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ABSTRACT

In the first part of the thesis, we generalize a construction by J Sheekey that
employs skew polynomials to obtain new nonassociative division algebras and
maximum rank distance (MRD) codes. This construction contains Albert’s
twisted fields as special cases. As a byproduct, we obtain a class of nonassociative
real division algebras of dimension four which has not been described in the
literature so far in this form. We also obtain new MRD codes.

In the second part of the thesis, we study a general doubling process (similar
to the one that can be used to construct the complex numbers from pairs of
real numbers) to obtain new non-unital nonassociative algebras, starting with
cyclic algebras. We investigate the automorphism groups of these algebras and
when they are division algebras. In particular, we obtain a generalization of
Dickson’s commutative semifields.

We are using methods from nonassociative algebra throughout.
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INTRODUCTION

Division algebras over the real numbers and over finite fields have been
widely studied over the last century. For the former, it is well-known that
the dimension of a real division algebra must be 1, 2, 4 or 8 [34, 41] and a
rough classification of real division algebra according to the isomorphism type
of their derivation algebras was given by Benkart and Osborn [3]. Despite
progress made towards classifying real division algebras, the classification of
finite dimensional division algebras over a fixed base field is still an open
problem in algebra. A general solution to this problem would be a massive
undertaking at this time. One way to make progress towards a solution is
a brute force approach: we find new division algebras and determine their
structure. A useful method yielding new division algebras is the modification
of pre-existing constructions to obtain large families of division algebras. This
forms part of the motivation for the research done in this thesis and is a common
theme that appears throughout.

Alternatively, finite division algebras (also known as semifields) have been
investigated via a geometric approach through exploiting the connection between
semifields and projective planes [37], see the survey by Lavrauw and Polverino
in 2011 for a list of 28 such families |38], and exhaustive computer searches
have lead to the classification of semifields of some relatively small orders [15,
16]. In recent years, there has been an increased focus on division algebras over

Q and Q, due to their applications to space-time coding [18} 27, [50, 52].

Fundamentally, a general coding theory requires both a set equipped with a
distance metric and a closed subset of codewords. The most common example
of this is a set of vectors with entries in [Fo and a distance function defined by
the Hamming metric [28]; other examples of codes include Gabidulin codes [23],
Reed-Solomon codes [53] and LDPC codes [24]. Gabidulin codes, also known
as rank metric codes, are defined by a subset C C My xm (IF,;) equipped with a

rank distance function:

d(A, B) = rank(A — B)
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for all A, B € Myxm(F,). It is well known that

|C| < qn(m—chrl)’

where d¢ is the minimum distance of the code; a rank metric code attaining this
bound is a mazimum rank distance code. MRD codes have been studied due
to their applications in data transmission, such as in random linear network
coding (e.g. see [57]). Moreover, finite semifields appear as special cases of
MRD codes, contributing to an increased focus in the research of both these

areas over recent years.

Recently, skew polynomials have been successfully used in new constructions
of division algebras (in particular semifields) and linear codes [2, 4|, 5| [22, 144,
47, 48], in particular of space-time block codes (STBCs) and maximum rank
distance (MRD) codes [49, 55, 56].

In the first half of this thesis, we generalize the construction presented in
[56], where it was only considered mostly using finite fields. We consider this
more generally over arbitrary fields in order to obtain division algebras and
generalized MRD codes of matrices with entries both in a non-commutative
algebra and a field. Our codes can be seen as generalizations of the classical and
generalized Gabidulin codes constructed in [23], resp., [55]. Rank distance codes
with entries from a noncommutative algebra have (to the best of the author’s
knowledge) never been previously considered. In addition to this, we obtain
a large family of division algebras which include generalisations of Albert’s
twisted fields (as studied in [46]).

Let D be a finite-dimensional division algebra over its center C', and o an
automorphism of D of finite order n modulo inner automorphisms, i.e. ¢ = i,
for some inner automorphism 4,(2) = uzu™!, u € Fix(o). Let R = Dl[t; 0]
(which includes the case that D = K is a cyclic field extension). For suitably

chosen monic irreducible f € R = D[t; o] with a bound in C(R), we construct
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both division algebras and MRD codes.

We consider the set
A= {dy+dit+-+dpy 1" +vp(do)t'™|d; € D} C D[t; 0].

When [ = 1, this can yield division algebras. In particular, when [ = 1 and
v = 0 we obtain Petit algebras, denoted Sy (as first discussed in [44] and
subsequently named after the author). In every case, we relate A to a set of
matrices in My, (Nuc,(S¢)) and further explore how the rank of the matrices
relate to the polynomials used in the construction.

We first give an overview of some results regarding the norm of a skew
polynomial and subsequently employ these results to determine sufficient conditions
to obtain division algebras and MRD codes, both when D is a cyclic algebra
and K a field. We then determine the nuclei of the algebras we construct (more
generally, the idealisers of the code) via spread sets. We apply the result to
a worked example when K is cyclic extension of degree deg(f); in particular,
4-dimensional real division algebras are given as a special case.

We conclude with a brief look at the construction using a differential polynomial;
when v = 0, we always obtain division algebras and MRD codes using this
construction. The division algebras constructed when v = 0 are generalisations
of Petit algebras as studied in [§]. To the best of the author’s knowledge, the
MRD codes we obtain have not been described in this way before and may be

entirely new.

In the second half of this thesis, we present a generalised Cayley-Dickson
doubling process and obtain a strong result regarding when we obtain division
algebras. We consider one particular case of this doubling process, which is
when we take a doubling of a field. As a special case of this, we obtain
Dickson’s commutative semifields, which motivates a generalisation of Dickson’s
commutative construction using a central simple algebra. Dickson’s commutative
division algebras [20] have been widely studied over finite fields as they yield

a large class of proper finite semifields of even dimension: For any choice of
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c€ K\ K? and o € Autg(K) not equal to the identity, K © K equipped with

the multiplication
(u,v)(2,y) = (uz + co(vy), uy + vz)

is a division algebra over F' when F'is a finite field. This construction was
additionally investigated in two papers by Burmester where K is a cyclic field
extension of degree n over a field of characteristic not 2 [9, |10], producing
2n-dimensional unital algebras over F'. Further, Dickson [20] and Burmester
gave a necessary and sufficient condition for when the algebras constructed this
way are division algebras.

We explore this doubling process using a central simple algebra D/ F. As D
is not commutative, we have multiple options for a possible generalisation of the
multiplication given in Dickson’s construction. Clearly, the unital F-algebras
we obtain this way are no longer commutative. This way we can now construct
large families of new division algebras of dimensions 2dimg (D) over Q, which
most importantly have non-trivial nuclei, which might be used in future space-time
block coding. This construction has now been published in Communications in

Algebra [59).

Knuth recognised that Dickson’s commutative division algebras also appear
as a special case of another family of semifields [36]: A subalgebra L of a
division algebra S is called a weak nucleus if x(yz) — (zy)z = 0, whenever two
of z,y, z lie in L. Semifields which are quadratic over a weak nucleus are split
into two cases; Case I semifields contain Dickson’s construction as the only
commutative semifields of this type. Due to this, Case I semifields are also
called generalized Dickson semifields. Their construction is as follows: given
a finite field K = GF(p") for some odd prime p, define a multiplication on
K & K by

(u,0)(2,y) = (w0 +ca(v)B(y), o(u)y + vz),

for some automorphisms «, 5, ¢ of K not all the identity automorphism and

c € K\ K2 This construction produces a proper semifield containing p?"
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elements. Further work on semifields quadratic over a weak nucleus was done
in |14} 25].

We introduce a doubling process which generalizes Knuth’s construction in
[36]: for a central simple associative algebra D/ F or finite field extension K/ F,

we define a multiplication on the F-vector space D @ D (resp. K @ K) as

(u,v)(z,y) = (ux + coy1(v)o2(y), o3(u)y + vos(x))

for some ¢ € D* and o; € Autp(D) for i = 1,2,3,4 (resp. ¢ € K* and
o; € Autp(K)). This yields an algebra of dimension 2dimp(D) or 2[K : F]
over F'. Over finite fields, we show this construction is the same as the one
presented in [36] and yields examples of some Hughes-Kleinfeld, Knuth and
Sandler semifields (for example, see |[17]). Hughes-Kleinfeld, Knuth and Sandler
semifield constructions were studied over arbitrary base fields in [7]. The

contents of this section has now appeared in Communications in Mathematics

[60).
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2.1 NONASSOCIATIVE DIVISION ALGEBRAS

2.1 NONASSOCIATIVE DIVISION ALGEBRAS

In the following sections, we always let F' be a field. We will define an F-algebra
A as a finite dimensional F-vector space equipped with a (not necessarily
associative) bilinear map A x A — A which is the multiplication of the algebra.
A is a division algebra if for all nonzero a € A the maps L, : A — A, x — ax,
and R, : A — A, x — xa, are bijective maps. As A is finite dimensional, A is
a division algebra if and only if there are no zero divisors [54]. Finite division

algebras are also called (finite) semifields in the literature.

For all z,y, 2 € A, the associator of x,y, z is given by
[y, 2] := (zy)z — x(y2).
Define the left, middle and right nuclei respectively as
Nuc;(A) ={a € A|la,y,z] =0 for all y, z € A},

Nucy,(A) ={a € A | [x,a,z] =0 for all z,z € A},
Nuci(A) ={a € A|[z,y,a] =0 for all z,y € A}.

It is easily checked that these are all subalgebras of A. The intersection of the

left, middle and right nuclei is called the nucleus of A and is denoted
Nuc(A) ={z e Al|[x,A Al =[A x, Al = [A A z] =0}.

For two algebras A and B, any isomorphism f : A — B maps Nuc(A) isomorphically

onto Nuc(B). Similar, define the commutator of A as
Comm(A) ={z € A|xy =yz forall y € A}.

The intersection of the nucleus and commutator of A yields the center of A and

is denoted Z(A). Every division ring is a division algebra over its center.
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2.1.1 Nondegenerate forms

Let F' have characteristic 0 or char(d) > d. A d-linear form over F is an
F-multilinear map 6 : A x ... x A — F (d copies) such that (1, z2,...,24) is
invariant under all permutations of its variables. Define a form of degree d over
Fasamap N : A— F such that N(az) = a?N(z) foralla € F, x € A and
such that the map 6 : A x ... x A — F defined by

— ;!1<z‘1<.;<il<d(_1)d_1N(xil +o )

(1 <1<d)is a d-linear form over F.

A form N : A — F of degree d is called multiplicative if N(xy) = N(z)N(y)

Q(:L’l,{ﬂg, ...,:Ed)

for all x,y € A and nondegenerate if we have N(x) = 0 if and only if x = 0.
Note that if N : A — F' is a nondegenerate multiplicative form and A is a
unital algebra, it follows that N(14) = 1p. Every central simple algebra of
degree d admits a uniquely determined nondegenerate multiplicative form of

degree d, called the norm of the algebra [35].

2.1.2  Isotopes

Denote the set of algebra structures on an F-vector space V by Alg(V'). Given
A € Alg(V), write x Ay for the product of x,y € V in the algebra (if not clear
from the context which multiplication is used).

For f,g,h € GI(V) define the algebra A(F9") called an isotope of A, as V

with the multiplication
zAVINy = h(f()g(y)) wye V.
If f=gand h= f1, then A9 is isomorphic to A.

Remark 2.1.1. In general, properties such as a multiplicative identity or
commutativity are not preserved under isotopy. For example, we could define
a multiplication on C by

T*xY =Y
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for all z,y € C, so (C,x) = Cid,7id)  However unlike the complex numbers,

Cid,7id) g neither commutative nor unital.

2.2 MAXIMUM RANK DISTANCE CODES

Let K be a field. A rank-metric code is a set C C My xm(K) equipped with a

rank distance function
d(A, B) = rank(A — B).
Define the minimum distance of C as
de = min{d(A,B) | A,B € C, A # B}.

For some subfield L C K, we say that C is L-linear if A+ B € C and AA € C
for all A, B € C and \ € L.

Such a code must satisfy a Singleton-like bound: suppose C is L-linear, then
dimz,(C) <n(m—de+1)[K : L.
If K is a finite field, then this becomes
€] < K [m=de+)

(see |43, Theorem 2]). If C attains the Singleton-like bound, we say that C is a
mazimum rank distance code or an MRD-code. Over finite fields, MRD codes
were found to exist over every finite field [19]; these codes were rediscovered
by Gabidulin [23] independently. Due to this, they are often called Gabidulin
codes. In this thesis, we only consider rank-metric codes constructed with square
matrices; for ease of notation, the set of n x n matrices with entries in K is
denoted M, (K).

More generally, we would like to define MRD codes with matrices in M, (B)
for B C Nuc,(A) a subalgebra of a finite-dimensional division algebra A, such
that A is free of finite rank as a right B-module. If B is not a field, more care

is needed to ensure the distance between elements is well defined.

10



2.2 MAXIMUM RANK DISTANCE CODES

Definition 2.2.1. Let A € M,(B). The column rank of a matriz A is the
dimension of the right B-module generated by the columns of A; similarly,
define the row rank of A as the dimension of the right B-module generated by
the rows of A.

When B is not a field, column rank and row rank do not always coincide.
Using the definition of column rank, we can define the distance between the
elements X,Y € C as d(X,Y) = colrank(X —Y') and a minimum distance of
C as

de = min{colrank(X —Y) | X, Y € C, X #Y}.

Such a code must also satisfy a Singleton-like bound:

Theorem 2.2.2. (45, Theorem 2 for finite fields] Let C C M, (B) be a rank-distance

code with minimum distance d. Then dimp(C) <n(n—d+1).

Proof. Delete d — 1 columns from all codewords in C. Then all codewords in
C are distinct: suppose A, B € C are such that they are equal when d — 1
columns are deleted. Then A and B only differ by at most d — 1 columns, so
colrank(A — B) < d—1 < d. This contradicts the minimum distance of C.
Hence the deletion of d — 1 columns does not change the size of C.

As this image of C lies in M, (,_a41)(B), it follows that
dimp(C) <n(n—d+1.)
[

If C attains this bound, we can rewrite this Singleton-like bound to determine

that any MRD-code has minimum distance
L.
de =n— —dimpg(C) + 1.
n
We can now define our generalisation of maximum rank distance codes.

Definition 2.2.3. Let C C M, (B) be an additively closed subset, where B C
Nuc, (A) a subalgebra of a finite-dimensional division algebra A, such that A is

free of finite rank as a right B-module. Define the distance between elements

11
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X,Y € Cas d(X,Y) = colrank(X —Y) and let d¢ be the minimum distance
of C. It
1
de =n— —dimp(C) +1,
n

then C is a (generalised) MRD code.

Note that this new definition contains the traditional MRD codes as the
special case when B is a field. In this thesis, when we refer to MRD codes we

refer to this more general definition.

2.2.1  Constructing codes from division algebras

Let F be a field and A an F-algebra. For all a € A, the left multiplication
Ly, : A — A x — azx, is an F-linear map and the set {L,|a € A} is an

F-vector subspace of the associative algebra Endp(A). Consider
L:A— Endp(A),a L.

If A is a finite-dimensional division algebra then L is injective: L, = Lj implies
ar = bz for all © € A, hence (a —b)z = 0 for all & which yields a = b. After a
choice of an F-basis for A, we can embed Endp(A) into the algebra Mat,, (F).
This way we get an embedding A : A — M, (F),a — L, — M, of vector spaces,
where M, is the matrix representing L.

(Contrary to the situation for associative division algebras, this only embeds
the vector space A into the vector space M, (F), the algebra structure of A is
disregarded here, so this is not a left regular representation.)

Since A is a finite-dimensional division algebra, all non-zero elements of A are
invertible, hence all L, with a # 0 are bijective and so all non-zero matrices in
A(A) have non-zero determinant. If we use the set \(A) to define a space-time
block code (STBC), then the difference of two distinct elements of A(A) will
also lie in A(A), hence have non-zero determinant. The linear codebook A(A) is
thus fully diverse, because the rank of the difference of two distinct codewords

is maximal.

12
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Borrowing the terminology of semifields, on the other hand, the spread set
of a finite-dimensional division algebra A over F' of dimension n is also defined
as the set

C=C(A) = MA) = {L,: a € A} C Endp(A).

For all 0 # a € A, L, is a bijective endomorphism, since A is a division algebra.
Moreover, C is a F-subvector space of Endp(A). Given an F-basis of A, each
L, can be represented by a matrix M, € M, (F) computed with respect to that

basis, so that we obtain the matriz spread set of A,
C=C(A)={My:a€ A} C M,(F)

of invertible matrices, where the difference of any two elements in it will again
be an invertible matrix, hence of maximum rank. This yields a linear MRD
code in M, (F).

This idea is not new: For space-time block coding, usually finite-dimensional
associative division algebras are considered as a vector space over some subalgebra
B (usually a subfield K) of an associative algebra A. Given a finite-dimensional
nonassociative F-algebra A with a subalgebra B, this is not always possible,
and we will need the following additional assumptions: Let B be a subalgebra
of A.

We need A to be a right B-module, i.e. we need

z(cd) = (zc)d for all x € A, c,d € B.

This is satisfied if B C Nuc,(A). We also need A to be a right B-module of
finite rank.

Moreover, we need that L, € Endg(A4). Now L, € Endg(A) is the same as
Lo(za) = Lo(z)a for all @ € B, a,z € A, that means we need a(za) = (az)«

for all « € B, a,z € A. This is satisfied if B C Nuc,(A). Then
L:A— Endg(A4),a— L,

is a well-defined F-linear map.

13
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So assume that B = Nuc,(A) and consider A as a right B-module. It is free
of rank k. After a choice of a B-basis for A, we can embed the right B-module
Endg(A) into the module M, (B). Thus we get a well-defined embedding

AN A— M.(B),ar Ly — M,

of F-vector spaces. Obviously, we have X £Y € A(A) for all X, Y € A(A4).
Thus we have constructed a linear codebook/ matrix spread set. Its elements

correspond to invertible endomorphisms.

2.2.2  FEzample

(cf. [50])

Let L/ Fy be a cyclic Galois field extension of degree n with Gal(L/ Fy) = (o),
and F'/ Fy be a cyclic Galois field extension of degree m with Gal(F'/ Fy) = (7).
Let L and I be linearly disjoint over Fy and let K = L ®p, F' = L- F be the
composite of L and F over Fy, with Galois group Gal(K/Fy) = (o) x (),
where ¢ and 7 are canonically extended to K.

In the following, let (L/Fy,o0,c) and (F/Fy,7,d) be two cyclic algebras
over Fy, i.e. ¢ € L* and d € F*. Suppose that D = (L/Fy,0,¢c) Qg F =
(K/F,o,c) is an associative cyclic division algebra of degree d.

For 2 = z9+ex; +e2xo+---+elag € D (z; € K, 1 <i<d), and
T € Aut(K), L = Fix(7), define the L-linear map 7 : D — D via

7(z) = 7(xo) + er(x1) + 627'($2) 4.4 ed_lT(xd_l).

If ¢ € L then
T(zy) = 7(2)7(y) and A(7(2)) = 7(A(z))

for all z,y € D, where for any matrix X = A(z) representing left multiplication

with x, 7(X) means applying 7 to each entry of the matrix.

Then for f(t) =t _de R= D[t;%il],

Sf = (L/F(),U,C) O F, (F/Fo,T,d).

14
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S is an associative algebra if and only if d € Fy® and ¢ € F*. K is a subfield
of Sy of degree mn over Fy and K = L ®p, F' C Nuc(Sy).

Let {1,e,e?,...,e" '} be the standard basis of the L-vector space Dy and
{1,f,f? ..., f™ '} be the standard basis of the F-vector space Dj. Sy is a

K-vector space with basis
{1®le®l,...."'@lL,1® fex f,...,e" e fm 1}
Identify
S;=K®eK® - ®e" 'K®fKDefK® - @e" 1 f"IK.

An element in A(Sy) has the form

Yo dr(Ya-1) dr?(Ya-2) dr™ (Y1)
Y} 7(Yo)  dr*(Yp—1) ... dm™H(YR)
: : (1)
Yoo 7(Ya—s) 72(Yp—a) ... dr™ 1 (Y,o1)
| Yoor 7(Ya2) 7P(Ya-3) ... 7"H(Y0)

with A(d) € A(D), Y; € A(D). That means, Y; € Mat,(K), and when the
entries in Y; are restricted to elements in L, Y; € A((L/ Fy, 0, ¢)) (multiplication
with d in the upper right triangle of the matrix means simply scalar multiplication
with d). If f is irreducible, the set A(Sy) is a linear MRD code of invertible
matrices in M, (K). It is clearly linear by construction. Since all matrices are
invertible, it has minimum rank distance n (and is a fully diverse STBC).

When is f irreducible? For this we have the following result:

Theorem 2.2.4. [50] Let (F/Fy,7,d) be a nonassociative cyclic algebra of

degree m. Let Dy = (L/Fy,0,¢) be an associative cyclic algebra over Fy of

degree n, such that D = Dy ®p, ' = (K/F,0,c) is a division algebra.
Assume m is prime and in case m # 2,3, additionally that Fy contains a

primitive mth root of unity. Then

(L/F(),U,C) ®F0 (F/F(),T,d)

15



2.2 MAXIMUM RANK DISTANCE CODES

is a division algebra if and only if

d#27(2)--- 7" 1(2)

forall z € D.

16



A CONSTRUCTION OF NEW DIVISION ALGEBRAS AND
MRD-CODES EMPLOYING SKEW POLYNOMIAL RINGS
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3.1 SKEW POLYNOMIAL RINGS

3.1 SKEW POLYNOMIAL RINGS

3.1.1 Definitions

Let D be an associative division ring with centre C' and ¢ be an automorphism
of D of finite order n modulo inner automorphisms and ¢ a o-derivation. We

recall some definitions:

Definition 3.1.1. An automorphism o € Aut(D) has finite order modulo inner
automorphisms if there exists some n € IN and u € D* such that o"(z) =
uzu~! for all z € D. Without loss of generality, we may assume that u €

Fix (o).

When D = C (in other words, when D is a field), there are no non-identity
inner automorphisms so this definition collapses to considering automorphisms

with finite order.

Definition 3.1.2. Let 0 € Aut(D). Then 0 : D — D is a o-derivation if
§(zy) = 0(x)y 4+ o(x)d(y) for all z,y € D. If o is the identity automorphism,

we see tat this is the standard definition of a derivation of D.
The skew polynomial ring R = DIt; o; ] is the set of polynomials
ag+ait+---+agt’ + ...
with a; € D, where addition is defined term-wise and multiplication by
ta = o(a)t+d(a)

for all @ € D. For f = ag+ ait + --- + ast® with a,, # 0 define deg(f) = s
and put deg(0) = —oo. Then deg(fg) = deg(f) + deg(g). If 6 = 0, we refer
to this algebra as a twisted polynomial rings; alternatively, if o = id, we call
this a differential polynomial ring. When it is clear from the context, we will

simply denote these algebras as D[t; o] and D]t; d] respectively.

18



3.1 SKEW POLYNOMIAL RINGS

An element f € R is irreducible in R if it is not a unit and it has no proper
factors, i.e if there do not exist g,h € R with deg(g),deg(h) < deg(f) such
that f = gh.

R is a left and right principal ideal domain and there is a right division
algorithm in R: for all g, f € R, g # 0, there exist unique r,q € R with
deg(r) < deg(f), such that g = ¢f +r |33, p. 3 and Prop. 1.1.14]. This makes
R a right Fuclidean domain. The terminology used here is the one used by
Petit [44] and Lavrauw and Sheekey [39]; it is different from Jacobson’s, who

calls this a left division algorithm.

Unlike standard polynomial rings, it is clear that R is non-commutative; in
fact, R is commutative if and only if 0 = id and § = 0. Let R = D|[t; o] and
define F' = C NFix(o). Then R has center

k
Z(R) = Flu™ "] = {;) a;(u ") | a; € F} = Fla

[33, Theorem 1.1.22].
Similarly, let R = DIJt;d] where C' is a field of characteristic p (we allow
D=20C).

Definition 3.1.3. Let ¢ be a derivation of D. Then the subring of D fixed by
§ is denoted Const(0) = {c € D|d(c) = 0}. Additionally, we call § an inner
derivation if there exists some a € D such that §(z) = ax — za for all x € D;

in this case, J is denoted id,.

Suppose ¢ is a derivation of D, such that d|c is algebraic with minimum
polynomial

g(t) =t +et? + . et € Flt]

of degree p®, where F' = Const(d) NC. Then ¢(d) = idg, is an inner derivation
of D (specifically, idg,(z) = dox — xzdy for all x € D). W.lLo.g. we choose
dy € Const(9), so that §(dp) = 0 [33, Lemma 1.5.3]. Then R has center

k

Z(R) = Flz] = {;)ai(g(t) —dy)'|a; € F}

19



3.1 SKEW POLYNOMIAL RINGS

with © = g(t) — dp. The two-sided f € DI[t; 0] are of the form f(t) = uc(t)
with v € D and ¢(t) € Z(R) [33, Theorem 1.1.32].

3.1.2  Petit algebras

Let f € R = D[t;0;0] of degree m and mod, f denote the remainder of right
division by f. There is a canonical map between skew polynomials of degree less
than m and the elements of the right R-module R/Rf = DIt;0;8]/D[t;0;0]f.
Moreover,

Ry = {g € D[t;0;0] |deg(g) < m}

together with the usual addition and the multiplication

gh if deg(g) + deg(h) < m,
goh=
gh mod, f if deg(g) + deg(h) > m,

is a unital nonassociative ring denoted Sy. We will usually drop the o notation
and simply use juxtaposition for multiplication in Sy. These algebras were first
introduced by Petit [44] and as such are called Petit algebras. We review some

of the properties of these algebras:

Theorem 3.1.4. /44, 58]
1. If Sy is not associative, then
Nucl(Sf) = Nucm(Sf) = D,

and

Nuc,(Sf) = {9 € R|deg(g) <m and fg € Rf}.

2. Sy s associative if and only if [ is right invariant; that is, Rf is a

two-sided ideal of R.

3. Comm(S;) = {X0"! it? | Vi, ¢; € Fix(o) and de; = c¢;0'(d) for all d €
D}.
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As a result of this, the right nucleus of Sy is precisely equal to the eigenring
of f.

3.2 THE RIGHT NUCLEUS OF PETIT ALGEBRAS

3.2.1  The right nucleus for irreducible f € DIt; o]

Unless stated otherwise, let D be an associative division algebra with center
C (we allow D = C so the following section also applies to K[t; o] where
K is a field). Let o be an automorphism of D of finite order n modulo inner
automorphisms, such that " = i,, for some inner automorphism i, (z) = uzu~!.
Recall that we may choose u € Fix(c) without loss of generality. We also

assume that n is the order of o|c. Define R = D[t;0] and F = C NFix(0); as
olc has order n, it follows that [C' : F| = n.

Definition 3.2.1. A polynomial f(t) € R is bounded if there exists a nonzero
polynomial f* € R such that Rf* is the largest two-sided ideal of R contained in
Rf. The polynomial f* is uniquely determined by f up to scalar multiplication

by nonzero elements of D and is called the bound of f.

In our case, every f € R is bounded as D is a finite dimension central
simple algebra over C' and ¢ has finite order modulo inner automorphisms [12,

Theorem 4].

Definition 3.2.2. Let f,g € R. The greatest common right divisor of f and
g is denoted by (f,¢g)r and defined as Rf + Rg = R.(f, g), (for example, see
26, p.3)).

If (f,t), = 1, then the bound lies in the centre of R |26, Lemma 2.11].

3.2.2  The minimal central left multiple of f € D[t; o]

Definition 3.2.3. For any bounded f € R = D[t; 0] with a bound in Z(R), we

define the minimal central left multiple of f in R to be the unique polynomial of
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3.2 THE RIGHT NUCLEUS OF PETIT ALGEBRAS

minimal degree h = mzlm(f) € Z(R) = F[u~'"] such that h(t) = h(u~'t")

for some monic 2(z) € F[z] and such that h = gf for some g € R.

It seems clear from the above definition that the minimal central left multiple
is also a bound of f. We check that the above definition makes sense and our

claim about uniqueness is true:

Lemma 3.2.4. Let f € R = D[t;o0] be bounded. If (f,t), = 1, then the
minimal central left multiple exists and is unique. Additionally, the bound is

equal to the minimal central left multiple up to a scalar multiple from D.

