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Abstract
In this thesis we present three different approaches to testing screened fifth forces
on scales ranging from the largest structures in the Universe to the Solar System.

Firstly, we study the cosmic matter bispectrum in a cubic Galileon model and
find that the shape dependence of Vainshtein screening leaves a very intuitive
signature on the bispectrum. A numerical analysis with hi class demonstrates
that the strength of the signal relative to the signal from general relativity alone is
proportional to the fractional energy density of the Galileon at redshift z = 0 and
evolves like ∝ a3/2. Since this shape dependence is very characteristic of Vainshtein
screening, it may prove useful for differentiating between different models of fifth
forces with data from future galaxy surveys.

Second, we determine the conditions under which the solar-system constraints
on the time evolution of the gravitational constant may be extrapolated to cos-
mological scales. If these conditions are met for a specific fifth force model, strong
constraints on the evolution of the cosmological gravitational constant are placed,
which prohibit self acceleration as an explanation for the accelerated expansion of
the late Universe. We find that the conditions hold for the most common screening
mechanisms unless the screening is extreme in the sense that even the largest and
least dense observable objects in the Universe are screened, in which case viola-
tions of the equivalence principle may prohibit the extrapolation of solar-system
constraints to cosmological scales.

Lastly, we derive an analytic solution for the Galileon field in a hierarchical
two-body system, where one mass greatly exceeds the other mass. We observe
that the field around the smaller mass becomes elliptical outside the ‘Vainshtein
boundary’. We estimate that this ellipticity only has a small effect in the sun-earth
system, but could be at the ∼ 4% level on intergalactic scales and thus influence
the dynamics of field galaxies moving through the field of a distant galaxy cluster
in a manner significantly different from the predictions of pure general relativity.
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Notation and conventions
In the following, we list several notations used throughout this work:

• We work in natural units, where the reduced Planck constant ~ and the
speed of light c are equal to 1.

• The reduced Planck mass is denoted by Mp = 1
√
8πGN ≈ 4.341× 10−9 kg.

• We choose the convention ηµν = diag (−1, 1, 1, 1) for the Minkowski metric.

• The components of space-time 4-vectors have Greek indices, the components
of spatial 3-vectors are denoted with Latin indices. The Einstein sum con-
vention is assumed: AµBµ =

∑3
µ=0A

µBµ and aibi =
∑3

i=1 a
ibi.

• An arrow signifies a spatial 3-vector: ~a = (a1, a2, a3)
>.

• We write partial derivatives as ∂µ and covariant derivatives as ∇µ. However,
~∇ = (∂1, ∂2, ∂3)

> denotes the spatial gradient.

• The d’Alembert operator is defined as: � := ∇µ∇µ. Its spatial equivalent
in flat space is the Laplace operator: ∆φ := ∂i∂iφ. Some further short-hand
notation: (∇φ)2 := ∇µφ∇µφ and (∇µ∇νφ)

2 := (∇µ∇νφ) (∇µ∇νφ).

• The covariant derivative is defined as the Levi-Civita connection. The
Christoffel symbols in terms of the metric g are given by:

Γσ
µν =

1

2
gσρ (∂νgρµ + ∂µgρν − ∂ρgµν) .

In terms of the Christoffel symbols the Riemannian curvature tensor is given
by:

Rρ
σµν = ∂µΓ

ρ
νσ − ∂νΓ

ρ
µσ + Γρ

µλΓ
λ
νσ − Γρ

νλΓ
λ
µσ.

The contractions of the curvature tensor are the Ricci tensor Rµν = Rλ
µλν

and the Ricci scalar R = gµνRµν . The Einstein tensor is defined as Gµν =

Rµν − 1
2
Rgµν .

• The Fourier transform of a function f(x) is denoted by a hat and we choose
the normalisation: f̂(k) =

∫
dxf(x)eikx.
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1. Introduction

The quest for understanding the nature of gravity is a daunting one and an old
one. Gravity has seen two paradigm shifts over the course of history. In 1686
Sir Isaac Newton formulated gravity as a force with inverse-square law sourced by
matter in his principia mathematica, see Ref. [1]. This hypothesis was uncontested
until Albert Einstein formulated his general relativity (GR) in 1916, see Ref. [2],
which describes gravity as a geometric effect rather than a force, with freely-falling
objects following geodesics of a space-time metric curved by matter sources, see
Secion 2.1 for details. The Newtonian inverse-square law is obtained from GR
through a consistent non-relativistic limit. Like Newtonian gravity before, GR
remained uncontested for over a century and to date no significant deviations
from GR predictions have been observed.

However, there exist a number of reasons to repeatedly put GR to the test. A
plethora of unresolved questions and some tensions with data plague the cosmolog-
ical standard model as derived from GR, see Chapter 2. Among these challenges
are the famous cosmological constant problem, the mysteries of dark energy and
dark matter, and the H0 tension, only to mention a few, see Section 2.5 for a de-
tailed discussion. Furthermore, GR lacks a unification with the other fundamental
forces. Aside from these well established reasons to test GR with ever increasing
rigour, we are further motivated by pure curiosity to explore the boundaries of a
theory which has stood the test of time almost like no other.

A vast jungle of alternative gravitational theories trying to contest GR has grown
over the last few decades, see Chapter 3. Due to a lack of a consistent framework
combining all known modified gravity theories, every study of modified gravity has
to focus on a subset of theories which may be handled within a single framework.
In this thesis we decided to focus on the popular scalar-tensor theories of gravity,
which add a scalar field as an additional fundamental field to the metric of GR.
Scalar-tensor theories often arise naturally from higher dimensional theories of
gravity and may be formulated in the framework of Horndeski gravity.
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1. Introduction

Horndeski gravity contains in general non-minimal couplings of the scalar field
to gravity which lead to fifth forces sourced by matter and mediated by the scalar
field. Such fifth forces are strongly constrained within the Solar System and thus
must be equipped with a screening mechanism suppressing the strength of the
force on solar-system scales compared to the strength of gravity. We discuss the
most common screening mechanisms, the Vainshtein, Chameleon and Symmetron
mechanisms, in Section 3.4.

The premise of this thesis was to find new ways of testing screened fifth forces on
cosmological and solar-system scales. To this end we first examined the effects of
Vainshtein screening on the cosmic matter bispectrum using a conformally coupled
cubic Galileon model as a toy model, see Chapter 4 and Ref. [3]. Vainshtein
screening is shape dependent in the sense that its effectiveness around a matter
source depends on the geometry of the matter distribution. We found that this
shape dependence leaves a very intuitive signature on the cosmic bispectrum. The
bispectrum depends on three wavenumbers forming a closed triangle ~k1 + ~k2 +
~k3 = 0. We observe that the strength of the Vainshtein-screening signal in the
bispectrum depends on the shape of the bispectrum triangle in a way which closely
resembles the real-space shape dependence.

Scalar-tensor theories offer an explanation for the late-time accelerated expan-
sion of the Universe alternative to the cosmological constant and quintessence
scenario. Since scalar-tensor theories may be formulated in either the Einstein
or the Jordan frame, see Section 3.3, the Universe could be accelerated in the
Jordan frame, but seem not accelerated in the Einstein frame1. This approach to
explaining the accelerated expansion is called ‘self-acceleration’ and is possible if
the gravitational constant evolves in time. On small scales such a time-evolving
gravitational constant is constrained by lunar-laser ranging experiments. In a sec-
ond study, see Chapter 5 and Ref. [5], we examined under which circumstances
the solar-system constraints may be extrapolated to cosmological scales. We found
that it is challenging for screening mechanisms to suppress the time evolution of
the gravitational constant in the Solar System. Only Chameleon or Symmetron
mechanisms can evade the lunar-laser ranging constraints through violations of
the equivalence principle if they have a large conformal coupling.

1Since all observables like the redshift are frame-independent, see Ref. [4], the apparent frame-
dependence is only present in the unobserved scale factor. The redshift would indicate an
accelerating Universe in the scenario of self-acceleration.
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1. Introduction

It is generally very difficult to obtain analytic solutions of screening models
in the non-linear regime. In the Chapter 6 we present an unpublished, analytic
calculation of the cubic Galileon field in a hierarchical two-body system, where
one mass greatly exceeds the other mass. Our analytic calculation is valid close to
the smaller of the two masses and reveals some remarkable phenomenology. At an
intermediate distance from the small mass, outside its Vainshtein boundary but
close enough to the mass that our calculations are still valid, the field becomes
ellipsoidal rather than spherically symmetric. This result may be applied for the
earth-sun system where the ellipsoidal field in principle affects the motion of test
masses moving through the field of the earth at a sufficient distance. However,
these effects are strongly suppressed in the Solar System due to the Vainshtein
screening. The ellipticity might be relevant on intergalactic scales. As an example
we take the system of the Virgo cluster and the local group and determine that
the fifth force effects could be as large as ∼ 4% of gravity. Galaxies in the vicinity
of the local group would experience an asymmetric pull towards the local group
due to the elliptic field profile.

We summarise all our findings in Chapter 7.
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2. The Cosmological Standard
Model

Over the last decades a widely accepted standard model of cosmology has been
established, which relies on general relativity (GR) and the cosmological principle.
In this Chapter we summarise the most important aspects of the cosmological stan-
dard model, reference the observational evidence for it as well as its shortcomings
and challenges.

2.1. General Relativity
One of the most important pillars of the cosmological standard model is general
relativity. First introduced by Albert Einstein in 1915, see Ref. [2], GR has stood
the test of time and no significant deviation from GR has been observed so far
despite being repeatedly put under scrutiny on laboratory, solar-system, astro-
physical and cosmological scales, see Refs. [6–10].

The central assumption of general relativity is Einstein’s equivalence principle
(EEP):1

• Einstein’s Equivalence Principle: In an arbitrary gravitational field
no local non-gravitational experiment can distinguish a freely falling, non-
rotating system from a uniformly moving system in the absence of a gravi-
tational field.

A weaker version of the equivalence principle (WEP) simply states that the motion
of a test body is independent of its mass and composition, while a stronger version
of the equivalence principle (SEP) assumes the universality of free fall even for
massive, self-gravitating objects in addition to the EEP, which then also contains

1Various equivalent variants of this principle exist in the literature. Here we use the formulation
from Ref. [11]
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2. The Cosmological Standard Model

gravitational experiments. As we will discuss later, see Section 5.3.2, gravitational
theories with screened fifth forces violate the strong equivalence principle since
objects with large masses can shield themselves from parts of the fifth force due
to their self-field.

The EEP implies that the gravitational field in an infinitesimal region of space-
time can always be ‘transformed away’ with a suitable coordinate transformation
such that the metric becomes Minkowski: diag(−1, 1, 1, 1). In the language of
differential geometry this implies that the space time is described by a pseudo-
Riemannian manifold whose metric g has the signature of a Minkowski metric.
The phenomenon of gravitation is thus directly related to the curvature of the
space-time manifold and the fundamental field of gravity is the symmetric rank
2 metric tensor gµν . From a field-theory perspective gravity is the theory of a
massless spin-2 field, which is unique in a sense described by Lovelock’s theorem
below.

It remains to determine the field equations for the metric tensor, for which we
make use of Lovelock’s theorem, see Refs. [12, 13]:

• Lovelock’s Theorem: In a four dimensional space-time the only second-
order equations of motion obtained from an action principle with action
S =

∫
d4xL(gµν) is of form:

α
√
−g
(
Rµν − 1

2
gµνR

)
+ λ

√
−ggµν = 0, (2.1)

where α and λ are constants, and Rµν and R are the Ricci tensor and Ricci
scalar respectively.

The simplest though not the only choice2 of an action leading to these equations
of motion is the Hilbert action:

S =

∫
d4x

√
−g
(
α
R

2
− λ

)
. (2.2)

If we include additional (matter) field content to the action, this has to be done
in a covariant, i.e. coordinate independent, way to satisfy the EEP. Therefore, the

2It is possible to add boundary terms to the action, however, these will not contribute to the
equations of motion, see e.g. Ref. [14]
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2. The Cosmological Standard Model

Lagrangian of the matter fields ψi has to depend on the metric g:

S =

∫
d4x

(√
−g
(
α
R

2
− λ

)
+ Lm (gµν , ψi)

)
. (2.3)

Variation of this action with respect to gµν results in the Einstein equations in the
presence of matter:

Gµν − Λgµν =M−2
p Tµν , (2.4)

where we have fixed the constant α =M2
p = 1/(8πGN) such that the correct cou-

pling strength of gravity is recovered in the weak field limit (GN is the Newtonian
gravitational constant), and we rescaled λ =M2

pΛ to obtain the conventional nor-
malisation of the cosmological constant (CC) Λ, which is not fixed at this point.
Furthermore, we introduced the Einstein tensor Gµν = Rµν−1/2Rgµν and defined
the energy-momentum tensor of the matter fields as:

Tµν = − 2√
−g

δLm

δgµν
. (2.5)

The contracted Bianchi-identities ∇µG
µν = 0 (∇ is a covariant derivative), result

in the energy-momentum continuity equation:

∇µT
µν = 0. (2.6)

2.2. The Friedmann Universe
The standard model of cosmology relies on two central assumptions:

• Isotropy: When averaged over large scales, any observable properties of the
Universe are independent of the spatial direction.3

• Cosmological Principle: Our position in the Universe is in no aspect
preferred compared to any other position.4

3This assumption can be demonstrated by examining the matter distribution on large scales.
In this way, this assumption has repeatedly been put under scrutiny by observations and its
validity is actively discussed, see Refs. [15, 16]

4Large-scale inhomogeneities, i.e. violations of the cosmological principle, have been discussed
in the past as alternatives to dark energy or as solution to the H0-tension, however, strong
bounds exist for these models, see Refs. [17–19].
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2. The Cosmological Standard Model

When combined these two assumptions lead to the conclusion that the Universe is
statistically isotropic and homogeneous. If we are only interested in the properties
of the Universe on the largest scales, we can therefore treat it as homogeneous5. On
smaller scales, local inhomogeneities have to be taken into account perturbatively,
see Section 2.3, or with numerical simulations, but we will ignore them in this
Section.

The standard model of cosmology furthermore assumes that the dynamics of
the Universe are described by general relativity. The assumptions of statistical,
spatial homogeneity and isotropy then demand at the background level, where
local inhomogeneities are ignored, that the space-time manifold M is a warped
product I×Σ with I ⊂ R and a three-dimensional Riemannian space Σ of constant
curvature k. The averaged or ‘background’ metric of the space-time thus has the
form of a Friedmann metric:

g = −dt2 + a2(t)γ, (2.7)

where a(t) is the scale factor and γ is the metric of the manifold Σ:

γ =
dr2

1− kr2
+ r2dΩ2. (2.8)

Current observations seem to suggest that the curvature is zero or very close to it,
see Ref. [21]. For reasons of simplicity, we will set k = 0 for the rest of this thesis.
It is often times convenient to introduce a conformal time-coordinate τ , such that
the Friedmann metric becomes:

g = a2(τ)
(
−dτ 2 + γ

)
. (2.9)

By examining the metric in Eq. (2.7), we observe that the scale factor a(t)
describes the expansion (or contraction) of the spatial dimensions with time. A
consequence of an expansion of the Universe is a decay of the three-momentum
p ∝ 1/a of freely moving particles. For photons the momentum is inversely pro-
portional to the wavelength and therefore light emitted at time t1 with wave-
length λ1 will be observed at time t0 (today) with a redshifted wavelength λ0 =

λ1a(t0)/a(t1). We say the observed object has redshift z = a(t0)/a(t1)− 1.

5It is however an actively debated question whether local inhomogeneities could have a back-
reaction effect on the dynamics of the Universe as a whole, see Ref. [20].
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2. The Cosmological Standard Model

In order to satisfy the Einstein equations, Eq. (2.4), the symmetries of gµν
demand that the background energy-momentum tensor has perfect fluid form with
pressure p and density ρ:

T µν = (p+ ρ)uµuν + pgµν , (2.10)

where uµ is the velocity of a comoving observer: uµ = δµ0 (or uµ = 1
a
δµ0 for the

conformal time-coordinate).
Assuming the Friedmann metric, Eq. (2.9), and the energy-momentum tensor,

Eq. (2.10), the (0, 0) and (i, i) components of the Einstein equations become the
Friedmann equations:

H2

a2
=

ρ

3M2
p

+
Λ

3
, (2.11)

1

a2
(
H2 + 2H′) = − p

3M2
p

+
Λ

3
, (2.12)

where the conformal Hubble function H is defined through a′/a with primes de-
noting derivatives with respect to conformal time. The conformal Hubble function
is related to the Hubble function H by H = aH. The continuity equation, Eq.
(2.6), becomes:

ρ′ + 3H (ρ+ p) = 0. (2.13)

In order to solve this system of equations an equation of state for the cosmological
fluid is required. The equation of state of a single fluid can often be written
as p = wρ. The equation of state parameter w takes on the value of 1/3 for
radiation, 0 for matter and −1 for the cosmological constant ‘fluid’ (the density
of the cosmological constant ‘fluid’ is defined as ρΛ = M2

pΛ). If the fluids {i}
are independent of each other, the continuity equation holds for them individually
and can be solved:

ρi = ρi,0a
−3(1+wi). (2.14)

We have scaled our spatial coordinates such that a = 1 at the present time and
defined ρi,0 as the density of fluid i today. It is convenient to rescale the densities
relative to the critical density ρcr = 3M2

pH
2: Ωi = ρi/ρcr. In a Universe without

spatial curvature (k = 0) as we have assumed for simplicity, the critical density is

8



2. The Cosmological Standard Model

equal to the total density of all fluids and thus:

1 =
∑
i

Ωi(t). (2.15)

If the relative abundance of all fluids today {Ωi,0} is known together with their
equations of state, the expansion history a(t) of the Universe is determined by
the first Friedmann equation, Eq. (2.11). Alternatively, one can use observations
of the expansion history to determine the consituents of the Universe and their
properties. Past observations have presented us with the following picture of the
history of the Universe:6

• Inflation: Inflation is a postulated era during the earliest stages of the
Universe, where the Universe expanded (almost) exponentially or in other
words: H(t) ≈ const. This requires a fluid with an equation of state w ≈ −1,
which is usually assumed to be a scalar field (inflaton) whose potential is sig-
nificantly larger than its kinetic energy. This era is postulated as a natural
explanation of the low spatial curvature k of the Universe and the ‘horizon
problem’, i.e. the question why patches of the Universe seem to be corre-
lated despite there being no explanation for this correlation. Furthermore,
quantum fluctuations of the inflaton field give rise to tiny inhomogeneities,
which are observable in the cosmic microwave background and which are the
seeds of all structure in the Universe.

• Radiation Domination (z > 3387± 21): In the early Universe the radi-
ation density dominated the expansion history and the scale factor evolved
like a ∝

√
t. During this era, several events happened (or are postulated to

have happened) which are extremely relevant for particle physics, but are
only mentioned here briefly for reasons of completeness: baryogenesis, dark
matter freeze-out, electroweak phase transition and big-bang nucleosynthe-
sis.

• Matter Domination (3387± 21 > z & 0.3): During this era, the expan-
sion of the Universe is mostly influenced by non-relativistic matter (a ∝ t2/3),
although only part of this matter is given by the ‘ordinary’, baryonic matter

6Observational data in the rest of this section are taken from the final data release of the Planck
mission, see Ref. [21].
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2. The Cosmological Standard Model

(Ωb,0h
2 = 0.022 42± 0.000 14)7. The rest of the matter content is usually

assumed to be cold dark matter (Ωcdm,0h
2 = 0.119 33± 0.000 91), i.e. a mys-

terious type of matter, which is not interacting with the electromagnetic
force and which is non-relativistic.8

During matter domination, at z = 1089.80± 0.21, protons and electrons
combined to form atoms for the first time, dubbed ‘recombination’, making
the Universe transparent. The light emitted at recombination is visible today
as the cosmic microwave background (CMB). During the later stages of
matter domination the density fluctuations grow and form stars, galaxies
and galaxy clusters. The first stars reionise large parts of the Universe at
z = 7.82± 0.71.

• CC/Dark Energy domination (z . 0.3): During the late Universe, the
expansion of the Universe accelerates, see Refs. [25, 26]. This is either due to
the presence of a cosmological constant or any of the many proposed alter-
natives to the CC, usually dubbed ‘dark energy’. The scale factor currently
seems to evolve towards an exponential expansion: a ∝ exp

(√
ΩΛ,0H0t

)
.

Retrieving more precise observations of this era is of immense interest to
differentiate between the plethora of models which are proposed as explana-
tion for the accelerated expansion of the Universe.

2.3. Structure Formation
Having discussed the evolution of the homogeneous Universe, we now discuss the
evolution of inhomogeneities which are small enough to be treated perturbatively.
For this thesis it will be important to discuss cosmological perturbation theory up
to second order in the perturbative quantities.

Due to the symmetries of the metric, the metric perturbations have 10 degrees
of freedom. We can write:

ds2 = a2
[
−(1 + 2Ψ)dτ 2 + 2ωidx

idτ + ((1− 2Φ)δij + χij) dx
idxj

]
, (2.16)

where χij is trace-free and symmetric and Ψ, Φ, ωi and χij are functions of time
7h is a dimensionless constant describing the Hubble parameter H0 = 100hkm/s/Mpc.
8Alternative explanations for the phenomenon of dark matter in terms of modifications of

gravity are actively discussed, see Refs. [22–24].
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and space. It is very useful to decompose the metric perturbations (Ψ, Φ, ωi, χij)
in terms of scalars, vectors and tensors,9 because the resulting 4 scalar, 4 vector
and 2 tensor degrees of freedom turn out to be completely independent on the
linear level. We define:

ωi = ∂iω + ω̂i,

χij = χ̂ij + ∂iχ̂j + ∂jχ̂i +

(
∂i∂j −

1

3
δij∆

)
χ, (2.17)

where hatted quantities are divergenceless, e.g. ∂iω̂i = 0 and ∂iχ̂ij = 0, and χ̂ij is
symmetric and traceless. It is possible to remove 2 scalar and 2 vector degrees of
freedom through coordinate (or gauge) transformations. Various gauge choices are
possible; in the following, we will choose the Newtonian gauge, where ω = χ = 0.
It turns out that vector perturbations decay like 1/a, and thus, we will neglect
them in the following. Tensor perturbations might become instrumental in de-
termining the nature of inflation through observations of the cosmic microwave
background, however, they are not particularly important to the evolution of the
large-scale structures in the matter and dark energy dominated Universe, which
will be the main focus of this section and Chapter 4. Thus, only 2 scalar pertur-
bations are relevant for our discussion here:10

ds2 = a2
[
−(1 + 2Ψ)dτ 2 + (1− 2Φ)δijdx

idxj
]
. (2.18)

As a next step we examine the perturbed energy-momentum tensor. In general
the energy-momentum tensor will take the form of a real fluid:

Tµν = (p+ ρ)uµuν + pgµν +Πµν . (2.19)

The anisotropic stress-tensor Πµν describes any deviations from the ideal fluid
case, i.e. deviations of particle motion from a coherent flow or single stream.
Assuming matter perturbations only, anisotropic stress only becomes relevant on
smaller scales, where structures virialise and multi-streaming occurs. On the scales
relevant for linear perturbations we can neglect Πµν . Furthermore, for this thesis
only the evolution of matter perturbations will be relevant. For this reason we

9The nomenclature of scalar, vector and tensor refers to the transformation properties under
spatial rotations.

10For more details on vector and tensor modes, see standard textbooks like Ref. [27]
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may neglect pressure.
We write the perturbed density and velocity as ρ = ρ̄(1+δ) and uµ = a−1(δµ0+v

µ)

with vµ = (v0, ~v)>. The relative matter perturbation δ is also called density
contrast. It turns out that any vorticity ∇×~v decays like a−1 on linear scales and
can be ignored. Therefore, we can write ~v = ∇v.

All perturbative quantities (δ, v, v0, Φ and Ψ) may be expanded into first-order,
second-order, etc. perturbations:

δ = δ(1) +
δ(2)

2
+ . . . (2.20)

In the following, bracketed superscripts denote the order in perturbation theory of
physical quantities. Since the normalisation of the velocity field is fixed uµuµ = −1,
we can relate v0 order by order with the other perturbative quantities. At first
order (v0 ≈ v0,(1)) we have:

v0,(1) = −Ψ(1). (2.21)

We are now ready to examine the evolution equations for the linear perturba-
tions. At first order in the perturbative quantities, the 0 and i components of the
energy-momentum continuity equation, Eq. (2.6), are respectively:

δ(1)′ = −∆v(1) + 3Φ(1)′ (2.22)

v(1)′ +Hv(1) = −Ψ(1). (2.23)

The first equation is also called (matter) continuity equation, while the second
equation is the Euler equation.

We now consider the Einstein equations, Eq. (2.4). In order to simplify the
Einstein equations we employ the quasi-static approximation (QSA) which states
that time derivatives of the perturbative quantities can be ignored compared to
the spatial derivatives, i.e. |δ′| ∼ H|δ| � k|δ| ∼ |∂iδ|. This assumption is well
justified if we are interested in sub-horizon modes (k2 � H2) only and its validity
in the context of a large range of gravitational theories was considered in Refs.
[28, 29]. Using the QSA, the (0, 0) and (i, i) components of the Einstein equations,
Eq. (2.4), become the Poisson equation and the gravitational slip equation:

2M2
p∆Φ(1) = a2ρ̄δ(1) (2.24)

Φ(1) −Ψ(1) = 0. (2.25)

12
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As a next step we combine the continuity and Euler equations by applying a
derivative with respect to conformal time to the continuity equation, Eq. (2.22),
and a Laplace-operator to the Euler equation, Eq. (2.23). This enables us to
eliminate ∆v(1)′ and we obtain:

δ(1)′′ +Hδ(1)′ = ∆Ψ(1). (2.26)

We have used here the gravitational slip equation, Φ(1) = Ψ(1), together with the
QSA to eliminate the expressions Φ(1)′′ and HΦ(1)′, which can be neglected in
comparison with ∆Ψ(1). Finally, we use the Poisson equation, Eq. (2.24), and
obtain:

δ(1)′′ +Hδ(1)′ = a2ρ̄

2M2
p

δ(1). (2.27)

Being an equation of motion of second order, two independent solutions exist,
the growing and the decaying mode: depending on the initial conditions for the
matter perturbations (δ(1)i and δ(1)′i ), the density contrast can either decay or grow
in time. Since the decaying mode is very quickly subdominant compared to the
growing mode, we will ignore it for now. Introducing the linear growth factor
D+(a) through δ(1)(a) = D+(a)δ

(1)
i , we obtain the linear growth equation:

D′′
+ +HD′

+ =
a2ρ̄

2M2
p

D+. (2.28)

In a matter dominated era where a ∝ t2/3 ∝ τ 2 the linear growth factor is pro-
portional to the scale factor: D+ ∝ a. The decaying mode on the other side is
proportional to a−3/2.

