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Abstract: Vanilla leptogenesis within the type I seesaw framework requires the
mass scale of the right-handed neutrinos to be above 109 GeV. This lower bound
can be avoided if at least two of the sterile states are almost mass degenerate,
which leads to an enhancement of the decay asymmetry. Leptogenesis models that
can be tested in current and upcoming experiments often rely on this resonant
enhancement, and a systematic and consistent description is therefore necessary
for phenomenological applications. In this review article, we give an overview of
different methods that have been used to study the saturation of the resonant
enhancement when the mass difference becomes comparable to the characteristic
width of the Majorana neutrinos. In this limit, coherent flavor transitions start to
play a decisive role, and off-diagonal correlations in flavor space have to be taken
into account. We compare various formalisms that have been used to describe the
resonant regime and discuss under which circumstances the resonant enhancement
can be captured by simplified expressions for the CP asymmetry. Finally, we
briefly review some of the phenomenological aspects of resonant leptogenesis.
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1. Introduction

The origin of the baryon asymmetry of the Universe poses one of the major chal-

lenges to our current understanding of particle physics and therefore motivates a

detailed investigation of baryogenesis in the context of extensions of the Standard

Model (SM). Leptogenesis [1] provides a minimal realization, and the neutrino mass

differences inferred from observations of neutrino oscillations support the possibility

of generating a lepton asymmetry via the out-of-equilibrium decays of some heavy

messenger particles in the early Universe.

Within the type I seesaw mechanism for generating the light neutrino masses [2–

5], with Lagrangian

L = LSM + N̄i i/∂ Ni −
(

1

2
(MN )ij N̄

c
iNj + λαi ¯̀αφ

cNi + h.c.

)
, (1)

it is well known that, for a hierarchical mass spectrum, the mass scale of the singlet

neutrino states Ni = PRNi should be above around ∼ 109 GeV [6–10] to account

for the observed baryon asymmetry via out-of-equilibrium decays. Here, `α and φ

are the SU(2)L lepton (with α = e, µ, τ) and Higgs doublets, respectively, and the

superscript c denotes charge conjugation. The requirement on the heavy neutrino

mass scale can be significantly relaxed if (at least) two of the mass eigenvalues Mi

(say for i = 1, 2) are quasi-degenerate, i.e. ∆M = M2 −M1 � M̄ = (M1 +M2)/2.

In this case, the CP-violating decay asymmetry (summed over active flavors α)

εi =
1

(λ†λ)ii

Im[(λ†λ)2
21]

8π

M1M2

M2
2 −M2

1

, (2)

originating from the interference of tree and wave (or self-energy) one-loop con-

tributions — the so-called ε-type or indirect CP violation — is resonantly en-

hanced [11–17] and dominates over the contribution from vertex-corrections — the

so-called ε′-type or direct CP violation.
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Models of resonant leptogenesis (RL), within the framework of the type I seesaw

model [2–5], supersymmetric extensions or in the context of the type II [18–22] and

III [23, 24] seesaw mechanisms, provide the intriguing possibility to lower the mass

scale to a realm that is accessible to current and future experiments, either directly

in collider searches, or indirectly, e.g. via signatures of lepton-flavor-violating (LFV)

processes. Since the question of the origin of the baryon asymmetry is one of the

key hints of physics beyond the SM, it is important to identify viable scenarios that

can be tested (or falsified) given the experimental efforts to explore the TeV scale

physics (see the companion Chapter [25])a.

In this review, we give an overview of the current status of the theoretical

description of resonant enhancement in leptogenesis, with special emphasis on its

saturation, which is expected to occur when the mass difference ∆M approaches

the characteristic decay width of the Majorana neutrinos. In addition, we discuss

various RL scenarios that have been proposed. Whilst our discussions are far from

being exhaustive, we intend to illustrate a number of possibilities that naturally

explain the small mass splitting required for resonant enhancement.

The saturation of resonant enhancement is commonly described by a modified

decay asymmetry (cf. Eq. (2))

εi =
1

(λ†λ)ii

Im[(λ†λ)2
21]

8π

M1M2(M2
2 −M2

1 )

(M2
2 −M2

1 )2 +A2
, (3)

which encompasses a “regulator” A that controls the behavior of the decay asym-

metry in the limit ∆M → 0. However, this modification is not sufficient to account

for the dynamics that determines the final asymmetry when saturation becomes

relevant. Instead, it becomes necessary to take coherent flavor transitions among

the Majorana neutrinos into account, which requires us to go beyond the usual

description based on (semi-classical) Boltzmann equations for the individual num-

ber densities. The description of the saturation regime shares some similarities to

the description of leptogenesis via oscillations (see the companion Chapter [29]),

although the mass scale is rather different and both are distinct scenarios.

After providing some remarks on the history of RL in Sec. 2, we briefly review

field-theoretic approaches that have been used to capture the saturation regime in

Sec. 3. These are all based on the closed-time-path (CTP) description but employ

different levels of approximations. Note that it is straightforward to extend the

field-theoretic description to cases where it is necessary to discriminate between

different active flavors (cf. e.g. Eq. (94)). In Sec. 4, we consider a simplified setup

that allows us to compare the so-called two-time and Wigner-space approaches,

and comment on the applicability of the usual Boltzmann description. Section 5

discusses the so-called two-momentum/interaction-picture approach, applied to a

scalar toy model, and its relation to the two-time description. In Sec. 6, we discuss

an effective description of resonant enhancement applicable in the strong washout
aSeesaw physics below the Davidson-Ibarra bound is also motivated from Higgs naturalness argu-
ments, which suggest the seesaw scale to be below ∼ 107 GeV [26–28].
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regime. After this, we provide an overview of selected models of RL and the relevant

phenomenological aspects in Sec. 7. Our conclusions are given in Sec. 8.

2. An early history of resonant leptogenesis

In this section, we provide a very brief history of resonant enhancement of CP

violation in leptogenesis up to the advent of the field-theoretic treatments that

form the main focus of the present discussion. This overview is in no way complete.

It is intended only to signpost some of the key steps in the early literature, and much

of what follows draws heavily on the reviews that have punctuated the literature

on this topic [30–36].

The resonant enhancement of CP violation was first discussed in the context

of the neutral kaon system (see Refs. [16, 30], and references therein). Here, the

condition for resonant enhancement is satisfied through the slight breaking of the

mass degeneracy of the K0 and K̄0 states due to the weak interactions. In fact, it

is from the literature on the kaon system that the terminology of ε- and ε′-type CP

violation was adopted.

The potential for the resonant enhancement of CP-violating processes in the

context of the baryon asymmetry was first acknowledged by Kuzmin, Rubakov

and Shaposhnikov [37], and the importance of the CP-conserving and CP-violating

phases introduced by the wave-function renormalization of heavy, unstable particles

was first emphasized in the work of Liu [38]. The latter unpublished work was

expanded upon by Liu and Segrè [11], who identified the possibility for resonant

enhancement of the ε-type CP violation through the mixing of quasi-degenerate

unstable states. Influential works on this kind of CP violation in the context of

leptogenesis were then contributed by Franz, Paschos, Sarkar and Weiss [13];b Covi,

Roulet [14] and Covi, Roulet and Vissani [15]; Pilaftsis [16, 39] and Buchmüller and

Plümacher [17].

In the degenerate limit, finite-order perturbation theory breaks down, since the

wave-function amplitude for the CP-asymmetric mixing of the particles is inversely

proportional to their mass splitting. Being unstable, these particles cannot appear

as asymptotic states in S-matrix amplitudes, and their properties have instead

been defined by the S-matrix elements of their stable, daughter particles [40]. A

consistent resummation scheme is needed in order to treat resonant transitions

that involve unstable intermediate states, if their energy difference is comparable

or smaller than their width. In Ref. [14], an effective Hamiltonian approach was

used for a scalar toy model, similar to the description of K0 − K̄0 mixing. The

approach developed in Refs. [16, 39, 41–43] (for a more comprehensive review of

these considerations, see Ref. [30] and references therein) is based on the so-called

pinch technique [44, 45] and preserves important quantum field-theoretic properties

bWhilst the correct formula for the CP asymmetry appears in the second erratum to an earlier
article by Flanz, Paschos and Sarkar [12], it is in Ref. [13] that the physical importance of this

result for the resonant enhancement of the CP-violation is acknowledged.
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such as CPT invariance and unitarity. By considering resonant contributions to

two-to-two scattering amplitudes, it was also shown in Refs. [46, 47] that ε-type CP

violation is consistent with CPT and unitarity requirements, and that the deviation

from thermal equilibrium is crucial to allow for self-energy type contributions to

the lepton asymmetry. These findings were confirmed in Ref. [17] and extended to

include a resummation of self-energy insertions.

Eventually, all approaches lead to qualitatively similar results, namely the con-

clusion that the regulator A in Eq. (3) is of the order of the decay widths Γi of

the Majorana neutrinos (times the mass), and all results agree quantitatively as

long as the resonant enhancement is not yet within the saturation regime, i.e. for

∆M � Γi [48, 49].

It was quickly realized that resonant enhancement of the CP asymmetry allows

for the heavy-neutrino mass scale to be lowered to the TeV scale [16], potentially

allowing for observable signatures at colliders. This was illustrated comprehensively

in the works by Pilaftsis and Underwood [50, 51] to which the scenarios of resonant

leptogenesis owe their name. A number of phenomenological models that realize

RL will be discussed in Sec. 7.

In early works on RL, the final asymmetry was obtained by solving systems of

Boltzmann equations, supplemented with appropriately-resummed transition prob-

abilities, as described above. In such semi-classical approaches, care must be taken

to avoid double counting of decay and inverse decay processes due to two-to-two

scatterings mediated by heavy neutrinos that go on resonance in the s channel.

This requires a procedure of real intermediate state (RIS) subtraction (see Ref. [52]

and the discussion in the companion Chapter [53]), which can be implemented by

studying the analytic properties of the resonant L-violating scattering amplitudes.

It was these technical issues, in part, together with certain questions related to fla-

vor effects (see the companion Chapter [54]), as well as the saturation of resonant

enhancement, that motivated a move to approaches that allow one to obtain field-

theoretic analogues of the Boltzmann equation from first principles. It is to these

approaches that we now turn our attention.

3. Overview of different methods

The resonant enhancement of the lepton asymmetry produced in the out-of-

equilibrium decays of right-handed (RH) neutrinos has been described in a number

of different theoretical frameworks. In this section, we briefly outline three ap-

proaches based on nonequilibrium Quantum Field Theory techniques [55–66] that

have been employed more recently and that capture coherence effects. Similar tech-

niques have, for example, been used before in the context of electroweak baryogen-

esis [67–70], and are, from a broader perspective, used within a wide range of appli-

cations, such as for the description of the early stages of heavy ion collisions [64, 66],

and in nuclear, atomic and condensed matter physics, see e.g. [59, 66, 71–73] (see

also Refs. [74–80] for early applications to leptogenesis).
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In general, coherence effects are relevant for the saturation of the resonant en-

hancement for a very small splitting ∆M = M2 −M1 of the mass eigenvalues of

the order of the interaction rates Γ. It is therefore important to ensure that these

effects are fully captured in the systems of quantum Boltzmann equations describ-

ing the generation of the asymmetry. This can be achieved either by employing the

first-principles field-theoretic techniques that we discuss in this section or by care-

ful treatment of so-called density matrix formalisms derived from the Liouville-von

Neumann and Heisenberg equations (see the accompanying Chapter [54]).

All the methods outlined below are based on the so-called closed-time-path

formalism (also known as Schwinger-Keldysh [55, 56] or in-in formalism) and differ

in the way in which various approximations and limits are implemented. Before

discussing the three different approaches in detail, we start by reviewing the common

features and basic elements of the CTP framework. In contrast to the more familiar

in-out approach that is used to compute S-matrix elements, the CTP formalism

can be used to compute the time-evolution of expectation values. For example, the

lepton number density (in the left-handed sector) can be related to the expectation

value of the zeroth component of the lepton charge current via

nL(t) =
1

V

∫
V

d3x 〈J0
` (t,x)〉 , with Jµ` =

∑
α= e,µ,τ

¯̀
αγ

µ`α . (4)

Whilst we should also consider the lepton number density stored in the right-handed

charged leptons, it is sufficient to consider only the left-handed charged leptons

when analyzing the source term for the asymmetry, as we do here. For a treatment

taking effects from active lepton flavor into account, it is also useful to define the

matrix-valued generalization

nLαβ(t) ≡ 1

V

∫
V

d3x 〈¯̀βγ0`α〉 , (5)

from which the total asymmetry nL follows by taking the trace in flavor space.c

The expectation value of an operator O(x) with respect to an initial state |i〉 is

given in the interaction picture by

〈O(x)〉 = 〈i|U(ti, x
0)OI(x)U(x0, ti)|i〉 , (6)

where ti is the initial time (relative to which the interaction picture is defined) and

U(t1, t2) =

T exp
(
− i
∫ t1
t2

d4x LI
)
, t1 > t2

T̄ exp
(

+ i
∫ t2
t1

d4x LI
)
, t2 > t1

(7)

is the time-evolution operator. Here, T is the usual time-ordering operator (later

times to the left), and T̄ is the anti-chronological time-ordering (later times to the

right). The resulting time-ordering can be conveniently expressed by analytically

continuing to the complex-time plane and introducing a time path C that starts at

ti, runs to some time tmax larger than x0 and then back to ti (see Fig. 1). This
cFor a small asymmetry, this definition coincides with the one of Ref. [81], nLαβ = q`αβ .



7

C+

C−

C

ti
tmax

Fig. 1. The closed-time-path C, starting at some initial time ti, running (just above) the positive

real time axis to a maximal time tmax > x0, y0 and then running back to the initial time (just
under) the positive real time axis. The two branches C+ and C− are also known as the chronological

and anti-chronological branches, respectively.

path can be parametrized by a function t(u), where u increases monotonically along

the path. The time-ordering in the expectation value can then be expressed in the

compact form

〈O(x)〉 = 〈i|TC exp

(
− i
∫
C

d4x LI
)
OI(x)|i〉 , (8)

where TC denotes path-ordering (i.e. fields with larger values of u to the left) and

the time integration in the exponential is along the path C [59]. The expression for

the expectation value then formally resembles the one for in-out matrix elements,

with the important difference that the usual time integration along the real axis is

replaced by an integration along the CTP contour C. It is also possible to consider

mixed initial states specified by an initial density matrix ρ by replacing 〈i|O|i〉 →
tr(ρO).

