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Abstract

Calcium (Ca2+) is a signalling messenger that is crucial to cellular function,

controlling a diverse range of processes such as apoptosis, cell proliferation

and muscle contraction. Store operated Ca2+ entry (SOCE) is a specific path-

way coupling depletion of the Ca2+ stores within the endoplasmic reticulum

(ER) to Ca2+ influx through Orai channels on the plasma membrane. SOCE

occurs in small sub-cellular regions called ’ER-PM junctions’ which are typi-

cally less than 300nm in diameter. The small size of these domains prevent

direct measurement of the Ca2+ signals as current Ca2+ imaging techniques

cannot resolve the local signals within ER-PM junctions. The Ca2+ signals as-

sociated with SOCE control many downstream cellular processes, such as gene

expression and immune responses. There is substantial evidence demonstrat-

ing that the placement of the Ca2+ signalling machinery, including Orai chan-

nels and SERCA pumps, is vital to the generation of spatially distinct Ca2+

signals which then enhance the selectivity of the Ca2+ signal. However, ex-

perimental techniques cannot investigate the local Ca2+ dynamics occurring

on a spatial scale of micrometres so mathematical modelling techniques can be

used to close this gap in understanding how the local Ca2+ dynamics affect the

experimentally observed global Ca2+ dynamics.

In this thesis, we construct a three dimensional spatio-temporal model of Ca2+

dynamics and investigate the relationship between the placement of core com-

ponents of the Ca2+ signalling machinery, e.g. Orai channels and SERCA

pumps, and the spatial Ca2+ profiles generated as well as the rates of ER re-

filling observed. The model includes a spatially extended ER-PM junction to

examine the spatial signature of the Ca2+ profiles generated and a spatially ex-

tended sub-PM ER to examine the impact of Orai channel and SERCA pump

placement on ER refilling dynamics. The model is the first to include spatially

extended versions of both the ER-PM junction and sub-PM ER. In this thesis,

we first focus on the construction of the spatio-temporal model and the solu-
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tion techniques used to solve the model. We implement a semi-analytical so-

lution using Green’s functions to calculate the analytical solution of the spatial

component of the diffusion equation and use numerical time stepping meth-

ods in MATLAB to evolve the spatial Ca2+ profile over time. We compare

the predictions of the model to expected biological outcomes and then use the

model to investigate how the placement of Orai channels, and in particular

how clustering of Orai channels, creates spatially distinct Ca2+ profiles. We

then examine whether the spatial Ca2+ profile affects ER refilling and what

factors control ER refilling.

We find that Orai channel clustering creates spatially distinct Ca2+ profiles

within the ER-PM junction but does not enhance ER refilling. ER refilling is

more strongly controlled by the proximity of SERCA pumps to Orai channels.

In fact, the placement of SERCA2b pumps weakly affects ER refilling but the

major regulator of ER refilling is the placement of SERCA2a pumps within

the ER-PM junction. However, ER refilling continues, albeit at reduced rates,

regardless of Orai channel and SERCA pump placement which suggests that

other factors, such as the geometry of the ER-PM junction, could be important

regulators of ER refilling.

This work is relevant to experimental biologists and mathematicians within

the Ca2+ signalling community as the Ca2+ signals generated within the ER-

PM junction are crucial for advancing the understanding of how Ca2+ signals

regulate cellular function. The local Ca2+ dynamics are important regulators

of whole cell Ca2+ dynamics and so mathematical methods allowing rigor-

ous investigation of the mechanisms controlling local Ca2+ signalling will be

invaluable to furthering our understanding of how SOCE regulates cell func-

tion.
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Chapter 1

Introduction

1.1 Motivation

Calcium (Ca2+) is frequently referred to as a promiscuous intracellular mes-

senger because it is involved in many cellular functions, such as apoptosis,

gene expression and cell proliferation [21,67]. A recent addition to the calcium

field is the store operated calcium entry (SOCE) pathway. It was discovered

in the mid-1970s and is the only pathway coupling the depletion of endoplas-

mic reticulum (ER) Ca2+ stores to Ca2+ influx through store operated Ca2+

(SOC) channels [61, 65, 65]. In the mid-2000s the key regulators of SOCE were

discovered [26] and it was well known that SOCE was crucial to a plethora

of cellular functions, such as gene expression [72], and abnormal SOCE was

linked to immunodeficiency diseases, such as severe combined immune de-

ficiency (SCID) [26]. SOCE occurs in small subcellular regions called ER-PM

junctions, typically less than 300nm in diameter, and the most prominent SOC

channel is the Orai channel, which has a much smaller single channel current

than other Ca2+ channels, e.g. the L-type voltage channel [55].

SOCE creates highly heterogeneous local Ca2+ signals and the local Ca2+ sig-

nals have been observed to control whole cell cellular functions; therefore,

SOCE is an important regulator of cellular function. The placement of the Ca2+

signalling machinery provides a mechanism for generating spatially distinct

Ca2+ signals and allows greater control over the shape and amplitude of the

Ca2+ signal. In turn, this creates highly versatile Ca2+ signals which could be

used to selectively activate downstream signalling processes.

Experimental techniques allow precise measurement of macroscopic Ca2+ sig-
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nals, for instance whole cell Ca2+ oscillations and levels of gene expression.

However, the small size of the ER-PM junctions precludes direct measurement

of the local Ca2+ concentrations with current Ca2+ imaging techniques. These

local Ca2+ signals are important as they control whole cell Ca2+ signals. Math-

ematical models can close this gap in understanding how local Ca2+ signals

affect global Ca2+ processes by simulating the local Ca2+ signals generated

within ER-PM junctions. Using spatio-temporal modelling we can predict the

shape and amplitude of the spatial Ca2+ signal and thus compare how dif-

ferent arrangements of the Ca2+ signalling machinery affect the spatial Ca2+

profile generated. Mathematical modelling provides a way of investigating the

relationship between the placement of Orai channels and the Ca2+ signals gen-

erated to further understand how SOCE regulates cellular signalling and can

selectively activate downstream signalling processes. ER refilling is a funda-

mental aspect of SOCE and we can use mathematical models to elucidate how

ER refilling depends on the Ca2+ signals generated, for instance the impact of

Orai channel and SERCA pump location on the rate of ER refilling. Mathemat-

ical modelling can be used to investigate the local signalling behaviours and

thus bridge the gap in understanding between microscopic and macroscopic

Ca2+ signals to enhance current insights into local Ca2+ signals such as SOCE.

1.2 Biological literature review

Calcium ions are ubiquitous intracellular messengers and increases in the cy-

toplasmic Ca2+ concentration result in Ca2+ signals which are propagated

throughout the cell [3]. These Ca2+ signals mediate cellular functions, rang-

ing from muscle contraction, which requires a very rapid response, to apop-

tosis, which requires a much slower response [21]. Ca2+ signals are typically

generated by discharges of Ca2+ from intracellular stores such as the endoplas-

mic reticulum (ER), and entry of extracellular Ca2+ through plasma membrane

(PM) Ca2+ channels. The mechanisms controlling such elevations in the cyto-

plasmic Ca2+ concentration are key to understanding how Ca2+ signals are

generated [3, 21].

The Ca2+ concentration in the cytoplasm is kept relatively low, around 100nM,

compared to the Ca2+ concentrations in the extracellular fluid, approximately

1mM, and ER lumen, approximately 400µM, which are much higher [3, 9, 41],

as illustrated in Figure 1.1. When a signalling pathway results in the opening
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Figure 1.1: Illustration of the relative Ca2+ concentrations in cells.

of Ca2+ channels in the PM or ER membrane there is a rapid rush of Ca2+ into

the cytoplasm which increases the cytoplasmic Ca2+ concentration near the

open Ca2+ channels, creating local Ca2+ signals [3].

Store operated Ca2+ entry is the influx of Ca2+ into the cytoplasm through

store operated Ca2+ PM channels in response to the depletion of intracellular

Ca2+ stores of the ER. This method of generating Ca2+ influx is important

to the physiology of eukaryotic cells as abnormal SOCE has been linked to

diseases [56], such as immunodeficiency [26], congenital myopathy [25] and

inhibition of motor control in Purkinje neurons [31, 32].

There are many types of SOC channels and we will focus on the Ca2+ re-

lease activated Ca2+ (CRAC) channel of the PM, one of the principal Ca2+

influx pathways. The discovery of biphasic Ca2+ oscillations in the 1970s

prompted further investigation into the mechanisms behind this oscillatory

behaviour [61]. Putney [61] found that biphasic oscillations were composed

of an initial transient spike in the cytoplasmic Ca2+ concentration followed

by sustained elevation of the cytoplasmic Ca2+ concentration. The sustained

phase depended on the presence of external Ca2+ suggesting that this phase

was triggered by an influx of Ca2+ [42, 61]. In 1981, Putney [65] proposed that

activation of receptors caused depletion of Ca2+ from a cellular pool conse-

quently causing the opening of PM Ca2+ channels and influx of Ca2+.

The process connecting the release of Ca2+ from the ER pool and the influx of

Ca2+ across the PM remained elusive but it was thought that Ca2+ influx could

be a direct consequence of inositol trisphosphate (IP3) activation. Putney [62]

proposed the capacitative calcium entry (CCE) model in which depletion of

the Ca2+ store causes a pathway to open facilitating Ca2+ movement between

the extracellular space and intracellular pool. This hypothetical pathway al-

lows Ca2+ to enter the cytoplasm but ER Ca2+ pumps accumulate the Ca2+ so
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rapidly that there is no sustained elevation of the bulk cytoplasmic Ca2+ con-

centration at this stage. The CCE model allows Ca2+ release and Ca2+ entry

to be controlled by the IP3 receptors (IP3Rs) and the bulk cytoplasmic Ca2+

concentration is not affected until Ca2+ was released from internal stores by

IP3 [62, 64].

Zweifach et al. [88] observed that the Ca2+ current across the PM developed

before the increase in cytoplasmic Ca2+ concentration, which meant Ca2+ in-

flux through PM channels began before Ca2+ released from the ER by IP3 dif-

fused into the cytoplasm. Therefore, the increase in cytoplasmic Ca2+ concen-

tration due to IP3R activation cannot be responsible for Ca2+ influx into the

cell [88]. Further to this, Dolmetsch et al. [20] showed that calcium oscillations

were generated independently of IP3, almost entirely depended on the Ca2+

influx across the PM, and that activation of this influx required at least par-

tial depletion of intracellular Ca2+ stores. This demonstration that the Ca2+

influx occurred independently of receptor activation showed that the Ca2+ en-

try causing the sustained phase of the biphasic Ca2+ oscillation was not a di-

rect consequence of IP3R activation [64] and the oscillations were linked to the

amount of Ca2+ in the intracellular stores [20, 61, 65, 88].

In the early 1990s, an area of contention within the field was whether Ca2+

entered the cytoplasm directly through PM channels, in accordance with Put-

ney’s CCE theory, or entered the intracellular Ca2+ store directly through a

pathway connecting the extracellular fluid and the intracellular Ca2+ store, as

proposed by Casteels and Droogmans [10]. To differentiate between these two

concepts, cells were exposed to Thapsigargin (TG). Thapsigargin is a tumour

promoter that inhibits sarco/endoplasmic reticulum Ca2+ ATPase (SERCA)

pumps and application of TG elevates cytoplasmic Ca2+ concentrations by

mobilising Ca2+ release from the ER. The application of TG to a resting cell

with full Ca2+ stores activated Ca2+ influx to the same extent as PLC activa-

tion but did not increase IP3 formation. This showed that TG does not open ER

channels [76] so Ca2+ must move directly into the cytoplasm via PM channels.

Hoth and Penner [35] discovered an electrical current, which they termed a

CRAC current (ICRAC), corresponding to the Ca2+ influx across the PM through

CRAC channels. This further reinforced Putney’s hypothesis that Ca2+ entered

the cytoplasm directly through PM channels. The depletion of the intracellu-

lar calcium stores activated the Ca2+ current, ICRAC, which was the first store

operated current to be characterised [35]. CRAC currents are inwardly recti-
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fying with a high selectivity for Ca2+, a low single channel conductance and

a very small current magnitude [35, 63]. These unique properties are used to

differentiate CRAC currents from other SOC currents. Hoth and Penner [35]

observed that the delay before activation of ICRAC was not consistent with IP3

induced Ca2+ release, providing further evidence that IP3 does not gate the

ICRAC current directly.

The extremely small conductance of CRAC channels, 10− 24 fS, precludes di-

rect recording of single channel currents. The single channel current magni-

tude has been estimated to be in the range of 1− 4 fA using whole cell patch

clamps and noise analysis techniques [23, 27, 39, 55, 88]. This unitary Ca2+ cur-

rent corresponds to a flux rate of 3, 000− 12, 000 Ca2+ ions per second which is

100 fold smaller than other known Ca2+ channel flux rates such as the L type

voltage channel which has a flux rate of 1, 890, 000 ions per second [28, 39].

The next major breakthrough came with the discovery of key regulators of the

SOCE process; the stromal interacting molecules STIM1 and STIM2 [44, 85].

STIM1 and STIM2 were identified from large siRNA screens and knockdown

of STIM1 and STIM2 suppressed the sustained Ca2+ influx phase of the bipha-

sic calcium oscillations without affecting the peak amplitude of the transient

phase [44]. Both STIM proteins have a single EF-hand Ca2+ binding domain

which resides in the lumen of the ER. STIM2 proteins are only found in the ER

and are responsible for controlling the basal levels of cytoplasmic and ER Ca2+

concentrations [78]. Experiments showed that STIM1 knockdown in HeLa

cells inhibited SOCE demonstrating that STIM1 proteins are essential medi-

ators of the SOCE pathway [26,44]. Similarly, overexpression of STIM1 signifi-

cantly increased the Ca2+ influx through the SOC channel, reinforcing STIM1’s

role in regulating SOCE [44].

The spatial localisation of STIM1 was investigated to see if there was a con-

nection between the location of STIM1 and activation of CRAC channels dur-

ing SOCE. This lead to the discovery that STIM1 were diffusely distributed

throughout the ER of cells with full calcium stores, illustrated in Figure 1.2(a),

but upon store depletion they translocated to the cell periphery, where they

clustered together in puncta [44, 81, 85], as shown in Figure 1.2(b). Liou et

al. [44] observed that the STIM1 redistribution occurred in the absence of ex-

tracellular Ca2+ which suggested that the STIM1 redistribution was a cause of

Ca2+ influx and not a consequence.

It was proposed that STIM1 may function as Ca2+ sensors, using their EF-hand
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domain to monitor calcium store levels [44,85]. Liou et al. [44] mutated the EF-

hand domain of STIM1 to prevent binding of Ca2+ which resulted in STIM1

relocating and forming puncta on the cell periphery even if the Ca2+ stores

were full. Liou et al. [44] observed an influx of Ca2+ with the mutated STIM1

even when the Ca2+ stores were full suggesting that the opening of the CRAC

channels depends on the location of STIM1.

In cells with full Ca2+ stores STIM1 bind Ca2+ to their EF-hands and dif-

fuse freely along the ER membrane with diffusion coefficients in the range

0− 0.4µm2s−1 [44, 82, 85]. Store depletion causes Ca2+ to dissociate from the

EF-hand of STIM1. This results in conformational changes in STIM1 structure

that expose the C terminal polybasic domain and CRAC activation domain

(CAD) [43, 57, 73]. Within 5 seconds of these conformational changes STIM1

oligomerises to form STIM1 multimers [43] which continue to diffuse through-

out the ER membrane. STIM1 oligomers diffuse much more slowly with a

mean diffusion coefficient of approximately 0.05µm2/s [43]. Luik et al. [45]

demonstrated that oligomerization of STIM1, independent of Ca2+ store con-

centrations, was sufficient to drive SOCE demonstrating that oligomerization

is required for Ca2+ influx through CRAC channels to occur.

The localisation of STIM1 after store depletion is important for understanding

the signalling pathway responsible for activating the CRAC channels. Liou et

al. [44] proposed that STIM1 localised in sections of the ER membrane in close

proximity to the PM whereas Zhang et al. [85] proposed that STIM1 translo-

cated from the ER to the PM and activated the CRAC channels from the PM.

Wu et al. [81] demonstrated that STIM1 originating in the ER did not insert into

the PM. STIM1 puncta were visualised using electron microscopy and STIM1

puncta formed at junctional ER sites which were approximately 10 − 25nm

from the PM [81]. STIM1 oligomers diffuse slowly along the PM and the

polybasic domain of STIM1 bind to polyphosphoinositides (e.g. PIP2) present

in the PM causing clustering of STIM1 at these junctional ER puncta sites

[12, 43, 45, 73]. The translocation of STIM1 oligomers, formed in response to

store depletion, to the junctional ER sites takes approximately 40s and STIM1

can travel around 2µm in this time. The ER-PM junctions where STIM1 cluster

must be within 2µm of STIM1 to ensure that STIM1 localise to the sites of Ca2+

influx in time to activate SOCE [43, 45].

Liou and Zhang [44, 85] hypothesised that STIM1 redistribution causes SOCE

and activates ICRAC. Wu et al. [81] tested this hypothesis and observed that
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Figure 1.2: Illustration of the signalling mechanism behind SOCE proposed
by [46]. (a) Distribution of STIM1 and Orai1 when the intracellular
Ca2+ stores are full. (b) Distribution of STIM1 and Orai1 when
the intracellular Ca2+ stores have been depleted. (c) Ca2+ influx
through the open CRAC channels.
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STIM1 accumulation in the ER precedes CRAC channel activation and devel-

opment of the CRAC current, showing that STIM1 redistribution has a causal

role in the activation of ICRAC. STIM1 acts as a Ca2+ sensor and the depletion of

intracellular stores causes the dissociation of Ca2+ from STIM1, resulting in the

translocation of STIM1 to puncta at junctional ER sites [44, 81, 85]. Therefore

this translocation is an essential early component of the signalling pathway

activating CRAC channels, ICRAC and SOCE.

The CRAC pathway requires additional components other than STIM1 so the

search for the remaining components of the CRAC channel continued. RNAi

screens resulted in the discovery of olf186-F, known as dOrai, a Drosphila pro-

tein with three human homologues; Orai1, Orai2 and Orai3. Knockdown of

dOrai completely inhibited SOCE induced by TG, showing that dOrai is an-

other regulator of CRAC channel activation [26, 84].

Zhang et al. [84] demonstrated that overexpression of Drosophila STIM or Orai

increases the magnitude of ICRAC and overexpressing both proteins together

resulted in a significant increase in the size of the CRAC current. They hy-

pothesised that dOrai constitutes part of the CRAC channel and STIM acts

as a messenger for activation of the channel [84]. Further to this, Feske [26]

showed that SOCE only occurred after store depletion, even if the extracellular

Ca2+ concentration was much larger than the cytoplasmic Ca2+ concentration.

Therefore, Orai1 is a key component of the CRAC activation pathway and the

CRAC channel is closed and impermeable to Ca2+ when the CRAC pathway

has not been activated.

To understand the activation of CRAC channels and the functions of STIM1

and Orai1 as regulators of the CRAC pathway the spatial relationship between

STIM1, Orai1 and CRAC channels was investigated. In resting cells with full

intracellular Ca2+ stores, STIM1 and Orai1 proteins are distributed diffusely in

the ER and PM, respectively, as shown in Figure 1.2(a). Upon store depletion

STIM1 oligomerize, diffuse slowly along the ER membrane and bind to PIP2

causing STIM1 to cluster in puncta at junctional ER sites. Orai1 proteins dif-

fuse along the PM with diffusion coefficients in the range of 0− 0.4µm2/s, but

the diffusion is slightly restricted (subdiffusive) in the PM of resting cells [82].

STIM1’s CAD binds to passing Orai1 causing STIM1 and Orai1 to co-localise

on the opposing membranes [46,83] creating clusters of CRAC channels within

the junction [57, 87], as shown in Figure 1.2(b). Park et al. [57] showed that

the binding of STIM1’s CAD to Orai1 activates the CRAC channels and allows
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Ca2+ influx into the cell to refill the depleted Ca2+ stores. Xu et al. [83] observed

that when STIM1 proteins were not expressed, store depletion did not result in

redistribution and clustering of Orai1 proteins on the PM. This demonstrates

that Orai1 recruitment to sites opposite the STIM1 puncta requires prior aggre-

gation of STIM1 and close proximity of the ER and PM to allow direct binding

of STIM1’s CAD and Orai1 [83].

Using single particle tracking (SPT), Wu et al. [82] were able to show that STIM1

and Orai1 movement was restricted to puncta within the ER-PM junction and

that the diffusion coefficients of STIM1 and Orai1 displayed very similar dis-

tributions consistent with the formation of a STIM1-Orai1 complex. They also

showed that approximately 25% of the STIM1 and Orai1 populations were im-

mobile after store depletion and proposed that the binding of STIM1 to PIP2 on

the PM or STIM1-Orai1 complex formation was sufficient to trap STIM1 within

the ER-PM junction. This trapping caused STIM1 and Orai1 to accumulate at

ER-PM junctions as the result of a diffusion trap rather than the result of very

slow diffusion of the STIM1-Orai1 complex alone [82].

By imaging Ca2+ influx sites, Luik et al. [46] found that each site represents a

cluster of open CRAC channels and that all sites of Ca2+ influx were tightly

associated with STIM1 puncta, suggesting that CRAC channels are only acti-

vated in extremely close proximity to the STIM1 puncta [46]. Since STIM1 and

Orai1 are both necessary for CRAC channel activation this co-localisation and

close apposition of STIM1 and Orai1 could provide a mechanism for local acti-

vation of the CRAC channels and subsequent SOCE. The steps involved in the

activation of the CRAC channel leading to SOCE are shown in Figure 1.2.

By mutating the Orai1 protein the Ca2+ selectivity of the CRAC channel was

reduced and SOCE was impeded, showing that Orai1 proteins function as

the highly Ca2+ selective pore-forming subunit of the CRAC channel [59, 80].

This discovery was fundamental to the understanding of the molecular nature

of the CRAC channel since STIM1 and Orai1 are the major regulators of the

CRAC channel. We will now refer to the CRAC channel as the Orai channel.

Through RNAi screens the SERCA pump was shown to be another mediator

of the SOCE process, with knockdown of SERCA pumps suppressing ICRAC

[84]. SERCA pumps are essential for filling/refilling of Ca2+ stores and this

reduction in ICRAC could be due to deactivation of the Orai channel as the

cytoplasmic Ca2+ concentration at the mouth of the channel will be high if

SERCA pumps are inhibited [37, 54, 84]. It was then discovered that SERCA
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pumps co-localised with STIM1 in puncta in the ER-PM junctions after ER

store depletion [5,18,48,49,68]. Manjarres et al. [48,49] observed that SERCA2b

pumps co-localised with STIM1 in the ER-PM junction after store depletion

and estimated that the SERCA pumps would sit tens of nanometres from the

Orai channels. Sampieri et al. [68] observed that SERCA2a pumps also co-

localised with Orai channels in the ER-PM junction. This lead to the conclu-

sion that SERCA pumps are the third component regulating SOCE and the

only component to ensure ER refilling occurs. Furthermore, a scaffolding pro-

tein, partner of STIM1 (POST), has been shown to promote binding of STIM1

to SERCA and PM Ca2+-ATPase (PMCA) pumps after store depletion [38], so

PMCA pumps must also localise to the SOCE sites. This close apposition of

the SERCA pumps to the microdomain of high Ca2+ concentration around the

Orai channel allows fast refilling of the Ca2+ store in the ER. POST facilitates

binding of STIM1 to PMCA and this binding was shown to inhibit PMCA ac-

tivity, decreasing Ca2+ efflux from the cell and increasing the Ca2+ available

for ER refilling and local Ca2+ signalling [38, 71]. PMCA and SERCA pumps

act as removal mechanisms which are highly active after SOCE and control

the amount of Ca2+ available for signalling [71]. If the Ca2+ concentration at

the mouth of the Orai channel is too high then the Orai channel deactivates by

Ca2+ dependent inactivation (CDI) stopping the Ca2+ influx [51, 71].

The three key components regulating SOCE (STIM1, Orai1 and SERCA pumps)

are all contained within the ER-PM junctions. ER-PM junctions have very

small dimensions with typical diameters less than 300nm and heights of 10−
25nm, according to estimates in the literature. Therefore, the three compo-

nents of SOCE reside in close proximity through the co-localisation of each

component to the ER-PM junction. The Ca2+ signalling machinery present

in each ER-PM junction is shown in Figure 1.3. We see that the components

involved in SOCE (Orai1, STIM1, POST, SERCA and PMCA pumps) are dis-

persed throughout the cell at rest but upon store depletion they co-localise

to the ER-PM junction. This causes STIM1 to bind Orai1 thus opening the

Orai channel and allowing Ca2+ influx, increasing the local Ca2+ concentra-

tion which then activates the SERCA pumps to refill the ER.

Despite knowing that all three components co-localise, the numbers of Orai

channels and SERCA pumps contained within each ER-PM junction has not

been directly measured. It is especially difficult to measure Orai channels us-

ing electrophysiological methods because of their small single channel current

of 2.1fA [35, 88] leading to a whole cell current of approximately 5 − 10pA
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Figure 1.3: Illustration of the recent description of the signalling mechanism
behind SOCE [71], including the Ca2+ pumps and POST protein
which were shown to be regulators of the SOCE pathway [38]. (a)
Distribution of STIM1, Orai1, SERCA, PMCA and POST when the
intracellular Ca2+ stores are full. (b) Distribution of STIM1, Orai1,
SERCA, PMCA and POST when the intracellular Ca2+ stores have
been depleted. (c) Ca2+ influx through the open CRAC channels.
(d) Refilling of the ER Ca2+ stores by SERCA pumps.
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[11, 60]. There are many estimates of the number of Orai channels in the

literature, ranging from 1700 Orai channels per cell [33] to 10000 channels

per cell [60, 88]. Different cell types express different numbers of Orai chan-

nels leading to discrepancies in the estimates of Orai channel numbers. One

method of increasing the Orai channel single channel current is to overexpress

the numbers of STIM1 and Orai1 present in the cell thus amplifying the cur-

rent. However, overexpression studies lead to overestimates of the number

of Orai channels expressed in the cell. For instance, Ji et al. [36] estimated

there to be 400, 000 Orai channels in a HEK239 cell with each ER-PM junc-

tion containing approximately 1300 channels. This estimate was influenced by

the overexpression of STIM1 which results in more Orai channels opening, an

increase in the junction size and a higher estimate of the number of Orai chan-

nels expressed per cell with physiological levels of STIM1 and Orai1 [67]. So

although overexpression studies create better conditions for electrophysiolog-

ical experimental techniques they do not provide representative estimates of

the number of endogenously expressed Orai channels per ER-PM junction or

per cell. Other methods of quantifying the number of Orai channels per ER-

PM junction, e.g. analysis of electron micrographs, estimate there to be 4− 5

endogenously expressed Orai channels per ER-PM junction [33, 67].

Although the number of Orai channels in the ER-PM junction has been esti-

mated there is still very little information about the location of the Orai chan-

nels (or SERCA pumps) within the ER-PM junction as current Ca2+ imaging

techniques cannot resolve regions as small as ER-PM junctions. However,

it has been observed experimentally that co-localisation of Orai channels to

ER-PM junctions strengthens NFAT activation and spatio-temporal modelling

demonstrated that the inter-channel distance controlled the amplitude and

spread of the Ca2+ signal [67]. This lead Samanta et al. [67] to hypothesise that

clustering of Orai channels will control the magnitude and shape of the Ca2+

profile and therefore enhance activation of downstream signalling processes

such as c-fos stimulation and gene expression. This highlights the importance

of Orai channel location for controlling downstream signalling processes and

also the need for mathematical modelling to further understand how local dy-

namics influence global processes.

Recent investigations into the single channel dynamics observed two distinct

Orai channel open states: ”flickers” during which the Orai channel is open for

100− 200ms and longer ”pulses” during which the Orai channel is open for

1− 3 seconds [23]. Further to this, Dynes et al. [23] did not observe stochastic

12



channel opening and hypothesised that upon binding of STIM1 to Orai1 the

Orai channel is held in an open state and remains open until STIM1 unbinds.

The diffusion of Ca2+ through an open Orai channel results in elevation of

the local Ca2+ concentration, creating a microdomain of high Ca2+ around the

channel mouth. The microdomain decreases in amplitude as the distance from

the channel increases due to cytoplasmic Ca2+ buffering and diffusion [53,55].

Such Ca2+ microdomains are depicted by the orange puffs in Figures 1.3(c)

and 1.3(d). This gradient occurs over a very small volume so the local Ca2+

concentration can be very high in this microdomain in comparison to the bulk

cytoplasmic Ca2+ concentration [6, 55]. This local elevation of Ca2+ is impor-

tant for cell signalling as it has been proposed that local Ca2+ influxes drive

cellular functions such as gene expression. Furthermore, clustering of Orai

channels causes the microdomains to overlap and create complex local Ca2+

signals within the ER-PM junction [33, 55]. This reinforces the proposal that

the location of Orai channels controls cell signalling because the channel mi-

crodomains will overlap to different extents depending on the inter-channel

distance, therefore creating vastly different spatial Ca2+ profiles. In fact, the

clustering of Orai channels could act as a potential mechanism for enhanc-

ing the selectivity of the Ca2+ signal and distinctly activate specific down-

stream cellular processes by controlling the amplitude and shape of the Ca2+

profile [17, 46, 67, 72]. Therefore, Ca2+ microdomains in the ER-PM junction

are important for cell signalling as they provide specificity to local Ca2+ sig-

nals [16, 17, 58]. They allow direct activation of effectors residing within the

microdomain and enhance the ability to govern downstream cellular func-

tions [34, 55, 67].

In summary, SOCE is a compartmentalised process and all the key components

of the Orai activation pathway (STIM1, Orai1, SERCA, PMCA) are localised in

each Orai channel microdomain, as illustrated in Figure 1.3(b). The elevated

Ca2+ concentration of the microdomains of the cell provide specificity to cel-

lular signals and functions [40]. In resting cells SOCE is initiated by deple-

tion of the intracellular Ca2+ store in the ER. This causes Ca2+ to dissociate

from STIM1 which then oligomerise, diffuse along the ER membrane and clus-

ter in puncta at junctional ER sites through PIP2 binding, as shown in Figure

1.3(a). Orai1 channels diffuse along the PM and co-localise with STIM1 on the

ER membrane when STIM1’s CAD binds to Orai1. STIM1 recruits the adap-

tor protein POST to facilitate binding of STIM1 to SERCA and PMCA pumps,

which have relocated to the immediate vicinity of the Orai channel in response

13



to POST, depicted in Figure 1.3(b). The close apposition of STIM1 and Orai1

causes the Orai channel to open and Ca2+ diffuses down the steep gradient

from the extracellular fluid into the cytoplasm, shown in Figure 1.3(c). This

sudden influx of Ca2+ induces an electrical current across the PM, known as

ICRAC, and the establishment of a local Ca2+ microdomain around the channel

with very high cytoplasmic Ca2+ concentrations. STIM1 and POST inhibit the

PMCA pump allowing more Ca2+ to remain in the microdomain for efficient

refilling of the Ca2+ store by SERCA pumps, shown in Figure 1.3(d). When

the ER Ca2+ stores are full the EF-hand of STIM1 binds Ca2+ and undergoes

conformational changes to unbind STIM1’s CAD from Orai1 allowing STIM1

and Orai1 to diffuse along the ER membrane and PM, respectively. The SOCE

components return to their original distributions. SOCE is a method of increas-

ing the local Ca2+ concentration of the ER-PM junction to allow fast refilling of

the ER Ca2+ stores. The single channel current of Orai channels is very small

and the number of Orai channels per ER-PM junction is small, approximately

5 channels. Despite the small population of Orai channels and the small single

channel current they are able to provide sufficient Ca2+ influx to refill the Ca2+

store [27]. SOCE microdomains are signalling hubs and the local Ca2+ signals

generated during SOCE are crucial for cell function, regulating processes such

as gene expression. To fully appreciate the signalling potential of SOCE mi-

crodomains, it would be desirable to determine the range of Ca2+ concentra-

tions in ER-PM junctions. However, this is difficult to measure experimentally

because of the small dimensions of the ER-PM junctions [55], which are typi-

cally less than 300nm in diameter and 10− 20nm in height [33, 44, 79, 81].