At some point during the cosmic evolution this perturbative treatment of struc-
ture formation will break down on small scales. A good indicator for this is the
magnitude of the density contrast. On scales where the density contrast is of order
1:

|δ| ∼ 1, (2.29)

non-linear methods like N-body simulations are required to model structure growth.
In the regime where |δ| is still significantly smaller than 1, it may still be im-

portant to model the small non-linearities. In this case, second order perturbation
theory applies. For the second order perturbations it becomes extremely useful
to study the equations of motion in Fourier space. In the following, hatted quan-
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tities are Fourier transformed with the conventions: f̂(k) =
∫
dx f(x)eikx. The

continuity and Euler equations now become:

δ̂(2)′(~k)− k2v̂(2)(~k) = S(6) := 2

∫
d2k1d

3k2
(2π)3

δD(~k − ~k1 − ~k2)

× α(~k1, ~k2)
D′

+

D+

δ̂(1)(~k1)δ̂
(1)(~k2), (2.30)

− k2v̂(2)′(~k)− k2Hv̂(2)(~k) + a2ρ̄

2M2
p

δ̂(2)(~k) = S(7) := −2

∫
d2k1d

3k2
(2π)3

δD(~k − ~k1 − ~k2)

× β(~k1, ~k2)

(
D′

+

D+

)2

δ̂(1)(~k1)δ̂
(1)(~k2), (2.31)

where we used the Poisson equation to eliminate the gravitational potential in the
Euler equation and made use of the first order relation δ(1)′ = −∆v(1) such that
δ(1) is the only first order quantity appearing. The nomenclature S(6) and S(7)

was chosen for consistency with our calculations in Chapter 4.3.5. Furthermore,
we introduced the form factors:

α(~k1, ~k2) = 1 +
~k1 · ~k2
2k21k

2
2

(
k21 + k22

)
, (2.32)

β(~k1, ~k2) =

~k1 · ~k2
(
~k1 + ~k2

)2
2k21k

2
2

. (2.33)

Combining the continuity and Euler equations gives the second order analogue to
Eq. (2.27):

δ̂(2)′′ +Hδ̂(2)′− a2ρ̄

2M2
p

δ̂(2) = S(δ) := S(6)′ +HS(6) − S(7)

=

∫
d2k1d

3k2
(2π)3

δD(~k − ~k1 − ~k2)K(~k1, ~k2, τ)δ̂
(1)(~k1)δ̂

(1)(~k2), (2.34)

where the kernel K is given by:

K(~k1, ~k2, τ) = 2

(
(D′

+D+)
′

D2
+

+
D′

+

D+

H
)
α(~k1, ~k2) + 2

(
D′

+

D+

)2

β(~k1, ~k2)

= 2

(
f 2H2 +

a2ρ̄

2M2
p

)
α(~k1, ~k2) + 2f 2H2β(~k1, ~k2). (2.35)

In the last expression we introduced the linear growth rate f := d logD+/d log a
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and used the linear growth equation, Eq. (2.28).
The solution for the second order density contrast takes the form:

δ̂(2)(~k) =

∫
d2k1d

3k2
(2π)3

δD(~k − ~k1 − ~k2)F2(~k1, ~k2, τ)δ̂
(1)(~k1)δ̂

(1)(~k2), (2.36)

if the function F2 solves the differential equation:

F ′′
2 +HF ′

2 −
a2ρ̄

2M2
p

F2 = K. (2.37)

During matter domination this differential equation is solved by:

F2(~k1, ~k2) = 2 +
µ

k1k2

(
k21 + k22

)
− 4

7
(1− µ2), (2.38)

where µ = ~k1 · ~k2/k1k2 is the cosine of the angle between ~k1 and ~k2.

2.4. Statistics of Cosmological Structures
Different cosmological models, e.g. alternative theories of gravity, will leave an
imprint on cosmic structures by, among other things, modifying the linear growth
equation, Eq. (2.28). Therefore, observing cosmic structures is crucial for testing
alternative cosmological models. However, a conceptual problem arises here. The
timescales for the evolution of cosmic structures is significantly longer than the
timescales of any observations, i.e. we can not follow the evolution of a single
structure over time. Instead we have to look at other structures in different stages
of their evolution and at different times of the cosmic history. We then have
to assume that statistically the evolution of structure will be independent of the
structure’s position in the Universe (cosmological principle). A statistical analysis
of cosmic structures is therefore inevitable.

Observations of the CMB suggest that the initial density fluctuations are Gaus-
sian to a high degree. This will remain true even at later times if the structures are
growing linearly. Therefore, all information on the statistics of large-scale cosmic
structures is contained in the power spectrum P (k) defined through:

(2π)3δD

(
~k1 + ~k2

)
P (k) = 〈δ̂(k1)δ̂(k2)〉, (2.39)
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where δD is a Dirac delta-distribution and δ̂(k) is the Fourier transform of the
density contrast. The brackets 〈. . . 〉 represent an ensemble average, which in
practice is usually replaced by a spatial average.

The power spectrum is directly related to the correlation function ξ(y) =

〈δ(~x)δ(~x+ ~y)〉:

ξ(y) =

∫
k2dk

2π2
P (k)

sin(ky)

ky
. (2.40)

For y = 0 the correlation function becomes the variance σ of the density contrast
δ. If we are interested in the variance of the density contrast smoothed at some
scale R by some window function WR (δR(~x) :=

∫
d3~x′WR(~x−~x′)δ(~x′)), we obtain:

σR =

∫
k2dk

2π2
Ŵ 2

R(k)P (k). (2.41)

We are now in a position to make our statement in Eq. (2.29), that linear structure
growth breaks down on scales where δ ∼ 1, more precise. We define the non-
linearity scale rnl such that:

σrnl = 1. (2.42)

At scales smaller than rnl structure growth is highly non-linear.
On scales significantly larger than rnl the growth of structure is given by the lin-

ear growth δ = D+δi. Hence the power spectrum evolves as P (k, τ) = D2
+(τ)Pi(k),

where Pi is the initial power spectrum. In this thesis we are mostly interested in
the evolution of structures during the matter and dark energy dominated eras.
The initial power spectrum at the beginning of the matter dominated era is given
by the power spectrum generated from the quantum fluctuations during inflation
(P (k) ∝ kns with ns = 0.9665± 0.0038, see Ref. [21]) times the square of the
transfer function T (k), which describes the complicated dynamics of structures
prior to recombination where matter and radiation perturbations interacted. The
result is a power spectrum which is roughly proportional to k on scales larger than
k−1

eq , the horizon scale at matter radiation equality, and falls off like k−3 at smaller
scales since radiation pressure suppresses the growth of structure during radiation
domination on sub-horizon scales.

Regardless of whether small non-Gaussianities are present in the initial density
fluctuations, the fluctuations will not remain perfectly Gaussian once the evolution
of structures deviates slightly from the linear growth. A good measure for these
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non-Gaussianities is the bispectrum B(~k1, ~k2, ~k3) which is defined through:

〈δ̂(~k1)δ̂(~k2)δ̂(~k3)〉 = (2π)3δD(~k1 + ~k2 + ~k3)B(~k1, ~k2, ~k3). (2.43)

To compute the bispectrum we have to go to second order in perturbation theory,
because if we substitute the density contrast δ by just the linear density contrast,
the bispectrum will be proportional to 〈δiδiδi〉, which vanishes for Gaussian initial
conditions. Using the solution in Eq. (2.36) for the second order density contrast,
we can compute the lowest order contributions to the bispectrum:11

〈δ(~k1)δ(~k2)δ(~k3)〉 ≈
1

2
〈δ(2)(~k1)δ(1)(~k2)δ(1)(~k3)〉+ perm.

=
1

2

∫
d3q1d

3q2
(2π)3

F2(~q1, ~q2, τ)D
4
+

×
[
δD(~k1 − ~q1 − ~q2)〈δi(~q1)δi(~q2)δi(~k2)δi(~k3)〉+ perm.

]
(2.44)

The expression perm. implies summation over cyclic permutations of the wavenum-
bers ~k1, ~k2 and ~k3. Assuming that the initial density fluctuations are Gaussian,
we may use Wick’s theorem to write:

〈δi(~q1)δi(~q2)δi(~k2)δi(~k3)〉 = (2π)3
[
Pi(q1)Pi(k2)δD(~q1 + ~q2)δD(~k2 + ~k3)

+ Pi(q1)Pi(q2)δD(~q1 + ~k2)δD(~q2 + ~k3)

+Pi(q1)Pi(q2)δD(~q1 + ~k3)δD(~q2 + ~k2)
]
. (2.45)

The first term in the brackets is proportional to δD(~k1) when putting in the con-
straint ~k1 = ~q1+~q2 from Eq. (2.44). We will drop this term since ~k1 = 0 corresponds
to an unobservable, infinite scale. Combining Eqs. (2.44) and (2.45) gives:

〈δ(~k1)δ(~k2)δ(~k3)〉 ≈ (2π)3δD(~k1+~k2+~k3)
[
F2(~k1, ~k2)P (k1)P (k2) + perm.

]
. (2.46)

It is convenient to introduce the reduced bispectrum Q(~k1, ~k2, ~k3), which has the
advantage of being mostly scale-independent:

Q(~k1, ~k2, ~k3) =
B(~k1, ~k2, ~k3)

P (k1)P (k2) + perm. =
F2(~k1, ~k2)P (k1)P (k2) + perm.

P (k1)P (k2) + perm. . (2.47)

11From now on we drop the hats on Fourier-transformed quantities. It will always be apparent
from the context whether a quantity is Fourier transformed or not.
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2.5. Challenges for the ΛCDM model
The widely accepted concordance or ΛCDM cosmological model makes two im-
portant assumptions. First, ΛCDM posits that baryonic matter makes up only a
small fraction of the matter content of the Universe with the large remaining part
of the matter being cold dark matter. Second, ΛCDM assumes that the acceler-
ated expansion of the Universe is caused by a cosmological constant. The evidence
for this ΛCDM model is remarkable, but it leaves some questions unanswered and
is in some rare cases in tension with observational data. In this section we sum-
marise some of the evidence for ΛCDM and its challenges. This list is by no means
complete, we try to give a concise overview here.

The amount of evidence for dark matter is remarkable (see Ref. [30] for a historic
overview), especially because it appears on a large range of scales. The dynamics
inside of galaxies and galaxy clusters can not be explained with just the baryonic
mass and the laws of general relativity. This was already noted by Fritz Zwicky in
1933, see Refs. [31, 32]. If the galaxy lies inside of a halo of dark matter as predicted
by N-body simulations, the dynamics are easily explained. Furthermore, the mass
of the clusters estimated from X-ray observations or gravitational lensing, see Ref.
[33], exceeds the baryonic mass significantly, see Ref. [34]. The most spectacular
evidence for dark matter on galaxy cluster scales comes from the displacement of
the center of mass of colliding clusters like the Bullet Cluster compared to the
location of visible matter, see Ref. [35]. Furthermore, the existence of small scale
structures implies that dark matter is non-relativistic or ‘cold’, because ‘hot’ dark
matter would wash out small scale structures through free streaming.12

Evidence for dark matter also exists on even larger scales through observations
of the CMB, see Ref. [21]. While matter perturbations mix with radiation pertur-
bations prior to recombination and thus get wiped out on small scales by diffusion,
dark matter can sustain small-scale perturbations and seed the formation of galax-
ies. Furthermore, the distribution of the acoustic peaks in the CMB is sensitive
to the presence of dark matter.

However, the dark matter paradigm is not without issues, especially on galactic
scales. Simulations of CDM suggest that the density profile of galaxies is cuspy
at the centre. However, observations seem to indicate a flattening of the density
profile towards the centre. This discrepancy is dubbed the cusp-core problem,

12An intermediate ‘warm’ state for dark matter is also discussed as possibility, see e.g. Ref. [36].
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see Ref. [37]. Furthermore, simulations of CDM predict a much larger amount
of substructure inside the halos of galaxies than observed, see Ref. [38]. Another
famous discrepancy between the CDM paradigm and galaxy-scale observations is
the apparent tight relation between baryons and the dark matter in galaxies, also
known as the Tully-Fisher relation, see Ref. [39], which is unexpected since dark
matter and baryons do not interact other than gravitationally.

Observational evidence for the late-time accelerated expansion of the Universe
comes from two very different approaches. Late Universe probes measuring the
luminosity distance of Type Ia supernovae using a distance ladder technique were
the first to give conclusive prove of the accelerated expansion, see Refs. [25, 26].
A second ‘early Universe’ method uses measurements of the baryon-acoustic oscil-
lations in both the CMB and the galaxy clustering to constrain the late-Universe
expansion, see Refs. [21, 40]. It is however an open question whether the ob-
served accelerated expansion of the Universe is caused by a cosmological constant,
which is assumed in the ΛCDM model and which has a constant equation of state
parameter w of −1, or a dynamical dark energy with varying equation of state.
Current bounds from the DES survey13, Ref. [41], indicate wp = −1.01+0.04

−0.04 and
wa = −0.28+0.37

−0.48 for a parametrisation w = wp+wa (ap−a) with the pivot redshift
zp = 1/ap − 1 = 0.2. Determining the nature of dark energy through more precise
measurements of the equation of state is perhaps the most important challenge of
present day cosmology.

While both the early and late-Universe method conclude that the expansion of
the late Universe is accelerated, they disagree on a different observable: the value
of the Hubble constant H0. This problem is also known as the Hubble-tension
and is probably the biggest obstacle for the cosmological standard model as the
tension seems to grow. Depending on which data are combined the tension has
4− 6σ significance, see Ref. [42].

Since the ΛCDM model attributes the accelerated expansion of the Universe
to a cosmological constant with value Λ ∼ (1× 10−3 eV)

4 ∼ (1× 10−30Mp)
4 it

is in strong conflict with the cosmological constant expected from the quantum-
mechanical zero-point energy of the particles in the standard model of particle
physics (SM). Naively, the zero point energy of the standard model particles is

13This analysis combines DES data with external data including Planck, SDSS, 6dF, BOSS and
SNIa data.
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given by:

〈ρ〉 ∼
∑
SM

∫ ΛUV

0

d3k

(2π)3
1

2
~ω(k) ∼

∫ ΛUV

0

dk k2
√
k2 +m2 ∼ Λ4

UV. (2.48)

In this heuristic calculation we treated all modes of the standard model fields as
quantum mechanical, harmonic oscillators and summed over their ground state
energies ~ω(k)/2. ΛUV is the cut-off of the standard model which has to be of
order ΛUV & 1TeV or higher.14 Therefore, the zero-point energy of the standard
model is at least 60 orders of magnitude larger than the observed cosmological
constant. If the total cosmological constant is given by a bare constant Λ0 plus
the zero-point energy of the standard model particles, the bare constant must
be fine-tuned to at least the 60th decimal point such that the total cosmological
constant is consistent with the cosmological observations. This is the famous
cosmological constant problem.

A secondary problem arises with the value of the cosmological constant problem:
Its value is such that its energy density is very similar to the matter density at
the present time. This seems like a remarkable coincidence given that the two
quantities scale very differently with the size of the scale factor. Thus, this problem
is called the ‘coincidence problem’.

So far no convincing solution to both the cosmological constant and coincidence
problem have been found. Together with the other observational challenges for
ΛCDM mentioned in this section, they motivate us to look beyond ΛCDM. In this
thesis we are particularly interested in investigating alternative models of gravity
as possible extensions of the ΛCDM paradigm.

14For a more detailed analysis of the cosmological constant problem see Ref. [43].
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We have demonstrated in the previous Chapter that there exists a well established
cosmological concordance model which explains most of the observed phenomena
in the Universe very well. However, we also showed that some conceptual and ob-
servational issues remain like the cosmological constant problem or the H0-tension.
This motivates us to investigate one of the key assumptions of the cosmological
standard model more carefully, the validity of general relativity. To this end we
consider possible extensions and modifications of general relativity in this Chap-
ter, focusing in particular on screening models, which play an important role for
the rest of this thesis.

Besides the cosmological motivations, there are more general reasons to look at
modified gravity models. It is well known that general relativity lacks a unification
with the other fundamental forces. Therefore, we expect general relativity to be
modified at some scale and it is paramount to repeatedly put general relativity to
the test as any observed modifications might give clues to the nature of a unified
theory. In fact, we will see that many modified gravity theories, especially the
higher-dimensional approaches, are inspired by string theory.

In the past most modified gravity models have been proposed as a solution to one
of the previously mentioned problems in the concordance model, in particular the
cosmological constant problem. Despite these efforts no convincing solution to the
CC problem has been found through the analysis of modified gravity models. In
this thesis we will thus take a more general approach to modifications of gravity.
We ask the simple question what modifications of GR could look like and how
they could be detected on any scale, independent of whether they are capable of
explaining the accelerated expansion of the Universe.
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3.1. Lovelock’s Theorem and Modified Gravity
In Chapter 2.1 we saw that, according to Lovelock’s theorem, the Einstein field
equations are unique under a set of assumptions. Therefore, modifications of the
field equations can only be formulated by breaking one or more of the assumptions
in Lovelock’s theorem. In this section we will give an overview of the most relevant
modified theories of gravity using Lovelock’s theorem as a guiding principle. This
list of models is by no means complete and for further reading we refer the reader
to the reviews in Refs. [14, 44].

According to Lovelock’s theorem the Einstein field equations are unique if the
following assumptions are met:

1. gravity is a metric theory with a single metric and no other field content,

2. the equations of motion are second order in the derivatives of the metric,

3. the space-time is four dimensional,

4. the equations of motion can be derived from an action principle and

5. locality holds.

Therefore, any modification of general relativity has to give up on at least one of
these assumptions.

Since many of the modified gravity models mentioned in the following predict
that the speed of gravitational waves differs from the speed of light, they have
been put under severe pressure by the simultaneous measurement of gravitational
and electromagnetic waves radiated during a binary neutron star merger, Refs.
[9, 45], which constrains the speed of the gravitational waves to be very close to
the speed of light.1 We will mention the influence of these constraints on the
different modified gravity models, where known.

Perhaps the most straightforward approach to modified gravity is to add addi-
tional fields to the theory thus violating the first assumption of Lovelock’s theo-
rem.2 The simplest examples are scalar-tensor theories of gravity where a scalar

1We note that the authors of Ref. [46] argue that the energy scale of these observations is
close to the cutoff scale of some modified gravity models, specifically models with cutoff scale
M ∼

(
MpH

2
0

)1/3 ∼ 260Hz. Therefore, the effective field theory breaks down and the speed
of the gravitational waves might not be modified in this regime.

2Another option violating the first assumption of Loveclock’s theorem is a non-metric approach
to gravity as in Ref. [47].
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field is added to the metric. If we restrict ourselves to second-order equations of
motion to avoid Ostrogradsky instabilities, see Ref. [48], the most general action
of a scalar-tensor theory is given by the Horndeski action, which was first discov-
ered in 1974 in Ref. [49] and then rediscovered in Ref. [50] as generalisation of the
Galileon gravity of Ref. [51]. The Horndeski action may be written as:

S[gµν , φ] =

∫
d4x

[
√
−g

5∑
i=2

Li + Lm[gµν , ψm]

]
, (3.1)

with

L2 := K(φ,X), (3.2)

L3 := −G3(φ,X)�φ, (3.3)

L4 := G4(φ,X)R +G4,X

[
(�φ)2 − (∇µ∇νφ)

2
]
, (3.4)

L5 := G5(φ,X)Gµν∇µ∇νφ− 1

6
G5,X(π,X)

[
(�φ)3 − 3(�φ)(∇µ∇νφ)

2

+2∇µ∇αφ∇α∇βφ∇β∇µφ
]
. (3.5)

X is an abbreviation of the standard kinetic term X := −(∇φ)2/2 and the Gi

are arbitrary functions of φ and X. Gi,X is the derivative of Gi with respect to
X, ψm represents matter fields which are coupled to the Jordan-frame metric gµν .
The standard Einstein-Hilbert term is recovered for G4 =M2

p/2 and G5 = 0. The
Horndeski model is a unified framework for a plethora of modified gravity models
like Brans-Dicke gravity, Ref. [52], and the covariant Galileon, Refs. [53, 54], which
plays an integral part for this thesis and will be further discussed in Section 3.2.

The constraints on the speed of gravitational waves demand G4,X ≈ 0 and
G5 ≈ const on the cosmological background, see Refs. [55–58]. This means that
Horndeski theories with non-zero G4,X and non constant G5 are only valid if the
scalar field on the cosmological background is negligible, which means that the
field can not explain the accelerated expansion of the late Universe. Since scalar-
tensor theories will be the main focus of this thesis, we will discuss them in much
greater detail in the following sections.

Besides scalar fields, vector fields and tensor fields have been considered as
additional field content. Analogous to scalar-tensor theory, where the most gen-
eral action leading to second-order equations of motion is given by the Horndeski
action, the generalised Proca theory, Ref. [59], is the most general vector-tensor
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theory with second-order equations of motion. The speed of gravitational waves in
generalised Proca theory is modified in a very similar way as in Horndeski gravity,
see Ref. [60], and thus very similar constraints apply. Considering a second rank-2
tensor, which is non-dynamical, leads to massive gravity theories, see Ref. [61]
for a review. Massive gravity is not affected by the neutron star merger results
since the wavelengths observed at the LIGO detector are much lower than the
cosmologically relevant graviton mass scale mg ∼ H0 ∼ 10−33 eV.

It is also possible to add more than one field to the field content, the most promi-
nent example being TeVeS, Ref. [62], the relativistic version of MOND (Modified
Newtonian Dynamics), Ref. [22], which is designed to explain the rotation curves
in galaxies without the need for dark matter. TeVeS adds two scalar and one
vector field to the metric. However, TeVeS seems to be ruled out by the neutron
star merger observations, see Ref. [63].

We now turn to a different class of modified gravity theories, which violate the
second assumption of Lovelock’s theorem, i.e. introduce higher-order derivatives
in the equations of motion. It is usually very challenging to construct consistent
theories with higher derivatives in the equations of motion since the Hamiltonian is
in general not bounded from below and the ground state may decay, a phenomenon
called Ostrogradsky instability, see Ref. [48]. However, it is possible to construct
some healthy theories.

Probably the most famous example is f(R) gravity, see Refs. [64, 65]. Here
the Einstein-Hilbert action, which is linear in the Ricci scalar, is generalised to
an arbitrary function of the Ricci scalar: L =

√
−gf(R). The resulting equa-

tions of motion are in general fourth order, but avoid Ostrogradsky instabilities
because the theory is equivalent to a scalar-tensor theory with second order equa-
tions of motion. This can be seen by using a suitable conformal transformation
of the metric (g̃µν = df

dR
gµν) and a field redefinition (φ ∝ ln df

dR
), see e.g. Ref. [65].

Since the Horndeski-functions corresponding to f(R) gravity automatically satisfy
G4,X = 0 = G5, f(R) gravity is not constrained by the neutron merger observa-
tions. Examples of well studied f(R) models are the Hu-Sawicki, Ref. [66], and
the Starobinsky model, Ref. [67], which evade solar-system constraints through
the Chameleon screening mechanism which we discuss in Section 3.4.2.

By violating both the first and the second assumption in Lovelock’s theorem,
one can formulate beyond Horndeski and DHOST models. Beyond Horndeski
models, Ref. [68], are scalar-tensor theories with third-order equations of motion
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which generalise the Horndeski Lagrangians L4 and L5, see Eqs. (3.4) and (3.5).
These theories are related to Horndeski by a disformal transformation (g̃µν =

gµν+Γ(φ,X)∂µφ∂νφ) if either L4 = 0 or L5 = 0. These models avoid Ostrogradsky
instabilities due to the appearance of constraint equations which ensure that the
propagating degrees of freedom obey second-order equations of motion, see Ref.
[68].

Beyond Horndeski models can be generalised even further to DHOST theo-
ries, Ref. [69], which are the most general scalar-tensor theories with higher-order
derivatives and with constraints reducing the number of degrees of freedom such
that Ostrogradsky instabilities are avoided. DHOST theories are invariant under
the most general disformal transformations (g̃µν = Ω2(φ,X)gµν +Γ(φ,X)∂µφ∂νφ).

The final class of modified gravity theories we consider are higher-dimensional
models, which violate the third assumption of Lovelock’s theorem.3 From the
perspective of string theory, the main contender for a unified theory of gravity
and the other fundamental forces, these extensions of gravity are particularly well
motivated since string theory requires the existence of 10 (or 11) dimensions. The
problem with higher-dimensional theories of gravity is that the gravitational force
would naively scale like 1/rD−2 in D-dimensional space time, which clearly contra-
dicts our observations that the gravitational force seems to scale like 1/r2. There-
fore, higher-dimensional gravity theories must be equipped with a mechanism to
hide the extra dimensions.

There exist two fundamentally different approaches to hiding the extra dimen-
sions. In Kaluza-Klein theory, Refs. [73, 74], the extra dimension is assumed to
be small, which is achieved through compactification of the extra dimension. On
scales larger than the compactification scale, which is usually assumed to be of
order TeV−1 to avoid constraints from collider experiments, all laws of physics will
appear 4-dimensional.

In the braneworld paradigm, Refs. [75, 76], on the other hand the extra dimen-
sions, also dubbed ‘bulk’, can be large, but are only accessible to gravity, while the
standard model particles are constrained to a thin ‘brane’, a 3+1 dimensional hy-
persurface in the ‘bulk’. Since the standard model particles only live on the brane,
the constraints from collider experiments do not apply and the extra dimensions

3Other classes of modified gravity, which violate the fourth and fifth assumption of Lovelock’s
theorem, exist in terms of emergent gravity approaches and non-local gravity respectively,
but are not relevant for this thesis. We therefore ignore them here for brevity. The interested
reader is referred to Refs. [70–72].

25



3. Modified Gravity and Screening

may be larger. Braneworld models avoid the constraints on the 1/r2 force law of
gravity in different ways. In the ADD model, Ref. [75], the extra dimensions are
assumed to be of order ∼ 0.1mm. Extra dimensions of this size are consistent
with the effective Planck mass measured in tests of gravity on scales larger than
∼ 0.1mm, while offering a solution to the hierarchy problem by reducing the fun-
damental Planck mass observable only on smaller scales. In the Randall-Sundrum
model, Ref. [77], the extra dimension is non-compact and a warp factor ensures
that gravity is localised close to the brane.

