities that arise in the inductive stubs which
prevents operation at the maximum time step permitted. The singularity issues
reported in [4.3] were improved in [4.4] by introducing a damping factor to attenuate
evanescent fields and this was shown to improve the temporal behavior by delaying
the occurrence of instabilities. Nonetheless, due to the inherent limitation of the splitfield PML theory the formulations proposed in [4.1]-[4.4] are less suitable to
applications involving lossy media. Results from a stretched coordinate (SC) SCNPML node have been demonstrated for terminating 3D waveguide structures [4.5].
This employed the use of the Z-transform to impose the frequency dependent stretch
variables on the fields of the SCN node. The absorption behavior was shown to yield
comparable results with previous SCN-PML schemes, however, a clear disadvantage
with this implementation is the instabilities which arise. In addition, its application is
limited since the extensions to terminating non-waveguide structures is not clear from
the theory provided.

Whilst the published SCN-PML implementations show a good agreement in
their absorption performance, with all obtaining absorption levels of approximately 65
dB, they also exhibit a weak temporal stability, which generate exponentially growing
solutions in the problem domain. This phenomenon is practically unacceptable as it
causes unphysical gain (instability) and its removal is a prime motivator of the work
carried out in this thesis.
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Chapter 3 presented a new framework for implementing the stretched
coordinate PML in 2D TLM which was developed based on an analogy of mapping
the TLM node to a complex stretched space. Unlike [4.5], which introduces the
stretched coordinate PML theory as a correction of fields, in the proposed formulation
the PML coordinate stretching is mapped onto transmission line constitutive
parameters, namely characteristic impedances/admittances and the timestep.
Therefore, leading to a derivation of transformed RLC parameters and subsequent
modifications of the scatter and connect algorithms. Results from the canonical
waveguide application demonstrated the effectiveness of the model compared to
existing 2D TLM-PML schemes and the simple matched boundary condition.
Additionally, no instability was reported. Owing to the excellent performance
demonstrated, this chapter shall extend the mapping approach to the 3D TLM-PML
case. The theory describing the complex domain mapping of the general symmetrical
condensed node is thus presented.

Chapter 4 is structured as follows. In Section 4.2 the structure of the general
SCN is presented and the underlying medium to circuit equivalence is introduced. The
standard 18-port and 15-port hybrid SCN configurations are also presented based on
general constitutive relations. In Section 4.3, a new configuration of the SCN is
developed based on a direct mapping between Maxwell’s equations in the stretched
coordinate space and the transmission line parameters of the SCN. This
implementation is referred to as the mapped SCN-PML. Modified scatter equations
due to the mapping are presented in Section 4.3.1. The complete scatter equations for
the mapped 12-port SCN and the mapped 15-port hybrid SCN are derived in sections
4.3.2 and 4.3.3, respectively. The full implementation details of mapped SCN-PML is
presented in Section 4.3.4 and various strategies to optimize the computational
efficiency are discussed. Section 4.4 summarizes the chapter.

4.2 The Symmetrical Condensed Node
The schematic of the SCN is shown in Fig.4.1 which describes the SCN
topology mapped to a block of space with dimensions given as ∆𝑥 × ∆𝑦 × ∆𝑧 and
material properties 𝜇 = 𝜇𝑟 𝜇0 and 𝜖 = 𝜖𝑟 𝜖0 . This model accounts for all three
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coordinate directions and field polarizations in a 3D geometry. The SCN introduces
12 voltages in the form of 𝑉𝑖𝛼𝑗 , where i represents the direction and j the polarization
of the line for which 𝑖, 𝑗 ∈ {𝑥, 𝑦, 𝑧} and 𝑖 ≠ 𝑗 and 𝛼 ∈ {𝑛, 𝑝} indicates the position of
the line on the negative (n) or positive (p) side relative to the origin of coordinates at
the center of the node. Each transmission arm supports the propagation of a pair of
polarized fields. Therefore, there is an associated pair of characteristic impedances
denoted as 𝑍𝑖𝑗 , 𝑍𝑖𝑘 (for which 𝑖, 𝑗, 𝑘 ∈ {𝑥, 𝑦, 𝑧} and 𝑖 ≠ 𝑗 ≠ 𝑘 and corresponding
admittances expressed as 𝑌𝑖𝑗 , 𝑌𝑖𝑘 ) along each arm, which results in a total of 12
characteristic impedances per node. Each node supports the propagation of pulses to
neighboring nodes via the 12 ports of the SCN where the node to node transition time
is defined by the time step ∆𝑡 [4.6]-[4.8].

Figure 4.1. Diagram showing the topology of the Symmetrical Condensed
Node (SCN) modelling a ∆𝒙 × ∆𝒚 × ∆𝒛 block of space.

4.2.1

SCN General Constitutive Relations

The correct modelling in TLM relies on establishing an appropriate
equivalence between the material space and the TLM node circuit parameters. The
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𝑗

following equations have been shown to relate the total node capacitance 𝐶𝑡 and
𝑗

inductance 𝐿𝑡 with the geometric and material properties of the SCN node [4.6]-[4.8]

𝑗

𝐶𝑡 = 𝜖𝑗𝑗
𝑗

𝐿𝑡 = 𝜇𝑗𝑗

∆𝑖∆𝑘
,
∆𝑗

(4.1)

∆𝑖∆𝑘
,
∆𝑗

(4.2)

where indices 𝑖, 𝑗, 𝑘 ∈ {𝑥, 𝑦, 𝑧} and 𝑖 ≠ 𝑗 ≠ 𝑘 denote the coordinate directions, 𝜖𝑗𝑗 and
𝜇𝑗𝑗 are the diagonal components of the permittivity and permeability tensors of the
medium which have zero off diagonal elements (i.e. 𝜖𝑖𝑗 = 𝜇𝑖𝑗 = 0, for 𝑖 ≠ 𝑗). Given
the compact form in (4.1)-(4.2) the total node capacitance and inductance, for
example, in the x direction are therefore expressed as

𝐶𝑡𝑥 = 𝜖𝑥𝑥
𝐿𝑥𝑡 = 𝜇𝑥𝑥

∆𝑦∆𝑧
,
∆𝑥
∆𝑦∆𝑧
,
∆𝑥

(4.3)
(4.4)

According to the TLM general constitutive relation [4.8], the total capacitance
and inductance are made up contributions from the distributed line inductances and
capacitances as well as the stubs. This therefore results in the following relation
𝑗

(4.5)

𝑗

(4.6)

𝐶𝑡 = 𝐶𝑖𝑗 ∆𝑖 + 𝐶𝑘𝑗 ∆𝑘 + 𝐶𝑗𝑜 ,
𝐿𝑡 = 𝐿𝑖𝑘 ∆𝑖 + 𝐿𝑘𝑖 ∆𝑘 + 𝐿𝑗𝑠 ,

where 𝐿𝑖𝑘 and 𝐶𝑖𝑗 respectively denote the distributed line inductance and capacitance
and 𝐿𝑗𝑠 and 𝐶𝑗𝑜 denote the inductive and capacitive stubs respectively.

Substituting (4.1) - (4.2) into (4.5) - (4.6) obtains the following equations for
the j-direction
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𝜖𝑗𝑗

∆𝑖∆𝑘
= 𝐶𝑖𝑗 ∆𝑖 + 𝐶𝑘𝑗 ∆𝑘 + 𝐶𝑗𝑜 ,
∆𝑗

(4.7)

𝜇𝑗𝑗

∆𝑖∆𝑘
= 𝐿𝑖𝑘 ∆𝑖 + 𝐿𝑘𝑖 ∆𝑘 + 𝐿𝑗𝑠 ,
∆𝑗

(4.8)

which after applying the transmission line relations 𝐶𝑖𝑗 ∆𝑖 = ∆𝑡𝑌𝑖𝑗 and 𝐿𝑖𝑗 ∆𝑖 = ∆𝑡𝑍𝑖𝑗
are re-expressed in terms of line admittances as follows
𝑌𝑗𝑜
∆𝑖∆𝑘
= 𝑌𝑖𝑗 + 𝑌𝑘𝑗 +
,
∆𝑗∆𝑡
2

(4.9)

𝑍𝑗𝑠
∆𝑖∆𝑘
𝜇𝑗𝑗
= 𝑍𝑖𝑘 + 𝑍𝑘𝑖 + ,
∆𝑗∆𝑡
2

(4.10)

𝜖𝑗𝑗

where parameter 𝑌𝑗𝑜 denotes the 𝑗 polarised characteristic admittance of the open
circuit stubs and 𝑍𝑗𝑠 denotes the 𝑗 polarized characteristic impedance of the short
circuit stubs. The transit time along the length of each stub is equal to
pulse must make a round trip, therefore the relationship

𝑌𝑗𝑜 ∆𝑡
2

= 𝐶𝑗𝑜 and

∆𝑡
2

𝑍𝑗𝑠∆𝑡
2

since each

= 𝐿𝑗𝑠 holds.

Traditionally the transmission line (TL) impedances are set to model the background
medium and the stubs are introduced to handle deficiencies in the node.

From equations (4.9)-(4.10) two commonly used SCN configurations can be
constructed, namely SCN and Hybrid SCN (HSCN) nodes which are now
summarized:

SCN (18-port) : In the standard SCN configuration the transmission line
impedances are constant and are set to model the intrinsic impedance of
the background medium 𝑍𝑖𝑗 = 𝑍𝑗𝑘 = 𝑍0 . Therefore the stub impedances
and admittances are set by re-arranging equations (4.9) and (4.10) to obtain

𝑌𝑗𝑜 = 2𝑌0 (𝜖𝑟𝑗

∆𝑖∆𝑘
− 2) ,
𝑐∆𝑗∆𝑡

(4.11)

𝑍𝑗𝑠 = 2𝑍0 (𝜇𝑟𝑗

∆𝑖∆𝑘
− 2) ,
𝑐∆𝑗∆𝑡

(4.12)
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where 𝑐 =

1
√𝜖0 𝜇0

and 𝜖𝑟𝑗 and 𝜇𝑟𝑗 are the relative permittivity and

permeability, respectively, of the medium. From equations (4.11) and
(4.12) all geometric and material inhomogeneity are compensated for by
both stubs in a straightforward manner. This therefore results into six stub
ports added into the structure of the SCN. To ensure stability, all stub
values must be positive and as such a maximum time step is enforced by
the relations

∆𝑡 ≤

𝜖𝑟𝑗 ∆𝑖∆𝑘
,
2𝑐∆𝑗

(4.13)

∆𝑡 ≤

𝜇𝑟𝑗 ∆𝑖∆𝑘
,
2𝑐∆𝑗

(4.14)

The TLM time synchronism criteria requires a constant time step is used
across all nodes in the TLM mesh [4.8]. To ensure this, equations (4.13)
and (4.14) are computed for all nodes in the TLM mesh and the smallest
value is used to determine the maximum time step in the entire TLM
simulation.

Hybrid SCN (15-port): Compared to the 18-port SCN, the hybrid
symmetrical condensed node (HSCN) scheme supports the use of link lines
to model the required inductance at the node [4.9]-[4.10]. This therefore
eliminates the use of inductive stubs (i.e. 𝑍𝑗𝑠 = 0 since 𝐿𝑗𝑠 = 0) thus
reducing the number of node ports from 18 to 15. In this manner a reduction
in memory usage is gained since there is no requirement to store and
compute inductive stub voltages. In this scheme the open circuit stubs
𝑌𝑗𝑜 are used to model the node deficits. The resulting characteristic
impedance/admittance of the link lines are therefore defined by imposing
the condition 𝑍𝑗𝑠 = 0 and rearranging (4.9) – (4.10) to yield

𝑍𝑖𝑗 = 𝑍𝑗𝑖 = 𝑍0 𝜇𝑟𝑗
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∆𝑖∆𝑘
,
2𝑐∆𝑗∆𝑡

(4.15)
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1
1
=
,
𝑍𝑖𝑗 𝑍𝑗𝑖

(4.16)

2𝜖𝑟𝑗 ∆𝑖∆𝑘 4𝑐∆𝑡 ∆𝑘
∆𝑖
−
(
+
),
𝑐∆𝑗∆𝑡
∆𝑘 𝜇𝑟𝑘 ∆𝑖 𝜇𝑟𝑖 ∆𝑘

(4.17)

𝑌𝑖𝑗 = 𝑌𝑗𝑖 =
𝑌𝑗𝑜 = 𝑌0 (

Like the basic SCN, stability is achieved in the HSCN by ensuring the
capacitive stubs 𝑌𝑗𝑜 are assigned non-negative values. To enforce this
condition a maximum time step limit is defined given as

∆𝑡 ≤

2𝜖𝑟𝑗
1
,
2𝑐 √ 1 + 1
𝜇𝑟𝑘 ∆𝑖 2 𝜇𝑟𝑖 ∆𝑘 2

(4.18)

Upon close inspection of equation (4.18) it can be shown that in the HSCN
the maximum time ∆𝑡𝑚𝑎𝑥 step achievable lies within the range of [4.11]
∆𝑙
∆𝑙√2
≤ ∆𝑡𝑚𝑎𝑥 ≤
,
2𝑐
2𝑐

(4.19)

where ∆𝑙 represents the smallest node dimension. Comparing (4.14) to
(4.19) a higher maximum time step can be achieved by the HSCN in some
cases compared to the basic SCN. This fact as well as the lower memory
requirement constitutes a major advantage of the HSCN over to the basic
SCN.

All SCN configurations model losses using matched stubs which can be used
to represent both electric and magnetic losses. Similar to the 2D nodes, a shunt
conductance 𝐺𝑒𝑗 models j-directed electric conductivities using relations [4.8]

𝐺𝑒𝑗 = 𝜎𝑒𝑗
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∆𝑖∆𝑘
,
∆𝑗

(4.20)
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whilst the series resistance models j-directed magnetic conductivities according to the
relation

𝑅𝑚𝑗 = 𝜎𝑚𝑗

∆𝑖∆𝑘
.
∆𝑗

(4.21)

Since all lossy stubs are assumed to be matched transmission lines (i.e. infinitely long
link lines), then they reflect no voltage back to the node. The only contribution made
by the lossy stubs is therefore to dissipate energy [4.7].

4.2.2

Scatter and Connect Algorithms

As discussed in Chapter 3, the TLM scatter and connect algorithms represent
the central process through which the discrete implementation of Huygens principle is
realized. Following the initial injection of energy into the network the TLM simulation
process follows an iterative procedure of alternating between scattering at nodes and
propagating each scattered pulse to link lines of adjacent nodes. Like the 2D TLM
models the full scatter equation of the SCN can be derived using an equivalent network
approach as described in [4.12], [4.13]. This approach develops on the understanding
that the SCN topology is composed of constituent 2D shunt and series circuits
representing the various field polarizations. As such, the 2D shunt and series circuits
have some contributions to the scattering at each node. The overall scattering
procedure in the SCN is compactly written as [4.12], [4.13]
𝑖
𝑟
𝑉𝑖𝑛𝑗
= 𝑉𝑗 ± 𝐼𝑘 𝑍𝑖𝑗 − 𝑉𝑖𝑝𝑗
,
𝑖
𝑟
𝑉𝑖𝑝𝑗
= 𝑉𝑗 ∓ 𝐼𝑘 𝑍𝑖𝑗 − 𝑉𝑖𝑛𝑗
,
𝑖
𝑟
𝑉𝑜𝑗
= 𝑉𝑗 − 𝑉𝑜𝑗
,

𝑉𝑠𝑗𝑟 = 𝐼𝑗 𝑍𝑠𝑗 − 𝑉𝑠𝑗𝑖 ,

(4.24)

where 𝑉𝑗 and 𝐼𝑗 denote the total j-directed voltage and current respectively which are
computed using the 2D Thevenin circuits presented in chapter 3. The upper and lower
signs are applied respectively as follows using the indices rule
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(𝑖, 𝑗, 𝑘) ∈ {(𝑥, 𝑦, 𝑧), (𝑦, 𝑧, 𝑥 ), (𝑧, 𝑥, 𝑦)}
and
(𝑖, 𝑗, 𝑘) ∈ {(𝑥, 𝑧, 𝑦), (𝑦, 𝑥, 𝑧), (𝑧, 𝑦, 𝑥 )}.

(4.25)

Like the 2D TLM nodes the connect procedure in the SCN involves a
straightforward swapping of reflected pulses between link lines of adjacent nodes. The
connect algorithm in the basic SCN is thus expressed as below [4.7]

𝑖
𝑁+1 𝑉𝑦𝑛𝑥

(𝑥, 𝑦 + ∆𝑦, 𝑧) =

𝑟
𝑁 𝑉𝑦𝑝𝑥 (𝑥, 𝑦, 𝑧),

𝑖
𝑁+1 𝑉𝑧𝑛𝑥

(𝑥, 𝑦, 𝑧 + ∆𝑧) =

𝑟
𝑁 𝑉𝑧𝑝𝑥 (𝑥, 𝑦, 𝑧),

𝑖
𝑁+1 𝑉𝑥𝑛𝑦

(𝑥 + ∆𝑥, 𝑦, 𝑧) =

𝑟
𝑁 𝑉𝑥𝑝𝑦 (𝑥, 𝑦, 𝑧),

𝑖
𝑁+1 𝑉𝑧𝑛𝑦

(𝑥, 𝑦, 𝑧 + ∆𝑧) =

𝑟
𝑁 𝑉𝑧𝑝𝑦 (𝑥, 𝑦, 𝑧),

𝑖
𝑁+1 𝑉𝑦𝑛𝑧

(𝑥, 𝑦 + ∆𝑦, 𝑧) =

𝑟
𝑁 𝑉𝑦𝑝𝑧 (𝑥, 𝑦, 𝑧),

𝑖
𝑁+1 𝑉𝑥𝑛𝑧

(𝑥 + ∆𝑥, 𝑦, 𝑧) =

𝑟
𝑁 𝑉𝑥𝑝𝑧 (𝑥, 𝑦, 𝑧),

𝑖
𝑁+1 𝑉𝑦𝑝𝑧

(𝑥, 𝑦 − ∆𝑦, 𝑧) =

𝑟
𝑁 𝑉𝑦𝑛𝑧 (𝑥, 𝑦, 𝑧),

𝑖
𝑁+1 𝑉𝑧𝑝𝑦

(𝑥, 𝑦, 𝑧 − ∆𝑧) =

𝑟
𝑁 𝑉𝑧𝑛𝑦 (𝑥, 𝑦, 𝑧),

𝑖
𝑁+1 𝑉𝑧𝑝𝑥

(𝑥, 𝑦, 𝑧 − ∆𝑧) =

𝑟
𝑁 𝑉𝑧𝑛𝑥 (𝑥, 𝑦, 𝑧),

𝑖
𝑁+1 𝑉𝑥𝑝𝑧 (𝑥

− ∆𝑥, 𝑦, 𝑧) =

𝑟
𝑁 𝑉𝑥𝑛𝑧 (𝑥, 𝑦, 𝑧),

𝑖
𝑁+1 𝑉𝑥𝑝𝑦 (𝑥

− ∆𝑥, 𝑦, 𝑧) =

𝑟
𝑁 𝑉𝑥𝑛𝑦 (𝑥, 𝑦, 𝑧),

𝑖
𝑁+1 𝑉𝑦𝑝𝑥 (𝑥, 𝑦

− ∆𝑦, 𝑧) =

𝑟
𝑁 𝑉𝑦𝑛𝑥 (𝑥, 𝑦, 𝑧),

(4.22)

𝑟
where the scattered pulse from the present time step 𝑁 are as denoted as 𝑁 𝑉𝑖𝛼𝑗
and the
𝑖
pulses incident on a port in the next time step N+1 are denoted as 𝑁+1 𝑉𝑖𝛼𝑗
. In the stub

loaded SCN configurations additional connect equations for inductive and capacitive
stubs are computed as follows
𝑖
𝑁+1 𝑉𝑜𝑥 (𝑥, 𝑦, 𝑧)

=

𝑟
𝑁 𝑉𝑜𝑥 (𝑥, 𝑦, 𝑧),

𝑖
𝑁+1 𝑉𝑜𝑦 (𝑥, 𝑦, 𝑧)

=

𝑟
𝑁 𝑉𝑜𝑦 (𝑥, 𝑦, 𝑧),

𝑖
𝑁+1 𝑉𝑜𝑧 (𝑥, 𝑦, 𝑧)

=

𝑟
𝑁 𝑉𝑜𝑧 (𝑥, 𝑦, 𝑧),

𝑖
𝑁+1 𝑉𝑠𝑥 (𝑥, 𝑦, 𝑧)

= − 𝑁 𝑉𝑠𝑥𝑟 (𝑥, 𝑦, 𝑧),
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𝑖
𝑁+1 𝑉𝑠𝑦 (𝑥, 𝑦, 𝑧)

= − 𝑁 𝑉𝑠𝑦𝑟 (𝑥, 𝑦, 𝑧),

𝑖
𝑁+1 𝑉𝑠𝑧 (𝑥, 𝑦, 𝑧)

= − 𝑁 𝑉𝑠𝑧𝑟 (𝑥, 𝑦, 𝑧).