The CTP formalism allows one to translate the path-integral techniques of the

in-out formalism to the computation of expectation values. In particular, it can be

used to generate a diagrammatic expansion for time-ordered n-point functions. For

example, the two-point function of the Higgs, lepton and Majorana neutrino fields

are

∆ab
φ (x, y) = 〈TCφa(x)φ∗b(y)〉 → δab∆φ(x, y) , (9)

Sab`αβ(x, y) = 〈TC`aα(x)¯̀b
β(y)〉 → δabS`αβ(x, y) , (10)

SNij(x, y) = 〈TCNi(x)N̄j(y)〉 , (11)

where a, b are SU(2) indices and the arrows correspond to the two-point functions

in an SU(2) symmetric state, as appropriate far above the electroweak scale. The

time arguments x0 and y0 are attached to the CTP contour. If both time arguments

are within the chronological branch C+, the time-ordering reduces to the usual

one; if both are on the anti-chronological branch C−, one obtains an anti-time

ordered two-point function. If x0 is on the anti-chronological branch and y0 is
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on the chronological branch, one obtains the Wightman function [S>Nij(x, y)]λκ =

〈Niλ(x)N̄jκ(y)〉. Instead, if y0 is on the anti-chronological branch and x0 is on the

chronological branch, one obtains [S<Nij(x, y)]λκ = −〈N̄jκ(y)Niλ(x)〉, where we note

the minus sign that occurs in the definition for fermions. (We have displayed the

Dirac indices λ, κ for clarity.) It is also useful to define the statistical propagator

SF and the spectral function Sρ via

SNij(x, y) = SFNij(x, y) − i

2
sgnC(x

0 − y0)SρNij(x, y) , (12)

where sgnC is the signum function with respect to the path parameter u that de-

scribes the position on the CTP contour, i.e. x0 = x0(u). The statistical propagator

and spectral function are related to the Wightman functions via

S≷(x, y) = SF (x, y) ∓ i

2
Sρ(x, y) . (13)

Further frequently-used Green functions are the retarded, advanced and ‘hermitian’

two-point functions

SRNij(x, y) = θ(x0 − y0)SρNij(x, y) , (14a)

SANij(x, y) = − θ(y0 − x0)SρNij(x, y) , (14b)

SHNij(x, y) = − 1

2
sgn(x0 − y0)SρNij(x, y) , (14c)

where the Heaviside and signum functions take arguments on the real time axis.

Analogous definitions apply for the lepton and Higgs two-point functions, as well

as the corresponding self-energies. The spectral function and self-energy are also

often denoted by AN ≡ − iSρN/2 and ΣAN ≡ − iΣρ/2.

The lepton asymmetry is given by

nLαβ(t) = − gw
V

∫
V

d3x tr[γ0SF`αβ(x, x)] , (15)

where gw = 2 counts the degenerate SU(2) degrees of freedom.d Within the closed-

time-path approach, the time-evolution of the lepton number can therefore be ob-

tained from the equation of motion of the two-point functions, given by the CTP

Schwinger-Dyson equation. For example, for the Majorana neutrinos, it reads

i[SNij(x, y)]−1 = (i/∂x −Miδij)δC(x
0 − y0)δ(3)(x− y) − iΣNij(x, y) , (16)

where ΣNij is the (time-ordered) self-energy, which is a matrix in flavor space. The

first term on the right-hand side is the inverse of the free two-point function, where

δC(x0−y0) is the Dirac delta function on the CTP contour: δC(x0−y0) = ± δ(x0−y0)

if x0 and y0 are both on C± and δC(x0 − y0) = 0 otherwise. The equations for the

dIn order to arrive at Eq. (15), we have made the replacement S`αβ → SF`αβ , discarding a poten-

tially infinite but universal vacuum (zero-point) contribution arising from Sρ`αβ . The latter can be
avoided, and this replacement justified, by defining the signum function such that it vanishes for

zero argument. Alternatively, the particle number density can be defined systematically by isolat-
ing the positive- and negative-frequency components of the Wightman functions, see e.g. [80, 82].
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lepton and Higgs fields have a similar structure and can be derived, for exam-

ple, from the two-particle-irreducible (2PI) effective action [83]. In vacuum or in

thermal equilibrium, the two-point functions and self-energies depend only on the

difference of coordinates x − y, and the equation could be solved in Fourier space

as a simple algebraic equation. Out of equilibrium, space-time translational invari-

ance is broken (by the boundary condition at ti and the expanding background),

and two-point functions depend, in general, on both arguments separately. For a

spatially homogeneous system, which is of interest here, spatial translational in-

variance implies a separate dependence only on the two time arguments, and it is

sometimes convenient to switch to Fourier space for the spatial momentum, using

the mixed, two-time representation SNij(x
0, y0,k) =

∫
d3k

(2π)3 e
ik·(x−y)SNij(x, y). In

essence, the three methods described below differ in how the time-dependence is

taken into account.

3.1. Two-time formulation

Within the two-time formulation, the equation of motion for the two-point func-

tions SNij(x
0, y0,k) are solved taking into account the dependence on both time

arguments separately. This approach allows, in principle, for arbitrary deviations

from thermal equilibrium and does not rely on specific approximations, in particu-

lar for the spectral function and its relation to the statistical propagator. On the

other hand, it is typically possible to solve the resulting equations only either nu-

merically or in specific simplified limits. Therefore, this approach has often been

used as a benchmark that can be used to cross-check and assess the validity of var-

ious approximations [66]. It has been used to check the validity of the Boltzmann

approach in the hierarchical case in Ref. [84] and to assess the saturation of the res-

onant enhancement in Refs. [85, 86]. The equation of motion can be brought to an

explicit form by convoluting the Schwinger-Dyson equation (16) with the two-point

function and inserting the decomposition (12), along with a similar decomposition

of the self-energy. In this way, one obtains

(i/∂ −Mi)S
F
Nij(x, y) =

∫ x0

ti

d4z ΣρNik(x, z)SFNkj(z, y)

−
∫ y0

ti

d4z ΣFNik(x, z)SρNkj(z, y) ,

(i/∂ −Mi)S
ρ
Nij(x, y) =

∫ x0

y0
d4z ΣρNik(x, z)SρNkj(z, y) . (17)

The self-energy of the RH neutrino states is given at one-loop order by

ΣNij(x, y) = − gwλ∗αiλβjPLS`αβ(x, y)∆φ(x, y)PR

− gwλαiλ∗βjPPLS̄`αβ(x̄, ȳ)∆̄φ(x̄, ȳ)PRP , (18)

where PR and PL are the right and left chiral projection operators, and S̄`(x, y) ≡
CPS`(ȳ, x̄)T(CP )−1 and ∆̄φ(x, y) = ∆φ(ȳ, x̄) are CP-conjugate lepton- and Higgs
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two-point functions with x̄ = (x0,−x), P = γ0 and C = iγ2γ0. Analogous equations

can be derived for the lepton and Higgs fields, and the lepton self-energy at O(λ2)

is given by

Σ`αβ(x, y) = −λαiλ∗βjPRSNij(x, y)PL∆φ(y, x) . (19)

Taking the time derivative of Eq. (15) and using the equation of motion for the lep-

ton two-point function yields an evolution equation for the total lepton asymmetry:

n′Lαβ = igw

∫
d3p

(2π)3

∫ t

ti

dt′ tr
(

Σρ`αγ(t, t′,p)SF`γβ(t′, t,p) − ΣF`αγ(t, t′,p)Sρ`γβ(t′, t,p)

− Sρ`αγ(t, t′,p)ΣF`γβ(t′, t,p) + SF`αγ(t, t′,p)Σρ`γβ(t′, t,p)
)
, (20)

where we have used the Fourier representation with respect to the spatial coordi-

nates and the trace is over the Dirac indices. The expansion of the Universe can be

taken into account in a simple way [80] by moving to conformally flat coordinates,

wherein the metric gµν = aηµν is proportional to the Minkowski metric ηµν up to

the scale factor a. In this case, t ≡ η is the conformal time, which is related to

the physical time via dt ≡ dη = dtphys/a, and p is the comoving momentum, with

pphys = p/a. Apart from this reinterpretation of the time coordinates and momenta,

the only additional change is that the mass term is replaced by the time-dependent

one Mi → aMi. The physical density of lepton number is related to the comoving

one by nphys
L = nL/a

3, i.e. n′L = dnL/dη = a4(dnphys
L /dtphys + 3Hnphys

L ).

For a small asymmetry, the right-hand side of Eq. (20) can be expanded in the

CP-odd part of the lepton and Higgs two-point functions, given by δS`αβ(x, y) =

S`αβ(x, y) − S̄`αβ(x, y) and δ∆φ(x, y) = ∆φ(x, y) − ∆̄φ(x, y), respectively. The

lowest order in this expansion yields the source term S for the lepton asymmetry,

and the first order yields the washout term W , and we have

n′Lαβ ' gwSαβ + Wαβ . (21)

We have taken out a factor of gw = 2 in the definition of the source term following

the conventions of Ref. [87]. Since the lepton and Higgs fields are kept close to

thermal equilibrium by their gauge interactions, a useful approximation is to con-

sider them as a thermal bath [84]. For the source term, this means one makes the

following replacements at leading order:

∆F (t, t′,p) → 1

2p
[1 + 2/(ep/T − 1)] cos[p(t− t′)] , (22a)

∆ρ(t, t′,p) → 1

p
sin[p(t− t′)] , (22b)

S`αβ(t, t′,p) → δαβ S`(t, t
′,p) , (22c)

where p ≡ |p| and

SF` (t, t′,p) ≡ 1

2
[1− 2/(ep/T + 1)]

(
− p·γ

p cos[p(t− t′)]− iγ0 sin[p(t− t′)]
)
,

(23a)

Sρ` (t, t′,p) ≡ −p·γ
p sin[p(t− t′)] + iγ0 cos[p(t− t′)] . (23b)
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In this approximation, Eq. (17) yields a self-consistent equation for the non-

equilibrium two-point function of the Majorana neutrinos, which is a matrix in

flavor space. Solving this equation and inserting the solution in the right-hand

side of Eq. (20) then yields the source term that describes the generation of the

asymmetry [85]:

Sαβ = iλαiλ
∗
βj

∫
d3p

(2π)3

∫ t

ti

dt′ tr
[
PR∆SρNij(t, t

′,p)PLS
F
`φ(t′, t,p)

− PR∆SFNij(t, t
′,p)PLS

ρ
`φ(t′, t,p)

]
, (24)

where ∆SNij(t, t
′,p) = SNij(t, t

′,p)−S̄Nji(t, t′,p) and S`φ(x, y) = S`(x, y) ∆φ(x, y)

is the lepton-Higgs loop.

The main ingredient needed to compute the lepton asymmetry is a solution of the

Kadanoff-Baym [57, 58] equations (17). The latter form a system of self-consistent

equations for SρNij(t, t
′,p) and SFNij(t, t

′,p), i.e. the solution appears both on the

right- and left-hand sides. Diagrammatically, the self-consistency can be related

to an iterative solution of the Schwinger-Dyson equation in an ouf-of-equilibrium

situation, which resums insertions of lepton/Higgs loops. This is precisely the type

of diagram that is resonantly enhanced for a small mass splitting. The resummation

ensures that the solution is valid also when the mass-squared splitting is of the same

order as the self-energy (which is related to the width via the optical theorem).

The full solution, which has a matrix structure in flavor space, can, in general,

be obtained only numerically, although analytic and semi-analytic solutions can be

found in specific limits. This approach therefore provides the possibility to assess

the validity of various approximation schemes.

3.2. Wigner-space formulation

The Wigner-space approach to non-equilibrium Green’s functions is widely used

to describe transport phenomena [68]. It was first applied to RL for small mass

splittings in Ref. [88] and further developed, e.g., in Refs. [87, 89, 90]. The main

idea is to derive a generalization to the usual Boltzmann equations, starting from

the Schwinger-Dyson equation (16), that is applicable if the two-point functions

vary much more rapidly with respect to the relative coordinate r = x − y than

the central coordinate X = (x + y)/2. This is generally expected close to thermal

equilibrium. In order to exploit this separation of scales, one considers the two-point

functions in Wigner space:

iSNij(p,X) =

∫
d4r eip·rSNij(X + r/2, X − r/2) . (25)

Analogous definitions apply for the lepton and Higgs two-point functions, as well as

the self-energies, and for the individual components. Note that we have introduced

a factor of i on the left-hand side such that, in Wigner space, the conventions

match precisely the ones in Refs. [68, 80] (apart from the retarded and advanced
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functions, which differ by a sign). For spatially homogeneous systems, the two-

point functions depend only on the time coordinate t ≡ X0, which characterizes

the “slow” variation, while the “fast” variation is described by p0. In order to

derive equations of motion in Wigner space, one needs the Wigner transform of a

convolution of two two-point functions:∫
d4(x− y) eip·(x−y)

∫
d4z A(x, z)B(z, y) = e−i�{A(p,X)}{B(p,X)} , (26)

where the operator �{·}{·} = 1
2 (∂(1) ·∂(2)

k −∂
(1)
k ·∂(2)){·}{·} generates nested Poisson

brackets, ∂ ≡ ∂X and the superscripts refer to the first and second arguments,

respectively. In Wigner space, the Schwinger-Dyson equations for the Wightman

functions, obtained from Eq. (16), read [69](
/p+

i

2
/∂ −M

)
S<,>N − e−i�{ΣHN}{S<,>N } − e−i�{Σ<,>N }{SHN } = CN , (27)

where CN = 1
2e
−i�({Σ>N}{S<N} − {Σ<N}{S>N}) are the collision terms and we have

left implicit a matrix notation for the flavor structure in which M = Miδij . Equa-

tion (27) can also be obtained directly from the Kadanoff-Baym equations (17) by

rewriting the finite time integrals as
∫ x0

ti
dz0(...) =

∫∞
ti

dz0 1
2 [1+sgn(x0−z0)](...), be-

fore using Eq. (13) and Eq. (14) to express all two-point functions and self-energies

in terms of <, > and hermitian components, and finally performing a Wigner trans-

formation in the limit ti → −∞. With the exception of this last step, both sets

of equations are fully equivalent. In Wigner space, the Kadanoff-Baym equations

can be solved by truncating a gradient expansion, which formally corresponds to

an expansion in ∂ � p. The convergence of this expansion relies on the separation

of (time-)scales alluded to before. At lowest order in gradients, one keeps only the

zeroth order, i.e. e−i� → 1, such that there are no Poisson brackets.

