
The effect of like-charge attraction on aerosol growth in
the atmosphere of Titan

Eric B. Lindgrena, Benjamin Stammb,c, Ho-Kei Chana,1, Yvon Madayd,e,f,g,
Anthony J. Stacea, Elena Besleya,∗

aDepartment of Physical and Theoretical Chemistry, School of Chemistry, University of
Nottingham, University Park, Nottingham NG7 2RD, United Kingdom

bCenter for Computational Engineering, Mathematics Department, RWTH Aachen
University, Schinkelstr. 2, 52062 Aachen, Germany

cComputational Biomedicine, Institute for Advanced Simulation IAS-5 and Institute of
Neuroscience and Medicine INM-9, Forschungszentrum Jülich, Germany
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Abstract

The formation of aerosols in the atmosphere of Titan is based extensively on

ion-neutral chemistry and physical condensation processes. Herein it is shown

that the formation of aerosols may also occur through an alternative pathway

that involves the physical aggregation of negatively charged particles, which are

known to be abundant in the satellite’s atmosphere. It is shown that, given

the right circumstances, like-charged particles with a dielectric constant char-

acteristic of nitrated hydrocarbons have sufficient kinetic energy to overcome

any repulsive electrostatic barrier that separates them and can subsequently

experience an attractive interaction at very short separation. Aerosol growth

can then unfold through a charge scavenging process, whereby nitrated aggre-

gates preferentially grow by assimilating smaller like-charged particles. Since

hydrocarbon aerosols have much lower dielectric constants, it is shown that a

similar mechanism involving hydrocarbon particles will not be as efficient. As a
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consequence of this proposed growth mechanism, it is suggested that the lower

atmosphere of Titan will be enriched in nitrogen-containing aerosols.

Keywords: Titan, Titan, atmosphere

1. Introduction

Since the discovery of Titan by the Dutch astronomer Christiaan Huygens

in 1655, Saturn’s largest moon has been subject of considerable interest and

curiosity. Remarkably, Titan is the only satellite in the Solar System known

to display a dense atmosphere [1], harbouring several organic compounds and5

particular conditions that led some authors to consider the presence of different

life forms [2, 3, 4, 5]. Over the past few decades, a significant amount of new

information about Titan has been acquired through the Voyager program and,

latterly, with the Cassini-Huygens mission. While Voyager represented a break-

through in exploration of the Solar System and, particularly, Titan, it was only10

with arrival of the Cassini-Huygens spacecraft in 2004 at Saturn and its moons

that Titan’s atmosphere and surface could be studied in greater detail, through

in situ measurements made by the lander Huygens and the Cassini orbiter.

The atmosphere of Titan is known to stage a series of chemical and physical

processes that are ultimately responsible for the formation of a characteristic15

orange haze. Composed primarily of nitrogen (N2) and methane (CH4) [1,

6, 7], Titan’s atmosphere is constantly bombarded by energy sources such as

solar ultraviolet radiation and energetic particles from Saturn’s magnetosphere.

This irradiation triggers the dissociation and ionization of the simple primordial

molecules and subsequently leads, through a series of chemical and physical20

processes, to the formation of charged aerosol particles with an average mass

of 500 Da [8] at altitudes between 950 and 1150 km (upper atmosphere) [6, 7,

9, 10, 11]. With decreasing altitude, these particles grow spherically until they

reach the detached haze layer at 520 km in Titan’s mesosphere, from where they

start to form fractal aggregates [7, 12, 13, 14].25

Several studies have already shown the crucial role of ion-neutral chemistry
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and physical aggregation in the production of aerosols in Titan’s atmosphere [7,

8, 9, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21]. In this paper, we present a theoretical

investigation of a particular aspect of aerosol growth that has not previously

been considered. New calculations have been undertaken for the case of like-30

charged particle interactions in vacuum, which, under certain circumstances,

can be counterintuitively attractive. Interactions between neutral and charged

particles as well as between oppositely charged particles are not considered

since these are already taken to be attractive under similar conditions. The

calculations examine how differences in the dielectric constants of particles could35

lead to a preferential concentration of nitrogen-containing aerosols in the lower

atmosphere of Titan.

