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ABSTRACT

In this thesis, we consider two different aspects in financial option pricing.

In the first part, we consider stochastic differential equations driven by
general Lévy processes (SDEs) with finite and infinite activity and the re-
lated, via the Feynman-Kac formula, Dirichlet problem for integro-partial
differential equation (IPDE). We approximate the solution of IPDE using a
numerical method for the SDEs. The method is based on three ingredients:
(i) we approximate small jumps by a diffusion; (ii) we use restricted jump-
adaptive time-stepping; and (iii) between the jumps we exploit a weak Euler
approximation. We prove weak convergence of the considered algorithm and
present an in-depth analysis of how its error and computational cost depend
on the jump activity level. We present the results of a range of numerical
experiments including application of the suggested numerical scheme in the
context of Foreign Exchange (FX) options, where we present an example on
barrier basket currency option pricing in a multi-dimensional setting.

In the second part of the thesis, we suggest an intermediate currency
approach that allows us to price options on all FX markets simultaneously
under the same risk-neutral measure which ensures consistency of FX option
prices across all markets. In particular, it is sufficient to calibrate a model
to the volatility smile on the domestic market as, due to the consistency
of pricing formulas, the model automatically reproduces the correct smile
for the inverse pair (the foreign market). We first consider the case of two
currencies and then the multi-currency setting. We illustrate the intermediate
currency approach by applying it to the Heston and SABR stochastic volatility
models, to the model in which exchange rates are described by an extended
skewed normal distribution, and also to the model-free approach of option

pricing.
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INTRODUCTION



AIMS OF THIS THESIS

One important aim of mathematical research is to find suitable models which
are able to describe and capture observations made in the real world and
try to explain and model this observed behaviour. The financial markets are
a particular large, quickly changing and exciting field of interest for math-
ematical research, and Mathematics and Technology play an increasingly
important role. Especially, in a world where interactions between countries,
economies and currencies become more connected and interdependent, the
interactions can be significant and need to be modelled adequately.

In this thesis we consider two different aspects of financial option pricing.
The first part of this thesis focuses on the computational aspect and it is
dedicated to a new numerical method for SDEs driven by Lévy processes
with finite and infinite activity. The introduced restricted jump-adaptive time-
stepping scheme to solve Dirichlet IPDE problems is analysed in full depth
for different cases of jump activity. In particular, the theoretical convergence
behaviour of the numerical scheme in the case of infinite activity is discussed
in detail and a wide range of numerical examples are presented. We end
this part by demonstrating the use of the introduced numerical scheme and
we apply it to estimate the price of a foreign exchange (FX) barrier basket
option involving five different currencies, where the underlying exchange
rates are modelled by exponential Lévy processes.

In the second part of the thesis, we present a novel framework for pricing

derivatives on the FX market. We explore a very simple but practically



AIMS OF THIS THESIS

valuable approach, where we focus on finding a numeraire with respect
to which we can price all FX derivatives traded on any of the domestic
markets simultaneously under the same measure. Thanks to this approach,
models for different currency pairs can be calibrated to all volatility smiles
in a consistent manner. For example, in the case of two currencies, it is
sufficient to calibrate a model for the GBPEUR exchange rate on e.g. the GBP
domestic market and the smile on the EUR domestic market is automatically
reproduced without any need of additional calibration, whereas following
traditional approaches, this is not always the case. Then, we extend this
methodology to the multi-dimensional setting and explore different pricing
models. We end this part of the thesis with a range of numerical examples,
where we calibrate some of the considered models to real market data in

two and three dimensions.



Part I

NEW NUMERICAL METHODS FOR SDES
DRIVEN BY LEVY PROCESSES WITH INFINITE
ACTIVITY



OVERVIEW

In this Part of the thesis, we present a new restricted jump-adaptive time-
stepping scheme to solve Dirichlet IPDE problems with underlying SDEs
driven by finite and infinite Lévy processes. The following chapters are
based on the paper [30].

Stochastic differential equations (SDEs) are used to model various phe-
nomena in different fields such as Biology [2], Physics [9, 23, 28, 95, 111]
and Finance [1, 15, 55, 104, 107]. Typically, SDEs contain some sort of noise,
which is driven by a stochastic process. The most commonly used noise is
Brownian motion, which is one of the best known Lévy processes and hence
widely studied [39, 106].

This research considers SDEs driven by a more general class of Lévy
processes [4, 12, 105] and we are interested in including jump processes as
noise, therefore we make use of another important building block: Poisson
processes. Considering a wider class of Lévy processes also means that
the numerical methods to solve problems involving these type of processes
have to be developed further and other (more complex) techniques have
to be used. We will make use of existing results [9, 23, 4] on existence
and uniqueness of solutions of such SDE systems. As solutions of SDEs
can rarely be found exactly, numerical methods are needed to solve SDEs
driven by Lévy processes. Numerical methods for ordinary differential
equations (ODEs) and results about convergence, consistency and stability

are commonly known (see e.g. [75, 19, 51]). When dealing with stochastic
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differential equations (SDEs) instead of ODEs, these methods used in the
same fashion work poorly for SDEs. There is a broad literature on methods
for SDEs [69, 92, 50, 97], which adapt the methods for ODEs to SDEs and
give other methods. When dealing with SDEs, the main difference is, that
there is some source of randomness involved, which makes these methods
more complicated. Due to this randomness, the question arises of how to
measure closeness between the exact solution and an approximation. For
this, we will define mean-square and weak convergence and mention their
use.

This part of the thesis begins with the Preliminaries in Chapter 3, where we
tirst define characteristic functions and moments. We then give definitions
for stochastic processes in general and specifically for Lévy Processes in
Section 3.2 and further define the concept of infinite divisibility, which is
important for descriptions of distributional properties of Lévy processes.
In Section 3.3, we introduce the Lévy-Khintchine representation, which
gives a formula for the characteristic function of any infinitely distributed
random variable. We mention the Lévy-Ito decomposition, that helps us to
understand the structure of Lévy processes better and give some examples
of commonly known Lévy processes. This is then followed by Section 3.4
about SDEs driven by Lévy processes, a short introduction about existence
and uniqueness of solutions of such SDE systems and a description of how
to measure numerical convergence for SDEs. Moreover, we focus on weak
approximation and introduce a general IPDE problem. In Chapter 4 we
introduce the main topic of this research: a boundary value IPDE problem.
We then discuss possible numerical methods and questions associated with
this problem and review existing literature in Section 4.2. In particular, we
highlight the differences between our research and existing literature with
particular focus on the case of Lévy processes with infinite activity. The
most important chapter of this part is Chapter 5, where we introduce the
suggested restricted time-stepping algorithm and give proofs for numerical

convergence. We want to highlight the extensive discussion with respect to
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infinite activity in Section 5.3.4. In the last chapter of this part, we showcase
the theoretical results in a range of theoretical and practical numerical

examples.
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PRELIMINARIES ON LEVY PROCESSES AND SDES
DRIVEN BY LEVY PROCESSES

In this chapter we introduce some selected useful tools and characteristics
when working with Lévy processes such as characteristic functions (CFs),
moment generating functions (MGFs) and the characteristic exponent (some-
times also known as cumulant generating function [23] or Lévy exponent [4]).
Furthermore, we explain their useful properties and how they are connected.
We then have a look at the concept of infinite divisibility, the Lévy-Ito de-
composition and introduce the Lévy-Khintchine formula, which shows that
characteristic functions of Lévy processes have a specific form. We end this
chapter by briefly introducing mean—-square and weak approximations of

SDEs. This chapter is mainly based on [4, 23].

3.1 CHARACTERISTIC FUNCTION AND MOMENTS

We will give some basic definition of c—algebras and measures followed by

some introduction into characteristic functions.

Definition 3.1.1. Let () be a non-empty set and F a collection of subsets of

). We then call F a o-algebra if the following hold:
1. @ € F, where @ is the empty set.

2. Ae F = A° € F, where A € Q).



3.1 CHARACTERISTIC FUNCTION AND MOMENTS

3. If (A, n € N) is a sequence of subsets in F then |J;_; A, € F.

The pair (Q), F) is called a measurable space. A measure on (), F) is a

mapping u : F — [0, o] that satisfies
1. u(@) =0,
2.
H <U A”) = ) u(An)
n=1 n=1
for every sequence (A,,n € IN) of mutually disjoint sets in F.

Then (Q), F, i) is called a measure space. One commonly known example
for a measure is the Borel measure. Let B(IRY) be the Borel oc—algebra of IRY,
which is the smallest c—algebra of subsets of R? that contain all the open

sets. If S € B(IRY) then its Borel c—algebra is defined as follows
B(S) = {EUS;E € B(R%)},

where E is a set in B(R?). Any measure on (S, B(S)) is then called a Borel
measure. In general, a measure does not need to be finite. A measure y
defined on (Q), F) is finite, if #(Q)) < co. A more flexible measure is the

Radon measure defined as follows:

Definition 3.1.2. Let A C R? and (A4, .A) be a measurable space. A measure
yu is called a Radon measure, if for every compact measurable set B € A,

#(B) < oo.

Another measure, which is also useful is a so-called Lebesgue measure,

defined as follows:

Definition 3.1.3. Let B(S) be the Borel-o algebra, then we can define a

measure A(w) called the Lebesgue measure on R as such:

Amy:Aﬁ.

A point measure, which is also useful, is defined as follows:



3.1 CHARACTERISTIC FUNCTION AND MOMENTS

Definition 3.1.4. A measure J,(w) associated with a point x € E is defined

as follows:

1 ifxeA
Ox(A) ==

0 otherwise,

for x € R?. Such a measure is then called Dirac measure.

In the case, where a measure P : F — [0,1] and P(Q)) = 1, we call this
measure P a probability measure and (Q), F, P) a probability space.
If (Q), F, P) is a given probability space, then a function f : O — R”" is called

JF-measurable if
YA ={w e Q; f(w) e A} € F

for all open sets A € R,

In the theory of stochastic processes, we are particularly interested in

complete probability spaces.

Definition 3.1.5. A probability space (), F, P) is called complete if for all
events A C B for B € F with P(B) = 0 implies that A € F.

Remark 3.1.6. Throughout this work, we make the assumption that all
probability spaces ((), F, P) are complete (if not otherwise stated). This can

be referred to as the “standard assumptions”.

Definition 3.1.7. Let X be a R%-valued random variable defined on (Q, F, P).
The characteristic function (CF) of X is the function ®x : R? — C defined
by

Px(t) :=E [e“t'Xq = /Qei<t'X(‘*’)>dP(c(J),

where ¢t € R? and (¢, X) are the scalar products of t and X.

Note, that the characteristic function completely determines the distribu-
tion of the random variable X and always exists, as it is the Fourier transform

of the probability measure in respect to X.

10



3.1 CHARACTERISTIC FUNCTION AND MOMENTS

Definition 3.1.8. A measure y» is said to be absolutely continuous with

respect to a measure y if for any measurable set A
1 (A) =0= uy(A) =0.

Further, if X is absolutely continuous, then the probability density function
(PDF) fx exists and [, "X dP(w) = [psel™dfx(y). If the moment

generating function (MGF) exists as well then it is defined as follows.

Definition 3.1.9. Let X be a R%-valued random variable defined on (Q), F, P).

The moment generating function (MGF) of X is defined (assuming E[e!"X?]

exists) by

where t € RY.

Both the CF and the MGF have useful properties. We will limit our
presentation to the properties of the CF, as in the general case the CF always

exists (while the MGF not necessarily does):
o IfE [|X]\”] < oo forsome 1 < j <dandk € N and k < n, then the kth

moment [E [Xﬂ can be calculated by differentiating the CF:

B[] =250

t=0

e If (X;,i =1,...,d) are independent random variables, then the CF of
Y = X; +--- 4+ X, is given by:

Dy (t) = H‘I’Xi(f)- (3.1.1)

The definition of moments can be found in the Appendix B.1.3. As the

characteristic function of Lévy processes can be expressed in a specific way,

11



3.2 LEVY PROCESSES 12

we will look at the log-characteristic function. This leads to the definition of

the characteristic exponent.

Definition 3.1.10. Let X be a R%-valued random variable defined on (Q, F, P)
with characteristic function ®x(t),t € R%. The characteristic exponent of X

is the function ¥ (¢) such that
P (t) = e¥x),

where t € RY.

Note that similarly to (3.1.1), the characteristic exponent of Y = X; + ... +
X,, with independent random variables (X;,i = 1,...,n) can be written as

follows:

Yy(t) = ¥x,4.4x,(t) = Litq ¥x, ().

For a selection of the most known distributions, the characteristic function
and also the characteristic exponent are commonly known and can be found

in Table 3.1.1.

Table 3.1.1: Some probability distributions, their characteristic functions and charac-
teristic exponents

distribution Exponential (A > 0) Poisson (A > 0) Normal

2

(x—p)
—A —A A 1 -
fX(X) Ae x:ﬂ_xz() e ﬂ,x - N W@ 202
q)X(t) % e/\(e“—l) ez’ytf% 242
Yx(t) log <%) ,fort < A Alet —1) iut — 102t

3.2 LEVY PROCESSES

Stochastic processes describe the random evolution of a dynamical system
over time [64]. Opposed to a deterministic process, the evolution of this pro-

cess has uncertainty in regard to its outcome. Lévy processes are stochastic



3.2 LEVY PROCESSES

processes with specific properties, which we will define in this chapter. We
will introduce the concept of infinite divisibility and how it is connected to
Lévy processes. Further, we explain the notion of random measures and in

particular Poisson random measures.

Definition 3.2.1. Let (), 7, P) be a complete probability space and let X =
(X(t),t > 0) = (X¢)t>0 be a family of random variables defined on that
probability space and t € R is interpreted as time. Then we say that X is a

stochastic process.

Note that one can class stochastic processes in discrete-time (for more
information see e.g. [41]) and continuous-time processes. Stochastic processes
can be used to model various phenomena in Biology [2], Physics (see [111]
or [9]), Social Sciences [43] and Finance (see [107] or [15]).

When looking at stochastic processes over time, we are also interested
in the information flow over time. As time goes on more information is
progressively available. This feature can be added to the structure of the

probability space and is defined as follows.

Definition 3.2.2. Let (Q), F, P) be a complete probability space. A filtration
on (Q), F,P) is an increasing family of o-algebras (F¢),t € [0, T] for which
the following holds:

Vt>s>0 Fs CF CF.

Note that a probability space equipped with a filtration is called a filtered
probability space and denoted by (Q), F, (F¢)t>0, P).
We are now prepared to introduce a Lévy process, which is a class of

stochastic processes with certain properties.

Definition 3.2.3. A stochastic process (X;);>o defined on (Q), F, P) with

Xp = 0 is said to be a Levy process if it has the following properties:

1. The paths of X are right continuous with left-hand limits (i.e. cadlag).

13



3.2 LEVY PROCESSES

2. Independent increments: For 0 < s < t, X; — X; is independent of the

o-algebra F; = {X,, : u < t}.

3. Stationary (time-homogeneous) increments: For 0 < s < t, X; — X, has

the same distribution as X;_;.
4. Stochastic continuity: Ve > 0, Pm P(|X; — Xs| >€) =0.
—s

Note that sample paths of Lévy processes do not necessarily have to be
continuous, this is only true for some subclasses such as Wiener processes.
We are interested in distributions of independent increments of Lévy pro-
cesses and therefore, the concept of infinite divisibility is important, as it

will put a constraint on possible choices.

Definition 3.2.4. Let X be a random variable valued in R? with probability
measure Px. We then say that X is infinitely divisible, if Vn € IN there
exist n i.i.d. random variables Y, ..., Y}, such that Y7 + - - - + Y}, has the same

distribution as X.

Note that it can be shown that the equality in distribution of Y7 4 --- + Y},
and X; (denoted by X; L Y1 +--- +Y,) can be expressed in the following

ways:

e In terms of the characteristic function:
Ox(t) = Px, X -+ x Py,
e As a convolution of identical measures y; (see [4]):
Ux = 1% - % U,
Before we look at some examples of infinitely divisible distributions, we

can look at the characteristic function ®(¢) and the characteristic exponent

¥ (t), which easily allow us to determine, whether a distribution is infinitely

14



3.2 LEVY PROCESSES

divisible or not. This property is formulated in the following proposition

(for a proof see [4]).

Proposition 3.2.5. Let X be a random variable on (Q), F, P). Then the following

statements are equivalent:
o X is infinitely divisible.

o The n—th root of the characteristic function ®x (t) is the characteristic function

of n i.i.d. random variables X;,i € IN:

@X(t) = q)Xl X oo X q)xn = [@Xl]n

o The characteristic exponent ¥ x (t) can be written as a sum of the characteristic

exponents ¥x (t) of n i.i.d. random variables:

Tx(t) :Txl —f—"'—l—‘Ian = H‘Fxl.

Remark 3.2.6. It should be easy to see that the concept of infinite divisibility
gives us an idea of the structure the characteristic function of a Lévy process
should have. The characteristic function of a Levy process (X;);>o on R? has

the following form:
Py, (z) =), zeRY,

where ¥(z) is the characteristic exponent of X; = X(1) with t+ = 1. This
shows us that characteristic exponent of a Lévy process varies linearly in
t. Therefore, the knowledge over distribution of X; will be sufficient to
specify the distribution of X;. A rough outline of the proof can be found in
Appendix A.1.1. Note that, we use this form for the characteristic exponent,
when talking about Lévy processes rather than the more general form from

Definition 3.1.10

15



3.2 LEVY PROCESSES 16

Example 3.2.1 (Normal distribution). Let us only look at the simple case
where d = 1 and let Y be a random variable which follows the normal
distribution Y ~ N'(u,0?), hence it is obvious that Y must be a infinitely
divisible random variable as its CF ®y(t) (as seen above in Table 3.1.1) can

be written as

Dy (t) = exp (iyt — %021‘2)

where ®y, (t) is the CF of a normal distributed random variable Y; ~
N (%, %) Similarly, we can deduct the following statement for the charac-

teristic exponent:

2

1 1
Tﬂﬂ:ﬁu—?ﬁﬂ:nc%;i%F>=n%dﬁ

Similar statements can be shown for the multivariate case.

Example 3.2.2 (Poisson distribution). In a similar fashion for d = 1, let Z be
a random variable which follows a Poisson distribution: Z ~ Poi(A). Then it

is also easy to see that Z is infinitely divisible as

Dz (t) = exp (A(eif - 1))

_ [exp (%(eit - 1))]n

=[®z,(1)]", teR,

where ® (t) is the CF of a Poisson distributed random variable Z; ~
(A

Poi (5)
Lévy processes can be used to describe jumps occurring in different ob-

served phenomena [23, 9]. A convenient tool to analyse these jumps are

random measures and in particular Poisson random measures.
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Definition 3.2.7. Let E € RY and (E, £) be a measurable space and (Q, F, P)
a probability space. A measure M on E is called random measure if the

following holds:
M:QOx€&—Ry, ie (w,A) = M(w, A),

such that
1. For (almost all) w € ), M(w, -) is measure on E.
2. For each measurable set A C E, M(-,A) = M(A) is a random variable.

To understand the notion of random measures better we show its connec-

tion to a Poisson process.

Example 3.2.3 (Random jump measure). Let (7;);>1 be a sequence of indepen-
dent exponential random variables with parameter A > 0and T, = }}' | T;.

The process (N;);>o defined by

Ne=) lpap, =#{n>1,t>T,}
n>1
is called a Poisson process with intensity A. It is a counting process of the
number of jumps which occur in the time [0, f].
This counting procedure defines a random measure M on [0, %), for any
A CRy let
M(w,A) =#{i >1,Ti(w) € A}.

Note that M(w, A) depends on w, hence it is a random measure. If we fix
w, then all T;(w) are deterministic, hence if A = @, i.e. all Tj(w) ¢ A, then
M(w, @) = 0. Moreover, let (A,,n € IN) be a sequence of subsets in F, such
that US" A, € F. Then, M(w, U 1A,) = #{i > 1, Ti(w) € Uy Ay} =
Lo #{i > 1, Ti(w) € An} = 1501 M(w, Ay).

Further, the intensity A of the Poisson process determines the average

value of this random measure: E[M(A)] = A|A|, where |A] is the Lebesgue
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measure of A. M can also be called the random jump measure associated to

the Poisson process N, which allows us to express N; in the following way:

Ni(w) = M(w, [0, 1]) = /[ Mica,ds).
0t
Definition 3.2.8. Let E € R¥ and u be a given Radon measure on (E, &) and
(Q), F, P) a probability space. An integer valued random measure N on E
with intensity measure y is called Poisson random measure if the following

holds:
N:QOx& —N,ie (w,A)— N(w,A),

such that

1. For (almost all) w € O, N(w, -) is an integer valued Radon measure on
E: for any bounded measurable A C E, N(A) < oo is an integer valued

random variable.
2. For each measurable set A C E, N(-, A) = M(A) is a Poisson random

variable with parameter p(A):

VkeN, P(N(A)=k)=e¢ HA) (”(lf”k.

3. For disjoint measurable sets Aj,..., A, € &, the random variables

N(A1),...,N(A,) are independent.

For an easier understanding, we can look at two examples of a Poisson

random measure [21, 23].

Example 3.2.4 (Particles in boxes). Let E be a countable set with n number

of elements (i.e. |E| = n). Let £ = P(E) be the power set of E, then |£| = 2".

Let u be a measure on it. For each x € E, let N, be independent Poisson

distributed random variables with mean y({x}). We may think of E as a

18
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countable collection of boxes and of Ny as the number of particles in the box
x. Then,

N(w,A) = Y Ne(0)1x(A) weQ,AcE,
xeE

defines a Poisson random measure M on (E, £) with intensity measure p. It
can be easily seen, that for w € () (meaning for any realisation of random
number of particles in the boxes Ny(w)), N(w, ) is a Radon measure on
E for A € E as N(A) < oo (as for any set of boxes, the number of total
particles will be finite). The Poisson random measure can be seen as a total
counter of particles in all boxes for a certain set of boxes. Moreover, let
us fix A C E, then M(w, A) is clearly a random variable dependent on
w. Due to the independence of Ny and N,,x # y and the fact that the
sum of independent Poisson distributed random variables is also Poisson
distributed, N(-,A) = Y cg Nx(w)1x(A) = Ny__, . Lastly, for disjoint
measurable sets Aq,..., A, € &, the random variables N(A1),...,N(Ay)
are clearly independent as Vk € N, P(N(4;) = k) = e_V(Ai)W are

independent.

Example 3.2.5 (Poisson random measure as jump processes). Let
(Q, F, (Ft)t>0, P) be a filtered probability space. We can now consider a Pois-
son random measure N on E = [0, T] x R%\ {0} with parameter x(A), A € E.
It can be described as the counting measure associated to a random configu-

ration of points (Ty,Y,) € E:

N(w, A) = ) dmy@) @) (4) ACE,
n>1
where J,(A) is the Dirac measure of a point x = (Ty,Y,) € E. Each point
(Tu(w), Yn(w)) corresponds to an observation made at time T, and described
by a random variable Y, (w) € R?. We can interpret the first coordinate t as
time and we will say that N is a non—anticipating (or adapted to the filtration
(Ft)t>0) Poisson random measure, if (T,),>1 are non-anticipating random

times and Y, is known at T,,. The Poisson random measure N(w, A) can be
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seen as a counting process (in regard to time and space) for all points in a
certain area A.
Introducing a real valued measurable function f : E — IR, for which the

following holds:

B = [ ooy ) s dy) < o,

then we can create a stochastic process which corresponds to the Poisson
random measure N(A) and the function f. The intensity of that process can

be described as the expectation of a random variable N(f),

BING = 1) = [ [ o (o1 )

If we now integrate f with respect to M up to time t, this gives a non-

anticipating (or adapted) stochastic process:

t
Xe=X(f)= [ [ feuN@sdy) = ¥ f(TyYa),
0 JRAN\{0} {n,Tue (0,4}
This example shows, that the Poisson random measure contains all informa-
tion about the discontinuities (jumps) of the process X;, whose jumps occur

at random times T, and have jump size f(Ty, Yy).

3.3 DISTRIBUTION AND STRUCTURE OF LEVY PROCESSES

In the previous Section 3.2, we have introduced Lévy processes and random
measures (see 3.2.3 and 3.2.7). Now, we will introduce the Lévy-Khintchine
representation [4] which gives a formula for the characteristic function for
infinitely divisible random variables and hence for Lévy processes. Then, we
can state the Lévy-Ito decomposition, that allows us to describe the sample

path structure.
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First, we introduce the Lévy measure which is used in the Lévy—Khintchine

formula. It allows us to deal with finite and infinite activity of Lévy processes.

Definition 3.3.1. Let v be a Borel measure defined on R\ {0} for which the

following condition holds

2
/R gy (P A () < oo (3.3.1)

We call v a Lévy measure.

In the first instance the above condition (3.3.1) does not seem to be obvious.
However, it will ensure that all integrals in the Lévy-Khintchine formula
exist. The Lévy measure is an important part in the definition of a Lévy

process, especially in regard to the finite and infinite activity.

Definition 3.3.2. A Lévy process with Lévy measure v is said to be of finite

activity if v(R%\{0}) < oo. Otherwise, it is called of infinite activity.

The differentiation between Lévy processes of finite and infinite activity is
important, as dealing with Lévy processes of infinite activity is usually more
complex and also they are more difficult to simulate. Therefore, the two
cases have to be treated separately, particularly with regards to numerical
methods, which we will see in Chapter 5 and Chapter 6.

We can now proceed to the Lévy—Khintchine formula, which provides a
characterization of random variables with infinitely divisible distributions
using their characteristic functions. We will present it here without the proof

which can be found in literature on Lévy processes such as [4], [23] or [12].

Theorem 3.3.3 (Lévy-Khintchine formula). Let X be a random variable valued
on R? with probability measure yx and CF ®(z). Then ux is infinitely divisible if
and only if there exists a triplet (b, A,v), with b € R, a positive definite matrix
A € R and a Lévy measure v on R¥\{0}, such that for all z € RY,

P(z) = exp {i(b,z) — %(z, Az) + /Rd\{o}[ei<z'x> —1- i(z,x)]l|x<1]1/(dx)} .
(33:2)
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We can now take this idea further and formalise what we mentioned in
Remark 3.2.6 and use it for Lévy processes which leads to the following

theorem.

Theorem 3.3.4 (Lévy-Khintchine formula for Lévy processes). Let X =
(Xt)t=0 on RY be a Lévy process, then the CF has the following form

Dy, (Z) = ')
— exp {t (i(b,z) - %(z, Az)

+ /Rd\{o}[eﬂz,x) —1- i(z,X>1|x<1]V(dx)) } , zeRY

where ¥ (z) is the characteristic exponent of X1 = X(1) and (b, A,v) is a triplet
with b € RY, a positive definite matrix A € R¥™% and a Lévy measure v on
R\ {0}.

A proof can be found in [4].

Remark 3.3.5. Note that such a triplet (b, A, v) is sometimes called the Lévy-
Khintchine triplet and it can be shown that it is sufficient to characterize any

Lévy process uniquely (see [4, Corollary 2.4.21] or [105, Theorem 8.1]).

To get a better understanding of the Lévy-Khintchine formula, we give
some examples of commonly used finite Lévy processes and their Lévy-

Khintchine triplet (if it exists).

Example 3.3.1 (Brownian Motion with drift). Let (B¢);>o with By = 0 be a
Brownian motion in R™, let b € RY be a vector, let A € R4 be a positive
definite matrix and o € R%*™ be such that coT = A. The (Gaussian) process

(Ct)¢>0 in R? defined by
C = bt + 0B (3:3.3)
has then the characteristic exponent of following form:

Ye(z) =i(b,z) — %(z, Az), zeR%
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The Lévy-Khintchine triplet of C; can then be written as (b, A,0). Note that
it can be shown, that a Lévy process is of the form (3.3.3) if and only if it
has continuous sample paths. Note that a stochastic process is said to be

Gaussian, if all its finite-dimensional distributions are Gaussian.

Example 3.3.2 (Poisson process). Let (N;)¢>( be a Poisson process of intensity
A > 0. As we have seen in example 3.2.3, N; can be expressed in the form of

its associated random jump measure M:

Ni = M([0,1]) = /M M(ds).

It is a Lévy process which takes values in N U0 and for any ¢ > 0. N; follows

a Poisson distribution with parameter At:

oy A"
P(N(t)=n) =e i
foreachn =0,1,2,.... The characteristic exponent of N; has the following

form:

Yn(z) = A —1), zeR%

The Lévy-Khintchine triplet of N; can then be written as (0,0, Ad1), where J;
is the Dirac measure on 1. It can be clearly seen that the Poisson process is a

simple jump process.

Example 3.3.3 (Compound Poisson process). Let Y;,i = 1,2,..., be ii.d.

random variables in R with common probability distribution F(y) and let

(Nt) be a Poisson process with intensity A > 0, that is independent of all Y;.

Then the compound Poisson process J; with intensity A is defined as follows:

Ni
]t - Z Yi/
i=1
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for each t > 0. As seen in Example 3.2.5, the compound Poisson process
can also be expressed in the form of its associated Poisson random measure

N(dt, dx) with intensity A in the following way:

t
Ji :/0 /1Rd\{0} xN(ds,dx).

The characteristic exponent of J; has the following form:

¥i(z) = 7\/]Rd\{0}(ei<z’y> —1)F(dy), z€R™ (3-3-4)

A derivation for the characteristic function and exponent of J; can be found
in the Appendix A.1.2. We can introduce a measure v(A) = AF(A) for which
(3.3.4) then takes the following form:

¥(z) = /]Rd(ei<z'y> —1)v(dy), zeR%

The Lévy-Khintchine triplet of J; can then be written as (0,0, AF(-)).

So far we have looked at examples for Lévy processes of finite activity
such as Examples 3.3.1, 3.3.2 and 3.3.3. When we want to look at examples
for Lévy processes of infinite activity, we first have to introduce the idea of a

compensated measure.

Definition 3.3.6. Let N(A) be a Poisson random measure with intensity

measure }. Then we define a compensated Poisson random measure as

N(A) := N(A) — u(A), (3-3.5)

where A C E, where E is a set in RY.
We can now look at an example of a Lévy process of infinite activity.

Example 3.3.4 (Lévy process with infinite activity). Let X = (X;);>0 on R?
be a Lévy process without Brownian motion and drift with infinite activity.

We can describe X; using its associated Poisson random measure N(ds, dx)

24



3.3 DISTRIBUTION AND STRUCTURE OF LEVY PROCESSES

and its associated compensated Poisson random measure N (ds,dx) in the

following way:

t t
X :/ / xN(ds, dx) +/ / xN(ds,dx).
0 Jix|<1 0 Jix|>1

Note that the idea is to split up the jumps of the Lévy process into jumps of
size lower than one and bigger than one (this level is chosen arbitrarily). The
existence of infinite activity implies that there can be an infinite number of
small jumps. Therefore, we need to use the compensated Poisson random
measure for the part of small jumps, which ensures analytical properties
of the integrals. Due to the properties of the Lévy measure, there can only
be a finite number of jumps bigger than one. Hence, it is sufficient to
describe these jumps using the Poisson random measure. A more technical
explanation can be found in Remark 3.3.8.

The characteristic exponent has the form

Yx(z) = /Rd\{o} 1) —1 — i(z, ) 1|y <1]v(dx), z€ RRY,

and the Lévy-Khintchine triplet of X; is (0,0, v).

As we have seen in Theorems 3.3.3 and 3.3.4, the Lévy-Khintchine formula
gives us information about the distribution of infinitely divisible random
variables and Lévy processes. To understand the structure of the paths of
Lévy processes, we will formulate a famous result known as the Lévy—Ito

decomposition.

Theorem 3.3.7 (Lévy-Ito decomposition). If X = (X;);>0 on R? is a Lévy
process, then there exists b € R?, a d—dimensional Brownian motion (Ba(t))s>0
with covariance matrix A € R**? and an independent Poisson random measure N

on [0,00) x RY, with intensity measure v(dx) x dt and Lévy measure v, such that

t t
Xy = bt + By (t) +/ / xN(ds, dx) +/ / xN(ds,dx).  (3.3.6)
0 Jix[<1 0 Jlx|>1
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A proof of Theorem 3.3.7 can be found in [4] or [23].

Remark 3.3.8. This theorem allows us to understand the structure of Lévy
processes and it hints at an idea of how to construct general Lévy processes
by independently combining special cases of Lévy processes. When com-
bining different parts of Examples 3.3.1, 3.3.3 and 3.3.4, X; can be seen as a
combination of a Brownian motion with constant drift, a compound Poisson
process which describes the jumps of size larger than 1 and a compensated
compound Poisson process.

To continue further, one can check, if all Lévy processes can be repre-
sented in a similar way, which is not as intuitively understandable on the
tirst inspection. To emphasize that, this representation also describes Lévy
processes with infinite activity, i.e. an infinite number of jumps, where
most of the jumps are small. This suggests that the Lévy measure is not
necessarily a finite measure. By the condition (3.3.1) on the Lévy measure,
we ensure that the integral fRd\{O}[ei<fo> —1—i(z,x) 1|y <1]v(dx) exists for
any |x|, as for small jumps (|x| < 1) |¢/**) —1 —i(z, x)| behaves like |x?| and
the condition (3.3.1) ensures that f‘ x|<1 |x?|v(dx) exists. Similarly, the same
condition means that X only has a finite number of jumps, which are larger
then 1 (|x| > 1). This means, that an infinite amount of small jumps can
occur, however the integrals in the Lévy-Khintchine formula still converge

due to the mentioned condition on the Lévy measure.

3.4 SDES DRIVEN BY LEVY PROCESSES AND EXISTENCE AND UNIQUE-

NESS OF SOLUTIONS

The existence of (unique) solutions for SDEs driven by Lévy processes
depends on regularity conditions on the parameters used in the SDE. We
first introduce the concepts of Lipschitz continuity and polynomial growth

for general functions. Then we proceed with introducing a suitable SDE
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system and state a Theorem on existence and uniqueness of a solution under

certain regularity conditions.

Definition 3.4.1. A function f : [0, T] x R? — R? is said to be (globally)

Lipschitz (continuous), if there exists a positive constant L € R, such that

1£(tx) = fF(E )| < Lllx =yl (3.4.1)

holds for all ¢ € [0, T] and x,y € R".

Definition 3.4.2. A function f : [0, T] x R? — R¥ is said to have polynomial

growth, if for some 7 there exists a positive constant C € IR, such that

sup [|f(£,x)[| < C(1+ [x][") (34-2)
t€[0,T]
holds for all x € RY. We then say, that the function f belongs to the class
of functions F, written f € F. The function f is said to have linear growth,

if (3.4.2) holds for n = 1.

Let us now introduce a general system of SDEs driven by Lévy processes.
Suppose that we are given a d-dimensional standard F;-adapted Brownian
motion process w = (w(t),t > 0) with w(t) = (w'(t),...,w(t))T for each
t > 0 and an independent F;-adapted Poisson random measure N defined
on [0,0) x R™ with compensator N(dt,dy) = N(dt,dy) — v(dy)dt where v

is a Lévy measure. This system of SDEs can be described as follows:

dX = b(t, X(t—))dt + o(t, X(t—))dw(t) + ” 1F(t,X(t—))yN(dt,aly)
yl<

(3-4-3)

+ ‘y|>1P(f,X(f—))yN(dfrdy)'

where X and b are vectors of dimension d and ¢ is a d x d matrix, X(f—)
denotes X just before a jump time (assuming a jump time is occurring at t).