The > and < components of the self-energies at zeroth order in the gradient

expansion, obtained from Wigner transforming Eqs. (18) and (19), are given by

iΣ
≷
Nij(k) = gw

∫
d4k′

(2π)4

d4k′′

(2π)4
(2π)4δ(4)(k − k′ − k′′)

(
λ∗αiλβjPLiS

≷
`αβ(k′)PRi∆

≷
φ (k′′)

+ λαiλ
∗
βjC[PLiS

≶
`βα(−k′)PR]TCi∆

≶
φ (−k′′)

)
, (28)

iΣ
≷
`αβ(k) = λαiλ

∗
βj

∫
d4k′

(2π)4

d4k′′

(2π)4
(2π)4δ(4)(k − k′ − k′′)PRiS≷

Nij(k
′)PLi∆

≶
φ (−k′′) ,

where we have omitted the argument X for brevity. The equation of motion for the

lepton asymmetry, again at zeroth order in the gradient expansion, is given by

n′Lαβ = gw

∫
d4k

(2π)4

1

2
tr
[
iΣ>`αγ(k)iS<`γβ(k) − iΣ<`αγ(k)iS>`γβ(k)

− iS>`αγ(k)iΣ<`γβ(k) + iS<`αγ(k)iΣ>`γβ(k)
]
. (29)

Similarly to the two-time formulation, we can extract the leading-order source term

by replacing the lepton and Higgs two-point functions by the free, thermal expres-

sions [88], which yields [87]

Sαβ = −λαiλ∗βj
∫

d4k

(2π)4
tr
[
PRiδSNij(k)2PL /Σ

A
N (k)

]
, (30)
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where δSNij(k) is the deviation of SFNij(k) from thermal equilibrium and /Σ
A
N is

the reduced self-energy, as given in Ref. [91]. Note that i/Σ
A
N coincides with the

leading term in the gradient expansion of the Wigner transform of − iSρ`φ(x, y)/2.

This expression can also be obtained from the source term Eq. (24) in the two-

time approach by expanding to zeroth order in gradients (using S̄ρ`φ(k) = Sρ`φ(k) =

Sρ`φ(−k)), taking ti → −∞, and neglecting ∆SρNij and SH`φ. Therefore, within

the approximations implicit to the truncation of the gradient expansion, these two

formulations are consistent with one another.

As was the case for the two-time formulation, the equation for the asymmetry

needs to be complemented by an evolution equation for the Majorana neutrino two-

point functions. It has been shown in Ref. [88] that, for a quasi-degenerate mass

spectrum ∆M � M , the equations for the two-point functions can be reduced to

kinetic equations for a matrix of RH neutrino distribution functions δfahij (a =

0, 1, 2, 3, h = ± is the helicity). Specifically, we can make the decomposition

δSN (k) =
∑
h=±

δSNh(k) , (31)

− iγ0δSNh =
1

4
(1 + hk̂iσi)⊗ ρa2πδ(k2 − a2M̄2)2k0fahij , (32)

where σi and ρa are Pauli matrices, k̂i ≡ ki/|k| and M̄ ≡ (M1 + M2)/2. As

discussed in Ref. [88], the resonant enhancement is well described to leading order

in ∆M/M̄ and Γ/M̄ , even when taking the on-shell limit for the spectral function

∝ δ(k2 − a2M̄2), which leads to important simplifications.

In the non-relativistic limit, it is sufficient to track δf0hij (see below). The

resulting kinetic equation, when neglecting SH and ΣH (which describe a thermal

mass shift, see e.g. Ref. [90]), is given by

δf ′0h +
i

2k0

[
(aM)2, δf0h

]
+ feq

′ + {Γh, δf0h} = 0 , (33)

where expressions for Γh and the source term expressed in terms of δf0h can be

found in Ref. [87]. This equation has the form of a density matrix equation in flavor

space for the quasi-degenerate pair of Majorana neutrinos with helicities h = ±,

wherein the commutator term describes oscillations.

Substituting the two-point function (31) into the source term (30), one obtains

Sαβ = −
∑
i,j

λαiλ
∗
βj

∫
d4k

(2π)4
tr
[
PRiδSNij(k)2PL /Σ

A
N (k)

]
, (34)

=
∑
i,j

∑
h=±

∫
d3k

(2π)3
λαiλ

∗
βj

{
k · Σ̂AN (k)

k0

[
δf0hij(k)− δf∗0hij(k)

]
(35)

+ h
k̃ · Σ̂AN (k)

k0

[
δf0hij(k) + δf∗0hij(k)

]}∣∣∣∣∣
k0 =ω(k)

, (36)

where we have introduced k̃ ≡ (|k|, k0k/|k|) and ω(k) ≡
√

k2 + a2M̄2.
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3.2.1. Non-relativistic approximations

If the masses of the RH neutrinos are much larger than the temperature close to the

time of freeze-out (M̄ � T ), the momentum modes that do not satisfy |k| � aM̄

are Maxwell suppressed. It is therefore sufficient to approximate the four-momenta

by

kµ = (k0,k) ≈ (± aM̄,0) , (37)

The same reasoning allows us to neglect the thermal corrections to the self-energy

(for discussions of thermal corrections to rate equations for leptogenesis, see the

accompanying Chapter [53]; see also Refs. [90, 92]), i.e.(
Σ̂AN (k)

)µ
≈ sgn(k0)

kµ

32π
, (38)

whose contractions with the two four-vectors appearing in the evolution equations

read as

k · Σ̂AN (k) = sgn(k0)
a2M̄2

32π
, k̃ · Σ̂AN (k) = 0 . (39)

Substituting this result into Eq. (33), we may integrate over the momentum modes

to obtain

δn′0h +
a

2M̄
i
[
M2, δn0h

]
+ n′eq = − gwaM̄

32π

{
Reλ†λ, δn0h

}
, (40a)

δn̄′0h −
a

2M̄
i
[
M2, δn̄0h

]
+ n′eq = − gwaM̄

32π

{
Reλ†λ, δn̄0h

}
, (40b)

where we have introduced the comoving non-equilibrium number densities of the

sterile neutrinos

δn0h =

∫
d3k

(2π)3
δf0h(+ω(k),k) , δn̄0h =

∫
d3k

(2π)3
δf0h(−ω(k),k) . (41)

From the Majorana condition, we also obtain the relation between the positive- and

negative-energy states δn0h = δn̄∗0h. Notice that the resulting comoving density

and the equations of motion are helicity independent in this non-relativistic limit,

i.e. δn0h = δn0−h. Inserting the approximated number densities and self-energies

into the flavored source term yields

Sαβ =
aM̄

16π

∑
i,j

λαiλ
∗
βj (δn0hij − δn̄0hij) , (42)

where the sum over helicities has been evaluated to give an overall factor of two.

Furthermore, from the Majorana constraint δn0hij = δn̄∗0hij , one can see that only

the off-diagonal correlations enter the source term.
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3.3. Two-momentum formulation and interaction picture

3.3.1. Two-momentum formulation

Rather than working with Wigner or time-domain functions, one can also work in a

two-momentum representation of the non-equilibrium two-point functions [82, 93–

96]. We first note that the lepton asymmetry, as given in Eq. (15), can be written

in the following way:

nLαβ(t) = − gw
V

∫
V

d3x

∫
d4y δ(4)(x− y) tr [γ0SF`αβ(x, y)] , (43)

where x0 = t. Making use of a double Fourier transformation, we insert

SF`αβ(x, y) =

∫
d4p

(2π)4

∫
d4p′

(2π)4
e−ip·x eip

′·ySF`αβ(p, p′) , (44)

where the sign convention on the four-momenta is chosen such that exact energy-

momentum conservation corresponds to p = p′. After performing the coordinate

integrals, we arrive at

nLαβ(t) = − gw
V

∫
d3p

(2π)3

∫
dp0

2π

∫
dp′0
2π

e−i(p0−p
′
0)t tr [γ0SF`αβ(p, p′)] , (45)

with p′ = p. Note that we have assumed the volume V to be sufficiently large that

we have approximate conservation of three-momentum.

In order to see that the vacuum (zero-point) terms in SF`αβ do not contribute

to the final asymmetry, it is illustrative to restrict to a single flavor and consider

the two-momentum representation of the tree-level equilibrium function (assuming

a non-vanishing chemical potential). The latter is given by (see e.g. Ref. [97])

SF,0`αβ(p, p′) = π(/p+m)δ(p2 −m2)(2π)4δ(4)(p− p′)

×
[
θ(p0)

(
1− 2f [E(p)]

)
+ θ(−p0)

(
1− 2f̄ [E(p)]

)]
. (46)

Inserting this into Eq. (45), the terms independent of the particle and anti-particle

distributions f and f̄ , viz. the particle and anti-particle vacuum contributions,

cancel after evaluation of the spinor trace:

nLαβ(t) ⊃ − gw
∫

d4p

(2π)3

1

2
δ(p2 −m2) tr [γ0(/p+m)]

= − 2 gw

∫
d4p

(2π)3
p0 δ(p

2 −m2) = 0 . (47)

We then obtain the expected result

nLαβ(t) = gwgs

∫
d3p

(2π)3

[
f [E(p)] − f̄ [E(p)]

]
, (48)

where we have made the identification V ≡ (2π)3δ(3)(0) and gs = 2 accounts for

the sum over spin polarizations.

The two-momentum representation is particularly advantageous in the case of

particle mixing, and we will illustrate this explicitly in Sec. 3.3.2 and Sec. 5 within

the so-called interaction-picture framework of non-equilibrium field theory [82, 96].
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3.3.2. Interaction-picture framework

The Fermi Golden Rule tells us that the probability for a given process to take

place is proportional to the period of time t and the volume V over which that pro-

cess is permitted to occur. In the case of scattering probabilities, this four-volume

factor is infinite,e and it is captured by the product of identical energy-momentum-

conserving Dirac delta functions that results from squaring the relevant matrix

elements. We deal with this mathematically ill-defined product of distributions,

which yield so-called pinch singularities, by means of the Fermi Trick : we replace

one of the four-dimensional delta functions by a global factor of the four-volume

V t, which can be divided out in order to define the transition rate per unit volume.

In this way, the convergence of our perturbation theory (modulo infra-red effects)

is controlled by the interaction strength, g say, and not the product of the inter-

action strength and the time over which those interactions are permitted, i.e. gt.

The same is not true out-of-equilibrium: perturbation theory is controlled by both

g and the product gt.f For instance, consider the exponential approach to equilib-

rium. The deviation from equilibrium goes like δf(t) ∼ e−Γtδf(0), where the rate

Γ ∝ g. The exponential has a convergent Taylor series expansion only for t < 1/g,

and it would therefore appear fruitless to try to describe non-equilibrium processes

perturbatively for t > 1/g [99]. In corollary, when we are in thermodynamic equi-

librium, i.e. δf(t) = 0, our perturbation theory should again be controlled by g

only, and this is indeed what one finds. The pinch-singular terms are absent in

thermodynamic equilibrium by virtue of the Kubo-Martin-Schwinger (KMS) condi-

tion or, equivalently, the fluctuation-dissipation theorem and detailed balance (see

e.g. Ref. [61]).

The interaction-picture approach [82, 96] yields a perturbation theory built from

two-point functions of the form

S0,ab
`αβ (x, y, t) ≡ tr {ρ(t) TC [`

a
α(x) ¯̀b

β(y)]} . (49)

Most importantly, the quantum statistical density operator ρ(t) is regarded as an un-

known with respect to the perturbation series, and its form is fixed self-consistently

only after solving the system of Boltzmann-like equations derived from this per-

turbation series. In addition, integrals over intermediate interaction vertices are

necessarily restricted to the finite time domain [0, t].g This results in the absence

eMore precisely, we assume a significant separation between the microscopic scales over which

individual interactions take place and the macroscopic scales over which initial states are prepared,
the interactions are turned on and the final state is collected. It is this separation of scales that
allows us to assume that energy and momentum are exactly conserved in individual scattering
events, when, in reality and by virtue of Heisenbergs uncertainty principle, the former can be

violated by an amount inversely proportional to the duration of our experiment and the latter by
an amount inversely proportional to the volume of our experiment.
fThe interpretation of pinch singularities in non-equilibrium perturbation theory in terms of the

Fermi Golden Rule was identified concisely in Ref. [98].
gHere, we assume that the interactions are turned on instantaneously, but this can easily be

generalized to allow for smooth switching functions.
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of exact energy-conserving Delta function; specifically [82, 96],

δ
(∑

E
)
→ δt

(∑
E
)
≡ t

2π
sinc

(∑
Et/2

)
, (50)

where the function δt is analytic for all finite t. It is in this way that perturbation

theory is viable. For early times, the absence of exact delta functions ensures that

there can be no pinch singularities [82, 96].h For intermediate times, the would-

be pinch-singular terms grow as a power law in t (as we would expect from the

Fermi Golden Rule). Finally, for late times, the distribution functions themselves

approach equilibrium exponentially, and the pinch singularities begin to cancel. The

perturbation theory therefore remains under control for all times.

Given the canonical algebra of the theory, the tree-level propagators can be

evaluated explicitly without the need for quasi-particle approximation. The tree-

level propagators depend on a set of time-dependent distribution functions of the

following form:

fabαβ(p; s,p′; s′; t) ≡ tr ρ(t) bb†β (p′, s′)baα(p, s) , (51a)

f̄abαβ(p; s,p′; s′; t) ≡ tr ρ(t) d†α(p, s)dbβ(p′, s′) . (51b)

We restrict ourselves to considering only flavor, isospin and helicity correlations but,

more generally, this set of distribution functions can readily be extended to keep

track also of pair (particle-anti-particle) correlations, as well as correlations between

different particle species. It is clear that the propagators can take a complicated

form in generality, and complete expressions can be found in Ref. [82] (for scalars),

Refs. [105] (for scalars in the presence of particle mixing) and Ref. [49] (for fermions

in the presence of particle mixing).