For late Universe cosmology the most relevant braneworld model is the DGP
model, Ref. [78]. The DGP model will indirectly play an important role for this
thesis since it reduces to the cubic Galileon model in the decoupling limit as
demonstrated in Section 3.2. In DGP gravity the 5D Planck mass M5 differs from
the 4D Planck mass Mp. In this way the 1/r2 force law is recovered below a cross-
over scale rc = M2

p/2M
3
5 . DGP gravity admits two distinct branches, the normal

branch and the self-accelerating branch. The latter can in principle explain the
accelerated expansion of the Universe, however, it is plagued by instabilities, while
the normal branch is healthy, see Ref. [79].

The action of DGP in its most basic form4 is given by:

SDGP =M3
5

∫
M

d5X
√
−GR5(G) +

M2
p

2

∫
B

d4x
√
−gR(g), (3.6)

where the manifold M is the 5-dimensional bulk space with coordinates X =

(xµ, y) and metric G. R5 is the 5D Ricci scalar and M5 is the 5D Planck mass,
which could a priori take any value. The brane B is a 4D hypersurface located
at y = 0 and with induced metric gµν(x) = Gµν(x, y = 0). If there is a hierarchy
between the 5D and 4D Planck mass, the model will appear 5-dimensional on scales
above the cross-over scale rc = M2

p/2M
3
5 and look like 4-dimensional gravity on

scales below the cross-over scale.
This concludes our general overview of the most prominent modified gravity

models. In the following sections we discuss scalar-tensor theories and their screen-
ing mechanisms in more detail since they are particularly relevant for this thesis.

4For simplicity we neglect external curvature and tension terms here.

26



3. Modified Gravity and Screening

3.2. The Cubic Galileon from DGP Gravity
The cubic Galileon model is especially important for this thesis since it is perhaps
the simplest modified gravity model with Vainshtein screening, see Section 3.4.1,
and will therefore be used as toy model in many places. Thus, it deserves a more
detailed introduction.

The cubic Galileon was first obtained from DGP gravity, see Eq. (3.6), as the
effective 4D theory in the decoupling limit, see Ref. [80]. We briefly sketch the
calculation of the effective action here referring to the original paper for details.

We first consider a general braneworld field theory with the bulk action SM[Φ]

and the brain action S∂M[φ], where the bulk field Φ satisfies the boundary condi-
tion Φ|∂M = φ. The partition function of this theory is given by the path integral
(~ = 1):

Z =

∫
DΦDφei(SM[Φ]+S∂M[φ]). (3.7)

To obtain the effective action Γ[φ] on the brain we expand the bulk action around
a solution Φ̄ of the bulk equation of motion with Φ̄ = φ up to second order in the
fluctuations Φ′ = Φ− Φ̄ and integrate out Φ′:

eiΓ[φ] ≈ ei
(
SM[Φ̄]+S∂M[φ]

) ∫
Φ′|∂M=0

DΦ′ exp

(
i

2

∫
Φ′ δ

2SM

δΦ2
(Φ = Φ̄)Φ′

)
. (3.8)

For the case of DGP gravity, see Eq. (3.6), the bulk field is the 5D metric GMN and
we write it in terms of the flat Minkowski metric ηMN : GMN = ηMN +HMN . The
boundary conditions require HMN(y = 0) = hMN . The resulting effective action
is best written in terms of the fields π, Nµ and h′µν , which are defined through:

− 2
√
−∂2π = hyy, Nµ = Gyµ − ∂µπ and h′µν = hµν +

π

rc
ηµν . (3.9)

The quadratic part of the effective action then becomes diagonal:

Γquadratic =
M2

p

4

∫
d4x

[
1

2
h′µν�h′µν −

1

4
h′�h′ − r−1

c Nµ
√
∂2Nµ +

3

r2c
π�π

]
. (3.10)

Of the higher-order terms in the effective action only the cubic term in π is relevant
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in the limit Mp, rc, Tµν → ∞ and Mp/M
2
5 , Tµν/Mp = const.:

Γinteractions ≈ −M
3
5

2

∫
d4x(∂π)2�π. (3.11)

In this ‘decoupling’ limit the scalar field π decouples from the graviton h′µν . In the
presence of matter fields on the brain, the linearised brain action S∂M contains
the interaction term 1

2

∫
d4xhµνT

µν . Since hµν is related to h′µν through Eq. (3.9),
the scalar field couples to the trace of the energy-momentum tensor: 1

2

∫
d4x π

rc
T .

The field Nµ however does not couple to any other field and we can set it to 0.
The 4D effective DGP model in the decoupling limit is therefore a scalar-tensor

theory. Its effective Lagrangian is given by L = LGR+Lπ, where LGR is the action
of GR expanded to second order in hµν and Lπ is the Lagrangian of the scalar
field π coupled to the trace of the energy-momentum tensor:

Lπ = −
3M2

p

4r2c
(∂π)2 − M3

5

2
(∂π)2�π +

π

2rc
T. (3.12)

Alternatively, one may rescale the scalar field π such that the standard kinetic
term is canonically normalised:

Lπ = −1

2
(∂π)2 − 1

2M3
(∂π)2�π +

π√
6Mp

T, (3.13)

with the mass scale M ∼ (Mp/r
2
c )

1/3. Varying this Lagrangian with respect to π,
we obtain the equation of motion:

�π +
1

M3

(
(�π)2 − (∂µ∂νπ)

2
)
= − T√

6Mp

=
ρm√
6Mp

, (3.14)

where we assumed that the energy momentum tensor is given by a pressure-less
perfect fluid Tµν = ρmuµuν with matter density ρm.

This equation of motion is remarkable in two aspects. First, it is only second
order in the derivatives of π even though the Lagrangian already contains second
derivatives. This marks this scalar-tensor theory as a Horndeski theory. Second,
the equation of motion is invariant under the galilean transformation π → π+ c+

bµx
µ. This scalar-tensor theory was thus dubbed Galileon in Ref. [51] in analogy

to the non-relativistic galilean boost ẋ → ẋ+ v. Ref. [51] furthermore discovered
that the model in Eq. (3.13) is only the cubic variant of a larger class of galilean
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invariant theories with second-order equations of motion, which also contains the
quartic and the quintic Galileon.

The covariant variant of the Galileon as formulated in Refs. [53, 54] breaks the
invariance under the galilean transformation but maintains second-order equations
of motion. It was later realised in Ref. [50] that the covariant Galileon models are a
subclass of the Horndeski models as defined in Eq. (3.1). The traditional covariant
Galileon model of Refs. [53, 54] is obtained by choosing the Horndeski functions
G3, G4 and G5 proportional to the standard kinetic term X. The action of the
cubic Galileon with G3 = X/M3 and K = X is equivalent to the effective DGP
action in the decoupling limit, see Eq. (3.13), except for the coupling to matter.
The coupling to matter can be added to the cubic Galileon through a conformal
coupling, see Eq. (3.35).

3.3. Conformal Transformations and Fifth Forces
In Eq. (3.1) we introduced the Horndeski theory as the most general scalar-tensor
theory with second-order equations of motion. In general the scalar field couples
non-minimally to the gravitational field if either G4 6= const. or G5 6= 0, thus
modifying the gravitational field equations. This is the so-called Jordan-frame
description of scalar-tensor theories, where the scalar field couples non-minimally
to gravity, but the matter fields follow geodesics of the metric gµν . In some cases,
there also exists an Einstein-frame description of the same theory, where the non-
minimal coupling terms disappear and the gravitational field equations are given
by Einstein’s equations, however the matter-fields couple to the metric through
a function of the scalar field. In the Einstein-frame description matter moves on
geodesics of a metric different from the one determined by Einstein’s equations.
In this way the emergence of a fifth force mediated by the scalar field becomes
apparent.

For a very careful analysis on the criteria for the existence of an Einstein frame
in Horndeski gravity we refer to Ref. [81]. For simplicity, we restrict ourselves
here to the case where G5 = 0 and G4 = G4(φ), i.e. the traditional scalar-tensor
theories:

S =

∫
d4x

[√
−g (K(φ,X)−G3(φ,X)�φ+G4(φ)R) + Lm [gµν , ψm]

]
(3.15)
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As we will demonstrate in the following, we can change to the Einstein frame with
a conformal transformation:

gµν → g̃µν = Ω2(φ)gµν . (3.16)

The transformation behaviour of the Ricci-scalar, the d’Alembert operator, the
metric determinant and the standard kinetic term X is given by:

R = Ω2
(
R̃ + 6�̃ log Ω− 6g̃µν∂µ log Ω∂ν log Ω

)
, (3.17)

�A = Ω2
(
�̃A− 2g̃µν∂µ log Ω∂νA

)
, (3.18)

√
−g = Ω−4

√
−g̃, X = Ω2X̃, (3.19)

where A is an arbitrary scalar field. These transformation rules together with the
identity: ∫

d4x
√
−g�A

A3
= 3

∫
d4x

√
−g (∇A)

2

A4
, (3.20)

which holds up to a negligible boundary term5, enable us to write the action in
Eq. (3.15) in terms of the new metric g̃:

S =

∫
d4x

[√
−g̃
(
K̃
(
φ, X̃

)
− G̃3

(
φ, X̃

)
�̃φ+ G̃4 (φ) R̃

)
+ Lm

[
Ω−2g̃µν , ψm

]]
.

(3.21)
The transformation rules for the Horndeski functions are:

K̃
(
φ, X̃

)
= Ω−4K

(
φ,Ω2X̃

)
− 4

Ω′

Ω3
G3

(
φ,Ω2X̃

)
X̃ − 12

Ω′2

Ω4
G4(φ)X̃

G̃3

(
φ, X̃

)
= Ω−2G3

(
φ,Ω2X̃

)
, G̃4(φ) = Ω−2G4(φ). (3.22)

Primes denote derivatives with respect to the scalar field φ.
From the transformation rules of the Horndeski functions we see that any non-

minimal coupling in the form of G4(φ) can always be removed by choosing the
conformal factor Ω2(φ) = 2G4(φ)/M

2
p . The action in the Einstein frame is then of

the form:

S =

∫
d4x

[√
−g̃
(
Lφ +

M2
p

2
R̃

)
+ Lm

[
Ω−2g̃µν , ψm

]]
, (3.23)

5We assume that the derivatives of field A vanish at the boundary.
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with the scalar-field Lagrangian Lφ = K̃ − G̃3�φ. The Einstein equations now
take their standard form with energy-momentum tensor:

T̃µν = T̃ φ
µν + T̃m

µν = − 2√
−g̃

δ
(√

−g̃Lφ

)
δg̃µν

− 2√
−g̃

δLm

δg̃µν
. (3.24)

In the Einstein frame the total energy-momentum tensor obeys a conservation
equation ∇µT̃µν = 0, however, the individual components T̃ φ

µν and T̃m
µν do not

obey a conservation equation, since the matter fields couple to the Jordan-frame
metric gµν = Ω−2g̃µν , which depends on φ. This is also called conformal coupling
and leads to the emergence of a fifth force mediated by the scalar field as we
demonstrate in the following.

Non-relativistic test objects moving on geodesics of the Jordan-frame metric
experience the acceleration:

dxi

dt2
≈ −Γi

00 = −Γ̃i
00 + g̃00

d log Ω

dφ
∂iφ, (3.25)

where the Christoffel symbols Γi
00 and Γ̃i

00 are computed from the Jordan-frame
and Einstein-frame metrics respectively. Since the equations of motion for the
Einstein-frame metric are the standard Einstein equations, the metric in the sta-
tionary weak-field limit is given by g̃00 ≈ −1−2ΦN , with the Newtonian potential
ΦN . Therefore, the acceleration of a non-relativistic test particle becomes:

dxi

dt2
≈ −∂iΦN +

d log Ω

dφ
∂iφ. (3.26)

We see that the test particle experiences a fifth force mediated by the scalar field
φ in addition to the Newtonian gravitational force.

We now take a look at the equation of motion for the scalar field in the Einstein
frame. Variation of the action in Eq. (3.23) with respect to the scalar field results
in the equation of motion:

δLφ

δφ
=

−1√
−g̃

δLm [Ω−2g̃µν , ψm]

δφ
= 2

d log Ω

Ω2dφ

g̃µν√
−g̃

δLm [gµν , ψm]

δgµν

=
d log Ω

dφ
T̃m. (3.27)

The scalar field thus couples to the trace of the Einstein-frame energy-momentum
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tensor of the matter fields, which in the pressure-less, perfect-fluid case is given
by the Einstein-frame matter density −ρ̃m.

Comparison of Eq. (3.27) with the equation of motion for the field π in the
decoupling limit of DGP, see Eq. (3.14), demonstrates that we have reproduced
the same coupling between the scalar field and matter if we choose the conformal
factor to be

Ω = exp
(
−φ/

√
6Mp

)
. (3.28)

The acceleration of a test particle due to the fifth force, see Eq. (3.26), is then
proportional to ∝ ∂iφ/Mp.

For the rest of this thesis we will skip the tilde on Einstein-frame quantities for
brevity. We will always work in the Einstein frame unless otherwise stated.

3.4. Screening of Fifth Forces
If our goal is the construction of a cosmologically relevant scalar-tensor theory,
we would expect the strength of the fifth force to be similar to that of gravity.
Furthermore, the fifth force has to be a long-range force with a mass m . H0 to be
of cosmological interest. However, long-range fifth forces with couplings as strong
as gravity are excluded by tests of gravity in the Solar System and laboratory
experiments, see e.g. Refs. [6, 7]. For the scalar-tensor theory to be viable, it
therefore must be highly non-linear such that the strength or the range of the
force is strongly suppressed on small scales, but is still cosmologically relevant.
Such non-linear theories are said to have a ‘screening mechanism’.

Various categorisations of the known screening mechanisms have been proposed
in the literature. Here we define two different classes of screening mechanisms, the
‘Vainshtein-type’ and the ‘Chameleon-type’ mechanisms. We define Vainshtein-
type screening mechanisms as models with non-linear kinetic terms in the equation
of motion. On scales where the non-linear terms dominate over the linear term,
the 1/r2-force law is modified and the fifth force is suppressed compared to gravity.
This class includes the traditional Vainshtein screening, Refs. [82, 83], as well as
kinetic screening, Ref. [84], and DBIonic screening, Ref. [85].

On the other side are Chameleon-type screening mechanisms which have a stan-
dard kinetic term, but have a non-linear effective potential which depends on the
local matter density. In these models the scalar field value minimising the effec-
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tive potential depends on the local matter distribution. Quantities like the mass
or the coupling strength of the scalar field are thus environmentally dependent.
The classic Chameleon mechanism, Ref. [86], and the Symmetron mechanism, Ref.
[87], fall into this class of screening mechanisms.

We will discuss both classes in more detail in the following two sections. For a
more detailed review of screening mechanisms we refer to Ref. [88].

3.4.1. The Vainshtein screening mechanism

For simplicity, we consider a scalar-tensor theory with the shift-symmetry φ →
φ + c. In this case, the equation of motion for the scalar-field may always be
written in the form:

∇µJ
µ =

ξ

Mp

ρm. (3.29)

We have assumed here that the conformal factor is given by Ω = exp (−ξφ/Mp)

with ξ being an order one parameter. The current Jµ can be split into the linear
part ∂µφ which stems from the standard kinetic term in the Lagrangian, X ∈ Lφ,
and a non-linear current Jµ

nl:

Jµ = ∂µφ+ Jµ
nl
(
∇φ,∇2φ

)
. (3.30)

The non-linear current has to be a function of the first and second derivatives of
the scalar field to obey the shift-symmetry. The dependence on second derivatives
is only possible, if the resulting third order terms in ∇µJ

µ
nl cancel out as is the

case for any Horndeski scalar-tensor theory.
Around a static, compact and spherically symmetric mass M0, the equation of

motion, Eq. (3.29), can be integrated over a sphere Sr of radius r using Gauss’
law:

ξ

Mp

M0 =

∫
Sr

d~Sr · ~J = 4πr2Jr = 4πr2 (∂rφ+ Jr
nl) , (3.31)

where Jr is the radial component of the spatial 3-vector current ~J . We have
assumed that the curvature is low around mass M0, such that all covariant deriva-
tives ∇ can be written as partial derivatives ∂. From Eq. (3.31) we can read off
the radial dependence of the fifth force in the two relevant regimes. In the regime
where the non-linear terms are negligible, we recover the 1/r2-force law of gravity,
i.e. there is no active screening of the fifth force.
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The situation is different in the regime where the non-linearities dominate. To
further simplify the analysis here, we assume that the non-linear current is poly-
nomial6 in the derivatives of φ:

Jr
nl ∝ (∂rφ)

n (∂2rφ)m ∝ r−(n+2m)φn+m, (3.32)

where m and n are natural numbers with m+ n ≥ 2. This results in a force law:

∂rφ ∝ r
m−2
n+m , (3.33)

where the exponent m−2
n+m

≥ −1. The ratio of the fifth force with respect to the
gravitational force scales as:

∂rφ

∂rΦN

∝ r
m−2
n+m

+2 = rα, (3.34)

where α ≥ 1. This demonstrates that the fifth force is strongly suppressed com-
pared to gravity for small r.

We conclude that Vainshtein screening is effective below a scale rV , called Vain-
shtein radius, which marks the scale where Jr

nl ∼ ∂rφ.
As an example we consider the cubic Galileon model conformally coupled to

matter, which will be of great importance for this thesis:

S =

∫
d4x

√
−g
[
M2

p

R

2
− 1

2
(∂φ)2 − 1

2M3
�φ (∂φ)2

]
+ SM

[
e2ξφ/Mpgµν , ψm

]
.

(3.35)
The resulting equation of motion:

�φ+
1

M3

(
(�φ)2 −Rµν∇µφ∇νφ− (∇µ∇νφ) (∇µ∇νφ)

)
=

ξ

Mp

ρm, (3.36)

is completely analogous to the decoupling limit of DGP, see Eq. (3.14), if we choose
ξ = 1/

√
6 and consider low curvatures.

The appearance of the Ricci-tensor Rµν can easily be understood. Variation of
the action in Eq. (3.35) with respect to the scalar field gives the third-order terms
∇µφ∇ν∇ν∇µφ and −∇µφ∇µ∇ν∇νφ. These third-order terms can be eliminated
by commuting the covariant derivatives, however, in this way we pick up a Ricci

6This is not possible in the case of DBIonic screening. See Ref. [85] for details.
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tensor. This mixing of second derivatives of the metric and the scalar field is also
called kinetic braiding, see Ref. [89]. A consequence is that even in the absence
of a conformal coupling, the Galileon field still couples to matter indirectly due to
its coupling to the metric.

In the static, low-curvature case, the equation of motion, Eq. (3.36), has the
form of Eq. (3.29) with the non-linear current:

J i
nl =

1

M3

(
∆φ∂iφ−

(
∂i∂jφ

)
∂jφ
)
. (3.37)

The cubic Galileon is thus of type m = 1, n = 1, see Eq. (3.32), and the force-law
should be of the form ∂rφ ∝ 1/

√
r inside the Vainshtein radius. Indeed the exact

solution around a spherical mass M0 is given by:

∂rφ =
M3

4
r

(
1−

√
1 +

r3V
r3

)
. (3.38)

The Vainshtein radius is defined through:7

r3V :=
2ξM0

πMpM3
. (3.39)

Examining the solution in Eq. (3.38), we find as expected ∂rφ ∝ 1/r2 at scales
larger than the Vainshtein radius, r � rV , and on small scales compared to the
Vainshtein radius, r � rV , we obtain ∂rφ ∝ 1/

√
r. Thus, the strength of the fifth

force compared to gravity is constant in space outside the Vainshtein radius but
decays as (r/rV )

3/2 towards smaller radii.

3.4.2. Chameleon-type screening mechanisms

We now discuss the Chameleon and Symmetron screening mechanisms. For this
purpose we consider a scalar-tensor theory of the form:

S =

∫
d4x

√
−g
(
M2

p

R

2
− 1

2
(∂φ)2 − V (φ)

)
+ Sm

[
Ω−2(φ)gµν , ψm

]
, (3.40)

7In the case of an evolving background, kinetic braiding adds an extra contribution to the effec-
tive coupling and modifies the Vainshtein radius as demonstrated in Eq. (A.31) in Appendix
A.2.
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where the potential V (φ) is arbitrary for now. The equation of motion is of the
form, see Eq. (3.27):

�φ =
dV

dφ
− d log Ω

dφ
ρm =:

dV eff

dφ
. (3.41)

We have assumed here that the trace of the energy-momentum tensor is given by
−ρm. The effective potential has the form:

V eff(φ, ρm) = V (φ)− log Ω ρm, (3.42)

and thus depends on the local matter distribution. If the field is varying only
slowly over time and space, such that the kinetic term in the equation of motion
may be ignored, the field will lie at the minimum of the effective potential which
is environmentally dependent φ̄ = φ(ρm).

In the case of the Chameleon field, the potential V (φ) is typically assumed
to decrease monotonically with φ. A prominent example is the Ratra-Peebles
potential V ∝ φ−n with n > 0.8 The minimum of the effective potential then
scales as φ̄ ∝ ρ

1/(n+1)
m if we choose the conformal factor to be an exponential

function of φ:
Ω(φ) = exp

(
−ξ φ

Mp

)
. (3.43)

As a consequence, the effective mass m2(ρ) := V eff
,φφ(φ̄, ρm) of fluctuations around

the minimum φ̄ is environmentally dependent and scales as m2 ∝ ρ
(n+2)/(n+1)
m . The

mass thus increases in regions of high densities, which decreases the range of the
fifth force.

For the Symmetron one typically assumes a Z2-symmetric potential of the form:

V (φ) = −µ
2

2
φ2 +

λ

4
φ4, (3.44)

together with the quadratic conformal factor:

Ω(φ) = exp

(
−ξ2 φ

2

M2
p

)
. (3.45)

A non-zero matter density modifies the quadratic term in the potential −µ →
8Negative n have also been discussed in the literature, see e.g. Ref. [90]. For the sake of

simplicity, we only consider positive n in this Chapter.

36



3. Modified Gravity and Screening

ξρm/Mp − µ. The Z2 is restored with φ̄ = 0 if the density term dominates over µ,
but is spontaneously broken in regions of low density. Due to the quadratic nature
of the conformal factor, the coupling of the fifth force to matter is proportional to
the scalar field value φ̄ and thus vanishes in regions of high density.

We will now demonstrate how Chameleon-type screening behaves around com-
pact objects by considering a static, spherically symmetric matter source M with
radius R and constant density ρM , which is embedded in a homogeneous back-
ground density ρbg. We assume that the mass M is large or dense enough that
the field inside the object is given by the minimum of the effective potential
φM = φ(ρM), except for a thin shell at the boundary. We will specify later what
‘large enough’ means. Far away from the mass, the field becomes φbg = φ(ρbg).
In the close vicinity of the object, the field is given by a solution which matches
these two boundary conditions:

φ(r > R) = φbg −
R

r
(φbg − φM) e−m(ρbg)(r−R). (3.46)

We have assumed here that the effective potential outside the object is well approx-
imated by a quadratic with mass m2(ρbg) = V eff

,φφ(ρbg). For both the Chameleon and
Symmetron model the minimum of the effective potential decreases with increas-
ing density. Thus, it is safe to assume φbg � φM , if the object has a significantly
higher density than the background. We may therefore write:

φ(r > R) = φbg − λ
ξM

4πMpr
e−m(ρbg)(r−R), (3.47)

where the screening or thin-shell factor λ is defined as:

λ =
3Mp(φbg − φM)

ξρMR2
=

φbg − φM

2ξMpΦN(R)
≈ φbg

2ξMpΦN(R)
. (3.48)

We used that the gravitational potential at the surface of the object is given by
ΦN =M/8πM2

pR.
The meaning of the screening factor λ becomes clear when comparing the gradi-

ent of the scalar field with the gradient of the gravitational potential: ∂rφ/∂rφN ∝
λξMp, if r � m(ρbg). A small screening factor λ � 1 typically indicates that the
fifth force is screened compared to the gravitational force. To be more precise, the
exact magnitude of the fifth force on a test particle is given by ∂iφ d log Ω/dφ, see

37



3. Modified Gravity and Screening

Eq. (3.26). In the case of an exponential conformal factor like for the Chameleon,
see Eq. (3.43), the fifth force is directly proportional to the gradient of the scalar
field and a small λ guarantees a small fifth force if ξ ∼ 1. However, for the Sym-
metron the fifth force is proportional to φ∂iφ, i.e. the magnitude of the fifth force
relative to gravity around the central object is approximately φbgλ/Mp. The mag-
nitude of the fifth force thus depends more subtly on both λ and the background
field φbg/Mp.

The screening due to a small screening factor λ has a nice interpretation in
terms of the thin-shell effect. Since the mass of the Chameleon is large inside
of the object, the range of the fifth force is small (∼ m−1(ρM)) and only the
outermost shell of the object can source a fifth force of longer range (m−1(ρbg)).
Similarly for the Symmetron, the inner part of the object, where the Z2-symmetry
is restored, has a vanishing coupling to matter and thus does not contribute to
the fifth force of the object.

In Ref. [91] a much more careful derivation of the thin-shell solution in Eq.
(3.47) is presented in the context of Chameleon gravity. Ref. [91] shows that
λ � 1 also guarantees consistency with our assumption that the object is ‘large
enough’ for the field inside the object to be given by the minimum of the effective
potential.
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4. The Shape Dependence of
Vainsthein Screening in the
Matter Bispectrum

As stated in the introduction, see Chapter 1, it is our desire to find observable fea-
tures of screening mechanisms. One such feature is the shape dependence of Vain-
shtein screening, i.e. the observation that the effectiveness of Vainshtein screening
around matter sources depends on the shape of the sources, see Ref. [92]. We
demonstrate in this chapter that this shape dependence affects the matter bis-
pectrum in a very intuitive way and with a unique time dependence which could
be used to minimize degeneracies with other cosmological parameters. We use a
conformally coupled cubic Galileon as toy model and perform a second-order per-
turbative analysis to derive analytic, integral expressions for the bispectrum. The
latest version of the hi class-code is used to demonstrate the time dependence of
the effect. We leave a careful data comparison for future analyses and concentrate
on the phenomenology in this work.

This work was published in Ref. [3] together with my coauthors Clare Burrage
and Daniela Saadeh, who gave excellent advice throughout this work and helped
me with some of the numerical aspects of the hi class code. Ref. [3] is replicated
here with only minor changes, which establish the connections to the introductory
chapters 2 and 3 in this thesis.