Further, F(t,x) = (F/(t,x)) is a d x m-matrix. We can now consider (3.4.3)
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as an initial value problem with a fixed initial condition X(ty) = x, where

x € R?. Further, we make the following assumptions on the coefficients
of (3.4.3):

(i) Lipschitz condition: There exists a constant L > 0 such that,

Ib(t,x) = b(t, ) |1* + llo(t, )—U(f y)ll2 (3-4-4)
+/ IE(t, IPlIzlPv(dz) < Lilx - yl|?
holds for all t € [0,T] and x,y € R? and | - || is the n—dimensional

Euclidean norm.

(ii) Growth condition: There exists a constant C > 0 such that,

b(t, )12 + ller(t, 1)1 + /]Rd IE(t, x) |1 |zl|Pv(dz) < C(1+[|x]|?)
(3-4.5)
holds for all x € R
Let X}, » be a Lévy procces solving the SDE system (3.4.3) and let us assume
that the conditions (3.4.4) and (3.4.5) hold. Then we can describe Xj x, as

follows:

Xpx(t) = x +/ s, X(s—))ds+ ta(s,X(s—))dw(s) (3-4.6)

)

e s
+/to /|y>1P(s,X(t—))yN(ds,dy)-

We can now formulate the following theorem similar to [4, Theorem 6.2.3]
about the existence of a unique strong solution for the problem (3.4.3), which

we state here without proof, which can be found in [4].

Theorem 3.4.3. Assume that the coefficients of the SDE (3.4.3) follow the Lipschitz
and growth conditions (3.4.4) and(3.4.5). Then there exists a unique solution
X = (X¢)o<t to the SDE (3.4.3) with initial condition X(ty) = x. Further, X is
adapted to the filtration (F;, t > 0) and cadlag.
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3.5 MEAN-SQUARE AND WEAK ORDER CONVERGENCE FOR NUMERICAL

METHODS

When simulating solutions of a SDE system such as (3.4.3), one is usually
interested in either the path of the trajectory or in the expected value of
some functional of the process. Numerical simulation methods are usually
based on discrete approximations of the continuous solution and, when
speaking about convergence in regard to these numerical methods, there are

commonly two main criteria used: mean—square and weak convergence (see

[92]).

Definition 3.5.1. Let (X(t), ), t € [to, T] be a solution of the SDE system
(3.4.3) and let Xy be its numerical approximation for the (time-)steps t; €
[to, T],k = 0,..., N with the fixed step size h = t; ;1 — fx. Then we say that

the mean-square order of convergence of this method is equal to p, if

Nj—

(BIX(t) - Xc)* < Kn, (3.5.1)

where K is a positive constant independent of k and 4.

Definition 3.5.2. Let (X(t), F;), t € [to, T] be a solution of the SDE system
(3.4.3) and let X be its numerical approximation for the (time-)steps t; €
[to, T],k =0,..., N with the fixed step size I = t; ;1 — fx. Then we say that

the weak order of convergence of this method is equal to p, if

[E(g(X(T))) — E(g(Xn))[ < Kn”, (3-5-2)

for g from a class of functions F and where K is a positive constant indepen-

dent of h.

We will focus on the weak order of convergence, as the main goal of this
part of the thesis is about solving a Dirichlet IPDE problem (which we

introduce in Chapter 4). Weak methods are sufficient in this case, as we are
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only interested in using numerical methods to find an approximation to the
expectation of a functional of the corresponding system of SDE to solve the

IPDE problem.



NUMERICAL METHODS FOR IPDE PROBLEMS AND
LITERATURE REVIEW

In this chapter, we focus on the probabilistic representation of the parabolic
solution of integro-partial differential equation (IPDE) problems. We are
interested in extending existing numerical schemes, in particular research
used for Dirichlet PDE problems [92, Algorithm 2 in Chapter 6.2], to the
Dirichlet IPDE case. For that reason, we explore on how to deal with finite
and infinite activity for Dirichlet (and Cauchy) IPDE problems. Firstly, we
will introduce the relevant problem in Section 4.1 and then review other

existing literature in Section 4.2.

4.1 THE IPDE PROBLEM

The main topic of this research is about solving the following IPDE problem.

Let G be a bounded domain in R, Q = [ty, T) x G be a cylinder in
R1, T = Q\ Q be the part of the cylinder’s boundary consisting of the
upper base and lateral surface, G° = R \ Q be the complement of G and
Q° := (to, T] x G°U{T} x G. Consider the Dirichlet problem for the integro-
partial differential equation (IPDE):

ou + Lu+c(t,x)u+g(t,x) =0, (t,x)€Q,
ot (4.1.1)

u(t,x) = @(t,x), (tx)€Q-,
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where the integro-differential operator L is of the form

1 é ij o*u i

Lu(t,x): = 5 Y- al(t,x )axlaxf )+ Zb (t,x) = (t, x) (4.1.2)
+ /]Rm {u(t,x—{—F(t,x)z) —u(t, x)
— (F(t,%)z, Vu(t, x))I(|z| < 1) }u(dz);

a(t,x) = (a’(t,x)) is a d x d-matrix; b(t,x) = (b}(t,x),..., b4 (t,x))" is a d-
dimensional vector; c(t,x), g(t,x), and ¢(t, x) are scalar functions; F(t, x) =
(Fi(t,x)) is a d x m-matrix; and v(z), z € R™, is a Lévy measure such that
Jgn (2> A1)v(dz) < co. We allow v to be of infinite intensity, i.e. we may
have v(B(0,7)) = oo for some r > 0, where as usual for x € R? and s > 0 we
write B(x,s) for the open ball of radius s centred at x.

When the solution u of (4.1.1) is regular enough, for example when
u e Cl2 <[t0, T] x Rd) ,

the Feynman-Kac formula (see [23][Proposition 12.6] or references therein)
assures a probabilistic representation of the solution u(¢, x) to (4.1.1) in terms

of the following system of Lévy-driven SDEs:

u(t,x) =E[@ (Tex, Xex(Tex)) Yix1(Tix) + Zex10(Tex)], (£x) €Q, (4.1.3)

where (X x(s), Yt,x,y(5), Ztxy:(s)) for s > t, solves the system of SDEs con-

sisting of (5.1.1) and

dY = c(s,X(s—))Yds, Yiry(t) =1y, (4.1.4)
dZ = g(S/X(S_))YdS/ Zt,x,y,z(t) =z, (415)

and i = inf{s > t: (s, Xt x(s)) ¢ Q} is the first exit-time of the space-time

Lévy process (s, X¢x(s)) from the space-time cylinder Q. To see why this
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holds, one may apply Ito’s lemma, see e.g. [4, Theorem 4.4.7], and the fact

that u solves (4.1.1) to prove that the process

u (t N Tt x, Xt,x(t A Tt,x)) Yt,x,l (t AN Tt,x) + Zt,x,l,O(t A Tt,x)z

is a martingale. The claimed formula follows by letting t — co.

A weak-sense approximation (as described in Section 3.5) of the SDEs
together with the Monte Carlo technique gives us a numerical approach to
evaluating u(t, x), which is especially useful for higher-dimensional prob-
lems.

This introduced Dirichlet problem (4.1.1) is particularly interesting in
the context of financial products, when assuming that the underlying asset
follows some sort of jump process and there is various research into the field
of option pricing based on Lévy-type models [87, 23], and we illustrate this

in Section 6.4.

4.2 A LITERATURE REVIEW ON SOLUTIONS FOR IPDE PROBLEMS

In this section, we compare existing literature for different numerical meth-
ods to approximate solutions of problems where the underlying SDEs are
driven by Lévy processes with finite and infinite activity. We will first briefly
summarize existing methods for SDEs with noise driven by Wiener pro-
cesses and then give an extensive overview of literature in regard to finding
weak approximations for the solution of Dirichlet IPDE problems and the
corresponding SDEs driven by Lévy processes with finite and infinite activity.

First of all, there is an extensive range of research on numerical schemes for
SDEs [88, 69, 82, 91, 100, 60, 103, 93, 18, 72, 97, 70, 71, 90, 79] and references
therein, and it is necessary to highlight that our research focuses on Dirichlet
IPDE problems, whereas there is also some references made to the Cauchy

problem. The literature we review here covers both.
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There is a wide range of literature addressing numerical methods and
approximations for SDEs, [69] gives numerous schemes (e.g. Euler Scheme,
Order 2.0 Weak Taylor scheme) which deal with the case of SDEs driven
by a wide range of Lévy processes and give a broad overview of strong
and weak approximations. The authors of [92] describe a whole range of
numerical schemes for weak (and strong) approximations for SDEs driven
by Wiener processes. Moreover, they introduce various numerical methods
for SDEs which are suitable to solve Dirichlet problems (boundary value
problems) and also Chauchy problems (initial value problems). In particular,
an algorithm (Algorithm 2.1) for a simple random walk [91], which we will
extend to a general IPDE problem where the underlying noise is modelled
by Lévy processes with finite and infinite activity (see Chapter 5).

There has been a considerable amount of research in weak-sense numerical
methods for Lévy-type SDEs of finite and infinite activity (see [100, 60, 103,
93, 18, 72, 70, 71] and references therein), which follow similar approaches as
our research. A brief summary of literature for numerical methods for IPDE
problems can be found in Table 4.2.1. Protter and Talay [100] and Jacod et al.
[60] follow the traditional approach approximating the Lévy process using
an Euler scheme with a uniform grid. One problem of that approach is that
for general Lévy processes, there are no efficient algorithms to simulate the
increments of the Lévy process and secondly due to the use of a fixed grid,
the discretization error between two points can become large in cases of large
jumps. For Lévy processes of finite activity, Rubenthaler [103], Mordecki
at el [93] and other authors [18] introduce the idea of replacing the jump
part of the Lévy process with a suitable compound Poisson approximation.
In addition, they place the discretization points of the Euler scheme at the
jump times of the compound process to solve this problem. However, for
Lévy processes with large jump intensity this can cause problems due to
the singularity of the Lévy measure at zero. For the case of a Lévy process
with no diffusion part, Kohatsu-Higa and Tankov [72] develop the idea

of Rubenthaler [103] further and make use of the approach of Asmussen
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and Rosinski [5], which approximates small jumps with an appropriate
Brownian motion between the jump times. Additionally, they replace the
approximation of the solution of the continuous SDE between the jump times
with a suitable approximation, which leads to a lower discretization error
compared to [103].

Our approach is most closely related to [71], where Kohatsu-Higa et al.
introduce a more general class of high order approximation schemes for
Lévy processes with infinite activity, with the objective to design optimal
compound Poisson approximations. In contrast to previous work [93, 18, 72],
they introduce a scheme for Lévy process with a non-degenerate Brownian
motion part and combine developments for high order approximations of
the Brownian component of weak approximations for continuous SDEs (such
as [94]) with suitable jump adapted approximation schemes for pure jump
SDEs. Moreover, instead of following the idea of Asmussen and Rosinsiki
[5], they follow a moment-matching approach of [110] which introduces
an additional compound Poisson term to approximate the Lévy process
by a finite intensity Lévy process which incorporates all jumps lower than
a certain threshold. The main error estimate in [71] is dependent on the
intensity of the compound Poisson process A, which only considers jumps
larger than €. However, this dependency on epsilon is not explicitly given.
As we will see in Section 5, for certain choices of €, in particular in the case

for infinite activity, the convergence can be very slow.

In this work, we combine the probabilistic representation approach (Feynman-

Kac formula) for the Dirichlet IPDE problem with the development of a new
numerical scheme (Algorithm 1) for a general class of Lévy-type processes.
We extend the ideas of [92] for Brownian motion to find weak approximation
schemes for the Lévy case. The idea of solving Dirichlet IPDE problems
following the Feynman-Kac approach, means that we need to simulate tra-
jectories for the corresponding SDEs driven by Lévy processes with finite
and infinite activity. As in [5, 72, 71], we replace small jumps (smaller than

€) with an appropriate Brownian motion, which makes the numerical solu-
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tion of SDEs with infinite activity of the Lévy measure feasible in practice,
this also allows us to overcome the computationally difficulty of simulating
trajectories for these SDEs in the infinite activity case.

There are three main differences between our approach and that of [71].
First, we use restricted jump-adapted time-stepping while in [71] jump-
adapted time-stepping was used. When speaking about jump-adapted
time-stepping, we mean that time discretization points are located at jump
times T; and between the jumps the remaining diffusion process is effectively
approximated [72, 71]. By restricted jump-adapted time-stepping, we under-
stand the following. We fix a time-discretization step h > 0. If the jump time
increment J for the next time step is less than 1, we set the time increment
6 = J, otherwise 8 = h, i.e., our time steps are defined as 6 = 6 A h. We
highlight that this is a different time-stepping strategy to commonly used
ones in the literature including the finite-activity case (i.e., jump-diffusion).
For example, in the finite activity case it is common [82, 93, 97] to simulate
T before the start of simulations and then superimpose those random times
on a grid with some constant or variable finite, small time-step h. Our
time-stepping approach is more natural for the problem under consideration
than both commonly used strategies; its benefits are discussed in Section 5.3,
with the infinite activity case considered in more detail in Subsections 5.3.4
and 6.3. It is beneficial for accuracy restricting 6 by &, when jumps are rare
(e.g. in the jump-diffusion case) and it is also beneficial for convergence
rates (measured in the average number of steps) in the case of a-stable Lévy
measures with a € (1,2) (see Sections 5.3 and 6). Additionally, by assuring
that the maximum step-size for one step is limited by &, we can avoid large
discretization errors in the Brownian motion part when jump times are far
apart.

Second, in comparison to [71, 70] we explicitly show (singular) dependence
of the numerical integration error of our algorithm on the parameter € which
is the cut-off for small jumps replaced by the Brownian motion. While the

dependency of their error estimate mentions that it is dependent on ¢, this
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dependency is not specified further. Here, we highlight the dependency
clearly in Section 5.3 and also analyse this singularity in depth numerically
in Chapter 6.

Third, in comparison with the literature we consider the Dirichlet problem
for IPDEs, though we also comment briefly on the Cauchy case on some
occasions. While the majority of the mentioned literature [100, 60, 103, 93] do
not address the connection of IPDE problems via the Feynman-Kac formula,
practically, it is a very useful connection, in particular with regard to related
problems in Finance, which we also discuss in Section 6.4.

Additionally, instead of following the approach using the Feynman-Kac
formula, one could also solve the IPDE problem (4.1.1) following the ap-
proach of finite difference methods [3, 24, 84, 114]. The methods developed
in Andersen and Andreasen [3] introduce extensions to the approach of
Dupire [37] which shows important model improvements, in particular in
regard to the implied volatility surface modelling. However, their approach
is limited to jump-diffusion models with finite activity. Cont and Volchkova
[24] describe a finite difference scheme for an IPDE problem in regard to op-
tion pricing theory. They propose an implicit finite difference scheme, which
in contrast to [3] shows a more rigorous analysis of consistency, stability, and
convergence and further, they also look at Lévy processes involving infinite
activity.

Another numerical method to approximate the solution to the initial
IPDE problem is by applying Fourier transform algorithms [74, 80]. The
authors [74] suggest that their approach using Wiener-Hopf factorization and
Fast Fourier Transform algorithms works well for Lévy processes with finite
and infinite activity. Compared to this, where we focus on a more general
case and handling higher dimensional problems, they focus in particular on
problems without diffusion process and on the case of lower dimension (i.e.
d=1).

Depending on the underlying Lévy process, the Monte Carlo simulation

can be computationally expensive, one could also explore numerical opti-
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mization approaches [13, 99, 66, 67, 68] which aim to find bounds for the
corresponding expectation introduced through the Feynman-Kac formula.
In [66], the authors propose an optimization approach, where they use a
mathematical programming framework to compute upper and lower bounds
of the target expectation, whereby they first bound the considered expec-
tation at maturation T from one side and then optimise (i.e. minimise or
maximise) the other bound. While the authors need to make some limiting
assumptions on the functional form of the underlying functions and require
the Lévy measure to be in closed form, they do not require to simulate
sample paths of the underlying Lévy process, and hence do not need to
have the exact knowledge of increment distributions. In contrast, our ap-
proach requires knowledge of the underlying distributions to simulate the
sample paths with jumps. Using their approach, it is particularly useful in
settings where it is too expensive computationally or not possible to run MC
simulations. The authors of [67], also extend their general approach [66],
by employing tempering on bounding functions to avoid the polynomial
explosion to overcome a required moment condition, which ruled out SDEs
driven by stable Lévy processes, which can be dealt with in the approach

presented in this thesis.



39

-o1doy
ay) s19A00 1oded yoreasar ay) yeyy s3s933ns X, swapqord FOJT 10J SPOYIdOW [EILISWNU 10§ SINJEII] JO ATeWWNS PaINdNIs y Ic'v a[qer,

X U2AIS seapr [0€] (yoeoxdde o) Te 3o sipruuerdaq

[14] Te 39 eSr-nsyeyoy

[04] 08N pue e3rI-nsyeyoy

bes
XX XX
=<

[o11] AOYuUe],

(S gfergie~g[e4
XX XXX

X [2Z] aoxue], pue e31]-nsyeyod]

[81] Beraqr-nynig pue usje|J

[€6] 1® 1° DPPIpIOIN

< XX

[€o1] IorEyIURqNY

[zg]rT pue n1

XXX XX

[09] Te 30 pode[

XXX XXX X

[001] Aefe], pue 191301

X X X [26] A0xeAIaI, pue UId)S[IA

RATURE REVIEW|/ON SOLUTIQONS FOR IPDE PROBLEMS

X X [69] udyer] pue uspaoy

=X XXX X

yugluooeiday (e syumu) | (1€ Huy) (o V) (9) (1)
/ WEIUNLY PP | Aganed dumn( duwmn( vosnp aandepe-dwmnl( | sowmy dwmnl | paxiy

den( [rewg warqoxd gadr odAy Aag days awny QINJRIdNNT
N

sgAs 9dA) AA97 10J SOWAYDS [EILIdWINN]

<+




A SIMPLEST RANDOM WALK FOR SOLVING THE
DIRICHLET PROBLEM FOR IPDES

In this chapter, we introduce, prove and discuss the main theoretical con-
vergence results of the proposed restricted jump-adaptive time stepping
algorithm for the introduced IPDE problem in Section 4.1.

We first introduce some necessary preliminaries in Section 5.1. This is then
followed by an important ingredient of the method in Section 5.2, where we
approximate small jumps by a diffusion process. In the last Section 5.3 of
this chapter, we present the introduced algorithm, investigate the one-step
error and global error of said algorithm and prove weak convergence with
particular focus on the case of infinite intensity of jumps. The suggested

algorithm and in-depth analysis are published in [30].

5.1 PRELIMINARIES TO THE IPDE PROBLEM (4.1.1)

Let (Q, F, {Fi};,<i<7,P) be a filtered probability space. The operator L
defined in (4.1.2), on a bounded domain, is the generator of the d-dimensional
process X;,x(t) given by

t t
Xpx(t) = x +/ b(s,X(s—))ds+ [ o(s,X(s—))dw(s) (5.1.1)

to

+/t: /RdF(s,X(s—))zN(dz,ds),
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5.1 PRELIMINARIES TO THE IPDE PROBLEM (4.1.1)

where the d x d matrix o (s, x) is defined through (s, x)c ' (s, x) = a(s, x);
w(t) = (w'(t),...,w'(t)) " is a standard d-dimensional Wiener process; and
N is a Poisson random measure on [0,00) x R” with intensity measure

v(dz) x ds, [pu(|z[* A1)v(dz) < oo, and compensated small jumps, i.e.,

N ([0,4] x B) = /[OﬂXBN(dz,ds) (BN {z| <1}),

forallt >0and B € B(]Rm).

Remark 5.1.1. Often [4, 100] a simpler model of the form

X(t)=x+ tF(s,X(s—))dZ(s), (5.1.2)

fo

where Z(t), t > ty, is an m-dimensional Lévy process with the characteristic

exponent

Y@ =) - 300+ [ 6 -1-iga)uez)

i /|z|>1 [ei@/Z) B 1]1/(dz),

is considered instead of the general SDEs (5.1.1). The equation (5.1.2) is
obtained as a special case of (5.1.1) by setting b(t,x) = uF(t,x) and o(t, x) =
oF(t,x).

Therefore, we can see that if one can simulate trajectories of

{(5/ Xt x (5)/ Yt,x,l (S)/ Ztx1,0 (5)); s > 0}

then the solution of the Dirichlet problem for IPDE (4.1.1) can be estimated
by applying the Monte Carlo technique to (4.1.3). This approach however is
not generally implementable for Lévy measures of infinite intensity, that is
when v(B(0,7)) = oo for some r > 0. The difficulty arises from the presence
of an infinite number of small jumps in any finite time interval, and can

be overcome by replacing these small jumps by an appropriate diffusion
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5.2 APPROXIMATION OF SMALL JUMPS BY DIFFUSION

exploiting the idea of the method developed in [72, 5], which we apply here.
Alternatively, the issue can be overcome if one can simulate directly from the
increments of Lévy processes. We will not discuss this case in this research

as we only assume that one has access to the Lévy measure.

5.2 APPROXIMATION OF SMALL JUMPS BY DIFFUSION

We will now consider the approximation of (5.1.1) discussed above, where
small jumps are replaced by an appropriate diffusion. In the case of the
whole space (the Cauchy problem for a IPDE) such an approximation was
considered in [72, 5], or see also [30][Sec. 3.4.], but we only consider the
Dirichlet problem here.

Let e be an m-dimensional vector with the components

Te= / z'v(dz); (5.2.1)
e<|z|<1

and Be is an m x m matrix with the components
Béj = / Z'7lv(dz), (5.2.2)
|z|<e

while B, be obtained from the formula B8] = Bc. Note that |B1€] | (and hence
also the elements of ) are bounded by a constant independent of e thanks

to the Lévy measure definition.

Remark 5.2.1. In many practical situations (see e.g. [23]), where the depen-
dence among the components of X(t) introduced through the structure of
the SDEs is enough, we can allow the components of the driving Poisson
measure to be independent. This amounts to saying that v is concentrated

on the axes, and as a result B, will be a diagonal matrix.
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5.2 APPROXIMATION OF SMALL JUMPS BY DIFFUSION

We shall consider the modified jump-diffusion Xy, (t) = )Affolx(t) defined

as

Xy (t) :x+/t: [b(s,i(s—)) —F(s,fz(s—))%} ds+/t:a(s,5§(s—))dw(s)
(5.2.3)
+/t:F(s,>?(s—));sedW(s)+/t: /|Z|Z€F(s,ii(s—))zN(dz,ds),

where W(t) is a standard m-dimensional Wiener process, independent of N
and w. We observe that, in comparison with (5.1.1), in (5.2.3) jumps less than
€ in magnitude are replaced by the additional diffusion part. In this way,
the new Lévy measure has finite activity allowing us to simulate its events
exactly, i.e. in a practical way.

Therefore, we can approximate the solution of u(t, x) the IPDE (4.1.1) by

u(t,x) ~ u(t,x)
=E [47 (i:t,xz jzt,x(ﬁ,x)) ?t,x,l(%t,x) + Zt,x,l,O(ﬁ,x)] ’ (tr x) €Q,

(5.2.4)

where T, = inf{s > t : (5,X;.(s)) ¢ Q} is the first exit time of the

space-time Lévy process (s, X;(s)) from the space-time cylinder Q and

(Xt,x (3), Yey(s), Zt,x,ylz(s)> . solves the system of SDEs consisting of (5.2.3)
5>

along with

dY = c(s,X(s—))Yds, Yixy(t) =y, (5.2.5)

dZ = g(S,X(S—))?ds, Zt,x,y,z(t) = Z. (5.2.6)

Since the new Lévy measure has finite activity, we can derive a constructive
weak scheme for (5.2.3), (5.2.5)-(5.2.6) (see Section 5.3). By using this method
together with the Monte Carlo technique, we will arrive at an implementable

approximation of u€(t, x) and hence of u(t, x).
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5.2 APPROXIMATION OF SMALL JUMPS BY DIFFUSION

We will next show that indeed u¢ defined in (5.2.4) is a good approxi-
mation to the solution of (4.1.1). Before proceeding, we need to formulate

appropriate assumptions.

5.2.1 Assumptions

To begin with, we make the following assumptions on the coefficients of
the problem (4.1.1) which will guarantee, see e.g. [4], that the SDEs (5.1.1),
(4.1.4)-(4.1.5) and (5.2.3), (5.2.5)-(5.2.6) have unique adapted, cadlag solutions

with finite moments.

Assumption 5.2.1. (Lipschitz condition) There exists a constant K > 0 such that

forall x1, xo € R and all t € [ty, T),

16(t, x1) — b(t, x2)||” + ||o(t, 1) — o (£, 2) ||
et x1) =t x) |* + llg(t, 1) — gt x2)])*
+ /w IE(t,x1) = E(t, x2) ||zPv(dz) < K]x1 = x2%. (5:27)

Assumption 5.2.2. (Growth condition) There exists a constant K > 0 such that

forall x € R and all t € [ty, T),

[t )|+ ot 0 + gt 2)IE + [ IFEx)P12Pv(dz) < K(1+ 2]
(5.2.8)
le(t,x)| <K (529)

Remark 5.2.2. Since G is bounded, in practice the above assumptions in the
space variable are only required in G. We chose to impose them in R? to
simplify the presentation as it allows us to construct a global solution to the
SDEs (5.2.3), rather than having to deal with local solutions built up to the

exit time from the domain. In practice the assumption can be bypassed by
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5.2 APPROXIMATION OF SMALL JUMPS BY DIFFUSION 45

multiplying the coefficients with a bump function that vanishes outside G,

without affecting the value of (4.1.3).

In order to streamline the presentation and avoid lengthy technical discus-
sions (see Remarks 5.2.3 and 5.2.4), we will make the following assumption

regarding the regularity of solutions to (4.1.1).

Assumption 5.2.3. The Dirichlet problem (4.1.1) admits a classical solution u(-,-) €

CZ'”([tO, T] x le) with somel > 1 and n > 2.

In addition to the IPDE problem (4.1.1), we also consider the IPDE problem

for u€ from (5.2.4):

ou¢

o + Leu® +c(t, x)u +g(t,x) =0, (t,x) €Q, (5.2.10)
u¢(t,x) = @(t,x), (t,x)e€Q-,
where
L 1 d ii T if 820
Leo(t,x) : = 5{,,;1 [a](t,x) + (F(t,x)Be(t,x)F (t,x)) } o (t)
(5.2.11)
d m
+ 1 (¥ = X P ad) 55 (6%)
i=1 j=1
+ . {v(t,x—i—F(t,x)z) — v(t,x)}v(dz).

Again, for simplicity (but see Remark 5.2.3), we impose the following

conditions on the solution u€ of the above Dirichlet problem.

Assumption 5.2.4. The auxiliary Dirichlet problem (5.2.10) admits a classical

solution uc(-,-) € C([to, T] x R?) with some | > 1 and n > 2.

Finally, we also require that 1€ and its derivatives do not grow faster than

a polynomial function at infinity.
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Assumption 5.2.5 (Smoothness and growth). There exist constants K > 0 and
g > 1 such that for all x € RY, all t € [to, T] and € > 0, the solution u€ of the

IPDE problem (5.2.10) and its derivatives satisfy

H al—l—j

- t’ < K(1 7 s 2.
atlaxil...axlju( x)H < K1+ [lx][) (5.2.12)

where 0 <2/ 4j <4, Z{{:l iy = j, and iy are integers from 0 to j.

Remark 5.2.3. Sufficient conditions guaranteeing Assumptions 5.2.3, 5.2.4
and 5.2.5 consist in sufficient smoothness of the coefficients, the boundary
0G, and the function ¢ and in appropriate compatibility of ¢ and g and also
of the integral operator (see e.g. [45, 59, 89]).

Remark 5.2.4. The main goal of this research is to present the numeri-
cal method and study its convergence under ‘good” conditions when its
convergence rates are optimal (i.e., highest possible). As usual, in these
circumstances, the conditions (here Assumptions 5.2.3, 5.2.4, and 5.2.5) are
somewhat restrictive. See Theorem 3.3 in [45, p. 93], which indicates suffi-
cient conditions for Assumption 5.2.3 to hold. If one drops the compatibility
condition (3.11) in Theorem 3.3 of [45, p. 93], then, as in the diffusion case,
the smoothness of the solution will be lost through the boundary of Q at the
terminal time T. This affects only the last step of the method and the proof
can be modified (see such a recipe in the case of the Neumann problem and
diffusion in e.g. [79]), but we do not include such complications here for
transparency of the proofs. Further, in the case of an a-stable Lévy process
with a € (1,2) spatial derivatives of u(t, x) may blow up near the boundary
0G, the blow up is polynomial with the power dependent on « if the integral
operator does not satisfy some compatibility conditions (see the discussion in
[45, p. 96]). This situation requires further analysis of the proposed method,

which is beyond the scope of this research.
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5.2.2  Closeness of u®(t,x) and u(t, x)

In this section, we now state and refer to a proof for the theorem on closeness
of u¢(t,x) and u(t, x). In what follows we use the same letters K and C for

various positive constants independent of x, t, and €.
Theorem 5.2.5. Let Assumptions 5.2.1, 5.2.2 and 5.2.3 hold, the latter with | =1

and m = 3. Then for 0 < e <1

luc(t,x) —u(t,x)] <K 1zPv(dz), (t,x)€Q, (5.2.13)

|z|<e
where K > 0 does not depend on t, x, €.
We omit the proof for this theorem here, but refer to it in [30][Thm 2.1].

Example 5.2.1 (Tempered a-stable Process). For a« € (0,2) and m = 1, con-
sider an a-stable process with Lévy measure given by v(dz) = |z|17%dz.

Then
3—n

_“.

/ 2PPv(dz) = 25
jz|<e 3
Similarly, for a tempered stable distribution which has Lévy measure given

by
C+ef/\+z C_e M7

v(dz) = (leI(Z >0)+ miEn I(z < O))dz,

fora € (0,2) and C4, C_, Ay, A_ > 0 we find that the error from approx-
imating the small jumps by diffusion as in Theorem 5.2.5 is of the order

O(e37%).

5.3 WEAK APPROXIMATION OF JUMP-DIFFUSIONS IN BOUNDED DO-

MAINS

In this section we suggest and investigate a numerical algorithm which
weakly approximates the solutions of the jump-diffusion (5.2.3), (5.2.5)-(5.2.6)

with finite intensity of jumps in a bounded domain, i.e. approximates u°(f, x)
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from (5.2.4). In the first part, in Section 5.3.1 we formulate the algorithm
based on a simplest random walk. Then, we analyse the one-step error of the
algorithm in Section 5.3.2 and the global error in Section 5.3.3. In Section 5.3.4
we combine the convergence result of Section 5.3.3 with Theorem 5.2.5 to get

error estimates in the case of infinite activity of jumps.

5.3.1 Algorithm

In what follows we also require the following to hold.

Assumption 5.3.1 (Lévy measure). There exists a constant K > 0

/ 12|Pv(dz) < K
Rm

for up to a sufficiently large p > 2.

This is a natural assumption since Lévy measures of practical interest
(see e.g. [23] and examples here in Example 5.2.1 and Section 6) have this
property.

Let us describe an algorithm for simulating a Markov chain that approxi-
mates a trajectory of (5.2.3), (5.2.5)-(5.2.6). In what follows we assume that
we can exactly sample the intervals J between consecutive jump times with

the intensity
Ae i= / v(dz) (5.3.1)

and jump sizes J. distributed according to the density

pelz) = MOMELZ ) 632

Remark 5.3.1. There are known methods for simulating jump times and
sizes for many standard distributions. In general, if there exists an explicit

expression for the jump size density, one can construct a rejection method to
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sample jump sizes. An overview with regard to simulation of jump times
and sizes can be found in [23, 32].

Thanks to Assumption 5.3.1, we have

1

K
Bl = 5 [, v < 5 533

with K > 0 being independent of € and p > 2. We also note that

7el
Ae

<K, (5-3-4)

where K > 0 is a constant independent of ¢, since by the Cauchy-Schwarz

inequality

[7el® (/ k4 )2 / |z
< ——v(dz < —v(dz) x A
Ae — e<|z|<1 /e ( )  Je<|z|<1 Ae ( ) ‘

< / z2v(dz) < oo
0<]z|<1

thanks to the Lévy measure definition.

We can now describe the algorithm. Fix a time-discretization step h > 0
and suppose the current position of the chain is (¢, x,y, z). If the jump time
increment 6 < h, we set 0 = ¢, otherwise 6 = h,i.e. 0 = A h.

In the case 0 = h, we apply the weak explicit Euler approximation with
the simplest simulation of noise to the system (5.2.3), (5.2.5)-(5.2.6) with no

jumps:

Xix(t+6) ~ X=x+60-(b(t,x) —F(tx)7e)
+V8- (o(t )¢ +E(tx)Bery),  (535)
Yiuy(t+6) =~ Y=y+0-c(t,x)y, (5.3.6)
Ziyz(t+0) ~ Z=z+6-g(tx)y, (537)

where ¢ = ((fl,...,gfd)T, n = (4%,...,4™)7, with &,..., & and nt,.oo "

mutually independent random variables, taking the values 1 with equal

49



5.3 WEAK APPROXIMATION OF JUMP-DIFFUSIONS IN BOUNDED DOMAINS

probability. In the case of 8 < h, we replace (5.3.5) by the following explicit

Euler approximation

Xix(t+0) ~ X =x+6-(b(t,x) — F(t,x)7e)
+V0- (0(t,x) 8 +F(LX)Be ) + F(t,0)]e. (538)

Let (tp, x0) € Q. We aim to find the value u€(tg, x9), where u¢(t, x) solves
the problem (5.2.10). Introduce a discretization of the interval [ty, T], for

example the equidistant one:
h = (T— to)/L.

To approximate the solution of the system (5.2.3), we construct a Markov
chain (9, X, Yk, Zx) which stops at a random step s when (9, Xy) exits the

domain Q. The algorithm is formulated as Algorithm 1 below.

h

Remark 5.3.2. If A, is large so that 1 — e *" is close to 1, then [; = 1

(i.e., jump happens) is almost on every time step. In this situation it is

computationally beneficial to modify Algorithm 1 in the following way:

instead of sampling both I and 0y, sample & according to the exponential
distribution with parameter A, and set 6, = J;y A h and Iy = 0 if 6 < h, else
I, = 0.

Remark 5.3.3. We note [91, 92] that in the diffusion case (i.e., when there
is no jump component in the noise which drives SDEs) solving Dirichlet
problems for parabolic or elliptic PDEs requires to complement a random
walk inside the domain G with a special approximation near the boundary
0G. In contrast, in the case of Dirichlet problems for IPDEs we do not
need a special construction near the boundary since the boundary condition
is defined on the whole complement G°. Here, when the chain Xj exits
G, we know the exact value of the solution u¢(9,, X,,) = ¢(9,,, X,,) at the
exit point (19%, X,.), while in the diffusion case when a chain exits G, we

do not know the exact value of the solution at the exit point and need an
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Algorithm 1 Algorithm for (5.2.3), (5.2.5)-(5.2.6).

Output: 4,, X,,, Y., Z,,

1: Initialize: 9y =ty, Xo=x9, Yo=1, Zp =0, k=0.

10:

11:
12
13:
14:
15:
16:
17:

while ¢, < T or X} € G do
Simulate: ¢; and 7, with ii.d. components taking values +1 with
probability 1/2 and independently I; ~ Bernoulli(1 — e~<").
if [, =0, then
Set: 9k =h
Evaluate: Xj.1, Yii1, Zir1 according to (5.3.5) — (5.3.7) with
t:ﬂk,ezek,f,‘:@‘k,iy:iyk,x:Xk,y:Yk,z:Zk.

else
) L AeeThex
Sample: 6y according to the density 1o heh with finite support
0, h].
Sample: jump size ] according to the density (5.3.2).

