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ABSTRACT

The main goal of this thesis is to test the viability of some modified theories of gravity suitable
to describe gravitational phenomena at cosmological and astronomical scales. In the first
part of the Thesis we study the viability of the Brans-Dicke theory (BDT) and the effective
scalar-tensor theory according (gBDT) to cosmological observations. We assume that either
BDT as gBDT are limiting cases on very large scales of more general scalar-tensor theories
involving derivative self-interactions which have running Newton’s constant. In order to
implement this assumption in a simple way we consider two types of models. The restricted
models that correspond to the standard BDT with Newton constant today equal to measured
Newton constant in solar-system experiments. The unrestricted models, correspond to the case
where the Newton’s constant today is a free parameter, and the cosmological GN is allowed to
be different than in the solar system as in more general theories. We first explore the relevant
theoretical aspects of these models. Afterwards, by using different analysis techniques we
fitted cosmological observations. Finally we forecast limits of BDT by considering estimated
covariance matrices for measurements of the matter power spectrum in redshift space from
Euclid. The effective scalar-tensor theory gBDT arises from a phenomenological setup of
parametrization of the LSS growth equations, we found estimates of modifications of the
growth by using the correspondance between the estimates for the gBDT parameters.

In the second part of the Thesis we present an extension of the Parameterized Post-
Newtonian (PPN) formalism that is able to handle Vainsteinian corrections. We argue that
theories with a Vainshtein mechanism must be expanded using two small parameters. In
this Parameterized Post-Newtonian-Vainshteinian (PPNV) expansion, the primary expansion
parameter which controls the PPN order is as usual the velocity v. The secondary expansion
parameter, α , controls the strength of the Vainshteinian correction and is a theory-specific
combination of the Schwarzschild radius and the Vainshtein radius of the source that is
independent of its mass. We present the general framework and apply it to the Cubic galileon
theory both inside and outside the Vainshtein radius. The PPNV framework can be used to
determine the compatibility of such theories with solar system and other strong-field data.
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CHAPTER 1

INTRODUCTION

1.1 Historical Review Of General Relativity

1.1.1 Solar System Precision Tests

1.1.1.a The Origins

The first seed that gave rise to the birth of general relativity(GR) was special relativity
which at the same time was rooted in the accomplishment of two great experimental
discoveries: the Michelson-Morley [211] and Eotvos [119] experiments. At this
initial stage, the focus was placed on the theoretical realizations of the paradigm. The
sophisticated mathematical bases on which GR is constructed revolutionized the way
of formulating and understand physical theories in modern physics. For instance, GR
became one of the pillars of gauge theories that nowadays is the leading paradigm
to describe the fundamental interactions in nature and their unification. Besides
its magnificent structure, the principles supporting GR are very deep and link the
phenomenon of gravitation with the nature of matter and space-time itself. Since the
very beginning when Einstein formulated general relativity [112–114], such elegance
and consistency left its empirical aspects and implications in a secondary position.
Nevertheless, Einstein did calculate observable effects of general relativity, such as the
perihelion advance of Mercury and the deflection of light. These phenomena could not
be understood before that date, so when his predictions were found to be in agreement
with experiment a new revolutionary era started and General Relativity was set as the
paradigmatic theory of gravitation and a cornerstone of theoretical physics of the XX
century.



2 Introduction

1.1.1.b The Golden Era of Experimental Gravitation

From 1920 onwards a period of hibernation of experimental gravitation started that
lasted 40 years [326]. During this time theoretical work was intense while the
experimental and technological achievements were on pause. At the beginning of
the 1960’s GR recovered attention thanks to the great astronomical discoveries as
quasars, pulsars, cosmic background radiation among other experiments. This event
was the starting point of a large period of activity in the field, the so called Golden
Era of experimental gravitation [327]. During this stage great effort was invested to
understand the observable predictions of GR. Also, important ideas and frameworks
arise initially aimed to design tests for GR. Furthermore, given the scope of these
achievements, during this period many people figured out possible extensions and
alternatives to GR and large amount of work was devoted to compare and contrast the
corresponding predictions with those from GR. During this period the validity of GR
was challenged as never before. This stage began with the successful measurement
of the gravitational redshift of light from the Venus radar echo in the Pound-Rebka
experiment in 1960 [249] and finished with the reported decrease in the orbital
period of the Hulse-Taylor binary pulsar at a rate consistent with the GR prediction of
gravity wave energy loss in 1979 for which they won the 1993 Nobel Prize in Physics
[300, 301].

During these years many astrophysicists turned their attention towards General
Relativity and many theoreticians started to gain interest in observational aspects
of gravitation. This feedback gave rise to a completely new arena of activity in the
field. On one hand, GR became an essential tool for astrophysicists, the astonishing
precision at which GR passed the three classical astrophysical tests (perihelion pre-
cession of Mercury, deflection of light and the gravitational redshift of light) invited
astrophysicists to trust in its predictions. On the other hand, theoreticians started to
address deep questions about the nature of gravitation inspired in the observations
set on the table at that time. A torrent of theoretical and experimental discoveries
characterized those two decades. For instance, since the 1950 Penrose initiated a new
trend for relativity theorists, sophisticated pure mathematical techniques were applied
to solve problems in general relativity. The gap between physics, mathematics and
astrophysics was filled by works of Bondi, Dicke, Sciama, Pirani, Penrose, Sachs,
Ehlers and Misner. In this direction, Carl H. Brans and Robert H. Dicke developed
a peculiar alternative to GR by implementing the Mach’s principle with a varying
gravitational constant inspired in ideas of Dirac [94]. On the experimental front, this
golden period brought cutting edge technological developments in the field in the
subsequent decade. For example, the Pound-Rebka experiment displayed the use of
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powerful quantum technology which spread in various experiments as tools as atomic
clocks, laser ranging, superconducting gravimeters and gravitational waves detectors
among others. Also, after the recording of the radar echos from Venus and the quick
development of the interplanetary program, in the 1960’s the radar ranging became
an essential tool for testing gravitational effects, specially those of general relativity.
Later on by 1964, the theoretical discovery of the time-delay effect [276] provided
a new and accurate test of GR. These achievements eventually yield along the next
decade, that the solar system became exclusively an ideal laboratory for high-precision
tests of general relativity.

Until then, all gravitational effects involved in the tests were difficult and expensive
to detect because they were originated by weak gravitational fields. However, the
discovery of “quasars” (quasi-stellar radio source) by Thomas Matthews and Allan
Sandage at Mount Palomar [205], pulsars and black holes presented a new theoretical
challenge to General Relativity since it had to explain the huge outburst of energy
from objects so compact that the luminosity could vary in timescales as small as days
or hours. From this discovery many theorists started to look at the strong gravitational
fields predicted by GR and tried to understand how these violent events occur. This
was the first use of the strong aspect of general relativity in an attempt to understand
these observations. Since 1980 the focus in the field shifted to experiments to probe
the effects of strong gravitational fields. Within this set of strong field phenomena,
there are two regimes associated with different features. On one hand, there are the
strong fields associated with the quantum Planck scale physics and on the other hand
the strong fields associated with compact objects. Yet at the present time Astrophysical
observations and gravitational wave detectors are being planned to explore and test
GR in the strong-field, highly-dynamical regime associated with the formation and
dynamics of these objects.

Along all this process, the use of general relativity in astrophysical model building
forced experimentalist and theoreticians to wonder : Is general relativity the correct
relativistic theory of gravitation? This quest emerged from the need of a firm certainty
about the physical principles behind the astrophysical models describing strong field
phenomena. Given the success of GR, the activity in relativistic astrophysics increased
at that time, then the need to strengthen the empirical evidence against or in favor
to GR. In this attempt to figure out how to test general relativity, the formulation of
the Brans-Dicke theory provided a important insight about the theoretical nature of
gravitation which helped to move forth the subsequent experimental and theoretical
achievements at that date. Since the predictions of this alternative theory to General
Relativity were found to be compatible with observations the community realised that
general relativity was not the only viable relativistic theory of gravitation. Further-



4 Introduction

more, some preferred the Brans-Dicke theory over GR since its formulation relies on
broader theoretical framework, this feature is convenient when one intends to confront
theoretical predictions with experimental observations. It also was useful to recognize
the need of higher precision experiments since the bare detection of relativistic effects
was not sufficient. The required accuracy of the measurement of effects (such as the
shift of the perhelion of mercury or the gravitational deflection of light) was less than
10%, in order to distinguish among contesting theories of gravitation.

Finally, it’s worth stressing that other new and unexpected tests of gravity have
arisen from new theoretical ideas and experimental techniques, often from unlikely
sources [326]. Examples include the use of laser-cooled atom and ion traps to perform
ultra-precise tests of special relativity; the proposal of a “fifth” force, which led to a
host of new tests of the weak equivalence principle; and recent ideas of large extra
dimensions, which have motivated new tests of the inverse square law of gravity at
sub-millimeter scales.

1.1.2 Origins Of The Standard Cosmology

“One usually deals with the physical world as a hierarchy of structures, from elementary
particles, to atoms, molecules, living organisms, the earth, the solar systems, our
galaxies up to edge of the local group for galaxies. A discipline in physical science
generally isolates a thin slice of this hierarchy and takes into account the interaction
from other parts. In the case of cosmology one is able to study independently the
physical world at very large scales as an isolated problem thanks to the fact that in av-
erage the universe is remarkably simple, matter in it distributes nearly homogeneously
and isotropically. Modern cosmology is based on this simple characterization of the
universe.” Peebles

1.1.2.a Cosmological and Mach’s Principles

“ We now regard the principle of equivalence as the foundation, not of Newtonian
gravity or of GR, but of the broader idea that spacetime is curved. Much of this
viewpoint can be traced back to Robert Dicke, who contributed crucial ideas about
the foundations of gravitation theory between 1960 and 1965. These ideas were
summarized in his influential Les Houches lectures of 1964 , and resulted in what has
come to be called the Einstein equivalence principle (EEP)” Clifford Will [326].

An important antecedent of the standard cosmological model is the problem of
defining inertial frames of reference in special and general relativity. The reason why
this puzzle is important is that the property of inertia traces the connection with the
cosmological principle. Since Newton’s original conception, inertial motion had been
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conceived as an absolute property of space-time. Although Einstein in great extent
breaks such Newtonian absolute character of space-time, the way of determining
whether a reference frame is inertial or not within general relativity is still arbitrary.
Indeed, the Mach’s principle challenges the Einstein’s definition of inertia:

Mach’s Principle: “the physical properties of space have their origin in the matter
contained therein, and that the only meaningful motion of a particle is motion relative
to other matter in the universe.

This principle asserts that it is absurd to think that inertial frames reflect an absolute
property. Instead it proposes, inertial frames are determined by the distribution and
motion of the rest of the matter in the universe. In response to Mach, Einstein
reinterpreted the Mach’s principle by considering coordinates as arbitrary labels of
points in space-time without absolute significance. Although, there are GR solutions
which are consistent with the Mach’s principle, there are other ones that violate
Mach’s ideas. For example, the metric tensor for flat spacetime with gµν = ηµν the
Minkowski form is the unique nonsingular spherically symmetric solution to Einstein’s
field equations in the vacuum. On the other hand, it is reasonable that solution describes
the spacetime surrounding us since in our neighborhood of galaxies the mass density
is quite small. However, this solution allows one to postulate that a particle can move
arbitrarily far from the rest of the matter in the universe. This metric tensor defines
inertial frames for the particle. In conclusion, we have a solution to the Einstein’s
equations that defines inertial frames arbitrarily far from the rest of matter in the
universe which is absolutely contrary to Mach’s ideas.

By 1916 de Sitter and Einstein in an attempt to solve this problem [see [169] and
[166] for a review] realised that the transition of the metric to Minkowski could not be
caused by any of the observed objects such as stars or spiral nebulae since one would
expect strong curvature which is contrary to the observations. Thus such transition
would be due to the space curvature produced by unobserved masses. However these
hypothetical masses were discarded straightaway. Einstein changed the hypothetical
masses idea by the proposal: The mass distribution in the universe is homogeneous on
the large-scale average and the spatial volume of the universe finite without boundary.
Otherwise, it would be impossible for a particle to move apart from the rest of the
matter in the universe. For astronomers at that time, the universe was the system of stars
in the Milky Way thus this sentence was unlikely to realise. However, nowadays we
know such mass distribution is referred to the mean distribution of galaxies averaged
over the fluctuations in their clustering that traces the nearly homogeneous large-scale
distribution of mass. Nevertheless, the Einstein’s idea was rapidly accepted when
Hubble’s counts of galaxies to fainter limits revealed increasingly large numbers of
galaxies as expected for an unbounded distribution [238].
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However there appeared strong warnings about his assertion. Particularly, de Sitter
[90] objected “all this talk about the universe involves a tremendous extrapolation,
which is very dangerous in operation”. Around 1933 Hubble research was in its most
active moment and the resulting observations favored Einstein’s position: “Hubble’s
research has, furthermore, shown that these objects are distributed in space in a
statistically uniform fashion, by which the schematic assumption of the theory of an
uniform mean density receives experimental confirmation” [116].

From the empirical point of view de Sitter’s was the most sensible position for
many people since it was well known that galaxies tend to appear in groups and clusters,
for them it would have been reasonable that the hierarchy of clustering continues to
indefinitely large scales. GR predicts that Hubble would continue to find galaxies as his
surveys proved to increasing distances, but the mean number density would decrease
as the limits of the surveys expanded through the levels of the hierarchy [62, 63].
Interestingly, Einstein in 1922 granted that this picture is consistent with general
relativity however he rejected it as it is inconsistent with Mach’s principle [115].
In the cosmological model we have today, the cosmological principle reduces to a
consistency condition, that the large-scale departures from homogeneous and isotropic
mass distribution and motion have to be consistent with observable consequences: the
anisotropies of the radiation background, counts of objects as function of distance and
direction and peculiar velocities derived from Doppler shifts.

1.1.2.b Birth and Evolution of the Big Bang Theory

Although since ancient Copernicus times the cosmological principle was an accepted
statement about our universe, during modern times it arose as a posteriori outcome
from a collective quest about the consistency conditions for GR initiated by Einstein
and de Sitter and the subsequent observation of the uniform distribution of structures
of matter in the universe. Since the time of Hubble, people were intrigued on whether
galaxies were uniformly distributed since Einstein had postulated so for matter. Hubble
in 1926 designed a test to figure out the answer by adapting a well-known method used
to test the distribution of stars [157, 238]. In that work Hubble reported that galaxy
counts at the date were consistent with the idea that the galaxy distribution is nearly
homogeneous in the large-scale average. Hubble encountered no pronounced evidence
of an edge to the galaxy distribution and such finding was an impressive first extensive
and quantitative test of Einstein’s homogeneity postulate.

Another finding that was a key piece to complete the picture of the Big Bang
theory was the discovery by Hubble and Slipher in the 1920s of the recession of distant
galaxies from which it was inferred that the universe is expanding [156, 157, 282–
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285]. This discovery was arisen by an interplay between theory and observations. A
crucial step in the theory appeared in the paper of de Sitter in 1917 were he explored
possible astronomical implications of Einstein’s static model of the universe. De Sitter
pointed out that one can find another solution to Einstein’s field equations for a static,
homogeneous and isotropic universe. De Sitter solution has negligibly small values
for the mass density and pressure of ordinary matter and its only source is assumed to
be the cosmological constant.

At that time it was known that the distant galaxies were shifted toward the red
many people started to pay attention to de Sitter solution since this phenomenon
could be interpreted as the de Sitter scattering effect. However, a prediction of a
cosmological red-shift in this context required certain initial conditions for position
and velocities of galaxies. This problem was addressed by Weyl [325], Lemaître
[179], Robertson [259, 260] and they figured out a prescription consistent with the
cosmological principle: if initial conditions are fixed such that galaxies move on
geodesics with fixed spatial positions then the pattern of relative velocities of galaxies
is independent of the galaxy to which the distances and velocities are referred. In this
prescription the redshift is proportional to its distance.

Robertson in [259] pointed out that this linear relation was consistent with obser-
vations of Hubble and Slipher and the constant of proportionality was close to what
Hubble reported the following year. However this result is only valid following the
prescription described above. The result is illustrated by figure (1.2), the distance of a
supernovae which is normally proportional to its luminosity or apparent magnitude1

is proportional to its redshift z ≡ λd/λ0
2 which is a measure of the change in the

wavelength due to the recession velocity.

At that point however, the problem was not solved at all. On one hand, obser-
vational evidence of the distribution of galaxies favored the Einsten’s matter-filled
static solution rather than de Sitter’s empty static solution . On the other hand the
galaxy red-shifts don’t fit with the static Einstein’s matter filled solution but could be
interpreted within de Sitter static solution. While in 1930 de Sitter and Eddington were
puzzled about this problem [90, 105, 106, 182] they were informed by Lemaître that
the expanding matter-filled solution did fit the data.

1Where the apparent magnitude is an integrated measure of the brightness of an extended object
such as a nebula, cluster or galaxy [235].

2where λd corresponds to the detected wavelength of the source whilst λ0 is the one measured from
the source’s frame.
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Fig. 1.1 This sketch appeared following an interview of DE Sitter published in a Dutch
newspaper. The quote is translated by van der Laan as: “What however blows up the
ball?What makes the universe expand or swell up? That is done by the Λ. another
answer cannot be given”. Figure taken from [238].

The solution was discovered by Friedmann in 1922 [130] and rediscovered by
Lemaître in 1927 [181] who saw the possible connection to the galaxy red-shifts. By
1931 Eddington and Lemaître published a series of papers that were the base for the
new paradigm of the expanding universe [180, 183]. Soon after Lemaître modified
the picture and introduced the idea that the universe expanded from a dense state
keeping the cosmological constant to increase the age of the universe over ∼ H−1

0 if
the universe expanded from a dense initial state with Λ = 0, however this solution was
only apparent. The matter of what causes the expansion was still unsolved.

By 1940 there were many gaps without filling that gave rise to doubts about the
applicability of the Lemaître Big Bang theory. For instance, the age of the universe
can be estimated from extrapolating the expansion of the universe from the big bang
up to today using the equations of general relativity. However, the observed values
of the present expansion rate were so large that the inferred age of the universe was



1.1 Historical Review Of General Relativity 9

shorter than the age of the Earth [44, 150]. This problem was partially solved in the
1950s by reviewing that the extra-galactic distance scale was reduced by factor of 5
implying the reduction of Hubble constant and thus the resulting increasing age of the
universe a value greater than the age of our galaxy. From the second half of the 1960’s
and the 1970s, the model faced a list of other serious issues that motivated people to
formulate remarkable ideas aimed to solve them and at the end of the day all these
pieces together gave rise to a more complete and consistent standard cosmological
model we know today.

One of those issues was pointed out by Misner in 1968. He highlighted that the
standard model (with pressure that is not negative) has a particle horizon such that
we can see distant objects that were causally disconnected right after the beginning
of expansion [212]. Another problem was that the Friedmann-Lemaître universe is
gravitationally unstable. Another issue is the so called “horizon problem” that our
observable patch of the universe nowadays would come from a non zero-sized patch
in the early universe if it would grow according to the standard Friedmann models
[339]. The most remarkable model that solve all the gaps in the model is inflation.
However, this paradigm is yet to be discovered given the fact that the energy-scale
associated to it is extremely high, however it gives us a viable and testable picture on
what happened just after the big-bang [see [238] for further details] and current and
future observations set strong constraints on it. Inflation was introduced by Guth in
1981 [141, 217], Linde in 1982 [190] and Albrecht and Steinhardt in 1982 [8] partly
to solve why causally disconnected regions had the same temperature, however it was
soon realised that the same mechanism was able to originate the perturbations in the
universe.

Another crucial pillar of the standard cosmological model we use today, was the
discovery of the 3K cosmic background microwave radiation by Penzias and Wilson
around 1965 [244]. It implied that the universe was much hotter and denser than it
is today and moreover it was a decisive confirmation of the cosmological principle.
Furthermore, it also was sufficient evidence to decide the controversy during the 1960’s
in favor of the Big Bang over the Steady State universe. It is important to mention that
it also served to resolved the discrepancy between the observed cosmic abundances of
helium and the estimates of production of helium in stars [239, 316].

It wasn’t until the 1980s that Harrison, Peebles, Yu and Zel’dovich realised that
the early universe would have to have inhomogeneities of order 10−5 [143, 241, 342].
Rashid Sunyaev later calculated the observable imprint that these inhomogeneities
would have on the cosmic microwave background. Increasingly stringent limits on the
anisotropy of the cosmic microwave background were set by ground based experiments
during the 1980s. RELIKT −1, a Soviet cosmic microwave background anisotropy
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experiment gave upper limits on the large-scale anisotropy. The NASA COBE mission
clearly confirmed the primary anisotropy with the Differential Microwave Radiometer
instrument, publishing their findings in 1992 [33, 287] The team received the Nobel
Prize in physics for 2006 for this discovery. During the next decade ground and
balloon-based experiments, measured cosmic microwave background anisotropies on
smaller angular scales. The primary goal of these experiments was to measure the
scale of the first acoustic peak, which COBE did not detect due to its low resolution.
These measurements demonstrated that the geometry of the Universe is approximately
flat, rather than curved [87]. Besides they suggested cosmic inflation as the most
viable theory to give rise to the initial perturbations to the uniform universe.

Finally, I would like to mention something important about the nowadays standard
model of cosmology. The fact that it describes the evolution of the matter distribution
at very large scales (that is from mega-parsec to larger scales), is rooted on two great
pillars. Both enable GR to predict a dynamical universe that expands or contracts
and also make it a theory capable of dealing with the structure and evolution of the
universe as a whole in contrast to Newtonian theory where space-time is fixed a-priori
and the problem of fixing and interpreting the boundary remains unsolved. These two
pieces I’m talking about are: the Einstein equivalence principle and the cosmological
principle. In principle both are shared with other metric theories of gravity which
imply that space-time is equipped with a metric which is a dynamical entity determined
by the matter contents of the universe.
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1.2 Challenges for the Standard Cosmology

“On one hand, we have a simple model that fits our observations extremely well, but
on the other hand, we see some strange features which force us to rethink some of
our basic assumptions. This is the beginning of a new journey, and we expect our
continued analysis of Planck data will help shed light on this conundrum.” Jan Tauber,
the European Space Agency’s Planck project.

1.2.1 Dark Matter-Energy Mysteries

The expansion history inferred according to the standard cosmological model by
using measurements of the type Ia supernovae is not accomplished if only standard
matter contents like baryonic matter and radiation are considered. In order to match
predictions with observations it is needed to consider an exotic component in the
Friedmann equation which effectively plays the role of a fluid with negative pressure
usually named as “Dark Energy”. Because we don’t know what such thing could
be so far, this quantity basically stands as a model fitting parameter of observations
and it will remain so until we get consistent theoretical hints of its nature and direct
observational evidence of its existence.

Another not yet well understood piece of the standard cosmological model is
dark matter. The net mass of stars in galaxies in the cluster of galaxies is one order
of magnitude less than that estimated from other sources like gravitational lensing,
dynamics of the cluster plasma and galaxy motions or the spectrum of the CMB. This
has been solved by the assumption that not all the contents of the cluster have been
detected and the lacking part has been called “dark matter”. In other words, by looking
at the gravitational effects produced by the total mass in the galaxy there’s no way
that it might be formed only by baryonic matter, of course under the assumption that
its galactic dynamics are governed by general relativity. Indeed, according to the
standard picture the most part of the mass in the galaxy is made of cold dark matter
(CDM). Although this type of matter has not been detected so far, an active area
of research is devoted to investigate its nature. Today, a large part of the scientific
community is optimistic about the detections of WIMPS (or weakly interacting massive
particles) along the coming decades. Presumably, the heavy non-baryonic mass needed
to reproduce the velocity curves, lies around the galaxy in form of halos made by
WIMPS. However, as long as these WIMPS remain not detected, this discrepancy
between the general relativity predictions and the observed velocity curves of galaxies
stands as a mystery.
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In conclusion, if we bet for general relativity as the best framework to describe
the cosmological phenomena we must face these puzzles. Within the standard cos-
mological model these gaps are filled up by assuming the simplest possibilities: dark
energy is given by the cosmological constant Λ and dark matter is CDM to eventually
be detected. Under this prescription, the visible detected matter in the universe is just a
small portion of the total mass. Most of the matter-energy producing the gravitational
effects in our universe is made actually by these dark undetected and not yet understood
components.

1.2.1.a What May be Causing the Accelerated Expansion of the Universe?

Right after the discovery of the accelerated expansion of the universe during the late
1990’s, theorists came up with three possible of answers to this question. The first
possibility was that the expansion arose from the abandoned version of Einstein’s
theory of gravity whit a "cosmological constant." The second answer might be that the
space was filled of some strange kind of energy-fluid exerting large negative pressure.
Some theorists have named this "quintessence," after the fifth element of the Greek
philosophers. But, if quintessence is the answer, we still don’t know what it is like,
what it interacts with, or why it exists.

The last possibility is that Einstein’s theory of gravity is wrong or incomplete and
a new theory could include some kind of field or hold different geometrical properties
that create this cosmic acceleration. In general, a modification of general relativity
would not only affect the expansion of the Universe, but it would also lead to a different
behavior of normal matter in galaxies and clusters of galaxies. Actually, this fact would
provide a way to decide whether the solution to the dark energy problem is a new
gravity theory or not. But if it does turn out that a new theory of gravity is needed,
what kind of theory would it be? How could it correctly describe the motion of the
bodies in the Solar System, as Einstein’s theory is known to do, and still give us the
different prediction for the Universe that we need?.

Neither theorists or observational cosmologists still have a correct answer, however
they have given the unknown solution the generic name of “dark energy”.

Cosmological Constant Problem Historically it has arisen a link between dark
energy and the cosmological constant, as we saw above. Initially it helped to well
fit the observation of the recession on distant galaxies, thus since early decades the
cosmological constant has been set as the most viable candidate to play the role of this
strange component. As we know, it was first introduced by Einstein as a theoretical
artifact and finally abandoned and coined by him as a terrible blunder. However
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along the period from the 1930 to the 1960, Eddington, de Sitter and Lemaître pick it
up to build the theoretical basis to describe the Hubble’s observations. However, in
these studies the cosmological constant was nothing but a model fitting parameter and
nothing about its nature was understood or even questioned. It was until 1968 when it
was realised that the zero-point vacuum fluctuations must respect Lorentz invariance
and therefore its momentum tensor in average should be related to the metric in the
following way ⟨Tik⟩= gikΛ [265, 344]. On the other hand, by using the standard theory
of elementary particles, the resulting energy of vacuum regularized using the Planck
scale as the cut-off scale is ∼ 1076GeV 4. This value is 123 orders of magnitude larger
than the inferred value of the cosmological constant from cosmological observations
ρΛ ∼ 10−47GeV 4 [266]. A smaller cut-off scale does not improve the situation, for
example the QCD cut-off scale 10−3GeV 4 still gives a 40 orders of magnitude larger
value than the currently observed one. For further details on this problem the following
reviews are available [60, 108, 232, 266, 322].

Additional to the smallness of the observed cosmological constant, there’s another
riddle related to the cosmological constant dubbed as “coincidence problem”. As we’ll
see in the next section, measurements of the luminosity-redshift relation for type Ia
supernovae combined with measurements of the cosmic microwave background lead
to a small positive value of the cosmological constant. Even if this were confirmed
or directly detected, since the vacuum energy density is constant in time, while the
matter energy density decreases as the universe expands, it is more than surprising that
the two are comparable just at the present time, while their ratio has to be infinitesimal
in the early universe.

1.2.1.b Observational Evidence of Dark Energy

We already saw in the historical review, that the astonishing discovery of the recession
of galaxies in the 1920’s by Hubble was the key observation that allowed to infer
that we live in an expanding universe. In those early decades of the standard model.
However, people were not certain on how the expansion should evolve along the whole
history of the universe. About the early 1990’s, according to the mainstream picture,
the universe might have enough energy density to stop its expansion and recollapse or
it might have so little energy density that it would never stop expanding, but gravity
was certain to slow the expansion as time went on. They granted, the slowing had
not been observed, but, theoretically, the universe had to slow given that the universe
was full of matter. In the late 1980s and early 1990s, however, a variety of indirect
evidence began to accumulate in favor of a cosmological constant though. Studies
of large scale galaxy clustering, interpreted in the framework of cold dark matter
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models with inflationary initial conditions, implied a low matter density parameter
Ωm = 0.15−0.4 [109], in agreement with direct dynamical estimates that assumed
galaxies to be fair tracers of the mass distribution. However, it wasn’t until 1998 when
observations of very distant supernovae from the Hubble Space Telescope (HST) by
Riess, Perlmutter and Schmidt [123, 247, 257, 336] verified that, a long time ago, the
Universe was actually expanding more slowly than it is today [126]. So the expansion
of the Universe has not been slowing due to gravity, as everyone thought, it has been
accelerating and something had to cause such effect. Riess, Perlmutter and Schmidt
won the nobel prize in 2011 for this discovery.

Basically, observations from the Hubble space telescope (HST) have revealed
that type Ia supernovae, when treated as standard candles 3, at higher redshifts are
consistently dimmer than similar SN Ia at lower redshifts relative to what might be
expected in CDM cosmology.

Assuming that effects such as cosmological evolution and dimming by intergalactic
dust are not very important, this systematic dimming of supernovae at high redshift
can be interpreted as evidence for an accelerated expansion of the universe caused by a
form of ‘dark energy’ having large negative pressure [265]. Specifically, this evidence
was extracted from a large set of measurements of luminosity distances of high redshift
supernovae carried out by several groups along the last two decades which are shown
by figure (1.2).

According to these observations, dark energy should have an equation of state
parameter w = P/ρ <−1/3 for the universe to undergo accelerated expansion. The
simplest model within this set is the standard one where the cosmological constant
plays the role of dark energy with w =−1 which has been fitted to agree with observa-
tions. However, in order to solve some of the theoretical issues that this choice brings
up ( we’ll study them shortly) many other scenarios have been explored included
quintessence [26, 77, 201, 254, 267, 308, 312, 323], k-essence [16, 17, 51, 67],
tachyon fields [21, 131] and phantom fields [60, 224, 231]. In these models w ̸=−1
and in general it varies with redshift. Many reviews are available where the details of
specific models are studied [108, 232, 266]. The possibility of a varying w can be
tested by observations. Supernova observations permit a large variation in w. However
combined supernova observations with CMB data and abundance of rich clusters of
galaxies provides tight constraints on variation of dark energy.

3The type Ia supernova (SN Ia) can be observed when white dwarf stars exceed the Chandrasekhar
mass limit and explode. It is believed that SN Ia are formed in the same way independently of where
they are in the universe, which means that they have a common absolute magnitude independent of the
redshift. Thus they can be treated as an ideal standard candle (a source that has a known luminosity)
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Fig. 1.2 Effective magnitude-redshift relation for the Hubble flow of a sample of IaSN
from the Supernovae Cosmology Project. Different ΛCDM models are plotted, for the
flat case (which is in agreement with observations of the CMB) the data is fitted by a
model in which the cosmological constant dominates. Further details about this figure
can be found in [247].
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Fig. 1.3 Constraints on dark energy according to CMB measurements from WMAP5.
Taken from [126].

Dark energy models are also tested by using measurements of the CMB tempera-
ture and polarization anisotropies. These observations constrain dark energy in two
ways, through the distance to the last scattering surface and through the Integrated
Sachs Wolfe (ISW) effect [311]. The CMB alone does not strongly constrain w, due
to the two-dimensional geometric degeneracy with other cosmological parameters.
Nevertheless, this might be broken down by combining lower redshift distance mea-
sures of BAO along with the CMB data. According to the latest measurements from
Planck in companion with BAO the estimate for w inside the 95% confidence level
region is given by

w =−1.13+0.24
−0.25
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Assuming constant equation of state and combining CMB data with measurements
of luminosity distance of supernovae from Union2.1 and SNLS leads to the constraints
[6]

w = −1.09±0.17 Planck+WP+Union2.1

w = −1.13+0.14
−0.13 Planck+WP+SNLS

Also, the constraint using Planck and the measurement of H0 of Riess gives

w =−1.24+0.18
−0.19 (1.1)

Fig. 1.4 Marginalized posterior distributions for the dark energy equation of state
parameter w (assumed constant), for Planck+WP alone (green) and in combination
with SNe data (SNLS in blue and the Union2.1 compilation in red) or BAO data
(black). The dashed grey line indicates the cosmological constant solution w =−1.
Figure taken from [6].
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These results reveal some tensions between the supernovae data sets and the ΛCDM
cosmology in agreement with Planck. The BAO data are in excellent agreement with
the Planck standard model. In turn, the addition of the H0 measurement, or SNLS SNe
data, to the CMB data favors models with exotic physics in the dark energy sector. The
SNLS data favors larger dark energy density than Planck within the ΛCDM model.
The tension can be eased away by making the dark energy density to fall away faster
in the past than for a cosmological constant [6]. As it is demonstrated in [142]
the constraints on dark energy parameters for varying w models are the same as the
constraints on constant w models if we consider we f f for varying dark energy models.

Another important source of evidence are observations of the large scale structure
of matter in the universe. They are useful to carry out tests of the expansion of
the universe and hence to the dark energy phenomenon. For instance, large-scale
galaxy redshift surveys, like the 2dF Galaxy Redshift Survey, SDSS, WiggleZ, etc
[57, 58, 236] provide valuable information about the galaxy distribution in space and
redshift which leads to shed light about the nature of dark energy. Because the process
of formation of structures of matter in the universe and the history of expansion have
occurred simultaneously as a whole, the pace and structure of the growth of matter
over-densities depends very closely on the geometry and rate of expansion of the
universe.