Proof. Let f* be a bound of f. By definition, f* is unique up to scalar
multiplication by elements in D* and Rf* is the (unique) largest two-sided
ideal of R contained in the left ideal Rf. The assumption that (f,t), = 1
implies that f* € Z(R) [26, Lemma 2.11]) thus f* is the unique minimal

central left multiple of f up to some scalar. n

From now on we assume that (f,¢), = 1 and that f is bounded. Note that
(f,t), = lisequivalent to f having a non-zero constant term. If f is irreducible
and monic, we can relate the assumption that (f,¢), = 1 to the minimal central

left multiple of f:

Lemma 3.2.5. For irreducible monic f € R, the following statements are
equivalent:

(i) (f;t)r =1,

(ii) f(t) # ¢,

(iii) if h(t) = h(u='t") denotes the minimal central left multiple of f, then

Proof. (i) <= (ii): If (f,t), # 1, then f has non-zero constant term. If
deg(f) > 2, we can express f = f't for some f’ of degree at least one; this
contradicts the irreducibility of f. Thus deg(f) = 1 and thus f = at for some
a € D. As f is monic, it follows that f(¢) = ¢. The reverse direction is trivial.
(i) <= (iii): If f(t) = t, then A(u="") = =" is a central left multiple of
fas h(t) = (u " 1t. Further, deg(h(x)) = 1 so this must be the minimal

22



3.2 THE RIGHT NUCLEUS OF PETIT ALGEBRAS

central left multiple of f. Conversely, suppose h(u~!#") = u~1#" is the minimal
central multiple of some irreducible f € R. If n = 1 and h(u~'t") = u~'t then
it is clear that f(¢) = t. So we assume n > 1. Then there exists some g € R
such that

uw " = gf.

Comparing constant terms, we have ggfo = 0 where gy and fj are the constant
terms of g and f respectively.
Suppose fg 7 0. Then as D is a division algebra, we have gy = 0. In general,

the coefficient of ¢ is

Z Qz'Ui(fj)

i+j=k
Comparing coefficients to t", for all £ < n this sum must equal zero.
For k = 1, we have
> 90’ (fi) = qo(fo) + 901 = 0.
i+j=1
As go = 0 and fo # 0, this implies g3 = 0. Inductively, suppose g = gr_1 =
w.=go=0for k <n—1. Then

S g0 (fj) = g0 (fo) =0 = gry1 = 0.
itj=k+1

Thus we conclude g = ¢,,t" for some g, € D, yielding u= 1" = g,t"f. Comparing
degrees, it follows that deg(f) = 0 which is a contradiction. So we must have

fo =0. As f is irreducible and monic, it follows that f(¢) =t as claimed. [

Proposition 3.2.6. If f is irreducible and bounded in R, and (f,t), = 1,
with minimal central left multiple h(t) = h(u="%"). Then h(z) is irreducible in

Proof. By Lemma [3.2.4] the minimal central left multiple of f exists, so let
h = B(uflt") be the minimal central left multiple of f. Suppose & is reducible
in Flu~'t"]; that is, h = hihy for some h; = h;(u="") € F[u~'t"], such that
0 < deg(h;) < deg(h) for i = 1,2. If f divides h; on the right, this contradicts

the minimality of h. Moreover, as f is irreducible we conclude the greatest
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3.2 THE RIGHT NUCLEUS OF PETIT ALGEBRAS

common right divisor of f and hj is 1. As R is a right Euclidean domain, there

exist p,q € R such that
pf+qh1 = 1.
Multiplying everything by ho, we obtain pfho + gh = hs. As f is a right divisor
of h by definition, h = rf for some r € R. Noting that hy = hAz(u_lt") lies in
Z(R), this yields
ho = phaf +qrf = (pha +qr)f.
This implies that hg is a central left multiple of f of degree strictly less than h;

this also contradicts the minimality of 2. Thus we conclude that /() must be

irreducible in F[z]. O

We say that two polynomials f, g € R are similar if R/Rf = R/ Rg as right
R-modules. Employing a result from [11], we can relate similar irreducible

polynomials to their minimal central left multiples:

Corollary 3.2.7. Let f, g be bounded and irreducible in R such that (f,t), =1
and (g,t)r = 1. Then mzlm(f) = mzim(g) if and only if f,g are similar.

Proof. 1f f is bounded and irreducible, all elements similar to f admit the same
bound f* [11, Corollary 2, p.9]. So the bound of g is f*. Thus by Lemma [3.2.4]
mzlm(g) = f* = mzlm(f). Conversely, suppose mzlm(f) = mzlm(g). Then
g is an irreducible divisor of mzim(f). As all irreducible factors of mzlm(f)

are similar, it follows that ¢ is similar to f. m
In this section, we recall some results by Owen and Pumpliin [42]:

Lemma 3.2.8. Suppose that h € R is such that h = h(u™"") for some monic
h € Flx] with either h(x) = z, or such that h has nonzero constant term. Then

the quotient algebra R/ Rh has center
Z(R/Rh) = Flx]/ (h(z)).

Define E;, = F|[z]/(h(z)). Thisis a commutative algebra over F' of dimension
deg(h). If h is irreducible in F[z], then Ej is a field extension of F' of degree
deg(h).
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3.2 THE RIGHT NUCLEUS OF PETIT ALGEBRAS

Lemma 3.2.9. Suppose that h € R is such that h = h(u='t") for some h €
Flz], h(x) # x, and such that h is irreducible in Flx]. Then h generates a

maximal two-sided ideal Rh in R.

Proof. This is mentioned in [33 p. 16], we include a proof for the sake of the
reader. Assume that there exists some g € R, such that Rg is a two-sided ideal
of R with Rh G Rg. Assume without loss of generality that deg(g) < deg(h)
(otherwise simply reduce g modulo h and use the ideal generated by g mod, h
instead). Now ¢(¢t) = §(u=1")t* for some § € Z(R) = F|x], and some
non-negative integer s, e.g. [44] or [33]. Since Rh & Rg, we have h = ag for
some a € R. Moreover, h has nonzero constant term, so that ¢ does not divide
h, and so s = 0. Furthermore, since h and ¢ lie in the center of R, a also lies in
the center of R, i.e. there exists & € Z(R) = F[u~1t"] such that a = a(u~1t").
It follows that A(x) = a(x)g(z). By assumption, & is irreducible in F[z], and
Rg # Rh. This forces § € I, i.e. g € F. Hence Rg = R and Rh is a maximal
two-sided ideal of R. O

As h is the product of polynomials similar to f, intuition suggests a relation

between IR/ Rh and the Petit algebra Sy = R/Rf:

Theorem 3.2.10. [42] Let f € R = D|t; o] be monic and irreducible of degree
m such that f(t) # t, and let h = h(u='t") be its minimal central left multiple.
Then Nuc,(Sy) is a associative division algebra over E; = Flz]/(h(z)) of

degree s = dn/k, where k is the number of irreducible factors of h in R, and
R/ Rh = My(Nuc,(Sf)).

In particular, this means that deg(h) = ™ and deg(h) = km = 9™ qnd

[Nuc,(Sy) : F] = s*- dm _ dms.
s

Moreover, s divides ged(dm,dn). If f is not right invariant, then k > 1 and
s # dn.

We know that [Sy : F] =[Sy : C][C : F] = d*m-n. Since Nuc,(Sy) is a

subalgebra of Sy, comparing dimensions we obtain that

d*mn =[Sy : F] =[Sy : Nuc,(Sy)] - [Nuc,(Sy) : F] = k- dms,

25
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that is [Sy : Nuc,(Sf)] = k. If f is not right-invariant, then £ > 1 and so we
derive s # dn looking at the degree of h.
Note that deg(h) = dnm is the largest possible degree of h.

Theorem 3.2.11. [42] Let f € R = D|t; o] be monic and irreducible of degree
m such that f(t) # t. Let h = h(u='t") be its minimal central left multiple.
Suppose that ged(m,n) = 1. Then s divides d, and f is not right invariant
unless n = 1. If d is prime then one of the following holds:

(i) Nuc,(Sp) = Ej;, dn = k, deg(h) = dm and deg(h) = dnm. In particular,
then [Nuc,(Sy) : F] = dm.

(ii) Nuc,(Sf) is a associative division algebra over E; of degree d, n is the
number of irreducible factors of h in R, deg(h) = nm, deg(h) = m and
[Nuc,.(S¢) : F] = d*m.

Theorem 3.2.12. [}/ Let f € R = D[t; o] be monic and irreducible of degree
m such that f(t) # t. Let h = h(u='t") be its minimal central left multiple.
Suppose that ged(d,n) = 1 and that f is not right invariant. Then s =1, or
s # 1 and s divides either d or n. Suppose additionally that d and n are prime.
Then one of the following holds:

(i) Nuc,(Sp) = Ej;, dn = k, deg(h) = dm and deg(h) = dnm. In particular,
then [Nuc,(Sy) : F] = dm.

(i7) Nucr(Sf) is a associative division algebra over Ej; of degree d, n is the

number of irreducible factors of h in R, deg(h) = nm, deg(h) = m and
R/Rh = M, (Nuc,(Sf)).

In particular, then [Nuc,(S¢) : F] = d*m.

(iii) Nuc,(S¢) is a associative division algebra over E; of degree n, d is the
number of irreducible factors of h in R, deg(h) = dm/n, deg(h) = dm, and
[Nuc,.(S¢) : F] = n?/dm.

Note that case (iii) cannot happen if n does not divide dm or if dm does not
divide n?.

Corollary 3.2.13. [/2] Suppose thatn = 1, i.e. that o is an inner automorphism
of D, and that d is prime. Let f € R = D[t;o] be monic and irreducible of
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degree m, f(t) # t, and let h = h(u™'t) be its minimal central left multiple.

Suppose that f is not right invariant. Then
Nuc,(Sy) & E;, = Flz]/ (h(z))
is a field extension of degree dm.

If R = K[t;o] for some finite field extension K /F, we obtain analogous

results by setting d = 1.

3.2.3  The minimal central left multiple of f € DIt;d]

Let R = D[t; ] where C is a field of characteristic p (allowing D = C) and
define F' = Const(d) N C. Let § be a derivation of D such that d|¢ is algebraic

with minimum polynomial
g(t) =t +et? 4 et € FIt],

so g(0) = idg, is an inner derivation of D.

Similarly to Section , for every f € R = DIJt; 0] we define the minimal
central left multiple of f in R to be the unique polynomial of minimal degree
h € Z(R) = Flz] such that h = gf for some g € R, and such that h(t) =
h(g(t) — dp) for some monic h(z) € F[z]. As all polynomials in D[t;d] are
bounded, every f € R = DIt;d] has a unique minimal central left multiple:
let f* be a bound of f. Then Rf* is the (unique) largest two-sided ideal of R
contained in the left ideal Rf and f* € Z(R) up to some invertible element in

D. Thus f* is the unique minimal central left multiple of f up to some scalar.

Proposition 3.2.14. If f is irreducible in R with minimal central left multiple

h(t) = h(g(t) — do), then h(x) is irreducible in F[z].
The proof is identical to the one of Proposition [3.2.6]

Lemma 3.2.15. (33, p. 16/ Suppose that h € R is such that h = h(g(t) — do)
for some h € F[x], and such that h is irreducible in F[x]. Then h generates a

maximal two-sided ideal Rh in R.
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Proposition 3.2.16. [32, Proposition 4] Let h(t) = h(g(t) —do) € Z(R).
Then
Z(R/Rh) = Flz]/ F[a]h(z).

Note that deg(h) = p°deg(h). We define E; = F|z]/F[z]h(z).
Let f € R = DI[t; 6] be a monic and irreducible polynomial of degree m > 1
and let h(t) = h(g(t) — do) be its minimal central left multiple.

Theorem 3.2.17. Nuc,(Sy) is a associative division algebra over E; = Z(R/ Rh)

of degree s = dp®/k, where k is the number of irreducible factors of h in R, and

R/Rh = M, (Nuc,(Sy)).

In particular, this means that deg(h) = dTm and deg(h) = km = @, and

[Nuc,(Sy) : F] = s*- d;n = dms.

Moreover, s divides ged(dm,dp®). If f is not right invariant, then k > 1 and
s # dp®.

Proof. Since f is bounded it has a minimal central left multiple h, Sy is free of
finite rank as Nuc, (S¢)-module and the dimension of Sf over F is md?p®.

We have h = gf for some g € R by the definition of h. Since R is a principal
ideal domain, the irreducible factors h; of any factorization h = hihg - - - h of
h into irreducible polynomials are all similar as polynomials. In particular, this
means all irreducible factors of A have the same degree.

The minimal central left multiple h of an irreducible f € R is a two-sided
maximal element in R in the terminology of [33]. Therefore R/ Rh is a simple
Artinian ring with R/Rh = Mjy(Dy,), where Dy, = I(h;)/Rh; and I(h;) =
{9 € R: hijg € Rh;} is the idealiser of Rh; [33, Theorem 1.2.19].

Since f is an irreducible divisor of h with h = gf for some g € R, we obtain
that h = hihg---hp_1f for some irreducible polynomials h; € R of degree m,
Dy, 2 I(f)/Rf = Nuc,(Sf), and therefore

R/Rh = M, (Nuc,(Sy)).
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Since f is irreducible, Nuc,(S¢) is a division algebra. In particular, here h has
degree km, since all h; are similar and thus have the same degree m as f. We
know that R/ Rh is a central simple algebra over its center F; (which is a field)
and so Nuc,(Sy) is a associative division algebra over Ej of dimension s2.

Comparing the dimensions of R/Rh and Mj(Nuc,(Sy)) over F it follows
that

d* p**deg(h) = k*s* [E}, : F,

so that d? p?¢ = k?s?, that is dp® = ks, so that s = dp®/k.
Since [E}, : F] = %™ we know that s divides dm. Since k = dTpe we know that
s divides dp®. Furthermore, if we assume that f is not right invariant then Sy

is not associative so k > 1, which implies s # dp®. [

We know that [S; : F] = [Sf : C]p® = d®>m-p°. Since Nuc,(Sf) is a

subalgebra of Sy, comparing dimensions we obtain that
[Sf i Nuc,(S¢)] = k.
If f is not right-invariant, again [S : Nuc,(Sf)] = k > 1.

Theorem 3.2.18. Suppose that ged(m,p®) = 1. Then s divides d, and [ is
not right invariant. If d is prime then one of the following holds:

(i) Nuc,(Sy) = Ey, dp© = F, deg(h) = dm and deg(h) = dp®m. In particular,
then [Nuc,(Sy) : F] = dm.

(i) Nuc,(Sy) is a associative division algebra over E; of degree d, p° is the
number of irreducible factors of h in R, deg(h) = p‘m, deg(h) = m and
[Nuc, (Sy) : F] = d*m.

Proof. Since s divides ged(dm, dp®) and we have ged(m, p®) = 1 by assumption,
we know that s divides d. Moreover, then & > 1 as k = dn/s, thus f is not
right invariant. Assume d is prime so that s = 1 or s = d. If s = 1 then we
immediately get the assertion in (i), and s = d yields (ii) using that [Nuc,(Sy) :
F] = [Nuc,(Sy) : B})[Ej : F] = d*deg(h) = d*p°/p*m = d*m. O
Theorem 3.2.19. Suppose that ged(d, p®) = 1 and that f is not right invariant.

Then s =1, or s # 1 and s divides either d or p°.
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Suppose additionally that d is prime and e = 1. Then one of the following
holds:

(i) Nuc,(Sy) & B, dp = k, deg(h) = dm and deg(h) = dpm. In particular,
then [Nuc,(S¢) : F] = dm.

(i) Nuc,(Sy) is a associative division algebra over Ej; of degree d, p is the

number of irreducible factors of h in R, deg(h) = pm, deg(h) = m and
R/ Rh 2 My,(Nucy(S5)).

In particular, then [Nuc,(Sy) : F] = d*m.

(iii) Nuc,(S¢) is a associative division algebra over Ej of degree p, d is the
number of irreducible factors of h in R, deg(h) = dm/p, deg(h) = dm, and
[Nuc,(Sy) : F] = p*/dm.

Note that case (iii) cannot happen if p does not divide dm or if dm does not
divide p?.

Proof. 1t is clear that s = 1, or s # 1 and s divides either d or p®. Suppose
additionally that d is prime, e = 1. Then the equation dp = ks in the proof of
Theorem [3.2.10] forces that either s = 1 and k = pd, or that s # 1 and then
d=kand p=s (or resp., d = s and p = k). As before, s = 1 yields (i).

If d = s # 1 and p = k then this implies (ii) employing that [Nuc,(Sf) : F] =
[Nuc,(Sy) : EB}][Ej : F] = d*deg(h) = d®p/pm = d®m.

If d =k and p = s # 1 then this implies (iii) using that [Nuc,(Sf) : F] =
[Nuc, (S¢) : E;][E}, : F] = p?deg(h) = p*/dm. In particular, this case means
that deg(h) = dm/p, which forces n to divide dm, as well as [Nuc,(Sy) : F] =

p?/dm which in turn forces dm to divide n?. n

3.3 CONSTRUCTION OF DIVISION ALGEBRAS USING f € D[t; 0]
Let D be an associative division algebra of degree d over its center C' = Z(D).

As in previous sections, we allow the possibility that d = 1 and D = C'is a field.

Let o be an automorphism of D of finite order n modulo inner automorphisms
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with 0"(2) = uzu™! for some u € D*, where we will assume without loss of

generality that u € Fix(o). Then
Z(R) = Flu™ "] = Flx]

by [33, Theorem 1.1.22] and n is the order of o|c. Every f is bounded.

Let f € R = D[t; 0] be an irreducible monic polynomial of degree m, such
that f(t) # t. By Lemma f has a minimal central left multiple h =
h(u='") which is irreducible in F[z].

Furthermore, Rh is a maximal two-sided ideal of R and thus we can construct

the associative quotient algebra S; = R/ Rh, which is simple over its centre

C(Sp) £ E;, by Lemma m

Lemma 3.3.1. For each 2(t) = 2(u1t") € Flu='"] with 2 € F[x], we have
z € Rf if and only if z € Rh.

Proof. As h = gf for some g € R, each z € Rh also lies in Rf.

Conversely, let z(t) = 2(u='") € Flu='t"] with 2 € F[z] be such that
z € Rf. Using the Euclidean division algorithm in F[z], there exist unique
¢(z),?(x) € Flz] such that
= gh+ 7,

™

where deg(#) < deg(h) = s or # = 0. If # # 0, then # = 2 — §h, i.e. we found
q(t) = glu="),r(t) = P(ut") € Flu~"], such that

r(t) = 2(t) —q(t)h(t) € Rf.

Let 7/ (z) = rg '#(z) € F[z], where 79 € F* is the leading coefficient of #(z),
then 7/ () = /(u~") is monic by definition.

As 7'(t) = #(u"") € Rf, too, there exists a(t) € R such that /(t) =
a(t)f(t). Thus, 7'(t) € Flu~'t"] is a monic polynomial of degree less than s
which is right divisible by f. This contradicts the definition of h as the minimal
central left multiple of f. Thus we conclude that » = 0 and z = gh € Rh, as

required. O
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Let
Vi={a+Rf:a€ R=Dl[t;o]} = R/Rf

be the R-module defined by factoring out the maximal left ideal Rf and let
Ep={2(t)+ Rf : 2(t) = 2(u” ") € Flu "]} C V.
Together with the multiplication
(z+Rf)o(y+ Rf):= (vy) + Rf
for all 7,y € Flu~'t"], E; becomes an F-algebra.

Lemma 3.3.2. Ef = (Eyf,0) is a field and isomorphic to Ej .

Proof. Clearly, Ey is a commutative associative ring with identity 1+ Rf; we
only need to show that every non-zero element of E¢ has an inverse in Ey.

Let z + Rf be a non-zero element of Ey. If deg(z) = 0, then z € F* and
(z4+ Rf)~' =271+ Rf. So suppose deg(z) > 0 and z(t) = £(u~'#") for some
2(x) € Flz]. By Lemma(3.3.1} A(x) does not divide 2(z) in F[z]. Additionally,
h is irreducible in F[z] so £ cannot divide A in F[x]. Thus the greatest common
divisor of 2 and A in F[z] must be some k € F* and that there exist some

non-zero ¢, p € F[x] such that
2p+ hg = k.

Let p(t) = p(u=1"), then zp — k € Rh. By Lemmam this implies zp — k €
Rf, that means (z + Rf)(p+ Rf) = k+ Rf,ie. (z+ Rf)"! =k p+ Rf.
It is clear that F'is a subfield of E; embedded via the map F' — F + Rf,
k' k+ Rf for all k € F. Thus E; is isomorphic to a field extension of F'.
Define a map G : Ey — Ej by

G(z+ Rf) =2+ Rh

for all z € Flu~1"].
Suppose z + Rf = 2+ Rf. Then z — 2’ € Rf and z — 2’ € Rh by Lemma
3.3.1l Thus we obtain z + Rh = 2/ + Rh; that is, G(z + Rf) = G(Z' + Rf).
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So G is well-defined. Additionally, for any z + Rh € Ej, it follows that G/(z +
Rf) = z+ Rh. Thus G is surjective.

To check injectivity, we note that G(x + Rh) = 0+ Rf if and only if x €
Rf. Again by Lemma [3.3.1] this implies # € Rh and so z + Rh = 0+ Rh.

Furthermore, for all z,y € F[u~'t"] we have
G(x+Rf)+G(y+Rf) = (x+Rh)+ (y+Rh) = (x+y)+ Rh = G(z +y+ Rf),

G(z+ Rf)G(y+ Rf) = (v + Rh)(y + Rh) = zy + Rh = G(zy + Rf),

yielding that GG is an isomorphism of fields. O]
Let B = Nuc,(Sy¢). Then we have:

Proposition 3.3.3. Let k be the number of irreducible factors of h. Then
Vi is a right B-module of dimension k wvia the scalar multiplication given by
Vix B — Vg,

(a+Rf)(z+Rf) =az+Rf €V

for all = € Flu™t"] and a € R. Thus, we can identify V; with B* via a

canonical basis.

Proof. In order to show that the scalar multiplication is well-defined, suppose
a+Rf =d +Rf and z = 2/ for a,d’ € R and z,2’ € B. Then there exists
u,v € R such that ¢/ = a+uf and 2 = 24+ vf (as B C R/Rf), and we have

(a + Rf) =d'2 + Rf

=(az+avf+ufz+ufvf)+ Rf

As z € B, this implies fz = 2/'f for some 2/ € R so (az 4+ avf + ufz +
ufvf)+ Rf = az+ (av + uz’ + ufv)f + Rf = az+ Rf. Thus it follows
that (o’ + Rf)z' = (a+ Rf)z as required.

The remaining properties we require for scalar multiplication such as distributivity

follow from the multiplication in R. As V/ is a vector space of dimension d>mn

over F'and B/ F has dimension dms by Theorem [3.2.10], it follows that V¢ has
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dimension d?mn/dms = dn/s = k over B, where k is the number of irreducible

divisors of h in R. O

In the special case where deg(h) = dm, we see that
Nuc,(S¢) = Ej, = Ey

by Theorem [3.2.19] Under this assumption, h has exactly dn irreducible factors
in R, yielding the following corollary:

Corollary 3.3.4. Let deg(h) = dm. Then V} is a right Ey-vector space of

dimension dn via the scalar multiplication given by Vi X Ey — V7,
(a+Rf)(z+Rf) =az+Rf €V

for all z € Flu™'t"] and a € R. Thus, we can identify Vy with Ejg” via a

canonical basis.

3.3.1 The construction of Sym (v, p, f)

For some v € D* and p € Aut(D), define F’ = Fix(p) N F. We assume in the
following that F'/F’ is finite-dimensional. Let k& be the number of irreducible
factors of h(t) and s the degree of the right nucleus of Sy over E;. We assume

f is not right-invariant which yields k£ > 1.

Let | < k = dn/s. Consider the set Sy, (v, p, f) = {a+ Rh|a € A} C
R/ Rh, where

A={ag+ait+-- + a1t +vp(ap)t™ : a; € D} C D[t; o).

Snmi(v, p, f) is avector space over F’ of dimension dnm[F : F']. In particular,

Snm1(v,p, f) ={a+ Rh|a € A}, where

A={ag+ait+ - +am1t"™ 1 +vpag)t™ : a; € D} C Dt; o]
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Remark 3.3.5. In [56], this construction over [F, is denoted by Sy, (v, p, h).
Although this indicates that the set is a subspace of R/Rh, we change this
notation in order to reflect the polynomial f used in the construction. This
is because we are interested in expressing the multiplication of the algebras
explicitly, whereas previous work only considers the multiplication via semifield

spread sets.

Let L be the left multiplication map Lo (b+ Rf) = ab+ Rf for b+ Rf € V.
Note that L, is B-linear, as we have a(za) = (az)a for all « € B = Nuc,(Sf),
a,x € V¢, and therefore Ly (xa)) = Ly (x)o for all @ € B. Thus L, € Endg(Vy).

Since | < k = dn/s, we have a well-defined map
L: Sn,mJ(Va P, f) — EndB(Vf)7

a+ Rh— L,

To see that L is well-defined, let a,a’ € A be such that a + Rh = d’ + Rh.
Suppose a # a’. Then a+ Rh = o' + Rh iff a—d' € Rh iff a —a = rh for
somer € R. Asa # d, it follows that a —a’ # 0, sor # 0. Then taking degrees
on both sides, we have deg(a — a’) = deg(rh) > deg(h) = dmn, but because
we assumed a and a’ to have degree less than or equal to Im, i.e. strictly less

than km = dmn/s, this is a contradiction. So a = a’ and L, = L.

As Endp(Vy) = My(B), we can extend L to M (B) as follows: define
L: Smm’l(l/,p, f) — EndB(Vf) — Mk(B),

a+— Lg— Mg,

where M, is the matrix associated to the left multiplication map L, with respect
to an B-basis of V.
For | < k, we denote the image of Sy, ,,, 1(v, p, f) in My(B) by

C(S) = {Ma | ac Sn7m,l(y7p7f)}'

As the dimension of C as a right B-module is equal to

. dimF(Sn,m,l(Va P, f)) _ d2nlmk _

dlmB(Sn,m,l(V7 P, f)) - dlmF(B) d2nm lk’
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Theorem implies the minimum distance of C as a rank-metric code satisfies
lk<k(k—de+1) < de <k—-1+1;

moreover, C is an MRD-code in My (B) if de =k — 1+ 1.

3.3.2  Division algebras over F’

When [ = 1, this construction can yield division algebras over F’ via the set
Snm,1(V, p, f); the actual construction of these algebras may be viewed by two
equivalent methods. Firstly, we directly define a multiplication on the F-vector
space

Ry, = {g € R:deg(g) < m}.

There is a natural bijection between R, and A by a(t) — a(t) + vp(agp)t™ for
all a(t) = Z?Q)l a;t’ € Ry,. Define a multiplication o : R,;, X Ry, — Ry, by

a(t)ob(t) = (a(t) + vp(ap)t™)b(t) mod,(f).

In this way, (R, 0) can be viewed as a generalisation of Petit algebras [44] as

setting v = 0 recovers the algebra S¢.

Example 3.3.6. Let m =1, so f(t) =t — ¢ for some ¢ € D. For some v # 0
and p € Aut(D), Sp1.1(v, p, f) = (D, o) has multiplication

roy =(z+vp(x)t)y) mod, f
=zy + vp(x)o(y)t mod, f

=y +vp(z)o(y)e

for all z,y € D. If R = K[t; o] for some field extension K /F, this is precisely
the multiplication of Albert’s twisted semifields as given in [1]. If R = D][t; 0]
for a associative division algebra D/C', we obtain generalisations of Albert’s
twisted fields which were studied in [46].

Now suppose x oy = 0 for some non-zero x,y € Ry. This occurs if and only if

zy = —vp(x)o(y)c. Taking norms of both sides and cancelling Np g+ (zy) from
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both sides, we obtain that Np,m(—ve) = 1. Thus S, 11(v,p, f) is a division
algebra if
Npyp(ve) # (~1) "

Alternatively, we can use C(S) C My (B) to define a multiplication on B™.
As the dimension of D over F is d*n and the dimension of B is d*mn/ k,
there exists an F-vector space isomorphism between D™ and B. Tt follows
that there similarly exists an isomorphism between G : Vy — BF¥ so, for each
a+ Rf € R/Rf, there exists some a € B* such that G(a + Rf) = a. Define
% : B¥ x B¥ — B* by

axb=M, b

forall a,b € B¥, where M, € C(S) is the representation of the map La(t)+vp(ag)tm €
Endp(Vy) induced by G. (Each a € Ry, corresponds to a map L) 4pp(ag)em-
As Endp(Vy) = My(B) and dim(R,,) = dim(C(S)), there is a canonical

bijection between L, yem and Mg.) As M, is a representation of the

+vp(ag
map L, € Endp(Vy), it follows that (B*,x) is isomorphic to R/Rf equipped
with the multiplication (a + Rf)(b+ Rf) = Lag)4up(ag)em (b + Rf). Thus it

follows that (R, o) and (B*,*) are isomorphic algebras by construction.