Depending on the assumed mass density, particles produced in the upper

atmosphere of Titan have an estimated radius of either 0.6 nm or 6 nm if

1 elementary charge per particle and densities of 1000 kg ·m−3 [8] or 1 kg40

·m−3 [22, 23], respectively, are considered. Regardless of their initial size, these

particles grow as they sink towards lower altitudes eventually forming large

particles with radii of 40-50 nm, which have been identified as being present

in the detached haze layer [12, 13, 24, 25]. Since the amount of charge on

the embryonic particles cannot be independently measured, actual sizes could45

be larger than those estimated above [6, 9]. For example, a particle bearing

5 elementary charges would have a radius 1.7 greater than the same particle

carrying just 1 charge. To take into account this degree of uncertainty, the

calculations presented here consider charge per particle values that range from

1 to 5 e.50

2. Origin of like-charge attraction

In Titan’s atmosphere it is generally assumed that like-charged particles will

repel one another and so any such interactions will make no contribution to the

growth of aerosols [8]. Whilst this concept is generally true, if the particles

are sufficiently polarizable, attraction can occur at small separations. Bichout-55
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skaia et al [26] showed that for two interacting dielectric particles in vacuum,

the electrostatic force can be expressed as the sum of two terms — a repulsive

term described by Coulomb’s law and an attractive polarization term. If the

particles are non-polarizable, namely if their dielectric constant, k i (i = 1, 2),

is close to unity, the attractive term tends to zero and the total force is de-60

scribed by Coulomb’s law. Conversely, if the particles have dielectric constants

that are much greater than unity then the attractive polarization term gains in

magnitude and, under certain circumstances, can even overcome the repulsion.

As presented, the formalism [26] is able to treat a broad range of dielectric

materials, and is able to differentiate between particles with very different po-65

larizabilities, ranging from oils (k ≈ 2) through to water (k ≈ 80), and on to

particles of metallic character (k ≥ 1000).

Figure 1: (a) Electrostatic force (pN) and (b) potential energy (eV) curves for cases of stable

(solid line; a2 = 6 nm, q2 = 5 e), metastable (dashed line; a2 = 7 nm, q2 = 5 e) and unstable

(dotted line; a2 = 8 nm, q2 = 1 e) interactions. The dielectric constant of both particles, and

the radius and charge of particle 1 are maintained fixed at k1 = k2 = 20, a1 = 10 nm and

q1 = 1 e, respectively. Surface-to-surface separation (s) and radii are given in nanometers,

and charges in elementary unit. Note that the scale of the x -axis is different on each plot.

Figure 1 shows how the electrostatic force (a) and potential energy (b) varies

as a function of particle separation for three different cases of interacting like-

charged dielectric particles. Each particle has been assigned a dielectric con-70

stant of k i = 20, since this value is comparable to that of many hydrocarbon-

nitrile compounds [27], and so should be representative of nitrile-rich aerosols.
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Charges, q i, and radii, ai, were also selected in order to represent emerging

particles in the region between the upper atmosphere and the detached haze

layer of Titan’s atmosphere. The curve depicting an unstable interaction (dot-75

ted line) corresponds to a scenario where the particles repel one another at all

values of interparticle separation, which means the potential energy increases

continuously during a collision. The metastable (dashed line) and stable (solid

line) cases are similar in that a repulsive potential energy barrier occurs be-

fore they achieve close separation; however, once over the barrier, the energy80

decreases rapidly as the particles approach touching point. The reason for the

observed decrease in potential energy is the onset of an overall polarization

induced attractive interaction at sufficiently close interparticle separation. Ac-

cordingly, it can be proposed that particles interacting under a stable or even

metastable electrostatic regime may provide an important contribution to the85

growth of aerosol particles and production of the 40-50 nm radius aerosols found

in the detached haze layer. It is especially significant when it is considered that

charged particles, particularly those carrying a negative charge, are present in

high abundance in Titan’s atmosphere [8]. The circumstances where such sta-

bilising interactions occur and how the interacting particles are able to overcome90

the repulsive Coulomb barrier are discussed below. Details of the calculations

can be found in Theory section, where a description is given of the steps taken

to achieve a rapid convergence of the electrostatic multipole terms that arise

in the formalism describing charge particle interactions. It has recently been

shown that a failure to include sufficient terms can lead to a very considerable95

underestimate in the magnitude of polarization interactions [28].