1.3 Mathematical literature review

The field of Ca2+ signalling contains a diverse collection of both experimental

and modelling techniques to understand Ca2+ signalling and the mechanisms

controlling the creation of Ca2+ signals. Mathematical models are used to in-

vestigate Ca2+ signalling because the processes underlying the generation of

Ca2+ signals are non-linear and thus cannot be readily described by intuitive

and qualitative reasoning [21].

The field of Ca2+ signalling has many areas which benefit from the application

of mathematical modelling and detailed reviews of the mathematical models

used in Ca2+ signalling can be found in e.g. [21, 22]. Dupont et al. [21] cre-
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ated a mathematical model of the mGlu5 G-protein receptor signalling path-

way and using an ordinary differential equation framework they accounted for

the changing concentrations of Ca2+, diaglycerol (DAG) and protein kinase C

(PKC) to understand the relationship between the components involved in the

signalling pathway leading to the generation of Ca2+ oscillations. This model

described whole cell Ca2+ oscillations to highlight aspects of the pathway that

play an important role in the generation of Ca2+ oscillations, such as PKC.

The model averaged the concentrations in the cytoplasm to describe Ca2+ dy-

namics at the whole cell level. However, mathematical models can also take

account of the spatial aspect of Ca2+ dynamics and describe local Ca2+ sig-

nalling processes in which the spatial aspect of the signal is important. Ex-

amples of spatially extended Ca2+ dynamics include Ca2+ waves and Ca2+

microdomains. Ca2+ waves occur in response to Ca2+ release from internal

stores; the wave of increased Ca2+ concentration can be propagated through-

out the cell in a continuous manner, for example the fertilization wave in Xeno-

pus mature oocytes, but the wave can also travel with burst-like behaviour,

for example in immature Xenopus oocytes and cardiac myocytes [14]. Daw-

son et al. developed a mathematical model to provide insight into the factors

controlling whether a wave is propagated continuously or in a saltatory man-

ner [14]. High resolution three-dimensional spatio-temporal modelling was

used by Thul et al. [77] to assess the effect of each factor controlling the prop-

agation of saltatory Ca2+ waves in atrial myocytes and the model predicted

that the cell boundary acts as a wave guide for the Ca2+ signal. Ca2+ mi-

crodomains are regions of locally high Ca2+ concentration formed around e.g.

Ca2+ channels after Ca2+ influx and the local Ca2+ concentrations cannot be

measured experimentally due to the small size of the microdomains. Griffith

et al. [29] developed a three dimensional reaction-diffusion model to describe

the spatio-temporal Ca2+ dynamics within a dendritic spine and used finite

element methods to solve the model and bridge the spatial scales between the

dendritic spine and signalling microdomains. The model demonstrated that

Ca2+ signal location plays an important role for synaptic plasticity within the

spine. These models investigate Ca2+ dynamics within one compartment but

mathematical models can couple multiple compartments together to allow in-

vestigation of how Ca2+ signals are propagated between compartments and

compare the signals created within each compartment. Sneyd et al. [70] de-

veloped a mathematical model to investigate how membrane fluxes between

the cytoplasm and ER control the total cell load and how this controls the cells
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ability to generate Ca2+ oscillations. The model includes two compartments,

the cytoplasm and ER, and considers the averaged Ca2+ concentration in each

compartment, using an ODE framework. By analysing the model they pre-

dicted that blocking membrane fluxes can eliminate Ca2+ oscillations and that

the timing of the block controlled the extent to which the oscillations were re-

duced.

Since SOCE is a relatively recent addition to the field of Ca2+ signalling as

mentioned above, there are relatively few mathematical models of SOCE [22].

However, research into SOCE is at the forefront of Ca2+ signalling and experi-

mental techniques are limited as they cannot measure the Ca2+ concentrations

within the small regions in which SOCE induced Ca2+ dynamics occur. There-

fore mathematical models can further current understanding of SOCE.

The first model, presented by Ong et al. [54], examines the relationship be-

tween the cytoplasmic Ca2+ dynamics and the Ca2+ concentrations of the sub-

PM ER and bulk ER. They describe the interplay between the Ca2+ dynamics

of the ER-PM junction and both ER compartments for controlling SOCE acti-

vation. This model used an ODE framework which averaged the Ca2+ con-

centrations in the compartments based on the model in [70] discussed earlier.

The model demonstrated that the sub-PM ER was depleted to a greater extent

than the bulk ER during SOCE. This model was developed before the discov-

ery that Orai1 was the pore forming subunit of Orai (CRAC) channels. In a

similar vein, Croisier et al. [13] investigated averaged Ca2+ concentrations to

shed light on how SOCE controls agonist induced Ca2+ oscillations in airway

smooth muscle cells in the presence and absence of SERCA pump blockers.

There is significant evidence demonstrating that local Ca2+ signals are impor-

tant for regulating downstream signalling processes and therefore the factors

controlling the shape of the spatial Ca2+ profile, such as the placement of Ca2+

signalling machinery, are also key regulators of downstream signalling pro-

cesses. Samanta et al. [67] investigated the importance of Orai channel place-

ment on NFAT activation experimentally and found that clustering of Orai

channels within ER-PM junctions strengthened c-fos activation and NFAT ac-

tivation. However, they could not ascertain how the placement of the Orai

channels changes the local Ca2+ profile. They developed a three dimensional

spatio-temporal mathematical model to investigate the impact of Orai channel

placement on the shape of the generated Ca2+ signal [67]. Using their mathe-

matical model they demonstrate that clustering of Orai channels leads to dis-
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tinct Ca2+ signatures and in particular that clustering controls the amplitude

of the Ca2+ signal. They propose that clustering of Orai channels increases

the amplitude and spread of the Ca2+ signal thus enhancing NFAT activa-

tion [67]. Samanta et al. [67] prescribed no flux boundary conditions on all the

the boundaries of the domain and included an internal source term to describe

Ca2+ influx through Orai channels. Furthermore, the model only focused on

the Ca2+ concentrations generated within the ER-PM junction in response to

Ca2+ influx through Orai channels and did not include SERCA pumps or an

ER compartment to investigate the effect on ER refilling.
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Chapter 2

Constructing a mathematical model

of SOCE

As discussed in Chapter 1, SOCE occurs in all eukaryotic cells and is a selec-

tive activator of many diverse cellular signalling processes [1, 17, 55, 58, 66, 74].

The key question we will address is: how does the spatial organisation of sig-

nalling components involved in SOCE regulate ER refilling dynamics and con-

trol the generation of distinct Ca2+ signals leading to selective activation of

downstream processes, such as gene expression or endothelial cell prolifera-

tion?

By creating a 3D spatio-temporal mathematical model of SOCE we can in-

vestigate how the placement of channels and pumps involved in SOCE and

Ca2+ signalling shapes spatial Ca2+ signals and affects refilling of the ER Ca2+

stores. We can use the model to cluster channels and provide insight into how

the Ca2+ signals generated within the ER-PM junction and surrounding area

depend on channel position. We may then determine the key factors control-

ling ER refilling and Ca2+ signalling during SOCE and highlight optimal po-

sitioning of channels, pumps and effectors for selective activation of cellular

processes.

2.1 Mathematical model

SOCE is a complex process and is the only pathway to couple ER Ca2+ store

depletion to Ca2+ influx across the PM to refill the Ca2+ stores of the ER. While

SOCE is involved in a plethora of cellular signalling processes, Ca2+ influx
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(a) (b) (c)

Figure 2.1: (a) Illustration of the Ca2+ influx sites which occur during SOCE.
(b) Illustration of the structure of the ER during SOCE. The ar-
eas in orange represent high Ca2+ concentrations and the areas in
dark blue represent the lower Ca2+ concentrations in the cell. (c)
A colour scale representing the relative Ca2+ concentrations.

through Orai channels to refill the depleted ER Ca2+ stores and generate Ca2+

signals is a fundamental component of SOCE common to all cell types. We

construct a 3D spatio-temporal model capable of simulating Ca2+ influx via

Orai channels and the subsequent ER refilling and creation of associated Ca2+

signals in the ER-PM junction, thereby capturing the key features of SOCE.

The model is novel as it is the first to provide a spatio-temporal description

of both the ER-PM junction and sub-PM ER domains and couple the spatially

extended domains with SERCA pumps. We implement a mathematical frame-

work with a high spatial resolution to enable simultaneous investigation of the

refilling properties of SOCE and the key features controlling the spatial signa-

ture of Ca2+ signals.

There are hundreds of ER-PM junctions per cell [33, 67] and Ca2+ influx at the

ER-PM junctions is illustrated by the orange puffs in Figure 2.1(a). The orange

puffs represent regions of high Ca2+ concentration formed during Ca2+ influx.

The dashed yellow line in Figure 2.1(a) encircling the sites of Ca2+ influx rep-

resents the maximal distance STIM1 can be from the ER-PM junction and still

diffuse into the junction to take part in the SOCE process [43]. Therefore, there

exists a natural ‘unit’, surrounded by the dashed yellow lines in Figures 2.1(a)

and 2.1(b), which includes a single ER-PM junction and a portion of the sur-

rounding cytoplasm which can be defined in accordance with experimentally

observed length scales [43]. There is then the potential to create a network of

these units of Ca2+ influx to provide insights into the global Ca2+ dynamics as

a result of SOCE at multiple influx sites. This is something we will consider in

future work.

The narrow gap between the PM and ER membrane, a distinguishing feature

of ER-PM junctions, is created when a region of the ER is extended towards
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the PM. This extension is illustrated in Figure 2.1(b) and we refer to this ER

extension as the ‘sub-PM ER’. The colours depict the range of Ca2+ concentra-

tions in accordance with the colour scale of Figure 2.1(c). We also include a

portion of the surrounding ER within one unit of Ca2+ influx to enable future

investigation into the global ER refilling experienced by a cell with a network

of Ca2+ influx units refilling distinct subregions of the ER.

SOCE is a highly compartmentalised process; the key components of SOCE

we include in this model, Orai channels (purple) and SERCA pumps (green),

co-localise to the ER-PM junction as shown in Figure 2.2, an illustration of

the process we will model in more detail. Orai channels on the PM, formed

upon STIM1 and Orai binding and represented by purple ovals, allow Ca2+

influx upon Ca2+ store depletion. SERCA pumps on the ER membrane ensure

ER refilling is achieved and are represented by the green ovals. The orange ar-

rows represent Ca2+ influx and the orange puffs represent Ca2+ microdomains

formed around the channels/pumps.

The open Orai channels allow Ca2+ influx across the PM and this creates local

Ca2+ microdomains around the channel mouths within the junction as shown

by the orange puffs in Figure 2.2(a). As Ca2+ diffuses in the ER-PM junction

this raises the Ca2+ concentration near the SERCA pumps, Ca2+ is then trans-

ported from the ER-PM junction into the sub-PM ER via SERCA pumps on the

ER membrane, as illustrated in Figure 2.2(b).

Whilst the ER Ca2+ store is sufficiently depleted, Orai channels remain open.

This allows Ca2+ influx to continue, which in turn preserves the Ca2+ mi-

crodomains within the ER-PM junction. Ca2+ cannot diffuse across the ER

membrane creating a Ca2+ gradient in the sub-PM ER and driving Ca2+ dif-

fusion towards the bulk ER, facilitating the ER refilling process, as shown in

Figure 2.2(c).

There is no physical barrier between the ER-PM junction and the bulk cyto-

plasm so it is possible for Ca2+ to diffuse out of the ER-PM junction if it is not

captured by SERCA pumps. When the Ca2+ in the sub-PM ER is sufficiently

high, STIM1 will bind to Ca2+, disassemble the Orai channel and move out

of the ER-PM junction. In our model we are not concerned with STIM1 or

Orai as separate entities, only their bound form as Orai channels. Once the

channel dissembles it stops Ca2+ influx and is absent from the model. The mi-

crodomains of Ca2+, preserved by the constant Ca2+ influx, dissipate through-

out the ER-PM junction and the SERCA pumps continue to transport Ca2+
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from the ER-PM junction into the sub-PM ER. In the sub-PM ER the Ca2+ gra-

dient still exists so Ca2+ will continue diffusing until the Ca2+ concentration

has equilibrated and the ER is refilled, shown in Figure 2.2(d).
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Figure 2.2: Illustration of SOCE. (a) Ca2+ influx through Orai channels. (b) Activation of SERCA pumps. (c) Refilling of sub-PM ER. (d)
Refilling of ER and dissociation of Orai channels.
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(a) (b)

Figure 2.3: (a) 3D representation of the four domain mathematical model (b)
2D representation of the four domain mathematical model.

2.1.1 Geometry

We will model a single ER-PM junction and the adjacent sub-PM ER to pro-

vide insight into the Ca2+ concentration profiles generated in these regions to

further understand the local Ca2+ dynamics.

We also include a small portion of the cytoplasm surrounding the ER-PM junc-

tion and sub-PM ER, which we refer to as the ‘bulk cytoplasm’. The bulk cy-

toplasm domain will extend far enough into the cytoplasm so that any STIM1

present in the bulk cytoplasm will be able to diffuse into the ER-PM junction

for SOCE. We also include a ‘bulk ER’ compartment to model the refilling of

the internal ER Ca2+ stores. The full domain of the model is the area enclosed

by the yellow dashed lines in Figures 2.1(a) and 2.1(b).

The inclusion of the bulk cytoplasm will allow investigation into the global

Ca2+ dynamics to examine the extent to which the local Ca2+ dynamics im-

pact global Ca2+ signalling. Inclusion of the bulk ER will allow the model to

capture the long term ER refilling behaviour and investigate the factors regu-

lating ER refilling.

We construct a 3D spatio-temporal model as shown in Figure 2.3(a) with a 2D

projection shown in Figure 2.3(b). The solid black lines represent the physical

boundaries, the PM and ER membrane, present in our model. Biologically, the

ER-PM junction is continuous with the bulk cytoplasm and the sub-PM ER is

continuous with the bulk ER. To create our mathematical model we need to

separate these domains and introduce boundaries, represented by the dashed

black lines. These boundaries are not physically present in the system so they

will not impede Ca2+ diffusion between the domains.

The ER-PM junction is a region of the cytoplasm that is characterised by the
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Figure 2.4: 3D representation of the (a) ER-PM junction (b) sub-PM ER (c) bulk
cytoplasm (d) bulk ER. The Ca2+ flux due to free Ca2+ diffusion
between local and global domains is denoted by the light blue ar-
rows.

narrow gap between the PM and ER membrane in this region. We model this

region as a cylinder, illustrated in Figure 2.4(a). The PM, represented by the

upper face of the cylinder at height z = H, and the ER membrane, represented

by the lower face of the cylinder at height z = L2, are two physical bound-

aries of this domain, as shown by the solid black lines. The ER-PM junction is

continuous with the bulk cytoplasm so there is no physical boundary between

these two domains. We therefore impose a non-physical boundary at the edge

of the ER-PM junction, represented by the dashed lines at r = a in Figure 2.4(a).

This boundary does not impede Ca2+ diffusion between the ER-PM junction

and the bulk cytoplasm. The top face of the cylinder, the PM, only allows Ca2+

movement across the membrane through Orai channels (purple). The bottom

face of the cylinder represents the ER membrane which allows Ca2+ flux only

through SERCA pumps (green).

The sub-PM ER domain is an extension of the ER which helps form the ER-PM

junction. We model this as a cylinder of the same radius as the ER-PM junction,

shown in Figure 2.4(b). The sub-PM ER is bounded by the ER membrane,

separating it from the ER-PM junction and bulk cytoplasm. This is illustrated

by the solid black lines along the mantle and upper face of the cylinder. The
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sub-PM ER is an extension of the bulk ER so there is no physical boundary

between these domains. We impose a non-physical boundary between the

sub-PM ER and bulk ER, represented by the dashed lines in Figure 2.4(b). Ca2+

diffusion between the domains is not obstructed by this boundary.

The upper face and mantle of the cylinder in Figure 2.4(b) represent the ER

membrane. The only Ca2+ movements across the ER membrane occur through

the SERCA pumps (light green), which are localised to the upper face of the

cylinder. Ca2+ is transported from the ER-PM junction into the sub-PM ER via

SERCA pumps on the ER membrane but no other Ca2+ fluxes across the ER

membrane are included.

The bulk cytoplasmic domain is illustrated in Figure 2.4(c) and we model this

domain as an annulus as the bulk cytoplasm surrounds both the ER-PM junc-

tion and sub-PM ER. The relative positions of these domains are depicted in

Figure 2.3(a). The upper face of the annulus represents the PM, represented by

solid black lines. We do not include any channels or pumps outside of the ER-

PM junction so there is no flux across the PM in this region. The upper fraction

of the inner mantle boundary represents the section of bulk cytoplasm adjacent

to the ER-PM junction. Ca2+ diffuses freely between the bulk cytoplasm and

ER-PM junction and this is represented by the dashed line along this section of

the inner mantle of the annulus. The ER membrane is a physical boundary and

is represented by the solid black lines along the bottom face of the annulus and

the inner mantle. We have neglected channels and pumps not associated to the

SOCE process and only included the SERCA pumps involved in SOCE. These

pumps are localised to the ER membrane of the ER-PM junction. The outer

mantle has dashed lines to represent the lack of physical boundary which al-

lows Ca2+ to diffuse freely across this boundary into the cytoplasm of the cell

away from any Ca2+ influx sites.

The bulk ER domain is only bounded by the ER membrane and sits beneath the

bulk cytoplasm and sub-PM ER domains, shown in Figure 2.3(a). We model

this domain as a cylinder with the same radius as the outer radius of the bulk

cytoplasm cylinder, illustrated in Figure 2.4(d). The upper face of the cylinder

represents the ER membrane, denoted by the solid black line. Ca2+ can diffuse

freely between the sub-PM ER and bulk ER across the section of the bulk ER

beneath the sub-PM ER, illustrated by the dashed black lines in Figure 2.4(d).

We do not include SERCA pumps on the ER membrane outside the ER-PM

junction as they are not involved in the SOCE process. The width of the bulk
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ER is chosen to coincide with the width of the bulk cytoplasm so that the Ca2+

concentration at the mantle of the bulk ER cylinder and bottom face of the bulk

ER cylinder are not affected by the SOCE induced Ca2+ dynamics in the sub-

PM ER. Again, these are mathematically imposed boundaries, represented by

the black dashed lines.

Together, these compartments form the full domain of the SOCE model, shown

in Figure 2.3.

2.1.2 Model assumptions

In resting cells STIM1 and Orai diffuse freely along the ER membrane and

PM, respectively [82]. The SERCA pumps are situated on the ER membrane

but little is known about their positions and movements along the membranes

[5, 48, 49]. The translocation of STIM1 and Orai to the ER-PM junctions is an

important feature of SOCE but does not mediate ER refilling or Ca2+ signalling

[44]. The model developed in this chapter is primarily concerned with the local

actions induced through SOCE so we will not consider translocation of STIM1

or Orai in the model at this time.

Dynes et al. [23] hypothesised that STIM1 binding to Orai holds the Orai chan-

nel in an open state and they did not observe stochastic single Orai channel

opening while recording single channel dynamics. Therefore, we assume that

once the Orai channel is open it remains open until the ER is sufficiently refilled

and STIM1 unbinds. We also neglect Ca2+ dependent inactivation at this time

but this process will be included in future work. The open Orai channels al-

low a constant Ca2+ influx with an experimentally observed unitary current of

2.1fA [35,88]. Although STIM1 and Orai diffuse freely along the ER membrane

and PM, upon binding to form open Orai channels the observed diffusion coef-

ficient of the Orai channels is severely decreased [82]. To simplify our model,

we assume this diffusion coefficient is negligible and that the Orai channels

and SERCA pumps are stationary on the membranes [23, 27, 41, 55, 82].

At rest, the SERCA pumps continue to pump Ca2+ into the ER so there is a

constant influx of Ca2+. To balance this the ER membrane allows a constant

‘leak’ out of the ER to ensure the homeostatic Ca2+ content of the ER Ca2+

stores. We are primarily concerned with ER refilling which will dominate the

Ca2+ dynamics as the magnitude of the Ca2+ leak is much smaller than the

Ca2+ influx through the SERCA pumps. Therefore, the Ca2+ leak will not
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contribute greatly to the Ca2+ dynamics so we do not include this leak across

the ER membrane in the model at this time.

We assume that once Ca2+ enters the ER-PM junction or sub-PM ER Ca2+

movement within each domain is governed purely by diffusion, with mem-

brane fluxes through either Orai channels or SERCA pumps transporting Ca2+

into or out of the domains. It is well known that the cytoplasm contains Ca2+

buffers which decrease the rate of Ca2+ diffusion throughout the cytoplasm.

We can incorporate this slower Ca2+ movement through a reduced diffusion

coefficient. We have set the Ca2+ diffusion coefficient of the bulk cytoplasm

to be the buffered Ca2+ diffusion coefficient, DC = 30µm2s−1 [4]. The ER-PM

junction is small and hard to measure experimentally so very little is known

about the presence and impact of Ca2+ buffers in this domain [55]. It is thought

that the Ca2+ microdomains created around the channels rapidly overwhelm

buffers within the ER-PM junction allowing Ca2+ to diffuse freely in this re-

gion [55, 58]. We follow the work of Samanta et al. [67] and Hogan [33] and

neglect the effect of Ca2+ buffers in this model and use the free Ca2+ diffusion

coefficient in the ER-PM junction, DJ = 220µm2s−1 [4]. The diffusion coeffi-

cient of Ca2+ in the ER lumen has not been definitively measured. However,

crowding within the ER lumen is thought to slow Ca2+ diffusion [15,52]. Dayel

et al. [15] found diffusion within the ER lumen to be 3− 6 times slower than the

bulk cytoplasmic diffusion coefficient and estimated the diffusion coefficient of

Ca2+ in the ER lumen to be 5− 10µm2s−1. Swietach et al. [75] measured the

Ca2+ diffusion coefficient of the SR lumen as 8− 9µm2s−1 so in our model we

use a diffusion coefficient, DER = 10 m2s−1, in the sub-PM ER and bulk ER.

We assume the Ca2+ diffusion is uniform in each compartment.

We also assume the Ca2+ concentrations at the boundary of the full model

domain, denoted by the yellow dashed lines in Figure 2.1 are far enough from

the Ca2+ influx sites to be unaffected by the Ca2+ dynamics of the ER-PM

junction and sub-PM ER.

2.1.3 PDE model

The small size of the ER-PM junction prevents imaging of the Ca2+ concentra-

tions in the junction. It has been demonstrated that the Ca2+ dynamics, and

in particular the spatial Ca2+ profiles, in the ER-PM junction mediate many

signalling processes, such as immunodeficiencies, motor control and gene ex-
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pression [26, 32, 67]. Therefore, insights into the Ca2+ dynamics will improve

understanding of the regulatory nature of SOCE and the Ca2+ signals gener-

ated.

While there are few mathematical models of SOCE in the literature [22], the im-

portance of understanding the factors mediating SOCE have been recognised

in the literature with the spatial organisation of the SOCE signalling machin-

ery receiving particular interest, and this is achievable through mathematical

modelling [33]. Previous models have explored the relationship between ER

depletion and SOCE activity [54] and the relationship between inter-channel

Orai distances and the spatial Ca2+ signals generated to further understand

how clustering Orai channels stimulates gene expression [67].

We model the Ca2+ dynamics of each domain separately and couple the do-

mains by the Ca2+ fluxes across the boundaries. We use a PDE framework to

capture the spatial Ca2+ dynamics in each domain instead of an ODE frame-

work which would average out the Ca2+ concentration in each domain. The

Ca2+ dynamics of each domain depend on the influx or efflux of Ca2+, which

we incorporate into the boundary conditions, and the rate of Ca2+ diffusion

within the domain, which we incorporate through the diffusion coefficient.

We assume that the Ca2+ movement within each domain is governed purely

by diffusion with membrane fluxes, through either Orai channels or SERCA

pumps, transporting Ca2+ across membranes to allow Ca2+ transport between

the cytoplasmic and ER domains.

The Ca2+ influx per unit area due to the Orai channels, JOrai, is calculated using

the magnitude of the single channel Orai current, IOrai. We use Faraday’s law

of electrolysis and calculate the amount of Ca2+ entering the system per unit

area, FOrai,

FOrai =
IOrai

FzAO
,

where F is Faraday’s constant, z is the valency of Ca2+ and AO is the estimated

area of the Orai channel [56].

The SERCA pumps transport Ca2+ from the ER-PM junction into the sub-PM

ER where CJ and CS are the Ca2+ concentrations of the ER-PM junction and

sub-PM ER, respectively. If the ER-PM junction has a very high Ca2+ concen-

tration then the SERCA pumps will take up more Ca2+ and transport it across

faster. If the Ca2+ concentration of the sub-PM ER is very high then the rate

of Ca2+ transport through the SERCA pumps will slow down so less Ca2+ is
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transported into the sub-PM ER. The SERCA pump transport system depends

on the Ca2+ concentrations on either side of the membrane so we use a bidi-

rectional SERCA pump model to account for the Ca2+ concentrations on both

sides of the membrane. The Ca2+ flux per unit area per SERCA pump is given

by [69],

FSERCA =
Q
AS

Vmax,F (CJ/KF)
H −Vmax,R (CS/KR)

H

1 + (CJ/KF)
H + (CS/KR)

H ,

where Vmax,F and Vmax,R are the forward and reverse maximal pump rate, Q

is a temperature coefficient, AS is the area of the SERCA pump, H is the Hill

coefficient, and KF and KR are the forward and reverse binding coefficients.

The bidirectional sensing attributed to the SERCA pumps is an important fea-

ture of our model and cannot be ignored or simplified to a unidirectional

model because we want the model to capture the refilling dynamics of the

system, including the reduced SERCA transport as the ER Ca2+ store is re-

filled. Other bidirectional SERCA pump models, such as the model proposed

by Sneyd et al. [70] or those discussed in [22], could also be used to model the

SERCA pump flux.

The last type of Ca2+ movements occur at the non-physical boundaries we

have imposed in our model, denoted by the dashed black lines in Figures 2.3

and 2.4. At these boundaries we want to ensure that the local Ca2+ concen-

tration is continuous with that of the global Ca2+ concentration as there are

no physical barriers so we should have no impedance to the Ca2+ diffusion.

We impose the continuity of concentration and continuity of flux boundary

conditions to ensure Ca2+ is able to diffuse freely between the domains.

We have two possible boundary conditions; prescribing the value of the Ca2+

concentration on the boundary (continuity of concentration) or prescribing the

Ca2+ gradient on the boundary (concentration of flux). We will prescribe one

condition on each side of the boundary. In this way we can use the informa-

tion we have from the neighbouring domain to inform our prescribed bound-

ary conditions. The choice of boundary condition is considered in detail and

justified in the following chapter; for now we impose the continuity of concen-

tration boundary condition at the local boundaries and the continuity of flux

at the global boundaries.

The model constructed in this chapter includes both cytoplasmic and ER do-

mains to enable investigation into the refilling properties of SOCE. We use a

PDE framework to explore the relationship between the spatial organisation
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(a) (b)

(c) (d)

Figure 2.5: 2D representation of the (a) ER-PM junction (b) sub-PM ER (c) bulk
cytoplasm (d) bulk ER. Orai channel and SERCA pump fluxes are
denoted by purple and green arrows, respectively. The Ca2+ flux
due to free Ca2+ diffusion between local and global domains is
denoted by the light blue arrows.

of SOCE components (Orai channels and SERCA pumps) and the spatial sig-

nature of the Ca2+ signals generated. The model is novel as it incorporates

the impact of spatial organisation into the Ca2+ signalling dynamics and ER

refilling process.

We now look at each domain separately and create a spatio-temporal mathe-

matical model of Ca2+ diffusion in each domain. The combination of all four

domains gives the full model of SOCE.

ER-PM junction

The main components of SOCE, Orai channels and SERCA pumps, reside in

the ER-PM junction. The Ca2+ fluxes occurring in the ER-PM junction are de-

picted in Figure 2.5(a) and the Orai channel and SERCA pump fluxes are rep-

resented by the purple and green arrows, respectively. The Ca2+ channels and

pumps occupy small regions of the membrane so we model the Ca2+ move-

ment across the membrane as a boundary flux at a single point on the mem-

brane. The solid black lines in Figure 2.5(a) represent a zero flux boundary as
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the PM and ER membrane only allow Ca2+ flux through specific points (chan-

nels or pumps) on the boundary. To ensure the Ca2+ moves freely between the

ER-PM junction and bulk cytoplasm we impose the continuity of concentration

on the ER-PM junction and continuity of flux on the bulk cytoplasm.

The Ca2+ concentration in the ER-PM junction, CJ = CJ (r, φ, z, t), is governed

by the diffusion equation,
∂CJ

∂t
= DJO

2CJ, (2.1)

where r ∈ (0nm, 75nm], φ ∈ [0, 2π), z ∈ [2485nm, 2500nm] and t ≥ 0. The

diffusion equation satisfies the following initial and boundary conditions:

CJ (r, φ, z, 0) = 0.1µM, DJ
∂CJ

∂z

∣∣∣∣
z=H

= JOrai,

CJ (a, φ z, t) = CC (a, φ, z, t), DJ
∂CJ

∂z

∣∣∣∣
z=L2

= JSERCA.
(2.2)

Here, CC = CC(r, φ, z, t) denotes the Ca2+ concentration in the bulk cytoplasm.

The flux per unit area per channel or pump across a membrane is defined as

Jx =

Fx, (r, φ) = (rx, φx),

0, otherwise,

where x ∈ {Orai, SERCA} and (rx, φx) denote the position of the Orai channel

or SERCA pump on the membrane.

Sub-PM ER

In the sub-PM ER domain we have similar Ca2+ movement as in the ER-

PM junction; Ca2+ is transported into the sub-PM ER through SERCA pumps

which we model as a Ca2+ flux through a single point in the membrane. The

membrane fluxes are illustrated by the green arrows in Figure 2.5(b). To en-

sure the Ca2+ moves freely between the sub-PM ER and bulk ER we impose

the continuity of concentration on the sub-PM ER and continuity of flux on the

bulk ER.

The Ca2+ concentration in the sub-PM ER, CS = CS (r, φ, z, t), is governed by

the diffusion equation
∂CS

∂t
= DEO

2CS, (2.3)

where r ∈ (0nm, 75nm], φ ∈ [0, 2π), z ∈ [2000nm, 2485nm] and t ≥ 0. The
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diffusion equation satisfies the following initial and boundary conditions:

CS (r, φ, z, 0) = 150µM, DE
∂CS

∂z

∣∣∣∣
z=L2

= JSERCA,

CS (r, φ L1, t) = CE (r, φ, L1, t), DE
∂CS

∂r

∣∣∣∣
r=a

= 0.
(2.4)

Here, CE = CE(r, φ, z, t) denotes the Ca2+ concentration in the bulk ER. The

flux per unit area per SERCA pump is defined as

JSERCA =

FSERCA, (r, φ) = (rSERCA, φSERCA),

0, otherwise.

where (rSERCA, φSERCA) denotes the position of the SERCA pump on the ER

membrane. We deplete the Ca2+ store in the sub-PM ER from a resting con-

centration of [Ca2+ ]ER ≈ 400µM [41] to 150µM to take account of the greater

depletion observed in the sub-PM ER by Ong et al. [54] and to ensure signifi-

cant ICRAC activation, for which a dissociation constant of K1/2 = 169µM has

been reported [45].

Bulk Cytoplasm

We assume the flux across the outer boundary, r = b in Figure 2.5(c), is negligi-

ble as it is far from the SOCE induced Ca2+ dynamics and so we prescribe the

Ca2+ concentration at the outer mantle boundary to be the same as the baseline

Ca2+ concentration of the rest of the cytoplasm.