Whilst various field-theoretic ingredients, derived by means of the interaction-

picture approach, have been used in the construction of semi-classical rate equa-

tions for RL [49, 106, 107], this framework has, to date, been applied in full only

to toy scalar models [105, 108, 109] (see also Sec. 5). Therein, it has been used

to cross-check existing approximation schemes and make concrete comparisons be-

tween semi-classical and field-theoretic descriptions. In this context and in the weak

washout regime, the interaction-picture approach has been shown to yield results

identical to those obtained in the Heisenberg picture [109]. Its particular advantage

lies in the ability to identify concretely (i) the spectrum of states that are being

counted by the number densities and (ii) the processes that are contributing to the

evolution of these number densities. Loop-wise perturbative approximations to the

former and latter are referred to, respectively, as spectral and statistical truncations.

The independence of these two truncations means that the interaction-picture ap-

proach is much closer in spirit to semi-classical approaches, and it is for this reason

that this framework has found such utility in making comparisons between existing

semi-classical and field-theoretic results.
hFor early discussions of the problem of pinch singularities in non-equilibrium field theory, see
e.g. Refs. [100–104].
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4. Two-time versus Wigner and Boltzmann

In this section, we consider a simplified setup that allows us to compute the

resonantly-enhanced asymmetry, and its saturation, based on the first-principle ap-

proaches outlined above. The primary objective of this exercise is to scrutinize the

resonant enhancement mechanism and to identify suitable approximation schemes

that can be applied also in realistic scenarios. For that purpose, we generalize the

setup considered in Ref. [84] to the case of a quasi-degenerate mass spectrum and

study the asymmetry that is generated by the relaxation of the Majorana neutrino

fields into thermal equilibrium. Concretely, this means we disregard washout pro-

cesses for the moment and adopt a static background described by a thermal bath

of lepton and Higgs fields at a constant temperature T .

This setup allows us to obtain a solution for the out-of-equilibrium Majorana

neutrino two-point functions, including flavor off-diagonal correlations, without fur-

ther approximations and based on the two-time formulation [85]. This is the es-

sential ingredient for computing the generation of the asymmetry. It takes into

account all potential sources for a saturation of the resonant enhancement, while

being free of a priori assumptions. In addition, following Ref. [84], one can also take

into account a finite width for the lepton and Higgs fields in a simplified manner,

in order to investigate whether they contribute to the saturation of the resonant

enhancement. So as to provide a quantitative discussion, we assume for simplicity

that the Majorana neutrinos are non-relativistic, i.e. that T �Mi.

Boltzmann approach: For reference, we first quote the result for the total lepton

asymmetry obtained via the conventional Boltzmann approach. When applied to

the simplified setup considered in this section, it is given by

nL(t) =

∫
d3p

(2π)3

∫
d3q

(2π)32q0

∑
i= 1,2

2πδ(p0
i − k0 − q0)εi

|Mi|2
2k0

× [1 + fφ(q0)− f`(k0)]δfpi(0)
1− e−Γit

Γi
, (52)

where the integral is over all momentum modes of the neutrino and Higgs fields

(with q0 = |q|), δfpi(0) ≡ δfi(p, 0) ≡ fi(p, 0) − f eq
i (p) is the initial deviation

of the neutrino distribution from equilibrium, fφ(q0) = 1/(eq
0/T − 1), f`(k

0) =

1/(ek
0/T + 1), and |Mi|2 = 4kµp

µ
i (λ†λ)ii is the tree-level matrix element for the

decay Ni → `φ. Furthermore, p0
i =

√
p2 +M2

i and Γi = Mi(λ
†λ)ii/(8π) are

the energy and width of the Majorana neutrino Ni, and the lepton momentum is

k = p− q with energy k0 = |k|. Finally, the asymmetry is proportional to the CP

asymmetry

εi =
1

(λ†λ)ii

Im[(λ†λ)2
ji]

8π

MiMj(M
2
j −M2

i )

(M2
j −M2

i )2 +A2
, (53)

with a regulator A that describes the saturation of the resonant enhancement. For

our numerical examples, we will use A = MiΓi −MjΓj [48]. We stress that this is
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chosen for illustrative purposes only, and a correct treatment for very small mass

splitting requires to go beyond the Boltzmann approach. For T �Mi, the quantum-

statistical corrections 1 + fφ(q0)− f`(k0)→ 1 can be neglected and the final asym-

metry Y∞L = nL(t→∞)/s, normalized to the entropy density s, is given by

Y∞L = ε1δYN1
(0) + ε2δYN2

(0) , (54)

where δYNi(0) = 1
s

∫
d3p

(2π)3 δfpi(0) is the initial deviation from equilibrium.

Two-time Kadanoff-Baym approach: This approach is valid for all values of

the mass splitting ∆M = M2 −M1. In general, solutions can only be obtained

numerically, but analytic results valid in specific limits can be found in Ref. [85]. In

particular, it is possible to obtain a semi-analytic result based on a Breit-Wigner

approximation for the retarded and advanced propagators. In this case, the total

lepton asymmetry is given by

nL(t) =

∫
d3p

(2π)3

∫
d3q

(2π)32q0

∑
i,j= 1,2

∑
ε=±

F εjiL
ε
ij(t) , (55)

where the time-evolution is given by

Lεij(t) =
iε

ωpi − ωpj + iε(Γpi + Γpj)/2

[
1− eiε(ωpi−ωpj)t−(Γpi+Γpj)t/2

]
(56)

×
(

Γ`φ/2

(ωpj − k0 − q0 + iε
2 Γpj)2 + 1

4Γ2
`φ

+
Γ`φ/2

(ωpi − k0 − q0 − iε
2 Γpi)2 + 1

4Γ2
`φ

)
,

in which Γ`φ = Γ` + Γφ is the sum of lepton and Higgs widths, and Γpi and ωpi
are the width and energy of the Majorana neutrinos, related to the imaginary and

real parts of the poles of the retarded and advanced propagators (see Ref. [85]

for explicit expressions). The coefficients F εji encode the initial conditions for the

Majorana neutrino two-point function δS = S − Seq, and its CP-conjugate δS̄, at

t = t′ = 0:

F εji = tr
[
δSFNkl(0, 0,p)γlkεji − δS̄FNkl(0, 0,p)γ̄lkεji

]
, (57)

where γlkεji and γ̄lkεji are related to the Breit-Wigner solution of the advanced and

retarded propagators [85]. The flavor off-diagonal contributions (i 6= j) exhibit

oscillations that are crucial for the saturation of the asymmetry for very small mass

splitting.

In the narrow-width limit,

Γ`φ

(ωpi − k0 − q0 ± iε
2 Γpi)2 + 1

4Γ2
`φ

→ 2πδ(ωpi − k0 − q0) , (58)

one recovers the energy-conserving delta function. We consider this limit for the

numerical examples that follow (see Ref. [84] for a discussion of finite-width effects).

For large mass splitting ωpi − ωpj � Γpi + Γpj , the flavor off-diagonal contribu-

tions Lεij(t) with i 6= j are suppressed relative to the diagonal ones. Furthermore,
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for ∆M/M̄ � Re(λ†λ)ij/(8π) and |p| .Mi, the energy ω2
pi →M2

i + p2 and width

Γpi → Γi coincide with the expressions appearing in the Boltzmann results, such

that L±ii(t) has the same time-dependence as in Eq. (55) and oscillations are sup-

pressed. In Ref. [85], it has been shown that the Kadanoff-Baym approach recovers

the Boltzmann result for large mass splitting and when choosing an initial condition

δSFij(0, 0,p) = − δijδfpi(0)
Mi − p · γ

ωpi
, (59)

where γ = (γ1, γ2, γ3) are the spatial Dirac gamma matrices.

In Fig. 3, we show a comparison of the time-evolution of the lepton asymmetry

for three different mass splittings, assuming vacuum initial conditions δfpi(0) =

− fFD(ωpi), where fFD is the Fermi-Dirac distribution function. For small mass

splitting ∆M/M̄ � Re(λ†λ)ij/(8π) (left panel), the oscillations are over-damped

and the final asymmetry is suppressed compared to the Boltzmann result. For larger

mass splitting, the oscillations are visible (middle panel), and for a very large mass

splitting the Kadanoff-Baym and Boltzmann results agree very well (right panel).

Wigner-space approach: The results obtained in the Wigner-space approach

for the same initial conditions, and using the simplifications applicable for T �M1

described in Ref. [87], are shown by the blue dotted lines in Fig. 3. The Wigner-

space formulation discussed above is applicable for ∆M � M̄ , and we find very good

agreement with the two-time Kadanoff-Baym results in this regime, when taking

the narrow-width limit (left and middle panels in Fig. 3). We note that, for the

chosen parameters, the off-diagonal Yukawa coupling squared (λ†λ)12 is comparable

to the diagonal couplings. We checked that the agreement is also independent of

the choice of the initial values fpi(0). As expected, the Wigner-space formulation

discussed above breaks down for M2 � M1, i.e. for a strongly hierarchical mass

spectrum (right panel in Fig. 3).

The final value of the asymmetry is shown in Fig. 3 as a function of the

mass splitting. One observes that the full two-time Kadanoff-Baym results can

be well approximated by either the Wigner-space result, or the Boltzmann re-

sults, depending on the mass splitting. The Boltzmann treatment can be used

for ∆M/M̄ � Re(λ†λ)ij/(8π), while the Wigner-space formulation is applicable

for ∆M/M̄ � 1.

It is possible to obtain an analytic result for the final value of the asymme-

try within the simplified setup studied here and for T � M1. It is based on an

analytic solution of the evolution equation (40) for the matrix of number densi-

ties δnhij(t) (in flavor space) that describes the deviation of the quasi-degenerate

Majorana neutrinos from equilibrium for |p| � Mi, with a → 1, f ′eq → 0 and

Γhij → gwM̄Re (λ†λ)ij/(32π). Equation (40) then turns into an ordinary linear

differential equation for the four components of δn0hij with constant coefficients,

being the same for both helicities h = ±. The four independent solutions ∝ eiΩεε′ t



21

have eigen-frequencies given by Ωεε′ = i(Γh11 + Γh22 + εWε′/2) with

W 2
± = 2(Γh11 − Γh22)2 + 8Γ2

h12 − 2∆M2 ± 2S ,

S2 =
[
(Γh11 − Γh22)2 − 4Γ2

h12 + ∆M2
]2

+ 16(Γh11 − Γh22)2Γ2
h12 . (60)

For large mass splitting, they approach the values iΓh11, iΓh22 and ±∆M , cor-

responding to two decaying and two oscillating modes. When the mass splitting

becomes smaller, the oscillating modes acquire a significant imaginary part and, at

some point, the real part vanishes (overdamped regime). We checked that the time-

dependence agrees with the one found in the Kadanoff-Baym approach as long as

the neutrinos are weakly coupled, i.e. Γhij/M̄ � 1. Inserting this solution into the

source term Eq. (42) and integrating over time, one obtains the final asymmetry.

Allowing also for flavor off-diagonal initial conditions, we find for the final yield

Y∞L = εeff
11 δY11(0) + εeff

22 δY22(0) + εeff
12 (δY12(0) + δY21(0)) , (61)

where δYij(0) = 1
s

∫
d3p

(2π)3 δf0h,ij(p, t = 0) is the initial deviation of the matrix

of densities from equilibrium (assumed to be equal for both helicities h = ±, as

appropriate for T �Mi [87]) and

εeff
ij ≡

1

Re(λ†λ)ij

Im[(λ†λ)2
21]

8π

M̄2(M2
2 −M2

1 )

(M2
2 −M2

1 )2 +A2
eff

, (62)

with

Aeff ≡
M̄2

8π

(
(λ†λ)11 + (λ†λ)22

)(
1− [Re(λ†λ)12]2

(λ†λ)11(λ†λ)22

)1/2

. (63)

One observes that, for δY12(0) = δY21(0) = 0 and δYii(0) = δYNi(0), this result co-

incides with the Boltzmann result in the degenerate limit δM � M̄ on replacing the

regulator via A → Aeff . Furthermore, in the narrow-width limit, it coincides with

the approximate analytic result found in the two-time Kadanoff-Baym approach in

Ref. [85] within its region of validity (namely Re(λ†λ)12 � (λ†λ)ii). The numerical

results discussed above show that this agreement extends to the case of large off-

diagonal Yukawa couplings when using the full two-time Kadanoff-Baym result. In

addition, this form of the regulator has also been found within the flavor-covariant

formalism developed in Ref. [49], cf. Eq. (5.21) therein.

For given Yukawa couplings, the maximal enhancement occurs for M2
2 −M2

1 =

Aeff and is given by

εeff
ij

∣∣∣
max

=
1

Re(λ†λ)ij

Im[(λ†λ)2
21]

2 ((λ†λ)11 + (λ†λ)22)

(
1− [Re(λ†λ)12]2

(λ†λ)11(λ†λ)22

)−1/2

. (64)

Note that the Cauchy-Schwarz inequality |(λ†λ)12|2 ≤ (λ†λ)11(λ†λ)22 implies that

the resonant enhancement is well-behaved for all choices of Yukawa couplings. In

particular, defining x ≡ Re(λ†λ)12/((λ
†λ)11(λ†λ)22)1/2, the Cauchy-Schwarz in-

equality implies |x| ≤ 1 and (Im(λ†λ)21)2 ≤ (λ†λ)11(λ†λ)22(1 − x2). We therefore
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Fig. 2. Time-evolution of the lepton asymmetry for three different mass splittings M2 =

(0.001, 1.02, 3)M1, respectively. Each figure shows the result obtained in the Wigner formula-

tion (blue dotted), the two-time Kadanoff-Baym approach (red) and, for comparison, the conven-
tional Boltzmann description (black dashed). Parameters are λ†λ = 0.05 ((1, eiπ/8), (e−iπ/8, 1.5)),

T = M1/10, and the time axis is in units of Γ1 = M1(λ†λ)11/(8π).

set y ≡ Im(λ†λ)21/((λ
†λ)11(λ†λ)22(1 − x2))1/2, implying also |y| ≤ 1. In terms of

these parameters

εeff
ii

∣∣∣
max

= xy
(λ†λ)ii

(λ†λ)11 + (λ†λ)22
, (65a)

εeff
12

∣∣∣
max

= y
((λ†λ)11(λ†λ)22)1/2

(λ†λ)11 + (λ†λ)22
. (65b)

The absolute values of the flavor-diagonal and off-diagonal contributions are there-

fore bounded to be below 1 and 1/2, respectively. Note also that εeff
av ≡ (εeff

11 +

εeff
22 )/2 ≤ 1/2.