3. Discussion

Table 1(a–e) shows values of potential energy barriers (eV) calculated for

different cases where two like-charged particles interact. These examples have

been chosen to represent the process of particle growth that may occur within100

Titan’s upper atmosphere, leading to the production of aerosol monomers in the
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detached haze layer. In each sub-table, the radius a2 and charge q2 of sphere 2

have been allowed to vary from 5 to 50 nm and 1 to 5 e, respectively, whilst the

equivalent parameters a1 and q1 for sphere 1 have remained fixed.

As can be seen from Table 1, examples of unstable interactions occur at or105

near the point where the interacting particles have identical characteristics, i.e.

a1 = a2 and q1 = q2, and in general they extend across points where a2/a1

and q2/q1 increase concurrently. Cases of stable interaction occur when the

particles have sufficiently dissimilar sizes, and are more generally favoured when

the smaller of the two particles carries more charge. Metastable interactions110

fall between these two scenarios. The magnitude of the energy barrier varies

inversely with particle radii and increases with the amount of charge. Broadly

speaking, as interacting particles increase in size, the free charge on one becomes,

on average, more distant from the free charge on the second particle, which then

contributes to a decrease in Coulomb repulsion and, consequently, a decrease115

in the energy barrier. In contrast, for a fixed particle size, an increase in the

amount of free charge on one or both particles means that more charge occupies

a fixed area, which then contributes to an increase in Coulomb repulsion and,

consequently, an increase in the magnitude of the energy barrier.

Figure 2a shows a Maxwell-Boltzmann distribution of the kinetic energy of120

particles calculated for the upper and lower average temperatures, 112 K and

175 K [29], as identified for Titan’s thermosphere. The calculations presented

in Table 1 suggest that at the beginning of the aerosol growth process, when

particles are particularly small, the Coulomb repulsion barrier, generally greater

than kT , is high enough to reduce the coagulation rates between like-charged125

particles. Hence growth is restricted to oppositely charged interactions, and

notably the absorption of positive ions by the large negatively charged particles

[8], or even neutral-charged particle interactions. However, as particle growth

continues the charge density will drop and the corresponding Coulomb barrier

will decrease in magnitude and will eventually become comparable to or even130

smaller than kT . In which case, a colliding pair of like-charged particles could

interact under stable or metastable conditions and contribute to the growth
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Table 1: Calculated energy barriers (eV) between two interacting like-charged, dielectric parti-

cles, for a range of radii (nm) and charge (e). White, light and dark gray shades denote stable,

metastable, and unstable interactions, respectively. The charge q1 and q2 can be regarded as

either positive or negative.