3.3.3 The rank of a matrix

We recall the definition of rank of a matrix:

Definition 3.3.7. Let A € My(B). The column rank of a matriz A is the
dimension of the right B-module generated by the columns of A; similarly,
define the row rank of A as the dimension of the right B-module generated by
the rows of A. When B is a field, row and column rank are always equal and

is called the rank of a matriz.

A matrix in Mg (B) has (column) rank at most k; any matrix which attains
this bound is said to have attained full (column) rank. By definition of column
rank, a matrix attains full column rank if and and only if its columns are linearly

independent over B.
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For any M, € C(S), suppose there exists some non-zero z € B¥ such that
My-2=0. Let ¢; € B* be the column vectors of M, and x; € B be the entries
of z, then

My-2=0 < cr1+ -+ ¢y = 0.
As z # 0, this implies there is a linear combination of the columns of M, i.e.
M, does not have full column rank. Conversely if we assume M, does not have
full column rank, there exists some non-zero z € B¥ such that M, -z = 0.
Hence (B*, ) is a division algebra if and only if every matrix in C(S) has full

column rank.

Lemma 3.3.8. Let R be a ring with no zero divisors. For allh € Z(R), every
right divisor of h in R also divides h on the left.

Proof. Suppose v is a right divisor of h. Then h = ¢+ for some § € R. As h
lies in the centre of R, we have h = hd = 4. This rearranges to

0= 0h—0dvd = d(h —~0).
As R contains no zero divisors and 0 # 0, it follows that h = 4. m

Proposition 3.3.9. Let f € DIt; o] be irreducible and deg(h) = km/n. Let
B = Nuc,(Sf). For all a+ Rh € R/ Rh, we have

k N
dimp(im(Ly)) = k* — %deg(gcrd(a, h(t"))).
Moreover, the column rank of My is equal to k — ~deg(gerd(a, h(t")).

Proof. By Theorem , R/Rh = My(B) as Ej-algebras. Let ¥ : R/Rh —
My(B), ¥(a + Rh) = M,, be such an isomorphism. For each A € My(B),
define Ann,(A) = {N € My(B) : AN = 0}. It is clear that Ann,(A) is the
kernel of the endomorphism Ly : My (B) — My (B) defined by

Lpy: X — AX.

As B is associative, L4 is a right B-linear map: for all b € B, X € My(B),
LA(Xb) = A(Xb) = (AX)b = L4(X)b. By the Rank-Nullity Theorem for
free right B-modules of finite rank |31} ch. IV, Cor. 2.14], it follows that

k? = dimp(im(Ly4)) + dimp(Ann,(A)).
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We conclude

dimp(im(L4)) = k* — dimp(Ann,(A)).

Now for each b+ Rh, MM, = 0 if and only if ¥(a + Rh)¥(b+ Rh) = 0. As ¥
is multiplicative, this is true if and only if ¥((a + Rh)(b+ Rh)) = 0. Thus we
conclude (a + Rh)(b+ Rh) = 0. Hence it is clear that Ann,(M,) = Ann,(a),

where
Ann,(a) ={b+ Rh € R/Rh: (a+ Rh)(b+ Rh) = 0+ Rh},

so dim(Ann,(M,)) = dim(Ann,(a)).

Let v = gerd(a, h) so h = 0 for some § € R. As h € Z(R) and R is a domain,
we also have h = 76 by Lemma [3.3.8. Let b € R be the unique element such
that a = by. Then gcrd(b,0) = 1, else v is not the greatest common right
divisor of a and h.

Let v € R. By the left Euclidean division algorithm, there exist unique u,w € R
such that v = du + w where deg(w) < deg(d) and geld(w,d) = 1. It follows
that

av =adu + aw
=byou + byw

=bhu + byw.

Thus it follows that av + Rh = byw + Rh.
Suppose byw = 0mod,h. As gerd(b,6) = 1, there exist ¢,d € R such that
cb+dd=1so

cby 4+ doy = 7.

As 0y = h, this implies cby = v mod,h. Hence
Yyw = cbyw = 0 mod,.h.

However, deg(w) < deg(d) so deg(yw) < deg(vd) = deg(h); due to this,
~vyw = 0 mod,-h implies that yw = 0. As v # 0 and R is a domain, we conclude
that w = 0.
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Therefore, (a + Rh)(v+ Rh) = 0+ Rh if and only if v = du where deg(u) <
deg(y). As ¢ is uniquely defined by a and h, every element of Ann,(a) is
determined by u € R such that deg(u) < deg(~y). Thus

Ann, (a) ={v+ Rh € R/Rh|, (a+ Rh)(v+ Rh) = 0+ Rh}
={du|u € R,deg(u) < deg(vy)}

ngegfy'

As {1,t,... 1381 is a4 D-basis for Reg - it follows that dimp(Ann,(a)) =
deg(7), so dimp(Ann,(a)) = deg(y)d®n. Since dimp, (B) = s* = d*n®/k’
and [E; : F] = km/n, we obtain dimp(B) = d?mn/k. Hence we conclude

that
_ deg(y)d?*nk _ deg(y)k

d?mn m

dimp(Ann,(a))

Y

and so
dim s (im(L4)) = k2 — dimp(Ann,(A)) = K2 — *deg (7).
m

Let ¢; and r; denote the columns and rows of A respectively and x; denote the

columns of X. Then computing the matrix using dot product notation we have
AX =

The i*" column of AX is equal to

L C)
Tk &
for some \; € B. Hence the dimension of the B-vector space generated by the

ith column of AX is exactly the column rank of A. As there are k columns of

AX, it follows that that dimp(im(La)) = k - colrank(A). O

When deg(h) = dm, we recall that B = Nuc,(Sy) is a field and we obtain

the following corollary:
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Corollary 3.3.10. /50, Proposition 7 for finite fields] Let f € DIt;o]| and
deg(h) = dm. For all a+ Rh € R/ Rh, we have

rank(M,) = dn — ;deg(gcrd(a, h(t"))).

As a result of this, (B¥ %) is a division algebra if and only if there are
no divisors of h in Spm1(v,p, f). More generally, S, (v, p, f) yields an
MRD-code in My (B) if and only if it contains no divisors of h of degree Im.

Theorem 3.3.11. S, ,,,;(v,p, f) = {a+ Rh|a € A} C R/Rh, where
A= {ag+art+ -+ apm_1t"™ 1 +vp(ao)t™ : a; € D}

yields an MRD-code if and only there are no elements g € Symi(v,p, ) of
degree lm which can be written as g = Hé:l fi, where f; is similar to f for all

1, i.e. there are no divisors of h of degree lm in A.

We can use the above Proposition to determine some initial conditions

to obtain division algebras:

Corollary 3.3.12. Suppose that
A={ag+ait+ -+ ap_1t™ 1+ vp(ap)t™ :a; € D} C R.

Let f be an irreducible monic polynomial of degree m.

(i) If a € A is reducible, then a is not a left zero divisor in (R, o).

(it) If v = 0 then (Ry, o) is a division algebra over F', which for m > 2 is a
(unital) Petit algebra.

(iii) If A does not contain any polynomial similar to f, then (R, o) is a division

algebra over F'.

In order to find a more tractable condition to obtain division algebras and
MRD codes, we must determine what the divisors of h(t) look like. We follow
two techniques to do this: firstly, we consider the technique used in [56] which
employs semi-linear maps of R/ Rf. The second method considers the norm
map in D(¢;0) as used in [13] to determine reducibility criteria for polynomials
in IF,[t; o]. Both approaches were originally only considered for IF,[t; o]; we give
generalisations to D[t; o], where D is a associative division algebra as assumed

previously.
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3.4 SEMI-LINEAR MAPS

Let R = DJt; o] with all assumptions on D as stated previously and f € R be
a monic irreducible polynomial of degree m. Left multiplication by ¢ defines a
map

¢¢r: R/Rf — R/Rf, ¢¢(v) =tvmod,f

for all v € R/ Rf. This is a D-semi-linear map, as

of(av) = o(a)dy(v)

for all v € R/Rf, a € D. Identify R/Rf = D® Dt @ ---® Dt™ ! with
the free left D-module D™ with the basis f = {1,¢,...,t™ '}. In particular,
this means we identify an m-tuple (vo,...,vm—1) = vg with the polynomial
v = 2;161 v;t’. Via our identification between R/Rf and D™, we can view ¢ f

as a D-semi-linear map on D™:

Lemma 3.4.1. ¢;: D" — D™ is given by

0 1 0 0
0 0 0 0
df(vo, ... vm—1) =(o(v0), - ,0(vm-1)) -
0 0 0 1
—ay —a1 ... —Qpm-2 —Um_1

=a(vg) - C,
where Cy is the companion matriz of f.

Proof. Letv € R/Rf. Noting that ¢ (v) = 7! o(vi)t" 'mod, f, we see that
the only term of this sum that needs to be reduced modulo f is o(vy,—1)t".

Upon right division by f, we obtain
0 (Vm—1)t™ = —o(vm—1) (a0 + a1t +--- + am_ltm_l)modrf.
Thus we can map o(vm,—1)t" to D™ via

0 (Um—1)t" = (=0 (vm-1)ao, —o(vm—-1)ai,...,—o(Vm—1)am-1).
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It follows that
¢f(v) = (—o(vm=1)ao, o (vo) — o (Vm-1)a1,...,0(Vm-2) — 0 (Vm—1)am—1).
Computing o (vg) - C' + yields exactly the same vector as required. O

Remark 3.4.2. We use the definition of the companion matrix as defined in
[40, p. 4], which is transpose to the companion matrix used in [56]. Thus, the

analogous result in [56] is
é7(vs) = Cf -o(v5),
where vg is a column vector of length m. When f € R = K[t; 0], it does not

matter which of the two matrices we use for the definition of ¢y : K™ — K™,

as C’}F : a(vg) = (o(vg) - Cf)T, but for R = D[t; 0], this is no longer true.

Remark 3.4.3. In |40, Corollary 1.9], the companion matrix of f is used to
give an alternative description of the eigenring Endg(R/Rf) of the polynomial

f, as we have
Endr(R/Rf) = C7:={B¢e My (K) | C¢B = o(B)Cy}.

This holds even when we take R = D[t; 0, 0] by letting C’;’é ={B € M,(D) |
CiB = o(B)C; + 8(B)}.

Analogously, we may define an F-linear map
¢%: R/Rf — R/Rf, v~ t"vmod,f
for all v € R. By definition, it follows that ¢ = (¢7)". Since
F3(av) = " (@) (v) = wauy(v),
this map is D-linear if 0" = id. As with ¢y, we can view gzﬁ? as a map on D"
Lemma 3.4.4. (b}b : D™ — D™ is given by
O} (vg) = 0" (vg) - " H(Cy) -+ o (Cy)Cp = 0™ (vp) - Ay,

where o(C'y) means that o acts on each entry of Cy € My, (D). If o™ =id, ¢}

is a D-linear map.

Proof. As ¢t = (¢)", this follows from our identification in Lemma O
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3.4.1 The case for K[t; o]

We consider the special case when d = 1, i.e. D[t;o] = K|[t; o] for some field
extension K /F. Much of this was done in [56] but we include the results for
completion and comparison to the generalisation for d > 1. The work done
previously in the literature assumed that K was a finite field but the proofs
follow identically when we assume that deg(h) = mn. This follows since the

degree of h is always mn when K is a finite field.

Definition 3.4.5. Let E be a field. The minimal polynomial of a matrix
A € M,(E) is the polynomial G(z) € E[x] of lowest degree such that G(A) = 0.
The characteristic polynomial of a matrix A € M, (FE) is defined as x4(z) =
det(zI — A).

Theorem 3.4.6. (for finite fields K, cf. [50, Theorem 3]) The minimal central
left multiple of f is given by h(t) = h(t"), where h is equal to the minimal
polynomial of the matriz Ay over F. If deg(h) = mn, e.g. if n is prime or
ged(m,n) = 1, then the minimal polynomial of Ay is equal to the characteristic

polynomial of Ay.

Theorem 3.4.7. (for finite fields K, cf. [56, Theorem 4]) If deg(h) = mn,
then

Ngplao) = (=)™ Y,

where ag and hy are the constant terms of f and h, respectively.

Theorem 3.4.8. (for finite fields K, cf. [50, Theorem 5]) If deg(h) = mn and
g is a monic divisor of h(t) = h(t") in R of degree ml, then

Ng/r(90) = Niyr(ao).

3.4.2  The case for D[t; o]

For d > 1, D is non-commutative by definition so the determinant of A; is

not well-defined in M, (D). In order to generalise [56, Theorem 3|, we restrict
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D to a associative division algebra containing a maximal splitting field £ and
consider the left reqular representation of D as follows:

If D is a central simple algebra of degree d and F is a subfield of D such that
[E : F] = d, then F is a splitting field for D. Let {v1,v2, ..., v4} be a basis for D
over E. By [33, Theorem 1.6.17], there exists a representation p: D — My(FE)

by writing
d

via = Z pij(a)v;, 1<i<d,
j=1

where p : D — My(FE) is an F-vector space monomorphism. As D is
associative, p is a multiplicative map.
Define ZJ: = p(Af) € My, (My(E)) = Mypq(E), where pis extended entry-wise

to matrices in M, (D), i.e.

p(ai1) p(aim)
I = plaz1) plazm)
plam1) . p(amm)

Unless stated otherwise, we will assume that D is a cyclic algebra (E/C, v, a)
with [E : C] = d. In addition to this, we place restrictions on o: let o have finite
order n > 1 and 0 oy = yoo. Note that the second assumption here implies
that o € Aut(FE). These restrictions allow us to deduce some properties of

the minimal polynomial of Z}:

Lemma 3.4.9. Suppose o € Aut(F) and 0oy = yoo. Then the minimal
polynomial of Ay lies in Fix(o)[x].

Proof. Let G € E[z] be the minimal polynomial of A; and G' = o(G). Then
0= 0(G(A)) = G (o (Ap)),

where o is extended entrywise to My, (FE). So G’ is a polynomial identity for
o(Ap).

Extend p: D — My(E) to My, (E) by applying p entry-wise. As p(c?(Cy)) is
a dm x dm matrix partitioned into d x d blocks for 0 < i < n, p(a(Cy))p(Cy)
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)" submatrix of

can be similarly partitioned into d x d blocks where the (i, j

p(a(Cy))p(Cy) is given by
Cij = > A By,
2

where Ay is the (i, k)™ submatrix of p(o(Cy)) and By; is the (k, j)* submatrix
of p(Cy) [21, Theorem 1.9.6]. For all 1 < 4,5,k < m, A, = p(a;) and

Byj = p(by;) for some a;i, bj, € E so

AiiBrj = p(air) p(brj) = plairbr;)

as p is multiplicative when restricted to F (we note that a; lies in E as o €
Aut(E)). As p is additive, it follows that Cj; = p(Xf airbrj). As this is true
for each submatrix Cj; of p(a(Cy))p(Cy), it follows that p(a(Cy))p(Cy) =
p(a(Cy)Cy) and

Ag = p(a"H(Cy))..p(a(Cp))p(Cy).

Note that o(As) = C;a" H(Cf)...0(Cy), so a(Af)p(Cy) = p(Cy)Ay.

By [6, Lemma 1, p.546], it follows that det(p(Cy)) = det((—1)"p(fo)) # 0 so
we conclude p(Cy) is invertible in M,,q(E). Thus o(Af) = p(Cp)App(Cy)~1,
ie. J(Z;c) is similar to Z;c Similar polynomials have the same minimal
polynomial so it follows that G is the minimal polynomial of O'(;‘TJ;). This
implies that G' must divide G’. But G’ is monic and of the same degree as G,

so this can only occur if G’ = G. Hence G is fixed by o. m

As a consequence, if G € C[z] then it follows that G € F[z]|. This is required

to show that G is equal to the minimal central left multiple of f:

Theorem 3.4.10. Suppose oy € Aut(E) and ooy =~vyoo. Let f € R be a
monic polynomial of degree m such that (f,t), = 1. Then the following hold:
(i) G is the polynomial of lowest degree such that G(Ay) = 0.

(ii) Let o™ = id and G € Clz|. Then the minimal central left multiple h(t) =
h(t") of f, h(x) € F[x), satisfies that h(x) is equal to the minimal polynomial
of the matrix :47
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Proof. Let G = Zf:() G,x" be the minimal polynomial of :47; that is, G is the
monic polynomial of lowest degree such that G (:47) = (0. By Lemma we
have G € F[z].

(i) As p is F-linear, this yields that

0=G(A;) = G(p(Ay)) = p(G(Ay)),

which implies that G(Ay) = 0 as p is injective. So G annihilates A¢. Further G
is the polynomial of lowest degree in F'[z] that anihilates A¢: Suppose H(x) €
F[z] is such that H(A¢) = 0 and deg(H) < deg(G). As p is F-linear, we have

0=p(H(Ay)) = H(p(As)) = H(Ay),

so H annihilates Z} This contradicts the minimality of G.

ii) We know that ¢’} (v) = o™ (vg) - Ar by Lemma [3.4.4. Since ¢" = id, we get
f B f

¢'t(v) = vg- Ay, and

0 =vg - G(Ay)
k .
=Y Gi(vs- (Ay)")
=0
k .
=>_ Gi((¢)'(v))
i=0
=G ((¢})(v)).
Note that here vg- Ay = 0" (vg) - Ay = ¢'4(v) (where we identify v with vg),
because ¢" = id.

By identifying vg with v € R/Rf, we conclude that G(t")v = 0mod,f.
Letting v = 1 yields G(¢") = 0mod, f, so f divides G(¢") on the right in R.
By the definition of minimal central left multiple and employing that G(t") €
Z(R), this implies that A(z) divides G(x) in F[z].

Conversely, for all v € R/Rf,
0 =vh(t") mod, f
=h(t")v mod,.f
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so vg - h(Ay) = 0 for all vg € D™. Hence we have h(A;) = 0. As G is
the minimal polynomial of Ay, we conclude that G(z) divides A(z) in F[z]:
suppose that a is the greatest common divisor of G and h. Then there exist

p,q € F[x] such that a = Gp + hq, so
a(Ay) = G(Ap)p(Ap) + h(Ap)g(Af) =040 =0.

If a # G, it follows that deg(a) < deg(G) which contradicts the minimality of
G.
It follows that (z) = G(z) as required. O

For the remainder of this section, we assume that 0" = id, o|p € Aut(FE)
and 0 oy = yoo. Note that if o) ¢ Aut(E), it would be impossible to have
ooy = yoo unless v = ud. In addition to these assumptions, we also must

assume the minimal polynomial of Ay lies in C[z] in order to employ Theorem

B.4.10

Lemma 3.4.11. Let f € R be a monic polynomial of degree m such that
(f,t); = 1. If deg(h) = dm, then h(z) = p;lvf(x) = det(xl—ﬁvf), the

characteristic polynomial of jﬁlvf

Proof. By Theorem , the minimal polynomial polynomial of :47 is equal
to h(z) € Flz] under our assumptions. As the minimal polynomial divides the
characteristic polynomial, it follows that h(z) divides iy (z). Because both h
and pZ} are monic polynomials of degree dm in F[z], we conclude that they

must be equal. O

If we now consider D to be a cyclic algebra (E/C,v,a) and impose the
restrictions stated above, we can compute the characteristic polynomial of A;

and so the minimal central left multiple of f:

Theorem 3.4.12. Let D = (E/C,~,a) be a cyclic algebra over C of degree d.
Let f =", fit' € E[t;0] C R be monic and irreducible, such that (f,t), =1
and h = melm(f) has degree dm. Then

Ngyr(fo) = (1) =Dpy,
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where fo and hg are the constant terms of f and h respectively.

Proof. As deg(h) = dm and G € F[z] by Lemma , we have h(z) =
det(zI — :47) by Lemma . Hence the constant term of h is equal to
dot(~A7) = (~1)#mdet(A)).

Let p: D — My(FE) be left regular representation of D. As rho is multiplicative,
it follows that

Ap = p(Ap) = p(a"H(Cp)) .. p(C)-
If we assume o and vy commute, then p(c(Cy)) = o(p(Cy)) and thus

det (A7) = 0" (det (p(C))) ... det(p(C))).

As f; € E, we may calculate det(p(Cy)) by first evaluating the determinant
with entries in My(E), then evaluating the determinant of the resulting d x d
matrix [6]. This yields

det(p(Cy)) = det((=1)""'p(~fo)) = det((=1)"p(fo)) = (~1)""det(p(fo))-

As fo € E, p(fo) € My(E) is a d x d diagonal matrix given by

fo 0 ... 0
0 ~(fo) 0
0 0 ... v f)

so det(p(Cy)) = (—1)"Ng,c(fo). Thus it follows
det(Ay) = o™ ((=1)""Ngsc(fo)) - (=) Ngsc(fo) = (=1)*"Neyp(Ngsc(fo))
and we conclude that
ho = (=1 Ng p(fo) = (=1) """ D N, p(fo).
O

Corollary 3.4.13. Let D = (E/C,~,a) be a cyclic algebra over C of degree
d.
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Let f = S fit" € E[t; 0] C R be monic and irreducible of degree m, such
that (f,t), = 1. Let deg(h) = dm and suppose that all the polynomials similar
to f lie in E[t;o]. If g is a monic divisor of h in R of degree lm, then

Ngp(g90) = Ng/p(ap)'.

Proof. We know that h(t) = h(t"), with A(z) irreducible in F[z], since we
assume that f is irreducible and v = 1. Thus h is a t.s.m. element in
Jacobson’s terminology. Therefore the irreducible factors fi(t),..., fx(t) of
any decomposition of h(t) into irreducibles are all similar, and in fact are all
similar to f, as f must be one of them by the definition of h. Now g(t) is a
monic divisor of h. Thus we can decompose ¢g(t) into a product of irreducible
factors and up to similarity the irreducible factors of g will be the same as
suitably chosen irreducible factors of h by [33, Theorem 1.2.9.]. Hence w.l.o.g.
g = fif2--- fi, where the f; are irreducibles in R and f; is similar to f for
all i = 1,2,...,1 [33, Theorem 1.2.19]. Thus by Corollary , the minimal
central left multiple of each f; is equal to h. Since f is monic, we may assume
w.l.o.g. that all f; are monic.

By Theorem and since all f; lie in E[t; o] by our assumption, this
implies that Ng,p(fi(0)) = (=1)# " Vhy = Np,p(ag). As the constant

term of g is equal to [['_; f;(0) and the norm is multiplicative, we see that

l
Npse(90) = IT Nuye(£i(0) = (=) Vi)' = (=1)"" " Vhy = Np e (ao)".
=1

]

Although we obtain a generalisation of [56, Theorem 3] for D = (E/C,~,a),
we have to implement the restrictions ¢ # id, ¢ = id, and ooy = vo
o. In addition to this, we must assume that the minimal polynomial of Ay
lies in C'[x]. These assumptions, particularly the final assumption about the
minimal polynomial, mean that the above results could be difficult to use in
general examples. Due to this, we consider another method of determining the

reducibility of the minimal central left multiple of f.
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3.5 USING THE NORM OF A POLYNOMIAL

We now consider using the norm of f(¢) in order to deduce reducibility criteria
for the minimal central left multiple. The results in this section form part of
[51].

Let R = D|t; 0] and

D(t;o) = {f/gl|f € Dlt;o],g € C(D[t;0]), g # 0}

be the ring of central quotients of D[t;¢]. Then z = u~'t" is a commutative

indeterminate over D. The center of D(t;0) is
C(D(t;0)) = Quot(C(D[t; o)) = F(x),

where Quot(S) denotes the quotient field of an integral domain S. Note that
C(D(t;0)) is a field. The ring D(z) of central quotients of D[z] is a subring
of D(t;0).

D(t; o) is a central simple F'(x)-algebra, more precisely,
D(t;o) = (D(z),5, ux)

is a cyclic generalized crossed product |29, Theorem 2.3]. Here, & denotes the
extension of o to D(z) that fixes z [29, Lemma 2.1.].

Note that when regarding D(t;0) as an F(z)-algebra, the choice of u is
lost: x depends on u, and different choices of u lead to different actions of
F(x) on D(t;0). Here and in the following we thus assume that u is fixed and
r=u""

The algebra D(t; o) has center F(z) and deg(D(t;0)) = dn. In particular,
as D is a division algebra then D(¢;0) is also a division algebra [29, Theorem

2.2.]. The reduced norm N of (D(x),c,ux) is a nondegenerate form of degree

dn over F(z).
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3.5.1 The norm of f(t)

As with in Section [3.4] we assume D is a associative division algebra over C'

with a subfield E such that [F : C] = d.

Theorem 3.5.1. Let f € D[t;o]. Then:

(i) N(f) € Flz],
(ii) [ divides N(f).

The proof works similarly as the one of |33, Proposition 1.7.1]:

Proof. (i) We have [C' : F] = n, [D(x) : F(z)] = d?n, and [(D(%),5,ut) :
F(x)] = d?n® The set {1,t,...,t"" '} generates D[t;o] over D[x]; since
C(D[t;o]) = Flz] C D], the set {1,¢,...,t""'} also generates D(t; o) over
D(z). Additionally, (D(z),d,ut) is a central simple algebra of degree dn over
F(x) with subalgebra D(z). We regard (D(x), 7, ut) as a left module over its
noncommutative subalgebra D(z).

Furthermore, we have I D(z) = 0, where I; denotes the inner automorphism
Iy : f(z) — tf(z)t™!, o denotes the extension of ¢ to D(x) fixing z, and
D(z) C Cpt0)(D(x)). It therefore follows by [29, Lemma 1.27] that {1,¢,. .. A

is free over D(z), thus
n—1

D(t;o) = @ D(x)t".

=0
Since

Dit:o] = ”6:90 D),

and t" = ux, every f € R C (D(x), 7, ut) can be written as a linear combination
of 1,¢t,...,t" ! with coefficients in D[x]. We therefore obtain a representation

p of (D(x),d,ut) by matrices in M, (D(x)) by writing
. nil .
trt) = > pi(f()¥
3=0

forall f € R C (D(x),0,ut) and 0 < 4,7 < n— 1. Hence the matrix p(f(¢))
has entries in D[z] for every f € R. Since D has a subfield E of degree d, we can

regard D as a left module over E. Let {vy,...,v4} be a basis for D over E(x).
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Then {vy,...,vg,v1t,...,v4t,...vgt" '} is a basis of (D(x),5,ut) = D(t;0)
as a left module over £ and we now analogously obtain a representation p of
(D(x),0,ut) by matrices in My, (E(x)) with respect to that basis.

For f(t) € R, the matrix p(f(¢)) has entries in E[z], therefore it follows that

N(f(t)) = det(p(f(t))) € Elz] N F(x) = Flz].

(ii) Similarly as in (i), it can be shown that all the coefficients of the characteristic
polynomial of p(f(t)) are contained in Flz] (cf. also [45, Proposition, p.
295]). Define the reduced adjoint of f as f(¢)f (as defined in 33, (1.6.12)]);
by definition, f(t)* € R. Since N(f(t)) = f(t)f(t)* = f(t)*f(t), it follows
that f(t) divides N(f) in R. O

Let f € R = DIt;o] have degree m and bound f*. Since N(f) € Flx] =
Z(R) is a left multiple of f by Lemma|3.5.1] we know that the bound f* divides
N(f) in R, so that deg(f*) < deg(N(f)).

Theorem 3.5.2. Let D be a division algebra which has a subfield E of degree
d. Then for any f € DIt; o] of degree m, N(f) has degree dm.

Proof. Write m = kn + r for some 0 < r < n. Substituting " = ux, we obtain

f(t) = Py(x) + Pi(z)t + -+ Py_1(2)t"! € D[z][t; o] where

ai + -+ iy (uz)® for i <,
Py(z) =

k-1

a; + -t i (p—1)n (u) for i > r.

Computing the left regular representation of p : D[t; 0] — M, (D(z)), we have

Qui(z) -+ Qiu(x)
p(f(t)) = : :
Qn,l(m) Qn,n(x)

for some Q); j(z) € D|x] satistying

n
=3 Qijla)t 1<i<n,
=1
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[33, Proposition 1.6.9]. Moreover, it follows that

deg(Pj—;) for i <7,
deg(Qi ;) =
deg(Ppyj—i)+1  fori>j.

Comparing the above equation with the expressions for P;(z), it follows that
k—1 fort <jand j—i>r,
deg(Qij) < (& fori<j<rdiorj<i<n—r-+j,

k+1 fori>jandi—j>n—r.

with Q; j(z) = o' Yam)uFak + ... forj—i =rand Q; j(z) = o' (ay,)u* T tab+1 +
oofori—g5=n—r.

This means the bottom left 7 x r minor of p(f(t)) has elements of degree at
most k + 1 in lower triangular entries (including the diagonal which attains this
maximum degree) and the top right n — r x n —r minor of p(f(¢)) has elements
of degree at most k£ — 1 in the upper triangular entries (excluding the diagonal
which has elements of exactly degree k). Every other element of p(f(t)) has
degree at most k.