4.1. Motivation
In Section 3.4.1 we have introduced Vainshtein screening as one of the main
contenders for a screening mechanism which suppresses fifth forces in regions of
high second-order derivatives of the scalar field. Remarkably, it was realized in
Refs. [92, 93] that the effectiveness of Vainshtein screening is strongly dependent
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4. The Shape Dependence of Vainsthein Screening in the Matter Bispectrum

on the shape of the source mass. The screening is most effective around spherical
sources, less effective around cylindrical bodies and non-existent in systems with
planar symmetry.

The discovery of this shape-dependence motivated us to look for this effect in the
cosmic web, where lots of different shapes are present, from clusters to filaments
and walls.1 The dynamics of the cosmic web are investigated here using cosmolog-
ical perturbation theory. Since Vainshtein screening is intrinsically non-linear, we
have to go to at least second order in perturbation theory to observe any shape-
dependent effects: we will therefore use the matter bispectrum as our observable.
The matter bispectrum is especially suitable to test for shape dependence as it
is sensitive to three wavenumbers, which form a closed triangle upon imposing
background homogeneity. Different triangle shapes correspond to different shapes
in real space, which have differing screening properties2.

The simplest model exhibiting Vainshtein screening is the cubic Galileon, see
Sections 3.2 and 3.4.1. It was shown in Ref. [98] that the cubic Galileon without
coupling to matter is ruled out as the only energy component driving the late-
time accelerated expansion of the Universe, as it predicts a negative integrated
Sachs-Wolfe effect in conflict with current obervations. Similarly, a cubic Galileon
which couples to matter conformally, is constrained by solar-system bounds on
the variation of Newton’s constant, see Refs. [5, 99] and Chapter 5. Therefore,
we include a cosmological constant in our model and keep the Galileon energy
density as a subdominant energy component throughout the entire evolution of
the Universe. A cosmological model with such a sub-dominant cubic Galileon
component was also considered in Ref. [100], where it was shown that independent
initial perturbations in the Galileon field can break the usual correlation between
density and velocity power spectra and lead to a form of stochastic bias.

The matter bispectrum was first studied for cubic Galileon models in Ref. [101]
and, subsequently, generalised to Horndeski theories [102–105]. These analyses
did not include an explicit conformal coupling to matter, only an indirect coupling
due kinetic braiding, see the discussion after Eq. (3.36). Our analysis includes an
explicit conformal coupling of the Galileon field to matter, which generally results
in a stronger fifth force and stronger effects from screening. Furthermore, we

1The morphology dependence of Vainshtein screening in the cosmic web was previously explored
with simulations in Ref. [94]. For further numerical studies of Vainshtein screening see also
Refs. [95, 96].

2See Ref. [97] for a very insightful interpretation of the different shapes of the bispectrum.
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demonstrate for the first time how the shape-dependence of Vainshtein screening
affects the bispectrum.

4.2. The Shape-Dependence of Isolated Objects
In this section we review the effect of shape-dependent Vainshtein screening. As
a simple proxy for an extension of general relativity with Vainshtein screening we
consider a cubic Galileon model with a conformal coupling to the matter fields
similar to the one introduced in Eq. (3.35). In addition to the model in Eq. (3.35)
we include a cosmological constant Λ since the cubic Galileon cannot be the sole
source of the late-time accelerated expansion of the Universe as mentioned in the
previous section. The model we consider has the form:

S =

∫
d4x

[
M2

p

√
−g
(
R

2
− Λ + Lφ

)
+ Lm [(1 + φ) gµν , ψm]

]
, (4.1)

with the Lagrangian for the Galileon field being:

Lφ = −C2

2
(∇φ)2 − C3

2
(�φ)(∇φ)2. (4.2)

This model differs from the cubic Galileon defined in Eq. (3.35) in two ways. First,
we approximated the exponential conformal factor of Eq. (3.35) linearly3. This is a
very good approximation as long as the dimensionless field φ is small compared to
1, which it always will be since we are not interested in a self-accelerating Galileon
model, i.e. an explanation of the late-time accelerated expansion of the Universe
through a time-varying conformal factor.

The second difference between our cubic Galileon model here and Eq. (3.35)
is the normalisation of the scalar field. We have rescaled the scalar field such
that it is dimensionless (2ξφ/Mp → φ). As a consequence, the kinetic term is
not canonically normalised. Due to this rescaling our expressions are very closely
related to the calculations in Ref. [101], the first paper studying the bispectrum
in the (non-conformally coupled) cubic Galileon model. We were thus able to use
some of their expressions for the extremely involved calculation of the second-order

3This linear approximation of the conformal factor is in principle not necessary as all consec-
utive expressions in this Chapter would be similarly simple if we kept the full exponential
dependence. However, we chose to work with the linear approximation in Ref. [3] and for
consistency with our publication, we choose to do the same here.
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cosmological perturbations4. The parameters C2 and C3 of our model here, Eq.
(4.1), are related to the parameters ξ and M of the model in Eq. (3.35) by:

C2 =
1

4ξ2
, C3 =

Mp

6M3ξ3
. (4.3)

The parameter C2 is thus dimensionless and C3 has inverse mass dimension 2.
Since we will use the hi class code for numerical analyses later on, we will use

the hi class normalization for densities in this Chapter, such that the Friedmann
equation takes the form H2 =

∑
i ρi (the same normalization will be used for

pressures). For the energy-momentum tensor of the matter fields we make the
standard cosmological assumption that matter is non-relativistic and can thus be
treated as a pressureless, perfect fluid with velocity field uµ. With the hi class
normalization of densities the energy-momentum tensor takes on the form Tm

µν =

3M2
pρmuµuν .

Variation of the action Eq. (4.1) with respect to the Galileon field gives the field
equation (see also Eq. (3.36)):

C2�φ+ C3

(
(�φ)2 −Rµν∇µφ∇νφ− (∇µ∇νφ) (∇µ∇νφ)

)
=

3ρm
2(1 + φ)

. (4.4)

Variation of the action with respect to the metric leads to the Einstein equations:

Gµν =M−2
p

(
Tm
µν + T φ

µν

)
− Λgµν , (4.5)

with the energy-momentum tensor of the Galileon field being:

T φ
µν

M2
p

= C2(∂µφ)(∂νφ)−
C2

2
gµν(∇φ)2

+C3

(
(∂µφ)(∂νφ)�φ−∇{µφ∇ν}αφ∇αφ+ gµν∇αφ∇αβφ∇βφ

)
. (4.6)

Furthermore, the Bianchi identities give rise to the conservation equations:

∇µ
(
Tm
µν + T φ

µν

)
= 0. (4.7)

In order to demonstrate the shape dependence of the Vainshtein screening mech-

4To be precise, there still remains a small difference in signs and normalisations between our
expressions and the calculations in Ref. [101]. Expressions in Ref. [101] can be used in our
analysis when replacing C2 → −C2 and C3/M

3 → −C3
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anism we examine Eq. (4.4) in the static and curvature free case and assume that
φ� 1:

C2∆φ+ C3

(
(∆φ)2 − (∂i∂jφ)(∂

i∂jφ)
)
=

3ρm
2
, (4.8)

where ∆ is the static spatial Laplacian. This equation can be solved for various
different shapes of the source ρm, see Ref. [92]:

• Planar Symmetry: For simplicity, we assume here that the source has the
constant density ρ0 if |z| ≤ z0 and zero otherwise. Any other configuration
with planar symmetry qualitatively has the same result. We consider the
fifth force outside of the source and its relative strength with respect to the
gravitational force ~FG:

∂zφ =
3ρ0z0
2C2

, ⇒ |~F5|
|~FG|

=
M2

p

2C2

. (4.9)

For any configuration with planar symmetry the non-linear (C3) term in Eq.
(4.8) vanishes completely, there is no screening and the relative strength of
the fifth force with respect to the gravitational force is constant in space.

• Cylindrical Symmetry: We assume the source to have constant density
ρ0 inside the radius r0 (radius being defined as r2 = x2 + y2 here) and the
density is zero otherwise:

∂rφ =
C2r

2C3

(√
1 +

r2V
r2

− 1

)
with rV :=

√
3r20ρ0C3

C2
2

. (4.10)

rV is called the Vainshtein radius and determines the scale below which the
non-linear terms become important. Within the Vainshtein radius (r0 <
r � rV ):

|~F5|
|~FG|

=
M2

p

C2

r

rV
. (4.11)

We see that the fifth force becomes weaker than the graviational force inside
the Vainshtein radius and is thus screened.

• Spherical Symmetry: The source is defined in the same way as for the
cylindrical case except now radii are defined by r2 = x2+y2+z2. Equivalently
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to Eq. (3.38), we obtain:

∂rφ =
C2r

4C3

(√
1 +

r3V
r3

− 1

)
with rV :=

(
4r30ρ0C3

C2
2

)1/3

. (4.12)

The relative strength of the fifth force inside the Vainshtein radius is now
given by:

|~F5|
|~FG|

=
M2

p

C2

r3/2

r
3/2
V

. (4.13)

We observe that the fifth force is screened more effectively inside the Vain-
shtein radius than for the cylindrical case.

To summarize, the more evenly the Galileon field depends on the three directions
of space, the larger is the non-linear term in Eq. (4.8) and the more effective is
Vainshtein screening. All of the above mentioned source symmetries appear on
cosmological scales as walls, filaments and halos. Therefore, we will search for this
shape-dependent effect in the distribution of cosmic structure.

More specifically, the shape-dependent term in Eq. (4.8) is non-linear, so that
its effects can only manifest at second or higher order in cosmological perturbation
theory. We will therefore study the matter bispectrum, which is sensitive to both
non-linearitLi:2013nuaies and shapes, due to its dependence on three wavevectors
forming a closed triangle. Based on our observations of the shape dependence in
real space, we expect the non-linearities to be largest for the equilateral config-
uration, which corresponds to the highest degree of symmetry, and to vanish for
the flattened configuration, where all three sides of the triangle are parallel thus
containing only one-dimensional information in Fourier space.

4.3. Cosmological Perturbation Theory in the
Einstein Frame

In order to compute the bispectrum for our Galileon model, we have to perform a
perturbative analysis up to second order in the matter density contrast. For this
we start by analysing the background evolution and then proceed with a first and
second order calculation. A similar analysis without an explicit coupling to matter
was performed in Ref. [101]. For the rest of this Chapter we will set Mp = 1.
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4.3.1. Background evolution

At the background level, the metric is given by the FLRW-metric, see Eq. (2.9),
and the Einstein equations become the Friedmann equations, Eqs. (2.11) and
(2.12):

H2

a2
= ρm + ρφ +

Λc

3
, (4.14)

1
a2
(H2 + 2H′) = −pφ + Λc

3
, (4.15)

where the background Galileon density and pressure are defined by:

ρφ =
C2

6a2
φ′2 − C3

a4
Hφ′3, (4.16)

pφ =
C2

6a2
φ′2 +

C3

3a4
φ′2 (φ′′ −Hφ′) . (4.17)

The background Galileon equation of motion takes on the form:

− C2

a2
(φ′′ + 2Hφ′) +

3C3

a4
φ′ (2Hφ′′ +H′φ′) =

3ρm
2(1 + φ)

. (4.18)

Finally, the 0-component of the conservation equations becomes:

− ρ′m − 3Hρm +
ρmφ

′

2(1 + φ)
= 0. (4.19)

4.3.2. Cosmological Vainshtein screening

Before we solve the Galileon field equation, Eq. (4.18), numerically with hi class,
we can obtain useful analytical understanding by applying the simplifying as-
sumption φ � 1 which is typically true if the Galileon density, Eq. (4.16), is
subdominant on the background. This assumption enables us to approximate
the continuity equation, Eq. (4.19), by ρ′m = −3Hρm if we additionally assume
φ′ ∼ Hφ. Both assumptions have been checked numerically for all the models we
study in Section 4.4. Under these assumptions the continuity equation has the
solution ρm = ρm,0a

−3. It is now straightforward to solve the Galileon equation of
motion if C3 > 0:

φ′
1/2 =

C2a
2

6C3H

(
1±

√
1 + λV (a)

)
, with λV (a) := 18Hρmt

C3

C2
2

, (4.20)
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where t is the physical time. Variants of this solution, which assumed C2 to be
negligibly small, have already been derived in Refs. [100, 106]. By solving the
equation of motion numerically using hi class we found for all models studied in
Section 4.4 that only the negative branch of the solution is stable on a cosmological
background. This is analogous to the two branches of the DGP model, of which
only the normal branch is stable, see Ref. [79].

The solution in Eq. (4.20) is called the cosmological Vainshtein solution, because
it exhibits a time-like Vainshtein screening effect. The function λV measures the
magnitude of the non-linear terms in the equation of motion against the linear
terms and is the time-like equivalent of (rV /r)

3 in the spatial solution around
a spherical source, see Eq. (4.12). We will show in the next Section that the
linearised fifth force will be screened at early times where λV � 1 compared to a
situation where λV � 1.

4.3.3. Linear Perturbation Theory

We now look at scalar linear perturbations in the cosmic fluid. Similar to our
approach to structure formation in general relativity, see Section 2.3, we choose
Newtonian gauge:

ds2 = a2
[
−(1 + 2Ψ)dτ 2 + (1− 2Φ)δijdx

idxj
]
. (4.21)

In addition to the perturbative quantities (δ, v, v0, Φ and Ψ) in the general
relativistic case, see Eq. (2.20), we now have to consider the perturbed Galileon
field, which we write as φ + δφ, where φ is the background field and δφ = φ(1) +

φ(2)/2 + . . . is the perturbative variable in terms of the first and second-order
perturbations. The Galileon, Einstein and Conservation equations, Eqs. (4.4),
(4.5) and (4.7), expanded at linear order are listed in Appendix A.1.1. Analogous
to our calculation in Section 2.3 we combine these equations using the quasi-static
approximation, which is valid on subhorizon modes (H2 � k2)5. We arrive at a
second-order differential equation for the density contrast (compare to Eq. (2.27)

5The validity of the quasi-static approximation has been demonstrated for theories with Vain-
shtein screening in Ref. [107]
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for the general relativistic analogue):

δ(1)′′ +

(
H +

φ′

2(1 + φ)

)
δ(1)′ = αδ(τ)δ

(1), (4.22)

where

αδ :=
3a2ρ̄

2

[
1 +

α2
φ

2A(τ)

]
, αφ :=

1

1 + φ
+
C3φ

′2

a2
, (4.23)

A(τ) := C2 −
2C3

a2
(φ′′ +Hφ′)− C2

3φ
′4

2a4
. (4.24)

In the square brackets, the gravitational force of strength one (M−2
p = 1) is ac-

companied by a fifth force of strength α2
φ/(2A). The first term in αφ reflects the

conformal coupling between matter and the Galileon field, and the second term is
a consequence of kinetic braiding, i.e. the indirect coupling of the scalar field to
matter through the metric.

Inserting the cosmological Vainshtein solution of Eq. (4.20) into the expression
for A(τ) enables us to observe the cosmological screening of the linearised fifth
force. Assuming matter domination for simplicity (radiation domination just gives
different numerical factors), A(τ) ≈ C2(1 + λV (a)/3) ≈ C2 if λV (a) � 1, and
A ≈ C2(1 + 2

√
λV /3) ≈ 2C2

√
λV /3 if λV � 1. Similarly, we obtain αφ ∼ 1,

and thus, the strength of the fifth force relative to gravity is given by A−1. We
conclude that for λV � 1 the fifth force is unscreened with strength ∼ C−1

2 relative
to the gravitational force and for λV � 1 the fifth force is suppressed with relative
strength (C2

√
λV )

−1.

4.3.4. Breakdown of Perturbation Theory

In general relativity, cosmological perturbation theory is restricted to scales that
obey δ � 1, see also the discussion around Eq. (2.42). Below the non-linearity
scale, the hierarchy between background, linear and non-linear terms in the Con-
tinuity and Euler equations breaks down. Similarly, for the background Galileon
equation of motion, Eq. (4.18), we had to assume |�δφ(τ, ~x)| � |�φ(τ)|, i.e. we
neglected second derivatives of the Galileon field perturbation δφ compared to
second derivatives of the background field φ. This means that there is a second
non-linearity scale in our system, the scale where |�δφ(τ, ~x)| ∼ |�φ(τ)|. Our
perturbative analysis breaks down on smaller scales.
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The same assumption had to be made when we derived the linearised Galileon
equation of motion, Eq. (A.5). We assumed that terms non-linear in δφ, like
C3(�δφ)2, are small compared to the term (C2 + C3�φ)�δφ, which is linear in
δφ.6 This makes the connection between this new non-linearity scale and the
Vainshtein radius clear as both indicate the scale at which the non-linearities of
the spatially dependent Galileon field become relevant in the equation of motion.

If this new non-linearity scale is larger than the standard non-linearity scale
defined by δ ∼ 1, our analysis is even more restricted than a conventional pertur-
bative analysis without the Galileon field. Therefore, it is important to check how
the assumption ∣∣∣∣�δφ(τ, ~x)�φ(τ)

∣∣∣∣� 1 (4.25)

compares to the assumption δ � 1.
The Galileon field perturbation δφ on the left-hand side of Eq. (4.25) is in

principle given by the full series δφ =
∑∞

n=1 φ
(n)/n! making the expression a non-

perturbative statement about the perturbativity of the system. However, this
makes it unfeasible to check the condition in practice. We therefore assume in the
following that the order of magnitude of the non-linearity scale can be estimated
if we simplify δφ ≈ φ(1). This simplification is true on all scales up to the non-
linearity scale, so the estimate for the non-linearity scale obtained in this way
should be of the correct order of magnitude. Furthermore, we assume that the
quasi-static approximation is valid, i.e. we can neglect the time derivatives in
�δφ compared to the spatial derivatives. This assumption is valid as long as the
non-linearity scale is a sub-horizon scale.

With these assumptions the ratio on the left-hand side of Eq. (4.25) is given by:

∆φ(1)

(φ′′ + 2Hφ′)
=

3ρ̄αφa
2

2A(τ)(φ′′ + 2Hφ′)
δ(1). (4.26)

We used in the first step that, on a linear level, the Einstein and Galileon field
equations, Eqs. (A.3) and (A.5), can be combined to:

∆φ(1) =
3ρ̄αφ

2A(τ)
δ(1). (4.27)

6For simplicity, we ignore C2 compared to C3�φ in the following. This is consistent with our
goal to study meaningful cubic galileon models, i.e. models where the galileon term dominates
over the standard kinetic term.
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We define the quantity:

λ(τ) :=

∣∣∣∣2A(τ)(φ′′ + 2Hφ′)

3ρ̄αφa2

∣∣∣∣ . (4.28)

As long as λ & 1 the assumption in Eq. (4.25) is fulfilled automatically if δ �
1. Thus, the new non-linearity scale leads to no additional restrictions of the
perturbative analysis beyond the requirement δ � 1.

We will check the condition λ & 1 for every model we study in Section 4.4 and
plot the quantity λ as a function of time in Figure 4.2. In a simplified, analytically
tractable setting, where we assume matter domination together with C2 = 0, we
find λ ≡ 2, i.e. the two non-linearity scales are of the same order of magnitude.
What appears to be a coincidence at first sight is actually a consequence of the
particular Galileon model we chose. The conformal coupling of the Galileon field
with matter causes the background equation of motion to require C3(�φ)2 ∼ ρ̄

and the linear equation to enforce C3�φ�δφ ∼ ρ̄δ. Combining these two scaling
relations, results in

∣∣∣�δφ(τ,~x)
�φ(τ)

∣∣∣ ∼ δ. Since it is not trivial that the two non-linearity
scales will be equivalent for any Vainshtein screening model, we propose that the
condition in Eq. (4.25) should be checked for any perturbative study of Vainshtein
screening.

4.3.5. Second-Order Perturbation Theory

In order to compute the matter bispectrum we have to proceed to second order in
perturbation theory as prescribed in Section 2.3. This enables us to capture the
onset of non-linear dynamics and the Vainshtein screening mechanism. Computing
the Galileon, Einstein and Conservation equations, Eqs. (4.4), (4.5), (4.7), at
second order and combining them appropriately, results in the inhomogeneous
equation:

δ(2)′′ +

(
H +

φ′

2(1 + φ)

)
δ(2)′ = αδ(τ)δ

(2) + S(δ), (4.29)

where the inhomogeneity S(δ) captures the non-linear physics. Compared to the
non-linearities in pure GR, see Eq. (2.34), S(δ) now includes additional terms from
the Galileon field. In A.1.2 we state the source function S(δ) in terms of the source
functions S(1), S(4), S(5), S(6) and S(7) which were defined in the Appendix of
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Ref. [101] and are sufficiently long that we don’t reproduce them here. However,
we would like to point out the appearance of one crucial term, which was also
found in Ref. [102]:

S(δ) ⊃ − C3αφ

a2A(τ)

[(
∆φ(1)

)2 − (∂i∂jφ(1)
) (
∂i∂jφ(1)

)]
. (4.30)

This term has the same structure as the non-linear part of Eq. (4.8) and thus
encodes the shape dependence of the Vainshtein screening mechanism.

The kernel K of the inhomogeneity S(δ) as defined in Eq. (2.34) is now given by:

K(a,~k1, ~k2) = 2
(
H2f 2(τ) + αδ(τ)

)
α(~k1, ~k2) + 2β(~k1, ~k2)H2f 2(τ)

−
9C3ρ̄

2a2α3
φ

4A3(τ)
γ(~k1, ~k2) (4.31)

Compared to the pure GR kernel in Eq. (2.35), we introduced an extra form factor

γ(~k1, ~k2) := 1− (~k1 · ~k2)2

k21k
2
2

. (4.32)

The additional form factor γ originates directly as a Fourier transform of the
non-linear term in Eq. (4.30) and reflects very intuitively the shape dependence
of Vainshtein screening. If the modes ~k1 and ~k2 are parallel, the term vanishes
and no screening can occur. ~k1 and ~k2 being parallel means that we only capture
one-dimensional information which is equivalent to a situation in real space with
planar symmetry where, similarly no screening occurs, compare with Eq. (4.9).
The appearance of γ in Horndeski theories was already noted in Refs. [102, 105]
and earlier for DGP gravity in Ref. [108], but without making the connection to
the shape dependence of Vainshtein screening.

In order to solve the inhomogeneous differential equation for δ(2), Eq. (4.29), we
make the same ansatz for δ(2) as in the pure GR case, see Eq. (2.36):

δ(2)(τ,~k) =

∫
d3k1d

3k2 δ(~k − ~k1 − ~k2)F2(τ,~k1, ~k2) δ
(1)(τ,~k1) δ

(1)(τ,~k2). (4.33)

We adopt the technique used in Ref. [101] to solve Eq. (4.29) with Green’s method:

F2(τ,~k1, ~k2) =

∫ τ

τi

dτ̃ G(τ, τ̃)K(τ̃ , ~k1, ~k2)
D2

+(τ̃)

D2
+(τ)

. (4.34)
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The Green’s function G is defined by:

G(τ, τ̃) :=
D1(τ)D2(τ̃)−D2(τ)D1(τ̃)

W (τ̃)
Θ(τ − τ̃), (4.35)

with the Wronskian W :

W (τ) := D′
1(τ)D2(τ)−D′

2(τ)D1(τ). (4.36)

The functions D1 and D2 are two independent solutions of the linear growth
equation, Eq. (4.22). In our numerical analysis in Section 4.4.2 we will associate
D1 and D2 with the growing and decaying modes D+ and D−.

Using the kernel in Eq. (4.31), F2 can be cast into the form:

F2(τ,~k1, ~k2) = AGR(τ)α(~k1, ~k2) + BGR(τ) β(~k1, ~k2) + Bφ(τ) γ(~k1, ~k2). (4.37)

The time dependent functions AGR, BGR and Bφ are defined in Appendix A.1.1.
While the functions AGR and BGR always appear in general relativity, Bφ is a
purely Galileon contribution describing the shape-dependent non-linearities in the
Galileon equation of motion. We demonstrate in Appendix A.1.3 that there is a
relation between AGR and BGR:7

AGR(τ) = 2− BGR(τ). (4.38)

Defining µ as the cosine of the angle between ~k1 and ~k2, we thus conclude:

F2(τ,~k1, ~k2) = 2 +
µ

k1k2

(
k21 + k22

)
− B(τ)

(
1− µ2

)
, (4.39)

where
B(τ) := BGR(τ)− Bφ(τ). (4.40)

We observe that the contribution from GR described by BGR has the same shape-
dependence as the Vainshtein screening contribution, Bφ, since both multiply (1−
µ2) in Eq. (4.39). The origin of this shape-dependence in GR may be traced back
to the kernel of the displacement field in second-order Lagrangian perturbation
theory, which is proportional to (1− µ2), see Ref. [109].8

7We thank Emilio Bellini for pointing out this relation to us.
8Since first-order Lagrangian perturbation theory is exact in one dimension, second-order per-
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The bispectrum and the reduced bispectrum may now be computed by means
of Eqs. (2.46) and (2.47) respectively. The form factor F2 appears in three copies
in the bispectrum: F2(~k1, ~k2), F2(~k1, ~k3) and F2(~k2, ~k3). The contribution from
Vainshtein screening to the form factor F2, i.e. the term Bφ(τ)(1 − µ2), vanishes
for parallel wavevectors (µ = 1). Thus, in the case of the flattened limit, where all
the three wavevectors are approximately parallel, the contribution from Vainshtein
screening to the bispectrum vanishes completely. In this case, the real-space,
plane-wave density perturbations associated with these three wavevectors will only
depend on one direction of space which is equivalent to the planar symmetry
discussed in Section 4.2, where no Vainshtein screening occurred. The vanishing
of the contributions from Vainshtein screening to the bispectrum thus coincides
with our expectations.

The signal imprinted by Vainshtein screening on the bispectrum vanishes where
the fifth force is unscreened and is maximum where the screening is also largest.
This is because stronger screening requires larger non-linearities, which are de-
tected by the bispectrum. A situation of no screening corresponds to no additional
non-linearities.