Evaluate: X1, Yx.1 and Zy, according to (5.3.8), (5.3.6), (5.3.7)
Witht:ﬁklgzeklézéklﬂ:Wklje:]e,ktx:thy:Yk/Z:Zk-
end if
Set: 04,1 =% +06and k =k+ 1.
end while
Set: X% — Xk/ Y% — Yk/ Z% = Zk/ = k, 19% = ﬂk-
if 9,, < T then Set: 3,, = 0,,
else Set: 4,, =T
end if

approximation. Due to this fact, Algorithm 1 is somewhat simpler than

algorithms for Dirichlet problems for parabolic or elliptic PDEs (cf. [91, 92]

and references therein).

5.3.2 One-step error

In this section we consider the one-step error of Algorithm 1. The one step

of this algorithm takes the form for (¢, x) € Q:

X = x40 (b(t,x) — F(t,x)7e) + VO (o(t, ) + F(t,x)Bery)

+ (0 < h)F(t,x)]e, (5.3.9)
Y =y+0c(t,x)y, (5.3.10)
Z =z +6g(t,x)y. (5.3.11)
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Before we state and prove an error estimate for the one-step of Algorithm 1,
we need to introduce some additional notation. For the ease of notation let us
write b = b(t,x), c = o(t,x), F=F(t,x), g = g(t,x), c = c(t,x), ] = Je. Let

us define the intermediate points Q; and their differences A;, fori =1,...,4:

Ay =602 (0% + FBery], (53.12)
Ay =01[b—Fr.l,

As =1(0 < h)FJ,

Qi=x+AM+A+A3=X,

Q2 =x+M2+ 43,

Q3 = x+ A,

Qi=1x,

where x € G. Note that Q;,i =1,...,3, can be outside G.

Lemma 5.3.4 (Moments of intermediate points Q;). Under Assumptions 5.2.1

and 5.3.1, there is K > 0 independent of € and h such that for p > 1:

(1407 |7e*"), i=1,2, (5.3.13)

E [|Qi*
E [|Qi|2p

0,t, x]

<K
0,t, x] <K,i=3,4, (5.3.14)

where Q; are defined in (5.3.12).

Proof. 1t is not difficult to see that the points Q;, i = 1, 2, are of the following

form

Q; = x 4 1012 [o(t,x)C + F(t,x)Ben] +0 [b(t,x) — F(t,x)7e] +1(6 < h)F(t,x)]e,

where c; is either 0 or 1. It is obvious that ¢ and # and their moments are all
bounded. The functions b(t, x), o(t, x) and F(t,x) are bounded as (¢, x) € Q,

and for x € G, |x|? is also bounded. Recall that sufficiently high moments
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of Jc are bounded as in (5.3.3). Then, using the Cauchy-Schwarz inequality,

we can show that

E [|Qi*

0,8,3] < [P KO 4 K6 [1-+ ] +KI(0 < W)E [l

< K(1+ 6% |7e*).
Hence, we obtained (5.3.13). The bound (5.3.14) is shown analogously. [
We will need the following technical lemma.

Lemma 5.3.5 (Moments of 8). For integer p > 2, we have

1—e (14 Ach)
Aé

E [7] < K , (5.3.15)

where K > 0 depends on p but is independent of Ae and h.

Proof. The proof is by induction. By straightforward calculations, we get

h IS
E [92} — A / P T /h W2e— et 4y
0

t=h h
= [—hze*)‘ft} + [—tze*)‘ft} +2/ te Aeldt
t=h t=0 0

=h
= [—ie—Aef]t +i/he‘%fdt
Ae t=0 Ae Jo

_ _ h Aeh 1 ]t
=2 ( Aee (Ae)? [e ]t:O

1—e (14 Ach)
A2 ‘

t=o00

=2
Then assuming that (5.3.15) is true for some integer p > 2, we obtain

h 0
0

h p+1 h 0
= (p+1) / t”e*“dts—)L [Ae / tPe~Aetdt + WP A, / e%fdt]
0 0 h

€
_ Pl 1—e (14 Ach)
= % E[f'] <K(p+1) /\EH
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Therefore, as (5.3.15) holds for p + 1, hence by induction it holds for all
p=>2. ]

Now we prove an estimate for the one-step error.

Theorem 5.3.6 (One-step error of Algorithm 1). Under Assumption 5.2.4
with | = 2,m = 4 and Assumptions 5.2.1, 5.2.5 and 5.3.1 the one—step error of

Algorithm 1 given by
R(t,x,y,z) =u(t+60,X)Y+Z—u(t,x)y —z

satisfies the bound

1—e (14 Ach
EIR(xy,2)]] < K+ )=S0 AR, 6
€

where K > 0 is a constant independent of h and €.

Proof. For any smooth function v(t, x), we write D;v, = (D;v)(t, Q,) for the
I-th time derivative and (D}v)(t, x)[fi, ..., fi| for the I-th time derivative of
the k-th spatial derivative evaluated in the directions f;. For example, if k = 2

and [ =1,
, d d 3o
Dio[fi, fal = } Zflriflfataxiax].'

i=1j=1

We will also use the following short notation

D;(Ui[fl, - ,fk] = (D;(U)(t, Qi)[fl/ - ,fk].

The aim of this theorem is to achieve an error estimate explicitly capturing
the (singular) dependence of the one-step error on €. Therefore, we split the
error into several parts according to the intermediate points Q; defined in
(5.3.12).

Using (5.3.9) and (5.3.12), we have

uE(t+0,X) = us(t+6,Q1)
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ue <t +0,x+1(0 < h)EJ +6(b — Fye) + 0Y/2(0¢ + Fﬁgiy))

u€<t+9,x+A1+A2+A3>.

To precisely account for the factor . and powers of 0 in the analysis of the

one-step error, we use multiple Taylor expansions of u¢(t + 6, X). We obtain

u¢(t+0,X) = u(t,Qq) + 0Dquf + Ry1 (5.3.17)
— 1€ (t, Qy) + D'uS[Aq] + %Dzug[Al,Al]
+ %D3u§ [A1, A1, Ay] + 8Dy u§ + 0D uS[A]
+ R11 + Ri2 + Ry3
= uf(t,Q3) + Du§[As] + DMuS[A] + %Dzug[m, A1]
+ %D%tg [A1, A1, D] + 0Dqu§ + 0DIuS[A1] + Ryp + Ryp
+ Ry3 + R4 + Ri5 + Rs

1
= u¢(t,Q3) + D u§[A] + D us[Aq] + EDzuz[Al,Al]

1
+ 8D3u§ [A1, A1, A] + 8Dqus + 0D{uS[A] + Ry,

where the remainders are as follows

1 1
Ry — _92/ sDzue(H— (1—75)8, Q1)ds,
2 0
1
Ry = i/ $PDHl(t,5Q0 + (1 —5)Q1)[A1, A1, Ay, Aq]ds,
0
1
Rys — %9 / s2D3uc (t,5Qz + (1 — 5)Q1)[Ar, A ]ds,
0
1 1
Ry = 5/0 sD?uf(t,5(Q3 + (1 —5)Q2)[A2, Alds,
1 1
Ry5 = 5/0 s*D%uc(t,5(Qs) + (1 —5)Q2)[A1, Ay, Ao]ds,
1
Rig = 9/0 sDjuc(t,5(Q3) + (1 — 5)Q2) [A]ds,
1
Ry = /O sD?u(t,5(Qs) + (1 —5)Q3)[A2, As]ds,

1
Ris = 5 [} sD2ue(t5(Qu) + (1= 5)Qa)[, v, Al
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U
Ri =6 [ "sDIu(t,s(Qu) + (1-)Qa)[Aalds,
Ry = Rqy1 + Ry + Ry3 + R4 + Ry5 + R + R17 + Rqg + Ryo.

Using (5.3.17), (5.3.10)-(5.3.11), and the fact that § and # have mean zero and

that components of ¢, 17, 0, | are mutually independent, we obtain

E[uc(t+6,X)Y + Z] (5.3.18)
1
= ]E[ <u€(t, Q3) + Du§[As] + EDzuZ[Al,Al] + GDlui) (y +0cy)

+z4+0gy +y(1+ Gc)Rl] :

The following elementary formulas are needed for future calculations:

E [Dzue (A1, A] |9} (5.3.19)
d ii €
=0y [aif(t,x) + (F(t0)Be(t, 0)F (1)) ]} aizing

i,j=1
—=:60(a+ FB.FT) : VVu©,

u(t,Qs) — uc(t,x) = u(t,x + 1(0 < h)FJ) — u(t, x)
=1(0 < h)[u¢(t,x + FJ) — u(t, x)],

1 — e Al
Elf] = ———
[] )\e 4
1—e (14 Ach)
21 €
E[62] = 2 e ,

E[I(0 < h)] =1—e ",

_ ,—Aeh
E[1(0 < h)o] = - —¢ A(l“eh).

Also, E[v(])] for some v(z) will mean

E[o())] = E[o(J.)] = %e/|s|>€v(s)v(ds).
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Noting that u§f = u®(f,x) = u° and using (5.3.18), (5.3.12), (5.3.19) and

(5.2.10), we obtain

E[R] :==E[u(t+6,X)Y +Z —uy —z]
9<D1u + D€ — Fye] + %(a + FB.FT) : VVu€> (y + Ocy) + gy
+u(t,x +1(0 < h)F])(y + 6cy) — uy] + yE[(1 + 6c)Rq]
9<D u€ + DYuf[b — Fye] + %(a+FB€PT) : VVu® + cu® +g>y
+ [u(t,x +1(60 < h)F]) —u®)y
+ 62 <D1u€ + D'u€b — Fye] + %(a + FB.FT) : VVu€> cy
6 [u°(t,x +1(0 < )FJ) — u] cy| + yE[(1+ 6¢)Ry]
= [E[6 <D1u€ + Db — Fye] + %(a + FBeFT) : VVue + cuf —|—g>y
+I(0 < h)[u(t,x + F]) —u)y
+ 62 (Dlu€ + DWé[b — Fye] + %(a + FB.FT) : VVLf) cy
+01(0 < h)[uc(t,x + FJ) — u]cy] + yE[(1 + 6c)Rq]
= E[0 <D1u€ + D'Wélb — Fye] + %(a + FBFT) - VVu€ 4 cu® + g>y]
+E[1(0 < h)[u(t,x + FJ) — u®(t, x)]y] + yE[R1(1 + 6¢c) + Ry]

1-— e_Aeh € 1,.e 1 T €
= —(Dlu + DYWEb — Fye] + = (a+ FB.FT) : VVu
Ae 2
+ cu(t, x) —i—g)y

+ (1= e ) E [ (¢, x + FJ) = u(t,x)]y + YE[Ro]

1_6_)\eh € 1, e 1 T €
——(Dlu + DYE[b — Fye] + = (a+ FB.FT) : VVu
Ao 2
+ cu(t, x) -|—g>y
1 — e Aeh
e /{u (t, % + Fs) — u(t, x) }v(ds)y + yE[Ro]

|s|>e

= yE[Ro],
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where

RO = R1(1 + GC) + Rz,
Ry = Rp1 + Ry,

and

1
Ryp = 62 (Dlue + D'u[b — Fye] + 5 (a+ FBeFT) : vwﬁ) c,

Rop = 01(60 < h)[u€(t,x + FJ) — u®(t, x)]c.

It is clear that many of the terms in R are only non—zero in the case 6 < I,
i.e. when a jump occurs. We rearrange the terms in Ry according to their

degree in 0:

Ro = Ri7 + Rig + Ri9 + Ry + Ri1 + Ri2 + Ry3 + R + Ri5 + Ry + Rog

I(6 < h)6-terms 62 - terms

+ 0c(Ry7 + Rig + Rig) +0c(R11 + Riz + Riz + Rus + Ris + Rye)

-~

(I(6 < h)@*-terms 6% - terms
Now to estimate the terms in the error Ry, we observe that

(i) fs\>e sv(ds) = ve + fs|>1 sv(ds) with the latter integral bounded and,
in particular, |E[J]| < K(1+ |ve|)/Ae;

(i) E [|J|*], p > 1, are bounded by K/ A, (see (5.3.3));

(iii) the terms Ri7, Rqg, R19, Ry1 and Ry, contain derivatives of u€ evaluated
at or between the points Q3 and Q4 and in their estimation Assump-

tion 5.2.5 and (5.3.14) from Lemma 5.3.4 are used;

(iv) the terms Rq1, Ry, Ri3, Rig, Ris and Ry contain derivatives of u€
evaluated at or between the points Q; and Q> and in their estimation
Assumption 5.2.5, (5.3.13) from Lemma 5.3.4, and Lemma 5.3.5 are

used;

(V) 72/ Ae is bounded by a constant independent of e.
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As a result, we obtain

(L+ |7el?)
Ae

(1+]7e)

‘]E [R17 + Rig + Ry9 + Rzz] ‘ < Kj E[I1(6 < h)6],

’]E[G(Rly + Ryg + Ryo)] ‘ <K, E [1(9 < h)ez}

‘]E [(R11 + R12 + Ri3 + Ris + Ri5 + Rig + Ro1) | ‘

< Ka(1+ [7e2) (B [62] + |7elE [072))

1—e (14 Ach)

€

and

‘]E [6(R11 4+ Ri2 + Rz + Ry + Ri5 4+ Ry) | ‘

< Ke(1+ |7e[*) (E [93} +[7e|"E [Wﬂ)

1—e "1+ Ach)
A2

1—e M1+ Ach)
AZ ’

< K7(1+ |7el?) < Ks(1+[7e?)

where all constants K; > 0 are independent of # and € and q > 1.

Overall we obtain

ER)| < (ks + Ko) 1D 16 < g
1—e Mt (14 Aeh)
A2
_ p—Ach
<K {%IE [1(0 < h)6] + ! A(; T Aeh) } (1+ |rel)y

+ (K5 +Kg) (1 + |7e[H)y

e~ Al (1 + Aeh
( )y-

1—
:2K(1+ |76|2) 22
€

]

Remark 5.3.7. We note the following two asymptotic regimes for the one-step

error (5.3.16). For Ach < 1 (in practice, this occurs only when A is small
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or moderate like it is in jump-diffusions), we can expand the exponent in

(5.3.16) and obtain that the one-step error is of order O(h?) :
E[R(t,x,y,2)]| < K1+ e )Ry

In the case, where A is very large (e.g., for small € in the infinite activity

h

case) then the term with e~ can be neglected and we get

1+|'Ye|2

IE[R(t,x,y,2)]| <K 32
€

The usefulness of a more precise estimate (5.3.16) is that it includes situations
in between these two asymptotic regimes and also allows to consider an

interplay between  and € (see Section 5.3.4).

5.3.3 Global error

In this section we obtain an estimate for the global weak-sense error of

Algorithm 1. We first estimate average number of steps E [»] of Algorithm 1.

Lemma 5.3.8 (Number of steps). The average number of steps s for the chain X
from Algorithm 1 satisfies the following bound

E[x] < (T—to)de | o

S e
Proof. 1t is obvious that if we replace the bounded domain G in Algorithm 1
with the whole space R? (i.e., replace the Dirichlet problem by the Cauchy
one), then the corresponding number of steps 3¢’ of Algorithm 1 is not less
than 5. Hence it is sufficient to get an estimate for E [»']. Let 61,05, ... be
the interarrival times of the jumps, 6; = é; Ah fori > 0, and Sy = Zi‘:—& 0; for
k > 0. Then
<3 :=inf{l: S >T—t}.
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Introduce the martingale: Sy = 0 and Sy := S — kEE [f] for k > 1. Since
0; < h we have that S w1 < S,y_1 < T — tg almost surely and thus by the

optional stopping theorem we obtain
E [[9“%/_1} —E [S},} — 0.
Therefore
E (S, _1] = E[5 —1] - E[0]

and we conclude

E[x] < E[]=E[x—-1]+1

— E[S%’—l] +1< (T_tO)Ae

1.
E (0] e

We also need the following auxiliary lemma.

Lemma 5.3.9 (Boundedness of Yj in Algorithm 1). The chain Y defined in

(5.3.6) is uniformly bounded by a deterministic constant:
Y, < eE(T*l’(ﬁ*h)’

where € = max; e c(t, X).

Proof. From (5.3.6), we can express Y} via previous Yj_; and get the required

estimate as follows:

Y = Vi1 (14 Okc(ti—1, xk—1) < Yi—1(1 +6k0)

< Yk—leﬁek < Yk_265(9k+9k—1) < Yoeéwk’t()) < e@(T,tOJrh).

Now we prove the convergence theorem for Algorithm 1.
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Theorem 5.3.10 (Global error of Algorithm 1). Under Assumption 5.2.4 with
I =2, m = 4 and Assumptions 5.2.1, 5.2.5 and 5.3.1, the global error of Algorithm 1
satisfies the following bound

5 1 e el
}]E[Q)(ﬂ%, X%)Y% -+ Z%] — l/le(to, XQ)‘ S K(l + |’)’€|2) (A_ — hl—e—_/\eh>
€

1 — 67)‘6}1

K—— A.
+ FY— (5.3.20)

where K > 0 is a constant independent of h and e.

Proof. Recall (see (5.2.4)):
u(t,x) = B | (T Xix (7)) Yo (B0) + Za10(Fin) |
The global error
R := |E[@(dx, Xs) Y + Z] — u(to, xo){
can be written as

R=|E[I(0:>T) (@0 Xor)Yor — (95, Xs) i) + 1 (850, X)) Yir
+ Z,, — u(ty, xo)H (5.3.21)
< ‘]E[I(ﬁ% >T) ((P(&m X5e)Ysr — u (8, X%)Y%)H

+ [E[u(05, Xo0) Yor + Z,c — u€(to, x0)] |-

Using Lemma 5.3.9, Assumption 5.2.5 and Lemmas 5.3.4 and 5.3.5 as well as

that ¢,, — 9,, < 0,,, we have for the first term in (5.3.21):

E[I(8, > T) (¢(Bs, Xoc) Yor — u (05, X50) V)] < KE [02(1 4 | ye|6L,)]
1 — e Aeh

< KT/ (5.3.22)

where K > 0 does not depend on & or e.
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For the second term in (5.3.21), we exploit ideas from [92] to re-express

the global error. We use Theorem 5.3.6 and Lemmas 5.3.9 and 5.3.8:

[E[u¢(8.., X50)Yar + Zs — u(to, x0)]| (5.3.23)

[3c—1
=|E|) E [“e(ﬁkﬂ, X4 1) Yer1 + Zipr — u (O, X)) Yy — Zk‘ﬁk, Xier Y, Zk}
k=0

»—1
=|E|) E [R(ﬁk,Xk,Yk,Zk)‘19k,Xk,Yk,Zk] ‘

k=0

=l —e A (1 4+ Ach
<p|¥ ISR iy,

k=0 ¢

1+ |’)’e|2 —Ach
< R N — €
S (1= e "1+ Ach) ) E []
) 1 gl

< K(1 —h T—t
< K1+ Jrel%) Ae(I—eAeh) "1 —eAdh (T=to)

) 1 e*/\gh
< K1+ [7el) )L_g_hl—e——Aeh ,

where, as usual constants K > 0 are changing from line to line. Combining

(5.3.21)-(5.3.23), we arrive at (5.3.20). O

Remark 5.3.11 (Error estimate and convergence). Note that the error estimate
in Theorem 5.3.10 gives us the expected results in the limiting cases (see also

Remark 5.3.7). If Ach < 1, we obtain:
R < K(1+ |7e)n,

which is expected for weak convergence in the jump-diffusion case.

If A is large (meaning that almost always 6 < h), the error is tending to

1
R < K(1+ |7e[*)+,
Ae
as expected (cf. [72]).
We also remark that for any fixed A, we have first order convergence

when h — 0.
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Remark 5.3.12. In the case of symmetric measure v(z) we have 7. = 0 and

hence the global error (5.3.20) becomes

!]E[q)(g%, X3e) Yoo+ Zse] — u(to, x0)| (5.3.24)
1 e Aeh 1— e Aeh

<K|=——-n" _c

_K</\€ hl—e_)‘eh) +K )\e

Remark 5.3.13 (Cauchy case). In general, it might be possible to show that
the global error estimate (5.3.20) for Algorithm 1 also holds in the Cauchy

problem case. Some suggestions and initial thoughts are given in [30].

5.3.4 The case of infinite intensity of jumps

In this section we combine the previous results, Theorem 5.2.5 and 5.3.10, to
obtain an overall error estimate for solving the problem (4.1.1) in the case of

infinite intensity of jumps by Algorithm 1. We obtain

‘IE[go(@%, X)) Yo+ 2] — u(to,xo)‘ (5.3.25)
1 g Aeh 1 — e Aeh

< K(1 |l ——p— K————+K 3u(d ,

< K14 [7e]) (Ae ] _e—Aeh> + v e z|?v(dz)

where K > 0 is independent of & and €.
Let us consider an a-stable process in which the Lévy measure has the

following singular behaviour near zero

v(dz) ~ |z| 7" %dz, a € (0,2), (5.3.26)

i.e., we are focusing our attention here on the singularity near zero only and
the sign ~ means that the limit of the ratio of both sides equals to some
positive constant. Consequently, all calculations are done in this section up

to positive constant factors independent of € and h. The behaviour (5.3.26) is
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5.3 WEAK APPROXIMATION OF JUMP-DIFFUSIONS IN BOUNDED DOMAINS

typical for m-dimensional Lévy measures near zero (see e.g. [4, p. 37] and

also the one-dimensional Example 5.2.1). Then

m 2
2 i 224
= z'v(dz ~ f 1
e ; [/e<|2|<1 ( )] ¢ or & 7

and 92 ~ |Ine|? for x =1,

3 3—u
dy) ~ .
/MSG [z[Pv(dy) ~ e

Hence
‘]E[go(@z, Xoe)Yoe + Zs] — ulto, xO)} (5-3-27)
—e %h
<K [(144%) (e"‘ - hﬁ) + e (1 - e_eiuh) 4 3@

Let us measure the computational cost of Algorithm 1 in terms of the average

number of steps (see Lemma 5.3.8). Since

(T - to))\g 6_“
Elr < [ oA = K1 — e’

we choose to use the cost associated with the average number of steps as

e—a

Co=T—

We fix a tolerance level p;,; and require € and & to be so that

2 o he_e_“h o —€ “h 3—u
Pt = p(€,h) = (1+7¢) | € Tl o< +€ (1—6 >+e .

Note that since we are using the Euler scheme for SDEs” approximation, the
decrease of p;,; in terms of cost cannot be faster than linear. We now consider

three cases of «.
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The case « € (0,1). We have
o(e,h) < e** +2e* + % = O(e)

and, by choosing sufficiently small €, we can reach the required p;,;. It is
optimal to take i1 = oo (in practice, taking h = T — ty) and the cost is then
C = 1/€". Hence py, is inversely proportional to C, and convergence is linear
in cost (to reduce p;,; twice, we need to double C).

The case « = 1. We have

2 he=e h —e1n 2 2
p(e, h) = (1+ |Ine|”) (e — m) +e€ (1 —e > + e~ = O(e|lnel?),
i.e. convergence is almost linear in cost.
The case a € (1,2). If we take i = oo, then p(e,h) = O(e* %) and the
convergence order in terms of cost is 2/a — 1, which is very slow (e.g., for
« = 3/2, the order is 1/3 and for & = 1.9, the order is =~ 0.05). Let us now

take h = €' with ¢ > «. Then

A
ele—¢

P(e,h) _ p(e,ee) _ (1 +€2—2a) (etx - —M> ! <1 _e—eZ*“) IR
1—e¢

< (1 +€2—2a)€€ +€€ +€3ch — 6272zx+€ +2€€ +€3f¢x

and C =~ 1/h = e~*. The optimal £ = 1 + a, for which p(e, k) = O(e>7%) and
the convergence order in terms of cost is (3 — a)/(1 + «), which is much
better (e.g., for « = 3/2, the order is 3/5 and it cannot be smaller than 1/3
for any « € (1,2)). Note that in the case of symmetric measure v(z) (see

Remark 5.3.12), convergence is linear in cost for a € (1,2).

To summarise, for « € (0,1) we have first order convergence and there is
no benefit of restricting jump adapted steps by /. However, in the case of
a € (1,2), it is beneficial to use restricted jump-adapted steps to get the order
of (3—ua)/(1+ «). We also recall that restricted jump-adapted steps should

typically be used for jump-diffusions (the finite activity case when there is
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no singularity of A¢ and ) because jump time increments J typically take
too large values and to control the error at every step we should truncate

those times at a sufficiently small 1 > 0 for a satisfactory accuracy.



NUMERICAL EXPERIMENTS USING THE INTRODUCED
ALGORITHM

In this chapter we illustrate the theoretical results of Section 5.3. In particular,
we showcase the behaviour in the case of infinite intensity of jumps for
different regimes of x. In Section 6.1 we introduce the common Monte
Carlo technique and its notation used throughout this chapter. We display

numerical tests of Algorithm 1 in four different examples:
(i) a non-singular Lévy measure (Example 6.2.1),

(ii) a singular Lévy measure which is similar to that of Example 5.2.1 (see

Example 6.3.1),

(iii) pricing a foreign-exchange (FX) barrier basket option where the under-

lying model is of exponential Lévy-type (Example 6.4.1),

(iv) pricing a FX barrier option showing that the convergence orders hold

(Example 6.4.2).

68



6.1 MONTE CARLO TECHNIQUE
6.1 MONTE CARLO TECHNIQUE
As it is common for weak approximation (see e.g. [92]), in simulations

we complement Algorithm 1 by the Monte Carlo techniques and evaluate

u(to, x) or uc(ty, x) as

i(to, x) : =B [@(0s, Xo0) Ve + Z,.] (6.1.1)
s L8 ) m)y ) | o (m)
==y L o0 X+ 2],

where (5;”1), X;m), Y}(fm), Zj(fm)) are independent realisations of (8., X,,, Y., Z,,).

The Monte Carlo error of (6.1.1) is

Var [@ (8., X,.) Y, + Z,.])1/? _
D - (oG Xt 2

where

and 2(m) = 7 (19,(;”), ngm)) Y}(fm) + ZE,’“). Then (o, x) falls in the correspond-
ing confidence interval i & 21/ D) with probability 0.95.

6.2 EXAMPLE WITH A NON-SINGULAR LEVY MEASURE

In this section, we illustrate Algorithm 1 in the case of a simple non-singular
Lévy measure (i.e., the jump-diffusion case), where there is no need to replace
small jumps and hence we directly approximate u(to, x) rather than u€(to, x).
Consequently, the numerical integration error does not depend on €. We

recall (see Theorem 5.3.10) that Algorithm 1 has first order of convergence in

h.

Example 6.2.1 (Non-singular Lévy measure). To construct this and the next

example, we use the same recipe as in [91, 92]: we choose the coefficients of
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6.2 EXAMPLE WITH A NON-SINGULAR LEVY MEASURE 70

the problem (4.1.1) so that we can write down its solution explicitly. Having
the exact solution is very useful for numerical tests.
Consider the problem (4.1.1) with d = 3, G = U; which is the open unit

ball centred at the origin in R3, and with the coefficients

all(t,x):l.Zl—x%—xé, a2 =1, a¥ =1, aij:(),i;éj, b=0,

(6.2.1)
F(tx)=(f.f,f)', fER, (6.2.2)

1 1
gt x) = Eet_T(1.21 —x]—x3) +6(1— e T) [x%(l.Zl — x5 —x3) + x%]

2
(6.2.3)
1, 4 12f2
(1= 3¢ (0 - )+ ) + (Co+ OB+ 2
24f3 484
(€= )2+ (0o + ) L
with the boundary condition
o(t,x) = (1—3e"T)(1.21 — xf — x3) (6.2.4)

and with the Lévy measure density

C_eMdz, ifz <0,
v(dz) =

C+e_P‘|Z|dz, ifz >0,

where C_ and C; are some positive constants. Note that, keeping in mind
Remark 5.2.2, the coefficients from (6.2.1)-(6.2.3) satisfy Assumptions 5.2.1-
5.2.2.

It is not difficult to verify that this problem has the solution

u(t,x) = (1—1e!"T)(1.21 — 27 — x3).
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and we also find

Cy+C_
)\ —= d :/ d = -,
|Z‘>OV( z) ]RV( z) "
C_e H1(z < 0) + Cre MA1(z > 0
o(z) = ( )A n ( ).

We simulated jump sizes by analytically inverting the cumulative distribution
function corresponding to the density p(z) and making use of uniform

random numbers in the standard manner.

E uapprox
oh'")

abs(error)

1073 1072 1071

Figure 6.2.1: Non-singular Lévy measure example: dependence of the error e on
h, the error bars show the Monte Carlo error. The parameters used
areT =1,C4 =30,C_ =1.0,u =3.0,f = 0.1, M = 40000000 and 1 is
evaluated at the point (0,0).

Here the absolute error ¢ is given by

e=|0—ul, (6.2.5)
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63 EXAMPLE WITH A SINGULAR LEVY MEASURE

Table 6.2.1: Non-singular Lévy measure example. The parameters are the same as
in Figure 6.2.1. The column J gives the sample average of the number
of steps together with its Monte Carlo error.

h 0 2Dy e P
0.1 0.9367  0.0004 0.0507 7.72+0.0037
0.05 0.961244 0.0004 0.0262 11.04 & 0.0056
0.025 09742  0.0004 0.0133 17.85+0.0096
0.01 09821 0.0003 0.0054 37.85=+0.0217
0.005 0.9850  0.0003 0.0024 70.90+0.0416

where the true solution for the point (0,0) is u = u(0,0) ~ 0.987433. The
expected convergence order O(h) can be clearly seen in Figure 6.2.1 and

Table 6.2.1.

63 EXAMPLE WITH A SINGULAR LEVY MEASURE

In this section, we confirm dependence of the error of Algorithm 1 on the
cut-off parameter € for jump sizes and on the parameter « of the Lévy
measure as well as associated computational costs which were derived in

Section 5.3.4.

Example 6.3.1 (Singular Lévy measure). Consider the problem (4.1.1) with
d = 3, G = U; which is the open unit ball centred at the origin in R3, and
with the coefficients as in (6.2.1), (6.2.2), and
LT 4 .4 L1 .2 2.2 2
g(tx) = 5¢ (121 —x7 — x5) + 6(1 — 5¢ ) [x1(1.21 — x5 —x3) + X3
(6.3.1)

6 6

Fa-2d e ) f(4 ) i
+ (Cy+C_ fz(—+— a2t i

) x1+x2
4 4 12

3
C+— f (3 X 2‘{“1/[ +ﬂ>(X1+x2)
2 2 8 24 48 48
4
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63 EXAMPLE WITH A SINGULAR LEVY MEASURE 73

with the boundary condition (6.2.4), and with the Lévy measure density

)
C_eMlz-0dz, ifz < —1,

C_|z|~(@tDdz, if -1 <z <0,
v(dz) = (6.3.2)
Cylz|~tdz, if0<z<1,

kc+e—ﬂ<lz\—1>dz, ifz>1,

where C_, C, and u are some positive constants and « € (0, 2).

We observe that C_ # C, gives an asymmetric jump measure and the
Lévy process has infinite activity and, if « € [1,2), infinite variation. Note
that, keeping in mind Remark 5.2.2, the coefficients from (6.2.1), (6.2.2), (6.3.1)
satisfy Assumptions 5.2.1-5.2.2.

It is not difficult to verify that this problem has the following solution
u(t,x) = (1—L1e!"T)(1.21 — 27 — x3).

Other quantities needed for the algorithm take the form

1_61—Dc
’)’€:(C+_C—) 1—a ' 0‘7&1/
€2—a
eZ—w
IBGZ\/B_GZ (C++C—)2_“/

and moreover,

A = /|Z|>€1/(dz) — (C.+C) (% i 1) ,

o

0c(z) = %[C_e_mz_l)l(z < 1)+ C_|z| @VI(—1 < z < —e)
€

+ Cylz| @ VI(e < 2 < 1) + Cpe M-Iz > 1)].
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In this example, the absolute error e is given by

e =|a° —ul. (6.3.3)

— T h=1
—F—h=041

0(50'5)

abs(error)
o
o
N
T

1078
10®

Figure 6.3.1: Singular Lévy measure example, the case a = 0.5: dependence of the
error e on €, the error bars show the Monte Carlo error. The parameters
usedare T =1,Cy =0.1,C_- =1.0,u = 3.0,f = 0.2, M = 40000000
and 17 is evaluated at the point (0,0).

For the case of « = 0.5, we can clearly see in Figure 6.3.1 and Table 6.3.1
that the error is of order O(e*) = O(e?) as expected. We also observe linear
convergence as shown in Figure 6.3.2 in computational cost (measured in
average number of steps). Furthermore, we note that choosing a smaller
time step, e.g. h = 0.1, does not change the behaviour in this case which is
in accordance with our prediction of Section 5.3.4

Numerical results for the case « = 1.5 are given in Figures 6.3.3 and 6.3.4
and Tables 6.3.2 and 6.3.3. As is shown in Section 5.3.4, convergence (in terms
of computational costs) can be improved in the case of « € (1,2) by choosing

h = e!**. In Figure 6.3.4, for all € it can be seen that choosing a smaller (but
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—X—h=1
—1—h=01
O(steps’w)

abs(error)
o
o
R
T

1078 : : i

10! 102
average number of steps

Figure 6.3.2: Singular Lévy measure example, the case a = 0.5: dependence of the
error e on the average number of steps (computational costs). The
parameters are the same as in Figure 6.3.1.

optimally chosen) step parameter h results in quicker convergence (i.e., for
the same cost, we can achieve a better result if & is chosen in an optimal way)

and naturally in a smaller error.

We recall that if the jump measure is symmetric, i.e. C_ = C, in the

considered example, then 7. = 0 and the numerical integration error of

Algorithm 1 is no longer singular (see Theorem 5.3.10 and Remark 5.3.12).

Consequently (see Section 5.3.4), in this case the computational cost depends

linearly on € even for « = 1.5, which is confirmed on Figure 6.3.5.

64 FX OPTION PRICING UNDER A LEVY-TYPE CURRENCY EXCHANGE

MODEL

In this section, we demonstrate the use of Algorithm 1 for pricing financial

derivatives where the underlying follow a Lévy process. We apply the
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Table 6.3.1: Singular Lévy measure example for « = 0.5 and h = 1. The parameters
are the same as in Figure 6.3.1. The column Z gives the sample average
of the number of steps together with its Monte Carlo error.

€ 2 2Dy e Ae Ve P
0.0025 0.9610 0.0004 0.0265 422 —1.71 17.10=£0.0096
0.001 09713 0.0004 0.0162 677 —-174 25.78+0.0149
0.0005 09761 0.0004 0.0113 96.6 —1.76 35.45+0.0208
0.00025 0.9795 0.0003 0.0080 1373 —1.77 48.96+0.0290
0.0001  0.9822 0.0003 0.0052 218.2 —1.78 75.53 £ 0.0452
0.00005 0.9841 0.0003 0.0033 309.3 —1.79 105.3240.0633
0.000025 0.9850 0.0003 0.0024 438.2 —-1.79 147.07 & 0.0888
0.00001 0.9858 0.0003 0.0016 6939 —1.79 229.5140.1393

Table 6.3.2: Singular Lévy measure example for « = 1.5 and & = 1. The parameters
are the same as in Figure 6.3.3 and Figure 6.3.4. The column J gives the
sample average of the number of steps together with its Monte Carlo
error.