(4.23)

4.3 The Mapped SCN-PML
In the previous section the general constitutive relation of the SCN was
presented which led to the description of two commonly used SCN configurations.
The remainder of this section shall derive a new configuration of the SCN which
implements the theory of the stretched coordinate PML. This novel SCN-PML
formulation, referred to as mapped SCN-PML, is an extension of the mapped approach
described in Chapter 3 for the 2D TLM node.

As demonstrated in Chapter 3, the mapped approach implements the stretched
coordinate PML theory as a transformation of the transmission line parameters. As
illustrated in Fig. 4.2, the mapping process can be physically interpreted as stretching
the basic TLM node about a point O (the node centre) from real to complex domain.
This results in complex line admittances/impedances, complex propagation delay, and
subsequently modified scatter-connect equations. It is important to note that the
behavior at the node centre is unmodified in this scheme which thus ensures the
characteristics of the basic TLM node is retained.

Figure 4.2. Diagram illustrating the process of mapping of the (a) standard 2D
TLM node to the (b) Stretched 2D TLM node.
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In order to formulate the mapped SCN-PML a general constitutive relation in
the stretched coordinate domain must be established. This process relies on deriving a
suitable medium-circuit equivalence as similarly shown in equations (4.1) and (4.2).
Consequently, consider the y-projections of Faraday’s and Ampere’s laws
defined in (2.2), (2.3) which when given in a coordinate stretched space are expressed
as
𝜕𝐻𝑦
1 𝜕𝐸𝑥
1 𝜕𝐸𝑧
−
= −𝜇𝑦
− 𝜎𝑚𝑦 𝐻𝑦 ,
𝑆𝑧 𝜕𝑧
𝑆𝑥 𝜕𝑥
𝜕𝑡

(4.26)

𝜕𝐸𝑦
1 𝜕𝐻𝑥
1 𝜕𝐻𝑧
−
= 𝜖𝑦
+ 𝜎𝑒𝑦 𝐸𝑦 ,
𝑆𝑧 𝜕𝑧
𝑆𝑥 𝜕𝑥
𝜕𝑡

(4.27)

where 𝑆𝑥 , 𝑆𝑦 and 𝑆𝑧 are coordinate stretch factors in x-, y- and z- directions which are
compactly expressed as

𝑆𝑖 = 1 +

𝜎𝑠𝑖
,
𝑗𝜔

𝜎𝑠𝑖 (𝑖 ) =

𝜎𝑖
≥ 0, 𝑖 = 𝑥, 𝑦, 𝑧,
𝜖0

(4.28)

where 𝜎𝑖 represents the conductivity profile along the i-coordinate axis that controls
the rate of decay. The coordinate stretch factors employed in (4.26) and (4.27)
theoretically support the desired reflection-free attenuation of propagating waves and
are defined according to stretched coordinate PML [4.14].

In its present form equations (4.26) and (4.27) represent a modification of
Maxwell’s equation therefore the field solutions in the PML medium will not satisfy
Maxwell’s equations (i.e. non-Maxwellian fields arise), also no physical insight on the
transformation of the PML medium parameters is revealed by both equations. In
pursuit of a mapped SCN-PML formulation a suitable medium-circuit must be
obtained therefore a re-expression of (4.26) and (4.27) must be sought.

By multiplying both sides of (4.26) and (4.27) with 𝑆𝑧 𝑆𝑥 the following
equations are obtained,
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𝜕𝑆𝑥 𝐸𝑥 𝜕𝑆𝑧 𝐸𝑧
𝑆𝑧 𝑆𝑥 𝜕𝑆𝑦 𝐻𝑦 𝑆𝑧 𝑆𝑥
−
=−
𝜇
−
𝜎 𝐻 𝑆 ,
𝜕𝑧
𝜕𝑥
𝑆𝑦 𝑦 𝜕𝑡
𝑆𝑦 𝑚𝑦 𝑦 𝑦

(4.29)

𝜕𝑆𝑥 𝐻𝑥 𝜕𝑆𝑧 𝐻𝑧 𝑆𝑧 𝑆𝑥 𝜕𝑆𝑦 𝐸𝑦 𝑆𝑧 𝑆𝑥
−
=
𝜖
+
𝜎 𝐸 𝑆 ,
𝜕𝑧
𝜕𝑥
𝑆𝑦 𝑦 𝜕𝑡
𝑆𝑦 𝑒𝑦 𝑦 𝑦

(4.30)

both of which are a re-expression of (4.26) and (4.27) and represent Maxwell’s
equations but in a material space with complex anisotropic electric and magnetic
properties. More importantly, this present form generates Maxwellian field solutions
although with the following scaling applied on the fields,

𝐸𝑖 → 𝑆𝑖 𝐸𝑖 ,

𝐻𝑖 → 𝑆𝑖 𝐻𝑖 .

In addition, the form adopted highlights the transformation of the medium
parameters which are given as
𝑆𝑧 𝑆𝑥
𝜇 ,
𝑆𝑦 𝑦

𝜖̃𝑦 =

𝑆𝑧 𝑆𝑥
𝜖 ,
𝑆𝑦 𝑦

𝑆𝑧 𝑆𝑥
𝜎 ,
𝑆𝑦 𝑚𝑦

𝜎̃𝑒𝑦 =

𝑆𝑧 𝑆𝑥
𝜎 ,
𝑆𝑦 𝑒𝑦

𝜇̃𝑦 =

𝜎̃𝑚𝑦 =

(4.31)

where the ̃ is used to indicate parameters in the complex stretched space. The above
transformation of the medium parameters reveals the geometry and material interrelationship of Maxwell’s equations which enables the form invariance property [4.15]
where the solutions in a stretched coordinate space with free space material parameters
are the same as solutions in an unstretched space but with more complex anisotropic
material parameters. This interpretation is crucial to the TLM-PML development
made here since according to the underlying TLM medium-circuit equivalence, the
coordinate stretching is thus applied directly to the numerical algorithm. Therefore, by
a mapping of the TLM circuit parameters, the TLM solution to Maxwell’s equations
is obtained but with the desired absorption behavior applied.
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According to the TLM medium-to-circuit equivalence previously described in
(4.1) and (4.2) the SCN circuit parameters in the stretched space are now given as

𝐿̃𝑡𝑦 = 𝜇̃𝑦 ∆𝑙 =

𝑆𝑧 𝑆𝑥
𝜇 ∆𝑙,
𝑆𝑦 𝑦

𝐶̃𝑦𝑡 = 𝜖̃𝑦 ∆𝑙 =

𝑆𝑧 𝑆𝑥
𝜖 ∆𝑙,
𝑆𝑦 𝑦

𝑅̃𝑦 = 𝜎̃𝑚𝑦 ∆𝑙 =
𝐺̃𝑦 = 𝜎̃𝑒𝑦 ∆𝑙 =

𝑆𝑧 𝑆𝑥
𝜎 ∆𝑙,
𝑆𝑦 𝑚𝑦

𝑆𝑧 𝑆𝑥
𝜎 ∆𝑙,
𝑆𝑦 𝑒𝑦

(4.32)

with
∆𝑧 ∆𝑥
,
∆𝑦

∆𝑙 =

where 𝐿̃𝑡y and 𝐶̃y𝑡 represent the mapped total inductance and capacitance along the ydirection, respectively, and 𝑅̃𝑦 and 𝐺̃𝑦 represent the mapped resistance and
conductance along the y-directions, respectively.

By applying a similar process as described above to the x and z projections of
Faraday’s and Ampere’s laws a general medium-circuit equivalence can be defined
for the mapped SCN-PML which is expressed in compact notation as
𝑆 𝑆
𝐶̃𝑖𝑡 = 𝑗𝑆 𝑘 𝜖𝑖 ∆𝑙 𝑖 ,

𝐿̃𝑡i =

𝑖

𝑆 𝑆
𝐺̃𝑖 = 𝑗𝑆 𝑘 𝜎𝑒𝑖 ∆𝑙 𝑖 ,

𝑆𝑗 𝑆𝑘
𝑆𝑖

𝜇𝑖 ∆𝑙 𝑖 ,

𝑆 𝑆
𝑅̃𝑖 = 𝑗𝑆 𝑘 𝜎𝑚𝑖 ∆𝑙 𝑖 ,

𝑖

𝑖

(4.33)

.
with
∆𝑙 𝑖 =

∆𝑗 ∆𝑘
,
∆𝑖

Following the derivation of (4.33) the general constitutive relations in the
mapped SCN-PML are therefore established as
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𝐿̃𝑡j = 𝐿̃𝑖𝑘 ∆𝑖 + 𝐿̃𝑘𝑖 ∆𝑘 + 𝐿̃𝑠j ,
𝐶̃j𝑡 = 𝐶̃𝑖𝑗 ∆𝑖 + 𝐶̃𝑘𝑗 ∆𝑘 + 𝐶̃j𝑜 ,

(4.34)

where each distributed inductance and capacitance in (4.34) undergoes a similar
stretching as the corresponding 𝐿𝑗𝑡 and 𝐶𝑗𝑡 (4.33) to yield the following relations

𝐿̃𝑖𝑘 =

𝐶̃𝑖𝑗 =

𝑆𝑖 𝑆𝑘
𝐿 ,
𝑆𝑗 𝑖𝑘

𝐿̃𝑠j =

𝑆𝑖 𝑆𝑘
𝐶 ,
𝑆𝑗 𝑖𝑗

𝐶̃j𝑜 =

𝑆𝑖 𝑆𝑘 𝑠
𝐿 ,
𝑆𝑗 j
𝑆𝑖 𝑆𝑘 𝑜
𝐶 .
𝑆𝑗 𝑗

(4.35)

Following from (4.35), the propagation delay ∆𝑡𝑖 are transformed to a complex
̃𝑖 according to the following rule
variable ∆𝑡

̃𝑖 = ∆𝑖√𝐿̃𝑖𝑗 𝐶̃𝑖𝑗 = ∆𝑖√
∆𝑡

𝑆𝑖 𝑆𝑗
𝑆𝑖 𝑆𝑘
𝐿𝑖𝑗
𝐶 = 𝑆𝑖 ∆𝑡𝑖 ,
𝑆𝑘
𝑆𝑗 𝑖𝑗

= ∆𝑡𝑖 + 𝑗 (

∆𝑡𝑖 𝜎𝑠𝑖
),
𝑗𝜔

(4.36)

and the characteristic impedance (admittance) of the i-directed and j-polarized TLs in
the mapped SCN-PML is given as

𝑆𝑖 𝑆𝑗
𝑆𝑗
1
𝑆 𝐿𝑖𝑗
𝑍̃𝑖𝑗 = √ 𝑘
= 𝑍𝑖𝑗 =
.
𝑆𝑖 𝑆𝑘
̃𝑖𝑗
𝑆
𝑌
𝑘
𝐶
𝑆𝑗 𝑖𝑗

(4.37)

The characteristic impedance/admittance of the stub lines experience a similar
stretching to the corresponding 𝐿𝑠j and 𝐶 𝑜𝑗 (4.35) parameters. Therefore, the
transformed impedance of the short-circuit stub is given as
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𝑍̃𝑠𝑗 = 𝑍𝑠𝑗

𝑆𝑖 𝑆𝑘
,
𝑆𝑗

(4.38)

and the transformed admittance open-circuit stub is given as

𝑌̃𝑜𝑗 = 𝑌𝑜𝑗

𝑆𝑖 𝑆𝑘
.
𝑆𝑗

(4.39)

The constituent 2D nodes which make up the mapped SCN-PML can be
straightforwardly derived by applying the transformed admittance/impedance
parameters derived in (4.37) to the shunt and series nodes shown in Chapter 3. This
results in a total of six mapped shunt node and mapped series node defined within the
topology of the mapped SCN. The Thèvenin circuits of both nodes is illustrated in Fig.
4.3 and 4.4.

Figure 4.3. Thevenin equivalent circuit of the mapped shunt node PML.
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Figure 4.4. Thevenin equivalent circuit of the mapped series node PML.

4.3.1

Modified Scatter Algorithms

Like the standard (unstretched) SCN an equivalent network model approach is
employed to derive the scatter equations of the mapped SCN-PML [4.12], [4.13]. The
scattering procedure in the mapped SCN-PML can thus be written compactly as
𝑖
𝑟
𝑉𝑖𝑛𝑗
= 𝑉̃𝑗 ± 𝐼̃𝑘 𝑍̃𝑖𝑗 − 𝑉𝑖𝑝𝑗
,
𝑖
𝑟
𝑉𝑖𝑝𝑗
= 𝑉̃𝑗 ∓ 𝐼̃𝑘 𝑍̃𝑖𝑗 − 𝑉𝑖𝑛𝑗
,
𝑖
𝑟
𝑉𝑜𝑗
= 𝑉̃𝑗 − 𝑉𝑜𝑗
,

𝑉𝑠𝑗𝑟 = 𝐼̃𝑗 𝑍̃𝑠𝑗 − 𝑉𝑠𝑗𝑖 ,

(4.40)

where the upper and lower signs are similarly applied according to the indices rule
shown in (4.25).
An expression for the equivalent voltage in the j-direction 𝑉̃𝑗 can be easily
obtained by applying circuit theory to the mapped shunt circuit (Fig.4.3) to give

96

A Complex Domain Mapping of the SCN

𝑉̃𝑗 = 2

𝑖
𝑖
𝑖
𝑖
𝑖
) + 𝑆𝑖 𝑌𝑘𝑗 (𝑉𝑘𝑝𝑗
𝑆𝑘 𝑌𝑖𝑗 (𝑉𝑖𝑛𝑗
+ 𝑉𝑖𝑝𝑗
+ 𝑉𝑘𝑛𝑗
) + 𝑆𝑖 𝑆𝑘 𝑌𝑜𝑗 𝑉𝑜𝑗
.
2𝑆𝑘 𝑌𝑖𝑗 + 2𝑆𝑖 𝑌𝑘𝑗 + 𝑆𝑖 𝑆𝑘 (𝐺𝑒𝑗 + 𝑌𝑜𝑗 )

(4.41)

Similarly, an expression for the equivalent current in the k direction 𝐼̃𝑘 is
obtained from Fig.4.4 as

𝐼̃𝑘 = 2

𝑖
𝑖
𝑖
𝑖
𝑖
(𝑉𝑖𝑛𝑗
) + (𝑉𝑗𝑝𝑖
) − 𝑉𝑠𝑘
− 𝑉𝑖𝑝𝑗
− 𝑉𝑗𝑛𝑖
.
𝑆𝑗
𝑆𝑖 𝑆𝑗
𝑆𝑖
(
)
𝑆𝑘 𝑍𝑖𝑗 + 𝑆𝑘 𝑍𝑗𝑖 + 𝑆𝑘 𝑍𝑠𝑘 + 𝑅𝑚𝑘

(4.42)

𝜎𝑗

As a result of the PML transformation factor 𝑆𝑗 = 1 + 𝑗 𝜖

0𝜔

the mapped SCN

parameters presented thus far are defined as complex frequency parameters. As
similarly described in Chapter 3, for an appropriate time domain TLM computation a
bilinear transformation [4.16] must therefore be applied which enables a mapping of
the complex frequency voltages/currents shown in (4.41) and (4.42) to discrete time
domain representations. This transformation is particularly required to compute the
full scatter equations.

According to the compact notation in (4.40) the full scatter equations for each
link line in the SCN is obtained by computing the time domain representations of 𝑉̃𝑗
and 𝑍̃𝑖𝑗 𝐼̃𝑘 and making appropriate substitutions in line with the indices rule (4.25).

Sections 4.3.2 and 4.3.3 below shall therefore focus on deriving the full scatter
equations for the 12-port and 15-port Mapped SCN-PML. The approach taken is
general and be can be straightforwardly applied to the general case of the 18-port stub
loaded SCN node and other hybrid SCN nodes.