In the ER-PM junction we imposed continuity of Ca2+ concentration on the

junctional side of the boundary, r = a. We impose continuity of flux on the

bulk cytoplasmic side of the boundary so that the Ca2+ gradient across the

boundary is consistent and the Ca2+ flux into the bulk cytoplasm is equal to the

Ca2+ flux out of the ER-PM junction. The light blue arrows across the dashed

black lines in Figure 2.5(c) represent the continuity of flux boundary condition.

Imposing both continuity conditions ensures that there are no obstructions to

Ca2+ movement between these domains across this boundary.

The Ca2+ concentration in the bulk cytoplasm, CC = CC (r, φ, z, t), is governed

by the diffusion equation
∂CC

∂t
= DCO

2CC,
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where r ∈ (75nm, 1000nm], φ ∈ [0, 2π), z ∈ [2000nm, 2500nm] and t ≥ 0. The

diffusion equation satisfies the following initial and boundary conditions:

CC (r, φ, z, 0) = 0.1µM, DC
∂CC

∂z

∣∣∣∣
z=H

= 0,

CC (b, φ z, t) = 0.1µM, DC
∂CC

∂z

∣∣∣∣
z=L1

= 0,

DC
∂CC

∂r

∣∣∣∣
r=a

=


DC

∂CJ
∂z

∣∣∣∣
r=a

, z ∈ (L2, H ] ,

0, z ∈ [L1, L2 ) .

Bulk ER

The bulk ER only receives Ca2+ influx across the interface between the bulk

ER and sub-PM ER, denoted by the black dashed line on the top face of Figure

2.5(d). The Ca2+ influx refills the bulk ER and the light blue arrows represent

the continuity of flux boundary condition. The solid black lines either side of

the dashed lines represent the zero flux boundary condition of the ER mem-

brane. The other boundaries of the bulk ER are continuous with the remainder

of the ER but we assume that those boundaries are far enough from the sites

of Ca2+ influx that they do not feel the effects of the Ca2+ dynamics. Then

we can fix the Ca2+ concentration at the boundaries to be the baseline Ca2+

concentration of the ER.

The Ca2+ concentration in the bulk ER, CE = CE (r, φ, z, t), is governed by the

diffusion equation
∂CE

∂t
= DEO

2CE,

where r ∈ (0nm, 1000nm], φ ∈ [0, 2π), z ∈ [1000nm, 2000nm] and t ≥ 0. The

diffusion equation satisfies following initial and boundary conditions:

CE (r, φ, z, 0) = 150µM, DE
∂CE

∂z

∣∣∣∣
z=L1

=


DE

∂CS
∂z

∣∣∣∣
z=L1

, r ∈ (0, a ] ,

0, otherwise.

CE (b, φ z, t) = 150µM, CE (r, φ L0, t) = 150µM.

Four domain model

The four domain model is summarised in Figure 2.6. The solid black lines

represent physical boundaries which only allow Ca2+ fluxes across at specific
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Figure 2.6: Schematic diagram summarising the mathematical model of
SOCE including domain dimensions and boundary fluxes. The
Orai channels, SERCA pumps and free Ca2+ diffusion flux are de-
noted by the purple, light green and blue arrows, respectively.

points denoted by the coloured arrows. The dashed black lines represent the

non-physical boundaries which must obey the continuity of flux and concen-

tration boundary conditions, denoted by the blue arrows, to ensure Ca2+ dif-

fusion is not affected by the inclusion of the boundary. The diffusion equation

in each domain governs the Ca2+ dynamics according to the boundary condi-

tions imposed on each domain.

2.2 Discussion and conclusion

In this chapter we developed a 3D spatio-temporal model describing the Ca2+

concentrations within the cytoplasm and ER surrounding the site of Ca2+ in-

flux. We included four domains to allow investigation of the local Ca2+ dy-

namics occurring within the ER-PM junction and sub-PM ER and the global

dynamics of the bulk cytoplasm and bulk ER. We chose physiologically realis-

tic geometries and showed how to incorporate Ca2+ transport through either

membrane fluxes or through continuity boundary conditions.

SOCE is very complex and the current model focuses only on ER refilling and

the generation of Ca2+ signals. These processes are fundamental to SOCE and

occur in all cell types so the current model can be used as a foundation upon
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which we can expand and develop more biologically realistic models. Future

development of the model could incorporate cell specificity through inclusion

of cell specific kinetic parameters and particular cell signalling components.

This would enable exploration of the relationship between SOCE and the dif-

ferent signalling molecules present in the ER-PM junction which are involved

in specific SOCE induced downstream cellular functions. We could introduce

additional Ca2+ signalling components, for instance PMCA pumps, mitochon-

dria and IP3 receptors to introduce further complexity to the system. The

model could then be tailored towards specific cell types to investigate the im-

pact of SOCE on particular cell signalling pathways, for instance, the intricate

relationship between abnormal SOCE and immunodeficiencies in T cells [26].

Addition of mobile and immobile buffers in the ER-PM junction is another

potential extension to the current model. This would provide a more realistic

insight to the biological dynamics and allow investigation of Ca2+ buffers in

these sub-cellular regions, which is experimentally difficult due to the small

size of the ER-PM junctions.

We have focused solely on Ca2+ movement in this model but the model has

the potential to simulate the full SOCE cycle by including the movement of

STIM1, the Ca2+ sensor which triggers SOCE. Depletion of ER Ca2+ stores

causes Ca2+ to unbind from STIM1, STIM1 then translocates to the ER-PM

junction where it binds to Orai and initiates Ca2+ influx. We could include

the ability of STIM1 to sense the Ca2+ store content and ensure that STIM1

translocation towards the ER-PM junction is activated when the surrounding

Ca2+ falls below a certain threshold. This would introduce the delay observed

between store depletion and Ca2+ influx [44, 81] and develop a more biolog-

ically realistic model. In a similar manner, we could also include the closing

of the Orai channels when the surrounding Ca2+ concentration is sufficiently

high and STIM1 binds to Ca2+, disassembling the Orai channel and stopping

Ca2+ influx. Again, this provides a realistic description of the termination of

SOCE and could be used as a method of examining the time frames required

for ER refilling in specific situations to further compare the factors governing

SOCE. In the model we assumed the Orai channels are stationary in the ER-PM

junction as they diffuse very slowly [82]. We could incorporate non-stationary

channels and pumps in our model to examine the impact of channel and pump

movement on the spatial Ca2+ signals produced.

SOCE is initiated in response to depletion of the ER Ca2+ store and we have
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(a) (b)

Figure 2.7: (a) Illustration of a globally depleted ER: the bulk ER is depleted
to the same extent as the sub-PM ER. (b) Illustration of a locally
depleted ER: the sub-PM ER is fully depleted but the bulk ER is
only depleted near the sub-PM ER region.

modelled this Ca2+ store depletion by setting the Ca2+ concentration of the

sub-PM ER to be 150µM. We can model local and global Ca2+ store depletion

by varying the Ca2+ concentrations within the bulk ER. For instance, a globally

depleted bulk ER is illustrated in Figure 2.7(a). The entire bulk ER has been

depleted to the same level as the sub-PM ER. The area in blue represents the

depleted region, CE = 150µM, and the area in orange represents the full Ca2+

store, CE = 400µM. This depletion extends beyond the bulk ER domain to

ensure that the Ca2+ concentration is continuous across the boundary denoted

by the yellow dashed line. A locally depleted ER is illustrated in Figure 2.7(b).

The bulk ER domain has only been partially depleted demonstrated by the

smaller region of blue within the bulk ER domain. Local depletion could occur

though transport of Ca2+ at specific sites, e.g. IP3 receptors nearby to the ER-

PM junction which do not deplete internal ER Ca2+ stores. Local depletion

may be more physiologically accurate but the model is able to examine the

Ca2+ dynamics occurring as a result of both forms of store depletion.

The model is composed of a local model of Ca2+ dynamics, consisting of the

ER-PM junction and sub-PM ER, and a global model of Ca2+ dynamics, con-

sisting of all four domains. The majority of SOCE occurs in the ER-PM junc-

tion and the early ER refilling mainly affects the sub-PM ER so we can reduce

the full system to the local model when we are concerned with the local Ca2+

dynamics and early ER refilling. Further to this, if we are only interested in

how the inter-channel Orai distances affect the Ca2+ dynamics, as Samanta et

al. were [67], then we can consider the ER-PM junction only. Many signalling

effector molecules are assumed to sit within the ER-PM junction leading to ac-

tivation of a range of signalling pathways and cellular functions. The Ca2+
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dynamics solely attributed to ER-PM junction interactions may be sufficient

for investigation into the relationship between the spatial Ca2+ patterns and

signalling molecule placement. This allows us to reduce the complexity of the

model and consider the particular domains we are interested in according to

what aspect of SOCE we are investigating. We will focus on the local model

in the following chapters as we are primarily concerned with the local Ca2+

signalling and refilling dynamics. It would be interesting to examine the im-

pact the local Ca2+ dynamics have on Ca2+ signalling in the bulk cytoplasm

and the ER refilling process; however, we will first analyse the local factors

influencing Ca2+ signalling and ER refilling. Then we can investigate the rela-

tionship between local and global Ca2+ dynamics to further determine the key

components governing SOCE.

In conclusion, we have constructed a 3D spatio-temporal model of Ca2+ sig-

nalling and ER refilling in this chapter. We have included both local and global

components to allow investigation into both the local and global Ca2+ dynam-

ics and explore how the local dynamics impact global Ca2+ signals. SOCE is

very complex so we have included the most important facets of SOCE in our

model, ER refilling and the spatial signature of Ca2+ signals. The model en-

ables visualisation of the Ca2+ signals generated in the ER-PM junction and

sub-PM ER, which is not achievable with current Ca2+ imaging techniques.

The incorporation of a refilling pathway with spatial organisation is novel and

can provide a mechanism to investigate current thoughts about spatial organ-

isation of Ca2+ signalling components within the junctions and even that the

dimensions of the junctions themselves are capable of regulating ER refilling

and Ca2+ signalling.
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Chapter 3

Solution and Implementation of the

Model

3.1 Solution techniques

In Chapter 2, we created a spatio-temporal model of coupled PDEs to describe

the movement of Ca2+ in the cytoplasm and ER during SOCE. The model

accounts for Ca2+ influx and efflux from Orai channels and SERCA pumps

and the diffusion of Ca2+ within the domains to describe the Ca2+ concentra-

tions throughout SOCE. We will employ a semi-analytical technique involving

Green’s functions to solve our PDE system.

As mentioned in Chapter 2, we will focus on the two domain model coupling

the Ca2+ concentrations in the ER-PM junction, CJ = CJ(r, φ, z, t), and the sub-

PM ER, CS = CS(r, φ, z, t). The Ca2+ concentrations, CJ and CS, of each domain

obey the diffusion equation,

∂Cx

∂t
= Dx∇2Cx, (3.1)

where x defines the domain, x ∈ {J, S}, and Dx is the diffusion coefficient in

that domain. The Ca2+ concentrations obey the initial conditions and bound-

ary conditions detailed in Chapter 2.

3.1.1 Barton’s solution method

The solution, C (r, φ, z, t), to a system of PDEs in absence of internal source

terms on a stationary domain of volume V and boundary S using the method
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discussed in [8], which we will refer to as ‘Barton’s method’, is given by,

Cx =
∫

V
Gx(r, r’, T, t0)Cx,0dV’

+ Dx

∫ T

t0

dt′
∫

S

[
Gx (r, r’, T, t0) ∂′nCx,t −

(
∂′nG (r, r’, T, t0)

)
Cx,t
]

dS’,
(3.2)

where t0 denotes the initial time, Gx(r, r’, T, t0) is the Green’s function of the

system propagating the solution between t = t0 and t = T, Cx,0 is the initial

condition of the system, ∂′nCx,t is a prescribed flux boundary condition and Cx,t

is a prescribed Dirichlet boundary condition across the boundary.

The first integral propagates the effect of the initial condition of the Ca2+ con-

centration. The second integral propagates the effect of the inhomogeneous

boundary conditions, ∂′nCS when Von Neumann boundary conditions are used

and CS when Dirichlet boundary conditions are used. Together the integrals

describe the change in the concentration profile from t = 0 to t and take ac-

count of the diffusion of Ca2+ and the influx/efflux across the boundary.

If we discretise time, according to t = (t0, t1, ..., tn−1, tn = T), then we can split

the integral of equation (3.2) as follows,

Cx =
∫

V
Gx(r, r’, T, t0)Cx,0dV’

+ Dx

∫ t1

t0

dt′
∫

S

[
Gx (r, r’, t1, t0) ∂′nCx,t −

(
∂′nG (r, r’, t1, t0)

)
Cx,t
]

dS’

+ Dx

∫ t2

t1

dt′
∫

S

[
Gx (r, r’, t2, t1) ∂′nCx,t −

(
∂′nG (r, r’, t2, t1)

)
Cx,t
]

dS’ + ...

+ Dx

∫ T

tn−1

dt′
∫

S

[
Gx (r, r’, T, tn−1) ∂′nCx,t −

(
∂′nG (r, r’, T, tn−1)

)
Cx,t
]

dS’.

(3.3)

The solution at time T, Cx, is the sum of the boundary condition solutions be-

tween each time point in t. We use a temporal mesh with uniform spacing, dt,

and time translationally invariant Green’s functions [8] so the Green’s function

is the same throughout the sum, allowing equation (3.3) to be written as

Cx =
∫

V
Gx(r, r’, T, t0)Cx,0dV’

+ Dx

∫ dt

0
dt′
∫

S

[
Gx
(
r, r’, t′

)
∂′nCx,0 −

(
∂′nGx

(
r, r’, t′

))
Cx,0

]
dS’

+ Dx

∫ dt

0
dt′
∫

S

[
Gx
(
r, r’, t′

)
∂′nCx,1 −

(
∂′nGx

(
r, r’, t′

))
Cx,1

]
dS’ + ...

+ Dx

∫ dt

0
dt′
∫

S

[
Gx
(
r, r’, t′

)
∂′nCx,n−1 −

(
∂′nGx

(
r, r’, t′

))
Cx,n−1

]
dS’.

(3.4)
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The first integral propagates the effect of the inhomogeneous initial condi-

tion throughout the system over the time interval T and the remaining inte-

grals propagate the effect of the inhomogeneous boundary condition at time

ti, where ∂′nCx,i is the inhomogeneous boundary condition at time ti. However,

instead of propagating the initial condition over one large time interval, T, we

can propagate the initial condition over a small interval, dt, to get the Ca2+

concentration at time t1, Cx,1, and then propagate this Ca2+ concentration over

another small interval to to get the Ca2+ concentration at time t2, Cx,2. By prop-

agating the previously computed Ca2+ concentration, Cx,i−1, over a small time

interval, dt, we will eventually propagate the original initial condition over the

full time interval. The solution after the ith time step can then be written as

Cx,i =
∫

V
Gx(r, r’, dt)Cx,i−1

+ Dx

∫ dt

0
dt′
∫

S

[
Gx
(
r, r’, t′

)
∂′nCx,i−1 −

(
∂′nGx

(
r, r’, t′

))
Cx,i−1

]
dS’,

(3.5)

where Cx,i−1 is the previously calculated solution and if i = 1 then we use the

prescribed initial condition, Cx,0.

We can approximate the Ca2+ concentration at time T, Cx, using a discretised

time variable, t, with a time step of dt by time stepping the solution as follows:

1. Calculate the solution after one time step, Cx,1, according to equation (3.5)

using the prescribed initial condition Cx,0.

2. For i = 2 to i = n calculate the ith solution, given by equation (3.5).

3. Stop when i = n, as we have calculated the solution from t = t0 to t = T,

Cx.

Iterating the solution in this way, we capture the evolution of the Ca2+ concen-

trations within the system and determine the Ca2+ concentration at specific

time points. We illustrate the iterative time stepping scheme using the follow-

ing PDE to represent diffusion of Ca2+, C = C(x, t), on a 1D line of length L

over a time interval T,
∂C
∂x

=
∂2C
∂x2 . (3.6)

The initial condition is depicted graphically in Figure 3.1(a) and has no flux

boundary conditions at x = 0 and x = L. We use a spatial mesh size, dx =

0.1, and a time step, dt = 0.01, to compare the final Ca2+ profiles calculated

when using one large time interval, equation (3.2), and the iterative time step
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method. The iterative time step method, represented by the dashed red line in

Figure 3.1(b), results in the same Ca2+ profile at t = 1s as the analytical solu-

tion (calculated using equation (3.2)), represented by the solid blue line. This

demonstrates that the final Ca2+ concentration profile is well approximated

by the iterative time stepping scheme. We compare the Ca2+ concentration

profiles at different times in Figure 3.1(c) with the solid blue representing the

exact Ca2+ concentration at each time point, calculated using equation (3.2),

and the dashed red lines representing the iterative time stepping scheme. The

exact Ca2+ profiles are well approximated at each time point using the itera-

tive scheme. Figure 3.1(d) shows the Ca2+ peak at x = 5nm throughout the

simulation and clearly demonstrates that the iterative time stepping approach

provides a good approximation to the temporal evolution of the Ca2+ profile

throughout the simulation.

We have discretised space, time and also truncated the number of modes (M)

in our Green’s function when calculating the analytical and iterative solutions

shown in Figure 3.1. Discretising these variables introduces error into our so-

lution e.g. we approximate the volume integral using the trapezium rule over

the discretised spatial variables and smaller discretisations will provide better

approximations than larger discretisations. Therefore, it is important to check

how the solution is affected by such discretisations and ensure that the discreti-

sations chosen are sensible and do not introduce large errors into the system.

We first look at how changing our spatial discretisation, dx, affects the iterative

solution. In Figure 3.2(a) we reproduce Figure 3.1(b) but now include the Ca2+

concentration calculated with increasing dx by the dotted lines. We see that as

dx gets larger the solution is less accurate (reaching values of C = 40µM). This

is more clearly illustrated in Figure 3.2(b) where we plot the final Ca2+ con-

centration at x = 5nm and see that as the spatial discretisation increases (up to

dx = 0.3nm) the Ca2+ solution becomes less accurate. The final Ca2+ solution

has converged to approximately 0.3µM by dx = 0.2nm so our discretisation of

dx = 0.1nm is sufficiently small to ensure the solution is a good approxima-

tion. We performed similar comparisons to examine the effect of changing the

temporal discretisation and number of modes included in the Green’s func-

tion in Figure 3.2(c) and 3.2(d). We again plot the final Ca2+ concentration

at x = 5nm as a function of the temporal discretisation (dt) and number of

modes (M). In these cases we find that the calculated Ca2+ concentration does

not depend on dt or M. This is because we have not included any sources or

boundary fluxes that vary with time. This is examined in more detail in section

41



(a) (b)

(c) (d)

Figure 3.1: (a) Initial condition. (b)-(d) Simulations of the Ca2+ concentra-
tion on the line at different points in time. The solid blue line rep-
resents the exact solution calculated using equation (3.2) and the
red dashed line is the Ca2+ solution calculated using the iterative
time stepping method in equation (3.5). (b) Ca2+ concentration af-
ter time interval, T. (c) Ca2+ concentration at increasing points in
time leading to lower peaks of Ca2+. (d) Temporal evolution of the
Ca2+ concentration at x = 5nm. Parameters: T = 1s, L = 10nm,
dx = 0.1, dt = 0.01, M = 100.
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Figure 3.2: Numerical investigation of how discretisation affects accuracy of
final Ca2+ solution. (a) solid blue line represents analytical Ca2+

solution, dashed red line represents iterative final Ca2+ solution
with dx = 0.1nm and dotted lines represent iterative final solu-
tions with dx ranging from 0.01nm to 0.3nm. (b) final Ca2+ solu-
tion at x = 5nm calculated using iterative time stepping method
plotted for the range of dx. (c) final Ca2+ solution at x = 5nm cal-
culated using iterative time stepping method plotted for the range
of dt. (d) final Ca2+ solution at x = 5nm calculated using itera-
tive time stepping method plotted for the range of M. Parameters:
T = 1s, L = 10nm.

4.2 when we investigate how changing dt affects the Ca2+ dynamics in both

the ER-PM junction and sub-PM ER which have constant fluxes (Orai channel)

and Ca2+ and time dependent fluxes (SERCA pump), respectively.

The size of the temporal mesh is important so we will use a time step, dt =

10−6s, in our simulations of the local Ca2+ dynamics to provide a good ap-

proximation to the temporal evolution of the Ca2+ concentration. The impact

of the time step on the extent of Ca2+ diffusion is discussed later in this chap-

ter, in section 3.2.1. We will discretise the model spatially so we can simulate

the model in MATLAB. We have chosen uniform meshes in the r, φ and z di-

rections with mesh sizes4r,4φ and4z respectively.

Using an iterative scheme with a uniform temporal mesh to approximate the

Ca2+ evolution in time ensures the Green’s functions are always of the form
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Gx(r, dt). Therefore, we can pre-compute the Green’s function on each domain.

Computation of the Green’s function takes approximately 5 hours so by pre-

computing the Green’s function at the start of the simulation we will reduce

the simulation time by approximately 5 hours per time step. Thus reducing the

run time of the simulation as we will not need to compute the Green’s function

at each time step.

3.2 Green’s functions

Green’s functions describe the effect of diffusion on the Ca2+ profile within the

domain. To solve the SOCE PDE model, given in Chapter 2, we must first cal-

culate the Green’s function of each domain. We focus on the two local domains:

the ER-PM junction (J) and sub-PM ER (S) which are defined on cylinders.

Green’s functions obey the original PDE and inhomogeneous initial condition

but satisfy the homogeneous versions of the boundary conditions [8]. The ho-

mogeneous boundary conditions allow us to use the separation of variables

technique to calculate the solution which propagates the effect of diffusion on

the initial condition and from this we can derive the Green’s function for the

domain. The separation of variables technique separates the solution into a

combination of functions of the four variables, ρ(r), θ(φ), h(z) and T(t). Since

the ER-PM junction and sub-PM ER domains are both defined as cylinders

then the separation of variables technique will lead to the same system of equa-

tions for the Ca2+ concentration on the ER-PM junction and sub-PM ER. The

solutions of these equations will depend on the homogeneous versions of the

boundary conditions, leading to different solution, and resulting in two dis-

tinct solutions for CJ(r, φ, z, t) and CS(r, φ, z, t).

The PDE model with Cx = Cx (r, φ, z, t) and homogeneous boundary condi-

tions on a general cylindrical domain is given by,

∂Cx

∂t
= DxO2Cx, (3.7)

where x ∈ {J, S} denotes the domain and Dx the diffusion coefficient of that

domain.

To apply the separation of variables technique we decompose the general so-

lution for a cylindrical domain with homogeneous boundary conditions as fol-
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lows,

Cx(r, φ, z, t) = T(t)ρ(r)θ(φ)h(z). (3.8)

The functions ρ, θ, h and T denote the dependence of the Ca2+ concentration,

Cx, on the r, φ, z and t variables, respectively. We can write the general initial

condition on a cylindrical domain as

Cx(r, φ, z, 0) = T(0)ρ̃(r)θ̃(φ)h̃(z), (3.9)

where the variables ρ̃, θ̃ and h̃ denote the dependence of the initial condition

on the r, φ and z variables, respectively.

We substitute equation (3.8) into the general diffusion equation (3.7) and apply

the separation of variables technique to separate the system into the following

equations for a cylindrical domain:

T′ + DJ

(
µ2 + η2

)
T = 0, (3.10)

h′′ + µ2h = 0, (3.11)

θ′′ + γ2θ = 0, (3.12)

r2ρ′′ + rρ′ + ρ(r2η2 − γ2) = 0. (3.13)

where µ, η and γ are defined using the homogeneous versions of the boundary

conditions of each domain. Equation (3.13) is Bessel’s equation.

We now look at the specific solutions on the ER-PM junction and sub-PM ER.

3.2.1 ER-PM junction

The inhomogeneous initial condition and homogeneous boundary conditions

of the ER-PM junction are given by,

CJ,0 = 0.1µM, DJ
∂CJ

∂z

∣∣∣∣
z=H

= 0,

CJ

∣∣∣∣
r=a

= 0, DJ
∂CJ

∂z

∣∣∣∣
z=L2

= 0,
(3.14)

with periodic boundary conditions in φ and DJ is the diffusion coefficient in

the ER-PM junction. Applying the inhomogeneous initial condition and ho-

mogeneous boundary conditions to the separable equations (3.10) - (3.13) we
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obtain the following solutions,

T(t) = T(0)e−DJ(µ2
m+η2)t, (3.15)

h(z) =
1

H − L2

∫ H

L2

h̃(z′)dz′
[

1 + 2
M

∑
m=1

cos
(
µm
(
z′ − L2

))
cos (µm (z− L2))

]
,

(3.16)

θ(φ) =
1

2π

∫ 2π

0
θ̃(φ′)dφ′

[
1 + 2

N

∑
n=1

cos
(
n
(
φ− φ′

))]
, (3.17)

ρ(r) =
2
a2

∫ a

0
ρ̃(r′)r′dr′

J

∑
j=1

Jn
(
αn,jr′/a

)
Jn
(
αn,jr/a

)
J2
n+1

(
αn,j
) , (3.18)

where µ = µm = mπ/(H − L2) for m = 1, 2, ..., M, γ = n for n = 0, 1, 2, ..., N,

η = αn,j/a and αn,k satisfies Jn
(
αn,j
)
= 0 for j = 1, 2, ..., J where Jn(x) are

Bessel’s functions of order n.

We substitute each solution into equation (3.8) and substitute in equation (3.9)

to return the initial condition, CJ,0, and reach the following solution for CJ,

CJ =
∫

V
dV′GJ(r, r′, φ, φ′, z, z′, t)CJ,0, (3.19)

where GJ is the Green’s function in the ER-PM junction. Equation (3.19) de-

scribes the diffusion of the initial Ca2+ profile, CJ,0, in the ER-PM junction. By

setting the initial condition to a 3D polar delta function,

CJ,0 =
δ(r− r′)δ(φ− φ′)δ(z− z′)

r′
, (3.20)

we recover the Green’s function from equation (3.19). The Green’s function in

the ER-PM junction is given by

GJ
(
r, r′, φ, φ′, z, z′, dt

)
=

1
πa2(H − L2)

[
1 + 2

M

∑
m=1

cos
(
µm
(
z′ − L2

))
cos (µm (z− L2)) exp

(
−DJµ

2
mt
)]

×
J

∑
j=1

[
J0
(
α0,jr′/a

)
J0
(
α0,jr/a

)
J1
(
α0,j
)2 exp

(
−DJ

(
α0,j

a

)2

dt

)

+2
N

∑
n=1

Jn
(
αn,jr′/a

)
Jn
(
αn,jr/a

)
Jn+1

(
αn,j
)2 cos

(
n
(
φ− φ′

))
exp

(
−DJ

(
αn,j

a

)2

dt

)]
.

(3.21)
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The Green’s function is the only function in equation (3.19) that incorporates

the diffusion coefficient and time step. The Green’s function controls the ex-

tent of Ca2+ diffusion on the system and by changing the size of the time step,

dt, or the diffusion coefficient, DJ, we will influence the extent of Ca2+ diffu-

sion observed during one time step in the ER-PM junction. We have chosen

DJ = 220µm2s−1 in accordance with the values used in the literature, as dis-

cussed in Chapter 2. The length of the time step is crucial to modelling Ca2+

release and Ca2+ uptake through Ca2+ pumps as the pump rate will vary in

real time with the changing Ca2+ concentration. By approximating the chang-

ing Ca2+ concentration over time as a discrete series of Ca2+ concentrations

we will approximate the Ca2+ flux through the SERCA pump as a constant

Ca2+ flux over one time step so that we can approximate the overall Ca2+ flux

as a series of constant Ca2+ fluxes. To be able to approximate the Ca2+ flux

through the pump as a constant flux we must have a small enough time step

that the Ca2+ profile near the SERCA pump does not change considerably dur-

ing one time step. If we choose a time step that is too large we could neglect

vital changes to the pump strength resulting in over or under-estimates of the

Ca2+ influx. The time step is also important for controlling the shape and in-

tensity of the elevated Ca2+ profile in the microdomain surrounding the Orai

channel and if we choose a small time step then the microdomain will have

a large Ca2+ elevation that is tightly concentrated around the channel but if

the time step is much larger then the microdomain would have a lower Ca2+

elevation and a larger microdomain because the Ca2+ will have diffused much

further in this larger time step.

The shape of the Green’s function with various time steps is illustrated in Fig-

ure 3.3. We can see that using a large time step, dt = 10−5s, allows the Ca2+

concentration to diffuse throughout the whole domain and even interact with

the boundary. Thus, the Ca2+ peak is no longer evident and in fact, there is

little structure in the polar plane, as seen in Figure 3.3(a). The Green’s function

is also symmetric in z, as shown by the lack of structure around the channel in

the z direction in Figure 3.3(b). This means that in one time step, dt = 10−5s,

the Ca2+ concentration within the junction equilibrates and the local elevations

due to the Ca2+ influx through a channel are no longer apparent.

In Figures 3.3(c) and 3.3(d) we have decreased the time step to dt = 10−6s

and we can see that the polar Green’s function retains its peak in the polar

plane so the Ca2+ profile within the ER-PM junction retains the structure of

the microdomain after diffusion over one time step. In the z direction the Ca2+
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profile is again symmetric in z but the height of the junction is three times

smaller than the radius of the junction so we would need a much smaller time

step to maintain a Ca2+ peak in the z direction after diffusion in one time step,

dt = 10−6s.

In Figures 3.3(e) and 3.3(f) we have decreased the time step to dt = 10−8s and

we can see that the Green’s function has a very concentrated peak in the polar

plane and also has a strong peak in the z direction as the Ca2+ is not able to

diffuse as far during such a small time step so the microdomain structure is

preserved.

If we consider how the time step changes the shape of the Green’s function

then we realise that by using a larger time step, such as dt = 10−5s we will

smooth out the Ca2+ concentration profile and any Ca2+ microdomains form-

ing around the channel and pump mouths will equilibrate as Ca2+ diffuses

within the junction. The local high Ca2+ concentrations will no longer affect

the pump rates and we will need to wait for global rises in Ca2+ rather than

local changes to affect the Ca2+ pumping and refilling. The smallest time step,

dt = 10−8s, has very concentrated peaks so the Ca2+ profile will not diffuse

much over one time step. The Ca2+ microdomain will remain very tightly

concentrated around the channel mouth and take longer to diffuse enough

to cause an increase in concentration near the SERCA pumps. However, this

would be computationally intensive as we would need to run longer simula-

tions. The middle time step, dt = 10−6s, has a fairly concentrated Ca2+ peak

in the polar directions but the Ca2+ profile has little structure in the z direc-

tion. This time step allows the SERCA pumps to feel the increase in local Ca2+

concentrations around the pumps from the Ca2+ influx through Orai chan-

nels without completely diffusing throughout the entire domain. If we use

the smallest time step, dt = 10−8s, to simulate a total time of T = 10−4s, we

need to run 104 time steps per simulation. However, if we use a time step of

dt = 10−6s we only need to run 100 time steps per simulation. Therefore, we

will use a time step of dt = 10−6s in our simulations as we run fewer time

steps per simulation and reduce the total run time of the simulation compared

to smaller time steps.