It is possible to compute the function Bφ analytically in a simplified setting. For
this purpose we assume matter domination together with C2 = 0 for the rest of this
section. During matter domination, D+ ∝ a and D− ∝ a−3/2 with a = ρm,0τ

2/4,
so the Green’s function takes on the form:

G(τ, τ̃) =
1

5

(
τ 2

τ̃
− τ̃ 4

τ 3

)
. (4.41)

The negative (stable) branch of the solution to the Galileon field equation, Eq. (4.20),
becomes (assuming the initial conditions φ = φ′ = 0 at τ = 0):

φ′ = −
√

ρm,0t

2C3H
= − a√

3C3

⇒ φ =
2φ′

3H
and φ′′ = Hφ′. (4.42)

This enables us to compute:

αφ =
4

3
, A(τ) = − 8

9φ
− 1

18
≈ − 8

9φ
, (4.43)

turbations only exist for higher-dimensional systems. This is equivalent to the Vainshtein
case where non-linearities require systems of dimension two or higher.
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where we assumed φ � 1. Using Eq. (4.16) we find ρφ/ρm = −φ/2 and we
conclude:

−
9C3ρ̄

2a2α3
φ

4A3(τ)
=

9

8
H2φ = −9

4
H2 ρφ

ρm
. (4.44)

Finally, we can integrate for Bφ:

Bφ = −
∫ τ

τi

dτ̃ G(τ, τ̃)
9C3ρ̄

2a2α3
φ

4A3(τ)

D2
+(τ̃)

D2
+(τ)

= − 9

50

ρφ
ρm

. (4.45)

The fraction ρφ/ρm is small due to the assumption of matter domination. During
matter domination, BGR has the standard value of 4/7, see e.g. Ref. [110], and
will thus be significantly larger than Bφ. In the presence of the Galileon field
BGR receives small corrections relative to its GR value 4/7 due to the impact of
the Galileon field on the background evolution. These corrections are difficult to
compute analytically but will be studied numerically in Section 4.4.3 and turn out
to be small compared to Bφ, see Figure 4.6.

Summarising, we saw that the contribution Bφ to the bispectrum from Vain-
shtein screening is degenerate with the GR term BGR, see Eq. (4.40). However, in
contrast to the GR term, which is constant during matter domination, it evolves
in time ∝ ρφ

ρm
, which might help break the degeneracy.

4.4. Numerical analysis with hi class

In order to back up our analytic approximation in Eq. (4.45), and to generalise
it beyond matter domination, we will evaluate the functions BGR and Bφ with
hi class9, a Boltzmann solver for Horndeski-type models based on CLASS, see
Refs. [111–113]. While previous public versions of hi class, see Ref. [112], re-
quired one to parameterise the time evolution of the Horndeski α functions10 in
order to fully evolve the system, the latest version of the code, see Ref. [113], is
able to integrate the full equation of motion of any Horndeski theory, including
the Galileon.

Since hi class works in the Jordan frame, we have to transform our Einstein-
frame action, Eq. (4.1), into the Jordan frame. As declared at the end of Section

9www.hiclass-code.net
10The α functions are a set of four functions αM (a), αK(a), αB(a) and αT (a), which fully

describe the evolution of linear perturbations in any Horndeski theory, see Ref. [114].
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3.3 we have dropped the tildes on Einstein-frame quantities so far, however, we
will briefly reinstate them here for clarity. We apply the conformal transformation

g̃µν → gµν = Ω−2g̃µν , where Ω−2 := 1 + φ. (4.46)

This transformation brings our model into the Jordan frame and allows it to be
formulated in terms of the Jordan-frame Horndeski functions Gi(φ,X) as defined
in Eq. (3.1). The form of the Horndeski functions for our model is shown in
Appendix A.1.1.

When working with both the Jordan and Einstein frame, one has to make sure
to correctly connect between physical quantities in both frames. More specifically,
we have to consider the density contrast in Einstein (δ̃) and Jordan (δ) frame
which are related by:

δ(1) = δ̃(1) − 2
φ(1)

1 + φ
. (4.47)

Using Eq. (4.27), we can show that:

δ(1) − δ̃(1) = −2
φ(1)

1 + φ
∼ H2

k2
δ̃(1). (4.48)

Therefore, on subhorizon scales the density contrast becomes approximately the
same in both frames, see also Refs. [115, 116]. As we are only interested in the sub-
horizon scales where non-linear dynamics become important, the density contrast
is effectively invariant under the conformal transformation and so is the matter
bispectrum.

Other quantities like the conformal Hubble function H, the matter density ρm,
the scale factor a, have to be transformed carefully under the conformal transfor-
mation. A summary of these transformations is given in Appendix A.1.1.

4.4.1. Background evolution

We now analyse the background evolution of the Universe in our Galileon model
numerically using hi class.

There is a subtlety with regards to the Galileon density ρφ when working in
the Jordan frame, because the structure of the Friedmann equation (4.14) changes
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significantly. In the Jordan frame we have:

1

a2(1 + φ)

(
H2 − Hφ′

1 + φ
+

φ′2

4(1 + φ)2

)
=

1

1 + φ

C2φ
′2

6a2
+
C3φ

′3

a4

(
H− φ′

2(1 + φ)

)
+ ρm +

Λ

3(1 + φ)2
.(4.49)

This equation can be cast into the traditional form of a Friedmann equation, which
is assumed by hi class, by defining an effective Galileon energy density:

H2

a2
= ρm + ρφ,eff +

Λ

3
, (4.50)

where

ρφ,eff :=
1

1 + φ

C2φ
′2

6a2
+
C3φ

′3

a4

(
H− φ′

2(1 + φ)

)
+

1

a2(1 + φ)

(
H2φ+

Hφ′

1 + φ
− φ′2

4(1 + φ)2
− Λ

2φ+ φ2

3(1 + φ)

)
. (4.51)

This effective Galileon density measures all deviations from a ΛCDM cosmology at
the background level. Similarly, an effective Galileon pressure pφ,eff can be defined.

The hi class code checks for instabilities of the background by calculating the
sign of the kinetic term and the sound speed of the scalar field. For all our models
it turns out that stability is guaranteed if the Galileon field is negative, i.e. the
negative branch of the two solutions in Eq. (4.20) is chosen. As a consequence, ρφ,eff

turns out to be negative as well. However, this is not indicating that the model
is pathological since the physical Galileon density, i.e. Eq. (4.16), or in terms of
Jordan-frame quantities, the first line of Eq. (4.51), will always be positive.

In this analysis we will restrict ourselves to models, where Ωφ,eff := ρφ,eff/ρcrit

is small and the background evolution is at least roughly inside of current obser-
vational limits. Since the main goal of this analysis is to get a qualitative under-
standing of the shape-dependence effect, we postpone a thorough data analysis to
future works.

We construct our background models with hi class in the following way: Our
Galileon model has two free parameters, C2 and C3. Since we are mostly interested
in the effect of shape dependence which is proportional to C3, we consider C2 to
be either zero or subdominant on the background level. Thus, the value of Ωφ,eff,0
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Model name Ωφ,eff,0 C3 [Mpc2] C2

Gal 1 −0.01 4.276× 109 0
Gal 2 −0.02 1.063× 109 0
Gal 3 −0.03 4.699× 108 0
Gal 4 −0.01 6.127× 109 −5.925
Gal 5 −0.01 1.918× 109 5.925
ΛCDM 0 0 0

Table 4.1.: Definition of the Galileon models we use. The value of C3 is obtained by
means of a shooting algorithm in order to match the required Ωφ,eff,0.
The models Gal 1-3 test the effects of Ωφ,eff,0, and Gal 4 and Gal 5
enable us to study the influences of C2 while keeping Ωφ,eff,0 constant.

depends mostly on C3. When we give hi class a target value for Ωφ,eff,0 as input,
the code performs a shooting algorithm that fits the value of C3 corresponding to
the given Ωφ,eff,0. The parameter of ΩΛ will always be used to fulfil the closure
condition 1 =

∑
i Ωi,0. This also ensures that the sum of the energy densities

driving the late time acceleration of the Universe ΩDE := ΩΛ + Ωφ,eff will be
identical to ΩΛ in a purely ΛCDM model.

The Galileon models that we use throughout this work, labelled Gal 1-5, are de-
fined in Table 4.1. The models Gal 1-3 enable us to study the effects of increasing
Ωφ,eff,0, whereas the models Gal 4 and Gal 5 test the influences of the parameter
C2 while keeping Ωφ,eff,0 constant. We compare these models to ΛCDM, which cor-
responds to vanishing Ωφ,eff,0 achieved by the limit C2 → 0, C3 → ∞. Although
hi class checks the stability of the considered models on the cosmological back-
ground, it is not guaranteed that these models will be stable on any background.
However, for the sake of studying phenomenological aspects of Vainshtein screen-
ing, only stability on a cosmological background is paramount.

In order to check how much the inclusion of the Galileon field affects the back-
ground evolution, we consider an effective equation of state parameter weff defined
as:

weff :=
pΛ + pφ,eff

ρΛ + ρφ,eff
, (4.52)

i.e. the equation of state parameter of all the energy components driving the late
time acceleration of the Universe. The deviations of this quantity from −1 are
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Figure 4.1.: Deviations from −1 of the effective equation of state parameter weff
of the energy components driving the late-time acceleration of the
Universe as a function of scale factor and redshift for the models Gal
1-5 defined in Table 4.1. The dark energy density becomes dominant
over the matter density at z ≈ 0.33.

plotted in Figure 4.1. The value of weff is always smaller than −1 but tends
towards −1 at late times. Deviations from −1 become large at early times, but
dark energy only becomes dominant over the matter density at z ≈ 0.33 for all
considered models. As already mentioned in Chapter 2.5, current bounds on the
equation of state parameter of dark energy from the DES [41] indicate the values
wp = −1.01+0.04

−0.04 and wa = −0.28+0.37
−0.48 for a parametrisation w = wp + wa (ap − a)

with the pivot redshift zp = 1/ap − 1 = 0.2.
Before we compute the first and second order perturbations, we have to check

the condition in Eq. (4.25) for perturbativity of the Galileon equation of motion as
outlined in Section 4.3.4. For this we plot the quantity λ defined by Eq. (4.28) as a
function of time in Figure 4.2. We find that the condition λ & 1 is satisfied for all
the considered models and for the entire evolution of the Universe, confirming the
validity of our perturbative analysis. Figure 4.2 confirms our analytic prediction
that λ = 2 during matter domination. However, we also observe that λ decreases
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Figure 4.2.: The quantity λ defined in Eq. (4.28) describing the relative size of
the non-linearity scales of standard perturbation theory with respect
to the cubic Galileon is plotted for the models Gal 1-5 defined in
Table 4.1. If this quantity is larger than 1, perturbativity of the
cubic Galileon is assured as long as the standard condtion δ(1) � 1
is fulfilled. Although this is fulfilled for all the models studied in
this work, it is not a trivial test and should be done for all future
perturbative analyses of theories with Vainshtein screening.

over time in the late Universe, suggesting that perturbativity of the Galileon
equation might be more restricted for a de-Sitter Universe. In particular, the
value of C2 appears to have significant impact on the late behaviour of λ. This
indicates that the validity of perturbation theory in Vainshtein screened theories
is not trivial and we would like to emphasise the importance of testing the validity
of perturbation theory for any theory with Vainshtein screening.

4.4.2. Linear growth

In this section we compute the linear growth rate numerically. In order to obtain
the Green’s function in Eq. (4.35), we need two independent solutions of the linear
growth equation, Eq. (4.22) – let them be D1 and D2. To obtain them numerically,
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we solve Eq. (4.22) for two different initial conditions. To establish an approximate
connection between the solution D1 and the growing mode and solution D2 and
the decaying mode, respectively, we set the initial conditions to be the solutions
of the Meszaros equation, see Ref. [117, 118], valid during radiation and matter
domination:

D1(ai) = 2 + 3yi

D2(ai) = (4 + 6yi) coth
−1
(√

1 + yi

)
− 6
√
1 + yi, (4.53)

where y := a/aeq is the scale factor relative to the scale factor at radiation-matter
equality aeq. The thereby obtained solutions D1(a) and D2(a) are afterwards
normalized such that D1(a = 1) = 1.

As an example we show the results of the integration for the model Gal 1
in Figure 4.3. Since we ignore the presence of a cosmological constant and the
Galileon field when setting the initial conditions in the early Universe, D2 deviates
slightly from the true decaying mode at late times. This small deviation is not
a concern for the purposes of this work as all we need is the growing mode and
another independent solution.

In order to quantify the linear growth in our models we consider the growth
rate f . In Figure 4.4 we present deviations of f from the ΛCDM result fΛCDM.
We see that deviations do not exceed 5% and that the growth rate is enhanced
due to the presence of a fifth force. This is roughly within current observational
bounds, which indicate order 10% relative uncertainties for fσ8 assuming a ΛCDM
cosmology, where σ8 is the amplitude of the power spectrum. See Ref. [119] for
a compendium on past constraints on fσ8 and Refs. [120–125] for some recent
developments.

4.4.3. The matter bispectrum

We can now integrate the functions BGR and Bφ in Eq. (A.7) and Eq. (A.8),
where we recall (compare Eqs. (4.39) and (4.40)) that Bφ and BGR describe the
contributions to the bispectrum proportional to (1−µ2) originating from the shape
dependence of Vainshtein screening, Bφ, and from the non-linearities coming from
the continuity and Euler equations, which are also present for a ΛCDM cosmology
with standard GR, i.e. BGR.
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Figure 4.3.: The two independent solutions D1 and D2 for the model Gal 1 as
a function of the scale factor. The solution D1 is equivalent to the
growing mode and the solution D2 can roughly be associated with the
decaying mode. The solutions are normalised such that D1(a = 1) =
1.
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Figure 4.4.: The deviations of the linear growth rate f from the ΛCDM growth
rate for the models Gal 1-5 defined in Table 4.1 as a function of scale
factor and redshift.
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Figure 4.5.: The relative difference between B = BGR−Bφ for the Galileon models
Gal 1-5 defined in Table 4.1 and the ΛCDM model. The function
Bφ describes the effect of the shape-dependence on the form factor
F2, the function BGR is a standard GR contribution to F2 which is
degenerate with Bφ, see Eq. (4.39). The slope of a3/2 of Bφ during
matter domination is a distinctive prediction of our model.

In Figure 4.5, we show the relative difference between B = BGR−Bφ as computed
for the five Galileon models and as obtained for ΛCDM. The relative difference
scales as Ωφ ∝ a3/2 during matter domination, in agreement with our analytical
result derived in Eq. (4.45). The slope remains approximately the same at late
times, but it appears to be mildly sensitive to the value of C2. In fact, we can see
that the Galileon model Gal 5, characterised by C2 > 0, displays a shallower slope
at z < 1 compared to the other models.

In general, deviations in the bispectrum from ΛCDM are larger for models
which also display significant modifications in the background evolution and linear
growth rate. For example, we observe the largest deviations in the bispectrum for
the model Gal 3, where they are of order 2− 3% at redshift z = 0. However, the
Gal 3 model also modifies the background evolution and the linear growth the most
compared to ΛCDM, as comparison with the Figures 4.1 and 4.4 demonstrates.
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Figure 4.6.: Comparison of Bφ (solid lines) and B(Gal)
GR −B(Λ)

GR (dashed lines), for the
Galileon models Gal 1-5 defined in Table 4.1. While Bφ represents the
effect of the shape-dependence on the bispectrum, B(Gal)

GR −B(Λ)
GR mea-

sures the modification of the bispectrum due to the altered evolution
of the linear perturbations. B(Gal)

GR and B(Λ)
GR describe a GR contribution

evaluated on a Galileon or a ΛCDM background respectively.

The deviations with respect to ΛCDM of the term B in the Galileon models
have two different origins. First, the term Bφ describing the shape-dependence
of Vainshtein screening is altogether absent in ΛCDM, and second, the term BGR

depends on the evolution of linear perturbations, see Eq. (A.7), which are also
modified for the Galileons, see Figure 4.4.

To determine which of these two contributions is dominant, we compare in
Figure 4.6 the shape-dependence part Bφ with the expression B(Gal)

GR − B(Λ)
GR, i.e.

the difference between the term BGR evaluated on a Galileon and on a standard
ΛCDM background. It becomes apparent that the shape-dependence is by far the
dominant effect modifying the bispectrum compared to ΛCDM.

Finally, we consider the reduced bispectrum as defined in Eq. (2.47). As men-
tioned in Section 2.4 the reduced bispectrum has the advantage of being mostly
independent of scale and linear growth. In Figure 4.7, we show the relative dif-
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Figure 4.7.: The relative difference of the reduced bispectrum for the Galileon
models Gal 1-5 defined in Table 4.1 with respect to the ΛCDM result
at z = 0 is plotted against µ12 – the cosine of the angle between ~k1
and ~k2. In plot (a) the wavenumbers k1 and k2 are equal and in plot
(b) we have k1 = 2× k2; in both cases k1 = 0.1Mpc/h.

ference between the reduced bispectrum for the Galileon models and ΛCDM. The
triangle ~k1 + ~k2 + ~k3 = 0 is parametrized by µ12, the cosine of the angle between
~k1 and ~k2, and the absolute values of ~k1 and ~k2. In both plots in Figure 4.7 we
keep k1 and k2 constant while varying µ12; in the left panel (a), we set k1 = k2,
whereas in the right panel (b), we use k1 = 2× k2.

In panel (a), deviations from ΛCDM vanish for µ12 = 1. This corresponds to
the flattened limit of the triangle with k3 = 2 × k1. This is in agreement with
our expectations that planar symmetry, the real-space equivalent of the flattened
limit, will result in no Vainshtein screening, see Section 4.3.5. The deviations from
ΛCDM are maximal for µ12 = −0.5, which corresponds to an equilateral triangle,
i.e. the most symmetric configuration. The signal is only slightly smaller in the
squeezed limit µ12 = −1.

In plot (b), where k1 = 2 × k2, the configurations µ12 = −1 and µ12 = 1 both
correspond to the flattened limit and the signal vanishes. The signal is maximal
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for µ = −0.25 which corresponds to k3 = k1, i.e. an isosceles triangle, which, for
k1 = 2 × k2 is the most symmetric configuration possible. In Refs. [102, 103]
a qualitatively similar behaviour of the reduced bispectrum in general Horndeski
theories was observed, but without making the connection to the shape dependence
of Vainshtein screening.

Summarizing, the shape dependence of Vainshtein screening as seen by the
bispectrum is perfectly analogous to the shape dependence in real space outlined
in Section 4.2: in real space, the non-linearities responsible for Vainshtein screening
are larger the more evenly the field depends on all three directions of space; in
the bispectrum, the non-linearities are largest for the most symmetric triangle
configurations.

4.5. Conclusion
In this Chapter, we investigated the effects of the shape dependence of Vainshtein
screening on the cosmic matter bispectrum. The dependence of Vainshtein screen-
ing on the shape of the source mass was first found in Ref. [92], which showed that
more symmetric sources lead to a more effective suppression of the fifth force. If
Vainshtein screening is present in nature, we can then expect that it will leave an
imprint on cosmic structures, given that the cosmic web is characterised by many
differently shaped objects like walls, filaments and clusters.

The simplest modified gravity model displaying the Vainshtein screening mech-
anism is the cubic Galileon, which we used as a proxy to test the effects of the
shape-dependence on the matter bispectrum.11 Unlike previous work on the bis-
pectrum in Galileon theories, we assumed the Galileon field to be conformally
coupled to matter, so as to make the fifth force mediated by the Galileon field
explicit. We also restricted ourselves to models where the Galileon energy density
is subdominant throughout the entire evolution of the Universe, to reflect con-
straints ruling out the Galileon as the single component driving the accelerated
expansion of the Universe.

Previous analyses like Refs. [101–103] seemed to indicate that there was no

11It is reasonable to expect that more complicated models with Vainshtein screening behave
qualitatively similarly. For example, a quartic galileon theory contains a cubic term in the
equations of motion of the form (�φ)3 − 3�φ(∇µ∇νφ)(∇µ∇νφ). At second order in pertur-
bation theory this term becomes 3�φ̄

(
(�φ(1))2 − (∇µ∇νφ

(1))(∇µ∇νφ(1))
)
, i.e. equivalent to

the shape-dependent term in the cubic galileon, see Eq. (4.30).
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qualitatively new information in the bispectrum that was not already present in
the power spectrum, which is also easier to measure. However, in this work we have
shown that a unique signature emerges in the bispectrum, imprinted by the shape
dependence of Vainshtein screening, that would not be observable in the power
spectrum alone. We performed an analytic, perturbative analysis of our coupled
Galileon model in the Einstein frame, checking explicitly that the emergence of
a new non-linearity scale associated to the Vainshtein radius does not lead to a
breakdown of perturbation theory.

The non-linearities of Vainshtein screening leave an imprint on the form factor
F2(~ki, ~kj) of the reduced bispectrum, adding a time-dependent term Bφ(τ)(1−µ2)

which depends on the cosine µ of the angle between the two wavevectors ~ki, ~kj.
This µ dependence reflects the real-space shape dependence found in Ref. [92]:
in fact, we observe that the non-linearities are largest for the most symmetric
configuration of the bispectrum triangle – i.e. the equilateral one – whereas they
vanish for the flattened limit, which corresponds to a planar symmetry in real
space.

A simplified, analytic computation of Bφ assuming matter domination revealed
that Bφ scales with the Galileon density, which was confirmed by a numerical
analysis using the hi class code. The effect of the shape dependence on the
matter bispectrum is found to be at percent level today for Galileon models where
the Galileon energy density Ωφ,eff,0 is at percent level as well.

Critically, the shape dependence of Vainshtein screening displays a distinctive
time dependence ∝ a3/2, see Figure 4.5, which is dominant over the corrections to
the bispectrum originating from modifications of the linear growth, see Figure 4.6.
This signature is an observational effect of Vainshtein screened modified gravity
theories independent from modifications of the background evolution or the linear
growth factor. Since it might be difficult to differentiate between different models
of modified gravity from observations of the background evolution and the linear
growth alone, the bispectrum may be used to break possible degeneracies between
theories of modified gravity.

It is important to remark that it is very difficult to measure individual triangle
configurations of the bispectrum with current and future galaxy surveys. The
observability strongly depends on the binning of the triangle configurations. While
past constraints from the SDSS, see Ref. [126], show measurements of individual
triangles with order 10% error bars (five times larger than the largest signal in
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Figure 4.7), forecasts for the upcoming Euclid mission in Ref. [127] conclude that
individual triangles have a signal-to-noise too low for detections of the bispectrum
indicating the usage of much narrower bins. Estimating the detectability of the
Vainshtein screening signal in the bispectrum with future surveys thus requires a
careful forecast dedicated to this specific signal, which goes beyond the purpose
of this work.

67



5. Constraining Scalar-Tensor
Theories with Local
Measurements of the Time
Variation of G

It has been argued in the past by different authors, see Refs. [99, 128–131], that
some screened fifth force models are subject to constraints on the time evolution
of the gravitational constant from lunar laser ranging experiments even though
the fifth force is effectively screened on solar-system scales. The arguments pre-
sented in these references usually apply only to a subclass of screening models. In
this chapter we use a unified framework, which incorporates all known screening
mechanisms in the context of scalar field theory, to determine the conditions for
which the constraints from lunar laser ranging on the time evolution of the lo-
cal gravitational constant can be extrapolated to impose constraints on the time
evolution of the cosmological gravitational constant. This results in strong late
Universe constraints on the running of the cosmological Planck mass described by
the Horndeski function |αM | . 0.002. We find that our assumptions are valid for
most Vainshtein and kinetic screening models, where the internal structure of test
objects is irrelevant due to an approximate shift-symmetry φ → φ + c on small
scales, but are violated by some Chameleon and Symmetron screening models,
where the macroscopic equivalence principle is broken.

This work was published in Ref. [5] together with my coauthor Clare Burrage
who helped making this analysis as thorough as possible through excellent advice.
Ref. [5] is reproduced here with only minor changes.
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5.1. Fifth Forces and the Gravitational Constant
In Chapter 3 we have introduced fifth forces mediated by a conformally coupled
scalar field as a popular modification of general relativity, see Eq. (3.23). In
these models matter particles move on geodesics of the Jordan-frame metric, and
thus, a non-relativistic test mass will, in addition to the gravitational acceleration,
experience an acceleration due to the gradient of the conformal factor, see Eq.
(3.26):

~a5 = ~∇ log Ω := −1

2
~∇ logA. (5.1)

In Ref. [5], we defined the Jordan-frame metric through gµν = Ω(φ)g̃µν . However,
to not cause confusion with the rest of this thesis, where we defined the Jordan-
frame metric as gµν = Ω−2g̃µν , see Eq. (3.16), we introduce A(φ) = Ω−2(φ) here.

In a theory with a conformal coupling, the observed, Jordan-frame gravitational
constant1 will be modified by the conformal factor A(φ):

G(φ) = A(φ)GN . (5.2)

This can be read off the transformation law for the Horndeski function G4 in Eq.
(3.22) using that in the Einstein frame G4 =M2

p/2 = 1/(16πGN). This gives rise
to a variation of the observed gravitational constant in time on both cosmological
and solar-system scales if the field evolves in time on those scales.

If the gravitational constant varies on scales where cosmological perturbation
theory remains linear, this variation is characterised by the Horndeski parameter2:

αM := −H−1Ġ/G . (5.3)

On cosmological scales, a time varying gravitational constant can provide an ex-
planation for the late-time accelerated expansion of the Universe alternative to the
cosmological constant or the quintessence scenario, and is called self-acceleration,3

1We call the Jordan-frame gravitational constant the ‘observed’ one, since this is the gravita-
tional constant matter fields experience.

2The four Horndeski α-functions (αM , αB , αK and αT ) were introduced in Ref. [114] as inde-
pendent functions describing the linear growth of structure in any Horndeski theory without
redundancy.

3In the literature, the term ‘self-acceleration’ is sometimes used more generally for modified
gravity solutions to the accelerated expansion of the Universe without the use of a negative
pressure component. In this work we only refer to non-minimally coupled theories with
acceleration in the Jordan frame but not the Einstein frame.
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see e.g. Ref. [51]. Here the expansion of the Universe is accelerated only in the (ob-
served) Jordan frame, but not in the Einstein frame. This solution is characterised
by the Horndeski parameter αM being of order 1. Recently, self-acceleration for
Horndeski scalar-tensor theories has come under heavy pressure from a combina-
tion of cosmological data including CMB, BAO and ISW data, see Ref. [98], the
multi-messenger observation of a neutron star merger, see Refs. [55–58], and the-
oretical constraints from gravitational wave instabilities, see Refs. [132, 133]. For
the most recent constraints combining these evidences see Ref. [133], which essen-
tially rules out αM = O(1). Predating this, Ref. [128] argues that self-acceleration
in Chameleon and Symmetron models is ruled out as soon as we require that the
fifth force is smaller than the gravitational force everywhere.

Within the Solar System the φ dependence of the gravitational constant in Eq.
(5.2) is subject to constraints on the time evolution of the gravitational constant,
in particular from lunar laser ranging, see Ref. [134]:∣∣∣∣∣ȦA

∣∣∣∣∣ =
∣∣∣∣∣ĠG
∣∣∣∣∣ . 0.002H0. (5.4)

This constraint on the time evolution of the conformal factor A is a priori only
valid on solar-system scales. The goal of this Chapter is to show under which cir-
cumstances these constraints from solar-system scales can be used to constrain the
cosmological evolution of the gravitational constant, i.e. αM , in the late Universe.
Models only varying the gravitational constant in the early Universe, see e.g. Ref.
[135] for a review and Refs. [136, 137] for recent developments, are not affected
by our constraints. Constraints on the variation of the gravitational constant in
the early Universe come from analyses of the Big Bang Nucleosynthesis and the
CMB, see Refs. [138, 139] respectively.