Finally, we caution that the actual time-evolution of the asymmetry is very

different from the Boltzmann result for M2
2 −M2

1 . few × Aeff . In particular,

flavor off-diagonal correlations are built up even when they are vanishing initially

and are crucial to capture the saturation of the enhancement. Therefore, it is

necessary to go beyond the standard Boltzmann treatment, for instance by solving

the two-time Kadanoff-Baym or the Wigner-space evolution equations, in order to

obtain an accurate result for the lepton asymmetry in situations that differ from the

simplified setup considered here. The two-momentum approach has been compared

to the Kadanoff-Baym and Wigner descriptions for a scalar model in Ref. [109],

finding agreement if the initial conditions are properly related, and up to terms

suppressed by ∆M/M̄ (see Sec. 5). This approach allows one to separate the

contribution to the asymmetry into contributions ascribed to oscillations and to

mixing, as we will describe in the next section. A similar separation is possible

within the Wigner approach, when considering the contributions to the asymmetry

from the various eigenmodes discussed above separately. For further discussions of

the sources of CP asymmetry, see the companion Chapter [54].

5. Interaction picture versus two-time formulation

As mentioned above, a full field-theoretic implementation of the two-momentum

formulation based on the interaction picture has been studied in Ref. [105] in the



23

10-4 10-3 10-2 10-1 100 101 102
10-4

10-3

10-2

10-1

100

(M2
2 -M1

2)/M1
2

n
L
(∞

)/
n
N

1

e
q

Wigner

2 1

Boltzmann

KB

Fig. 3. Final lepton asymmetry produced in the relaxation of N1,2 from initial vacuum abun-

dance into thermal equilibrium, depending on the mass splitting of the MS masses M1,2. The

color code and parameters are chosen as in Fig. 2

context of a scalar-field model. Below we review the main results, and comment on

a comparison to the two-time formulation following Ref. [109].

We can construct the following and particularly useful toy model of RL. It com-

prises two real scalar fields Nk (k = 1, 2), which model the two lightest heavy neu-

trinos, and one complex scalar field `, which mimics a single generation of charged

leptons and whose associated U(1) symmetry models lepton number L. The La-

grangian has the form

− L =
1

2
λ∗i `
†`†Ni +

1

4
Ni(M

2)ijNj + h.c. , (66)

where λi model the tree-level Yukawa couplingsi. The would-be lepton number

is broken by the `†`†N term (and its hermitian conjugate), and C is violated

(along with CP) as long as the would-be heavy neutrinos are non-degenerate and

arg λ1 6= arg λ2. Hence, all three Sakharov conditions [110] are satisfied when we

also provide either non-equilibrium initial conditions or place the system in an ex-

panding Universe. This toy model has been used to analyze a number of aspects of

leptogenesis [77, 78, 111], including the impact of effective thermal masses [112]. A

similar scalar toy model, in which the term λ∗i `
†`†Ni/2 is replaced by λi`

†φNi (where

iWe draw attention to the complex conjugation of the would-be Yukawa couplings in Eq. (66)
relative to the realistic Yukawa couplings in Eq. (1)
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the real scalar field φ plays the role of the SM Higgs), has also been used to make

comparisons between semi-classical and field-theoretic descriptions of RL [105, 108].

Working in the mass eigenbasis and for a Gaussian and spatially-homogeneous

ensemble for the heavy neutrinos, the two-momentum representation of their tree-

level statistical propagator takes the form [105, 109]

S̃F,0Nij(p, p
′, t) = 2π|p0|1/2δ(p2 −M2

i )ei(p0−p
′
0)t(2π)3δ(3)(p− p′)

×
{
θ(+p0,+p

′
0)
[
δij + 2fij(t,p)

]
+ θ(−p0,−p′0)

[
δij + 2f∗ij(t,p)

]}
× 2π|p′0|1/2δ(p′2 −M2

j ) . (67)

We use a tilde to identify that this is a scalar propagator and to avoid confusion with

the spinor propagators that appear elsewhere in this review. The phase ei(p0−p
′
0)t

accounts for the free evolution of the interaction-picture operators, and fij(t,p) are

the elements of the matrix of would-be heavy-neutrino distribution functions. We

have also defined θ(x, y) ≡ θ(x)θ(y). We immediately see the advantage of the two-

momentum formulation: the spectral structure of the off-diagonal elements (i 6= j) is

such that on-shell four-momentum p′2 = M2
j flows in and, following an interaction

with the statistical ensemble, on-shell four-momentum p2 = M2
i flows out. This

tree-level spectral structure resembles the composite structure for the Wightman

functions obtained by means of the coherent quasi-particle approximation (cQPA)

in Refs. [93–95].

It is illustrative to first take the Wigner transform of Eq. (67) by defining the

relative and central momenta Qµ = pµ− pµ′ and qµ = (pµ + pµ′)/2. Specifically, we

find (in the equal-time limit X0 = t)

S̃F,0Nij(q, t) =

∫
d4Q

(2π)4
e−i(Q0t−Q·X) S̃F,0Nij(q +Q/2, q −Q/2, t)

= π
Eij

(EiEj)1/2
δ(q2

0 − E2
ij(q))

×
{
θ(+q0)

(
δij + 2fij(t,q)

)
+ θ(−q0)

(
δkl + 2f∗ij(t,q)

)}
, (68)

where Eij ≡ (Ei +Ej)/2 and Ei,j ≡ Ei,j(q) =
(
q2 +M2

i,j

)1/2
. We see immediately

that the spectral structure comprises three shells (see also Ref. [94]): two associated

with the on-shell energies E1 and E2, and one associated with the Ē = (E1 +E2)/2.

Much of the delicacy of the treatment of RL is related to how this three-shell

structure is modified by the resummation of self-energy corrections, and it is to this

aspect that we now turn our attention.

In a Markovian approximation, and assuming that the self-energies and retarded

and advanced propagators are translationally invariant in the thermal bath, one-

loop self-energy corrections can be resummed in closed form in the two-momentum

representation [105, 109]. Doing so, one obtains the following result:

S̃FNij(p, p
′, t) = FRik(p)S̃F,0Nkl(p, p

′, t)FAlj (p′)

− S̃RNik(p)Σ̃FNkl(p)(2π)4δ(4)(p− p′)S̃ANlj(p′) , (69)
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where S̃
R(A)
Nij (p) is the resummed retarded (advanced) heavy-neutrino propagator

and

FRij (p) =

∞∑
n= 0

[
(−S̃R,0N · Σ̃RN )n

]
ij

= − S̃RNik[S̃R,0N ]−1
kj , (70a)

FAij (p) =

∞∑
n= 0

[
(−Σ̃AN · S̃A,0N )n

]
ij

= − [S̃A,0N ]−1
ik S̃

A
Nkj . (70b)

Whilst the first term on the rhs of Eq. (69) contributes to the source term for the

asymmetry, the right-most term in Eq. (69) describes equilibrium ∆L = 0 and

∆L = 2 scatterings and is relevant only to the washout terms.

Proceeding to analyze only the source term in the weak washout regime and

in a Minkowski space-time background, connection of the above resummation with

the semi-classical treatment involving effective, resummed Yukawa couplings (see

e.g. Refs. [49, 50]) can be made by virtue of the following equivalence in the heavy-

neutrino mass eigenbasis:

λiF
R
ij (p) ∼ λ̂i , (71)

as identified in Ref. [105], where λ̂i is the resummed Yukawa coupling. When

evaluated on the i-th mass shell, the resummed Yukawa couplings and their C-

conjugates are given by [78, 109]

λ̂
(c)
i = λi

[
1− (+)i

λiλ
∗
/i

32π

(
1 +

λ∗i λ/i
λiλ∗/i

)
1

∆M2
i/i

+ (−)iM/iΓ/i

]
, (72)

where Γi = |λi|2/(16πMi) is the tree-level decay width of the i-th heavy neutrino.

Here, we use a shorthand notation where /i = 1 when i = 2 and vice versa [105].

Since the heavy neutrinos are unstable, they cannot appear as asymptotic in or

out states. The resummed Yukawa couplings are therefore calculated by considering

the S-matrix elements of (the would-be) charged-lepton scatterings and treating

carefully the pole and residue structure of the intermediate heavy neutrinos. In this

way, one can obtain a resummation scheme that preserves important field-theoretic

properties, such as unitarity and CPT invariance. For more detailed discussions

of the resummation approaches employed in semi-classical analyses, see Refs. [30]

and [50], and references therein, as well as Sec. 2.

Substituting for Eq. (71) into the non-equilibrium part of the resummed statisti-

cal propagator, Eq. (69), it can be shown that the time-derivative of the asymmetry

can be written in the form [109]

dnL
dt

∼ 2
∑
i

∫
d3q

(2π)3

Mi

ω̄
δfii(t,q)Γmed

i (ω̄,q)εvac
i

+ 2 Im(λ1λ
∗
2)

∫
d3q

(2π)3

Σ̃ρN (ω̄,q)

ω̄
Im δf12(t,q) . (73)

The various terms appearing are as follows: δfij(t,q) ≡ fij(t,q) − f eq
ij (q) are the

deviations from equilibrium of the elements of the heavy-neutrino matrix of number
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densities; ω̄ = (ω1 + ω2)/2 is the intermediate quasi-particle mass shell (where we

allow for the inclusion of local dispersive corrections to the Mi, viz. thermal masses);

Γmed
i (ω̄,q) = ΓiL

ρ(ω̄,q) is the in-medium width; εvac
i is the well-known CP-violating

parameter

εvac
i =

ΓNi→`` − ΓNi→`†`†

ΓNi→`` + ΓNi→`†`†
= Im

(
λiλ
∗
/i

λ∗i λ/i

)
(M2

i −M2
/i

)M/iΓ/i

(M2
i −M2

/i
)2 + (M/iΓ/i)

2
; (74)

and

Σ̃ρN (q0,q) =
1

8π
Lρ(q0,q) . (75)

The function

Lρ(q0,q) = 1 +
2T

|q| ln

[
1− e−(q0+|q|)/2T

1− e−(q0−|q|)/2T

]
, (76)

as given in the MS scheme, accounts for the in-medium corrections (see Ref. [112]

and accompanying Chapter [53]). The source term itself is obtained in complete

analogy to the discussion in Sec. 3 (see also Refs. [109, 112]). We note that the

resummation approach above can be generalized to finite temperature in order to

capture in-medium effects in the CP-violating parameter, and this is, in fact, im-

portant for performing real-intermediate state (RIS) subtraction in the presence of

off-diagonal flavor correlations [49, 105].

Alternatively, we can expand the non-equilibrium part of the Wigner transform

of Eq. (69) to first order in Σ̃
R(A)
N . Considering only the positive-frequency part

(q0 > 0), we have [109]

S̃FNi/i(t, q) ⊃ 2πδ(q0 − ωi)
1

2ωi
δfii(t,q)Σ̃ANi/i(ωi,q)Ri/i

− 2πδ(q0 − ω/i)
1

2ω/i
δf/i/i(t,q)Σ̃RNi/i(ω/i ,q)Ri/i

+ 2πδ(q0 − ω̄)
1

(2ωi)1/2(2ω/i)
1/2

[
δfi/i(t,q) ∆M2

i/i

− δfii(t,q)Σ̃ANi/i(ω/i) + δf/i/i(t,q)Σ̃RNi/i(ωi)
]
Ri/i , (77)

where ∆M2
i/i
≡M2

i −M2
/i

is the mass splitting and

Ri/i ≡
∆M2

i/i

(∆M2
i/i

)2 + (ωiΓi − ω/iΓ/i)2
. (78)

We see that there is complete cancellation of the first, second and fourth lines of

Eq. (77) in the limit ωi = ω/i . It is this cancellation that ensures that the asymmetry

vanishes in the degenerate limit, as it should. Moreover, by everywhere replacing

ωi and ω/i by ω̄, we obtain a propagator of the form

S̃FNi/i(t, q) ⊃ 2πδ(q2 − M̄2)θ(q0)δfi/i(t,q) ∆M2
i/iRi/i , (79)
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which resembles the average mass approximation (cf. also Eq. (68)) for the quasi-

particle propagators, discussed in Sec. 3.2, up to the regulator factor ∆M2
i/i
Ri/i .

The latter is of order unity in the weakly resonant or overlapping regime where

Γi � ∆M � M̄ .

Making use of Eq. (77), the time-derivative of the asymmetry takes the following

form to leading order in Σ̃
R(A)
N [109]:

dnL(t)

dt
≈ 2

∑
i

∫
d3q

(2π)3

Mi

ωi
δfii(t,q)Γmed

i (ωi,q)εmed
i (ωi,q)

+ 2 Im(λ1λ
∗
2) Im

∫
d3q

(2π)3

Σ̃ρN (ω̄,q)

(ω1ω2)1/2

[
δf12(t,q) ∆M2

12

− δf11(t,q)Σ̃AN12(ω2,q) + δf22(t,q)Σ̃RN12(ω1,q)
]
R12 , (80)

where

εmed
i (ωi,q) = Im

(
λiλ
∗
/i

λ∗i λ/i

)
(M2

i −M2
/i

)M/iΓ/i

(∆M2
i/i

)2 + (ωiΓi − ω/iΓ/i)2
Lρ(ωi,q) (81)

is the in-medium CP-asymmetry parameter (in which we have neglected the in-

medium corrections to the widths in the denominator, valid away from the strongly

resonant regime, cf. Ref. [78]). We associate the terms of the first line of Eq. (80),

being proportional to the diagonal entries of fij , with the source of asymmetry due

to mixing. These result from the contributions of the quasi-particle mass shells

in the first two lines of Eq. (77). The terms of the second line of Eq. (80), being

proportional to the off-diagonal entries of fij , are associated with oscillations and

result from the contribution of the intermediate shell in the third line of Eq. (77).

Finally, the terms in the last line of Eq. (80), which cancel with the mixing source

in the limit ωi = ω/i , can be interpreted as the destructive interference between the

mixing and oscillation sources. The latter live on the intermediate mass shell but

are proportional to the diagonal entries of fij .