4.3.2

Full Scatter Equations: 12-port Mapped

SCN-PML
To permit a simpler presentation, and since the majority of the applications in
which the PML is typically applied involve terminating materially homogeneous cubic
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meshes i.e. ∆𝑥 = ∆𝑦 = ∆𝑧, the full scatter algorithm is first derived for the basic 12port mapped SCN where 𝑍𝑠𝑗 = 𝑌𝑜𝑗 = 𝑅𝑚𝑗 = 𝐺𝑒𝑗 = 0, and 𝑍𝑖𝑗 = 𝑍0 .
𝜎

Substituting the complex stretch factors 𝑆𝑖 = 1 + 𝑗𝜔𝑠𝑖 , 𝑆𝑘 = 1 +

𝜎𝑠𝑘
𝑗𝜔

into

(4.41) and setting 𝑌𝑜𝑗 = 𝐺𝑒𝑗 = 0, and 𝑌𝑖𝑗 = 𝑌0 obtains

𝑉̃𝑗 (𝑗𝜔) =

𝑖
𝑖
𝑖
𝑖
) + (𝑗𝜔 + 𝜎𝑠𝑖 )(𝑉𝑘𝑝𝑗
(𝑗𝜔 + 𝜎𝑠𝑘 )(𝑉𝑖𝑛𝑗
+ 𝑉𝑖𝑝𝑗
+ 𝑉𝑘𝑛𝑗
)
,
2𝑗𝜔 + 𝜎𝑠𝑘 + 𝜎𝑠𝑖

(4.43)

which upon applying the transformation 𝑠 → 𝑗𝜔 and the bilinear transformation
𝑠→

2 1−𝑧 −1
∆𝑡 1+𝑧 −1

gives

1 𝑖
𝑖
𝑖
𝑖
(𝑉 + 𝑉𝑖𝑝𝑗
)−
+ 𝑉𝑘𝑛𝑗
+ 𝑉𝑘𝑝𝑗
2 𝑖𝑛𝑗

1 𝑖
𝑖
𝑖
𝑖
(𝑉 + 𝑉𝑖𝑝𝑗
)z −1 +
+ 𝑉𝑘𝑛𝑗
+ 𝑉𝑘𝑝𝑗
2 𝑖𝑛𝑗
𝜎𝑠𝑘 ∆𝑡
𝑖
𝑖
𝑖
𝑖
𝑉̃𝑗 [𝑧] = 𝛼𝑗
) + ( 𝑉𝑖𝑛𝑗
) z −1 ) + ,
((𝑉𝑖𝑛𝑗
+ 𝑉𝑖𝑝𝑗
+ 𝑉𝑖𝑝𝑗
4
𝜎𝑠𝑖 ∆𝑡
𝑖
𝑖
𝑖
𝑖
) + ( 𝑉𝑘𝑛𝑗
)𝑧 −1 ) +
((𝑉𝑘𝑛𝑗
+ 𝑉𝑘𝑝𝑗
+ 𝑉𝑘𝑝𝑗
4
(𝜎𝑠𝑖 + 𝜎𝑠𝑘 )∆𝑡
(1 −
) 𝑉̃𝑗 𝑧 −1
(
)
4

(4.44)

where 𝛼𝑗 is given by

𝛼𝑗 =

4
.
4 + (𝜎𝑠𝑖 + 𝜎𝑠𝑘 )∆𝑡

(4.45)

To obtain a discrete time domain representation of 𝑉̃𝑗 [𝑧] an inverse Ztransform is performed on (4.44), where 𝑧 −1 indicates use of samples in the previous
time step (𝑁 − 1)∆𝑡 and 𝑁∆𝑡 denotes the current time step. This yields a compact
formulation
̃ = 𝛼𝑗 𝑁 𝑉𝑗 +

𝑁 𝑉𝑗

where

𝑁 𝑉𝑗

𝑃𝑀𝐿𝑠ℎ𝑢𝑛𝑡
,
𝑁 𝑉𝑗

(4.46)

represents the total voltage in the standard shunt circuit given as [4.7]
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𝑁 𝑉𝑗 =

and

𝑃𝑀𝐿𝑠ℎ𝑢𝑛𝑡
𝑁 𝑉𝑗

+

𝑖
𝑁 𝑉𝑖𝑝𝑗

𝑖
+ 𝑁 𝑉𝑘𝑛𝑗
+
2

𝑖
𝑁 𝑉𝑘𝑝𝑗

(4.47)

,

̃ and is given as

𝑁 𝑉𝑗

represents the PML voltages attributed to

𝑃𝑀𝐿𝑠ℎ𝑢𝑛𝑡
𝑁 𝑉𝑗

=
−

𝜎𝑠𝑘 ∆𝑡
(
4
𝜎𝑠𝑖 ∆𝑡
(
4

𝛼𝑗

𝑖
𝑁 𝑉𝑖𝑛𝑗

1
2

𝑖
𝑁−1 (𝑉𝑖𝑛𝑗
𝑁(

𝑖
𝑖
𝑖
)+
+ 𝑉𝑖𝑝𝑗
+ 𝑉𝑘𝑛𝑗
+ 𝑉𝑘𝑝𝑗

𝑖
𝑖
) +
𝑉𝑖𝑛𝑗
+ 𝑉𝑖𝑝𝑗

𝑖
𝑖
𝑁 ( 𝑉𝑘𝑛𝑗 + 𝑉𝑘𝑝𝑗 ) +

(1 −

(

𝑖
𝑁−1 ( 𝑉𝑖𝑛𝑗

𝑖
))+
+ 𝑉𝑖𝑝𝑗

.

(4.48)

𝑖
𝑖
𝑁−1 ( 𝑉𝑘𝑛𝑗 + 𝑉𝑘𝑝𝑗 )) +

(𝜎𝑠𝑖 + 𝜎𝑠𝑘 )∆𝑡
)
4

̃

𝑁−1 𝑉𝑗

)
𝜎𝑠𝑗

𝜎

Substituting the complex stretch factors 𝑆𝑖 = 1 + 𝑗𝜔𝑠𝑖 , 𝑆𝑗 = 1 + 𝑗𝜔 and 𝑆𝑘 =
1+

𝜎𝑠𝑘
𝑗𝜔

into (4.42) and setting 𝑍𝑠𝑘 = 𝑅𝑚𝑘 = 0, and 𝑍𝑗𝑖 = 𝑍𝑖𝑗 = 𝑍0 obtains

𝐼̃𝑘 = 2(𝑗𝜔 + 𝜎𝑠𝑘 )

𝑖
𝑖
𝑖
𝑖
(𝑉𝑖𝑛𝑗
) + (𝑉𝑗𝑝𝑖
)
− 𝑉𝑖𝑝𝑗
− 𝑉𝑗𝑛𝑖

𝑍0 (2𝑗𝜔 + 𝜎𝑠𝑖 + 𝜎𝑠𝑗 )

(4.49)

.

Similarly, the discrete time form of the current 𝐼̃𝑘 is obtained by applying the
bilinear transformation to (4.49) to yield

( 𝑁 𝐼𝑘 −
̃ = 𝛼𝑘

𝑁 𝐼𝑘

𝑁 𝐼𝑘

+

𝜎𝑠𝑘 ∆𝑡
(
2

𝑁 𝐼𝑘

(𝜎𝑠𝑖 + 𝜎𝑠𝑗 )∆𝑡
(1 −
)
4

(
where

𝑁−1 𝐼𝑘

+

𝑁−1 𝐼𝑘

)) +
,

(4.50)

̃

𝑁−1 𝐼𝑘

)

represents the total k-directed current in the standard series circuit [4.7]

given as

𝑁 𝐼𝑘

=

𝑖
( 𝑁 𝑉𝑖𝑛𝑗
−

𝑖
𝑁 𝑉𝑖𝑝𝑗
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𝑖
) + ( 𝑁 𝑉𝑘𝑝𝑗
−
2𝑍0

𝑖
𝑁 𝑉𝑘𝑛𝑗 )

.

(4.51)
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The total voltage 𝑉̃𝑖𝑗 across the i-directed and j-polarized transmission line in
the k-directed mapped series circuit (see Fig. 4.4) is given as
𝑆𝑗
.
𝑆𝑘

𝑉̃𝑖𝑗 = 𝐼̃𝑘 𝑍̃𝑖𝑗 = 𝐼̃𝑘 𝑍𝑖𝑗

(4.52)

By applying the bilinear transformation to (4.52) a compact formulation for
𝐼̃𝑘 𝑍̃𝑖𝑗 ≡

̃ is obtained as

𝑁 𝑉𝑖𝑗

𝐼̃𝑘 𝑍̃𝑖𝑗 =

where

𝑃𝑀𝐿_𝑠𝑒𝑟𝑖𝑒𝑠
𝑁 𝑉𝑖𝑗

̃ = 𝛼𝑘 𝑁 𝐼𝑘 𝑍0 +

𝑁 𝑉𝑖𝑗

𝑃𝑀𝐿𝑠𝑒𝑟𝑖𝑒𝑠
,
𝑁 𝑉𝑖𝑗

(4.53)

represents the PML voltages in the mapped series circuit given as

𝑃𝑀𝐿𝑠𝑒𝑟𝑖𝑒𝑠
𝑁 𝑉𝑖𝑗

𝑍0 ( −𝑁−1 𝐼𝑘 +
= 𝛼𝑘

𝜎𝑠𝑘 ∆𝑡
(
2

𝑁 𝐼𝑘

(𝜎𝑠𝑖 + 𝜎𝑠𝑗 )∆𝑡
(1 −
)
4

(

+

𝑁−1 𝐼𝑘 )

)+
.

(4.54)

̃

𝑁−1 𝑉𝑖𝑗

)

Therefore, by substituting (4.46) and (4.53) into (4.40) the discrete time
domain expression describing the scatter in the 12-port mapped SCN-PML is obtained.
For example, the reflected voltage on the xnz transmission line is given as

𝑟
𝑁 𝑉𝑥𝑛𝑧

= 𝛼𝑧 𝑁 𝑉𝑧 − 𝛼𝑦 𝑁 𝐼𝑦 𝑍0 +

𝑃𝑀𝐿
𝑁 𝑉𝑥𝑛𝑧

−

𝑖
𝑁 𝑉𝑥𝑝𝑧 ,

(4.55)

where
𝑃𝑀𝐿
𝑁 𝑉𝑥𝑛𝑧

=

𝑃𝑀𝐿𝑠ℎ𝑢𝑛𝑡
𝑁 𝑉𝑧

−

𝑃𝑀𝐿𝑠𝑒𝑟𝑖𝑒𝑠
,
𝑁 𝑉𝑥𝑧

(4.56)

Following the above derivation, the complete scatter equations for the 12-port
mapped SCN are given below
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𝑟
𝑖
𝑃𝑀𝐿
𝑉𝑦𝑛𝑥
= 𝛼𝑥 𝑉𝑥 − 𝛼𝑧 𝐼𝑧 𝑍0 − 𝑉𝑦𝑝𝑥
+ 𝑉𝑦𝑛𝑥
,
𝑟
𝑖
𝑃𝑀𝐿
𝑉𝑧𝑛𝑥
= 𝛼𝑥 𝑉𝑥 + 𝛼𝑦 𝐼𝑦 𝑍0 − 𝑉𝑧𝑝𝑥
+ 𝑉𝑧𝑛𝑥
,
𝑟
𝑖
𝑃𝑀𝐿
𝑉𝑥𝑛𝑦
= 𝛼𝑦 𝑉𝑦 + 𝛼𝑧 𝐼𝑧 𝑍0 − 𝑉𝑥𝑝𝑦
+ 𝑉𝑥𝑛𝑦
,
𝑟
𝑖
𝑃𝑀𝐿
𝑉𝑧𝑛𝑦
= 𝛼𝑦 𝑉𝑦 − 𝛼𝑥 𝐼𝑥 𝑍0 − 𝑉𝑧𝑝𝑦
+ 𝑉𝑧𝑛𝑦
,
𝑟
𝑖
𝑃𝑀𝐿
𝑉𝑦𝑛𝑧
= 𝛼𝑧 𝑉𝑧 + 𝛼𝑥 𝐼𝑥 𝑍0 − 𝑉𝑦𝑝𝑧
+ 𝑉𝑦𝑛𝑧
,
𝑟
𝑖
𝑃𝑀𝐿
𝑉𝑥𝑛𝑧
= 𝛼𝑧 𝑉𝑧 − 𝛼𝑦 𝐼𝑦 𝑍0 − 𝑉𝑥𝑝𝑧
+ 𝑉𝑥𝑛𝑧
,
𝑟
𝑖
𝑃𝑀𝐿
𝑉𝑦𝑝𝑧
= 𝛼𝑧 𝑉𝑧 − 𝛼𝑥 𝐼𝑥 𝑍0 − 𝑉𝑦𝑛𝑧
+ 𝑉𝑦𝑝𝑧
,
𝑟
𝑖
𝑃𝑀𝐿
𝑉𝑧𝑝𝑦
= 𝛼𝑦 𝑉𝑦 + 𝛼𝑥 𝐼𝑥 𝑍0 − 𝑉𝑧𝑛𝑦
+ 𝑉𝑧𝑝𝑦
,
𝑟
𝑖
𝑃𝑀𝐿
𝑉𝑧𝑝𝑥
= 𝛼𝑥 𝑉𝑥 − 𝛼𝑦 𝐼𝑦 𝑍0 − 𝑉𝑧𝑛𝑥
+ 𝑉𝑧𝑝𝑥
,
𝑟
𝑖
𝑃𝑀𝐿
𝑉𝑥𝑝𝑧
= 𝛼𝑧 𝑉𝑧 + 𝛼𝑦 𝐼𝑦 𝑍0 − 𝑉𝑥𝑛𝑧
+ 𝑉𝑥𝑝𝑧
,
𝑟
𝑖
𝑃𝑀𝐿
𝑉𝑥𝑝𝑦
= 𝛼𝑦 𝑉𝑦 − 𝛼𝑧 𝐼𝑧 𝑍0 − 𝑉𝑥𝑛𝑦
+ 𝑉𝑥𝑝𝑦
,
𝑟
𝑖
𝑃𝑀𝐿
𝑉𝑦𝑝𝑥
= 𝛼𝑥 𝑉𝑥 + 𝛼𝑧 𝐼𝑧 𝑍0 − 𝑉𝑦𝑛𝑥
+ 𝑉𝑦𝑝𝑥
,

(4.57)

with

𝛼𝑥 =

4
4 + (𝜎𝑠𝑧 + 𝜎𝑠𝑦 )∆𝑡
𝛼𝑧 =

,

𝛼𝑦 =

4
,
4 + (𝜎𝑠𝑧 + 𝜎𝑠𝑥 )∆𝑡

4
4 + (𝜎𝑠𝑥 + 𝜎𝑠𝑦 )∆𝑡 ,

where 𝑉𝑥 , 𝑉𝑦 and 𝑉𝑧 denote the total x, y and z-directed voltages in the standard SCN
node, respectively, and 𝐼𝑥 , 𝐼𝑦 and 𝐼𝑧 denote the total currents flowing in the x, y and z𝑃𝑀𝐿
directions in the standard SCN node, respectively [4.7]. The voltages 𝑉𝑖𝛼𝑗
represent

the PML voltages associated with the reflected pulses on each TL which are given as
𝑃𝑀𝐿𝑠𝑒𝑟𝑖𝑒𝑠

𝑃𝑀𝐿
𝑉𝑦𝑛𝑥,𝑦𝑝𝑥
= 𝑉𝑥𝑃𝑀𝐿_𝑠ℎ𝑢𝑛𝑡 ∓ 𝑉𝑦𝑥

,

𝑃𝑀𝐿
𝑉𝑧𝑛𝑥,𝑧𝑝𝑥
= 𝑉𝑥𝑃𝑀𝐿_𝑠ℎ𝑢𝑛𝑡 ± 𝑉𝑧𝑥𝑃𝑀𝐿_𝑠𝑒𝑟𝑖𝑒𝑠 ,
𝑃𝑀𝐿_𝑠𝑒𝑟𝑖𝑒𝑠
𝑃𝑀𝐿
𝑉𝑥𝑛𝑦,𝑥𝑝𝑦
= 𝑉𝑦𝑃𝑀𝐿_𝑠ℎ𝑢𝑛𝑡 ± 𝑉𝑥𝑦
,
𝑃𝑀𝐿𝑠𝑒𝑟𝑖𝑒𝑠

𝑃𝑀𝐿
𝑉𝑧𝑛𝑦,𝑧𝑝𝑦
= 𝑉𝑦𝑃𝑀𝐿_𝑠ℎ𝑢𝑛𝑡 ∓ 𝑉𝑧𝑦

,

𝑃𝑀𝐿_𝑠𝑒𝑟𝑖𝑒𝑠
𝑃𝑀𝐿
𝑉𝑦𝑛𝑧,𝑦𝑝𝑧
= 𝑉𝑧𝑃𝑀𝐿_𝑠ℎ𝑢𝑛𝑡 ± 𝑉𝑦𝑧
,
𝑃𝑀𝐿𝑠𝑒𝑟𝑖𝑒𝑠

𝑃𝑀𝐿
𝑉𝑥𝑛𝑧,𝑥𝑝𝑧
= 𝑉𝑧𝑃𝑀𝐿_𝑠ℎ𝑢𝑛𝑡 ∓ 𝑉𝑥𝑧
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,

(4.58)
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𝑃𝑀𝐿
where the upper sign, for example in component 𝑉𝐴,𝐵
, is applied to A-directed line

and the lower sign is applied to the B-directed line. Note that for the case where 𝜎𝑖 =
𝑃𝑀𝐿
𝜎𝑗 = 𝜎𝑘 = 0 then 𝑉𝑗𝑃𝑀𝐿_𝑠ℎ𝑢𝑛𝑡 = 𝑉𝑖𝑗𝑃𝑀𝐿_𝑠𝑒𝑟𝑖𝑒𝑠 = 𝑉𝑖𝛼𝑗
= 0 and 𝛼𝑖 = 𝛼𝑗 = 𝛼𝑘 = 1 and

the above becomes the standard SCN TLM scatter equations [4.7] for a simple
medium.

4.3.3

Full Scatter Equations: 15-port Mapped

HSCN-PML
The previous section derived the complete scatter equations required for
implementing the 12-port mapped SCN-PML which is suitable for terminating lossless
homogenous media. It is practically relevant to also develop the algorithms which
enable a deployment of the PML in inhomogeneous anisotropic media. In such
problems the PML layer must match the material property of the interfacing medium.
As illustrated in Fig 4.5 this condition can be simulated by overlapping the material
properties of the interfacing medium into the PML. Following a similar derivation to
section 4.3.2 the algorithms suitable for such applications are presented in this section
which are developed based on the mapping principles but are applied to the HSCN
[4.9], [4.10].

Figure 4.5. Diagram illustrating a infinitely extended lossy dielectric slab
situated in a computational domain terminated by PML medium. The infinite extent
of the slab is represented by overlapping the material properties of the interfacing
medium into the PML.
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The choice of usage of HSCN is made due to computational efficiency
attainable which arises since less stubs are used and the overall number of PML
auxiliary variables are thus reduced. Furthermore, compared to the Super Symmetrical
Condensed Node (SSCN), which completely alleviates the use of stubs, a better
dispersion characteristic is reported by the HSCN [4.17]-[4.18].

The complete scatter equations for the mapped HSCN-PML can be expressed
by computing the time domain representations of 𝑉̃𝑗 and 𝑍̃𝑖𝑗 𝐼̃𝑘 and making appropriate
substitutions in line with the indices rule (4.25). However unlike the development
shown in the previous section the capacitive stubs 𝑌𝑜𝑗 and lossy elements 𝐺𝑒𝑗 and 𝑅𝑚𝑘
are set to non-zero values in this case and the inductive stub 𝑍𝑠𝑘 is set to zero.
To distinguish between the expressions of the 12-port SCN and HSCN the
superscript " 𝐻𝑆𝐶𝑁 " is employed in equations that follow.
Note that 𝑉̃𝑗HSCN is equal to the total voltage expression 𝑉̃𝑗 given in (4.41)
which is a compact representation of the total z-directed voltage expression 𝑉̃𝑧 solved
in section 3.3.1 of chapter 3. Therefore, to avoid repetition the derivation of 𝑉̃𝑗HSCN is
avoided but rather the compact solution is presented

̃ HSCN
𝑁 𝑉𝑗

= 𝛼𝑗𝐻𝑆𝐶𝑁 𝑁 𝑉𝑗𝐻𝑆𝐶𝑁 + 𝑉𝑗

𝑃𝑀𝐿𝑠ℎ𝑢𝑛𝑡𝐻𝑆𝐶𝑁

,

where the full definitions of the PML related parameters i.e. 𝛼𝑗𝐻𝑆𝐶𝑁 and 𝑉𝑗

(4.59)

𝑃𝑀𝐿𝑠ℎ𝑢𝑛𝑡𝐻𝑆𝐶𝑁

are given in appendix 4A.