€ 1 2\/ D M e Ae Ye 2
0.05 1.0862 0.0011 0.0988 1541.7 —166.7 15.47 4-0.002
0.04 1.0814 0.0011 0.0939 2158.0 —192.0 20.38+0.003
0.03 1.0683 0.0010 0.0809 33271 —229.1 29.5340.005
0.02 1.0499 0.0010 0.0625 6119.6 —291.4 51.0240.008
0.01 1.0216 0.0010 0.0342 17324.7 —432.0 135.63 &0.022
0.009 1.0187 0.0010 0.0313 202924 —458.0 157.88+=0.026
0.008 1.0158 0.0010 0.0284 242154 —488.7 187.25+0.030

algorithm to estimate the price of a foreign exchange (FX) barrier basket
option. A barrier basket option gives the holder the right to buy or sell
a certain basket of assets (here foreign currencies) at a specific price K at
maturity T in the case when a certain barrier event has occurred. The most
used barrier-type options are knock-in and knock-out options. This type of
option becomes active (or inactive) in the case of the underlying price S(t)
reaching a certain threshold (the barrier) B before reaching its maturity. In
most cases barrier option prices cannot be given explicitly and therefore have
to be approximated. We illustrate that the algorithm successfully works in the
multidimensional case in Example 6.4.1 and also experimentally demonstrate
the convergence orders in Example 6.4.2, where Assumptions 5.2.3-5.2.5 do

not hold.
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T T T
—F— fixed h=1 step size

— < adapting step size h = ¢**
o9
o9

10°

108+ 7

1072 107"

Figure 6.3.3: Singular Lévy measure example, the case a = 1.5: dependence of the
error e on €, the error bars show the Monte Carlo error. The parameters
used are T =1,C; =1.0,C_ =250, = 3.0, f = 1.0, M = 100000000
and 1 is evaluated at the point (0,0).

Example 6.4.1 (Barrier basket option pricing). Let us consider the case with
five currencies: GBP, USD, EUR, JPY and CHEF, and let us assume that the
domestic currency is GBP. We denote the corresponding spot exchange rates

as

S1(t) = Suspcsp(t), Sa(t) = Seurcap(t),

S3(t) = Sypycep(t), Sa(t) = Scurcap(t),

where Srorpom(t) describes the amount of domestic currency DOM one
pays/receives for one unit of foreign currency FOR (for more details see
Section g or [113, 20]). We assume that under a risk-neutral measure Q the

dynamics for the spot exchange rates can be written as

Si(t) = Si(to) exp((rgpp —1i)(t —to) + Xi(t)), i=1,2,3,4,
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—F— fixed h=1 step size
——=— adapting step size h = ¢'**
O(steps’o'gms)

1071 —_ —_— O(steps™®9) ]

abs(error)

103 b ' ' ' e
10 102 108
average number of steps

Figure 6.3.4: Singular Lévy measure example, the case a = 1.5: dependence of the
error e on the average number of steps (computational costs), the error
bars show the Monte Carlo error. The parameters are the same as in
Figure 6.3.3.

where r; are the corresponding short rates of USD, EUR, JPY, CHF and rgpp

is the short rate for GBP, which are for simplicity assumed to be constant;

and X(f) is a 4-dimensional Lévy process similar to (5.1.1) with a single

jump noise:

/b (t, X(s ds+/ o(s, X(s dw(s)+/t/]RF(s,S(s—))zN(dz,ds).

(6.4.1)
Here w(t) = (w1 (t), wa(t), ws(t), ws(t)) " is a 4-dimensional standard Wiener
process. As v(z), we choose the Lévy measure with density (6.3.2) as in
Example 6.3.1 and we take F(t,x) = (f1, f2, f3, f+) '. We also assume that
o (s, x) is a constant 4 x 4 matrix.

The risky asset for a domestic GBP business are the foreign currencies

Y;(t) = B;(t) - Si(t), where B;(t) denotes the foreign currency (account).
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100 —————
—I—h=1
O(ep51'5)
/ )
e
10 1L - }// -
/,/
7
7 "
-
/,/
1O: /'/
8102} -~ ]
[7:] e
e} //
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7 '//
e '//
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108} - 1
7
el
o
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L
10 ! : :
102 107

Figure 6.3.5: Dependency of € on error plot for a simulation example with symmetric
singular Lévy measure for « = 1.5. The parameters used are T =
1,C = 05C. = 05 = 30,f = 1.0o,M = 100000000 and i is
evaluated at the point (0,0).

Under the measure Q all the discounted assets Y;(t) = e("i—7csp)(t=t0) S, (1) =
Si(to) exp(X

discounted by the domestic interest rate) to avoid arbitrage. Using the Ito

i(t)) have to be martingales on the domestic market (therefore

formula for Lévy processes, we can derive the SDEs for Y; (see e.g. [4, p.288]):

= = bi(t, X(s—)) + = Z +/ eﬁ —1—fZ> v(dz) | dt  (6.4.2)

|z| <1

+Zcrl]dw] +/ efZ —

N(dz,ds).

Therefore, for all 171 to be martingales, the drift component b; has to be so

that

(6.4.3)
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Table 6.3.3: Singular Lévy measure example for « = 1.5 and adjusted h = €!*%. The
parameters are the same as in Figures 6.3.3 and 6.3.4.
€ h il 2\/IA)M e Ae Ye 1
0.10 3.16x10°° 1.0872 0.0011 0.0998 540 —104 7.68+0.001
0.09 243x107% 1.0829 0.0011 0.0955 633 —112 8.97+0.001
0.08 1.81x10% 1.0769 0.0011 0.0895 757 —122 10.62+0.002
0.075 154 x10-% 1.0739 0.0011 0.0864 835 —127 11.69 +0.002
0.07 129x107% 1.0680 0.0011 0.0806 927 —133 13.00 =+ 0.002
0.06 882x10"% 1.0530 0.0011 0.0655 1171 —148 16.92+0.003
0.055 7.09 x 10-9% 1.0453 0.0011 0.0579 1335 —157 19.70 +0.003
0.05 559 x10°% 1.0380 0.0011 0.0506 1542 —167 23.50+ 0.004
0.04 320x10"% 1.0236 0.0010 0.0362 2158 —192 36.19+0.006
0.03 156 x107% 1.0099 0.0010 0.0225 3327 —229 65.66+0.011
0.02 5.66x10"% 0.9987 0.0010 0.0112 6120 —291 160.57 +0.026
0.01 1.00x107% 0.9906 0.0010 0.0032 17325 —432 812.35+0.132

4 _
_ ! Z(fiz]- - C—_e_fi _ G efi — Cy—C- Ii(a,Cy,C-),
2]':1 ]’l+fi P‘_fi H

where
(Cr+C (=)

Ii(x,Cq,C_) = i n!(n — a) |

n=2

We also note that
/ efPu(dz) < oo
|z|>1

is satisfied by (6.3.2) if f; < p.
Let us consider a down-and-out (DAO) put option, which can be written

as

P, (T, K) = exp"osr(T—0) (6.4.4)

4
E |I (tolggTS(t) > B) max <K - Ewisi(T)ﬁ)

7

where 1 (trgtigTS(t) > B) = 1 if for all of the underlying exchange rates
0>t~
Si(t) > B;, to <t < T, otherwise it is zero.
We use Algorithm 1 (the algorithm is applied to X from (6.4.1) and then

S is computed as exp(X) to achieve higher accuracy) together with the
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Monte Carlo technique to evaluate this barrier basket option price (6.4.4). In
Table 6.4.1, market data for the 4 currency pairs are given, and in Table 6.4.2
the option and model parameters are provided, which are used in simulations

here.

Table 6.4.1: Market data for 4 currency pairs. Here o; are volatilities for the corre-
sponding pairs and p;; are the correlation coefficients for the correspond-
ing two pairs.

Market data Correlation data p;;
currency pairi  S;(0) ri o;  USDGBP EURGBP JPYGBP
USDGBP 0.81 0.02  0.095
EURGBP 0.88 0.00  0.089 0.87

JPYGBP 0.0075 —0.011 0.071 0.94 0.77
CHFGBP 090  0.075 0.110 0.86 0.93 0.96
YGBP 0.01

Table 6.4.2: Option and model parameters for Example 6.4.1

Option parameter Model parameter
currency pair Barrier B; w; jump factor f; a 1.5
USDGBP 0.50 020 to 0.0 0.10 Cy 03
EURGBP 0.60 025 T 1.0 0.15 C- 12
JYNGBP 0.0045 045 K 05 0.05 u 3.0
CHFGBP 0.55 0.10 0.12 M 10°

To find the matrix o = {0;;} used in the model (6.4.1), we form the matrix
a using the volatility ¢; and correlation coefficient data from Table 6.4.1 in
the usual way, i.e., a;; = (71.2 and a;; = 0;0jp;; for i # j. Then the matrix ¢ is
the solution of oo = a obtained by the Cholesky decomposition.

The results of the simulations are presented in Figure 6.4.1 for different
choices of € and different choices of h. In Figure 6.4.2, it can be seen that
(similar to Example 6.3.1) by choosing the step size h optimally results in a
better approximation for the same cost.

In this example we demonstrated that Algorithm 1 can be successfully
used to price a FX barrier basket option involving 4 currency pairs following
an exponential Lévy model despite the considered problem not satisfying

Assumptions 5.2.3-5.2.5 of Section 5.2.1. In particular, we note that the
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Figure 6.4.1: Dependence of the approximate price of the FX barrier basket option
on € for different choices of /. The error bars show the Monte Carlo
erTor.

algorithm is easy to implement and it gives sufficient accuracy with relatively
small computational costs. Moreover, application of Algorithm 1 can be
easily extended to other multi-dimensional barrier option (and other types of
options and not only on FX markets), while other approximation techniques
such as finite difference methods or Fourier transform methods typically

cannot cope with higher dimensions.

Example 6.4.2 (Barrier option pricing: one currency pair). In this example, we
demonstrate that the convergence orders and computational costs discussed
in Section 5.3.4 appear to hold, despite the considered problem not satisfying
Assumptions 5.2.3-5.2.5 of Section 5.2.1.

Let us consider the case with two currencies: GBP and USD. As before, we
assume that the domestic currency is GBP. The corresponding spot exchange

rate is

S(t) = Suspcap(t).
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Figure 6.4.2: Dependence of the approximate price of the FX barrier basket option
on average number of steps (computational costs) for different choices
of h. The error bars show the Monte Carlo error.

We assume the same dynamics under a risk-neutral measure Q for the spot
exchange rates as in Example 6.4.1. Moreover, X(f) is a 1-dimensional Lévy
process as defined in (6.4.1) but for one dimension only. Following the same
fashion as in Example 6.4.1, the risky asset for a domestic GBP business is the
foreign currency Y(t) = B(t) - S(t), where B(t) denotes the foreign currency
(account) and under the measure Q the discounted asset Y(t) has to be a
martingale on the domestic market to avoid arbitrage. Using the Ito formula
for Lévy processes, we can derive the SDE for Y as we did in (6.4.2)-(6.4.3).
We compute the value for a DAO put option (cf. (6.4.4)):

P, (T,K) = exp "osr(T—t) g {I (tIEti?TS(t) > B> max (K — S(T),0)
0>t~
(6.4.5)
The approximate solution P = P, (T,K) is obtained by applying Algo-
rithm 1 directly to the SDE for S(t). To study the dependence of the error of

Algorithm 1 on the cut-off parameter € for jump sizes and on the parameter
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« of the Lévy measure as well as associated computational costs, we need to
compare the approximation P with the true price Py, (T, K). However, in this
example, we do not have the exact price, and therefore need to accurately
simulate a reference solution. To this end, as in Example 6.4.1, we apply
Algorithm 1 to X(t) and use a sufficiently small € and & and also a large
number of Monte Carlo simulations M (see Tables 6.4.5 and 6.4.9). We denote
this reference solution as P"*f = pthEf (T,K). In this example the absolute

error e,.r of Algorithm 1 is evaluated as
Cref = ’p_pref‘.

In Table 6.4.3, market data for the currency pair are given, and in Table 6.4.4
the option and model parameters are provided, which are used in simulations

here.

Table 6.4.3: Market data for the currency pair. Here ¢ is the volatility.
Market data
currency pair S(0) rysp o
USDGBP 0.81 0.02 0.095
YGBP 0.01

Table 6.4.4: Option and model parameters for Example 6.4.2
Option parameter
currency pair Barrier Bty T K
USDGBP 0.50 0.0 1.0 05

Model parameter
jump factor f « Cyr C- u M
0.10 05 03 12 3.0 10°
0.10 1.5 03 12 3.0 108

The results of the simulations for & = 0.5 are presented in Figures 6.4.3 and
6.4.4 and in Tables 6.4.6 and 6.4.7 for different choices of € and fixed i = 1.0
and h = 0.1. We can clearly see that the error is of order O(e*) = O(e?)
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as expected. We also observe linear convergence in computational cost

(measured in average number of steps).

Table 6.4.5: Reference solution P/ for singular Lévy measure example for a = 0.5.
M € h il
10° 5x107° 1x10°  0.28951

2\/DM Ae Ye >
87 x10°° 421.8 —1.7873 98223.5+5.7

Table 6.4.6: FX barrier option example for « = 0.5 and h = 1.
€ i 2\/DM Cref Ae Ve P4
0.002 0.29053 2.7 x 10~° 0.00102 64.6 —1.72 65.39+0.002
0.0015 0.29040 2.7 x 10~° 0.00089 75.0 —1.73 75.58+ 0.002
0.001 0.29027 2.7 x10~° 0.00076 924 —1.74 92.67+0.002
0.0009 0.29024 2.7 x10~° 0.00073 975 —1.75 97.71+0.002
0.0008 0.29021 2.7 x10~° 0.00070 103.6 —1.75 103.67 & 0.002
0.0007 029015 2.7 x10~° 0.00064 1109 —1.75 110.86 =+ 0.003
0.0006 029012 2.7 x10~° 0.00061 120.0 —1.76 119.78 +0.003
0.0005 0.29006 2.8 x 10~° 0.00055 131.7 —1.76 131.25+0.003

Table 6.4.7: FX barrier option example for « = 0.5 and /& = 0.1.

€ il 2v/Dy Cref Ae Ye P4
0.002 029054 2.7 x10~° 0.00103 64.6 —1.72 65.48+0.002
0.0015 0.29043 2.7 x 10~° 0.00092 75.0 —1.73 75.62+ 0.002
0.001 029027 2.7 x10~° 0.00076 924 —1.74 92.68+0.002
0.0008 0.29020 2.7 x 10~° 0.00069 103.6 —1.75 103.67 + 0.002
0.0007 0.29015 2.7 x 10~° 0.00064 1109 —1.75 110.86 + 0.003
0.0006 0.29011 2.7 x 10~° 0.00060 120.0 —1.76 119.78 + 0.003
0.0005 0.29005 2.7 x 10~° 0.00054 131.7 —1.76 131.26 +0.003

Numerical results for the case & = 1.5 are given in Figures 6.4.5 and 6.4.6
and in Tables 6.4.9 and 6.4.10. We observe the expected orders of convergence
as given in Section 5.3.4. In this example, we experimentally demonstrated
that convergence orders and computational cost for Algorithm 1 are consis-
tent with predictions of Section 5.3.4 despite the considered problem not

satisfying assumptions of Section 5.2.1.
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Table 6.4.8: Reference solution P"*f for singular Lévy measure example for a = 1.5.

M € h il
108 0.001 1x10°° 0.24301
2\/DM Ae Ye %

1.0x 107> 316223 —55.1 110969.3+2.5

Table 6.4.9: FX barrier option example for « = 1.5 and h = 1.

€ i 2\/DM Cref Ae Ve >
0.1 024842 32x10° 0.00541 31.1 -39 31.7840.001
0.08 0.24793 32x 107> 0.00492 437 —4.6 43.8340.001
0.07 024758 32x 107> 0.00451 535 —5.0 53.2340.003
0.06 0.24721 32x 107> 0.00420 675 —55 66.69 =+ 0.002
0.05 024674 32x 10> 0.00372 889 —6.2 87.20+40.003
0.04 024621 32x 107> 0.00320 1245 —7.2 121.2640.003

Table 6.4.10: FX barrier option example for a = 1.5 and adapting step size h = €.

86

€ h 7} 2v/ Dy Cref Ae Ye %

04 1.01x10"' 024634 33x10~°> 0.00333 35 —10 12.6940.0003

035 725x1072 0.24678 3.3 x 10> 0.00377 43 —1.2 16.85+0.0004

03 493x1072 024682 33x10~°> 0.00381 5.6 —15 23.65=+0.0006

025 3.13x10°2 0.24636 3.3 x10° 0.00335 7.5 —1.8 35.72 £0.0009

02 1.79x1072 0.24549 33 x 107> 0.00248 10.7 —22 59.99 +0.0015

0.15 871 x107° 0.24468 3.3 x 10> 0.00167 167 —2.8 118.81 £0.0031




64 FX OPTION PRICING UNDER A LEVY-TYPE CURRENCY EXCHANGE MODEL 87

%107
22F[—F h=10 .
—F—h-=041

o9
18 .

06

107 1078

Figure 6.4.3: FX barrier option example, the case « = 0.5: dependence of the error
on ¢ for different choices of h. The error bars show the Monte Carlo

error.
-3
2510 T ‘ ‘ ‘ ‘ T I S
—F—h=10
—TI—h=041
25 Ofsteps™) | |
151 i
T 1t 8
E
2
@
o
©
I\%
05 B
1 1 | 1 1
50 100 150 200 250 300

average number of steps

Figure 6.4.4: FX barrier option example, the case « = 0.5: dependence of the error e
on the average number of steps.



64 FX OPTION PRICING UNDER A LEVY-TYPE CURRENCY EXCHANGE MODEL

abs(error)

Figure 6.4.5: FX barrier option example, the case « = 1.5: dependence of the error e

abs(error)

Figure 6.4.6: FX barrier option example, the case « = 1.5: dependence of the error e

—T— fixed h = 1.0 step size

102 T adapting step size h = '+ p

() e

o9 e T /

— = T
— =
= ;)/
-
10-3 - /// _
-
/
-
P
/
e
7
-
7
-
e
10% | e 1
/
-
P
~
e
7
//
0% 2 ‘ 1
10° 10

on ¢, the error bars show the Monte Carlo error.

102+ —— fixed h=1.0 step size -
— adapting step size h = ¢"**
Olsteps 33533,
Oftime %)
//’/:_77_77_7_71' ~
- —
S
‘SA\‘\‘ - = -
S -
= \\ =_ ~ ]
. _ ~
. '
Ny T~
~ -
~
~
~
10°% . i
~
~
I ~
10’ 10° 10°

average number of steps

on the average number of steps.

88



CONCLUSIONS AND FUTURE WORK

In this part of the thesis, we have introduced a new algorithm (Algorithm 1),
a restricted jump-adaptive numerical scheme, for weak-sense approximations
of stochastic differential equations driven by general Lévy processes with
infinite activity. In Chapter 5, we highlight the usefulness of the introduced
scheme by the connection of a probabilistic representation of the solution of a
IPDE problem, as finding the solution comes down to being able to simulate
systems of Lévy-driven SDEs efficiently and accurately. This research covers
two main ingredients needed to discuss the convergence behaviour of weak
approximations of Lévy-driven SDEs with infinite activity. One is that we
replace small jumps with an appropriate Brownian motion, which is pre-
sented in Section 5.2, where we follow the same approach as [5]. This assures
that the numerical approximation to the IPDE problem is computationally
feasible in the infinite activity case. Naturally, replacing the small jumps
introduces a numerical error (see Theorem 5.2.5), which is part of the total
error of the introduced numerical scheme. The second ingredient, and the
main part of this research is the in-depth analysis and discussion of the
weak-sense error estimate for the algorithm in Section 5.3. This includes
the derivation of the error bounds and an analysis of the one-step error
with resulting Theorem 5.3.6, followed by the global error estimate in The-
orem 5.3.10. It is important to note, that the resulting one-step and global
error estimates explicitly show the (singular) dependence of the error on

the parameter €, which is the cut-off level for small jumps replaced by the
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Brownian motion. We also see, that choice of the Lévy measure is also a key
consideration, in particular, with respect to symmetry:.

Furthermore, in Section 5.3.4, we give an overall error estimate for solving
the IPDE problem described in 4.1 and consider an a-stable process, in which
the Lévy measure has a singular behaviour near zero. We also showcase the
different possible worst-case convergence orders of the error estimate and
computational costs for different levels of activity, which can be described
by different regimes of the parameter «.

Finally, we illustrate the theoretical convergence results from Chapter 5 in
a range of different examples in Chapter 6. We complement the suggested
algorithm with the Monte Carlo technique to get approximations of the
corresponding expectations. It is assuring to see, that we are able to produce
the exact convergence orders in two theoretical examples. Moreover, we look
at the performance of our algorithm in a practical example on pricing (mul-
tidimensional) FX barrier options, and its noteworthy, that the introduced
numerical scheme also works when our initial model assumptions are not
satisfied. We note, that our suggested algorithm combined with Monte Carlo
techniques are fairly easy to implement and the extension to problems with
higher dimensions uncomplicated and computationally unproblematic.

Overall, this work is focused on dealing with the Dirichlet problem for
IPDESs, but some considerations and remarks are made on how some results
possibly hold or could be extended to the Cauchy case. Additionally, rather
than using the numerical schemes suggested here, one could also explore
tinite difference methods or Fourier transform methods, although, there
might be computational limitations for high-dimensional problems.

Another interesting field to explore, could be the computational aspect of
the resulting numerical schemes. In particular in the case of infinite activity,
we needed a large amount of Monte Carlo simulations to produce the
presented convergence results. Therefore, one might consider programming
frameworks to optimise the computational costs, depending on the needed

accuracy.
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Part II

FX OPTION PRICING USING INTERMEDIATE
CURRENCY



FX LITERATURE REVIEW AND OVERVIEW

In this Part of the thesis, we present a novel framework for pricing derivatives
on the foreign exchange (FX) market. The following sections are part of the
paper [86].

As it is well known (see e.g. [15, 113] and also Section 9 here), in the case
of a foreign exchange (FX) for two currencies (say, GBP and EUR) no measure
is simultaneously risk-neutral for the market on which GBP is the domestic
currency and for the market on which EUR is the domestic currency. This
can be seen as an asymmetry between the different market views due to
the different choice of numeraires. In practice currency pair conventions
are usually used in order to standardize option price quotations for each
specific currency pair [81, 113]. But this can lead to calibration difficulties.
Each of the domestic markets has its own volatility smile curve for options
on the corresponding foreign currency. Suppose we want to use a stochastic
volatility model given under a risk-neutral measure on the GBP domestic
market which we calibrate to the smile for options on EUR. If we re-write
this model for the inverse pair, i.e., where options on GBP are traded, in a
risk-neutral fashion, we need to calibrate it to the smile on this market as the
previously found parameters of the model typically do not match the smile
for the inverse pair. This is inconvenient. This situation becomes even more
complicated in a multi—currency setting while it is of practical importance
to be able to price options on the global FX market in a consistent fashion.

With a large number N of currencies, the existence of a consistent FX model
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is not trivial as a suitable model must preserve relationships between all N
currencies and consistency of volatility smiles between all N(N — 1) /2 cross
pairs.

To address these problems of consistent FX modelling, in [33] (see also
[35, 34, 26]) the concept of intrinsic currency [33, 34] or artificial currency
[26] was introduced. The approach of [33] is based on the idea that each
currency has an ‘intrinsic value’, which is a description of the value of a
currency in relation to other currencies. In the intrinsic currency-valuation
framework of [33, 34] one models the N intrinsic values of N currencies
rather than modelling the N — 1 exchange rates. In [34] Doust extends
his original idea of the intrinsic currency-valuation framework to a SABR-
type model, captures the observed volatility smile on the FX market in a
multi-currency setting. On a FX market with N currencies, he describes the
market with N intrinsic currency values and chooses one (without loss of
generality) as the valuation currency and its associated risk-neutral measure,
which produces the usual risk-neutral processes for all exchange rates. For
option pricing, this approach results in a closed form solution similar to the
original SABR model by Hagan et al. [54] adapted to the intrinsic currency-
valuation framework, which allows the pricing of FX vanilla options on
one currency pair considering the correlation effects of all N currencies. In
[26] N exchange rates between an artificial currency and N real currencies
are modelled under a risk-neutral measure associated with the artificial
currency so that all relationships (in particular, the inversion property that
the exchange rate for a pair of real currencies and for their inverse satisfy
SDEs of a similar form) between N currencies are satisfied.

Here we explore a very simple but very valuable from the practical angle
idea: find a numeraire with respect to which we can price all FX derivatives
traded on any of the domestic markets simultaneously under the same
measure. This resolves the issue highlighted above: models for different
currency pairs can be calibrated to all smiles in a consistent manner. For

instance, in the case of two currencies, it is sufficient to calibrate a model on
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e.g. the GBP domestic market and the smile on the EUR domestic market is
automatically reproduced without any need of additional calibration.

We show that such a numeraire exists via introducing the concept of an
intermediate pseudo-currency. The main difference with [33, 35, 34, 26] is that
the pseudo-currency is explicitly defined via exchange rates of real currencies,
while in [33, 35, 34, 26] exchange rates of real currencies are described via
an artificial currency. Consequently, we naturally model N — 1 exchange
rates, not N as in [33, 35, 34, 26]. Further, we can use three modelling
approaches. The first one is the traditional modelling way in Financial
Mathematics, where we start from a stochastic model for N — 1 exchange
rates under a ‘market’ measure and then we introduce a pseudo-currency
market which, as we show, has a risk-neutral measure. Under this risk-
neutral measure (the intermediate pseudo-currency is used as the numeraire)
we can price FX products on all currency markets simultaneously which
guarantees consistency of volatility smiles and other natural relationships
between currencies (e.g., the foreign-domestic symmetry). This approach
allows us to start with popular stochastic volatility models (e.g., Heston
or SABR) written under a ‘market” measure and derive the corresponding
consistent models on the pseudo-currency market. Alternatively, in the
second approach, from the start we model exchange rates under a risk-neutral
measure or under a forward measure associated with the pseudo-currency
market. The third approach is model-free (see [6, 40, 7, 27] and references
therein), where we reconstruct a risk-neutral measure or a forward measure
from volatility smiles. We note that the intermediate pseudo-currency in
comparison with the intrinsic currency of [33] does not have a financial
interpretation, but our focus here is solely on consistent calibration and
modelling of exchange rates.

The rest of this Part is organized as follows. In Chapter 9 we present
some standard FX market conventions, recall that there is no measure which
is simultaneously risk-neutral for both domestic and foreign FX markets

and also recall the foreign-domestic symmetry. A convenient numeraire
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and the associated intermediate pseudo-currency market are introduced in
Section 10, where the corresponding pricing formulas for FX options are
also derived. This is done for clarity of the exposition in the case of a single
currency pair. We extend the intermediate pseudo-currency concept to the
multi—currency setting in Section 10.2. In Section 11 we illustrate the concept
by first applying it to the Heston model [56, 11] and SABR [54]. Then, for
further illustration, we model the spot exchange rate using an extended
skewed normal distribution. This exchange rate model is an illustration of
how one can describe the observed fat-tailed distribution of the log exchange
rate (compared to the assumption of log normal). The considered extended
skewed normal distribution is constructed by combining one normal and
two shifted half-normal distributed random variables and it allows a flexible
control of the tails of the spot exchange rate distribution. We note that the
use of the extended skewed normal distribution in pricing FX options is
somewhat new. Further, we illustrate our FX option pricing mechanism
on the model-free approach. We provide some calibration examples in

Chapter 12.
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PRELIMINARIES ABOUT OPTION PRICING ON THE FX
MARKET

In this chapter we give a short introduction to the Foreign Exchange market,
including currency forwards and options. We will look at the standard
currency option pricing formula based on Garman and Kohlhagen [44] and
its version in terms of the currency forward price similar to [14]. Further,
we describe the occurrence of the volatility smile and its behaviour on the
FX market [112, 20]. Lastly, we recall that there is no measure which is
simultaneously risk-neutral for both the domestic and the foreign market

and also state the foreign-domestic symmetry.

9.1 FOREIGN EXCHANGE MARKET AND FINANCIAL DERIVATIVES

The foreign exchange market (also known as FX or currency market) is the
largest financial market in the world. The trading volume in the FX market
was an estimated average of $6.6 trillion per day in 2019 (see [8] for more
details). It is a global market where different currencies are traded 24 hours.
Interest rate swaps with a trading volume of $3.2 trillion per day are the most
common transaction worldwide. With a trading volume of $2.0 trillion per
day, the second most common transaction was the spot transaction, which is

defined as follows.
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Definition 9.1.1 (FX spot rate). A spot FX transaction is an agreement be-
tween two parties, where one party agrees to buy one currency while the
other party agrees to sell another currency at an agreed price at the spot
date t. The current spot exchange rate is denoted as S, /., (t), where c1 (c2)

denotes currency 1 (2).

For example, the spot exchange rate to exchange EUR(€) to USD($) at

time t is denoted as

Sess(t)

and is quoted as
units of USD

one EUR
- 1
Ses(t)

In currency pairs (e.g. EUR-USD), the first mentioned currency is known as

Ss/e(t)

the foreign (or base) currency, while the second is known as the domestic
currency (or numeraire) [20, 113].

Holding on to or trading in a foreign currency over time can bare the risk
of losing money due to different spot rates. For this reason one method to

deal with this foreign exchange risk is a forward contract.

Definition 9.1.2 (FX forward). A forward FX contract (or short forward) is
a contract between two parties agreed at time t. One party agrees to buy one
currency while the other party agrees to sell another currency in the future
at time T at a price agreed beforehand. This price is called the forward

exchange rate and denoted by F. /., (t,T).

To price a forward fairly, we need to look at the interest rates of both
countries which currencies are traded. In this case, we assume that both
interest rates are constant. The connection between the interest rates and the
forward rate is stated in the following theorem (see [14]), which can be seen

as a no-arbitrage condition for exchanges between different currencies.



9.1 FOREIGN EXCHANGE MARKET AND FINANCIAL DERIVATIVES

Theorem 9.1.3. Let us assume S, /., (t) is the current spot rate and F, ;.,(t,T)
is the current forward exchange rate between two currencies c1 and cy. Then the

following equation holds:
FC1/C2(tl T) = SC1/Cz(t)e(r2_rl)(T_t)/ (9'1'1)

where 1 and ry denote the interest short rates for the domestic and foreign markets,

respectively, t denotes the current time and T is the maturity date of the forward.

Proof. Assume an investor can invest money at the foreign interest rate r;

and at the domestic interest rate ;. Investing one unit at the domestic rate r,

(T—t)

at time t will give them e"2 at time T. Exchanging one unit to the foreign

currency and then investing at the foreign rate r; at time ¢ will give them
o1(T—t)
Scl /cz(t)
rate S, /., (T) to exchange his foreign currency back to domestic currency.

at time T. Currently the investor is dependent on the spot exchange

However they could hedge that risk by buying a forward. Then F., ,,(t,T)
is the fair forward exchange rate, which has to hold so that no arbitrage is

possible.
Fo/oy(T) yir—ty _ ga(m-t)
SCl /Cz (t)

e2(T—1) (ra—r1)(T—t)
~ Fcl/cz(tf T) = Scl/CQ(t)e,,l(Tt) = SC1/Cz(t)e 2

=€

]

Another financial instrument to hedge risk in regard to exchange rates are

options.

Definition 9.1.4 (European FX option). A (plain vanilla European) FX option
gives the holder the right but not the obligation to buy (call option) or to sell
(put option) an amount of one currency for another currency at an agreed

currency rate, also called option strike K, at a specific time T.

Currency options are often denoted in put/call pairs, e.g. a put option to

sell USD and buy Euro is denoted as USD/EUR.
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Before we proceed to find the fair price of a FX option, we will look at the
no-arbitrage condition for put and call prices — the put-call parity for FX
options. For definiteness, in this chapter we use the EUR-USD and USD-EUR
pairs, where we assume that EUR is the foreign currency, while USD is the
domestic currency. Obviously, all statements also hold for the inverse pair or
any other currency pair.

The value of a put, Ps(t, T), and a call, C4(t, T), at the maturity time T and

stated in the domestic currency USD can be written as follows:

Cs(T,T) = (Ses3(T) — K,0) := max(Se/4(T) — K, 0) (9.2.1)
Pg(T,T) = (K~ Se4(T),0)+ := max(K — Seg/4(T),0)

where S¢/4(T) denotes the spot exchange rate at time T. We can now state
the following theorem which links the option price for FX put and calls with

the same strike K, maturity T and time left to maturity T — t.
Theorem 9.2.1. The Put-Call Parity for FX options is

—re(T—t)

Ps(t, T) — Cs(t, T) = Ke "s(T1) +- 5 T¢

Proof. The proof is similar to the proof for the put-call parity for stock options
and can be found in [31, 20]. The idea is that payoffs of two portfolios with
the same payoffs at maturity must have the same price. For FX options,
portfolio 1 consists of a long put and a short call, while portfolio 2 consists
of a long zero-coupon bond in domestic currency and a short zero-coupon

bond in foreign currency. O

To illustrate the idea of option pricing, we can make the following (classical)

model assumptions:

e no taxes, no transaction costs, no restrictions on long or short positions,

99



9.2 FX OPTION PRICING

e the domestic and the foreign interest rate are riskless and constant over

time,
e let (), F, P, F}) be a filtered probability space,

e the spot exchange rate follows a Geometric Brownian Motion (GBM)

with the SDE!
dS = uSdt + cSdW, (9.2.2)

where y is the drift, o the volatility of the spot exchange rate process

S(t) and W(t) a standard Wiener process,

e the solution to (9.2.2) is commonly known (see [57, 65]) and is given as

follows:

S(T) = §(0)elr=5)T+IW(E)

Proposition 9.2.2 (Garman and Kohlhagen option price). The arbitrage-free

price for a FX call/put option with the payoff function (9.2.1) can be written as

C$(t,T):e_r€<T_t)5t,N(log<—K >+<r$—r€+7><T—t>> 023)

—e (T . N (108(S€/T$(t)) T s —re— 072)(T ~ t))

log(
P$(t, T) — e—T$(T—t)K N ( S€/$(t)

Ky (e — V(T —
_ere(T-Hg, . N (log(5€/$(t)) (rg —re+ )T t)) .

To derive the pricing formula (9.2.3) and (9.2.4) for currency options, one can
follow the SDE approach which can be found in [15] based on the original
paper of Garman and Kohlhagen [44] or see also Appendix B.2.

1 Note that we omit the currency pair notation. We use S(t) here for Sg/g(t).
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9.3 VOLATILITY SMILE

Further, we can rewrite the call option price in terms of the forward

exchange rate defined in (9.1.1):

log (*25¢11) + (T - f>) (923

ovT —t
Fe/4(1,T) 2
_ e (T . N <log( /5l — (T — t)) ,
oT —t
K (T —
Py(t,T) = e "s(T-DK. N log(rzmy) + 7 (T 1)
ovT —t

9.3 VOLATILITY SMILE

One of the main assumptions in the Black-Scholes (BS) model is, that the
volatility is constant over time. However, empirical studies [15, 57, 107] show
that this assumption does not hold on financial markets.