The central idea of this Chapter, which is described in detail in Section 5.2.2, is
very similar to the approach used in Ref. [128]. If we assume that the acceleration
of test particles due to the fifth force, Eq. (5.1), is small everywhere compared to
the acceleration due to the gravitational force −∇ΦN , where ΦN is the gravita-
tional potential, we can integrate both quantities from far outside the Milky Way
to inside the Solar System. This leads to the statement that the local, solar-system
value and the cosmological value of the conformal factor, Al and A0 respectively,
can only deviate by a term proportional to the local value of the gravitational
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potential, which is of order 10−6 in the Solar System:

|Al − A0| . 10−6A0. (5.5)

Therefore, the constraints from lunar laser ranging in Eq. (5.4) on Al also apply
to the cosmological solution A0 and thus to αM . While it was already shown in
Refs. [99, 129–131] that theories invariant under the shift symmetry φ → φ + c

are subject to the constraints from lunar laser ranging, our result serves as a
confirmation of their results with an independent approach and applies to a wider
range of fifth force models including some Chameleon and Symmetron models.

Our analysis depends on a number of assumptions, which we detail in Sec-
tion 5.2.1 and whose validity will depend on the specific fifth force model un-
der consideration. While we find that our assumptions are valid for most theo-
ries which obey the shift symmetry φ → φ + c (this includes the most common
Vainshtein-type screening models, see Section 3.4.1), they are not exclusively valid
for shift-symmetric theories. We carefully examine under which conditions non
shift-symmetric theories like the Chameleon and Symmetron models could poten-
tially escape our constraints due to a violation of the macroscopic equivalence
principle, see Section 5.3.2. With regard to the Chameleon and the Symmetron,
our conclusions are thus more conservative than the claim in Ref. [128], which
rules out self-acceleration entirely for these models.

5.2. From the Solar System to Cosmological Scales
In this section we will prove, with minimal assumptions, that the deviation of the
local conformal factor Al from the cosmological average A0 must be small. There-
fore, constraints on the time evolution of the Planck mass from local, solar-system
observations also constrain the cosmological evolution of the Planck mass for fifth
force models respecting those assumptions. While our formal proof in Section
5.2.2 will be completely model independent, it relies on a number of assumptions,
which are summarized in Section 5.2.1 and whose validity has to be checked for
any fifth force model individually.

71



5. Constraining Scalar-Tensor Theories with Lunar Laser Ranging

5.2.1. Model-dependent assumptions

So far, observations from cosmological to local, solar-system scales have not de-
tected a fifth force with high significance, which makes it very unlikely that a
fifth force, which is significantly stronger than gravity could be observed on any
of these scales. The situation might be different on laboratory scales where strong
fifth forces could still exist in Chameleon or Symmetron scenarios, see Ref. [91],
although even here experimental constraints are strong, see Ref. [90]. However,
these scales are not relevant for the purposes of this work. We therefore arrive at
our first assumption:

Weak fifth force assumption:
∣∣∣~F5

∣∣∣ < β
∣∣∣~FN

∣∣∣ , (5.6)

which is assumed to be valid from cosmological (∼ H−1
0 ) to solar-system scales

(∼ 1AU ≈ 5× 10−6 pc). We define ~FN as the Newtonian gravitational force and
β is a constant roughly of order 1. We will actually see later (in the discussion
around Eq. (5.21)) that β could be as large as 10 for our purposes.

Next, we assume that the weak fifth force assumption can be directly translated
into a constraint on the acceleration of test particles:

Equivalence principle assumption:
1

2
|∇ logA| < β |∇ΦN | . (5.7)

This step will in general not be valid for fifth force models which break the macro-
scopic equivalence principle. We will discuss this in great detail in Section 5.3.
The validity of this assumption is therefore model dependent.

Furthermore, we assume that the fifth force and the gravitational force are
parallel throughout the space time region we consider. This is motivated by the
fact that both the fifth force and the weak-field gravitational force are sourced by
matter in a similar way, compare Eqs. (2.24) and (3.27), and that scalar mediated
fifth forces are attractive4, see Ref. [142]. We can therefore write:

Parallelism assumption:
1

2
∇ logA = β(~x)∇ΦN , (5.8)

4Unless the equation of state parameter of the scalar field is phantom, see Ref. [140], in which
case the theory is unstable. Another possible exception is described in Ref. [141].
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where we have promoted the constant β to a function of space-time which fulfils:

0 < β(~x) ≤ βmax . 10, ∀~x. (5.9)

Finally, we assume that the time today, t0, is not a special point in the evolution
of the Universe. This is an important assumption because the fifth force on solar-
system scales can not be tested over cosmological time scales. More formally, we
assume that Eq. (5.8) is valid for an extended period of time ∆t on cosmological
scales (we will specify this more explicitly around Eq. (5.21)):

Naturalness assumption:
1

2
∇ logA = β(~x)∇ΦN for t ∈ [t0 −∆t : t0]).

(5.10)
Not only would it be unnatural for the strength of the fifth force to be suppressed
only during a short (with respect to cosmological time scales) time interval around
t0, but we are also not aware of a realistic cosmological model predicting this.

We will make two additional very technical assumptions in the following, see
Eqs. (5.13) and (5.14) and the discussions before these equations. These assump-
tions are however independent of the fifth force model, and therefore, are not
mentioned here.

5.2.2. Model-independent proof

We split the conformal factor A(~x, t) into its spatially averaged value A0(t) plus
an inhomogeneous part α(~x, t):

A = A0(t) + α(~x, t), with 〈α(~x, t)〉 = 0, (5.11)

where 〈. . . 〉 represents a spatial average. The function A0(t) represents the cos-
mological background solution, and α describes inhomogeneities sourced by the
highly non-linear density distribution in the late Universe.

We first show that on solar-system scales α has to be small compared to A0,
meaning that the local conformal factor has to be very close to the cosmological
conformal factor. For this we integrate the final assumption, Eq. (5.10), along a
path γ from a point ~x2 far outside an overdensity, such as the Milky Way, to a
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point ~x1 inside, e.g. deep inside the Solar System:

1

2
log

A(~x1)

A(~x2)
=

∫
γ

β(~x)∇ΦN · d~x. (5.12)

The integral on the right-hand side must be independent of the path γ between
the points ~x2 and ~x1 since ∇ logA = 2β(~x)∇ΦN is a conservative vector field.
We now make the technical assumption that we can choose a path γ where ΦN

is decreasing from ~x2 to ~x1. This assumption will certainly hold for an isolated
overdensity whose density increases monotonically towards the center of the object
(such monotonically increasing density profiles are expected for any self-gravitating
object). Since β(~x) > 0, the integral in Eq. (5.12) has to be smaller than 0 and
we can estimate:

0 >

∫
γ

β(~x)∇ΦN · d~x ≥ βmax

∫
γ

∇ΦN · d~x = βmax (ΦN(~x1)− ΦN(~x2)) . (5.13)

This statement can be made far more precise and constraining for a specific fifth
force model, where β(~x) � βmax in screened regions. We demonstrate this for
a simple cubic Galileon model in Appendix A.2. Therefore, we believe that Eq.
(5.13) should be considered a very conservative estimate.

We now choose the point ~x2 such that A(~x2) = A0 (so far we only assumed that
~x2 lies far outside the overdensity). Furthermore, we make the assumption5 that
|ΦN(~x2)| � |ΦN(~x1)|. Typical values for the gravitational potential inside of the
Milky Way or the Solar System are of order 0 > ΦN(~x1) & −10−6. We therefore
arrive at:

0 >
1

2
log

A(~x1)

A(~x2)
=

1

2
log

(
1 +

α(~x1)

A0

)
& −10−6βmax. (5.14)

Since the absolute value of the right-hand side is small compared to 1, we can
Taylor expand the logarithm on the left side and multiply by 2A0:

0 > αl & −2× 10−6βmaxA0, (5.15)

where αl := α(~x1) is a typical, local (solar-system scale) value of α. This proves
that, even using the most conservative estimate in Eq. (5.13), |α| on solar-system
scales has to be small compared to A0.

5This is the second and final technical assumption that we hinted at in Section 5.2.1.
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For a Chameleon-type screening mechanism, the statement in Eq. (5.15) is
phrased more intuitively in terms of only the cosmological conformal factor A0.
For Chameleon-type screening the scalar field is very small in the solar system
due to the high density, see Section 3.4.2. The local conformal factor will thus
be very close to one, A(~x1) ≈ 1, and is independent of the cosmological value
A0 which depends on the background density. The result in Eq. (5.15) that the
difference between the local and cosmological conformal factors has to be small,
should therefore be phrased as a constraint on A0 instead of αl. Using αl ≈ 1−A0

we obtain from Eq. (5.15):

1 < A0 . 1 + 2× 10−6βmaxA0, (5.16)

i.e. A0 has to be very close to 1.
We are now in a position to examine the consequences of the lunar laser ranging

constraints in Eq. (5.4) on the evolution of the cosmological conformal factor A0 for
any screened fifth force obeying the assumptions in Section 5.2.1. The constraints
on the local gravitational constant demand:

0.002H0 &

∣∣∣∣∣Ȧ(~x1)A( ~x1)

∣∣∣∣∣ =
∣∣∣∣∣Ȧ0 + α̇l

A0 + αl

∣∣∣∣∣ ≈
∣∣∣∣∣Ȧ0 + α̇l

A0

∣∣∣∣∣ . (5.17)

In the last step we have assumed αl � A0 in accordance with Eq. (5.15). The
constraints in Eq. (5.17) are technically only valid over the time period during
which lunar laser ranging tests were performed, i.e. over a few decades. However,
in accordance with our naturalness assumption (see Eq. (5.10)), we assume that
the constraints are valid for an extended cosmological time period ∆t.

There are now two possibilities for the two terms Ȧ0/A0 and α̇l/A0 on the
right-hand side of Eq. (5.17):

• Both terms are individually smaller than the left-hand side of Eq. (5.17).
In this case we conclude that the cosmological evolution of the gravitational
constant, typically characterised by the Horndeski parameter αM , is con-
strained in the same way as the evolution of the local gravitational constant:

|αM | := H−1

∣∣∣∣∣Ȧ0

A0

∣∣∣∣∣ . 0.002. (5.18)
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• The two terms on the right-hand side of Eq. (5.17) cancel each other, i.e.
α̇l ≈ −Ȧ0. This will always be the case for Chameleon-type screening where
αl ≈ 1−A0. In this case the constraints from lunar laser ranging do not apply
directly, however, equivalent constraints may be derived in the following way.
By assumption the cancellation α̇l ≈ −Ȧ0 has to be valid for an extended
period of time ∆t. Assuming that Ȧ0 can be treated as approximately
constant over a time interval δt ≤ ∆t, we can integrate α̇l:

αl(t0)−αl(t0 − δt) =

∫ t0

t0−δt

α̇l(t)dt ≈ −
∫ t0

t0−δt

Ȧ0(t0)dt ≈ −Ȧ0(t0)δt. (5.19)

Since δt < ∆t, both terms on the left-hand side have to fulfil Eq. (5.15) and
we obtain: ∣∣∣Ȧ0(t0)

∣∣∣
A0

. 2× 10−6βmax

δt
. (5.20)

We can assume here that the approximation Ȧ0 ≈ const used in Eq. (5.19)
is valid for at least a cosmologically short time interval δt of order 0.01H−1

0 .
Otherwise, the strong change in the evolution of A0 in the recent history
of the Universe would make this small period of time a special point in
the evolution of the Universe, which violates our Naturalness assumption.
Therefore, the constraint

|αM | . 0.002 (5.21)

still holds as long as βmax . 10. In other words the time interval ∆t, during
which the fifth force is assumed to be weak in our naturalness assumption,
see Eq. (5.10), has to fulfil ∆t > δt = 0.001H−1

0 βmax for our constraints on
αM to be valid.

We conclude that according to our assumptions, the evolution of the cosmological
gravitational constant is strongly constrained:

|αM | . 0.002. (5.22)

This is the central result of this Chapter. This bound on αM is a significant im-
provement over previous bounds, see Ref. [133], and is independent of parametri-
sations of αM , but relies on the assumptions summarised in Section 5.2.1.
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5.3. Discussion of the central assumptions
Although our proof in Section 5.2.2 is independent of the underlying fifth force
model, the assumptions summarized in Section 5.2.1 are model dependent state-
ments. Therefore, it is possible to evade the constraints from lunar laser ranging
if the fifth force model violates one or more of these assumptions. In this section
we will discuss these assumptions in light of the most common screening models,
which we categorised in Section 3.4 as Vainshtein- and Chameleon-type screening
mechanisms.

5.3.1. Weak fifth force assumption

The weak fifth force assumption in Eq. (5.6) states that the fifth force between
two objects, whose sizes range from solar-system to cosmological scales, can not be
significantly larger than the gravitational force between the two objects. We saw
in our discussion around Eq. (5.20) that ‘significantly larger’ means more than an
order of magnitude larger than the gravitational force. The goal of this section is
to summarise some of the observational bounds on the strength of a fifth force.

On solar-system scales a strong fifth force is decisively ruled out by precision
measurements of general relativity in the Solar System, see Ref. [6]. On galactic
scales some evidence has been found in the past for a very weak screened fifth force,
see Ref. [143], but was ruled out again by a subsequent analysis with more stringent
data cuts, see Ref. [144]. Even if a weak force of this form exists, it still satisfies
our assumption that a fifth force, if it exists, can’t be substantially stronger than
gravity. In general, it is difficult to make definite statements about the presence
of a fifth force on galactic scales because of degeneracies with uncertainties in our
knowledge of the physics of galaxy formation. However, it seems unlikely that
a fifth force that is an order of magnitude stronger than the gravitational force
would have evaded detection.

For a fifth force model which screens effectively on small scales, such as within
the Solar System, the strongest constraints on the strength of a fifth force come
from observations of the largest scales in the universe, where the growth of struc-
ture can be treated linearly. On these scales screening is generally less effective
than on smaller scales due to the low densities of the density perturbations on
these scales. Therefore, we expect the effects of the fifth force to be strongest
there. A strong fifth force would significantly modify the linear growth of struc-
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ture D+(a), which in GR is described by Eq. (2.28), but in the presence of a fifth
force has the form:

D′′
+ +HD′

+ =
3

2
H2Ωm(a) (1 + β(a))D+, (5.23)

where β(a) is the relative strength of the fifth force with respect to the gravitational
force on linear scales as a function of the scale factor a. The function β(a) is
strongly constrained by observations of redshift-space distortions. The study in
Ref. [41] using data from the DES 1-year results constrains β(a) (called µ(a) in
Ref. [41]) and, making use of the parametrisation µ(a) = µ0ΩΛ(a)/ΩΛ,0, concludes:
µ0 = −0.11+0.42

−0.46. Similarly, Ref. [145] constrains GM := 1+β(a) by binning it into
two redshift intervals and obtains GM(z < 0.5) = 1.26± 0.32 and GM(z > 0.5) =

0.986 ± 0.022. This clearly rules out fifth forces with strength relative to gravity
of order β ∼ 10.

It is important to make one caveat when using redshift-space distortion data
in order to constrain modified theories of gravity. Several steps in the analysis of
redshift-space distortion data assume a certain cosmology, typically ΛCDM. The
effects of this assumption have been estimated in Refs. [146, 147] and were shown
to be important for future galaxy surveys, but are negligible for the precision of
current data. Therefore, this should not affect the validity of the weak fifth force
assumption.

Finally, we note that it is very unlikely that a theory of modified gravity could
have a fifth force which is stronger than gravity on linear scales without signifi-
cantly changing the expansion history of the Universe, which is well constrained.
This makes a violation of the weak fifth force assumption even more unlikely.

5.3.2. Equivalence principle assumption

The Equivalence principle assumption of Eq. (5.7) is the assumption which is the
most likely to be violated by theories of screened fifth forces. Eq. (5.7) assumes
that small fifth forces imply small gradients of the conformal factor, a result which
would follow immediately from the weak fifth force assumption, Eq. (5.6), if a
macroscopic equivalence principle holds for all the astrophysical and cosmological
objects used as tracers in tests of gravity. This is true for some, but not all, fifth
force models as was shown in Ref. [148]. We will review the results of Ref. [148]
here and discuss their implications for the validity of our constraints in Eq. (5.22)
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for different fifth force models depending on their screening models.
The fifth force on an extended, non-relativistic test object B due to another

object A can be computed through:

F i
5 = −

∫
S

T ji
φ njdS, (5.24)

where S is a surface enclosing object B, n is the unit vector normal to S and
Tφ is the energy-momentum tensor of the scalar field. We will assume spherical
symmetry for the test object B in the following.

In simple scenarios we can solve the surface integral in Eq. (5.24) analytically.
Let us assume that the total gradient of the scalar field on the surface S is well
approximated by adding the gradients of the fields φA and φB linearly, where φA

and φB are the field profiles we would compute around objects A and B if they
were isolated. Furthermore, we assume that the field profile φB is well described
by a 1/r power law and that the gradient of φA is constant over the surface S.
With these assumptions the gradient of the total scalar field on the surface S is
given by:

∂iφ = ∂iφA + ∂iφB = ∂iφA +
QB

4π

xi
r3
, (5.25)

where QB is the scalar charge of object B. Finally, we assume that the energy-
momentum tensor of the scalar field is given by:

T ij
φ = ∂iφ∂jφ− 1

2
δij∂kφ∂

kφ, (5.26)

where we have neglected time derivatives of the scalar field compared to spatial
derivatives, which is reasonable for non-relativistic objects. Under these assump-
tions we find the simple result:

F i
5 = −QB∂

iφA. (5.27)

We will use this result in the following two subsections in order to discuss the
equivalence principle assumption in the context of Vainshtein- and Chameleon-
type screening mechanisms.
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Equivalence principle assumption – Vainshtein

The first type of screening mechanisms we would like to discuss in this context
are Vainshtein-type screening mechanisms, see Section 3.4.1. Summarising our
findings in Section 3.4.1, these screening mechanisms weaken the fifth force in
regions of high derivatives of the scalar field; second derivatives in case of Vain-
shtein screening and first derivatives for kinetic screening. Around compact matter
sources, there will typically be a non-linearity radius rV (also Vainshtein radius),
within which the fifth force is screened and outside which the fifth force behaves
just like non-relativistic gravity.

Typically, Vainshtein screened fifth force models are invariant under the shift
symmetry φ → φ + c. Around an isolated mass MB the equation of motion,
Eq. (3.29), may be integrated using Gauss’ law, see Eq. (3.31). For the far field
(r � rV ) we obtain:

∂rφB(r � rV ) =
ξMB

4πMpr2
=
QB

4π

1

r2
, (5.28)

where we defined the scalar charge QB = ξMB/Mp. It is important to note that
this solution is not only valid for spherically symmetric masses, but also applies to
arbitrary complicated matter configurations in the far-field limit, where multipoles
may be ignored.

We are now interested in the fifth force acting on object B due to another
object A assuming that the distance between the two objects is much larger than
the Vainshtein radii of the two objects. In this case we may choose the surface S
for the integration in Eq. (5.24) to lie outside the Vainshtein radius of object B,
where the fifth force behaves like gravity. Thus, the result in Eq. (5.27) applies in
this simplified, unscreened scenario.

A different scenario where Eq. (5.27) applies is the following. We may choose φA

as the field of the linearly evolving large scale density fluctuations. In this regime,
the fifth force is unscreened and behaves like gravity since the terms non-linear
in the second derivatives may be ignored6. We now take the object B to be a
tracer galaxy probing the field φA, e.g. through redshift-space distortions. If the
wavelength of φA is much longer than the Vainshtein radius of the tracer galaxy,
we may treat ∂φA as constant over a surface S lying outside the Vainshtein radius

6This is guaranteed if the scale of the density fluctuations is above the non-linearity scale of
the Galileon field, see the discussion in Chapter 4.3.4.
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of the tracer galaxy, where φB ∼ 1/r, and thus Eq. (5.27) applies.7

In the cases where Eq. (5.27) applies, the magnitude of the fifth force acting
on object B relative to the gravitational force on B can be expressed through the
gradient of the conformal factor A(φA) at the position of object B:∣∣∣~F5

∣∣∣∣∣∣~FN

∣∣∣ =
∣∣∣−QB

~∇φA

∣∣∣∣∣∣−MB
~∇ΦN,A

∣∣∣ = 1

Mp

∣∣∣ξ ~∇φA

∣∣∣∣∣∣~∇ΦN,A

∣∣∣ =
∣∣∣~∇ logA1/2(φA)

∣∣∣∣∣∣~∇ΦN,A

∣∣∣ , (5.29)

where ΦN,A is the gravitational potential of object A at the position of object B.
We conclude that the equivalence principle assumption, Eq. (5.7), directly follows
from the weak fifth force assumption, Eq. (5.6), in the unscreened regime.

But what happens in the screened regime, where the Vainshtein radii of the
two objects are relevant? It was demonstrated in Ref. [149] (see also Chapter 6)
that in the screened regime the self-field of the test-object interacts non-linearly
with the tested field φA. In this way the equivalence principle is broken. However,
for the purposes of this study this breaking of the equivalence principle is irrele-
vant. Due to the nature of Vainshtein-type screening, the ratio ∇ logA1/2/∇ΦN is
largest in the unscreened regime and decreases quickly for scales below the Vain-
shtein radius, see Eq. (3.34). Therefore, if we constrain the ratio ∇ logA1/2/∇φN

through observations of the largest structures in the Universe, which are typi-
cally unscreened, we have constrained the ratio ∇ logA1/2/∇ΦN everywhere. We
have seen in Section 5.3.1 that the fifth force from the largest structures is well
constrained by observations of redshift-space distortions. The assumption in Eq.
(5.7), which we naively dubbed ‘equivalence principle assumption’, thus holds on
all scales regardless of equivalence principle violations on small scales, as long as
the equivalence principle holds on the largest scales.

For completeness we mention the only possible way for Vainshtein-type screening
models to violate the equivalence principle assumption in the form of Eq. (5.7). It
might in principle be possible to construct Vainshtein-screened fifth force models,
where the Vainshtein radius of any tracer galaxy, which is used in galaxy surveys
to map the fifth force on cosmological scales, is of the same scale as the largest
structures in the Universe. In this case, the equivalence principle would be broken

7The statement that ∂φA = const. over the surface S only makes sense since φA was assumed
to be an unscreened, linear field with small enough second derivatives. In this way the second
derivatives of φA may be neglected compared to the derivatives of φB outside the Vainshtein
radius of B.
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even on the largest cosmological scales and Eq. (5.29) would not be valid anywhere.
However, if the Vainshtein radius of single galaxies was as large as the largest
structures in the Universe, the fifth force would be screened everywhere in the
Universe and it seems unlikely that such a model would be cosmologically or
otherwise relevant. We are not aware of a study which analyses such highly non-
linear theories. Thus, we draw the conservative conclusion that these theories, if
they turn out to be consistent, might potentially escape our constraints.

Equivalence principle assumption – Chameleon

We now turn our attention to Chameleon-type screening mechanisms as defined
in Section 3.4.2. For Chameleon-type screening mechanisms the minimum of the
effective potential depends on the local matter density, see Eq. (3.42). In case
of the classic Chameleon, the effective mass is therefore large in high-density re-
gions, thus reducing the range of the fifth force. For the Symmetron mechanism,
the coupling vanishes in regions of high densities due to the restoration of the Z2

symmetry which is spontaneously broken in regions of low densities. The conse-
quence for both the classic Chameleon and the Symmetron is a thin-shell effect,
i.e. only a thin shell at the boundary of any object with high density contributes to
the fifth force. This thin-shell effect changes the discussion of the equivalence prin-
ciple assumption significantly compared to the Vainshtein screening case, where
the density of an object was found to be irrelevant in the far-field limit.

We recall that the thin-shell solution for the field profile around a spherical
object B of constant density and radius RB is given by Eq. (3.47):

φB(r > RB) = φbg − λB
ξMB

4πMp

e−m(ρbg)(r−RB)

r
, (5.30)

where the screening factor λB is:

λB ≈ φbg

2ξMpΦN(RB)
. (5.31)

As discussed in Section 3.4.2 the object B is said to be screened if λB � 1. A small
screening factor means that the scalar charge QB = ξλBMB/Mp is proportional
to only a fraction of the entire mass of object B.

We can now compute the fifth force acting on object B due to another object A
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by means of Eq. (5.24) by choosing the surface S just outside the object B such
that the exponential decay in the solution (5.30) can be neglected:

F i
5 = −λBMB

ξ

Mp

∂iφA. (5.32)

The strength of the fifth force relative to the gravitational force acting on object
B is thus given by: ∣∣∣~F5

∣∣∣∣∣∣~FN

∣∣∣ = λB
ξ

Mp

∣∣∣~∇φA

∣∣∣∣∣∣~∇ΦN,A

∣∣∣ , (5.33)

where φA and ΦN,A are taken at the position of object B. Analogous to the Vain-
shtein case, see Eq. (5.29), we can express the right-hand side of Eq. (5.33) in terms
of the derivative of the conformal factor A. For the chameleon (logA1/2 = ξφ/Mp)
we have: ∣∣∣~F5

∣∣∣∣∣∣~FN

∣∣∣ = λB

∣∣∣~∇ logA1/2(φA)
∣∣∣∣∣∣~∇ΦN,A

∣∣∣ , (5.34)

and for the Symmetron (logA1/2 = ξ2φ2/2M2
p ):∣∣∣~F5

∣∣∣∣∣∣~FN

∣∣∣ = λB
Mp

ξφA

∣∣∣~∇ logA1/2(φA)
∣∣∣∣∣∣~∇ΦN,A

∣∣∣ . (5.35)

In contrast to the Vainshtein case a small fifth force, i.e. a small left-hand side
in Eqs. (5.34) and (5.35), does not necessarily mean that the gradient of the
conformal factor has to be small. For the Chameleon it depends on the properties
of the test object B whether the gradient of the conformal factor is constrained
by observations of small fifth forces. If the test object is screened, λB � 1, the
conformal factor is less constrained than if the test object is unscreened, λB = 1.
For the Symmetron it additionally depends on the field φA at the position of the
test object.