By substituting

𝑖
𝑉𝑠𝑘
= 𝑍𝑠𝑘 = 0 into (4.42) the following expression

for 𝑁 𝑉̃𝑖𝑗𝐻𝑆𝐶𝑁 ≡ 𝑍̃𝑖𝑗 𝐼̃𝑘𝐻𝑆𝐶𝑁 is obtained

̃ 𝐻𝑆𝐶𝑁 ≡ 𝑍̃𝑖𝑗 𝐼̃𝑘𝐻𝑆𝐶𝑁 = 2𝑍𝑖𝑗 𝑆𝑘
𝑁 𝑉𝑖𝑗

𝑖
𝑖
𝑖
𝑖
(𝑉𝑖𝑛𝑗
) + (𝑉𝑗𝑝𝑖
)
− 𝑉𝑖𝑝𝑗
− 𝑉𝑗𝑛𝑖
,
𝑆𝑗 𝑍𝑖𝑗 + 𝑆𝑖 𝑍𝑗𝑖 + 𝑆𝑖 𝑆𝑗 𝑅𝑚𝑘
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and upon substituting the stretch factors into (4.60) and applying the bilinear
transformation a time domain expression of

̃ 𝐻𝑆𝐶𝑁
𝑁 𝑉𝑖𝑗

̃ 𝐻𝑆𝐶𝑁
𝑁 𝑉𝑖𝑗

≡ 𝑍̃𝑖𝑗 𝐼̃𝑘𝐻𝑆𝐶𝑁 is obtained
𝑃𝑀𝐿𝑠𝑒𝑟𝑖𝑒𝑠𝐻𝑆𝐶𝑁

≡ 𝑍̃𝑖𝑗 𝐼̃𝑘𝐻𝑆𝐶𝑁 = 𝛽𝑘𝐻𝑆𝐶𝑁 𝑁 𝐼𝑘𝐻𝑆𝐶𝑁 𝑍𝑖𝑗 + 𝑉𝑖𝑗

where the definitions of

𝐻𝑆𝐶𝑁
,
𝑁 𝐼𝑘

𝑃𝑀𝐿𝑠𝑒𝑟𝑖𝑒𝑠𝐻𝑆𝐶𝑁

𝛽𝑘𝐻𝑆𝐶𝑁 and 𝑉𝑖𝑗

,

(4.61)

are given in the appendix

4B.

Therefore, by substituting (4.59) and (4.61) into (4.40) the discrete time
domain expression describing the scatter in the mapped HSCN-PML is obtained. For
example, the reflected voltage on the xnz transmission line is given as

𝑃𝑀𝐿𝐻𝑆𝐶𝑁

𝑟
𝑖
𝑉𝑥𝑛𝑧
= 𝛼𝑧𝐻𝑆𝐶𝑁 𝑉𝑧𝐻𝑆𝐶𝑁 − 𝛽𝑦𝐻𝑆𝐶𝑁 𝐼𝑦𝐻𝑆𝐶𝑁 𝑍𝑥𝑧 − 𝑉𝑥𝑝𝑧
− 𝑉𝑥𝑛𝑧

𝑃𝑀𝐿𝐻𝑆𝐶𝑁

where 𝑉𝑥𝑛𝑧

,

(4.62)

represents the PML voltages associated with the reflected pulses

given as

𝑃𝑀𝐿𝐻𝑆𝐶𝑁

𝑉𝑥𝑛𝑧

𝑃𝑀𝐿𝑠𝑒𝑟𝑖𝑒𝑠𝐻𝑆𝐶𝑁

= 𝑉𝑖𝑗

− 𝑉𝑗

𝑃𝑀𝐿𝑠ℎ𝑢𝑛𝑡𝐻𝑆𝐶𝑁

(4.63)

.

Following the above description, the complete scatter equations for the
mapped HSCN are given below

𝑃𝑀𝐿𝐻𝑆𝐶𝑁

𝑟
𝑖
𝑉𝑦𝑛𝑥
= 𝛼𝑥𝐻𝑆𝐶𝑁 𝑉𝑥𝐻𝑆𝐶𝑁 − 𝛽𝑧𝐻𝑆𝐶𝑁 𝐼𝑧𝐻𝑆𝐶𝑁 𝑍𝑦𝑥 − 𝑉𝑦𝑝𝑥
− 𝑉𝑦𝑛𝑥

𝑃𝑀𝐿𝐻𝑆𝐶𝑁

𝑟
𝑖
𝑉𝑧𝑛𝑥
= 𝛼𝑥𝐻𝑆𝐶𝑁 𝑉𝑥𝐻𝑆𝐶𝑁 + 𝛽𝑦𝐻𝑆𝐶𝑁 𝐼𝑦𝐻𝑆𝐶𝑁 𝑍𝑧𝑥 − 𝑉𝑧𝑝𝑥
− 𝑉𝑧𝑛𝑥

,

𝑃𝑀𝐿𝐻𝑆𝐶𝑁

,

𝑃𝑀𝐿𝐻𝑆𝐶𝑁

,

𝑃𝑀𝐿𝐻𝑆𝐶𝑁

,

𝑟
𝑖
𝑉𝑥𝑛𝑦
= 𝛼𝑦𝐻𝑆𝐶𝑁 𝑉𝑦𝐻𝑆𝐶𝑁 + 𝛽𝑧𝐻𝑆𝐶𝑁 𝐼𝑧𝐻𝑆𝐶𝑁 𝑍𝑥𝑦 − 𝑉𝑦𝑝𝑥
+ 𝑉𝑦𝑛𝑥
𝑟
𝑖
𝑉𝑧𝑛𝑦
= 𝛼𝑦𝐻𝑆𝐶𝑁 𝑉𝑦𝐻𝑆𝐶𝑁 − 𝛽𝑥𝐻𝑆𝐶𝑁 𝐼𝑥𝐻𝑆𝐶𝑁 𝑍𝑧𝑦 − 𝑉𝑧𝑝𝑦
− 𝑉𝑧𝑛𝑦
𝑟
𝑖
𝑉𝑦𝑛𝑧
= 𝛼𝑧𝐻𝑆𝐶𝑁 𝑉𝑧𝐻𝑆𝐶𝑁 + 𝛽𝑥𝐻𝑆𝐶𝑁 𝐼𝑥𝐻𝑆𝐶𝑁 𝑍𝑦𝑧 − 𝑉𝑦𝑝𝑧
+ 𝑉𝑦𝑛𝑧
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𝑃𝑀𝐿𝐻𝑆𝐶𝑁

,

𝑃𝑀𝐿𝐻𝑆𝐶𝑁

,

𝑃𝑀𝐿𝐻𝑆𝐶𝑁

,

𝑃𝑀𝐿𝐻𝑆𝐶𝑁

,

𝑃𝑀𝐿𝐻𝑆𝐶𝑁

,

𝑟
𝑖
𝑉𝑥𝑛𝑧
= 𝛼𝑧𝐻𝑆𝐶𝑁 𝑉𝑧𝐻𝑆𝐶𝑁 − 𝛽𝑦𝐻𝑆𝐶𝑁 𝐼𝑦𝐻𝑆𝐶𝑁 𝑍𝑥𝑧 − 𝑉𝑥𝑝𝑧
− 𝑉𝑥𝑛𝑧

𝑟
𝑖
𝑉𝑦𝑝𝑧
= 𝛼𝑧𝐻𝑆𝐶𝑁 𝑉𝑧𝐻𝑆𝐶𝑁 − 𝛽𝑥𝐻𝑆𝐶𝑁 𝐼𝑥𝐻𝑆𝐶𝑁 𝑍𝑦𝑧 − 𝑉𝑦𝑛𝑧
− 𝑉𝑦𝑝𝑧

𝑟
𝑖
𝑉𝑧𝑝𝑦
= 𝛼𝑦𝐻𝑆𝐶𝑁 𝑉𝑦𝐻𝑆𝐶𝑁 + 𝛽𝑥𝐻𝑆𝐶𝑁 𝐼𝑥𝐻𝑆𝐶𝑁 𝑍𝑧𝑦 − 𝑉𝑧𝑝𝑦
+ 𝑉𝑧𝑛𝑦
𝑟
𝑖
𝑉𝑧𝑝𝑥
= 𝛼𝑥𝐻𝑆𝐶𝑁 𝑉𝑥𝐻𝑆𝐶𝑁 − 𝛽𝑦𝐻𝑆𝐶𝑁 𝐼𝑦𝐻𝑆𝐶𝑁 𝑍𝑧𝑥 − 𝑉𝑧𝑛𝑥
− 𝑉𝑧𝑝𝑥
𝑟
𝑖
𝑉𝑥𝑝𝑧
= 𝛼𝑧𝐻𝑆𝐶𝑁 𝑉𝑧𝐻𝑆𝐶𝑁 + 𝛽𝑦𝐻𝑆𝐶𝑁 𝐼𝑦𝐻𝑆𝐶𝑁 𝑍𝑥𝑧 − 𝑉𝑥𝑛𝑧
+ 𝑉𝑥𝑝𝑧

𝑃𝑀𝐿𝐻𝑆𝐶𝑁

,

𝑃𝑀𝐿𝐻𝑆𝐶𝑁

,

𝑟
𝑖
𝑉𝑥𝑝𝑦
= 𝛼𝑦𝐻𝑆𝐶𝑁 𝑉𝑦𝐻𝑆𝐶𝑁 − 𝛽𝑧𝐻𝑆𝐶𝑁 𝐼𝑧𝐻𝑆𝐶𝑁 𝑍𝑥𝑦 − 𝑉𝑥𝑛𝑦
− 𝑉𝑥𝑝𝑦
𝑟
𝑖
𝑉𝑦𝑝𝑥
= 𝛼𝑥𝐻𝑆𝐶𝑁 𝑉𝑥𝐻𝑆𝐶𝑁 + 𝛽𝑧𝐻𝑆𝐶𝑁 𝐼𝑧𝐻𝑆𝐶𝑁 𝑍𝑦𝑥 − 𝑉𝑦𝑛𝑥
+ 𝑉𝑦𝑝𝑥
𝑃𝑀𝐿𝑠ℎ𝑢𝑛𝑡𝐻𝑆𝐶𝑁

𝑟
𝑉𝑜𝑥
= 𝛼𝑥𝐻𝑆𝐶𝑁 𝑁 𝑉𝑥𝐻𝑆𝐶𝑁 + 𝑉𝑥

𝑖
− 𝑉𝑜𝑥
,

𝑃𝑀𝐿𝑠ℎ𝑢𝑛𝑡𝐻𝑆𝐶𝑁

𝑟
𝑉𝑜𝑦
= 𝛼𝑦𝐻𝑆𝐶𝑁 𝑁 𝑉𝑦𝐻𝑆𝐶𝑁 + 𝑉𝑦

𝑃𝑀𝐿𝑠ℎ𝑢𝑛𝑡𝐻𝑆𝐶𝑁

𝑉𝑜𝑧𝑟 = 𝛼𝑧𝐻𝑆𝐶𝑁 𝑁 𝑉𝑧𝐻𝑆𝐶𝑁 + 𝑉𝑧

𝑖
− 𝑉𝑜𝑦
,

− 𝑉𝑜𝑧𝑖 ,

(4.64)

where the PML voltages associated with the reflected pulses on each link line are given
as

𝑃𝑀𝐿

𝑃𝑀𝐿𝑠𝑒𝑟𝑖𝑒𝑠𝐻𝑆𝐶𝑁

𝑃𝑀𝐿

𝑃𝑀𝐿𝑠𝑒𝑟𝑖𝑒𝑠𝐻𝑆𝐶𝑁

𝑃𝑀𝐿

𝑃𝑀𝐿𝑠𝑒𝑟𝑖𝑒𝑠𝐻𝑆𝐶𝑁

𝑃𝑀𝐿

𝑃𝑀𝐿𝑠𝑒𝑟𝑖𝑒𝑠𝐻𝑆𝐶𝑁

𝑃𝑀𝐿

𝑃𝑀𝐿𝑠𝑒𝑟𝑖𝑒𝑠𝐻𝑆𝐶𝑁

𝑃𝑀𝐿

𝑃𝑀𝐿𝑠𝑒𝑟𝑖𝑒𝑠𝐻𝑆𝐶𝑁

𝐻𝑆𝐶𝑁
𝑉𝑦𝑛𝑥,𝑦𝑝𝑥
= 𝑉𝑦𝑥
𝐻𝑆𝐶𝑁
𝑉𝑧𝑛𝑥,𝑧𝑝𝑥
= 𝑉𝑧𝑥

𝐻𝑆𝐶𝑁
𝑉𝑥𝑛𝑦,𝑥𝑝𝑦
= 𝑉𝑥𝑦
𝐻𝑆𝐶𝑁
𝑉𝑦𝑛𝑧,𝑦𝑝𝑧
= 𝑉𝑦𝑧
𝐻𝑆𝐶𝑁
𝑉𝑥𝑛𝑧,𝑥𝑝𝑧
= 𝑉𝑥𝑧
𝐻𝑆𝐶𝑁
𝑉𝑧𝑛𝑦,𝑧𝑝𝑦
= 𝑉𝑧𝑦

𝑃𝑀𝐿𝑠ℎ𝑢𝑛𝑡𝐻𝑆𝐶𝑁

∓ 𝑉𝑥

𝑃𝑀𝐿𝑠ℎ𝑢𝑛𝑡𝐻𝑆𝐶𝑁

± 𝑉𝑥

𝑃𝑀𝐿𝑠ℎ𝑢𝑛𝑡𝐻𝑆𝐶𝑁

± 𝑉𝑦

𝑃𝑀𝐿𝑠ℎ𝑢𝑛𝑡𝐻𝑆𝐶𝑁

± 𝑉𝑧

𝑃𝑀𝐿𝑠ℎ𝑢𝑛𝑡𝐻𝑆𝐶𝑁

∓ 𝑉𝑧

𝑃𝑀𝐿𝑠ℎ𝑢𝑛𝑡𝐻𝑆𝐶𝑁

∓ 𝑉𝑦

𝑃𝑀𝐿𝐻𝑆𝐶𝑁

where the upper sign, for example in component 𝑉𝐴,𝐵
the lower sign is applied to the line B.
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,
,
,
,
,

(4.65)

, is applied to line A and
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4.3.4

Modified Connect Algorithms

According to equation (4.36), the process of mapping the TLM node
̃𝑖 = 𝑆𝑖 ∆𝑡𝑖 . As shown the real part
transforms the time step ∆𝑡𝑖 to a complex variable ∆𝑡
of the time step ∆𝑡𝑖 is unchanged across each transmission line (𝑖. 𝑒. ∆𝑡 = ∆𝑡𝑥 = ∆𝑡𝑦
= ∆𝑡𝑧 ) therefore ensuring that pulse synchronism is maintained across the SCN
network. However, as similarly described in Chapter 3, the imaginary component
̃𝑖 introduces an attenuation along each pulse propagating on the transmission line.
of ∆𝑡
The TLM connect process along each transmission line in the mapped SCN-PML is
transformed from (4.22) to the following
𝑖
𝑁+1 𝑉𝑦𝑛𝑥

(𝑥, 𝑦 + ∆𝑦, 𝑧) =

−𝜎𝑠𝑦 ∆𝑡
𝑟
𝑁 𝑉𝑦𝑝𝑥 (𝑥, 𝑦, 𝑧)𝑒

,

𝑖
𝑁+1 𝑉𝑧𝑛𝑥

(𝑥, 𝑦, 𝑧 + ∆𝑧) =

𝑟
−𝜎𝑠𝑧 ∆𝑡
𝑁 𝑉𝑧𝑝𝑥 (𝑥, 𝑦, 𝑧)𝑒

,

𝑖
𝑁+1 𝑉𝑥𝑛𝑦

(𝑥 + ∆𝑥, 𝑦, 𝑧) =

𝑟
−𝜎𝑠𝑥 ∆𝑡
𝑁 𝑉𝑥𝑝𝑦 (𝑥, 𝑦, 𝑧)𝑒

,

𝑖
𝑁+1 𝑉𝑧𝑛𝑦

(𝑥, 𝑦, 𝑧 + ∆𝑧) =

𝑟
−𝜎𝑠𝑧 ∆𝑡
𝑁 𝑉𝑧𝑝𝑦 (𝑥, 𝑦, 𝑧)𝑒

,

𝑖
𝑁+1 𝑉𝑦𝑛𝑧

(𝑥, 𝑦 + ∆𝑦, 𝑧) =

−𝜎𝑠𝑦 ∆𝑡
𝑟
𝑁 𝑉𝑦𝑝𝑧 (𝑥, 𝑦, 𝑧)𝑒

,

𝑖
𝑁+1 𝑉𝑥𝑛𝑧

(𝑥 + ∆𝑥, 𝑦, 𝑧) =

𝑟
−𝜎𝑠𝑥 ∆𝑡
𝑁 𝑉𝑥𝑝𝑧 (𝑥, 𝑦, 𝑧)𝑒

,

𝑖
𝑁+1 𝑉𝑦𝑝𝑧

(𝑥, 𝑦 − ∆𝑦, 𝑧) =

−𝜎𝑠𝑦 ∆𝑡
𝑟
𝑁 𝑉𝑦𝑛𝑧 (𝑥, 𝑦, 𝑧)𝑒

,

𝑖
𝑁+1 𝑉𝑧𝑝𝑦

(𝑥, 𝑦, 𝑧 − ∆𝑧) =

𝑟
−𝜎𝑠𝑧 ∆𝑡
𝑁 𝑉𝑧𝑛𝑦 (𝑥, 𝑦, 𝑧)𝑒

,

𝑖
𝑁+1 𝑉𝑧𝑝𝑥

(𝑥, 𝑦, 𝑧 − ∆𝑧) =

𝑟
−𝜎𝑠𝑧 ∆𝑡
𝑁 𝑉𝑧𝑛𝑥 (𝑥, 𝑦, 𝑧)𝑒

,

𝑖
𝑁+1 𝑉𝑥𝑝𝑧 (𝑥

− ∆𝑥, 𝑦, 𝑧) =

𝑟
−𝜎𝑠𝑥 ∆𝑡
𝑁 𝑉𝑥𝑛𝑧 (𝑥, 𝑦, 𝑧)𝑒

,

𝑖
𝑁+1 𝑉𝑥𝑝𝑦 (𝑥

− ∆𝑥, 𝑦, 𝑧) =

𝑟
−𝜎𝑠𝑥 ∆𝑡
𝑁 𝑉𝑥𝑛𝑦 (𝑥, 𝑦, 𝑧)𝑒

,

𝑖
𝑁+1 𝑉𝑦𝑝𝑥 (𝑥, 𝑦

− ∆𝑦, 𝑧) =

−𝜎𝑠𝑦∆𝑡
𝑟
.
𝑁 𝑉𝑦𝑛𝑥 (𝑥, 𝑦, 𝑧)𝑒

(4.66)