(a) a1 = 5; q1 = 1; k1 = k2 = 20

q2

5 0.49 0.43 0.33 0.25 0.20 0.17 0.14 0.13 0.11 0.10

4 0.41 0.35 0.25 0.19 0.16 0.13 0.11 0.097 0.086 0.078

3 0.33 0.26 0.18 0.14 0.11 0.092 0.079 0.069 0.062 0.055

2 0.24 0.17 0.11 0.086 0.069 0.057 0.049 0.043 0.038 0.034

1 0.13 0.074 0.049 0.037 0.030 0.025 0.021 0.019 0.016 0.015

a2 5 10 15 20 25 30 35 40 45 50

(b) a1 = 10; q1 = 1; k1 = k2 = 20

q2

5 0.24 0.24 0.24 0.21 0.19 0.16 0.14 0.12 0.11 0.10

4 0.21 0.21 0.20 0.17 0.15 0.13 0.11 0.097 0.086 0.078

3 0.17 0.17 0.15 0.13 0.11 0.092 0.079 0.069 0.062 0.055

2 0.13 0.12 0.10 0.084 0.068 0.057 0.049 0.043 0.038 0.034

1 0.074 0.064 0.048 0.037 0.030 0.025 0.021 0.019 0.016 0.015

a2 5 10 15 20 25 30 35 40 45 50

(c) a1 = 20; q1 = 1; k1 = k2 = 20

q2

5 0.12 0.12 0.12 0.12 0.12 0.12 0.11 0.11 0.10 0.094

4 0.10 0.10 0.10 0.10 0.10 0.098 0.093 0.087 0.080 0.074

3 0.084 0.084 0.084 0.083 0.081 0.076 0.071 0.065 0.059 0.054

2 0.063 0.063 0.062 0.061 0.057 0.052 0.047 0.042 0.038 0.034

1 0.037 0.037 0.036 0.032 0.028 0.024 0.021 0.018 0.016 0.015

a2 5 10 15 20 25 30 35 40 45 50

(d) a1 = 30; q1 = 1; k1 = k2 = 20

q2

5 0.081 0.081 0.081 0.081 0.081 0.081 0.081 0.080 0.079 0.077

4 0.069 0.069 0.069 0.069 0.069 0.069 0.068 0.067 0.065 0.063

3 0.056 0.056 0.056 0.056 0.056 0.056 0.055 0.053 0.051 0.048

2 0.042 0.042 0.042 0.042 0.041 0.040 0.039 0.037 0.034 0.032

1 0.025 0.025 0.025 0.024 0.023 0.021 0.020 0.018 0.016 0.015

a2 5 10 15 20 25 30 35 40 45 50

(e) a1 = 40; q1 = 1; k1 = k2 = 20

q2

5 0.061 0.061 0.061 0.061 0.061 0.061 0.061 0.061 0.061 0.060

4 0.052 0.052 0.052 0.052 0.052 0.052 0.052 0.052 0.051 0.051

3 0.042 0.042 0.042 0.042 0.042 0.042 0.042 0.042 0.041 0.040

2 0.031 0.031 0.031 0.031 0.031 0.031 0.031 0.030 0.029 0.028

1 0.019 0.019 0.019 0.018 0.018 0.018 0.017 0.016 0.015 0.014

a2 5 10 15 20 25 30 35 40 45 50
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Figure 2: (a) Maxwell-Boltzmann distribution of the particle kinect energy at the upper and

lower Titan’s thermosphere average temperatures. (b) Probability (%) that particles, with a

thermal energy of kT , will overcome the barrier as function of the latter’s magnitude, evaluated

for the two extreme temperatures. In the second plot, any point after the maximum value for

the x-axis has a corresponding probability that is always smaller than 0.5 %.

process. For example, taking the case shown in Table 1(c) where a1 = 20 nm,

a2 = 10 nm and q1 = q2 = 1 e, the interaction is predicted to be metastable with

a barrier height of 0.037 eV. According to the distribution of kinetic energies135

shown in Figure 2b, there is, at the above temperatures, an 8 -18 % probability

that the particles will have sufficient energy to overcome the barrier. Any barrier

higher than 0.1 eV is unlikely to be overcome.

In cases that involve low Coulomb barriers it can be considered that like-

charged interactions, especially those between the more abundant negatively140

charged particles, can contribute to growth via a scavenging mechanism, sim-

ilar to that identified for the formation of clouds on Earth [30, 31, 32]. In

that case, sufficiently large aerosol droplets will grow by assimilating smaller

particles even when they are like-charged. This mechanism should then be re-

garded as an important component of the whole aerosol growth process, along145

with the usually considered interactions between oppositely charged particles

and neutral-charged particle collisions. Table 1 also suggests that an increase in

the Coulomb repulsion barrier with the amount of charge residing on particles

should prevent large departures from neutrality with respect to the growing ag-
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gregates. Therefore, the absorption of positive ions by large negatively charged150

particles and a charge scavenging mechanism are very likely to operate synergis-

tically. The presence of positively charged particles would act to keep a low net

charge on growing particles, whilst a charge scavenging mechanism would be

highly favourable due to the higher abundance of negatively charged particles.