As D has a subfield of degree d, there exists a left regular representation
w: D — My(FE) which extends to D|[z] by setting w(z) = xId. The d x d block
matrices representing @; j(z) are inserted for every entry @Q; j(x) in p(f(t)) to
obtain a representation for D[t; o] in My, (E[z]).

As w is additive and w(x) is a diagonal matrix, then
w(0?(g(x))) = w(o? (ge)u®) (@Id)* + - +w (o’ (g0))

for any polynomial g(z) = ¥ gz’ € D[z]. As we are computing the
determinant only to find the degree of N(f(t)), it is sufficient to only consider
the term of highest degree in @;j(z) and ignore all terms of lower degree.
We truncate @Q; j(z) at the highest term and apply w to all the entries of the
matrix. To determine the term of highest degree, we expand the determinant
along the columns and consider only the portion of the determinant expansion

which yields the maximum possible degree. As w(anu®) = w(am)w(u)* is
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invertible, there are no zero columns in w(a;,u*) so it is always possible to find
an expansion of the matrix yielding the highest degree. Hence the degree of

N(f(t)) is at most
dr(k+1)+dn—r)k =d(kn+r) = dm.

We wish to show the coefficient of 29" in N(f(t)) is non-zero. Following the
expansion of w o p(f(¢)) and ignoring any terms of degree less than dm, it

follows that the coefficient of %™ is equal to

+ det(w(amu®))det(w(o (amub)) - - - det(w(o™ " amu®))det (w(e™ " (apuFth)) - -

det(w(o™ Hamurth)).

As ¢ is an automorphism, it follows that det(w(co?(a,u”)) # 0 by our assumption

on w(ay,u*). Thus it follows that the coefficient of %™ is non-zero and

deg(N(f(t)) = dm.
L]

Example 3.5.3. We show the details of the above calculations ford = 2, n = 3
and m = 7; an actual computation of the matrix becomes difficult for arbitrary
d,n,m. For f(t) = ap+ ait +---+ast’ € D[t;o], where we assume D has a

subfield E of degree d, and t3 = ux, it follows that p(f(t)) is equal to

2 2

ap + agux + aﬁuzx a1 + agux + a7u2:c as + asux
o(agur + asu’s?) o(ag + azuz + agur?)  o(ay + agur + aru®z?)

o?(a1ux + agu’s? + arudz®) 0% (agur + asu®z?)  o?(ag + azux + agu’s?)

Truncating the polynomials in the matrix at the highest terms and applying
w: D — My(F), we have
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w(agu?z?) w(aruz?) w(asux)
w(o(asu®)z?)  w(o(agu?)r?®)  w(o(azu?)z?)
w(o?(aru®)z?) w(o?(azu?)r?) w(o?(agu?)z?)
A0 0 D P e s
ari’a? oie? Ve’ afe? aflr ofe
ag,l)ag agf)xz aggl)gg aé}f)x? ag{gl)x? a;g?)xz

B V22 oD o2 o@D ofe? o
afile? afPe? aghle? agiPa? aila? ayla?
agila® e oy afPa? aVa? ofy)e?

for some a,(;;’lj) € F fori,j € {1,2} and k,l € {1,2,3}. Then the determinant

of the above matrix is equal to

AP e e el
ag?i2)x2 a%l)xQ %2)1.2 %1) %2)
agil)xg agiQ)ﬁ aéé”xz aé,léz)xQ ag’l)ﬂ a§,1’2>$2
Q%Z)xg “5?2’1)5"2 a%Q)QJQ @5,51)332 a§7’2)x2
a:(ff)x?’ agfz’l)xQ a:(féz) z? afél)xQ ag,éZ)xQ

(},2) 2 af’l)xQ a%ﬁ)ﬂ afél)x ag}éz)x

P2 o oY oe oy

- ojys’ b ol alse? aliVa? ol

ofa? a3 afPa? afiVa? o)

agiQ)xza ag,él)IQ agz,z)xg agél)xg agif)xQ

where other terms of the expansion would yield terms of lower degree
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the expansion along the next column and only considering terms of highest

degree, we obtain

1,1 1,2 1,1 1,2
ag 4 ):v2 agé )x2 ag?’) )x agé )x
(2,1) 2 (22) 2  (2,1) (2,2)
a(1,1)a(2,2)$6 12 °T7 G19°T" Q13 L QA13°X
BT LD o (2) 90 (1) 9 (12) o
2 2,2 2, 2,3
(2,1) 2 (22) 2 (21) 2 (22) 2
(oo "T™ Gggo T~ Ag3 T 2,3
1,1 1,2 1,1 1,2
agé )x2 agé ):vz ag?’) )x agé )x
(2,1) 2 (22) 2  (2,1) (2,2)
_a(2,1)a(1,2) 6| d12 X QA12°X" Q13 T A13° T n
31 73,1 (L1) 2 (1,2) 2 (1,1) o (1,2) 2| @
01272 T a272 T a/2,3 X 0/273 T
(2,1) 2 (22) 2 (21) 2 (22) 2
2.2 2,2 L7 Qg3 X7 Qg3 X
1,1 1,2 1,1 1,2
a§2 ):c2 aiz )xQ ag’ )a: ag73 )a:
(2,1) 2 (22) 2  (21) (2,2)
_ (a(l,l)a(m)_a(zl)a(l,z))ma drg & Qip ¥° Q13 0 G137 n
L R LD 2 (2) 90 (1) 9 (12) 9| 7
29 X (I2’2 X a2’ X a;273 T
2,1 2,2 2,1 2,2
aéQ)xz agg ) 2 a& ) 12 a;g ) 12

Comparing this to the matrix in terms of w, it follows that this is equal to

w(aruz?) w(asux)

det(w(o?(agu?)) "
! w(o(agu?)z?) w(o(aru?)s?)

Repeating this with the remaining block matrices, it follows that we have
N(f(t)) = det(w(o?(aru?))det(w(o(aru?))det(w(aru?))z* 4 terms of lower degree.
We can now relate the norm of f to its minimal central left multiple:

Corollary 3.5.4. If deg(h) = dmn, then h(z) = aN(f) for some a € DX,

where « is equal to

+ det(w(amu®)) det(w(o(amu®)) - - - det(w (o™ " amuk)) det(w(o™ " (apubth)) - -

det(w(o™ H(amuF)).

i.e. N(f) is equal to the bound of f.
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3.5.2  Determining divisors of N(f) in DIt; o]

We can use the method used in the proof of Theorem to determine both
the lead and constant term of N(f(¢)) in some cases. For small d, n and
m, we could compute the determinant of this matrix by hand for any D and
polynomial f, given the representation w : D — My(E), as shown in Example
However, for larger examples the huge determinant calculations are too
time-consuming to be practical. Instead, we restrict to a specific case D and
f € R to obtain some more general results.

From now on, we assume that
D = (E/C,~,a) is a cyclic algebra over C' of degree d,
olg € Aut(F) such that yoo = oo~y and u € F.
Then o|g has order n. Write m = kn + r for some 0 < r < n.
Theorem 3.5.5. For f(t) = ap+ ait + -+ ant™ € E[t;0] C D[t; 0], we
have
N(f(t)) = Ngsp(ao) + -+ (=) "V Ng, p(am) N o (u) "z,

Proof. The proof follows similarly to the proof of Theorem [3.5.2 As the
entries of p(f(t)), Qij(z) € D[z], are determined by the relation t'"1f =
=1 Qij (x)t/~1, 1 < i < n, it follows that

Py(z) Pi(z) - Po_1(x)
o(bpa(z))ur o(Po(x) -+ o(Paa())
p(f®) =1 , B ,
o™ (P (x))ux o ™(Pr_1(x))
oY P (2))ur oY P(z))uz - "N (Po(2))
where P;(x) € E|x] for all i. Let {v1,...,v4} be a canonical basis for D as a
left E-module. Then
{1)1, ce ,Ud,’Ult, ce ,Udt, .. .Udtn_l}
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3.5 USING THE NORM OF A POLYNOMIAL

is a basis of (D(z),d,ut) as a left module over E(x) and we now analogously
obtain a representation p of (D(z),d,ut) by matrices in Mg, (E(z)) with
respect to that basis. This representation is given by an nd X nd matrix
obtained as follows:

Let w be the representation of A in My(E) which is extended to a representation
of Alz] in My(E[z]) by setting w(x) = z1;. The d x d block matrices representing
the entries of p(f(¢)) are inserted for every entry of the previous n x n matrix
(cf. for instance [45, p. 298]) with o extended to My(E) by acting entry-wise.

For all a € E, the matrix w(a) € My(F) is a d x d diagonal matrix given by

a 0 ... 0
0 v(a) 0
0 0 ... 7y a)

As a consequence, we note that w(a;z) = w(a;)w(z) = w(a;)(xly) and w(aa;) =
w(aj)w(aj) for all a;,a; € E. We extend w to a representation of M, (D), where

wop(f(t)) is equal to

w(Po(z)) w(Pr(z)) w(Pp-1())
w(o(Pn-1)(x))w(u)zld w(o(Po(z))) w(Pp—2())
w(o" (P (2)))w(u)zld oow(eT(Prea(2))
w(o™ Y P (2))wu)zld w(e" N P(2)))w(w)zld ---  w(c" Y(Py(x)))

Hence wo p(f(t)) is a dn X dn matrix in Mg, (E[x]).

As the w(07(P;(x))) are pairwise commutative matrices, we may calculate
the determinant of wo p(f(¢)) by first evaluating the n x n determinant with
entries in My(E), then evaluating the resulting d x d matrix which has entries

in £ [6, Lemma 1, p. 546]. Thus we obtain det(wo p(f(t))) = det(H), where

H =w(Py(z))o(w(Py(x)))...c" Hw(Py(z))) +...
+(=1)" 0w (Pr(2)o(w(Pr (@) - 0" (w(Pr(@))w(w) (21)"
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3.5 USING THE NORM OF A POLYNOMIAL

As each w(P;(z)) is a diagonal matrix in My(FE) for all 0 <i <n—1, H is the

diagonal matrix in My(E) given by the entries

Hy =7 Py(2)o(Po(z))...0c" N (Py(x)) + ...
+(=1)" "V P(2)o(Po(z)) ..o (Pr(z))u']2".

Hence
d
det(H) = l:Ilfyil[Po(x)a(Po(cc)) oY (Py(x) F .

+(=1)"™=DP () (Pr(2)) ...0" N (Pr(z))u"z")].

We obtain the constant term of N(f(¢)) by substituting « = 0. Thus the
constant term equals
d n
Z1:[1 7' Hago(ao) ... 0" (ag)) = Z1:[1 o' aoy(ao) ...7"(a0)),
since 4 commutes with 0. As ag € F, this is equal to [[7; 0"} (Ng,c(ap)) =
N¢yr(Ngso(ap)) = Ngsp(ap). Similarly, the leading term of N(f(t)) is given
by the leading term of

d
: dr (n—1) [H amU am) - .Gn_l(am))] NE/C(u)knJrrxd(knJrr)

since u € E. As o and v commute and a,, € E, we can express this as

dr (n—1) lH o am’Y am) - ‘7d—1(am)) NE/C(u)knJrrxd(knJr?")
:(_1)dr(n—1) [H Ui_l(NE/C(am))] NE/C(u)kn+rxd(kn+r)
=1

:(_1)dr(n—1)NC/F(NE/C(am))NE/C(u)kn+r$d(kn+r).

As kn 4+ r = m, this implies the assertion. O
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3.5 USING THE NORM OF A POLYNOMIAL

Remark 3.5.6. As 0 oy = v oo, it follows that
d

d
o(Ngsc(u)) = 0(1_[17“1(%)) = [+ (o(w).

1=1

Because u € Fix(o), we conclude that

d
o(Ng/c(u)) = Hlvi‘l(w = Npyo(u),

so Ng/o(u) € CNFix(o) = F. This confirms that N(f(¢)) € F[z] in this

case as expected.
Hence we obtain the following results:

Corollary 3.5.7. Let D = (E/C,v,a) be a cyclic algebra over C' of degree
d such that w € E and yoo = ogo~y. Let f(t) = ap+ ait + -+ + apt™ €
E[t;o] C Dl[t;o] be a polynomial such that (f,t), = 1 and deg(h) = dmn.
Then
N(f) = (=1)" "I Ngp(am) Nesc(u)™h
and
Ng/p(ao) = (1) Y Ng,p(am) Npso(u)ho,

where ho denotes the constant term of h.

Corollary 3.5.8. Let D = (E/C,~,a) be a cyclic algebra over C' of degree
d such that u € E and 0oy = yoo. Let f = S a;t' € E[t;o] C R be
monic and irreducible of degree m, such that (f,t), = 1. Let deg(h) = dm
and suppose that all the polynomials similar to f lie in E[t;o]. If g is a monic

divisor of h in R of degree Im, then

N/ (a0) = Ns(ao)! = (<1)" D N () ™,

We note that these are analogous conditions to the ones obtained via semi-linear
maps; however, we no longer have to assume that ¢ = id. In addition to this,
we were previously restricted by the intractable condition that the minimal
polynomial of Ay must lie in C[z]. The method of using the norm of D(¢;0) is
significantly less restrictive and could even be used for any division algebra D

with a maximal subfield £ (not only for cyclic algebras), as shown in Example

B.5.3
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3.5.3  The case for K[t; o]

This approach also recovers the results of Section when R = K|[t;0].

Theorem 3.5.9. Let f(t) = ap+ ait + - - - + apt™ have degree m. Then
N(f(£)) = Nig/r(ao) + -+ (=1)™ "V Ny p(am) 2™,

This is the generalized and corrected version of [33, Proposition 1.7.1 (ii)],
which stated (—1)""Ng ;g (am)z™ for the leading term, and also required m <

n. Furthermore, our proof fixes a small mistake in the proof of |13, Lemma

2.1.15).

Proof. Write f(t) = ap + a1t + -+ + ant™ as f(t) = Po(z) + Pi(z)t+ -+
Pn_1(z)t" 1 with Pi(x) € K[x]. We can use verbatim the same proof as given
in [13, Lemma 2.1.15] to obtain the matrix in M, (K [z]) representing the left
multiplication p(f(t)) with respect to the basis 1,¢,...,t"!: we have

Py Xo(Py-1) - Xo"1(P)
P J(Po)
p(f(t) =
Xo" 1 (Py-1)
P, .. .. Un—l(po)

Thus N(f(¢)), which is the determinant of this matrix, has as constant term the
constant term of Py(z)o(Py(x))--- o™ 1(Py(z)), which is ag(z)o(ag(z)) - - - 0" (ag(z)) =
Ng/r(ap). There are unique integers k,7, 0 < r < n — 1, such that we can
write m as m = kn + r. In the sum giving the determinant of this matrix, the

term of highest degree is
()™ VP (2)o (Pr(@)) - 0™ (Pr()) 0" T (Pr()) - 0™ (Pr(w)) X

It has degree m = k(n—1r) + (k4 1)r = kn+r as polynomial in z. (The proof
of [13, Lemma 2.1.15] forgot to include the factor (—l)m("fl) here.) Therefore
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N(f(t)) has as highest term the highest term of this sum. The highest term is
thus given by (—=1)™" Va,,a(am) - 0" (am) = (=)™ UNg p(an). O

Corollary 3.5.10. Let f € R be monic and irreducible of degree m such that
(f,t); = 1 and deg(h) = m . If g is a monic divisor of h in R of degree lm,
then

Ngyr(g0) = Ngyplao) = (1) VINg o (am) b,

3.6 CONDITIONS TO OBTAIN DIVISION ALGEBRAS AND MRD CODES

We apply the results about the minimal central left multiple via the norm of

f(t) to determine some conditions to obtain division algebras.

3.6.1 For D[t;o] where D is a cyclic algebra

We recall when we obtain generalised maximum rank distance codes, as determined

in Theorem B.3.11]

Theorem 3.6.1 (Theorem|3.3.11)). S, .1 (v, p, f) = {a+ Rh|a € A} C R/Rh,

where

A= {ag+art+-- + ap_1t"™ 1 +vpag)t™ : a; € D}

yields an MRD-code if and only there are no elements g € Symi(v,p, f) of
degree Im which can be written as g = Hézl fi, where f; is similar to f for all

1, i.e. there are no divisors of h of degree Im in A.

We note that this always holds if v = 0. When v # 0, the results obtained
about divisors of h in the previous sections allow us to improve this statement.

Using the results about the norm of (D(x), &, uz), we have the following:

Theorem 3.6.2. (for f € K|[t;o], K a finite field, c¢f. [56, Theorem 7]) Let

D = (E/C,v,a) be a cyclic division algebra over C' of degree d such that

1

olp € Aut(E) and yoo = g oy. Suppose that 0" (z) = u™ " zu with u € E.

63



3.6 CONDITIONS TO OBTAIN DIVISION ALGEBRAS AND MRD CODES

Let f(t) = ap+ait+---+t™ € E[t;0] C R = DIt; 0] be monic irreducible,
(f,t)r =1, and let the minimal central left multiple h of f have deg(h) = dmn.
Suppose that all monic f; similar to f lie in E[t;o]. Then the set

Spmi(v,p, f) ={a+ Rh|a € A} C R/Rh,

where

A={ag+at+ -+ a1+ l/p(ao)tlm ta; € D},

defines an F'-linear MRD code in Mgy, (Ej) with minimum distance dn — 141,
I < dn, if one of the following holds:

(i) v=10

(i) v ¢ E and p|p € Aut(E).

(iii) v € E, p|p € Aut(F) and

Ngsp(v)Nppi(ao)' # 1.
This is equivalent to Ng,pr(v)Np g ((=1) @D Np o (u)™hb) # 1.

Note that our global assumption that 0™(z) = u~!zu for all z € D, so that

1

o"(e) =ueu=ce for all e € E, forces (o|g)" = id.

Proof. Let C be the code defined by S, . 1 (v, p, f). As A has dimension d*nml[F :
F'] over F’, this implies that C C My, (FEj;) has dimension d*nmi[F : F']
over F’. The Singleton-like bound implies that the largest possible minimum
distance of C is equal to dn — 1+ 1, so Sy, (v, p, f) defines an MRD-code if
the set A does not contain a divisor of h of degree Im.

Suppose that A contains a divisor g of h of degree Im. If v = 0, this is a
contradiction as deg(g) < Im — 1. So assume v # 0. Let g,t™ be the highest
coefficient of g, so that g--'g is a monic divisor of h. Then g.lg = f1... f; for
some irreducible f; € DI[t; o] similar to f. Without loss of generality, we may
assume all f; are monic (as g,,'g is monic). Additionally, as f; are similar to f
and all monic polynomials similar to f lies in E[t; o] by assumption, it follows
that g,,'g € E[t;0]. Suppose v € E and p(E) C E. Since the coefficients of

the g; all lie in E we have g, # vp(go) which yields a contradiction, and so
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there is no divisor g of h in A.
Suppose that v € E* and p(E) C E. By Theorems and since g,'g lies
in E[t; o], this implies

Ng,r(gm'g0) = (—1)dlm(n71)NE/C(u)lmh6 = Ng/r(ap),

and in particular, that gy and g,, are both non-zero. Since g € A, we also have
gm = vp(90).

Suppose that v € E* and p(E) C E. Substituting g, = vp(go) into the above
equation yields

Ng/r(g90) = Ngyp(ao)' Nese(vp(go)).

Applying Np, s to both sides implies that

Ngyri(90) = Npyp(Ngyp(ao) ) Nes e (ve(go)).

Now Ng,r(p(90)) = Ng/r(go), so we can cancel the non-zero term Ng /g (go)

to obtain 1 = Ng,p(ag)!Ng, m (V). O

Corollary 3.6.3. (for f € K|[t;o], K a finite field, cf. [50, Theorem 7]) Let
D = (E/C,~v,a) be a cyclic division algebra over C of degree d such that

Low with u € E.

olg € Aut(E) and yoo = o o~y. Suppose that o™(z) = u~
Let f(t) = ap+ait+---+t"™ € E[t;0] C D[t; 0] be irreducible, (f,t), =1,

and let deg(h) = dmn. Suppose that all monic f; similar to [ lie in E|t;o].

Then Spm1(v,p, f) is a division algebra over F', if one of the following holds:

(i) v =0.

(ii) v ¢ E and p|g € Aut(E).

(iii) v € E* and p|g € Aut(E), such that

NE/F’(G())NE/F’(V) 75 1.
This is equivalent to N, pr(v)Np (=14 =D Np o (u)™hg) # 1.

This follows from Theorem by setting [ = 1.
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3.6.2 For K|t;o]

Theorem 3.6.4. (for f € K[t;0|, K a finite field, cf. [50, Theorem 7]) Define
B = Nuc,(Sf). Then the set

Sumi(v.p.f) = {a+Rh|a € A} C R/Rh,

where

A={ag+art+---+ alm_ltlmil + V,O(a())tlm ta; € K}

defines an F'-linear MRD code in My(B) with minimum distance k — 1+ 1,
I <k, if one of the following holds:

(i) v = 0.
(ii) deg(h) = mn and v € K such that

Ni (V) Nicpr(a0)' # 1.

In this case, the algebra S(v,p,h) defines an F'-linear MRD-code in M, (E;)

with minimum distance n — 1 + 1.

The proof follows analogously to Theorem [3.6.2 employing Theorem |3.5.10

to attain the result in (ii).

Corollary 3.6.5. (for f € K|[t;o], K a finite field, c¢f. [56, Theorem 7]) Define
B = Nuc,(Sf). Then B is a division algebra and the algebra Sy ;1 (v, p, f) is

a division algebra if one of the following holds:

(i) v =0.
(it) deg(h) = mn and v € K such that

NK/F/(V) ;é 1/NK/F/(a0)

In this case, the algebra Sy ;m1 (v, p, f) defines an F'-linear MRD-code in M, (E})

with minimum distance n.
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3.7 NUCLEI AND CODE PARAMETERS

3.7.1 Characterizing nuclei via spread sets

Let C =C(A) ={Ly:a € A} C Endp(A), where L, is the left multiplication
map in A, be the spread set of an F-algebra A. It is well-known that isotopic

semifields have isomorphic nuclei. We define the left, respectively, right idealisers

of C as
[(C) = {® € Endp(A) : ®C C C}, respectively, I.(C) = {® € Endp(A) : CP C C}.
The centraliser of C is C(C) = {® € Endp(A4) : PM = Md VM € C}.

Lemma 3.7.1. For a division algebra A over F', we have the following F-algebra
isomorphisms:

(i) Nucy(A) = {L,:a € Nuc;(A)} C Endp(A),

(ii) Nucy, (A) =2 {Ly: a € Nucy,(A)} C Endp(A),

(iii) Z(A) =2 {Ly:a€ Z(A)}={Ry:a€ Z(A)} CEndp(A)

This generalizes |56, Proposition 5].

Proof. Since A is a division algebra, L : A — Endp(A), a — Lg, is injective.
(i) Restricting L to Nuc;(A) yields an F-linear monomorphism with image

{Lqy:a € Nuc(A)} CEndp(A). For all a,b € Nug;(A), z € A,
Lap(z) = (ab)x = a(bx) = Lq(Ly(x))

as a € Nucy(A). Hence L(ab) = Ly, = Lgo Ly = L(a)L(b), so L restricted to
Nuc;(A) is multiplicative. Thus Nuc;(A) =2 {Lg : a € Nug(A)}. (ii) follows
as (i) by restricting L to Nucy,(A).

(iii) Restricting L to Z(A) yields an F-linear monomorphism with image {L, :
a€ Z(A)}. Asa € Z(A) commutes with all of A, it follows that L, = R, for all
a € C(A). Moreover, as Z(A) C Nuc;(A) it follows that L restricted to Z(A) is
multiplicative by (i). Thus Z(A) & {Ls:a€ Z(A)} ={Ry,:a€ Z(A)}. O
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Lemma 3.7.2. For a division algebra or unital algebra A over F, [Nuc,(A) :

F] =[{Rq:a € Nuc,(A)} : FJ.

Proof. Consider the map given by right multiplication with a € Nuc,(A),
R : Nuc,(A) — Endp(A), R(a) = R,. This is an F-linear vector space
homomorphism with image { R, : @ € Nuc,(A)} € Endp(A). By our assumptions,
it is injective. Thus Nuc,(A) = {R, : a € Nuc,(A)} as F-vector spaces. [

Theorem 3.7.3. (c¢f. [56, Proposition 5] for finite fields) Let A be a unital
division algebra and C be the spread set of A. Let C* be the the spread set

associated to the opposite algebra A°P. Then

Nuci(A) 2 [(C), Nuewm(A) 2 L(C), Nue,(A) = C(C*), C(A) = L(C)nC(C).

The proof from [56] holds verbatim.

Let now R = DJt;0,0] and f € R be a monic irreducible polynomial of
degree m. Suppose that D is a division algebra of degree d over its center
C. Then the algebras S = S,,,,:(0,p, f) are unital Petit algebras, whose
structure is already well known [44]. In this case, Nuc;(S) = Nuc,(S) = D,
Nuc,(S) = {9 € Rm | fg € Rf} is the eigenspace of f, and if S is not
associative then Z(S) = {d € D|dg = gd for all ¢ € S}. Moreover, we have
C' NFix(o) NConst(d) C Z(S).

The above results can now be applied to determine the nuclei and center of

the algebras S = Sy, m (v, p, f).

3.7.2 Application to our construction

Theorem 3.7.4. Let R = D[t; 0| and deg(h) = dmn. Supposel < dn/2,n > 1
and Im > 2. Let S = Sy, (v, p, f) and C be the image of S in EndEf(Vf),
that means the corresponding matriz code lies in Mn(Eh) If v # 0, we have
(i) (C) = {90 € D : gov = vp(go)} C D (in particular, [;(C) = Fix(p) if
vel),

(ii) I.(C) = Fix(p~too™) C D,
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(iii) C(C) = Ey;, Z(C) = F'.
If v =0, we have

(iv) ;(C) = D, I,(C) = D,
(v)C(C) = E;, Z(C) = F.

Il

I%

Much of the proof works identically to the proof of [56, Theorem 9]; we
sketch the proof to highlight the main differences in this more general case.

The Im = 2 case has to be considered separately, and we can only solve that

when F' = R.

Proof. LetC = {L, € EndEf(Vf) |a € A C R/Rh} be the image of Sy, , 1 (v, p, h)

in Endg,(Vy) C Endp(Vy). In the following, we identify each element in
Endp(Vy) with the element g € S that induces it.

Analogously to the proof of [56, Theorem 9], {g € [;(C) : deg(g) < Im} =

{90 € D : gov = vp(go)}. If v =0, then 1 € C so [;(C) C Cso all g € [;(C)

have degree at most Im.

Consider v # 0. To check there are no elements g € I;(C) of degree higher than

Im, we follow the approach of [56, Theorem 9] and consider gt mod h(u~'t").
Recalling deg(h) = dm, we have h(t) = (u= ") 4 ... = y=dm[n 4 p/, ~ ldm=1n 4
o4 h6] SO

dmn—1 ) dm—1 )
gtmod h(t) = | >  giat'| - Gamm—1u™™ > h;tm .
i=0

1=0
As g € I;(C), this implies gt mod h € C, so for all i € {Im +1,...,dmn — 1},

we have

0 for i Z 0 mod n
gi-1= (2)
gdmn,ludmh;/n for : = 0 mod n
where h; /n =10 if i/m is not an integer. It suffices to show that gg,,—1 = 0 and
thus deg(g) < Im —1. As Im > 2, this follows verbatim from [56, Theorem 9.
The same holds for I,(C) following Sheekey’s proof with the appropriate
amendments made for D[t;o]. The results for C(C) and Z(C) hold verbatim

from [56, Theorem 9. O
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Theorem 3.7.5. Let R = K|t;o] and deg(h) = mn. Suppose | <n/2, n>1
and Im > 2. Let S = Symi(v,p, f) with v # 0 and C be the image of S in
Endg, (Vy), so that the corresponding matriz code lies in My (Ej). Then

(i) [(C) 2 Fix(p) C K, I,(C) £ Fix(p~too!™) C K,

(ii) C(C) = E;, Z(C) = F'.

If v =0, we have

(iii) [;(C) 2 K, I,(C) 2 K,
(iv) C(C) = E;, Z(C) = F.

Il

Again, the proof is analogous to the one of [56], Theorem 9. We note that it
does not use the fact that for finite fields the right nucleus of Sy is Ej. It only
uses that R/ Rh has center L.

Theorems [3.7.4] and [3.7.5| generalize |56, Theorem 9], which was proved for

finite fields only. The following results generalize |56, Corollary 1], which was

proved for semifields, and follow as direct consequences of the above theorems:

Corollary 3.7.6. Let R = DIt;o] and deg(h) = dmn. Suppose n > 1, m > 2
and S = Spm1(v,p, f) with v # 0 be a division algebra. Then

(i) Nucy(S) = {g0 € D : gov = vp(g0)} C D,

(ii) Nucy, (S) =& Fix(p~too™) C D,

(iii) Z(S) = Fix(p)NF = F'.