4.4 Summary
A PML implementation which maps the unconditionally stable symmetrical
condensed node to a complex stretched domain was derived in this chapter. This
method is based on the mapping approach introduced in Chapter 3 and thus
implements the stretched coordinate PML theory by a transformation of the
transmission line parameters. This approach to PML implementation was shown to
result in a complex propagation delay and complex frequency dependent line
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admittances/impedances. As such, both the standard scatter and connect equations are
modified. The connect equations are shown to be modified by introducing an
additional attenuation of propagation pulses. The modified scatter equations for the
12-port mapped SCN were derived since this represents the most common use case of
the PMLs i.e. terminating homogenous media. Scatter equations for the mapped hybrid
symmetrical condensed node were also derived which are suitable for terminating
lossy inhomogeneous anisotropic media. A demonstration of the absorbing
performance and stability of the mapped SCN-PML will follow in Chapters 5 and
Chapter 6.
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Appendix 4A – Definition of the total voltage

̃ 𝐇𝐒𝐂𝐍
𝑵 𝑽𝒋

in the mapped HSCN-PML

The total voltage in the mapped HSCN-PML is compactly expressed as

̃ HSCN
𝑁 𝑉𝑗

where 𝛼𝑗𝐻𝑆𝐶𝑁 and 𝑉𝑗

𝛼𝑗𝐻𝑆𝐶𝑁 =

𝑉𝑗

𝑃𝑀𝐿𝑠ℎ𝑢𝑛𝑡𝐻𝑆𝐶𝑁

= 𝛼𝑗𝐻𝑆𝐶𝑁 𝑁 𝑉𝑗𝐻𝑆𝐶𝑁 + 𝑉𝑗

𝑃𝑀𝐿𝑠ℎ𝑢𝑛𝑡𝐻𝑆𝐶𝑁

𝑃𝑀𝐿𝑠ℎ𝑢𝑛𝑡𝐻𝑆𝐶𝑁

,

are given as

𝑌𝑗
,
2𝑌𝑗 + 𝑦𝑖𝑗 𝜎𝑠𝑘 ∆𝑡 + 𝑦𝑘𝑗 𝜎𝑠𝑖 ∆𝑡 + 𝐺𝑗 (𝜎𝑠𝑖 + 𝜎𝑠𝑘 )∆𝑡) + 𝐺𝑗 𝑏𝑗

=

𝑌𝑗 ( −2 𝑁−1 𝑉𝑗𝐻𝑆𝐶𝑁 + 𝑁−2 𝑉𝑗𝐻𝑆𝐶𝑁 ) +
𝑦𝑖𝑗 𝜎𝑠𝑘 ∆𝑡
𝑖
𝑖
𝑖
𝑖
) − 𝑘−2 (𝑉𝑖𝑛𝑗
)) +
((𝑉𝑖𝑛𝑗
+ 𝑉𝑖𝑝𝑗
+ 𝑉𝑖𝑝𝑗
2
𝑦𝑘𝑗 𝜎𝑠𝑖 ∆𝑡
,
𝑖
𝑖
𝑖
𝑖
) − 𝑘−2 (𝑉𝑘𝑛𝑗
)) +
((𝑉𝑘𝑛𝑗
+ 𝑉𝑘𝑝𝑗
+ 𝑉𝑘𝑝𝑗
2
𝑖
𝑖
𝑖
)+
𝑦𝑜𝑗 ( 𝑎𝑗 𝑉𝑜𝑗
+ 𝑏𝑗 𝑘−1 𝑉𝑜𝑗
+ 𝑐𝑗 𝑘−2 𝑉𝑜𝑗

𝛼𝑗𝐻𝑆𝐶𝑁
𝑌𝑗

𝑑𝑗 𝑘−1 𝑉𝑗̃𝐻𝑆𝐶𝑁 − 𝑒𝑗 𝑘−2 𝑉𝑗̃𝐻𝑆𝐶𝑁

(

With

𝑌𝑗 = 𝑦𝑖𝑗 + 𝑦𝑘𝑗 + 𝐺𝑗 ,

𝑉𝑗𝐻𝑆𝐶𝑁

𝐺𝑗 =

𝑍0 𝐺𝑒𝑗 + 𝑦𝑜𝑗
,
2

𝑖
𝑖
𝑖
𝑖
𝑖
( (𝑉𝑖𝑛𝑗
)𝑦𝑖𝑗 + (𝑉𝑘𝑛𝑗
)𝑦𝑘𝑗 + 𝑉𝑜𝑗
+ 𝑉𝑖𝑝𝑗
+ 𝑉𝑘𝑝𝑗
𝑦𝑜𝑗 )
=
,
𝑌𝑗

𝑏𝑗 =
𝑎𝑗 =

𝜎𝑠𝑖 𝜎𝑠𝑘 ∆𝑡 2
,
2

(𝜎𝑠𝑘 + 𝜎𝑠𝑖 )∆𝑡 + 𝑏𝑗
,
2
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𝑐𝑗 = −

(𝜎𝑠𝑘 + 𝜎𝑠𝑖 )∆𝑡 − 𝑏𝑗
,
2

𝑑𝑗 = 2𝑌𝑗 − 𝐺𝑗 𝑏𝑗 ,
𝑒𝑗 =

2𝑌𝑗 − 𝑦𝑖𝑗 𝜎𝑠𝑘 ∆𝑡 − 𝑦𝑘𝑗 𝜎𝑠𝑖 ∆𝑡 − 𝐺𝑗 (𝜎𝑠𝑖 + 𝜎𝑠𝑘 )∆𝑡 + 𝐺𝑗 𝑏𝑗
.
2
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̃ 𝑯𝑺𝑪𝑵
𝑵 𝑽𝒊𝒋

Appendix 4B – Definition of the voltage

≡

̃ 𝒊𝒋 𝑰̃𝑯𝑺𝑪𝑵
𝒁
in the mapped HSCN-PML
𝒌

̃ 𝐻𝑆𝐶𝑁
𝑁 𝑉𝑖𝑗

𝑃𝑀𝐿𝑠𝑒𝑟𝑖𝑒𝑠𝐻𝑆𝐶𝑁

≡ 𝑍̃𝑖𝑗 𝐼̃𝑘𝐻𝑆𝐶𝑁 = 𝛽𝑘𝐻𝑆𝐶𝑁 𝑁 𝐼𝑘𝐻𝑆𝐶𝑁 𝑍𝑖𝑗 + 𝑉𝑖𝑗

,

where
𝑃𝑀𝐿𝑠𝑒𝑟𝑖𝑒𝑠𝐻𝑆𝐶𝑁

𝑉𝑖𝑗
=

𝛽𝑘𝐻𝑆𝐶𝑁

(

𝑍𝑖𝑗 ( −2 𝑁−1 𝐼𝑘𝐻𝑆𝐶𝑁 +

𝜎𝑠𝑘 ∆𝑡 𝐻𝑆𝐶𝑁
(𝐼𝑘
−
2
− ℎ𝑖𝑗 𝑘−2 𝑁 𝑉̃𝑖𝑗𝐻𝑆𝐶𝑁

𝐻𝑆𝐶𝑁
𝑁−2 𝐼𝑘

−𝑔𝑖𝑗 𝑘−1 𝑉̃𝑖𝑗𝐻𝑆𝐶𝑁

+

with

𝑖
𝑖
𝑖
𝑖
) + (𝑉𝑗𝑝𝑖
),
𝐼𝑘𝐻𝑆𝐶𝑁 = (𝑉𝑖𝑛𝑗
− 𝑉𝑖𝑝𝑗
− 𝑉𝑗𝑛𝑖

𝛽𝑘𝐻𝑆𝐶𝑁 =

2
𝑎𝑖𝑗 + 𝑏𝑖𝑗 + 2𝑐𝑖𝑗

,

𝑎𝑖𝑗 = 4𝑍𝑖𝑗 + 𝑅𝑚𝑘 ,
𝑏𝑖𝑗 =

𝑐𝑖𝑗 =

𝜎𝑠𝑖 𝜎𝑠𝑗 ∆𝑡 2 𝑅𝑚𝑘
,
4𝑍𝑖𝑗

(2𝑍𝑖𝑗 + 𝑅𝑚𝑘 ) (𝜎𝑠𝑖 + 𝜎𝑠𝑗 )∆𝑡
,
4
𝑔𝑖𝑗 = 𝑏𝑖𝑗 − 𝑎𝑖𝑗 ,
ℎ𝑖𝑗 = 𝑎𝑖𝑗 + 𝑏𝑖𝑗 − 2𝑐𝑖𝑗 .
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𝐻𝑆𝐶𝑁
𝑁−2 𝐼𝑘

))

),
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Chapter 5
Performance
Characterization of the
Mapped SCN-PML
In this chapter the performance of the mapped SCN-PML developed in Chapter 4 is
characterized using the canonical 3D rectangular metal waveguide test case. The
numerical reflections generated by the PML are examined for the cases of normal and
oblique wave incidence and for different variations of the PML control parameters
(i.e. conductivity profile, number of PML layers and reflection factor). The reflection
performance and temporal stability of the mapped SCN-PML formulation is
demonstrated by comparing against previously published SCN-PML schemes and the
TLM matched boundary condition.

5.1 Performance Of The Mapped SCN-PML For
Normally Incident Waves
The chapter begins with a systematic characterization of the mapped SCNPML which is carried out for the case of plane waves impinged normally on the PML
medium. This test case is important because it offers an isolated study of the
continuous PML’s perfect impedance matching condition upon the TLM space-time
discretization [5.1]. In this application, the simple TLM matched boundary, achieves
a perfect attenuation (i.e. reflection less) with no added increase in computational
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expense; as such, this will serve as a benchmark upon which the efficiency of the SCNPML implementations in [5.2] and [5.3] and the mapped SCN-PML are evaluated.

The tests carried out involved a wave guiding structure filled with air and
truncated along the z-axis by either a PML medium or a matched boundary. This is as
illustrated in Fig. 5.1 where the x, y and z dimensions are arbitrarily chosen as 6 mm,
3 mm and 12 mm, respectively. As shown in Fig. 5.1a, perfect magnetic conditions
(PMC) were imposed on the x-boundary and perfect electric conditions (PEC) were
imposed on the y-boundary to guide the propagating wave and to ensure the desired
symmetry condition for plane wave propagation is maintained. For the test cases
involving the PML, a 𝑁𝑃𝑀𝐿 layer PML media was applied along the z-axis at both ends
of the structure which was backed by a PEC boundary, as shown in Fig. 5.1b. The
PML conductivity along the z-axis was set greater than zero 𝜎𝑧 > 0 to achieve the
desired attenuation. The value of 𝜎𝑧 was set as a function of the theoretical reflection
factor 𝑅𝑡ℎ according to equations (3.55) and (3.56) as presented in Section 3.3.4. Since
no attenuation was required along the x and y-axis the corresponding PML
conductivities were set to zero ( i. e. 𝜎𝑥 = 𝜎𝑦 = 0). A

y-polarized TEM wave

was launched by superimposing a sinusoidal modulated Gaussian pulse with a centre
frequency of 30 GHz and bandwidth of 20 GHz across a plane located one node from
the PML-medium interface. The observation node was set at the opposite end of the
waveguide one node from the PML-medium interface. The entire problem domain was
discretized using a uniform SCN mesh with a spatial discretization of ∆𝑙 = 0.25 mm.
All problems investigated were simulated at the maximum permissible time step ∆𝑡 =
∆𝑙
2𝑐

therefore no stubs were required in the mesh. In the PML region the 12-port mapped

SCN-PML formulation described in Section 4.3.2 was employed for all tests carried
out. This is because the computational domain interfacing the PML is isotropic and
homogenous and can therefore modelled using the standard 12-port SCN. For
anisotropic inhomogeneous or lossy media (or a combination of all) the 15-port
mapped hybrid SCN would be most suitable.
The absorption performance of the PML was evaluated by extracting the
numerical reflections generated using the reference solution method described in
Section 3.3.4. This involved simulating a second identical wave guide but with a
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length 100 mm which was set long enough such that the reflections do not propagate
back to the observation point within the time period of the simulation. Numerical
experiments which characterize the mapped SCN-PML based on different PML
parameters follows.

(a)

(b)
Figure 5.1. Geometry of the simulated wave guide (a) y-x plane view (b) x-z plane
view showing 𝐸𝑦 polarization and PMC and PEC conditions.

5.1.1

Influence Of The Conductivity Profile On

The Mapped SCN-PML For Normally Incident
Waves
In Chapter 2, it was demonstrated how the continuous PML equations achieves
a perfect absorption for all incoming waves through an impedance matching scheme.
However, numerical dispersion errors that arise due to underlying discretisation
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scheme generate transitional reflections which reduce the accuracy of the solutions
computed in the problem domain. A large contribution of these reflections arises at
the medium-to-PML interface, and to mitigate against this unwanted effect, it is
generally suggested to grade the conductivity across the PML medium from a near
zero value at the first layer to a maximum value at the end layer. A schematic of a
PML medium with constant and variable conductivity grading is shown in Figs 5.2a
and 5.2b, respectively.

(a)

(b)

Figure 5.2 A PML with: (a) constant conductivity grading, (b) variable
conductivity grading

Fig. 5.3 examines the reflections from the mapped SCN-PML for different
conductivity gradings. A 10-layer mapped SCN-PML was employed in this
investigation to allow for a smooth conductivity profile. The PML medium was
backed by a PEC condition in order to properly observe the residual reflections after
the PML round trip. As a comparison the same test was carried out on the SCN-PML
formulated by Dubard et al. in [5.2]. The numerical reflections obtained from the
mapped SCN-PML is shown in Fig. 5.3 where the influence of the conductivity profile
of different theoretical reflection factors 𝑅𝑡ℎ (dB) are demonstrated. Figure 5.4 shows
the results from the SCN-PML [5.2].
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From Fig. 5.3 it can be seen that a graded conductivity profile has little effect
on the overall reflection of waves impinged normally on the mapped SCN-PML
medium. It is also clear that the numerical reflections generated by the mapped SCNPML decrease linearly with decreasing theoretical reflection factor 𝑅𝑡ℎ (dB). Overall,
this implies that a strong absorption is attainable by the mapped SCN-PML even in
the presence of a sharp conductivity variation across the medium and PML region.
This observation differs from the general behaviour shown in Fig 5.4 for the SCNPML [5.2]. As shown in Fig 5.4, a smooth and gradual increase in conductivity obtains
lower reflection levels than employing a constant conductivity profile across the PML.
Furthermore, continually decreasing the theoretical reflection factor, 𝑅𝑡ℎ (dB), is
shown to result in an increase in numerical reflections generated by the SCN-PML
[5.2]. This observation is shown to be true for all conductivity gradings.

Figure 5.3 The influence of different conductivity profiles on the numerical
reflection coefficient in the mapped SCN-PML.
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Figure 5.4 The influence of different conductivity profiles on the numerical
reflection coefficient in the SCN-PML [5.2].

The results obtained in this investigation indicate that the mapped SCN-PML
achieves a closer approximation to the desired continuous PML matched impedance
condition. This explains the strong absorption (i.e. low reflection) achieved even in
the presence of a sharp conductivity variation at the medium-to-PML interface. This
unique behaviour arises due to the ability of the mapped SCN-PML to retain the
underlying propagation properties of the transformed node. For normally incident
waves the stub free SCN mesh exhibits zero dispersion [5.4]. Therefore, evident by
the strong absorption shown in Fig 5.3., upon the complex coordinate mapping
described in Chapter 4, this dispersion free property is retained by the mapped SCNPML. Since there is a perfect transmission at the medium-to-PML interface all forward
propagating fields are therefore exponentially attenuated in the TLM connect phase
through the 𝑒 −𝜎𝑠𝑧 ∆𝑡 factor (see Section 4.3.4). For this reason the dominant factor
contributing to the attenuation of incident waves is the value of the PML conductivity
𝜎𝑧 set at the first layer which is determined by the value of the theoretical reflection
factor 𝑅𝑡ℎ .
On the other hand, the sensitivity to sharp conductivity variation shown by
previously published SCN-PML formulations [5.2], [5.3], [5.5] arises due to
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dispersion errors introduced due to the use of stubs in these models. For this reason,
in order to reduce numerical reflections generated in these models a smooth grading
of conductivity must be applied across multiple PML layers.

5.1.2

Influence Of The Number Of PML Layers

On The Mapped SCN-PML For Normally Incident
Waves
In the previous section, the influence of different conductivity gradings applied
across a mapped SCN-PML medium was investigated. Both a constant and variable
conductivity profile were shown to achieve excellent absorption even in the presence
of sharp conductivity variations at the medium-to-PML interface. In this section, the
mapped SCN-PML is further characterized by investigating the influence of the
number of PML layers employed. For different theoretical reflection factors 𝑅𝑡ℎ (dB)
the numerical reflections generated by a mapped SCN-PML medium with 𝑁𝑃𝑀𝐿 =1,
2, 5, 15, 30, 40, and 50 layers was examined. For all experiments conducted the spatial
discretization was kept constant at ∆𝑙 = 0.25 𝑚𝑚, therefore varying the number of
PML layers 𝑁𝑃𝑀𝐿 translates to a variation in the thickness of the PML medium. In this
test a constant conductivity grading was employed across the PML layer. The
numerical reflection obtained are presented in Fig. 5.5. As similarly observed in
Section 5.1.1 the theoretical reflection factor 𝑅𝑡ℎ (dB) is again shown to have the
principal effect on the reflection performance of the mapped SCN-PML for the case
of normally impinged waves. No significant distinction is observable in the reflection
levels from increasing the number of PML layers. Again, this behaviour shows that a
single layer of PML with high conductivity delivers the same numerical reflection as
distributing the conductivity across multiple PML layers. This demonstrates a
significant improvement in efficiency compared to existing discrete PML schemes
[5.2], [5.5], [5.6] evaluated under similar test conditions which require the use of
multiple layers to achieve a smooth conductivity grading.
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Figure 5.5 The numerical reflection coefficient as a function of number of
layers for different theoretical reflection factors.

To further illustrate the efficiency of the mapped SCN-PML, the numerical
reflection generated from a single layer was compared with the results obtained from
different configurations of the SCN-PMLs published in [5.2] and [5.3] formulations
and a matched boundary. The key results are presented in Fig. 5.6. where the SCNPML configurations are characterised by the number of PML layers, the theoretical
reflection factor and the conductivity profile used i.e. (𝑁𝑃𝑀𝐿 , 20log10 𝑅𝑡ℎ ,
conductivity profile). The objective of this test was to find the configurations of SCNPML which achieved a near perfect attenuation of the incident wave. Since the
numerical noise floor for double precision floating point was identified to be at
approximately 10−16 ( i.e. 20log10 (10−16 ) = −320 dB ), below this level it is
assumed a near perfect attenuation is obtained. As shown in Fig. 5.6, the SCN-PML
implementations developed by Dubard et al. [2], and Le Maguer et al. [5.3] require 25
layers to obtain reflection levels below -290 dB; and so results in a

25 × 2
12
∆𝑙

× 100 =

166% increase in the total nodes size compared to the matched boundary. This
behaviour is in sharp contrast with the mapped SCN-PML which is shown to be
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significantly more efficient since a single layer achieves reflections well below the
numerical noise floor.
For illustrative purposes, Fig. 5.7 compares the time domain plot of the
reflected field obtained from a single layer of the mapped SCN-PML with the zero
reflected field obtained from the matched boundary. The strong attenuative behaviour
of the mapped SCN-PML is demonstrated by comparing the amplitude of reflected
field shown in Fig. 5.7 with the incident wave shown in Fig. 5.8. The inversion applied
to the reflected field arises due to the PEC boundary reflection coefficient of Γ = -1.
Note that the results from the matched boundary condition are not presented in Fig.
5.6 since a perfect absorption i.e. zero reflections (as shown in Fig. 5.7) was attained.