It is worth mentioning that this mechanism operates irrespective of the sign of155

particle’s charge. That is, if there is an initial bias towards, for instance, the

production negative ions, as suggested by experimental evidence to be the case

for Titan [8, 33, 34, 35], then the mechanism will act to enhance the growth of

such particles until possibly reaching an upper limit to the amount of charge

each growing particle can carry when Coulomb repulsion becomes the dominant160

interaction. Similarly, if the initial bias is towards the production of positive

ions then the mechanism would operate identically, since the magnitude of elec-

trostatic interactions is independent of sign of charge (vide Coulomb’s law). As

already noted elsewhere [22], the preferential formation of negatively charged

particles seems understandable considering the electron affinity of the molecules165

that compose Titan’s upper atmosphere.

Table 2 shows the consequences of like-charged particles interacting under

circumstances identical to those given in Table 1(b), but with a dielectric con-

stant of k1 = k2 = 3. Such a value would be appropriate for many hydrocarbon

and polycyclic aromatic hydrocarbon (PAH) compounds [27]. As can be seen170

from Table 2, there are no interactions where the outcome of a collision would

be a larger, stable particle. There are a few metastable interactions, but the

majority of collisions would take place on a repulsive energy surface and lead

to an immediate separation of particles. For the most part, energy barriers

are also higher than those calculated when k1 = k2 = 20. Consequently, it175

could be inferred that an enrichment in nitrogen content of Titan’s atmospheric

aerosols might be favoured as a consequence of a charge scavenging mechanism

operated by the abundant large negatively charged particles. Critical to the

effectiveness of this enrichment mechanism is the large difference in dielectric

constant that exists between hydrocarbon-based particles and those where the180
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constituent molecules predominantly include nitrogen atoms.

Table 2: Energy barrier (eV) for the case of two interacting dielectric particles as depicted in

Table 1(b), but with a lower dielectric constant of k1 = k2 = 3.

q2

5 0.30 0.30 0.26 0.23 0.20 0.17 0.15 0.13 0.12 0.11

4 0.25 0.25 0.21 0.18 0.16 0.14 0.12 0.11 0.095 0.085

3 0.20 0.19 0.16 0.14 0.12 0.10 0.087 0.077 0.069 0.062

2 0.15 0.13 0.11 0.090 0.075 0.064 0.055 0.049 0.043 0.039

1 0.085 0.068 0.053 0.042 0.034 0.029 0.025 0.022 0.019 0.017

a2 5 10 15 20 25 30 35 40 45 50

A lack of nitrogen atoms in the constituent molecules of a particle, for ex-

ample, a droplet that is mostly composed of methane or ethane, would lead

to a considerable reduction in dielectric constant, which in turn, would make

attractive or stabilising like-charge interactions much less likely. Pure hydrocar-185

bons generally have low dielectric constants due to their non-polar character.

Methane (CH4) and ethane (C2H6), compounds that are presented at an early

stage of aerosol formation in Titan’s atmosphere, have dielectric constant val-

ues of just 1.6761 and 1.9356, respectively [27]. Polar-substituted hydrocarbons

naturally have higher dielectric constants, so that the incorporation of a func-190

tional group containing nitrogen, for example, usually increases the dielectric

constant of the substituted hydrocarbon. Hydrogen cyanide (HCN), one of the

main nitrated compounds found in Titan’s atmosphere, has a particular high di-

electric constant value of 114.9 [27]. Figure 3 shows estimated values (according

to [36]) for the dielectric constant of a mixture consisting of methane/hydrogen195

cyanide, and ethane/hydrogen cyanide, both as function of the molar fraction

of hydrogen cyanide (xHCN). As can be seen, a mixture that contains at least

about 20 percent of molar fraction of HCN will have a dielectric constant of

20 or greater in both cases; stressing the assertion that the incorporation of

nitrogen by the growing aerosol particle favours the scavenging mechanism.200

As part of this growth process, it should be noted that all other factors which

contribute towards the calculation of collision efficiencies, i.e. Reynolds number,

terminal velocity, etc., will be identical for all particles with the same radius,
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Figure 3: Plot of the dielectric constant as function of hydrogen cyanide molar fraction for

methane/hydrogen cyanide (solid line) and ethane/hydrogen cyanide (dotted line) mixtures.

mass and charge, irrespective of composition [37]. Hence, the only quantity that

will differentiate collision efficiencies and, as a result, the degree of enrichment205

for each of the cases in Tables 1 and 2 is the dielectric constant.