Therefore information about the physical nature of the mysterious dark energy can
be extracted from features of the history of structure formation. For instance, there are
two important methods of testing the physics of dark energy in these surveys. The first
one are the measurement of the cosmic distance using the baryon acoustic oscillations
[38, 86, 95, 117, 275]and the second one are measurements of the growth of structure
using redshift-space distortions [69, 73]. In these surveys another host of tests of
cosmological models are available, of our particular interest are those for probing the
cosmic expansion history via the Alcock-Paczynski effect [68] and those to measure
the galaxy bias by measurements of the topology of the cosmic density foam.
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1.2.2 Other Observations in Tension with the Standard Model

Although the most concerning conundrums of the standard model are the nature of
dark energy and dark matter, there are another features of the model which are worth to
keep under sharp sight. For example, after the recently launched Planck’s dataset, the
analysis has indicated that different sets of data give rise to estimations of parameters
potentially in tension within the standard model. Some of the most discussed in the
literature lately, are the cases of the Hubble constant and counts of clusters of galaxies
just to mention a couple of remarkable examples. However it is worth mentioning that
because the field is passing through a decisive stage of testing and experiments are
still running, all the discussion in this section might become obsolete very soon. The
important thing that I would like to point out, is that even though the standard model
were to remain as the best fit, we must test this model stoically.

Firstly, the Hubble constant H0 has been the most popular testable quantity related
to the accelerated expansion within the standard cosmology. This parameter quantifies
the current rate of expansion of the universe and, within the ΛCDM scope, it also
corresponds to the proportionality constant in the linear relation between redshifts and
distances of neighbor galaxies.

In recent times, precise estimations of the Hubble parameter have been obtained
from different observations like the CMB, BAO and SNe. Using the temperature
angular spectrum from Planck and the polarization data from WMAP9 the estimated
value of H0 at 68% c.l. is given by H0 = 68±1.4 km s−1Mpc−1. This value turns out
to be low in comparison with previous measurements of the CMB and with the value
obtained using supernovae data alone. For example, from estimates using only SNe
H0 = 74.2± 3.6 km s−1Mpc−1 measured by the SHOES team [258]. However, in
more recent works, this story has been advancing towards a set of consistent estimates.
In specific, a recalibration of the absolute distance of NGC 4258, one of the three
distance anchors involved in this direct measurement, is given in [191]. They report
a slightly smaller value determined from this anchor H0 = 72.0±3.0 km s−1Mpc−1.
In addition, Efstathiou in 2013 suggests that possible biases were introduced in the
Cepheid period-luminosity relation by subluminous, low-metallicity Cepheids and
shows some sensitivity of the results. He finds 70.60±3.3 km s−1Mpc−1 using only
one recalibrated anchor and 72.5±2.5 km s−1Mpc−1 combining three anchors [110].
The next year, Betoule et. al use the combination of the CMB, BAO and SN Ia data
to constrain the value of the Hubble parameter at better than 2% as H0 = 68.50±
1.27 km s−1Mpc−1 [37] which is in (1.4σ) agreement with the first recalibrated value.
It is important to mention that the value of the Hubble constant is currently being
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updated frequently due to the speed at which the amount of data grows and the intense
research currently underway.

Another source of tension arisen from Planck as well, is a possible discrepancy
between constraints for cosmological parameters using CMB data and BAO, and those
coming from the counts of galaxy clusters using the Sunyaev Zel’dovich effect [5].
These number counts as a function of redshift is usually quantified by the ratio of total
matter density to the critical density Ωm =Ωb+Ωdm and the amplitude of overdensities
at 8h−1 Mpc, σ8 which are derived parameters. The Planck CMB constraints for Ωb

and σ8 parameters, differ significantly from the ones arisen from SZ counts in the
same survey [figure (1.5)].

This leads to a factor of 2 larger number of predicted clusters than is actually
observed. There is therefore some tension between the results from the Planck CMB
analysis and the current cluster analysis. It is claimed in [5] that this tension may
arise from systematics and statistical residual errors. However the possibility this
discrepancy is real should not be discarded. Nevertheless, this tension can be eased
down by introducing massive neutrinos to the model [28] or well by considering a
more complex bias dependence [7].

Fig. 1.5 Constraints at 1σ on σ8(Ωm/0.27)0.3 from different experiments of large scale
structure, clusters and CMB. The solid line is the estimation for the parameter using
CMB from Planck. Figure taken from [5], further details about this plot can be found
there.
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1.2.2.a A Comment on the Need of Testing Gravity at Cosmological Scales

Finally, as a conclusion of this section, I’d like to quote a very interesting comment
made by Peebles in his acclaimed review about the cosmological constant [232].
“The observations of supernovae in distant galaxies offer evidence for the detection
of dark energy, under the assumption that distant and nearby supernovae are drawn
from the same statistical sample (that is, that they are statistically similar enough
for the purpose of this test). There is no direct way to check this, and it is easy to
imagine differences between distant and nearby supernovae of the same nominal type.
Astronomers have checks for this and other issues of interpretation of the observations
used in the cosmological tests. But it takes nothing away from this careful and elegant
work to note that the checks seldom can be convincing, because the astronomy is
complicated and what can be observed is sparse. What is more, we do not know ahead
of time that the physics that is well tested on scales ranging from the laboratory to the
Solar System survives the enormous extrapolation to cosmology.” This assertion set on
the table, two interesting points to keep in mind when one is trying to shed some light
on the dark energy problem: first, as we are not certain of physics driving the dynamics
of gravity at very large scales, we can’t be sure if the assumptions involved in the
discovery of the expansion hold within every cosmological model different than the
standard one. Second, and the most important in my opinion, gravity is not fully tested
at cosmological scales hence extrapolating GR as a model describing gravitational
effects at these scales a priori may be a hazardous step. Even though it has been a
successful tool to fit the data, the dark energy problem and other puzzles are enough
reason to keep a sharp eye on it and to explore other feasible alternatives.



22 Introduction

1.3 Alternatives to The Standard Cosmology

Since the effects of recession of distant galaxies and the observed rotation curves
around the center of galaxies are merely due to gravity which, in the case of metric
theories, are originated by geometric properties of space-time we do not have a hint on
whether these phenomena are generated by exotic dark components or by a different
law of gravity than GR. Thus, as long the cosmological constant problem remains
unsolved and dark matter remains undetected, the possibility that the universe is
described by a model different than the standard one stands as feasible.

The reason why GR has been granted as the standard model to describe the structure
and dynamics of the universe at cosmological scales is merely historical. Furthermore,
since cosmology is a rather young discipline, we live in a crucial moment of its history.
It is worth mentioning that GR has not being fully tested observationally so far and
we are placed indeed in the golden moment of precision cosmology at which highly
accurate detections are about to define the fate of either the standard model and its
alternatives.

Motivated by these circumstances, many people have devised various alternatives
to the standard cosmology. A common feature of almost all alternative models is to
introduce new degrees of freedom apart from the metric and the matter fields. We can
distinguish the following two large categories of such theories: those which introduce
new types of matter or extra matter degrees of freedom and those in which the law of
gravity is modified, that is, gravity is mediated by more degrees of freedom than the
metric or well that the dynamics of the metric is not governed by GR. In this work and
this section we are concerned about the second category which is usually denominated
as modified gravity. In the following subsection we’ll make a brief review of the
variety of modified theories of gravity. We’ll mention in some relevant cases for this
work, the theoretical basics on which they were constructed and some of the advances
in the phenomenological aspects, that is the state of art of these theories in describing
consistently observations.

In this work we turn our sight to alternative theories describing the dark energy
phenomena rather than dark matter
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1.3.1 Lovelock’s Theorem

There is an important theorem on which the structure of General Relativity and its
solutions rely and give us important hints on how the resulting phenomenology should
work. In some alternative theories of gravity this theorem fail, however this allows
new behaviors that would otherwise be impossible.

This theorem [80, 193] limits the theories that one can construct from the metric
tensor alone. This theorem states that if we try to create any gravitational theory in
a four-dimensional Riemannian space from an action principle involving the metric
tensor and its derivatives only, then the only field equations that are second order or
less are Einstein’s equations and/or a cosmological constant. The Lovelock’s theorem
means that to construct metric theories of gravity with field equations that differ from
those of General Relativity we must do one (or more) of the following:

• Consider other fields apart from the metric.

• Allow the introduction of higher order derivatives than second order.

• Consider different dimensionality of space-time.

• Give up on either rank (2,0) tensor field equations or the symmetry of the field
equations.

• Consider non-local actions.

1.3.2 Overlook to the Zoo of Modified Theories of Gravity

The most popular sort of modified theories of gravity are those in which new degrees
of freedom apart from the metric are introduced. Scalars, vectors and tensors are
introduced in order to produce specific features in different theories. In dynamical
relativistic theories considered in here, new kinetic terms are added to the Einstein-
Hilbert action involving these extra degrees of freedom and some of them introduce
mass terms and/or interaction terms. In principle there’s no way to figure out whether
these alternative theories are models where gravity is being modified or if the model is
general relativity with exotic matter contents in the universe. However, we adopt the
most common convention to classify such models depending on how the new fields
are coupled to matter. When the coupling to matter is more complex than the minimal
one, that is, when not only the metric but also the extra fields couple to the matter
fields we say that we are dealing with a model of modified dark energy. In turn, when
the new fields only couple to the metric and matter couples minimally to the metric
we say we deal with a modified theory of gravity. In these models test particles travel
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along modified geodesics. Said in other words, matter fields are coupled only to the
metric, for that reason the matter “feels” the modification only because the geometry
is affected. There is a large collection of this last category, among the most important
classes we can outline the following:

• Scalar Tensor Theories Scalar Tensor theories are one of the better understood
modification of general relativity [35, 165]. Historically, its first version, the
Brans-Dicke theory became one of the paradigmatic alternative theories that
helped to conceive and design tests of general relativity. The simplicity of their
formulation has allowed to solve exactly their equations in many interesting
physical situations. Particularly, these models have been popular when trying
to model a varying coupling constant, specially the gravitational strength. In
this work, this class of theories is our main concern since they arise as a limit of
more complicated and realistic theories.

• Galileons and Horndenski Theories Galileon theory was originally proposed
by Nicolis et al. [222] to carry out an independent analysis of a large class of
modified gravity models. The modification to General Relativity on perturbed
Minkowski space is achieved by an additional scalar field, the galileon, with
derivative self-interactions. The vacuum Lagrangian of this theory is invariant
under translations in the galileon field π → bµxµ +c which is the generalization
of the galilean symmetry. This model was inspired in the D-brane DGP gravity,
the boundary effective theory arisen in the brane is described by

SDGP
eff =

∫
d4x
[
LGR +L DGP

π

]
, (1.2)

where
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∂

2
π
]}

+
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2

πT.

Where rc is the crossover scale [75]. This action has basically two pieces: a
GR action plus a modifying term due to the scalar bending mode in the brane.
This effective theory is valid only in the decoupling limit where all interactions
are neglected except the self-interactions of the scalar. Nicolis noticed that this
term was made only of second derivatives of the bending mode. This feature
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ensures that the resulting equations of motion are of second order exclusively
so that the Cauchy problem is well defined. One might expect that almost
any co-dimension one braneworld model with large distance deviations from
GR will be described, in part, and in some appropriate limit, by a generalised
π Lagrangian possessing the Galilean symmetry. Thus, motivated by these
basic features, Nicolis generalized the boundary effective action to build up the
galileon theory [50, 54, 222]. In these theories the self-interactions can help
shut down the scalar at short distances through Vainshtein screening. In the
decuopling limit, the action is given by

S[hµν ,π] =
∫

d4x [LGR +Lπ ] ,

where

Lπ = Lgal (π,∂π,∂∂π)+πT

represents the generalisation of the π-lagrangian in DGP gravity. The vacuum
part of the generalised lagrangian Lgal gives second order field equations and is
assumed be invariant under galilean transformations up to a total derivative. The
most general lagrangian with such property in four dimensions is [223]

Lgal (π,∂π,∂∂π) =
5

∑
i=1

ciLi (π,∂π,∂∂π) (1.3)

where the ci are constants, and

L1 = π
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An even more general class of scalar tensor theories yielding second order field
equations has recently been presented in [53], and is now known to be equivalent
to Horndeski’s general theory [148] in four dimensions [296].

• Dvali-Gabadadze-Porrati (DGP) Gravity

The DGP model, developed by Dvali, Gabadadze and Porrati [104] is the most
praised braneworld model exhibiting quasi-localization and an infra-red modifi-
cation of gravity. The model admits two regimes: The normal branch and the
self-accelerating branch. The self-accelerated one has been phenomenologically
appealing since it gives rise to cosmic acceleration without the need for dark
energy [55, 56, 91]. However, perturbations upon the self-accelerating vacuum
are ghosts [52, 81, 252], or in other words physically bad behaving solutions.
Though the normal branch is not as interesting phenomenologically it is more
healthy and brings the most consistent non-linear approach of massive gravity.
In contrast to massive gravity, in the normal branch of DGP the Vainshtein
mechanism works well, screening the longitudinal graviton without introducing
any ghosts [56, 92]. The breakdown of classical perturbation theory at the
Vainshtein scale can be linked to quantum fluctuations on the vacuum becoming
strongly coupled at around 1000 km [103, 195].

• Einstein-Aether Theories These vector-tensor theories have been of great in-
terest over the past decade [162, 328]. They have the particular property that
they favor a preferred reference frame and have become a theoretical framework
for studying violations of Lorentz symmetry in gravity theories. In the Einstein-
aether theory [162] violations of Lorentz invariance arise within the framework
of a diffeomorphism-invariant theory. The presence of a Lorentz-violating vector
field is the so called aether and it dramatically affects cosmology since it can
lead to a renormalization of the Newton constant [59], leave an imprint on
perturbations in the early universe [189], and in more elaborate actions it can
even affect the growth rate of structure in the Universe [161, 295].

• Bimetric Theories

The first formulation of a bimetric theory was due to Rosen [261, 262]. It is
about introducing an extra non-dynamical rank-2 tensor into the theory. However,
it has been found that Rosen’s theory leads to the existence of states that are
unbounded from below in their energy. As a consequence, this property leads
to serious violations to the constraints on pulsars that have been imposed by
observations of millisecond pulsars [83]. In following years there appeared
number of proposals of a viable bimetric theories of gravity. For instance,
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Drummond’s bimetric (or “bi-vierbein”) theory, which is claimed to mimic the
dark matter in spiral galaxies [99]. More recently, Bañados and collaborators
have shown that a general form of bigravity, which includes specific forms
previously proposed in [294] might allow one to account for some aspects of
the dark sector [196, 197].

• Higher Derivatives and Non-Local Theories

One way to extend GR is to allow the field equations to be higher than second
order. Indeed, such a generalization might be considered desirable as it will
cause the resulting theory to be renormalizable. However, such modifications of
gravity hold instabilities such as ghost-like degrees of freedom [177].

Among these modified theories the fourth-order theories of gravity have a
long history and are quite popular nowadays because they hold potentially
interesting cosmological phenomenology, also they ease in some extent the
non-renormalizability of GR [225, 290, 324, 335]. These theories generalize
the Einstein-Hilbert action by adding additional scalar curvature invariants to
the action or by making the action a more general function of the Ricci scalar
(usually called F(R) theories) than the simple linear one that leads to Einstein’s
equations. Such theories, have been intensively studied [88, 225, 270, 297]. This
interest started in the 1960s, 70s and 80s by the discovery that the quantization
of matter fields in an unquantized space-time can lead to such theories [310] and
that F(R) theories can have improved renormalization properties [136, 293].

1.3.3 The Need of Screening Mechanisms in
Modified Theories of Gravity

The astonishing success of general relativity to describe the observations at the solar
system and laboratory scales places the theory in a leading place among all the possible
theories of gravitation. This fact sets stringent requirements for any theory of gravity
aiming to be a feasible description of gravitational phenomena at very large scales.
Specifically, many modified theories of gravity aimed to shed light over unsolved pieces
of GR at cosmological scales, however in order to stand as viable they are required
to pass the solar-system tests as victoriously or better than GR. A way to overcome
this tight constraint has been to screen the extra degrees of freedom responsible for the
modification, the effect is that these theories mimic GR at the well tested regimes so
they result triumphant as well.

Many of the most relevant modified theories today introduce a light scalar to
modify gravity. Within these set of models one roughly can distinguish two large
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classes of theories: the ones that add curvature invariants to the spacetime which are
equivalent to the classic scalar-tensor theories [65, 66] and the ones that give “mass”
to the graviton 4. The second class of theories is more subtle than the first but also
reduces to scalar-tensor theories on sub-Hubble scales as we’ll see later on. Both
sorts of theories have quite different screening mechanisms to hide the scalar mode
at small scales. In the first type, the scalar is screened via the so-called chameleon
mechanism, basically it consists in giving a effective mass to the scalar that depends on
the environmental density [152, 170, 171]. Theories such as DGP, and its cousins the
galileons, screen the scalar via the so called Vainshtein mechanism [20, 313], which
is accomplished by dynamical strong coupling effects that suppress the scalar on small
scales [195, 221].

1.4 Thesis Goals and Outline

In this Thesis I report the results of two main research works pointing to solve a main
single goal: to facilitate a way to estimate the viability of a wide set of modified
theories of gravity, in particular we study general non-linear scalar-tensor theories with
kinetic self-interactions driving a screening mechanism of the scalar a la Vainshtein.
Among this set, our treatment is restricted to a subset of theories which tend to behave
as the Brans-Dicke theory at cosmological scales. This goal, rather than being a
concise research problem to be solved thoroughly here, should be thought as a north-
star-like goal. However keeping it in mind has helped to define and solve small specific
problems that being joint together have brought insights on how to design possible
solutions to the north-star-like objective and to give rise to further questions and
specific problems in the same direction.

This current chapter is devoted to put into context the modified gravity subject and
the problem of this thesis. We aim to introduce the reader to the history of gravitation
and give to her/him a broad overview of the prototypical paradigms and state of art in
the discipline as far as it’s relevant for the further parts of this work. The remaining bit
of the work is formed mainly by two parts at which the concise problems are addressed.
Along the second chapter we explore the standard model of cosmology and explore
briefly the history of the universe according to such framework, this will help us to
understand how the modifications in alternative theories arise and also to contrast their
phenomenological implications with those of ΛCDM.

Chapters in the first part are devoted to present theoretical and observational frame-
works, tools and implications regarding to cosmological phenomena. In particular

4braneworld theories fall into this category since its has a resonance width playing the role of a
mass.
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we study two different theories, both very simple modifications of general relativity.
Firstly we explore the Brans-Dicke theory and secondly a particular case of its gen-
eralized cousins: the effective scalar-tensor theory. In despite of the simplicity of
these theories, they occupy a special place among the modified theories since they
arise as limits of more complex and realistic theories at very large scales when self
interactions can be neglected. The mentioned limits in both cases arise in very different
prescriptions which are prototypical frameworks to study phenomenological aspects of
modified theories of gravity. For the first BDT case, we actually provide a proof in the
second part of this thesis. There we demonstrate that the BD theory arises as a limit of
the galileon theory when the observer stands far away from the source well outside
the Vainshtein region5 of a bounded source. Because the Vainshtein threshold lies at
scales smaller, the outer region is closer to the cosmological regime and hence the
galileon behaves as a simple linear Brans-Dicke field. The second theory studied here,
the effective scalar-tensor theory, is built up in a phenomenological way. Starting from
a parametrization of the equations governing the growth of sub-horizon perturbations
for a broad set of modified theories involving a scalar, one arrives to specific functional
forms for some observables like the growth function and the lensing potential. On the
other hand, neglecting mass and interaction terms and using a power law ansatz for
the growth, a specific scalar-tensor theory emerges and we name it effective scalar
tensor-theory.

Chapter 3 is devoted to study theoretical aspects of the Brans-Dicke theory (BDT).
Here we adopt the standard interpretation of the scalar as a dynamical gravitational
strength however, in order to carry out a more general analysis we consider two types
of models: the classical BDT in which the initial conditions for the scalar are fixed to
the value of the Newton constant today that would be measured in a Cavendish-like
experiment, we call these models “restricted” (rBDT); and a more general class where
the initial condition for the scalar is a free parameter so its cosmological values may
differ from that at solar system. We call these models “unrestricted” (uBDT). We
should mention that in the analysis carried out in this chapter we are not concerned on
the origins of the expansion history. We skip this subject since it is well known that
there’s a degeneracy between ΛCDM and some self-accelerated alternative theories of
gravity in that both lead to the same predictions [107]. Nevertheless this degeneracy
can be broken down by testing perturbations of these modified models either by
measurements of the CMB and the Large Scale Structure formation of the universe.
Therefore, in this work we consider the standard ΛCDM prescription for matter and
we limit to study the effects only due to the modification of the gravitational sector.

5as we’ll see in chapter 6, at this region the self-interactions are dominant and drive the mechanism
responsible of the screening of scalar allowing the theory to pass the tests at the solar system.
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In chapter 4 we test the BDT with cosmological observations like the CMB and
LSS. First we derive strong cosmological constraints on the BDT of gravity using
Cosmic Microwave Background data from Planck. We argue that these constraints
have greater validity than for the BD theory and they can tell us about the viability
of some Horndeski theories which approximate BDT on cosmological scales. Let us
recall that Horndenski theories are the most general second-order scalar-tensor theories
with derivative self-interactions. In this sense, our constraints place strong limits on
possible modifications of gravity that might explain cosmic acceleration. Additionally
we derive complementary constraints by using LSS and the Alcock-Pazcynski test.
Chapter 5 has the same structure as chapters 3 and 4, however we limit to derive
constraints only using the CMB.

The second part is made only by chapter 6 where we present a generalization of the
parametrized post-Newtonian (PPN) formalism to treat theories that present Vainshtein
mechanism. This framework is useful on one hand to determine the solutions of
the corresponding modified Einstein and field equations in the weak field and slow
motion approximation at small scales like our solar system for any type of source.
We named this extension of the PPN formalism as the Parametrized Post-Newtonian
Post-Vainshteinian formalism (PPNV). One of the advantages of this PPNV formalism
is that the different components of the solution of the metric are linked to testable
observables so it turns out to be a powerful tool to perform observational tests suitable
for theories presenting Vainshtein screening mechanism. We apply the formalism
to a particular case in this part: the cubic galileon. As mentioned above, like any
theory of its type, the cubic galileon theory has a characteristic classical strong scale
additional to the gravitational strong scale corresponding to the Schwarzchild radius:
the Vainshtein radius. The dynamics of the theory inside and outside this radius behave
dramatically differently. In the outer region the standard theory is suitable to be treated
with standard perturbation theory thanks to its linear nature, whilst in the inner one the
dominant non-linearities in the standard theory makes its almost unsolvable. Happily,
these issue can be turned around by using the dual formulation of the cubic galileon
firstly proposed by [137] and improved by [233]. In this part of the thesis we find the
relevant PPNV solutions for the cubic galileons in both regimes. For scales outside
the Vainshtein region we use the standard theory and, in turn, for scales where the
Vainshtein mechanism is carried out, we apply the formalism to the dual cubic galileon
theory which is suitable to be treated perturbatively.

Finally, we knit the individual conclusions arisen in the various chapters of this
thesis into the final summary and outcome of this thesis. This material will bring
up an overall perspective that will allow us to draw up future research projects and
achievements to be completed beyond this work.



CHAPTER 2

STANDARD COSMOLOGY

BASED ON GENERAL RELATIVITY

2.1 Introduction

As we already realise in the introduction, during the first half of the XX century, after
General Relativity was launched by Einstein, it was confronted with difficult questions
and tests either theoretical and phenomenological. Once after GR passed them it staged
as the most respected and solid paradigm to describe gravitation. The realisation that
the gravitational interaction was not an interaction like electromagnetism but rather a
manifestation of the geometry of spacetime itself, brought a completely revolutionary
way of conceiving not only gravitation but many fundamental conceptions about
spacetime and matter. As it is well known, the main building blocks of GR are two
principles: the equivalence principle (all bodies fall the same way in a gravitational
field) and the Mach’s principle.

Technically, GR is grounded on the following notions: spacetime is a four-
dimensional manifold on which is defined a metric, gµν , of Lorentz signature. This
metric is related to the matter distribution over space-time by Einstein’s equations.
These complex non-linear relations describe how the geometry of the spacetime is
affected by the matter contained in it . The way in which physics operates in this
context relies on the principle of general covariance which can be stated as: the metric
and quantities derivable from it are the only spacetime quantities that can appear in the
equations of physics. Equations describing the physics should reduce to the equations
satisfied in special relativity where the metric is flat. Thus physical quantities must be
the same type of tensorial objects as in special relativity [61, 318].

In order to build up an equation satisfied by the spacetime metric, we need a key
ingredient: the Mach’s principle. It implies that the geometry of the spacetime should
not be determined a-priori, rather it is influenced by the matter distribution in the
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universe [46, 318]. Thus the spacetime is not just a background on which the laws of
physics lay but also a dynamical entity which responds to matter. A way to accomplish
the previous is to compare the description of the tidal force in Newtonian gravity and
GR and the Poisson equation. This should be done using the requirement that the
Bianchi equation holds, as a result the analogy will lead us to the Einstein equations
[318]:

Gµν ≡ Rµν −
1
2

gµνR = 8πGNTµν . (2.1)

Where GN is the Newton’s constant. These Einstein equations (EE) imply that
∇µTµν = 0, so for a perfect fluid this equation contains the whole amount of informa-
tion about the motion of matter. They also imply that for a test body whose self gravity
is weak enough to be neglected must travel on a geodesic of the metric. Thus the EE
are consistent with the basic principles of GR. Further details and a nice interpretation
of this model can be found in [243].

2.2 The Standard Homogeneous and Isotropic Universe

Since long time ago it has been assumed that the universe is isotropic and homogeneous
basically because we do no occupy a special position in the universe and also because
there are not preferred directions in space on sufficiently large scales. It is well known
that this hypothesis has been assumed since the ancient times of Coperncous and it is
known as the cosmological principle. However, until modern times, observations of
distribution of galaxies have confirmed these assumptions. Counts of radio sources
and the isotropy of X-ray and γ-ray background radiation also support such hypothesis.
Furthermore, the discovery of the cosmic background thermal radiation which seems to
be uniform and isotropic at high precision all over the universe has strongly confirmed
the cosmological principle. The mathematical formulation of this assumption raises
from the following premises [318]

• Homogeneity means: at an instant of time every single point should look the
same as any other. In other words there should exist a one parameter family of
space-like hypersurfaces {Σt}foliating the space-time such that for each t and
any x and y points in the hypersurface Σt exists an isometry of the metric which
takes x into y.

• Isotropy means: A spacetime is isotropic if one can probe the existence of a set
of congruent time-like curves with tangents denoted by ua filling the spacetime.
These hypersurace are such that for a given point x any two spatial tangent



2.2 The Standard Homogeneous and Isotropic Universe 33

vectors s1 and s2 orthogonal to ua there is an isometry of the metric which
rotates s1 and s2 and x and ua remain unchanged. So there’s no preferred ua at
all.

• ua should be orthogonal to Σt , that is in a homogeneous and isotropic universe
homogeneous surfaces should be orthogonal to the world lines of isotropic
observers.

It has been shown that a requirement to preserve isotropy and homogeneity is that
the curvature of the space-time must be constant [318]. This condition is satisfied for
three types of geometries of the space-time: the flat structure held by the spacetime
in special relativity, a 3-sphere spatial geometry finite with no-boundary usually
called closed universe and a non-compact spacetime with hyperbolic geometry usually
called open universes. At each case it is convenient to chose Cartesian, spherical or
hyperbolic coordinates respectively to write down the spatial metric. Finally each
surface is labeled by a parameter which is usually the “proper time” measured by
isotropic observers. The most general form of the metric of spacetime with constant
curvature is written in spherical coordinates

ds2 = −dt2 +a2(t)
{

dr2

1−Kr2 + r2(dθ
2 + sinθdϕ

2)

}
(2.2)

I would like to stress here that in this work we are only concerned for the flat
universe case where K = 0. In that case, the metric written in Cartesian coordinates
reduces to

ds2 =−dt2 +a2(t)(dx2 +dy2 +dz2). (2.3)

which is usually called the Friedmann-Robertson-Walker metric. In order to predict
the evolution of the universe we need to insert this metric in the Einstein equations.
Before that we need to specify the matter contents of the universe in terms of its
energy momentum tensor Tµν . A fraction of the mass-energy of the universe is due to
ordinary matter concentrated in galaxies. Due to the discrepancies in estimations of
the total amount of baryonic mass by measurements of velocity curves of galaxies and
the structure of the CMB it is quite probable that a non-visible exotic sort of matter
(called dark matter) exists generating the required gravitational strength to reproduce
the observations. Because on cosmic scales the mean velocity of galaxies is very small
then pressure can be neglected and ordinary matter can be modeled as dust. There’s
also an energy contribution due to radiation which can be described as a fluid with
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pressure P = ρ/3, at the present time this contribution is practically zero. However,
along with neutrinos, it was the dominant contribution at early times of the history of
the universe. Thus in general we might consider the matter contained in the universe
as a perfect fluid with

Tµν = ρuµuν +P(gµν +uµuν) (2.4)

Given the symmetries of the FRW spacetime, the 10 components of Einstein
equations reduce to two independent ones.

G00 = 8πGNT00 (2.5)

Gss = 8πGNTss (2.6)

where ss denotes any spatial-spatial component in Cartesian coordinates. In terms
of the metric components the Einstein tensor above are given by

G00 = 3
ȧ2

a2 (2.7)

Gss = −2
ä
a
− ȧ2

a2 (2.8)

where dotted quantities denote derivatives with respect to proper time. Equations
(2.5) and (2.6) are equivalent to

H2 =
ȧ2

a2 =
8πGN

3
(2.9)

3
ä
a

= −4πGN(ρ +3P). (2.10)

where H(t) ≡ ȧ
a is defined as the Hubble rate, ρ is the energy density of the

energy-matter contents of the universe, ρ0 is its present value and

ρcr ≡
3H2

0
8πGN

(2.11)

is the critical density. H0 is the Hubble rate today usually called Hubble’s constant.
Note that if the universe is flat, as we are considering in this work, ρ0 = ρcr. The
Friedmann equations above imply that the universe is not static, it is either expanding
or contracting. The distance scale between isotropic observers is not constant in time
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and there’s no preferred center of expansion or contraction. The expansion of the
universe produces that an isotropic observer sees that distant objects like galaxies have
a recesion velocity which is proportional to their separation from the observer. The
recession velocity of such objects is given by

v ≡ a
dD
dt

= HD H ≡ 1
a

da
dt

. (2.12)

The previous relation is called the Hubble’s Law. It summarizes the observed
relation between the distance of a galaxy (or any distant object) and its velocity
inferred from the redshift of its spectral lines.

The redshift arisen in the spectral lines of distant galaxies is given by [318]

z+1 ≡ a0

a(t)
(2.13)

where is conventionally a0 = 1 and a(t) is the scalar factor associated to the distant
object. For nearby galaxies we can make the following approximation z ∼ HR where
R is the proper distance to the galaxy.

Lets turn to study how the energy density of matter evolves in the universe accord-
ing to this model. This can be achieved by using the FRW geometry and assuming
that matter behaves as a perfect fluid described by (2.4) in the conservation equation
∇µTµν = 0 resulting in the energy density and pressure of the cosmic fluid satisfying

ρ̇ +3H(ρ +P) = 0 (2.14)

which has different solutions depending on the sort of component being considered:

• For matter, P = 0 and its energy density behaves as ρma3 = constant. This
solution makes sense with our intuition since the number density of matter
particles decreases at the rate in which the volume increases, that is a3. In terms
of the critical density we can write the matter density solution as ρm

ρcr
≡ Ωma−3.

Observations show that the amount of visible baryonic matter is not sufficient
to produce the velocity curves exterior components of galaxies, this has made
people assume the existence of halos of “dark matter” in the surroundings of
galaxies which would only interact gravitationally with the rest of matter. Thus,
in the following we will distinguish baryonic matter from dark matter, though
their density drops down obeying the same power law, we will denote them ρc

and ρb respectively. Finally

ρdm

ρcr
=

Ωdm

a3
ρb

ρcr
=

Ωb

a3 . (2.15)
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• For radiation P= ρ

3 we find that the energy density of photons decrease as ρra4 =

constant. The energy density decreases even quicker than matter, because they
lose energy due to the expansion. In terms of the critical density:

ρr

ρcr
=

Ωr

a4 (2.16)

here we consider as the radiation contribution due to photons and massless
neutrinos then Ωr = Ωγ +Ων , where the subindex γ and ν are associated to
photons and neutrinos respectively.