Therefore, the equivalence principle assumption, Eq. (5.7), can be violated by
Chameleon-type screening if all relevant astrophysical and cosmological test ob-
jects are screened. In this case the constraint on αM in Eq. (5.22) could be violated
by Chameleon-type screening models. This can be shown by integrating Eq. (5.33)
in the same way we have integrated the equivalence principle assumption in Sec-

83



5. Constraining Scalar-Tensor Theories with Lunar Laser Ranging

tion 5.2.2: We define β(~x) :=
∣∣∣~F5

∣∣∣ / ∣∣∣~FN

∣∣∣, multiply by
∣∣∣~∇ΦN,A

∣∣∣ and integrate from
a point far outside of object A, where φA is equal to the cosmological solution φbg,
to a point inside object A, where φA is given by the local value of the scalar field
φl. Estimating the integral in the same way as in Section 5.2.2 through the max-
imum value βmax of β(~x), gives the following constraint on the difference between
the cosmological and the local field:

0 > λB
ξ

Mp

(φl − φbg) & βmaxΦN,l ∼ −10−6βmax, (5.36)

where we introduced the local gravitational potential ΦN,l. For simplicity of the
calculation we have assumed that the screening factor λB is the same for all tracer
objects which are used to test the fifth force on all relevant scales from far out-
side to inside object A.8 If we could treat all tracer objects as unscreened, i.e.
λB = 1, Eq. (5.36) becomes equivalent to Eq. (5.14) in the sense that the value of
the local conformal factor would again be constrained to be very close to the cos-
mological value for both the Chameleon (logA1/2 = ξφ/Mp) and the Symmetron
((logA1/2)1/2 = ξφ/

√
2Mp). In this case our constraints on αM in Eq. (5.22) still

hold. However, if the tracer objects are screened, i.e. λB � 1, the local and cosmo-
logical field values could potentially deviate enough to allow for a self-accelerating
solution of the cosmological field characterised by αM ∼ 1.

It has been pointed out in the literature, see e.g. Ref. [88], that λB � 1 is only
possible for an extended period of time if the field excursion of the cosmological
background field ∆φbg is small because λB is proportional to φbg, see Eq. (5.31).
This argument would suggest that αM ∼ ξ∆φbg/Mp ∼ 1 is still ruled out even if the
theory avoids the equivalence principle assumption. However, if ξ2 � Φ−1

N (RB), λB
could remain small even if the field excursion is large, see Eq. (5.31). Therefore,
αM is unconstrained for models with large couplings ξ2 � 106 since all tracers
can be consistently screened for an extended period of time thereby violating our
equivalence principle assumption.

In the related study Ref. [128], which establishes a no-go theorem for self-
acceleration from Chameleon and Symmetron fields, the violation of the macro-
scopic equivalence principle was ignored with the argument that a huge backreac-
tion effect on the expansion history is expected if all tracers were screened. While

8This is a significant simplification and is not true in general, but it serves here to demonstrate
the central idea.
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we agree that the background evolution should be reconsidered in this case, we are
not aware of an argument showing that this reconsidered background evolution
can not have |αM | ∼ 1. Even if all cosmological tracers are screened, very low
density regions in the Universe, which are unobserved and thus can not be used
as tracers, could still be unscreened and have a substantial impact on the back-
ground evolution. Therefore, we would like to draw a more conservative conclusion
by stating that a large coupling ξ could potentially invalidate our constraint in
Eq. (5.22). Hopefully, a future analysis of this backreaction effect will shine some
light on this issue.

5.3.3. Parallelism assumption

The assumption that the fifth force is parallel to the gravitational force, Eq. (5.8),
is a technical assumption enabling us to make the simple estimate in Eq. (5.13).
Small violations of this assumption are not problematic as long as the estimate of
Eq. (5.13) still holds.

Since both the fifth force and the gravitational force are sourced by matter, they
will always be parallel around spherically symmetric matter sources. The same is
going to be true far away from a matter source, where the monopole of the matter
distribution dominates. However, close to irregular matter distributions the two
forces are only guaranteed to be parallel if they obey the same force law, i.e. the
Poisson equation9 ∆φ ∝ ρ.

For the Vainshtein-type screening mechanisms the Poisson equation will be ap-
proximately valid outside the Vainshtein radius, where the force is unscreened, and
for Chameleon type screening the Poisson equation is a good approximate descrip-
tion of the field profile close to the matter source, where the Yukawa damping can
be neglected. Violations of the parallelism assumption, coming from deviations of
the equation of motion from the Poisson equation, occur only in regions where the
gradient of the scalar field is suppressed compared to the gradient of the gravita-
tional potential. Thus, the effect of these violations of the parallelism assumption
should be irrelevant for the estimate in Eq. (5.13). For Vainshtein screening we
show this explicitly in Appendix A.2, where Eq. (A.44) is the analogue of the es-
timate in Eq. (5.13) and depends only on the fields outside the Vainshtein radius,

9We are assuming non-relativistic matter sources here because all objects of interest for our
purposes, i.e. the Solar System, the Milky Way and other sub-horizon structures, are non-
relativistic.
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i.e. where the scalar field and the gravitational field both obey a Poisson equation.

5.4. Conclusion
In this Chapter, we have considered a general fifth force model, where a scalar field
couples conformally to matter, and demonstrated that the constraints from lunar
laser ranging on the time evolution of the local gravitational constant strongly
constrain the evolution of the cosmological gravitational constant, i.e. αM , under
a specific set of assumptions. We have assumed that 1. the fifth force is weak
compared to the gravitational force on any scale from cosmological to solar-system
scales, see Eq. (5.6), that 2. a macroscopic equivalence principle holds for the
objects used as tracers in tests of gravity on those scales, see Eq. (5.7), that 3. the
fifth force and the gravitational force are mostly parallel, see Eq. (5.8), and that
4. all of those assumptions hold for an extended period of time on cosmological
scales, see Eq. (5.10).

Furthermore, we made two model independent, technical assumptions in Section
5.2.2. If ~x1 is a point inside an overdensity like the Solar System and ~x2 is a point
far outside the overdensity such that the conformal factor A(~x2) is given by the
cosmological average A0, we assumed that there exists a path γ from ~x1 to ~x2

where the gravitational potential is monotonically increasing, and we assumed
that |φN(~x2)| � |φN(~x1)|.

Under all of these assumptions we showed that the conformal factor in the Solar
System has to be relatively close to the cosmological average, see Eq. (5.15). Due
to the strong constraints on the time evolution of the gravitational constant in
the Solar System, the running of the Planck mass on cosmological scales in the
late Universe is therefore heavily constrained: |αM | . 0.002. This is a significant
improvement over previous constraints on αM in the literature, see Ref. [133],
and furthermore has the advantage of being independent of a parametrisation of
αM . Using this bound on the evolution of the cosmological gravitational constant
should lead to significant improvements of constraints on cosmological models as
is shown in, for example, Ref. [150].

The validity of our assumptions should be considered for every fifth force model
individually. For models of current interest, the most likely assumption to be
invalid is the equivalence principle assumption. For shift-symmetric theories like
Vainshtein and kinetic screening models, we argued that the macroscopic equiv-
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alence principle is valid on large cosmological scales, where the fifth force is un-
screened, independent of the internal structure of the tracer galaxies, which are
used to map out the fifth force on these scales. On smaller scales, the equivalence
principle is broken, however, due to the nature of Vainshtein screening, the spatial
variations of the conformal factor have to be strongly suppressed compared to the
variations of the gravitational field on these scales. Thus, the assumption in Eq.
(5.7) holds on any scales if it holds in the unscreened regime. For theories which
predict the Vainshtein radius of tracer galaxies to be of the order of the largest
structures in the universe, the macroscopic equivalence principle would break down
and our constraints might not be valid. However, it remains to be seen if such a
theory, which is non-linear everywhere, can be consistent with cosmological data.
We therefore conclude that most Vainshtein and kinetic screening models should
be subject to our constraints on αM . This validates the conclusions reached in
Ref. [99] with an independent approach and extends upon them since our analysis
is also valid for some Chameleon-type screening mechanisms.

Chameleon and Symmetron mechanisms can violate the macroscopic equiva-
lence principle and therefore can, in some regions of their parameter space, evade
our constraints if the squared coupling scale ξ2 is large compared to the inverse
gravitational potential on the surface of any tracer object. It remains an open
question whether there might be a large backreaction effect for theories which
violate the macroscopic equivalence principle as is suggested in Ref. [128].

We note that the gravitational constant determining the propagation of gravita-
tional waves can in principle differ from the gravitational constant describing the
strength of the gravitational force between massive objects, see Ref. [151] where
it is argued that this could lead to a novel way of probing the fifth force. The
difference between these two couplings was calculated explicitly for the chameleon
in Ref. [152]. The analysis in Ref. [152] assumes that the local and cosmological
conformal factors are close to each other, which we confirmed here for the case of
large couplings ξ.

We close by remarking that modifications of gravity without a conformal cou-
pling, for example theories with kinetic braiding like in Ref. [89], where the gravi-
tational force is modified through a mixing of the kinetic terms of the metric and
the scalar field, are not affected by our constraints. This is also part of the reason
why the constraints on αM derived here do not make our analysis in Chapter 4 ir-
relevant. Although all Galileon models (Gal 1-5) violate the constraints on αM due
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to the conformal coupling we assumed10, the core message of the Chapter remains
untouched if we simply remove the conformal coupling such that the Galileon field
interacts with matter only through kinetic braiding. The shape-dependence of
Vainshtein screening will affect the shape of the bispectrum qualitatively in the
same way for a Galileon model without conformal coupling.

10The values of αM at redshift z = 0 for the 5 models are: Gal 1: 2.72× 10−2, Gal 2: 5.69× 10−2,
Gal 3: 8.95× 10−2, Gal 4: 2.62× 10−2, Gal 5: 3.18× 10−2.
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6. The Galileon Two-Body System

Due to the non-linearities in the Galileon equation of motion, it is generally very
difficult to find analytical solutions for non-trivial matter sources. Here, we present
a calculation of the Galileon field in a hierarchical two-body system, where one
mass is significantly larger than the other mass. We find an analytic solution in
the proximity of the smaller mass. Remarkably, there exists a regime where the
field profile around the smaller mass has elliptical symmetry rather than spher-
ical symmetry. A consequence is that the fifth force will not be parallel to the
gravitational force in this regime, which might help break degeneracies with the
gravitational force when searching for fifth forces. While the effects of this ellip-
ticity are bound to be small in the Solar System due to very effective screening,
the ellipticity might play a role on intergalactic scales, where the magnitude of
the fifth force could be of order 4% of the gravitational force.

The work in this chapter has not been published yet since numerical simulations
are necessary to compute a more realistic estimate of the observable consequences
of the elliptic field profile on intergalactic scales. We only present very rough order
of magnitude estimates for the fifth force here.

6.1. Non-Linearities in the Cubic Galileon
We consider a cubic Galileon model, which couples to matter conformally, see
Eq. (3.35). Here, we are mostly interested in studying the non-linear behaviour
of the cubic Galileon for non-relativistic matter sources. This means that time-
derivatives can be neglected compared to spatial derivatives and the field equation
has the form:

∆φ+
1

M3

(
(∆φ)2 − (∂i∂jφ)

(
∂i∂jφ

))
=

ξ

Mp

ρ. (6.1)

It has been shown in the past that the non-linear term in the equation of motion
can lead to some unique phenomenology. It was demonstrated in Ref. [149] that
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these non-linearities lead to equivalence principle violations in a two body system
if the two bodies A and B lie inside of each others Vainshtein radii. This is due
to the fact that the individual fields of the two bodies when isolated, φA and φB,
are not a viable solution to the equation of motion when added φ 6= φA + φB. In
other words, the gradient of φA, which leads to a fifth force acting on object B, is
affected by the self-field of object B. Ref. [149] showed that the fifth force acting
on object B sourced by object A is reduced by this self-shielding effect.

Some aspects of the two-body system in Galileon gravity have recently been
studied both analytically and numerically. The authors of Ref. [153] and Ref.
[154] use an effective one-body approach to compute the potential energy stored
in a two-body system and the energy dissipated through radiation respectively.
The Galileon field profile of the Sun-Earth system has been studied numerically
using the finite-difference method in Ref. [155].

Despite those efforts to study the two-body system in Galileon gravity, the
Galileon field profile around the Earth has not been analysed analytically yet.
This motivated us to investigate the Galileon field profile in the two-body system
more closely which lead to the discovery of a fascinating new phenomenon: an
induced ellipticity of the field around the smaller mass. This ellipticity makes the
fifth force acting on a (third) test particle orbiting the smaller mass dependent on
the angular position in the orbit. This effect could in principle be searched for in
the Solar System, where the earth takes on the role of the smaller mass and the
sun is the larger mass. On intergalactic scales one might identify the larger mass
with a large galaxy cluster and the smaller mass with a galaxy outside the cluster.

6.2. The Two-Body Galileon Equation of Motion
We consider two compact, spherical objects, A and B, with masses MA and MB.
The distance vector between the centres of the two objects shall define the z axis
of our coordinate system with the smaller mass MB sitting at the origin and the
larger mass MA at z = z0, see also Figure 6.1. Due to the axial symmetry of
the system, we write the equation of motion, Eq. (6.1), in cylindrical coordinates
(r2 := x2 + y2):

∂2rφ+
1

r
∂rφ+∂

2
zφ+

2

M3

(
∂2rφ∂

2
zφ− (∂r∂zφ)

2 +
1

r
∂rφ

(
∂2rφ+ ∂2zφ

))
=

ξ

Mp

ρ. (6.2)
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We now decompose the field φ as:

φ = φA + ϕ. (6.3)

The field φA is defined as the field of the mass MA if it were isolated.1 The
gradient of φA outside the mass MA is a well known result, see Eq. (3.38), if
expressed through the radius R2 := r2 + (z − z0)

2:

∂RφA(R) = −M
3

4
R

1−

√
1 +

r3V,A
R3

 , (6.4)

with the Vainshtein radius of mass A defined as:

r3V,A :=
2ξMA

πMpM3
. (6.5)

The derivatives of φA with respect to r and z are given by:

∂rφA = r
R
∂RφA, ∂2rφA =

r2

R2

(
∂2RφA − ∂RφA

R

)
+
∂RφA

R
,

∂zφA = z−z0
R
∂RφA, ∂2zφA =

(z − z0)
2

R2

(
∂2RφA − ∂RφA

R

)
+
∂RφA

R
,

∂r∂zφA =
r(z − z0)

R2

(
∂2RφA − ∂RφA

R

)
. (6.6)

We now substitute the decomposition φ = φA + ϕ into the equation of motion,
Eq. (6.2), and obtain:

∆ϕ+
1

M3

(
(∆ϕ)2 − (∂i∂jϕ)

(
∂i∂jϕ

))
− ξ

Mp

ρB

= − 2

M3

(
∂2rϕ∂

2
zφA + ∂2rφA∂

2
zϕ− 2∂r∂zϕ∂r∂zφA +

∂rφA

r

(
∂2rϕ+ ∂2zϕ

)
+
∂rϕ

r

(
∂2rφA + ∂2zφA

))
(6.7)

= − 2

M3

(
∂2RφA − ∂RφA

R

)(
(z − z0)

2

R2
∂2rϕ+

r2

R2
∂2zϕ− 2

r(z − z0)

R2
∂r∂zϕ+

∂rϕ

r

)
− 4

M3

∂RφA

R
∆ϕ. (6.8)

1A similar field decomposition is also used in Ref. [153] to compute the energy dissipated in
radiation in a two-body system.
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=
3

4

r3V,A
R3

(
1 +

r3V,A
R3

)−1/2(
(z − z0)

2

R2
∂2rϕ+

r2

R2
∂2zϕ− 2

r(z − z0)

R2
∂r∂zϕ+

∂rϕ

r

)

+

1−

√
1 +

r3V,A
R3

∆ϕ. (6.9)

We have used that the field φA satisfies:

∆φA +
1

M3

(
(∆φA)

2 − (∂i∂jφA)
(
∂i∂jφA

))
=

ξ

Mp

ρA. (6.10)

We can simplify the equation of motion, Eq. (6.9), further by subtracting the
expression ∆ϕ

(
1−

√
1 + r3V,A/R

3
)

:

√
1 +

r3V,A

R3 ∆ϕ+ 1
M3

(
(∆ϕ)2 − (∂i∂jϕ) (∂

i∂jϕ)
)
− ξ

Mp
ρB

= 3
4

r3V,A

R3

(
1 +

r3V,A

R3

)−1/2 (
(z−z0)2

R2 ∂2rϕ+ r2

R2∂
2
zϕ− 2 r(z−z0)

R2 ∂r∂zϕ+ ∂rϕ
r

)
. (6.11)

Since the premise of this study is to examine the field profile of two masses in the
deeply non-linear regime, i.e. the regime where the small mass B lies deep within
the Vainshtein radius of mass A, we assume R � rV,A:√

r3V,A
R3

∆ϕ+
1

M3

(
(∆ϕ)2 − (∂i∂jϕ)

(
∂i∂jϕ

))
− ξ

Mp

ρB

=
3

4

√
r3V,A
R3

(
(z − z0)

2

R2
∂2rϕ+

r2

R2
∂2zϕ− 2

r(z − z0)

R2
∂r∂zϕ+

∂rϕ

r

)
. (6.12)

6.3. The Galileon Field around the small mass
In the following, we are only interested in the field profile close to the small mass
B. Therefore, we can assume z0 � |z|, r and arrive at the final equation of motion:√

r3V,A
z30

(
∂2zϕ+

1

4

(
∂2rϕ+

∂rϕ

r

))
+

1

M3

(
(∆ϕ)2 − (∂i∂jϕ)

(
∂i∂jϕ

))
=

ξ

Mp

ρB.

(6.13)
Similar to the isolated mass case, where the terms quadratic in ∂2ϕ are domi-

nant inside the Vainshtein radius rV,B and subdominant outside, there exist two
regimes here, see Figure 6.1. First, the regime inside the ‘modified Vainshtein
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zB A

∂BV

C

D

Figure 6.1.: Schematic picture of the relevant regimes for the Galileon field around
the smaller object B in a two-body system. The roughly ellipsoidal
Vainshtein boundary ∂BV denotes the transition between the orange
regime where the quadratic terms in ϕ dominate in Eq. (6.14) and the
red regime, where the linear terms dominate and the field becomes
ellipsoidal. Outside of the red regime, the assumption z0 � |z|, r is
violated and numerical calculations are necessary. The points C and
D denote the position of two test objects, which are subject to the
elliptic fifth force.
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boundary’ ∂BV , which is indirectly defined through the relation2 |∂2ϕ(∂BV )| ∼
M3
√
r3V,A/z

3
0 ∼ ∂2zφA. This regime is the equivalent to the regime inside the Vain-

shtein radius rV,B for the isolated mass since the equation of motion has exactly
the same form:

1

M3

(
(∆ϕ)2 − (∂i∂jϕ)

(
∂i∂jϕ

))
=

ξ

Mp

ρB. (6.14)

Here, we are much more interested in the solution to the equation of motion
outside the Vainshtein boundary ∂BV . We write the equation of motion, Eq.
(6.13), as:

~∇ · ~J =

√
z30
r3V,A

ξ

Mp

ρB, (6.15)

where the Galileon current ~J is defined as:

~J :=

1/4∂xϕ

1/4∂yϕ

∂zϕ

+
1

M3

√
z30
r3V,A

(
∆ϕ~∇ϕ−

(
~∇∂iϕ

)
∂iϕ
)
. (6.16)

We integrate Eq. (6.15) over a volume V containing all of mass B and use Gauss’
theorem: ∫

E

~J · d ~E =

√
z30
r3V,A

ξ

Mp

MB, (6.17)

where E = ∂V . Outside the Vainshtein boundary we can neglect the non-linear
terms in Eq. (6.16). Defining σ2 := 4(x2 + y2) + z2 the Galileon current becomes:

~J ≈

1/4∂xϕ

1/4∂yϕ

∂zϕ

 =
∂σϕ

σ

xy
z

 , (6.18)

We now choose the boundary E of our integral in Eq. (6.17) to be an ellipsoid
defined as a surface of constant σ. Introducing ellipsoidal coordinates:

~x = σ

1/2 sin θ cosφ

1/2 sin θ sinφ

cos θ

 , (6.19)

2This relation doesn’t necessarily define a radius since the spherical symmetry is broken. There-
fore the terminology Vainshtein ‘boundary’ was introduced.
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the infinitesimal area vector d ~E is given by:

d ~E =
∂~x

∂θ
× ∂~x

∂φ
dθdφ =

σ2

4
sin θ

2 sin θ cosφ

2 sin θ sinφ

cos θ

 dθdφ. (6.20)

We thus obtain the direct product of the current ~J and the infinitesimal area
vector d ~E:

~J · d ~E =
σ2

4
sin θ∂σϕ dθdφ. (6.21)

Therefore the surface integral in Eq. (6.17) becomes:∫
E

~J · d ~E =

∫ 2π

0

dφ

∫ π

0

dθ
σ2

4
sin θ∂σϕ = πσ2∂σϕ

=

√
z30
r3V,A

ξ

Mp

MB. (6.22)

We conclude:

∂σϕ =
ξMB

πMpσ2

√
z30
r3V,A

. (6.23)

Integration in σ gives:

ϕ = − ξMB

πMpσ

√
z30
r3V,A

. (6.24)

We have assumed the boundary condition ϕ→ 0 for σ → ∞. We observe that the
field profile around mass MB outside of the Vainshtein boundary is ellipsoidal in
the sense that surfaces of equal potential are ellipsoids defined through σ2 = const.
The ellipsoidal nature of the field originates in the non-linear interactions with
the field φA of mass A. The position of mass A determines the orientation of the
ellipsoid, see Figure 6.1.

As one might have expected, outside the Vainshtein boundary, where the equa-
tion of motion becomes approximately linear, see Eq. (6.13), the field seems to be
almost unscreened in the sense that it scales like 1/σ, i.e. similar to the 1/r-scaling
of the gravitational potential. However, since the factor

√
z30/r

3
V,A appearing in

Eq. (6.24) is much smaller than 1 by assumption, the strength of the fifth force
is still suppressed compared to gravity. This is a consequence of the mass MB

residing inside the Vainshtein radius rV,A of the larger mass A. We call the factor
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√
z30/r

3
V,A ‘screening factor’ in the following.

According to our assumptions, the solution in Eq. (6.24) is valid as long as ∂2ϕ >
M3
√
r3V,A/z

3
0 . By extrapolating the solution outside the Vainshtein boundary up

to the boundary, we get an order of magnitude estimate for the location of the
boundary, here approximately described by a constant σV,B:

∣∣∂2σϕ(σV,B)∣∣ = 2ξMB

πMpσ3
V,B

√
z30
r3V,A

∼M3
√
r3V,A/z

3
0 . (6.25)

Solving for σV,B and using the definition of the Vainshtein radius, Eq. (6.5), we
get an approximation for the location of the Vainshtein boundary around mass B:

σV,B ∼ z0
3

√
MB

MA

. (6.26)

Unlike the Vainshtein radius of the isolated mass B (r3V,B = 2ξMB/πMpM
3), the

Vainshtein boundary σV,B is independent of the model parameters M3 and ξ.
It is important to remark that the assumption z0 � r, |z| only holds outside

the Vainshtein boundary if the hierarchy between the masses MA and MB is large
enough such that σV,B � z0.

6.4. Test Masses in the Elliptic Galileon Field
The solution in Eq. (6.24) is the main result of this Chapter. The field profile
around a spherical mass MB, which is located inside the Vainshtein radius of a
larger spherical mass MA is ellipsoidal and scales like 1/σ in a regime outside
the Vainshtein boundary of object B, but close enough to mass B such that
the assumption z0 � r, |z| holds. In this section we demonstrate explicitly how
the elliptic fifth force acts on test masses in the regime outside the Vainshtein
boundary.

We consider two test masses C and D at the same distance l & σV,B from mass
MB, but C is located at r = l, z = 0, while D is located at r = 0, z = −l, see
Figure 6.1. In the following we denote by ~aij the acceleration of object i due to
the fifth force sourced by object j. The accelerations of the test masses C and D
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sourced by mass MB are obtained from the solution in Eq. (6.24):

~aCB = − ξ

Mp

~∇ϕ(r = l, z = 0) = − ξ2MB

2πM2
p l

2

√
z30
r3V,A

êr, (6.27)

~aDB = − ξ

Mp

~∇ϕ(r = 0, z = −l) = ξ2MB

πM2
p l

2

√
z30
r3V,A

êz. (6.28)

We observe that the acceleration of test mass D is twice the acceleration of test
mass C, which is a consequence of the elliptic field.

However, there is an important subtlety we have not taken into account yet. The
test masses also experience a fifth force sourced by mass MA which is larger than
the elliptic force sourced by mass MB by assumption of l & σV,B ∼ z0

3
√
MB/MA:

|~aCA| ≈ |~aDA| ≈ |~aBA| ∼
ξ

Mp

∂RφA(R = z0) ≈
ξ2MA

2πM2
p

1√
z0r3V,A

=
MA

MB

l2

z20
|~aCB| & 3

√
MA

MB

|~aCB| � |~aCB|. (6.29)

In the first line we made use of the solution in Eq. (6.4) for the field φA.
The fact that the elliptic force is subdominant compared to the fifth force from

mass MA does not mean that the elliptic force is negligible in all circumstances.
For example, if we observe the test masses C and D from the reference frame of
mass MB, only the relative accelerations ~aDA − ~aBA and ~aCA − ~aBA are relevant.
At first order in the small quantity l/z0 � 1 we obtain ~aDA − ~aBA ≈ − l

2z0
~aBA,

which is of the same order as ~aDB if l ∼ σV,B.3 Therefore, both the elliptic force
sourced by mass MB and the fifth force from mass MA are equally important in the
reference frame of mass MB. The discovery of the elliptic field profile is essential
for testing Vainshtein screened theories in non-linear environments.

6.5. Observable Consequences
In this section we explore how the ellipsoidal nature of the field may be employed
for detecting the fifth force on solar-system or intergalactic scales. We are con-
tent with rough order of magnitude estimates of the fifth force and leave precise

3Similarly, one can show that ~aCA−~aBA is also of the same order as ~aCB in the reference frame
of mass MB
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predictions for realistic experimental and observational set-ups for future work.
For the purpose of estimating the magnitude of the ellipsoidal force, we consider

two simplified two-body systems, the sun-earth system, where the sun is mass A
and the earth is mass B, and secondly, the neighbourhood of the local group,
which we crudely approximate as a two-body system with the Virgo cluster being
mass A and the local group being mass B.