4. Theory

A recently presented solution [26] to the problem of calculating electrostatic

interactions between charged particles of dielectric materials has been used to

determine electrostatic forces and potential energies. The model takes as input210

the charge qi, radius ai, and dielectric constant ki of each particle (i = 1, 2), and

their separation distance. The model assumes that polarization and free charge

reside on the surfaces of the particles, and that the total surface charge density

can be written as the sum of contributions of these two components, σi = σp,i +

σf,i. Figure 4 gives a geometric representation of the problem being addressed.215

The spherical geometry is in accordance with the spherical nature of the particles

that form aggregates found above Titan’s stratosphere. [7, 12, 13, 14]. The free

charge is assumed to be uniformly distributed; in contrast, the polarization

charge on each particle is treated as a dynamic quantity that varies in response

to the electric field created by charge residing on the second particle, which in220
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turn can be found according to electrostatics [26].

The laws that govern the electric potential Φ associated with the problem

of two interacting particles can be stated as follows:

-div (k∇Φ) = 4πKσf , (1)

which states that the normal component of the electric displacement field is

discontinuous due to the presence of free charge σf on the surface of each particle

Γi, i = 1, 2:

σf (x) =

σf,i if x ∈ Γi

0 otherwise.
(2)

Note that the function k takes the value of 1 on the outside of the two225

spheres and the value of ki inside sphere i. This implies that Φ is a continuous

function that is harmonic both on the inside and the outside of the particles.

This potential can thus be represented by a global single layer potential

Φ = S̃1(σ1) + S̃2(σ2) (3)

where σi is the total surface charge resulting from the sum of the free σf,i

and bound (polarization) charges σp,i on each sphere. Since the particles are230

spheres, each σi can be represented in terms of spherical harmonics on each

sphere. In addition, the axial invariance of the problem allows cancellation of

the dependency on azimuthal angle such that the following development holds

σi(x) =
1

4πK

∞∑
`=0

Ai,`
2`+ 1

a`+2
i

Y`,0
(
x− xi
ai

)
, (4)

the coordinates xi being the center of the i-th sphere.

Equation (1) [26], implies that235

4πKσf,i = ki
∂Φ

∂r |r=a−i

− ∂Φ

∂r |r=a+
i

, (5)
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Figure 4: Geometric representation of the system formed by two interacting charged dielectric

spheres. Charge, radius, dielectric constant, and the polar angle of each sphere (i = 1, 2) are

denoted as qi, ai, ki, and βi respectively. The center-to-center separation is defined as h and

the corresponding surface-to-surface separation is given by s = h − a1 − a2. The particles are

assumed to be suspended in a vacuum, with dielectric constant of km = 1.

The continuity of the normal derivative of S̃i(σi) through Γj for j 6= i yields Γi

such that

∀`, 4πKaiσf,iδ`,0 =
Ai,`

a`+1
i

+
(ki − 1)`

(ki + 1)`+ 1

∞∑
m=0

Aj,m
(`+m)!

`!m!

a`i
h`+m+1

, (6)

with j = mod(i, 2)+1, see [26]. In order to symmetrize the system, the quantities

Ãi,m =
Ai,m

am+1
i

can be introduced and the above infinite-dimensional system can

be rewritten as240

∀`, 4πKaiσf,iδ`,0 = Ãi,` +
aj
h

(ki − 1)`

(ki + 1)`+ 1

∞∑
m=0

Ãj,m(d̃i)`m. (7)

with

(d̃i)`m =
(`+m)!

`!m!

(ai
h

)` (aj
h

)m
.