• Cosmological Constant- Note that at early times right after inflation, the radiation
term ∼ a−4 in the Friedmann equation dominates and term due to dark energy
is negligible. At the matter dominated era sets on as scale factor a increases,
the cosmological constant starts to be important until finally it dominates at late
times. In terms of the critical density can be written as

ΩΛ =
ρΛ

ρcr
(2.17)

With this behavior of the energy-matter components, the FRW equations can be
re-cast as

H2(t)
H2

0
=

ρ

ρcr
=

Ωb

a3 +
Ωdm

a3 +
Ωr

a4 +ΩΛ (2.18)

or

H2 =
(

ωb

a3 +
ωdm

a3 +
ωr

a4 +ωΛ

)
× (100km/s/Mpc)2 (2.19)

where ω ≡ Ωh2 and h ≡ H0/(100km/s/Mpc).
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2.3 The Birth of Baryonic Matter:
Nucleosynthesis and Recombination

2.3.1 The Boltzmann Equation

Matter and radiation fluids in the early universe can be usually described in terms of a
bath of particle excitations of the corresponding quantum fields. In particular, at high
temperatures these interactions occur very quickly and this ensures thermodynamical
equilibrium. The statistics of particles of each species is encoded in an equilibrium
distribution function, which is homogeneous and isotropic, defined in the phase space
[160]

fi(p,T ) =
1

e
Ei(p)−µi

T ±1
(2.20)

the coordinates of this homogeneous and isotropic phase space p and Ei are the
modulus of the comoving spatial-momentum of the i− th species and its energy

respectively. The latter depends on the former as E =
√

p2 +m2
i , which is energy-

momentum relation corresponding to a classical relativistic massive particle . T is the
temperature of the thermal bath where the reaction occurs. Finally +/− corresponds
to Fermi-Dirac/Bose-Einstein statistics for bosons and fermions respectively. µi is the
chemical potential of the i− th species. In the comoving frame, the number density,
energy density and pressure can be expressed in terms of the distribution function as
follows

ni(T ) = gi

∫ d3 p
(2π)3 fi(p,T )

ρi(T ) = gi

∫ d3 p
(2π)3 Ei(p) fi(p,T )

Pi(T ) = gi

∫ d3 p
(2π)3

p2

3Ei(p)
fi(p,T )

where gi is the number of internal degrees of freedom. Let us consider a process
like the following 1+2 → 3+4 in which incoming particles of types 1 and 2 produce
outcome 3 and 4 types of particles. The Boltzmann equation governs how this reaction
happens in an expanding universe as follows
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a−3 d(n1a3)

dt
=

∫ d3 p1d3 p2d3 p3d3 p4

16(2π)2E1E2E3E4
(2π)4

× δ
3(p1 + p2 − p3 − p4)δ (E1 +E2 −E3 −E4)

× |M |2{ f3 f4(1± f1)(1± f2)− f1 f2(1± f3)(1± f4)} (2.21)

As the universe expands the number of a given particle drops as the volume
increases, that is ∼ a−3. So in absence of interactions the left hand side of the
Boltzmann equation reflects that. Interactions between particles are described by the
right hand side. pi , Ei and fi are the momentum, energy and occupation number of
particles of the i-species and M is the amplitude of the interaction and it is determined
by fundamental physics. The (1± fi) terms represent the Pauli blocking (−) or the
Bose enhancement (+) depending whether the particles are bosons or fermions. The
Dirac deltas involved, imply the energy-momentum conservation in the process. Energy
is related to momentum in a relativistic way as E =

√
p2 +m2. The total number

of interactions is achieved by integrating over all 4-momenta space constrained to a
sub-space satisfying E =

√
p2 +m2. This is achieved by adding Ei in the denominator

of the measure of the integral.
Despite the complexity of equation (2.21), it can be simplified thanks to the

following facts:

• Scattering processes typically enforce thermal equilibrium. Scattering takes
place so rapidly that distributions of many species end up into the Bose-Einstein
and Fermi-Dirac distributions. Similarly for annihilations, if they occur at
equilibrium , the total chemical potential has to be zero.

• For some processes out of chemical equilibrium, the equation to determine the
chemical potential µ can be simplified by the feature of kinetic equilibrium
turning it into an ordinary differential equation.

• In the limit when the energy is less than E − µ the quantum statistics can be
ignored and the distributions become f (E) → e

E−µ

T . The Pauli blocking and
Bose enhancement can be ignored.

In order to write the mentioned simplified version of the Boltzmann equation we
first use that fact that at these limits

f3 f4(1± f1)(1± f2)− f1 f2(1± f3)(1± f4)→ e−
(E1+E2)

T {e
(µ4+µ3)

T −e
(µ1+µ2)

T }. (2.22)
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After defining the thermally averaged cross section as

σv ≡
∫ d3 p1d3 p2d3 p3d3 p4

32(2π)8E1E2E3E4
δ

3(p1 + p2 − p3 − p4)δ (E1 +E2 −E3 −E4)|M |2,
(2.23)

finally the Boltzmann equation is simplified to a simple ordinary differential
equation for the number density:

a−3 d(n1a3)

dt
= n(0)1 n(0)2 σv

{
n3n4

n(0)3 n(0)3

− n1n2

n(0)1 n(0)2

}
. (2.24)

The right hand side is order n1n2σv while the left side is order n1H. Thus if the
reaction rate is much larger than the expansion rate the only way to maintain equality
is that the two terms on the right side cancel [97]:

n3n4

n(0)3 n(0)3

=
n1n2

n(0)1 n(0)2

(2.25)

which is typically called Saha equation.

2.3.2 The Epoch of Nucleosynthesis

Now we know, thanks to those efforts, that more than ninety percent of the baryonic
matter in the universe is composed of hydrogen and helium. Both elements have
been around since shortly after the beginning of the universe. Yet, hydrogen and
helium together will not make anything as complex and as interesting as the earth, or a
bacterium, or a refrigerator, or you and me. To do that we need carbon and oxygen and
nitrogen and silicon and chlorine and every other naturally occurring element. Almost
all the hydrogen and helium present in the universe today (and some of the lithium)
were created in the first three minutes after the big bang. All of the other naturally
occurring elements were created in stars [118].

The synthesis of elements during the early universe has been extensively studied
since the 1950’s by Gamow, Alpher and others [133, 251]. The initial detailed
nucleosynthesis calculations were made by Peebles and Wagoner, Fowler and Hoyle
(1967) [237, 239, 315, 316]. This study was motivated by a series of discoveries which
made people realize that the primordial production of light elements was a pregalactic
phenomenon. On one hand, the discovery of dwarf blue galaxies [272, 273] in which
the abundance of Helium is normal while abundances of heavy elements are lower
with respect to the solar neighborhood, has provided strong evidence for a universal
pregalactic source of helium. Also, people found out that the expected amount of
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deuterium existing in the intergalactic medium could not be produced by any galactic
process [256] and neither by cosmic rays which usually produce rare light elements.
On the other hand the increasing evidence that the CMB is of primordial origin,
improvements in knowledge about nuclear physics and electroweak theory together
with the development of better computational tools made people start to test the idea
that light elements like hydrogen and helium could only be produced during the early
universe [315].

In general using an arbitrary model, in order to predict the primordial abundances
of D,3 He,4 He and 7Li we need: the current temperature of the universe, the baryon
density, the expansion rate and the neutron-to-proton ratio [230, 315]. Assuming
that the standard electroweak theory is right [209, 322] at energy scales ∼ MeV . In
the context of GR, all that is needed to predict abundances of light elements is the
baryon density. The single parameter that usually is used to tune the predictions of the
standard BBN is η10 ≡ 273ΩBh2 [230].

.

Fig. 2.1 Chain of nuclear reactions occurring during the nucleosynthesis epoch. Figure
taken from [118]

At T <∼ 100MeV the cosmic inventory was formed by photons, electrons,
positrons and neutrinos which were all relativistic at that moment (see figure (2.1)).
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The baryon number was conserved at those temperatures, the fraction of baryon-to-
photon was ηB = nB

nγ
∼ 10−8ΩBh2 = constant. The contribution from muon-antimuon

pairs can be neglected since it decays exponentially via µ + ν̄µ → e+ ν̄e. If there
had been no asymmetry in the initial number of baryons and anti-baryons both would
be annihilated by T ∼ 1MeV and this story would not had been told , however there
existed such a difference nB− n̄b ∼ 10−10 and this ratio remains the same during the ex-
pansion. Antibaryons where annihilated away around T ∼ 1MeV . At that temperature
relativistic particles dominated in relation with baryons [102].

Thus, at that time the universe was dominated by relativistic matter and the Hubble
rate at this stage is given by the following Friedmann equation [230]:

H2 =

(
ȧ
a

)2

∼ 8πGN

3
ρ (2.26)

where ρ = ργ +ρe +ρν at the time of nucleosynthesis.

At temperatures above 30 MeV all the light nuclei existing in the universe were
unstable. At this temperature baryons form a mixture of protons and neutrons in
thermal equilibrium with each other and with electrons, protons and neutrinos. Masses
of neutrinos are not very well constrained, however the oscillation experiments [127]
imply their masses are below 1eV if there is no degeneracy. Therefore we can neglect
the masses of the neutrinos [102].

A competition of the expansion rate, the electroweak rates of scattering processes
of neutrons and protons and the nuclear reactions involved in the production of heavy
nuclei, was responsible for the formation of the primordial light elements. At hight
temperatures (T > MeV ), the electroweak scattering processes are faster than the
expansion rate then the neutron-to-proton ratio reached the equilibrium value. Once
these scattering rates became less than the expansion rate, the ratio of neutron-to-proton
“freezes-out” slowly increasing due to neutron decay [230].

The highest binding energy is the one of 4He which is about 28MeV . Nevertheless,
4He cannot form at this temperature since the baryon density is not high enough
for many-body interactions to occur in thermal equilibrium. Therefore, before any
nucleosynthesis can occur, the temperature has to drop below the binding energy of
deuterium which is about 2.2MeV . But even at this temperature there are still far too
many high-energy photons around for deuterium to be stable. This is due to the very
low baryon to photon ratio [102].

As soon as deuterium becomes stable, nucleosynthesis happens around T ∼
0.1MeV . At this point, most of the existing neutrons are converted into 4He, a
small fraction turns into deuterium and some more is converted into 3He and 7Li. The
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most abundant is 4He, its mass fraction can be easily estimated by simple counting as
[160, 230]

YP =
2(nn/np)

1+nn/np
= 0.25. (2.27)

Where nn and np are the number densities of neutrons and protons respectively. At
this point, a whole nuclear process network sets in, leading to heavier nuclei production,
until BBN eventually stops. It is worth to mention that the final density of 4He is very
weakly sensitive to the whole nuclear network, and a very good approximation is to
assume that all neutrons which have not decayed at T ∼ 0.1MeV are eventually bound
into helium nuclei.

The determination of all light nuclei produced during BBN, and a more accurate
determination of 4He , can be only achieved by solving a set of coupled Boltzmann
equations. This is typically obtained numerically, although nice semi-analytical studies
have been also recently performed [215] (see [160] for a more detailed review).

In principle, the direct way to determine how baryons end up at temperatures
below 0.1MeV is governed by the Boltzmann equation. Strictly speaking we need to
solve (2.24) for all nuclei. However two important simplifications give rise thanks to
the facts: 1 . Helium is the heavier nucleus produced at appreciable levels and thus
only hydrogen and helium (and their isotopes) need to be traced. 2. At T > 0.1MeV
the light nuclei production stops, and only free protons and neutrons exist. Then we
need to find the neutron-to-proton ratio first and use its abundance as an input for the
synthesis of helium and its isotopes [97]. Both simplifications rely on the fact that at
high-energies close to the binding energies of nuclei, every time a nucleus is produced
it is destroyed straightaway by a photon. To see in detail how this arises from the
Boltzmann equation see the nice example for Deuterium in [97].

In order to draw how the Boltzmann equation works, we are going to consider a
neutron-to-proton process. First we are going to study the process by which protons
scatter into neutrons via weak interactions, for example by means of the reaction
p+ e− → n+ νe. This reactions keep neutrons and protons at equilibrium up to
T ∼ MeV . Thereafter one must solve the rate equation in order to track the neutron
abundance. In the non-relativistic limit the proton-to-neutron equilibrium ratio is given
by

n(0)p

n(0)n

= e
Q
T (2.28)
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where Q ≡ (mn −mp)∼ MeV . As temperature drops beneath 1MeV the amount
of neutrons decreases. If the weak interaction would be efficient enough to keep
equilibrium then neutrons would simply disappear. However, in real world we have to
solve equation (2.24) which in this case is

a−3 d(a3nn)

dt
= n(0)l σv

{
npn(0)n

n(0)p

−nn

}
(2.29)

where nl is number of leptons (electrons, mouns, etc.). For convenience we can
define Xn ≡ nn

nn+np
the fraction of neutrons to total nuclei and λnp ≡ n(0)l σv. Using the

previous definitions, equation (2.29) becomes

dXn

dt
= λnp

{
(1−Xn)e−

Q
T −Xn

}
. (2.30)

Taking into account that the contribution to energy from relativistic particles is
given by

ρ =
π2

30
ge f f T 4 (2.31)

where ge f f is the effective number of relativistic degrees of freedom and it is
dependent on the temperature. At T ∼ 1MeV ge f f ∼ 10.75 [97, 102]. Originally, the
full set of differential equations governing the whole net of reactions giving rise to
the fractions of all nuclei at nucleosynthesis were solved by Wagoner and Peebles
[97, 121, 122, 315].

2.3.2.a Observational Abundances of Light Elements

The abundances of primordial elements are inferred from measurements made in
various astrophysical environments. Precision cosmology era has increased the number
and precision of spectroscopic data over the past two decades. Currently, many efforts
are being made due to the presence of relevant systematic errors which are comparable
to the statistical uncertainties.

Helium - Deuterium and 3He are converted into complex nuclei and thus their
abundance decreases quickly as η increases [230]. The primordial abundance is
inferred from measurements of the 4He/H ratio in regions of hot, ionized gas in other
galaxies [263]. The post-BBN evolution of 4He can be simply understood in terms of
nuclear stellar processes which, through successive generations of stars, have burned
hydrogen into 4He and heavier elements, hence increasing the 4He abundance above
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its primordial value [292]. Also Yp can be obtained by indirect methods, for example
from studies of Galactic Globular Clusters [268] and the CMB [6].

Deuterium- Deuterium (D) turns into complex nuclei and its abundance decreases
as η10 increases [230] figure BNN. D and 3He is converted into complex nuclei and
thus it abundance decreases quickly as η increases [230]. It is the most fragile of the
light elements and so its abundance has been declining since the big bang. The inferred
deuterium ratio from various astrophysical observations lies around [160, 263]

D
H

= (2.78±0.29)×10−5. (2.32)

It is worth to mention that D is an ideal baryometer since the BBN-predicted
D/H ratio is a strong function of the baryon-to-photon ratio. A determination of the
primordial abundance to 10%, leads to an ηb determination accurate to 6% [263].
Furthermore, since deuterium is faded away in stellar processes, and there are no
astrophysical sites capable of producing deuterium in anywhere near its observed
abundance [120], any observed D-abundance provides a lower bound to its primordial
abundance.

Lithium- Lithium is produced in stellar processes, some stars destroy lithium and
others produce it. The primeval value is inferred from the 7Li abundance in the
atmospheres of the oldest stars in the halo of our galaxy

(7Li/H) = (1.7±0.15)−10. (2.33)

The less massive halo stars have depleted some of their lithium, the “lithium
plateau” for stars with higher surface temperatures suggests that these stars have not
[263]. There is a long story with lithium and its determinations by many astrophysical
means summarized in [160] . Lately some of them have been ruled out by the
CMB which fits remarkably with deuterium abundance. A conservative bound of its
abundance is an average and half-width of the available set of data as best estimate of
the average and “systematic” error on 7Li/H, obtaining [160].

7Li/H = (1.86+1.30
−1.10)×10−10 (2.34)
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2.3.3 Recombination of Neutral Hydrogen

Decoupling of matter from the primeval plasma plays an important role in the origin
of galaxies. The end of recombination of neutral hydrogen fixes the epoch at which
non-relativistic bound systems started to form. It also fixes the time at which radiation
decoupled from matter and started to travel freely forming the cosmic background
radiation [240].

At temperatures around 1eV , hydrogen and helium are both fully ionized [74]
due to the fact that photons are still tightly coupled to their electrons via Compton
scattering [97]. At these temperatures there are a very little fraction of neutral
hydrogen. Since the binding energy of hydrogen is ε0 = 13.6eV one naively could
think that the production of neutral hydrogen is natural. However due to the large
baryon-to-photon ratio , any newly created hydrogen atom is enforced to be ionized
[97]. Since helium has larger ionization potential than hydrogen, it recombines before
while the former is fully ionized and the free electron is substantial.

At a temperature of about T ∼ 4000K ∼ 0.4eV , the amount of photons with
energies above the hydrogen ionization energy drops below the baryon density of
the Universe, and the protons begin to recombine to form neutral hydrogen. Photons
and baryons were tightly coupled before recombination by Thompson scattering of
electrons. During recombination the free electron density suddenly drops and photons
scatter less frequently with electrons until finally the universe becomes transparent at
the temperature Tdec ∼ 3000K when photons decouple from the electrons [102].

Lets analyze in more detail how the recombination of hydrogen is described by
the Boltzmann equation. As long the reaction e−+ p → H + γ remains in equilibrium
[97] the Saha equation is a good approximation

nenp

nH
=

n(0)e n(0)p

n(0)H

. (2.35)

When hydrogen recombines, the free electron density decreases and the ionization
goes out from equilibrium and the Saha approximation breaks down. Since helium
recombination is over at this point, it’s acceptable to treat helium as fully neutral. Lets
define xe =

ne
nH

were nH is the total number density of hydrogen nuclei and ne the
number density of free electrons. The kinetic equation that describes the ionization
rate is [240, 289]:

dxe

dτ
= aCr

[
β (T )(1− xe)−nHα

(2)(T )x2
e

]
. (2.36)
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• The collisional ionization rate from the ground states is

β (T ) =
(

meT
2π

) 3
2

e−
B1
T α

(2)(T ) (2.37)

where B1 = 13.6eV is the ground state binding energy.

• The recombination rate to excited states is

α
(2)(T )∼

(
B1

T

) 1
2

ln
(

B1

T

)
. (2.38)

• The reduction factor Cr is the ratio of the net dacay rate to the sum of the decay
and ionization rates from the n = 2 level.

Decoupling occurs when the free electron fraction decreases so the ionization
rate is slower than the expansion rate. This happens around z∗ = 1100. (See [102]
and [97] for further details). At this point recombination freezes and the ionization
fraction tends to a constant value and photons become free to propagate without further
scattering. As long as the temperature is larger than Tf , the reaction p+ e− → H + γ

happens in equilibrium. The temperature at which H equates the rate γR is defined by
the freeze-out temperature and it is defined by the following implicit relation

(
Tf

1eV

) 1
4

e
− B1

2Tf = 1.2×10−13
(

Ωm

Ωb

) 1
2

. (2.39)

The final fraction is given by

xR ≡ xe(Tf )∼ 1×10−5 Ω
1/2
m

Ωbh
. (2.40)

A more accurate deduction of it, taking into account the exact Friedmann equation
has been found by Peebles [238] and Mukhanov [213]. The optical depth to a certain
z redshift is defined as the Thompson scattering probability of a photon integrated
from z until today [102]

κ(z)≡
∫ z

0
σT neH−1(1+ z′)−3dz′. (2.41)

As we shall see later on, the universe is re-ionized at low redshift z ∼ 10, which
increases the optical depth by about an order of magnitude. This re-scattering of
CMB photons affects in a considerable extent the evolution of the temperature and
polarization fluctuations of photons in their way towards us. The temperature at which
photons decouple from baryons can be estimated by equating the Thompson scattering
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rate to the expansion rate ΓT (Tdec) = H(Tdec), a rough estimate is Tdec ∼ 0.26eV and
it happens at zdec ∼ 1100 [97, 102, 238].

2.3.4 Linear Cosmological Perturbations

In the introduction we already told the history on how it was discovered that the matter
contained in the universe is uniformly distributed at very large scales. However, it is
evident that matter is not evenly distributed at smaller scales, for example around our
local surroundings. It is well known that on larger scales than our solar system, other
similar systems clump together into galaxies, which at the same time form groups and
clusters of galaxies. If we were to zoom out our sight and look at larger and larger
scales, at some point we would observe a uniform heap of objects. when we lay close
to that point (above 1 Mpc), fluctuations of the uniform homogeneous universe are
perceptible and but quite small. At these scales the universe is not dense at all so it
generates weak gravitational fields, and linearized theory of gravity provide reliable
predictions. Said more precisely, these lumps can be modeled accurately by still
assuming a FRW background geometry upon which small perturbations are set up
by the inhomogeneities of matter. By assuming such an universe and applying linear
perturbation theory to general relativity (or an alternative metric theory), a powerful
predicting tool in cosmology arises.

Moreover, this powerful machinery has been useful to reproduce the observed
structure of matter and the evolution of its fluctuations from the early stage to late times
of our structured universe. Although the process of galaxy formation in recent epochs
is well described by the Newtonian theory of gravity, a general relativistic treatment is
required for perturbations with wavelength larger than the size of the horizon (super-
horizon perturbations). Historically, the use of general relativity brought in the issue
of gauge freedom. In order to fix consistently the coordinates, Lifshitz (1946) [194]
introduced the “synchronous gauge”, which has become the most popular gauge used
to treat cosmological perturbation theory. However, this gauge has some drawbacks
such as the appearance of coordinate singularities and some remaining gauge freedom.
This was finally addressed by Bardeen (1980) [25] and others (e.g. Kodama and
Sasaki, 1984) [174] by formulating an alternative approach in which only gauge-
invariant variables for perturbations are used. Additionally, is important to mention
that this wealthy paradigm of cosmological perturbation theory has been applied to
successfully describe the observed anisotropies of the cosmic background radiation.

There exist a heuristic explanation on how these lumps in the universe are generated,
a process usually called gravitational instability would be the responsible for the
beginnings of the formation of the first inhomogeneities. This process is produced
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basically by competing forces on one hand due to early gravitational potentials and
pressure of photons on the other hand happening in a time close to the epoch of equality
of matter and radiation. However, this answer is still inconclusive since still remains
the question: How those first perturbations in space-time that we call gravitational
potentials were generated? This question set up one of the most important problems
in cosmology. A mechanism that explains consistently how this may happen, first
proposed by Alan Guth in the 1980’s [141], is the model of inflation. At first time,
inflation was introduced to explain the uniformity of the temperature of the universe in
the very early universe just before radiation domination era.

Soon after, it was realized that inflation provides also an explanation about the
origins of perturbations [45, 139, 140, 146, 291]. Basically, the idea is that the initial
conditions for perturbations in the universe are generated by quantum fluctuations
of the scalar field, the inflaton, that generates the expansion of the universe during
inflation. Thus, those small lumps in matter that perturb the homogeneous background
(which were very well explained by Newtonian theory at sub-horizon scales) are
the same lumps that leaded Lifshitz to propose the general relativistic cosmological
perturbation theory that we use now. It is fascinating to realize that these cosmic
fluctuations are connected to one of the most fundamental problems of physics and
that this mechanism enjoys strong support from the CMB data.

2.3.4.a Setup of Linear Perturbations:
Synchronous and Newtonian-Conformal Gauges

Thus the cosmological perturbations history summarizes as follows: small perturba-
tions of the FRW space time are generated by quantum fluctuations of the inflaton,
these grow all along the expansion history. During radiation era they oscillate due
to gravitational instability producing the first structures of baryonic and dark matter,
afterwards, matter tends to clump due to gravitational collapse produced by “gravi-
tational potentials” which are nothing but the perturbations of the space-time. Now,
Although this picture gives a reference to think about the evolution of perturbation, the
exact physics behind changes depending on the gauge we chose.

Now, let us turn to formally study cosmological perturbation theory based on
general relativity. We consider only spatially flat background space-times with isen-
tropic scalar perturbations. The spacetime coordinates are denoted by xµ ,µ = 0,1,2,3
where x0 is the time coordinate and xi are the spatial coordinates. Here we adopt the
Einstein’s notation so repeated index means summation. Since we are perturbing the
spacetime of an expanding universe, we use comoving coordinates xµ = (τ, x⃗) with the
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expansion factor a(τ). The comoving coordinates are related to the proper time and
positions t and r⃗ by dx0 = dτ = dt/a and dx = dr/a. The units are such that c = 1

We first are going to perturb the metric around the background ḡµν up to linear
order

gµν = ḡµν +δgµν , (2.42)

It is convenient to decompose the metric in scalar, vector and tensor variables. A
general symmetric metric describing a generic space-time has ten degrees of freedom
in total. Once the perturbed metric variables are decomposed it turns out that it has 4
scalar degrees of freedom, 4 vector degrees of freedom and 2 tensor ones recovering
the original number of modes in GR. In this work only scalar pertubations are relevant,
a possible line element describing scalar pertubations of the metric is [214, 281]:

ds2 = a2
{
−(1−2Θ)dτ

2 −2∇⃗iβdτdxi +[(1+
1
3

χ)qi j +Di jν ]dxidx j
}
, (2.43)

where Di j ≡ ∇⃗i∇⃗ j − 1
3qi j∇

2 is the traceless spatial derivative operator and ∇⃗ is the
covariant derivative associated to the spatial metric qi j and χ is usually known as the
curvature perturbation. Here we assume a flat universe then qi j = δi j. These variables
are not necessarily an observable quantity and may depend on the gauge. Along this
thesis we are going to cast the equations in two gauges: the Newtonian-conformal
gauge and the synchronous gauge.

Variables in the Newtonian-conformal gauge are equal to gauge invariant variables
and then the perturbations can be linked with physical quantities straightaway [25, 74].
The physics are more directly read in the conformal-Newtonian gauge (ν = β = 0)
since the remaining metric perturbations give rise to the Newtonian potentials Φ =

−1
6 χ and Ψ =−Θ . The line-element reduces to

ds2 = a2[−(1+2Ψ)dτ
2 +(1−2Φ)δi jdxidx j]. (2.44)

where we have introduced the conformal time τ related to the proper time as
dτ = adt. In our study of perturbations we will use τ instead of t and we will denote
f ′ = d f/dτ .

Although the Newtonian-conformal gauge is restricted because the metric is ap-
plicable only for scalar metric perturbations it can be easily generalized to include
the vector and the tensor modes [74]. Another advantage is that the metric in these
coordinates is diagonal. The two scalar perturbations in this gauge are simply related
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to the gauge-invariant Bardeen-variables ΦA and ΦH [25] and Ψ and Φ of Kodama
and Sasaki [174][See [74] for further details].

For computational purposes in this work we use the synchronous gauge variables.
Coordinates in this gauge are defined by spatial surfaces perpendicular to the trajectory
of a freely falling observer, this surfaces foliate the whole spacetime. In this gauge g00

and gi0 are not perturbed by definition. So the line element is given by

ds2 = a2(τ){−dτ
2 +(δi j +hi j)dxidx j} (2.45)

the metric perturbation can be decomposed into traceless and trace parts as

hi j = h
δi j

32
+h||i j +h⊥i j +hT

i j (2.46)

where

h ≡ hii

εi jk∂ j∂nh||nk = 0,

∂i∂ jh⊥i j = 0,

∂ihT
i j = 0. (2.47)

This assures that there exist some scalar field µ and a divergenceless vector A⃗ such
that

h||i j =

(
∂i∂ j −

1
3

δi j∂
2
)

µ

h⊥i j = ∂i A j + ∂ j Ai ∂i Ai = 0. (2.48)

Another useful scalar perturbation which is a mixture of the longitudinal and trace
modes is η and is defined as

k2
µ (⃗k,τ) = h(⃗k,τ)+6η (⃗k,τ). (2.49)

The scalar modes of the metric perturbations are characterized by h and µ while
the vector and tensor ones are described by A⃗ and hT

i j respectively. In the following
we are going to work in Fourier space. An arbitrary variable in spacetime coordinates
expressed as a Fourier decomposition is

F (⃗x,τ) =
∫

d3k ei⃗k·⃗x F̃ (⃗k,τ). (2.50)
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Where F̃ is the Fourier transform of an arbitrary function F . In the following we
are going to omit the˜and work only with Fourier variables.

The conformal Newtonian potentials are related to the synchronous variables as
follows

Ψ(⃗k,τ) =
1

2k2

{
h′′(⃗k,τ)+6η (⃗k,τ)+

a′

a
[h′(⃗k,τ)+6η

′(⃗k,τ)]
}

(2.51)

Φ(⃗k,τ) = η (⃗k,τ)− 1
2k2

a′

a
[h′(⃗k,τ)+6η

′(⃗k,τ)]. (2.52)

where the longitudinal part of the spatial tensor component of the metric is rewritten
as

h||i j =
∫

d3kei⃗k·⃗x (k̂ik̂ j −
1
3

δi j) [h(⃗k,τ)+6η (⃗k,τ)], (2.53)

where k⃗ = kk̂. Despite the synchronous gauge is widely used by the community,
it has serious disadvantages. Since the choice of the initial hyper-surface and its
coordinate assignments are arbitrary, the synchronous gauge conditions do not fix the
gauge degrees of freedom completely. Such residual gauge freedom is manifested in
the spurious gauge modes contained in the solutions to the equations for the density
perturbations.Nevertheless, this gauge is still very useful for computational purposes.
Usually, one computes the perturbations in synchronous gauge and the remaining
gauge ambiguity is removed by making a gauge transformation to the conformal-
Newtonian gauge or equivalently computing the Bardeen gauge invariant perturbations
so the coordinates of spacetime are fully determined.

The perfect fluid describing matter in this space-time looked by an observer moving
along test particles has an energy-momentum tensor given by

Tµν = (ρ +P)uµuν +Pgµν +Σµν

where uµ =
dxµ√
−ds2 is the 4-velocity of the fluid, ρ is the energy density and P is the

pressure at a given point and instant measured by a comoving observer at rest with the
rest of the fluid. Σµν is the anisotropic stress tensor which satisfies uµΣµν = 0. Due to
isotropy, the fluid moves slowly and thus its velocity Vi = ∇iθ = qi j

dx j

dτ
can be thought

as a perturbation of the same order than δρ ≡ ρ − ρ̄ and δP ≡ P− P̄. Inhomogeneities
and anisotropies in the energy-momentum tensor of matter are given by
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δT 0
0 = −ρδρ (2.54)

δT 0
i = −(ρ +P)⃗∇iθ (2.55)

δT i
j = δ

i
jP+(ρ +P)Di

jΣ (2.56)

2.3.4.b Einstein and Conservation Equations

As pointed before we assume that the linear theory holds in the weak field regime
so small perturbations in matter produce small perturbations in the metric |δgµν |=
|ḡµν −gµν |<< 1. From this metric we can calculate the Christoffel connection ,the
Riemann tensor and the Ricci scalar up to linear order in order to finally obtain the
Einstein tensor Gν

µ = Ḡν
µ +δGν

µ .

The scalar perturbations characterized by h(⃗k,τ) and η (⃗k,τ) in the Fourier space
are described by the time-time, longitudinal time-space, trace space-space and longitu-
dinal traceless space-space components of Einstein equations to the linear order

k2
η − a′

2a
h′ = 4πGNa2

δT 0
0 (Syn), (2.57)

k2
η
′ = 4πGNa2(ρ̄ + P̄)θ(Syn), (2.58)

h′′+2
a′

a
h′−2k2

η = −8πGNa2
δT i

i (Syn), (2.59)

h′′+6η
′′+2

a′

a

(
h′+6η

′)−2k2
η = −24πGNa2(ρ̄ + P̄)σ(Syn). (2.60)

where we have used the definitions

(ρ̄ + P̄)θ(Syn) ≡ ik j
δT 0

j , (2.61)

(ρ̄ + P̄)σ ≡ −(k̂ik̂ j −
1
3

δi j)Σ
j
i (2.62)

where Σ
j
i ≡ T j

i − 1
3δ

j
i T k

k denotes the traceless component of T j
i .

The Bianchi relation and the Einstein equations lead to the conservation of energy:

T µν

;µ = ∂µT µν +Γ
ν

αβ
T αβ +Γ

α

αβ
T νβ = 0 (2.63)

which in the Fourier space for the synchronous gauge gives rise to the evolution
equations for matter perturbations and their peculiar velocities [74]
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δ
′ = −(1+w)

(
θ +

1
2

ḣ
)
−3

ȧ
a

(
δP
δρ

−w
)

δ , (2.64)

θ
′ = −a′

a
(1−3w)θ − w′

1+w
θ +

δP
1+w

k2

ρ
− k2

σ , (2.65)

where w is the equation of state of dark energy. For isentropic primordial perturba-
tions δP = c2

s δρ . For simplicity, all along our cosmological study in this work, we
assume that a cosmological constant plays the role of dark energy with w =−1. In this
case c2

s ≡ w. Photons and baryons form the only collisional fluid with pressure, the
corresponding equation of state for photons is w = 1/3 and w ∼ 0 for baryons since
they are non-relativistic particles at the relevant times.

2.3.4.c Perturbed Boltzmann Equation

Before recombination photons and baryons are tightly coupled via Thompson scat-
tering [102] and the respective entropy generated by this collisions should be added
to their respective equations. In the phase space the coordinates of positions and
momenta of particles depend on the gauge. In the synchronous gauge the conjugate
momenta to the comoving position is just the spatial part of the 4-momentum with
lower indices given by

Pi = a(δi j +
1
2

hi j)p j (2.66)

where p j is defined as the proper momentum.

In absence of metric perturbations, the Hamilton’s equations imply that the conju-
gate momenta are constant. The phase space distribution of particles gives the number
of particles in a differential of volume

f (xi,Pj,τ)d3x jd3P j = N (2.67)

as we already saw in previous sections, the unperturbed phase space distribution is
just the Fermi-Dirac one for fermions and the Bose-Einstein distribution for bosons.
When the spacetime is perturbed, the phase space distribution can be written as the
unperturbed distribution plus a fluctuation Ω

f (xi,Pj,τ) = f0[1+Ω] (2.68)

The evolution of this fluctuation of the Boltzmann equation is governed by
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∂Ω

∂τ
+ i

q
ε
(⃗k · n̂)Ωd ln f0

d lnq

[
η̇ − ḣ+6η̇

2
(k̂ · n̂)2

]
=

1
f0

(
∂ f
∂τ

)
C
, (2.69)

∂Ω

∂τ
+ i

q
ε
(⃗k · n̂)Ωd ln f0

d lnq

[
φ̇ − i

ε

q
(k̂ · n̂)2

ψ

]
=

1
f0

(
∂ f
∂τ

)
C
, (2.70)

where qi = api = qni is the comoving momentum (ni are the components of an
unitary vector n̂ pointing in the direction of q⃗) and ε = (q2 + a2m2)1/2 is the scale
factor times the proper energy measured by a comoving observer.

It is interesting to note that the Boltzmann equation depends on the direction of
the momentum only through k⃗ · n̂. If the momentum-dependence of the initial phase
space perturbation is axially symmetric about k⃗, it will remain axially symmetric
along its evolution. Thus, if axially-asymmetric perturbations in the neutrinos or other
collisionless particles are produced, they would generate no scalar metric perturbations
and thus would have no effect on other species [74].