In order to make comparison with the effective Yukawa approach above, we can

expand all but the regulator structure in R12 around ∆ωi/i = ωi − ω/i = 0. Doing

so, we obtain [109]

dnL(t)

dt
≈ 2

∑
i

∫
d3q

(2π)3

Mi

ω̄
δfii(t,q)Γmed

i (ω̄,q)ε̄med
i (ω̄,q)

+ 2 Im(λ1λ
∗
2)

∫
d3q

(2π)3

Σ̃ρN (ω̄,q)

ω̄
Im δf12(t,q) ∆M2

12R12 . (82)

Whilst this resembles the result in Eq. (73) up to the factor of ∆M2
12R12, which is

unity in the weakly resonant regime (as discussed earlier), the CP-violating param-

eter has been modified [109]:

ε̄med
i ≡ ω/i − ωi

ω/i + ωi
εmed
i . (83)
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As we approach the degenerate limit, this would appear to suggest an additional

suppression of this source of CP asymmetry. Moreover, it results in an additional

sign difference between the sources from the two flavors, such that further cancel-

lation results in scenarios where δf11 ∼ δf22. Comparing this with Eq. (73), it

would, at first sight, appear that this destructive interference between the contri-

butions from the different mass shells is not captured in the resummed Yukawa

approach. However, setting to unity the in-medium corrections Lρ, one notices that

the structure of the CP violating parameter differs between Eqs. (74) and (81).

In phenomenological studies (see e.g. Refs. [49, 50]), the form of the regulator in

Eq. (74) ensures that the asymmetry vanishes in the degenerate limit, as it should,

in spite of the absence of the additional terms that were present in the fourth line

of Eq. (77). In this way, this destructive interference is, at least in part, captured

by the effective Yukawa approach.

Before closing this section, we comment on the relative magnitudes of the mixing,

oscillation and interference contributions as a function of the degeneracy parameter

R =
M2

2 −M2
1

M1Γ1 +M2Γ2
(84)

in the weak washout regime. Further details of the analysis, as well as the correct

specification of C-symmetric initial conditions, can be found in Ref. [109]. The

results are shown in Fig. 4, and we draw the following conclusions:

• Taking the Boltzmann approximation of effective Yukawa couplings but

diagonal number densities as the benchmark, the corrections result from

the sum of the oscillation and interference terms. As is clear from the

left panels of Fig. 4, the corrections are large in the region R ∼ 1, as one

would expect, but the Boltzmann approximation agrees well with the total

asymmetry elsewhere.

• Taking the density matrix approximation of tree-level Yukawa couplings but

off-diagonal number densities as the benchmark, the corrections result from

the sum of the mixing and interference terms. Whilst the density matrix

approximation (which captures the oscillation source) agrees well with the

total asymmetry when the number density is equally shared amongst the

two flavors, it is clear from the bottom right panel of Fig. 4 that keeping

only the oscillation source underestimates the total asymmetry for smaller

R when there is a disparity between the occupancy of the two flavors. The

latter result is consistent with the observed modification to the mixing

source in Eq. (83).

We remark that care should be taken in extrapolating the above results to the

strong washout regime in an expanding Universe and for a full phenomenological

model. A more comprehensive discussion of this point and the implications of these

observations for the treatment of flavor effects in low-scale leptogenesis scenarios,

as well as the current status of various resummation procedures, is provided in

Chapter [54] of this review.
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Fig. 4. The various contributions to the total asymmetry nL interpreted in terms of the Boltz-

mann benchmark nL,mix with corrections nL,osc+int (left panels) and the density matrix bench-

mark nL,osc with corrections nL,mix+int (right panels) as functions of the degeneracy parameter R
in Eq. (84) for two diagonal, C-conserving choices of the initial conditions specified in terms of the

parameters K11, K22 and K12 (see Ref. [109] for more details). The would-be Yukawa couplings

were taken to be h1 = 0.5µ exp(−i) and h2 = − 0.8µ exp(−2i/3), the temperature T = µ and the
mass M1 = µ, where µ is the MS renormalization scale. Figures adapted from Ref. [109].

6. Strong washout approximation

In this section, we consider the strong washout regime of RL and summarize the

main results of Ref. [87]. This regime is phenomenologically interesting, and the

discussion below is based on a realistic setup taking the leading washout processes

into account, as well as the expansion that drives the deviation from equilibrium

in this regime. We consider parametric regions where the mass splitting is much

smaller than the average mass, i.e. ∆M � M̄ , and the washout is strong, i.e. the

right-handed neutrino relaxation rate exceeds the Hubble rate at T = M̄ . The
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asymmetry is generated predominantly at temperatures below the Majorana neu-

trino mass, such that we can use the non-relativistic approximations discussed in

Sec. 3.2.1.

In a radiation-dominated Universe, the scale factor is given by a(η) = aRη, where

a convenient choice is η = 1/T , which requires aR = MPl

√
45/(4g∗π3) = T 2/H,

where MPl = G−1/2 is the Planck mass and g∗ is the effective number of degrees of

freedom. Furthermore, it can easily be related to the parameter z ≡ M̄/T = M̄η,

which is often used in leptogenesis calculations. Reparametrizing Eq. (40) in terms

of the parameter z yields

M̄
d

dz
δn0h +

iaRz

2M̄2

[
M2, δn0h

]
+ aRz

gw
32π

{
Reλ†λ, δn0h

}
+ M̄

d

dz
neq = 0 ,

(85a)

M̄
d

dz
δn̄0h −

iaRz

2M̄2

[
M2, δn̄0h

]
+ aRz

gw
32π

{
Reλ†λ, δn̄0h

}
+ M̄

d

dz
neq = 0 ,

(85b)

where the equilibrium number density is given by

neq =
z2K2(z)

2π2
diag(1, 1) ≈ z3/2e−z

(2π)3/2
diag(1, 1) (86)

and Kν(z) are the modified Bessel functions of the second kind. In the fully-flavored

approximation (for discussions of flavor effects in leptogenesis [113–118], see the

acompanying Chapter [54]), any off-diagonal charge correlations in the SM charges

are deleted by the lepton-flavor-violating interactions mediated through the SM

Yukawa-couplings (for a detailed explanation, see Ref. [81]). The SM comoving

charge densities are then governed by the following equation:

− M̄ d

dz
∆α = gwSαα − WααnLα −

1

2
Wααnφ , (87)

≡ 4εαα(z)M̄
dneq

dz
− WααnLα −

1

2
Wααnφ ,

where nφ is the charge density in Higgs bosons. Equation (87) has been written

in terms of the asymmetries ∆α = nB/3 − nLα, where nB is the baryon number

density, which are conserved by SM interactions. The washout matrix Wαβ is given

by (c.f. Refs. [49, 81, 119])

Wαβ =
∑
i

λαiλ
∗
βi

3aR

(2π)3
z3K1(z) (88)

≈
∑
i

λαiλ
∗
βi

3aR

2
7
2π

5
2

z
5
2 e−z . (89)

Consistently with Eq. (87), we can define the time-dependent flavored effective

decay asymmetry

εαβ(z) ≡ gwSαβ(z)

(
4

dneq

dz

)−1

M̄−1 (90)

=
1

32π

aRz

M̄

∑
i,j

λαiλ
∗
βj (δn0hij − δn̄0hij)

(
dneq

dz

)−1

, (91)
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with the clear physical interpretation as the asymmetry yield per sterile neutrino

dropping out of equilibrium, where the factor of 4 comes from the two helicity states

of the two heavy neutrinos.

In Ref. [89], it has been suggested that for large entries of λ, which correspond

to a stronger washout, one may neglect the first terms of Eq. (85a) and Eq. (85b),

i.e. if the relaxation time for any of the heavy-neutrino states is shorter than the

freeze-out time. Doing so leaves a system of algebraic equations that can be solved

for the late-time limits of δn0hij(z) and δn̄0hij(z). The solution for the off-diagonal

correlations δn0hij = δn̄∗0hij (i 6= j) is given by [87]

δn0hij =
Re[λ†λ]ij

[
(λ†λ)ii + (λ†λ)jj

]
[λ†λ]ii[λ†λ]jj

(92)

×
M̄2

8π

(
[λ†λ]ii + [λ†λ]jj

)
− i(M2

i −M2
j )

(M2
i −M2

j )2 +A2
eff

M̄3

aRz

d

dz
neq , (93)

which leads to the late-time decay asymmetry

εeff
αβ = −i(λα1λ

∗
β2 − λα2λ

∗
β1)

Re[λ†λ]12[(λ†λ)11 + (λ†λ)22]

16π(λ†λ)11(λ†λ)22

M̄2(M2
2 −M2

1 )

(M2
1 −M2

2 )2 +A2
eff

,

(94)

with the same effective regulator as obtained in the Wigner-space approach from

Sec. 4:

Aeff =
M̄2

8π
[(λ†λ)11 + (λ†λ)22]

(
1− [Re(λ†λ)12]2

(λ†λ)11(λ†λ)22

)1/2

. (95)

As a final comparison, we can look at the “unflavored” decay asymmetry. By

summing over the active flavors, we obtain

εeff =
∑
α

εeff
αα =

Im[(λ†λ)2
21][(λ†λ)11 + (λ†λ)22]

16π(λ†λ)11(λ†λ)22

M̄2(M2
2 −M2

1 )

(M2
1 −M2

2 )2 +A2
eff

, (96)

=
εeff
11 + εeff

22

2
, (97)

which corresponds to an average of the two diagonal decay asymmetries derived in

the Wigner-space approach from Sec. 4.

6.1. Applicability of approximations

As mentioned above, the key assumption for the strong washout approximation

is that all of the elements of the density matrix δn0h have reached their late-time

limits. The precise way of quantifying this criterion is to compare the eigenvalues of

the system of equations (40) to the Hubble rate. At first, we make the assumption

of only one lepton flavor. The late-time effective decay asymmetry then takes the

form

εeff =
1

2

X sin(2ϕ)

X2 + sin2(ϕ)
, (98)



32

where we have introduced the phase ϕ = arg(λ2/λ1) between the Yukawa couplings

and the dimensionless parameter

X = 8π
M2

1 −M2
2

M̄2 (|λ1|2 + |λ2|2)
, (99)

which can be interpreted as the ratio of the mass splitting and the mean of the

decay widths.

Expressed in terms of the usual washout parameters [9]

Ki = |λi|2M̄/(8πH)|T=M̄ and K̄ = (K1 + K2)/2, the smallest eigenvalue of the

system of equations (85) is given by

κ = z

[
K̄ − Re

√
K2

1 +K2
2 − 2i(K2

1 −K2
2 )X − (K1 +K2)2X2 + 2K1K2 cos 2ϕ

]
.

(100)

If we restrict ourselves to the democratic case |λ1| = |λ2|, this simplifies to

κ = κ̄
[
1− θ(cos2 ϕ−X2)

√
cos2 ϕ−X2

]
, (101)

with κ̄ = zK̄, where θ is the Heaviside step function. The condition that the slowest

eigenmode is faster than the Hubble expansion rate is then satisfied if κ� 1 around

the time of freeze-out z = zf = O(10), allowing us to neglect the derivatives acting

on δn0hij and δn̄0hij . Therefore, for the approximation to be valid, the washout

strength needs to satisfy

K̄ � (1/zf )(κ̄/κ) , (102)

which allows us to use the ratio κ̄/κ to estimate the washout strength necessary for

the applicability of the strong washout approximation.

We consider here the extreme cases, where the decay asymmetry reaches its

maximal value. The angle ϕ that maximizes the asymmetry is given by

ϕM = arctan
X√

1 +X2
, (103)

which leads to a decay asymmetry

|ε| =
1

2
√

1 +X2
. (104)

The effective decay asymmetry reaches its maximal value |ε| = 1/2 for X → 0.

It is interesting that, in this limit, the CP-violating phase also vanishes as ϕM →
0. However, the limit is not reachable in practice, since the off-diagonal modes

responsible for the CP asymmetry would require an infinite time to build up, because

κ/κ̄→ 0. This implies that large decay asymmetries will be associated with smaller

eigenvalues κ, which can easily be seen if we express the relation between κ/κ̄ and

ε for ϕ = ϕM as follows:

κ

κ̄
= 1 − θ

[
ε2 − 1

4

(
2−
√

2
)]√ [ε2 − 1

4 (2−
√

2)][ε2 − 1
4 (2 +

√
2)]

ε2(ε2 − 1/2)
. (105)
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Fig. 5. The relation between the decay asymmetry ε and the minimal ratio κ̄/κ of the smallest

relaxation rate. For the derivatives of κ̄/κ to be negligible, the washout strength has to satisfy re-

lation (102). Note that, for ε→ 1/2, it takes a longer time to build up the off-diagonal correlations,
requiring a stronger washout for the approximations to be valid.

Note that this relation also gives the largest value of κ/κ̄ for a fixed ε, which is

presented in Fig. 5.

In Fig. 6, we show the comparison between the numerical solutions of Eq. (85)

and Eq. (87) and the results obtained when using the late-time effective decay

asymmetry for different values of the washout strength K̄, with the weaker one

violating the criterion (102) and the other marginally complying with it. One can

see that the time-dependent effective decay asymmetry ε(z), as defined by Eq. (91),

approaches its late-time limit around zf = O(10), where using the late-time limit

becomes a good approximation. For simplicity, we neglected the charge in the Higgs

field nφ = 0 and take nL = ∆ (i.e. nB = 0). Initially, using the late-time limit leads

to quite a large discrepancy for both washout strengths. However, around the freeze-

out time, the discrepancy reduces to a factor four for the smaller washout, which

does not satisfy relation (102) and leads to a 20% error for the larger washout.

We now consider a more realistic model with three lepton flavors. We consider

the simple case with only two RH neutrinos. The constraints from neutrino oscilla-

tion data are taken into account by using the Casas-Ibarra parametrization of the

Yukawa couplings [120]

λ ≈ i
√

2

v
Uν

√
Mdiag
ν R

√
Mdiag
N , (106)

where the diagonal mass matrix of the light neutrinos is given by Mdiag
ν , Uν is the

PMNS matrix with the best-fit parameters from the analysis in [121], v = 246 GeV

is the expectation value of the Higgs field, Mdiag
N is the diagonal mass matrix of the
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Fig. 6. Upper panel: The time-dependent decay asymmetry ε(z) as defined in (91) and its evo-

lution towards the late-time limit ε = 0.49 (red, dotted) for two values of the washout strength
K̄ = 5 (blue) and K̄ = 20 (green). Lower panel: Evolution of the lepton asymmetry |YL| = |nL|/s
normalized to the result obtained using the time-dependent decay asymmetry for different values
of the washout strength K̄ = 5 (blue, solid), and K̄ = 20 (green, solid), compared to the result

obtained when using the late time limit (blue, dashed) and (green, dashed).