The Black-Scholes model [16, 76] and its extension to FX market options
(see Section 9.2) result in a closed-form formula, which describes the call or
put price of an option. As we can see in Proposition 9.2.2, the option price
depends on the spot exchange rate S, interest rates r, strike K, maturity T
and the volatility . All of those parameters, except the volatility, can be
observed on the market. A common market practice is to look at implied
(market) volatility, which can be derived using current available market price
data, on the same forward pair Fg,4(0, T) with the same parameters strike
K and maturity T, which we denote as C4(0,T). We can now solve the

Black-Scholes pricing formula (9.2.5), such that

Cs(0,T) = C4(0, T, K, Fe/$(0, T), Oimyp1) (9-3.1)
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A Implied
volatility

v

Strike price

Figure 9.3.1: Typical implied Volatility graph for FX options [57, Chapter 19.2]

holds for the implied volatility 0;,,,;. However, note that the pricing for-
mula (9.3.1) cannot be solved analytically for the implied volatility. It is hence
necessary to find an approximation for ¢j,,,, numerically and there exist
various numerical methods, e.g. Bisection, Secant or Newton method [98, 58],
to find an approximation for the solution. Instead of using implied volatil-
ity, one could look at historical volatility, which can be obtained analysing
historical spot exchange rate data over a fixed period of time. Volatility is
non-constant over time, hence it makes sense to use data over the same time
interval as the time to maturity. A known disadvantage of using historical
volatility is that it reflects market expectations in the past. The current
market prices represent the past market information and the current market
expectations, hence the implied volatility is known to be a better estimate
for the future.

As empirical evidence has shown [15, 57, 107], the implied volatility for
options on the FX market varies with strike (and time) and rather looks like a
volatility smile, which can be seen in Figure 9.3.1. Therefore, it is possible to
find the so called volatility surface ¢y, (K, T), which reflects the dependency
of the implied volatility over strike K and maturity T. The observed volatility
smile is a characteristic of the FX market [15]. A reason for its appearance
is that the far in-the-money (ITM) and far out-of-the-money (OTM) options
are more expensive than expected under the Black-Scholes model [57]. This

suggests, that the real distribution for the log spot exchange rate deviates
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9.4 RISK-NEUTRAL MEASURES ON FX MARKETS

from the assumed normal distribution. The existence of a smile suggests
fatter tails and higher central peaks compared to the normal distribution,
which indicates that very small and large moves in the spot exchange rate are
more likely to occur. There are many different and well-known approaches

to solve these short-comings:
e Use of stochastic volatility models: e.g. Heston [56, 46, 11], SABR [54].
e Use of local volatility models [37, 76].
e Use of Lévy processes as underlying stochastic process [23].

In Chapter 11, we will illustrate some of the above approaches under the in-
termediate currency pricing idea. Additionally, we will introduce the method
of using a random variable following a extended skew normal distribution
with the possibility to adjust the weights in the resulting distribution tails,

which enables us to capture the volatility smile.

9.4 RISK-NEUTRAL MEASURES ON FX MARKETS AND THE FOREIGN-

DOMESTIC SYMMETRY

We recall (see e.g. [15, 113, 65, 107]) that there is no measure which is
simultaneously risk-neutral for both the domestic and the foreign market.

Let us denote the EUR-USD spot exchange rate at time t as

f(t) = Sey4(t).

The inverse spot exchange rate can then be expressed as

1 1

T Ses(t)  f(B)

Sg/e(t)
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9.4 RISK-NEUTRAL MEASURES ON FX MARKETS

Within the standard option pricing setting, we assume that the currency

market under a ‘market” measure is described by the system:

dB$ = i’$(i’)B$dt, (9-4.1)
ng = T€(t)B€dt,

df = u(t)fdt+o(t) fdW(t),

where Bg(t), Be(t) and rg(t), re(t) are USD and EUR bank accounts with
their short interest rates, respectively; o(t) > 0 is a volatility, y(t) is a drift;
and W(t) is a standard Wiener process. It is assumed that the coefficients
rg(t), re(t), o(t), and u(t) are stochastic processes adapted to a filtration F;
to which W(t) is also adapted (typically, in stochastic volatility models F; is
larger than the natural filtration of W(t)), and they have bounded second
moments. We also require that o (t) satisfies Novikov’s condition.

On the USD market, the foreign currency EUR is paid for by USD (the

domestic currency) and the risky asset is

Ye/s(t) = Seys(t)Be(t),

while on the EUR market the risky asset is

Ys/e(t) = Sg/e(t)Bs(t).

Following the classical theory of pricing, we have to find equivalent (local)
martingale measures (EMMs) Q% and Q€ under which the corresponding
discounted risky assets are (local) martingales (see [65]). By standard argu-
ments we arrive at the SDEs for f(t) and g(t) := 1/ f(t) written under the

corresponding EMMs:

df = (rg(t) —re(t))fdt +o(t) fAW (t), (9-4.2)
dg = (re(t) —rg(t))gdt — o (t)gdW (), (9-4-3)
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9.4 RISK-NEUTRAL MEASURES ON FX MARKETS

where WQ$(t) is a standard Wiener process under Q% and WS (1) is a
standard Wiener process under Q€. We can see (cf. (9.4.1) and (9.4.2)-(9.4.3))

that the market prices of risk on the two markets differ:

_ () +re(t) —rs(t) , o) — p(t) +rs(t) —re(t) _
7€(t) j(t) d 7& _0,(5 < - ’)’$(t)

(recall that o(¢) > 0). Thus,

Q% # QF, (9-4-4)

i.e., there is no measure which is simultaneously risk-neutral for the EUR
domestic market and for the USD domestic market in this rather general
setting.

Note that the SDE (9.4.2) for f under the measure Q€ takes the form

df = (rs(t) — re(t) + o2(t)) fdt + o (t) FAW ", (9-4.5)

Intuitively, one could think that the drift for the exchange rate g(t) = 1/ ()
in (9.4.3) should be the negative of the drift of f(¢) under the same measure,
ie. —(re(t) —rg(t)) = rg(t) — re(t). However, as we can see in (9.4.5),
this is not the case. This is related to the phenomenon known as Siegel’s
paradox [108], which is due to the convexity of the function 1/ f.

Let us also recall [49, 81, 113, 38] that under the no-arbitrage assumption
(and other standard conditions like no transaction costs, etc.), there is the
so-called foreign-domestic symmetry for FX options which we formulate in
the following theorem. This symmetry is the key requirement for a model to
be consistent for a currency pair and its inverse pair (see e.g. [33, 34, 26, 48]

and references therein and also Appendix B.3).

Theorem 9.4.1. Under the no-arbitrage assumption, there is the following relation-

ship (called Foreign-Domestic Symmetry) for FX options

1
Cess(0,T,K) = Se/4(0) K Ps /¢ <Or T, E) , (9:4.6)
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9.4 RISK-NEUTRAL MEASURES ON FX MARKETS

where Cg,4(0, T, K) is the call option price (in $) at time O to buy one EUR for $K
at time T; Py ,¢(0, T,1/K) is the put option price (in €) at time 0 to sell one USD

1
€— at time T.
for Ka ime

Let us emphasise that the proof of this theorem is solely based on the
no-arbitrage argument, and hence it states a fundamental property of the
FX market. Suppose we take a stochastic volatility model (e.g., a popular
model such as the Heston and SABR) and calibrate it using option data on
the USD market. If we rewrite this model with the obtained parameters
for the inverse pair €/$, then option prices computed by this model on the
EUR market would not match the data on this market and the property
(9.4.6) would not be satisfied, i.e. we would get an arbitrage. Instead, if we
calibrate the inverse pair model again but using option data on the EUR
market, then the property (9.4.6) is obviously satisfied, but it is inconvenient
that the model needs to be calibrated twice despite the fact that the two
smiles are consistent with each other due to absence of arbitrage and the
symmetry (9.4.6). We note in passing (see e.g. [29, 26]) that for the SABR
and Heston models there are mappings between the parameters obtained
for USD-EUR and the parameters of the inverted world (i.e., EUR-USD), still
the parameters are different for the direct and inverted worlds, which we

illustrate in Example 9.4.1.

Example 9.4.1 (Illustration of standard Heston parameters). In this example,
we illustrate this difference in parameters, when we calibrate a standard
Heston model to option price data for the GBP-EUR and the inverse EUR-
GBP pair. In Figure 9.4.1, we can see the calibrated smiles following the
MATLAB code and approach of [62]. It is important to note, that in the
calibration, the parameters for vg and « are fixed and we only optimise the
parameters (J,6, p) to match the market data. The difference in the resulting
parameters between the GBP-EUR world and inverted EUR-GBP world can

be clearly seen in Table 9.4.1.
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Table 9.4.1: The results of standard Heston model calibration for GBP-EUR and

EUR-GBP data.

| parameter | GBP-EUR smile | EUR-GBP smile |

Uo 0.011979 0.011979
K 1.500 1.500
) 0.32792 0.31406
6 0.018072 0.016805
0 —0.40828 0.40912
016 . GBPEUR Ca‘libraliun: He‘ston model i 015 . EURGB? Calihrati?n: Hestonvmodel .
N Heston following Agnieszka et al. - GBPEUR calibration Heston following Agnieszka et al. - EURGBP calibration ‘/
market v 0.145 market vol
o015y 0.14 //
014 AN 0.135 / ’
= \\\ > 0.13 ) /’
o013 N Foi2sf P
o \ <] /
= 0.12 /
012 N 0115 !
0.11 o1 I o
0405f T~
0.1 - : : : 01 : - : :
1 1.1 12 13 1.4 15 0.65 0.7 0.75 0.8 0.85 0.9 0.95

Strikes in GBP/EUR

Strikes in EUR/GBP

Figure 9.4.1: Illustration of GBP-EUR calibration and EUR-GBP calibration and their

parameters.

In the next chapter we find a numeraire allowing to price options on USD

and EUR markets simultaneously after a single calibration. In particular,
within the proposed approach, calibration of a stochastic volatility model
using FX data from one of the domestic markets guarantees replication of

volatility smiles by the model on both domestic markets.
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PRICING FX OPTIONS UNDER INTERMEDIATE
PSEUDO-CURRENCY

In this chapter we propose a suitable candidate to be used as numeraire for
which options on USD and EUR markets can be priced simultaneously under
the same measure. We will illustrate in Section 10.1, that it is convenient to
introduce such a numeraire using the notion of an artificial currency, which
we call an intermediate pseudo-currency in this Chapter to distinguish it
from the intrinsic currency of [33, 34] and the artificial currency of [26]. In

Section 10.2 we extend this new idea to the case of multi-currency markets.

10.1 FX OPTION PRICING VIA INTERMEDIATE PSEUDO-CURRENCY

In this section, we start by introducing the intermediate pseudo-currency
market, then (Section 10.1.1) we consider pricing under an EMM QX on
the pseudo-market and (Section 10.1.2) — under the T-forward measure Q}TC
equivalent to QX. We note that the intermediate currency market is virtual
and is only used as a proxy to find a suitable numeraire and write down the
corresponding pricing formulas, while calibration is done using the usual

FX data.

Definition 10.1.1. Let Sg/4(t) = f(t) be the EUR-USD exchange rate at time
t. An intermediate pseudo-currency X is a currency with exchange rate

EUR-X, S¢,x(t) = \/f(t), and the exchange rate USD-X, Sg,x(t) =

1 .
flt

~—
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10.1 FX OPTION PRICING VIA INTERMEDIATE PSEUDO-CURRENCY

We note the natural relationship for the intermediate currency

1
S t) - = f(t). 10.1.1
€/X( ) S$/X(t) f( ) ( )
We remark the following symmetry:
1 1
Se/x(t) =/ f(t) = —— = Sox(®) Sx/s(t)
o X
and
Se/x(t) = — e = e = Sy el
$/X f(t) S,@/X(t) x/ell).

We also introduce the money market account Bx for the intermediate

currency X with its respective interest rate rx(t):
dBx = rx(t)Bxdt. (10.1.2)

In the next section we first establish that for a sufficiently broad class
of models for f(t) there is an EMM QX on the pseudo-market and then,

assuming existence of an EMM QX, we derive a pricing formula.

Remark 10.1.2. We can introduce Sg,x(t) = f*(t) with any a € (0,1), then
Sx,s(t) = f*71(t). Each particular a leads to the corresponding numeraire
suitable for the stated purposes (but note that the numeraires associated
with the original USD and EUR markets are not suitable for the set objective
as discussed in Section 9.4). Arbitrariness of a can potentially be used for
calibration purposes but we do not consider this aspect here. For clarity and

also for the sake of symmetry, we choose to use & = 1/2 in this paper.

Remark 10.1.3. We do not attach any economic interpretation to the inter-
mediate pseudo-currency. Our interest is purely motivated by calibration
aspects. We also note that we model a single exchange rate which is natural,

not 2 rates as in [33, 35, 34, 26].
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10.1.1 An EMM for the intermediate market

Consider the virtual market where the domestic currency is X. On this market

we have two risky assets: USD paid by X and EUR paid by X:

Ye/x(t) = Se/x(t)Be(t), Ys/x(t) = Sg/x(t)Bs(t). (10.1.3)

Assume that EUR-USD exchange rate f(t) satisfies the model (9.4.1). Based

on (9.4.1), we can write the SDEs under market measure for Ye,x(t) and

Ys/x(t):

1 o2 (t o(t
dYg/X = 5 (y(t) +27’€(t) — 4( )) Yg/xdf—i— (T)Yg/xdW(f),

302(t)

1
tox = 5 () +2rs(0)+

o(t
) Y5, xdt — %wadw(ﬂ-
If we choose the intermediate currency interest rate rx equal to

rs(t) + re(t) | (1)

5 g (10.1.4)

Vx(t) =

then there is an EMM QX for the pseudo-currency market with the following

market price of risk y(t):

v(t) = 0 , (10.1.5)
ie.

ot b'e
AYe/x = Tx(t)Yg/th— %Y@/XdWQ ,
t
AYg/x = rx(t)Y$/th + ¥Y$/XdWQX,
where WQ" is the standard Wiener process under QX. So, we have shown

that the intermediate pseudo-currency market can be arbitrage free within

this setting. We summarise this result in the following statement.
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Theorem 10.1.4. Assume that the EUR-USD currency market under a ‘market’
measure is described by the model (9.4.1). Then there is the unique intermediate
currency interest rate rx (t) defined in (10.1.4) and an EMM QX for the intermediate
pseudo-currency market with the market price of risk y(t) from (10.1.5), i.e., under

(10.1.4) the market is arbitrage-free.

We observe from (10.1.4) that even if the short rates r4(f) and re(t) are
assumed to be constant, the intermediate currency interest rate rx(t) is
non-constant if the volatility o(t) is time-dependent. Especially, if () is a

stochastic process, then so is the short rate rx(t).

Example 10.1.1 (An analogue of the Garman-Kohlhagen formula). Assume that
the exchange rate between EUR and USD f(t) = S¢,4(f) satisfies the model
(9.4.1) with constant coefficients: o(t) = o, re(t) = re and rg(t) = rg.
Note that in this simplified case (the geometric Brownian motion case)
the intermediate currency interest rate rx is constant. Analogously, to the
standard derivation of the Garman-Kohlhagen formula, we can find option

prices for a pseudo-currency market investor. For a European floating-strike
K

VA(T)

K
< f(T) — w) J (10.1.6)

 Trgrerery (o8 T+ (s —re + 5)T
=4/f(0)e N( T

K 5T <log@ + (rg —re — %2)T>
NGO VT |

call option (priced in X) to buy 1 EUR for X, we have

gg/X(OI T;f(O), K, s, 1"€) = e_rXT]EQX

And, similarly for a European floating strike put option (priced in X) to sell

1 USD for —V];<(T) X we have:

Ex(0,T,
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1 ey <log@ + (rg —re — %)T)
NGO VT '

From (10.1.6) and (10.1.7), we can deduce prices for the call C¢ /g and put
Ps/e. To this end, we first observe that the in-the-money payoff of the call
ES /x (priced in X) is equivalent to buying €1 for $K. Indeed, this call’s

payoff is equal to the amount of X

K
( A(T) = —f(T))+

which is equivalent to the amount of USD

VAT) (W(T) - J%) = (f(T) -~ K),

as we can exchange X for USD at the rate /f(T). Analogously, the in-the-
money payoff of Séj /x 1s equivalent to selling $1 USD for €1/K.

Further, by multiplying the price of £S /x priced in X by \/f(0), we convert
its option price in X to the price in USD, and by multiplying the price of

&4 x priced in X by 1//f(0), we convert its price to EUR. Hence
C€/$(0/ T/f(O)IK/ s, 7’€) = \/ f(o)gg/x(of T,f(O),K, s, 1"€),(10.1.8)
1 1 1 1 1
P O/ T/ et ) = —gp (0/ T/ 7 Vet > .
Ve < fO) KTEE FO) X\ F0) K

Comparing the resulting formulas for C¢/g and Py /¢, it is not difficult to

show that the foreign-domestic symmetry (9.4.6) holds.

Now let us look at a general FX option pricing formula based on the
intermediate currency. Let S¢,4(f) = f(t) be the EUR-USD exchange rate at
time t defined on a filtered probability space (Q, F, {F;}, QX), where Q¥ is
an EMM corresponding to the virtual market for which the intermediate cur-
rency X is domestic (note that at the start of this subsection we demonstrated

that there is a broad class of models for which QX exists). Assume that the
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distribution of f(¢) is such that f(t) and 1/ f(t) have second moments. We
observe that we do not assume a particular model for f(t) in the pricing
part of this section. For simplicity, let the interest rates for the USD and
EUR money markets, r4 and r¢, be constant. As we noticed earlier, the
intermediate currency interest rate rx(t) is, in general, not constant even
when rg and re are constant. We assume that rx(f) is adapted to the same

filtration F; and

Blt) = exp ([ rx(s)ds). (10.1.9)

Introduce the discounting factor Dx (¢, T) related to the intermediate currency
interest rate and the intermediate currency non-defaultable zero-coupon

bond price Px(t, T):

Dx(t, T) = exp (— /tT rX(s)ds) (10.1.10)

and

Px(t,T) = Egx [Dx(t, T)|F], (10.1.11)

where we assumed that Dx(t, T) has finite moments. Since Q¥ is an EMM,

the discounted Ye,x(t) and Y, x(t),

Dx(0,t)Ye/x(t) = Dx(0,t)Se/x(t)Be(t) = Dx(0,t)4/ f(t)Be(t)

and

1

W%(f)/

Dx(0,t)Yg,x(t) = Dx(0,t)Sg,x(t)Bg(t) = Dx(0,t)
are QX-martingales. Hence we obtain for any ¢t > 0

F0) = ='Eqx |Dx(0,0y/7(1)],

Dx/(0, t)]
) |

= er$t]EQX
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Thus, to obey the no-arbitrage condition, the distribution of f(t), t > 0,
under Q¥ should be so that

Egx | Dx(0,6) /(1)

In option pricing we will consider the following natural class of payoff

= elrs=re)t £(0). (10.1.12)

functions g(x; K), where x > 0 denotes the price of the underlier and K > 0

has the meaning of a strike.

Assumption 10.1.1. Let payoff functions g(x; K) be homogeneous functions

of order 1, i.e. forany a > 0:
a-g(x;K) = g(ax; aK). (10.1.13)

It is clear that e.g. plain vanilla puts and calls satisfy (10.1.13). For
definiteness, assume that g(x; K) is a payoff of an option written on one
EUR, where x has the meaning of EUR-USD exchange rate, and K and g
are denominated in USD. As in the case of a call (see Example 10.1.1), the

amount of USD g(x; K) is equivalent to the amount G(x; K) in X:

1 K
G(x;K) := —=g(xK) = =
(55K) = =glK) =g (Vi )
where 1/4/x has the meaning of the exchange rate USD-X (cf. Defini-
tion 10.1.1) and G(x; K) and K/+/x are denominated in X. According to the
risk-neutral pricing theory, we can write the value of the European option

Ve, x (t) with payoff ¢(v/x; \%) and maturity T at time t < T as

Dx(t,T)g (W(H%) ‘ ft] |
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Note that this is an option on EUR priced in X. The price in dollars for this

option is

Vess(t) =/ f(HEqx

Analogously, we can derive a formula for an option on USD priced in EUR:

Dx(t,T)g (w/f(T); %) ‘ }"t] . (10.1.14)

Vs/e(t) = %EQX

Dx(t,T)g (\/%, \/f(T)K) ‘ ft] ,  (10.1.15)

where ¢(y; K) is a payoff of an option written on one USD, y has the meaning
of USD-EUR exchange rate, and K and g are denominated in EUR. We

summarise this result in the following theorem.

Theorem 10.1.5. Assume that the EUR-USD exchange rate f(t) satisfies a model
for which the no-arbitrage condition (10.1.12) holds. Then the arbitrage price of a
European option on EUR with a payoff ¢(x; K) and maturity time T is given by
(10.1.14) and the arbitrage price of an option on USD is given by (10.1.15).

It is not difficult to show that the foreign-domestic symmetry (9.4.6) holds
when we use the pricing formulas (10.1.14) and (10.1.15) based on the

intermediate currency.

10.1.2 T-forward measure for the intermediate market

Introduce the T-forward measure Q¥ equivalent to QX on Fr with the

Radon-Nikodym derivative

Q¥ 1

QX Px(0,T)Bx(T) (101:16)
and fort > 0 «

QT . PX(tl T)
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Under this forward measure, we get [61, 47] (see also [15]):

f(0) = er€T1EQx [DX(O,T) f(T)} (10.1.18)

_ ereTpX(O,T)lEQ;T<{ f(T)}r

1 eT$T]EQX M] = er$TPX(OI T)]EQX ;] .
£(0) f(T) T LVA(T)
Then the no-arbitrage condition (10.1.12) becomes
]EQX [ f(T)]
T = e(r$_r€)Tf(0). (10.1.19)

1
Eoy [ f(T)]

Further, (10.1.18) implies that the bond price Px(0, T) should satisfy

PX(O, T) — e—l’gT f(O) _ €—7’$T 1

]EQ)T(\/f(T) - /f(())IEQ¥ [

(10.1.20)
1
\/f(T)}

Notice that f(0) is the current EUR-USD exchange rate and hence it is
observable as well as rg and re. The current forward EUR-USD exchange
rate

Fe,s(0,T) = els77€)T £(0) (10.1.21)

is also observable on the USD market.

We note that the forward EUR-X and USD-X exchange rates,

t) (T 1
F. t,T) = e*r€(T*t)i and F t,T) = e "s(T—1)

(10.1.22)
are both Q¥ -martingales. For convenience, we recall that if rx(t) is deter-
ministic then the two measures QX and Q)T( coincide.

It is also not difficult to show that

f(H) = e=TDEy {Dx(t,T)\/ﬁ‘ ]-}]
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= ¢e(T=Dpy(t, T)E {,/ ‘]—"t}
t, T)

1 = ¢s(T- )IEQX Dx( ft]
f(t) f(T)
(T 1
= ¢ Px(t, T)E gy 5 ]-"t].
Then
Px(t,T) = e 7T~ f(t) (10.1.23)
Eoy [ VD)7

1

\/_]EQX{

— efrfﬁ(T*t)

|

The pricing formula (10.1.14) under the T-forward measure Q)Ti becomes

Vess(t) = \/f(t)lEQX Dx(t,T)g (\/f(T);\/%N}}] (10.1.24)
— ,/f(t)PX(t,T)lEQ;Tg g(«/f(T),’ —K )‘ft]

el )]

where in the last line we used (10.1.23). Analogously, we have (see (10.1.15)):

(T)

For lJ_' TEQX

_ e (T 1 \/ 10.1.2
Vs/e(t) = ]EQ¥ [m‘ ]__t} ]EQ%( [g (W' f(T)K>‘ft] . (10.1.25)

We summarize this result in the next theorem.

Theorem 10.1.6. Assume that the EUR-USD exchange rate f(t) satisfies a model
for which the no-arbitrage condition (10.1.12) or (10.1.19) holds. Then the arbitrage
price of an option on EUR with a payoff ¢(x; K) and maturity time T is given by
(10.1.24) and the arbitrage price of an option on USD is given by (10.1.25).



10.2 EXTENSION TO THE MULTI-CURRENCIES CASE

The advantage of (10.1.24) and (10.1.25) vs (10.1.14) and (10.1.15) is that in
(10.1.24) and (10.1.25) we do not need to compute the intermediate currency

interest rate rx/(t).

Example 10.1.2. The prices of the call for buying €1 for $K and of the put
for selling $1 for €1/K are equal to

e TsT K
Ceys(0,T,K) = —]IEQ%« £(T) ~ , (10.1.26)
+

Eoy | 7
(i)
K ).

We see that these pricing formulas satisfy the foreign-domestic symmetry

(9.4.6):

P (o T 1) e’ g
$/€ 7 By X
K} Eop/f(T) %

1
Ces$(0,T,K) = f(0) - K- Py e (0, T’E) .

To summarise, we derived the consistent pricing formulas for FX options.
Although the new pricing formulas are derived using the virtual X market,
their evaluation depends on parameters of the USD and EUR markets only.
When we are interested in option prices at the current time t = 0, they are
valid for any distribution (i.e., we do not need to explicitly define the process
f(t)) of the exchange rate f(T) which satisfies (10.1.19). We will demonstrate

this observation in illustrations of the new pricing formulas in Section 11.

10.2 EXTENSION TO THE MULTI-CURRENCIES CASE

Let us assume we have N currencies c;, where i = 1,...,N. Fixing one

currency, for definiteness i = N, we can introduce the N — 1 exchange rates
f]-:SC]./CN>0, j=1,...,N—-1, (10.2.1)

which denote the exchange rates between the currency cy to all other cur-

rencies¢c;, i =1,...,N — 1.
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10.2 EXTENSION TO THE MULTI-CURRENCIES CASE

Now we introduce the intermediate currency X by defining the N exchange

rates S,/ x as follows
_ ¢bi bin bin-1
Seyx =fi' X 2 x---x fy;, i=1,...,N, (10.2.2)
where b;; € R are so that

b]] = 1—0{j,j:1,...,N_1,
bij = —waji#j, i=1..., Nj=1..., N—1L

By symmetry arguments (see also Remark 10.2.2 below), we choose

0 =—, 1=1,..., N—1. (10.2.3)

Note that S ,x is the exchange rate between the observable currency c;
and the introduced intermediate currency X and hence it is the worth of
1 unit of currency c; in the intermediate currency X. In the case (10.2.1)-
(10.2.2), (10.2.3), the exchange rate S, ,x can be written in the concise form

via geometric mean GM(f;) of the sequence of f; :

(N-1)/N

N-1 1 1/(N-1) (N_1/N
x5 |(T14) T
j=1 7]

We assume that the currency market under a ‘market’ measure P is de-

scribed by the system:

df; = ui(t) fidt + o;(t) fidW;, j=1,...,N—1,

o o (10.2.4)
dWlde = dedWl = plk(t)dt, l,k =1,...,N—1,

and

dB; =r;(t)Bidt, i=1,...,N, (10.2.5)
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10.2 EXTENSION TO THE MULTI-CURRENCIES CASE

where B;(t) describes the bank account of currency ¢; with its short rate r;(t);
oi(t) > 0 is the volatility of the exchange rate f;(t), p;(t) is its drift; and
W(t) = (Wi(t),...,Wn_1(t))T is an N — 1-dimensional correlated Wiener
process with the correlation matrix R(t) € RN~1*N=1 which components
we denote by p;;(t) (obviously p;; = 1). It is assumed that r;(t), o;(t), p;(t)
are stochastic processes adapted to a filtration F; to which W(t) is also
adapted, and they have bounded second moments and ¢;(t) satisfy Novikov’s
condition. Furthermore, let us assume that the matrix R is symmetric strictly
positive definite. Then using the Cholesky decomposition, we can represent
R = LLT, where L € RN=1*N=1 i5 3 Jower triangular matrix with entries Li;.

Using this decomposition, we can rewrite the SDEs (10.2.4) as

j
df; = pi(t) fidt +0j(t)f; Y Lig(H)dWi, j=1,...,N—1, (10.2.6)
k=1

where

i1 Pij — kzl Lix(t)Lik(t)
Li(t) 1 k:Zl L2 (1), Lj(t) "0 , fori<j,

and W(t) = (Wi (t),...,Wn_1(t))T isan N — 1-dimensional standard Wiener
process. We first show that the intermediate currency introduced in (10.2.2)

permits an arbitrage-free market involving all N currencies.

Theorem 10.2.1. Assume that N — 1 exchange rates f; between the currency cy
to all other currencies ¢;,i = 1,..., N — 1, under a ‘market’ measure are described
by the model (10.2.6) together with (10.2.5). Consider the intermediate currency X
introduced in (10.2.2). There is the unique intermediate currency interest rate rx(t)

defined by

1 N 1 1\ N1 1 N-1j-1
rxlt) = 5 L)+ 50 (1) £ 20— g & Loy(0octtlowl)

i—1 j=1 k=1
(10.2.7)

120



10.2 EXTENSION TO THE MULTI-CURRENCIES CASE

and there is an EMM QX for the intermediate pseudo-currency market, i.e., under

(10.2.7) this market is arbitrage-free.

Proof. Applying the Ito formula to (10.2.2), we obtain the SDEs for the

exchange rates S /x:

dSCf/X 1N %"’1 2
WZINZ “y+ Bf | i

j=1
1 N-1j-1
TN > ) ik — ‘71 ): Liznokoix | dt
j=1 k=1
1 N-1 j
N Y. Z oiLjxdWy + 0; Z 12N LikdWy
j=1 k=

[1 Ni (1 (1 1 fi
=l + 1) — 0ilizNOjpij + U] OkPkj — Hj
N = \2\N &~

+ inL#N] dt

N-1

N E;

j i
2 o;LixdWi + 0ilizn Y LijdW, i=1,...,N.
k=1 k=1

On the considered market the risky assets have the prices Y. ;x = S.,/xBi,

i=1,...,N. Introduce the discounted risky assets” prices in the usual way:

Y . Sci/X(t)Bi(t)

Yo x(t) = By(D) i=1,...,N. (10.2.8)

The discounted prices satisfy the SDEs

dy,.
—~CZ/X = [1’1' — Tx] dt
YCi/X
1= (11 1 =
+ N ]; <2 <N + 1> —0;l i£NTjpij + U}Igakpkj — K
—F}li]li#N] dt

1N1

N ) Za] LixdWi + 01 I#NZLkdwk, i=1,...,N.
j=1 k=1
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10.2 EXTENSION TO THE MULTI-CURRENCIES CASE

The no-arbitrage condition requires existence of an EMM QX under which
all Yci ,x are martingales. This implies that for QX to exist the following
system of N simultaneous linear algebraic equations in N unknown variables
(which are the market prices of risk v, k = 1,...,N — 1, and rx) should

have a solution:

(10.2.9)
+ uilixn

1N1

:_N Ziszj ]k’)’k"’@ z;éNZsz’)’k, i=1,...,N.
]

Subtracting the equation (10.2.9) with i = N from the equations (10.2.9) for

i # N, we obtain

1 N-1 i .
ri—¥YN+ Wi — =05 Z OkPik = 0; Z Live, i=1,...,N—1. (10.2.10)
N k=1 k=1

Using (10.2.10), we recurrently find the market prices of risk:

| N-1 i1
ri— N+ i — N0 kZ OkPik — 0i 2 Lixvx

=1 k=1 .
= . i=1,...,N—1,
vi oiL;; :

(10.2.11)

which are well defined due to our assumptions ¢; > 0 and L;; > 0. Moreover,

sum up (10.2.10) over i from i = 1 to N — 1 and substitute the result in

(10.2.9) with i = N to confirm (10.2.7):

1A= 171 , 1 15
7’N_7’X+ﬁj§{ §(ﬁ+1>‘7j+ﬁ‘7jk;‘7kpkj_ﬂi
1N1

1 N-1
=——E< AN %Zakpjk)
k=1
1 N 1 1 N-1 —-1j-1
At rX:ﬁZrﬁg\,(l—ﬁ)Z ' ZZ‘TJ‘TkPﬂc
]_

j=1 j=1 k=
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10.2 EXTENSION TO THE MULTI-CURRENCIES CASE

The found v;,i1 =1,...,N — 1, from (10.2.11) and rx from (10.2.7) together
with Girsanov’s theorem ensure that there is an EMM QX under which
all ?C]. ,x are martingales. Thus, the considered market is arbitrage free.

Theorem 10.2.1 is proved.

Remark 10.2.2. Recall that we chose touse a1 = --- = ay_1 = % in (10.2.2).
If we repeat the proof of Theorem 10.2.1 for arbitrary 0 < a; < 1 (see
Appendix B.4) then we arrive at the following intermediate currency interest

rate ry :

j=1

N-1 N-1 N-lai(1—a)) N-1j-1
rx=1{1- Z aj | TN+ ajrj =+ 5 9~ Z Z"‘j“k‘fjakpfk'
j=1 j=1 j=1 k=1

(10.2.12)
ensuring that there is an EMM in this market. We see that the choice a; = %]
results in the symmetry so that each r; enters (10.2.12) with the same weight.

Other choices of «; give a ‘preference’ to a particular currency.

Analogously to Assumption 10.1.1, we will consider payoffs as first-order

homogeneous functions in the multi-currencies case.

Assumption 10.2.1. Let payoff functions g(x1,...,xny_1; K) be homogeneous

functions of order 1, i.e. for any a > 0

a-g(x1,...,xny-1;,K) = g(axy, ..., axy_1;aK). (10.2.13)

Most multi-currency options (e.g. basket options [22]) have pay-offs be-
longing to this class. Consider a European-type option with maturity time T

and payoff in the currency cy:

8(T) :=g(A(T), ..., fn-a(T); K).

Its equivalent value in the intermediate currency X is equal to (see (10.2.2)):

G(T) :=S¢,/x(T) - g(T)
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=2 (A1(T)Sey/x(T), -+, 1 (T)Sey x(T)i K- ey yx(T)) - (102.14)
:8(5c1/X(T)/---ISch/X(T);K'ScN/x(T)>

=g(5c1/X(T),- . ,ScN/x(T);K'),

where K’ = K- S /x(t) is the equivalent strike in X. It is not difficult to see
that at the maturity time T the option holder is indifferent between receiving
¢(T) in currency cy or G(T) in currency X as they can obtain the same
amount by exchanging G(T) to cn:

SCG/()Z'()T) B mgQSCl/X(T)I'“'SCN1/X(T);K'SCN/X(T)>

— ST S (TK),

Example 10.2.1 (Basket option). Consider a basket option on the ¢y market
written on all N — 1 exchange rates f;(t), i = 1,...,N — 1, which has the

pay-off function of the form [22]:

N-1
g(x1,..., xn-1;K) = (Zwixi—K> ,
i=1 i

where x;,i =1,...,N —1, and K are denominated in the currency cy and
w; >0,i=1,...,N —1, are some weights. The equivalent pay-off on the X

currency market at the maturity T is equal to

G(T) = Sey/x(T) - &(fi(T), -, fn-1(T); K) (10.2.15)
N

:SCN/X( )(Z wifi(T) ) (Z w;S C/X - K- SCN/X( )>
+ +

1:

N_
= )Y wS./x(t)-K'] ,
= N

where S, /x(t) and K’ are denominated in the intermediate currency X.

As in the case of a single FX pair (see Theorem 10.1.4), we have shown

by Theorem 10.2.1 that there is a sufficiently broad class of models for
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10.2 EXTENSION TO THE MULTI-CURRENCIES CASE

which there is an EMM QX with an appropriate choice of the intermediate
currency interest rate rx(t). We now generalize the pricing formulas of
Theorems 10.1.5 and 10.1.6 from a single FX pair to the multi-currency case.