(iv) dimpNuc,(S) = dimp (E;,) = deg(h)[F : F'] = [F : F']dm.

In particular, we have Nuc;(S) = Fix(p) C D, if v € C.

Corollary 3.7.7. Let R = K|t;o| and deg(h) = mn. Suppose that n > 1,
m > 2 and that S = Spm1(v,p, f) is a division algebra with v # 0. Then

(i) Nug(S) =2 Fix(p) C K,

(ii) Nucp, (S) = Fix(p~loo™) C K,

(iii) Z(S) = Fix(p) N F = F.

(iv) dimpNuc,(S) = dimp/(E;,) = deg(h)[F : F'] = [F : F']m.
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3.8 EXAMPLES OF DIVISION ALGEBRAS AND MRD CODES
3.8.1 K=F(0) and f(t) =t"—10

Let K = F(0) be an extension of prime degree n. Choose f(t) = t" — 0, then

f is an irreducible polynomial in K[t;0]. Note that we know the following:

o f(t) =t3—0 € K|t; 0] is irreducible if and only if § # 02(z)o(2)z for all
z € K.

 Suppose F' contains a primitive nth root of unity. Then f(t) =t" —0 €
K|[t; o] is irreducible if and only if § # o™ 1(z)---0(2)z for all z € K.

Define
h(t) = (" =0)(t" = a(0)) - (¢" = o™ 1(0)) = (")" +-- -+ (=1)"Ng/p ().

As t" — o'(9) € K[t"], the factors of h(t) are commutable and h(t) € K[t"].
Since
o(h(t)) = (t" = a(0)) -~ (" = o™ (0)) (t" — ) = h(t),
we know that h(t) € Fix(o)[t] = F[t] so h(t) € F[t] N K[t"] = F[t"] = Z(R).
Hence h(t) = h(t") with A(z) = 2" + - + (=1)"Ng,p(0) € Flz]. Asn is
prime, the minimal central left multiple of f must have degree deg(f) = n
in F[z] by Theorem (taking d = 1); thus indeed h(t) = mclm(f) and
hence h(z) = 2™ + -+ (—=1)"Ng,p(f) is an irreducible polynomial in F[z].
Ef ={z+ Rf : z € F[t"]} is generated (as a field) by

{1+ Rf 4"+ Rf "+ Rf,... . "™ D 4+ Rf} = {14+ Rf,0+ Rf,0°+Rf,....0" ' + Rf}

over F. As K is generated by {1,6,...,0" 1}, there is a canonical isomorphism
Ey — K, a+ Rf = a. It is clear that {1+ Rf, t+Rf,...,t" 1+ Rf} is an
E-basis for V.
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Let a = ag + art + - -+ + ap— 1" 1+ vp(ag)t™ € Sppni(v, p, f). In order to
determine M,, we consider how L, ;i acts on the basis elements of Vy. As left

multiplication is distributive, i.e. Lqiy(2) = Lo(x) + Ly(z), it follows that

in
Lo=) Ly,
1=0

where ay, = vp(ap). For each i, let i = kn + iy for some ig < n. Then the left

multiplication map L, ;i acts on each basis element of Vy as follows:

Loyi(1+ Rf) =ait™0" + Rf = (t° + Rf) (0™ " (a;)0" + Rf)
Lo yi(t+ Rf) =at™® ™" + Rf = ("™ + Rf) (0" "7 (a;)0" + Rf)

Loyi (1" + Rf) =at"" ™) 4 Rf = ai**' + Rf = (14 Rf)(ai6""" + Rf)
Lot ("M 4 R) =ait "M 4 Rf = a6t 4 Rf = (¢ + Rf)(0(ai)0* + RY)

Loy ("1 4 Rf) =ait® 7 0" + Rf = (97" 4+ Rf) (0" (a:)0" ! + RY).

Thus we obtain a matrix representing L, ;i, given by

0 e 0 a0 (a;)0" 0 e 0
0 e 0 0 oot (g)0k ... 0
0 o(a;)ok
Maiti =
ai9k+1 0
0
0 s o l0=1) (g) gkt 0 0 e 0

As My = Y1 g M, 4i, we obtain M, = (mi;)i,j where

[0 o™ (ay ) 0P] + ™1 (wp(ag)) 8t for i = j,

Mij = [Zh=o 0" (ap, - j))6) for i > j,

[Zézl gt (aanr(i—j))gp] for ¢ < j.
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This yields C(S) = {M, | ay € K for k =0,1,...,in—1} C M,(K) as a
matrix spread set of a [n?[F : F']-dimensional F’-algebra. By Theorem [3.6.4]
this yields an MRD code when

N e (V)N pr(0)' # 1.
If | = 1, we obtain M, = (m; ;);;j where

o1 ag) + 0" (vp(ag))d  for i = j,

mij = o™ (a;_;) for i > j,

"1 (ay44-)0 for i < j.

The algebra associated to this spread set will be a division algebra if

NK/F’(G)NK/F’(V) ;é 1.

In particular, for v = 0 this condition is satisfied for any irreducible f(t) =
t" — 0. This is the well known result that for every irreducible f the Petit

algebra Sy is a division algebra and so are all its isotopes.

For m,n > 2, Corollary yields
Nuc;(S) = Nue,,(S) = Fix(p) C K,

C(S)=F', dimmNuc,(S)=[F: F'|m.

3.8.2  Real division algebras of dimension /

Over a finite field F', all division algebras of dimension 4 over F' which have F' as
their center and a nucleus of dimension 2 over F', can be constructed as algebras
Snm,1(v,p, f) for suitable parameters [56]. Let us now look at the division
algebras we obtain with our construction over R. Let A(z) = 2%+ b* € R[z].
Then h(t) = h(t?) is the minimal central left multiple of f(t) = t> —bi € C[t; 7],
as h(t) =t + 02 = (2 + bi) (t* — bi).

For all b € R, f(t) = t? — bi is irreducible in C[t;~]. For every irreducible

f(t) =2 —bi, and v € C such that N¢/R(v) # 7, we obtain a four-dimensional
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real division algebra S = S22.1(v, p, f) and an MRD code given by its matrix

spread set

o(9) =

20 + vp(20)bi 21bi
{ o+ vela) : | 20,21 € C},
71 75 + vp(20)bi
where p is either the identity or the complex conjugation and v € C.
As mentioned in Theorem [3.7.2] [56, Theorem 9] cites results from the

literature to deal with the case when Im = 2. These are only valid over finite

fields, but we can extend Theorem to R:

Theorem 3.8.1. Let R = C[t;7] and f(t) = t> —bi € R. Suppose S =
So21(v,p, f) is a division algebra for some v # 0 and p € Autg(C). Then
(i) Nucy(S) = Nuc,, (S) = Fix(p),
(ii) Z(S) = R,
(iii) dimg (Nuc,(S)) = dimg (R[t?]) = 2.
Proof. Since f(t) = t> —bi € R we have h(t) = t* +b> € R[t?]. Suppose
g+ Rh € I;(C) for some g(t) = go+ g1t + got> + g3t € R. Then ga € S(v, p, f)
for all a € S. Direct and laborious computation yields go = 0, g3 = —¢17, and
vp(goao — b>q1var) = govp(ag) + giar. This is satisfied for all ag, a; € C if and
only if vp(g0) = gov and g1 = vp(b*g17).

Suppose g1 # 0. Taking norms, we have

Nesr(g1) = Neyr(v?62 1),

This simplifies to N¢ /g ()2 = 1. As N¢, r(a) > 0 for all @ € C, it follows that
Ng/r(vb) = 1; as S is a division algebra, this is a contradiction by Theorem
Hence g1 = 0 so g = go and it follows that Nuc;(S) = Fix(p).

The computations for I,(C) follow analogously and Z(C) and C(C) follow
from the proof of [56, Theorem 4]. We obtain the final result on the nuclei
using Theorem to relate the idealisers and centraliser of C to the nuclei of
the algebra S. |

If v = 0, then N¢,R(v) = 0 and we will obtain algebras isotopic to real Petit
division algebras; this is true for any choice of irreducible f(t) = t*> — bi. If

v # 0, any choice of f(t) also yields division algebras by Theorem [3.6.5]
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3.9 CONSTRUCTING ALGEBRAS USING f € D|[t;d]

For example, if we let f(¢) = t2 — bi we obtain division algebras for all v € C
such that N¢/R(v) # 1/V2.
If v # 0 and S is a division algebra, it follows that

C, if p=id
Nuc;(S) = Nuep, (S) =
R, if p="

dimg (Nue,(S)) = 2.

Since Nuc,(9) is a two-dimensional division algebra over R, it is an Albert
isotope of C and can be found in the classification given in [30, Theorem 1]:
c), ¢+ cCHL(v)T)  cHL) 71+ L)) - with v,w € C suitably
chosen.

Note that the four-dimensional algebras in the first class are all isotopes of

nonassociative quaternion algebras.

3.9 CONSTRUCTING ALGEBRAS USING [ € D[t; 4]

We now briefly consider the same construction using differential polynomial
rings. Let D be a finite-dimensional division algebra over its center C' and C a
field of characteristic p. Let R = D[t; 0], where d is a derivation of D, such that
d|¢ is algebraic with minimum polynomial g(t) = " + att’ 4ot €
F[t] of degree p¢, with F = C N Const(d). Then g(§) = idg, is an inner
derivation of D. W.lo.g. we choose dy € F, so that d(dp) = 0 [33, Lemma
1.5.3]. Then

k
CDIE:)) = Fla] = {3 as(o(t) — do)’ | € F)
=0
with = g(t) — dyp. The two-sided f € DIt;d] are of the form f(t) = uc(t)
with u € D and ¢(t) € Z(R) [33, Theorem 1.1.32]. All polynomials f € R are

bounded.
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3.9 CONSTRUCTING ALGEBRAS USING f € D|[t;d]

3.9.1 The minimal central left multiple of f € DIt;d]

For every f € R = DIt; o], the minimal central left multiple of f in R is defined
to be the unique polynomial of minimal degree h € Z(R) = F|[x] such that
h = gf for some g € R, and such that h(t) = h(g(t) — dp) for some monic
h(xr) € Flz]. For any f € R = D[t; 8], the bound f* is the unique minimal

central left multiple of f up to some scalar.

Lemma 3.9.1. Let f € R = DIt; 0], then the minimal central left multiple of

f exists and is unique. It is equal to f* up to a scalar multiple in D*.

Proof. Let f* be a bound of f. Then f* is unique up to scalar multiplication
by elements in D* and Rf* is the largest two-sided ideal of R contained in
the left ideal Rf. Since f* is two-sided, we know that f*(¢) = de(t) for some
c(t) € Z(R) and d € D*. So assume w.l.o.g. that f* € Z(R). The rest of the
proof is identical to the one of Lemma [3.2.4] O

From now on let f € R = D[t; §] be a monic irreducible polynomial of degree
m and let h(t) = h(g(t) — do) be its minimal central left multiple. Then A(z)
is irreducible in F[z] and h generates a maximal two-sided ideal Rh in R [33,
p. 16]. We have

Z(R/Rh) = Flx]/ F|z)h(z)

[32, Proposition 4], deg(h) = p°deg(h), and define E; = Flz]/F[z]h(z).
Recall that Sy is defined as the set R, = {g € D[t;¢] | deg(g) < m} together
with the usual addition and the multiplication

gh if deg(g) + deg(h) < m,
goh=

gh mod, f if deg(g) + deg(h) > m.

Theorem 3.9.2. [/2] Nuc,(Sy) is a associative division algebra over E; =
Z(R/Rh) of degree s = dp®/k, where k is the number of irreducible factors of
h in R, and

R/Rh = M (Nuc,(Sy)).
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In particular, this means that deg(h) = 2, deg(h) = km = @, and
2 dm
[Nuc,(S¢) : F] = s°- — = dms.
s

Moreover, s divides ged(dm,dp®). If f is not right invariant, then k > 1 and
s # dp°.

We know that [S; : F] = [Sf : C]p® = d®>m-p°. Since Nuc,(Sy) is a
subalgebra of Sy, comparing dimensions we obtain that [Sy : Nuc,(Sy)] = k.
If f is not right-invariant, again [Sy : Nuc,(Sf)] =k > 1.

3.9.2  The construction with f € DIt;d]

Define B = Nuc,(Sy). As f is irreducible, / is irreducible. For each z(t) =
2(g(t) — do) € Flg(t) — do] with 2 € F[z], we have z € Rf if and only if
z € Rh. Let

V; = {a+ Rf|a € R=D[t;6]} = R/Rf

be the R-module defined by factoring out the maximal left ideal Rf and let

Ep={2(t) + Rf[2(t) = 2((g(t) — do)) € F[(g(t) — do)]}-

Together with the multiplication (x + Rf) o (y + Rf) = (zy) + Rf for all
z,y € Fl(g(t) —dp)], Ey is a field extension of F' of degree deg(h) isomorphic
to E;. Let k be the number of irreducible factors of h. Then V} is a right
B-module of dimension k via the scalar multiplication given by V; x B — V,
(a+Rf)(z+ Rf) = az+ Rf € V for all z € F[(g(t) —do)] and a € R. We

identify Vy with B ¥ via a canonical basis.

Lemma 3.9.3. For each z(t) = 2(g(t) —do) € F|g(t) — do] with 2 € F[zx], we
have z € Rf if and only if z € Rh.

Lemma 3.9.4. E;y = (Ey,0) is a field and isomorphic to E;. Thus Ef is a
field extension of degree deg(h).
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Proposition 3.9.5. Let k be the number of irreducible factors of h. Then
Vi is a right B-module of dimension k wvia the scalar multiplication given by
Vix B — Vg,

(a+Rf)(z+Rf) =az+Rf €V

for all z € F[(g(t) —do)] and a € R. Thus, we can identify V; with B* via a

canonical basis.

All the proofs of the above results are identical to their analogues using
D[t; o).

For some v € D* and p € Aut(D), define I’ = Fix(p) N F. We assume from
now on that F'/F’ is finite-dimensional. Let k be the number of irreducible
factors of h(t), and s the degree of the right nucleus of Sy over Ej;. We assume
f is not right-invariant which yields k£ > 1.

Let | < k = dp°®/s. Define the set Spe p(v,p, f) = {a + Rh|a € A} C
R/ Rh, where

A= {ag+art+- + a1t +vp(ag)t™ |a; € D} C D[t;4).

Spe.mi(v, p, f) is a vector space over F’ of dimension d?p®m/[F : F']. We identify
each element of Spe ,,,1(v, p, f) with a map in Endg(Vy) as follows: For each
a € Spemi(v,p, f) let Ly : Vi — V} be the left multiplication map L, (b +
Rf) = ab+ Rf. L, is a B-linear map. Let M, be the matrix in My(B)
representing L, with respect to an B-basis of Vy. As before, we will denote the

image of S = Spe (v, p, f) in My(B) by

C(S) ={M,|ac Spe7m,l(V,p’f)}'

For [ = 1, this construction again yields algebras over F’. As with D[t; o],
we can relate Spe m 1(v, p, f) to Ry, = {g € R|deg(g) < m} endowed with the

multiplication

a(t) o b(t) = (a(t) +vp(ag)t™)b(t) mod,(f).
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Example 3.9.6. Let R = D[t;6] and f(t) =t + ¢ for some ¢ € D. For some
v # 0 and p € Aut(D), Spe1.1(v, p, f) = (D, o) has multiplication

roy =(x+vp(x)t)y) mod, f
=zy + vp(z)yt + vp(x)d(y) mod, f
=ay +vp()(5(y) - ye)
for all x,y € D. Suppose y € F*. As F C Const(d), it follows that x oy =
xy —vp(x)ye = (z —vp(x)c)y for all z,y € D, Hence if x = vp(z)c for
some x € D, (D,o) is not a division algebra. Moreover, if [D : F’'] is finite
dimensional and Np,p(ve) = 1 then (D, o) is not a division algebra. This

gives us hope that there may be a analogous result to the one given in Example

ie. (D,o) is a division algebra if and only if Np,p(ve) # 1.

Proposition 3.9.7. Let f € DI[t;0]| be irreducible and deg(h) = km. Let
B = Nuc,(Sf). For all a+ Rh € R/ Rh, we have

. . k N
dimp(im(Ly)) = k* — Edeg(gcrd(a, h(g(t) —dp))).
Moreover, the column rank of M, is equal to k — deg(gerd(a, h(g(t) — do)).

Corollary 3.9.8. Let f € D[t; 6] and deg(h) = dmp®. For alla+ Rh € R/ Rh,
we have rank(M,) = dp® — Ldeg(gerd(a, h(g(t) — do))).

The proofs are again analogous to the case where R = DIt; o]. Consequently,

we obtain the following result:

Theorem 3.9.9. Spe . 1(v, p, f) is a division algebra if and only if there are
no dwisors of h in Spem1(v,p, f). More generally, Spemi(v,p, f) yields an
MRD-code if and only if it contains no divisors of h of degree Im.

Recall that for B a non-commutative division ring, we define MRD codes
in My(B) by d(A, B) = colrank(A — B) for all A, B € My(B). The above

theorem can be rewritten equivalently into two cases:

Theorem 3.9.10. Sy . (v, p, f) yields an MRD-code if and only there are no

elements g € Spe m1(v, p, ) of degree lm which can be written as g = Hi‘:l fi,
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where f; is similar to f for all i. Thus if v = 0, Spe (v, p, f) is an MRD

code with minimum distance k — 1 + 1.

Corollary 3.9.11. Let f be an irreducible monic polynomial of degree m.
Suppose that A = {ag+ a1t + -+ + am-1t"™ " + vp(ag)t™ : a; € D} C R.

(i) If a € A is reducible, then a is not a left zero divisor of Spe m1(v,p, f).

(it) If v = O then (R, o) is a division algebra over F', which for m > 2 is a
(unital) Petit algebra.

(iii) If A does not contain any polynomial similar to f, then (R, o) is a division

algebra over F’.

3.9.3  The norm of f € D[t; 0]

Unless otherwise specified, let D be a associative division algebra over C' with
C' a field of characteristic p. We also suppose D has a maximal subfield £
of degree d and R = D[t;0]. Define the ring of central quotients of R as
D(t;6) ={f/g| f € R,g € Z(R)}, with centre C'(D(t;0)) = Quot(Z(R)) =
F(z), where © = g(t) = dp. Let § be the extension of § to D(x) such that
5 = idyp(y)- Then D(t;6) is a central simple F'(r)-algebra, more precisely
we have D(t;6) = (D(z),0,do + x), i.e. D(t;6) is a generalized differential
algebra.

Let N be the reduced norm of D(t;4). For all f € R, N(f) € F[z] and f
divides N(f). We give an analogue of Theorem for D[t;0]:

Theorem 3.9.12. Let D have a subfield E of degree d and let w : D — My(E)
be the left reqular representation of D. Then for any f € R of degree m,

N(f) = tdet(w(am))? =9 + ...
In particular, N(f) has degree dm.

The proof follows analogously to the proof of Theorem |3.5.2]
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Corollary 3.9.13. Let D = (FE, by, a) be a differential algebra, 6| be a derivation
on E, and let f € D[t; ] be monic with coefficients in E. Then N(f(t)) =
+dm o

Proof. Through direct computations of the left regular representation of D, we
see that for each a € F, w(a) is a lower triangular matrix with each entry on
the lead diagonal equal to a. Hence the result follows analogously to Theorem

5.9, [

As the bound of f has degree dm in Flz], it follows that N(f) is equal to
the bound of f. Thus if deg(h) = dm, we conclude that h(z) = aN(f) for

some o € D*.

3.9.4 The norm of f € K[t; 4]

Consider the special case where d = 1, i.e. R = K][t;¢] for some field extension

K/F.

Theorem 3.9.14. (i) For all f € R we have N(f) € F[z] and f divides N(f).
(ii) If f(t) = ap+ art + - - + ant™ € R = K|[t; ] has degree m, then

N(f(t)) = (=)™ =Dgpgm

Proof. (i) By an analogous argument as given in the proof of Proposition [3.5.1],
the set {1,¢,...,#* =1} is a basis for (K(z),d,) over K(z). We obtain a

representation p of A by matrices in Mpe (K [z]) by writing
. i .
g = > pij(a)t! 1, 1<i<p®
j=1

for each a € R, where p;j(a) is the (i, )™ entry of p(a). Thus det(p(f(t))) €
Klz] N F(z) = F[z]. This shows that N(f) € F[z] as claimed in [33, p.31].
Similarly, it can be shown that all the coefficients of the characteristic polynomial

of p(f(t)) are contained in F[z] (cf. also [45, Proposition, p. 295]) and thus
f(O)F € R by [33, (1.6.12)]. Since N(f(t)) = f(&)f(t)" = f()*f (1) 33,
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(1.6.13)], it follows that f(t) divides N(f).

(i) Write m = kp® + r for integers k, r with 0 < r < p® Let z = g(t) =
t*" + go(t). Substituting " = x — go(t), we obtain f(t) = Py(z) + Pi(z)t +
oo Ppe_1(2)t"" "1 € K[z][t; 0] for some P;(z) € K[z] with

k for i <r,
deg(Fi(x)) <

k—1 fori>r.

and P,(z) = a;p, X¥ 4 .... We obtain the matrix

Qui(z) - Qupe(x)
p(f(t)) = : :
Qpea(z) -+ Qpepe(z)

for some @Q; j(z) € K[z], where

deg(Pj—;) for i < j,
deg(Qi ;) =
deg(Ppeyj—i) +1 for i > j.

Comparing the above equation with the expressions for P;(x), it follows that
k—1 fori <jand j—i>r,

deg(Qij) < {k fori <j<mog+iorj<i<p’—r+j,

k+1 fori>jandi—j>p®—r.

with Q;;(z) = ama® + ... for j—i = r and Q;;(7) = apa* + ... for
1—j=p°—r.

This means the bottom left r x r minor of p(f(¢)) has elements of degree at
most k + 1 in lower triangular entries (including the diagonal which attains
this maximum degree) and the top right p® — r x p® — r minor of p(f(¢)) has
elements of degree at most k — 1 in the upper triangular entries (excluding
the diagonal which has elements of exactly degree k). Every other element of

p(f(t)) has degree at most k.

82



3.9 CONSTRUCTING ALGEBRAS USING f € D|[t;d]

We follow a similar technique as in Proposition [3.5.9, To determine the
lead coefficient of N(f(t)) = det(p(f(t))), we see that the highest term of
det(p(f(t))) is the leading term of

pe—r p°
()P DT Qivri- [ Qirsiope:
=1 ’L:pefr_i-l

By directly computing #*~! f(t) = Z§8:1 Qij(x)V1, 1 <i< p wedetermine
that for 1 < i < p® —r, Qir+i(7) = ama® + ..., and for p° —r +1 < i < p°,

Qirtipe () = amaz® 1 4 .. .. Hence, we have

N(f(t)) _ (_1)r(pe—l)azr);Xk(pe—r)—l-(k—O-l)r +. ..

(<) =D xm 4

Now m(p® —1) = (kp® +7r)(p° —1) = kp®(p® — 1) +r(p° — 1). But p°(p° —1)

is always even, so (—1)"P" =1 = (—1)k"(" 1) (_1)r(P" 1) = (—1)r@"=1) O

We note that this actually implies that N(f(t)) = af ™ 4 ... if p is odd,
(—1)m(p6_1) = 1. If p is even, we note that C' has characteristic p = 2 so in

fact —1 = 1.

Remark 3.9.15. The constant term in Theorem [3.9.14] is much more difficult
to compute. With R = K|[t; d], consider the following examples:

1. Let p¢ =5, f(t) = t*4+afor some a € K*, and g(t) = > +t. Computing
p(f(t)) yields

a 0 0 0 1
d(a)+x  a-—1 0 0 0
6%(a)  26(a)+x  a-—1 0 0
§3(a) 30%(a)  36(a)+z a—1 0
§*(a) 463 (a) 60%(a) 40(a)+2z' a—1

(a
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Setting = 0 and taking the determinant of p(f(t)) gives the constant
term of N(f(t)); in this case, we obtain that the constant term is equal

to

a® — 4a* 4+ a3[6 4 64 (a)] — a*[4 + 36" (a) + 85 (a)d>(a) + 60%(a)?]
+ a1 + 36%(a) + 126%(a)?160(a)d3(a) + 366(a)?6%(a)]
— [6*(a) +85(a)d3(a) + 602 (a)? + 366 (a)?02(a) + 246(a)].

2. Let p¢ = 5, f(t) = t° + g1t + a for some a € K*, and g(t) = t° + g1t.

We see that p(f(t)) is a lower triangular matrix with determinant
N(f(t) = (z+ a)® = 2° + 5az* + 10a%2> + 104322 + 5a'z + a,
so the constant term is simply a®.

The second example above motivates a family of special cases where N (f(t))

can be easily computed in its entirety:

Proposition 3.9.16. Let R = K|[t; 0] with centre Flx] = Fg(t)]. For f(t) =
g(t) +a for some a € K, N(f(t)) = (z +a)"".

Proof. Following the proof of Proposition [3.9.14 we substitute = = g(t) so
f(t) = v+ a € K[z][t;0]. Computing the left regular representation p :
Klt;0] = Mye(K|z]), it follows that p(f(t)) is a lower triangular matrix where
each diagonal entry is equal to 4+ a. As the determinant of a triangular matrix

is the product of its diagonal entries, the result follows. O

3.9.5  Obtaining division algebras and MRD codes

Theorem 3.9.17. Spe 1 (v, p, f) yields an MRD-code in My, (B) with minimum
distance k — 141 if and only there are no divisors of h in Spe 1 (v, p, f). This
occurs if:
(i) v =0,
(ii) there are no elements g € Spe ;. 1(v, p, f) of degree lm which can be written

as g = Hé:l fi, where f; is similar to f for all i.
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Recall that when [ = 1, this is the same as determining when Spe ,,,.1(v, p, f)

yields a division algebra.

Corollary 3.9.18. Sye . (v, p, f) yields an MRD-code in Mgy (Ej ) with minimum
distance dp® — 1+ 1 if and only there are no divisors of h in Spe 1 (v, p, f). This
occurs if:

(i) v =0,

(ii) there are no elements g € Spe ;1 (v, p, ) of degree lm which can be written

as g = H§:1 fi, where f; is similar to f for all i.

As a consequence of this, Spe,,;(0,p, f) always yields an MRD-code in
My(B). When v # 0, we may consider N(f(t) as before. There is more
work to be done in this area, e.g. to determine the constant term of N(f(¢)) in
all cases, but small cases may be done via direct computation as shown above.

However, we may generally say the following:

Proposition 3.9.19. Let f be monic irreducible of degree m. If g is a divisor
of h, then g is divisor of N(f(t)). Hence Spem (v, p, f) yields an MRD-code
if there are no divisors of N(f(t)) of degree lm in Spe v 1 (v, p, f).

Once a division algebra or MRD code is obtained, the nuclei of the algebras
and the parameters of the codes still need to be calculated. This would form
the focus of some future research, in order to determine whether the division

algebras we obtain may be isomorphic to those obtained via some other method.
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A GENERALISATION OF DICKSON’S DOUBLING
PROCESS

4.1 A GENERALIZED CAYLEY-DICKSON DOUBLING PROCESS

In the second half of the thesis, we now consider a new family of constructions

which arise from the following construction:

Definition 4.1.1. Let F' be a field and S an F-vector space which becomes
an F-algebra via the multiplications *;, © = 1,2,3,4. Define the generalized

(orthogonal) Cayley-Dickson doubling Cay(S, x1, *2, *3,%4) = S @& S via
(u,0) (W, 0") = (uxgu + v v uxg v’ +vxg0)
for all w,u,v,v' € S.

Even in this generality, we can determine some properties about the algebras

we obtain:

Lemma 4.1.2. A = Cay(S, *1, *2, *3, *4) has an identity element 14 = (1g,0)
if and only if 1g is the identity element in (S, *1), a left identity in (S, *3), and
a right identity in (S, *4).

Proof. Suppose A has an identity element 14 = (u,v). Then for all z,y € S
(u,v)(z,y) = (2,9),
which implies u*; x +v*9y = x and ux3y + v *4x = y, and

(LE, y) (u> ?}) = (xv y)v
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which similarly implies %1 u +y*ov = x and x *3v +y*q4u = .
If x = 0, this implies vy y = 0 for all y € S, so we must have v = 0. Thus we
obtain

UK T =T*U=T

for all # € S, so u is the identity element of S = (S, *1).