RH neutrinos and we have introduced the complex orthogonal matrices

RNO =

 0 0

cosω sinω

−ξ sinω ξ cosω

 , RIO =

 cosω sinω

−ξ sinω ξ cosω

0 0

 , (107)

where NO and IO signify normal and inverted neutrino mass orderings, respectively.

We consider temperatures above 108 GeV, where all second-generation but none

of the first-generation Yukawa couplings are in equilibrium. In this temperature

regime, one can relate the number densities nL and nφ to the asymmetries ∆ via

nL = A∆ , nφ = Cφ∆ , (108)

with

A =
1

1074

−906 120 120

75 −688 28

75 28 −688

 , Cφ = − 1

179

(
37 52 52

)
. (109)

Using the Casas-Ibarra parametrization, one can find a lower bound on the
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eigenvalues κ/κ̄ to zeroth order in the mass splitting M2 −M1:

(κ/κ̄)CI ,NO =
m2 +m3 ± (m3 −m2)sech(2Imω)

m2 +m3
, (110)

(κ/κ̄)CI ,IO =
m1 +m2 ± (m2 −m1)sech(2Imω)

m1 +m2
, (111)

where m1, m2 and m3 are the active neutrino masses. Considering that the smallest

ratio is (κ/κ̄) & 0.29 for normal ordering (NO) and (κ/κ̄) & 0.99 for inverted

ordering (IO) [see criterion (102)], for a phenomenological model with two RH

neutrinos, it is a good approximation to neglect the derivatives acting on δn0hij

throughout the strong washout regime. Note that, in the scenario with two RH

neutrinos, the mean washout strength can be approximated by

K̄ =
M̄trλ†λ
16πH

∣∣∣∣
T = M̄

≈
{
O(30) cosh(2Imω) , for NO ,

O(50) cosh(2Imω) , for IO ,
(112)

which means that the washout is always strong in this scenario.

In Fig. 7, we present the comparison between the results found when using the

numerically-obtained time-dependent and late-time effective decay asymmetries for

all times prior to the freeze-out. Although the evolution of the asymmetries is

different at early times, we get an O(1%) agreement close to the freeze-out, as

expected from the eigenvalue arguments presented above.

7. Model building and phenomenology of resonant leptogenesis

In this section, we discuss some model building and phenomenological aspects of RL.

As for the models, we review some simple RL scenarios, where the quasi-degeneracy

of the heavy neutrino masses can be motivated naturally. This leads to a number

of interesting experimental signatures of low-scale leptogenesis that can be tested

at both energy and intensity frontiers.

7.1. Models of resonant leptogenesis

As discussed above, a crucial requirement for RL models is the quasi-degeneracy

of at least two sterile neutrinos, which gives the resonant enhancement of the CP

asymmetry and evades the Davidson-Ibarra bound [6, 8], thereby allowing one to

lower the leptogenesis scale all the way down to the EW scale,j which can be tested in

the foreseeable future. Additionally, such a low-scale mechanism has the advantage

of being insensitive to assumptions about the thermal history of the Universe at

much higher scales and could avoid dealing with potential problems of the creation

of dangerous relics. Given these benefits, it is desirable to motivate the quasi-

degeneracy of the RH neutrinos in the RL scenario from symmetry arguments,
jThe sterile neutrino mass scale could be as low as GeV, but for mass scales well below the elec-
troweak sphaleron freeze-out temperature, leptogenesis has to proceed either via sterile neutrino

oscillations or Higgs decays (see the accompanying Chapter [29]), instead of sterile neutrino decay.
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Fig. 7. Comparison of the time-dependent decay asymmetries εαα(z) (solid) from Eq. (91) and
their late-time limits εαα (dashed) from Eq. (94). The parameters used are δ = 0, α = 0,

ω = π/4 + 0.2i, ∆M/M̄2 = − 4× 10−17 GeV. We also present the individual baryon-minus-lepton

asymmetry yields Yαα = ∆αα/s obtained using the time-dependent decay asymmetry and the
late-time limits.

without resorting to fine-tuning. Below we discuss a few examples of such symmetry-

protected RL scenarios.
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7.1.1. Minimal testable resonant leptogenesis

Let us first discuss models of RL in the minimal type I seesaw framework [2–5] at

or slightly above the electroweak scale. The light neutrino masses are generated via

the standard type I seesaw mechanism

Mν ' −
v2

2
λM−1

N λT , (113)

where v = 246 GeV is the electroweak vacuum expectation value (vev). For RH

neutrinos in the O(100) GeV range, the naive estimate for the size of the Yukawa

couplings

λnaive ∼
√
MνMN

v2
(114)

would give λnaive ∼ 10−7−10−6, which is hard to test at current (or even proposed)

experiments. In the following, we discuss models of testable RL, in which an appro-

priate symmetry protects the lightness of the neutrino masses, thus allowing values

of (some of) the Yukawa couplings much larger than the naive estimate (114). Such

symmetry is essentially a generalization of the ordinary lepton number L. In the case

of two RH neutrinos, the same symmetry would also make them quasi-degenerate,

thus providing a very minimal realization of testable RL [122, 123]. However, it has

been shown that, in the L-conserving limit, the asymmetry generated goes to zero

at least at the same rate as the washout [49], and therefore obtaining successful

leptogenesis and observable signatures in near-future experiments does not appear

possible in this minimal framework.

The situation is drastically different with three RH neutrinos [124, 125]. In this

case, the quasi-degeneracy between them, which allows for the desired resonant

enhancement, can be guaranteed by imposing an approximate maximal O(3) sym-

metry at some high scale µX . Hence, at low scale the RH-neutrino mass matrix has

the form [49, 107, 124, 125]

MN = mN1 + ∆MRG
N + δMN , (115)

where ∆MRG
N is the contribution of the renormalization-group running from µX to

the relevant scale µ ≈ mN and δMN is a soft breaking term [107], whose necessity

stems from a no-go theorem discussed below in Sec. 7.1.2. In addition to this,

the leptonic symmetry that allows to have testable RL is a U(1)L, with charge

assignment [51, 107, 124]: L(N1) = 0, L(N±) = ±1, L(`α) = 1, where N± =

(N2 ± iN3)/
√

2 is the pseudo-Dirac combination.

Notice that, since U(1)L ∼ O(2)N2,3
breaks the original O(3) symmetry, in a UV-

completion of this model, one can imagine that the Yukawa couplings are switched

on at some scale lower than µX , for instance by some flavon fields acquiring a vev.

In this model, one can have, at the same time, successful leptogenesis and ob-

servables signatures at current and near-future experiments. The relevant phe-

nomenology has been studied in Refs. [49, 107] and is reviewed in the accompanying

Chapter [54].
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7.1.2. Minimal flavor violation and resonant leptogenesis

The hypothesis of Minimal Flavor Violation (MFV) [126–128] provides an ele-

gant framework for naturally implementing the strong constraints from the non-

observation of sizeable flavor-changing neutral current processes, at the same time

having flavored new physics at the TeV scale. In the lepton sector, the realization

of this idea is not unique, essentially because the mechanism for the generation

of neutrino masses is unknown. In the so-called lepton MFV with extended field

content [129], one introduces a set of three RH neutrinos, and the light neutrino

masses are generated via type I seesaw. In this case, the MFV hypothesis is that

the only spurions that break the flavor symmetry are the Yukawa couplings λαi,

whereas the RH neutrino mass matrix is proportional to the identity at the scale

µX , and hence,

MN = mN1 + ∆MRG
N (116)

at the relevant scale mN . Therefore, the absence of a soft-breaking term, as re-

quired by the MFV hypothesis, makes this different from that discussed above,

cf. Eq. (115). In particular, it has been shown [107, 130] that a no-go theorem pre-

vents the generation of an asymmetry at O(λ4). This is because, at leading order

in the renormalization-group running, one has

∆MRG
N ' − mN

8π2
ln

(
µX
mN

)
Re
(
λ†λ
)
. (117)

Therefore, the mass matrix in Eq. (116) is diagonalized by a real orthogonal matrix,

which diagonalizes at the same time Re(λ†λ). As a result, the CP asymmetry,

proportional to Re(λ†λ)ij (j 6= i) vanishes too.

In order to have a non-vanishing asymmetry, one has to go to the next order

in the running [130],k thus obtaining effectively a O(λ6) asymmetry. However, this

implies that the Yukawa couplings for successful leptogenesis need to be larger than

in the standard O(λ4) case and, by virtue of the seesaw relation (113), the RH

neutrinos need to be significantly heavier than the electroweak scale, even if one is

in the resonant regime automatically by virtue of the MFV hypothesis. One obtains

the very stringent bound [130] mN ' 1012 GeV, significantly higher than previous

results in the literature. However, in the context of the MFV approach, this high

value of mN implies observable effects in LFV experiments, as discussed in the

accompanying Chapter [54]. This is because, in the spirit of the MFV hypothesis, a

flavor-violating new-physics scale ΛLFV ∼ O(TeV) is assumed, and a large hierarchy

between the lepton-number violating scale ΛLNV = mN > 1012 GeV and ΛLFV

significantly boosts the LFV observables [129].

7.1.3. Inverse seesaw

This is a variant of the type I seesaw, where two sets of SM-singlet fermions with

opposite lepton numbers are added to the particle content of the SM [133]. This

kFor a related discussion in the supersymmetric context, see Refs. [131, 132].
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is a technically natural realization of the seesaw, which allows large active-sterile

mixing without resorting to fine-tuning. Lepton number is approximately conserved

in this case. The main difference between inverse and type I seesaw is that the

light neutrino mass in the former case is directly proportional to the small lepton

number breaking, and this freedom allows one to relax the constraints from neutrino

oscillation data on the sterile neutrino mass scale.

As far as resonant leptogenesis is concerned, the quasi-degeneracy of the RH

neutrinos is naturally realized in the inverse seesaw setup, with the mass splitting

proportional to the small LNV parameter in the theory [122, 123]. In fact, both

the lepton asymmetry and the LNV washout effects go to zero in the L-conserving

limit. However, it has been shown that, in the L-conserving limit, the asymmetry

generated goes to zero at least at the same rate as the washout [49], and therefore

obtaining successful leptogenesis and observable signatures in near-future experi-

ments does not appear possible in the minimal inverse seesaw framework.l One

possible work-around is to further enlarge the fermion sector [134] or to go to the

generalized inverse seesaw case with an appropriate flavor structure [135].

7.1.4. Froggatt-Nielsen mechanism

Another rather generic scenario that realizes the resonant leptogenesis idea is based

on the Froggatt-Nielsen (FN) mechanism [136]. In this case, one introduces two FN

fields, Σ and Σ, with opposite U(1)FN charges, and also makes two RH neutrinos

oppositely charged under this symmetry, while all other fields are singlets under

U(1)FN. For an appropriate choice of 〈Σ〉 and 〈Σ〉, one could get mass splittings

naturally of order of the decay width and realize a TeV-scale resonant leptogene-

sis [50]. See also Refs. [137–139].

7.1.5. Soft supersymmetry breaking

This class of models is motivated from a symmetry to forbid the µHuHd superpo-

tential term, which only arises due to an intermediate-scale SUSY breaking term

within a higher-dimensional, Planck-suppressed operator. In a RH-neutrino ex-

tended MSSM, such a symmetry can also suppress the masses and interactions of

the RH neutrinos, and naturally lead to resonant leptogenesis [140–144]. For more

details, we refer to the accompanying Chapter [25].

7.1.6. Flavor symmetry

Many models based on discrete flavor Gf and CP symmetries can naturally realize

a degenerate heavy-neutrino spectrum, which is then softly broken to realize RL.

Examples include Gf = ∆(3n2) [145] or ∆(6n2) [146] (with n even, 3 - n, 4 - n),

lThis is in contrast with the past claims [122, 123], which used a regulator for the CP asymmetry
that has a pathological behavior in the L-conserving limit, thereby overestimating the lepton

asymmetry by orders of magnitude.
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where the LH lepton doublets transform in a 3, the RH neutrinos in a 3′ and RH

charged leptons in a 1 [147, 148]; see Refs. [149–152] for other examples in which

the discrete symmetries (without CP) were used in order to explain the pattern

of lepton mixing and to realize resonant leptogenesis. A detailed discussion of

flavor symmetries in the context of leptogenesis can be found in the accompanying

Chapter [153].

7.1.7. Extended gauge sector

Apart from models that guarantee the quasi-degeneracy of the RH neutrinos, it

is interesting to consider the embedding into frameworks where the very existence

of (typically 3) RH neutrinos can be explained, either by unification or anomaly

cancellation. Typically, the additional ingredients present in this framework, if their

masses are in the TeV range or less, may significantly alter the phenomenology, and

it is therefore important to take them into account.m

In this respect, a prime example is given by left-right symmetric models, where

the presence of three RH neutrinos is required by unification with the RH charged

leptons, together with the left-right symmetry. In this case, there exist processes

where the RH gauge boson WR is exchanged in scattering processes involving only

one RH neutrino. These processes do not efficiently decouple by Boltzmann sup-

pression [155–157] (unlike the minimal U(1)B−L case, where the Z ′-mediated scat-

terings are doubly Boltzmann suppressed [158]) and thus RH gauge interactions

keep N at equilibrium very efficiently until temperatures much smaller than mN .

As a result, leptogenesis becomes impossible unless the mass of the WR is higher

than ∼ 10 TeV [155, 157], thus making the potential observation of the WR at the

LHC incompatible with leptogenesis. For more details, see Chapter [25].

Another important example where three RH neutrinos are needed, this time

because of anomaly cancellation, is in the case of an Abelian B−L symmetry

[159, 160]. In this case (and more generally in the presence of a neutral extra

gauge boson), gauge processes involve two RH neutrinos. Therefore, differently

from above, the decoupling of these proceeds via a Boltzmann suppression [155].