We first investigate the sun-earth system. In Appendix A.3 we argue that the
Vainshtein radius around mass MA for a cosmologically relevant cubic galileon
model is expected to be of order:

r3V,A &MA10
−39Mpc3/kg. (6.30)

Since a smaller Vainshtein radius will typically lead to larger effects from the fifth
force, we obtain, in the best case scenario, i.e. the scenario where the Vainshtein
radius takes the lower bound given by Eq. (6.30), for the sun-earth system:

rV,A ∼ 1.3 kpc ∼ 2.6× 108AU. (6.31)

The screening factor
√
z30/r

3
V,A, which determines the strength of the fifth force

sourced by object B, i.e. the earth, relative to gravity, is of order:√
z30
r3V,A

∼ 2.4× 10−13. (6.32)

As a next step we consider the magnitude of the Vainshtein boundary around the
earth in the sun-earth system. For MA = M� ≈ 2× 1030 kg, MB ≈ 6× 1024 kg

and z0 = 1AU, we obtain:
σV,B ≈ 0.014AU. (6.33)

This is of order 10 times the distance between the earth and the moon. This
means that the movement of the moon is not affected by the elliptic field profile
and it is safe to treat the earth and the moon as a single matter source for rough
order of magnitude estimates. Compared to the Vainshtein radius of the isolated
earth (rV,B & 3.7× 106AU), the Vainshtein boundary σV,B is significantly smaller.

Surprisingly, the Vainshtein boundary is located in the proximity of the La-
grange points L1 and L2 of the sun-earth system, which are located at around
∼ 0.01AU. These Lagrange points have been used in the past for various space-
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missions4 and will likely be used again in the future. Therefore, it is reasonable
to expect that the gravitational forces at the Vainshtein boundary will be put to
the test by future space missions.

To precisely compute the effect of the fifth force on the movement of test objects
in the regime around the Lagrange points, a numerical analysis of the equation
of motion, Eq. (6.13), is necessary since our solution in Eq. (6.24) is not valid at
the border of the regime. However, it seems likely that some of the features of
the solution outside the Vainshtein boundary will also be found at the boundary.
While the ellipticity might be less pronounced, it will still be present.

As we discussed in Chapter 5, lunar laser ranging constrains the evolution of
the gravitational constant to an accuracy of Ġ/G ∼ 1× 10−13 yr−1, see Ref. [134].
This demonstrates that a force of order ∼ 1× 10−13 the strength of gravity, as
obtained in Eq. (6.32), is in principle detectable at the distance of the moon.
However, the Vainshtein boundary is located at a distance ten times the distance
to the moon, where the gravitational force is decreased by a factor of ∼ 100,
and experiments are much more difficult to perform. We conclude that it will be
challenging to detect the elliptic fifth force in the Solar System, but there might
be some hope with future technology.

We expect the fifth force on galaxy and galaxy-cluster scales to be much less
suppressed than on solar-system scales. As a significantly oversimplified example
of an intergalactic two-body system we consider the mass MA to be the Virgo
cluster, which has a mass of MA ≈ 1.2× 1015M�, see Ref. [156], and the smaller
mass MB to be the local group, MB ∼ 2× 1012M�. The distance between the two
objects is roughly of order z0 ∼ 16.5Mpc, see Ref. [157]. We ignore here that the
local matter distribution is significantly more complicated than a simple two-body
system. Since we are only interested in rough order of magnitude estimates, this
simplified scenario seems sufficient.

Using the estimate in Eq. (6.30), we obtain the best-case Vainshtein radius of
the Virgo cluster:

rV,A ∼ 134Mpc. (6.34)

The local group is therefore easily inside the Vainshtein radius of the Virgo cluster.

4E.g. WMAP, Planck, Gaia and the Herschel observatory at L2 and the LISA Pathfinder at
L1.
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The screening factor becomes: √
z30
r3V,A

∼ 0.04. (6.35)

An order 4% effect compared to gravity is small given the large uncertainties on
galactic scales,5 but might be measurable in the foreseeable future.

Using Eq. (6.26), we obtain the Vainshtein boundary around the local group:

σV,B ∼ 0.1z0 ∼ 1.65Mpc. (6.36)

The Vainshtein boundary thus includes the entire local group6 and is an order of
magnitude smaller than the Vainshtein radius of the isolated local group (rV,B ∼
16Mpc).

Galaxies outside the local group but still fairly close, such that the assumption
z0 � r, |z| is a decent approximation, will experience the elliptical fifth force.
Numerical simulations of the local matter distribution are necessary to compute
the precise effects of the elliptic fifth force on nearby galaxies and to formulate
useful observables sensitive to the effects of the ellipticity, since accelerations are
not directly observable at this scale.

6.6. Summary
In this chapter we calculated the Galileon field in a hierarchical two-body system,
where one mass is significantly smaller than the other, in the proximity of the
smaller mass. We observed the emergence of two important regimes depicted in
Figure 6.1. Inside the elliptic Vainshtein boundary around the small mass, see
Eq. (6.26), the solution is equivalent to the screened solution if the small mass
was isolated, see Eq. (6.14). Outside the Vainshtein radius but still close to the
small mass, the solution is elliptic, see Eq. (6.24), with dependence ϕ ∼ 1/σ.
In this regime the solution is suppressed compared to gravity by the screening
factor

√
z30/r

3
V,A. Test masses in the regime outside the Vainshtein boundary will

5For example the distances of nearby galaxies outside the local group are known to roughly
∼ 5% accuracy, see Ref. [158].

6The distance between the Milky Way and the Andromeda galaxy is (765± 28) kpc, see Ref.
[159].
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experience a force towards mass MB which depends on their angular position. In
the reference frame of mass MB this elliptic force is comparable to the fifth force
from object MA.

The elliptic nature of the field indicates that there are likely less degeneracies
with the radially symmetric gravitational field when testing gravity experimentally
or observationally. Potentially, this could make a detection of the fifth force easier.

We have considered two scenarios, where the elliptic nature of the fifth force
might play a role. First, we considered the sun-earth system, where we found that
the elliptic field profile is approximately valid around the Lagrange points L1 and
L2. The proximity of the Lagrange points demonstrates the accessibility of the
regime to potential future space missions testing the gravitational force in this
regime. However, we also found that a realistic value for the screening factor, see
Eq. (6.32), is extremely small making a detection of the fifth force unlikely in the
near future.

Second, we considered the strongly oversimplified two-body system of the Virgo
cluster and the local group. We found that galaxies in the close proximity of
the local group experience an elliptical fifth force sourced by the local group. The
magnitude of the fifth force acting on those test galaxies could be of order 4% of the
gravitational force. Since the fifth force is not a direct observable on intergalactic
scales, numerical simulations are required to make more realistic predictions for
observable consequences in the dynamics of the galaxies around the local group.
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In this thesis we have explored three approaches to testing screened fifth forces on
scales ranging from solar-system scales to cosmological scales.

First, in Chapter 4 we demonstrated how Vainshtein screening affects the cos-
mic matter bispectrum focussing in particular on the connections to the shape
dependence of Vainshtein screening in real space. In real space Vainshtein screen-
ing is most effective around spherical objects, less effective for matter sources with
cylindrical symmetry and altogether absent for planar symmetry. Analogously,
we found that the fifth-force contributions to the bispectrum are maximal for an
equilateral configuration of the bispectrum triangle ~k1+~k2+~k3 = 0 and vanish in
the flattened limit. Vainshtein screening is thus most effective in scenarios with
maximal symmetry in the three cartesian directions of space.

For a conformally coupled cubic Galileon we demonstrated that the non-linear
effects of Vainshtein screening in the matter bispectrum scale like ∝ a3/2 with
the scale factor and are thus non-degenerate with the contributions from general
relativity. The magnitude of the signal relative to the GR signal in the bispectrum
is proportional to the fractional energy density Ωφ of the scalar field. For a realistic
cubic Galileon model, which is not excluded at the level of the background and the
linear perturbations, the signal on the bispectrum is bound to be at the percent
level or lower. A detection of the fifth force through the bispectrum thus seems
unlikely since the fifth-force signal on the cosmological background evolution and
the linear perturbations will be of a similar magnitude while typically being easier
to observe. However, the signal on the bispectrum is very unique to Vainshtein
screened fifth forces and may thus be used to differentiate between different fifth
force models which have similar signals at the level of the background and linear
perturbations.

In our second project, see Chapter 5, we examined the applicability of solar-
system constraints on the evolution of the gravitational constant to cosmological
scales. Under quite general assumptions we found that the lunar-laser ranging
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7. Summary and Outlook

results put tight constraints on the evolution of the cosmological gravitational
constant. This makes self acceleration as an explanation for the accelerated ex-
pansion of the late Universe extremely difficult to realise.

The constraints from lunar-laser ranging can be avoided if the screening mecha-
nism leads to violations of the equivalence principle even on the largest cosmologi-
cal scales, where galaxies are typically used as test objects to trace the gravitational
field. For Vainshtein screening this may be achieved if the Vainshtein radius of the
tracer galaxies is of order the size of the observable Universe. For Chameleon-type
screening mechanisms, the constraints can be avoided if all tracer objects – on any
scale, including galactic scales – are screened. This is only possible if the coupling
ξ of the Chameleon or Symmetron field to matter is large compared to the inverse
Newtonian potential at the boundary of all relevant tracer objects.

The surviving fifth force models with self acceleration are thus extreme in the
sense that they are screened even on the largest cosmological scales. It is an open
and potentially exciting question how the background evolution of such highly non-
linear theories would behave and if they indeed allow a consistent self accelerating
solution. A back reaction of the non-linearities on the background evolution seems
plausible. We leave a detailed analysis of such extreme models for future work.

Finally, we investigated the behaviour of the Galileon field in a hierarchical
two-body system, see Chapter 6. We observed that the Galileon field around the
smaller mass is elliptical rather than spherically symmetric at a distance larger
than the Vainshtein boundary. While this ellipticity has a very small effect on the
dynamics in the sun-earth system, it could be at the percent level compared to
gravity on intergalactic scales. The elliptic field leads to an asymmetric fifth force
around field galaxies which lie inside the Vainshtein radius of a galaxy cluster. We
demonstrated how this asymmetric fifth force arises around the local group which
lies inside the Vainshtein radius of the Virgo cluster, but this analysis also applies
more generally to any field galaxy.

We conclude that the dynamics of field galaxies may represent a new test for
Vainshtein screened fifth forces. However, our analytic calculation in Chapter
6 has to be confirmed by numerical simulations in the context of complicated
matter sources like the large-scale structures around the local group or other field
galaxies. We are optimistic that our simple two-body model gives a decent order
of magnitude estimate, which motivates us to make a detailed numerical analysis
in the future.
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A. Appendix

A.1. Further Details on the Shape-Dependence of
Vainshtein Screening

A.1.1. Formulas and Definitions

The Conservation equations, Einstein equations and the Galileon field equation at
linear order are given by:

δ(1)′ = −∆v(1) + 3Φ(1)′ +
1

2(1 + φ)

(
φ(1)′ − φ′ φ

(1)

1 + φ

)
, (A.1)

v(1)′ +Hv(1) = −Ψ(1) − 1

2(1 + φ)

(
φ′v(1) + φ(1)

)
, (A.2)

−a
2G0

0

M2
p

= 2∆Φ(1) = 3a2ρ̄δ(1) +
C3φ

′2

a2
∆φ(1), (A.3)

a2∂−1
i ∂−1

j Gi
j = Φ(1) −Ψ(1) = 0, (A.4)(

C2 −
2C3

a2
(φ′′ +Hφ′)

)
∆φ(1) − C3φ

′2

a2
∆Φ(1) =

3ρ̄a2

2(1 + φ)

(
δ(1) − φ(1)

1 + φ

)
. (A.5)

The functions AGR, BGR, Bφ used to describe F2 in Eq. (4.37) are defined by:

AGR(τ) := 2

∫ τ

τi

dτ̃ G(τ, τ̃)
(
f 2(τ̃)H2(τ̃) + αδ(τ̃)

) D2
+(τ̃)

D2
+(τ)

, (A.6)

BGR(τ) := 2

∫ τ

τi

dτ̃ G(τ, τ̃)f 2(τ̃)H2(τ̃)
D2

+(τ̃)

D2
+(τ)

=
2

D2
+(τ)

∫ τ

τi

dτ̃ G(τ, τ̃)
(
D′

+

)2
, (A.7)

Bφ(τ) := −
∫ τ

τi

dτ̃ G(τ, τ̃)
9C3ρ̄

2a2α3
φ

4A3(τ)

D2
+(τ̃)

D2
+(τ)

. (A.8)

104



A. Appendix

We now present the Jordan-frame Horndeski functions for the cubic Galileon model
defined in Eq. (4.1). These may be computed with the transformation rules in Eq.
(3.22) using the conformal factor Ω−2 = 1+ φ. Solving for the non-tilded Jordan-
frame quantities gives:

K(φ,X) = − Λc

(1 + φ)2
− 1

1 + φ

(
−C2 +

3

2(1 + φ)2

)
X

− 2C3

(1 + φ)
X2, (A.9)

G3(φ,X) = −C3X, (A.10)

G4(φ,X) =
1

2(1 + φ)
. (A.11)

G5(φ,X) = 0. (A.12)

Further transformation rules between Einstein and Jordan-frame quantities are:

a =
√

1 + φã, (A.13)

H = H̃ +
φ′

2(1 + φ)
, (A.14)

ρm = (1 + φ)−2 ρ̃m. (A.15)

A.1.2. The Source Term S(δ)

Here we give the full expression for the source term S(δ) in Eq. (4.29) in terms of
the source terms S(1), S(4), S(5), S(6) and S(7) which can be found in the appendix
of Ref. [101]. Since we have a Galileon model with a conformal coupling some of
the source terms computed in Ref. [101] have to be expanded for our model:

S̃(5) := S(5) +
ρ̄

(1 + φ)2
φ(1)δ(1), (A.16)

S̃(6) := S(6) +
1

1 + φ

(
δ(1)φ(1)′ − φ′δ(1)φ(1) + φ(1)φ(1)′

1 + φ

)
, (A.17)

S̃(7) := S(7) +
1

(1 + φ)2
((
∂iφ

(1)
) (
∂iφ(1)

)
+ φ(1)∆φ(1)

)
− 1

1 + φ

((
∂iδ

(1)
) (
∂iφ(1)

)
+ δ(1)∆φ(1)

)
− φ′

1 + φ

(
∂iδ

(1)∂iv(1) + δ(1)∆v(1)
)
. (A.18)
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The source term S(δ) can now be defined as:

S(δ) = −
(
1 +

C3φ
′2αφ

2a2A(τ)

)(
S(1)

2
− S(4)

k2

)
+

αφ

2A(τ)
S̃(5)

+S̃(6)′ + S̃(6)

(
H +

φ′

2(1 + φ)

)
− S̃(7). (A.19)

A.1.3. Simplification of the Form Factor F2

In this section we demonstrate that AGR + BGR = 2 which greatly simplifies the
form factor F2 in Eq. (4.37). For this, we firstly note that the following differential
equation holds for the Wronskian W defined in Eq. (4.36):

W ′ = −
(
H +

φ′

2(1 + φ)

)
W. (A.20)

Now we can compute AGR + BGR. For simplicity of notation we will not write
all of the dependencies on the integration variable τ̃ explicitly, however, we will
denote dependencies if they differ from τ̃ or are crucial for the understanding of
the equations.

AGR + BGR = 2

∫ τ

τi

dτ̃ G(τ, τ̃)
(
2f 2H2 + αδ

) D2
+(τ̃)

D2
+(τ)

(A.21)

=
2

D2
+(τ)

∫ τ

τi

dτ̃ W−1(τ̃) (D−(τ)D+(τ̃)−D+(τ)D−(τ̃))

×
(
2D′2

+ +D′′
+D+ +

(
H +

φ′

2(1 + φ)

)
D′

+D+

)
(A.22)

From Eq. (A.21) to Eq. (A.22) we used that the linear growth equation, Eq. (4.22),
holds for the growth function D+. Now we will integrate parts of this integral by
parts:

AGR + BGR 3 2

D2
+(τ)

∫ τ

τi

dτ̃
D′′

+D+

W
(D−(τ)D+(τ̃)−D+(τ)D−(τ̃))

= − 2

D2
+(τ)

∫ τ

τi

dτ̃

[(
D′

+

W
− W ′D+

W 2

)
(D−(τ)D+(τ̃)−D+(τ)D−(τ̃))

+
D+

W

(
D−(τ)D

′
+(τ̃)−D+(τ)D

′
−(τ̃)

)]
D′

+. (A.23)
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Substituting this result back into the full expression for AGR +BGR in Eq. (A.22)
and using Eq. (A.20), we arrive at:

AGR + BGR =
2

D2
+(τ)

∫ τ

τi

dτ̃ W−1
[
D′2

+(τ̃) (D−(τ)D+(τ̃)−D+(τ)D−(τ̃))

−D+(τ̃)D
′
+(τ̃)

(
D−(τ)D

′
+(τ̃)−D+(τ)D

′
−(τ̃)

)]
=

2

D+(τ)

∫ τ

τi

dτ̃ D′
+(τ̃)

D′
−(τ̃)D+(τ̃)−D′

+(τ̃)D−(τ̃)

W (τ̃)

=
2

D+(τ)

∫ τ

τi

dτ̃ D′
+(τ̃) = 2. (A.24)

A.2. The Local Conformal Factor of the Cubic
Galileon

We will show here how the conservative estimate in Eq. (5.13) can be made far more
constraining for a cubic Galileon model. In other words, we will demonstrate that
for the cubic Galileon the difference between the local and cosmological conformal
factors is even more constrained than the bound in Eq. (5.15), which relied on the
estimate in Eq. (5.13). We define our model through the cubic Galileon action in
Eq. (3.35) which has the following equation of motion, see Eq. (3.36):

�φ+
1

M3

(
(�φ)2 −Rµν∇µφ∇νφ− (∇µ∇νφ) (∇µ∇νφ)

)
=

ξ

Mp

ρ. (A.25)

For brevity, we consider a simple setting with an isolated, spherically symmetric
overdensity ρl(r) of radius r0 on top the cosmological background density ρ̄(τ),
where τ is the conformal time. For the metric, we assume a FLRW metric with a
small gravitational potential (|ΦN | � 1):

ds2 = a2
[
−(1 + 2ΦN)dτ

2 + (1− 2ΦN)d~x
2
]
. (A.26)

On the boundary (r → ∞), the solution for φ has to approach the cosmological
solution φ̄, which fulfils the background equation of motion:

ξ

Mp

ρ̄(τ) = − 1

a4
∂

∂τ

(
a2φ̄′)+ 3

M3a4
∂

∂τ

(
Hφ̄′2) . (A.27)
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We now make the ansatz:

φ(r, τ) = φ̄(τ) + φl(r, τ) with φl(r → ∞, τ) → 0, (A.28)

and make the quasi-static approximation, which states that time derivatives of
the local solution φl can be neglected compared to spatial derivatives if we con-
sider sub-horizon scales. Assuming a small gravitational potential |ΦN | � 1, the
equation of motion for the scalar field and the (0,0) component of the Einstein
equations become:

a2r2
ξ

Mp

ρl(r) =
∂

∂r

[(
1− 2

M3a3
∂

∂τ

(
aφ̄′)) r2φl,r +

2

a2M3
rφ2

l,r −
φ̄′2

M3a2
r2ΦN,r

]
,

a2r2ρl(r) =
∂

∂r

[
2M2

p r
2ΦN,r −

φ̄′2

M3a2
r2φl,r

]
. (A.29)

Combining the two equations and eliminating the gravitational potential yields:

ξ̃

Mp

ρl(r) =
λ(τ)

a2r2
∂

∂r

(
r2φl,r

)
+

1

a4M3

2

r2
∂

∂r

(
rφ2

l,r

)
, (A.30)

where we defined the useful quantities:

λ(τ) := 1− 2

M3a3
∂

∂τ

(
aφ̄′)− φ̄′4

2M6M2
pa

4
,

ξ̃ := ξ +
φ̄′2

2M3Mpa2
. (A.31)

It is now straightforward to solve the equation of motion, Eq. (A.30). Integrating
once over r and solving the quadratic equation for φl,r gives:1

φl,r = −λ(τ)a
2M3

4
r

1−

√
1 +

r3V
r3
M(r, τ)

M0

 , (A.32)

where we defined the total mass of the object M0 and the mass inclosed in the
radius r:

M(r, τ) := 4π

∫ r

0

dr′ r′2ρl(r
′, τ). (A.33)

1We drop the second branch of the solution, where the sign in front of the square root is
reversed, because it doesn’t converge for r → ∞.
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We also introduced the Vainsthein radius:

rV (τ) :=

(
2ξ̃M0

πMpM3λ2(τ)

)1/3

. (A.34)

On large scales (r � rV ), the field gradient φl,r has a 1/r2 dependence , i.e. is
unscreened. We use this unscreened solution in the Einstein equation, Eq. (A.29),
and obtain:

∂

∂r

(
r2ΦN,r

)
=
a2r2

2M2
p

ρl(r)α, where α := 1 +
φ̄′2ξ̃

M3a2λ(τ)Mp

. (A.35)

Therefore, the acceleration of a test particle due to the fifth force, ~a5, compared
to the acceleration due to gravity, ~aN , becomes for r � rV :

|~a5|
|~aN |

=
2ξξ̃

λ(τ)α
. (A.36)

Observations of the linear growth of structure in our Universe make it unlikely
that this fraction could be significantly larger than 1, see Section 5.3.1, and also
imply α = O(1). Therefore, we assume in the following:

2ξξ̃

λ(τ)
. 1. (A.37)

In some situations the solution in Eq. (A.32) can be analytically integrated once
more in r. For example outside of the boundaries of the overdensity (r > r0) the
solution is given in terms of the Hypergeometric function 2F 1:

φl(r, τ) = −λ(τ)a
2M3

4
r2

1

2
− 2

√
1 +

(
rV (τ)

r

)3

+
3

2 2F 1

[
−2

3
;
1

2
;
1

3
;−
(
rV (τ)

r

)3
])

. (A.38)

Deep inside the Vainsthein radius (r � rV ) this solution is well approximated by:

φl(r, τ) ≈ −γ
2
λ(τ)a2M3r2V (τ), (A.39)
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where we abbreviated:

γ :=
3Γ
(
1
3

)
Γ
(
7
6

)
4
√
π

≈ 1.0516 . . . (A.40)

If the density profile of the overdensity is well described by a power law ρl ∝ r−β,
the solution inside the overdensity becomes (for β 6= 4):

φl(r < r0, τ) = φl(r0, τ) +
λ(τ)a2M3r2V
4(2− β/2)

(
r2−β/2

√
rV r

3/2−β/2
0

−
√
r0
rV

)
. (A.41)

If β < 4 and the Vainshtein radius is much larger than the overdensity itself (r0 �
rV ), i.e. the overdensity is screened, this solution is actually well approximated
by just φl(r0, τ). β < 4 is a very reasonable assumption for overdensities like the
Milky Way which are typically assumed to have a NFW profile with β = 1 in the
center of the galaxy and β = 3 on the outskirts of the galaxy.

We summarize, if r0 � rV and β < 4, the solution for φl deep inside the
Vainshtein radius is approximately given by:

φl(r, τ) ≈ −γ
2
λ(τ)a2M3r2V (τ) = 8γ

ξ̃Mp

λ(τ)
ΦN(rV ), (A.42)

where the gravitational potential at rV is ΦN(rV ) = −M0/8πM
2
p rV . Using the

conformal factor logA1/2 = ξφ/Mp, we arrive at the analogue to Eq. (5.14):

1

2
log

A(r)

A0

=
1

2
log

(
1 +

α(r)

A0

)
≈ 8γ

ξξ̃

λ(τ)
ΦN(rV ). (A.43)

The bound in Eq. (A.37) together with |ΦN(rV )| � 1 requires the absolute value
of the right-hand side of Eq. (A.43) to be small compared to 1. Therefore, we can
Taylor expand the left-hand side to find:

α(r) ≈ 16γ
ξξ̃

λ(τ)
ΦN(rV )A0. (A.44)

We conclude that the relative deviation between the local and the cosmological
conformal factor is in this case proportional to the gravitational potential at the
Vainshtein radius ΦN(rV ), i.e. far outside the object. This is a far tighter constraint
than the conservative result in Eq. (5.15), where α(r) is proportional to ΦN(r),
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the gravitational potential inside the object.

A.3. The Vainshtein Radius of a Cosmologically
Relevant Galileon Model

In this section we estimate the magnitude of the Vainshtein radius of a spherically
symmetric mass for a cubic Galileon model (defined in Eqs. (3.35) and (3.36))
under the assumption that the cubic Galileon model is cosmologically relevant.

Being defined through Eq. (6.5), the Vainshtein radius around a mass MA de-
pends on the model parameters ξ and M , which could a priori take any value.
However, for the Galileon model to be cosmologically relevant, we expect that its
energy density ρφ on the cosmological background, see Eq. (4.16), is roughly of
order ρφ . H2; we write ρφ = ΩφH

2 with Ωφ . 1. We would like to remind
the reader that the Galileon field in Chapter 4 was rescaled by 2ξφ/Mp → φ and
that the parameters C2 and C3 in Chapter 4 are related to the parameters ξ and
M through Eq. (4.3). Assuming furthermore that the non-linear Galileon terms
(C3-terms in Chapter 4) are dominant over the standard kinetic terms (C2-terms),
i.e. we have a meaningful Galileon model, we may estimate the relation ρφ = ΩφH

2

to yield:

φ3 ∼ α
M2

pM
3

H2
Ωφ. (A.45)

We have used here the non-rescaled field and parameters as defined in Chapter 6.
Similarly, the Galileon equation of motion on the cosmological background, Eq.
(4.18), requires:

φ2 ∼ M3ξMp

H2
. (A.46)

We have used ρm ∼ H2 here. Combining Eqs. (A.45) and (A.46) we obtain
φ ∼MpΩφ/ξ and:

1

M3
∼ ξ3

H2MpΩ2
φ

. (A.47)

The Vainshtein radius, Eq. (6.5), is thus of order:

r3V,A ∼ 2ξ4MA

H2M2
pΩ

2
φ

∼ ξ4

Ω2
φ

MA10
−39Mpc3/kg. (A.48)

It is now important to note that the parameter ξ is not allowed to take an
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arbitrary value anymore. If we would choose ξ � 1, our assumption that the non-
linear Galileon terms are dominant over the standard kinetic terms in Eqs. (4.16)
and (4.18) would break down. Careful comparison of the non-linear Galileon terms
and the standard kinetic terms shows that ξ & 1 is required for our estimates to
be valid. The minimal Vainshtein radius and thus the largest fifth force effects
can be achieved for ξ ∼ Ωφ ∼ 1:

r3V,A ∼MA10
−39Mpc3/kg. (A.49)
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