We can check our Green’s function behaves correctly by testing that when t = 0

the Green’s function is a composition of delta functions,

GJ(r, r′, φ, φ′, z, z′, 0) =
δ(r− r′)δ (φ− φ′) δ(z− z′)

r′
.
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(a) (b)

(c) (d)

(e) (f)

Figure 3.3: Green’s functions in the ER-PM junction with different time steps.
(a) and (b) have a time step dt = 10−5s and the Ca2+ profile in the
ER-PM junction is very flat. (c) and (d) have a time step dt = 10−6s
and the peak is flattened but still visible in the polar direction,
the Ca2+ concentration in the z direction is almost homogeneously
distributed. (e) and (f) have a time step dt = 10−8s and the peak
in the z and polar directions is very clear. The parameters used are
J = 150, M = 100, N = 50
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Here, we use the convolution property of delta functions,∫
f (x)δ(x− a) = f (a). (3.22)

We know the Green’s function is comprised of three delta functions when t = 0

and can be decomposed into solutions in each direction so we can then use the

convolution property of delta functions, equation (3.22), to check that the rep-

resentation is a Green’s function. The representations of the delta function in

each direction are shown in Figures 3.4(a), 3.4(c) and 3.4(e), however we have

small oscillations about zero away from the peak. The Green’s function can

be convolved in each direction according to equation (3.22) using a Gaussian

expression, shown in blue in Figures 3.4(b), 3.4(d) and 3.4(f), with the convo-

lution shown in dashed red lines. As we see, the convolution exactly matches

the original function showing that the convolution property of delta functions

(3.22) is satisfied. Therefore, equation (3.21) does indeed represent a Green’s

function for small dt.

By increasing the number of terms in the sums (increasing J, N and M) in

Figures 3.5(a), 3.5(c) and 3.5(e) we see that the peak increases but has also

smoothed the oscillations. In fact, the oscillations remain the same but the

peak has increased and on this scale the oscillations are not visible on the new

graphs. In Figures 3.5(b), 3.5(d) and 3.5(f), we see that the Green’s function

with more terms in the sum no longer behaves like a delta function as the red

dashed line is approximately 10 times larger than the solid blue line. We will

use J = 150, N = 50 and M = 100 in the Green’s function sums but remain

aware when analysing our results that there may be small oscillations the Ca2+

concentration which are attributed to the oscillations in the delta functions.

3.2.2 Sub-PM ER

The inhomogeneous initial condition and homogeneous boundary conditions

of the sub-PM ER are given by,

CS,0 = 150µM, DS
∂CS

∂z

∣∣∣∣
z=L2

= 0,

CS

∣∣∣∣
z=L1

= 0, DS
∂CS

∂r

∣∣∣∣
r=a

= 0,
(3.23)
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(a) (b)

(c) (d)

(e) (f)

Figure 3.4: Checks that the Green’s function in the ER-PM junction acts like
a delta function when dt = 0. (a, c, e) show the shape of the
z, r, φ components of the Green’s function. (b ,d, f) show that the
Green’s functions components convolve like delta functions where
the solid blue line is the original function and the red dashed line
is the convolution. The parameters used are M = 100, J = 150 and
N = 50
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(a) (b)

(c) (d)

(e) (f)

Figure 3.5: Check to see how the Green’s function shape and properties
change by increasing the number of terms in the sum. (a,c,e) show
the shape of the z, r, φ components of the Green’s function and
(b,d,f) show that the Green’s functions components do not con-
volve correctly when we have more terms in the sum. The param-
eters used are M = 1000, J = 1500 and N = 500.
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with periodic boundary conditions in φ and DS is the diffusion coefficient in

the sub-PM ER. We apply the inhomogeneous initial condition and homoge-

neous boundary conditions separable variable equations (3.10) - (3.13) to get

the following solutions on the sub-PM ER,

T(t) = T(0)e−DS(µ2+η2)t, (3.24)

h(z) =
2

L2 − L1

∫ L2

L1

h̃(z′)dz′
M

∑
m=1

cos
(
µm
(

L2 − z′
))

cos (µm (L2 − z)) , (3.25)

θ(φ) =
1

2π

∫ 2π

0
θ̃(φ′)dφ′

[
1 + 2

N

∑
n=1

cos
(
n
(
φ− φ′

))]
, (3.26)

ρ(r) =
2
a2

∫ a

0
ρ̃(r′)r′dr′

J

∑
j=1

Jn
(

βn,jr′/a
)

Jn
(

βn,jr/a
)

J2
n
(

βn,j
) (

1−
(
n/βn,j

)2
) . (3.27)

where µm = (2m − 1)π/(2(L2 − L1)) for m = 1, 2, ..., M, γ = n for n =

0, 1, ..., N, η = βn,j/a and βn,j satisfies J′n
(

βn,j
)
= 0 for j = 1, 2, ..., J.

By comparing equations (3.15) and (3.17) with (3.24) and (3.26) we see that

the solutions in t and φ are of the same format in the ER-PM junction and

sub-PM ER. The parameters will be different because they are on different do-

mains but the conditions were the same: one inhomogeneous initial condition

and periodic boundary conditions in φ. However, the equations governing

the solution in the z direction are different in the ER-PM junction, equation

(3.16), and the sub-PM ER, equation (3.25), because the domains have different

boundary conditions in this direction. The ER-PM junction has two no flux

boundary conditions, to account for the PM and ER membrane, whereas the

sub-PM ER has one no flux boundary condition, to account for the ER mem-

brane, but the second boundary condition is a Dirichlet boundary condition to

ensure the continuity of concentration between the sub-PM ER and bulk ER, as

discussed in Chapter 2. Similarly, the equations governing the solution in the r

direction are different in the ER-PM junction, equation (3.18), and the sub-PM

ER, equation (3.27). The ER-PM junction has a Dirichlet boundary condition

on the radial boundary to ensure the continuity of concentration so Ca2+ can

diffuse freely between the ER-PM junction and bulk cytoplasm whereas the

sub-PM ER has a no flux boundary condition along the mantle of the cylinder

to account for the ER membrane.

We substitute each solution into equation (3.8) and substitute in equation (3.9)
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to return the initial condition CS,0 to reach the following solution for CS,

CS =
∫

V
dV′CS,0GS

(
r, r′, φ, φ′, z, z′, t

)
, (3.28)

where GS is the Green’s function of the sub-PM ER. Equation (3.28) describes

the diffusion of the original Ca2+ profile, CS(r, φ, z, 0), up to time t, in the sub-

PM ER. By setting the initial condition to a 3D polar delta function,

CS,0 =
δ(r− r′)δ(φ− φ′)δ(z− z′)

r′
, (3.29)

we obtain the Green’s function from equation (3.28). The Green’s function in

the sub-PM ER is given by

GS
(
r, r′, φ, φ′, z, z′, dt

)
=

2
πa2(L2 − L1)

[
M

∑
m=1

cos
(
µm
(

L2 − z′
))

cos (µm (L2 − z)) e−DSµ2
mdt

]

×
K

∑
k=1

[
J0 (β0,kr′/a) J0 (β0,kr/a)

J0 (β0,k)
2 e−DS(β0,k/a)

2
dt

+2
N

∑
n=1

Jn (βn,kr′/a) Jn (βn,kr/a)

Jn (βn,k)
2
(

1− n2

β2
n,k

) cos
(
n
(
φ− φ′

))
e−DS(βn,k/a)

2
dt

 .

(3.30)

The Green’s function on the sub-PM ER domain is illustrated in Figure 3.6 and

we can see that with a time step of dt = 1 × 10−6s the Ca2+ concentration

peak is very concentrated in the z direction and polar plane. The sub-PM ER

is much larger than the ER-PM junction in the z direction so the Ca2+ can

diffuse much further before encountering a barrier that would impede Ca2+

diffusion. This causes the Ca2+ to peak more strongly in the z direction of the

sub-PM ER because it has not diffused far enough to be affected by nearby

boundaries within one time step. As discussed in Chapter 2, the diffusion

coefficient of the sub-PM ER is smaller than the diffusion coefficient of the

ER-PM junction ensuring that Ca2+ diffuses much more slowly in the sub-PM

ER than the ER-PM junction. This also contributes to the generation of more

tightly concentrated Ca2+ peaks in the sub-PM ER than the ER-PM junction.

We do not examine the Green’s functions with larger or smaller time steps

because dt = 1× 10−6s is already the largest time step we can use in the ER-

PM junction and we will use the same time step throughout all our domains
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(a) (b)

Figure 3.6: Simulation showing the shape of the Green’s function in (a) the z
direction and (b) polar direction in the sub-PM ER. The parameters
used are J = 150, M = 100, N = 50

in the simulations. As we can see from Figure 3.6, the peak of the Green’s

function is already very concentrated so a smaller time step will result in an

even tighter peak which will take a long time to diffuse in the larger domains.

We can check that our representation given in equation (3.30) actually is a

Green’s function by checking the behaviour when dt = 0. We know the

Green’s function is composed of three delta functions when dt = 0 so we

check that the representation of the Green’s function in each direction satisfies

the convolution property of delta functions, equation (3.22). We see in Figures

3.7(a), 3.7(c) and 3.7(e) that the representations look similar to delta functions

and peak only at the specified location. We still have the oscillations about zero

in the r and φ directions, however, the oscillations are small in comparison to

the peak. We can see in Figures 3.7(b), 3.7(d) and 3.7(f) that the representations

convolve with a Gaussian correctly, as shown by the matching of the dashed

red lines with the solid blue lines.

The representation in equation (3.30) obeys the same properties as delta func-

tions so we have confirmed our representation is indeed a Green’s function for

the sub-PM ER domain. We will use J = 150, M = 100 and N = 50 in our

sums to ensure that equation (3.30) represents a Green’s function.

Although we are focusing on the local Ca2+ dynamics of SOCE the Green’s

functions of the bulk cytoplasm and bulk ER with the corresponding delta

function checks are given in Appendix A.
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(a) (b)

(c) (d)

(e) (f)

Figure 3.7: Checks that the Green’s function in the sub-PM ER acts like a delta
function when dt = 0. (a, c, e) show the shape of the z, r, φ com-
ponents of the Green’s function and (b, d, f) show that the Green’s
functions components convolve correctly.
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3.3 Failure of Barton’s method

The solution, C (r, φ, z, t), to a system of PDEs in absence of internal source

terms on a stationary domain of volume V and boundary S is given by equa-

tion (3.2). As discussed earlier, we are using a small time step, dt = 10−6s, and

assuming that the Ca2+ concentration within the domain will not change con-

siderably during one time step, so we can approximate the Ca2+ flux through

a SERCA pump as a constant flux over one time step. We then time step the

solution using the iterative scheme discussed in section 3.1. The boundary

conditions are approximated as a constant flux through the Orai channel or

SERCA pump and calculated at each new time point using the new initial con-

centration. The new initial condition includes the Ca2+ influx from the previ-

ous boundary condition so the first integral describes how the concentration

changes due to diffusion and then the second integral describes the Ca2+ fluxes

across the boundaries. The new boundary conditions have ‘felt’ the change

in Ca2+ concentration due to Ca2+ diffusion and Ca2+ influx/efflux through

channels and pumps on the membranes in the previous time step. We iter-

ate the solution by updating the initial condition and boundary fluxes at each

new time point and calculate the concentration profile incrementally so that

the Ca2+ concentration calculated at each time point is a good approximation

to the evolution of the Ca2+ profile during SOCE.

Using Barton’s formula [8] the solution to the PDE on the sub-PM ER over a

time interval, T, is given by,

CS = DE

∫ T

0
dt′
∫ 2π

0

∫ a

0
r′dr′dφ′G

(
r, r′, φ, φ′, z, L2, t′

)
JSERCA(r′, φ′)

− DE

∫ T

0
dt′
∫ 2π

0

∫ a

0
r′dr′dφ′∂′nG

(
r, r′, φ, φ′, z, L1, t′

)
CE(r′, φ′, L1, t′)

+
∫

V
dV′G

(
r, r′, φ, φ′, z, z′, t

)
CS
(
r′, φ′, z′, 0

)
.

(3.31)

Barton highlights the ability of this method to solve all PDEs but also acknowl-

edges that the method is not always the fastest approach and discusses the pit-

falls associated with this method. For instance, in example 9.4.2 [8, p. 214], the

method appears to fail when Dirichlet boundary conditions are used and Bar-

ton describes techniques to overcome the issue. This is such an instance where

Barton’s method, although capable of solving the PDE, is not the most efficient

method. We encounter similar problems with our system as the solution de-

termined using Barton’s method does not satisfy the boundary conditions we
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Figure 3.8: (a) Ca2+ concentration in the sub-PM ER beneath the SERCA
pump at (rSERCA, φSERCA). (b) Gradient at z = L2 where the black,
blue and red lines represent 4z = 4.85nm, 4z = 0.485nm and
4z = 0.0485nm, respectively, near to z = L2.

impose on the system so the solution appears to fail.

To illustrate this, we now consider the sub-PM ER domain with Ca2+ concen-

tration CS because this domain has prescribed one inhomogeneous flux bound-

ary condition on the ER membrane at z = L2 and one inhomogeneous Dirichlet

boundary condition at z = L1. Suppose we have a constant initial condition

CS(r, φ, z, 0) = 150µM with a unit boundary flux, JSERCA, through a SERCA

pump at position (r̂, φ̂) on the ER membrane and a constant Dirichlet bound-

ary condition, CC(r′, φ′, L1, t′) = C̃ = 150µM, at z = L1. The Ca2+ concen-

tration in the sub-PM ER must obey the boundary conditions given in system

(2.4) so if we look at the gradient of CS at z = L2, the ER membrane, we should

recover the unit flux through the SERCA pump across the ER membrane and

the Ca2+ concentration along z = L1, C̃, should be 150µM.

We test if the solution, CS, satisfies the boundary conditions analytically by dif-

ferentiating CS, given by equation (3.31), with respect to z to check the gradient

along the ER membrane, z = L1, and by looking at the Ca2+ concentration at

z = L1.
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Differentiating the Ca2+ concentration, CS, with respect to z gives,

∂CS

∂z
=

∂

∂z
DE

∫ t

0
dt′
∫

SL2

dS′G
(
r, r′, φ, φ′, z, L2, t′

)
JSERCA

− ∂

∂z
DE

∫ t

0
dt′
∫

SL1

dS′
(

∂

∂z′
G
(
r, r′, φ, φ′, z, z′, t′

)) ∣∣∣∣
z′=L1

Cc(r′, φ′, L1, t′)

+
∂

∂z

∫
V

dV′G
(
r, r′, φ, φ′, z, z′, t

)
CS
(
r′, φ′, z′, 0

)
,

(3.32)

where SL2 and SL1 denote the upper and lower faces of the cylinder, respec-

tively.

We are integrating over the surfaces SL2 and SL1 and the volume V which are all

constant, with respect to the primed variables, r′, φ′ and z′, so we can rewrite

equation (3.32) as [2]

∂CS

∂z
= DE

∫ t

0
dt′
∫

SL2

dS′
(

∂

∂z
G
(
r, r′, φ, φ′, z, L2, t′

))
JSERCA

− DE

∫ t

0
dt′
∫

SL1

dS′
(

∂2

∂z′∂z
G
(
r, r′, φ, φ′, z, z′, t′

)) ∣∣∣∣
z′=L1

Cc(r′, φ′, L1, t′)

+
∫

V
dV′

(
∂

∂z
G
(
r, r′, φ, φ′, z, z′, t

))
CS
(
r′, φ′, z′, 0

)
.

(3.33)

Here ∂G/∂z and ∂2G/∂z′∂z are given by

∂G
∂z

=
2

πa2(L2 − L1)

[
M

∑
m=1

µm cos
(
µm
(

L2 − z′
))

sin (µm (L2 − z)) e−DSµ2
mdt

]

×
K

∑
k=1

 J0 (β0,kr′/a) J0 (β0,kr/a)

J0 (β0,k)
2 e

−DS

(
β0,k

a

)2
dt

+2
N

∑
n=1

Jn (βn,kr′/a) Jn (βn,kr/a)

Jn (βn,k)
2
(

1− n2

β2
n,k

) cos
(
n
(
φ− φ′

))
e
−DS

(
βn,k

a

)2
d

 ,

(3.34)
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and

∂2G
∂z′∂z

=
2

πa2(L2 − L1)

[
M

∑
m=1

µm sin
(
µm
(

L2 − z′
))

sin (µm (L2 − z)) e−DSµ2
mdt

]

×
K

∑
k=1

 J0 (β0,kr′/a) J0 (β0,kr/a)

J0 (β0,k)
2 e

−DS

(
β0,k

a

)2
dt

+2
N

∑
n=1

Jn (βn,kr′/a) Jn (βn,kr/a)

Jn (βn,k)
2
(

1− n2

β2
n,k

) cos
(
n
(
φ− φ′

))
e
−DS

(
βn,k

a

)2
d

 .

(3.35)

The integrals in equation 3.33 only depend on z through

sin (µm (L2 − z))

in ∂G/∂z and ∂2G/∂z′∂z. We evaluate these expressions and substitute z = L2

into equations (3.34) and (3.35) and we find that each term in the series is zero

and thus,
∂G
∂z

∣∣∣∣
z=L2

= 0, and
∂2G

∂z′∂z

∣∣∣∣
z=L2

= 0. (3.36)

The first integral is equal to zero on the surface z = L2, and not equal to the

Ca2+ influx across the boundary as prescribed by our boundary conditions.

The second and third integrals are also equal to zero at z = L2. Therefore,

∂CS

∂z

∣∣∣∣
z=L2

= 0, (3.37)

demonstrating that the calcium concentration, CS, does not satisfy the pre-

scribed boundary condition at z = L2. We plot the first integral of equa-

tion (3.31) in Figure 3.8(a) and observe a plume of elevated Ca2+ beneath the

SERCA pump. However, when we check the gradient numerically in Figure

3.8(b) we observe that the gradient decreases to zero as the mesh size, 4z, is

refined near L2.

Similarly, we can check whether the Ca2+ concentration satisfies the boundary
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condition at z = L1. Substituting z = L1 into equation (3.31) results in

CS (r, φ, L1, t) =

DE

∫ t

0
dt′
∫ 2π

0

∫ a

0
r′dr′dφ′G

(
r, r′, φ, φ′, L1, L2, t′

)
JSERCA(r′, φ′)

− DE

∫ t

0
dt′
∫ 2π

0

∫ a

0
r′dr′dφ′

(
∂

∂z′
G
(
r, r′, φ, φ′, L1, L1, t′

))
Cc(r′, φ′, L1, t′)

+
∫

V
dV′G

(
r, r′, φ, φ′, L1, z′, t

)
CS
(
r′, φ′, z′, 0

)
,

(3.38)

and we see from equations (3.30) and (3.34) that the Green’s function and the

partial derivative of the Green’s function with respect to z only depend on z

through

cos (µm (L2 − z)) .

When z = L1 then we know that

cos (µm (L2 − L1)) = 0, (3.39)

and so

CS (r, φ, L1, t) = 0

demonstrating that the Ca2+ concentration at z = L1 does not satisfy the pre-

scribed Dirichlet boundary condition, CS(r, φ, L1, t) = CE(r, φ, L1, t)

We have shown that the Ca2+ concentration, CS, calculated using Barton’s

method does not appear to satisfy either boundary condition despite the Ca2+

plumes generated within the domain. However, this is very similar to example

9.4.2 in [8] as every term in the series vanished on the boundary thus appear-

ing to fail to satisfy the prescribed boundary conditions. Barton shows that

this occurs because sums of the form,

∞

∑
n=1

sin(nθ)

n
,

are not uniformly convergent. Barton discusses methods which can overcome

such problems where the solution appears not to satisfy the boundary condi-

tions. However, the techniques involve making the solution more complicated

and introducing additional approximations which we would like to avoid. We

decided that Barton’s method is not easily applicable to this PDE system and

so ultimately we did not use this technique.
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3.4 Felder’s method

The standard analytical solution technique for PDEs, Barton’s method, is not

usefully applicable to our systems so we apply the method for solving PDEs

discussed in [24], which we refer to as ‘Felder’s method’. This approach in-

volves splitting the full solution, C(r, φ, z, t), into two solutions, a time inde-

pendent solution, V(r, φ, z), solving the steady state PDE subject to the inho-

mogeneous boundary conditions and a time dependent solution, U(r, φ, z, t),

solving the original PDE subject to homogeneous versions of the boundary

conditions.

We have already calculated the solutions to the original PDE problems with

homogeneous boundary conditions in the ER-PM junction and sub-PM ER

when calculating the Green’s function in each domain. These solutions are

given by equations (3.19) and (3.28), respectively. The time independent so-

lution obeys the steady state diffusion equation and two or three inhomo-

geneous boundary conditions, depending on the domain. We can apply the

separation of variables technique provided we have only one inhomogeneous

boundary condition. The time independent solution is then further split into

separate solutions which solve the steady state PDE with only one inhomoge-

neous boundary condition. We sum these individual solutions to get the full

solution to the steady state PDE with inhomogeneous boundary conditions.

The time dependent solution and time independent solution are then added

together to provide the full solution of the original PDE with inhomogeneous

initial condition and boundary conditions.

The separation of variables technique is very similar to the method followed

in sections 3.2.1 and 3.2.2. We solve for the time-independent solutions in this

section so we first write the concentration as a function of each variable, e.g.

C(r, φ, z) = ρ(r)θ(φ)h(z), and then derive a set of equations dependent on each

variable. When calculating the Green’s functions we imposed homogeneous

versions of the boundary conditions and used the inhomogeneous initial con-

dition to find the exact solution of each function, ρ(r), θ(φ) and h(z); now we

will use the single inhomogeneous boundary condition to define each function

and the overall solution.
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(a) (b)

Figure 3.9: Illustration of the ER-PM junction boundary conditions satisfied
by (a) UJ(r, φ, z, t) and (b) VJ(r, φ, z), respectively. The solid black
lines denote homogeneous von Neumann boundary conditions
and the dashed black lines denote homogeneous Dirichlet bound-
ary conditions. The purple and green arrows represent Ca2+ flux
across the boundary through Orai channels and SERCA pumps,
respectively. The dashed blue line represents the inhomogeneous
Dirichlet boundary condition which matches the Ca2+ concentra-
tion on the boundary with the Ca2+ concentration in the bulk cy-
toplasm.

3.4.1 ER-PM junction

The Ca2+ concentration in the ER-PM junction, CJ, obeys the diffusion equa-

tion and boundary condition given in the previous chapter. We will solve

the PDE system using Felder’s method and split the solution into the solu-

tion of the diffusion equation with homogeneous boundary conditions, UJ =

UJ (r, φ, z, t), as illustrated in Figure 3.9(a), and the steady state solution, VJ =

VJ (r, φ, z), as illustrated in Figure 3.9(b), which satisfies the inhomogeneous

boundary conditions.

We let

CJ = UJ + VJ, (3.40)

and substitute into the original PDE to decompose the problem into two sub-

problems. We now have the solution to the homogeneous problem governed

by the diffusion equation,
∂UJ

∂t
= DJO

2UJ

with initial condition

UJ,0 = CJ,0 −VJ (3.41)

and homogeneous von Neumann boundary conditions on the membranes, z =

H and z = L2, and homogeneous Dirichlet boundary condition on the mantle

of the cylinder, r = a, which represents the non-physical boundary between
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the ER-PM junction and bulk cytoplasm.

The steady state solution to the problem with the original boundary conditions

satisfies the diffusion equation,

DJO
2VJ = 0,

with the inhomogeneous boundary conditions,

DJ
∂VJ

∂z

∣∣∣∣
z=H

= JOrai,

DJ
∂VJ

∂z

∣∣∣∣
z=L2

= JSERCA,

VJ

∣∣∣∣
r=a

= CC

∣∣∣∣
r=a

.

We solved the homogeneous problem, equation (3.40), in section 3.2.1 when

calculating the Green’s function. Therefore, the solution to the homogeneous

problem on the ER-PM junction is given by

UJ =
∫

V
dV′GJ(r, r′, φ, φ′, z, z′, t)UJ,0, (3.42)

where GJ is the Green’s function in the ER-PM junction, given by equation

(3.21).

To solve the steady state solution with inhomogeneous boundary conditions

we split the problem into three sub problems, with only one inhomogeneous

boundary condition each, allowing us to apply the separation of variables tech-

nique.

Each solution, VJ,y, for y ∈ {1, 2, 3} solves the steady state diffusion equation,

DJO
2VJ,y = 0, (3.43)

for each sub problem with boundary conditions as illustrated in Figures 3.10(a)

- 3.10(c), respectively.

The first solution, VJ,1, solves the steady state diffusion equation (3.43) with the

boundary conditions as illustrated in Figure 3.10(a). The only non-zero flux is

through the Orai channels on the PM, z = H, denoted by the purple arrows.

We impose a zero flux across the entire ER membrane, z = L2, denoted by the

solid black line along the ER membrane. The Ca2+ concentration at the edge
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(a) (b)

(c)

Figure 3.10: Illustration of the ER-PM junction boundary conditions satisfied
by the steady state solutions (a) VJ,1(r, φ, z), (b) VJ,2(r, φ, z) and (c)
VJ,3(r, φ, z), respectively. The solid black lines denote homoge-
neous von Neumann boundary conditions and the dashed black
lines denote homogeneous Dirichlet boundary conditions. The
purple and green arrows represent Ca2+ flux across the bound-
ary through Orai channels and SERCA pumps, respectively. The
dashed blue line represents the inhomogeneous Dirichlet bound-
ary condition which matches the Ca2+ concentration on the
boundary with the Ca2+ concentration in the bulk cytoplasm.
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of the ER-PM junction, r = a, is held at zero, denoted by the dashed black line

along the mantle.

We let

VJ,1 = ρ(r)θ(φ)h(z), (3.44)

and apply the separation of variables technique by substituting equation (3.44)

into the diffusion equation (3.43) to get the separated equations (B.1) - (B.3)

in section B.1 of the Appendix. We can write the inhomogeneous boundary

condition as
∂VJ,1

∂z

∣∣∣∣
z=H

= ρ̄(r)θ̄(φ)h′(H), (3.45)

where ρ̄ and θ̄ now represent the dependence of the inhomogeneous boundary

condition on the r and φ variables, respectively. We use the inhomogeneous

boundary condition to solve the separated equations leading to the solutions

given by equations (B.4) - (B.6) in section B.1 of the Appendix. We substitute

the solutions of ρ(r), θ(φ) and h(z) into equation (3.44) to get the following

solution for VJ,1,

VJ,1 =
∫ 2π

0

∫ a

0
JOrair′dr′dθ′

× 1
πa2

J

∑
j=1

[
J0
(
α0,jr′/a

)
J0
(
α0,jr/a

)
J2
1

(
α0,j
) a

α0,j

e−(H−z)α0,j/a + e−(H+z−2L2)α0,j/a

1− e−2(H−L2)α0,j/a

+2
N

∑
n=1

(
Jn
(
αn,jr′/a

)
Jn
(
αn,jr/a

)
cos (n (φ− φ′))

J2
n+1

(
αn,j
)

a
αn,j

e−(H−z)αn,j/a + e−(H+z−2L2)αn,j/a

1− e−2(H−L2)αn,j/a

)]
,

(3.46)

which is illustrated in Figures 3.11(a) and 3.11(b). The Ca2+ concentration

peaks at the z = H plane in Figure 3.11(a) and the plumes decrease further

from the channel. A consequence of the small height of the ER-PM junction

is that the Ca2+ concentration opposite the Orai channel on the ER membrane

is already elevated after one time step, as shown in Figure 3.11(a). The small

distance between the PM and ER membrane could enhance the Ca2+ diffusion

to the SERCA pumps on the ER membrane, resulting in faster refilling of the

sub-PM ER. In Figure 3.11(b), the Ca2+ concentration peaks at the Orai channel

and forms a microdomain of high Ca2+ concentration around the channel. The

Ca2+ concentration decreases near the boundary at the mantle of the cylinder
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(a) (b)

(c) (d)

Figure 3.11: Simulation showing the solution to VJ,1 in the (a) z and (b) polar
directions. (c, d) show the gradient at the Orai channel in the φ
and r directions, respectively. Parameters: J=150 and N=50.

which obeys a zero Dirichlet boundary condition thus breaking the symmetry

of the governing equations.

We can check that the solution satisfies the boundary condition by differenti-

ating with respect to z to get,

∂VJ,1

∂z
=
∫ 2π

0

∫ a

0
JOrair′dr′dθ′

× 1
πa2

J

∑
j=1

[
J0
(
α0,jr′/a

)
J0
(
α0,jr/a

)
J2
1

(
α0,j
) e−(H−z)α0,j/a − e−(H+z−2L2)α0,j/a

1− e−2(H−L2)α0,j/a

+2
N

∑
n=1

(
Jn
(
αn,jr′/a

)
Jn
(
αn,jr/a

)
cos (n (φ− φ′))

J2
n+1

(
αn,j
)

×e−(H−z)αn,j/a − e−(H+z−2L2)αn,j/a

1− e−2(H−L2)αn,j/a

)]
.
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We set z = H to check the gradient on the PM,

∂VJ,1

∂z

∣∣∣∣
z=H

=
∫ 2π

0

∫ a

0
JOrair′dr′dθ′

× 1
πa2

J

∑
j=1

[
J0
(
α0,jr′/a

)
J0
(
α0,jr/a

)
J2
1

(
α0,j
)

+2
N

∑
n=1

(
Jn
(
αn,jr′/a

)
Jn
(
αn,jr/a

)
cos (n (φ− φ′))

J2
n+1

(
αn,j
) )]

,

and since,

δ(r− r′)δ(φ− φ′)

r
=

1
πa2

J

∑
j=1

[
J0
(
α0,jr′/a

)
J0
(
α0,jr/a

)
J2
1

(
α0,j
)

+2
N

∑
n=1

(
Jn
(
αn,jr′/a

)
Jn
(
αn,jr/a

)
cos (n (φ− φ′))

J2
n+1

(
αn,j
) )] (3.47)

the gradient becomes

∂VJ,1

∂z

∣∣∣∣
z=H

=
∫ 2π

0

∫ a

0
JOrair′dr′dθ′

δ (r− r′) δ (φ− φ′)

r′
,

= JOrai.

We let JOrai be the unit flux through an Orai channel and plot the gradient

at the Orai channel in the r and φ directions to see if the analytical gradient

and numerical gradient agree. We can see in Figures 3.11(c) and 3.11(d) that

the numerical gradient at the channel is 1 and zero otherwise, which agrees

with the analytical gradient. We also see that there are small oscillations in

the gradient near the channel, that are a result of numerically integrating over

delta functions.

The second solution, VJ,2, solves the steady state diffusion equation given by

(3.43) with the boundary conditions as illustrated in Figure 3.10(b). The only

non-zero flux occurs across the SERCA pumps on the ER membrane, z = L2,

denoted by the green arrows. We impose a zero flux across the PM, z = H,

denoted by the solid black line and fix the Ca2+ concentration at zero on the

mantle of the ER-PM junction, r = a, as denoted by the dashed black line.

We let

VJ,2 = ρ(r)θ(φ)h(z), (3.48)
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and apply the separation of variables technique by substituting equation (3.48)

into the diffusion equation (3.43) to get the separated equations (B.7) - (B.9)

in section B.2 of the Appendix. We can write the inhomogeneous boundary

condition as
∂VJ,2

∂z

∣∣∣∣
z=L2

= ρ̄(r)θ̄(φ)h′(L2). (3.49)

We use the inhomogeneous boundary condition to calculate the solutions of

the separated equations, given by (B.10) - (B.12) in section B.2 of the Appendix.

We substitute the solutions of ρ(r), θ(φ) and h(z) into equation (3.48) to get the

following solution for VJ,2,

VJ,2 =
∫ 2π

0

∫ a

0
JSERCAr′dr′dθ′

× 1
πa2

J

∑
j=1

[
J0
(
α0,jr′/a

)
J0
(
α0,jr/a

)
J2
1

(
α0,j
) a

α0,j

e−(2H−z−L2)α0,j/a + e−(z−L2)α0,j/a

e−2(H−L2)α0,j/a − 1

+2
N

∑
n=1

(
Jn
(
αn,jr′/a

)
Jn
(
αn,jr/a

)
cos (n (φ− φ′))

J2
n+1

(
αn,j
)

a
αn,j

e−(2H−z−L2)α0,j/a + e−(z−L2)α0,j/a

e−2(H−L2)α0,j/a − 1

)]
.