Figure 5.6 Numerical reflection versus frequency for waves normally impinged on
various SCN-PML media terminated by a PEC condition.
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Figure 5.7 TLM time domain plot comparing the reflected field from the
matched boundary and a single layer of mapped SCN-PML backed by PEC
boundary.

Figure 5.8 Time domain plot of the incident field

5.2 Performance Of The Mapped SCN-PML For
Oblique Wave Incidence
In Section 5.1 the mapped SCN-PML was characterized for normally incident
waves and the PML conductivity was demonstrated to have the dominant effect on the
overall reflection performance. Most practical applications, however, require the
attenuation of waves propagating with an arbitrary angle of incidence. Therefore, a
more applicable characterization of the mapped SCN-PML should involve a study of
the reflection performance for waves impinging from a wide range of angles.
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This section extends the investigation carried out in Section 5.1 and studies the
behaviour of the mapped SCN-PML applied to a rectangular metal waveguide. This
problem is an excellent test case of PML and is generally regarded as the canonical
application upon which numerous PML implementations have so far been validated.
This is owed to the structure of the rectangular waveguide which allows all angles of
incidence to be tested. In particular, the results from this investigation will highlight
how the TLM numerical dispersion errors impact the accuracy of the mapped SCNPML.

The reflection performance was investigated for an empty WR-28 rectangular
waveguide with x, y and z dimensions given as 7.116 mm, 3.556 mm and 20 mm,
respectively. The simulation parameters used were identical to the tests carried out in
Section 5.2. However, unlike the previously investigated structure, PEC boundary
conditions were applied on both the x and y walls and a matched boundary condition
or SCN-PML medium was applied on the z-axis to simulate an infinite outward
propagation. In the latter case, the PML medium was backed by a PEC wall. The
dominant 𝑇𝐸10 mode was excited by an amplitude modulated Gaussian pulse with a
centre frequency of 32 GHz and a bandwidth of 12 GHz. The computational space
was similarly discretized using a spatial discretization of ∆𝑙 = 0.25 mm . The plane
of excitation was located at one node from the medium-to-PML interface and the
observation node was set at the other end of the waveguide – one node away from the
medium to PML. The reflection coefficient was again computed using the reference
solution of a longer waveguide with a length of 100 mm.

5.2.1

Influence Of The Conductivity Profile On

The Mapped SCN-PML For Oblique Incidence
Propagation
In this section the same tests carried out in Section 5.1.1 are repeated but now
applied to the study of the mapped SCN-PML’s absorption for the 𝑇𝐸10 mode in a
WR-28 rectangular waveguide. The 𝑇𝐸10 mode was excited by an amplitude
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modulated Gaussian pulse of center frequency 35.5 GHz and a bandwidth of

12

GHz. The influence of different PML conductivity gradings applied across a 10-layer
mapped SCN-PML medium is examined.

The reflection performance obtained from a constant, linear, parabolic and
cubic conductivity grading is shown in Fig, 5.9. As shown, applying a constant
conductivity grading generates higher reflections at the medium-to-PML interface.
Applying either a linear, parabolic or cubic conductivity profiles is shown to improve
the reflection performance by approximately -13 dB. Nevertheless, the overall
absorption of the mapped SCN-PML is significantly lower than the case of normal
incidence shown in section 5.1.1. As shown, approximately -265 dB lower reflections
is attainable for normally incident waves (Fig. 5.3) compared to the oblique incidence
case. The above results demonstrate how the TLM numerical dispersion errors impact
the accuracy of the mapped SCN-PML in practical simulations. It is noted that this
behavior is also similarly reported in the SCN-PMLs [5.2], [5.3], [5.5].

Figure 5.9 Numerical reflections as a function of theoretical reflection
coefficient (dB) for constant, linear, parabolic and cubic PML conductivity gradings.
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5.2.2 PML Tuning
As shown in the previous section, practical applications require a SCN-PML
medium with a graded conductivity profile in order to reduce the occurrence of
transitional reflections. Unlike the case of normally impinged waves where a single
mapped SCN-PML layer demonstrated a near perfect attenuation of outgoing waves,
multiple PML layers must now be employed to ensure a smooth conductivity grading
is applied across the PML medium. Nevertheless, the decision of the number of PML
layers used and the choice of theoretical reflection factor 𝑅𝑡ℎ is not straightforward.
The common approach is more empirical in nature and typically requires some degree
of PML tuning and variations of the control parameters to obtain the best reflection
performance for a given PML medium thickness. In this section the PML tuning
process will be briefly described which will be applied to obtain the optimum PML
parameters required for the WR28 waveguide test case.

A schematic describing the steps involved in the PML tuning process is given
in Fig 5.10. As shown the first step involves setting the number of PML layers 𝑁𝑃𝑀𝐿
to a fixed value. For this choice of 𝑁𝑃𝑀𝐿 several TLM simulations are run where the
reflection performance for a set of 𝑅𝑡ℎ values is explored. The aim of this exploration
is to identify an optimum 𝑅𝑡ℎ value. At the end of each exploration stage the reflection
performance for each 𝑅𝑡ℎ value is evaluated, and if the results obtained are
unsatisfactory the above iterative process will be repeated for a different value of
𝑁𝑃𝑀𝐿 . Ultimately, at the end of the tuning process a suitable combination of 𝑁𝑃𝑀𝐿 and
𝑅𝑡ℎ pairs should be identified depending on the required design requirements.
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Figure 5.10 Schematic showing the PML tuning process.

The tuning process described above is now applied to the WR28 waveguide
test case. For the first iteration the number of PML was set as 𝑁𝑃𝑀𝐿 = 15 and different
theoretical reflection factors were explored. The results obtained for 𝑅𝑡ℎ (dB) =
{−40 dB, −160 dB, −200 dB, −300 dB} are shown in Fig. 5.11. As shown, for the
choice of 𝑁𝑃𝑀𝐿 = 15 the highest reflection coefficient was demonstrated by 𝑅𝑡ℎ (dB)
= -40 dB whilst the lowest reflection coefficient was demonstrated by 𝑅𝑡ℎ = -160 dB.
By exploring other 𝑁𝑃𝑀𝐿 values the overall behavior of the PML performance can be
demonstrated for this test case.
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The relationship between the average numerical reflection coefficient
computed across the frequency range of operation (i.e. 29 GHz to 41 GHz) and the
number of PML layers is thus presented in Fig. 5.12. In this test the parabolic
conductivity grading was employed across the PML media. As shown, increasing the
number of PML layers results in lower reflections for all values of 𝑅𝑡ℎ (dB) . This
behavior is expected, and it arises because of two factors. Firstly, an increase in the
PML layer means a smoother conductivity grading is applied across the PML medium
which in turn reduces the reflections at the medium-to-PML interface. Secondly,
increasing the number of PML layers means the attenuated waves will experience a
larger damping distance. For these reasons, the lowest reflection performance is
demonstrated by a single PML layer. By setting 𝑁𝑃𝑀𝐿 > 20 layers reflections lower
than -65 dB can be achieved. Nevertheless, it is noted that linearly increasing 𝑁𝑃𝑀𝐿
does not translate into linear reduction of the PML reflections.

Figure 5.13 compares the numerical reflection generated by a 25-layer mapped
SCN-PML with the results obtained from the matched boundary and the SCN-PML
[5.2], [5.3]. The limitation of the matched boundary termination in absorbing the offnormal waves is clearly seen by the high reflections produced. A similar absorption
performance to the mapped SCN-PML is shown by the SCN-PML [5.2], [5.3] all of
which demonstrate a substantial absorption (>40 dB) over the matched boundary
condition. Nevertheless, the improvement in accuracy shown is at the cost of
increasing the computational burden.
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Figure 5.11 Numerical reflection coefficient versus frequency from a TLM
simulation of WR28 rectangular waveguide terminated by 15-layer mapped SCNPML backed by a PEC boundary.

Figure 5.12 Numerical reflection coefficient versus theoretical reflection
factor for different number of PML layers.
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Figure 5.13 Reflection coefficients obtained from a TLM simulated empty
rectangular waveguide WR-28 truncated by matched boundary and various
SCN- PMLs employing a parabolic conductivity grading.

In addition to the reflection performance, another important factor to consider
when deciding the number of PML used is the computational costs incurred due to the
PML medium. To evaluate this effect, the computational burden from increasing the
number of PML 𝑁𝑃𝑀𝐿 is evaluated in terms of the simulation run time and the memory
usage. To demonstrate the sole contribution of the PML on the overall computational
costs, the relative increase in run time and memory usage were computed which are
presented in Figs 5.14 and 5.15, respectively. The results are also shown for different
lengths of the waveguide to illustrate the computational demand of the PML in relation
to the size of the problem domain. As expected, the run time and memory are shown
to grow with increasing number of layers. However, as the size of the computational
domain is increased the relative impact of the PML on the run time and memory is
shown to reduce. This indicates that the benefits of the mapped SCN-PML is more
realized in large scale problems since a higher accuracy can be achieved without
incurring significant computational costs. For the present test case with waveguide
length equal to 20 mm a 10 mapped SCN-PML

(i.e. a total of 20 layers applied at

both ends of the waveguide) is shown to be a good choice since a reflections of -50dB
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can be achieved whilst the run time and memory usage contributed by PML only
increases by a factor of 0.5.

Figure 5.14 The relative increase in TLM simulation run time versus total
number of mapped SCN-PML layers for different waveguide lengths.

Figure 5.15 The relative increase in memory usage versus total number of
mapped SCN-PML layers for different waveguide lengths.
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5.3 Stability Of The Mapped SCN-PML
Stability is a critical requirement of all numerical methods. Whilst the few
published SCN-PML implementations demonstrate a good absorption performance,
with approximately -60 dB numerical reflection shown in the waveguide test case,
they however exhibit a weak temporal stability, which in some cases generate in
exponentially growing solutions in the problem domain [5.2], [5.3], [5.5], [5.7]. This
degrading phenomenon is practically unacceptable, and its removal is a primary
motivator of the approach taken in the development of the mapped SCN-PML.

As described in Chapter 4, a key distinction of the mapped SCN-PML
compared to the published SCN-PML formulations is its reliance on the derivation of
a field-to-circuit equivalence for the PML medium. This approach to implementation
allows the stretched coordinate PML theory [5.1] to be modelled as a special type of
SCN node with stretched circuit parameters. Seeing that the un-stretched SCN is
provably stable it is expected that this desirable temporal behavior must also be
retained by the mapped SCN-PML since the required transformation/stretching, as
shown in Section 4.3, is appropriately commuted to the transmission line parameters
through the introduction of complex impedances/admittances and complex
propagation delays

The objective of this section therefore is to investigate the temporal behavior
of the mapped SCN-PML. The first stability test carried out examines the response of
the mapped SCN-PML to waves impinged on the medium for long durations of time.
A practical application where such behavior is observed is in problems involving high
quality-factor radiating structures. Since this test is solely focused on examining the
time domain response, an electric dipole oscillating at 1 GHz with a very narrow
bandwidth was used to inject energy into a cubic volume. As illustrated in Fig. 5.16,
the dipole source was placed at the center of a 11 mm × 11 mm × 11 mm uniformly
meshed grid with ∆𝑙 = 1 𝑚𝑚. All edges of the domain were surrounded by strong
single PML layers with 𝜎𝑥,𝑦,𝑧 = 18 𝑆/𝑚 which were backed by a PEC boundary
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conditions. The observation point was set at a node two cells away from the cube
corner. The normalized electric field obtained in the time domain from simulations
employing the mapped SCN-PML is shown in Fig. 5.17 which is compared against
the analytical time solution of a Hertzian dipole [5.8]. As shown, the results obtained
with mapped SCN-PML implementation are in excellent agreement with the reference
result and no instabilities are observed at all. As a comparison, the results obtained
from the SCN-PML [5.2] is shown in Fig. 5.18 which exhibit an onset of instability
after 600 iterations. It is noted that the exponential growth shown was generated for
low to high PML conductivity 𝜎𝑥,𝑦,𝑧 values. However, this instability can be delayed
by backing the SCN-PML [5.2] with a matched boundary and choosing lower
conductivity 𝜎𝑥,𝑦,𝑧 values. On the other hand, no late time instabilities were observed
with the mapped SCN-PML for all parameter choices.

Figure. 5.16 Electric dipole source radiating in a cubic computational domain
with PML applied on all edges.
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Figure. 5.17 Normalized Ey field obtained in the time domain from a narrow
bandwidth dipole electric source radiating in a computational domain terminated with
the mapped SCN-PML.

Figure. 5.18 Normalized Ey field obtained in the time domain from a narrow
bandwidth dipole electric source radiating in a computational domain terminated with
the SCN-PML [5.2]. Graph shows the early onset of an exponentially increasing field
solutions.

A second test was conducted to evaluate the long time behavior of the mapped
SCN-PML in the presence of strong evanescent energy impinging on the PML
medium. For this investigation, the waveguide iris test case was simulated. In this
application, the published SCN-PML have been reported to generate numerical
instability [5.2], [5.3], [5.5], [5.7]. Therefore, to allow for a wider comparison the
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simulation set up was identical to that reported in [5.7] where the WR28 waveguide
studied in section 5.2 was loaded with a capacitive iris of dimensions as illustrated in
Fig. 5.19. The iris was placed close to the PML (5 nodes away) to ensure strong
evanescent energy coupling with the PML interface. This test configuration was solely
chosen to evaluate the temporal behavior. In practice it is suggested to place the PML
medium at greater than a wavelength away from the scattering structure to avoid
absorption of radiation that would otherwise remain in the simulation. A 25 layer PML
with high conductivity 𝜎𝑧 ≫ 0 was employed by setting the peak conductivity to
𝜎𝑚𝑎𝑥 = 46 𝑆/𝑚 (i.e. 𝑅𝑡ℎ (dB) = -500 dB ). The PML conductivity was graded
parabolically across the PML medium which was backed by a PEC boundary. The
observation and excitation were made at the same node at the opposite ends of the
waveguide.
The time domain plot of the 𝐸𝑦 component is presented in Fig. 5.20 which is
compared with the results using the SCN-PMLs [5.2] and [5.3]. As shown, instabilities
arise when employing both [5.2] and [5.3]. It is observed that the temporal behavior
of the PML formulation proposed by [5.3] can be improved by setting the damping
factor greater than 1, although this detrimentally increases the unphysical reflection
from the PML, and typically instabilities still occur after ~30,000 time steps. The
mapped SCN-PML is shown to exhibit no instability even with the iris placed at very
close proximity to the PML. This demonstrates a substantial improvement in the
temporal performance over existing SCN-PML schemes simulated in a similar context
[5.2], [5.3], [5.5], [5.7] which is regarded as the major advantage of the mapped SCNPML scheme.
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Figure 5.19 Geometry of the rectangular waveguide WR-28 loaded with
capacitive iris.

Figure 5.20 Time domain waveform of an empty waveguide WR-28 loaded
with a capacitive iris and truncated by different SCN-PMLs terminated with a PEC
boundary condition.

5.4 Summary
In this chapter, the absorption performance of the mapped SCN-PML was
characterized using normal and oblique incidence waveguide test conditions under
different variations of the PML control parameters. An excellent absorption was
demonstrated for waves impinged normally on the mapped SCN-PML medium. This
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behavior arises due to the approach taken in the development of the mapped SCNPML formulation which retains the underlying propagation properties of the
transformed node. Due to this, the inherent dispersion free property of the SCN mesh
under normal propagation is retained. In this manner, the mapped SCN-PML
maintains a strong absorption even in the presence of a sharp conductivity variation
across the medium-to-PML interface. In such conditions a single mapped SCN-PML
layer with sufficiently high PML conductivity 𝜎𝑧 ≫ 0 can be deployed to achieve a
near perfect attenuation of the incoming waves. Compared to the previously published
SCN-PML schemes which require a smooth conductivity to be applied across multiple
PML layers, the mapped SCN-PML is demonstrated to be more efficient in this case.

The excellent performance observed for normal incidence waves degrades in
the case where the incoming waves are impinged from an off-normal angle. For
oblique incidence waves, transitional reflections were shown to be generated by the
mapped SCN-PML, and similar to other SCN-PML schemes a graded conductivity
profile must be applied across the mapped SCN-PML medium. Under such conditions,
the limitation of the matched boundary is evident. The reflections generated by the
matched boundary is shown to be approx. -20 dB which is significantly higher than
the – 65 dB achieved by the 25-layers of the SCN-PML.

In practical applications, where waves are impinged from an arbitrary angle of
incidence, the number of PML layers employed was shown to be the primary factor
used to reduce the PML reflections. However, as expected, this is shown to come at a
cost of an increase in computational demand. Nevertheless, the relative computational
burden incurred by the PML medium decreases as the complexity or scale of the
problem domain increases. It is in such test conditions that the PML benefits of
improved accuracy can be truly realized. To optimize the PML design a guideline for
tuning the PML was briefly described. Through this the overall absorption behavior
for a given test condition can be obtained which could reveal the most suitable (and
optimum) combinations of PML parameters to achieve a target reflection
performance.
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Finally, the excellent temporal stability of the mapped SCN-PML was
demonstrated through the canonical waveguide iris test case. Compared to published
SCN-PML schemes no appearance of instabilities was shown in the mapped SCNPML even in the presence of high evanescent energy interacting with the PML
interface. As an additional test the temporal response of the mapped SCN-PML for
waves impinged on the layer for long durations of time was investigated. no long-term
instabilities were observed in this test case which further corroborates the strengths of
the mapped TLM-PML framework.

The next chapter will further demonstrate the advantages of the mapped SCNPML for improving the computational efficiency and accuracy of 3D electromagnetic
TLM simulations. The superiority of the proposed formulation over the TLM matched
boundary shall be demonstrated by its application to topical electromagnetic scattering
and radiation simulations.
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Chapter 6
Mapped SCN-PML in
Practical Electromagnetic
Simulations
In this chapter, the effectiveness of the mapped SCN-PML in practical
electromagnetic simulations will be demonstrated. The applications that will be
studied include, (i) simulating the transmittance of planar Frequency Selective
Surfaces (FSS) assumed to be infinitely periodic, (ii) investigating the scattering from
a metallic body, (iii) simulating the coupling between two dipole antennas, and finally
(iv) terminating the domain of inhomogeneous media.

6.1 Planar Periodic Structures
The study of the electromagnetic scattering from periodic structures is a
subject of great interest within the electromagnetic community. This is due to the
atypical properties they possess which find application in many novel engineering
designs. Owing to the numerous opportunities available, various numerical techniques
have been developed for analyzing the electromagnetic response of these structures.
Amongst these, frequency domain integral equation methods, e.g. the Method of
Moments (MoM), are extensively used because of their high accuracy and low
computational costs [6.1]. However, these methods are less suited to complex
inhomogeneous structures, in which case popular volumetric based methods, such as
the FDTD, FETD and TLM [6.2]-[6.4] methods, are applied. While each technique
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differs at the solver level, the general and more efficient simulation approach is to
analyze only a unit cell of the periodic structure. This is as illustrated in Fig. 6.1 for a
FSS constructed from repeating Jerusalem cross (JC) elements. In order to account for
an infinite array of elements, periodic boundary conditions (PBCs) are applied along
the unit cell walls. Floquet’s (or Bloch’s) theorem describe the field interaction inside
periodic structures and thus form the mathematical background upon which the PBCs
are formulated [6.3]. For a periodic structure with periodicity 𝑝𝑥 along the x direction,
incorporating the PBC ensures that the fields at the boundaries 𝑥 = 0 and 𝑥 = 𝑝𝑥 are
the same except for a time shift. The fields at the boundary 𝑥 = 0 can thus be expressed
as
𝐸𝑦 (𝑥 = 0, 𝑦, 𝑧, 𝑡) = 𝐸𝑦 (𝑥 = 𝑝𝑥 , 𝑦, 𝑧, 𝑡 − 𝑇𝑑𝑥 )

where 𝑇𝑑𝑥 = 𝑘𝑥

𝑝𝑥
𝑐

(6.1)

represents the time delay.