Further, we have ux3y = y for all y € S, so u is a left identity of (S, x*3).
Similarly we have y %4 u = y for all y € S, so u is a right identity of (.5, x4).
Conversely, suppose 1g is the identity in (5, *;), a left identity in (S, *3), and
a right identity in (S, #4) and define 14 = (1g5,0). Then we have

(15,0)(u,v) = (1g*1u, lg *x3v) = (u,v)

and
(u,v)(1s,0) = (u#1 lg,v%41g) = (u,v),

so 14 is a identity element in A. O

Definition 4.1.3. Let f € GI(S) and S be an algebra with a nondegenerate
multiplicative norm N = Ng. Then f is a similarity of N if, for all u € S,
N(f(u)) = aN(u) for some a € F*. If a = 1, f is called an isometry of
N. Denote the set of similarities and isometries of N as S(N) and O(N),

respectively.

Using similarities we can restrict our construction to simplify it. Let S =
(S*1) be an associative unital division algebra with nondegenerate multiplicative
norm N = Ng and (S,%;) = (S, %;)fi9:0) an isotope of (S, %) such that
fis gi, hi are similarities of N. So for all u € S, we have N(f;(u)) = a;N(u),
N(gi(u)) = b;N(u) and N(h;(u)) = ¢;N(u) for some a;, b;,c; € F* i =2,3,4.

Lemma 4.1.4. Let S = (S, 1) be an associative unital algebra and (S, *;) =
(S, *1)(fi’9i’hi) be isotopes of S such that f;, g;, h; are similarities of N. If

A = Cay(S, *1, %2, %3, %4) has an identity, asbscs = agbycy = 1p.
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Proof. Suppose 14 = (1g,0) is an identity element in A. Then by Lemma m
lg is a left identity in (S, *3); that is, 1g*3u = u for all uw € S. This can be

expressed as
ha(f3(1s) *193(u)) = u
for all u € S. Taking norms of both sides we have

asbsesN (u) = N(u)

for all w € S. If we let u = 1g, this yields N(u) = 1p. Hence we obtain
agbgcg = 1F-
Similarly, as 1g is a right identity in (S,*4) we have ux41g = u for all u € S.

This can be expressed as

ha(fa(u) 1 94(1s)) = u
for all u € S. Taking norms of both sides we have
agbgeaN(u) = N(u)
for all w € S. If we let u = 1g, we obtain asbscy = 1p. O

Theorem 4.1.5. Let S = (S, *1) be an associative unital division algebra with
a nondegenerate norm N = Ng of degree d and (S,*;) = (S, %1)igihi) an
isotope of (S,*1) such that f;, g, h; are similarities of N. So for all u € S,
we have N(fi(u)) = a;N(u), N(gi(u)) = b;N(u) and N(h;(u)) = ¢;N(u) for
some a;,bi,c; € F*, i =2,3,4. Then A = Cay(S,*1,*2,*3,*4) is a division
algebra if
asazbobzcaczag by teyt & N(S%)2.

Proof. Suppose

(0,0) = (u,v) (v, 0") = (urg v +v*00" urz v’ +vx40)

for some w,v,u’,v" € S such that (u,v) # (0,0) # (u/,v"). This is equivalent

to

w U+ v g 0" =0, (3)

ux3v +vrgu =0, (4)
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Assume v = 0. Then by , uxiu = 0,80u=0o0ru =0as (5,*) is
division. As (u/,v’) # (0,0), we must have v’ # 0 so u = 0. Then by ({),

v*4 u' = 0 which implies v = 0 or v/ = 0. This is a contradiction.

Assume v # 0. By (4),

/ /
VkgU = —U*3V .

As N(v') # 0, we obtain that N(v')~! € F. Taking norms we have

agbycs N (0)N(u) = (=1)%asbses N (u) N (v')

— N(u) = (—=1)%gz b3 ez agbaca N(v) N (v )N (v') 7.
Similarly taking norms of , we obtain
N(u)N(u') = (=1)%agbocaN (v) N (v'). (5)

Substituting our expression for N(u) into (), we have

0 =N(u)N () — (=1)%abycaN (v) N (v')

(—1)d(aglbglcgla4b4C4N(v)N(u')N(v')_1)N(u’) — (—1)da26202N(v)N(v')

(=1)AN(0)[(N ()N (") ™1)? — agbacaasbsezay 1oy tept]. (6)

If N(v) =0, it follows that v = 0 (as N is nondegenerate) so by (3)) u*y v’ =0
implies u' = 0 (else (u,v) = (0,0)). By (6],

a2b202a3b303a21b21021 =0¢ F*.

So N(v) # 0. Then (N(u)N(v')™1)? = asbacoasbzcsay by eyt Hence

a2b202a3b303allbllcll € N(SX)Z. ]
Applying this result with Lemma [£.1.4] gives an immediate corollary.

Corollary 4.1.6. Let A = Cay(S*1, %2, x3,%4) be unital. Then A is a division
algebra if asbaco & N(S*)2.
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4.1.1  Applying this construction to a field extension

Let K be a finite separable field extension of F' and N be the reduced norm of

K /F. The similarities and isometries of N are given by
S(N) = K* xAutp(K)
and
O(N) = ker(N) x Autp(K),

respectively [62].

Using this classification of the similarities of N, for any field extension K we
can easily construct all isotopes K (f:.9:h) such that fyg,h € S(N). Define
(K, %) = KU:9h) such that f,g,h € S(N). Then f(z) = ac(z), g(z) = b8 (x)
and h(z) = c¢(x) for some a,b,c € K* and 0,0,¢ € Autp(K). Hence the

multiplication in (K, *) can be written as

zxy =h(f(z)g(y))
=co(ao(z)b0(y))
=cg(ab)g(o(x)0(y)),
where juxtaposition of elements indicates the usual multiplication in K.
Let d = c¢(ab), 01 = ¢oo, and 09 = ¢o6. Then we can express the
multiplication in (K, %) as
x*y = doy(v)o2(y)

for some d € K* and 01,09 € Autp(K).
Starting with an algebraic field extension, this means that we can write our
generalised Cayley-Dickson doubling as follows:

Let A = Cay(K, x1, *2, %3, *4) be the F-vector space K @& K with the multiplication

(u,v)(2,y) = (ux + daoan (v)o2(y), dsosi(u)os2(y) + daoar (v)osa(z))

for some do,ds,ds € K* and o01;,09; € AutF(K) for i = 2,3, 4.
This scenario covers all possible cases of our construction when doubling a finite

separable field extension.
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Proposition 4.1.7. A is a division algebra if N(dadzdy') ¢ N(K*)2.

Proof. In (K ,%;), we have N(xzy) = N(xx;y) = N(djoi1(x)oi2(y)) for all
z,y € K. As N is multiplicative, this implies N (xy) = N(d;)N(z)N(y) for all
z,y € K. Thus by Theorem [1.1.5, A is a division algebra if

N(d2)N(d3)N(dy)™ " = N(dadsdy') ¢ N(K*)2
O

Lemma 4.1.8. A is unital if and only if the multiplication in A can be written

(u,v)(7,y) = (ux + dao1(v)o2(y), o3(u)y + vou(z))

for some dy € K* and o; € Autp(K) fori=1,2,3,4.

Proof. Let 1x be the multiplicative identity in K. Then 1g is a left unit in

(K, *3) if and only if we have 1 *3 x = x for all z € K. That is,

dsos1(1x)ose(z) =

for all z € K. As 031(1g) = 1k, we must have dsosz(z) = z for all z € K.
If © € F, then o32(x) = z, which implies d3 = 1. Thus we conclude that
o32(z) = x for all z € K, so 032 = id-.
Similarly, 1x is a right unit in (K, #4) if and only if we have z %4 1) = x for
all x € K. That is,

dyogi(x)oge(1i) =z
for all x € K. As 042(1x) = 1, we must have dgoq1(x) = x for all z € K. If
x € F, o41(x) = x, which implies dy = 1. Thus it follows that o4;(z) = z for
all x € K, so 041 = 1dg.
By Lemma A is unital if and only if 1 is a left unit in (K, *3) and a right
unit in (K, #4), and so the result follows after relabelling the automorphisms.

]

In order to simplify our computations we will only consider unital algebras

for the rest of this section. We will denote these unital algebras by

Cay(K,ds,01,02,03,04).
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Corollary 4.1.9. Let A = Cay(K,da,01,092,03,04). Then A is a division
algebra if N(da) & N(K*)2.

Proof. This follows as a consequence of Lemma [£.1.7] and Lemma [4.1.8| O

4.1.2  Ezamples of semifields

Let F be a finite field and let A = Cay(K,dz,01,02,03,04). Under certain
conditions, our construction gives examples of semifields which are discussed in

the literature |17].

Example 4.1.10. Let 0 € Autp(K) and p,n € K*. Knuth gave four multiplications
on K @ K in [36] which give semifields when xo(z) + puz —n = 0 has no
solutions in K. For elements z,y,u,v € K, define the four multiplications on

K @ K as follows:

Kny : (u,0)(2,y) = (uz +no(y)o ™" (v), yu+vo(z) + po(y)o~ (v)),

Kny : (u,0)(2,y) = (uz + o~ (y)o ?(v), yu +vo(z) + pyo ' (v)),

Kng : (u,0)(z,y) = (uz + 1o~ (y)v, yu+ vo(z) + pyv),

HE : (u,v)(2,y) = (ux +no(y)v, yu +vo(z) + po(y)v).

We refer to the semifields defined by the first three multiplications as Knuth
semifields and the last multiplication as Hughes-Kleinfeld semifields.
Our generalised Cayley Dickson construction gives the subclass of each of these

semifields where p = 0.

Example 4.1.11. Let [K : F] =2 and let c € K\ K?. Let 01 = 03 = 0 €
Autp(K) be a nontrivial automorphism and o2 = o4 = id. Then A is a Sandler

semifield with multiplication given by

(w.0)(2,) = (uz + co(v)y, o(u)y + vo).
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Generally, let ¢ be an automorphism of K which fixes a subfield Fy, with
[K : Fy] = m. Sandler semifields are defined as an F-vector space with basis

1, A, A2, .., A ! with multiplication defined by
(Nz)(My) = NN o (2)y

for all z,y € K. Further we have XX = A\t for i +j < m and NN =
Aitg)modmg g i1+ j > m, where 6 € K is not a root of any polynomial of
degree less than m over Fj. Our construction can only be used to construct
Sandler semifields for m = 2; in fact, all Sandler semifields with m = 2 can be

constructed this way.

Example 4.1.12. Let F have characteristic not 2. Let do € K>\ K2, 04 = id
and o1,09,03 € Autp(K) be not all the identity automorphism. Then A is a

generalised Dickson semifield with multiplication given by

(u,v)(z,y) = (ux + dao1(v)o2(y), o3(u)y + vr)

for all u,v,z,y € K|[36]. Knuth also referred to these semfields as Case I
semifields quadratic over a weak nucleus. All generalised Dickson semifields
have this form and as such can be obtained by our doubling process. In the
special case where o1 = 09 = 0 € Autp(K) is a nontrivial automorphism and
o3 = id, A is a commutative Dickson semifield [20] with multiplication given
by

(u,v)(z,y) = (ux + dao(vy), uy + vz).

Hughes-Kleinfeld, Knuth and Sandler semifield constructions were studied
over arbitrary base fields in [58]. Dickson’s commutative semifield construction
was introduced over finite fields in [20] and considered over any base field of

characteristic not 2 when K is a finite cyclic extension in [9].
We use Dickson’s construction of commutative semifields and Knuth’s subsequent

generalized semifields to motivate a new construction using central simple

algebras. We will first consider Dickson’s construction where K is an arbitrary
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finite extension in Section to expand the results given in [9, |10, 20| and
further generalise this construction to central simple algebras in Section [4.3|
This results of Sections [£.2] and [4.3] have now been published and can be found
in [59]. Additionally, we consider Knuth’s construction of Case I semifields
extended to a doubling of central simple algebras in Section[d.4] This construction

is the subject of [60].

4.2 A DOUBLING PROCESS USING FINITE FIELD EXTENSIONS

4.2.1 The construction process

Let K be a finite separable field extension of F' of degree n. For some ¢ € K*

and o € Autp(K), we define a multiplication on the F-vector space K & K by
(u,v)(z,y) = (ux + co(vy),uy + vz)

for all u, v, x,y € K. Under this multiplication, K & K is a unital nonassociative
ring which we denote by D(K, 0, ¢). Note that D(K,id,c) is isomorphic to a
quadratic field extension of K when ¢ € K \ K? and that D(K,id,c) 2 K x K
when ¢ € (K*)2 Due to this, we will only consider o # id. Note that F is
canonically embedded into D(K,o,¢) via the map F +— F @ 0. Similarly, we
will denote any subalgebras of the form F @ 0 simply by E.

Clearly D = D(K,0,c) is commutative. Over finite fields, it is known that
when o # id, then Nuc;(D) = Nuc,(D) = Fix(¢) and Nuc,, (D) = K |17,
p.126]. This is also true for any arbitrary field and is easily checked.

Theorem 4.2.1. Let D = D(K,0,¢) witho € Autp(K) a non-trivial automorphism.
Then we have Nuc;(D) = Nuc, (D) = Fix(¢) and Nucy, (D) = K. In particular,
this yields Nuc(D) = Fix(o) and Z(D) = Fix (o).

Clearly all subfields E of K are subalgebras of D(K, o, ¢). Additionally, if F
is a subfield of K such that ¢ € E* and o|g € Autp(E), then D(E,0|g,c) is
a subalgebra of D(K,o,c). Moreover, if L = Fix(c) and ¢ € L*, then L& L
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under the product of D is an associative subalgebra of D(K, o, c).

4.2.2  Division algebras

Dickson [20] gave a sufficient condition for D(K,o,c) to be a nonassociative
division algebra when F' is an infinite field and K/F is a cyclic extension.
Burmester further showed this was also a necessary condition [9, Theorem
1]. If we assume K /Fix(o) is cyclic, [9, Theorem 1] extends naturally to our

construction:

Theorem 4.2.2. Let F be an infinite field and L = Fix(o). If Auty (K) = (o),
then D(K, o, c) is a division algebra over F if and only if Ni ,1(c) # Ng ,1,(a?)
foralla € K.

The proof is analogous to the proof of [9, Theorem 1]. As it uses |1, Theorem
5, p.200], we require that F' is not a finite field.

If K/Fix(o) is not a cyclic extension, this result does not necessarily hold.
However, we can directly compute a different necessary and sufficient condition

for D(K,o,c) to be a division algebra:

Theorem 4.2.3. D(K,o0,c) is a division algebra if and only if
c#r?so(s) 1t o (t) !

for allr,s,t € K*.

Proof. Suppose D(K,0,c) is not a division algebra. Then there exist nonzero

elements (u,v), (z,y) € K& K such that (u,v)(x,y) = (0,0). This is equivalent
to the simultaneous equations

ux + co(vy) =0, (7)

uy + vx =0. (8)

If v=0, becomes uy = 0, so either v = 0 or y = 0. However, u must be

non-zero, else (u,v) = (0,0) which is a contradiction, so we must have y = 0.
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Additionally, gives ux = 0. As u is non-zero, this implies z = 0 and so
(z,y) = (0,0) which is again a contradiction.

So let v # 0. As K is a field, we have v~! € K and hence we obtain z =
—uyv~ ! from . Now if y = 0, this implies that £ = 0 which contradicts the
assumption that (z,y) # (0,0). Substituting this into (7)), we get —u?yv=1 +
co(vy) = 0, which rearranges to give ¢ = u?yo(y) v~ lo(v) L.

Conversely, suppose ¢ = r2sa(s) ' 1o (t)~! for some r,s,t € K*. Consider

the elements (r,t) and (—rst!,s). Both elements are nonzero but satisfy
(r,t)(=rst™ L s) = (=r2st ™ 4 12s0(s) "o (t) Lo (ts), rs —rst—it) = (0,0).
Hence D(K,o,c¢) is not a division algebra. O

Corollary 4.2.4. If Ng,p(c) # Ngp(a)? for alla € K*, then D(K,o,c) is

a division algebra.

Proof. Suppose D(K,0,c) is not a division algebra. By Theorem [4.2.3| there

exists some r,s,¢t € K* such that ¢ = r2so(s)" 1t 1o(t)~!. Taking norms of

both sides of the equation we obtain N, p(c) = Ny, p(r?so(s) "t 1a(t)7h).

As the norm is multiplicative and N ,p(x) = Ng ,p(o(x)), this yields
Nic/r(e) = Nic/p(r®) N p(s)Nic e (s ) Nie e (871,

which simplifies to N, r(c) = Ng,p((rt™1)?) = Ng,p((rt71))2. O

We could also note that Corollary [£.2.4] follows as a corollary from Theorem
EI5

Corollary 4.2.5. If ¢ is a square in K, then D(K,o,c) is not a division

algebra.

Proof. In the notation of Theorem [4.2.3] let s = ¢t = 1. Then if ¢ = 2 for some
r € K, then D(K,o,c¢) is not a division algebra. H

Remark 4.2.6. (i) Let /' = R and K = C. As every element of C is a

square, no real division algebras arise as a result of this construction.
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(ii) Similarly if F' is a finite field of characteristic 2, we also do not obtain any
division algebras: again, every element is a square, so D(K,o,¢) is not a

division algebra by Corollary [£.2.5]

Although there are no real division algebras or division algebras over IFoq for
any g € IN, it is easy to find large examples of division algebras over Q and Q,
using this construction. This is particularly relevant due to their use in space
time block coding, as mentioned in the introduction of this thesis (see |52] for
an example). We give some examples of rational and p-adic division algebras

now:

Example 4.2.7. (i) Let F = Q and K = Q(y/a) for some a € Q\ Q2. Then
we obtain N q(z + yv/a) = 22 —y?a for all 7,y € Q. If we let ¢ = yy/a
for any y € Q*, this yields Ng,q(c) = —y%a € Q?, so we conclude that

D(K,o,c) is a division algebra of dimension 4 over Q.

(ii) Let FF = Q, and K = Q,(«) be a quadratic field extension of Q,. Thus
K is equal to one of Q,(,/p), Qp(v/u) or Q,(y/up), where u € Z,\ Z2. 1f
p =1 (mod 4), it follows that —a’ ¢ QZ% and thus for all y € Q,, we have
Nk, (ya) = —y%a’ ¢ Q]%. Hence, D(K,o,ya) is a division algebra of

dimension 4 over Q,,.

Remark 4.2.8. If F' is a finite field of odd characteristic, we can see that
Corollary is also a necessary condition for D(K,0,c) to be a division
algebra. This was originally proved in |9, Theorem 1’] but can also be obtained

as a consequence of Theorem 4.2.3}

If F =, and K = [Fr is a finite extension of F', it is known that Auty(K)
is cyclic of order r/ s and is generated by ¢°, where ¢ is defined by the Frobenius
automorphism ¢(x) = aP for all z € K. Over a finite field of odd characteristic,
we thus have

o(r)z = ¢ (x)x = 2P & = 27" 1!

for some t € Z. As p is odd, p** + 1 = 2n for some n € Z and so we can write

o(r)r = x?" = (2™)% for all * € K. A similar argument shows that o(z)z~! is
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a square for all x € K. Hence over finite fields of odd characteristic, Theorem
yields that D = D(K,o,c) is a division algebra if and only if ¢ is not a

square in K.

4.2.3 Isomorphisms

For the rest of the section, we will assume that F' has characteristic not 2
unless stated otherwise and that o € Autp(K) is a non-trivial automorphism.
Burmester [9] computed the isomorphisms of commutative Dickson algebras
D(K,o,c) when K is a cyclic extension of F. The notation originally used in

[9] differs from ours; for clarity, we rephrase his result in our notation:

Theorem 4.2.9 (9], Theorem 2). Let K be a cyclic field of degree n over F
and let Autp(K) = (o). Then D(K,0' ¢) = D(K,o7,d) if and only if i = j,
and if there exists an integer 0 < k < n and an element x € K such that

d = 220" (c).
In order to generalise this result, we first note the following two lemmas:

Lemma 4.2.10. Let D(K,o,c¢) and D(L,¢,d) be two commutative Dickson
algebras over F. If Fix(o) % Fix(¢), then D(K,o,c¢) 22 D(L,$,d) for any

choice of c€ K* and d € L*.

Proof. Suppose D(K,o0,¢) = D(L,¢,c). As any isomorphism must map the
centre of D(K,0,c¢) to the centre of D(L,,c), this implies Fix(c) = Fix(¢).
]

Lemma 4.2.11. Let 0 € Autp(K) and ¢ € Autp(L). If there exists an
F-isomorphism 7 : K — L such that Too = ¢ o7, then T |piy(y): Fix(c) —

Fix(¢) is an F-isomorphism.

Proof. For all x € Fix(0), it follows that

pot(x) =7100(x) =7(2),
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so 7(z) € Fix(¢). Hence we conclude that im (7 |pix(s)) € Fix(¢). To show
that in fact im(7 |pix(,)) = Fix(¢), we note that for any y € Fix(¢) there
exists € K such that 7(z) = y. As 7(x) € Fix(¢), this implies T oo (z) =
pot(x) =7(x), thus z € Fix(c) and it follows that

im(T |pix(e)) = Fix(¢). This is sufficient to show that 7 [piy(,): Fix(o) —

Fix(¢) is an F-isomorphism. O

Theorem 4.2.12. Let K and L be two finite field extensions of F' and D =
D(K,o,c¢) and D' = D(L,$,d) be two commutative Dickson algebras over F.
Then G : D — D’ is an isomorphism if and only if G has the form

G(z,y) = (7(x), 7(y)b)
for some F-isomorphism 7 : K — L such that:

(i) poT =700,

(ii) there exists b € L* such that 7(c) = dp(b?), i.e. 7(c)d™! is a square in
L*.

Proof. Suppose G : D — D’ is an F-isomorphism. Then G maps the middle
nucleus of D to the middle nucleus of D', so we must have K = L. This means
G restricted to K must be an isomorphism which maps K to L; that is, G |g=
7: K — L is an isomorphism of fields and we conclude G(x,0) = (7(x),0) for
all z € K. Additionally, by Lemma we see that Z(D) = Z(D') under
G. Thus, it follows that 7 restricted to Fix(o) must yield an isomorphism from

Fix(o) to Fix(¢). Let G(0,1) = (a,b) for some a,b € L. This implies
G(z,y) = G(2,0) + G(0,1)G(y, 0) = (7(2) + a7 (y), 7(y)b).

As @ is multiplicative, it follows that G/((0,1)?) = G(0, 1)? which holds if and
only if (a,b)(a,b) = (7(c),0). From this, we obtain the equations a® 4 d¢(b?) =
7(c) and 2ab = 0. As L does not have characteristic 2, this implies either
a=0o0rb=0. If b =0, then G(z,y) = (7(x) + 7(y)a,0) and so G is not

surjective. This is a contradiction, as G is an isomorphism and hence is bijective

99



4.2 A DOUBLING PROCESS USING FINITE FIELD EXTENSIONS

by definition. Thus we obtain a = 0 and d¢(b?) = 7(c).
Finally, as G is multiplicative this yields G(u,v)G(z,y) = G((u,v)(z,y)) for
all u,v,z,y € K. Computing both sides of this equation, we get

(7(uz) + do(r(vy)b?), 7 (uy)b + 7(v2)b) = (t(uz + co(vy)), T(uy + va)b)

for all u, v, z,y € K, which implies do(7(vy)b?) = 7(co(vy)). After substituting
the condition d@(b?) = 7(c), we are left with ¢(7(vy)) = 7(o(vy)) for all
v,y € K; that is, poT =7o00.

Conversely, let G : K& K — L& L be defined by G(z,y) = (7(z),7(y)b) for
some F-isomorphism 7 : K — L satisfying the conditions stated in the theorem
above. It is easily checked that this is an F-linear bijective map between vector
spaces. We only need to check that the map is multiplicative. Then we have
G(u,v)G(z,y) = G((u,v)(z,y)) for all u,v,z,y € K if and only if it follows
that do(7(vy)b?) = 7(co(vy)). As dp(b?) = 7(c) and poT = 7o, this is
satisfied for all v,y € K. Further, by Lemma this certainly maps the
centre of D to the centre of D’. Thus we conclude that G : D — D’ is an

F-algebra isomorphism. O]

Corollary 4.2.13. Let D = D(K,0,¢) and D' = D(K, ¢,d) be two commutative
Dickson algebras over F. Then G : D — D' is an F-algebra isomorphism if

and only if G has the form
G(z,y) = (7(x),7(y)d)
for some T € Autp(K) such that:

(i) poT =To0,

(ii) there exists b € K* such that 7(c) = dp(b?), i.e. 7(c)d™! is a square in
K*.

Corollary 4.2.14. Suppose Autp(K) is an abelian group. If o # ¢, then
D(K,o,c) % D(K,¢,d) for any choice of c,d € K*.
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Corollary 4.2.15. For all ¢ € K*, we have D(K,o,¢) =2 D(K,Toco0
=1 7(c)) for each 7 € Autp(K) and D(K,0,c) = D(K,o,0(b?)c) for each
be K*.

Proof. This is clear employing the isomorphisms G(z,y) = (7(z),7(y)) and
G(z,y) = (z,b~1y), respectively. O

When K is a finite field of odd characteristic, 7(c)d~! is a square if and only
if either both ¢ and d are squares or both are non-squares in K. Due to this,

we obtain the following well-known result from Theorem [4.2.12;

Corollary 4.2.16 ([9], Theorem 2’). Let F' be a finite field of odd characteristic
and K be a finite extension of degree n. Let D = D(K,o,c¢) and D' =
D(K,¢,d) be division algebras. Then D = D' if and only if o = ¢. Hence up
to isomorphism, there are exactly n commutative Dickson semifields of order

an‘

Over an arbitrary field however, it is possible that D(K,0,¢) % D(K,0,d)
for some c¢,d € K as we cannot guarantee that there exists b € K such that
a(b)? = 7(c)d~t. Let us now consider F' = Q, for p # 2 as an example. We

employ the following well-known result, giving the proof for completion:

Lemma 4.2.17. Let K /Q,, be a finite field extension for p # 2 with uniformizer
7 € O, where O is the valuation ring of K. Then K*/(K*)? = {1,u, T, ur}

for some u € Ok \ O%.

Proof. Every element of K* can be written as un™ for some n € Z and u €

2027 for some n € Z

Ok. Then z € K* is a square if and only if z = u
and u € OF. Thus we see that K*/(K*)? = 0%/(05)? x F2. Note the
residue field of Ok is the finite field IF,e for some e € IN. Thus it follows that
Ox/(0F)? = Fpe/(Fpe)? = Fy, as p is an odd prime. Hence we conclude
K*/(K*)? 2 Fy x Fy; a complete set of coset representatives is thus given by

{1,u,7,ur} for some u € Ok \ O%. O
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Corollary 4.2.18. For each finite field extension K /Q, such that Autg, (K) is
an abelian group, there are at most 3 ’Athp(K)‘ non-isomorphic commutative

Dickson division algebras of the kind D(K,o,c).

Proof. As in Corollary we see that D(K,o,c¢) =2 D(K,¢,d) if and
only if ¢ = ¢ and there exists some 7 € Autg,(/K) and b € K* such that
7(c)d™! = o(b?). Such b € K exists if and only if 7(c)d~! is a square in
K. If we assume that D(K,0,c) and D(K,o,d) are division algebras, ¢, d are
certainly not squares in K and so must lie in non-identity cosets of K> /(K *)2.
It is clear that 7(c) must lie in the same coset as ¢. Considering the images
of 7(c¢) and d~! in the quotient group K*/(K*)?, it follows that 7(c)d~! is
a square in K if and only if ¢ and d lie in the same coset of K*/(K*)2.
As there are 3 non-trivial cosets, we conclude there are at most 3 ‘Athp(K )‘

non-isomorphic commutative Dickson division algebras. O

We cannot say for certain that we attain this bound, as this would assume
that there exists a suitable ¢ € K* in each non-trivial coset of K*/(K*)?
such that D(K,0,c) is a division algebra for each o € Autg,(K). However,
if we can find some ¢ € K that satisfies the conditions of Corollary
from each coset of K /(K *)?, this is sufficient to show that there are exactly
3 ‘Athp(K )’ non-isomorphic commutative Dickson division algebras. For an

arbitrary field F', we conclude the following analogously:

Corollary 4.2.19. Suppose K/ F is a finite field extension such that Autp(K)
is an abelian group and there exists ¢ € K* such that Ni,p(c) # N p(a?)
forall a € K. Then there are at least |Autp(K)| non-isomorphic commutative

Dickson division algebras over F of the form D(K,o,c).

4.2.4  Automorphisms

The automorphisms of commutative Dickson algebras were computed in [9]

when K is a finite cyclic field extension. We consider the subset

J(c) = {1 € Autp(K) | X? — 7(c)c™! = 0 has solutions in K} C Autp(K),
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introduced in [9)].
Lemma 4.2.20. J(c) is a subgroup of Autp(K).