The solution, VJ,2, and gradient at the SERCA pumps, where JSERCA is the unit

flux through a SERCA pump, are illustrated in Figure 3.12. The solution is

zero everywhere except at the SERCA pump, which is negative, because the

SERCA pump removes Ca2+ from the ER-PM junction and transports it into

the sub-PM ER. The steady state solution, VJ,2, is added on to the homogeneous

solution, UJ, and other steady state solutions, VJ,1 and VJ,3, so, although this so-

lution is negative the overall solution is positive. We see in Figure 3.12(a) that

there are a series of Ca2+ plumes, decreasing in strength further away from

the SERCA pump so the SERCA pump is strongest near the ER membrane.

In Figure 3.12(b) the Ca2+ plumes are very strong around the SERCA pump.

The Ca2+ concentration is held at zero on the mantle of the cylinder, by the

homogeneous Dirichlet boundary condition, and the Ca2+ profile ‘feels’ this

boundary leading to the asymmetric shape of the Ca2+ plume. The Ca2+ mi-

crodomain created in response to the SERCA pump is spatially restricted as

shown by the very concentrated peaks near the pump which drop off very

quickly as we move away from the pump.

We can check that the solution satisfies the boundary condition by differenti-
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(a) (b)

(c) (d)

Figure 3.12: Simulation showing the solution to VJ,2 in the (a) z and (b) polar
directions. (c, d) show the gradient at the SERCA pump in the φ
and r directions, respectively. Parameters: J=150 and N=50.
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ating with respect to z to get

∂VJ,2

∂z
=
∫ 2π

0

∫ a

0
JSERCAr′dr′dθ′

× 1
πa2

J

∑
j=1

[
J0
(
α0,jr′/a

)
J0
(
α0,jr/a

)
J2
1

(
α0,j
) e−(H−z)α0,j/a − e−(H+z−2L2)α0,j/a

1− e−2(H−L2)α0,j/a

+2
N

∑
n=1

(
Jn
(
αn,jr′/a

)
Jn
(
αn,jr/a

)
cos (n (φ− φ′))

J2
n+1

(
αn,j
)

× e−(H−z)αn,j/a − e−(H+z−2L2)αn,j/a

1− e−2(H−L2)αn,j/a

)]
,

and setting z = L2 to check the gradient on the ER membrane we have

∂VJ,2

∂z

∣∣∣∣
z=H

=
∫ 2π

0

∫ a

0
JSERCAr′dr′dθ′

× 1
πa2

J

∑
j=1

[
J0
(
α0,jr′/a

)
J0
(
α0,jr/a

)
J2
1

(
α0,j
)

+2
N

∑
n=1

Jn
(
αn,jr′/a

)
Jn
(
αn,jr/a

)
cos (n (φ− φ′))

J2
n+1

(
αn,j
) ]

=
∫ 2π

0

∫ a

0
JSERCAr′dr′dθ′

δ (r− r′) δ (φ− φ′)

r′

= JSERCA.

The numerical gradients, plotted in Figures 3.12(c) and 3.12(d), show that the

gradient is 1 at the SERCA pump, as expected from the analytical calculation

of the gradient. Again, there are small oscillations which occur because we are

numerically integrating over delta functions.

The third solution, VJ,3, solves the steady state diffusion equation given by

equation (3.43) with the boundary conditions as illustrated in Figure 3.10(c).

We impose continuity of concentration, denoted by the blue dashed lines, at

the mantle of the cylinder, r = a, to ensure that the Ca2+ concentration is not

impeded when diffusing between the ER-PM junction and bulk cytoplasm. We

impose zero flux across both the PM and ER membrane.

We let

VJ,3 = ρ(r), θ(φ)h(z), (3.50)

and apply the separation of variables technique by substituting equation (3.50)

into the diffusion equation (3.43) to get the separated equations (B.13) - (B.15)
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in section B.3 of the Appendix. We can write the inhomogeneous boundary

condition as

VJ,3(a, φ, z) = ρ(a)θ̄(φ)h̄, (3.51)

where θ̄ and h̄ represent the dependence of the inhomogeneous boundary con-

dition on φ and z. We use the inhomogeneous boundary condition to solve

the individual separable equations leading to the solutions (B.16) - (B.18) in

section B.3 of the Appendix. We substitute the solutions of ρ(r), θ(φ) and h(z)

into equation (3.50) to get the following solution for VJ,3,

VJ,3 =
1

2π(H − L2)

∫ 2π

0

∫ H

L2

dφ′dz′Cc(a, φ′, z′, t)

[
1 + 2

N

∑
n=1

cos
(
n
(
φ− φ′

)) ( r
a

)n

+2
M

∑
m=1

cos
(
µm
(
z′ − L2

))
cos (µm (z− L2))

×
(

I0 (µmr)
I0 (µma)

+ 2
N

∑
n=1

In (µmr) cos (n (φ− φ′))

In (µma)

)]
.

Figure 3.13(a) is an illustration of the solution, VJ,3, at z = H and shows how

the Ca2+ concentration spreads out along the r and φ directions. We have

imposed the boundary condition across the mantle, r = a, to be a Ca2+ peak

at z = H, shown by the blue line in Figure 3.13(b), and we can see that the

Ca2+ concentration decreases further from the mantle and the Ca2+ source at

the mantle.

We can check the solution satisfies the boundary condition by substituting r =

a into the full solution

VJ,3(r, φ, z) =
1

2π(H − L2)

∫ 2π

0

∫ H

L2

dφ′dz′Cc(a, φ′, z′, t)

[
1 + 2

N

∑
n=1

cos
(
n
(
φ− φ′

))
+2

M

∑
m=1

cos
(
µm
(
z′ − L2

))
cos (µm (z− L2))

(
1 + 2

N

∑
n=1

cos
(
n
(
φ− φ′

)))]
,

=
1

(H − L2)

∫ 2π

0

∫ H

L2

dφ′dz′Cc(a, φ′, z′, t)

× δ(φ− φ′)

[
1 + 2

M

∑
m=1

cos
(
µm
(
z′ − L2

))
cos (µm (z− L2))

]
,

=
∫ 2π

0

∫ H

L2

dφ′dz′Cc(a, φ′, z′, t)δ(φ− φ′)δ(z− z′),

= Cc(a, φ, z, t).

In Figure 3.13(b) the blue line is the prescribed Ca2+ concentration at the man-
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(a) (b)

Figure 3.13: (s) Simulation of the solution, VJ,3 in the polar direction. (b) The
Ca2+ concentration at r = a (red dashed line) agrees with the
prescribed Dirichlet boundary condition (solid blue line). Param-
eters: N=50 and M=100.

tle of the cylinder at z = H and the red dashed line is the solution, VJ,3, at z = H

when r = a which shows that the solution satisfies the boundary condition.

The mantle of the cylinder represents the interface between the ER-PM junc-

tion and the bulk cytoplasm so we ensure Ca2+ is able to diffuse freely across

this boundary by prescribing the continuity of concentration and flux across

the boundary. In the full four domain model, we solve the continuity of flux

and continuity of concentration boundary conditions simultaneously. How-

ever, when solving the two domain model we only apply one boundary con-

dition on this interface and, in this case, we have chosen to impose the con-

tinuity of concentration across the mantle of the cylinder and assumed that

the calcium concentration is fixed at the baseline Ca2+ concentration, [Ca2+

]i = 0.1µM. There is no biological reason for imposing our boundary condi-

tions this way and switching the boundary conditions is also a valid option.

However, the choice of boundary condition is subtle, but very important, and

we will see that in our system we are limited to the original choice of boundary

condition, CJ = CC along the mantle of the cylinder. We examine the conse-

quences of using the other arrangement of continuity boundary conditions by

imposing a continuity of flux across the mantle of the cylinder, r = a, and

considering the solution equivalent to VJ,1. We have a non-zero flux across the

PM, zero flux across the ER membrane and zero flux along the mantle of the

cylinder, instead of a zero Dirichlet boundary condition. Separation of vari-

ables will lead to equations (B.1) - (B.3) where η = βn,j/a and βn,k satisfies

J′n
(

βn,j
)
= 0 for j = 1, 2, ..., J. Previously, ηn,j > 0 for all n, j but now we have
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a fully insulated system which admits a zero eigenvalue [8], η0,1 = 0, and so

we have two solutions for equation (B.1). When ηn,j > 0 we have the same

solution as equation (B.4) but when ηn,j = 0 we need to solve

h′′ = 0,

subject to h′(H) = JOrai and h′(L2) = 0. The general solution is,

h(z) = A + Bz,

and the gradient will be given by,

h′(z) = B.

We cannot solve this equation since substituting in our boundary conditions

would result in B = JOrai and B = 0 but we assume JOrai 6= 0. So using flux

boundary conditions at r = a leads to an insoluble equation and therefore we

must choose the arrangement of continuity of flux and continuity of concentra-

tion boundary conditions carefully. Furthermore, Felder’s method requires a

steady state solution and if we have a sub-problem with an insulated domain

and a constant flux through one point on the boundary then we will never

reach a steady state. Therefore, having flux boundary conditions everywhere

in the ER-PM will never admit a steady state solution in this particular sit-

uation so we must be careful to choose our boundary conditions so that the

domain has a steady state solution.

To solve the diffusion equation in the ER-PM junction we combine the solution

of the homogeneous problem and the steady state solution as follows,

CJ = UJ + VJ

=
∫

V
dV′GJ(r, r′, φ, φ′, z, z′, t)UJ,0 + VJ

=
∫

V
dV′GJ(r, r′, φ, φ′, z, z′, t) (CJ,0 −VJ) + VJ,

(3.52)

where VJ = VJ,1 + VJ,2 + VJ,3 and UJ,0 is given by equation (3.41). Then CJ is

the solution to the full system which satisfies the original diffusion equation,

initial condition and boundary conditions.
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(a) (b)

Figure 3.14: Illustration of the sub-PM ER boundary conditions satisfied
by (a) US(r, φ, z, t) and (b) VS(r, φ, z), respectively. The solid
black lines denote homogeneous von Neumann boundary con-
ditions and the dashed black lines denote homogeneous Dirich-
let boundary conditions. The green arrows represent Ca2+ flux
across the boundary SERCA pumps. The dashed blue line repre-
sents the inhomogeneous Dirichlet boundary condition.

3.4.2 Sub-PM ER

We use the same approach as we did in the ER-PM junction and split the solu-

tion, CS, into two sub solutions, US = US(r, φ, z, t) which satisfies the original

diffusion equation with homogeneous versions of the boundary conditions, il-

lustrated in Figure 3.14(a), and VS = VS(r, φ, z) which satisfies the steady state

diffusion equation with the original boundary conditions, illustrated in Figure

3.14(b).

We let

CS = US + VS,

and substitute this into the original diffusion equation and decompose the

problem into two sub problems. We have already calculated the solution to

the original diffusion equation with homogeneous boundary conditions when

we found our Green’s functions so we have the solution to the diffusion equa-

tion,
∂US

∂t
= DSO

2US, (3.53)

with initial condition

U(r, φ, z, 0) = C(r, φ, z, 0)−VS, (3.54)

which obeys homogeneous von Neumann boundary conditions on the ER

membrane, z = L2 and r = a, and homogeneous Dirichlet boundary condition

on z = L1, which represents the non-physical boundary between the sub-PM
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ER and bulk ER.

The steady state solution, VS, satisfies the diffusion equation,

DSO
2VS = 0, (3.55)

subject to the boundary conditions,

DS
∂VS

∂z

∣∣∣∣
z=L2

= JSERCA,

DS
∂VS

∂r

∣∣∣∣
r=a

= 0,

VS (r, φ, L1, t) = Ce (r, φ, L1, t) ,

where JSERCA denotes the Ca2+ influx through a SERCA pump at position

(rSERCA, φSERCA) on the ER membrane. We impose the continuity of concen-

tration at the interface between the sub-PM ER and bulk ER, z = L1, by setting

the Ca2+ concentration at the bottom of the cylinder, VS (r, φ, L1, t), to be equal

to the Ca2+ concentration at the top of the bulk ER, Ce (r, φ, L1, t). We have al-

ready solved the homogeneous problem, equation (3.53), in section 3.2.2 where

we calculated the Green’s function as we found the solution of the original

PDE with homogeneous versions of the boundary conditions. Therefore, the

solution to the homogeneous problem on the sub-PM ER is given by

US =
∫

V
dV′GS(r, r′, φ, φ′, z, z′, t)US,0, (3.56)

where GS is the Green’s function in the ER-PM junction, given by equation

(3.30).

There are two inhomogeneous boundary conditions so we split the solution,

VS, into two sub problems which solve the steady state version of the PDE

with only one inhomogeneous boundary condition, allowing us to apply the

separation of variables technique.

Each solution, VS,y, for y ∈ {1, 2} solves the steady state diffusion equation,

DSO
2VS,y = 0, (3.57)

for each sub problem with boundary conditions as illustrated in Figure 3.15.

First we consider the steady state solution to the diffusion equation given in

equation (3.57) with the boundary conditions as illustrated in Figure 3.15(a).
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(a) (b)

Figure 3.15: Illustration of the sub-PM ER boundary conditions satisfied by
the steady state solutions (a) VS,1(r, φ, z) and (b) VS,2(r, φ, z). The
solid black lines denote homogeneous von Neumann bound-
ary conditions and the dashed black lines denote homogeneous
Dirichlet boundary conditions. The green arrows represent Ca2+

flux across the boundary through SERCA pumps. The dashed
blue line represents the inhomogeneous Dirichlet boundary con-
dition which matches the Ca2+ concentration on the boundary
with the Ca2+ concentration in the bulk ER.

The only non-zero flux occurs through SERCA pumps on the ER membrane,

denoted by green arrows, and the rest of the ER membrane is zero flux as

shown by the solid black lines. We impose continuity of concentration bound-

ary conditions at z = L1 so we fix the Ca2+ concentration to zero here, shown

by the dashed black lines. We let

VS,1 = ρ(r)θ(φ)h(z), (3.58)

and apply the separation of variables technique by substituting equation (3.58)

into the diffusion equation (3.57) to get the separated equations (C.1) - (C.3)

in section C.1 of the Appendix. We can write the inhomogeneous boundary

condition as
∂VS,1

∂z

∣∣∣∣
z=L2

= ρ̄(r)θ̄(φ)h′(L2), (3.59)

where ρ̄ and θ̄ now represent the dependence of the inhomogeneous boundary

condition on the r and φ variables, respectively. We use the inhomogeneous

boundary condition to solve the separated equations leading to the solutions

(C.4) - (C.6) in section C.1 of the Appendix. We substitute the solutions of ρ(r),
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θ(φ) and h(z) into equation (3.58) to get the following solution for VS,1,

VS,1 =
1

πa2

∫ 2π

0

∫ a

0
r′d′dφ′ JSERCA [z− L1

+
J

∑
j=2

J0
(

β0,jr′/a
)

J0
(

β0,jr/a
)

J2
0
(

β0,j
) a

β0,j

eβ0,j(z−L2)/a − e−β0,j(z+L2−2L1)/a

1 + e−2β0,j(L2−L1)/a

+2
J

∑
j=1

N

∑
n=1

Jn
(

βn,jr′/a
)

Jn
(

βn,jr/a
)

cos (n (φ− φ′))

J2
n
(

βn,j
) (

1−
(
n/βn,j

)2
) a

βn,j

×eβn,j(z−L2)/a − e−βn,j(z+L2−2L1)/a

1 + e−2βn,j(L2−L1)/a

]
.

In Figure 3.16(a) the Ca2+ plumes around the SERCA pump in the sub-PM ER

appear more concentrated in the z direction than in the ER-PM junction. This is

because the height of the sub-PM ER is approximately 32 times larger than the

height of the ER-PM junction, so although the Ca2+ plumes extend to similar

distances this is difficult to see because of the different length scales. In the

sub-PM ER we have imposed no flux boundary conditions around the mantle

of the cylinder so that Ca2+ entering the domain from the SERCA pump can

only filter down towards the bulk ER. The Ca2+ profile is higher near the ER

membrane as a result of the Ca2+ influx through SERCA pumps leading to a

Ca2+ gradient to ensure Ca2+ diffuses down towards the bulk ER, as seen in

Figure 3.16(b). The no flux boundary condition on the mantle of the cylinder

also affect the shape of the Ca2+ microdomain, as shown in Figure 3.16(c).

The elevated Ca2+ at the edge of the microdomain will reach the mantle of

the cylinder (r = a), encounter the ER membrane, which obeys the no flux

boundary condition, and reflect back into the cylinder. This increases the Ca2+

concentration near the boundary and interferes with the symmetric spread of

Ca2+ from the SERCA pump.

We can check that this solution satisfies the inhomogeneous boundary condi-
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tion,

∂VS,1

∂z

∣∣∣∣
z=L2

=
1

πa2

∫ 2π

0

∫ a

0
r′d′dφ′ JSERCA

[
1 +

J

∑
j=2

J0
(

β0,jr′/a
)

J0
(

β0,jr/a
)

J2
0
(

β0,j
)

+2
J

∑
j=1

N

∑
n=1

Jn
(

βn,jr′/a
)

Jn
(

βn,jr/a
)

cos (n (φ− φ′))

J2
n
(

βn,j
) (

1−
(
n/βn,j

)2
)


=

1
πa2

∫ 2π

0

∫ a

0
r′d′dφ′ JSERCA

[
δ(r− r′)

r′
+ 2

N

∑
n=1

δ(r− r′)
r′

cos
(
n
(
φ− φ′

))]

=
1

πa2

∫ 2π

0

∫ a

0
r′d′dφ′ JSERCA

δ(r− r′)δ(φ− φ′)

r′

= JSERCA.

Again, if JSERCA is a unit flux through a SERCA pump and we numerically

calculate the gradient at the SERCA pump on the ER membrane, we have the

gradients given in Figures 3.16(d) and 3.16(e). The numerical gradients show

that the gradient is 1 at the SERCA pump and approximately zero elsewhere,

as expected. The oscillations are a result of numerically integrating delta func-

tions.

Had we included the continuity of flux boundary condition at z = L1 then

we would have had an insoluble equation for h(z), as discussed above, so the

choice of boundary condition for continuity of flux and concentration is not

arbitrary.

The second solution, VS,2, solves the steady state diffusion equation (3.57) ac-

cording to the boundary conditions given in Figure 3.15(b). We impose the

continuity of concentration boundary condition at z = L1, between the sub-

PM ER and bulk ER, as denoted by the dashed blue lines. The solid black

lines along the ER membrane denote the zero flux boundary conditions ap-

plied here.

We let

VS,2 = ρ(r)θ(φ)h(z), (3.60)

and apply the separation of variables technique by substituting equation (3.60)

into the diffusion equation (3.57) to get the separated equations (C.7) - (C.9)

in section C.2 of the Appendix. We can write the inhomogeneous boundary

condition as

VS,2(r, φ, L1) = ρ̄(r)θ̄(φ)h(L1), (3.61)

where ρ̄ and θ̄ represent the dependence of the inhomogeneous boundary con-
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(a) (b)

(c) (d)

(e)

Figure 3.16: Simulation showing the solution, VS,1 in the (a) z direction, (b) z
direction directly beneath the SERCA pump and (c) polar direc-
tion. (d, e) show the gradient at the SERCA pumps in the r and φ
directions. Parameters: J=150 and N=50.
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dition on r and φ, respectively. We use the inhomogeneous boundary condi-

tion to solve the separated equations resulting in the solutions (C.10) - (C.12)

in section C.2 of the Appendix. We substitute the solutions of ρ(r), θ(φ) and

h(z) into equation (3.60) to get the following solution for VS,2,

VS,2 =
1

πa2

∫ 2π

0

∫ a

0
r′d′dφ′Ce(r, φ, L1, t) [1

+
J

∑
j=2

J0
(

β0,jr′/a
)

J0
(

β0,jr/a
)

J2
0
(

β0,j
) eβ0,j(z+L1−2L2)/a + e−β0,j(z−L1)/a

1 + e−2β0,j(L2−L1)/a

+2
J

∑
j=1

N

∑
n=1

Jn
(

βn,jr′/a
)

Jn
(

βn,jr/a
)

cos (n (φ− φ′))

J2
n
(

βn,j
) (

1−
(
n/βn,j

)2
)

eβn,j(z+L1−2L2)/a + e−βn,j(z−L1)/a

1 + e−2βn,j(L2−L1)/a

]
.

The distance between the top of the ER membrane, z = L2, and the gap be-

tween the sub-PM ER and bulk ER, z = L1, is quite large so we assume that

the Ca2+ concentration at the bottom of the sub-PM ER cylinder has equili-

brated and is constant across the whole face, Ce

∣∣∣∣
z=L1

= C̃e. This means that

we assume the structured Ca2+ profile has diffused into a homogeneous dis-

tribution near the bulk ER. Then, because we are integrating over a constant

function, ∫ 2π

0
cos

(
n
(
φ− φ′

))
= 0,

and by the orthogonality of Bessel functions [7],

∫ a

0

J

∑
j=2

J0
(

β0,jr′/a
)

J0
(

β0,jr/a
)

r′dr′ = 0,

so the solution is reduced to,

VS,2(r, φ, z) = C̃e,

which clearly satisfies the boundary conditions.

To solve the diffusion equation in the sub-PM ER we combine the solution of
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the homogeneous problem and the steady state solution as follows,

CS = US + VS

=
∫

V
dV′GS(r, r′, φ, φ′, z, z′, t)US,0 + VS

=
∫

V
dV′GS(r, r′, φ, φ′, z, z′, t) (CS,0 −VS) + VS,

(3.62)

where VS(r, φ, z) = VS,1(r, φ, z)+VS,2(r, φ, z) and US,0 = CS,0−VS. Then CS(r, φ, z, t)

is the solution to the original diffusion equation and boundary conditions.

3.5 Numerical challenges

To simulate SOCE and diffusion within each domain we solve the diffusion

equations semi-analytically and implement the solution in MATLAB. When

simulating diffusion in the sub-PM ER we noticed that there were depletions

around the centre of the cylinder even though there were no sinks present in

the system.

To understand what caused these errors we considered the sub-PM ER with

homogeneous versions of the boundary conditions, illustrated in Figure 3.14(a),

and a flat initial Ca2+ profile, CS,0 = 1µM. We evaluated equation (3.62) and

expected the flat Ca2+ profile to remain unchanged by the integral as there

are no Ca2+ sources or sinks in the cylinder and the boundary conditions are

homogeneous which prevents Ca2+ influx/efflux. However, the integral still

generated areas of depleted Ca2+ in the centre of the cylinder, as seen in Fig-

ure 3.17. To understand what causes the dips even when we have a flat initial

condition we considered each aspect of the volume integral in equation (3.62)

separately. We discovered that the integral over the radial terms,

∞

∑
j=1

∫ a

0

2Jn
(

βn,jr/a
)

Jn
(

βn,jr′/a
)

e−β2
n,jdt

a2
(
1− (n/βn,j)2

)
J2
n
(

βn,j
) CS,0r′dr′, (3.63)

was not integrating to CS,0 as we expected. Bessel functions are orthogonal in

n and obey the following orthogonality condition [7]

∫ a

0

2Jn
(

βn,jr/a
)

Jn (βn,kr/a)
a2
(
1− (n/βn,j)2

)
J2
n (βn,k)

rdr = δj,k. (3.64)

When n = 0 we have a zero eigenvalue, β0,1 = 0, and if we set k = 1 the
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Figure 3.17: Diffused Ca2+ concentration in the sub-PM ER after one time step
with a constant initial condition, CS,0 = 0.1µM.

orthogonality condition becomes

∫ a

0

2J0
(

β0,jr/a
)

a2 rdr = δJ,1. (3.65)

Therefore, ∫ a

0
J0
(

β0,jr/a
)

rdr = 0 when j 6= 1, (3.66)

is a special case of the orthogonality relation.

We evaluated equation (3.66) numerically and found that MATLAB was un-

able to evaluate the expression correctly1. In Figure 3.18 we compare the ana-

lytical and numerical evaluations of equation (3.63). The blue solid line repre-

sents the analytical solution and the red dashed line represents the numerical

evaluation. The numerical error near r = 0 occurs when evaluating equation

(3.63) with CS,0 = 1 and n = 0 as MATLAB does not evaluate the orthogonal-

ity condition, equation (3.66), correctly. However, MATLAB is able to evaluate

equation (3.63) correctly when CS,0 is a non-constant function of r. We there-

fore split all the concentrations in our integrals into a constant concentration,

C, and a non-constant concentration, 4C, so the overall concentration can be

written as

CS,0 = C +4C, (3.67)

1We contacted Mathworks to inquire about this feature and they acknowledged the prob-
lem with the software but were unable to fix the bug.

83



Figure 3.18: Analytical and numerical evaluations of equation (3.63) in solid
blue and dashed red lines, respectively. CS,0 = 1µM.

with4C having minimal support. We can substitute equation (3.67) into equa-

tion (3.62) to get

CS =
∫

V
dV′GS(r, r′, φ, φ′, z, z′, t) (CS,0 −VS) + VS, (3.68)

=
∫

V
dV′GS(r, r′, φ, φ′, z, z′, t)

(
C +4C−VS

)
+ VS,

= C +
∫

V
dV′GS(r, r′, φ, φ′, z, z′, t) (4C−VS) + VS, (3.69)

which we can now evaluate numerically. This procedure is illustrated in Figure

3.19. Figures 3.19(a) and 3.19(c) depict C and4C, respectively, where4C has

minimal support when C = 0.1µM. Figures 3.19(b) and 3.19(d) show the Ca2+

profiles calculated according to equations (3.68) and (3.69). The constant con-

centrations present in the initial condition of Figure 3.19(a) lead to the depleted

Ca2+ in the dark blue regions of Figure 3.19(b). However, when using the

splitting technique and evaluating equation (3.69) where we have evaluated

the constant Ca2+ concentration analytically we calculate the Ca2+ concentra-

tion profile of Figure 3.19(d) which shows the Ca2+ peak diffusing radially as

expected with no regions of depleted Ca2+ concentration.
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(a) (b)

(c) (d)

Figure 3.19: (a) Point source initial condition with a constant base Ca2+ con-
centration of 0.1µM and a peak at r = 30nm of 1µM. (b) Ca2+ con-
centration after evaluation of equation (3.68) in MATLAB with
point source initial condition given in (a). (c) Using equation
(3.67) we split the point source in (a) into a constant concentra-
tion C = 0.1µM and the non-constant concentration 4C shown
in (c). (d) Ca2+ concentration after evaluation of equation (3.69)
in MATLAB with point source initial condition given in (a) and
C = 0.1µM removed to give4C in (c).
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3.6 Discussion

In Chapter 2 we created a spatio-temporal mathematical model describing the

Ca2+ dynamics in a region of the cell during SOCE. The model is comprised

of a system of diffusion equations and boundary conditions, summarised in

Figure 2.6. We decided to use an analytical approach to solve the Ca2+ con-

centration within the domains and to approximate the evolution of the Ca2+

concentration in the domains over time. To approximate the temporal evo-

lution of the Ca2+ concentration we time step the solution and calculate the

Ca2+ concentration at the ith time step, Cx,i, by propagating the diffusion of

the Ca2+ concentration of the previous time step, Cx,i−1, including the effect of

the boundary conditions during each iteration. We assume the time step, dt, is

sufficiently small that the discretised temporal solution is a good approxima-

tion to the continuous Ca2+ evolution of the system.

Barton’s method [8] is a standard analytical technique for solving PDEs with

inhomogeneous boundary conditions analytically. We solved our PDE model

according to Barton’s method but discovered that, despite observing Ca2+

plumes around the Ca2+ influx site, the numerical solution did not satisfy the

boundary conditions. This was supported by the analytical calculation of the

gradient which is also zero. Barton highlights an example in [8] where the

solution appears to violate the boundary condition because the series is not

uniformly convergent and mentions that this method may not always be the

most efficient method to calculate the solution.

We applied Felder’s solution method [24] which involves splitting the over-

all solution into two sub-solutions, one that solved the PDE with homoge-

neous boundary conditions and another that solved the steady state PDE equa-

tion with inhomogeneous boundary conditions. This method produced solu-

tions which satisfied the boundary conditions analytically and numerically, as

shown in section 3.4.

We discretise the spatial profile of the model so we can apply numerical in-

tegration techniques to simulate the model. One advantage of solving the

model analytically is that we can pre-compute key components of the solu-

tion to reduce the amount of calculations required per time step during the

simulation, thus reducing the computational intensity of the model. We pre-

compute the Green’s functions and the channel and pump boundary solutions

since we know the shape of the flux profile. We can compute the solution for
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a unit flux and then multiply this solution by the magnitude of the constant

Ca2+ flux at each time step.

We wanted to create a good approximation to the evolution of the temporal

Ca2+ profile so we considered three different time step sizes in section 3.2.1.

The ER-PM junction contains the Ca2+ channels and SERCA pumps involved

in SOCE so the most complex Ca2+ dynamics will occur in this domain. Fur-

thermore, the ER-PM junction has the largest Ca2+ diffusion coefficient, as dis-

cussed in Chapter 2, so the Ca2+ will diffuse much farther during one time step

in this domain than the other domains. We examined the effect of the different

time steps in the ER-PM junction because this domain requires the finest time

step. If the time step is small enough to capture the evolution of the Ca2+ con-

centration in the ER-PM junction then it will provide a good approximation to

the Ca2+ dynamics occurring in the larger domains.

Looking at the different time steps, dt, in Figure 3.3 we notice that the time step

is crucial to the solution profile because it controls the extent of Ca2+ diffusion

within the domain. Although a very small time step, such as dt = 10−8s, re-

sults in little diffusion and could be a very good approximation to the chang-

ing Ca2+ profile it will also considerably increase the computational intensity

of the model simulations. We needed to find a balance between the size of the

time step and the computational intensity and run time of the simulations. For

instance, using dt = 10−8s instead of dt = 10−6s results in 100 times more

calculations and during each time step we must numerically evaluate the an-

alytical solution. Therefore, increasing the number of time steps will increase

the overall number of calculations required to simulate the model. We will use

a time step of dt = 10−6s but the effect of time step size on the simulations will

be something to consider in the future.

We used a uniform mesh size in the r, φ, and z directions. However, the uni-

form r and φ meshes cause a non-uniform grid system on the cylinder, as seen

by the different sized grid elements in Figure 3.20. Currently, the mesh is very

fine near the centre of the cylinder and coarser towards the edges of the cylin-

der. This is not ideal as the area of each surface element is different and we

have assumed that the Ca2+ flux through the Orai channels and pumps occurs

through one surface element. But if the surface elements do not have the same

area then we are assuming the channels and pumps are different sizes at dif-

ferent points on the face. We will investigate the effect of mesh uniformity on

the simulations in the next chapter and in the future we will investigate the
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Figure 3.20: (a) Illustration of the grid structure after discretisation of the do-
main. (b) Zoom in on the upper quadrant enclosed within the
red rectangle in (a). Parameter values: 4r = 5nm, 4θ = 0.0419,
4z = 0.15nm.

impact of using a uniform surface element mesh instead of using uniform r

and φ meshes.

The PDE problem discussed in the previous chapter could also be solved nu-

merically and in finite element methods the mesh is finer near the sites of Ca2+

flux, to ensure the simulation captures the rapid changes in Ca2+ concentra-

tion. In our current set-up the mesh at the centre of the cylinder is much finer

than the rest of the cylinder. However, very few pumps or channels are present

so close to the centre and by making the polar grid uniform we will spread

the computational power more efficiently and possibly reduce the simulation

time. It would be interesting to compare the solution techniques to assess the

advantages and disadvantages of each method in this case.

In the future we could check if it is possible to use different time steps in each

domain and perhaps increase the size of the time step in the larger domains

(bulk cytoplasm and bulk ER). We would need to check how much Ca2+ dif-

fuses into each domain from the smaller connected domain and whether in-

creasing the time step would significantly impact the Ca2+ diffusion between

the ER-PM junction and bulk cytoplasm and between the sub-PM ER and bulk

ER. If we can use different time steps then we could further speed up the sim-

ulations.
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Chapter 4

The relationship between the

spatio-temporal discretisation and

the Ca2+ profile generated

In Chapter 3 we used analytical techniques to solve the 3D spatio-temporal

model of SOCE proposed in Chapter 2 and numerically implemented the so-

lution in MATLAB to check that the solution satisfied the prescribed boundary

conditions. In this chapter we will examine the effect of the spatio-temporal

discretisation on Ca2+ profiles to ensure that we have a suitable spatial dis-

cretisation and time step for investigating the Ca2+ dynamics of SOCE.