In addition to the incorporating PBCs, absorbing boundary conditions (ABCs)
must be applied in the direction perpendicular to the unit cell plane to effectively
truncate the domain as seen in Fig. 6.1b). Nonetheless, there are limitations to the
periodic unit-cell approach, e.g., it neglects the edge effects that occur in practice
where a finite number of elements are used. However, these assumptions are
acceptable as long as the structure is sufficiently large. It is also assumed that the
structure is flat i.e. that its curvature is small compared to wavelengths of interest.
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Figure 6.1.(a) A schematic showing a Jerusalem Cross FSS and the
corresponding periodic unit cell with PBC applied on the peripheral walls (b) The unitcell based model showing the ABCs applied in the non-periodic direction.

Two main challenges arise when simulating periodic structures using the TLM
method. First, the TLM implementation of a generalized PBC is nontrivial. For
normally incident plane waves, incorporating simple magnetic and electric walls is
satisfactory since there is no phase shift between the periodic cells. However, for plane
waves with oblique incidence a phase shift must be applied. This is challenging in time
domain techniques since future field values are required in the computation. Several
methods were proposed to address this, most of which employ an approximation of
Floquet-Bloch’s theorem and are more established in FDTD simulations [6.2]- [6.4]
than in TLM method [6.5].
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Second, a high-quality ABC such as the PML, is needed to properly truncate
the domain in the out-of-plane direction. As formerly discussed in this thesis, the PML
formulations in TLM have a weak stability which is particularly exacerbated in the
presence of strong evanescent energy; thus, appropriate late time temporal behavior
cannot be guaranteed. In contrast, analytical ABCs and the matched boundary ABC
are computationally inefficient in these applications because they require a
significantly extended computational domain to allow the strongly evanescent fields
to be fully attenuated before reaching the truncation boundary.

In Chapter 5, the mapped SCN-PML formulation demonstrated an
effectiveness in absorbing waves incident from oblique angles. It is attractive to further
investigate the absorption and overall temporal behavior in applications involving
waves incident from grazing angles; as well as, to evaluate the stability in the presence
of strong evanescent fields. For this reason, the remainder of this section shall focus
on investigating the effectiveness of the mapped SCN-PML in truncating the out of
plane computational domain of different unit-cell based FSS simulations.

6.1.1 Simulation Setup
The simulation set up of the problem investigated is given in Fig. 6.2. As
shown, a unit-cell model of an FSS was inserted at a distance D=L/2 along the z axis.
The incident plane and observation plane are located at opposite sides to the FSS
structure. Magnetic wall conditions were imposed on the x boundary and electric wall
conditions were imposed on the y boundary. The PML region with a thickness of 𝐿𝑝𝑚𝑙
mm was applied at both ends of the structure which was backed by a standard TLM
matched boundary condition. The PML conductivity was quadratically increased from
zero to a maximum value 𝜎𝑚𝑎𝑥 S/m along the z direction of the PML region.
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Figure 6.2. The simulation set up for analyzing the unit-cell FSS model.

6.1.2

Numerical Results

The transmittance of two unit-cell FSS patch upon illumination from a wide
band normal incidence TEM Gaussian pulse was first investigated. A Gaussian pulse
excitation with a center frequency of 15 GHz and a bandwidth of 30 GHz was imposed
on the incident plane. Two canonical structures whose geometry and dimensions are
given in Fig. 6.3 were chosen. They are referred to as a Jerusalem Cross Frequency
selective surface (JC-FSS) and a Square loop FSS. Both structures were modeled as
highly conducting lamina surfaces with zero thickness. The entire computational
domain was discretized using a uniform mesh with a spatial discretization of 𝑑𝑙 = 0.4
𝜆

mm (𝑑𝑙 = 25 ) where 𝜆 = 10 mm is the wavelength at the maximum frequency of
interest. This choice of 𝑑𝑙 was chosen as this was found to result in convergence for
the frequencies of interest and particularly given the sharp geometrical features of the
JC-FSS. Therefore, the unit cell of JC-FSS and Square loop FSS were discretized into
38 x 38 and 50 x 50 nodes, respectively. All problems were simulated at the maximum
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𝑑𝑙

permissible time step 𝑑𝑡 = 2𝑐 . The magnitude of the average transmitted power was
computed as
2

𝑡 )
ℱ (𝐸𝐴𝑉
𝑃𝑡 = |(
)|
𝑖
)
ℱ(𝐸𝐴𝑉

(6.1)

𝑡
where ℱ( . ) represents a Fourier transform function, 𝐸𝐴𝑉
is the average of the electric
𝑖
field observed across the observation plane and 𝐸𝐴𝑉
is the average of the incident

electric field that was obtained by running the simulation without the unit cell present.

Figure 6.3. Periodic cell for : (a) JC-FSS, and a (b) Square loop FSS patch

To demonstrate the accuracy of the mapped SCN-PML the computed
transmitted power was compared against a benchmark result from a MoM analysis.
Comparison was also made with results obtained using a TLM matched boundary and
the SCN-PML published in [6.6]. The PML parameters were set as 𝐿𝑝𝑚𝑙 = 8 𝑑𝑙 and
the theoretical reflection factor was set as 𝑅𝑡ℎ = 10−2 which corresponds to a
maximum conductivity of 𝜎𝑚𝑎𝑥 = 4 𝑆/m. The PML parameters used in this
investigation were chosen empirically through a process of PML tuning, as described
in Section 5.2.2, in order to obtain the optimum performance. The transmitted powers
from the square loop FSS and JC-FSS are presented in Figs. 6.4(a, b), respectively.
The distance between the FSS and the PML was set approximately equal to the
Fraunhofer distance D ~ 2𝜆 (D = 50𝑑𝑙) to ensure only the radiated energy is absorbed.
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The result shown in Fig. 6.4a, demonstrate the overall high pass behavior of
the square loop FSS; good agreement is observed in all the methods for frequencies
below 15 GHz. Above 15 GHz, the first grating lobe begins to propagate and this is
poorly absorbed by the simple matched boundary termination, thus explaining the
oscillations shown. Both PMLs better absorb the grating lobe, as is evidenced by the
absence of oscillations and agreement with the MoM analysis across the whole
spectrum.

A similar behavior is observed in Fig. 6.4b for the JC-FSS. The resonant band
stop behavior of the JC-FSS is observed across all methods with good agreement found
up to 20 GHz. In this structure the first grating lobe begins to propagate above 20 GHz;
as was observed in the square loop FSS this is also poorly absorbed by the matched
boundary ABC. Again, both PMLs better absorb the grating lobes excited in the JCFSS unit cell, evidenced by the absence of oscillations and excellent agreement with
the MoM analysis across the whole spectrum.
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(a)

(b)
Figure 6.4. Magnitude of the transmitted power in (a) a square loop FSS (b) a
JC-FSS for which the FSS to ABC distance D = 50𝑑𝑙, and PML parameters were
𝐿𝑝𝑚𝑙 = 8𝑑𝑙 and 𝜎𝑚𝑎𝑥 = 4 𝑆/m.

To better examine each ABCs absorption to the wave transmitted by both
FSS’s the reflection coefficients were also extracted from the above experiments, and
the results obtained for the square loop FSS and JC-FSS are shown in Figs 6.5a and b,
respectively.
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For the square loop FSS, as shown in Fig. 6.5a, the highest reflection is shown
to be generated in all ABCs employed above the frequencies from which the first
grating lobe begins to propagate. In this structure, this corresponds to frequencies
greater than 15 GHz where the matched boundary termination is shown to generate
the highest reflection levels in the range of approximately -5 dB to -10 dB. The
matched boundary’s poor absorption of the grating lobes manifests as the oscillations
which appear above 15 GHz in Fig. 6.4a. In contrast, both PMLs show better
absorption to the grazing and evanescent fields where the SCN-PML developed in
[6.6] is shown to produce approximately -5 dB lower reflections for the grating lobes
than the mapped SCN-PML.

The same behaviour as demonstrated in the square loop FSS is observed in Fig.
6.5b for the JC-FSS. As shown, frequencies above the first grating lobe i.e. 20 GHz
are more poorly absorbed by all ABCs employed. The highest reflections levels of
approximately. -10 dB to -20 dB are demonstrated by the matched boundary
termination. This is a slight improvement to the performance obtained in the square
loop FSS. This also explains why the magnitude of the oscillations observed in Fig.
6.4b are lower than those observed in Fig. 6.4a. Similarly, both PMLs show better
absorption to the matched boundary across the bandwidth of operation. The SCN-PML
[6.6] can be seen to produce approximately -5 dB lower reflections for the grating
lobes than the mapped SCN-PML.

146

Mapped SCN-PML in Practical Electromagnetic Simulations

(a)

(b)
Figure 6.5 Numerical reflections generated by the matched boundary, SCNPML [6.6] and mapped SCN-PML in a TLM simulated (a) square loop FSS (b) a JCFSS.

Although both PMLs demonstrate close performance for both FSS structures
investigated differences however arise in their temporal behavior. For the above
simulation and PML parameters, the SCN-PML [6.6] showed instabilities in the late147
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time for both structures. A time domain plot showing the instability generated in the
square loop FSS simulation is shown in Fig. 6.6. On the other hand no instabilities
were observed with the mapped SCN-PML.

Fig.6.6. Instability generated by the SCN-PML [6.6] in a TLM simulation of a
square loop FSS.

As a final investigation, the overall temporal stability of mapped SCN-PML
was studied. This involved a parameter sweep on the PML parameter σ𝑚𝑎𝑥 , varying
the distance D between the FSS and PML media and using different mesh refinements.
For all parameter choices explored no instabilities were observed when using the
mapped SCN-PML in simulations terminated after 2 million time steps. On the other
hand, the SCN-PML [6.6] introduced instabilities which could be delayed if: i) the
strength of the PML medium was reduced i.e. σmax → 0, ii) the mesh was more finely
discretized 𝑑𝑙 → 0 and iii) the distance D between the FSS and PML media was
increased. This elucidates an important benefit of the mapped SCN-PML since a lower
absorption and a larger computational domain is otherwise required to ensure
instabilities are at best delayed.

6.2 Radiation and Scattering Applications
This section investigates, the effectiveness of the mapped SCN-PML in
radiation and scattering applications. In such applications, a high quality ABC is
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critical to ensure the outgoing fields are unperturbed by the presence of the finite
domain. Due to the angle dependent performance of most ABCs, the
radiating/scattering source is required to be placed at a considerable distance away
from the domain boundaries. This creates an unwanted buffer region which further
degrades the overall computational efficiency. A key advantage of the PML over the
analytical ABC is the higher absorbing performance demonstrated for a wider angle
of incidence. This means, a higher computational efficiency is attainable since the
radiation/scattering sources can be placed closer to the PML interface.

The aim of the study carried out in this section is to investigate the overall
reduction in buffer region ( and thus overall computational grid) whilst employing the
mapped SCN-PML. Two test cases are studied. The first test case involves the
computation of the radar cross section (RCS) of a metal sphere illuminated by a plane
wave and the second test case calculates the mutual coupling of two dipoles as a
function of separation. Both test cases have been deliberately chosen as the results are
sensitive to the performance of the boundary conditions applied to the truncated
computational domain. The accuracy of the test cases are determined by benchmarking
the results against the analytic solutions. The computational efficiency advantage of
employing the mapped SCN-PML is thus evaluated through comparisons with
simulations employing the commonly used matched boundary termination.

6.2.1

Metallic scatterer

The first test case consists of the calculation of the RCS of a perfectly
conducting sphere. As shown in Fig. 6.7, a sphere with a radius of 1 m and was
positioned at the centre of the computational domain such that the sphere’s centre to
the outer boundary is denoted by a distance d .

The sphere was illuminated by a Gaussian plane wave with a 200 MHz
bandwidth and 150 MHz centre frequency excited from a Huygens surface [6.7]
enclosing the sphere. The rest of the domain is filled with a vacuum. For this problem,
the mesh was uniformly discretized using mesh length ∆𝑙 = 0.025 𝑚. This resolution
was found to provide a sufficiently accurate result (with respect to mesh density) for
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the effects of the boundary conditions to be clearly observed. The PML medium with
thickness 𝐿𝑝𝑚𝑙 was situated within the computational domain which was backed by
the standard TLM matched boundary condition.

Figure 6.7 PEC sphere in cubic computational domain with PML applied on the
domain boundaries.

The time domain scattered field is recorded on a second surface outside the
Huygens surface and this is used to calculate the time domain far field and hence the
frequency domain RCS.
Several simulations were performed where the distance d from the sphere’s
centre to the outer boundary were varied. The RCS results of the simulations
conducted are shown along with the analytic solution [6.8] in Fig. 6.8. Three test cases
involving the matched boundary and two test cases involving the mapped SCN-PML
are presented. For the test cases involving the matched boundary d was varied as
follows: 1.5 m, 2.0 m and 4.0 m. For both test cases involving the PML the distance d
was set to 1.5 m whilst the PML medium thicknesses were varied between 𝐿𝑝𝑚𝑙 = 0.20
m ( i.e. 𝑁𝑃𝑀𝐿 = 8 layers) and 𝐿𝑝𝑚𝑙 = 0.25 m ( i.e. 𝑁𝑃𝑀𝐿 = 10 layers). The PML
parameters were set as: Rth = 10−4 for both cases where a parabolic PML conductivity
grading was employed. Clearly, as shown in Fig. 6.8, if a matched boundary is used
then a distance of at least 4 m from the centre of the sphere to the outer boundary is
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required in order to obtain acceptable agreement with the analytic result. However, a
similar level of accuracy can be obtained using both PMLs ( 𝐿𝑝𝑚𝑙 = 0.20 𝑚 = and
𝐿𝑝𝑚𝑙 = 0.25𝑚 ) in a mesh with outer boundary distance of only 1.5 m. This
demonstrates that a significant accuracy is attainable even when the PML medium is
placed very close to the scattering object.

Figure 6.8 Analytic RCS result of a 1 m metal sphere compared with the TLM
simulation results obtained from different computational domains terminated with the
matched / PML boundaries.

To quantify the computational efficiency gained from using the PML, the
computational costs in terms of the simulation run time and memory occupied for
each of the test cases is presented in Table 6.1. As shown, the highest overall
computational cost is incurred for the case where d = 4.0 m and only a matched
boundary condition is applied. However, for the same level of accuracy employing a
PML with thickness 𝐿𝑝𝑚𝑙 = 0.20 m with d = 1.5 m yields lower computational costs.
The main computational expense when employing the PML is shown to be in terms
of the additional memory storage which arises due to the PML auxiliary terms required
to compute the TLM scatter (see Section 4.3.2). For this reason, in this design, the
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PML with 𝐿𝑝𝑚𝑙 = 0.2 m offers the most effective solution due to the high accuracy
attained and lower overall computational costs compared to the PML with 𝐿𝑝𝑚𝑙 = 0.25
and the simulations employing only the matched boundary.

Table 6.1 Computational expenses for different sized computational domain
terminated with matched / PML boundary conditions on a 6 core Intel i7-9850H @
2.6 GHz with 32 GB available RAM.
Thickness of PML
𝑳𝒑𝒎𝒍 (mm)

Run

(Number of PML

Mesh size

Memory

time

(MB)

(h)

d (m)

layers 𝑵𝑷𝑴𝑳 )

case 1

1.5

0

43200

3,304

0.28

case 2

2

0

102400

8,279

0.69

case 3

4

0

819200

17,675

1.34

43200

3,513

0.38

43200

3,604

0.41

0.20
case 4

1.5

(8)
0.25

case 5

6.2.2

1.5

(10)

Antenna Coupling

The second test case involved investigating the coupling between two thin wire
dipoles as a function of their separation. The x directed dipoles were modelled using
the TLM thin wire model [6.9]. The source dipole has a voltage source with a series
resistance of 50 Ω and the receiver dipole is loaded with a high impedance. In the
simulation the time domain current on the source dipole, 𝑖1 (𝑡), and the voltage on the
receiver dipole, 𝑣2 (𝑡), are recorded. These are Fourier transformed and the mutual
impedance, 𝑍𝑚 (𝑓) = 𝑣2 (𝑓)/𝑖1 (𝑓) is calculated.
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The computational domain illustrating a single separation is shown in Fig. 6.9
where both dipoles are 0.05 m long and the dipole wire radii are 0.01 mm. The mutual
impedance for separations in the z direction from 0.01 m to 1 m are calculated at a
frequency of 2.7 GHz where the distance to the outer boundary in the x and y directions
is kept constant. Each separation requires a different mesh and a separate simulation.
This is an excellent test for absorbing boundary conditions as the aspect ratio of the
meshes become very large for large antenna separations and reflections from the outer
boundaries at close to grazing angles become significant. Consequently, this requires
increasing the buffer region.

Figure 6.9 Illustration of a computational domain showing a dipole coupling
model with PML applied on domain boundaries. The source dipole is labelled as “1”
and the receiver dipole is labelled as “2”.

Six simulations were performed in the dipole mutual impedance tests. Four of
these test cases involved employing the matched boundary where the distance in the
x, y and z-directions to the outer boundary were varied as follows: 0.0525 m, 0.1025
m, 0.1525 m, and 0.2025 m. The remaining two test cases employed a PML with a
thickness 𝐿𝑝𝑚𝑙 = 0. 025 m where the distances to the outer boundary was set as 0.0525
m and 0.1025 m. The PML theoretical reflection factor was set as 𝑅𝑡ℎ = 10−4 where
a parabolic PML conductivity was applied. The results of these simulations are shown
in Fig. 6.10 which shows the magnitude of the mutual impedance |𝑍𝑚 | in dB along
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with the results of the analytic solution [6.10]. The results using the matched boundary,
whilst being reasonable for separations up to 0.1 m, show significant deviations from
the expected results for higher separations due to reflections from the outer boundary
of the problem space. These reflections arise since by increasing the antenna
separation the longitudinal dimension of the computational domain is also increased,
as such this results in an increase in grazed angle incident at the outer boundary. The
two PML results are very close to the analytic result, even for very large separations.
This demonstrates sufficient absorption of the grazed incident waves for a relatively
smaller size of computational domain.

Figure 6.10. Magnitude of mutual impedance as a function of dipole
separation distance. Results with matched boundaries (dashed curves), PML (solid
curves) and analytic solution (crosses).

Fig. 6.11 and Fig. 6.12 show the magnitude of the Ex field component at 2.7
GHz over the problem space for a dipole separation of 0.4 m for the matched boundary
and PML respectively. Both simulations are for an outer boundary distance of 0.1525
m.