Cold Dark Matter Cold Dark Matter (CDM) only interacts with other particles by
means of gravity. It can be treated as a pressureless perfect fluid. The synchronous
coordinates can be defined so that the peculiar velocities of CDM particles are zero.
By setting θ = σ = 0 and ω = 0 equations (2.64,2.65) reduce to

δ
′
c =−1

2
h′ (2.71)

Massless Neutrinos For massless neutrinos ρν = 3Pν . The Boltzmann equation
simplifies significantly for massless particles resulting in

Fν (⃗k, n̂,τ) =
∞

∑
l=0

(−i)l(2l +1)Fν l (⃗k,τ)Pl(k̂ · n̂). (2.72)

where x⃗ = rn̂ and Fν l = jl(kr) given by the spherical Bessel functions. After
integrating the perturbed Boltzmann equations in synchronous gauge it gives

∂Fν

∂τ
+ ikµFν = −2

3
h′− 4

3
(h′+6η

′)P2(µ). (2.73)

Where µ = k̂ · n̂ and P2 is the second Legendre polynomial. After inserting the
explicit forms of the Legendre polynomials [320] and using their recursion relation
one obtains
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δ
′
ν = −4

3
θν −

2
3

φ
′,

θ
′
ν = k2

(
1
4

δν −σν

)
,

F ′
ν2 = 2σ

′
ν =

8
15

θν −
3
5

kFν3 +
4

15
h′+

8
5

η
′,

F ′
ν l =

k
2l +1

[
lFν(l−1)− (l +1)Fν(l+1)

]
, l > 1.

(2.74)

In this work we assume neutrinos are exactly massless.

Photons The evolution of photons can be treated in a similar way to massless
neutrinos. However collisional terms on the right hand side of the Boltzmann equation
are present and they depend on polarization [74]. Photons with k⃗ propagating along an
axis n̂ are linearly polarized in the plane perpendicular to that axis due to the Thompson
scattering. In order to describe the polarization state of photons we need to track the
sum Fγ (⃗k, n̂,τ) and the difference Gγ (⃗k, n̂,τ) of the phase space densities in the two
linear polarization components. Using the linearized collision operators for Thompson
scattering [41, 42, 176], expanding Fγ and Gγ in Legendre series and using the same
left-hand-sides of Boltzmann equation for Fγ and Gγ as for massless neutrinos, one
gets [41, 74, 274, 334]

δ
′
γ = −4

3
θγ −

2
3

h′,

θ
′
γ = k2

(
1
4

δγ −σγ

)
+aneσT (θb −θγ),

F ′
γ2 = 2σ

′
γ =

8
15

θγ −
3
5

kFγ3 +
4

15
h′+

8
5

η
′− 9

5
aneσT σγ +

1
10

aneσT (Gγ0 +Gγ2),

F ′
γl =

k
2l +1

[
lFγ(l−1)− (l +1)Fγ(l+1)

]
−aneσT Fγl , l > 2,

G′
γl =

k
2l +1

[
lGγ(l−1)− (l +1)Gγ(l+1)

]
+ aneσT

[
−Gγl +

1
2
(Fγ2 +Gγ0 +Gγ2)

(
δl0 +

δl2

5

)]
(2.75)
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Let us note that perturbations in the phase space distribution correspond to the
photon anisotropy of the CMB. The photon brightness temperature perturbation ∆≡ ∆T

T
is defined by

f (xi,q,n j,τ) = f0

(
q

1+∆

)
, (2.76)

where f0 is the Bose-Einstein distribution and q = ε . At first order we have that
the anisotropy is related to the perturbation of phase-space distribution of photons as
follows

∆ =−
(

d ln f0

d lnq

)−1

Ω. (2.77)

The anisotropy ∆ is related to the total energy density perturbation of the photon
as Flγ = 4∆l [309] and the total scalar polarization mode ∆P = 4Gγ as well.

In order to handle the angular dependence, it is convenient to make a multipole
decomposition of the anisotropies

∆ = ∑
l
(2l +1)(−i)l

∆lPl(µ), (2.78)

∆P = ∑
l
(2l +1)(−i)l

∆PlPl(µ), (2.79)

where Pl(µ) is the Legendre polynomial of order l , ∆l is called the multipole
moment of the temperature fluctuation ∆.

I would like to stress a curious fact about the equations governing the evolution of
photon’s temperature perturbations. Note that, on one hand, equation (2.75) describe
the evolution of the multipoles of the anisotropy. On the other hand, by making a gauge
transformation over equation (2.69) to the Newtonian gauge and using ∆ as variable
instead of Ω, the Boltzmann equation for photons in the conformal Newtonian gauge
1 turns out to coincide with the evolution equation of the scalar photon perturbation
given by [41]

∆
′+ ikµ∆ = Φ

′− ikµΨ+κ
′
{
−∆+δ0 + iµvb +

1
2

P2(µ)(∆2 +∆P2 +∆P0)

}
,

(2.80)

∆
′
P + ikµ∆P = κ

′
{
−∆+

1
2
[1−P2(µ)](∆2 +∆P2 +∆P0)

}
, (2.81)

1where the collisional part is determined by the Thompson scattering term
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where ∆0, ∆2 and ∆P0,∆P2 are the monopole and quadrupole of the temperature and
polarization anisotropies respectively and P2(µ) is the Legendre polynomial of order
2. The derivative of the optical depth was introduced and it is defined as κ ′ = anexeσT .
Let us mention that the quadrupole of the anisotropy represents the angular dependence
of Compton scattering.

These equations are equivalent to (2.75) when the multipoles are summed up.
Thus, despite it may appear redundant, I consider useful to keep at hand both sets
of expressions since different versions of them are used for different computational
purposes. For instance, the multipole decomposed version is useful to solve directly
the whole coupled system of equations whilst the (2.81) version is a basic expression
to derive the line-sight integral to compute the anisotropies [309].

A useful variable is the visibility function defined as

g(τ)≡ κ
′e−κ . (2.82)

It can be thought as the probability of a photon to be Thompson scattered for the
last time since its integral

∫ τ0
0 dτg(τ) = 1 [97]. It takes its maximum at the time of

recombination of hydrogen when the dominant contribution to the CMB anisotropies
arises.

Baryons After recombination baryons and electrons behave like a non-relativistic
fluid by equations governing energy-momentum conservation with c2

s = ω and σ = 0.
Baryons are non-relativistic specially after the neutrino decoupling then we can neglect
ω in all terms except in the c2

s k2δ term which is important for sufficiently small scales.
Before recombination, however, the history is different due to an important transfer
of energy and momentum between baryons and photons. Since δT 0

i = (ρ̄ + P̄)θ such
transfer is represented by the aneσT (θb −θγ). Momentum conservation in Thompson
scattering implies that a new term has to be added to the equations for θ ′

b so

δ
′
b = −θb −

1
2

h′, (2.83)

θ
′
b = −a′

a
θb + c2

s k2
δb +

4ρ̄γ

3ρ̄b
aneσT (θγ −θb). (2.84)

If c2
s ̸= 0 the baryon density equation is a wave equation. It describes what we

shall call ‘acoustic oscillations’ of the fluid where the fluid pressure counter-acts
gravitational collapse [102].

This set of coupled equations for different species and metric perturbations have
been numerically solved by many authors (e.g. Peebles and Yu 1970 [241], Wilson and
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Silk 1981 [334], Bond and Efstathiou 1984 [42], Vittorio and Silk [314]. However,
the most general analytic approach to solve these equations has been proposed by Hu
and Sugiyama [151] in order to compute the CMB anisotropies. Many other analytic
calculations of CMB anisotropies (less general than the former) have been performed
in the past under less general, and often unrealistic, assumptions. Doroshkevich,
Zel’dovich, and Sunyaev (1978) [98] presented an analytic expression for temperature
anisotropies on the last scattering surface. Based on this work, Naselsky and Novikov
(1992) [218], Atrio-Barandela and Doroshkevich (1994) [18] have recently calculated
the anisotropies in the cold dark matter (CDM) scenario. We are going to study this
equation in more detail during the next section.

2.3.4.d Initial Conditions

As we already roughly mentioned, the question on how the physics of the early
universe should be tuned so the universe ends up with the structure we observe today
is consistently solved by the theory of inflation [8, 141, 190]. As we know, this
theory provides a possible explanation for the origin of perturbations in the universe.
Although to the date we haven’t verified with total certainty whether inflation did
actually occur, so far there is no viable alternative and today it is the most plausible
explanation. However, we are in the middle of an exciting era in which very accurate
measurements of the CMB may reveal the fate of inflation.

In the scenario of inflation, the inhomogeneities observed today arose from quan-
tum fluctuations of the inflaton about its vacuum state. These perturbations turn out to
be gaussian, adiabatic and close to scale invariant. More precisely, classical physics
predicts that the inflaton becomes homogeneous and isotropic on scales well inside
the horizon. However at the quantum level there are remnent vacuum fluctuations
which right after horizon exit become classical quantities with almost constant value.
Thus the cosmological perturbation theory studied previously starts before the epoch
when scales of cosmological interest start to re-enter the horizon, that is well after
nucleosynthesis so that the initial conditions are observable [97].

Is important to say that in this work we do not study inflation at all, we only refer to
it in order to set our initial conditions and highlight its importance within the standard
cosmological model. In this sense also we’d like to point that in the next chapters,
when we consider alternatives to the standard model, we’ll maintain this building block
unaltered. Further details on inflation can be found at [13, 97, 141, 238].
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Einstein Boltzmann Equations at Early times Lets consider the Boltzmann equa-
tions at so early times that the cosmologically relevant scales are such that kτ << 1,
that is all they are super-horizon. Because these perturbations are super-horizon sized,
they don’t trigger any causal physics at all and the universe can be observed as uniform
all over the sky. Applying the condition kτ → 0 to Boltzmann equations for photons
and neutrinos (2.80) reduce to [97]

∆̇0 + Φ̇ = 0, (2.85)
˙N0 + Φ̇ = 0. (2.86)

Let us recall that dots denote derivatives with respect to proper time. Although at
first, we expressed the perturbations equations in synchronous gauge, now we prefer to
display them in Newtonian-conformal gauge in order to work with physical quantities
directly. The first equation corresponds to equation (2.80). Let us consider the left
terms of that equation, the first term is order ∆/τ while the second one is order k∆,
therefore we can drop away the later. In a similar way we can drop away all terms
multiplied by k at early times. Then a hypothetical observer would have seen a uniform
sky since there’s no causal physics producing any perturbation. Thus higher multipoles
can be neglected since they are insignificant in comparison to the monopole. On the
other hand, equations for baryons and dark matter under the same approximation
reduce to

δ̇m = −3Φ̇, (2.87)

δ̇b = −3Φ̇. (2.88)

In the equations above, velocities are dropped away since they are order kτ . Now,
lets turn to see the form of the Einstein equations at early times. Given that radiation
dominates the matter terms at the right of the first Einstein equation are negligible and
ȧ/a ∼ 1/τ . Therefore the first equation describing the metric at early times is

Φ̇τ −Ψ = 2([1− fν ]δ0 + fνN0) (2.89)

where fν ≡ ρν/(ργ +ρν) is the ratio of neutrino energy density to the total radiation
density.

The second Einstein equation describes the mechanism by which higher-multipoles
of photons and neutrinos make Φ+Ψ to be slightly different to zero, due to the
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quadrupole of the photon and the neutrino. By neglecting such higher order multipoles,
the second Einstein equation at early times is reduced to

Φ̈τ +4Φ̇ = 0, (2.90)

which is solved by Φ = τ p with p = 0,−3. The first solution is the interesting one,
p =−3 is a decaying solution, if it is excited early on it dies out and doesn’t contribute
at all. we’ll see that the constant solution is justified by inflation in the following. Thus
the gravitational potential is related to radiation as

Φ = 2([1− fν ]∆0 + fνN0) . (2.91)

∆0 and N0 are constant in time and equal since whatever causes perturbations it
doesn’t distinguish between photons and neutrinos. This implies

∆0(k,τini) = N0(k,τini), (2.92)

Φ(k,τini) = 2∆0(k,τini). (2.93)

In the case of the equations for dark matter and baryons perturbations, they depend
upon the nature of primordial perturbations. Combining the previous equations one
obtains

δm(k,τini) = 3∆0(k,τini)+ constant. (2.94)

When the constant in the last equation is zero, perturbations are called adiabatic
perturbations, otherwise they are isocurvature perturbations [97]. The last three
equations displayed above are called the adiabatic initial conditions for perturbations.

Curvature Perturbation and Initial Conditions from Inflation The key clue to
determine the initial conditions for the metric perturbations is to define the curvature
perturbation which has the important feature that is conserved at super-horizon scales
[13, 97]. In the context of slow-roll inflation the vacuum fluctuation of the inflaton
δφ becomes classical at the time when it leaves the horizon, the point is that at
least one of these perturbations should generate the curvature perturbation which can
be observable when cosmological scales begin to re-enter the horizon. In order to
make such definition it’s important to remark that δφ is defined on what is known
as flat slicing: when we consider fluctuations on the metric we allow the scale factor
to become scale dependent, flat slicing is a restriction of this on the homogeneous
case where the scale factor depends only on time locally. The curvature perturbation
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arises when the energy-momentum tensor and the metric are smoothed on the shortest
cosmological scale. The curvature perturbation is defined as follows [102]

gi j = a2(x, t)δi j, (2.95)

a(x, t) = a(t)eζ (x). (2.96)

When the shortest mode of the curvature perturbation approaches the horizon ζ

tends to take a constant value which determines the total energy density perturbation
from which the initial conditions for the perturbations are determined inside the horizon
and then it is accessible to be observed. If the tensor perturbation is neglected, ζ

describes the curvature perturbation completely. It turns out that [13, 97]

ζ =−aH
δρ

ρ̇
. (2.97)

It can be shown that if and only if the pressure is only function of the energy
density then ζ is a conserved quantity [13]. Now in the case of the scalar field the
perturbation δφ is defined on the flat slicing and ζ is defined on the uniform energy
density slicing. On the other hand the scalar is independent of position up to a function
depending on time, hence its value at any instant gives the energy density (or the
Hubble parameter). This implies that φ is also uniform on a slice of uniform density
and hence we can replace the density by the scalar

ζ =−aH
δφ

φ̇ (0)
. (2.98)

At this point we can connect (2.98) by using the vacuum fluctuations of the inflaton
with to the curvature perturbation at late times. Because the curvature perturbation
becomes a constant a few Hubble times after the horizon exit, it only remains to
evaluate its value when that happens. The value of the curvature perturbation after
inflation is given by [97]

ζ =−3
2

Ψ. (2.99)

Therefore we can immediately relate the potential Ψ coming out from inflation to
the inflaton fluctuation δφ at horizon crossing

Ψpost =
2
3

[
aH

δφ

φ̇ (0)

]
cross

, (2.100)
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where Ψpost is the constant value of Ψ right after inflation and the cross subindex
means evaluated after horizon crossing. Equivalently the power spectra are related as
[97]

PΨ =
4
9

(
aH
φ̇

)2

Pδφ (k = aH,τ) =

[
2

9k3

(
aH2

φ̇ (0)

)2
]

aH=k

. (2.101)

Basically the calculation finishes here, however is important to repeat that in
Newtonian-conformal gauge Φ corresponds to a physical, gauge invariant quantity and
that fact has interesting implications. The Bardeen gauge-invariant variable, ΦH =−Φ,
can be geometrically interpreted. In particular, the curvature of the three-dimensional
space at fixed time is equal to 4k2ΦH/a2 , hence perturbations in ΦH can be thought as
perturbations in curvature. This means that even if we live in space that is practically
flat, perturbations give rise to curvature form place to place around the flat universe, as
if it was a textured flat fabric with small curved weaves all around.
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2.4 Cosmological Testable Observables
from Perturbations

2.4.1 The Cosmic Microwave Background

A fraction of a million years after the Big-Bang the universe was hot, dense and
turbulent as we already saw, around the time of recombination, photons and baryons
were tightly interacting and the universe was obscure. After recombination (and
re-ionization) when photons finally decoupled from baryons and electrons, electro-
magnetic radiation was free to travel through spacetime as the universe expanded until
today. The accidental discovery of this residual radiation was due to Arno Penzias and
Robert Wilson in 1964 [244]. According to the most recent report, it has a thermal
blackbody spectrum peaking at a temperature of 2.72548±0.00057K [129].

Fig. 2.2 The black body frequency spectrum of the cosmic microwave background
with uniform temperature of ∼ 3oK with an accuracy of one part in 104 measured by
various groups. Figure taken from [278]

This discovery implies that the Universe was in thermal equilibrium when the
radiation was released when the temperature of the universe was around 3000K. It
is a stunning fact that a part in 10−4 , this temperature is the same all over the sky.
Assuming that before decoupling the universe was filled with radiation and neutrinos
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mainly, this is surprising also because at the decoupling time the causal horizon
of the universe (defined by the distance that light has traveled since the Big Bang)
corresponded to ∼ 1o, as observed today, however the temperature of CMB is uniform
even for patches larger than 1o. The question on how could be possible that causally
disconnected regions could reach mutual thermal equilibrium establishes the so called
horizon problem [61, 212].

Fig. 2.3 The anisotropies of the cosmic microwave background as observed by Planck.
According to the standard cosmological model, the CMB is a snapshot of the oldest
light in our Universe, imprinted on the sky when the Universe was just 380 000 years
old. It shows tiny temperature fluctuations that correspond to regions of slightly
different densities, representing the seeds of all future structure: the stars and galaxies
that surround us today. Figure taken from [302].

After the first discovery of the anisotropies of the CMB by the COBE satellite
[286], they have become one of the most powerful observational probes of cosmology,
particularly they have provided a tool to test inflation and to extract valuable infor-
mation about the large scale structure of the universe [151].Very recently Planck has
provided extremely accurate measurements of the CMB anisotropies which will bring
deep insights to the subject.

To predict CMB anisotropies in any given model, we need to solve the set of
coupled equations studied in previous sections in order to track the evolution of differ-
ent species of particles present at different times in the universe and then determine
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the spectrum of residual background radiation that reaches us today. Although the
anisotropy formation is a very complicated process, an approximate analytical analysis
may bring a good understanding of the physics driving the birth of the CMB anisotropy.
In this section we intend to draw a clear and complete summary of the method to
compute the CMB temperature and polarization anisotropies.

2.4.1.a Multipolar Decomposition

The CMB that reaches us from the sky has a complicated spatial structure. In order to
handle it and to extract useful information from it we can decompose it into an infinite
set of discrete moments which have a much simpler structure. Specifically the complex
angular dependence of the CMB can be better handled by using special functions
called spherical harmonics. To compute the anisotropy at a given point x⃗ = rn̂ we
decompose the plane wave contributions with wavelength k⃗ = kk̂ (hat vectors have
magnitude equal to 1) in the following way

∆(⃗x, n̂,τ) =
∫

d3k ei⃗k·⃗x
∆(⃗k, n̂,τ) ≡

∫
d3k ei⃗k·⃗x

∞

∑
l=0

(−i)l (2l +1) ∆l (⃗k,τ) Pl(k̂ · n̂)

The anisotropy at the origin may be expanded in spherical harmonics

∆(n̂) =
∞

∑
l=0

l

∑
m=−l

alm Ylm (n̂) (2.102)

where

alm = (−i)l4π

∫
d3k Y ∗

lm (k̂) ∆l (⃗k, n̂,τ). (2.103)

The angular power spectrum of the anisotropy is defined as

⟨alm a∗l′m′⟩=Cl δll′ δmm′, (2.104)

The angular two-point correlation function is

C(θ)≡ ⟨ ∆(n̂1) ∆(n̂2) ⟩=
1

4π

∞

∑
l=0

(2l +1)Cl Pl(n̂1 · n̂2) (2.105)
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The anisotropy coefficients Cl are random variables which depend on the primordial
power spectrum of perturbations. A consequence of this is that the angular power
spectrum is related to the primordial power spectrum by [74].

Cl = 4π

∫
d3k PΨ(⃗k) ∆

2
l (k,τ). (2.106)

2.4.1.b Tight Coupling Limit

Before recombination the Compton scattering is quite effective because κ̇ value is
important. At this regime all multipoles ∆l, l > 1 are negligible. Only the monopole
and the dipole contribute to the total anisotropy. From here we can deduce that photons
behave like a fluid. For perturbations with wavelength much smaller than the horizon at
recombination smoothed out [97]. Combining the equations for photons and baryons
at this regime a single equation for the photon monopole results

∆
′′
0 +Φ

′′+
a′

a
R

R+1
(∆′

0 +Φ
′)+ k2c2

s (∆0 +Φ) =
k2

3
[

1
1+R

Φ−Ψ] (2.107)

where the sound speed here is given by c2
s =

1
3

1
1+R . The equation above describes

the so called acoustic oscillations in the photon-baryon fluid before recombination and
from it we can read off the following three effects:

• Φ′′ is responsible of the early Sachs-Wolfe effect on ∆′′
0 which dominates at

super-horizon scales kτ << 1

• k2Ψ, represents the gravitational infall which produces the adiabatic growth
of the photon-baryon fluctuations, this effect is important near horizon scales
kτ ∼ 1

• the k2c2
s ∆0 term accounts for the photon pressure which is important inside the

sound horizon.

On the other hand, the gradient of the Newtonian potential induces a gravitational
redshift on the photons as they travel through potential wells from recombination until
today. The potential difference induces a temperature shift so the effective temperature
of photons is ∆+Ψ . This effect is called then the integrated Sachs Wolfe effect
(ISW) [264]. Also the second effect mentioned above can be understood by looking
the equations for baryons in the Newtonian-conformal gauge
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δ
′
b = −θb +3Φ

′, (2.108)

θ
′
b = −a′

a
θb + c2

s k2
δb +

4ρ̄γ

3ρ̄b
aneσT (θγ −θb)+ k2

Ψ. (2.109)

the Newtonian potential plays the role of a source in the velocity equation and it
gives rise to the adiabatic growth of perturbations. Equation (2.107), in the fluid limit
(at first order in κ̇), is solved analytically by

∆0(τ)+Φ(τ)= [∆0(0)+Φ(0)]cos(krs)+
k2

3

∫
τ

0
dτ

′[Φ(τ ′)−Ψ(τ ′)]sin[k(rs(τ)−rs(τ
′))].

(2.110)

The sound horizon is defined as

rs(τ) =
∫

τ

0
dτ

′cs(τ
′). (2.111)

The approximative solution above was first found by Hu and Sugiyama at [319].
This approximate solution has two interesting features: 1. it reproduces with high
precision the position and height of the peaks of the exact solution. 2. It splits the cal-
culation of the anisotropy in two simple steps, first compute the gravitational potentials
generated by matter and afterwards integrate to get the temperature fluctuation. It is
important to mention that the cosine mode is excited by the inflationary models since it
involve non-zero initial conditions. When the first term dominates, this solution gives
a quantitative way of determine the location of the peaks

kp =
nπ

rs
(2.112)
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Fig. 2.4 Evolution of the photon anisotropy before recombination for a particular
model. It is clear that the tight coupling approximation is very good. The numerical
solution is for a universe which never recombines in order to eliminate the diffusion
damping at recombination. The normalization is set such that Φ(0) = −1. Figure
taken from [319].

∆1(τ) = [∆1(0)+Φ(0)]sin(krs)−
k
3

∫
τ

0
dτ

′[Φ(τ ′)−Ψ(τ ′)]cos[k(rs(τ)− rs(τ
′))]

(2.113)
Note that the dipole and the monopole phases are shifted from each other. Ac-

counting for the dipole rises the anisotropy spectrum, the shift between the monopole
and the dipole turns the troughs of the spectrum more pronounced. So far, in the
tight coupling regime we’ve ignored the high multipoles of the temperature fluctuation
and only effects of the monopole and the dipole dominate. However at next order
in the Compton scattering rate the quadrapole produces a small effect of diffusion
[97, 242]. The damping of photons due to diffusion through baryons is related to the
“finite thickness of the last scattering surface”. Approximately, before recombination,
photons and baryons form a perfect fluid, ideally this would be true if the rate of
scattering of photons and electrons were infinite, however in reality this rate is finite
and then photons travel a finite distance between scatters.
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The resulting anisotropy in this limit is a damped tight coupling anisotropy that is

(∆0 +Ψ) = (∆̂0 +Ψ)e−[k/kD(τ)]
2
, (2.114)

where

1
kD(τ)2 =

1
6

∫
τ

0
dτ

′ 1
κ ′

R2 +4(1+R)/5
(1+R)2 (2.115)

As a result anisotropies at scales k >> kD are exponentially damped by diffusion
[277]. The presence of Ψ plays the role of the ordinary Sachs-Wolfe contribution due
to the potential wells mentioned in before.

2.4.1.c The Anisotropy Today: Free-Streaming Solution

Just after recombination the temperature anisotropy of the CMB freezes because of the
decoupling of photons from baryons. The remaining radiation travels free all along
the way to us today [41, 42]. In consequence we observe this fluctuations in the sky
almost as they were at the time of decoupling. Instead of solving the coupled system
of differential equations that we studied above, one may use another mathematical
method which results to be more economical. By this method one uses an integral
method to find the solution of the anisotropies. Basically the perturbations for the
photon are integrated out along the past light cone to obtain [309]

∆P,T =
∫

τ0

0
dτeikµ(τ−τ0)ST,P(k,τ), (2.116)

ST = g
(

∆0 +Ψ−
V ′

b
k
− Π

4
− 3Π′′

4k2

)
+ e−κ(Φ′+Ψ

′)−g′
(

Vb

k
+

3Π′

4k2

)
− 3g′Π

4k2 (2.117)

SP = − 3
4k2

(
g[k2

Π+Π
′′]+2g′Π′+g′′Π

)
, (2.118)

Π ≡ ∆2 +∆P2 +∆P0, (2.119)

where µ has been eliminated by integrating by parts with respect to conformal
time and τ0 = τ(a = 1) . By doing so only the monopole term is affected since the
boundary terms vanish at early times today since they are unobservable. The terms
above are called the sources of the anisotropy and the different contributions produce
distinguishable effects of the observed anisotropy:
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• The first two terms in (2.117) correspond to the effective anisotropy at the last
scattering surface.

• The terms depending on the baryon velocity Vb are the Doppler terms.

• The term containing the gravitational potentials produce the so called integrated
Sachs-Wolfe effect and it is important after recombination, especially if equality
occurs close to recombination. In such case, the potentials are decaying by
recombination and thus they act as enforcing agent that make the anisotropy to
be enhanced.

• The terms containing Π affect the anisotropy at a 10% level and they are due to
the photon polarization and anisotropic Thompson scattering [309].

It is worth to mention that the last equation is a generalization of the tight coupling
limit, it reduces to it when the visibility function is a Dirac delta and Π can be neglected.
In that approximation, one just needs to evaluate the sources at recombination and
afterwards free-stream them to obtain the anisotropy today. In the general integration
case contributions arisen during recombination and after are taken into account. When
the tight coupling approximation breaks down at recombination, polarization and
anisotropic stress must to be considered to compute the anisotropy.

The multipoles of the anisotropies observed today can be computed as well by
using this integral method. For that propose, one needs to decompose the plane wave
in the integrand into angular and radial eigenfunctions that is in a superposition of
Legendre polynomials and spherical Bessel functions respectively as follows

∆(T,P)l(k,τ0) =
∫

τ0

0
ST,P(k,τ) jl[k(τ − τ0)]dτ, (2.120)

where jl is the spherical Bessel function. Note that the anisotropy is composed by
two parts: the source which is independent of the multipole momentum l and the other
geometrical jl which is independent of the cosmological model. It is because of this
feature that the integral method is quite convinient to save computational resources.
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Fig. 2.5 The multipole spectrum of the CMB temperature anisotropy measured by the
Planck Satellite. Figure taken from [4].

2.4.1.d The Cosmological Parameters and the CMB Anisotropy

The CMB is a powerful tool to determine cosmological parameters in a model, particu-
larly for GR, thanks to the accurate measurements obtained during the last decades it
has been possible to infer the values of the parameters with even better accuracy than
one percent [6]. In this subsection we shall briefly analyse how the CMB is affected
when the cosmological parameters in the standard model are varied.

Here we are going to take into account only a part of the whole set of cosmological
parameters such that the resulting standard model considered is suitable to be compared
to our models later on along the following chapter of this thesis. For example we are
going to fix the curvature parameter to zero since we are studying a flat universe case,
also we are going to set the neutrino’s masses to zero.

Next we are going to analyse the effects that each relevant parameter has on
the anisotropy. First, we will consider a subset that changes only the height of the
peaks. Because these parameters affect the spectrum in the same way they are usually
degenerate, then in order to determine them we need to consider different observations
to discriminate each parameter from the others.
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• Tilt or spectral index- According to inflationary theories, the primordial power
spectrum of perturbations has a very simple form

P0(k) = A0kn

Where A0 is the primordial amplitude and n is the spectral index. The value of
A0 is around 10−12. The value n = 1 has a particular significance. It is called the
Harrison-Zel’dovich scale-invariant spectrum. If the initial power spectrum has
such form the perturbation have equal power at every scale. If n < 1 then the
small scale anisotropies are smaller than when n = 1. From all the parameters
in the subset, the characteristic effect of this one is the pronounced tilt that it
produces and because of that the most easily extracted.

Cl(n)
Cl(n = 1)

≃
(

l
lpivot

)
(2.121)

lpivot is determined by the normalization of the primordial spectrum.

• Normalization This parameter modulates the amplitude of the primordial spec-
trum and trivially changes the height of the peaks. It is the only parameter that
can raise the amplitude of the entire spectrum.

• Reionization It is the name given to a late epoch in the history of the universe
when it was almost ionized. This is inferred from the absorption spectra of high
redshift-quasars where no evidence of neutral hydrogen is seen below z ∼ 6
[125]. At this epoch the CMB returns to be in touch with electrons and if the
scattering rate is sufficiently high isotropy is restored. If the CMB photons
arrive to a region with optical depth κ , only a fraction e−κ will escape so the
temperature that we see today is [97]

T [1+∆]e−κ +T (1− e−κ) = T [1+∆e−κ ] (2.122)

This argument affects only scales inside the horizon at the epoch of re-ionization.
Smaller scales will be suppressed by e−κ .

Now we are going to study a subset of parameters which affect the CMB in various
ways so they are not expected to be degenerate. All of them produce a shift in the
locations of the peaks of the spectrum. To understand this lets recall a feature of the
acoustic oscillation studied before. On one hand, inhomogeneities on scale k appear at
an angular scale l = kτ0. On the other hand, from the solution for the monopole of the
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anisotropy we can conclude that the peaks appear at lp = nπτ0/rs(τ
∗) . Since rs(τ

∗)

depends on the matter density and the baryon energy density the positions of the peaks
do as well.

• Matter Density Ωmh2 Since lp is quite sensitive to this parameter. When it is
varied the positions of the peaks is importantly shifted. If matter density is low,
equality occurs closer to recombination so the radiation density is considerable
when computing perturbations at recombination. This also implies that the
gravitational potentials are still decaying at recombination and they are a driving
force for the oscillations. In consequence ∆0(τ

∗) is larger than in a matter
dominated universe. Furthermore, as we already mentioned, the time-varying
potentials at recombination produce an early ISW effect which contribute to the
spectrum, therefore the small-scales anisotropies increase if the matter density
decreases.

• Baryon Density Ωbh2 The sound horizon at recombination rs(τ
∗) is sensitive to

this parameter but not as much as Ωmh2, when varied the location of the peaks
are shifted. In addition to this shift, changes in Ωbh2 affect the height of the
anisotropy, in particular the odd peaks are higher than the even peaks when the
baryon density is large. This comes from the fact that the frequency of acoustic
oscillations decreases when the mass of baryons increases. This modification to
the spectrum is unique and is only produced by the baryon density parameter, so
it is the easiest to extract from data.

• Cosmological Constant This parameter is relevant only at late times and it does
not affect recombination at all. The only effects it can have are on the free-
streaming and on the largest scales just entering the horizon today. It produces
a small shift on the peak locations because it affects the conformal distance to
recombination. The cosmological constant also has an important effect on the
late ISW which enhances the anisotropy at large scales (small l) and increases
the heights of the three first peaks.
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2.4.2 The Large Scale Structure of the Universe

2.4.2.a Evolution of Matter Perturbations

One of the main problems that Modern Cosmology tries to describe is the formation
of structure of matter under gravitational instability. Can structure in an expanding
universe form from gravitational collapse of small fluctuations? If the answer is yes,
then does the observed amount of structure agree with our theory? For the most part,
these questions only deal with non-relativistic matter. Furthermore, most observable
structure, for instance galaxies, is on scales much smaller than the cosmological
horizon. Because of these two reasons, to describe structure formation in cosmology it
is sufficient to use Newtonian perturbation theory mainly described by the continuity
and Euler equations, which combined lead to

δ̈ +2Hδ̇ +

(
c2

s k2

a2 −4πGρ̄

)
δ = 0 (2.123)

This equation mainly describes the so called gravitational instability that generates
the formation of over-densities. This equation is similar to that of a static fluid with
varying density. Notice that the expansion of the universe gives rise to a damping term
which can be ignored if we consider that expansion is quasi-static in comparison to
the evolution of the perturbation so the remaining system corresponds to an harmonic
oscillator. In order to analyze the evolution of these matter perturbations lets define
the Jeans scale as [78]

kJeans ≡ a
√

4πGρ̄

cs
(2.124)

• if k > kJeans we obtain oscillatory and stable solutions.

• k < kJeans: cannot be determined if the solutions grow or decay. Further infor-
mation about H is needed.

The solutions of cosmological perturbations naturally split up in three stages.
Looking at the solutions of the modes of the gravitational potentials for different scales
we can observe that

1.- Early Times: all the modes are outside the horizon and the potential is constant.

2.- From radiation to matter domination epochs: the modes enter the horizon. The
potential suddenly changes dramatically. The large scale mode which enters
the horizon after equality falls down later and in less extent than the small scale
mode which enters the horizon before equality.
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3.- Late matter dominated epoch: the modes at different evolve in similar way
remaining almost constant.

Consistently with such qualitative analysis formally it turns out that the solutions
for the potential are given as

Φ(⃗k,a) =
9

10
ζ (⃗k)T (k)G(a) (2.125)

where ζ (⃗k) is the primordial random fluctuation determined by inflation, T (k) is
the transfer function describing the transition in the evolution of the modes at horizon
crossing during the transition from radiation domination to matter domination eras.
Finally G(a) is the growth function which describes how perturbations grow coherently
at late times.