4.1 How does the spatial discretisation affect the Ca2+

profile generated?

We simulated the Ca2+ profile generated by one Orai channel placed on the

PM at r = 30nm and φ = 1.8221 in the ER-PM junction. The Ca2+ profile at

the PM in the polar plane is shown in Figure 4.1(a) and we see a microdomain

of elevated Ca2+ around the Orai channel, as expected. However, in Figure

4.1(b) we take a slice through the Orai channel in the azimuthal direction and

observe oscillations in the Ca2+ concentration. Although the magnitude of

these oscillations is small in comparison to the Ca2+ peak the oscillations still

introduce artificial structure into the Ca2+ profile.

There are estimated to be five Orai channels per ER-PM junction [33, 67] so

we simulated the Ca2+ profile generated by five Orai channels in Figure 4.2.
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Figure 4.1: Ca2+ profiles generated in the ER-PM junction with one Orai chan-
nel present. (a) Ca2+ profile at the PM. (b) Slice in the azimuthal
direction through the Orai channel in (a) to examine the Ca2+ pro-
file in φ direction. Parameters: 4φ = 0.0628 radians,4r = 0.5nm,
4z = 0.15nm, N = 50, J = 150, M = 100, rOrai = 30nm,
φOrai = 1.8221, dt = 10−6s, T = 10−4s.
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Figure 4.2: Ca2+ profiles generated in the ER-PM junction with five Orai chan-
nels present. (a) Ca2+ profile at the PM. (b) Slice in the azimuthal
direction through the Orai channel in (a) to examine the Ca2+ pro-
file in φ direction. Parameters: 4φ = 0.0628 radians,4r = 0.5nm,
4z = 0.15nm, N = 50, J = 150, M = 100, rOrai = 30nm,
dt = 10−6s, T = 10−4s.
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Figure 4.3: Ca2+ profiles generated using five Orai channels in the offset Orai
distribution. (a) Ca2+ profile at the PM. (b) Ca2+ profile in the
azimuthal direction along the r = 30nm ring. Parameters: 4φ =
0.0628, 4r = 0.5nm, 4z = 0.15nm, N = 50, J = 150, M = 100,
dt = 10−6s, T = 10−4s.

The Orai channels are placed equidistantly along the radius r = 30nm and in

Figure 4.2(a) the Ca2+ microdomains generated around each channel overlap.

We also observe small oscillations along the ring r = 30nm, where the chan-

nels are placed. To directly examine these oscillations we take a slice in the

azimuthal direction along r = 30nm in Figure 4.2(b). The oscillations are more

pronounced when five Orai channels are included in the ER-PM junction, com-

pared to the magnitude of the oscillations produced when the ER-PM junction

contains only one Orai channel, as seen in Figure 4.1(b). Effector molecules or

Ca2+ pumps, such as the PMCA pump, close to the Orai channels on the PM

could be activated in response to the increased or decreased Ca2+ concentra-

tion caused by the oscillations. Therefore, these oscillations could introduce

additional Ca2+ dynamics into the system through unrealistic activation of ef-

fector molecules or Ca2+ pumps.

The Ca2+ oscillations became more pronounced when the Orai channels where

placed along the same ring of radius r = 30nm so we now place the channels

in an ‘offset’ arrangement, where the second and fourth channels are placed

away from the ring, as shown in Figure 4.3(a). We take a slice in the azimuthal

direction along the radius r = 30nm in Figure 4.3(b) and observe Ca2+ oscilla-

tions. The magnitude of the oscillations are not as great as the oscillations in

Figure 4.2(b) but the oscillations are still noticeable and could introduce artifi-

cial Ca2+ behaviour into the system.

These oscillations are a result of the θ(φ) solution used in Chapter 3 to calcu-

late the steady state solution, VJ. We prescribed the shape of the Ca2+ flux in
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Figure 4.4: Ca2+ profiles generated in the ER-PM junction with five Orai
channels present. (a) Ca2+ profile at the PM. (b) Ca2+ profile in
the azimuthal direction along the r = 30nm ring. Parameters:
4φ = 0.0126 radians, 4r = 0.5nm, 4z = 0.15nm, N = 250,
J = 150, M = 100, rOrai = 30nm, dt = 10−6s, T = 10−4s.

Chapter 2 to be zero except at (rOrai, φOrai), which denotes the position of the

Orai channel. The steady state solution, VJ,1, describes the solution with Ca2+

influx via Orai channels on the PM and involves integrating over the PM sur-

face. This surface integral, and in particular the integral over φ, introduces the

oscillations into the final Ca2+ solution. It is difficult to integrate numerically

over such a sharp peak, which we have used for our Ca2+ influx boundary

condition. The current discretisation of φ, using 4φ = 0.0628, is not suffi-

ciently fine to ensure this integral is smooth. We refined the discretisation of φ,

using 4φ = 0.0126, and simulated the Ca2+ profile generated with five Orai

channels placed equidistantly along a ring of radius r = 30nm in Figure 4.4.

First, we notice that the magnitude of the Ca2+ peaks generated using the fine

φ discretisation is almost half the magnitude of the Ca2+ peaks generated by

the coarse φ discretisation and the Ca2+ microdomain is much more concen-

trated in Figure 4.4(a). Secondly, the Ca2+ profile at the Orai channel along

the azimuthal direction in Figure 4.4(b) is smooth and there are no Ca2+ os-

cillations present when using the fine φ discretisation. This demonstrates that

the Ca2+ oscillations are a result of numerically integrating over such a sharp

Ca2+ flux profile.

To understand why the Ca2+ magnitude decreases when using the fine φ dis-

cretisation we first consider the spatial grids generated on the PM as a result of

the coarse and fine φ discretisations, shown in Figures 4.5(a) and 4.5(b), respec-

tively. We assume that Ca2+ flux occurs through a single grid element, the Orai

channel, highlighted in yellow and green in Figures 4.5(a) and 4.5(b), respec-
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(a) (b)

(c) (d)

Figure 4.5: (a,b) Spatial grid on PM arising from coarse (4φ = 0.0628, N =
50) and fine (4φ = 0.0126, N = 250) φ discretisation with point of
Ca2+ influx occurring through the grid element marked with yel-
low and green, respectively. (c) Overlap of spatial grids in (a) and
(b). (d) Ca2+ influx profile with the coarse and fine φ discretisation
represented by the black and blue lines, respectively. Parameters:
4r = 0.5nm, 4z = 0.15nm, J = 150, M = 100, rorai = 30nm,
φOrai = 1.8221, dt = 10−6s, T = 10−4s.
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tively. We prescribed the Ca2+ flux per unit area per Orai channel in chapter 2

but we did not take account of the effect of decreasing the φ discretisation on

the grid element area. The yellow grid element in Figure 4.5(a) is larger than

the green grid element in Figure 4.5(b). If both elements are given the same

Ca2+ flux profile then the yellow element will result in greater Ca2+ influx

than the green element because the total flux (calculated as the Ca2+ flux per

unit area per channel multiplied by the area of the grid element) will be greater

in Figure 4.5(a) with the coarse φ discretisation than in Figure 4.5(b) with the

fine φ discretisation. This is further demonstrated when we plot the Ca2+ in-

flux profile in the azimuthal direction in Figure 4.5(d) as we see that the total

flux with the coarse φ discretisation (black line) is greater than the total flux of

the fine φ discretisation (blue line), where the total flux is proportional to the φ

integral of the Ca2+ flux profile. We further compare the spatial grids formed

as a result of the coarse and fine φ discretisations in Figure 4.5(c) to show the

relative sizes of the grids and that the shape of the elements also change. This

relationship between the total Ca2+ flux and area of the grid element repre-

senting the Orai channel will be something to consider to ensure that the total

Ca2+ influx is consistent and not dependent on Orai channel placement.

So far, we have shown that Ca2+ oscillations arise in response to the discretisa-

tion of φ and demonstrated that by refining the discretisation we can smooth

out the Ca2+ profile and remove the Ca2+ oscillations. However, the discreti-

sation required to ensure a smooth Ca2+ profile is very small, 4φ = 0.0126.

Unfortunately this is computationally expensive and requires large amounts

of memory and results in longer simulation times. Instead, we can use a φ

discretisation of4φ = 0.0419, slightly finer than the coarse discretisation, and

approximate the Ca2+ flux profile, shown in black in Figure 4.5(d), by the func-

tion,

w(rOrai, φOrai) = exp
(
((r− rOrai) /σr)

2 +
(
(φ− φOrai) /σφ

)2
)

, (4.1)

where σr and σφ control the width of the peak and the majority of Ca2+ influx

occurs through the point, (rorai, φorai), representing the Orai channel position.

Again, we look at the spatial grids created from the coarse and fine φ distribu-

tions in Figures 4.6(a) and 4.6(b).

The coarse φ grid has a single grid element shaded yellow representing the

Ca2+ flux through the Orai channel whereas the fine φ grid has one element

shaded a bright green and the two neighbouring elements shaded light green
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(a) (b)

(c)

Figure 4.6: Spatial grid using4r = 0.5nm and (a) coarse (4φ = 0.0628) φ dis-
cretisation with Ca2+ influx all through the yellow grid element,
(rOrai, φOrai) = (30, π), (b) fine (4φ = 0.0419, σφ = 0.05, σr = 0.1)
φ discretisation with majority of Ca2+ influx through bright green
grid element, (rOrai, φOrai) = (30, π), and small influx through the
pale green grid elements on either side. (c) Ca2+ influx profile with
the coarse and fine φ discretisation represented by the black and
blue lines, respectively. Parameters: , rOrai = 30nm, 4r = 0.5nm,
4z = 0.15nm, J = 150, M = 100, dt = 10−6s, T = 10−4s.
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Figure 4.7: Ca2+ profiles in the ER-PM junction with five Orai channels
present using the (a) coarse (4φ = 0.0628, N = 50) φ discretisation
and Ca2+ influx profile illustrated by the black line in 4.6(c) and (b)
fine (4φ = 0.0419, N = 75, σφ = 0.05, σr = 0.1) φ discretisation
and Ca2+ influx profile illustrated by the blue line in 4.6(c). (c)
Ca2+ profile in the azimuthal direction along the ring r = 30nm,
the red line represents the Ca2+ profile in (a) and the blue line
represents the Ca2+ profile in (b). Parameters: , rOrai = 30nm,
4r = 0.5nm, 4z = 0.15nm, J = 150, M = 100, dt = 10−6s,
T = 10−4s.

to represent that the majority of Ca2+ flux occurs through the central point,

the Orai channel, but a small amount of additional Ca2+ flux occurs adjacent

to the channel. The Ca2+ flux profile is shown in figure 4.6(c) where the black

line represents the coarse φ discretisation with a single point of Ca2+ influx and

the blue line represents the fine φ discretisation with the Ca2+ influx occurring

according to equation (4.1). The total Ca2+ flux in the coarse φ discretisation is

slightly smaller than the total Ca2+ flux occurring in the fine φ discretisation,

however, the change in total Ca2+ flux is less noticeable in Figure 4.6(c) than in

Figure 4.5(d).

The Ca2+ profiles generated in response to five Orai channels placed equidis-

tantly along a ring of radius r = 30nm with the coarse φ discretisation and
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Figure 4.8: Ca2+ profile in the ER-PM junction with one Orai channel at (a)
r = 30nm and (b) r = 50nm. (c) Ca2+ profile in the azimuthal
direction along the radius r = 30nm (black line, s = r30φ) and
r = 50nm (dashed blue line, s = r50φ). (d) Ca2+ profile as in (c)
zoomed in on Orai channel. Parameters: φOrai = 1.8221, 4r =
0.5nm, 4φ = 0.0419 4z = 0.15nm, N = 75, J = 150, M = 100,
σφ = 0.05, σr = 0.1, dt = 10−6s, T = 10−4s.

single Ca2+ influx point and the fine φ discretisation and Ca2+ influx governed

by equation (4.1) are shown in Figures 4.7(a) and 4.7(b), respectively. The Ca2+

profiles are very similar and the fine φ discretisation does not introduce Ca2+

oscillations, which we see along the ring of radius r = 30nm in Figure 4.7(a),

into the Ca2+ profile in Figure 4.7(b). However the overall shape of the Ca2+

microdomains are similar with both the coarse and fine φ discretisations. We

directly compare the Ca2+ profiles along the radius r = 30nm in Figure 4.7(c)

and see that the Ca2+ profiles are similar. There is a slight increase in magni-

tude with the fine φ discretisation (blue line) but the fine φ discretisation is a

good approximation to the coarse φ discretisation (red line).

Therefore, we will use a φ discretisation of 4φ = 0.0419 throughout the rest

of the thesis with the Ca2+ flux profile given by equation (4.1), w(ri, φi) for

i ∈ {Orai, SERCA}.
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We have seen that the total Ca2+ flux per Orai channel depends on the area

of the spatial grid element the Orai channel is centred at. We are using uni-

form spatial discretisations,4r and4φ, so the polar plane of the cylinder will

not contain a uniform spatial grid. The area of each grid element is approx-

imately equal to r̄4r4φ, where r̄ denotes the r position of the Orai channel.

Therefore, the area of the grid element increases as the Orai channel is placed

closer to the mantle of the cylinder. Consequently, an Orai channel centred

at r = 30nm will have a smaller grid element area than a channel centred at

r = 50nm. This will result in less total Ca2+ flux and smaller Ca2+ concentra-

tion magnitudes. The Ca2+ profiles generated by Orai channels at r = 30nm

and r = 50nm are shown in Figures 4.8(a) and 4.8(b) and we see that the region

of light blue surrounding the Orai channel, corresponding to Ca2+ concentra-

tions of approximately 12µM, is larger when the channel is placed at r = 50nm

than r = 30nm. This demonstrates that Orai channels placed closer to the man-

tle (r = 50nm) create more highly elevated Ca2+ microdomains than channels

placed more centrally within the cylinder (r = 30nm). We compare the Ca2+

profiles through the Orai channels along the radius r = 30nm, represented by

the black line, and r = 50nm, represented by the dashed blue line, directly in

Figure 4.8(c). We compare the Ca2+ concentrations along the arc length, s = rφ

for r = 30nm and r = 50nm, to take account of the increased size of the ring

when the radius is larger. We find that the Ca2+ profile generated with the

Orai channel at r = 50nm has a greater peak magnitude than the Orai channel

centred at r = 30nm. We zoom in on the Ca2+ concentration profile close to

the Orai channels in Figure 4.8(d) and see that the Ca2+ profile is more highly

elevated for a channel situated at r = 50nm (dashed blue line) than a channel

at r = 30nm (black line).

Biologically, there is no reason for the Ca2+ profile and peak Ca2+ concentra-

tion generated by an individual Orai channel to change with channel place-

ment, so the change in Ca2+ profile observed in Figure 4.8 suggests that the

change in Ca2+ concentration is a consequence of the model, and in particular

the area of the grid element the Orai channel is centred at. In Figures 4.9(a)

and 4.9(b) we illustrate the spatial grid surrounding the Orai channels placed

at r = 30nm and r = 50nm, respectively. The grid elements in Figure 4.9(a) are

much narrower than those of Figure 4.9(b) and we see that the area of the grid

element the Orai channel is centred at, the bright yellow element, is noticeably

larger in Figure 4.9(b). We can reduce the size of the φ spatial discretisation

when r = 50nm to 4φ = 0.0251 and ensure that the grids the Orai channels
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(a) (b)

(c)

Figure 4.9: Spatial Ca2+ grid using4r = 0.5nm and (a) coarse (4φ = 0.0419,
σφ = 0.05) φ discretisation with an Orai channel at r = 30nm,
(b) r = 50nm, (c) fine (4φ = 0.0251, σφ = 0.03) φ discretisation
with an Orai channel at r = 50nm. Majority of Ca2+ influx oc-
curs through bright yellow grid element, with some flux through
neighbouring pale yellow elements.Parameters: φOrai = 1.8221,
4r = 0.5nm, 4φ = 0.0419 4z = 0.15nm, N = 75, J = 150,
M = 100, σr = 0.1, dt = 10−6s, T = 10−4s.
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(a) (b)

Figure 4.10: Ca2+ influx profile through Orai channel centred at r = 30nm
and r = 50nm, represented by the solid black (s = r30φ) and
dashed blue lines (s = r50φ), respectively. In (a) the φ discretisa-
tion is coarse (4φ = 0.0419, N = 75, σφ = 0.05) for both radial
distances, while in (b) r = 30nm has a coarse discretisation, as
in (a), and r = 50nm has a fine φ discretisation (4φ = 0.0251,
N = 125, σφ = 0.03). Parameters: 4r = 0.5nm, 4z = 0.15nm,
J = 150, M = 100, φOrai = 1.8221, σr = 0.1, dt = 10−6s,
T = 10−4s.

are centred at have the same area. We illustrate this new spatial grid in Figure

4.9(c) and by comparing this to Figure 4.9(a) we see that the grids surrounding

the Orai channels are similar in shape and size. In this way, we ensure that the

total Ca2+ flux through each Orai channel is the same.

In Figure 4.10 we compare the Ca2+ flux profile of Orai channels situated at

r = 30nm, represented by the black line, and r = 50nm, represented by the

dashed blue lines. We find that the Ca2+ influx profile along the ring r = 30nm

is narrower than the Ca2+ influx profile along the ring r = 50nm with a φ

discretisation4φ = 0.0419 in Figure 4.10(a). However, the Ca2+ influx profile

along the ring r = 30nm is well approximated by the Ca2+ influx profile along

the ring r = 50nm when 4φ = 0.0251, shown in Figure 4.10(b). It is evident

from Figures 4.10(a) and 4.10(b) that the total Ca2+ influx is greater through

the Orai channel at r = 50nm compared to the channel at r = 30nm when

4φ = 0.0419 but the total Ca2+ influx is the same through both Orai channels

when4φ = 0.0251.

We simulated the Ca2+ profile with an Orai channel at r = 50nm with 4φ =

0.0251 in Figure 4.11(a) which is very similar to the Ca2+ profile with an Orai

channel at r = 30nm in figure 4.8(a). We directly compare the Ca2+ profiles

through the Orai channels along the rings of radius r = 30nm, represented by
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Figure 4.11: Ca2+ profile in the ER-PM junction with one Orai channel at r =
50nm. (a) Ca2+ profile at the PM. (b) Ca2+ profile in the azimuthal
direction along the radius r = 30 (black line, s = r30φ) with the
coarse φ discretisation (4φ = 0.0419, N = 75) and r = 50nm
(dashed blue line, s = r50φ) with the fine φ discretisation (4φ =
0.0251, N = 125). (d) Ca2+ profile as in (c) zoomed in on Orai
channel. Parameters: 4r = 0.5nm, 4z = 0.15nm, J = 150, M =
100, φOrai = 1.8221, σr = 0.1, , σφ = 0.03, dt = 10−6s, T = 10−4s.
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the black line, and r = 50nm, represented by the dashed blue line, in Figure

4.11(b), and see that the Ca2+ profiles have the same peak Ca2+ magnitude

and similar shapes. We zoom in on the Ca2+ concentrations surrounding the

channels in Figure 4.11(c) and see that the Ca2+ profile generated by the Orai

channel at r = 50nm is a good approximation to the Orai channel at r = 30nm.

Thus demonstrating that when the grid elements the Orai channels are centred

to have the same area and shape, and therefore the same total Ca2+ flux, then

the Ca2+ channels emit the same Ca2+ concentration profile, allowing compar-

ison of Ca2+ dynamics resulting from different Orai channel distributions.

Therefore, we must be careful when comparing Ca2+ profiles generated with

Orai channels placed on rings of different radii. We will implement this ap-

proach and ensure that the grid elements the Orai channels are centred to have

the same area thus allowing comparison of the Ca2+ profiles generated in re-

sponse to the different Orai channel distributions.

4.2 How does the time step, dt, affect the Ca2+ dy-

namics?

In the previous chapter we looked at the effect of the time step, dt, on the shape

of the Green’s functions. If we chose a time step that is small, dt = 10−8s, then

very little Ca2+ would diffuse during one time step and we would have to

run the simulations over many time steps to allow the Ca2+ influx through the

Orai channels to diffuse sufficiently far to activate the SERCA pumps. How-

ever, if we chose a large time step, dt = 10−5s, then Ca2+ will have diffused

throughout the ER-PM junction very quickly because of the small size of the

junction. We chose a time step of dt = 10−6 s and simulated the situation with

five Orai channels at r = 30nm and ten SERCA pumps at r = 60nm. We then

compare the three time steps to investigate how the time step affects the Ca2+

profile. We are particularly interested in the Ca2+ profiles generated in the

sub-PM ER as the SERCA pump activity depends on the Ca2+ concentration

near to the SERCA pumps and the different time steps will result in different

activity levels of the SERCA pumps.

In Figure 4.12 we look at the Ca2+ profiles in the ER-PM junction and sub-

PM ER after 10−5 s to see how the different time steps are able to capture the

early Ca2+ dynamics of the system. The solid blue line represents the smallest
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Figure 4.12: Comparing Ca2+ profiles after 10−5s simulated with three dif-
ferent time steps in the (a) ER-PM junction and (b) sub-PM ER.
The blue line represents the Ca2+ concentration simulated with a
time step dt = 1× 10−7s, the red line represents the Ca2+ concen-
tration simulated with a time step dt = 1× 10−6s and the green
line represents the Ca2+ concentration simulated with a time step
dt = 1× 10−5s.

time step, dt = 10−7 s, the dashed red line represents the intermediate time

step, dt = 10−6 s, and the dotted green line represents the largest time step,

dt = 10−5 s. The Orai channel has a constant Ca2+ influx which does not

depend on the surrounding Ca2+ concentration and we see in Figure 4.12(a)

that all three time steps are able to capture the Ca2+ dynamics at the Orai

channel in the ER-PM junction. The SERCA pump activity depends on the

surrounding Ca2+ concentration and the time step controls the extent of Ca2+

diffusion so the time step will affect SERCA activity. In Figure 4.12(b) we see

that the smallest and intermediate time steps are good approximations to the

Ca2+ dynamics but the largest time step has not captured the Ca2+ dynamics at

this early stage. Possibly because Ca2+ diffuses quickly in the ER-PM junction

and if the pumps are not activated to remove the elevated Ca2+ then it will

diffuse out of the junction.

We then looked at the Ca2+ profiles generated by each time step after 10−4 s

to see how the time steps captured the later Ca2+ dynamics of the system. In

both Figure 4.13(a) and Figure 4.13(b) the three time steps are able to capture

the Ca2+ dynamics of the system as shown by the overlapping Ca2+ profiles

in both Figures. At later times the larger time step is able to recover the Ca2+

profiles of the smaller time steps so the model is robust and able to cope with

a variety of time steps which can be chosen depending on whether we are

interested in the short term or long term behaviour of SOCE Ca2+ dynamics.
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Figure 4.13: Comparing Ca2+ profiles after 10−4s simulated with three dif-
ferent time steps in the (a) ER-PM junction and (b) sub-PM ER.
The blue line represents the Ca2+ concentration simulated with a
time step dt = 1× 10−7s, the red line represents the Ca2+ concen-
tration simulated with a time step dt = 1× 10−6s and the green
line represents the Ca2+ concentration simulated with a time step
dt = 1× 10−5s.

4.3 Discussion

In this chapter we examined the effect of the spatial-temporal discretisations

on the simulated Ca2+ profiles within the ER-PM junction and how the shape

of the prescribed Ca2+ flux through Orai channels in the PM affected the Ca2+

profiles generated in the ER-PM junction. In particular, we found that coarse

φ discretisations resulted in oscillations in the Ca2+ concentration. We then in-

vestigated why the Ca2+ concentrations changed when the Orai channels were

placed closer to the mantle of the cylinder and discovered that the total Ca2+

flux per channel was not consistent as the area of the grid elements increased.

Finally, we examined the relationship between the time step and the Ca2+ pro-

files generated to understand how the time step affected the simulations.

First, we observed oscillations in the Ca2+ concentration which occurred be-

cause we were using a coarse φ discretisation, 4φ = 0.0628, that was not fine

enough to smoothly integrate the sharp Ca2+ flux profile, shown by by the

black line in Figure 4.5(d). Such oscillations could result in PMCA pump or ef-

fector molecule activity that is not representative of the Ca2+ dynamics within

the ER-PM junction during SOCE. For instance, if the PMCA pumps or effector

molecules were subjected to an increase or decrease in Ca2+ concentration as

a result of the oscillations instead of a true local/global increase due to SOCE

this could result in unrealistic Ca2+ behaviour. We refined the φ discretisation,
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from4φ = 0.0628 to4φ = 0.0126, to allow sufficiently smooth numerical in-

tegration over the sharp Ca2+ flux profile. However, this refined mesh resulted

in reduced Ca2+ concentrations because we simultaneously reduced the total

Ca2+ flux through the Orai channel. Furthermore, the fine φ discretisation

was not computationally feasible as it greatly increased the memory require-

ments and the run time of the simulations. The fine φ discretisation loads a

39 Gb Green’s function matrix into memory during the simulation whereas

the coarse φ discretisation only loads a 1.4 Gb matrix. Furthermore, the so-

lution matrices are 1.1 Gb and 0.2 Gb, respectively, for the fine and coarse φ

discretisations. Therefore, there is a large increase in memory requirements

during the simulation with the fine φ discretisation. The run time of the sim-

ulations increased from 8 minutes to 10 hours when using the coarse and fine

φ discretisations, respectively. So, even if we adjusted the Ca2+ flux profile to

ensure the total Ca2+ flux was the same using the φ discretisation would be too

computationally expensive in terms of memory requirements and simulation

run time.

We then used a slightly refined φ discretisation,4φ = 0.0419, and a Ca2+ flux

profile given by equation (4.1) capable of approximating the sharp Ca2+ flux

profile. The Ca2+ flux profiles are shown by the blue and black lines in Figure

4.6(c). The refined φ discretisation with the Ca2+ flux profile given by equation

(4.1) is a good approximation to the original Ca2+ flux profile and preserves the

total Ca2+ influx. The Ca2+ concentration profile generated with4φ = 0.0419

is a good approximation to the Ca2+ profile generated with the original φ dis-

cretisation, shown by the blue and red lines in Figure 4.7(c). Using the slightly

refined φ discretisation with the Ca2+ flux profile given by equation (4.1), we

successfully smoothed the Ca2+ profile while preserving the total Ca2+ flux

through the Orai channel.

We notice in Figure 4.8 that the Orai channel placement affected the Ca2+ con-

centrations and channels placed towards the edge of the ER-PM junction gen-

erated greater Ca2+ concentrations than channels placed more centrally in the

ER-PM junction. This change in the magnitude of the Ca2+ concentration is

a consequence of the spatial discretisation as the grid elements have greater

surface areas towards the edge of the ER-PM junction. The total Ca2+ flux

through Orai channels placed at r = 50nm is greater than the total Ca2+ flux

through Orai channels placed at r = 30nm leading to the increase in Ca2+

concentration seen in Figure 4.8(d). To counteract this we used a finer φ dis-

cretisation, 4φ = 0.0251, when simulating Orai channels towards the edge
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of the ER-PM junction, r = 50nm, with Orai channels more centrally placed

within the ER-PM junction, r = 30nm, simulated with the coarse φ discretisa-

tion,4φ = 0.0416. We used σφ = 0.05 and σφ = 0.03 to constrain the width of

the Ca2+ flux profile with a φ discretisation of4φ = 0.0419 and4φ = 0.0251,

respectively, to ensure that the total Ca2+ flux through the channels is equal,

as shown in Figure 4.10(b). The Ca2+ concentration of the Orai channel placed

at r = 50nm with the fine φ discretisation is then comparable with the Ca2+

concentration of the Orai channel placed at r = 30nm with the coarse φ dis-

cretisation. Therefore, the Orai channel grid elements have the same areas and

shapes to ensure the total Ca2+ flux is preserved and the Ca2+ concentration is

not affected by the radial placement of the Orai channel.

Unfortunately, this limits the model to comparing Ca2+ concentrations gener-

ated by Orai channels arranged in a ring as we cannot include Orai channels

at different radial positions within the same simulation because the total Ca2+

flux per channel depends on the radial position. Implementing a uniform spa-

tial grid would remove this problem as the Orai channels will all be centred at

elements of the same area and shape and therefore the total Ca2+ flux will be

equal for each channel, this is something to consider in the future. One option

would be to use a cuboid in place of the cylinder or to investigate methods

which preserve the total Ca2+ flux through the grid elements.

Finally, we examined the effect of the time step on the Ca2+ profiles gener-

ated and paid particular attention to the ability of the time step to capture the

SERCA pump dynamics. We were particularly interested in SERCA pump ac-

tivity as the pumps depend on the Ca2+ concentration surrounding the chan-

nel and control the ER refilling dynamics of the model presented in Chapter

2. The ER-PM junction Ca2+ dynamics are dominated by the Orai channel

which has a constant Ca2+ influx but the sub-PM ER Ca2+ dynamics are dom-

inated by the SERCA pumps whose activity depends on the Ca2+ profile in

the ER-PM junction. Since the Orai channel flux does not depend on the Ca2+

concentration, all three time steps can describe the ER-PM junction dynamics

well, as seen in Figures 4.12(a) and 4.13(a). However, in the sub-PM ER we see

that the Ca2+ dynamics depend on the chosen time step and if the time step is

too large then the Ca2+ dynamics are not representative of the true behaviour

of the system. We see in Figure 4.12(b) that the Ca2+ profile in the sub-PM ER

simulated with the largest time step is smaller than the Ca2+ profiles simulated

with the two smaller time steps. This suggests that the largest time step is not

fine enough to capture transient Ca2+ dynamics occurring early during SOCE.
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All three time steps capture the sub-PM ER Ca2+ dynamics later in SOCE, as

seen in Figure 4.13(b).Therefore, we can choose different time steps depending

on what aspect of SOCE we are interested in, e.g. early SOCE vs late SOCE,

or even mix the time steps and use a small time step to capture the early tran-

sient Ca2+ dynamics but use a larger time step to capture the long term Ca2+

behaviour of the system.

In conclusion, we have shown that the spatio-temporal discretisations are im-

portant factors to consider when simulating the model from the analytical

formulas. This chapter also highlights the importance of conserving the to-

tal Ca2+ flux when using a non-uniform mesh to ensure the magnitudes of

the Ca2+ concentrations do not change according to the radial position of the

channels. Through investigating the temporal discretisations we can now im-

plement simulations with multiple time steps to ensure we capture the impor-

tant Ca2+ behaviours of early, transient SOCE dynamics and long term refill-

ing dynamics. Small time steps will capture the early Ca2+ dynamics occur-

ring in response to channel opening or pump activation. Larger time steps

will describe the long term Ca2+ dynamics well but will not provide a detailed

description of the transient Ca2+ dynamics after channel opening or pump ac-

tivation. Moreover, using a small time step to describe the long term dynamics

will result in very long run times for the simulations, whereas a large time step

could considerably reduce the run time. The inclusion of multiple time steps

within one simulation will increase the efficiency of the simulations and de-

crease the run time as small time steps will not be used to look at the long term

dynamics.
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Chapter 5

The effect of Orai channel and

SERCA pump placement on ER

refilling

In this chapter we use the mathematical model developed in Chapters 2, 3 and

4 to investigate how the placement of the Ca2+ signalling machinery affects

Ca2+ signals and ER refilling during SOCE. This chapter is an extension of the

work published in Cell Calcium [50].