Let the exchange rates f;(t) between the currency cy to all other cur-
rencies ¢;, i = 1,...,N —1, be defined on a filtered probability space
(Q, F,{F:}, Q%), where Q¥ is an EMM corresponding to the virtual mar-
ket for which the intermediate currency X is domestic. Assume that f;(f),
i=1,...,N —1, and the exchange rates Se./x between the pseudo-currency
X to all the currencies ¢;,i =1, ..., N, defined in (10.2.2), (10.2.3) have second
moments. Further, assume that rx(t) is adapted to the same filtration F; and
recall the expressions and assumptions for the money market account Bx ()
(see (10.1.9)), the discounting factor Dx(t, T) related to the intermediate cur-
rency interest rate (see (10.1.10)) and the intermediate currency zero-coupon
bond price Px(t, T) (see (10.1.11)).

As QX is an EMM, the discounted Y. x(t) foralli=1,...,N,

Ye./x = Dx(0,t)Y../x(t) = Dx(0,t)S../x(t)B(t), i=1,...,N,
are Q¥-martingales. Hence we obtain
Se;/x(0) = e""Eqx [Dx(0,1)Se,/x(t)], i=1,...,N.

Therefore, foralli=1,...,N —1and t > 0, we have

Eqx [Dx(0,1)Sc/x ()] i)t S¢./x(0)

= _ Hrn—ri)t g
Eox [Dx(0,)Sc, /x(t)] Sey/x(0) e £i(0).  (10.2.16)

Hence, to obey the no-arbitrage condition, the distributions of S,/ x(t), t > 0,
under QX should be so that (10.2.16) holds.
Consider a European option with maturity T and pay-off function G(T)

on the intermediate currency market. Its price in X is equal to

Vx(t) = Egx [Dx (0, T)G(T)[Ft] - (10.2.17)
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10.2 EXTENSION TO THE MULTI-CURRENCIES CASE 126

Using (10.2.14), we obtain the price for this option in the currency cy:

;)EQX [Dx(0,T) - §(Sey/x(T)s-- Sey1/x(T); KSeyyx (D) F]

VCN (t) = SCN/X(t

(10.2.18)

Then the analog of Theorem 10.1.5 is as follows.

Theorem 10.2.3. Assume that the exchange rates fi(t),i = 1,...,N —1, (or
Se;/x(t),i=1,...,N) satisfy a model for which the no-arbitrage condition (10.2.16)
holds. Then on the cy market the arbitrage price V. (t) of a European option on
c1, ..., CN—1 currencies with a payoff g(x1, ..., xy—1;K) and maturity time T is

given by (10.2.18).

We want to change measure again now, so therefore introduce the T-
forward measure Q}T( equivalent to QX on Fr with the Radon-Nikodym
derivative as in (10.1.16) (see also (10.1.17)). Under this forward measure, we

getfori=1,...,N,

Se./x(0) = e Eqgx [Dx(0, T)S¢,/x(T)] = €' Px (0, T)Eqx [Se,/x(T)] -
(10.2.19)

Then the no-arbitrage conditions (10.2.16) become

]EQ’T< [SCi/X(T)]
]EQ)T( [SCN/X(T)]

= e(rN_ri)Tfi(O), i=1,...,N—1. (10.2.20)

Here F. /., (0) = el"™N=")T£(0) is the current forward c;-cy exchange rate. It

follows from (10.2.20) that forany j=1,...,N:

Egx [Sa/x(T)] or=r1fi(0)

=elTS. 1 (0), i=1,...,N, i #].

(10.2.21)
We remark that the no-arbitrage condition does not depend on the choice of

cy used in (10.2.1).
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Moreover, (10.2.19) implies that the bond price Px (0, T) should satisfy

S¢;/x(0)

Px(0,T) = e 7T ,
IEQ¥ [SCi/X(T)}

i=1,...,N. (10.2.22)

We observe that the relationships (10.2.20) ensure that (10.2.22) holds for all
i=1,...,N. Note that f;(0) are the current ¢;/cyn exchange rates and hence
S¢;/x(0) (see (10.2.2)) are observable as well as all ;. Similarly to (10.1.23),

we also have

SCZ/X(t)
Eox [Se,/x(T)1 7]

Px(t,T) = e "ilT~H) i=1,...,N.

Analogously to (10.1.25), the pricing formula (10.2.18) under the T-forward

measure QF becomes

e—TN(T—t)

X IEQ% [g(SCl/X(T)/ * ISCNfl/X(T)/KSCN/X(T))|ft:| .

Ven () (10.2.23)

Then the analog of Theorem 10.1.6 is as follows.

Theorem 10.2.4. Assume that the exchange rates fi(t),i = 1,...,N —1, (or
Se,/x(t),i=1,...,N) satisfy a model for which the no-arbitrage condition (10.2.20)
(or (10.2.16)) holds. Then on the ¢ market the arbitrage price V., (t) of a European
option on cy, ..., cN—1 currencies with a payoff g(x1, ..., xn—1; K) and maturity

time T is given by (10.2.23).

It is clear that the pricing formula (10.2.23) remains true if we replace the

currency cy with any other ¢; and the scalable payoff g(xq, ..., Xj 1,Xj., XN; K)

is denominated in Cj. We now return to Example 10.2.1.
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Example 10.2.2 (Basket option pricing). Let us make the same assumptions
as in Example 10.2.1 and find the arbitrage price of a European option with

pay-off G(T) at maturity T on the X currency market given by
N-1
G(t) = Z w,-SCi/X(t) —K ’
i=1 "

where S. /x(t) and K are denominated in X. Following Theorem 10.2.4, the

price of this basket option at time 0, denominated in currency cy, is equal to

eerT
B IEQ¥ [SCN/X(T)]

BasketOption,, (0) Eox

N-1
< Y wiSe,/x(T) - K)
i=1 N

To summarise, we derived consistent pricing formulas (10.2.18) and (10.2.23)
for FX options in the multi-currency case. As it was in Chapter 10.1 for a
single FX pair, here in the multi-currency case, although the pricing for-
mulas (10.2.18) and (10.2.23) are derived using the virtual X market, their
evaluation depends on parameters of the real ¢;, i = 1,..., N, markets only.
The distinguishing feature of our approach in comparison with the others is
that we can price all FX options regardless from their domestic market using
the same measure which in turn guarantees that all natural relationships

between exchange rates and FX options are automatically fulfilled.
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ILLUSTRATIONS

For illustrative purposes, we consider four examples in this chapter. The first
example (Section 11.1) illustrates the use of FX pricing from Chapter 10 in
the case when the EUR-USD exchange rate f(t) is described by the Heston
model [56] whereas the second example (Section 11.2) deals with the SABR
model [54]. In these two examples we follow the traditional route: we start
with models written under a ‘market’ measure, then find an EMM QX on
the intermediate currency market and use Theorem 10.1.5 for pricing FX
options. The third example presented in Section 11.3 follows a different
route: we propose a distribution for an exchange rate at maturity time T, e.g.
for EUR-USD, under a forward measure Q}T( on the intermediate currency
market so that the no-arbitrage condition (10.1.19) is satisfied. Then, we use
Theorem 10.1.6 or Theorem 10.2.4 for pricing FX options. To this end, in
Section 11.3 we assume that the EUR-USD exchange rate f(T) has a skew
normal distribution. We remark that the use of the considered extended
skew normal model for FX pricing is novel. In Section 11.4, we illustrate the

results of Sections 10.1 and 10.2 in the case of the model-free approach.

11.1 HESTON MODEL

For simplicity, let the interest rates for the USD and EUR money markets, rg

and re, be constant. Consider the Heston stochastic volatility model for the
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EUR-USD exchange rate Se/g(t) = f(t) written under a ‘market’ measure
[56]:

df = ufdt+ \/of ( 1—p2dWq(t) + dez(t)) , (11.1.1)
dv = x(0—0)dt+ 6/vdWy(t),
f(0) = fo, v(0) =y, (11.1.2)

where Wi (t) and W, (t) are independent standard Wiener processes; o (t) =
v(t) is a (stochastic) volatility; 6, «, 4, fo and vy are positive constants,

satisfying
26 > 6% (11.1.3)

and the correlation coefficient p € (—1,1). Recall [63] that the condition
(11.1.3) guarantees that zero is unattainable by v(t) in finite time.
Following Section 10.1.1, to re-write (11.1.1) under QX, we need to find

the market prices of risk, 1 (t) and 2(t), so that (cf. (10.1.5)):

1= () + poat) = =20/ ng T ()

As it is standard for the Heston model [56], to deal with incompleteness of

the market, we choose

T2(t) = Ay /Jo(t), (11.1.5)

where A is a constant. Thus, we have

d/f = (rx(t) —re) \/fat
+?\/7 (,/1 —02dW? (1) —l—dezQX(t)), (11.1.6)
1 1

i - (Vx(t)—7$)ﬁdt—\/75% (Vi-p2awd @) +pang ),

dv = x(0—0)dt+ (5\/5dW2QX, v(0) = vy,
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where, as before (see (10.1.4)),

_ i’$+1”€ 4 U(t)

rx(t) 2 8

(11.1.7)

and, without changing the notation, the new x and 0 in (11.1.6) are equal
to x + Ad and x0/(x + AJd), respectively, in terms of the old x and 6 from
(11.1.1). Then (see Theorem 10.1.5), e.g. the price of the call (in USD) for
buying €1 for $K is equal to

Cess(0,T,K) = 1/ f(0)Eqx

DX(O,T)< f(T)—%) ] (11.1.8)
+

where \/f(T) and 1//f(T) are from (11.1.6).

Now, we can rewrite (11.1.6) under the T-forward measure Q)T( using the

results of Section 10.1.2. By (11.1.7), we have

Px(i’,T) = ]EQX [Dx(t,T)|.Ft]

— Egx {eXP (— /tTTX(S)dS)'E}

o (-2 0) B e (- [ )

The stochastic X short rate rx(t) defined by (11.1.7) with v(t) from (11.1.6)

v(t)} :

possesses an affine term structure (see e.g. [15, 17, 36]):

Px(t,T) = exp (_r$ ; fe (T—t)+A(T—t)—C(T— t)v(t)) . (11.1.9)

The PDE problem for Px(t,T) = p(t,v) can be written by applying the
Feymann-Kac formula:

0 0 5%v 92 v
5P 0) + (0 —0)=-p(t,0) + —-=75p(t,0) — op(t,0)

_ r$_—|2— r€p(t,v) =0, (11.1.10)
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where p(T,v) = 1. Now let us assume that the solution to 11.1.10 can be

written as given in 11.1.9. We can derive the partial derivatives of p(t,v):

P00 = (58 = SAT -1+ SO = 0o(n)) pit ),

2 plt,0) = ~C(T— p(t,0),
2
7 p(to) = [C(T— O plt,0).

This leaves us with the following PDE:

( J A(T—t)+ iC(T — t)v) p(t,v) +x(0 —v) (—C(T —t)) p(t,v)

ot ot
2
+ 22T~ 0P plt,0) ~ 2p(t,0) =0
< p(t,v) [—%A(T —t) —x6C(T — t)}
0 5 ) 1
+p(t,0)o(t) [EC(T ~ 1)+ ST = P +xC(T— )~ | =0,

which should be true for any v(t). Therefore,

%A(T B = —x0C(T—1), A(0) =0,
O c(T—t) = TP —xC(T-1+ L clo)=0
ot 2 8’ '

We can rewrite the equation by replacing C(T — t) by C(t). Moreover, this

equation for C(t) is a Riccati equation, therefore let us do the following

substitution:
Py Y 252 ) t 2
cit) = 22u(t) EC( - 255u(t) (w( )) (11.1.17)
— S2u(t)’ ot — S%u(t) [62u(t)]2 o
This will leave us with the following equation:
2
25—:214(15) 26° (%”(t)) 2 22u() ? 22u(t) N 1
52u(t) p2uM2 2 || " “|eu@ | "8
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2

+ 16K — J u(t) — &%u(t) = 0.

& 1655ult) ot

This second order ODE has the general solution u(t) and derivative %u(t)

as follows:

u(t) = By exp (_K;ﬁt) + Byexp (_K_ﬁt> ,

%()_Bl—x;ﬁ p(—K2+,5)+BZ_ Z—ﬁexp(%—ﬁt)’

where B = |/x2 + 152, Resubstituting this back into (11.1.11) gives us the

following solution for C(t):

> By _K P exp < > + By~ ’3 exp (_Kz_ﬁt>
By exp < t) + By exp < > t)
As C(0) = 0, we can choose B; = :z;g = gﬂ and B, = 1. This leaves us

with the following formula for C(t):

1 (k4 B)exp ( Kby ) — (K + B)exp _Kz_’Bt>
‘5 g“ exp < KBy ) + exp ( - ﬁt)
p

Cpen-n o (5h)

62 (B+x)exp <_K2+ﬁt> + (B —x)exp <_K2_ﬁt)
1 (exp(B—1)
4(B+x)exp (Bt) + (B —x)

C(t) =

Now, we find the solution for A(#):

d

Al = —x0C(1),  A(0) =0,

and obtain
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ePt

K0 1
:__{ [ln<(‘B—|—K)u+(,B—K))L

[in (6 —x)u+ (6 + K))}i_ﬁt}

{ﬁziﬂ[—w+«nn@m—wﬁ—xnmmm

+

‘ .
5
~~
=
+
NaJ

x

2
+
=

|
2
N———

—w+«nn«ﬁ+m#ﬂwﬁ—m)+w+«nmﬁw}

_ 20 ) 2p PAKy (o8
_5z{l<w+mwwwﬁ—m+ % 1“”)}
_ 2x0 In Zﬁe#t

s (B+x)ePt+(B—x) )

Hence, P(t, X) can be written as

Px(t,T) = exp (-“*T@(T — B+ A(T—t) - C(T - t)v(t)) ,

where

B 2x6 Zﬁe(ﬁ+x)t/2
Alt) = 5 1“((5+K) (eﬁt_1)+zﬁ>'
ePt —1

1
ct) = 3 (B+x) (P —1) + 28
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with

B=\K2+82/4.

We note that
dPy = rx(t)Pxdt — 6C(T — t)/oPxdW2 (t).

Next, we obtain

dQ¥
IEQX ﬁ Ft]
_ Pt T)
= P00, T)B, () (11.1.12)
= exp (—% /Ot C2(T — 5)6%v(s)ds — /Ot C(T - s)zSVv(s)dWZQX(s)) .
Hence

aW2t = aw® 4 C(T — 1)3, /o (t)dt.

X
To complete the change of measure, we need to look at WlQT (t). To this end,

we recall that both forward EUR-X and USD-X exchange rates,
t
P@/X(t, T) — e—?‘g(T—t) f( )

and
1

Px(t, T)\/f(1)’

should be Q¥-martingales. It is not difficult to check that to achieve the

Fy x(t, T) = e 7s(T71)

above no-arbitrage requirement, we need
X QX
dAWE (1) = dWT (t),

which is natural since the change of measure (11.1.12) does not depend on

w2 (1),
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e.g. the call option as (see (10.1.26)):

e—?’g‘;T

Hence, applying Theorem 10.1.6 to the Heston model setting, we can price,
Ces3(0,T,K) = ——E
IEQX |: 1 :|
T f(T)

K
( f(T) — W) J (11.1.13)
e—T$T

- Eox [Fs/x(T, T)]]EQ’T‘ [(Fe/x(T,T) — KFs/x(T,T)), ],

Qf

and
e—l’,eT
C 0,T,K) = E E T,T)— KF, T,T ,
(11.1.14)
where

0 X X
dFe/x(t,T) = \/T_F€/X(t, T) (\/ 1—p? dW1Q (1) —I—dezQT) (11.1.15)
+6C(T — t)V/oFe/x(t, T)szQ}T(r

(Y X X
dF/x(t,T) = —\/T_Fzs/x(f,T) (\/1—p2dW1Q (t)+de2QT)

X
+0C(T — 1)v/0Fs x(t, T)AWST,

e (T s2 K6 B Qf
do = (x—C(T-1)8) (K—C(T—t)(52 v> dt + 5v/odW, T,
v(0) = vy,
and we require that for 0 <t < T
x/6% > C(t). (11.1.16)

The prices (11.1.13) and (11.1.14) satisfy the foreign-domestic symmetry (see
Theorem 9.4.1).

We note that in comparison with the classical Heston model (11.1.1), the
model (11.1.15) has time dependence in the coefficients. For other time-

dependent Heston models, see e.g. [10, 53] and references therein.
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11.2 SABR MODEL

For simplicity again, let the interest rates for the USD and EUR money
markets, g and re, be constant. Following Section 10.1.1, we can re-write
the classical SABR model [54] for EUR-USD exchange rate f(f) under the
measure Q%, and the corresponding SDEs for Sg,x = \/7 and Sg,x =1/ \/7
take the form

A/ f = (rx(t) —re) /fdt

O(Zt < /1 dWQ +deQ ( )) , (11.2.1)
d% = (rx(t) —rg) \;7dt— 02 NG (\/1 —p2dW (1) +PszQX(f)> :

do = vaszQX(t), c(0) = a, (11.2.2)

where WlQX (t) and WZQX are independent standard Wiener processes under
Q%, p € (—1,0] is the correlation coefficient, v > 0 is the volatility of the

volatility o(t), « is a positive constant, and (see (10.1.4))

rstre o?(t)

rx(t) = = 8

We note that the parameter known as 8 in the classical SABR model is taken
to be equal to 1 here, which is the typical requirement for FX modelling as it
ensures that the SDE for the exchange rate for the inverse pair 1/ f has the
same form as for f.

By Theorem 10.1.5, e.g. the price of the call (in USD) for buying €1 for $K

is equal to

Cess((0,T,K) =4/ f(0)Egx |Dx(0,T) ( f(T)— ]£<(T)> ], (11.2.3)
+

where \/f(T) and 1//f(T) satisfy (11.2.1), (11.2.2).
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In this section we look at another illustration of Theorem 10.1.6. We start
not with a model under a ‘market’ measure but with a direct assumption on
the distribution of the exchange rate under a forward measure QX on the
intermediate market.

Here, we assume that under a T-forward measure Q}T( the EUR-USD

exchange rate f(T) can be written as
f(T) = Fé?, (11.3.1)

where F > 0 is a constant and Z is a random variable such that IE [ez}
exists and the no-arbitrage condition (10.1.19) is satisfied by f(T). Here the
no-arbitrage condition (10.1.19) implies that

E [e=2/2]

F= Fm, (11.3.2)

where we neglect the full notation Ex [-] and write [E[-] instead as in this
section we work with the measure QF only. Additionally, we write here F
instead of Fg,4(0, T) for the current forward EUR-USD exchange rate (see
(10.1.21)). We use this simplified notation throughout this section, which
should not cause any confusion. The interest rates for the USD and EUR
money markets, r¢ and r¢, are assumed to be constant.

Also, (10.1.26) (i.e. Theorem 10.1.6), (11.3.1) and (11.3.2) imply that the
price (in USD) of the European call to buy €1 for $K at the maturity T is

_ et __K 1
C€/$(01T/K)—]E{ 1 }]EK f(T) f(T)>J (11.3.3)

f(T)
r  VF K
— o 1sT WE [( f(T)— W) lﬁeZ>K]

V'E = K
R Z/2 —Z/2
— T e (VB[ o] - B )
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_ T | E IE [62/212>Zo} _ K]E [67Z/2]lz>20}
E [e—Z/Z} E [e—Z/Z}

_ et (pEIFP1zn] B2 1y,
E [¢2/7] E [e=277]

Cwr (pM(1/2,20) o M(=1/2,2)
= (F M2 K mM-1/2) )

where zp = log (K/F) and

M(t) = E[e'?] and M(t,z9) = E [etZ]leO} , (11.3.4)

which are the moment generating function (MGF) and the restricted MGF

for Z, respectively.
Analogous to (11.3.3), we can derive the pricing formulas for the put and

also for the call and put for the inverse pair:

K
( 7V (TN

—rg *( 1/2, Zo) M*(1/2 ZO)
= T(K <1/2 M) )

e (07) =gl (%7,

et 1M*( 1/2,20) 1M*(1/220))
( M(-1/2) K M(1/2) )’

1 f(T) 1
Pg/e <O, T’K) = ]E[ f(t)]IE ( X f(T))_J

(1 M(1/2,z) 1 M)
K M(1/2) F M(-1/2) )’

e—T$T
Pess(0,T,K) =
E|

e—?’gT

where
M*(t,z9) = E [etZIlZQO] .

139



11.3 EXTENDED SKEW NORMAL MODEL

It is easy to show that these pricing formulas satisfy the Foreign-Domestic

symmetry (see Theorem 9.4.1):

Ceys(0,T,K) = e7"sT (F MASE({Z/’ZZ)O) ~K MAZZ i 22)0))
o, 1 M(1/2,z9) 1 M(—1/2,z0)
=e " EK <E M(1/2)0 TF M(—1/2)0 )
_ e—r$Tf(0)e(r$—r€)TK <% M]\(/Il(gz/,zz)o) o % MA(/I11/12/,22)0)>
R <l M(1/2,z0) 1 M(—1/2,20)>
B K M(1/2) F M(-1/2)
B et (1 M(1/2,20) 1 M(=1/2,2))
= fO)Ke™e! <E M(1/2)0 F 1\/1(—1/2)O )

= f(0)- K- Py/e (OIT,%)-

The same clearly also holds for:

1

Let us now propose a skew normal model for the random variable Z.
To this end, we start by introducing a new random variable V, which is a
combination of one normal and two shifted half-normal distributed random

variables:
V=X +aymax(f; — Y,0) + ap max(Y — B,0), (11.3.5)

where X and Y are independent random variables with the standard normal
distribution and a4, a3, B1, B2 € R are parameters. The support domains of
the two half-normal distributions which, from the modelling perspective,
should not overlap and can be described by the parameters B; and f.

Therefore, we are only interested in the following case:

O<,31§‘Bz.
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11.3 EXTENDED SKEW NORMAL MODEL

As we use the random variable Z in (11.3.1) similarly to a Gaussian random
variable is used in the geometric Brownian motion model for f(T), we then
define it as follows

Z =aV, (11.3.6)

where a = ¢+/T with ¢ having the meaning of volatility and T of the
maturity time. The advantage of using Z instead of a Gaussian random
variable is that Z can have heavier tails and can be successfully used for
describing the volatility smile effect, which we mentioned in Section 9.3.
Meanwhile, Z still has a very simple distribution which makes the model
(11.3.1), (11.3.5), (11.3.6) very practical as it allows fast calibration. Indeed,
the MGFs (11.3.4), which we need for pricing calls and puts (see (11.3.3)), can
be found analytically for this Z. The corresponding expressions are given in

the next proposition.

Proposition 11.3.1. For 0 < By < By, the MGF M(t) and the restricted MGF
M(t,zo) from (11.3.4) are equal to

at)2
M(t) = ¢2 (N(B2) — N(B1)) + e @126 N (ta, — py)
+e%(ta2(1+a%)+2ﬂalﬁl)N(tal)él + 131)/ (1137)

SN (at = ) (N(2) = N(p)) +eHF 0D 02008) (1155

M(t, Zo) =

2 —at —ay(By + taay)

s m)}

{N(taocl + ,Bl) (talxl + ﬁl/

+ e%(taz(l%-zx%)—Zaaz,Bz)
—t+ap ‘52 — taocz) —

~/1+oc2 ~/1+oc2

where N(+) is the cdf of the standard normal distribution and Ny(-,-; p) is the cdf of

X { N(taay — B2) — No | taas — ,32,

the bivariate normal distribution with zero mean, unit variance, and correlation p.

The proof for Proposition 11.3.1 can be found in Apendix B.5 (and also

in [85]).
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11.3 EXTENDED SKEW NORMAL MODEL

The distribution of Z, defined in (11.3.5), (11.3.6), is dependent on the five
parameters a, a1, ap, B1, and B,. All of them can be used to manipulate the

distribution of Z and, in particular, its skew and kurtosis, which are equal to

MP(0) - 3m (0)MP (0) + 2 [M(V”(O)}3

(M0 - [m0])"

skewy = skewy =

4

kurtosisy; = kurtosisy

M (0) — am )M (0) + 6 [MP (0)] M (0) -3 [MP (0)]
(M0~ [MPo]")

4

where Mg/i) (0) are i-th derivatives of the MGF for the random variable V.
The analytical formulae for these can be found in Appendix B.6.

By putting a1 = ap = 0in (11.3.5), the random variable Z becomes normal
with zero mean and variance 4%, and the considered model (11.3.1), (11.3.5),
(11.3.6) is reduced to the geometric Brownian motion whose one of the critical
deficiencies is a flat (constant) volatility. In this case, Z has skew = 0 and
kurtosis = 3. In Figure 11.3.1, one can see the difference of distribution of Z
(blue area) compared to a standardized normal distribution (red line). It can
be seen that a parameter set with a1 < 0 and a; = 0 results in a bigger left
tail in distribution and a skew in the resulting volatility smile (skew ~ —1.6).
Similarly, in Figure 11.3.2, it can be observed that using a; < 0 to adjust
the left tail and a; > 0 to adjust the right tail of the smile, we can get an
asymmetric distribution and an asymmetric smile. A smaller a; results in a
smaller right tail and therefore in a flatter smile. As seen in these figures,
by adjusting the parameters xq, ay, B1, B2, the shape of the distribution
and of the smile can be changed in various ways and it can be associated
with the resulting skew and kurtosis of the log exchange rate. Therefore,
after calibrating the parameters of Z to FX market data, we can compare

skewz with zero skew and kurtosisy with the kurtosis of 3 in the geometric
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Figure 11.3.1: Effect of the parameters on the distribution of Z and the corresponding
smile: the case of a; < 0 and ap = 0.
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Figure 11.3.2: Effect of the parameters on the distribution of Z and the corresponding
smile: the case of 1 < 0 and ap > 0.



11.4 MODEL-FREE APPROACH

Brownian motion case and make a conclusion about how far volatility is

from a constant.

11.4 MODEL-FREE APPROACH

The model-free approach to pricing derivatives has become popular in recent
years [6, 40, 7, 27] (see also references therein). The main idea of the approach
is to construct a density or distribution function of risky assets under a risk-
neutral measure using observed prices of plain-vanilla options. For clarity of
the exposition how this approach works within our intermediate currency
framework, we start with the case of two currencies in Subsection 11.4.1.
Then we will extend the consideration to the three-currencies case where we

will exploit ideas from [6] (see also [7]) in Subsection 11.4.2.

11.4.1 Model-free approach in two dimensions

In this subsection we will work under a T-forward measure Q>T< . Assume
that we know prices of call options Cg,4(0; K) for all strikes K > 0 and
let p(x; T) be the density of the EUR-USD exchange rate f(T) under QX.

According to (10.1.24), we have

e rsT K
Vess(0) = EQ%[ —f(T)]]EQ%( 8(\/f(T),ﬁ> (11.4.1)
efr$T

® 1 ; X, X
o [W]/O S8 (K p(x T)d
2

o0 0
= /0 g (x;K) @C€/$(0;x)dxz
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11.4 MODEL-FREE APPROACH

as simple calculations show that the first and second derivative with respect

to the strike K of a call option price (see (10.1.26)) can be written as follows:

dCe/5(0; K) e~"sT /oo 1
= — — (x—K)o(x; T)dx,
5K = [Tk ﬁ(x )o(x; T)dx
Qr | \/f(T)
82C€/$(O;K) e~ 7sT > K1
= _ _ — (x—K)o(x; T)d
K> B[ R s 7z~ Kp(x Tx
Qr | /(1) |
e 7sT 1
= — . (K;T),
E " 1 \/Kp
Qr | /()|
hence
e—?’g,T 82
P(K;T) = 55Ce/5(0; K). (11.4.2)

VKE g | V(T)] e

Typically, observed data are expressed via volatility smile data ¢(K) and

from (10.1.8) we have

(11.4.3)

log &8 + 02(K)T /2
Ce/s(0;K) = Fe g $TN K
e/5(0;K) = Feyg ( (KT

ke tTN log % —?(K)T/2
O(K)\/T '

Combining (11.4.1) with (11.4.3) and given ¢(K), we can price any FX deriva-
tive Ve 4(0) and analogously any derivative Vg ,¢(0) based on a smile from
one of the markets. Note that the smile data computed from Cg,4(0; K) coin-
cide with smile data computed from Cg,¢(0; K) and that the prices Ve ,5(0)
and Vy,¢(0) are consistent with each other thanks to using the intermediate

currency framework, as introduced in Section 10.1.

11.4.2 Model-free approach in three dimensions

We can now progress to the three-currencies case, where we follow the same

idea as in Subsection 11.4.1 to construct a density of distributon function,
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but we will see that the derivations are more complicated due to the third
dimension as expected.

Let us assume that we are interested in the GBP-USD-EUR currency
triangle, where we denote GBP as currency 1, USD as currency 2, and EUR
as currency 3. As before, the interest rates for the GBP, USD and EUR money
markets, 7, rg and r¢, are assumed to be constant.

Let us now look at a best-of option on the EUR market which payoff is

equal to

(Se/e(T) — K1), (Ss/e(T) —Ka) } . (11.4.4)

b(T) = max { X, , %

As it is known [6], the value of a best-of option is arbitrary close to values of
plain-vanilla calls on Sz/e(T) or Sg,<(T) or to a vanilla option on the cross
S¢/$(T). Hence, a model used for FX pricing should price a best-of option
and plain-vanilla options in a consistent manner.

By (10.2.2) we have

Serx = Spe(T)84,6°(T), (11.4.5)
Ss/x = SE/1€/3(T)S§§%(T)/

Sesx = SzL3(T)Sg /L3 (T).

Using the pricing formula (10.2.23), we get

e—}’gT 6—1’€T
E xG(T) =
or ) = o 5 x(T)

Ve(0) =

 Epx [Se/x(T)] Py Se/x(DsD

(11.4.6)
where g(T) is an arbitrary payoff on the EUR market. Therefore, for the

best-of option we have

e—l’gT

e = Eg Sex(T]

(Se/e(T) — K1), (Ss/e(T) — Ko, } }

X IEQ>T< [S€/X(T) max{ X, , 5
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e—l’gT

= Eox |S;/43(T)Sg /L (T
g BenmIEal (S DS/

i { (S¢/e(T) — K1), (Sg/e(T) —K2) , H
Ky ! K>

e—TgT
Eox [Se/x(T)]

oo oo K K
X/o /0 (xy)~1/3 max{(x K11)+,(y K22)+}p(x,y;T)dxdy,

where p(x,y; T) is the joint density of the exchange rates Sz /¢(T) and Sg,¢(T)

under Q}f .

Differentiation of b(T) (see (B.7.1) in Appendix B.7.1) gives:

0 0
1+ Kj— 9K +K28KJ b(T) =1(Sg/e(T) < Kq,5£/¢(T) < Kp) — 1.

Therefore
02 0 0
K
9K,0K, [HKlaK1 +Kage | vel0)
el “1/3y —1/3 .
Kl K2 p(Kl, Kz, T) (11.4.7)

 Eqx [Se/x(T)]
Note that we have from (10.2.20)

]EQ¥ [SCi/X(T)]

=F.e0), 1=12, 11.4.8
Egx [Se/x(T)] 7€(0) (11.4.8)
and from (10.2.23)
e*YNT
Ven(0) = Eox [Sey/x(T)g(T)], 4.
N( ) IEQ¥ [SCN/X(T)} Q)T([ CN/X( )g( )} (11.4.9)

where N can be any of the three currencies with ¢(T) being in the currency
N. Therefore (taking also into account (11.4.5)), if we can evaluate (11.4.7)
from market data, then we can price any FX derivatives on any of the

three markets using the same p(Kj, Kp; T) and, thus, ensuring consistency of
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FX option pricing across different markets. Note that in comparison with
(10.2.23) we do not assume in (11.4.9) that g(T) is scalable.

Market data in the case of three currencies are typically presented via three
volatility smiles: 7(K) and 0(K) from vanilla options on GBP-EUR and
USD-EUR, respectively, and 03(K) from the cross, GBP-USD. To compute
values on the smile curves from observed option prices in the context of
our intermediate currency approach, the Garman-Kohlhagen formulas given
below for completeness of the exposition should be used.

To complete, the model-free pricing, we need to express the current price
v(0) of the best-of option via the three volatility smiles. To this end, we need
to find v(0) assuming that the exchange rates follow geometrical Brownian
motions under a T-forward measure Q)T(, which coincides with the EMM
QX.

We can set the exchange rates S;/e(T) and Sg,¢(T) as follows:

Se/e(T) = Fryeexp (—aT + alﬁX1> , (11.4.10)

S$/€(T) = P$/€ exp <—bT + 02ﬁX2> ,

where Fr/e = F/e(0,T) and Fg/e = Fg/e(0,T) are the current forward
GBR-EUR and USD-EUR exchange rates, respectively, and X; ~ N(0,1) with
correlation coefficient p1, and where we need to find a,b € R, so that the
no-arbitrage conditions (11.4.8) hold.

Let us use (11.4.10) to rewrite the equations S, /x(T) (11.4.5) which lead
to the following:

_ 2 2 1 1
Sg/X(T) = Fg//éF$/1€/3 exp (—gaT + gU’lﬁxl —+ ng — gO’z\/TXz) ,

_ 1 1 2 2
S$/X(T) = F£/1€/3F§//é eXp (gaT — 501ﬁX1 — ng —+ 502ﬁX2> P

13 1.1 1,1
Se/x(T) = F, }L°F, /P exp (gaT — 301VTXy + 2T — éUzﬁ}Q) :
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The no-arbitrage (11.4.8) condition for i = 1 then leads to:

- Eox [Se/x(T)]
Hes Eox [Se/x(T)]

Hence
]EQpT( [Fg//épg/lééj exp (—%EIT + %crlﬁXl + %bT — %UZﬁXz)}
Frre = ,
]EQ)T( [F£_/1€/3F$_/1€/3 exp <%11T — %0’1\/?)(1 + %bT — %Uz\/?Xz)}

which we can rewrite as follows:

Egx [exp (%alﬁxl — LoV TXap — LoV TXo/T— 2 pz)]
]EQ%-( exp (—%alﬁXl — %azﬁle — %0’2\/?)(2\/ 1-— p2>]

exp(aT) =

exp (% [%0’12 — 501000 + %‘TZZD B T
o (% [%012 2ot %UZZD = exp <E [012 - 201(72.0D :

And we can solve for a to end up with
1
a=c [012 — 2(71(72()} .
In the same way for i = 2 we can find b:
1
b= ¢ [022 — 2(71(72p] .
Thus

T
Se/e(T) = Feyeexp (—g [‘712 - 2‘71021012} +U1\/TX1) , (11.4.11)

T
S$/€(T) = F$/€ exp (—g [0’22 — 20’10’2‘012} +UzﬁX2
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11.4 MODEL-FREE APPROACH

Then, the GBP-USD exchange rate is equal to

S T T
S£/$(T) = S£/€ET§ = F£/$ exp (—g [0’% — 20’20’3()23] + 0'3\/TX3) ,
$/€ ( )
11.4.12
where
Fe/e
F, = ==,
£/% F$/€
(7% = (712 — 20109012 + (722,

and X3 ~ N(0,1) with the correlation coefficients

2. 2 2 2, 2 2
0+ -0 _ 0 to—0

P13 = , P23

2(710'3 20’20’3

with X7 and X3, respectively.
We have

Se/x(T)
Eqx [Se/x(T)]
exp (—31vVTXs — on VT
]EQ¥ [exp (—%0’1\/?)(1 — %UQ\/TX2>:|

T 1 1
= exp (—1—8 [012 + 201020 + 022] — 3 VTX, - §UZﬁX2) ,

and it is not difficult to show that the above expression is the Radon-Nikodym

d <€
derivative dQ% of the T-forward measure Q? on the EUR market with
T
respect to QF. Then

e—?’gT
Eqx [Se/x(T)]

Ve(0) = Eqx [Se/x(T)g(T)] = e " Ege [g(T)] -
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11.4 MODEL-FREE APPROACH

Therefore, the corresponding Garman-Kohlhagen formulas for calls are given

by (see, e.g. [15]):

_ In(Fz/e/K) + 02T /2
Crre(0;K) = Free ™€TN 1
£/€(0;K) = Fr/e < T

 KeTeTN In(F;/e/K) — 07T/2
0'1\/T ’

_ In(Fs/e/K) + 03T /2
Cs,e(0;K) = Fy/ce €N 2
3/€(0;K) = Fg/¢ ( T

 KeTeTN In(Fs,e/K) — 03T /2 '
0'2\/?