The first immediate observation is that, for ` = 0, the following equation is

obtained:

Ãi,0 = 4πKaiσf,i. (8)
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By substituting (8) into (7), and after some algebra the following infinite

system is obtained245

∀` > 0,
h

aj

(ki + 1)`+ 1

(ki − 1)`
Ãi,` +

∞∑
m=1

(d̃i)`m Ãj,m = −(d̃i)`0 Ãj,0, (9)

which is symmetric since (d̃1)`m = (d̃2)m` and can be solved efficiently after

truncation, as explained in the Appendix.

The electrostatic force is obtained from a generalization of Coulomb’s law

for point particles given by

F12 = K

∫
dq1(r1)

∫
dq2(r2)

r1 − r2
|r1 − r2|3

, (10)

where r1 and r2 are position vectors at the surface of particles 1 and 2, respec-250

tively, dq1(r1) and dq2(r2) are the charge elements of each particle, and K is the

Coulomb’s constant. The first integral takes into account the charge residing

on particle 1 and the second integral is the potential generated by the charge

residing on particle 2. The force, F12, is evaluated by the expansion in terms

of Legendre polynomials of the electric potential generated by the two spheres255

as they interact. The charge distribution, σi, on the surfaces of the particles is

integrated, to give the following analytic expression for the electrostatic force

F12 = K
q1q2
h2
− q1

∞∑
m=1

∞∑
l=0

A1,l
(k2 − 1)m(m+ 1)

(k2 + 1)m+ 1

× (l +m)!

l!m!

a2m+1
2

h2m+l+3
− 1

K

∞∑
l=1

A1,lA1,l+1
(k1 + 1)(l + 1) + 1

(k1 − 1)a2l+3
1

.

(11)

which can then be integrated numerically to give the potential energy.

5. Conclusions

Theory developed to account for electrostatic interactions between charged260

particles composed from dielectric materials has been applied to the growth of
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aerosols in the atmosphere of Titan. The calculations show that, under circum-

stances where there is an abundance of like-charged particles, the value of the

dielectric constant for a particular material can have a significant effect on effi-

ciency with which particles increase in size. For the case of Titan, it is proposed265

that this process, akin to electrostatic enrichment, could lead to the preferen-

tial growth of aerosols which contain an abundance of nitrated hydrocarbons.

A similar mechanism could apply to other atmospheres where the constituent

aerosols display a wide range of dielectric constants.
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Appendix A: Numerical approximation

The first step in this part is to discretize the infinite sum given by equation

(9) to a finite-dimensional system by truncating the summation at a finite value.280

That is, two vectors ÃN
1 and ÃN

2 , each of dimension N and with coefficients ÃN
i,`

are sought, satisfying the linear system

C1Ã
N
1 +D1Ã

N
2 = b1 (12)

D2Ã
N
1 + C2Ã

N
2 = b2

of size (2N)× (2N) with a symmetric solution matrix. Here, the vectors bi and

the matrices Ci and Di are given by
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(bi)` = −d̃i,`0Ãj,0, (Ci)`m =
h

aj

(ki + 1)`+ 1

(ki − 1)`
δ`m, (Di)`m = (d̃i)`m,

for all `,m = 1, . . . , N . From the solution to this system, as in (4), an approxi-

mation can be reconstructed

σN
i =

1

4πKai

[
Ãi,0 Y0,0 +

N∑
`=1

ÃN
i,` (2`+ 1)Y`,0

(
x− xi
ai

)]
,

to σi, i = 1, 2, that can be shown to converge rapidly. Recall that Ãi,0 is given285

by (8). This, in turn, provides an approximation to the electrostatic force (11).

Since this matrix problem (12) is symmetric, solution by an iterative conjugate

gradient method is an natural choice. In order to provide an illustration of the

complexity, analysis on the convergence has been performed and is presented in

the plots below. These graphs are all related to the same selection of parameters,290

namely: k1 = k2 = 20, a1 = 5 nm, a2 = 10 nm, q1 = q2 = 1 e, and s = 0.01

nm. As with any iterative process, the convergence of the conjugate gradient is

halted when the relative residual between two iterations is below some tolerance.

In the first plot (Figure 5) the link between N and the error on resolution of

the truncated matrix (9) is considered.295

Figure 5: Relative residual values as function of the tolerance, for N = 10 and N = 100.