Since we prescribe the flux per unit area we use a spatial discretisation such

that the grid elements representing the Orai channel have the same area as

current estimates of the Orai channel area, approximately 0.25nm2 [56]. This

ensures that the total flux through the grid elements is a good approximation

of the total flux through one Orai channel. The non-clustered Orai channels

will be placed along a ring of radius r = 50nm in the ER-PM junction and

therefore the grid elements will have larger areas than the clustered Orai chan-

nels which are placed on a ring of radius r = 30nm if the φ discretisation is

the same for the two radial placements. As discussed in Chapter 4, the non-

clustered Orai channels will have a finer φ grid to ensure that the grid element

representing the Orai channel will have the same area as current estimates of

the Orai channel area. This ensures that the total influx per Orai channel is the

same for both the clustered and non-clustered distributions of Orai channels.

We implement the method developed in Chapters 2, 3 and 4 numerically in

MATLAB; we use matrix multiplications to compute integrals, and matrix ad-

ditions to include the boundary condition solutions, which are not computa-

tionally expensive. One key limitation of this approach is that the size of the
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spatial discretisation needed for the Orai channels in the non-clustered config-

uration increases the run time of the simulations as it increases the computa-

tional intensity and memory requirements. The simulations were ran on one

CPU core of a Dell R630 server with 2 x Intel(R) Xeon(R) E5-2660 v4 proces-

sors and 768Gb RAM. The clustered Orai channel simulations involved a load

time (to load the precomputed variables into MATLAB) of 10 hours with a

run time (the time to run the simulations) of 20 hours and used approximately

30% of the available RAM. However, the finer spatial discretisation used when

the Orai channel were not clustered led to a load time of 50 hours and a run

time of 60 hours and used approximately 60% of the available RAM. The code

is available on GitHub at https://github.com/emmamcivor/supplementary/

tree/master/mcivor_three_2018 and instructions for running the code are

provided.

5.1 Clustering of Orai channels creates spatially dis-

tinct Ca2+ profiles in the ER-PM junction

We compare the Ca2+ profiles generated by Orai channels in a clustered and

non-clustered configuration to examine the effect of clustering on the spatial

signature of the Ca2+ signals. Samanta et al. [67] estimated the inter-channel

distance of an Orai channel and its nearest neighbour to be 47nm. We place the

Orai channels in a ring with an inter-channel distance of 39nm when the chan-

nels are clustered, so the channels are placed closer together than the nearest

neighbour estimate. When the channels are non-clustered we use an inter-

channel distance of 65nm, so the channels are more widely spaced than the

nearest neighbour estimate. Manjarres et al. [48,49] observed SERCA2b pumps

co-localising to the ER-PM junction and proposed that SERCA2b pumps form

a ring like structure surrounding the Orai channels in the ER-PM junction

[5, 18]. We place the Orai channels and SERCA pumps in concentric rings,

as depicted in Figure 5.1(a) and 5.1(b).

The Ca2+ profiles at the PM generated by the clustered and non-clustered Orai

distributions are shown in Figures 5.1(c) and 5.1(d). The magnitude of the Ca2+

concentrations are similar, approximately 60µM, but we observe different pat-

terns for each Orai distribution. The Orai channel microdomains overlap more

when the channels are clustered which results in a larger region of elevated

Ca2+, reaching Ca2+ concentrations of around 7µM in the centre of the ER-PM

109



-100 -50 0 50 100
r

-100

-50

0

50

100

r r=30nm

r=60nm

(a)

-100 -50 0 50 100
r

-100

-50

0

50

100

r r=50nm

r=80nm

(b)

(c) (d)

(e) (f)

Figure 5.1: (a,b) Illustrations of the placement of Orai channels (purple) on the
PM in a clustered and non-clustered configuration with SERCA
pumps (green) placed 30nm away. (c,d) Ca2+ profiles at the PM
when Orai channels are clustered and non-clustered. (e,f) Ca2+

profiles at the ER membrane when Orai channels are clustered
and non-clustered. Parameters as in Tables D.1 and D.2 and non-
clustered mesh has parameters 4φ = 0.0251 and σφ = 0.03 to en-
sure the size of the Orai channel is the same in both the clustered
and non-clustered Orai channel configurations.
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(a) (b)

Figure 5.2: (a) Ca2+ profiles at the PM along the black dashed lines in Figure
5.1(c) and 3(d). (b) Ca2+ profiles at the ER membrane along the
black dashed lines in Figure 5.1(e) and 3(f). The blue and red lines
represent the Ca2+ profiles arising from the clustered and non-
clustered Orai channel distributions, respectively. Parameters as
in Tables D.1 and D.2.

junction. The microdomains of the non-clustered channels overlap to a lesser

extent with Ca2+ concentrations of approximately 4µM.

The differences in the spatial Ca2+ concentrations generated by clustered and

non-clustered Orai channels are even more prominent at the ER membrane,

as seen in Figures 5.1(e) and 5.1(f). The microdomains of the clustered Orai

channels merge into one region of elevated Ca2+ and the individual channel

microdomains are completely absorbed into this Ca2+ pattern. However, the

microdomains of the non-clustered channels are still distinguishable as circles

inside the star shaped region of elevated Ca2+ in Figure 5.1(f). The clustered

configuration attains Ca2+ concentrations of around 7µM along the ER mem-

brane whereas the Ca2+ concentrations generated by the non-clustered chan-

nels peak at approximately 4.5µM.

We directly compare the Ca2+ profiles generated at Orai channels on the PM

in Figure 5.2(a) by plotting the Ca2+ profiles at a location represented by the

dashed black lines in Figures 5.1(c) and 5.1(d). At the PM, we see that the

clustered channel configuration (blue line) results in greater elevation of Ca2+

concentrations around r = 0 than the non-clustered channels (red line). This

increased amplitude occurs because the clustered microdomains overlap to a

greater extent than the non-clustered microdomains. By comparing the Ca2+

profiles at the ER membrane directly beneath the Orai channels in Figure 5.2(b),

we see that clustering of Orai channels (blue line) greatly increases the mag-

nitude of the Ca2+ concentrations achieved in the ER-PM junction. The clus-
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tered configuration reaches Ca2+ concentrations of 7µM which is almost 50%

greater than the Ca2+ concentrations of 4.4µM generated by the non-clustered

configuration. We observe small dips in the Ca2+ profiles at the ER mem-

brane in Figure 5.2(b) corresponding to Ca2+ efflux from the ER-PM junction

via SERCA pumps. The difference in the Ca2+ concentrations demonstrates

that clustering of Orai channels controls the amplitude of the Ca2+ profile and

creates spatially distinct Ca2+ profiles. Samanta et al. [67] observed that con-

finement of Orai channels within the ER-PM junctions led to increased c-fos

and NFAT activation. Using a three-dimensional model of an ER-PM junction,

they found that clustering of Orai channels increased the Ca2+ concentrations

on the ER surface and proposed that the ability to control the local spatial Ca2+

signal via clustering would result in more effective activation of c-fos gene ex-

pression and NFAT. Our model demonstrates that the inter-channel distance is

an important parameter for governing the amplitude and shape of Ca2+ sig-

nals generated in the ER-PM junction. Therefore, the ability of Orai channels

to cluster provides a mechanism by which Ca2+ can specifically activate dis-

tinct downstream signalling processes, such as NFAT [72], by controlling the

amplitude and shape of the Ca2+ signal.

5.2 Clustering Orai channels does not enhance ER

refilling

ER refilling requires SERCA pumps to transport Ca2+ from the ER-PM junc-

tion to the sub-PM ER and the level of SERCA pump activity depends on the

Ca2+ concentration surrounding the pumps. We measure the activity of the

SERCA pumps in terms of the maximal activity possible, where 100% corre-

sponds to a maximally activated SERCA pump. We have seen in Section 5.1

that clustering increases the local Ca2+ concentrations in the ER-PM junction,

so in this section we investigate whether clustering results in more highly ac-

tivated SERCA2b pumps leading to increased rates of ER refilling. We fix the

distance between the Orai channels and SERCA2b pumps to ensure that any

change in ER refilling is solely attributed to the Orai channel arrangement.

In our simulations we find that the Ca2+ profile within the ER-PM junction

reaches an equilibrium concentration profile in less than 0.25ms. The result-

ing SERCA2b pump fluxes, and therefore activity, will remain constant once

this equilibrium state has been achieved. Therefore, SERCA2b pump activity
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Figure 5.3: (a) Diagram explaining how we visualise the Ca2+ concentration
in the sub-PM ER. The green circles represent the SERCA pumps
on the ER membrane. (b,c) Ca2+ profiles generated in the sub-
PM ER along the ring of SERCA2b pumps in response to a clus-
tered and non-clustered Orai channel distribution. (e) Plot of the
Ca2+ transport activity of SERCA2b. The red cross and star cor-
respond to the transport activity in response to the clustered and
non-clustered Orai channels, respectively. Parameters as in Tables
D.1 and D.2 and non-clustered mesh has parameters4φ = 0.0251
and σφ = 0.03.
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after 1ms will be the same as the SERCA2b pump activity after a longer time,

provided the Orai channel has not switched off and disturbed the equilibrium

fluxes. It is important to note that the time to achieve an equilibrium Ca2+

profile within the ER-PM junction depends on the Ca2+ channels and pumps

included in the junction. Additional interactions, such as PMCA activity, could

prevent or delay attainment of an equilibrium Ca2+ profile in which case the

early ER refilling will not be representative of the long term ER refilling. In

our simulations we find that the Ca2+ profile in the ER-PM junction reaches

an equilibrium concentration within 0.25ms so the early refilling will be repre-

sentative of the long term ER refilling in this study.

SERCA2b pumps are the only component in the model that transports Ca2+

into the sub-PM ER to refill the depleted Ca2+ store. Therefore, the rate of

ER refilling depends on the SERCA2b pump activity and greater SERCA2b

pump activity results in faster ER refilling. We can consider the SERCA2b

pump activity in response to clustered and non-clustered Orai to compare the

rate of ER refilling achieved in response to each Orai channel distribution. As

the SERCA2b pump activity remains constant, the level of ER refilling will

proceed at the same rate while the ER-PM junction is in equilibrium. This

means that although the ER will have been refilled to a greater extent after

a longer amount of time the rate of ER refilling with the clustered and non-

clustered Orai channels will be the same at both early and late times. As we

are concerned with the rate of ER refilling for the clustered and non-clustered

Orai channels, and not the total magnitude of ER refilling, we will compare the

Ca2+ profiles after 1ms.

The SERCA2b pumps denoted by the black cross and star in Figure 5.1(e) and

5.1(f) are placed a distance of 30nm from the clustered and non-clustered Orai

channels, respectively. The Ca2+ concentration surrounding the SERCA2b

pumps is higher in the clustered Orai configuration than the non-clustered

configuration. The different Ca2+ concentrations around the SERCA2b pumps

are seen in Figure 5.2(b). The SERCA2b pumps are situated at the dips in the

Ca2+ profile at concentrations of approximately 2.658µM and 1.032µM in the

clustered and non-clustered Orai configurations, respectively. The SERCA2b

pumps are highly activated in both Orai distributions, but there is a slight de-

crease in SERCA2b activity from 98% with the clustered Orai channel distri-

bution to 90% when the channels are non-clustered. Therefore, the rate of ER

refilling is very similar for both the clustered and non-clustered Orai channel

distributions.
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We are interested in the rate of ER refilling but we can show the extent of

Ca2+ refilling in the sub-PM ER after 1ms to allow a visual and more intuitive

comparison of the ER refilling occurring in response to the clustered and non-

clustered Orai channels. We take a slice along the blue line in Figure 5.3(a) on

which the SERCA2b pumps sit and ‘unfurl’ this slice to visualise the Ca2+ con-

centration throughout the sub-PM ER beneath the SERCA2b pumps. We then

focus on the section of the sub-PM ER from an internal point of the sub-PM

ER (ERi) to the ER membrane, enclosed by the red dashed rectangle in Fig-

ure 5.3(a). Focusing on this section of the sub-PM ER allows us to capture the

structure of the Ca2+ patterns produced during refilling of the ER via SERCA

pumps. We can then consider the extent to which Ca2+ diffuses from the ER

membrane to compare the relative levels of ER refilling.

We show the extent to which Ca2+ has diffused from the SERCA2b pumps

when the Orai channels are clustered and non-clustered in Figures 5.3(b) and

5.3(c). As the SERCA2b pumps transport Ca2+ into the sub-PM ER regions of

elevated Ca2+ are created around the SERCA2b pumps. These regions over-

lap when the Orai channels are clustered as the SERCA2b pumps are closer

together, so SERCA2b pump placement also creates local Ca2+ patterns in the

sub-PM ER. We observe that the maximum Ca2+ concentrations achieved after

1ms are approximately 160µM which is an increase of 10µM. Jousset et al. [37]

found that the ER Ca2+ store is refilled within two minutes. Therefore, we

would not expect to see significant levels of refilling after 1ms. However, the

extent of Ca2+ diffusion after 1ms within the sub-PM ER is very similar for the

clustered and non-clustered Orai distributions. This further demonstrates that

the rate of ER refilling is roughly equal in both cases.

In Figure 5.3(d) we compare the Ca2+ transport rates of SERCA2b in response

to clustered and non-clustered Orai channel distributions. The activity of the

SERCA2b pumps are shown by the red cross and red star, respectively. As we

can see, the decrease in Ca2+ concentration surrounding the SERCA2b pumps

when Orai channels are clustered and non-clustered, predicted from the simu-

lations, does not result in a great decrease in the SERCA2b Ca2+ transport rate.

So, although clustering increases Ca2+ concentrations in the ER-PM junction,

ER refilling is not enhanced by Orai channel clustering.
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Figure 5.4: (a,b) Illustrations of the placement of Orai channels (purple) on
the PM in a clustered configuration with SERCA pumps (green)
placed 30nm or 60nm away. (c,d) Ca2+ profiles generated in the
sub-PM ER along the ring of SERCA2b pumps 30nm and 60nm
from the Orai channels. Parameters as in Tables D.1 and D.2.

5.3 The distance between Orai channels and SERCA2b

pumps is not a major regulator of ER refilling

In the previous section, we demonstrated that clustering does not enhance ER

refilling, so we now focus on the second factor which could control SERCA

pump activity and ER refilling: the distance between Orai channels and SERCA

pumps.

The peripheral Ca2+ concentration is roughly equal for clustered and non-

clustered Orai channel distributions (see Figure 5.2). We therefore consider

clustered Orai channels only, to ensure that any results are a consequence of

the distance between channels and pumps. We place the SERCA2b pumps at

distances of 30nm and 60nm from the Orai channels, as illustrated in Figures

5.4(a) and 5.4(b). This approach can determine how the proximity of SERCA2b

pumps to Orai channels affects the rate of ER refilling. As in Section 5.2, we

are concerned with the rate of ER refilling and not the total magnitude of ER
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refilling. In this section we compare ER refilling after 1ms when the SERCA2b

pumps are placed 30nm and 60nm from the Orai channels to investigate how

the placement of the SERCA2b pumps affects the rate of ER refilling.

The black cross and circle in Figure 5.1(e) represent the SERCA2b pumps at

distances of 30nm and 60nm from the Orai channels. Ca2+ microdomains are

characterised by a steep decrease in Ca2+ concentration away from the Orai

channels, which can be seen in Figure 5.1(e). This ensures that the SERCA2b

pumps are exposed to different Ca2+ concentrations when placed close to and

far from the Orai channels. Such decreases in the Ca2+ concentrations sur-

rounding the SERCA2b pumps could reduce the activity of the SERCA2b pump

and potentially reduce the rate of ER refilling.

The simulated SERCA2b pump activity 30nm and 60nm from the Orai chan-

nels is 98% and 73%, respectively. The pumps are highly activated close to the

Orai channels, but continue working well above half maximal activity even

in peripheral locations. This suggests that even though there is a decrease in

SERCA2b activity, ER refilling will still proceed at a sufficiently high rate to

ensure the ER is refilled, although it will be slightly slower.

After 1ms, we compare the Ca2+ concentrations in the sub-PM ER directly

beneath the SERCA2b pumps in Figures 5.4(c) and 5.4(d). The Ca2+ concen-

tration profiles are similar and the sub-PM ER is refilled to the same extent by

SERCA2b pumps placed at both locations within the ER-PM junction. Ca2+

from the SERCA2b pumps has diffused similar distances away from the ER

membrane with each SERCA2b pump placement.

This suggests that ER refilling does not depend greatly on the placement of

SERCA2b pumps. The pumps located further from the Orai channel will refill

the ER at a slower rate but the increased distance does not drastically reduce

the rate of ER refilling. Therefore, the proximity of SERCA2b pumps to Orai

channels is not a major regulator of ER refilling.
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5.4 The placement of SERCA2a pumps has a greater

impact on ER refilling than the placement of

SERCA2b pumps

In Section 5.3 we examined how the proximity of SERCA2b pumps to Orai

channels impacted ER refilling and demonstrated that the placement of SERCA2b

pumps within the ER-PM junction only weakly affected ER refilling. Sampieri

et al. [68] observed SERCA2a pumps co-localising to the ER-PM junction dur-

ing SOCE. SERCA2a and SERCA2b are functionally distinct with SERCA2a

having a lower affinity for Ca2+ and higher Ca2+ turnover rate [19, 47]. Such

different kinetic parameters could result in different ER refilling dynamics de-

pending on the type of SERCA pump isoform. In this section we include only

SERCA2a pumps to investigate how the placement of SERCA2a pumps affects

the rate of ER refilling. We again find that the ER-PM junction reaches an equi-

librium Ca2+ concentration profile within less than 0.25ms and the SERCA2a

fluxes are constant after this equilibrium is reached. Therefore, we compare the

rates of ER refilling after 1ms as they will be representative of the long term ER

refilling rate.

As in the previous section, we consider only the clustered Orai channel ar-

rangement and only include SERCA2a pumps to ensure that our results are

a direct consequence of the distance between Orai channels and SERCA2a

pumps. We illustrate the placement of the Orai channels and SERCA pumps

in Figures 5.4(a) and 5.4(b), where the green circles now represent SERCA2a

pumps at distances of 30nm and 60nm from the Orai channels, respectively.

The Ca2+ microdomains generated around the Orai channels ensure that the

Ca2+ concentrations surrounding the SERCA2a pumps placed 30nm are larger

than the concentrations surrounding the SERCA2a pumps 60nm from the Orai

channel (see Figure 5.1(e)). Again, this reduction in Ca2+ concentration could

control the level of SERCA2a activity and thus regulate ER refilling.

The simulated SERCA2a pump activity 30nm and 60nm from the Orai chan-

nels is 98% and 52%, respectively. As with the SERCA2b pumps, we see that

the SERCA2a pumps located 30nm from the Orai channels are very highly

activated. However, the SERCA2a pumps located peripherally within the ER-

PM junction are working only slightly above half maximal activity. Therefore,

the distance between SERCA2a pumps and Orai channels is an important fac-
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Figure 5.5: (a,b) Ca2+ profiles generated in the sub-PM ER along the ring of
SERCA2a pumps 30nm and 60nm from the Orai channels. Param-
eters as in Tables D.1 and D.2 in section D of the Appendix.

tor controlling SERCA2a activity as increasing the distance between the Orai

channel and SERCA2a pump halves SERCA2a pump activity thus drastically

reducing the ER refilling rate.

We compare the Ca2+ concentrations in the sub-PM ER directly beneath the

SERCA2a pumps in Figures 5.5(a) and (b). After 1ms, Ca2+ from the SERCA2a

pumps placed 30nm from the Orai channels has diffused much further than

Ca2+ from SERCA2a pumps placed 60nm from the Orai channels. Therefore,

placing SERCA2a pumps 30nm from the Orai channels results in faster ER re-

filling than SERCA2a pumps placed 60nm from the Orai channels. In fact, the

SERCA2a pumps 30nm from the Orai channels achieve Ca2+ concentrations

of 170µM within 1ms whereas the SERCA2a pumps 60nm from the Orai chan-

nels only attain Ca2+ concentrations of approximately 160µM. Given that the

depleted ER concentration is 150µM, this shows that ER refilling is twice as

fast when SERCA2a pumps are closer to the Orai channels, which is what we

expect since the pumps 60nm from the channels are working at approximately

50% activity levels.

This difference in the rates of ER refilling suggests that the placement of SERCA2a

pumps in the ER-PM junction and in particular their proximity to Orai chan-

nels controls the rate of ER refilling.

SERCA pumps are the only structures in our model capable of transporting

Ca2+ from the ER-PM junction into the sub-PM ER so the SERCA pump Ca2+

transport activity is a measure of the ER refilling rate, with higher SERCA

pump Ca2+ transport activity corresponding to faster ER refilling. We compare

the SERCA pump Ca2+ transport activity for both SERCA2a and SERCA2b
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(a)

Figure 5.6: Ca2+ transport rates of SERCA2a and SERCA2b pumps repre-
sented by the black and blue curves, respectively. Green circle
and triangle denote clustered Orai channel arrangements with
SERCA2a pumps placed 30nm and 60nm away, respectively. Red
circle and triangle denote clustered Orai channel arrangements
with SERCA2b pumps placed 30nm and 60nm away, respectively.
The dashed orange line represents the baseline Ca2+ concentration
of the ER-PM junction, [Ca2+]i = 0.1µM.

pumps in Figure 5.6. We plot the Ca2+ transport rate against Ca2+ concen-

tration and the black and blue curves represent the SERCA2a and SERCA2b

Ca2+ transport rates, respectively. The green (red) crosses and circles repre-

sent the activity levels of SERCA2a (SERCA2b) pumps placed 30nm and 60nm

from the clustered Orai channels. The dashed orange line represents the base-

line Ca2+ concentration of the ER-PM junction, [Ca2+]i = 0.1µM. In Figure

5.6 we see that both SERCA pumps have similar Ca2+ transport rates at Ca2+

concentrations just above the resting Ca2+ concentration and that the distance

between Orai channels and SERCA pumps has a much greater impact on the

Ca2+ transport rate of SERCA2a than SERCA2b.

Although we can plot the SERCA Ca2+ transport curves in Figure 5.6 we can-

not predict the activity of the SERCA pumps without knowing the Ca2+ con-

centrations in the ER-PM junction. This information is not available before we

simulate SOCE as we cannot measure the Ca2+ concentrations experimentally.

Therefore, it is necessary to simulate SOCE to be able to predict the local Ca2+

concentrations and SERCA activities and thus compare the rates of ER refill-

ing. The simulations of the Ca2+ concentrations within the sub-PM ER provide

a second method of measuring and comparing the ER refilling occurring as we
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visualise the Ca2+ profiles within the sub-PM ER.

Therefore, although the arrangement of Orai channels and placement

of SERCA2b pumps have minor influences on ER refilling the key factor

controlling ER refilling is the placement of SERCA2a pumps and in particular,

their proximity to Orai channels.

5.5 Interactions between Orai channels and SERCA

pumps cause highly heterogeneous Ca2+ profiles

in the ER-PM junction

In Sections 5.1 - 5.4 we showed that Orai channel placement controls the shape

and amplitude of the Ca2+ profile and that the proximity of SERCA2a pumps

to Orai channels is a key regulator of ER refilling, whereas the placement of

Orai channels and SERCA pumps only weakly affect ER refilling. We now take

a slice along the radius of Orai channels and SERCA pumps within the ER-PM

junction, shown in Figure 5.7(a), to compare the Ca2+ profiles generated within

the ER-PM junction. When the Orai channels are clustered the Orai channel

microdomains overlap and elevate the baseline Ca2+ concentration to a greater

extent than the non-clustered Orai channels, as seen by the light and dark blue

regions in Figures 5.7(a) and (b), respectively. This leads to considerably dif-

ferent Ca2+ concentrations surrounding each set of Orai channels which could

result in selective activation of nearby signalling molecules [16, 17, 55, 58].

Orai channels dominate the Ca2+ profile near the channels, as seen in Figure

5.7, but as we move towards the edge of the ER-PM junction the elevation due

to the Orai channel is less pronounced and SERCA pump activity begins to

shape the Ca2+ profile, as seen in Figure 5.8 which shows the Ca2+ profiles

30nm from the clustered and non-clustered Orai channels and 60nm from the

clustered Orai channels. Firstly, we see that the Ca2+ concentration is greater

30nm from the clustered Orai channels, with concentrations reaching 3µM,

than 30nm from the non-clustered Orai channels, with concentrations reach-

ing approximately 1.5µM, in Figures 5.8(a) and (b). Further to this, the dark

red plumes extending from the PM represent the Ca2+ influx through Orai

channels and the plumes of blue/yellow along the ER membrane (ERM) rep-

resent Ca2+ efflux through SERCA pumps. We see that, in both situations, the

SERCA pumps introduce more heterogeneity into the Ca2+ profile via inter-
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Figure 5.7: (a) Diagram explaining how we visualise the Ca2+ concentration
in the ER-PM junction. The purple circles represent the Orai chan-
nels on the PM and ERM denotes the ER membrane. (b,c) Ca2+

profiles generated in the ER-PM junction along the ring of clus-
tered and non-clustered Orai channels, respectively. Parameters
as in Tables D.1 and D.2 in section D of the Appendix and the non-
clustered mesh has parameters4φ = 0.0251 and σφ = 0.03.
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Figure 5.8: (a,b) Ca2+ profiles generated in the ER-PM junction along the
ring of SERCA pumps placed 30nm from the clustered and non-
clustered Orai channels, respectively. (c) Ca2+ profile generated in
the ER-PM junction along the ring of SERCA pumps placed 60nm
from the clustered Orai channels. Parameters as in Tables D.1 and
D.2 in section D of the Appendix and the non-clustered mesh has
parameters4φ = 0.0251 and σφ = 0.03.
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actions between the Orai channel and SERCA pump plumes. In Figure 5.8(c)

we visualise the Ca2+ concentration along the SERCA pumps 60nm from the

clustered Orai channels and we find that the background Ca2+ concentration

is significantly diminished in this region with concentrations only reaching

0.7µM compared to Figure 5.8(a). In Figure 5.8(a) plumes of dark red along

the PM represented Ca2+ influx via Orai channels, however, in Figure 5.8(c)

these Orai channels plumes are not noticeable as we are so far from the source

of Ca2+ influx and the only patterning occurring in this region is due to Ca2+

efflux via SERCA pumps.

Orai channel dynamics dominate the Ca2+ profile around the channels but this

profile decays towards the edge of the ER-PM junction but at these distances

SERCA pumps introduce additional patterning to the Ca2+ profile. Therefore,

SERCA pumps introduce further heterogeneity into the Ca2+ profiles within

the ER-PM junction and could be used to create more diverse and complex

Ca2+ signals to enhance control over downstream signalling processes.

5.6 Discussion and Conclusion

We have constructed a three dimensional spatio-temporal model to simulate

the Ca2+ dynamics in the ER-PM junction and sub-PM ER. Our model pro-

vides a means to visualise Ca2+ profiles in signalling microdomains on a nanome-

tre scale, thus offering a highly spatially resolved view on local Ca2+ behaviour.

Using this high spatial resolution we were able to investigate the impact of

placement of signalling components, such as Orai channels and SERCA pumps,

on the Ca2+ signals generated in response to SOCE and their effect on ER re-

filling.

The model shows that clustering of Orai channels causes Ca2+ microdomains

to overlap leading to higher local Ca2+ concentrations in the ER-PM junction.

The Ca2+ profiles generated by clustered and non-clustered profiles had dis-

tinct shapes and also attained different peak Ca2+ concentrations. The magni-

tude and shape of Ca2+ signals in the ER-PM junction could control activation

of a range of downstream cellular functions [72], such as NFAT activation as

hypothesised by Samanta et al. [67]. Therefore, clustering could act as a mech-

anism to create structured Ca2+ profiles ensuring sufficiently high Ca2+ con-

centrations are attained in regions of the signalling junction to activate specific

effector molecules. The highly heterogeneous Ca2+ profiles also have the po-
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tential to activate a diverse range of effector molecules within the junction in a

controlled manner by targeting the molecules to regions of the junction accord-

ing to the specific Ca2+ binding coefficients of each molecule [33, 55, 67, 86].

Our model suggests a two-pronged approach to controlling spatial Ca2+ pat-

terns within the ER-PM junction: Orai distribution and SERCA pump place-

ment. The amplitude and shape of Ca2+ signals throughout the ER-PM junc-

tion are strongly controlled by the Orai channel distribution. This could al-

low Orai channels to create a structured Ca2+ profile so that signalling effector

molecules can reside at specific locations within the ER-PM junction and allow

distinct activation of multiple cellular signalling processes within restricted

regions of the cell. The competition between the Orai channel and SERCA

pumps could provide an additional mechanism of shaping the spatial Ca2+

profile and controlling Ca2+ signals based on Orai channel and SERCA pump

location. We have only included ten SERCA pumps in our simulations as the

number of SERCA pumps in the ER-PM junction has not been experimentally

determined. Including more SERCA pumps would allow even greater control

over the shape and magnitudes of the Ca2+ profiles and potentially further

restrict the Ca2+ signalling domains within the ER-PM junction [18].

In this chapter we considered the importance of the locations of Orai channels

and SERCA pumps within the ER-PM junction. We investigated the relation-

ship between ER refilling and the inter Orai channel distance as well as the

relationship between ER refilling and Orai-SERCA distance. Our results show

that the rate of ER refilling is not greatly impacted by clustering of Orai chan-

nels or the placement of SERCA2b pumps. However, the rate of ER refilling

does depend on the distance between SERCA2a pumps and Orai channels.

When SERCA2b pumps are placed 30nm away from the Orai channels, SERCA2b

pump activity in both the clustered and non-clustered Orai channel configu-

ration is high (≥ 90%). Although the Ca2+ concentration increases with clus-

tered Orai channels, this does not correspond to a considerable increase in the

Ca2+ transport rate of the SERCA2b pump, as seen in Figure 5.3(d). The rea-

son for this is that SERCA pump activity only increases in small increments as

it approaches its maximal activity level. Therefore, the rate of ER refilling is

not enhanced by clustering Orai channels. Moving towards the periphery of

the ER-PM junction, we observed a decrease in the Ca2+ concentration. Con-

comitantly, SERCA2b and SERCA2a pump activity was reduced from 98% to

72% and 98% to 52%, respectively, when the distance between Orai channels
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and SERCA pumps was increased from 30nm to 60nm. The rate of ER refilling

was similar for both distances with SERCA2b pumps but greatly reduced with

SERCA2a pumps. We compared the Ca2+ transport rates of both SERCA2a

and SERCA2b in Figure 5.6 and found SERCA2a to be much more sensitive to

the observed Ca2+ concentration than SERCA2b, thus leading to greater con-

trol over ER refilling.

Our results suggest that co-localisation of SERCA pumps to the ER-PM junc-

tion is key to the refilling process. As a consequence, the dimensions of the ER-

PM junction could play a crucial role for ER refilling [16,33]. Irrespective of the

precise arrangement of Orai channels in the centre of the ER-PM junction, the

Ca2+ concentration falls off sharply when moving towards the periphery of the

junction. This suggests that larger ER-PM junctions may exhibit an extended

peripheral band of low Ca2+ concentration. SERCA pumps that are located

in this part of the junction may only be weakly activated. For small and large

ER-PM junctions, containing the same number of peripherally located SERCA

pumps, ER refilling would proceed more slowly for larger than for smaller

junctions. However, larger ER-PM junctions could benefit from this larger pe-

ripheral band of low Ca2+ concentration as greater numbers of SERCA pumps

may be expressed in this bigger space. While each SERCA pump only carries

a small current due to the small ambient Ca2+ concentration, the total current

of all peripheral SERCA pumps might be significant, which in turn allows for

efficient and geometry mediated refilling of the ER [16]. We will pursue this in

future work. The height of the ER-PM junction in our studies is taken as 15nm

in accordance with current estimates in the literature. The narrow gap between

the PM and ER membranes ensures that Ca2+ entering through Orai channels

diffuses to the ER membrane very quickly, allowing fast activation of SERCA

pumps within the junction. If this gap is increased, the Ca2+ concentrations

along the ER membrane will decrease. This could result in decreased SERCA

activity, and the SERCA activity and subsequent ER refilling may then depend

on the Orai channel and SERCA pump placement [16]. Further simulations

could test whether the gap between the PM and ER membrane regulates ER

refilling and be used to investigate how altering the dimensions of the ER-PM

junction affect the dynamics of Orai channels and SERCA pumps. We will ad-

dress how the geometry of the ER-PM junction affects ER refilling in future

work.