As a result, even for O(1) gauge couplings, the RH neutrinos may exit equilibrium

at a temperature not too far below their mass, thus making leptogenesis possible,

although typically very constrained [158, 161, 162]. For instance, following the

analysis of Ref. [162], in Fig. 8, we plot the region of successful leptogenesis, for an

illustrative choice of parameters. Generic textures in the seesaw relation, without

large cancellations between different entries, correspond to values of the parameter

m̃ ≈ 50 meV. For the choice of parameters as in Fig. 8, leptogenesis is then possible

only for 200 GeV . mN . 800 GeV and with a CP asymmetry close to its possible

maximal value of 1. Allowing for cancellations in the seesaw relation, possibly due

mSimilar leptogenesis constraints can also be derived on the new scalar masses in both U(1) and
left-right models [154]. Thus, a future observation of such new Higgs bosons could effectively test

the RL scenario.
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Fig. 8. The logarithm base 10 of the CP asymmetry in the decay N → `φ needed for successful

leptogenesis, as a function of the mass of the RH neutrinos and the effective light neutrino mass

parameter m̃ = v2(λλ†)/mN , in the one-flavor approximation. For illustrative purposes, we have
chosen the mass of the Z′ to be 4 TeV, the one of the B−L breaking scalar to be 20 TeV and the

B−L gauge coupling equal to 0.5.

to a symmetry, as e.g. in Sec. 7.1.1, clearly enlarges the parameter space.

For a heavy Z ′ in the TeV range, the phenomenology has been studied in

Ref. [158] and more recently in Ref. [162], in the latter case also taking into account

the important effects of the scalar that breaks the B−L symmetry. The general

picture that emerges is that, although the presence of a Z ′ with mZ′ > 2mN im-

proves significantly the discovery prospects of N at colliders, the presence of a Z ′ in

the TeV range, with large gauge coupling, makes leptogenesis very constrained. For

light Z ′ in the GeV range or less, a number of near-future experiments make this

regime particularly interesting. In this case, as studied in Ref. [162], the prospects

of having successful leptogenesis in the region of parameter space tested by these

experiments are quite good. Successful leptogenesis provides interesting constraints

on the mass of the RH neutrinos and the B−L gauge coupling precisely in the

region that is phenomenologically accessible.

Some more phenomenological aspects of models realizing resonant leptogensis,

beyond the type I seesaw, are discussed in the accompanying Chapter [25]. For

more details, see e.g. Ref. [163].

8. Conclusion

The scenario of resonant leptogenesis is widely studied due to its phenomenological

relevance. A profound theoretical underpinning of its dynamics is an important

ingredient to assess potential signatures in upcoming experimental campaigns, in-
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cluding the future LHC programme, searches for lepton flavor violation, lepton

number violation and neutrinoless double beta decay, and future lepton and/or

hadron colliders.

In this article, we reviewed the status of theoretical descriptions that capture

the saturation of resonant enhancement and provided an overview of selected mod-

els realizing a quasi-degenerate mass spectrum in conjunction with a sizeable CP

asymmetry. When the mass difference ∆M is of order the decay width Γi of the

Majorana neutrinos, it is necessary to employ a framework for obtaining quantum

Boltzmann equations that accounts fully for flavor coherence in the sterile sector.

We discussed three complementary approaches based on the closed-time-path ap-

proach that address this regime, dubbed two-time (or Kadanoff-Baym), Wigner, and

two-momentum/interaction-picture descriptions. The three approaches are comple-

mentary in that they allow one to reduce the full non-equilibrium evolution equa-

tions for the lepton asymmetry and the Majorana neutrino correlation functions to

a tractable set of equations based on different underlying assumptions.

All approaches confirm the basic mechanism of resonant enhancement and agree

with the usual Boltzmann description for M̄ � ∆M � M̄(λ†λ)ij/(8π) and T � M̄ ,

where M̄ is the average mass and T the relevant temperature during the produc-

tion of the asymmetry. For smaller mass splittings, the final asymmetry can, in

general, be determined only by solving (numerically) a set of equations that takes

flavor covariance into account. We considered various simplified limits that allow

to compare the different approaches. For example, the two-time equations can be

solved without further approximations in a static setup, where they agree with

the Wigner approach within its expected regime of validity (in the narrow-width

limit and for M̄ � ∆M). When approaching a hierarchical spectrum, the Wigner

approach discussed here breaks down, while the usual Boltzmann treatment is ex-

pected to become valid. This can be checked with the two-time approach, which

interpolates between the Wigner result for M̄ � ∆M and the Boltzmann result for

∆M � M̄(λ†λ)ij/(8π). The two-momentum/interaction-picture approach in ad-

dition provides the possibility to disentangle contributions to the final asymmetry

due to coherent transitions and decays. It provides the basis for a large number of

phenomenological studies and can also be extended in a straightfoward way to ac-

count for active- in addition to sterile-flavor effects. We reviewed an application of

this approach to a scalar toy model and commented on the relation to the two-time

approach in this case. It will be interesting to extend this comparison to the type

I seesaw model in the future.

Finally, it is interesting to note that the full dynamics can be captured by a

simplified approach under certain circumstances, where it is possible to express the

final asymmetry in terms of the result that would be expected based on a Boltzmann

treatment. Specifically, this is possible in the particular weak washout scenario

considered in Sec. 4, provided the flavor-coherence vanishes initially (cf. e.g. Eq. (62)

for i = j), as well as in the well-known strong washout regime, discussed in Sec. 6
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(c.f. Eq. (97)). Intriguingly, both correspond to an effective decay asymmetry of

the form given in Eq. (3) (or Eq. (94) when not summing over active flavors) with

an effective regulator A given by

Aeff ≡
M̄2

8π

(
(λ†λ)11 + (λ†λ)22

)(
1− [Re(λ†λ)12]2

(λ†λ)11(λ†λ)22

)1/2

. (118)

Nevertheless, it is important to take into account the limitations of the applicability

of these simplified expressions (cf. Sec. 6.1 for a quantitative discussion in the strong

washout regime) in practical applications.
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Garćıa, and A. Santamaŕıa, Proceedings of the 37th International Conference on
High Energy Physics (ICHEP 2014, 2–9 July, 2014, Valencia, Spain, vol. 273-275,
pp. 268–274, (2016).

[107] P. S. B. Dev, P. Millington, A. Pilaftsis, and D. Teresi, Corrigendum to “Flavour
covariant transport equations: An application to resonant leptogenesis”, Nucl. Phys.
B897, 749–756, (2015).

[108] P. S. Bhupal Dev, P. Millington, A. Pilaftsis, and D. Teresi. Flavour effects in
resonant leptogenesis from semi-classical and Kadanoff-Baym approaches. In eds.
A. Di Domenico, N. E. Mavromatos, V. A. Mitsou, and D. P. Skliros, Proceedings
of the 4th Symposium on Prospects in the Physics of Discrete Symmetries (DIS-
CRETE2014), 2–6 December 2014, London, UK, vol. 631, p. 012087, (2015).

[109] A. Kartavtsev, P. Millington, and H. Vogel, Lepton asymmetry from mixing and
oscillations, JHEP. 06, 066, (2016).

[110] A. D. Sakharov, Violation of CP Invariance, c Asymmetry, and Baryon Asym-
metry of the Universe, Pisma Zh. Eksp. Teor. Fiz. 5, 32–35, (1967). [Usp. Fiz.
Nauk161,61(1991)].

[111] M. Garny, A. Hohenegger, and A. Kartavtsev, Medium corrections to the CP -
violating parameter in leptogenesis, Phys. Rev. D81, 085028, (2010).

[112] A. Hohenegger and A. Kartavtsev, Leptogenesis in crossing and runaway regimes,
JHEP. 07, 130, (2014).

[113] A. Abada, S. Davidson, F.-X. Josse-Michaux, M. Losada, and A. Riotto, Flavor
issues in leptogenesis, JCAP. 0604, 004, (2006).

[114] E. Nardi, Y. Nir, E. Roulet, and J. Racker, The Importance of flavor in leptogenesis,
JHEP. 01, 164, (2006).

[115] A. Abada, S. Davidson, A. Ibarra, F. X. Josse-Michaux, M. Losada, and A. Riotto,
Flavour matters in leptogenesis, JHEP. 09, 010, (2006).

[116] S. Blanchet and P. Di Bari, Flavor effects on leptogenesis predictions, JCAP. 0703,
018, (2007).

[117] S. Pascoli, S. T. Petcov, and A. Riotto, Connecting low energy leptonic CP violation
to leptogenesis, Phys. Rev. D75, 083511, (2007).

[118] A. De Simone and A. Riotto, On the impact of flavour oscillations in leptogenesis,
JCAP. 0702, 005, (2007).

[119] S. Blanchet, P. Di Bari, D. A. Jones, and L. Marzola, Leptogenesis with heavy
neutrino flavours: from density matrix to Boltzmann equations, JCAP. 1301, 041,
(2013).

[120] J. A. Casas and A. Ibarra, Oscillating neutrinos and µ → e, γ, Nucl. Phys. B618,
171–204, (2001).

[121] I. Esteban, M. C. Gonzalez-Garcia, M. Maltoni, I. Martinez-Soler, and T. Schwetz,
Updated fit to three neutrino mixing: exploring the accelerator-reactor complemen-
tarity, JHEP. 01, 087, (2017).

[122] S. Blanchet, T. Hambye, and F.-X. Josse-Michaux, Reconciling leptogenesis with
observable µ→ eγ rates, JHEP. 04, 023, (2010).



49

[123] S. Blanchet, P. S. B. Dev, and R. N. Mohapatra, Leptogenesis with TeV-scale inverse
seesaw model in SO(10), Phys. Rev. D82, 115025, (2010).

[124] A. Pilaftsis, Resonant τ Leptogenesis with Observable Lepton Number Violation,
Phys. Rev. Lett. 95, 081602, (2005).

[125] F. F. Deppisch and A. Pilaftsis, Lepton flavour violation and θ13 in minimal resonant
leptogenesis, Phys. Rev. D83, 076007, (2011).

[126] A. J. Buras, P. Gambino, M. Gorbahn, S. Jager, and L. Silvestrini, Universal uni-
tarity triangle and physics beyond the standard model, Phys. Lett. B500, 161–167,
(2001).

[127] G. D’Ambrosio, G. F. Giudice, G. Isidori, and A. Strumia, Minimal flavor violation:
An Effective field theory approach, Nucl. Phys. B645, 155–187, (2002).

[128] C. Bobeth, T. Ewerth, F. Kruger, and J. Urban, Enhancement of B(anti-B(d) →
µ+µ−) / B(anti-B(s)→ µ+µ−) in the MSSM with minimal flavor violation and large
tan beta, Phys. Rev. D66, 074021, (2002).

[129] V. Cirigliano, B. Grinstein, G. Isidori, and M. B. Wise, Minimal flavor violation in
the lepton sector, Nucl. Phys. B728, 121–134, (2005).

[130] A. Pilaftsis and D. Teresi, Mass bounds on light and heavy neutrinos from radiative
minimal-flavor-violation leptogenesis, Phys. Rev. D92(8), 085016, (2015).

[131] K. S. Babu, Y. Meng, and Z. Tavartkiladze, Common Origin for CP Violation in
Cosmology and in Neutrino Oscillations, arXiv:0812.4419, (2008).

[132] A. Achelashvili and Z. Tavartkiladze, Texture Zero Neutrino Models and Their Con-
nection with Resonant Leptogenesis, arXiv:1710.10955, (2017).

[133] R. N. Mohapatra and J. W. F. Valle, Neutrino mass and baryon-number nonconser-
vation in superstring models, Phys. Rev. D34, 1642, (1986).

[134] M. Aoki, N. Haba, and R. Takahashi, A model realizing inverse seesaw and resonant
leptogenesis, PTEP. 2015(11), 113B03, (2015).

[135] P. S. B. Dev and A. Pilaftsis, Minimal radiative neutrino mass mechanism for inverse
seesaw models, Phys. Rev. D86, 113001, (2012).

[136] C. D. Froggatt and H. B. Nielsen, Hierarchy of quark masses, Cabibbo angles and
CP violation, Nucl. Phys. B147, 277–298, (1979).

[137] T. Asaka, K. Hamaguchi, M. Kawasaki, and T. Yanagida, Leptogenesis in inflation-
ary universe, Phys. Rev. D61, 083512, (2000).

[138] D. Aristizabal Sierra, M. Losada, and E. Nardi, Variations on leptogenesis, Phys.
Lett. B659, 328–335, (2008).

[139] H. Kamikado, T. Shindou, and E. Takasugi, Froggatt-Nielsen hierarchy and the
neutrino mass matrix, arXiv:0805.1338, (2008).

[140] T. Hambye, J. March-Russell, and S. M. West, TeV scale resonant leptogenesis from
supersymmetry breaking, JHEP. 07, 070, (2004).

[141] Y. Grossman, T. Kashti, Y. Nir, and E. Roulet, New ways to soft leptogenesis,
JHEP. 11, 080, (2004).

[142] L. Boubekeur, T. Hambye, and G. Senjanovic, Low scale leptogenesis and soft su-
persymmetry breaking, Phys. Rev. Lett. 93, 111601, (2004).

[143] C. S. Fong, M. C. Gonzalez-Garcia, E. Nardi, and J. Racker, Supersymmetric Lep-
togenesis, JCAP. 1012, 013, (2010).

[144] C. S. Fong, M. C. Gonzalez-Garcia, and E. Nardi, Leptogenesis from Soft Supersym-
metry Breaking (Soft Leptogenesis), Int. J. Mod. Phys. A26, 3491–3604, (2011).

[145] C. Luhn, S. Nasri, and P. Ramond, Flavor group ∆(3n2), J. Math. Phys. 48, 073501,
(2007).

[146] J. A. Escobar and C. Luhn, The flavor group ∆(6n2), J. Math. Phys. 50, 013524,
(2009).



50

[147] C. Hagedorn and E. Molinaro, Flavor and CP symmetries for leptogenesis and 0νββ
decay, Nucl. Phys. B919, 404–469, (2017).

[148] P. S. B. Dev, C. Hagedorn, and E. Molinaro, to appear. (2017).
[149] Z.-z. Xing and S. Zhou, Tri-bimaximal neutrino mixing and flavor-dependent reso-

nant leptogenesis, Phys. Lett. B653, 278–287, (2007).
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