Proof. Clearly the identity automorphism is contained in J(c), as 0 = X? —
cc™! = X? — 1 always has the solutions X = +1.
Let 7,¢ € J(c). Then 7(c)c™! = a® and ¢(c)c! = b? for some a,b € K*. It
follows that

por(c)e ! = pla®c)et = pla®)bPec,
so X2 —¢or(c)c™t = 0 has the solutions X = 4¢(a)b. This implies ¢ o
7 € J(c). Finally, for each 7 € J(c) we have 771(c)e™! = 771(a1)2, s0

e J(e). O
When K is a cyclic extension, there exist 2 |.J(¢)| automorphisms of D(K, o, ¢):

Theorem 4.2.21. (i) [[9], Theorem 3 in our notation] Let K be a cyclic
extension of F. Then there exist 2|J(c)| automorphisms of D(K,o,c),

each of which is given by

G(z,y) = (v(x), 7(y)bi)

for each T € J(c), where b; € K are such that o(b;) are the two solutions
of X2 —71(c)ct =0 fori=1,2.

(it) [[9], Theorem 3 in our notation] Let F be a finite field of odd characteristic
and K be a finite extension of degree n. Then there exists 2n automorphisms

of D= D(K,o,c), each of which is given by

G(z,y) = (T(x), 7(y)bi)

for each 7 € Autp(K), where b € K are such that o(b;) are the two
solutions of X2 —71(c)c™t =0 fori=1,2.

We now compute the automorphisms when K is an arbitrary finite field

extension. We continue to assume that o # id.
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Theorem 4.2.22. All automorphisms G : D(K,o,¢) — D(K,0,c¢) are of the
form

G(u,v) = (7(u), 7(v)d)

for some T € Autp(K) such that T and o commute and b € K* satisfying
7(c) = co(b?). Further, all maps of this form with 7 € Autp(K) and b € K*

satisfying these conditions yield an automorphism of D.

Proof. Let D = D(K,o0,c). Suppose that G € Autp(D). As automorphisms
preserve the nuclei of an algebra, G restricted to K must be an automorphism
of K. As G is F-linear we obtain F' C Fix(G |k ) and so in fact G |g€ Autp(K).
Let G|lg= 7 € Autp(K), so we have G(z,0) = (7(x),0) for all x € K.

Let G(0,1) = (a,b) for some a,b € K. Then we have

G(z,y) = G(2,0) + G(0,1)G(y,0) + (7(z) + at(y), 7(y)b).

As G is multiplicative, we must also have G((0,1)?) = G(0,1)? which holds if
and only if
(a,b)(a,b) = (7(c),0).

From this, we obtain the equations a? 4 co(b?) = 7(c) and 2ab = 0. As K does
not have characteristic 2, this implies that either a = 0 or b = 0. If b = 0, then
G(z,y) = (7(z) + 7(y)a,0) and so G is not surjective. This is a contradiction,
as G is an automorphism. Thus ¢ = 0 and we obtain co(b?) = 7(c).

Finally, as G is multiplicative we have G(u,v)G(z,y) = G((u,v)(z,y)) for all

u,v,x,y € K. Computing both sides of this equation, we get
(1(uz) + CO'(T(Uy)bZ), 7(uy)b + 7(ve)b) = (7(ux + co(vy)), 7(uy + vr)d)

for all u,v,7,y € K, which implies that co(7(vy)b?) = 7(co(vy)). After
substituting the condition co(b?) = 7(c), we are left with o(7(vy)) = 7(co(vy))
for all v,y € K; that is, 7 and ¢ must commute.

Conversely, let G : D — D be a map defined by G(z,y) = (7(z),7(y)b) such
that 7 and o commute and 7(c) = co(b?). It is easily checked that G is F-linear,
bijective, additive and multiplicative. Hence G is an F-algebra automorphism

of D. O
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Corollary 4.2.23. There is a subgroup of Autp(D) isomorphic to
{r e Autp(K)|7(c) =cand Too =007}

Proof. By Theorem 4.2.22] all automorphisms of D are of the form G(z,y) =
(7(x),7(y)b), such that 7 and ¢ commute and b € K* satisfies 7(c) = co(b?).
If we let b = 1, we obtain a subgroup of Autg (D) such that 7 and o commute

and 7(c) = c. O

The subset of Autp(K) containing all the automorphisms of K which commute

with o € Autp(K) is called the centralizer of o in Autp(K) and is denoted by
C(o) ={r € Autp(K) |T700 =007}

This subset forms a subgroup of Autg(K), so J(c¢) NC(0) is also a subgroup
of Autp(K). We get the following generalisation of [9, Theorem 3]:

Theorem 4.2.24. There are exactly 2 |J(c) N C(0o)| automorphisms of D(K, o, c¢),

each of which is given by

G(a,y) = (7(x), 7(y)bi)

for each 7 € J(c)NC(0), where by € K* is chosen such that o(b;) are the two
solutions of X2 —7(c)c™ =0 fori=1,2.

Proof. By Theorem , G is an automorphism of D(K,0,c¢) if and only if
G(u,v) = (7(u),7(v)b) for some 7 € C(c) and b € K> such that o(b)? =
7(c)c™t. We can find such b € K if and only if 7 € J(c). Denote the solutions
of X2 —7(c)c™! = 0 by o(by) and o(bg). Thus G is an automorphism of
D(K,o,c) if and only if G(u,v) = (7(u),7(v)b;) for each 7 € J(c) N C(0),
where b; € K are such that o(b;) are the two solutions of X? —7(¢)c™t = 0 for

i=1,2. O

Corollary 4.2.25. If Autp(K) is abelian, then D(K, o, c) has exactly 2|J(c)

automorphisms.

Proof. This follows immediately from Theorem 4.2.24] after noting that C'(c) =
Aut F (K ) . O
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Corollary 4.2.26. Ifc € F*, then D(K, 0, ¢) has exactly 2|C(c)| automorphisms.

Proof. As c € F*, for all 7 € Autp(K) we have
0=X?>—7(c)ct=X2—cct = X2 -1,

which always has the solutions X = +1. This yields J(¢) = Autp(K). The
result then follows from Theorem [4.2.24] O

As J(¢) N C(o) forms a subgroup of Auty(K), we know that |J(c) N C(0)|
must divide |Autp(K)|. Due to this, we can easily determine the exact size of

the automorphism group of D(K, o, c¢) in certain cases.

Corollary 4.2.27. If K is a field extension of prime degree p over F, J(c) is
equal to either {id} or Autp(K). Further, |Autp(D(K,o,c))| € {2,2p}.

Proof. Let [K : F] = p for some prime p. Then Autp(K) is necessarily cyclic
and hence abelian. As |Autp(K)| = p, we must have |J(c)| € {1,p} and so
J(¢) = {id} or J(¢) = Autp(K). The remainder of the result follows from

Corollary O

Corollary 4.2.28. If F' = Q, for p # 2, then J(c) = Autg,(K) and
|Autg, (D(K,0,¢))| = 2|C(0)|.

Proof. As 7(c) and ¢! clearly lie in the same coset of K*/(K*)2, it follows
that 7(c)c™! € K? for all 7 € Autg, (K). We conclude that J(c) = Autg, (K)
and thus ‘Athp(D(K, o, c))‘ = 2|C(0)| by Theorem 4.2.24 O

Generally it is difficult to actually calculate J(c), so we instead bound the
size of Autp(D(K,0,c)). We already have an upper bound as a consequence
of Theorem [4.2.22] All the elements of Autp(K) which act as the identity on
¢ form a subgroup of Autp(K) called the isotropy group of ¢, denoted by

Autp(K), = {7 € Autp(K) | 7(c) = ¢},

By Corollary4.2.23 there is a subgroup of Autg(D(K, o, ¢)) which is isomorphic
to C(o) NAutp(K).. This allows us to bound the size of the automorphism

group of D(K,o,c) from below:
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Theorem 4.2.29. There are between 2 |C(0) N Autp(K)¢| and 2 |C(0)| automorphisms
of D(K,o,c).

Proof. 1t is clear that J(c) NC(o) is a subgroup of C'(¢). Each 7 € C(0) can be

used to construct at most 2 automorphisms of D(K, o, ¢) corresponding to the

two possible solutions of X2 — 7(c)c™! = 0, so we have |[Autp(D(K,0,c))| <
2|C(0)].

Additionally, each 7 € C(0) N Autp(K). can be used to construct the maps

(z,y) = (7(z), £7(y)). It follows from Theorem[4.2.22]that these are automorphisms

of D(K,o,c),s02|C(c) NAutp(K).| < |[Autp(D(K,0,¢))|. O

Wene [61] derived an alternative description of the automorphism group of
D(K,o,c) when K is a finite field, in terms of inner automorphisms. An
automorphism 6 of D(K,o,c) is an inner automorphism if there exists m €

D(K,0,c) with left inverse m; * such that
0(z) = (m; 'z)m
for all x € D(K,o,c). The proof given in [61, Theorem 18] holds verbatim

for any finite field extension, yielding a sufficient condition for the existence of

(nontrivial) inner automorphisms of a commutative Dickson algebra:

Theorem 4.2.30 ([61], Theorem 18). Let D(K,o,c) be a division algebra.
Denote A = (0,1). Then

®(z,y) = N (2, y)]A = (0(2),0(y))

defines an inner automorphism of D(K,o,c) if and only if o(c) = c.

4.2.5  The group structure of Autp(D)

By Theorem [4.2.22] we know that all the 2 |C'(c) N J(c)| automorphisms of D
are of the form G(u,v) = (7(u),7(v)b) for some 7 € C(c) N J(c) and b € K*
such that o(b)?> = 7(c)c™'. Note that this final condition is equivalent to

b € K* being a solution of

X% —o M r(c)ch) = 0.
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We will denote the solutions of this polynomial by b, 1 and b;2. As the

characteristic of F' is not 2, it is clear that b, o = —b; 1.

Lemma 4.2.31. Let by 1,br9 be the two solutions of X* — o~ (7(c)c™!) =0
and suppose 7" = id. Then by ;7(br ;)72 (brs)...7" 1 (bs ;) = 1.
Moreover, if n is odd, we have by ;7(br;)72(by ;). 7" (b)) = 1 fori =1 or

1 = 2, but not both.

Proof. As in the proof of Lemma {.2.20} if b; and by are solutions of X 2 _
o Y (7(c)c™t) = 0 and X? — o7 1(¢(c)e!) = 0 respectively then the equation

X2 o por(c)eh) =0

has the solutions X = £¢(b;)b,. Similarly the equation X? —o~1(7%(c)c™1) =
0 has the solutions X = #7(b;)b,, the equation X? — o~ 1(73(c)c™!) = 0 has
the solutions X = £7(b,2)b, = 72(b;)7(b; )b, and so on. Hence we see that
fori=1,2

bT,iT(bT7Z~)T2(bm-)...T"*l(bm-)

is a solution of X2 — o7 1(7%(¢)e™!) = 0. As 7" = id, we also conclude that

the solutions of
0=X?—o () =X>-0" ee ) =X2-1

are X = £1 and so by ;7(br;)72(brs) .. 7" (brs) = £1. As by o = —br1, we

have
br o7 (br2) 7% (br2).. T H(br2) = (=1)"br 17 (br 1) 72 (brp)-.. ™" (br ).
If n is odd, this implies that
br o7 (br2) 7% (br2).. T (br2) = =br17(br )72 (br 1) 7" H(br )
and the result follows. O

Theorem 4.2.32. For all D(K,0,¢), we have

Autp(D(K,0,¢)) = (C(o)NJ(c)) x Fa.
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Proof. As C(o) N J(c) is a finite group, there exists a minimal generating set
{71, ...,7m}. Let 7 be an element of this generating set and let b, ; (i = 1,2)
be the two roots of X2 — o1 (7(c)c™!). As J(c) is a finite group, 7" must be

equal to the identity for some n > 1. By Lemma [4.2.31], this implies
br i (by )72 (by ). T (br ) = £1

for i = 1,2. If n is odd, relabel the roots such that b, satisfies
bT,lT(bT,l)Tz(bT,l)...Tn_l(bﬂl) =1

and b7 o satisfies

57727‘(57-72)7‘2(bT’Q)...Tn_l(1)772) = —1.

Henceforth, we will denote by 1 = b,. Now let ¢ € C(o) N J(c). As {11,...,7m}
generates C'(0) N J(c), ¢ can be expressed as a product of the 7;. Due to this,
we can construct the roots of X2 — o~ 1(¢(c)c™t) = 0 from the b,,. For example,

if ¢ = 7; 0 7j then we obtain
by = br,7i(br;).

This method can be applied recursively to construct the roots of X? — o1 (7(c)c™!) =
0 for all 7 € C(o) N J(c).
We can now express all automorphisms of D in the form G (u,v) = (7(u), +7(v)b;)
for some 7 € J(¢) NC(0) and b, as defined above. Define amap @ : Autp(D) —
(J(c)NC(o)) x Fg by

D(G) = (1,£1).
This map is well-defined due to the careful labelling of roots of X? — o~ 1(7(c)c™!) =

0. It is easy to see that it gives an isomorphism between groups. O]
Corollary 4.2.33. If F = Q,, then Autg,(D(K,0,c)) = C(0) x Fa.
Proof. This follows from Corollary [4.2.28|. O

Thus it is sufficient to consider the subgroups of Auty(K), C (o) and J(c), in

order to determine the structure of the automorphism groups of these algebras.
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4.3 USING DICKSON’S DOUBLING PROCESS WITH CENTRAL SIMPLE

ALGEBRAS

Let B be an associative division algebra over F. Let o € Autp(B) be a
non-trival automorphism and ¢ € B*. As B is not commutative, we can
generalise the classical Dickson multiplication on the F-vector space B & B in

three ways:
e (u,v) o0 (z,) = (uz + co(vy), uy + vz),
e (u,0)0(2,9) = (uz + o(v)co(y), uy + ve),
e (u,v)0 (2,y) = (uz + o (vy)e, uy + vz).

We denote the F-vector space B & B endowed with each of these multiplications
by D(B,o,¢), Dpn(B,o,c) and D,(B,o,c), respectively. If ¢ € F*, the three
constructions are identical. All three constructions yield unital nonassociative

algebras over F' and are canonical generalisations of the commutative construction

defined by Dickson.

Lemma 4.3.1. (i) Let D = D(B,o0,¢) or D = D,(B,o,c). Then Comm(D) =
FoF.

(ii) Let D = Dp,(B,o,c). If ¢ € F*, then Comm(D) = F & F. Otherwise,
Comm(D) = F.

Proof. (i) We only show the proof for D(B, o, ¢) as the proof for D, (B, o,¢)
follows identically. Let (u,v) € Comm(D). Then for all z € B, we have

(u,v)(z,0) = (z,0)(u,v).

This is equivalent to ux = ru and vx = zv. This holds for all x € B if and
only if both u and v lie in the centre of B. Hence Comm(D) C F @ F. It
is easily checked that all elements of F' @ F' are contained in Comm(D).

Hence Comm(D) = F @ F.
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(ii) Let (u,v) € Comm(D). Then for all x € B, we have (u,v)(0,z) =
(0,2)(u,v). This is equivalent to o(v)co(z) = o(z)co(v) and ux = zu.
The second equation implies that v € Z(B) = F. If ¢ € F, then the
first equation is only satisfied for all x € B when v = 0, which yields
Comm(D) = F.

If ¢ € F*, we have D,,(B,o,c¢) = D(B,0,c) and so by (i), we obtain
that Comm(D) = F & F.

Theorem 4.3.2. Let D = D(B,o0,c). Then
e Nuc)(D) ={ke€ B|co(k)=ke} C B,
e Nuc,(D) = B,
e Nuc, (D) = Fix(o).
In particular,
Nuc(D) = Fix(o) N{k € B | co(k) = ke} = {k € Fix(0) | ck = kc}
and Z(D) = F.

Proof. We will show the proof for the left nucleus. The calculations for the
middle and right nucleus are obtained similarly.
Suppose (k,1) lies in the left nucleus for some k,l € B. Then for all x € B, we

must have
((k,1)(0,1))(z,0) = (k,1)((0,1)(x,0)).

Computing both sides of this it follows that
(co(l)z, kx) = (co(lx), kx).

As o is a non-trivial automorphism of B, this is true for all z € B if and only
if I = 0. Thus we only need to consider elements of the form (k,0) for k € B.
Now (k,0) € Nugy(D) if and only if we obtain

((%,0)(w,v))(x,y) = (k,0)((u, v)(x,y))
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for all u,v,x,y € B. Computing both sides of this, this yields
(kux + co(kvy), kuy + kvx) = (kux + keo(vy), kuy + ko).

This is satisfied for all u, v, z,y € B if and only if co(k) = kc. Hence we have
that
Nuc;(D) = {(k,0) | k € B such that co(k) = kc}.

As the centre is the intersection of the nucleus and the commutator, this yields

Z(D) = (Fix(oc)N{k € B|co(k) =kc}NF)®0=F®0. O

Similarly, we can calculate the left, middle and right nuclei and centre of

D,(B,0,c) and Dy, (B,o,c¢):
Theorem 4.3.3. Let D = D,(B,o,c). Then
e Nug(D) = Fix(o),
e Nuc,, (D) = B,
e Nuc, (D) ={k € B|co(k)=ke} CB.
In particular, Nuc(D) = {k € Fix(0) | ck = kc} and Z(D) = F.
Theorem 4.3.4. Let D = D,,(B,o,c). Then
e Nug(D) = Fix(o),
e Nucy, (D) ={keB|o(k)e=co(k)} C B,
e Nuc,(D) = Fix(o).
In particular, Nuc(D) = {k € Fix(0) | ck = kc} and Z(D) = F.

Note that if ¢ € F'*, the three algebras we obtain are identical as noted earlier.
In this case, the left and right nuclei are equal to Fix(o) and the middle nucleus
is equal to B. However if ¢ ¢ F', we obtain at least 2 non-isomorphic algebras

from the construction:

Corollary 4.3.5. Let c € B\ F'*. Then
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e D(B,o,c) 2 Dn(B,o,c),
e Dy, (B,o,c) 2 Dy(B,0o,c).

If ¢ does not commute with all elements of Fix(c), then D(B,o,c) % Dy (B, o,c¢).

Proof. Since automorphisms preserve each of the left, middle and right nuclei,
it D(B,o,c¢) = Dy,(B,o0,c) this implies that {k € B | o(k)c = co(k)} = B.
As ¢ ¢ F, we can find k € B such that o(k) does not commute with ¢ so this
is never true. An identical argument shows that D, (B,o,c) 2 D,(B,o,c).
Finally, we see that D(B,o,c¢) = D,(B,0,c) occurs only if Fix(c) = {k € B |
ke = co(k)}. Let z € Fix(0). We have x € {k € B | k¢ = co(k)} if and only
it cx = zc.

Similarly, if we take an element y € {k € B | k¢ = co(k)}, it lies in Fix(o)
if and only if ¢y = yc. Thus the left nuclei of the two algebras are equal only
when ¢ commutes with all of Fix(¢). Otherwise, we must have D(B,o,c) 2

D,(B,a,c). 0

Similarly to the algebras we obtained from doubling a field extension, any
F-subalgebra of B appears as a subalgebra of D(B,o,c), Dy (B,o,c) and
D,(B,o,c). Additionally, if E C B is such that ¢ € E* and o |g€ Autp(FE),
then D(E, o |g,c) (resp. Dp(E,0|g,c) and D,(E, 0 |g,c)) is a subalgebra of
D(B,o,c) (resp. Dp(B,o,c¢) and D,(B,o,c)). In particular, this yields the

following:

Theorem 4.3.6. If c € K* for some separable field extension K/ F contained
in B such that o |gx= ¢ € Autp(K), then D(K, ¢, c) is a commutative Dickson
subalgebra of D(B,0,¢), Dp(B,0,¢) and D.(B,0,c).

Theorem 4.3.7. (i) D = D(B,0,c¢) is a division algebra if and only if ¢ #

rt~lrso(s~ 1) for all v, s,t € B,

(1) Dy (B,0,c) is a division algebra if and only if ¢ # o(t) " rt lrso(s)™!
for all r,s,t € B*.
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(iii) D,(B,o,c) is a division algebra if and only if ¢ # o(s 't~ 1)rt~lrs for
all r,s,t € B*.
Proof. (i): Suppose that D is not a division algebra. Then there exist nonzero

elements (u,v), (x,y) € B® B such that (u,v)(z,y) = (0,0). This is equivalent

to the simultaneous equations

ux + co(vy) =0, (9)

uy + vr =0. (10)

If v = 0, then becomes uy = 0, so either u = 0 or y = 0. However, u
must be nonzero, else (u,v) = (0,0) which is a contradiction, so we must have
y = 0. Additionally, @ gives ux = 0. As wu is nonzero, this implies x = 0 and
so (z,y) = (0,0) which is again a contradiction.

So let v # 0. As B is an associative division algebra, we have v~! € B and
hence we obtain

T = —v_luy
from . Now if y = 0, this implies that = 0 which is a contradiction to
(z,y) # (0,0). Substituting this into (9), we get

—uv Yuy + co(vy) =0,

which rearranges to give ¢ = uv~tuyo(y) o (v) L.
Conversely, suppose ¢ = rt~!rso(s) o (t)~! for some r,s,t € K*. Consider

the elements (r,t) and (—t~!rs,s). Both elements are nonzero but satisfy
(r, ) (=t trs, s) =(—rt " trs +rt lrso(s) Lo (t) to(ts), rs — tt1rs)

=(0,0).

Hence D is not a division algebra.

The proofs of (ii) and (iii) follow almost identically to (i). O

Corollary 4.3.8. If c € (B*)?, then D(B,0,c), Dyy(B,0o,c), and D,(B,o,c)

are not division algebras.

Proof. This follows from setting s = ¢ = 1 in Theorem [4.3.7] O
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Corollary 4.3.9. Let Ng,p : B — F be the nondegenerate multiplicative norm
form on B. The algebras D = D(B,c,¢), Dy(B,0,c¢), D.(B,o,c) are division
algebras if

Ng/p(c) # Npyp(a)®

forall a € B.
Proof. This follows analogously to Corollary O

Example 4.3.10. (i) Let F = Q and B = (a,b) be a quaternion division
algebra over Q with a,b > 0. For all z € B, we see that Np,q(z)% > 0;
as a consequence, D(B,c,c) is a division algebra for any ¢ € B* such
that Np,q(c) < 0. For example, if we pick ¢ = c¢1i 4 c2j for some ¢; € Q

not both zero, then
Npo(c) = —cla—c3b < 0,
so D(B,0,c) is a division algebra.

(ii) Let FF = Q, and B = (u,p) be the unique quaternion division algebra
over Q, for some u € Z,\ (Z,)? with basis {1,i,j,k} where i2 = u,

j2 =pand k = ij = —ji. Then for all ¢ € B, it follows that
NB/QP(C) =22 — y?u— 22p + wiup

for some z,y,z,w € Q. As up is not a square in Q,, for any c € B such
that Np,/q,(c) = w?up we conclude that D(B,0,c¢) is a division algebra

over Q,.

4.3.1 Isomorphisms

The results and proofs from Section[d.2|regarding isomorphisms and automorphisms
of commutative Dickson algebras generalise almost identically to D(B, o, ¢) and
D, (B,0,c), as the middle nuclei of these algebras are equal to B. First note

the following result:
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Lemma 4.3.11. Let D = D(B,0,c), D' = D(B’, ¢,d) be two Dickson algebras
over F. If there exists an F-isomorphism 7 : B — B’ such that Too = ¢porT
and 7(c) = db® for some b € F*, then T Nue(p): Nuey(D) — Nucey(D') ids an

F-isomorphism.

Proof. As with the proof of Lemma [4.2.11] we only need to show that

(7 |Nye,(p)) = Nuey(D').

First, consider x € Nucy(D). It follows that x must satisfy co(k) = ke
Applying 7 to both sides of the equation and substituting in the condition

on 7(c), we obtain

db* (o (k)) = 7(k)db®.

As b € ¥, we can cancel this from both sides. After substituting oo = ¢or,

this yields d¢(7(k)) = 7(k)d and thus 7(k) € Nuc;(D’). Hence
(7 |Nue,(p)) € Nue (D).

In order to show equality, we follow an analogous process to the one in the

proof of Lemma [4.2.11] O

It is clear that the above proof also holds when considering the right nucleus
of D,(B,o,c), as this is equal to the left nucleus of D(B,0,c). We will always
assume that B, B are central simple division algebras over F. We now give a

proof of the generalisation of Theorem |4.2.12}

Theorem 4.3.12. Let D = D(B,o,c¢) and D' = D(B’,¢,d) be F-algebras.
Then G : D — D' is an isomorphism if and only if G has the form

G(z,y) = (7(z),7(y)b)

for some F-isomorphism 7 : B — B’ such that ¢oT = 700 and 7(c) = db?

for some b € F*.

Proof. Suppose G : D — D’ is an F-isomorphism. Then G maps the middle
nucleus of D to the middle nucleus of D', so by Theorem this implies
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B = B’. This means G restricted to B must be an isomorphism which maps to
B’; that is, G|p= 7 : B — B’, so this yields G(z,0) = (7(z),0) for all z € B.
Let G(0,1) = (a,b) for some a,b € B’. Then we have G(z,y) = G(z,0) +
G(0,1)G(y,0) = (7(z) +ar(y), 7(y)b), and G(z,y) = G(x,0) + G(y,0)G(0,1) =
(1(z) + 7(y)a,br(y)). This implies that a,b € Z(B') = F.

As G is multiplicative, it follows that G((0,1)2) = G(0,1)? which holds if and
only if (a,b)(a,b) = (7(c),0). From this, we obtain the equations

a? + de(b*) = 7(c), ab-+ba = 0.

Since we established that a,b € F, this simplifies to a® + db®> = 7(c) and
2ab = 0. As F does not have characteristic 2, this implies that either a = 0 or
b=0. If b =0, then G(z,y) = (7(z) +7(y)a,0) and so G is not surjective.
This is a contradiction, as GG is an isomorphism. Thus a = 0 and we obtain
db® = 7(c).

Finally, as G is multiplicative it follows that G(u,v)G(z,y) = G((u,v)(x,y))
for all u,v,x,y € K. Computing both sides of this equation, we get

(7(uz) +dp(T(v)or (y)b), T(uy)b+ 7(v)b7 () = (T(ux + co(vy)), T(uy +vr)b)

for all u,v, 7,y € K. As b € F, this implies db’*¢(7(vy)) = 7(co(vy)). After
substituting the condition 7(c) = d¢(b?), we conclude poT = To00.

Conversely, let G : B® B — B’ @® B’ be defined by G(z,y) = (7(x), 7(y)b) for
some F-isomorphism 7 : B — B’ such that ¢ o7 = 700 and 7(c) = db* for
some b € F*. By Lemma and Lemma , we see that G maps the
nuclei of D isomorphically to the nuclei of D’. Thus, it is easily checked that
this G gives an F-algebra isomorphism from D to D’. O

Theorem 4.3.13. Let D = D,(B,o0,c) and D' = D,(B’,$,d) be F-algebras.
Then G : D — D' is an isomorphism if and only if G has the form

G(z,y) = ((z),7(y)b)

for some F-isomorphism 7 : B — B’ such that goT = 700 and 7(c) = db?

for some b € F*.
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Proof. The proof is analogous to Theorem as the middle nuclei of
D, (B,o,c) and D,(B’, ¢,d) are equal to B and B’ respectively. Due to this, we

can construct the isomorphisms in the same way as in the previous proof. [

Corollary 4.3.14. Let D = D(B,0,¢) (resp. Dy(B,0,¢c)) and D' = D(B, ¢,d)
(resp. Dp(B,¢,d)) be F-algebras. Then G : D — D' is an isomorphism if and
only if G has the form

G(z,y) = (7(x),7(y)b)
for some F-isomorphism 7 € Autp(B) such that o7 = 700 and 7(c) = db?

for some b € F*.

Corollary 4.3.15. Ifc € F* andd € B*\ F, then D(B, o, ¢) is not isomorphic
to any of D(B,o,d), Dpn(B,0,d) or D.(B,o,d).

Proof. If D(B, 0, ¢) is isomorphic to one of D(B, o,d) or D, (B, c,d), by Corollary
there must exist some b € F* such that ¢ = db®. This impliesd = cb™? €
F*, which is a contradiction.

Finally, if D,,(B,0,d) = D(B,o,c), then the middle nuclei of the two algebras
must be isomorphic; that is, B = {k € B | o(k)d = do(k)}. This is satisfied if

and only if d € F'*, contradicting our assumption. O

Note that we cannot use an analogous proof to the one in Theorem to
determine the isomorphisms of Dy, (B, o, ¢), as the middle nucleus is not equal

to B. We obtain some weaker results:

Lemma 4.3.16. If Fix(o) % Fix(¢), then Dy, (B,0,¢) 2 Dy (B', ¢,d) for any

choice of c € B* and d € B'*.