Similarly

e*l’ET
Eqx [Se/x(T)]
= e_rETlEQg [(Sg/e(T) — K) 4]
_ R TN In(Fz/5/K) 4+ 03T/2
0'3\/T

_ke-"sTN <1n(F£/$/K) - ‘732T/2> .

Ce/$(0;K)

Ex [Se/x(T)(Ss/£(T) — K) ]

0’3\/T

To proceed, we want to make use of (11.4.7). We have the price of best-of
option on the EUR market (see [83, 109, 6]):

e—i’eT
ve(0) = (11.4.13)

Eqx [Se/x(T)]
<Eqx [S€/X(T) max { (S£/€(721_ K1)+, (S$/€(722_ Ka), H

(Se/e(T) —Ki), (Ss/e(T) —Kz) ., H
Ky ’ K>

= e_réTlE(ﬁ {max{

_ F E _
e el I£<—/1€N(df,d§r;,013) + 2—/51\7(6@,%;023)
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11.4 MODEL-FREE APPROACH

+N(—dy,—d;;p12) — 1|,

where
. In(F/K;) £0?T/2
O'Z'\/T

and F1 = F£/€, FQ = F$/€, and F3 = P£/$.

Now, we put the implied volatility smiles ¢;(K;), i = 1,2,3, with K3 =
Ki/Kj3, in (11.4.13) and evaluate the left-hand side of (11.4.7). As a re-
sult, we obtain a function of the strikes K; for i = 1,2,3, for vg(0) =
ve(0; Ky, Ky, 01(K7),02(K3),03(K1/K3)) from (11.4.13), and we can find the
appropriate derivative to obtain the following function (see Appendix B.7.2

or [7, Ch. 11]):

0 0
U(Ky, Kp) := {1 + K18_1<1 -+ KZB_KJ ve +e 7€l (11.4.14)

_ _ d 0
— eii’eT <N(—d1 , —d2 ,"012) -+ |:K10'{ (Kl)a_a'l + KZO'é(Kz)a—O_Z:| (75 + 1)

—TgT

d- 01 — dy
—¢ N(—d,—dy;p12) + KiVTo| (Ki)N'(d] )N (L)

V105

d, p1p —d;
+KoVTa(Ka)N' (dy )N (L)] :
V1- 0%
Note that U(0,K;) = U(Ky,0) = 0 is straight forward to calculate, as

N(—o0,b;p) = 0 and also N(—o0) = 0.

Let us summarise how the model-free approach can be used in practice:

(i) for observed plain-vanilla prices, compute values of the implied volatil-

ities 0;(K;) by inverting the Garman-Kohlhagen formulas;
(ii) smoothly interpolate the implied values to obtain three smiles 0;(K;);
(iii) plug-in the smiles in (11.4.14);

(iv) use U(Kj, Ky) (cf. (11.4.7) and (11.4.14)) together with (11.4.8) to price

options on all the three markets by the pricing formula (11.4.9).
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11.4 MODEL-FREE APPROACH

Note that the final step (iv) can be either realized via integration by parts
(see Example 11.4.1 below) or by further differentiation (see Appendix B.7.3)
to get

e el 1/3, —1/3 9
K 77Ky~ Ki{,Ky;T) =
2 p( 122 ) aKlaKz

Eox [Se/x(T)]

U(K1, Ky).

We highlight that thanks to the intermediate currency approach we can
consistently price products for all the six pairs based on a single calibration.

We note that the no arbitrage condition imposes the following asymptotic
requirements on smiles [78, 6, 7] (see also B.7.5)

0?(K) = o(|InK|) as K — 0, oo. (11.4.15)

1

Also, to ensure that —1 < pi]-(Kl, K1) < 1 the smiles should satisfy [6, 7] (see
also B.7.5):

0'1(K1) +0’2(K2) > 0’3(K1/K2),
02 (Kp) + 03(K1/Ky) > 01(Ky), (11.4.16)
0'1(K1) +0’3(K1/K2) > 0'2(K2).

Note, that if the requirements (11.4.15) and (11.4.16) are not satisfied by
the volatility smiles, the constructed distribution function U(Kj, K3) or the

corresponding pdf %EKZU(KL K;) may not be real or positive.

Example 11.4.1. Consider basket pricing as in Example 10.2.2. Doing inte-
gration by parts twice and the fact that U(0,y) = U(y,0) = 0, we get [7, Ch.

11]:

BasketOptione(0)
e—?’eT

= ]EQ)T( 5 (D)] (11.4.17)

X gy [5:)8(T)SJ8(T) (K= @15/e(T) — wSs/e(T))
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11.4 MODEL-FREE APPROACH

o0 1) 82
— /0 /0 (K —wix — wzy)+ WU(x,y)dxdy

K/wy X2y 92
— / / ! (K — wix — way) WU(x,y)dxdy

_K-wyy

K/wy a =
_/ [(K— wlx—wzy)ay (x, y)] “1 dy

K/UJZ wl
+ / / w1 U(x,y)dxdy

K/w Gy a
=0+ / / w1@U(x,y)dydx
K/wy yinwlx
= / [ U(x,y)],—g ™ —0|dx
K/w —
= / ' {wlu(x, K wlx) - wll,l(x,O)] dx
0 w2
-/ “u (i
0 w1

K _
Z) dz.
2
We also obtain

BasketOptiong(0)
6—1’£T

 Egy [Se/x(T)]

Eqx [Se/x(T) (K = wiSe/e(T) — w2Ss/e(T))., ]

(11.4.18)

_ Seye(0)e el "
]EQX [Se/X(T)]

2/3 ~1/3 W Ss/e(T)
{S‘E@( )Sse"(T) (K Se/e(T) — 2 5£/€(T)
B %) %) B ﬂ B y aZ
— S€/£(0)/0 /0 X (K p» wzx)Jr axayLl(x,y)alxdy

_ ” 2\ _y(Fete z
= 5e/5(0) [ {u(oo,wz) u( : ,wzﬂdz,

in a similar fashion, where

U(co, Ky) = e~"eT [N(—dz_) + Ko VT (Ko)N' (dy ) — 1] .
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11.4 MODEL-FREE APPROACH

We note that if we set one of w; to zero in (11.4.17), then the formula gives
the EUR price of a put on GBP or USD. Substituting U from (11.4.14) in
(11.4.17) with one of w; being zero, we can recover the Black-Sholes price
of the corresponding put which means that the pricing formula (11.4.17)

(or what is the same, (11.4.9)) exactly reproduces the plain vanilla data to

which the calibration is made. See a calibration illustration in Chapter 12.

The difference with the approach of [6, 7] is that here we obtain the density

which can be used to price on all the three markets.

Remark 11.4.1. We note that given a smile we get the exact pricing density
(11.4.1) for a single pair. This allows us to combine marginals for each pair
together with a copula to get a joint density for the triangle instead of using
the approach based on the best-of option as considered here. In our case, we

do not explore the use of copulas here, but for the corresponding discussion

see [7].
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NUMERICAL ILLUSTRATIONS AND CALIBRATION

In this chapter we present calibration examples for the models from Sec-
tion 11.1 and 11.3 and we illustrate the model-free approach of Section 11.4.

We recall [22, 101] that the FX market is different to other financial markets
in terms of volatility smile construction and quoting mechanisms used. FX
options are quoted in implied volatility o, delta A instead of strike K, and
maturity T. The market convention is to quote three currency pair-specific
most commonly traded options. Their choice depends on a delta hedging
and ATM convention [101, 25] and typically 25A options are among the
considered options. Occasionally, one also uses 10A put/call options, as
they are widely available but not as liquid as 25A options [22]. The option
prices are inverted to calculate the corresponding volatility values, which are
used for constructing the volatility smile. The data we use in this chapter for

calibration are given in Table 12.0.1.

Table 12.0.1: FX market data for 1 year maturity options, Bloomberg 03/06/2016.
GBP-EUR USD-EUR GBP-USD
O25PutA 12.435% 9.005% 11.000%
OATM 10.945% 9.250% 13.072%
Ooscania 10.345% 10.265% 9.972%
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12.1 CALIBRATION: EXTENDED SKEW NORMAL MODEL

In this section we calibrate the model (11.3.1), (11.3.5), (11.3.6) from Sec-
tion 11.3 to market data for two currency pairs. The use of just three options
in calibration of volatility smiles leads to another typical (and which is in
contrast to other markets) feature of the FX market that the volatility smile
should interpolate the given three data points. Therefore, FX calibration is
usually done via a root-finding numerical algorithm, while on other markets,
where a large number of option prices are available for constructing volatility

curves, one normally uses least-square type algorithms for this purpose.

GBPEUR Calibration EURGBP Calibration

0.145 0.14
Calibration Calibration
0.14 \ O Marketdata | 7 0135+ O Market data | -
\
L \\
0.135 \ 013
N
.. 013t \ -
= . £ 0125}
kS ®
—g 0.125 o) _E
N\ L

= N 5 012
2 0.12 \ 2
a a
£ . £ 0.115
0157 \\ -

011t e 01

\\\‘
0.105 | S~ ] 0.105 P
01 . . . . . . 01 . . . .
1.1 1.15 1.2 1.25 13 1.35 1.4 1.45 0.65 0.7 0.75 0.8 0.85 0.9
Strike Strike

Figure 12.1.1: Calibration results for the GBP-EUR currency pair (left) and the in-
verse pair EUR-GBP (right) with T = 1, r = 0.0025, re¢ = 0.00,
Sese(0) = 1.2935.

Table 12.1.1: The results of calibration for GBP-EUR and EUR-GBP.
parameter GBP-EUR/EUR-GBP

a 0.06297173 | | GBP-EUR | EUR-GBP |

zl _1351;;?7%227 skew | —0.87012308 | 0.87012308
[; s kurtosis | 4.94244079 | 4.94244079
1 —VU.
[ 0.5

The calibration was done in MATLAB R2016a, where we use the MATLAB
function fsolve (which by default uses the built-in trust-region-dogleg algo-

rithm) to match the option price data (three points per currency pair). We
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fixed the (free) parameters f; = —0.5 and B, = 0.5. For the calibration of the
GBP-EUR pair, we use a = o47pm, 01 = —3.0 and ap = 1.0 as initial values,
as the negative skew of the volatility smile suggests a larger left tail (of
the the distribution of Z). The calibration on a standard Desktop computer
(Windows 7, 64-bit, Intel(R) Core(TM) i5-6500 CPU@3.20GHz, 16GB RAM)
takes 0.11 seconds.

The calibration results for the GBP-EUR pair are given in Figure 12.1.1
and Table 12.1.1. One can see that the proposed pricing mechanism (see
Theorem 10.1.6 and also (11.3.3)) together with the exchange rate model
(11.3.1), (11.3.5), (11.3.6) preserves the volatility smile symmetry as skew,
kurtosis (neglecting natural sign changes) and the model parameters stay the
same. We also confirm that it is sufficient to calibrate the model using the
GBP-EUR data and that the model reproduces both GBP-EUR and EUR-GBP
smiles with the same parameters a, a1, an, B1, B2. Moreover, it can been
seen that the resulting skew of 0.870 and kurtosis of 4.942 indicate the
difference of the resulting distribution Z to a normal distribution (skew = 0,
kurtosis = 3.0).

The calibration results for the USD-EUR pair are given in Figure 12.1.2
and Table 12.1.2. The same observations as above for the GBP-EUR pair can

be made here as well.

USDEUR Calibration EURUSD Calibration

0.11 0.11
Calibration |/ AN Calibration
0108 [ 1 0108 [ \\\ o MarkEY data |
0.106 /A 0.106
/
0.104 / 0.104

0.102 1

0.098
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o
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Implied volatility

0.102

=4
N

o
=]
©
@

0.096

0.094

0.002

0.09
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1.1
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115

1.2

Figure 12.1.2: Calibration for the USD-EUR currency pair (left) and the inverse pair
EUR-USD (right) with T = 1.0, r¢ = 0.0025, re = 0.00, Sg,¢(0) =
0.8968.

158



12.2 CALIBRATION: HESTON MODEL

Table 12.1.2: The results of calibration for USD-EUR and EUR-USD.

| parameter | USD-EUR/EUR-USD |

12.2 CALIBRATION: HESTON MODEL

In this section we calibrate (i.e., find a parameter set of vy, «,6,0,p) the
Heston model (11.1.15) from Section 11.1 to market data for the GBP-EUR
currency pairs as shown in Table 12.0.1. Similar to Section 12.1, we used a
root-finding method. We fix the parameters for vy and « at suitable levels.
To compute option prices, we applied the Monte Carlo technique to the
pricing formulas (11.1.13) and (11.1.14). To simulate the Heston model under
QX7 (11.1.15), we used an Euler discretisation scheme for the log forward

prices using a fixed time discretisation & > 0 and starting time ¢ = 0, with

the following initial values:

: S saottse— [ USD-EUR | EUR-USD |
Zl _2§0433341 skew | 0.53740761 | —0.53740761
/32 : 05 kurtosis | 4.52666183 | 4.52666183

1 —U.

B2 0.5

e Px(0,T) = exp(— =T + A(T) — C(T)v(0)) (following (11.1.9)),

- 7 VFO
o F/x(0) = F/x(0,T) =e ET—PX({)(,T))’

° ﬁ€/X(O) =Fe/x(0,T) = e-teT 1

° 5(0) = 00.

The Euler approximation from a current point (t, Fz/x(t), Fe/x(t),7(t)), can

be written as follows:

Fe/x(t+h) =~ Fg x(t) exp < {

+4/0(t) [(SC(T —(t+h))y+

v — 2
ﬁ€/X(t+h) ~ f@/x(t) exp ( [ (St) +(52(C(T (t+h)))

Px(0,7)+/f(0)’

o) | p(C(T = (t+1)))*

8

2

V1—pC+py

]h

2

@>,

2

}h
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+./3(0) [5C(T— O PRV Bl s el

2

\/E>,

where ¢ and 7 are mutually independent standard normal random variables.
We also use the moment-matching scheme for the volatility process [102],

which preserves positivity of the volatility process and can be written as

follows:

_ . . 1
(t+h) = Bpn + (O(F) = O p)e ™) exp (_E(Ft+h)z + Iﬂt+h’7) /

where
z 2
Kipp =k —C(T — (t+h))o%,
5 Ok
t+h —
Tk —C(T — (t+h))e2’
(£)52(1 — e~ 2
Iiyp=log |1+ ———= — - —— |-
2611 (Opn + [0(F) — Oppp]e™"en)
0145 GBPEUR Heston Calibration 014 EURGBP Heston Calibration
-_Calibration
Market data
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0135 . /
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1% E 0.12F
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Figure 12.2.1: Heston model calibration results for the GBP-EUR currency pair
(left) and the inverse pair EUR-GBP (right) with T =1, ¢ = 0.0025,
re = 0.00, Sg/e(0) = 1.2935.

The calibration results for the GBP-EUR pair are given in Figure 12.2.1 and
Table 12.2.1. Again, it can be seen that the proposed pricing mechanism (see

Theorem 10.1.6) together with the Heston model (11.1.13) is flexible enough
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Table 12.2.1: The results of Heston model calibration for GBP-EUR and EUR-GBP.
| parameter | GBP-EUR/EUR-GBP |

Ny 10°
h 0.05
vo 0.0086
K 1.500
h) 0.71020580946071
6 0.02949445852250
0 —0.40966532579627

to match the GBP-EUR smile. Moreover, it is sufficient to calibrate the model
to the GBP-EUR smile, which results in the inverse smile EUR-GBP smile
to be automatically calibrated automatically (using the appropriate pricing

formula (11.1.14)).

12.3 ILLUSTRATION OF THE MODEL-FREE APPROACH

In this section, we illustrate how we can approximate the scaled density
function in the model-free approach of Section 11.4 from market data for
three currencies. We recall that thanks to the intermediate currency approach
we can use the same density function to price options on all three markets.
We retrieve the scaled density by differentiating U (K3, Kp) twice:

82 e—?’gT

UKy, K K V3K, 713 o(Ky, Ky T).
9K,0K, ( 1 2) 2 P( 1, K2 )

~ Egy [Se/x(T)] !

We use the same market data as before, for the three currency pairs GBP-
EUR, USD-EUR and GBP-USD, which can be found in Table 12.0.1. We
can find the corresponding strikes by inverting the Garman-Kohlhagen
formula for all three pairs. As we need the volatility smiles to satisfy the

growth condition (11.4.15), we fit a 2nd order polynomial with the three
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Figure 12.3.1: Implied volatility interpolation for GBP-EUR, USD-EUR and GBP-
USD pairs with T = 1.0, rg = 0.0025,r = 0.0025, re¢ = 0.00, r¢ =
0.0025, rg = 0.0025, Sg/e(0) = 0.8968, Sg/e(0) = 1.2935, Sg/5 =
1.4423.

parameters p(j ) e R,

i

j =1,2,3, to the implied volatility data transformed
by exp [07(K)]. Then we obtain the interpolated implied volatilities as

5i(K) = \/ log |pi /K2 + pP K+ p”).

The results of the interpolation for the implied volatility smiles can be
seen in Figure 12.3.1. The partial derivative with respect to K; and K; of
U(K7, Ky) can be found by numerically differentiating (11.4.14) on a fine grid
of K; and Kj. We use the MATLAB function diff to compute the point-wise
%;KzU(Kl, Kj) surface for a range of strikes Kj and K. Note that K3 = %

The resulting surface and contour plots are given in Figure 12.3.2. We remark
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that #;KZU(KL Kj) is positive for the whole range of strikes considered as

required.
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Figure 12.3.2: Implied scaled density surface (top) and contour plot (bottom) for the
three currency pairs for a range of strikes K; and K.

164



CONCLUSIONS AND FUTURE WORK

In this part of the thesis, we have presented a novel idea to option pricing on
the FX market. The main result is the introduction of a new framework of
an intermediate currency market presented in Section 10, which can be seen
as a solution to overcome the practical inconvenience of having multiple
sets of parameters when working with foreign exchange rate models, see
Example 9.4.1 as an illustration for that when working with a Heston model.
In particular, in the multi-dimensional setting this is useful. We reviewed
that there is no measure which is simultaneously risk-neutral for both the do-
mestic and the foreign market and also stated the foreign-domestic symmetry
(see Theorem 9.4.1) in our setting. While in existing models, there is a natural
preference to a certain market due to market conventions or geographic loca-
tion, current models implicitly have a bias towards a certain base currency
or numeraire. The idea presented here, overcomes this inconsistency, which
can be observed as the Foreign-Domestic symmetry holds under this new
model idea, as shown in Section 10.1 and also when illustrated in different
examples in Section 11. Moreover, we showed that an equivalent market
measure (EMM) exists on this intermediate currency market (see 10.1.1) and
derived pricing formulas under the EMM QX for a general class of scalable
payoff functions g(x;K) in Theorem 10.1.5 and further, pricing formulas
under the forward measure Q% in Theorem 10.1.6. These pricing formulas

satisfy the foreign-domestic symmetry and are generally true.
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Overall, we highlight the usefulness of this framework in Chapter 11,
where we illustrate the framework applied to a range of different models: In
Chapter 11.1, we apply the intermediate market idea for the case, where the
underlying exchange rate is described by a Heston model and by a SABR
model in Chapter 11.2. In both cases, we follow the classical option pricing
route, where we start under a ‘'market’ measure and then derive an EMM on
the intermediate currency market. Moreover, we derive the resulting pricing
formulas for European options. We present another illustrative example
in Chapter 11.3, where we propose a distribution for an exchange rate at
maturity time T under a forward measure on the intermediate currency
market. Assuming a skew normal distribution and using the general pricing
formulas derived in Theorem 10.1.6 and Theorem 10.2.4, we can derive closed-
form pricing formulas. In Chapter 11.4, we follow a different approach,
which we denote as ‘model-free’, in the sense that no assumptions on the
form of the underlying exchange rate are made. The main idea of this
approach is to construct a density function of risky assets under a risk-
neutral measure using the observed prices of plain-vanilla options. We
illustrate the idea in two and three dimensions and derive the corresponding
useful pricing formulas.

As one of the aims of the suggested framework was to simplify calibration,
i.e. finding the right model parameters to match market data quotes, we
demonstrate the results for different models with numerical examples in
Section 12. As we are trying to find the parameters using a root-finding
method, we do not necessarily have unique solutions, as we have more
parameters than data points. The results of the calibration of the extended
skew normal model shown in Figure 12.1.1 and Figure 12.1.2, show that
the model is flexible enough to model a range of different volatility smiles
and skews. In Chapter 12.2, the same is true for the time-dependent Heston
model approach, however, it is worth noting that as the pricing of each
option is done using a Monte Carlo simulation, the calibration process is

not very time-efficient and for time-sensitive tasks, it might be better to use
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other pricing approaches. It might be interesting in the future to improve
the Monte Carlo technique used by using variance reduction methods such
as antithetic variates or importance sampling, which might help with com-
putational limitations. In the final numerical illustration in Chapter 12.3,
we demonstrate how we can approximate the scaled density function in the
model-free approach using market data for three currencies.

Overall, the numerical examples show that the suggested framework can
be used in different scenarios. In the future, it would be very interesting
to evaluate the performance of these pricing methods compared to other
traditional models, especially in a multi-dimensional setting. In particular, it
would be good to compare our achieved results to traditional Heston and
SABR models and possibly some other machine learning techniques from
more recent research projects. This might give a better understanding of the
introduced framework in terms of model flexibility and also computational

performance.
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CONCLUSION

In this thesis, we have presented two different aspects in financial option
pricing. In the first part, we have focused on the computational aspect
and analysed a new numerical method for SDEs driven by Lévy processes
with infinite activity. The introduced algorithm, a restricted jump-adaptive
numerical scheme, for weak-sense approximations is a useful method to
solve Dirichlet IPDE problems. It is worth highlighting, that we were able
to replicate the theoretical convergence results in different numerical exam-
ples. In the second part, we have presented a novel framework for pricing
derivatives on the FX market. We show that this framework can be used with
different pricing models and that it can be useful in calibration tasks. In both
instances, we have been able to demonstrate that the suggested approaches
can be used in applications involved in Financial Mathematics.

In general, the presented results, especially from Part I, are not limited to
this interesting research area, but more importantly can be used in a wide
range of fields such as Physics [42] and Biology [77], where one can use the
suggested algorithm to simulate the Lévy process dynamics. As long as it is
possible to make the same underlying assumptions, it is possible to apply
the suggested numerical and theoretical results.

While in Financial Mathematics, with constant development of new models
and the advancement of technology, the importance of being able to describe

real market observations has not changed. The research presented in this
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thesis offers practical approaches with a view to modelling and solving
multi-dimensional problems under particular sets of model assumptions.

With a broader view towards the future of Financial Mathematics, it
would be very interesting to compare the presented results with recent
advancements in Machine Learning, where causality and interpretability
are often not as easy compared to more classical modelling approaches as
presented in this thesis.

Another interesting area of research, from a computational aspect, would
be to compare the results achieved in this thesis to models used in financial
institutions, such as investment banks and hedge funds. In particular, it
would be interesting to compare model performance in terms of computa-
tional costs compared to accuracy but also volatility smile behaviour outside
of the market data quotes given.

Additionally, another challenging direction of research, in particular with
respect to Part II, would be to see if the models are in some way better
in terms of option pricing and if such an advantage could be exploited
systematically. The main focus of this research was the introduction of the
intermediate currency market framework in the first place and it’s possible

application to existing pricing models.
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APPENDIX A

A.1 PROOFS AND OTHER DERIVATIONS
A.1.1  Proof form of characteristic function of Lévy process

In Remark 3.2.6 we give the form the characteristic function of a Lévy process

(X¢)1>0 on R should have the following form:
Py, (z) =), zeRY,

where ¥(z) is the characteristic exponent of X; = X(1).

Proof. Suppose that X is a Lévy process. Due to its independent increments
we get that the characteristic function of a X has to be a multiplicative

function for s > 0:
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Given this and the fact that ®x,(z) = 1 and the fact that t — ®x,(z)
is continuous (see Lemma 1.3.2 in [4]), Px,(z) has to be an exponential

function. O

A.1.2  Derivation of characteristic function of a compound Poisson process

In Example 3.3.3 we claim hat the characteristic exponent of J; has the

following form:

¥i(z) = A ]Rd(e“zw —1)F(dy), zeR%

This can be easiest seen by deriving the characteristic function for J;, where

we denote the common CF for all ¥;,i =1,2,..., by ®y.

Nt Nt
®,(z) =E [ei(z,]t)] =E |expi(z,)_Yi)| =E |E |expi(z, }_Y;) | Nt”
i=1 i=1
00 [ N;
:ZIE eXpi( Z ')]Nt:n P(Nt—n)
i—0 | i—1
v . f/\t )‘t = A @y 1)
= ZIE exp i Z,ZYZ Z
i=0 L i=1 i=0

— exp (m /R (et — 1)F(dy)) .

The stated result for the characteristic exponent then easily follows.
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B.1 NORMAL AND BIVARIATE DISTRIBUTIONS AND RELATED MGFS

We give a short overview over normal and bivariate normal distributions,
followed by a broad review of moment generating functions and some of its

useful properties based on [96].

Definition B.1.1 (Normal distribution). A random variable Y is said to have a
normal distribution with mean y and standard deviation o, if its probability

density function (pdf) can be written as

Frly) = e B
= e 20 ,
vy 270

where y € R and ¢ > 0.
In the case that 4 = 0 and ¢ = 1 we can say that distribution of Y is standard

normal and its pdf can be written as

N

1 y-
2

fY(y) = me_

(B.1.1)
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For an integral of a standard normal distributed random variable Y we

will use the following notation for the cumulative density function (CDF)

2

e_dey. (B.1.2)

|

—o0 /27T
Definition B.1.2 (Bivariate normal distribution). Let us assume that X; and
X are both normally distributed with means 1 and y; and standard de-
viations o7 and 03, respectively. Further, X; and X, are correlated with a

correlation coefficient p. We can then say that the joint distribution of X; and

X, is bivariate normal and their pdf can be written as

2 2
__ 1 oM =H2 " o, (x1=p1) (X —pp)
1 2(1-p2) ( 4! ) +( 72 ) 2 7102

X1,X2) = e ’
le'Xz( 11%2) 2”01‘72\/@

where 1,4 € R, 09,00 > 0and p € (—1,1).

In the case that y; = pyp = 0 and 07 = 02 = 1 we can say that the joint

distribution of X; and X, is standard bivariate normal with correlation
coefficient p and the pdf can be written as

1 . x%-&—x%—z,;xlxz

X1, % (X1,X2) = ——F—=e¢ 1) | (B.1.3)

f 1 2( ) T \/1_7p2 3

For an integral of two standard bivariate normal distributed random

variables X; and X, with correlation coefficient p we will use the following

notation

x% +x% —2px1xp

(a,b; / / 20-0%)  dxodx.
'0 27T 1 — 25

Definition B.1.3 (Moments). The k! raw moment of a random variable Y

with pdf fy is defined as

E[Y"] = / O:o v fy (v)dy, (B.1.4)
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if E[Y¥] < co. The k" central moment of random variable Y with pdf fy and

mean y is defined as

oo
—00

E[(Y=pf= [ =iy, (B.1.5

if E[(Y — u)*] < oco. The k' standardised moment of random variable Y

with pdf fy, mean y and variance ¢ is defined as

o . k
E[(Y — )] :/ (y_kﬂ) Fe(y)dy, (B.1.6)

ok 0 O
i Eo g,

Fork=1in (B.1.4), k =2in (B.1.5) and k = 3,4 in (B.1.6) we usually say that

E[Y] = 4 = mean of Y,
E[(Y — 1)?)] = E[Y?] — E[Y]? = 0% = variance of Y,

o 3 31 2 2
E[(Y —p)°] _ E[Y"] — SuE[Y™] +2u = skewness of Y,

o3 o3
(B.1.7)

PRV 41 _ 3 215 1Y2] _ 34
]E[(YU4 N — E[Y"] — 4uE[Y ]; 6 E[Y7] — 3y = curtosis of Y, (B.1.8)

which are useful measures of distributions and can easily be computed via

moments.

Definition B.1.4 (Moment generating function (mgf)). The moment gener-
ating function of a random variable Y is defined (assuming E[e!'] exists)

as
My(t) := E[¢/Y], tcR.

For example, the mgf of a normal distributed random variable X with mean

u and standard deviation ¢ is given by

Mx(t) — eyt—i—%aztz,
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B.1 NORMAL AND BIVARIATE DISTRIBUTIONS AND RELATED MGFS

and hence for a standard normal distributed random variable Y (with y =

0,0=1)

Mgfs are in particular useful to calculate moments of random variables:

d*My(t)|
d—ti = E[Y".

t=0

Let us give further properties of mgfs which we will use in this dissertation.

Theorem B.1.5. (Convolution Theorem)
The random variables Y1,Y>, ..., Y, are independent if and only if the moment

generating function of Y1 + Yo + ... + Y}, is given by:

My, 1Yy 4. +v, (1) = My, (t) - My, (t) - - - My, (t)

Proof. We state this theorem without proof, which can be found in Chapter
7.4 of [52]. O

Further we will need the shifting and the scaling property for mgfs, which
can be seen as follows.

Multiplication by a constant factor:

M,y (t) = E[e"Y] ef“YLe—%dy (B.1.9)

/00 1 y2—2ary+(ar)? (ut)2d
= e 2 e 2
—o0 /27T 4
_ 6(”;)2 © 1 - ly=a?
—o0 \/27T Y
(at)?
=e 2 = My(at)
Shifting by a constant:
0 1 yZ
My, (t) = E[e!fY1D)] = / eVt~ B.1.10
Y—|—b( ) [ ] e \/E Y ( )

© 1 -2y 2
:ebt/ e 2 ezdy
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® 1 _wn e
:ebt/ e 2 ezdy

= MMy (t).

B.2 PROOF OF PROPOSITION 9.2.2

For a domestic investor whose domestic currency is USD, the extended

market can be described as follows:

dB$ = }’$B$dt,
dB@ = T€B€dt,
dS = uSdt + oSdW,

where Bg, B¢ and rg, re are a domestic and a foreign currency bank account
with its interest rates respectively. Then the risky asset for this investor is

the foreign currency (EUR) in domestic currency (USD), hence
Y(t) = S(t)Be(t).

For risk-free pricing, we need to find an Equivalent Martingale Measure

(EMM) Q%, under which the discounted Y (t) should be a martingale.

v 5(t)Be(t)
Y(t) = 222
" Bg(t)
dY = (y 4 re — rg)Ydt + oYdW,
y(t) = @ and dWQ" = dW + y(t)dt,

dY = oYaWw<,
dS = (rg — re)Sdt + cSAW<.
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B.3 PROOF FOR THEOREM 9.4.1
We can now derive the risk-free option price for a domestic investor.

Cs(0,T) =0(S,T) = e " Eqs [(S(T) — K)4]
= Bgs |(e7"5TS(T) — e "5TK) .
This expectation is only positive if(-) > 0, hence
e "STS(T) —e "$TK > 0

& S(o)e<*r€*§>T*”ﬁC > e sTK

2

log <¥> +(rs —re = 5)T
oVT

1 2420VTetd?T
2

b
Cs(0,T) = e"<75(0) L Tt

rsTg b1 sz
— e 'S / e 2dz
oo V27T

PV 1 szz sTK . N(b)
e zZdz—e K-

— ¢ 7eT5(0) - N (log (%) s —ret Ué)T)

& < := b, where & ~ N(0,1).

z

= ¢7<75(0)

oV T

ey (log (%) + (s —re - 0;>T)
_e . .
o T

We can now extend to a general version for the price at time ¢ instead of 0.

The same approach can be used to derived the put option price.

B.3 PROOF FOR THEOREM 9Q.4.1

On the FX market there exists another important relationship between calls

and puts, known as foreign domestic symmetry. This section is based on

[81]. The idea is that on the FX market a call on one currency pair, e.g.

EURUSD, is the same as a put on the inverse pair, e.g. USDEUR. With
the right scaling, both options should have the same value, otherwise this

would allow arbitrage. Further we make the assumptions, that there are no
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B.3 PROOF FOR THEOREM 9.4.1

transaction or other costs. Therefore, we show that the following equation

holds as stated in Theorem 9.4.1:

1
Ceys(0,T,K) = Seg/4(0) KPs /e (0, T, E) ,

where Cg/4(0, T, K) is the call option price (in $) at time 0 to buy one EUR
for $K at time T; Ps,<(0, T,1/K) is the put option price (in €) at time 0 to

sell one USD for €% at time T.

Let us assume we are looking at a call option on S¢,4(T) at time T. The
K Usb

owner of this option has the right to buy €1 for the exchange rate K £7x.

Let us denote the value of this option

Ces(0, T, Sess(T), K, rg,7e).

On the other hand this means, he also has the right to sell $K for the
exchange rate %% A put option with the right to sell $1, is a put option

on Sg,e(T) = m and has the value

1 1
P O,T,—,—,r€,7>.
$/€( Sess(T)" K i

Note that we take the view of a foreign investor to denote the price of this
put option, which means that r¢ denotes the domestic interest rate and rg
the foreign interest rate respectively.

We need to scale the put option so that both investment strategies give the

investor the same rights. K put options have the value

1 1
KP. O,T,—,—,Ve,f’),
$/€< Sess(T)" K i

expressed in Euro and the owner has the right to sell $K for the exchange

EUR
rate 1 UsD:

As mentioned above, since the investor has the same right in both cases, they
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B4 PROOF OF THEOREM 10.2.1 FOR GENERAL «

have to have the same value in the same currency to avoid arbitrage, which

leads to the following relationship.

Cess(0,T,Ses(T), K, r5,7¢) = Ses4(0) K

1 1
e (0mLre)
5/ Sess(T) K i

Note, that an alternative proof involving change of measure can be found
in [107][Ch 9.3]. It also emphasizes the importance of the relevant measure

when pricing currency options.

B.4 PROOF OF THEOREM 10.2.1 FOR GENERAL «

As mentioned in Remark 10.2.2, it is possible to choose to use a general
ap = -+ = ayn_1 in (10.2.2). We therefore repeat the proof of Theorem 10.2.1

for arbitrary 0 < a; < 1:

Theorem B.4.1. Assume that N — 1 exchange rates f; between the currency cy to
all other currencies ¢c;, i =1,...,N — 1, under a ‘market’ measure are described by
the model (10.2.6) together with (10.2.5). Consider the intermediate currency X
introduced in (10.2.2), with arbitrary «;. There is the unique intermediate currency

interest rate rx(t) defined by

N-1 N-1 N-lai(l—a)) N-1j-1
rx= (1= o) v+ Y o+ ), 50 = ) ) O0kPjk

j=1 j=1 j=1 j=1 k=1
(B.4.1)

and there is an EMM QX for the intermediate pseudo-currency market.