The easiest way of probing the potential is determining the matter distribution
mainly at late times which are related by

δ (⃗k,a) =
k2Φ(⃗k,a)a
(3/2)ΩmH2

0
=

3
5

ak2

ΩmH2
0

ζ (⃗k)T (k)G(a) (2.126)

At late times, when the potentials are inside the horizon the matter perturbation
grows as time runs on. Intuitively, over-dense regions attract more and more matter
becoming more overdense.

2.4.2.b Matter Power Spectrum

In practice the quantities that we determine by using perturbation theory are only
expectation values rather than precise values of the perturbations. The situation can
be thought as if we could have different inflationary situations and the perturbations
would have phases additionally to the amplitude that is usually computed. This
means that they are random variables generated by some random homogeneous and
isotropic process. The quantity that can be computed for a given model that may be
compared with observations is the power-spectrum, that is the Fourier transform of
the two-correlation function. If the perturbations come from the generic prediction of
inflation and then they are Gaussian then the power spectra contains the full statistical
information of the model [102].

There is a difficulty about this picture, that we could never measure expectation
values at all since we have only one universe, in other words only one realization of the
stochastic process in question. However a way to approximately compute the power
spectra is to determine the mean square fluctuation on a given scale k by averaging
over many patches of size 1/k assuming that the spatial averaging is equivalent to
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the ensemble averaging (the ergodic theorem is satisfied) . This works to scales
smaller than the horizon otherwise the cosmic variance problem arises: the sum over
independent volumes at a given scale may differ considerably from the ensemble
average.

A generic power spectrum in Fourier space is defined as follows. Lets consider a
scalar variable S at fixed physical time t0 [102]

⟨S(⃗k, t0)S(⃗k′, t0)⟩= (2π)3
δD(⃗k− k⃗′)PS(k). (2.127)

where δD denotes the Dirac delta. The average is assumed to be of ensemble type
over random initial conditions in a given model. It is also assumed statistical isotropy
since every direction has the same probability to occur. Also statistical homogeneity is
assumed since every point in the Fourier space is equally preferred [102].

The power spectrum of matter observed today in terms of the the primordial power
spectrum generated during inflation [97] PΦ = (50π2/9k3)(k/H0)

n−1δ 2
H(Ωm/D1(a =

1))2 can be computed at late times in terms of the transfer function T (k) studied below
and the growth of matter perturbations D1(a) giving rise to

P(k,a) = 2π
2
δ

2
H

kn

Hn+3
0

T 2(k)
(

D1(a)
D1(a = 1)

)2

(2.128)

where δH is related to the COBE normalization and corresponds to the matter
density perturbation at the Hubble scale today. This convention is the following: since
the potential is constant in the matter dominated epoch, the large-scale observations of
COBE set the overall amplitude of the potential power spectrum today. The matter
power spectrum above has dimensions of volume and d3kP(k)/(2π)3 corresponds to
the power excess in a bin of width dk, so after being integrated over all direction of k
the excess becomes (dk/k)P2(k) with

P2(k)≡ k3P(k)
2π2 (2.129)

At this point we can see that δH = P2 and corresponds to a Harrison-Zel’dovich-
Peebles spectrum of size equal to the horizon [144, 241, 343]. By looking at the
figure we can observe some features of the power spectra, first at large scales P ∼ k
where the transfer function is unity and n = 1. Second, at small scales the power
spectrum bends downwards. This happens because on one hand at sufficiently small
scales, the perturbations enter the horizon well before equality. On the other hand at
the radiation era the potentials are decaying and then the transfer function is smaller
than unity. The result is that the matter perturbations grow very slowly for a while
just after matter onset. This suppression is stronger for smaller scales thus the power
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spectrum decreases while the scale decreases (or k increases). So the turn over of
the power spectrum occurs on the scale sized as the horizon at the time of equality.
Another important scale is the one at which nonlinearities become important, that is
about k ∼ 0.2hMpc−1 in most of the models

2.5 Summary of the Chapter

In this chapter we reviewed some aspects of the standard cosmological model which
are relevant for rest of the Thesis. The contents of this chapter are the basis to develop
and understand the same formalism applied to the simplest modifications of gravity:
the Brans Dicke theory and a generalization of it, the effective scalar tensor theory
studied along chapter 3 and chapter 4. There we try to extract the new physics carried
by the new degrees of freedom leading to the modification, and this is achieved by
contrasting the behavior of certain observables in such models with their already
known features within the standard model.

Specifically , in this chapter we reviewed the standard paradigm that has allowed
to draw a precise picture of our universe. As any physical theory, the basics in our
palette are predictions of different types of observable quantities, which in principle
are associated to quantities that can be measurable in the real world. In the previous
chapter we had realised that the standard model based on general relativity and the
cosmological principle, provides an excellent picture of the universe since its predic-
tions agree with high accuracy with the cosmological observations so far in despite
of bearing yet unsolved issues like the cosmological constant problem and the yet
undetected dark matter.

Given the important and active moment of cosmology and the stream of observa-
tional data that comes out from various ultra-precise surveys, very specific observables
arisen in a model can be strongly tested. For instance the CMB temperature and
polarization anisotropies, direct measurements of distances of supernovae to test dark
energy and observations of the distribution and structure of matter in the universe.
In this chapter we introduced all the theoretical machinery, within ΛCDM, to derive
the relevant observables to be tested in the next chapters. Although the basics we
presented here are restricted to ΛCDM only, the set up of the model is also valid for
other models based on different metric theories of gravity. The analysis of the physical
implications is very similar at least in the theories we study in chapters 3 and 5.





CHAPTER 3

THE BRANS-DICKE COSMOLOGY

3.1 Historical Review of the Brans-Dicke Theory
and its Generalizations

The Brans-Dicke theory of gravity (BDT)[46, 75] and its generalizations (gBDT), are
among the simplest extensions of General Relativity depending on one free function
ω(φ). Historically the former has been an important model in which deep ideas were
imprinted, it also inspired precise tests for general relativity and raised as the first viable
alternative to it. It was first formulated by a number of people as an implementation of
a varying gravitational coupling in General Relativity.

P. Jordan and his colleagues around 1959 in Germany [164] looked into Kaluza-
Klein’s first five-dimensional version of general relativity attempting to unify gravity
with electromagnetism. Afterwards, it appeared the possibility of a 5th dimensional
component of the metric, a scalar which might play the role of a dynamical Newton
constant as suggested by Dirac [94]. In the original 5-dimensional GR, when the
5-dimensional spacetime is compactified to the 4-dimensions, the usual Einstein
equations result coupled to the electromagnetic stress tensor and to the 5th component
of the metric, in this case this Kaluza-Klein mode plays the role of a dynamical
gravitational coupling. This result was the first hint of a varying GN . Jordan and
company, however, proposed purely 4-dimensional field equations for a scalar field
related to Newton’s constant. Shortly after Brans and Dicke [46] independently arrived
at very similar result.

The starting point of Brans and Dicke in the early 1960’s was Mach principle, that
inertial frames of reference should be defined with respect to the whole mass of the
universe. Thus the inertial masses of elementary particles must not be fundamental
and absolute constants but they should rather represent the interaction of particles with
some cosmic field coupled to the rest of the mass in the universe. This implies that the
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absolute scale of elementary particles of the scalar field φ [321]. Because of these
considerations Brans and Dicke proposed that in the correct equations of motion for
gravitation GN should be replaced by 1

φ
and, for consistency, they should also include

the energy momentum tensor of the scalar field in the source of the gravitational field.

In order to implement explicitly the Mach’s principle a cosmic non-canonical,
dimensionless, massless scalar field φ is introduced which is coupled to gravity only.
The action describing such a situation is given by

S =
1

16πGN

∫
d4x

√
−g
[

φR−2Λ− ω

φ
(∇φ)2

]
+Sm, (3.1)

where g is the metric determinant, R is the scalar curvature, ∇ is the covariant
derivative corresponding to the metric, GN is the Newton’s constant and Sm the matter
fields action. Note that this action is similar to that of GR, the only difference is that
the scalar field normalizes the gravitational coupling. The scalar is only coupled to
the metric and the metric is minimally coupled to the matter fields. Thus test particles
travel along geodesics and then the weak equivalence principle is satisfied.

As in GR the curvature of the space-time is generated by the matter contained in it
and the gravitational forces are purely geometric effects due to the curvature of the
space-time. The strength of the coupling of this force is given by the inverse of the
scalar field. This is achieved due to the weak equivalence principle.

In contrast to GR, the gravitational coupling varies in time and position. In this
way, inertial masses of particles are not absolute quantities, instead they depend on
the local value of the cosmic scalar field whose current value is related to the Newton
constant that measure on earth.

A specific model is determined by a single parameter ω ,as we shall see below it
modulates the value of the field and its variation. The natural conformal frame of this
theory is the Jordan frame where the weak equivalence principle exclusively holds.

In later years, Bergmann [35], Nordtvedt [165] and Wagoner [317] proposed a
generalized version of BDT by considering the most general scalar-tensor theory of
gravity at the time, this was done by upgrading the only free parameter ω to a free
function of the scalar field and allow the scalar field having an arbitrary potential.

As mentioned in the introduction, during the 1960’s Dicke led a huge push to
experimental tests of GR and its alternatives. This explosion of interest in relativity
was in part due to the promotion of these viable alternative theories. The gap between
the theory and the experiment was developed thanks to Will, Norvedt , Thorne among
others [326]. For example, Nordtvedt used the BDT as an explicit case in which the
gravitational free fall acceleration of massive bodies depends on their gravitational
binding energy, and suggested testing the consequences of this possible violation of
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the “strong equivalence principle” in the laser ranging data to the moon [226–228].
This led to one of our best current ‘null’ tests of Einstein’s theory.

As we see, BDT has been useful as a contrasting theory of gravity, however the
original BDT hardly differs from GR when confronted against observations. The
BDT predictions fractionally differ from the general relativistic ones by around 1/ω ,
therefore the constraints from the Viking radar ranging data to Mars give 1/ω <

2x10−3 at one sigma [326]. Furthermore, the measurement of the Parameterized Post-
Newtonian parameter γ (see [326, 327]) from the Cassini mission gives ω > 40000 at
the 2σ level [2, 36, 327]). This raises the following questions concerning all alternative
theories of gravity: Are there alternative relativistic theories of gravity which pass
the various existing solar-system tests, but which differ appreciably from general
relativity in the other regimes of strong or rapidly varying gravitational fields? And, if
affirmative, is there a reasonably exhaustive way of parameterizing all the strong-field
or rapidly-varying-field effects that distinguish those theories from general relativity?
And as for BDT: Is it still worth studying it further?

Regarding the first two questions, we have good reason to think that the answers
may be affirmative. As for the last question, we would like to convince the reader that
the answer is affirmative as well.

In the more recent decades after the 1960’s, BDT has turned out to be relevant
since it appears as the special case or a limit of more sophisticated but also more
realistic and physically-motivated theories. For instance, BDT is a close cousin of the
so-called Galileon theories [223], recently proposed to explain cosmic acceleration
while evading Solar System constraints. In other more theoretical grounds, the scalar-
tensor action also arises as a special sector of the Plebanski action when the trace
component of the simplicity constraints is relaxed in the absence of matter fields [31].
Finally as we discuss further below, BDT arises as a particular limit of Horndeski
theory [93, 149], the most general scalar-tensor theory having second order field
equations in four dimensions.

Although Solar System data provide a far superior bound on ω , on cosmological
scales the story is somewhat different. In 2003 Nagata et al. [216] have reported that
ω > {50,1000} at 4σ and 2σ respectively using Wilkinson Microwave Anisotropy
Probe (WMAP) first-year data (WMAP-1). However, as argued in [2], their 2σ result
is not reliable as the reported χ2 has a sharp step form, and rather, one should take the
4σ result as a more conservative estimate. Better constraints come from Acquaviva
et al. [2] who report ω > {80,120} at the 99% and 95% level respectively by using
a combination of Cosmic Microwave Background (CMB) data from WMAP-1 and
a set of small-scale experiments as well as Large-Scale Structure (LSS) data. Wu et
al.in [337] report ω > 97.8 at the 95% level using a combination of CMB data from 5
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years of WMAP, other smaller-scale CMB experiments and LSS measurements from
the Sloan Digital Sky Survey (SDSS) Release 4 [304]. Their constraint is weaker than
in [2] even though newer data are used. Later [188] improve to ω > 181.65 (95%
level) using Planck data [4] with the same priors as [337]. Finally, as we shall find in
chapter 4, we improved these constraints with Planck to ω > 890 [19]. As we see,
BDT has more chances of kicking in on linear cosmological grounds in contrast to
complex small scales. Nowadays would be quite naive to seriously believe in BDT as
a viable modification of GR that alleviates all the drawbacks of GR. Nonetheless, it
might serve as a tool to test the viability of a host of theories which are indeed strong
candidates to do so.

In this chapter we are going to study theoretical aspects of the Brans-Dicke theory
which are going to serve to explore its phenomenology and to establish a framework
to shed some light about the viability of more general modified theories of gravity in
the later chapters.

3.2 The Model

In this subsection we present the setup and some technical aspects of the Brans-Dicke
theories of gravity which are going to be useful in the following. As mentioned above
we aim to create a theoretical framework rather than studying the BDT themselves as
actual descriptions of phenomena.

The basic ingredients to construct the Brans-Dicke theory are the following

• Weak equivalence principle

• Mach’s principle

As mentioned in the introduction, in order to implement the Mach’s pricniple a
non-canonical massless scalar field φ is introduced which is coupled to gravity only
and it is described by action (3.1). For now we shall keep the original interpretation:
the role of the scalar is that of a dynamical gravitational coupling within GR.

The equations of motion (e.o.m) resulting by extremizing the action are given by

φRµν = 8πGNTµν +∇α∇β φ −gαβ✷φ +
ω(φ)

φ

(
∇µφ∇νφ − 1

2
gµν∇αφ∇

α
φ

)
(3.2)

φR − ω

φ
∇αφ∇

α
φ +2ω

✷φ

φ
= 8πGNT. (3.3)
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In the Jordan frame matter is minimally coupled to the metric, therefore test particle
travel on geodesics and the energy momentum tensor is conserved

∇
µTµν = 0, (3.4)

where Tµν is the energy-momentum tensor of the matter fields, T is its trace and
Rµν the Riemann curvature tensor. Note that the scalar couples indirectly to matter by
means of the metric. If the metric equations (5.10) are traced and added to (5.11), the
scalar curvature may be eliminated and obtain an equation for the field sourced by the
metric as

✷φ =
8πGN

2ω +3
T. (3.5)

The field is suppressed by 2ω +3, then for ω → ∞ the field is constant and GR is
recovered. In the last equation the scalar couples to the trace of the energy-momentum
tensor of matter. Note that for ω < −3

2 the field is a ghost and thus physically
pathological. It is interesting that BDT arises as a limit of more complex theories. For
instance, it corresponds to the DGP braneworld model at subhorizon scales where the
5th dimension is not important with ω = 3

2(β (t)−1) where β (t) = 1−2Hrc(1+ Ḣ
3H2 ),

Ḣ is the time derivative of the Hubble rate and rc ∼ 1
H0

is the cross-over scale [104].
As mentioned before, equations of motion for matter are the same as in GR, however,
since the metric might have a different solution due to the presence of the scalar, its
final dynamics may also be modified. Notice that when ω → ∞, the scalar is constant
and the theory is just GR. As suggested above, BDT is very similar to GR, with the
only modification that the BDT field plays the role of a time-varying Newton’s constant
in order to implement the Mach’s principle.

3.3 Background Cosmology

Assuming a flat, homogeneous and isotropic universe supported by observations of
the galaxies distribution, the space-time geometry is described by the Friedmann-
Robertson-Walker metric

ds2 =−dt2 +a2(dx2 +dy2 +dz2) = a2(−dτ
2 +dx2 +dy2 +dz2), (3.6)

where t is the synchronous proper time and τ is the conformal time. The average
of the energy-momentum tensor of matter is given by
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T 0
0 = −ρ

T j
i = Pδ

j
i

In order to preserve homogeinety, we consider an time-dependent scalar field upon
which small perturbations may arise due to small perturbations of the metric

φ = φ̄ +δφ . (3.7)

The Einstein equations for the metric (3.6) become a modified version of the usual
Friedmann and Raychaudhury equations [46]

3H2 =
8πGN

φ̄
ρ +

Λ

φ̄
+

ω

2

(
˙̄
φ

φ̄

)2

−3H
˙̄
φ

φ̄
, (3.8)

−2Ḣ − 3H2 −
¨̄
φ

φ̄
−2H

˙̄
φ

φ̄
− ω

2

(
˙̄
φ

φ̄

)
=

8πGN

φ̄
P− Λ

φ̄
. (3.9)

The scalar evolves in the FRW universe governed by the following equation

¨̄
φ +3H ˙̄

φ =
1

2ω +3
[8πGN(ρ −3P)+4Λ] . (3.10)

Where dotted letters denote derivatives with respect to proper time, e.g. ˙̄
φ = dφ̄

dt
and H = ȧ

a .

Strictly speaking, the initial conditions must be fixed by the boundary conditions of
the solution on small scales. On those scales observers in bound systems in the quasi-
static regime like our solar system, would measure [46, 75][See subsection(6.3.2.a)
equation (6.45)]

φ̄0 ≡ φ̄(a = 1) =
GN

Ge f f
=

4+2ω

3+2ω
. (3.11)

in units where φ̄0 is dimensionless. However, this assumption is quite strong since
it would imply that BDT governs the physics at solar system. As we mentioned above,
BDT is already not a good choice to describe gravity on that scales. If we aim to
consider more general modifications of GR at the very large scales, φ̄0 should be
allowed to have different values, for that reason in this work we study models in which
it is a free derived parameter. In our treatment we used as a primary free parameter
the initial condition of the scalar at early times φ̄ini and derived φ̄0 from it and the
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evolution equations. From now on we’ll call such models as “unrestricted models”
(uBDT). For completeness, we also consider models which gravitational coupling is
fixed as usual, we call them “restricted models” (rBDT).

0.0001 0.001 0.01 0.1 1

1

1.05

1.1

1.15

Log(a)

Fig. 3.1 Exact numerical solutions for the background scalar field φ̄ in the restricted
models for a range of ω values. The plot shows the absence of growth during the
radiation era and the logarithmic growth during the matter era. The larger ω the slower
the growth.

As figure (3.1) shows, the field stays constant during the radiation era because
(3.10) is sourced by ρ −3P = 0 (since P = 1

3ρ for photons), resulting in φ̄ behaving
like a massless scalar. As the Universe enters the matter era, however, φ̄ grows but
only logarithmically with the scale factor a. Thus, the scalar field today, φ̄0, is expected
to be within a few percent of its initial value in the deep radiation era.

Now lets analyse the expansion history in these models. From equation (3.8) is
straightforward to get

(H +
1
2

φ̄ ′

φ̄
)2 =

8πGN

φ̄
ρ +

Λ

φ̄
+ f (ω)

(
φ̄ ′

φ̄

)2

(3.12)

where f (ω) = 1
4(2ω +3). Typically, for realistic models the mean value of ω is

large enough so the scalar is approximately constant then the Friedman equation is



86 The Brans-Dicke Cosmology

nearly 3H2 ≈ 8πGeffρ where the effective cosmological gravitational strength is given
by

ξ = Ge f f /GN = 1/φ̄0. (3.13)

where φ̄0 is the value of the scalar today. Thus, effectively ξ is a derived parameter
which rescales the gravitational coupling measured in a bound system formed today.
On the other hand, even for ω ∼ 1 (3.12) is just like in GR at very early times because
the scalar is not coupled to radiation.

For the restricted BDT case, the larger value of ω is, the closer is universe to a FRW.
As the scalar and its derivative are enhanced when ω → 1, the universe expands quicker
due to the scalar’s derivative contribution in the l.h.s of the Friedmann equation.

Fig. 3.2 The scale factor for uBDT (φ̄ini = 1) and rBDT. When the effective GN
increases for the restricted case the scale factor increases as well because the universe
expands more rapidly
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Fig. 3.3 Left: Variation of the Hubble rate as function of redshift with respect of ω

for uBDT and rBDT models with Ge f f = 1.043. The solid line corresponds to the
ΛCDM model with Ge f f = 1. In both cases the curve H(z) bends upwards at early
times and downwards at late times. Right: Variation of the Hubble rate as function
of redshift with respect of ξ for uBDT. As expected, the expansion rate effectively
increases when the gravitational strength is rescaled.

In the restricted case the mean value of Ge f f decreases for smaller ω whilst it stays
constant in the unrestricted case. Thus, the unrestricted models have an additional
convenience over the restricted ones since the effects of φ̄ and ˙̄

φ over the expansion
are uncorrelated since ω and ξ control each of them independently. We can observe
such effects by looking how the Hubble rate depends on ω and ξ respectively as figure
(3.3) shows.

The left panel displays H(z) for different values of ω either for uBDT or rBDT
with a fixed Ge f f , notice that when ω decreases in both cases the curve of the Hubble
rate bends upwards at early times and it does downwards at late times. The way in
which the expansion history departs from the ΛCDM curve follows the same direction
in both cases, however the modification of H(z) for uBDT models is more pronounced
than for the rBDT ones for large redshifts.

On the other hand, at late times, the Hubble rate for uBDT departs from the
ΛCDM more than for rBDT. Since the turn over happens at relatively late times, the
modification of the expansion rate at recombination time is more important in uBDT
models. This difference is going to be important when we study the CMB of BDT.
The right panel shows us how the Hubble rate, as function of redshift, changes when ξ
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decreases. It is actually straightforward to realise intuitively the resulting effect: the
expansion rate increases as the gravitational strength, controlled by ξ , increases.

Finally I’d like to mention roughly how distance measurements behave in BDT.
Later, in section (3.7.5) of this chapter, we will study with more detail further measure-
ments like the sound horizon and the acoustic scale. As expected, since the expansion
history is modified in BDT, either the comoving distance as the angular diameter
distance are sensitive to ω . As it decreases, distant objects appear further away from
us in relation to the prediction of ΛCDM. Thus, it is a good idea to constrain BDT by
using measurements of distance at cosmological scales as we do in the next chapter.

3.4 Conservative Bounds on the Horndeski’s Subclass

Regardless of the simplicity of the BDT model, its importance relies in that it can
approximate a wide subset of Horndeski theories, the most general second order
scalar-tensor theories proposed in [93, 149], which their gravitational action is

S[g,ψ] =
1

16πG

∫
d4x

√
−g

3

∑
I=0

L(I) (3.14)

where ψ is by convention dimensionless and L(I) are given by

L(0) = K(0) L(1) = K(1)�ψ (3.15)

L(2) = K(2) R+K(2)
X
[
(�ψ)2 − (Dψ)2] (3.16)

L(3) = −6K(3) Gµν
∇µ∇νψ

+K(3)
X
[
(�ψ)3 −3(Dψ)2�ψ +2(Dψ)3] (3.17)

where X = −1
2gµν∇µψ∇νψ , Dψ = ∇⊗∇ψ and K(I) are functions of X and ψ .

The general functions K(I) may be expanded as an analytical series and whose lowest
order terms are

K(0) ≈ −2Λ+8ωX + ε1ψ
2/ℓ2

∗+ ε2ℓ
2
∗X2, (3.18)

K(1) ≈ ε3ψ
2 + ε4ℓ

2
∗X (3.19)

K(2) = ≈ ψ
2 + ε5ψ

4 + ε6ℓ
2
∗X (3.20)

K(3)/ℓ2
∗ ≈ ε7ψ

2 + ε8ℓ
2
∗X . (3.21)
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These expressions are the approximate functional forms for K(I) corresponding to
scales above some very large length scale ℓ∗. We have ignored the constant terms in
K(1) and K(3) as they lead to total derivatives. The constant term in K(2) cannot be
ignored in general but would lead to GR coupled to a massless scalar as εi → 0 and is
irrelevant to our work.

As the coefficients of the expansion εi → 0 and further performing the field redefi-
nition φ = ψ2 we recover the BDT. In other words, the leading order action is that for
BDT, so this setup for the K(I) is restricted for theories that exclusively approximate
to BDT at cosmological scales. We see that although the complete set of Horndeski
theories is defined by four free functions of ψ and X , by restricting the set as above
we get eight free constant parameters rather than functions. Thus our results hold for
any Horndeski theory which can be approximated in the above form on cosmological
scales.

In the next chapter we shall determine the limits on which ω lays according to
observations, we will see they lay between 300− 2500. Choosing ω ∼ 500, ℓ∗ ∼
1/16H0 (Hubble scale at recombination) and using the BDT background solution as
˙̄
φ = H

ω
and φ̄ ∼ 1 we find conservative estimates for the coefficients as

εi ≪{10−2,105,10,105,1,103,103,105}. (3.22)

Theories within these limits might be approximated by BDT.
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3.5 Big Bang Nucleosynthesis

We’ve already studied very carefully in the previous chapter how the light elements
were formed at the time of nucleosynthesis. The details of this formalism work in
almost the same way for BDT than for GR, the main modification arises only due to
the different expansion history in both models.

As we know, since the rate of the interactions is determined by the rate of expansion
which, at the same time, is affected by the strength of gravity, a different solution to
ΛCDM would produce different rates of these reactions and different amounts of final
species as well. Thus any observational evidence about the history of nucleosynthesis
and recombination serves to constrain the evolution of the scale factor at those times.
Actually, it is a typical practice to constrain the amount of baryons in the universe by
fitting the abundances of light elements at nucleosynthesis estimated directly from
nuclear and atomic physics.

However, in the context of modified gravity not only baryons might be constrained
by these means but also the strength of gravity GN , since dynamical GN arises naturally
in these models. Even though at early times BDT behaves similarly to GR and then
these processes occur in very similar way than with FRW [See figure (3.4)], any tiny
modification would allow us to accurately test some features this model. This test is
particularly interesting for the unrestricted models since the modification of GN at
early times is important thanks to the rescaling of the initial conditions.

Moreover, it results an ideal test when it comes from a theory violating the strong
equivalence principle just as BDT and their relatives. In chapter 4 we will present a
review of different constraints of GN by using BBN light element abundances. For
now, we will focus on studying the effects due to the presence of the BDT scalar over
the relevant quantities arisen from recombination history such as the visibility function,
the ionization fraction and the light elements abundances.

It would be interesting to study the effects of a dynamical gravitational coupling
during BBN and recombination. However, at BBN, the BDT’s scalar field is coupled
only to the small amount of newborn baryonic matter. So it is expected that the process
of formation of atoms to be barely modified. Actually, in the classical restricted sort of
BDT, the modification is basically null. However, as pointed below, it’s straightforward
to note that GN in the unrestricted BDT might suffer rescaling even if its value stays
steady at those early times. We called the rescaling constant as ξ , the effects on the
abundances are shown by the following figures.
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Fig. 3.4 Evolution of the scalar field and its variation along the universe’s history for
a set of models allowed by the data (CMB from Planck(dark band), WMAP7(pale
band)plus BBN. For realistic models constrained by BBN and the CMB, GN stays prac-
tically constant at BBN and recombination times. However, the stunningly accurate
tests available today allow us to drop ĠN below O(10−12).

The stronger gravity is, the universe expands quicker and then the neutron-to-
proton ratio increases since the reactions freeze out at higher temperature, then the
resulting abundances increase as well as the figure (3.5) shows. Constraints on GN by
using light elements abundances measurements (Y p = 0.2452±0.0015 from [338],
DH = (2.78+0.44

−0.38) from [82] along with the CMB from WMAP1) have been firstly
obtained by Umezu et al. in [307] in the context of GR. As it is shown forward in
following chapters, Avilez and Skordis updated the result the last year by using more
recent estimations of BBN abundances from [160] and the Planck data [6] in the
context of unrestricted BDT models applying the same method than Umezu.
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Fig. 3.5 Abundances of deuterium (DH), helium and lithium as functions of the amount
of baryons quantified by η10 and the strength of gravity GN , plot taken from [307].
The final abundance of an element depends not only of the amount of protons(baryons)
but also on how strong gravity is.

3.6 Recombination History

Measurements of the temperature and polarization anisotropies of the cosmic mi-
crowave background tightly constrain the expansion rate of the universe during re-
combination. From what we have studied in chapter 2, we know that a change in the
expansion rate modifies how the recombination of hydrogen is carried out. This change
alters the shape of the acoustic peaks and the level of CMB polarization. This test is
similar in spirit to the examination of abundances of light elements produced during
big bang nucleosynthesis and it becomes a good ruler to measure possible departures
from standard recombination.

The modification of the expansion history affecting the history of recombination is
relevant at (z ∼ 1100). In the context of BDT, as in nucleosynthesis, the most important
effect is due to the normalization to the gravitational strength which is effectively
significant in the unrestricted models rather the standard BDT. On one hand , since
realistic models yield ω >> 1 we could naively suspect (a priori) that the restricted
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models behave basically like ΛCDM at these early times and any observational sig-
nature would come out. On the other hand, for unrestricted models GN will suffer a
rescaling and then important effects on the recombination history would be expected.
Nonetheless, we will discover (a posteriori) that the slightly modified expansion history
(even in the restricted case) carries interesting features of radiation at recombination
era which are imprinted in the cosmic background radiation that we observe today.

The effects on recombination due to the rescaling of the Newton constant have
been studied before by Zahn and Zaldarriaga [341]. Here we’ll confirm what they
point out: the main effect of increasing ξ (the rescaling factor of GN) is to increase the
width of the visibility function as shown in figure (3.6). If GN were slightly different,
all that would happen is that the universe would be expanding a bit faster or slower by
a factor ξ .

Given that the problem of testing the Friedmann equation by using measurements of
the CMB is more subtle than in the case of BBN because the dynamics of perturbations
are also modified. The shape and position of the acoustic peaks of the CMB depend
through the expansion rate on the size of the sound horizon and the angular diameter
distance at recombination at early times and the ISW effect at late times, the effects
produced by the single expansion rate at recombination can be isolated by studying
the effects of the changing Newton’s constant GN as a rescaling.

GN → ξ GN (3.23)

BDT at early times is almost identical to FRW since φ̇ is negligible in comparison
to radiation density. Thus the expansion rate gets just rescaled

H(a,ξ ) = ξ f (a) (3.24)

An interesting feature of this prescription is that we can translate the different GN

to a different recombination history only because gravity has no preferred scale and
then we only measure angles when studying the CMB. The only way we can find out
that such an alteration had occurred is by having an independent clock that measures
the expansion rate. In our case this independent clock will be the physics of hydrogen
recombination.

In order to understand the way in which the rescaling (3.23) affects the expansion
rate we must note that the shape of H is unaffected by ξ . So the “expansion rate
clock” is simply rescaled. As we saw in chapter 2 the anisotropies can be written
as an line-of-sight integral over sources as equation (2.116) In order to see how the



94 The Brans-Dicke Cosmology

anisotropy depends on ξ is better to use the expansion factor as a time variable rather
than τ

d
dτ

= a2H
d

da
= ξ f (a)a2 d

da
. (3.25)

So every time we change the time variables every time derivative introduces a
factor of ξ . The dynamics of a mode with wave number k in a universe with ξ ̸= 1 is
equivalent to the dynamics of a mode with k′ = k/ξ in a universe with ξ = 1. This
translates into

S(k,a,ξ ) = S(k/ξ ,a,ξ = 1) (3.26)

The angular power spectrum of the anisotropy is given by

∆l(k,ξ ) =
∫ 1

0
da ST (k,a,ξ ) jl(kD(a,ξ )) g̃(a,ξ ) (3.27)

where g̃(a,ξ )≡− d
da exp(−κ). The conformal distance is given by

D(a,ξ ) =
∫ 1

0

da
H(a)a2 =

D(a,ξ = 1)
ξ

. (3.28)

Suppose first that the visibility function would be independent of ξ . Then

∆l(k,ξ ) = ∆l(k/ξ ,ξ = 1). (3.29)

Then the power spectrum is calculated from ∆T as

Cl(ξ ) =
∫ dk

k
P0(k) |∆l

T (k,ξ )|2 =
∫ dk′

k′
P0(kξ ) |∆l

T (k
′,ξ = 1)|2, (3.30)

P0 is the primordial power spectrum. Thus, because the amplitude of the primordial
power spectrum is adjusted then Cl(ξ ) =Cl(ξ = 1). Gravity introduces no preferred
scale, so the dynamics of the perturbations remains the same when scales are measured
in units of the expansion time. As a result, the angular power spectrum would not
change as we rescale GN . In conclusion ξ would not affect the perturbations if the
visibility function remains the same. However the physics of recombination does
introduce a preferred timescale, so the power spectra of the anisotropies will actually
change. The important point here is that the only source of change is the difference in
the way recombination proceeds as we change the expansion rate of the universe at
early times.
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Fig. 3.6 Visibility function for different initial conditions of the scalar field. Effectively,
changing the initial conditions translates in an increase of the scale factor by a factor of
ξ ∼ 1

φ̄0
, and consequently recombination occurs before (left). If the universe expands

quicker, it is more difficult for electrons to recombine and the process lasts longer
since the visibility function is broader (right). Because conformal-time intervals scale
differently for each BDT model, we use a more natural variable τ/τmax instead of τ in
order to compare the widths of the visibility for different models (right).

The visibility function changes with ξ , since the visibility function depends on
the electron fraction xe = ne/nH and that at the same time depends on the strength of
gravity and so on ξ . The faster the universe is expanding the more difficult it is for
hydrogen to recombine and hence xe is larger. This change in xe leads to a change in
the visibility function. As ξ increases the visibility gets broader. The thickness of
the visibility function determines the extent to which the anisotropies at small scales
get damped. We must mention that when one is aiming to calculate optical depths,
this change almost cancels with the decrease in the time intervals between different
redshifts due to the increased expansion rate. As a consequence, the locations and
shapes of the acoustic peaks seem unaltered by ξ .