Proof. If Dy (B, 0,¢) = Dy (B, ¢,d), the left nucleus of D, (B, o, ¢) is mapped
isomorphically to the left nucleus of D,,(B’, ¢,d). By Lemmal4.3.4] this implies
Fix(o) = Fix(¢). ]

Theorem 4.3.17. Let D = D,,(B,0,¢) and D' = D, (B, ¢,d) be F-algebras.
If 7 : B — B’ is an F-isomorphism such that o1 = 700 and 7(c) = db?
for some b € F*, there is an isomorphism G : D — D' given by G(x,y) =
(7(x),7(y)b) for all z,y € B.
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Proof. Clearly this is an F-vector space isomorphism from B @ B to B’ ® B’
as it is additive, bijective and F-linear. To show this map is multiplicative and
thus an F-algebra isomorphism, we consider G(u,v)G(x,y) = G((u,v)(z,y)).
This is equivalent the equations
7(u)7(z) + ¢(7(v)b)de(7(y)b) = 7(uz + o (v)co(y)),
7(u)7(y)b+ 7(v)br(2) = 7(uy + vz)b.

As b € F*, this is equivalent to simply considering

o(1(0)db?*é(7(y)) = T(0(v))7(c)7(0(y)).

Substituting 7(c) = db?, we conclude that this is satisfied for all v,y € B as

we assumed ¢poT = T7oo. Hence G : D — D' is a F-algebra isomorphism. [

4.3.2  Automorphisms

Theorem 4.3.18. Let D = D(B,o,c¢) (resp. D = D,(B,0,c)). All automorphisms
G :D — D are of the form

G(u,v) = (7(u), 7(v)d)

for some T € Autp(B) such that 7 € C(o) and b € F* satisfying 7(c) = cb?.
Further, all maps of this form with T € Autp(B) and b € F* satisfying these

conditions yield automorphisms of D.

Proof. Suppose that G : D — D is an F-automorphism. Then G restricts to
an automorphism of the middle nucleus of D. This means that G restricted to
B must be an automorphism of B; that is, G |p= 7 € Autp(B), so we have
G(z,0) = (7(2),0) for all z € B.

Let G(0,1) = (a,b) for some a,b € B. Then we have

G(z,y) = G(x,0) + G(0,1)G(y,0) = (1(x) + at(y), 7(y)b),

and G(z,y) = G(z,0) + G(y,0)G(0,1) = (7(x) + 7(y)a, br(y)). This implies
that a,b € Z(B') = F.
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As G is multiplicative, we must also have G((0,1)?) = G(0,1)? which holds
if and only if (a,b)(a,b) = (7(c),0). From this, we obtain the equations a? +
cp(b?) = 7(c) and ab+ ba = 0. Since we have a,b € F, this simplifies to
a? + cb?® = 7(c) and 2ab = 0. As F does not have characteristic 2, this implies
either a = 0 or b = 0. If b = 0, then G(x,y) = (7(z) + 7(y)a,0) and so G
is not surjective. This is a contradiction, as G is an automorphism. Thus we
conclude @ = 0 and cb? = 7(c).

Finally, as G is multiplicative we have G(u,v)G(z,y) = G((u,v)(z,y)) for all
u,v,2,y € K. When D = D(B, 0, ¢), this yields

(7(uz) + co(r(v)br(y)b), T(uy)b+ 7(v)br(x)) = (7(uz + co(vy)), T(uy + vx)b)

for all u,v,z,y € K. As b € F, this implies we must have cb’c(7(vy)) =
7(co(vy)). After substituting the condition 7(c) = c¢(b?), we get coT = To00.
This follows almost identically for D,.(B,a,c).

Conversely, let G : B& B — B @ B be defined by G(z,y) = (7(z),7(y)b) for
some F-automorphism 7 : B — B such that co7 = 700 and 7(c) = cb?
for some b € F*. It is easily checked that this in fact gives an F-algebra

automorphism of D. O
Corollary 4.3.19. Let D = D(B,o0,¢) (resp. D = D,(B,o,c)). There is a
subgroup of Autg (D) isomorphic to

{reAutp(B) | 7(c)=candTooc =coT1}.

In order to describe the number of automorphisms of D(B, o, ¢) and D, (B, o, ¢),

we introduce a slightly different version of the group J(c):

Jr(c) = {r € Autp(B) | X2 — 7(c)c™ ! = 0 has solutions in F} C Autyp(B).
Similarly to J(c), this forms a subgroup of Autg(B). The proof of this follows
identically to the proof of Theorem [4.2.20]

Theorem 4.3.20. There are exactly 2 |Jp(c) N C(o)| automorphisms of D(B, o, ¢)
(respectively D, (B, a,c)), each of which is given by the automorphisms G(x,y) =
(7(z),7(y)bi) for each T € Jp(c)NC(c), where by € F are the two solutions
of X2 —71(c)ct =0 fori=1,2.
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Proof. The proof follows analogously to the proof of Theorem apart from
requiring that b; € F'*. This is due to the constraints determined in Theorem

1318 O

Corollary 4.3.21. Ifc € F*, then there are exactly 2 |C(o)| automorphisms of
D(B,o,c), each of which is given by the automorphisms G(x,y) = (7(z), £7(y))
for each T € C(0).

Proof. This follows similarly to Corollary [4.2.26] O

An integral part of the proof given in Theorem [4.3.18]is that one of the nuclei
of these algebras must be equal to B and so any automorphism of D(B, o, c¢)
must restrict to an automorphism of B. For D,, (B, 0, ¢) with ¢ € F*, B is not
equal to any of the nuclei so we cannot make this deduction. However, if we
assume that an automorphism of D,,(B, o, ¢) restricts to an automorphism of
B, then it must be of the same form as the automorphisms of the other Dickson

algebras:

Theorem 4.3.22. Let D = D,,(B,0,c) and suppose G is an automorphism

which restricts to an automorphism of B. Then
G(u,v) = (7(u), 7(v)b)
for some 7 € Autp(B) such that T € C(0) and b € F* satisfying 7(c) = cb>.

Proof. The proof follows analogously to Theorem as G restricts to an

automorphism of B. O

4.4 GENERALIZED DICKSON ALGEBRAS

We now consider a generalisation of Knuth’s construction. Let D be a central
simple associative division algebra of degree n over F' with nondegenerate
multiplicative norm form Np,p: D — F. Given 0; € Autp(D) fori =1,2,3,4

and ¢ € D*, define a multiplication on the F-vector space D & D by

(u,0) (2.y) = (uz+ o1 (v)ra(y), 03wy + voa(2)).
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Recall that we denote the F-vector space endowed with this multiplication
by Cay(D,c,01,02,03,04). We can also define an analogous multiplication on
K @ K for a finite field extension K/ F for some ¢ € K* and 0; € Autp(K). We
similarly denote these algebras by Cay(K, ¢, o1,09,03,04). This yields unital
F-algebras of dimension 2dimp (D) and 2[K : F| respectively. When o4 = id,
our multiplication is identical to the one used in the construction of generalized
Dickson semifields. For every subalgebra £ C D such that ¢ € E* and o; |p=
¢i € Autp(FE) for i = 1,2,3,4, it is clear that Cay(FE,c, ¢1, d2, 3, P4) is a

subalgebra of Cay(D, ¢, 01, 02,03,04).
Theorem 4.4.1. (i) If Np,p(c) # Np,r(a)? for all a € D*, then

Cay(D,c,01,092,03,04) is a division algebra.

(i) If K is separable over F and N /p(c) # N p(a)? for alla € K*, then
Cay(K,c,01,09,03,04) is a division algebra.
This follows analogously to Theorem [4.1.5]
Remark 4.4.2. If FF = ;s and K = F,r is a finite extension of F, then
Autp(K) is cyclic of order /s and is generated by ¢°, where ¢ is defined by the
Frobenius automorphism ¢(x) = 2P for allz € K. Then A = Cay(K, ¢, 01,02,03,04)
is a division algebra if and only if ¢ is not a square in K. The proof of this is

analogous to the one given in [36] p. 53].

Although it appears that we obtain some additional semifields from the
doubling process that were not considered in [36], we show that this is not

the case:

Theorem 4.4.3. Let D and D" be two central simple F-algebras (respectively,
K and L finite field extensions of F) and g,h : D — D’ be two F-algebra
isomorphisms. Let Ap = Cay(D, c,01,02,03,04) and Bpy = Cay(D', g(c)b?, 1, d2, ¢3, ¢4)
for some b € F* (resp. A = Cay(K,c,01,09,03,04) and
By, = Cay(L, g(c)p1(b)p2(b), ¢1, d2, @3, d4) for some b e K*). If

¢ =gooioh ! fori=1,2, (11)

¢ =hoajog ! fori=34, (12)
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then the map G : A — B, G(u,v) = (g(u),h(v)b) defines an F-algebra

isomorphism.

Proof. We show the proof in the central simple algebra case. It follows analogously
when we take field extensions K and L. Clearly G is F-linear, additive and
bijective. It only remains to show that G is multiplicative; that is, G((u,v)(z,y)) =
G(u,v)G(x,y) for all u,v,z,y € D. First we have

G(u,0)G(2,y) =(g(u), h(v)b™") (g(x), h(y)b~")
=(g(w)g(x) + g(e)b?d1(h(v)b™ )2 (h(y)b~"),
#3(g(u))h(y)b™" + h(v)b™ ¢a(g(x)))
=(g(uz) + g(c) 1 (n(v))d2(h(y)), [¢3(g(w))h(y) + h(v)pa(g(x))]b~").

It similarly follows that

G((u,0)(z,y)) =G (uz + cor(v)oa(y), o3(u)y + vou(z))
=(g(uz + co1(v)oa(y)), hos(u)y + vou(w))b~")
=(g(uz) +9(c)g(01(0)g(02(y)), [h(o3(u) h(y) + h(v)h(oa(2))]b7).

By and , we obtain equality and thus G is an F-algebra isomorphism.
O

Corollary 4.4.4. Let g,h € Autp(D) (resp. Autp(K)) and b € F* (resp.
be K*). Let Bp = Cay(D, g(c)b?, é1, b2, 3, ¢4)
(resp. B = Cay(K, g(c)¢1(b)p2(b), ¢1, 2, ¢3, P4) for some b e K*). If

¢i =goo;oh™! fori=1,2,
¢i =hoaojog ! fori=34,

then the map G : A — B, G(u,v) = (g(u),h(v)b) defines an F-algebra

isomorphism.

Corollary 4.4.5. Fvery generalised Dickson algebra Ap = Cay(D, ¢, 01,09,03,04)
is isomorphic to an algebra of the form Cay(D, ¢, o7, 04, 05,id) (analogously for

the algebras Ak ).
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Proof. Consider the map G : D@ D — D@ D defined by G (u,v) = (u, 05 *(v)).
By Theorem [£.4.3] this yields the isomorphism

~ -1 :
Cay(D,c,01,092,03,04) = Cay(D,c,01004,09004,0, ©03,id).
]

This confirms that when K is a finite field, every algebra obtained from this
construction is isomorphic to a generalized Dickson semifield. Thus, for finite
fields the results given in [36] can be translated across to this construction via
the isomorphism given in Corollary This motivates the investigation of
analogue results for the construction with both an associative division algebra
D/ F and a finite field extension K/ F in the following sections, which have not

been considered previously.

4.4.1 Commutator and nuclet

Unless otherwise stated, we will write Ap = Cay(D, ¢, 01,09,03,id) and A =
Cay(K,c,01,09,03,id) without loss of generality; if o4 # id, we may use

Corollary to obtain an isomorphic algebra Cay(D, ¢, o, 05, 0%, id).

Proposition 4.4.6. If 01 = o3 and o3 = id, Comm(Ap) = F@® F and Ak
is commutative. Otherwise, Comm(Ap) = F& S, where S = {v € D | yv =
voytooy(y) and o3(y)v = vy}, and Comm(Ag) = Fix(o3) @0 C K.

Proof. We compute this only for Ap as the computations for A follow analogously.
By definition, (u,v) € Comm(Ap) if and only if for all z,y € D, (u,v)(z,y) =
(x,y)(u,v). This is equivalent to

ux + coq(v)o2(y) =zu + co1(y)o2(v), (13)

os(u)y + ve =os3(x)v + yu, (14)

for all z,y € D. If y = 0 and = # 0, the first equation implies u € Z(D) = F};

if x =0 and y # 0, we must have v € D satisfies 01(v)o2(y) = o1(y)o2(v).
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If we let y € F, then we have o1(v) = o2(v). If we use this condition in (13)),

1

we see that v € D must satisfy yv = voy] " o oa(y) for all y € D. Under these

assumptions on u and v, is satisfied for all x,y € D. Similar deduction
yields that is satisfied for all x,y € D if and only if o3(x)v = vz. O

Remark 4.4.7. If Comm(Ag) € K, then o1 = 09 and 03 = 04 = id by
Lemma [£.4.6, Hence, every such algebra is isomorphic to the generalisation of
commutative Dickson algebras as defined in [59).
Proposition 4.4.8. (i) Suppose that at least one of the following holds:

o 09 #1d,

e 01 # 092003,

e 01 # 03003.

Then Nuc;(Ap) = {(2,0) € D& D | 01 003(x) = clac} C D@0 and

NUCZ(AK) = FiX(O’l 0(73) d0C KdO.

(7i) Suppose that at least one of the following holds:

o there exists some x € D (resp. K ) such that o1 0 03(x) # ¢ lac,

e 09 # id,

e for allv € D, there exists some x € D (resp. K ) such that
03(0)03(01($))03(02(U)) 7é :L‘CO’l(U).

Then Nucy, (A) = Fix(o3 ooy ooy) @0 for both A = Ap and A = Ag.

(7ii) Suppose that at least one of the following holds:
o there exists some x € D (resp. K) such that o1 0 o3(x) # ¢ lac,
e 01 # 02003,
e for all y € D, there exists some z,2' € D (resp. K) such that
a3(c)os(o1(x))r'y # xea'oa(y).

Then Nuc,(A) = Fix(o2) ® 0 for both A = Ap and A = Ag.
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Proof. (i) First consider all elements of the form (k,0) for k € D. Then (k,0) €
Nuc;(Ap) if and only if we have ((k,0)(u,v))(z,y) = (k,0)((u,v)(x,y)) for

all u,v,z,y € D. Computing this directly, we obtain the equations

kuz + coy(o3(k)v)oa(y) =kux + kcoy(v)oa(y),

o3(ku)y + o3(k)ve =o3(k)os(u)y + o3(k)vz.

These hold for all u,v,z,y € D if and only if cojoo3(k) = ke, ie. we

have o1 0 03(k) = ¢ 'kc. The same calculations yield that this holds for all

u,v,z,y € D if and only if o1 0 o3(k) = k.

The associator is linear in each component, so we have [(k,m), (u,v), (z,y)] =

[(k,0), (u,v), (z,y)] + [(0,m), (u,v), (x,y)]. It is clear that is (k,0), (0,m) €
Nuc;(Ap), then (k,m) € Nuc;(Ap). Conversely, suppose (k,m) € Nuc;(Ap).

As [(k,m), (u,v), (x,y)] = 0 is satisfied for all u,v,x,y € D, we consider x =

u = 0; from this, we obtain co (03(k)v)oa(y) = keoi(v)o2(y) must be satisfied

for allv,y € D. Comparing this with the computations for ((k,0)(u,v))(x,y) =
(k,0)((u,v)(x,y)), we see that these conditions are identical. So (k,m) €
Nuc;(Ap) implies (k,0) € Nuc;(Ap). As[(0,m), (u,v), (z,y)] = [(k,m), (u,v), (z,y)] —
(,0), (u,0),

z,y)] and Nuc;(Ap) is closed under addition, it is clear that
(O,m) S NUCI(AD)

. Thus it follows that (k,m) lies in the left nucleus if and
only if (k,0) and (0,m) are both also in the left nucleus. Thus to show that
there are no other elements in the left nucleus, it suffices to check that there
are no elements of the form (0,m), m € D, in Nuc;(Ap).

If (0,m) € Nuc;(Ap), then for all u,v,z,y € D we have ((0,m)(u,v))(z,y) =
(0,m)((u,v)(z,y)). This holds for all u,v,z,y € D if and only if

cor(m)]o2(v)z +o1(u)oz(y)] = cor(m)[oa(v)oa(z) + o2(03(u))oa(y)],

o3(co1(m)o(v))y = meoi(v)oa(y).

When m = 0, this is satisfied for all u, v, x,y € D. If m # 0, we consider various
elements of D in order to determine some conditions on the ¢;. For example,
substituting v = z = 0 and y = 1 yields that o1(u) = o2(03(u)) for all u € D;

ie. 01 = ogo003. Via other similar choices of u,v,x and y, we obtain the
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additional conditions that 01 = 03002 and o2 = id. Under these assumptions,
we see that there may exist some m # 0 such that ((0,m)(u,v))(z,y) =
(0,m)((u,v)(x,y)) for all u,v,z,y € D.

(ii) and (iii) follow analogously: we first determine all elements of the form
(k,0) in Nuc,,(A) and Nuc, (A) respectively. As the associator is linear in the
each component, it then suffices to look at the elements of the form (0,m). As

in (i), we determine these conditions by considering various elements of D.

]

Corollary 4.4.9. Ak is associative if and only if Ax = Cay(K,¢,0,id,0,id)
for some o € Autp(K) such that 0® = id and ¢ € Fix(c). That is, Ak is a

quaternion algebra over Fix(c).

As the center of A is defined as Z(A) = Comm(A) N Nuc;(A4) N Nuc,, (A) N
Nuc,(A), we see that Z(Ag) C K unless 01 = 09 = o0 and 03 = 04 =
o L If A = Cay(K,c,0,0,071,071) for some o € Autp(K), then Ak is a

commutative, associative algebra.

4.4.2 Isomorphisms

In certain cases, the maps defined in Theorem and Corollary [4.4.4] are the
only possible isomorphisms between two algebras constructed via our generalised

Cayley-Dickson doubling:

Theorem 4.4.10. Let Ax = Cay(K,c,01,09,03,id) and By, = Cay(L,d, ¢1, b2, ¢3,id).
Suppose that G : Ax — By, is an isomorphism that restricts to an isomorphism

g: K — L. Then G is of the form G(z,y) = (g(x), g(y)b) such that ¢;og =

gooj fori=1,2,3 and some b € L* such that g(c) = ' $1(b)p2(b).
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Proof. Suppose G is an isomorphism from A to By such that G|g=g¢: K —
L is an isomorphism. Then for all z € K, we have G(z,0) = (g(z),0). Let
G(0,1) = (a,b) for some a,b € L. As G is multiplicative, this yields
G(x,y) =G(x,0) + G(o3 ' (y),0)G(0,1)
—(9(2),0) + (5003 (4)),0) (0,
=(g(x) +9(05 (4))a, d3(9(05 " (1)))D),

and

G(z,y) =G(x,0) + G(0,1)G(y,0)
(9(x),0) + (a,0)(g(y),0)

(9(x) +g(y)a,bg(y)).

It follows that either ¢30go oy = g or b = 0. However, if b = 0 this would
imply that G was not surjective, which is a contradiction to the assumption
that G is an isomorphism. Thus it follows that ¢30goo3 I = 4. Additionally,
we have either goc73_1 =gora=0.

Consider G((0,1)?) = G(0,1)2. This gives (a® 4+ '¢1(b)p2(b), ¢3(a)b + ba) =
(g(c),0). As we have established that b # 0, this implies that ¢3(a) = —a. If
a # 0, we obtain g o 03_1 = ¢. Substituting this into the condition ¢30 go 03_1 =
g, we conclude that ¢3 = id. This contradicts ¢3(a) = —a. Thus we must
in fact have a = 0 and G(z,y) = (9(z),g(y)b) where ¢309 = go o and
g(c) = de1(b)g2(b). Computing G(u,v)G(z,y) = G((u,v)(z,y)) gives the

remaining conditions. [

As the isomorphism defined in Corollary restricts to an automorphism
of K, Corollary can be employed in conjugation with the above result
to determine isomorphisms when o4 # id or ¢4 # id. The proof of Theorem
does not hold when we consider the algebras Ap, as we rely heavily on

the commutativity of K.

Corollary 4.4.11. Suppose that G : Ax — Bpg is an isomorphism that
restricts to an automorphism g of K. Then G is of the form G(x,y) =
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(9(x),9(y)b) such that ¢p; 0 g = goo; fori = 1,2,3 and some b € K* such
that g(c) = ' ¢1(b)Pa(b).

If Nuc;(A) = Nugy(B) = K, all isomorphisms from A — B must restrict to
an automorphism of K’; similar considerations are true for restrictions to the

middle and right nuclei. It follows that we can determine precisely when two

such algebras are isomorphic by Corollary

Corollary 4.4.12. Suppose that G : Ax — Bpg is an isomorphism that
restricts to an automorphism of K. If K is a separable extension of F, we

must have Ng ,p(cd ™) = Ny, p(b?) for some b € K*.

Proof. Suppose G : Ag — B is an isomorphism that restricts to an automorphism

of K. By Theorem |4.4.11] we have g(c¢) = ¢1(b)¢2(b). Applying norms to

both side, we obtain

Ni/p(9(e)) = Ni/p(c'¢1(0)d2(b)).

As K is a separable extension of F, it follows that Ng,p(g9(z)) = Nk, p(x)
for all z € K, g € Autp(K). This yields N, p(c) = Ng, p(db?). As ¢ € K*

and N, p is multiplicative, we conclude that N, p(cc™1) = Ng,p(b?). O

Example 4.4.13. Let F' = Q,, (p # 2) and K be a separable extension of Q,,.
It is well known that (Q,)*/Q, = {[1], [u], [p], [up]} for some u € Z,,\ Z2. 1f
Nk, r(c) and Ng,p(c’) do not lie in the same coset of (QZf)Q/Qp, there does

not exist an isomorphism that restricts to K such that Cay (K, ¢, 01,09, 03,04) =

Cay (K, c, g1, $2, ¢3,¢4) by Corollary [4.4.12]

4.4.3 Automorphisms

Theorem 4.4.14. Let g € Autp(D) (resp. Autp(K)) such that g commutes
with o1, 09,03 and letb € F* (resp. b € K* ) such that g(c) = b*c (resp. g(c) =
o1(b)o2(b)c). Then the map G : A — A defined by G(u,v) = (g(u), g(v)b) is

an automorphism of Ap (resp. Ak ).
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This is easily checked via some long calculations.

Theorem 4.4.15. Suppose that at least one of Nuc;(Ag ), Nucy, (Ak ), Nuc, (Ax)

is equal to K. Then G : Ax — Ag is an automorphism of Ag if and only if G
has the form stated in Theorem [].4.14)

Proof. Let A = Ag. Suppose G € Autp(A) and Nuc;(A) = K. Asautomorphisms
preserve the nuclei of an algebra, G restricted to Nuc;(A) must be an automorphism
of K; that is, G |g= g € Autp(K) and so we have G(z,0) = (g(x),0) for all

r e K.

If Nug;(A) # K, by our assumptions one of Nucy,(A) or Nuc, (A) are equal to

K. In either case, we can use an identical argument by restricting G' to Nucy, (A)

or Nuc, (A) respectively. As automorphisms preserve the nuclei of an algebra,

G restricted to Nucy, (A) (respectively Nuc,(A)) must be an automorphism of
K. Let G(0,1) = (a,b) for some a,b € K. Then

G(w,y) =G(2.0) + G(o5 ' (),0)G(0,1)

=(g(z) + goos'(y)a,o30g005' (y)b),
and also

G(z,y) =G(x,0) + G(0,1)G(y,0)

=(g(z) +g(v)a, g(y)b)

for all z,y € K. Hence we must have go o3 ' (y)a = g(y)a for all y € K, which
implies either o3 = id or a = 0. Additionally we have 030 go oz (y)b = g(y)b.
If b = 0, this would imply G(z,y) = (g(x) + g(y)a,0), which is a contradiction
as it implies G is not surjective. Thus we must in fact have o300 gooz!(y) =
g(y) for all y € K.

Now we consider G((0,1)?) = G(0,1)?. This gives (a,b)(a,b) = (g(c),0),

which implies

a? + co1(b)oa(b) =g(c),

o3(a)b+ ba =0.
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If o3 # id, we already know that a = 0. On the other hand if o3 = id, we
obtain 2ab = 0. As K has characteristic not 2 and b # 0, this implies a = 0.
In either case, we obtain coy(b)o2(b) = g(c) and G(u,v) = (g(u), g(v)b) with
0309 = goos.

Finally we consider G(u,v)G(z,y) = G((u,v)(z,y)) for all u,v,z,y € K. We
obtain (g(u),g(v)d)(g9(x),9(y)b) = (g9(uv + co1(v)a2(y)), g(os(w)y + va)b)

which gives the equations

ca1(g(v)b)aa(g(y)b) =g(c)g(o1(v)oa(y)),

a3(g(u))g(y)b+ g(y)g(x)b =g(o3(u)y + va)b.

As goos = 030 g, the second equation holds for all u, v, z,y € K. Substituting
g(c) = coy(b)oa(b) into the first equation, we obtain o1(g(v))o2(g(y)) =
g(o1(v))g(o2(y)) for all v,y € K. This implies 01 0 g = gooj and o909 = go
oy. Hence if G is an automorphism of A we must have G(u,v) = (g(u), g(v)b)
for some g € Autp(K) such that go f = fog for f = 01,09,03 and some
b € K* such that g(c) = o1(b)oa(b)e. O

Corollary 4.4.16. Suppose that at least one of Nuc;(Ag ), Nucy, (Ax), Nue, (Ag)
is equal to K and Autp(K) = (o). Then G : Ax — Ak is an automorphism
of A if and only if G(u,v) = (o%(u), 0 (v)b) for some i € Z and b € K*
satisfying o' (c) = co®2(b)o2(b).

In the case when doubling an associative division algebra, we obtain a partial

generalisation of Theorem4.4.15| Recall that we assume Ap = Cay(D, ¢, 01, 02, 03,id).

Lemma 4.4.17. Let G € Aut(Ap) be such that G |p= g € Autp(D). Then
there must exist some a,b € D, b # 0, such that for all y € D,

ag(y) = goos*(y)a,

bg(y) = 0309005 (y)b.

131



4.4 GENERALIZED DICKSON ALGEBRAS

Proof. Suppose G |p= g € Autp(D). Then for all x € D, we obtain G(z,0) =
(9(2),0). Let G(0,1) = (a,b) for some a,b € D. It now follows that

G(x,y) =G(x,0) + G(o3 ' (y),0)G(0,1)
=(g(z) + gooz'(y)a,a30g005 "' (y)b),

and also

G(z,y) =G(x,0) + G(0,1)G(y,0)

=(g(x) +ag(y),bg(y)).

Setting these two equivalent expressions for G(x,y) equal to each other yields
the result. Note that if b = 0, G would no longer be surjective, which would
contradict our assumption that G € Aut(Ap). O

Theorem 4.4.18. Let G € Aut(Ap) be such that G |p= g € Autp(D). If
o3 =id, then G : Ap — Ap must have the form as stated in Theorem [{.4.1]).

Proof. Suppose G |p= g € Autp(D). Substituting o3 = id into Lemma [4.4.17]
we see that G(0,1) = (a,b) for some a,b € D such that

This is satisfied for all y € D if and only if a,b € F and so G(z,y) = (g(x) +
g(y)a, g(y)b). The remainder of this proof follows almost exactly the same to

Theorem [.4.15
Now we consider G((0,1)?) = G(0,1)2. This gives (a,b)(a,b) = (g(c),0),

which implies

a? + co1(b)oa(b) =g(c)
ab+ ba = 0.
Asa,b € F, the second equation is equivalent to 2ab = 0. As F has characteristic
not 2, this implies a = 0 or b = 0. If b = 0, G would not be surjective, which

contradicts our assumption that G is an isomorphism. Thus we must have

a = 0 and so we obtain g(c) = cb? and G (u,v) = (g(u), g(v)b).

132



4.4 GENERALIZED DICKSON ALGEBRAS

Finally we consider G(u,v)G(z,y) = G((u,v)(z,y)) for all u,v,z,y € D. We
obtain (g(u), g(v)b)(¢9(), 9(y)b) = (9(uv +co1(v)aa(y)), g(uy + vw)b), which

gives the equations

ca1(g(v)b)oa(g(y)b) =g(c)g(o1(v)oa(y)),
g(u)g(y)b+ g(y)g(x)b =g(uy + vr)b.

After substituting cb?® = g(c), we conclude that this is satisfied for all z, 3, u,v €

D if and only if we have 0109 = gooy and o909 = goos. [

For o4 # id, this is equivalent to assuming that o3 = oy.
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