Proof. Applying the Ito formula to (10.2.2), we obtain the SDEs for the

exchange rates S /x:

arx |y 2 +1) 5 2
Sci/X n [ ]; (_06]‘1/1] + TU}) + (]“ll — &;0; )HZ#N
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B4 PROOF OF THEOREM 10.2.1 FOR GENERAL «

—1j-1 —1
+ Z ZlX]leO']O'kp]k—f— <0€ o, —0; Z 0‘]0-].()1]) ﬂi;«éN] dt

j=1 k=1
N-1 j

— Z Ki0; Z ijde + ﬂi#NUi Z Ly dWj
=1 k=1 k=1

NZ1 wi(a;+1) -1
_ I A 2 LD
_Lg (—oc]y]+ B +k2210c]ocka](rkp]k

- Ui]li;éN‘ijjpij> + Vi]liyéN] dt
N-1 j
Z Z jOiLixdWi + 1250 Z LgdW,, i=1,...,N.
=1 k=1 k=1
On the considered market the risky assets have the prices Y. ,x = S.,/xBi,
i=1,...,N. Let us introduce the discounted risky assets” prices in the usual
way:

Y., x(t) = %t()gi(t)

The discounted prices satisfy the SDEs

, 1=1,...,N.

dy,.
~CZ/X = [1’1' — rx]dt
YCZ'/X
- 21 ( — i+ L ]2 sz + kzl X0 TiOPj
]: =

- UiL#N“j“jPij) + .”i]liyéN] dt

N-1
— 2 Zoc](T] LixdWy + 1i2N0; Zlede, i=1,...,N.

j=1 k=1
The no-arbitrage condition requires existence of an EMM QX under which
all Yci ,x are martingales. This implies that for QX to exist the following

system of N simultaneous linear algebraic equations in N unknown variables
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B4 PROOF OF THEOREM 10.2.1 FOR GENERAL «

(which are the market prices of risk v, k = 1,...,N — 1, and rx) should

have a solution:

N wi(e+1) 5
rimrx ) | T 0 + ) @Ok — Oilign P
=1 k=1
+ ,ui]li;éN (B42)
N-1 j i
=— Y Y oLk + Liznoi ) Lcvk, i=1,...,N.
=1 k=1 k=1

Subtracting the equation (B.4.2) with i = N from the equations (B.4.2) for
i # N, we obtain

N-1 i
ri—¥N+ Ui —0; Z Xiojpij = 0j Z Live, i=1,...,N—1. (B.4.3)
=1 k=1

Using (B.4.3), we recurrently find the market prices of risk:

N-1 i1
ri—rN+ Wi — 0 Y &j0ip;i —0; Y Lixvk
=1 k=1

] .
. = , i=1,...,N—1, (Ba.
Vi ol i (B.4.4)

which are well defined because due to our assumptions ¢; > 0 and L;; > 0.

Moreover, sum up (B.4.3) over i from i = 1 to N — 1 and substitute the result

in (B.4.2) with i = N to confirm (B.4.1):

N-1 wiaj+1) j-1
=X ) ( AR T %‘sz + ) 4RRTIOkDj
j=1 k=1

N-1 N-1
= - 21 WjTj = TN + @) — ;0] kzl TkPjik
]: =

N N N_llX‘ a:+1
= rx = (1—20(]') 7’N—l—206j1’]'+ %0}2

j=1 j=1 j=1
N-1j-1 N-1 N—-1
T YL ) 4ok — ) w0} ) &Okpjy
j=1 k=1 j=1 k=1

N N N_lﬂé‘lX'—l—l
= (1—zaj> 7’N+ZDCJ'1’]'+ . —]( ]2 )0']2

j=1 j=1 j=1
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B5 PROOF OF PROPOSITION 11.3.1

N—-1N-1
— ) ) EOOKPjK
=1 k=j

J

N N N-1 (1 — a:
= (1—2“1‘) v )t %‘Tf

j=1 =1 =1
N-1j-1
=Y ) amOopjk.
j=1 k=1

The found 7;,i =1,..., N — 1, from (B.4.4) and rx from (B.4.1) together with
Girsanov’s theorem ensure that there is an EMM QX under which all ?Cl. /X
are martingales. Thus, the considered market is arbitrage free. Theorem B.4.1

is proved.

B.5 PROOF OF PROPOSITION 11.3.1
Derivation of the MGF M(t). Consider the MGF

M(X1 max(B1—Y,0)+a; max(Y—p2,0) (t)

for the random variable a1 max(B1 — Y, 0) + ap max(Y — B2,0). We have for

p1 < Bo:

bt 420
Mtxl max(B1—Y,0)+a max(Yfﬁz,O)(t) = 62(t 12 1ﬁ1)N(m1 + ﬁl) + N(.BZ) - N(;Bl)
(B.5.1)
+ e%(m%_zazﬁZ)N(tl}éz — ‘52)

Using (B.5.1), the fact that V is a combination of two independent random
variables, X and a3 max(B; — Y, 0) + a; max(Y — Bp,0), and the convolution

theorem, we obtain the MGF for V:

MV(t) = MX(t) X szl max(,Bl—Y,O)—I—txzmax(Y—ﬁg,O)(t)
£ t '
z (ez““?*z“lﬁl)N(ml + 1) + N(B2) — N(B1) + e21%3-20262) Nty — 52))

3>
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B5 PROOF OF PROPOSITION 11.3.1

= (N(B2) — N(B1)) + e 001+ -2082) N (1, — )

+e (t (1+“1)+20¢1ﬁ1) (tal + ;Bl)

Making use of basic properties of MGFs leads to the resulting formula

(11.3.7):

M(t) = Mz(t) = My (t) = My (at)

= ¢ (N(B2) — N(By)) +eH U0+ 2028) N (10 — )
e%(ta2(1+o¢%)+2aa1,81)N(taal +‘31)

+

]

Derivation of the restricted MGF M(t,zp). To obtain the formula (11.3.8) for
M(t,zp), we consider the following restricted MGF for Z:

M (t,z0) := Ele"“17<5,),

which can be viewed as a complement to M(t,zg) as M(t,zo) = M(t) —
M3 (t,z0) (note that M} (t,zp) is naturally used for pricing puts). We start
with deriving the restricted MGF for V:

Mv(t, Uo) = IE[etV]lV@O].

By splitting up the integration domain into three regions and calculating

each integral separately, we obtain for 1 < Bs:

Mv(t, 00)

=E[e" L{y o))

=E [et(X—HXl max(f1=Y.0)+az max(Y=$20)) I]‘{X—H)él max(Bf1—Y,0)+ay max(Y—ﬁz,0)<vo}]
2

_/ / (x4 max(B1—y,0)+ay max(y—pB2,0)) 1 *yT 1 xT
VIn Vam

x 1 {x+aq max(B1—y,0)+ay max(y—p,,0) <Uo}dydx
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B1 (r+a 1 2 1 _j
_/ / +a1(B1—Y)) 2 1{x+0c1(,31 y)<vo}dydx

Using basic properties of MGFs, we get

M (t,20) = M (t,20) =B [¢¥17 | = B |V | = My (a, Z”_O>

(at)? 20

—e 2 N(;—at) (N(B2) — N(B1))

+ bt (+ad) 2B N [ g + ,31, —at — (B + tﬂM) —a )

\/1+a3 \/1—1—0%

+ e%(tu2(1+a%)—2mzﬁz)N2 tany — ‘321 —t+ 0‘2(;52 - tﬁl(Xz) —0n ) .

1+ a3 ,/1—1—&%

We can simplify the following expression

M(t,zg) = M(t) — M*(¢,z)
<at>2

=7 N (at =) (N(B2) = N(B1))

42 £ (ta® (1+a2)+2an1 B7)

N(taay + B1) — (tale _1_[31/ —at —a1(B1 + taocl) —q ) }

\/1+a3 ,/1—1—0%

+ e%(ta2(1+o¢%)—2aa2ﬁ2)



B.6 MOMENTS OF THE RANDOM VARIABLE V

—t+an ﬁz — taﬂéz) —
N(t — — N> | ¢ ,
{ (fazz = o) ( ot Jia ﬁ)}

which gives (11.3.8). O

B.6 MOMENTS OF THE RANDOM VARIABLE V

The derivatives of the MGF Mg,i) (0) the random variable V from (11.3.5) (i.e.,

the first four moments of V) are equal to

MV (0) = 11N (1) — a2faN(—Ba) + F—ﬁzl e e,

M (0) = N(B1) | (@1B1)” +ad] + N(B2) + N(—p2) | (az2)? + 1+ ]

« B
+ 181

! efﬁ—zx 2 e 2
N 2ﬁzm ,
My (0) = N(B1) [3u1pr(1 +ad) + (1)’

N(—B2) [ — 3P (14 a3) — (“2ﬁ2)3]

o1 _P1

\/ﬂ 2 [(oqﬁl) +3+2aﬂ + jzz—ﬂe_éz[(“zﬁz)z+3+2aﬂ,

M (0) = 3N(B,) — 3N (B1)

N(—B2) [3(1+a3)(2(a22)* +1+a3) + (aaf2)’*]
+N(B1) [3(1+ad) 2(a1p1)* +1+ ) + (w1 1)

_|_

;‘21_7Te—ﬁzl [a151(6 + 547 + (a1ﬁ1)2)]

a2

+ me—‘? [~ wpa(6+ 50 + (a262)?)].
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B.7 USEFUL FORMULAS AND DERIVATIONS IN REGARD TO BEST-OF

OPTIONS
B.7.1 Derivation of best-of option pay-off function

Similar to [6], we can rewrite the payoff of a best-off option on two assets Sy
and S, can be written as follows
S 51 S 52 51 S
b(T) = Ky (51 K1,K— K_z) + = 5 (Sz > Kz,K < K_z)
+I(51 < Ky,5 < Kz) —1

S
2L1(Sy > Ky, S5 > K3) + K—ZI (S2 > Kz, S5 < K3)
1 2

—|—I(Sl < Ky,5 <K2)—1,

where S; = Sl and K3 = K1
While, we do not try to give a full analytical proof here, the following
holds (see [7]):

d 0 S
1 +K18K JrKZaKZ b(T) =b(T) — K_lll (S1 > Ky,53 > K3)
— %I (32 > Kz, Sg, < K3)
2

:I(Sl <K1,Sz <K2) -1,

and rearranging leads to

0 0

1 +K1aK1 +K28K2 b(T) +1=1 (51 <Ky, 5 < Kz) . (B.7.1)
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B.7.2 Derivation of partial derivatives of the cumulative distribution function of

Ve

We have the price in a convenient form (see [83, 109, 6]) as follows:

_ F F _
ve(0) = e 7T [Ii—/fN(df,dgL;Pm) + ?(—/fN(d;f% ;023)

4

+ N(—dy,—d; ;p12) — 1

We now assume that the volatilites are a function of the strikes: ¢;(K;),
i =1,2,3, with K3 = K;/Kj as in (11.4.13). First, note that the following

derivatives and useful equivalencies hold, which we need later:

log ¢ + 0T /2

dr =
! U’i\/T
df =d; +oVT,
2 2 2
P12 = 0f +03 — 03
20’102
o5 — 0?4 03 — 03 _ P120102 — 03+ 03
20903 0103
o2 — 03 +03— 07 _ proioy —0f +03
20’20’3 0203
b= | [l
Na,,p://—e 2(1-p xdy.
)
o) 2yl —p

And also:

—dy —dy
e ( e 2p12xy>
= ———exp | — dxdy
ody . 274/1 — p3, 2(1 - p3,)
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_dz_ ~\2 2 _
:__t/ 1 eq?<_(d1)-+y +2pud1y)dy

o 2704 /1 — p3, 2(1—-p3,)
_ —d; +p12dy
= &Xp <—(d1 )2> / ;exp (_u—2> du
2 S om/1-2, 2(1 - p3y)

—d; +p12df
1—p2

— —\/;_nexp <_ (d12)2> / \/;_nexp (—%2) do

—d5 + prady
Nﬁhﬂv<—liﬁ£l),

V105

ody _logIIZ—l1 —02T/2 _ _logllz—ll VT2
do o?/T o2VT '
od; _logllz—l1 +0?T/2 B _logllz—l1 _ VT2
d0y 012\/7 Ulzﬁ ’

0109 — 02 + 02 2
1-02 = (|1— 0120102 2 3
P13 10

2
P13 = — ll—P%z— 3],

2 2

_ 0705 — (0120102)2 — 2p120102(03 — 03) — (05 — 03)?
7103

:¢ﬁéﬂ—ﬁﬁ

22
U193

02
= =,/1— 0?
7 P12

2
)

%1
1—p=— 1—9%2

2
503 = — ll—P%z— 3],

03

2
71
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. 1 03
1—9%202
F F F
y logK—ll—logK—zz—l—(T%T/Z_ qu— (722 +@ logK—11+(712T/2
0'3\/T 03 0103 01 0'1\/?
B 1
1 P%z
log &L _1og 22 2 2\ lo i—i—(TzT/Z
o (2R B By (2B ) BR A
oo/ T o) o 0102 VT
B 1
V11— 0%
log &2 lo ﬂ—|—(72T/2 log o1 2 Jog o1
><<_ gK2+(72\/T/2—912 8k T Sk _ % 8%
ooV T VT ooVT 0102 /T
F
o? T

VT 0

log £+ o2 1 o
| dy —prdf = [+ —+
1_2<2 P12ty ﬁ(alzaz o o?

P12
log & 2
<—d2_ _P12d1_ —2p120'1\/f/2—|——1<1ﬂ>

—dy + p12dy

= ———(—d; —pud; +200d; ) = —F—=,
1-pi, V1-0h

dy —pady _ —di +prdy

1—953 \/1_P%2

4

2
(di — p1ady ) _ (d3)* —2p1ad{d] + (p13)*(d])* _ (prody —d;)?
VI- 13

1- i 1-p3
2
(452 —20ppdfdf  (o2dy —dy)? = %(PB)Z(#V

1—pfy 1-p% ’
2
dy —pody | _ (d3)% = 2003dydy + (023)*(dy)? _ (p1ady —dy )?
J1- 02 13 1-ph
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2
(d5)? — 2y (Prds —d1)* — G (p2)*(d; )7
1- P%g 1— p%z
(d)? = (d] +1VT)?

F
= (d] )2 +2d] n VT + 02T) = (dy )? +2log K—1
1

(d5)? = (dy + VT

F
= (d;) +2d;02VT + A3T) = (d)* + 2log 2,
2

(dy)? — 20dy d5 + (d5)?

2(1- P%3)
B+ (prady —d7)2 = Glpns (] 2
2(1 - p3,)
B ()~ 200didy + (P [1- ok~ 3] (@)?
2(1— P%z)
(D) = 2pnadydy + (d7)? + [1 - ph] [(d7)? + 210 £
2(1— P%z)
(d7)? = 2012d7dy + (dy )* +2(1 _P12)10g
- 2(1 - p%)
—log By (1) = 20udid; + (d;)?
Ky 2(1—p3,)
dp13 _0f+03—05 dps o1 O _ 03 —03+03
bl 20205 " 00 ooy’ 0oy 20%0,

Note that the following is true for the partial of the bivariate cumulative

normal distribution with respect to the correlation p (see [73][Eq. (46.16)]).

ON(a,b,0) 1 b (_a2—2pab+b2>

o a2 2(1—p?)
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This and use of some of the equivalences leads to the following;:

ON(d,dT, p13) _ 1 exp [ - (d)? = 2p13d df + (d] )?
dp13 27, /1 — o2, 2(1 - p;)
_khe 1 exp [ — (d)? — 2012y dy + (dy)?
ON(dy, d5, p23) _ 1 exp [ - (d5)? — 2003d5 d5 + (d3 )?
9023 270 /1— o2, 2(1 - p35)
_ke 1 (_ (d7)? — 2p1dy dy + (dz_)z)

ap13 aN(d?_, d3+, {)13)
doy do13

0
a—o_lN(dT,dB‘i'/PB) =

Now the use of the above leads to the following:

F 9
K1 80'1

At — oiadt log &L
— ({RN'(df)N | B2 (— f:/K_le\/f/Z)
\/1_.0%3 VT
,0p13 ON(d , d3, p13)
Ea . . .
K—28—(71N(d2,d3,p23)
F» ,9p23 0N (dy,d5,023)

= K=
1 Kz 01 80'1 ang !
0

KlU’{a—O_lN(—dl_/ —dz_rpﬂ)

—d- d- log &1
:-KlU{N/(dl_)N —4 T p1dy (_ ng<1 _\/f/2>
V1 ph otVT
dp12 ON(—dy, —d; ; p12)
+ Kq0
171 80'1 8p12

Kyoq N(dy,df, p13)

7

/
KlUl

7
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which we can combine as follows:

+ +
Fl(T{N/(df)N (d3 913;11 ) ( 8\/1<_1 + \/_/2>
1—p13

- -\ /lo
+Kla{N/(d1)N( d, +Plzd1> ( g\/f<_1+f/2>

\/1—P%2

—d5 + prpd
= Ky N'(d7)N (L‘”jl) VT.
1 —p1,

And also,

1(7, 9013 aN(d d3 /P13) F K2 F 0023 aN(d dS /P23)
1 80’1 ap13 Kz 1 a aP23

ap12 aN( d ’ _dz /P12)

a ap12

0} + 03 — 3Ky 03 1 exp (_ (dy)? = 2p10d7 dy + (d2)2>

20203  Fioay. [1_ 2 0, 2(1—p%,)

B Koy 1 ()" =200 d; +(d; )
2(1- P%z)

0" S —
"Kyonos B o1 [1 02,

o}-c3+o3 1 ew<jﬁﬁﬂmﬁ@+%y)

2070, 27y /1 — p3, 2(1—p3,)

+ Ko

= U'{Fl

+ (71K1

= 0.

The same equivalences hold for the partial derivatives with respect to oy,

hence, all together simplifies to the following:

0
0Ky

—r€T

)
+_K28K§}

—e reT <N(—d1 , _d2 /'.012) —+ |:K10'{(K1)a—0_1 + KZUé(KZ)a_Uz‘| e + 1>

U(Kl,Kz) |:1 + Kj— Ve t+e

— e—l’gT

d- 010 — dy
N(—dy, —d;;012) + KiVTo} (K1)N'(d] )N (L)

V31— 6%
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+KoVTo(Ka)N' (d5 )N (M)] .

\/1—()%2

B.7.3 Derivation of second order partial derivatives of the cumulative distribution

function of ve

We have the distribution function U (K7, K3) (see (11.4.14)):

U(Ky, K) = e7"¢" [N(—d;, —d; ; p12)

d7 01 — dy
+ Ky VT (Ky)N'(d] )N (—1 P12 — % )

V105

+KoVTas(Ky)N'(dy )N (M” .

V1= 0%

To make the following presentation clearer, let us start with the following

partial derivatives:

ON(—dy,—d5;p12)

oK;
_ ON(—d;,—d, ;p12) 0d; d0;(K;) n ON(—d;, —d; ; p12) dp12 90;(K;)
adz_ aO'i Kl' aplz 80',' aKi ’
ON(~d;, ~dy;p12)
0K
o aN(—dl_, —dz_,'plz) E)dl_ 80’1 (Kl) n BN(—dl_, —dz_,'plz) 8p12 80'1 (Kl)
adl_ 80'1 K1 aplp_ 80'1 8K1 !
O’N(—dy, —dy ;p1)
0K10K;
_ aZN(—dl_, —dz_;plz) adl_ do (Kl) adz_ 80'2(K2)
3dy ady oy Ky om Ky
O?N(—dy, —d; ; p12) 9p12 901 (K7) 9d; 90 (K>)

azN(—d;, —d;,’pu) ad; doq (Kl) 8p12 aUz(Kz)
adfaplz dor Ky doy 9Ky
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O*N(—dy, —d; ; p12) dp12 0071 (K1) dp12 902 (K7)

ap128p12 8(71 8K1 80'2 8K2
= 01(K1)o5(Kz)
aZN(—dl_, —d, ;p12) 9dy 9dy azN(—dl_, —dz_;plz) dp1p 9dy
adl_adz_ oy 007 aplzadz_ doy 90y
aZN(—dl_, _dz_;P12) 8d1_ 8p12 82N(—d1_, —dz_;plz) ap12 ap12
adl_aplz 80'1 80'2 ap128p12 80'1 80'2 !
where ¢/ (K;) = w and 0/ (K;) = %IKJ Moreover, we have the following:

9 <K1\/TU{(K1)N’(d1_)N (M))

V1-0},
0K;
) 30! (K7) B od; doy(Ky)
B , , 1 o / _1—
= VTN'(dy) (al(Kl) + 3K, Ky —dy o1(Kq)Ky 90, 0K,

N (dl_” 2% ) -

+ Ky VToq (K )N'(dy ) ggi——pu 88{211 8‘751((11(1)
N (dl"lZfz)

+ K1V/Toj (Ky)N'(dy) a\;llz—pu ?9?12 8031(51),

9 (Klﬁa{(Kl)N’(dl)N (—dl s ))
P12
0K;10K;

= VTN'(dy) (a{(Kl) +

80'{ (Kl)
0K,

_ dod; 9o (K 20 (K
Ky —dy Kyoq(Kp) = 1 1)> 2(%)

ao 1 8K1 aKz

dy p12—d, dy p1o—d,
aN 1 2 . aN 1 2
( V1-p7, ) od, n ( V1-p%, ) P12

x dd, dor 0012 dor

80'1 (Kl) aUQ(Kz) adl_

+ K1v/To{ (Ki)N'(dy) oK, 0K, ooy
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2N ( 1p12—dy ) . ®N (dlplde)
Vi, ) 0d; N V1-ph ) 9p12
dd, od, 00, dd; dp12 o lop3

X

80’1 (Kl) aUz(Kz) ap12
8K1 aKz 8(71
azN( 1p12—dy ) 2N (d1P12d2)
V101 ad— + V1-p1, aPlz
dp120d;, 00 dp120p12 002

+ K1V Toq (Ky)N'(dy)

X

_\/—N/ 0'2 K2 {( Kl +0’1 Kl)Kl d (O’I(Kl))zKlaadl)

(1P12 dy (1912 d, )
\/1—p12 E)d’ 1 P12 aPlZ
od, op12 007

B -BZN <M> B 2N (dlplz_d2> |
28d1 V1-p7, adz + V1-p7, aPlz
Aoy od 9d; 907 od;dp1y 002

aZN (d1912d2> B aZN (dlpudz) ]
20012 V1%, adz i V1-p3, ) 9p12
o0y 0p120d, 007 dp120012 d0

3 (Kzﬁaé(K2)N/(d5 )N (dzpfz__?»

P12
9K,
d d d d
aN(Zplz 21) B aN<2P12 1)
V1= od V102,
= Kzﬁgé(Kz)N’(dg)U{(Kl) . L 1-p}, ) dp12 ’

3 (KZ\/TUQ(Kz)N'(dz_)N (di/plu_g:))

8K1 aKz

od,

_ \/TN’(dz_)(T{(Kl) (Uﬁ(Kz) + 04 (K3) Ky — dz_Kz(Uﬁ(Kz))za_Uzz>
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oON 5 p12—dy ) 9N (dzpu d1>
< V1= P12 ad + \/1*0%2 aplZ

X
ad; 80'1 ap12 doq
/ 1f 3=\ 1 adi
+ KoV Ty (Ko)N'(dy )07 (Kp )y (Kp) = 50,
2N ( 5 P12—d] ) N ( 2P12d1)
V1-p3, ad 4 V10, 3P12
adl od, 8(72 adfaplz don

9p12

+ KoV To(Ka)N'(dy ) (K1) (Ko) 5 2

2N ( 5 P12—dy ) B 2N < 2 P12 dl_)
V1-0%, ad + V1-0%, a{)12
aplzadz_ 80'2 8p128p12 do»

The following derivatives will also be helpful:

od;" log ¢
T +VT/2,
ON(f(d;)) af( DI
- N'(f(d7)),
oN'(f(d;)) of (d;)
SV ) S N (f (-
Iz _ (712—(722—1—(73 I _ 03 — 0% + 03
80'1 20’120'2 ’ 80'2 20’10’22
N (D= (_ (dy)* = 2p10d; d; + (d5>2> N (d)
\/1—p3, 2(1 - p,) !

N TRt N BN [T Sl (dy )+ (dy)?
V1- P2 2 ,

0 dy —pnd, dy Plz—dz_
)3/2’

(-
0 d;plz—dg d —d 012
(L)Y
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0 dyprn—dy _ dy —dipr

We will also need the partial derivatives of N(—d;, —d, ; p12):

0 L _ d;p1p —d,
N(—dy,—dy;p12) = —N'(d] )N (—1 I ) ,

2 N'(dy di o1 —dy

od; dd, m m

g d;y — - d- g
0 N(—d{,—d5;p12) = —N'(d]) 1~ P24 N/ ( 1012 —dy ) ’

dd; dp12 (1—p3,)3/2 V1 0%,

ON(—dy,—d5;p12)
P12

_ (dy )* —2p10d7 dy + (d2)2>

1
21 /1 - p3, ( 2(1 - p1,)
_ 1 N (dlplz - dz)
27N (dy )y /1=pl  \ \/1—pi

O*N(—dy, —d;;p12)
8p128d2_
_ dpody (A1) — 20101 d; + (d5)°
2”(1 - P%2)3/2 2(1 - P%z)

_ dy p12 —dy N i )
N7\ g,
BZN(—dl_, —dz_;plz)
00120012
_ P12 dydy (1+py) — (d1)%p12 — (dy )?p12
27(1 — p3,)3/2 27(1 — p3,)%/2
d7)2 — 201,ddy d;)?
X exp _(1) 912122+(2)
2(1— Plz)
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_ 1 P12 dydy (1+p%,) — (dy)?p12 — (d5 ) P12
27eN'(dy) | (1 - p7y)%/2 (1—p3,)%/2

« N' (d1912—dz)_
\/1—9%2

. . . . d7p12*d7
Then, we also need the following partial derivatives of N | -1 Z ).
&P ( V 1#’%2 )

dy p1n—dy
oN [ fpr—dy - B
( 1—p7, ) _ P2 g <d1 P12 —dy )
od; !
1 \/1_9%2 \/1_P%2

_ -1 N’ (d1p12d2)
\/1_P%2 \/1_P%2

ON (dl_Pu—dz_)
Vi-eh, ) dy —p1dy N/ (d1 p12 —dy )

=71 _ 232
(1—-p1,) \/1—p3,

_dipt, —dEplzN/ (d1P12 dz)

ddy dd; (13,32 \/1—p3,

aZN <d1_P12_d2_) B B
V1-p%, — N (d1 012 — dz )

adl_aplz /1 _ ‘0%2
Lt el () — ()2 + (4 Pl
(1-p,)%2 (1-p3,)%2 '

2N <—d1 b2 ) _ _
V1-ph - N (dl p12 —d, )
8p128d2 /1 . p%z

| me (@) (dy ) )en —dydy (14 0Ty
(1—p3)%2 (1= 02,52

7

aZN <d1P12d2)
Viih ) _ (dlpu—dz) [—4d;p%2+3d;pu+d5

— 7\5/2
90120012 1—p2, (1-p1))
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L =@ Vo2 + (dy )01, + (d1)%d, 207, +1] — dy (d5 )*[p3, + 2p12]]

(1- p%2)7/2

and the partial derivatives of N (M> :

V1-p,

ON (dz_Plz—dl_)
Vieh ) -1 (dzplz — dl)
o, V1= P V1- P

ON (dzplz—d1>
Vieh ) _ s —pudy (dzplz - dl)

912 (1—p%)3? \/1— 0%,
V1% ) d; p7, — dy p12 N/ (dzplz - dl)

aZN (d2_P12_d1_
\ 1- P%z

odyod,  (1—p})*?

PN (d2 P2, ) B .
V103, — N’ (dz 012 — dl )

adl_aplz /1 B ‘0%2
e (@) 4 (dy)]pi2 —dydy (14 07)
(1-p3)%2 (1—0%,)5/2 /

aZN (dzplzdl) B B
V1-0%, — N (dl 012 — dz )
oot N

) [ L p{didy (L+ph) — [(d)* - <d;>2]pu}]
(1—p3,)%2 (1-p3)%2 '

2N (m) ) ) L, )
Vieh ) _ (dl P12 —d; ) Ad, pip +3d;y p12 — d;

_ n2\5/2
9p120012 \/1— 0%, (1—p1))

(dy)%03, — (d3 )12 — (d7)*dy [p3, +2012] +dy (d5 )*[2012 +1]
(1- p%2)7/2

_|_
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Now, we can put all the above together to get the following:

b _ O*N(—dy, —d;;p12)
1= 0K,0K>

N'(dy) o (drp—d; | 0d; dy
— (T{(K1)(T£(K2) {&N/ ( 1 P12 2 ) 1 dz

J1-03  \ J1-p}, ) 919
n dy p12 —dy N [ 1Pz —dy | 9p12 9dy
27N/ (dy ) (1 — p3,)3/2 /1_ 0, doy 00,

_ N di —prdy o (dyp12—dy | 0dy dpr
(1— p3,)3/2 1- 2, doy 90

1 P2 dy dy (1+ p3,) — (d7 )12 — (d3 )*p12
27tN'(dy) | (1 —p3,)3/2 (1—p3,)5/2

% N/ (dlplz - dZ) 8p12 aplZ}
\/1_710%2 8(71 80’2
dipr2 —dy N'(dy) ady ody
= 01(Ky)o3(K2)N' (M) { (dy) ody 9d,

/1 — P%z /1 B P%z doq dom

dl_plz — dz_ aplZ E)dz_ _ N/(d_) dl_ — Plzdz_ E)dl_ 8p12
21N’ (dy) (1 — p3,)3/2 9oy 00, V(1 - p3,)3/2 901 90
1
27tN’(dy)
» P12 n dydy (14 p3,) — (d7)?p12 — (d5)*p12 | 9p12 9p12
(1— p3,)3/2 (1— p3,)5/2 oy 9oy [’

+

+

+

and also

B (Klﬁa{(Kl)N’(dl_)N (%))
- 12
P = 9K,0K,

= VIN'(d )4 (Ko)N' (—dl =t )

V1= 0%

{ (a{uq) o (KK — dy (o] (KK 2 )

B2y
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« [ -1 adz_ i d; _P12d5 apu]

/1 . p%z 80'2 (1 — p%z)?’/z 80'2

dy p3, — dy p12 0dy od;

/ 2
+ Kl (0-1 (Kl)) (1 o ‘0%2)3/2 80'1 80'2

N 1 L P {dydy (1+p3,) — [(d7)*+0(d;y )*]e12} \ 94y dp12
(1= )2 (BN 01 a0,
o —012 N [(d7)? + (d3)?]p12 —dy dy (14 p3,) | 9p12 d;
(1 — p%2)3/2 (1 — p%2)5/2 80'1 80'2
4 (M +3h Pt dy
(1-p3,)%2
+_(d1_) p12 + (dy ) P12 + (dy )zd [2.012 +1] —dy (dz_)z[P%z + 2012]
(1-p3,)7/2

aPlZ 9p12
80'1 80'2 ’

and finally

92 (K VT (K)N'(d5 )N (M))
2 2( 2) ( 2) m
9K,9K,

= VIN'(d5 )of (KN (—d2 ) )

V11— 0%

{<U£(Kz)+ffé'(1<z) - 5 Kaloh(K2) P52 )

P; =

% —1 adl_ i dZ_ —plzdl_ 8p12
/1 . p%z 80'1 (1 — p%2)3/2 80'1
+ Ky (03(K2))?
dy plp — di p1o 9d; 3d;
(1—p7,)3/2 001 007
+ P [(d1)* + (dy )*]o12 —dy dy (1+p7,) \ 9d dp1a
(1= ph)" (1~ PR 01 903

N 1 +pu{d;d; 1+p0%,) — [(d7)* — (d3)*]p12} | 9012 9d5
(1—p3,)3/2 (1—p3,)%/2 doy 007

X




B7 USEFUL FORMULAS AND DERIVATIONS IN REGARD TO BEST-OF OPTIONS

4dy p1, +3d; pro — dy.
(1- P%2)5/2
L @000 = (dy)prz — (dy )dy (o7, +2p1a] + 4y (d3 ) (2012 +1]
(1- p%2)7/2

 9p12 9p12
80'1 80'2 '

Therefore, we get the following result:

82

— U(Ky,Ky) = e €T [P, + P, + P5].
3K.9K, (K1, Kp) =e [Py + P, + P

Note, that a numerical evaluation of the partial derivatives might be easier,

especially if extended to higher dimensions.

B.7.4 Proof that the analytic pricing formula for a best-of option simplifies to a

Vanilla option

In this section, we show that the best-of option pricing formula correctly
reprices all vanilla options. Therefore, we first take K, — oo in the best-of

pricing formula (11.4.13):

_ E F, _
ve(0,Ki, Kp) = e’el Ii—/fN(dffdef;Pw)+§D<_/2€N(dz+rd32923)

+N(—d1_, —dz_,'plz) —1].

It can be shown (see [73]) that the standard bivariate normal distribution

Ny (a, b; p) has the following property:

Ny(a,00;0) = Ni(a) and Np(oo,b;p) = Ny(b),
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where Nj(x) denotes the standard normal distribution. We also know the

following for K; — oo:

- log 2 — 0?T/2
.= L — —0o0,
' O'i\/T
log% + 02T /2
—d; = : — 00,

! O'iﬁ

and further for K, — oo:

FK 2
L log#ﬁiaﬂ”/z

> 0'1'\/?

— 00,

if the implied volatilities 0;(K;) do not grow too fast as we require in (11.4.15).

Hence for K, — oo:

0e(0,K00) = ¢ T %N(dmm—dl)—l]
1

o—reT FiﬁN(d;r) _ N(df)] )

as it is known that N(a) = 1 — N(—a). This leads us to the Garman-

Kohlhagen call option price for:

Ces5(0;Ky) = Kyove(0,Ky, )
— F£/€e_r€TN(di") _ Kle—V€TN(dl—)/

which matches the formulas in Section 11.4.2. The same holds for the other

currency pairs, and we omit the derivations at this point.
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B.7.5 Restrictions on volatility smiles in the model-free framework

To ensure that the distribution function U(Kj, K3) is valid, the following

(natural) restrictions on the correlation coefficient

o7 (K1) + 03(Kp) — 03 (K3)

p12(K1, K2) = 201 (K)o (Kz)

are necessary:

-1< pij(KlzKZ) < 1, VKl,Kz.

This restriction can be rewritten in terms of the corresponding volatilities
01,07 and o3, which are easier to work with, when working with volatility

data:
2, .2 2
0p + 05 —03

<1
2010»

& 0P 405 — 05 <2000
& 0P 405 — 20900 < 0%
& (o —mn)? <o}
& -0 <03

= 0 <0+ 0.

In the same way we get

|- 0%+ 03 — 03
20’10’2
& 2010y < 0} + 05 — 03

& 03 <0t +0s 4200,
& 02 < (0 +0)?

& o3 <o+,
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and finally

2, 2 2
0p + 05 —03

<1
20107

& 0405 — 03 <2007

& 0P+ 0r - 2000 < 03
s (m—0n)* <
< 0p—0 <03

& 0 < 0p+ 0.
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