This initial model focuses on the fundamental properties of SOCE: ER refilling

and the associated Ca2+ patterns. Through further development and refine-
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ment of the model, we will include more components of Ca2+ signalling, such

as PMCA pumps, and regulatory mechanisms, such as Ca2+ dependent inacti-

vation of the Orai channel, to provide a more physiologically realistic descrip-

tion of SOCE. Currently, the model is not cell type specific, but including cell

specific parameters, such as binding coefficients, and cell specific structures in

the future will allow the model to be tailored for specific cell types.

In conclusion, our model reveals a novel way to simulate and visualise the

highly heterogeneous Ca2+ concentrations generated in small sub-cellular com-

partments during SOCE. Using simulations of specific Orai channel and SERCA

pump distributions affords a way to predict the spatial signature of the Ca2+

signals in the ER-PM junction and sub-PM ER. This can be used to further in-

vestigate how interactions between Orai channels and SERCA pumps generate

distinct Ca2+ signals, which could regulate downstream cellular signals. For

the first time, the model includes a spatially extended sub-PM ER domain to

enable investigation into mechanisms governing ER refilling to provide fur-

ther insight into the importance of specific components of SOCE. The model

demonstrates that the amplitude and shape of Ca2+ signals throughout the

ER-PM junction are strongly controlled by the Orai channel distribution. We

also find that clustering of Orai channels and placement of SERCA2b pumps

within the ER-PM junction have very little impact on the rate of ER refilling.

However, the distance between SERCA2a pumps and Orai channels is a major

factor for determining ER refilling.

Further work is required to fully address the relationship between the mi-

croscale patterning of the Ca2+ signal within the ER-PM junction and whole

cell responses such as gene expression. Currently, Ca2+ imaging techniques

cannot resolve the local Ca2+ signals, however, mathematical modelling can

predict the shape of the Ca2+ signals generated in response to a variety of Orai

channel distributions and compare the Ca2+ concentrations achieved. The lev-

els of gene expression, observed in response to different Orai channel distribu-

tions, can be directly measured using experimental techniques. Mathematical

modelling can provide insight to the microscale patterning of Ca2+ profiles

created within ER-PM junctions and by combining this insight with whole cell

observations we can develop a deeper understanding of how Orai channel

clustering regulates whole cell behaviour such as NFAT expression.
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Chapter 6

Conclusions

Ca2+ signalling is important for cellular function and SOCE is the only path-

way coupling ER depletion to Ca2+ influx across the PM. SOCE is responsible

for many cellular processes, including cell proliferation and gene expression.

Furthermore, disruption of SOCE has been linked to immunodeficiency dis-

eases and impaired motor control. SOCE is a highly debated topic at the fore-

front of Ca2+ signalling research and Orai channels are one of the most highly

studied SOC channels at present.

SOCE is initiated upon store depletion of ER Ca2+ stores which causes Ca2+

influx through Orai channels on the PM, generating highly spatially heteroge-

neous Ca2+ signals within the ER-PM junction. The shape of the spatial Ca2+

profile, also known as the signature of the Ca2+ signal, has been shown to be

important for downstream cellular processes such as gene expression and has

the potential to enhance the versatility of the signal thus allowing selective

activation of signalling molecules. Therefore, the factors controlling the Ca2+

signature, such as Orai channel placement, are key regulators of physiological

cell function.

Current experimental techniques allow direct measurement of Ca2+ dynamics

occurring on large spatial scales, such as monitoring whole cell Ca2+ oscil-

lations, and on mesoscales, such as single IP3R clusters, but are not capable

of measuring microscale Ca2+ dynamics such as those occurring within the

ER-PM junction. Mathematical modelling can close this gap in understanding

by developing spatio-temporal models to describe the local Ca2+ dynamics.

In particular, modelling provides insight into the shape of the Ca2+ signals

and the relationship between placement of the Ca2+ signalling machinery and

the signals created. Therefore, mathematical modelling can act as a bridge
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between microscale and macroscale dynamics by predicting local signals and

their impact on global signals which can be tested against experimentally ob-

served whole cell behaviour and hence provide additional insight into the re-

lationship between local and global Ca2+ signals.

In this thesis, we created a three dimensional spatio-temporal model of SOCE

which is the first to include a spatially extended sub-PM ER as well as a spa-

tially extended ER-PM junction. The model allows investigation into the fac-

tors controlling the spatial signature of the Ca2+ signal and ER refilling. In

particular, we focused on how the placement of Ca2+ signalling machinery,

such as Orai channels and SERCA pumps, generates distinct Ca2+ profiles and

their effect on ER refilling. We concentrated on the local Ca2+ dynamics of the

ER-PM junction and local ER refilling dynamics in the sub-PM ER in this thesis

but we also included global cytoplasmic and ER compartments in our model

to allow exploration of the effect of the local Ca2+ dynamics on global Ca2+

dynamics. In future work we will use the global (four domain) model to in-

vestigate their impact on the global Ca2+ dynamics.

We implemented a semi-analytical approach using Green’s functions to solve

the spatio-temporal model in Chapter 3. Other approaches could also be used

to solve the spatio-temporal model developed in this thesis such as finite dif-

ference and finite element methods, both of which are purely numerical meth-

ods that do not use Green’s functions. After implementing our Green’s func-

tion approach, we then discretised the spatial variables and numerically time

stepped the solution in MATLAB to evolve the solution throughout both do-

mains spatially and temporally. We first used Barton’s method to solve the

PDE, a standard solution technique for PDEs of this kind. However, we found

that the non-uniform convergence of the series prevented the numerical imple-

mentation of the solution in MATLAB as this violated the prescribed boundary

conditions. We then employed Felder’s method which involved splitting the

solution into a steady state solution, which satisfies the boundary conditions,

and a complementary solution, which satisfies the initial condition with homo-

geneous versions of the boundary conditions. We discovered that the choice

of boundary condition at the interface between the local and global compart-

ments in the two domain model is important to ensuring a steady state solution

exists. If the domain is fully insulated with Ca2+ flux through a channel on e.g.

the PM then a steady state solution will not exist; this is another subtle feature

of the solution which needs to be taken into consideration. One key feature of

using the semi-analytical method to construct our solution is that we have the
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closed form of the solution at each time step. This allows us to pre-compute

components of the solution resulting in reduced computational intensity per

time step which speeds up the simulations per time step in each domain.

In Chapter 4 we investigated the relationship between the spatio-temporal dis-

cretisation and the magnitude and shape of the Ca2+ profiles generated. First,

we found that the oscillations present in the φ solutions caused oscillations in

the Ca2+ profile. These oscillations could result in PMCA pump or signalling

molecule activity that is enhanced or impeded according to their placement

on the oscillation. This is not representative of the true behaviour of the sys-

tem. We found that approximating the sharp influx through one grid element

by using a slightly finer mesh resulted in smooth Ca2+ profiles which would

be representative of the system. The second discovery of this chapter was that

the placement of the Orai channels was intrinsically linked to the magnitude of

the resulting Ca2+ profile. We found that Orai channels placed along a radius

of r = 50nm had a larger Ca2+ peak concentration than those placed along a

radius of r = 30nm. This was unexpected as the placement of Orai channels

does not affect the single channel current. We explored this further and found

that the non-uniform grid was essentially allowing the size of the channel to

increase as the channel was placed closer to the mantle of the cylinder. We

prescribed the flux per unit area in our model and because the area of each

grid element increased towards the mantle of the cylinder the resulting total

flux per channel was greater for channels placed closer to the mantle of the

cylinder than those placed more centrally within the cylinder. To ensure the

shape of the elements were similar and thus allow better comparisons of the

local dynamics around Orai channels placed at r = 30nm and r = 50nm, re-

spectively, we refined the mesh in the φ direction when an Orai channel was

placed at r = 50nm. This ensured that the grid elements had the same area and

therefore the total flux was conserved. Using this approach, the Ca2+ profiles

have the same peak magnitude and comparable local spatial discretisations.

Although this method works well for comparing rings of Orai channels, we

run into the same problem if we try to place Orai channels in non-ring pat-

terns. The grid will be fixed within the junction so placing channels at dif-

ferent radial positions within the same ER-PM junction will result in differ-

ent peak Ca2+ profiles as the total Ca2+ flux will depend on the Orai channel

placement. Additionally, we found that rescaling the flux with the grid ele-

ment area, to conserve the total flux per channel, does not work with Felder’s

method. Therefore, we must consider moving to uniform spatial discretisation
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to ensure the placement of the Orai channel does not affect the total flux per

channel.

We also explored the relationship between the temporal discretisation and the

Ca2+ profile to understand the importance of the time step to our simulations

as using larger time steps will speed up the run time of the simulations, pro-

vided we do not lose vital information. We found that the ER-PM junction is

well described by multiple time steps, e.g. 10−5s, 10−6s and 10−7s, because

the influx through the Orai channel is constant and dominates the dynamics

within the junction. However, the sub-PM ER is dominated by SERCA pumps

which are not necessarily constant fluxes as the amount of Ca2+ influx depends

on the Ca2+ concentration surrounding the Orai channel in the ER-PM junc-

tion. We found that while the long term Ca2+ dynamics are well approximated

by larger time steps, the early dynamics require small time steps to describe the

Ca2+ behaviour. Therefore, we can use multiple time steps in our simulations

to ensure we capture both the early Ca2+ dynamics and long term dynamics

while reducing the run time of the simulations. This is something we will im-

plement in future work when investigating the ER refilling occurring over long

time periods.

The ER-PM junction is a very small region with a volume of approximately

3× 10−19L which corresponds to less than one Ca2+ ion per ER-PM junction

at resting Ca2+ concentrations of ≈ 0.1µM. This situation also occurs in di-

adic clefts of cardiac cells where it has been shown that deterministic models

are good approximations to random walk simulations [30]. Dupont et al. [22]

conclude that it can be reasonably assumed that Ca2+ dynamics in regions of

similar size to diadic clefts, e.g. ER-PM junctions, are also well described by

deterministic continuous models, such as the model developed in this thesis.

Chapter 5 is an extended version of the results section that we published in

[50]. In this chapter we investigated how clustering of Orai channels affects

the local Ca2+ profiles and the effect of Orai channel and SERCA pump place-

ment on ER refilling. We found that clustering creates distinct Ca2+ profiles.

However, this did not enhance ER refilling as the SERCA pumps close to the

Orai channels work at almost maximal activity in response to both clustered

and non-clustered Orai channel configurations. We then investigated how dif-

ferent placements of SERCA pumps affected ER refilling. We included two

SERCA pump isoforms (SERCA2a and SERCA2b) as different kinetic param-

eters could have a significant impact on the SERCA pump activity induced

131



by the different placements. By comparing the rates of ER refilling we found

that SERCA2a was more sensitive than SERCA2b. Therefore the placement of

SERCA2a pumps is a key regulator of ER refilling, whereas the placement of

SERCA2b pumps or Orai channels only weakly affects ER refilling. SERCA

pumps are the only structures in the ER-PM junction transporting Ca2+ from

the ER-PM junction into the sub-PM ER and SERCA activity is described by a

Hill function which is non-linear. Although we can make intuitive predictions

about the effect of SERCA pump placement on ER refilling these predictions

are highly qualitative. Developing mathematical models to simulate the indi-

vidual scenarios allows us to predict the ER refilling rates and SERCA activ-

ity thus providing more quantitative evidence about the relationship between

Orai channel and SERCA pump placement on SERCA activity and ER refilling.

In turn, this enhances our understanding of the impact of local factors, such as

SERCA placement, on global processes, such as ER refilling.

We prescribed the flux per unit area for Orai channels and SERCA pumps.

However, because the grid is non-uniform the grid element area increases as

the radial placement of the channel or pump increases. Therefore, the total

flux per channel or pump will increase as the channels or pumps are placed

closer to the mantle of the cylinder representing the ER-PM junction. We have

accounted for this change in total flux for the Orai channels by refining the φ

discretisation which increases the computational intensity of the simulations,

a key limitation of the current approach. The Orai channel influx dominates

the Ca2+ dynamics in the ER-PM junction so we fix the spatial discretisation to

ensure the total Orai channel flux is conserved in both the clustered and non-

clustered configurations. However, the total SERCA pump flux will increase

as the SERCA pumps are placed closer to the edge of the ER-PM junction as

we cannot use the same procedure to ensure the flux per SERCA pump is con-

served because the grid is fixed. The SERCA pump flux is small compared to

the Orai channel flux so the change in Ca2+ magnitude due to SERCA activity

is less noticeable. This is a second limitation of the non-uniform spatial grid

used. Therefore, we will consider approaches that allow us to use a uniform

spatial mesh on the ER-PM junction and sub-PM ER. One approach would be

to approximate the ER-PM junction and sub-PM ER by a cube, instead of a

cylinder, and use uniform spatial discretisations across the face of the cube to

ensure that each grid element has the same area. This approach would ensure

that the Orai channel and SERCA pump placement will not affect the total

flux per channel or pump. We will implement this approach in future work
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as it provides greater flexibility within the model as we will remove the de-

pendency of the total flux on the radial placement within the ER-PM junction.

Thus Orai channel and SERCA pump placement will not be limited to rings of

channels or pumps.

In conclusion, we have developed a novel three-dimensional spatio-temporal

model of SOCE that captures the local Ca2+ signalling dynamics and ER refill-

ing. The model allows investigation of how the spatial arrangement of Orai

channels and SERCA pumps controls downstream cell signalling processes

and ER refilling. The next stage of our research will involve validating the

model using expeirmental data to allow further refinement of the model. We

can then use the model to explore other aspects of SOCE; such as how the

geometry of the ER-PM junction controls ER refilling and the relationship be-

tween local and global Ca2+ signals.
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Appendix A

Green’s functions

A.1 Bulk Cytoplasm

We use the separation of variables technique applied to the original diffusion

equation with homogeneous versions of the boundary conditions to calculate

the Green’s function in the bulk cytoplasm and let

CC = ρ(r)θ(φ)h(z)T(t). (A.1)

We rewrite the initial condition as a combination of functions, ρ̃, θ̃ and h̃, de-

scribing the dependence of the initial condition on r, φ and z,

CC(r, φ, z, 0) = ρ̃(r)θ̃(φ)h̃(z)T(0). (A.2)

We can substitute equation (A.1) into the diffusion equation and separate the

diffusion equation into the following equations

T′ + Dc

(
µ2 + η2

)
T = 0,

h′′ + µ2h = 0,

θ′′ + γ2θ = 0,

r2ρ′′ + rρ′ + ρ
(

r2η2 − γ2
)
= 0,

where µ = πm/(H − L1) for m = 0, 1, ..., M, γ = n for n = 0, 1, ..., N and η

satisfies ψn(ηn,jb) = 0 for j = 1, ..., J where ψ is given by,

ψn
(
ηn,jr

)
= Jn

(
ηn,jr

)
Yn
(
ηn,jb

)
− Jn

(
ηn,jb

)
Yn
(
ηn,jr

)
,
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where Jn(x) and Yn(x) represent Bessel functions of the first and second type

of order n. We solve the equations subject to the homogeneous boundary con-

ditions and achieve the following solutions

T(t) = T(0)e−Dc(µ2+η2)t,

h(z) =
1

H − L1

∫ H

L1

h(z′)dz′
[

1 + 2
M

∑
m=1

cos
(
µ
(
z′ − L1

))
cos (µ (z− L1))

]
,

(A.3)

θ(φ) =
1

2π

∫ 2π

0
θ(φ′)dφ′

[
1 + 2

N

∑
n=1

cos
(
n
(
φ− φ′

))]
, (A.4)

ρ(r) =
∫ b

a
r′dr′ρ(r′)

J

∑
j=1

π2η2
n,j
(
Y′n
(
ηn,ja

))2
ψn
(
ηn,jr′

)
ψn
(
ηn,jr

)
2
[(

Y′n
(
ηn,ja

))2 −
(

1−
(

n
ηn,ja

)2
)

Y2
n
(
ηn,jb

)] . (A.5)

We substitute these solutions into equation (A.1) and return the initial condi-

tion to the original form, using equation (A.2), to get the solution for the PDE

with homogeneous versions of the boundary conditions,

CC(r, φ, z, t) =
∫

V
dV′GC

(
r, r′, φ, φ′, z, z′, t

)
CC(r′, φ′, z′, 0), (A.6)

where Gc is the Green’s function in the bulk cytoplasm, V is the volume of the

bulk cytoplasm and equation (A.6) describes the Ca2+ diffusion of the original

Ca2+ profile over one time step. By setting the initial condition to a 3D polar

delta function,

CC(r, φ, z, 0) =
δ(r− r′)δ(φ− φ′)δ(z− z′)

r′
, (A.7)
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(a) (b)

Figure A.1: Simulation of the Green’s function in the z direction and polar
direction in the bulk cytoplasm. The parameters used are J = 100,
M = 100, N = 50.

we obtain the Green’s function from equation (A.6).The Green’s function in the

bulk cytoplasm is given by

GC
(
r, r′, φ, φ′, z, z′, t

)
=

π

4(H − L1)

[
1 + 2

M

∑
m=1

cos
(
µ
(
z′ − L1

))
cos (µ (z− L1)) e−Dcµ2t

]

×
J

∑
j=1

η2
0,j
(
Y′0
(
η0,ja

))2
ψ0
(
η0,jr′

)
ψ0
(
η0,jr

)
e−Dcη2

0,jt(
Y′0
(
η0,ja

))2

+2
N

∑
n=1

η2
n,j
(
Y′n
(
ηn,ja

))2
ψn
(
ηn,jr′

)
ψn
(
ηn,jr

)
cos (n (φ− φ′)) e−Dcη2

n,jt(
Y′n
(
ηn,ja

))2 −
(

1−
(

n
ηn,ja

)2
)

Y2
n
(
ηn,jb

)
 .

(A.8)

The shape of the Green’s function in the bulk cytoplasm is illustrated in Figure

A.1. We can check that our representation given in equation (A.8) actually is a

Green’s function by testing the behaviour when dt = 0. We expect the Green’s

function to decompose into three delta functions,

GC(r, r′, φ, φ′, z, z′, 0) =
δ(r− r′)δ (φ− φ′) δ(z− z′)

r′
,

and we can check that the decomposed Green’s functions satisfy the properties

of delta functions. We see in Figures A.2(a) - A.2(c) that the representations

look similar to delta functions and peak only at the specified location. We

still have the oscillations about zero in the r and φ directions, however, the
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(a) (b) (c)

(d) (e) (f)

Figure A.2: Checks that Green’s function in the bulk cytoplasm acts like a
delta function when dt = 0. (a-c) show the shape of the Green’s
function and (d-f) show that the Green’s functions convolve cor-
rectly.

oscillations are small in comparison to the peak. We can see in Figures A.2(d)

- A.2(f) that the representations convolve with a Gaussian correctly, as shown

by the matching of the dashed red lines with the solid blue lines.

A.2 Bulk ER

We use the separation of variables technique applied to the original diffusion

equation with homogeneous versions of the boundary conditions to calculate

the Green’s function in the bulk ER. We let,

CE(r, φ, z, t) = T(t)ρ(r)θ(φ)h(z), (A.9)

and write the initial condition in terms of functions, ρ̃, θ̃ and h̃ describing the

initial condition in terms of r, φ and z only as,

CE(r, φ, z, 0) = T(t)ρ̃(r)θ̃(φ)h̃(z). (A.10)
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We substitute equation (A.9) into the original diffusion equation which leads

to the following separated equations

T′ + DS

(
µ2 + η2

)
T = 0,

h′′ + µ2h = 0,

,θ′′ + γ2θ = 0,

r2ρ′′ + rρ′ + ρ
(

r2η2 − γ2
)
= 0,

where µ = (2m− 1)π/2(L1 − L0) for m = 1, 2, ..., M, γ = n for n = 0, 1, ..., N,

η = αn,j/b and αn,j satisfy Jn(αn,j) = 0 for j = 1, 2, ..., J. We solve the equations

subject to the homogeneous boundary conditions to get the following solutions

T(t) = T(0)e−De(µ2+η2)t,

h(z) =
2

L1 − L0

∫ L1

L0

h(z′)dz′
M

∑
m=1

cos
(
µ
(

L1 − z′
))

cos (µ (L1 − z)) , (A.11)

θ(φ) =
1

2π

∫ 2π

0
θ(φ′)dφ′

[
1 + 2

N

∑
n=1

cos
(
n
(
φ− φ′

))]
, (A.12)

ρ(r) =
2
b2

∫ b

0
ρ(r′)r′dr′

J

∑
j=1

Jn
(
αn,jr′/b

)
Jn
(
αn,jr/b

)
J2
n+1

(
αn,j
) , (A.13)

We substitute the solutions into equation (A.9) and use equation (A.10) to re-

turn the initial concentration to it’s original form to get the solution for the

PDE with homogeneous boundary conditions,

CE(r, φ, z) =
∫

V
dV′UE(r′, φ′, z′, 0)GE

(
r, r′, φ, φ′, z, z′, t

)
. (A.14)

By setting the initial condition to a 3D polar delta function,

CE(r, φ, z, 0) =
δ(r− r′)δ(φ− φ′)δ(z− z′)

r′
, (A.15)
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(a) (b)

Figure A.3: Simulation of the Green’s function in the z direction and polar
direction in the bulk ER. The parameters used are J = 200, M =
100, N = 50

we obtain the Green’s function from equation (A.14). The Green’s function in

the bulk ER, GE, is given by,

GE(r, r, φ, φ′, z, z′, t) =

2
πb2(L1 − L0)

M

∑
m=1

cos
(
µ
(

L1 − z′
))

cos (µ (L1 − z)) e−Deµ2t

×
J

∑
j=1

[
J0 (α0, jr′/b) J0 (α0, jr/b) e−Deα2

0,jt/b2

J2
0
(
α0,j
)

+2
N

∑
n=1

Jn
(
αn,jr′/b

)
Jn
(
αn,jr/b

)
cos (n (φ− φ′)) e−Deα2

n,jt/b2

J2
n
(
αn,j
) (

1−
(
n/βn,j

)2
)

 .

(A.16)

The shape of the Green’s function in the bulk ER is illustrated in Figure A.3.

We can check that our representation given in equation (A.16) actually is a

Green’s function by testing the behaviour when dt = 0. We expect the Green’s

function to decompose into three delta functions,

Ge(r, r′, φ, φ′, z, z′, 0) =
δ(r− r′)δ (φ− φ′) δ(z− z′)

r′
,

and we can check that the decomposed Green’s functions satisfy the properties

of delta functions. We see in Figures A.4(a) - A.4(c) that the representations

look similar to delta functions and peak only at the specified location. We

still have the oscillations about zero in the z and φ directions, however, the

oscillations are small in comparison to the peak. We can see in Figures A.4(d)

- A.4(f) that the representations convolve with a Gaussian correctly, as shown
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(a) (b) (c)

(d) (e) (f)

Figure A.4: Checks that Green’s function in the bulk ER acts like a delta func-
tion when dt = 0. (a-c) show the shape of the Green’s function
and (d-f) show that the Green’s functions convolve correctly.

by the matching of the dashed red lines with the solid blue lines.
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Appendix B

Separation of variables in the

ER-PM junction

B.1 Vj,1

We apply the separation of variables technique by substituting equation (3.44)

into the diffusion equation (3.43) to get the following separated equations

h′′ − η2h = 0, (B.1)

θ′′ + γ2θ = 0, (B.2)

r2ρ′′ + rρ′ + ρ(r2η2 − γ2) = 0, (B.3)

with solutions

h(z) = h′(H)
a

αn,j

e−(H−z)αn,j/a + e−(H+z−2L2)αn,j/a

1− e−2(H−L2)αn,j/a
, (B.4)

θ(φ) =
1

2π

∫ 2π

0
θ̄(φ′)dφ′

[
1 + 2

N

∑
n=1

cos
(
n
(
φ− φ′

))]
, (B.5)

ρ(r) =
2
a2

∫ a

0
ρ̄(r′)r′dr′

J

∑
j=1

Jn
(
αn,jr′/a

)
Jn
(
αn,jr/a

)
J2
n+1

(
αn,j
) , (B.6)

where γ = n for n = 0, 1, 2, ..., N, η = αn,j/a and αn,k satisfies Jn
(
αn,j
)
= 0 for

j = 1, 2, ..., J where Jn(x) are Bessel’s functions of order n.
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B.2 Vj,2

We apply the separation of variables technique by substituting equation (3.48)

into the diffusion equation (3.43) to get the following equations

h′′ − η2h = 0, (B.7)

θ′′ + γ2θ = 0, (B.8)

r2ρ′′ + rρ′ + ρ(r2η2 − γ2) = 0, (B.9)

with solutions

h(z) = JSERCA
a

αn,j

e−(2H−z−L2)αn,j/a + e−(z−L2)αn,j/a

e−2(H−L2)αn,j/a − 1
, (B.10)

θ(φ) =
1

2π

∫ 2π

0
θ(φ′)dφ′

[
1 + 2

N

∑
n=1

cos
(
n
(
φ− φ′

))]
, (B.11)

ρ(r) =
2
a2

∫ a

0
ρ(r′)r′dr′

J

∑
j=1

Jn
(
αn,jr′/a

)
Jn
(
αn,jr/a

)
J2
n+1

(
αn,j
) , (B.12)

with γ and η as defined in section B.1.

B.3 Vj,3

We apply the separation of variables technique by substituting equation (3.50)

into the diffusion equation (3.43) to get the following equations

h′′ + µ2h = 0, (B.13)

θ′′ + γ2θ = 0, (B.14)

r2ρ′′ + rρ′ − ρ(r2µ2 + γ2) = 0. (B.15)

The solutions to θ and h,

h(z)
1

H − L2

∫ H

L2

h(z′)dz′
[

1 + 2
M

∑
m=1

cos
(
µ
(
z′ − L2

))
cos (µ (z− L2))

]
,

(B.16)

θ(φ) =
1

2π

∫ 2π

0
θ(φ′)dφ′

[
1 + 2

N

∑
n=1

cos
(
n
(
φ− φ′

))]
, (B.17)
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have the same form as the corresponding solution in the homogeneous case, γ

is as defined in section B.1 and µm = (2m− 1)π/2(L2− L1) for m = 1, 2, ..., M.

The inhomogeneous boundary condition at r = a has altered the separable

equation and now ρ(r) is an Euler differential equation when µ = 0 and a

modified Bessel function when µ > 0. We treat each case separately and find

the following solutions for ρ(r):

ρ0,0(r) = Cc(a, φ, z),

ρ0,n(r) = Cc(a, φ, z)
( r

a

)n
,

ρm,n(r) = Cc(a, φ, z)
In (µr)
In (µa)

,

(B.18)

where In(x) denotes a modified Bessel function of the first kind of order n.
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Appendix C

Separation of variables in the

sub-PM ER

C.1 Vs,1

We apply the separation of variables technique by substituting equation (3.58)

into the diffusion equation (3.57) to get the following equations

h′′ − η2
n,jh = 0, (C.1)

θ′′ + γ2θ = 0, (C.2)

r2ρ′′ + rρ′ + ρ
(

r2η2 − γ2
)
= 0, (C.3)

and solutions

h(z) =

JSERCA(z− L1) ηn,j = 0,

JSERCA
a

βn,j
eβn,j(z−L2)/a−e−βn,j(z+L2−2L1)/a

1+e−2βn,j(L2−L1)/a ηn,j > 0,
(C.4)

θ(φ) =
1

2π

∫ 2π

0
θ(φ′)dφ′

[
1 + 2

N

∑
n=1

cos
(
n
(
φ− φ′

))]
, (C.5)

ρ(r) =
2
a2

∫ a

0
ρ(r′)r′dr′

J

∑
j=1

Jn
(

βn,jr′/a
)

Jn
(

βn,jr/a
)

J2
n
(

βn,j
) (

1−
(
n/βn,j

)2
) , (C.6)

where γ = n for n = 0, 1, ..., N, η = βn,j/a and βn,j satisfies J′n
(

βn,j
)
= 0 for

j = 1, 2, ..., J. We have made a special consideration for η0,1 = 0 as we have a

different solution for h(z) in this case.
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C.2 Vs,2

We apply the separation of variables technique to get the following equations

h′′ − η2
n,jh = 0, (C.7)

θ′′ + γ2θ = 0, (C.8)

r2ρ′′ + rρ′ + ρ
(

r2η2 − γ2
)
= 0, (C.9)

and solutions

h(z) =

Ce(r, φ, L1, t) η0,1 = 0,

Ce(r, φ, L1, t) eβn,j(z+L1−2L2)/a
+e−βn,j(z−L1)/a

1+e−2βn,j(L2−L1)/a ηn,j > 0,
(C.10)

θ(φ) =
1

2π

∫ 2π

0
θ(φ′)dφ′

[
1 + 2

N

∑
n=1

cos
(
n
(
φ− φ′

))]
, (C.11)

ρ(r) =
2
a2

∫ a

0
ρ(r′)r′dr′

J

∑
j=1

Jn
(

βn,jr′/a
)

Jn
(

βn,jr/a
)

J2
n
(

βn,j
) (

1−
(
n/βn,j

)2
) , (C.12)

where γ and η are as defined in section C.1. We have made a special consider-

ation for η0,1 = 0 as we have a different solution for h(z) in this case.
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Appendix D

Parameter tables

The simulations throughout the paper use the parameter values in Tables D.1 and D.2 unless otherwise specified.

Parameter Description Value Unit

DJ Diffusion coefficient in ER-PM junction 220 [4, 33] µm2s−1

DER Diffusion coefficient in ER-PM junction 10 [15, 75] µm2s−1

a Radius of junction 100 [55, 67] nm

H Distance to PM 2500 nm

L2 Distance to ER membrane 2485 nm

L1 Distance to interface between sub-PM ER and bulk ER 2000 nm

ERi Distance to internal point of sub-PM ER (see Figure 5(a)) 2286.15 nm
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IOrai Orai single channel current 2.1 [35, 88] fA

F Faraday’s constant 96485 C mol−1

z Valency of Ca2+ ions 2

AO Area of Orai channel 0.25 [56] nm2

Vmax SERCA2b pump rate 36 [47] Ca2+ ions/s

KF SERCA2b pump Ca2+ affinity (forward rate) 0.27 [47] µM

H Hill coefficient for the SERCA2b pump 1.7 [47]

Vmax SERCA2a pump rate 72 [47] Ca2+ ions/s

KF SERCA2a pump Ca2+ affinity (forward rate) 0.38 [47] µM

H Hill coefficient for the SERCA2a pump 2.2 [47]

KR SERCA pump Ca2+ affinity (reverse rate) 1700 [69] µM

Q Temperature coefficient 2.6 [69]

Table D.1: Table of parameter values used in model chosen according to estimates in literature. Distance to PM, ER membrane and bulk
ER are defined as the distance from a point of the bulk ER. H and L2 chosen to ensure height of junction (H− L2) is in agreement
with experimental estimates [81]. As discussed in Section ??, the height of the sub-PM ER has not been measured so we have
chosen L0 so that the height of the sub-PM ER is larger than the height of the ER-PM junction.
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Parameter Description Value Unit

4t Size of time step 1 µs

4r Radial step size 0.2 nm

4φ Angular step size for clustered Orai channel configuration 0.0419 radians

4zJ z step size in ER-PM junction 0.15 nm

4zS z step size in sub-PM ER 4.85 nm

σφ Angular standard deviation of Gaussian, w(r, φ) 0.05

σr Radial standard deviation of Gaussian, w(r, φ) 0.05

T Simulated time 1 ms

NOrai Number of Orai channels 5

NSERCA Number of SERCA pumps 10

Table D.2: Table of parameter values used in simulations.
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