We first analyse how the expansion rate evolves and affects recombination in
unrestricted models. As we pointed out above, the Friedmann equations of these
models hold an interesting feature in contrast to the restricted ones: the effect of
varying ω effectively decouples from the rescalings of GN . As we saw in (3.3), the
effect of ω on the Hubble rate is more pronounced in rBDT than in uBDT (φini). For
this reason the visibility takes its maximum at different times in both cases at a fixed
ω as shown by figure (3.7). Given such initial condition for the scalar at early times,
for sufficiently small ω , the resulting ξ < 1 whilst for large ω ξ ∼ 1. Consequently,
for larger ξ recombination occurs later.



96 The Brans-Dicke Cosmology

Fig. 3.7 visibility function depending on ω in restricted and unrestricted models. In
both cases the visibility shifts because the expansion rate changes as ω varies. This
is in agreement with figure (3.3), because the expansion rate at recombination within
the restricted models increases as ω decreases recombination occurs before for those
models. In turn, exactly the opossite happens within unrestricted models with φini = 1.

Fig. 3.8 Visibility function in uBDT and rBDT as function of τ/τmax. This time
variable is more natural to compare the thickness of the visibility functions arising in
different models. As we see, the change in the thickness of the visibility happens in a
similar way in both types of models. As the value of ω increases the visibility gets
narrower and taller; this means that when the amplitude of the scalar is reduced as
ω → ∞, it is easier for electrons to recombine.
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Let us turn to see what happens within the rBDT models. On one hand, when ω

decreases, the scalar grows efficiently leading the universe to expand quicker than in
ΛCDM at recombination. This effect results from two joint contributions: the rescaling
of GN in the density term which increases as ω decreases and the contributions
depending of φ̄ ′. The former increases the expansion rate and the latter only gets
important when ω ∼ 1. Therefore, the rapid expansion achieved by making ω → 1
makes the universe reach 1 eV earlier, as a consequence, the width of the visibility
function increases and then it is easier for electrons to recombine [See figure 3.8].

Notice in figure (3.8) that the way in which the shape of the visibility function
is affected by ω is very similar in both rBDT and uBDT. Although for a fixed ω ,
recombination happens at different times depending on whether uBDT or rBDT model
is being used, in both models the visibility is broader when ω decreases. Only for
unrealistic models with ω ∼ 5, the visibility is wider in rBDT than in uBDT.

In summary, the differences in sensitivity of the visibility function in both rBDT
and uBDT models are due to their differences in the expansion history of the universe.
Therefore, tests of the recombination history are excellent means to detect these
features.
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3.7 Linear Cosmological Perturbation Theory

Given the wealth of data currently available , it is crucial to test our model by using
cosmological observations, specially those testing features of cosmic fluctuations. The
first part of this work (contained in chapters 2 and 3) is devoted to this a goal. Along
with chapter 4, we are going to explicitly compare the theoretical predictions from BDT
against observations of the CMB and Large Scale Structure. This section is devoted to
studying linear perturbation theory for BDT. In order to efficiently test the model, it is
essential to understand the physics behind and try to figure out observational signatures
that will allow us to track effects of possible modifications to GR. First we are going
to go through the mathematical formalism of the theory, after we will analyse the
quasi-static limit of the exact equations at which some physics may be revealed more
clearly. Finally we’re going to study exact solutions of relevant perturbations in order
to understand relativistic effects introduced by super-horizon perturbations.

3.7.1 Equations of Motion for Perturbations

Let us turn to a formal study of cosmological perturbation theory of BDT using the
same reasoning as for GR studied in chapter 2 and similar to that of [74]. This is
reasonable since it is also a metric theory of gravity and shares most of the basic
principles of GR. Here we will use the synchronous gauge since it is convenient for
computing perturbations, later on when we need to compute the CMB sources we will
gauge transform to the conformal Newton gauge in order to use meaningful physical
quantities. As we did before, we will depart from the line element of this perturbed
metric given by (2.45)

Matter perturbations are described with exactly the same variables than GR in the
corresponding gauge. Let us highlight that because matter is minimally coupled to
the metric in the Jordan conformal frame that we use here, equations for matter are
not modified at all so the GR conservation and Boltzmann equations describing the
cosmological evolution of matter and energy perturbations hold in BDT. Although
the equations are the same, these perturbations are affected by the scalar extra degree
of freedom indirectly only by means of the metric perturbations which are directly
coupled to it in this frame.

The corresponding independent modified Einstein equations (5.10) corresponding
to this metric are given by
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16πGNa2

φ
(ρ̄ + P̄)Σ+

δφ

φ
, (3.31)

where ν = −6(η + h)/k2. The first two equations correspond to the time-time
and space-time constraint equations and the third one the traceless component of the
spacial equations contracted with the traceless derivative operator. Primed quantities
are derivatives with respect to conformal time τ1. The last equations are written in
Fourier space and k is the wave number of the corresponding perturbation.

The equation for the scalar perturbation is given by

δφ
′′ + 2Hδφ

′+ k2
δφ +

1
2

φ
′h′ =

1
3+2ω

[8πGNa2 (δρ −3δP)

Now in order to devise a little bit of physics from this equations lets transform
our variables to conformal-Newtonian gauge where the perturbations correspond to
the gravitational potentials. If we were interested in studying the formation of large
scale structure at cosmological scales only the modes with wavelength smaller than
the causal horizon would be relevant. The dynamics of these scales happens on time
scales much smaller than the expansion of the universe, so its effect may be negligible
and the derivatives with respect to conformal time may be dropped out of the equations
which reduce to

2
k2

a2 Φ = −8πGN

φ
δρ

(Φ−Ψ) =
8πGNa2

φ
(ρ +P)Σ+

δφ

φ

k2
δφ =

8πGN(δρ −3δP)
2ω +3

1Lets recall that dτ = dt/a where t is proper time
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The physical picture that this approximation brings up is that the universe is
an homogeneous bound body whose gravity is merely described by the Newtonian
prescription. The first equation reduces to the Poisson equation relating the Newtonian
potential to the matter modes whilst the second one remains unchanged and shows
that, unlike GR, Φ ̸= Ψ when anisotropic stress vanishes and the scalar perturbation
does not. This equation is important since leads to modifications on the way light is
deflected gravitationally. The fact that it remains unchanged on all sub-horizon scales
translates in that such effects on light might be produced by perturbations at every
size and every time. Specifically, the early Sachs-Wolfe and lensing effects are in
part due to this modification. Nevertheless, on very large scales such that kη → 0,
these super-horizon modes introduce relativistic effects coming from Hubble and
primed terms in the set of equations. The integrated Sach-Wolfe effect, for instance, is
imprinted in the CMB temperature spectrum on large scales and is due to the effect
of modified potentials all along the track of light form the last scattering surface to
the present. A more detailed analysis of perturbations in BDT can be found in [216].
In this work we solved the exact equations for all scales numerically by using two
different codes: a modified and tested version of CAMB [186] and Dash [199]. In
the following we will study the behavior of perturbations beyond the quasi-static limit
by looking at such exact numerical solutions.
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3.7.2 Scalar Perturbations And GR As A Late-Time Attractor

First, we are going to look at numerical solutions for the modes of the scalar perturba-
tion. Solutions in the simplest case with ω = cte are shown at figure (3.9). We can
observe that at any scale, the amplitudes of scalar modes are suppressed by ω . As
firstly pointed out by [305], there exists an attractor behavior of the scalar perturba-
tions toward GR at late times in gBDT. At very early times the field stays close to zero
and starts to grow as the universe undergoes to the matter domination. Notice that
the perturbation grows quickly just after equality, soon after it starts to have damped
oscillations around an stationary point as matter sets on. At the later dark era, all the
modes start to grow linearly. Notice that the perturbations tend to a constant as soon
as the scalar background starts to grow. According to our cosmological constraints of
ω derived in chapter 4, ω ∼ 1000 [19], for such models the perturbation takes values
not higher than 10−3.

Fig. 3.9 Exact numerical solutions for the scalar perturbations δφ for two values of
ω at different scales. For a given scale, the smaller ω is the field reaches earlier its
stationary value. Also low energy perturbations tend to reach their equilibrium point
at matter domination epoch later than those more energetic. Larger values of ω lead
the perturbations to vanish, however they keep their attractor behavior along the time
for any value of ω .



102 The Brans-Dicke Cosmology

3.7.3 Matter Perturbations And Matter Power Spectrum

Although the evolution of matter perturbations is not the main matter of this work
since the equations for matter and radiation are not directly coupled to the scalar, it
can be effectively modified by means of the gravitational potentials. This indirect
modifications can be tested with observations of the galaxy distribution in the universe
so it is worth to wonder how this predictions are effectivelly affected by the BDT
parameters.

Fig. 3.10 Modes of total matter perturbations within different rBDT models for inter-
mediate scale k ∼ 0.01. The mode with ω = 1000 presents some baryonic oscillations
at times close to recombination. The modes for ω = 100,1 are comparable at this scale,
however the at early times the amplitude of the mode with ω = 100 mode is larger
than the one with ω = 1. At some point at late times their amplitudes are comparable
and they start to grow at different rates. At very late times, the larger ω the model has,
more rapid the growth of the corresponding mode is.

The main spirit of this part is to show the solutions for matter perturbations in order
to understand the further effect of the BDT parameter on the matter power spectrum
of inhomogeneities. When we were studying the matter power spectrum in chapter
2, we realized that it has a turn-over scale corresponding approximately to the size
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of the horizon at the time of equality k ∼ 1/,τeq ∼ 0.01Mpc. This happens because
matter perturbations grow very slowly for a while just after matter onset. So in order
to see how the scalar affects the matter perturbations at this scale at which the power is
maximized, figure (3.10) shows us matter perturbations solutions for different values
of the BDT parameter ω within the restricted model. First, we analyse restricted
models.

0.01 0.1

1000

BD best-fit

SDSS LGR4

Fig. 3.11 The 3D matter power spectrum for BDT and GR best-fit models of the CMB
+ LSS measurements from WMAP7 and SDSS-R4. We can notice two different effects
produced by the BDT scalar: shift of the turnover scale to smaller scales than for GR
and an increment in the power at small scales. Although, by eye it seems that the
BDT model with ω = 50 fits well P(k), it does not do since the total χ2 = 3749.069
whilst the best fit model has χ2 = 3781.13. However we must stress that on those
scales non-linear physics is involved, therefore our linear predicted P(k) may be not
be thoroughly reliable.

Let us recall from section (3.6) that the effect of realistic large values of ω on the
conformal distances is just a re-sizing caused by a rescaling of the Newton constant,
this resizing is inherited to the primordial amplitude. So in summary we can foresee
two main effects produced by ω on matter perturbations: 1. an overall increase in the
amplitude of the matter perturbations. 2. a slight shift in the turn over point in the
matter power spectrum due to the different sizes of the horizon at equality for different
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ω . At the level of matter perturbations this translates as follows: the smaller ω the
smaller scale at which matter perturbations start dimming [see figure (3.11)].

In turn, within uBDT, ξ affects P(k) in very different way. On one hand the turn
over scales remains unchanged when φini varies (or ξ ) and the amplitude of P(k) is
enhanced, specially at large scales [figure (3.12)]. On the other hand, at small scales
the baryonic oscillations tend to disappear when ξ increases, as ξ increases gravity
gains in its fight with the pressure of photons producing gravitational instability. In the
linear regime scales above k ≤ 0.15, ξ reescales the spectrum in a similar way than a
linear bias. By realising this, we suspect that the bias parameter and ξ are going to be
correlated.

Fig. 3.12 The matter power spectrum today in BDT. Initial conditions of the scalar field
φini → φ0 = 1/ξ rescale the matter power on large scales, in turn on small scales the
baryon acoustic oscillations almost disappear when the strength of gravity increases.
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3.7.3.a The Growth of Matter Perturbations

Since in this kind of models, we have ignored the self-interactions of the scalar, the
perturbations are coherent [27]. Thus the growth of sub-horizon matter perturbations
is scale independent and depend only on the background evolution. As we know the
equations for matter perturbations are the same than GR so the time evolution of matter
perturbations at late times only depend on the expansion history, which is equivalent
to the fact that the matter perturbations grow coherently as in GR. However, because
the background spacetime is not FRW in these theories, then the matter perturbations
grow differently in BDT.

δm ∼ Dm(a)T (k)P0. (3.32)

Where Dm(a) is precisely the growth, T (k) the transfer function and P0 is the
primordial power spectra fixed at the end of inflation. From the equations for matter
perturbations we can deduce the form of the growth [97, 238]

Dm =
5ΩmH(a)

2H0

∫ 1

a
da

da′

(H(a′)a′/H0)3 . (3.33)

In chapter 5 we shall compare the simplest BDT, with gBDT at their GR limit. It
is possible to chose a set of parameters of gBDT such that the resulting models have
an exact ΛCDM expansion history, but the growth of matter perturbations might still
be modified. Thanks to this feature those theories are feasible candidates to break the
degeneracy between GR and some modified theories of gravity by studying the growth.
However, the simplest BDT case cannot be distinguished from GR by only studying
the growth.

I would like to point that beyond trying to understand the matter perturbations by
themselves, the growth is also associated with other observational features of the large
scale structure formation, for example, when one aims to test effects due to peculiar
velocities like the Alcock Pazcynski effect, the growth is needed to compute some
observables associated with them. In other words, the growth might be constrained
also by looking on these effects as we will see later on.
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Fig. 3.13 Growth depending on ω . Relatively small values of ω leads straightaway to
GR. more finely

3.7.4 Peculiar Velocities

In linear perturbation theory the velocities are related very simply to the over-densities.
By measuring both the peculiar velocity field and the density field the matter density
Ωm can be inferred. Lets pick the continuity equation for subhorizon scales shown
above and the solution at late times for δ then we get that peculiar velocities and the
matter contrast are related by [97]

v(k,τ) =
i
k

d
dτ

[
δ

Dm
Dm

]
=

iδ (k,τ)
kDm

dDm

τ
=

i
k

f aHδ (k,a) (3.34)

where we have defined the linear growth rate as

f ≡ d lnDm

d lna
(3.35)

In the standard ΛCDM model, the linear growth rate depends only on the matter
density, however in the case of BDT where the strength of gravity measured by GN is
a dynamical variable, the new parameters also modify the linear growth rate. On one
hand, since the peculiar velocities depend on the amount of matter, an over-density
in a low density universe has less mass and therefore the gravity acting on infalling
matter is weaker. On the other hand its gravitational pull depends also on the extra
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parameters tunning the scalar field. The explicit dependence of the growth rate on ω is
shown in figure (3.14)

Fig. 3.14 The linear growth rate as function of ω in the restricted model. The values
of the parameters are set using the best-fit ΛCDM model to WMPA7 and only varying
ω . The smaller ω is the larger is the effect of the scalar, that is that gravity is stronger
and consequently the infalling bodies towards an over-density have larger peculiar
velocities.

The velocity is of course a vector, expression (3.34) is the component of the
velocity along the k⃗ in Fourier space. Thus at low redshift (that is close to the present)
the peculiar velocities are given by

v⃗(⃗k) = i f H0δ (⃗k)
k⃗
k2 . (3.36)

In chapter 4 we are going to see that a number of surveys have directly measured
peculiar velocities and that such observables are quite valuable since much cosmologi-
cally useful information about our models can be extracted from them. For example
measurements of distance and the matter power spectrum can be induced as well. In
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this work we use this measurements to set complementary constraints on our BDT
and cosmological parameters, we also obtain some forecasts for constraints of ω from
future velocity surveys by means of the detection of the Alcock-Pazcynski effect.

3.7.4.a Redshift Space Distortions

In redshift surveys the angular information about galaxies is supplemented with an
estimation of its radial position given by its redshift. The radial distance from us of a
galaxy with redshift z is estimated by

χs(z) =
z

H0
(3.37)

This estimator of distance, however ignores the effect of peculiar velocities. An
object that is assumed isotropic appears distorted in redshift space due to peculiar
velocities. The effect is that a quadrupole moment contribution is induced in an
otherwise circular over-density. If we were to measure the power spectrum in the
redshift space we may ask How this distorted power spectrum is related to the true
power spectrum in real space? Kaiser first solved the problem for linear theory. The
starting point is to note that the number of galaxies in a region is the same in real and
redshift spaces, therefore

ns(⃗xs)d3xs = n(⃗x)d3x (3.38)

coordinates in both spaces can be related if by using the fact that the observed
redshift is due to the actual expansion of the universe and also to the peculiar velocity of
the galaxy so that z = H0x+ v⃗ · x̂. The redshift space coordinates are defined according
to (3.37) therefore

xs = x+
V⃗ · x⃗
H0

(3.39)

For modes with large wavelength kx >> 1 the Jacobian for this transformation is
given by

J = 1− ∂

∂x

[⃗
V · x̂

]
(3.40)

Thus, using (3.38) the number densities in both spaces at first order are related by

δs(⃗x) = δ (⃗x)− ∂

∂x

[⃗
V · x̂

]
(3.41)
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In the distant observer approximation where x̂ · V⃗ → ẑ · V⃗ where ẑ is the vector
pointing to the center of the over-density, the Fourier transform of the number density
perturbation is given by [97]

δs(⃗k) = [1+ f µ
2]δ (⃗k) (3.42)

In the more general case for all scales, an observed galaxy power spectrum
P̃(k,µ,z) in redshift space at linear regime is given by,

P̃(k,µ,z) = Plin
gg (k,z)+2µ

2Plin
gΘ(k,z)+µ

4Plin
ΘΘ(k,z) (3.43)

where the subscripts g and Θ denote the inhomogeneity of galaxy number density
and the divergence of peculiar velocity measured in the units of the comoving Hubble
velocity aH. µ ≡ k⃗ · n̂ is the projection of k⃗ on the line of sight. Plin

gg = ⟨|δg(⃗k)|2⟩,
Plin

gΘ
= ⟨δg(⃗k)θ ∗(⃗k)⟩ and Plin

ΘΘ
== ⟨θ (⃗k)θ ∗(⃗k)⟩ denote the linear power spectra of

density-density, density–velocity and velocity–velocity correlation functions. The
subscript g denotes the perturbation of galaxy distribution. The density field δg(k,z) is
given by

δg(k,z) = b(k,z)δ (k,z) (3.44)

where b(k,z) is the galaxy bias and it is assumed to be coherent through all scales at
the linear regime [246]. In linear perturbation theory in an FRW metric, the application
of the continuity equation implies that

Pgg =− f Pgθ = f 2Pθθ (3.45)

where f is the growth rate. The Kaiser limit of power spectrum for very large
scales is given by

Pgg(k,µ) = b2Pδδ (k)(1+β µ
2)2 (3.46)

where β ≡ f/b.

All this prescription works for coherent modified theories of gravity such as BDT,
modifications to the standard predictions come in together from those in real-space
matter power spectra studied before and from alterations to the growth rate. Figure
(3.15) shows exact numerical solutions for the Kaiser power spectrum of matter
perturbations in redshift space at different redshifts. It can be noticed that the overall
effect of decreasing ω is a suppression in power which is more prominent at small
angles and small scales.
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Fig. 3.15 The galaxy power spectrum observed in redshift space for BDT as function
of the wavelength and the angle formed by the line-of-sight and the number vector
of the mode. The maximum variation of power occurs at the turn over scale. As µ

approaches to 1 the galaxy power becomes more sensitive to ω and also as the redshift
takes low values.
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3.7.5 Anisotropies In The Cosmic Radiation Background

3.7.5.a How does the BDT parameters affect the anisotropies?

We have already studied in previous sections of this chapter how the physics operates in
BDT. In this section we will see how it is manifested into the CMB anisotropies. Such
information is going to be very important when we aim to compare our predictions
against observations during the next chapter. On one hand, we will demonstrate that if
we were able to determine (even in a qualitative way) the features of the anisotropy
that are affected when the BDT parameters are varied, that would help us to have
an idea about the usefulness of the data to constrain our theory, in other words such
information would helps us to decide whether the current measurements of the CMB
anisotropies are enough to estimate the set of parameters of our theory or if further
observations should be considered for that purpose. On the other hand, in the next
chapter we are going to introduce the Fisher matrix method to estimate the parameters
of a theory and one of its basic ingredients is a quantitative measure of the variation
of the anisotropies with respect to each of the parameters to be constrained. Thus
in this chapter we will derive that quantity and use it to analyse the sensitivity of
the anisotropy to each of the BDT parameters. We will start analysing which effects
coming from the background evolution which rise as a consequence of the modified
expansion history, we will find out that these effects are the most important, afterwards
we will go forth with perturbations which produce secondary effects which nonetheless
are detectable.

Effects due to the Background Evolution

• ω →Sound Horizon →Location of the Peaks

In chapter 2 we have already analysed, in the context of GR, how the locations
of the peaks in the angular power spectrum of the CMB anisotropy change
depending on one background prediction: the ratio of the sound horizon to the
angular diameter distance from today to the time of recombination which is
usually named as the θ parameter. We saw that the location of the peaks are
associated to scales with wavelengths with size equal to a multiple of the sound
horizon as a result the peak structure of the CMB anisotropy measure the ratio
of the angular diameter distance to last scattering surface, i.e. τ0 − τlss to the
sound horizon at decoupling.

In BDT the same history holds, however the modified expansion history bring
different predictions. Specifically the sound horizon is quite sensitive to ω not
the same to ξ [See figure (3.17)]. The way that this ratio depends on ω is shown
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by figure (3.16). Thus if θ is measured somehow, then ω may be very well
constrained. One of the main results of this thesis is that measurements of the
CMB even yet from WMAP7 provides an accurate value of θ that allowed us to
strongly constrain ω .

Fig. 3.16 Ratio of the sound horizon to the angular diameter distance from today to
the time of recombination as function of ω within the uBDT models. All the other
cosmological parameters are fixed to their fiducial values.

Fig. 3.17 The angular spectrum of the temperature anisotropy of the CMB for different
values of ω . One of the main effects of the BDT parameters on the CMB temperature
anisotropy come from the modified expansion history specially due to ω . The θ

parameter is very sensitive to ω then the locations of the peaks and troughs are shifted
as ω is varied.
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• ξ → Visibility Function → Heights of the Peaks

In order to see how ξ affects the CMB anisotropy we need to recall, on one
hand, how the CMB anisotropy we observe today is built up from all the pieces
of the cosmological model: background, recombination and perturbations, etc.
At this point we can use for BDT the same treatment studied in chapter 2 for
GR, because matter and radiation in BDT obey the same equations than in GR.
On the other hand we must bring to mind the recombination history in BDT that
we studied in relevant section of this chapter.

Fig. 3.18 The CMB temperature anisotropy depending on ξ (or φini). The effect arises
from the modified recombination history produced by ξ within the unrestricted models.
Increasing ξ gives rise to a broader visibility function which translates in a diffusion
damping of the temperature anisotropy on scales smaller than the damping scale kD.
This reduces the heights of the peaks at large angular multipoles.

Specifically, lets first recall that the visibility function can be thought as the
probability of a electron to be scattered at the time of recombination to form
neutral hydrogen. Following this interpretation, it is useful to remember that
the tight coupling limit of the coupled equations is an idealized version of
recombination at which the visibility function is as narrow as Dirac delta and
electrons and baryons behave as a perfect fluid with a monopole and a dipole
only.
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The first order departure of this cartoon takes into account a boarder visibility
function which leads to consider the next multipole moment, in this more
realistic version of the photon-baryon fluid modes inside the horizon of acoustic
oscillations get damped by diffusion and then their amplitude lowers down.

In summary the more boarder the visibility function is, the acoustic oscillations
suffer more damping. In second place, the visibility function gets boarder as the
gravitational strength, parametrized by ξ , increases. Thus, placing these pieces
together we conclude that the effect of ξ on the anisotropy is: the heights of the
peaks decrease as ξ increases for small scales as figure (3.18) shows.

The effect on large scales l ∼ 200 is due in part to the rescaling of the expansion
clock produced by increasing the value of the Newton constant [See section 3.6].
There’s also a contribution from the ISW effect that has to do with perturbations
rather than the history of recombination in BDT as we’ll see later on.

Effects from Perturbations In order to extract only the effects due to perturbations
it is useful to use a different parametrization for the background history, that is one
at which θ is used instead ωΛ. Thus in this paragraph every time we vary ω we fix
all the other parameters including θ , by doing this we isolate the effects due to the
background from those coming from perturbations. Lets recall that the overall effect
of ξ on the temperature spectrum is to damp the heights of the peaks however the
location of the peaks do not change. Thus to use this parametrization is only useful
when one is after effects of ω on perturbations.

Among the effects of ξ over the CMB we can mention that ξ affects the polarization
anisotropies through perturbations. The damping effect described above occurs on
small scales, however, on large scales there’s an enhancement on the amplitude of
the perturbation. Since ξ turn the last scattering surface thicker, the amplitude of the
local quadrupole increases, this produces a larger polarization signal as explained out
in [341].

Now, using the parametrization described above, let us focus in the variation of
the angular power spectrum of the temperature and ee polarization modes shown in
figures (3.19) and (3.20).

The derivative of the spectrum with respect to ω carries valuable quantitative
information about the sensitivity of the Cl to ω . We can clearly distinguish that the
most important effect is due to the ISW effect at large scales, a lesser important effect
arises at small scales due to perturbations in φ (indirectly through the effect of φ

on the potential wells) and also due to a slight damping effect produced by the a
small change in the Newton constant within the restricted model when ω is varied.
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In the unrestricted case, if only ω is varied and ξ remains fixed this effect practically
disappears. In conclusion a good measurement of the ISW effect at late times and the
parameter θ promises to give rise a good estimate for ω .

Fig. 3.19 The derivative of the temperature Cls with respect to logω . It is clear that
the dominant effect of ω is through the ISW at large scales.

Fig. 3.20 The derivative of the EE polarization spectrum Cl with respect to logω . A
possible signature of ω is imprinted on the polarization spectrum on intermediate and
small scales.
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Without looking at further information about the underlying physics behind, the
most important effect from varying ω at the level of perturbations over the temperature
CMB spectrum is manifested at large scales (small multipoles). The temperature Cl’s
do also respond to ω at scales associated to the first three peaks. On small scales no
significant change can be observed, so we can conclude that the only effect at such
regime is that described before due to the wider visibility function carrying a modified
envelope shape of the peaks when θ is allowed to vary. In turn, the polarization
spectrum is fairly sensitive to ω at some range around l ∼ 1000, as figure (3.20)
shows.

In order to study the effects of ω on the polarization spectrum of the CMB, we
follow an effective approach and quantify the overall sensitivity of the polarization
spectrum to ω by computing its derivative shown by (3.20). we infer that measurements
of the polarization spectrum at scales around l ∼ 1000 could be a complementary
source to constrain ω , however is not in a great extent as the measurements of the
temperature spectrum.

Finally, within the uBDT models, the extra parameter ξ affects in great extent
the small scale temperature anisotropy [Figure (3.21)]. Thus measurements of the
damping tail are going to be essential to get a good estimate for ξ from the CMB.

Fig. 3.21 The derivative of the logarithm of the angular spectrum of the temperature
anisotropy with respect to φini. The effect of this BDT parameter is more important
as the multipole increases, thus we can have a better chance to measure it on small
angular scales.
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In order to talk about the physics behind these effects, it is convenient to split
up the temperature spectrum into its distinct parts which can be read off from the
line-of-sight integral expression of the anisotropy. By analysing how each of these
pieces are affected by ω it is easier to figure out which physical aspects are modified
in comparison to their peers in the standard model ones.

Fig. 3.22 Variation of different contributions to the source of the temperature CMB
anisotropy with respect of ω . In the top panel the effective anisotropy is displayed, that
is the monopole term plus the gravitational potential. The mid panel shows the ISW
term depending on the time-variation of the gravitational potentials at recombination
time. Finally the bottom panel plots the Doppler term due to the peculiar velocities of
the overdensities.
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In chapter 2 we studied the evolution of acoustic oscillations of the temperature
perturbation, as we mentioned such a treatment is valid for BDT in the Jordan frame
since matter is minimally coupled to the metric and the scalar extra degree of freedom
added to the GR prescription modify these dynamics only through the potentials. Thus
for BDT we use the same expression for the sources given by (2.117) and (2.118) can
be used to compute the line of sight integral to determine the power spectra. If we
drop the polarization contributions in (2.117) since its very small then it becomes

S(k,τ)≃ g(τ)[∆0(k,τ)+Ψ(k,τ)]+
d

dτ

(
iVb(k,τ)g(τ)

k

)
+ e−κ

[
Ψ

′+Φ
′] (3.47)

and then the anisotropy is given by

∆l(k,τ0) =
∫

τ0

0
dτ g(τ)[∆0(k,τ)+Ψ(k,τ)] jl(k(τ0 − τ))

−
∫

τ0

0
dτg(τ)

iVb(k,τ)
k

d
dτ

jl[k(τ0 − τ)]

+
∫

τ0

0
dτe−κ

[
Ψ

′+Φ
′] (3.48)

The terms weighted by e−κ contribute at all times after recombination when
κ < 1 and are proportional to the derivatives of the gravitational potentials then if
the potentials are constant after recombination these terms do not contribute to the
anisotropy at all. This happens for theories at which the time of equality occurs before
decoupling. Though these terms are quantitatively important they do not change the
structure of the CMB anisotropy. The dominant terms in the anisotropies which also
determine its structure are those weighted by the visibility function g(τ). Remember
that the visibility function has a sharp peak at recombination, qualitatively it plays
the role of a Dirac delta, so the dominant terms in line-of-sight integral (3.48) are
basically, as a good approximation, the integrands evaluated at recombination. This
solution agrees with the exact one within the 10% of precision, so that is enough when
we are after the physics behind the CMB.
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First Term: The Effective Temperature Monopole The first term above encodes
all the history about acoustic oscillations of the baryon-photon fluid enforced grav-
itationally described in chapter 2. The spherical Bessel function jl[k(τ0 − τ∗)] is a
measure of how much a plane wave with k contributes to the anisotropy on a given
angular scale 1/l. On very small angular scales jl ∼ 1/l(x/l)l−1/2 it is tiny for large
l when x < l. This means that ∆l(k,τ0)→ 0 for l > kτ0. In summary, a perturbation
with wavenumber k contributes mainly on angular scales of order l ∼ kτ0.

As shown by the first panel in figure (3.22), the monopole of the effective tempera-
ture anisotropy given by ∆T 0 +Ψ is affected by ω only by means of the background.
As we already explained, the change in the θ parameter produced by the modified
expansion history produces a shift in the location of the peaks. We can also note a
slight decreasing in the heights, since GN is rescaled by a (2ω +3)/(2ω +4) hence
the visibility function is slightly widen and consequently ∆T 0 +Ψ gets damped at
some degree.

Last Term: Late Integrated Sachs-Wolfe Effect Because at the time of recom-
bination subhorizon scales we observe today were far outside the horizon and so
they were completely disconnected from causal physics at that time, the large scale
anisotropy we observe today do not depend on the micro physics occurring before
decoupling at all. On this large scales only the monopole is relevant when computing
the anisotropy today. The first determining this were Sachs and Wolfe in 1967 [264],
they found that a solution in this case is given by [97]

∆0(k → 0,τ∗)+Ψ(k → 0,τ∗)∼ Ψ(τ0)

3Dm(a = 1)
(3.49)

In order to understand how the ISW works is BDT lets see the second panel of
figure (3.22). The ISW spectrum gets strongly enhanced when the BD field increases
as ω drops down. The reason why this happens has two sources which can be unveiled
by looking at the evolution of the gravitational potentials at large scales shown by
figure (3.23).

First the larger is the amplitude of the BDT scalar the negative potential is slightly
enhanced so the anisotropies pass through deeper wells along their way toward us.
Second, in contrast to what happens in GR, in BDT the potential at large scales do not
stay completely constant at matter domination era, by effects of the scalar dynamics, it
is time dependent even at late times. This feature produces the main contribution to
the ISW at low ω .
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Fig. 3.23 Modes of the gravitational potential for two different rBDT models corre-
sponding to k ∼ l/(τ0 − τrec) ∼ 0.05 which lies between the first two peaks of the
temperature spectrum. The potentials for small ω are clearly time-varying leading to
an early ISW effect.

Doppler Term This term is the contribution due to the peculiar velocities of baryonic
matter. Naively, velocity fields of order v ∼ 10−3 (see e.g. [208] for a review) and
optical depths of a few percent would imply a Doppler effect that rivals the acoustic
peaks themselves. Since the Doppler effect comes from the peculiar velocity along
the line-of-sight, it retains no contributions from linear modes with wave vectors
perpendicular to the line-of-sight. But as we have seen, these are the only modes that
survive cancellation. Consequently, the Doppler effect from reionization is strongly
suppressed and is entirely negligible below ℓ ∼ 102 unless the optical depth in the
reionization epoch approaches unity .
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3.7.5.b CMB Lensing

As photons travel through potential wells generated by galaxies these act like grav-
itational lenses producing an deflection on the original trajectory of photons. This
deflection affects the temperature spectrum in about 2% level and around 10% the
polarization spectrum. The effect is that the peaks get shallower without changing
their position.

On one hand, the characteristic size of potential wells given by the scale of the peak
of the matter power spectrum is around 300Mpc in comoving coordinates, and the
distance to last scattering is about 14000Mpc, so the number passed through is around
50 this leads to a deflection of ∼ 2 arcminutes [15] which correspond to l > 3000 .

Although lensing would dominate at such scales if not secondary anisotropies were
present, indeed the power is small due to damping. On the other hand lensing can also
have an important effect on the scale of the primary acoustic peaks. The reason why
is that the deflection angles will be correlated over the sky by an angle given by the
angular size of a characteristic potential which is 2 degrees.