In the second analysis (see Figure 6) the influence of the truncation value N

on the number of iterations to solve the problem with the conjugate gradient

16



method is considered. The larger N , the greater the number of iterations needed

to reach tolerance (here fixed to = 10−6). It can be observed that the increase

in the number of iterations is quite moderate. Note that the system (12) is close300

to diagonal, so it is natural (tested and checked) that the preconditionning of

the system by its diagonal does not significantly improve the convergence rate.

Figure 6: Minimum number of iterations necessary to achieve convergence within the fixed

tolerance of Tol = 10−6, as function of the number of terms N in the multipole expansion.

Appendix B: Scaling analysis

A change of length-scales is considered in the following way

ai → αai, h→ αh,

i.e. the multiplication of the length-scales by a factor α. By definition, the free

charge on each sphere is then given by

σf,i →
σf,i
α2

,

so that (6) reveals that

Ai,` → α`Ai,`.

Inserting this scaling of the coefficients in the force, i.e. into (11), reveals the

scaling

F → F

α2
.

17



Further, studying the scaling properties of σ via (4) it can be observed the

scaling of

σi →
σi
α2
.

Now, consider the force as a function of the separation distance s given by F (s).

Introducing the scaled variable ŝ = αs, the force in the scaled situation is given

by

F̂ (ŝ) = F̂ (αs) =
F (s)

α2
(13)

and the critical separation distance s′ where the energy barrier is located is

characterised by

F (s′) = 0,

in the original unscaled situation. Now, it can be concluded that the critical

separation distance where the energy barrier is located in the scaled coordinates

is given by ŝ′ = αs′ since

F̂ (ŝ′) = F̂ (αs′) =
F (s′)

α2
= 0.

Having established the correct scaling for the separation distance (which is of

course not a surprise as this is a length scale), scaling of the barrier can be

established. Recalling that

E(s′) = −
∫ s′

∞
F (s) ds

the energy barrier in the scaled system is

Ê(ŝ′) = −
∫ ŝ′

∞
F̂ (ŝ) dŝ = −α

∫ s′

∞
F̂ (αs) ds,

using the change of coordinates ŝ = αs in the substitution rule. Applying (13)

yields

Ê(ŝ′) = − 1

α

∫ s′

∞
F (s) ds =

1

α
E(s′).

These simple considerations reveal the scaling properties in the length scale.

A scaling of the charges qi → αqi is trivial to understand by looking at the305

equations.
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A careful examination of Table 1 illustrates indeed that if the radii of the

particles are multiplied by a factor α, the energy barrier will change by a factor

1/α. For instance, the case where a1 = a2 = 5 nm and q1 = q2 = 1 e has an

energy barrier of 0.13 eV and, by doubling the size of each particle, the energy310

barrier decreases by half (note that the values shown on Table 1 have been

rounded to two significant figures and therefore might not reflect with absolute

accuracy the results obtained by such rescaling). A further increase in particle

radii by a factor of 2 brings a further decrease in the energy barrier to 0.032 eV.

Such rescaling also occurs with the electrostatic force as described above but by315

1/α2 as observed elsewhere [28]. As revealed by the scaling analysis, all length

scales are multiplied by the factor α = 2, which also applies to the separation

distance s′ where the maximum electrostatic potential energy occurs. This

statement has also been confirmed numerically. Further, it is also confirmed

numerically that the magnitude of the charge density at each point on the320

surface of a particle is rescaled by 1/α2 (as shown in Figure 7), since the surface

area is proportional to the radius squared.
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Figure 7: Surface charge density as a function of the polar angle (see Figure 4) cal-

culated for two metastable cases identified in the main text: (a) a1 = 5 nm, a2 = 10

nm, and s = 1 nm; (b) a1 = 20 nm, a2 = 40 nm, and s = 4 nm. For the two cases,

k1 = k2 = 20 and q1 = q2 = 1. Note that after a length rescaling by a factor α = 4,

the magnitude of the charge density changes but the charge distribution remains the

same. Also shown is the charge density map plotted on the surface of each sphere for

each case.
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