The matched boundary field plot in Fig. 6.11 clearly shows the interference
effect of the field reflected from the outer boundary whereas the PML field plot in Fig.
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6.12 shows the absorption of the outward going wave in the PML and the expected
undistorted spherical waves in the far field of the source dipole antenna. The matched
boundary field plot shows a very low field value in the region of the receiving antenna;
this corresponds to the minimum in the green dashed curve in Fig. 6.10.

Figure 6.11 Magnitude of the Ex field component at 2.7 GHz with a matched
boundary for a dipole separation of 0.4 m.

Figure 6.12. Magnitude of the Ex field component at 2.7 GHz with a PML for
a dipole separation of 0.4 m.
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6.3. Inhomogeneous Media
The final application studied in this chapter involves simulating the field
penetration through an infinitely extended substrate. This test was chosen because it
offers a straightforward demonstration for problems where the inhomogeneity in the
physical domain overlaps into the PML medium. For such problems it is more efficient
to simulate the computational domain using the 15-port Type I Hybrid SCN. For this
reason, the mapped Hybrid SCN-PML formulation developed in Section 4.3.3 will be
employed to effectively model the material inhomogeneity in the PML region.

An illustration of the computational domain of the problem simulated is shown
in Fig. 6.13. As shown a 3 mm thick slab was placed at the middle of a cubic grid with
dimensions 𝑣 × 𝑣 × 𝑣 mm which was uniformly discretized using

𝑑𝑙 = 0.3 mm.

For the purpose of the investigation a 60 GHz differentiated Gaussian pulse was used
as an excitation signal for the source which was placed 2 mm away from the slab. The
material parameters of the substrate were chosen to represent the effective material
properties of a composite structure (as reported in [6.11]) and are given as: 𝜖𝑟𝑦 = 2,
𝜎𝑒𝑦 = 10000 𝑆𝑚−1 . The infinite extent of the domain was simulated by placing
matched / PML boundary conditions on the outer boundary of the computational
domain. When employing the PML the infinite extent of the substrate was simulated
by overlapping the material properties of the slab into the PMLs on the x and z axis.
At best when modeling lossy media the split-field based SCN-PMLs proposed in [6.6]
and [6.12] can only be applied to cases with isotropic losses i.e. 𝜎𝑒𝑥 = 𝜎𝑒𝑦 = 𝜎𝑒𝑧 .
This is because the PML field attenuation in the split-field based scheme is achieved
by treating the PML as a lossy medium. As such these formulations are unable to
simultaneously incorporate both the material loss and PML loss. For this reason such
schemes cannot be applied to the above test case, or similar problems.
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(a)

(b)

Figure 6.13. Image showing a 3 mm thick infinitely extended composite sheet
suspended in a 𝑣 × 𝑣 × 𝑣 computational domain : (a) x-y view (b) x-z view of the
material space showing intersection into the PML region.
The transmitted fields 𝐸𝑦𝑡𝑟𝑎𝑛𝑠 were obtained 2 mm at the opposite side of the
slab. The shielding effectiveness was then computed as follows:

𝑆. 𝐸𝑑𝐵 = 20 log10

ℱ(𝐸𝑦𝑖𝑛𝑐 )
ℱ(𝐸𝑦𝑡𝑟𝑎𝑛𝑠 )

(6.2)

where 𝐸𝑦𝑖𝑛𝑐 represents the incident field which was obtained by running the same
simulation but without the slab in place.

Several tests were carried out all of which investigate the accuracy of the
shielding effectiveness results as the size of computational domain 𝑣 is varied. For
each test case the accuracy of the different boundary conditions employed was
evaluated by observing the convergence to a reference solution. In this study, the
reference solution represents the solution obtained by significantly extending the
dimensions of the domain 𝑣 such that reflection effects from the boundaries are absent
at the observation point. This therefore represents the perfect result and this was found
to be for the case where 𝑣 = 100 𝑚𝑚 for simulations terminated after 1200 time
steps.
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The results of the shielding effectiveness from five different simulations are
shown in Fig. 6.14. Two of these tests involved terminating the computational domain
with the matched boundary where the dimension 𝑣 for each was given as : 15 𝑚𝑚 and
50 𝑚𝑚. For the test cases involving the PML a 5 layer (i.e. 1.5 mm thick) medium
was employed where the theoretical reflection factor was set as 𝑅𝑡ℎ = 10−4 . For a
parabolically graded PML media this corresponds to a maximum 𝜎𝑚𝑎𝑥 = 20 𝑆/𝑚 .
The PML results for the cases where 𝑣 = 10 𝑚𝑚 and 𝑣 = 15 𝑚𝑚 are shown in Fig.
6.14. The superior absorbing quality of the mapped HSCN-PML is clearly
demonstrated by the absence of oscillations in the results and the better convergence
with the reference solution compared to the simulations employing the matched
boundary termination. The results show a substantially higher accuracy can be attained
in a smaller computational domain terminated by the PML compared to the same
domain size terminated by the matched boundary. Although when employing the
𝑣 = 50 𝑚𝑚 shows better agreement

matched termination the test case where

than the case where 𝑣 = 15 𝑚𝑚, however oscillations are still noticeable in the
results. In order to improve the convergence of the matched termination the
computational domain would have to be significantly extended beyond 𝑣 = 50 𝑚𝑚.
As shown in Table 6.2 compared to the test cases employing a 5 layer PML this
signifies a substantial increase in the simulation time and computational memory.
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Figure 6.14. Shielding effectiveness of an infinitely extended lossy dielectric
slab embedded in free space computed in TLM simulation employing matched/PML
boundary terminations.

Table 6.2 Computational expenses for different sized computational domain
terminated with matched / PML boundary conditions on a 6 core Intel i7-9850H @
2.6 GHz with 32 GB available RAM
Thickness of
v

PML (mm)

(mm)

(Number of

Mesh

PML layers)

size

Memory

Run

(MB)

time (h)

case 1
(reference)

100

0

37037037

22596

4.656

case 2

50

0

4629629

9374

0.462

case 3

15

0

125000

274

0.011

case 4

10

200

0.004

290

0.015

37037
1.5
(5)

case 5

15

125000
1.5
(5)
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6.4 Summary
This chapter demonstrated the capability of the mapped SCN-PML in a variety
of practical electromagnetic applications. Four applications were studied namely, (i)
simulating the transmittance of planar Frequency Selective Surfaces (FSS)

(ii)

investigating the RCS of a metallic body, (iii) simulating the coupling between two
dipole antennas, and finally (iv) terminating the domains of inhomogeneous media.
Each test case was carefully chosen to evaluate the PML under specific test conditions.
For each of the test carried out the PML results were benchmarked against a reference
solution to highlight the accuracy as well as the overall computational efficiency.

The first application investigated involved simulating the transmittance of a JC
and square loop FSS. In this test the mapped SCN-PML was employed in terminating
the out of the place direction of the computational domain. Compared to the matched
boundary termination the results obtained from the mapped SCN-PML demonstrated
excellent convergence compared with the benchmark solutions from MoM
simulations. Approximately 35 dB absorption was demonstrated for the Floquet
modes, therefore highlighting a capability to better absorb grazed incident waves.
Compared with existing SCN-PML methods the mapped SCN-PML demonstrated
excellent temporal behaviour by the absence of instability even in the presence of
strong evanescent energy.

Next, the computational efficiency advantage from employing the mapped
SCN-PML was demonstrated in radiation and scattering applications. The results
demonstrated a substantial reduction in the buffer region is attainable by employing 8
layer PML. This was shown to translate to a significant reduction in the computational
costs in terms of memory and overall run time.

The chapter was concluded by demonstrating the capability of the mapped
HSCN-PML in terminating materially inhomogeneous media. An investigation was
carried out which involved simulating the shielding effectiveness of an infinitely
extended composite substrate suspended in free space. Compared to the matched
boundary condition, the results obtained show excellent convergence to a reference
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case was attainable for a significantly smaller computational domain. This
demonstrates that the presence of a non-uniform media interfacing the PML does not
result in high reflections propagating into the computational domain. In addition, this
test case demonstrates an added advantage of the proposed PML formulation over the
existing split-field based TLM-PML schemes which cannot be applied to cases
involving anisotropic lossy domains.
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Chapter 7
Conclusions
7.1 Summary of the Work
The overall objective of this project was to formulate a technique to enable the
effective termination of TLM meshes. To achieve this, this thesis has focused on
developing a novel stretched coordinate (SC) TLM-PML implementation. Prior to this
work a handful of TLM-PML formulations have been proposed however these
schemes demonstrate a weak temporal stability which thus limits their effectiveness
in a broad class of electromagnetic applications. To address this problem, particular
consideration was to be made on the discretization approach taken in order to ensure
the highly desired unconditional stability of the TLM method is maintained upon
implementation. A summary of the discussions, developments and findings made in
this thesis thus follows.

In Chapter 2, a general discussion of the behavior of the PML equations in the
continuous and discrete domains was delivered. The theory of the PML was presented
through the split-field, uniaxial and stretched-coordinate PML interpretations. The
main distinctions between each PML interpretation was highlighted. The advances of
the PML was discussed as well as the limitations in practical applications. The
discretization of the PML equations was described to alter the highly desirable PML
“perfect” matching condition and generate spurious reflections. This results in a
performance discrepancy between different PML implementations.

In Chapter 3, the TLM theory was presented through its core principles. The
2D shunt and series TLM nodes were described and their analogy with Maxwell’s
equations was derived. Subsequently, this led to the development of a framework for
implementing the stretched coordinate PML in TLM which was formulated for the 2D
TLM shunt node. The PML formulation was developed based on establishing an
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analogy between the equations describing the TLM shunt node and the modified
(stretched) second-order wave equations. This method is referred to as the mapped
TLM-PML and when applied within the context of the shunt node it is specifically
referred to as the mapped shunt-node PML. The mapped TLM-PML formulation
employs a mapping approach and implements the stretched coordinate PML theory by
a direct stretching of the transmission line parameters from real to complex space. This
approach to PML implementation was shown to result in a complex propagation delay
and complex frequency dependent line admittances/impedances. This results in a
modification of the standard scatter and connect equations. The connect equations
were shown to be modified by introducing an additional attenuation of propagation
pulses. The modified scatter equations were derived by following the approach taken
in the classical TLM theory but with an additional consideration made on how to
appropriately handle the complex frequency dependent line parameters.

The performance of the mapped shunt-node PML was validated through a
variety of numerical tests based on the canonical waveguide application. The first
investigation carried out examined the influence of different conductivity gradings
across the PML medium on the PML performance. The constant, linear, parabolic and
cubic conductivity profiles were studied. The benefits of a graded conductivity profile
were demonstrated by the comparatively lower reflection levels achieved compared to
the constant profile case. The best performing conductivity profile was shown to be
the parabolic grading.

The relationship between the numerical reflections and the theoretical
reflection factor for different number of PML layers was also investigated. Results
showed that the reflections generated by the mapped shunt-node PML can be
significantly reduced for a given theoretical reflection factor 𝑅𝑡ℎ (dB) by increasing
the number of PML layers used. It was also seen that for each application considered
an optimal value of the theoretical reflection factor 𝑅𝑡ℎ (dB) exists which achieves the
lowest reflections for a given choice of 𝑁𝑃𝑀𝐿 .
The ability of the mapped shunt-node PML in terminating lossy dielectric
media was also demonstrated. The numerical reflections generated show that good
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absorption performance (>70 dB) is maintained even when incorporating lossy media.
As a final characterization test, the performance of the mapped shunt node PML was
compared against the split-field TLM-PML formulation presented in [7.1] and a
conventional TLM matched boundary. Both PML schemes demonstrated better
absorption ( >50 dB ) compared to the matched boundary termination. Nonetheless,
the clear advantage of implementing a SC PML formulation, is the ability to terminate
both lossless and lossy dielectric media. In such applications, the split field based
TLM-PML schemes fail since the node conductance 𝐺𝑒𝑧 is naturally employed by
these formulations to enforce the attenuation of propagating modes in the x and y
directions. Hence 𝐺𝑒𝑧 cannot be employed to suitably model the electric losses
represented by the electric conductivity 𝜎𝑒𝑧 .
Finally, for further illustrative purposes the strong absorbing capability of the
mapped shunt node PML was demonstrated in a topical application, involving the
plane wave scattering from a PEC airfoil with profile Naca0015. Compared to the
matched boundary termination the scattered field in the computational domain was
shown to be more rapidly attenuated when employing the mapped shunt-node PML.

In Chapter 4, the TLM theory in the 3D setting was presented through the
Symmetrical Condensed Node (SCN). Subsequently the theory of the mapped TLMPML framework described in Chapter 3 was extended to the SCN. Extension to hybrid
SCN (HSCN) nodes was also presented. When applied in this context the mapped
TLM-PML is specifically referred to as the mapped SCN-PML or mapped HSCNPML, respectively.

In Chapter 5, the absorption performance of the mapped SCN-PML was
characterized using normal and oblique incidence waveguide test conditions under
different variations of the PML control parameters. An excellent absorption was
demonstrated for waves impinged normally on the mapped SCN-PML medium. This
behavior arises due to the approach taken in the development of the mapped SCNPML formulation which retains the underlying propagation properties of the mapped
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node. Due to this, the inherent dispersion free property of the SCN mesh under normal
propagation is retained. In this manner, the mapped SCN-PML maintains a strong
absorption even in the presence of a sharp conductivity variation across the mediumto-PML interface. In such conditions a single mapped SCN-PML layer with
sufficiently high PML conductivity can be deployed to achieve a near perfect
attenuation of the incoming waves. Compared to the previously published SCN-PML
schemes which require a smooth conductivity to be applied across multiple PML
layers, the mapped SCN-PML was demonstrated to be more efficient in this case.

The excellent performance observed for normal incidence waves was shown
to degrade in the case where the incoming waves are impinged from an off-normal
angle. For oblique incidence waves, transitional reflections were shown to be
generated by the mapped SCN-PML, and similar to other SCN-PML schemes a graded
conductivity profile must be applied across the mapped SCN-PML medium. Under
such conditions, the limitation of the matched boundary was clearly demonstrated by
the 40 dB higher reflection generated compared to the SCN-PMLs.

In practical applications, where waves are impinged from an arbitrary angle of
incidence, the number of PML layers employed was shown to be the primary factor
used to reduce the PML reflections. However, this comes at a cost of an increase in
computational demand. Nevertheless, the relative computational burden incurred by
the PML medium decreases as the complexity or scale of the problem domain
increases. It is in such test conditions that the PML benefits of improved accuracy can
be truly realized. To optimize the PML design a guideline for tuning the PML was
briefly discussed. Through this the overall absorption behavior for a given test
condition can be obtained which could reveal the most suitable (and optimum)
combinations of PML parameters to achieve a target reflection performance.

The temporal stability of the mapped SCN-PML was demonstrated through the
canonical waveguide iris test case. Compared to published SCN-PML schemes no
appearance of instabilities was shown in the simulations employing the mapped SCNPML even in the presence of high evanescent energy interacting with the PML
interface. As an additional test the temporal response of the mapped SCN-PML for
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waves impinged on the layer for long durations of time was also investigated. No longterm instabilities were observed in this test case which further demonstrated the
strength of the mapped TLM-PML framework.

In Chapter 6, the effectiveness of the mapped SCN-PML in practical
electromagnetic simulations was further demonstrated through a variety of
applications. The test cases investigated were carefully chosen to evaluate the PML
under specific test conditions. For each of the test carried out the PML results were
benchmarked against a reference solution to highlight the accuracy as well as the
overall computational efficiency.

The first application investigated involved simulating the transmittance of a
Jerusalem Cross (JC) and square loop FSS. In this test the mapped SCN-PML was
employed in terminating the out of the place direction of the computational domain.
Compared to the matched boundary termination the results obtained from the mapped
SCN-PML demonstrated excellent convergence compared with the benchmark
solutions from MoM simulations. Approximately 35 dB absorption was demonstrated
for the Floquet modes, therefore highlighting a capability to better absorb grazed
incident waves. Compared with existing SCN-PML methods the mapped SCN-PML
demonstrated excellent temporal behaviour by the absence of instability even in the
presence of strong evanescent energy.

The second application involved evaluating the computational efficiency
advantage obtained from employing the mapped SCN-PML in radiation and scattering
applications. This was carried out by simulating the RCS of a metallic body and also
simulating the coupling between two dipole antennas. The results demonstrated by
both studies show that a substantial reduction in the buffer region is attainable by
employing 8 layer PML. This was shown to translate to a significant reduction in the
computational costs in terms of memory and overall run time.

The final investigation carried out involved simulating the shielding
effectiveness of an infinitely extended composite substrate suspended in free space.
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For this test the mapped HSCN-PML was employed in terminating the materially
inhomogeneous media. Compared to the matched boundary condition, the results
obtained show excellent convergence to a reference case was attainable for a
significantly smaller computational domain. This demonstrates that the presence of a
non-uniform media interfacing the PML does not result in high reflections propagating
into the computational domain. Furthermore, this test case was used to demonstrate an
added advantage of the proposed PML formulation over the existing split-field based
TLM-PML schemes which cannot be applied to cases involving anisotropic lossy
domains

7.2 Future Work
The investigations carried out have demonstrated the utility of the proposed
method in terminating Cartesian based TLM meshes. However, in order to realize the
full potential of the PML, extensions of the proposed technique must be made to allow
for the termination of non-Cartesian TLM grids. To date the applications of the domain
truncation techniques in TLM have been restricted to the structured grid case. NonCartesian based TLM methods, i.e. the unstructured TLM (UTLM) [7.2] and
cylindrical TLM[7.3], therefore rely on the simple but inefficient matched termination.
Developing an effective SC PML formulation for either of these methods constitutes
a significant advancement of the TLM method.

The theory of the mapped TLM-PML as developed in this thesis can be
extended to the Cylindrical TLM node. In this case, the cylindrical SC PML equations
[7.4] would be employed and the general constitutive parameters arising from
mapping procedure would be sought as similarly described in Section 4.3. This would
reveal the transformation of the transmission line impedances/admittances. Following
from this the modified scatter and connect equations can be obtained according to the
same approach described in Section 4.3.2 and 4.3.4.

Extending the mapped TLM-PML to the UTLM method can be achieved using
a hybrid mesh approach which involves discretizing the PML region using the
cuboidal mapped TLM-PML (as developed in Chapter 4 and interfacing this region
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with a computational domain discretized using tetrahedral UTLM nodes.

This

approach is conceptually similar to the technique applied in [7.5] which involved a
hybrid mesh consisting of a hexahedral PML region interfacing with wedge elements
directly extruded from a tetrahedral mesh. To achieve this a coupling strategy between
the cuboidal TLM node and the tetrahedral TLM node must be deployed in the interior
domain as similarly described in [7.6]. This way a buffer region is introduced which
ensures the mapped TLM-PML is interfaced by a cuboidal TLM node. A potential
limitation of this approach, however, is the computational costs as a result of
introducing the buffer region. Nonetheless, this is still expected to deliver a significant
improvement in accuracy and computational efficiency compared to the currently
employed matched boundary termination.

A more challenging but direct approach to implementing the PML in UTLM
involves formulating a purely tetrahedral PML node. Achieving this would remove
the need for a buffer region and also maximizes the geometric flexibility of the UTLM.
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