Now lets get an non-rigorous derivation of the lowest order result for deflection
angle produced by such potential wells. Consider a weak lensing of a photon with
velocity V by a point mass M within Newtonian theory. By weak lensing we should
understand that the deflecting angles are small perturbations and so they can be treated
accurately using the first order results. The acceleration of the photon due to the mass
is given by the gradient of the potential Ψ causing a small transverse acceleration [15]

V̇T =−∇T Ψ = GM cosθ/r2 (3.50)

where θ is the angle between the photon trajectory and the relative vector joining
the points of the mass and the photon R⃗0. Then the deflection angle is given by

VT

|V|
=

2GM
R0

(3.51)

In order to generalize this to the GR case the acceleration can be associated to
the covariant derivative of the velocity of the photon along the photon world line. By
doing this we take into account the curvature of space. The effect is a local deflection
angle of the photon’s world line given by

δβ =−δ χ∇T (Ψ+Φ) (3.52)
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where δ χ is a differential distance along the photon path. The comoving distance
that the source appears to have due to lensing is (χ∗ − χ)δβ = χ∗δθ . Then the
deflection in the image oberved due to the source at χ is

δθχ =
(χ∗−χ)

χ∗
δβ =

(χ∗−χ)

χ∗
δ χ∇T (Ψ+Φ) (3.53)

Integrating all the contributions from the source to us the total deflection is given
by

θ =−
∫

χ∗

0
dχ

(χ∗−χ)

χ∗
∇T (Ψ+Φ)(χ ˆn;τ0 −χ) . (3.54)

where τ0 −χ is the conformal time of the photon when it passes closest to source
producing the potential well. From this we can define the lensing potential just as

ψ =−
∫

χ∗

0
dχ

(χ∗−χ)

χ∗
(Ψ+Φ)(χ ˆn;τ0 −χ) . (3.55)

so that the deflection angle is θ = ∇T ψ . In order to compute the lensed CMB
temperature in a direction n̂ we can use the fact that it is given by the unlensed
temperature in the deflected direction, that is [15]

Tlens(n̂) = T (n̂+θ). (3.56)

Fig. 3.24 The angular power spectrum for the lensing potential ψ for three values of
ω . The lensing potential is directly related to the BDT scalar field perturbation δφ .
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The lensing potential in BDT might be a very important physical quantity since the
only modification to the standard Einstein equations in this theory is directly related to
the BD field perturbation. By looking at the perturbations equations above and using
the gauge transformation to go from synchronous to Newtonian gauge we can notice
that the last equation is equivalent to

Φ−Ψ ∼ 16πGNa2

φ
(ρ̄ + P̄)Σ+

δφ

φ
(3.57)

Hence in absence of anisotropic stress the Ψ = Φ+ δφ

φ
, thus the lensing potential

above gets an extra term equal to the scalar perturbation. Figure (3.24) show us the
power spectrum of the lensing potential for different BDT models. At small scales,
the scalar perturbation enhances the lensing potential importantly, in contrast at large
scales its power is reduced in less extent. For large realistic values of ω , the lensing
potential is not affected significantly so we don’t expect that data related to these
observation to be very useful to constrain our simple BDT. However, for smaller values
of ω , potentially associated with self accelerating theories with shallow potential V (φ),
lensing might set strong constraints on the model.
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3.8 Conclusion and Summary of the Chapter

In summary, in this chapter we made a wide study of the cosmology derived from the
massless Brans-Dicke theory which is the simplest alternative model to ΛCDM. The
motivation of taking this model is not only its simplicity but rather the fact that it arises
as a limit at very large (cosmological) scales of other more realistic and physically
motivated theories involving a scalar such as DGP, Galileons and F(R). In our setup
we consider to types of models rBDT and uBDT. The first type corresponds to the
classic BDT with a cosmological Newton coupling equal to the one measured at a
Cavendish like experiment and a single parameter ω while the second type a rescaling
of the cosmological Newton coupling is an extra free parameter ξ and then it is not
restricted to match with the measurements at solar-system scales as it happens in more
realistic theories.

As a starting point of a future work motivated in the idea that BDT approximates
more general theories. We constructed the very specific subclass of Horndeski theories
that degenerate into Brans-Dicke theories at very large scales ℓ∗. The way we built
up this class was simply by expanding the general free functions defining a general
Horndeski theory around their specific functional form for BDT. By using explicit
BDT solutions for realistic values of ω ∼ 500, we set very conservative limits of
the coefficients of the Horndeski’s analytic expansion. We argue that the subset of
Horndeski theories defined within such region of parameters, actually approach to
BDT at large cosmological scales. However this assertion stands to be verified in
further research work.

Although the resulting background cosmology of both models behave in almost
the same way, the very small discrepancies have important effects on the history of
recombination and henceforth on the CMB anisotropies. Also another discrepancy that
should be highlighted is that in the uBDT the physical effects can be better extracted,
thanks to the extra parameter. In both sorts of models, varying ω affects the rate of
expansion and consequently alters the measurements of distance like DA, rs, etc. On
the other hand in both models there is an effect due to a rescaling of the Newton
constant which is more significant in the uBDT while in rBDT it lies around 1. This
produces a rescaling in the expansion rate, it is probed that this effectively changes
the thickness of the visibility function at recombination producing that the CMB
anisotropies to be even more damped than in ΛCDM.

We also studied some features of perturbations. First, as it is well known, the
scalar perturbations present an attractor behavior in time: starting from zero at early
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times they grow considerably once matter domination sets on and freezes to a constant
value at very late times. Metric perturbations are coupled to this scalar perturbation
and then they present some small but detectable symptoms mainly as a late ISW.
Matter perturbations were also considered, which are found not particularly sensitive
to the BDT parameters except for very extreme values at which the model is not viable,
however even these effects on P(K) are small, measurements of LSS still have a chance
to set complementary constraints on BDT. Another observable considered and briefly
studied was the Alcock-Paczynski distortion, we concluded that for viable values of the
parameters (those which stick the observables close to ΛCDM) a detectable APD may
arise only for a very high redshifts which the current surveys haven’t reach. Finally
we briefly studied the lensing potential in BDT which is directly coupled to the scalar
perturbation, again we discovered that at large scales it is not affected significantly by
the scalar, however at small angular scales a small effect appears.

In conclusion, this results are very useful to plan how to constrain this theory
using cosmological observations along the next chapter. We can reasonably expect
that measurements of the anisotropies of the CMB might strongly constrain the BDT.
First, the ISW imprinted in the CMB anisotropies at large scales might importantly
constrain ω . Second, the locations of the acoustic peaks would provide a precise
measurement of ω while their heights would be sensitive to ξ specially at small scales
in the case of uBDT. Finally, polarization may constrain ω considerably at intermediate
and small scales so it is a good idea to include this dataset. Also, the APD is not
particularly sensitive to ω however it can be compared with measurements of H0 as a
complementary test of the expansion with the advantage that APD provides a model-
independent probe whilst the H0 reconstruction from the distance measurements is
made in the context of ΛCDM.





CHAPTER 4

COSMOLOGICAL TESTS OF BRANS-DICKE THEORY

4.1 Introduction

We already know that the 1960’s was a golden decade for general relativity since it
was placed under strong theoretical and experimental tests regarding to the physics
of our solar system. Although cosmology had been a popular line of research at the
time due to the discovery of expansion of the universe by Hubble and the cosmic
microwave background, it was until the 1990’s that is turned to become in important
tool to accurately check the predictions of any theory of gravitation.

This era of Precision Cosmology started when Cosmic Background Explorer
(COBE) was launched in 1989 [40]. A couple of years later the Wilkinson Microwave
Anisotropy Probe (WMAP) provided accurate measurements of anisotropies and inho-
mogeneities and placed the standard model of cosmology based on general relativity as
the best description of the universe as a whole [32, 34]. During the later years, smaller
but nonetheless important surveys were launched in order to measure inhomogeneities
and anisotropies at large scales such as the Sloan Digital Sky Survey (SDSS) [58], the
2dF Survey [204] and the WiggleZ Survey. All of them brought valuable observations
of structure of matter in the universe different scales and redshifts. As time goes on,
the cosmological precision tests become stunningly accurate, this becomes our times
in a golden era for cosmology and gravitation and it is crucial time not only for general
relativity, but moreover for fundamental physics.

Current and future surveys overtake the accuracy of previous ones. The huge
extrapolation of GR made in the early 1920 is farly being placed under tough tests.
In despite of the flaws of the model to bring complete predictions at the level of the
background, namely the need of assuming dark elements in the matter- energy contents
of the universe to obtain the right predictions, the standard model has best fitted the
observations as any other cosmological model so far. At the level of perturbations
there are still plenty of tests for GR to overcome due to the size of our ignorance about
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the structure formation at very large scales. Furthermore,the healthier stand point to
have when one aims to test the large scale structure is to use a model-independent
theoretical framework in order to reproduce observations. This sounds appealing,
however the huge number of degrees of freedom to be constrained overwhelm the
number of measurements available so far. A remaining solution is to consider into the
test not only the standard model but also a wide set of candidates to reliable describe
the observations. Thus at this precision era, alternative theories of gravity must be
passed through test and they must share the same status than GR as far as observations
lead us.

As we already know, the main goal in this chapter is to compare the predictions of
the simplest modified theories of gravity: BDT. In order to go forth in this direction,
for both models, we use the very standard method Markov-Chain-Monte-Carlo in
order to compute the likelihood function and the posterior distributions in the space
of parameters. This method is a powerful tool to derive good estimations of the most
likely values of the parameters within some level of confidence according to a given
dataset. We also use the Fisher matrix method to constrain and forecast its parameters
using the latest data and future surveys.

In particular, we aim to compare the theoretical predictions of BDT in first place to
the latest observations of the CMB anisotropies from WMAP and Planck. Nonetheless,
in order to take advantage of all the phenomenology behind these models -which in
despite of its simplicity its implications are important- we use complementary data
to derive better estimations of some of the parameters, specially when degeneracies
appear. Among the most important we should mention small scale measurements of
the CMB from SPT and ACT; measurements of the expansion rate as HST, Alcock-
Paczynski test, etc. Only for the unrestricted model in BDT, we obtain constraints for
the Newton constant by using actual values of light-elements abundances at BBN. For
BDT we also obtain complementary constraints ω by using direct observations of the
matter-power-spectrum from SDSS-R4 along with WMAP7.

The main goal in the first section of this chapter is to introduce the tools required
to accomplish such comparison between theory and observations. We summarize the
basics that enable us to understand how each method works without going into full
details. The goal here is just to prepare the ground and give a general ideas about the
methods used to derive our estimations which are going to be presented with more
detail along the next sections. There we specify technical aspects on the particular way
of using the methods presented within this section.

The structure of this chapter is simple to follow, in section 2 a discussion of
different ways of testing a theory in general is presented, with this we aim to set a
context in which it is possible to classify the methods that we describe in the latter
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subsections. In that last part of section 2 definitions and tools relevant for this work
are briefly described. In section 2 we present the explicit analysis of data for BDT, in
the first subsection we describe the specific methodology used to compare the BDT
predictions of the CMB with measurements from WMAP7 and Planck mainly and
some other complementary data. In further subsections, we present further estimations
using complementary data appart of the CMB in order to constrain some special
features of BDT.

4.2 Theory v.s. Data: Some Tests And Methods

4.2.1 Parametric And Phenomenological Approaches

One can distinguish two complementary approaches for testing the experimental
validity of any given theory of gravitation, usually they are termed as the “phenomeno-
logical” one, and the “theory-space” one, respectively. In order to understand the logic
behind each of them lets denote T a theory and C one of the predicted observations. It
is well known in elementary logic that “T implies C” is equivalent to “no C implies no
T”. Althought, a scientist would like to be able to have a way to verify a given theory ,
it is much more common that an experiment gives negative results for a given theory
and in this way they tell us something about the theories only when they are wrong.
This is the basis of the phenomenological approach . The only logical way of verify a
theory is, first to consider the subset of all theories and the subset of theories which
predict the same C as T. In this way, experiment might tell us that the common features
of TC are “true”. This is the basis of the theory-space approach [84].

4.2.1.a Phenomenological Approach

Lets consider a “kinematical” model containing a set {ppheno
i } of free parameters

for describing the evolution of a determined physical system. By fitting somehow
the experimental observations, we can “measure” the phenomenological parameters:
pobs

i ≡ (ppheno
i )best− f it . with in an error bar corresponding to a confidence level

including both statistical and systematic errors. The final outcome of the testing
process is a set of questions: ptheo

i = pobs
i which should be stated in probabilistic terms.

Indeed, the theory never predicts the exact values of the parameters but gives them in
terms of theoretical parameters pi = Fi(λa).

As an example we can think of the Newtonian theory of gravitation and the Einstein
one being tested by the observation of the precession of perihelion of mercury. By
testing both theories by the phenomenological approach the Newtonian prediction
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differs from observation up to 90σ while the Einsteinian prediction lies within one
sigma. So Newton’s theory turns to be false while the Einstein one is simply not ruled
out. In other words, the philosophy behind this approach is that a given theory remains
true as long the contrary is not probed to happen.

The problem of this approach is that it does not tell us anything about which
elements of the theory are being tested. It does not give us a clue on what parts of the
structure of GR have been tested or which of them simply do not play any role in the
test [84].

4.2.1.b Parametric Approach

The idea behind this approach is to embed the currently preferred theory within a
continuous set of alternative theories. The point of doing this is that the inner structures
present in a theory are better distinguished if one contrasts them to a theory which
is similar but different in some way. A usual way of charting the continuous set of
alternative theories is by means of a continuous finite set of real parameters {ak}.
In this approach one has, on one hand, the set of the labeled alternative theories S
and on the other hand the set of observations to compare with, what follows is to
ask: Which subset of S is in better agreement with the observations? A standard
quantitative measure of the extent of agreement between the subset of theories and the
experimental observations is the “goodness of fit” statistics defined as follows.

Lets consider the set of theoretical predictions {xtheo
i } and the set of observational

data {xobs
i } with its respective error bars {σobs

i }. Then the “goodness of fit” statistics
for a given experimental data, can be computed as

χ
2(ak)≡ ∑

i

(
xobs

i − xtheo
i (ak)

σobs
i

)2

(4.1)

The best agreement between observations and theory corresponds to the minimum
of χ2. Thus if one imagines the χ2 function as a hypersurface in the space of theories
parametrized by ak, the most likely theory to describe the observed parameters is that
for which the hypersurface χ2 has a hollow and its surrounding. In order to illustrate
this, lets imagine a space with {a1,a2} in which case χ2 can be thought in a third
direction. If this hypersurface is sliced by a plane in χ2 = cte, the points inside the
level contours correspond to theories more likely to agree with observations as the
plane approaches to the minimum. Therefore, to each difference in level above the
minimum we can associate a “level of confidence” which depends also on the number
of fitted parameters.
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In summary, the theory-space approach associates to each independent set of
experimental data some confidence region in theory space. It remains to address the
following questions: does the collection of confidence regions corresponding to the
various data sets admit a non-empty intersection? And, if there exists a non-empty
intersection what is its shape in theory space, in other words, what are the common
features of the theories that pass the considered tests? As we see from the last question,
the theory-space approach is giving us a handle on what theoretical structures are
being actually probed by some sets of observations [84].

4.2.2 Tools For Comparing Predictions v.s. Data

4.2.2.a The Analysis Techniques

The issue on how to analyse the data in the best possible way has started to be of
great importance in the last decades [97]. The reason for this is that the amount and
quality of data have improved dramatically in the last decade and this huge data sets
create new challenges in the analysis. The likelihood function is one of the foundations
among the techniques that we have at hand to handle this analysis. It is defined as the
probability that a given experiment would obtain the data it did given a theory. Even
though the simplicity of its definition, the likelihood function is very powerful. Once
we have this function we can determine which set of parameters of a given model
better fits the data and also the error of such estimate.

In order to set a precise definition lets assume we have a set of values xobs
i associated

to observed data (it could be a set of observables or parameters to uniquely label them)
and xtheo

i a set of values associated to predictions of a model (it could be specific values
of the set of parameters of the model or the respective predicted observables). The
probability of getting xobs

i from an observation given xtheo
i fixed values from a theory

can be interpreted as the likelihood L (xobs
i |xtheo

i ). The interpretations is especially
obvious when xobs

i is fixed and xtheo
i is allowed to vary [202].

The fundamental tool for analysing CMB data is indeed the likelihood function. It
has been used since the early days of anisotropy searches [43, 96, 255]. Brute force
likelihood analyses [200] were carried out even on the relatively large COBE data set,
with six thousand pixels in its map. Present data sets are a factor of ten larger, and
this factor will soon get larger by yet another factor of a hundred. Therefore, the brute
force approach no longer suffices. In response, analysts have devise a multitude of
techniques that move beyond the primitive brute force approach.

The simplicity of CMB linear physics is manifested in analysis by the apparent
Gaussianity of both the signal and various sources of noise. In the Gaussian limit,
optimal statistics are easy to identify. These compress the data so that all of the
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information is retained, but the subsequent analysis becomes easier to perform. Many
of these techniques first intended to study the CMB, have been proposed for studying:
the 3D galaxy distribution [206], the 2D galaxy distribution [111, 159] the Lyman
alpha forest [158], the shear field from weak lensing [155], among others. Indeed,
these techniques are now indispensable, powerful tools for all cosmologists.

Fig. 4.1 Analysis of data time-line.

Figure (4.1) summarizes the way by which the data is usually analyzed from
starting point: a time-stream of data points, to the end, the determination of cosmo-
logical parameters. Each step radically compresses the data by reducing the number
of parameters used to describe it. Although this data pipeline and our discussion
below are focused on temperature anisotropies, similar steps have been interpreted for
polarization [49, 187, 303].

4.2.2.b Estimating Parameters

Given a set of data, our main goal is to interpret them in terms of a model that we
assume is true. Of course this model usually has some parameters xtheo

i which we wish
to determine at the end. The goal of parameter estimation is to obtain estimates of the
parameters and their errors at least and furthermore the whole probability function of
xtheo

i given the data xobs
i . This is called the posterior probability distribution and it’s

the probability that the parameters of our theory take certain values after doing the
experiment.

P(xtheo
i |xobs

i ) (4.2)

From this distribution one is able to calculate the expectation values of the parame-
ters, and their errors. In this definition we are taking a Bayesian view of probability,
as a degree of belief, rather than a frequency of occurrence in a set of trials. The
opposite distribution L (xobs

i |xtheo
i ) is usually what we look for, since usually having

the collected data from an experiment we want to know what is the probability that
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our parameters to take a value given the data. Both distributions are easily related by
the Bayes theorem [250]

P(xtheo
i |xobs

i ) =
L (xobs

i |xtheo
i )P(xobs

i )

P(xtheo
i )

(4.3)

P(xtheo
i ) is called the prior, and expresses what we know about the parameters prior

to the experiment being done. This may be the result of previous experiments, or
theory. In the absence of any previous information, the prior is often assumed to be a
constant and it is called flat prior. P(xobs

i ) is not important since it plays the role of the
normalization of the distribution and then it can be safely ignored. As a consequence a
flat prior the likelihood and the posterior distributions are proportional,

L (xobs
i |xtheo

i ) ∝ P(xtheo
i |xobs

i ). (4.4)

Lets assume that we have a posterior distribution that has a single peak, the first
estimate for the parameters is given by those for which the likelihood is maximum xtheo

i0

and usually is equal to the mean. Assuming a flat prior, the posterior is proportional to
the likelihood then close to the peak the likelihood the distribution can be approximated
by a Gaussian in the space of parameters. This can be seen if the logarithm of likelihood
is Taylor expanded as follows

lnL (xobs;xtheo) = lnL (xobs;xtheo
0 )+

1
2
(xtheo

i −xtheo
i0 )

∂ 2 lnL

∂xtheo
j ∂xtheo

i
(xtheo

j −xtheo
j0 )+ ...

(4.5)

where xtheo
i0 are the true values of the model parameters. The matrix Fi j ≡

∂ 2 lnL /∂xtheo
j ∂xtheo

i encodes the correlations between parameters. If it’s diagonal,
the estimates are uncorrelated.

4.2.2.c Marginalization

If we are interested in the probability distribution for a single parameter xtheo
1 taking

into account all the possible values of the remaining parameters, we should compute
the 1D marginal distribution for xtheo

1 . To compute it we just need to sum over all the
possible values of the parameters different to xtheo

1

p(xtheo
1 ) =

∫
dxtheo

2 ...dxtheo
N P(xtheo). (4.6)

This process is called marginalization. Often it is useful to analyse the marginal
distribution of two parameters in order to study their correlations, in such case the
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process is the same so we just left the pair of variables out of the integration. The
plots of such errors are named contours at some specific confidence level. In the
case when the marginal distribution is a Gaussian the confidence level agrees with an
specific numbers of σ ’s which depends on the dimension of the space of the marginal
distribution, the standard conventions to tell about the confidence region of a marginal
distribution are shown in the following table [147, 210]

σ c.l. % ∆χ2, d = 1 ∆χ2, d = 2 ∆χ2, d = 3
1σ 68.3% 1 2.30 5.35
2σ 95.4% 4 6.17 8.02
3σ 99.73% 9 11.8 14.2

where ∆χ2 ≡ χ2 − χ2
min and d is the dimension of the parameters space. Note

that in some of the results shown above we assume the likelihood (or posterior) is
well-approximated by a gaussian. We should say that this may not be so. However,
a Gaussian likelihood is useful to compute marginal errors for this rather general
situation. The simple result is that the marginal error on parameter xi is

σi =

√
F−2

ii . (4.7)

One has to be careful since in the previous expression the repeated indices denote
the diagonal components rather than sum. In practice, this result is often used to
estimate errors for a future experiment, where we deal with the expectation value of
the Fisher matrix. This error is always at least as large as the expected conditional
error. This result holds for Gaussian-shaped likelihoods, and is useful for experimental
design. For real data, you would do the marginalization a different way [147].

4.2.2.d Fisher Matrix Analysis

Suppose that our data set consists in N real numbers xobs
1 , xobs

2 , ..., xobs
N , which we

arrange in an N-dimensional vector xobs. These numbers could for example be the
measured temperatures in the N pixels of a CMB sky map or the counts-in-cells of
a galaxy redshift survey. Before collecting the data, we think of xobs as a random
variable with some probability distribution which depends in some known way on a
vector of M model parameters xtheo = xtheo

1 , xtheo
2 , ..., xtheo

N .
Lets denote by xt

0 the true value of the vector of parameters and xt the estimates.
Since xt is a function of xo it is also a random variable. For it to be a good estimate,
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we would of course like it to be unbiased i.e. ⟨xt⟩= xt
0 and give as small error bars as

possible. In order to get the unbiased estimator a key piece is the Fisher information
matrix defined as

Fi j = ⟨−∂
2 lnL /∂xtheo

j ∂xtheo
i ⟩ (4.8)

Another key quantity is the maximum likelihood estimator, defined as the pa-
rameter’s vector xt

ML that maximizes the likelihood function. A number of powerful
theorems have been probed using the previous definitions, among the most important

1. Cramer-Rao Inequality: for any best unbiased estimator ∆xt
i ≥ 1/(Fii).

2. If an unbiased estimator satisfies the lower Cramer-Rao bound , it is the ML
estimator.

3. The ML estimator asymptotically corresponds to the best unbiased estimator.

The first theorem places a lower limit on the error regardless of which method is
being used to estimate the parameters from the data. The second theorem shows that
maximum likelihood estimates have quite a special status: if there is a best method,
then the ML-method is the one. Finally, the third result basically tells us that in the
limit of a very large data set, the ML-estimate for all practical purposes is the best
estimate, the one that for which the Cramer-Rao inequality becomes an equality. The
normal case the minimum standard deviation is given by

∆xi ≤ (F−2)
1/2
ii (4.9)

and it is called the marginal error and normally this is the relevant error to deal
with. Notice that marginal and conditional errors are equal if F is diagonal, otherwise
the estimates for the parameters are correlated.

I just want to make a final comment about the Fisher matrix when different
experimental data is used. If the data is independent then the Fisher matrix is just the
sum of fisher matrices corresponding to each set of data. It is important to mention
that the marginal error contours in the combined dataset can be much smaller than you
might expect, given the marginal error ellipses for the individual experiments, because
the operations of adding the experimental data and marginalizing do not commute. I
will not show the probe here and it can be found in detail at [147].



136 Cosmological Tests Of Brans-Dicke Theory

4.2.2.e Particular Case: Likelihood Function for the CMB

Now lets translate the previous to the CMB. The true temperature anisotropy in a
given spot in the sky will be denoted by ∆ while the data point, which is the resulting
average of multiple measurements, ∆̄. The variance of this estimator CN represents
the spread of the measurements is also given from the experiment. To compare the
observed (∆̄,CN) lets assume that the signal in a given spot on the sky has a Gaussian
profile distribution, this is a prediction from simplest theories based on inflation as is
the case in this work. The probability that the temperature of the background radiation
observed in the sky falls between the interval ∆+d∆ is given by

P(∆)d∆ =
1√

2πCS
exp
[
− ∆2

2CS

]
d∆ (4.10)

CS is the expected variance due to the signal alone without including the contribu-
tion of any noise. After we take the convolution of the previous probability with the
likelihood function of the signal, the final expression for the likelihood function to the
realistic case with a measurement of Np pixels is given by [97]

L =
1

(2π)Np/2
√

detC
exp
[
−1

2
∆

TC−1
∆

]
(4.11)

where the vector ∆ is a data vector formed with Np measurements and C is the
full covariance matrix defined as C ≡ CS +CN the sum of the variances due to the
signal alone and to the noise. In general the noise covariance matrix is fairly close
to a diagonal matrix, however the theoretical or signal covariance is not. This makes
the evaluation of the likelihood computationally very expensive when taking the
determinant and the inverse of the Np ×Np full covariance. However a couple of
simplification can be done. Any given theory is associated with a full set of Cl’s,
and these can be used to construct CS. The second simplification is that most of the
experiments are not sensitive to individual Cl’s but only to the average power over a
range of l’s which is usually named as band-powers. So the fitting in question requires
fewer parameters to be determined.

A useful rule of thumb for estimating the signal in a CMB experiment is to calculate
the variance of the data points and compare it with the average noise per signal If the
data has larger variance than the noise then the theoretical signal is simply given by
the difference of the two. To compute the error of CS by using the fact that the error is
given by the second derivative of the log of the likelihood which after being computed
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explicitly and replacing the theoretical values of the anisotropy in the maximum of the
log of the likelihood , leads to

σCS =

√
2

Np
(CS +CN) (4.12)

This equation is useful to assess how accurately a given experiment will determine
parameters in a theory using the theorems shown just below (4.8). A more general
expression of this gives the corresponding error when the free parameters are the Cl’s
themselves

σCS =

√
2

(2l +1) fs
(Cl +CN,l) (4.13)

the number of independent measurements has been replaced by 2(l +1) fs, where
fs is the fraction of the sky covered. When the full sky is covered one can sample
the distribution characterized by Cl at most 2l + 1 times and this is a fundamental
limit of accuracy to measure Cl’s . Even without CN there’s a remaining uncertainty in
the theoretical parameters due to the fact that we only have one sky on which to take
measurements. This limit is called cosmic variance in a full-sky survey.

4.2.2.f Sampling The Space Of Parameters
Via Monte-Carlo-Markov-Chain Method

Markov Chain Monte-Carlo is essentially Monte-Carlo integration using Markov
chains. When we need to integrate over high-dimensional probability distributions
to make an inference about a model with free parameters given a set of data. Mote-
Carlo integration draws samples from the required distribution and then forms sample
averages to approximative expectations. The specific Markov Chain Monte Carlo
samples the space of parameters by running a Markov chain for a long time. Along 40
years, MCMC penetrated the statistical practice. In the last years to date, MCMC is
oriented towards Bayesian inference [134, 219].

The aim of MCMC is to construct a random walk in the space of parameters whose
distribution function is the same as the target density, in this case the likelihood or the
posterior. MCMC sampler moves in the space of parameters in a Markov process. The
main feature of a Markov process is that the next sample depends on the present one,
but not on the previous ones.

The resulting Markov chain samples the posterior, such that the distribution of
the points in the random walk within the parameter space is proportional to the target
distribution at least asymptotically and then we can estimate all the quantities of
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interest as the mean an the variance of different parameters. The number of steps
required to obtain good estimates scales linearly with the dimension of the space of
parameters.

Thus this process is much more efficient than the grid-based evaluation as the
number of parameters decreases. Direct grid–based evaluations of the likelihood
have computation time and storage requirements which rise exponentially with the
number of parameters. In consequence, in cosmology people usually deals with 10-20
parameters, so MCMC has been a very powerful tool and variety of implementations
have been developed [71, 101, 173, 185]. Among the various ways of constructing
these chains there’s the special case of the general Metropolis-Hasting (MH) method
first developed by Metropolis in the 50’s [207] and generalized by Hastings in the
70’s [145].

One popular construction principle within the Metropolis-Hastings context, is the
Gibbs sampler, a specific MCMC method that samples iteratively from each of the
univariate full conditional posterior distribution p(θi|x,θ1, ...,θi−1,θi+1, ...,θn). Given
arbitrary initial values {θ

(0)
i } the algorithm proceeds as follows [70, 250]

θ
(1)
1 ∼ p(θ1|x,θ2, ...,θn)

θ
(1)
2 ∼ p(θ2|x,θ1,θ3...,θn)

. . .

and yields θ (m) = (θ
(m)
1 , ...,θ

(m)
m ) after m iterations. This defines a Markov chain

that converges to the target distribution as its equilibrium distribution [134, 219].
One of the basic concepts of the MH algorithm is that of generating a density

with the simulation technique rejection sampling. However, the proposal distribution
q(y|x), can now depend on the current state x of the sampling process, and instead
of rigorously accepting or rejecting a new candidate y , it is accepted with a certain
acceptance probability α(y|x) also depending on the current state x such that the
transition probability specifying the Markov chain p(x,y) = q(y|x)α(y|x) satisfies
detailed balance [71]. This is met by imposing

α(y|x) = min
{

f (y)q(x|y)
f (x)q(y|x)

,1
}

(4.14)

here f denotes the target distribution and x and y are multidimensional vectors
defined in the parameter space. Then the main steps of MH algorithm are

• Start form an arbitrary point x0 in the space of parameters.
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• Generate y from q(.|xi) and u ∈ (0,1)

If u ≤ α(y|xi) set xi+1 = y (acceptance)

If u > α(y|xi) set xi+1 = xi (rejection)

The outcome from the MH algorithm can be regarded as a sample from the invariant
density only after a certain ‘burn-in’ period (or initial set of dependent samples in
the Markov chain ). In order to perform convergence diagnostics of the random walk
different techniques have been developed which have been reviewed and summarized
by Cowles and Carlin [198] and have been implemented in cosmology via CosmoMC,
for example, in [185] (see also [101]).
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4.3 Cosmological Constraints
On Brans-Dicke Gravity

In this section, we aim to determine the regions of the parameter space of the Brans-
Dicke theory whitin which this model is in agreement with cosmological observations
like the CMB and LSS. In order to do so, we use the MCMC tool to sample the
parameter space within the context of the parametric approach described in the pre-
vious section. This will allow us to compute the desired likelihood and the posterior
distributions from which we can carry out the corresponding statistical analysis to
finally determine the most likely values for the parameters and their error bars. The
following subsections explain in detail such a procedure.

4.3.1 MCMC Constraints From The CMB Anisotropies

4.3.1.a How the BDT Parameter Tickles the CMB?

In the relevant chapter, we have already look at the variation of the CMB anisotropies
when the BDT parameters were varied since we were interested in understanding the
new effects in BDT upon the standard model based on GR. Now we are ready to use
that information to design a strategy to analyse the viability of our theories according
to the observations of the CMB anisotropies. In order to do so, we must keep in mind
an important fact when we aim to constrain a theory.

It is well known that the standard ΛCDM model has been the best fitting model of
the CMB anisotropies and then the predictions of any alternative theory must lay close
to the ΛCDM prediction.

Therefore, observable quantities, such as the CMB spectra, whose theoretical
prediction depart considerably from ΛCDM correspond to a good source to constrain
the model in question. In order words from looking at the variation of the observables
with respect to the parameters we can figure out the sensitivity of the theory to the data
and viceversa.

We already have explicitly studied the sensitivity of the CMB anisotropies to ω

and ξ within BDT in chapter 3. Here we only are going to summarize such analysis.
On one hand, the ratio of the sound horizon to the angular diameter distance to the last
scattering surface is very sensitive to ω (not so ξ ). On the other hand, we know that
such quantity is well measured by the locations of the peaks of the anisotropies as we
demonstrated in chapter 2. Therefore, ω is sensitive to θ .

However, It has been probed that there’s a one to one relation between θ and
ωΛ as primary parameters when all the other parameters are fixed. Thus, choosing
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the θ−parametrization one can vary ω and extract other effects beyond those due to
modified background evolution. Figures (3.19) and (3.20) show how temperature and
polarization anisotropies change when ω varies and their explicit derivative in this new
parametrization. This derivatives provide valuable information in order to determine
in which extent the observations are capable to constrain our model.

4.3.1.b Methodology and Analysis

In order to obtain accurate theoretical observables within BDT, we numerically solved
the BDT background (3.12) and the linearized equations for perturbations (3.31) in the
Jordan frame presented in chapter 3. Lets recall that in this frame matter is minimally
coupled to the metric hence the equations for different components of the matter-
energy in the universe remain the same than those in GR. This feature ensures that the
effective gravitational strength is correctly implemented in the code.

To test our numerical results we implemented the synchronous gauge equations for
scalar modes in a modified version of the CAMB package [186] and compared with
our own Boltzmann code (derived from CMBFast [274] and DASh [167]) in which
both the synchronous gauge and the conformal Newtonian gauge were used. Also, to
test the background solutions of the BDT scalar we performed the computation in both
Jordan and Einstein frames and compared the results by means of the corresponding
dictionary [75].

I would like to add a comment here about the task of modifying CAMB. Usually it
is argued that only few lines in the code are needed to be added or changed in order to
implement modified theories of gravity properly. However, I’d like to point that one
has to be careful about some subtleties which determine in great extent the reliability
of the estimates.

For example, in the standard CAMB code the expressions for the sources (2.117)
and (2.118) needed to compute the CMB temperature anisotropy by using the line-
of-sight integral and the lensing potential are only valid for ΛCDM. We rewrote
completely these sources using the general expressions presented in [309] in terms of
the solutions of perturbations valid for any theory. Other subtlety that is important is
the parametrization, in the standard CosmoMC, the Hubble H0 constant and the non-
physical parameters (e.g. Ωb instead Ωbh2) are used as primary parameters. However,
this is not general, because the computation of H0 is model-dependent and hence a
derived parameter. In general, for a cosmological model different to ΛCDM a more
natural primary parametrization is made of the physical parameters and ωΛ instead of
H0.
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Also, the algorithm to compute the real θ (the ratio of the sound horizon to the
angular diameter distance to the last scattering surface) from the theory is not general
at all neither. Remember that this observable is well tested by the CMB, therefore if we
aim to measure the real θ from the locations of the acoustic peaks in the temperature
spectrum, this part of code needs to be modified necessarily. The modification that
we used to estimate the parameters of BDT take all these points and also other minor
arrangements.

In order to carry out a Bayesian analysis for BDT using available data of the CMB,
we use the MCMC approach described above to sample the BDT parameters space. We
used the popular code CosmoMC to handle the MCMC implementation in cosmology.
We generated multiple chains for various combinations of models and data sets by
means of the Metropolis-Hasting algorithm. Our chains were long enough to pass
different convergence diagnostics processed by the GetDist program. The convergence
diagnostics that we used are mainly the Gelman and Rubin "R= variance of chain
means/mean of chain variances" statistic for each parameter using the second half of
each chain [48]. Also the Raftery and Lewis convergence diagnostics were used [253].

The main datasets we used are from the Planck satellite[4], WMAP-7/9 [175], the
South Pole Telescope (SPT) [269] and the Atacama Cosmology Telescope(ACT) [100].
We also use data from Big-Bang Nucleosynthesis (BBN) light element abun-
dances [160].

The chains were generated for the two types of models described before, rBDT
and uBDT models. The rBDT models have 7 parameters which are the dimensionless
baryon and dark matter densities ωb and ωc respectively, the ratio of the angular
diameter distance to the sound horizon at recombination θ , the reionization redshift
zre, the amplitude and spectral index of the primordial power spectrum As and ns re-
spectively and the BDT parameter ω . The Hubble constant H0 and the (dimensionless)
cosmological constant density ωΛ are derived parameters.

The uBDT models have one additional parameter which is the initial condition
φini. When generating likelihoods for the Planck data, 11 astronomical parameters to
model foregrounds and 3 instrumental calibration and beam parameters (3) were used
as described in [4]. When ACT and SPT were also included with Planck, 17 more
calibration parameters were used [4]. In order to sample efficiently the large number
of “fast” parameters, we used the speed-ordered Cholesky parameter rotation and the
dragging scheme described by Neal and Lewis [184, 220] implemented in the latest
version of CosmoMC.

We now turn to the issue of priors. For the non-BDT parameters we assume the
same priors as for ΛCDM since the two types of cosmological evolution are very
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similar. A “prior” on H0 (HST) from the measurement of the angular diameter distance
at redshift z = 0.04 [3] is also imposed for some chains1.

It is worth of mentioning that when WMAP data is used the question on whether the
prior on ω is important or not comes to be relevant. Since WMAP does not constrain
ω too tightly this check should at least be done. In this work, for the BDT parameters
we impose flat priors on φ̄i and on −log(ω). In [337] flat priors on y = ln(1+1/ω)

were used, in order to accommodate negative ω . However, since ω <−3
2 is a ghost we

see little reason for this. Furthermore, since dy ≈−d lnω/dω , using y rather than lnω

penalizes models with large ω (explains the weaker constraints found in [337]) which
we feel is rather artificial. Therefore, the prior on − ln(ω) is more convenient for
sampling the chains [2]. However, the choice of prior is not important when Planck is
included after all, as our constraints strongly improved compared to past experiments.

For sake of completeness, in order to address the issue of whether our results are
dependent on the prior in the case of the log(ω) parametrization, we used three cutoffs
of different order of magnitude and verified that the results were independent. The
reason why the choice of a cutoff may give rise to different results is the following.
Since the data prefer models close to ΛCDM, the 1D posterior distribution for log(ω)

has a single tail. Because of the error in the data, the distribution is flat at the high
likelihood region log(ω)→ ∞. Therefore, the confidence limits calculated for this
prior are potentially invalid. At first glance, the position of the upper limit depends
on the cutoff for log(ω). Nevertheless, the choice of a cutoff is not as arbitrary as
we may initially think if we restrict ourselves to consider a realistic range of values
for ω . In order to be more explicit, let us pick for example as cutoff the constraint
from the solar system log(ω)∼ 105. A large set of models within this prior stand in
the flat, high-likelihood-region. The order of the corresponding confidence limits for
this cutoff would be the same even if we increase the cutoff by one or two orders of
magnitude. Given the accuracy of current and near future surveys, models above such
a cutoff are in practice indistinguishable. Therefore, we can easily realise that we are
safe to choose any cutoff with an order of magnitude lying around the solar-system
constraint.

1Remember that H0 is a derived parameter here so the H0 prior is rather a further constraint
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4.3.1.c Results and Discussion

BDT parameters We first discuss the restricted models, which contain only ω

as an additional parameter to ΛCDM. Using WMAP7 alone, we find ω > {90,51}
at 95% and 99% level respectively while for WMAP7+HST we improve to ω >

{126,62}. This is a significant improvement over [2], driven mainly by the inclusion
of polarization data which break the degeneracy between zre and ns and allow the
measurements of the damping tail to improve the determination of the other parameters
and limit the freedom of ω to vary. For WMAP7+SPT+HST data, this changes to
ω > {157,114} at the same confidence levels.

The use of Planck Temperature (PlanckTemp) data greatly improves the measure-
ment of the damping tail and together with WMAP 9yr polarization [WMAP9(pol)]
further improves the constraint to ω > {1808,692}. This is in line with the forecasting
of [64]. Our results, including more data combinations, are summarized in table I.

Fig. 4.2 The 1D marginalized posterior of log10 ω for the rBDT(solid) and
uBDT(dashed) models using WMAP7 + SPT.

Constraints on uBDT models, which contain ξ as a further parameter, have not been
presented before. As discussed in [341], the main effect of increasing ξ is to increase
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the width of the visibility function which in turn increases photon diffusion and damps
the CMB temperature anisotropies on small scales. Thus the main constraints on ξ

from CMB temperature come from fitting the damping envelope with measurements
of the CMB at small scales from ACT, SPT and Planck. Increasing ξ has a slightly
different effect on polarization. The same damping effect occurs on small scales but
on large scales we get an enhancement as a thicker last scattering surface increases the
amplitude of the local quadrupole, producing a larger polarization signal [341].

Using WMAP7 alone, we find ω > {99,55} and ξ = {0.98+0.67
−0.55,0.98+0.98

−0.63} at
the 95% and 99% level respectively which changes to ω > {269,148} and ξ =

{1.10+0.13
−0.14,1.10+0.17

−0.19} at the same confidence levels with WMAP7+SPT+HST data.
Using PlanckTemp+WMAP9(pol) improves the constraint to ω > {1834,890} and
ξ = {1.12+0.11

−0.11,1.12+0.16
−0.14}. These results and more data combinations are summarized

in table I.

Why do restricted models become less constrained than the unrestricted models
which have one more parameter? In fact, our WMAP7+HST results are compatible
with the forecasting of [64] but given that they expect ω to be constrained close
to ∼ 1000 with Planck, it is reasonable to expect values around 500 − 700 with
the inclusion of SPT data, contrary to what we find in practice. The reason we
see no improvement with the inclusion of SPT data is uncovered by figure (4.2).
The marginalized distribution of lnω exhibits a peak around ω ∼ 400, however, the
difference in likelihood between the GR limit and this peak is very small which renders
this "detection" insignificant. However, its presence makes it difficult to improve the
lower bound of ω unless a different data set is included. When we use PlanckTemp+HL
data the peak is washed out, however, a small effect still remains.

In order to understand this better, lets recall that in the unrestricted model the
preferred value of ξ deviates from unity at around 10%. However, as in the restricted
model ξ ≈ 1 this discrepancy in ξ between the two types of models, cuts-off a large
portion of good likelihood in parameter space. In order to verify this assertion we
consider a fictitious restricted model where φ̄i is fixed so that ξ today is the best fit
from the unrestricted model. As expected, the best-fit sample for this fictitious model
lies in the ΛCDM large ω limit and the constraint on omega becomes ω > 471 at the
95% level which is notably stronger than both the realistic models and also in line with
the forecasting of [64].

In both types of models, constraints on ω using PlanckTemp+WMAP9pol improve
by a factor of six over WMAP7+SPT+HST. We can notice that the fact that in the
restricted models, ω is less constrained than in the unrestricted class still stands when
Planck data is added. Furthermore, this is more pronounced when other data combi-
nations with PlanckTemp are used. The reason why is because the extra parameter



146 Cosmological Tests Of Brans-Dicke Theory

ξ helps to fit the data better; i.e. the best-fit sample for the unrestricted model has a
slightly better χ2 than the restricted model.

PlanckTemp together with lensing potential reconstruction (PlanckLens) gives
the tightest constraint on ω . However, PlanckLens displays small discrepancies
from PlanckTemp [4] and once again we opt for not using it when we report our
final result. Interestingly when HL data is added, both PlanckTemp+PlanckLens and
PlanckTemp+WMAP9(pol) give very similar constraints.

0.4 0.6 0.8 1 1.2 1.4 1.6
ξ

 

 

wmap+hst
planck+wmap(pol)
planck+lens
planck+wmap(pol)+hl

1 1.5 2 2.5 3 3.5 4 4.5
Log ω

 

 

uBD planck + wmap(pol)
rBD planck + wmap(pol)
uBD wmap
rBD wmap

Fig. 4.3 Left: 1D marginalized posterior for ξ = Geff/G with Planck+WMAP9(pol).
Right: The 1D marginalized posterior of lnω for different BDT models.
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Cosmological Constraints on ξ Cosmological constraints on the Newton constant
from the CMB can be found in [307] where 0.74 ≤ ξ ≤ 1.66 is found from WMAP-1
alone at 95% of confidence level while by including BBN data the tighter bounds
0.95 ≤ ξ ≤ 1.01 are obtained at 1σ . In this paragraph we report equivalent constraints
for ξ for both sort of measurements, however we update the result since we use more
recent data from Planck and BBN. As we’ll see in short, our BBN-alone constraints are
nothing but an update of the ones reported by Umezu et. al. However those resulting
from an MCMC analysis using only CMB data hold the extra feature that are valid
only within the BDT context.

Within BDT the extra scalar field plays the role of the Newton strength GN which
is a dynamical entity. Moreover, lets recall that a motivation to consider the uBDT
models was to consider possible variations of the value of GN today at cosmological
scales (which may be in principle different than in GR).

Indeed, along chapter 6 we shall see that GN within the cubic galileon theory at
large scales within the PPN approach, actually bear a dynamical GN at cosmological
scales. A way to bridge both regimes would be to set the constraints on cosmological
GN as boundary conditions for the galileons. For that reason we consider is important
to constraint GN as much as possible. We already realised in chapters 2 and 3, that the
abundances of light elements at the BBN epoch are quite sensitive to GN . Thus tight
constraints on ξ can be achieved fitting this set of data.

Lets first regard to the BBN-alone estimations. In order to constraint GN within
uBDT using BBN we follow the same methodology as in [307]. As we already studied
in the BBN section in chapter 3, at early times GN does not evolve in time it just
adjust its value due to rescalings when the initial conditions for the BDT scalar change
from one model to another. Thus one basically deals with GR and includes possibles
rescalings of GN . Basically what we did is to update the treatment used in [307] by
using the latest estimations of Deuterium and 4-Helium abundances from [160].

In summary the drill goes as follows: we used the Kawano code to solve the
coupled system of Boltzmann equations describing the abundances of components
involved in the nuclear reaction occurring during nucleosynthesis [168]. As the rate
of the reaction decreases in relation to the expansion rate, the process comes out of
equilibrium and the abundances of final products tend to a constant. The final values of
these freeze-out abundances of light elements right after the process of nucleosynthesis
depend on the following parameters: the amount of baryons Ωb which is quantified
by the baryon-to-photon ratio η , the strength of gravity GN and the neutron-lifetime
which by default in the code is given by 888.54 seconds, however we updated that
value to 882.1 according to [307]. In our treatment as in [307], we keep the number
of neutrino species fixed to 3 and a possible cosmological constant to 0.
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Our final goal was to derive the lower and upper 1σ 2D constraints for allowed
values of ξ and η10 ≡ 1010η corresponding to the 1σ measurements of Deuterium
and 4-Helium abundances reported in [160]. In order to accomplish that task, we
multi-ran the Kawano code for all different combinations of values of η and GN in
the relevant ranges so that the final abundances were fixed to its lower and upper 1σ

bounds. The set of values giving rise to the desired abundances are shown in figure
(4.4), the region square-shaped enclosed by the curves, corresponds to the values for
GN and η10 that give rise to abundances laying inside the latest estimation.

Fig. 4.4 Required values of baryonic matter and GN to obtain an amount of a given
element. The lower(thin) and upper(thick) values of each element correspond to
the latest limits from different observations of Helium-4 (red/dashed-dotted) Yp =
0.250±0.003 and Deuterium (blue/dashed) D/H = (2.17±0.29)×10−5 abundaces
from [160].

The projected estimation for GN within this approach results to be very tight
ξ = 0.995± 0.035. The corresponding constraint for the baryon-to-photon ratio is
also very tight and consistent with other measurements [6] η10 ∈ (5.25,6.30).

Lets turn to derive further constraints combining BBN plus CMB data. Again,
we follow the same procedure than Umezu to combine the data, independent 1σ

constraints from CMB and BBN respectively are overlapped and the joint region gives
rise to a fairly good estimation for ξ [see figure (4.5)]. We find 0.998 ≤ ξ ≤ 1.024
at 1σ with PlanckTemp+WMAP9pol+BBN and further results can be found in table
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I. As expected, our results improve on [307] and further put them in the context of a
realistic theory. In a more recent work by [188] constraints for GN are obtained in
the context of the restricted BDT, however in their analysis they left out a possible
rescalings. We also report a strong upper bound on the time-variation of GN from the
CMB alone around ∼ 10−13/year, as in table I.

Fig. 4.5 Independent 2D constraints of ξ − η10 from CMB at 1σ and/or 2σ are
overlapped with those from BBN at 1σ . The Joint region corresponds to the constraints
corresponding to combined data. Left: WMAP7+HST and WMAP7+SPT+HST. Right:
Closed lines: red→ planck + lensing, blue → planck + lensing + high-l, black: →
planck + wmap9(pol). Right: Closed lines: red→ planck + lensing, blue→ planck +
lensing + high-l, black:→ planck + wmap9(pol)
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Estimates of ω , ΩΛ and ξ Estimations for the restricted model using WMAP7+SPT
brings up a degeneracy between ωΛ and ω which consequently gives rise to a weak
constraint for the BDT parameter. Interestingly, this degeneracy is less important
for the unrestricted model and further more completely alleviated when the value
of Ge f f is fixed to the its best fit [See figure (4.6)]. Therefore when Ge f f (or ξ ) is
allowed to take different values than the solar system, ω and ωΛ are better determined.
We can understand why this happens thinking in the way these parameters move the
temperature CMB anisotropy. On one hand ω and ωΛ move the CMB in similar
directions, both affect the distances and then they change importantly the locations of
the peaks and in a lesser extend affect the heights as well. This explains the degeneracy
given the resolution of WMAP7. On the other hand, ξ barely changes the location of
the peaks, in turn it affects more importantly their heights. Thus at the level of the
background evolution, ξ helps to gain control when fitting the CMB in this direction.

ω
Λ
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0.2 0.3 0.4 0.5 0.6

2

3

4
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0.8 1 1.2

Fig. 4.6 The 2D marginalized posterior distributions for ω −ωΛ and ω −ξ are shown
in the left and right panels respectively at 95% confidence level with WMAP7 + SPT
data. The left panel, the contours in the back are for the restricted model, the contours
in the middle are for the unrestricted and the front ones for a fictitious restricted case
where Ge f f today was fixed to be the best fit from the unrestricted case.

This story changes with the inclusion of Planck. The great improvement in quality
and accuracy of the measurements of the spectrum from Planck over WMAP suffices
to break down this degeneracy even in the restricted models where the effects ω and
ΩΛ are fully distinguished as figure (4.6) shows.

Cosmological Parameters As expected the best fit model in BDT for any combi-
nation of data lay very closely to the best fit of ΛCDM. Actually our constraints are
compatible with ΛCDM within 1σ [4]. The following table shows our resulting esti-
mations for the cosmological parameters for both of models restricted and unrestricted
at 1σ for different data combinations.



152 Cosmological Tests Of Brans-Dicke Theory

Ω
b
 h

2

Ω
c
 h

2

0.022 0.0235

0.11

0.12

Ω
b
 h

2

Ω
Λ

0.022 0.0235
0.55
0.6

0.65
0.7

0.75

Ω
c
 h

2

Ω
Λ

0.105 0.11 0.115 0.12
0.55
0.6

0.65
0.7

0.75

Ω
b
 h

2

ln
 (

ω
)

0.022 0.0235

10

15

Ω
Λ

ln
 (

ω
)

0.55 0.65 0.75

10

15

Ω
b
 h

2

n
s

0.022 0.0235
0.9

0.95

Ω
c
 h

2

n
s

0.105 0.11 0.115 0.12
0.9

0.95

Ω
Λ

n
s

0.55 0.65 0.75
0.9

0.95

Ω
b
 h

2

H
0

0.022 0.0235

70

80

Ω
c
 h

2

H
0

0.105 0.11 0.115 0.12

70

80

Ω
Λ

H
0

0.55 0.65 0.75

70

80

n
s

H
0

0.9 0.94 0.98

70

80

Fig. 4.7 2D marginal posteriors(solid contours) and the projection of the
likelihood(scatter-color plot) for the set of most correlated parameters with the dataset
uBDT Planck + WMAP9(pol) + ACT+SPT: the 1σ estimations of cosmological pa-
rameters of uBDT are compatible with estimations for ΛCDM at the same confidence
level. Some degeneracies can be spotted in 2D marginal distributions corresponding to
H0, ns and cosmological parameters.

URESTRICTED 1σ

ωbh2 ωch2 ωΛ H0

lower, mean ,upper lower, mean, upper lower, mean, upper lower, mean, upper
W7 0.0211,0.0222,0.0234 0.0960,0.111,0.0127 0.520,0.716,0.970 69.92,73.78,77.71

W7SP 0.0216,0.0224,0.0232 0.0106,0.114,0.0122 0.564,0.667,0.791 70.68,74.65,78.67
PLW9(pol) 0.0224,0.0232,0.0231 0.108,0.112,0.117 0.593,0.652,0.717 69.39,74.75,80.13

PLLS 0.0221,0.0229,0.0237 0.109, ,0.1140.120 0.568, ,0.646,0.720 68.46,73.82,80.65
PLW9(p)HL 0.0225,0.0232,0.0239 0.108,0.112,0.117 0.593,0.657,0.726 69.18,74.58,80.46

PLLSHL 0.0221,0.0229,0.0237 0.109,0.113,0.118 0.614,0.673,0.736 67.34,72.27,77.32

RESTRICTED 1σ

ωbh2 ωch2 ωΛ H0

mean, lower, upper mean, lower, upper mean, lower, upper mean, lower, upper
W7 0.0211,0.0222,0.0233 0.101,0.111,0.122 0.677,0.747,0.849 69.59,72.72,76.10

W7SP 0.216,0.0223,0.230 0.102,0.110,0.119 0.717,0.756,0.793 70.18,73.33,76.96
PLW9(p) 0.0222,0.0228,0.0234 0.108,0.113,0.118 0.692,0.720,0.745 67.27,69.62,71.99

PLLS 0.0219,0.0226,0.0232 0.110,0.113,0.118 0.690,0.715,0.740 66.88,69.12,71.39
PLW9(p)HL 0.0222,0.0227,0.0233 0.108,0.113,0.118

PLLSHL 0.0220,0.0226,0.0233 0.109,0.113,0.118 0.691,0.718,0.743 67.21,69.38,71.69
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Acoustic Scale It is defined as the characteristic angular size of the anisotropies
in the CMB. We already know that this quantity is quantified by the θ parameter.
With accurate measurement of seven acoustic peaks, Planck determines the observed
angular size within BDT as it is shown in the following table:

model θ(τrec) (rBD/uBD) 2σ θ(τrec) in ΛCDM 1σ [6]
planck+wp+hl 1.03939±0.00064/1.039867±0.00067 1.04132±0.00068

planck+lensing+hl 1.03934±0.00062/1.03954±0.00065 1.04132±0.00068

The agreement of our measurement with the standard model is only achieved
at 2σ and the mean is underestimated in the case of rBDT whilst its closer within
uBDT. Nevertheless, as it happens within the standard model, since this parameter is
constrained by the positions of the peaks but not their amplitudes, it is quite robust;
the measurement is very stable to changes in data combinations and the assumed
cosmology [4]. Tight constraints on θ(τrec) also implies strong constraints on other
cosmological parameters which determine distance measurements as the sound horizon
and the angular diameter distance.

Hubble Parameter, Matter densities and Cosmological GN In the standard
ΛCDM model the Hubble constant, H0 , and matter density parameter, Ωm , can
only be tightly constrained by using a special combination arisen from principal com-
ponent analysis [4]2. However the extent of the degeneracy is limited by the effect
of the physical matter density on the relative heights of the acoustic peaks. Within
BDT, GN is introduced as an extra parameter and it takes part in this game. First, the
main effect of ξ is on the amplitude of the peaks so one can anticipate a degeneracy
with all these parameters and also the spectral index [figure (4.8)]. Second the surface
θ ∗ = constant lives in a larger parameter space where ω and ξ are now included, and
hence the degeneracy between these parameters is more significant. The degeneracy
between H0 and GN in BDT is analogous to the degeneracy between H0 and Ωmh2 in
ΛCDM. The source of correlation between H0 and GN is the same than for H0 and
Ωmh2 and it can be understood by looking at the Friedmann equation today. To vary
either ξ or Ωmh2 may produce a similar Hubble rate of expansion. Consequently the
constraint for H0 and GN has the same shape as that for H0 and Ωm [4] (Figure (4.8)).

2Parameter combinations that fit the Planck data must be constrained to be close to a surface of
constant θ ∗. This surface depends on the model that is assumed. For the base model this surface is
straightforwardly determined and then Ωm is well constrained.
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Fig. 4.8 3D marginal distribution for φini, H0 and the spectral index ns at 1 σ . Col-
ored points show samples from the Planck+WP+act+spt posterior, different colors
correspond to different values of the spectral index ns. Clearly there is a degeneracy
between these three parameters, however there is a very well constrained direction set
by the acoustic scale.

The constraint for H0 results from the projection of the 2D posterior onto the
relevant axis. We find a 4% for the Hubble parameter within BDT by Planck at 1σ

69.18 < H0 < 80.46 Hmean
0 = (74.5±2.9)km s−1 Mpc−1 (4.15)

Althought this estimation of H0 is not as precise as for the ΛCDM model due to
the degeneracy with the spectral index and other parameters , it has the great advantage
that it is compatible with other probes of H0 like SN or local probes in contrast to the
results from ΛCDM using the latest Planck data [4].
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Spectral Index and Matter Densities The temperature spectrum of the CMB mea-
sures the matter densities in baryons and dark matter from the relative heights of the
acoustic peaks. However, the degeneracies of the matter densities with the spectral
index and other parameters sacrifices accurate estimations. Nonetheless, with Planck
there are enough well measured peaks the extent of degeneracy is limited. On the
other hand the spectral index is also correlated to the optical depth since it affects the
relative power between large scales and intermediate and small scales. However, this
degeneracy can be reduced by the inclusion of WMAP(pol) [4].

4.3.2 MCMC Constraints from the CMB and LSS

The most basic results of this chapter have been already presented in the previous
section. Along the following sections we are going to analyze BDT using comple-
mentary cosmological data apart to the underlying CMB in order to extract further
information about specific phenomenological implications of our theory. Specifically,
in this section we are going to set further constraints on BDT using observations of fea-
tures of the large scale structure. Along the first part, we will make the analysis using
observations of the galaxy power spectrum in order to constrain the theoretical matter
power spectrum. I must mention, that in contrast to the previous section, our goal here
is not to get the best-as-possible constraints using latest data but rather investigate
on the sensitivity of the data to the BDT parameter and vice versa. For this analysis,
our baseline CMB data is WMAP7 and upon it we add measurements of the galaxy
power spectrum P(k) from SDSS Release 4 and detections of the Alcock-Paczynski
effect using galactic peculiar velocities measurements from WIGGLEZ. It turns out
that restricted and unrestricted models have to be treated somehow differently when
we aim to constrain them using galaxy power spectrum observations. To deal with
unrestricted models, one need some care with the statistical methods used to compute
the likelihoods. Thus in this work we only point out the need of further analysis in
this case without actually addressing the issue. In consequence we shall constraint the
restricted case, only.

4.3.2.a Methodology

In the same way than for the CMB alone case, we used our own modified version
of CAMB to calculate the matter power spectrum within BDT. Apart of the baseline
parameters used to fit the CMB, we introduced a linear bias parameter to our set in
order to fit observations of P(k) from SDSS-R4 [304]. Lets recall that indeed we
don’t know which is the configuration of the overdensities in the universe, the galaxy
power spectrum that we observe does not correspond necessarily with the theoretical
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matter power spectrum. In order to parametrize this ignorance the bias b(a,k) is
introduced and hence both spectra are related by δg(k,z) = b(k,z)δm(k,z). In the
linear case, the bias is independent of the scale and furthermore, in this work we only
use measurements for z = 0 so the bias is a simple constant.

In first place, lets describe how the bias is usually handled in CosmoMC. Since the
bias is assumed to be completely undetermined from the theory it is marginalized over
analytically following [47], as long as the likelihoods are Gaussian, and the prior on
the amplitude parameter is Gaussian or flat [185].

L ∝

∫
dαP(α)exp[−(αv−d)TC−1

N (αv−d)/2] (4.16)

where v and d are vectors and CN is the noise covariance matrix and P(α) is the
prior. For example with the 2dF data v would be the predicted matter power spectrum
values, and α would be the unknown amplitude relative to the galaxy power spectrum
at z = 0. Then the best-fit χ2 is given by

χ
2
best− f it = dT

(
N−1 − N−1vvT N−1

vT N−1V

)
d (4.17)

The marginalized result is only “correct” if the assumed flat prior is correct; it is an
advantage of the maximization technique that the result does not depend on the prior.

In contrast to ΛCDM, the case of BDT , as in other modified theories of gravity, the
dynamics driving the large structure formation is characterized by a dynamical Newton
coupling. At the level of the matter power spectrum physics, this dynamical GN might
be strongly correlated to the bias because both of them rescale the overdensities at a
given scale and redshift. In other words, the bias and G can not be distinguished by
P(k) observations alone. Additionally, GN is a parameter not completely unknown and
can be determined by the theory (other physics apart of P(k)), thus given this possible
correlation of GN with the bias, we consider that is safer not to apply the analytical
marginalization, or at least not assume a priori that the analytic marginalization holds
for a correlated parameter.

Thus, in our version of CAMB we added a constant linear bias with flat prior to
compute the P(k) of galaxies and removed the analytic marginalization from Cos-
moMC so that the bias is allowed to be sampled numerically by the MCMC process.
Anyway we considered both sort of procedures: run with/without analytic marginaliza-
tion algorithm to check if the results are affected. Specifically we sampled the space
of parameters of this model in three ways for comparison purposes:
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1. The default CosmoMC algorithm: a scale-dependent bias with flat prior is as-
sumed which is analytically marginalized when calculating the χ2 corresponding
to the P(k) data.

2. To assume a scale-independent bias with flat prior and keeping the analytical
marginalization turned on.

3. To introduce a constant bias with flat prior as a theory parameter, turn off
analytical marginalization and calculate χ2 as usual. The marginalization of the
bias is carried out numerically after the space of parameters is sampled.

In the following we will make our analysis using these different methods of
marginalization to derive the corresponding posteriors for different parameters and
sort of models. This check is important since the extent of accuracy and reliability of
our estimations depend on the quality of the statistical method used.

4.3.2.b Results and Discussion

(Un)Restricted Models and the Bias As we saw above, ξ and the bias are strongly
correlated. This brings up some issues when trying to obtain reliable estimates for the
parameters of different BDT models. In particular, the uBDT models are specially
sensitive to the method used to handle the bias as coordinate in of the parameter space.
Usually, the bias is assumed to be uncorrelated to the other parameters and then when
implementing the MCMC sampling method into a code it is marginalized analytically
in order to cut down on computing resources.

In the standard CosmoMC code, the already described analytic marginalization
is carried out by default so care has to be taken when it is being used to sample the
space of parameters. In this subsection, we will show that as expected, the results are
affected by this procedure only in the uBDT. Thus, at the end of the day in order to get
good estimates for our parameters from CosmoMC we have two choices: first, stick
to the rBDT or second, modify the code to get rid of the analytic marginalization of
the bias in order to take into account possible correlations between the bias and other
parameters.

The results for the rBDT are illustrated in figure (4.9). It can be noticed that the
posteriors are independent of the method used to marginalize the bias. The reason
why this happens is that ξ ∼ 1 within rBDT then the correlation with the linear bias is
practically negligible. However, it still leaves tiny a footprint in the statistics of ω .
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Fig. 4.9 Restricted model’s parameters from WMAP7+SDSS-R4. The resulting 1D
posterior distributions for cosmological parameters are independent of the method
of marginalizing the bias. However, the BDT parameter is slightly sensitive to the
method used, as we can see the analytical method produces stronger constraints.

For rBDT we obtained a very tight constraint of ω > 592.4 with WMAP7+SDSS-
R4 at 95% of confidence level which is independent of the method of marginalization
of the bias [see figure (4.9)] and the posterior distributions for the cosmological
parameters as well and they are consistent with ΛCDM figure up to 1σ .

In turn, within the uBDT models, the posterior distributions change depending
on whether the marginalization of the bias is made numerically or analytically. In
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addition, the resulting distributions for different sets of data have some issues that we
are going to discuss in short. Of course the main cause of these issues is the mentioned
degeneracy between the linear bias and ξ at the matter power spectrum level. It doesn’t
suffice to fit the CMB and LSS using the unrestricted model, it is necessary to include
further data in order to break such degeneracy. Small scale CMB data, measurements
of distance to test the expansion history and measurements of BAO of course, are
sensitive to ξ and thus they can help to distinguish it form the bias.

In addition, as we know, the uBDT models are interesting since they take into
account different values of the Newton coupling at cosmological and solar-system
scales and so they can be a very-large-scale limit of more general and better physically
motivated theories. So it might be worth to overcome this degeneracies in order to use
BDT as a more general framework to study modified gravity at cosmological scales.

As ξ fits only the heights o the temperature CMB spectrum and its damping tail,
the small scale CMB from SPT is sensitive to the second effect, however the first one
is produced also by other cosmological parameters, thus ξ introduces a great extent
of degeneracy affecting the reliability of estimations of Ωmh2, θ and ns. In despite of
this issue, we can see in figure (4.11), in this uBDT case, setting the default analytic
marginalization in CosmoMC is risky. The resulting posteriors differ importantly
depending on how the bias is handled, particularly in the case of the degenerated
parameters the posteriors depend even more on the method of marginalization. Finally,
the inclusion of SPT, does not help too much, on the contrary, estimations of θ , ΩDMh2

and ns are incompatible with ΛCDM and constraints on ω get weaker.

The following table shows the extent in which constraints for ω using
WMAP7+SDSS within uBDT rely on the way of handling the bias

case ω > at 95%
1: k-dependent marbias 156
2: k-indpendent marbias 471

3: k-independent numbias 696

In summary, in order to constrain uBDT one has to deal with important degen-
eracies of various parameters and it is recommendable to assume a linear bias as a
primary parameter which should be marginalized out only after having sampled the
space of parameters.
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Fig. 4.10 Constraints on ξ with WMAP7+SDSS-R4. WMAP7 alone prefers lower
values of GN while SDSS pushes its value closer to ξ = 1. “All data” means
WMAP7+SDSS+SPT
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Fig. 4.11 Marginal posterior distributions for cosmological parameters within the
uBDT for three different cases: Red: WMAP7 + SDSS data. The bias is used to fit
P(k) and it is marginalized numerically(numbias). Green: WMAP7+SDSS+SPT data
used. The bias is introduced as primary parameter and marginalized over numerically.
Blue: WMAP7 + SDSS data, the bias is marginalized over analytically (denoted
marbias).
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4.3.3 Constraints from WMAP7 and The Alcock-Paszynski Test

4.3.3.a How Does the Alcock-Paczynski Test Work?

The expansion rate as a function of time has proven very difficult to measure directly.
However, recently it has been proposed in [68] a new way to determine the cosmic
expansion history in a model independent, non-parametric way by combining distant
supernovae observations with a geometrical analysis of large-scale galaxy clustering
within the WiggleZ Dark Energy Survey, using the Alcock-Paczynski test (APT) to
measure the distortion of standard spheres.

In the standard cosmological analyses, involving datasets such as distant super-
novae [76, 124, 247, 257], galaxy surveys [245] and the Cosmic Microwave Back-
ground radiation [175], the expansion rate of the Universe at different look-back times
is not measured directly, but rather, by fitting the noisy observed luminosity distances
using a parametric frameworks and making prior assumptions about the components of
the Universe and their evolution with redshift. However, the unknown physical nature
of dark energy implies that we cannot yet be certain that any particular parametric
model is correct.

The Alcock-Paczynski effect arises as a consequence of the peculiar velocities of
galaxies. Spherical objects i.e. those possessing equal co-moving tangential and radial
sizes L0, appear distorted in the redshift space [9]. The observed tangential dimension
is the angular projection given by

∆θ =
L0

(z+1)DA(z)
(4.18)

The observed radial dimension is given by the redshift projection

δ z = L0H(z) (4.19)

It is no need to know L0 in order to make the measurement since the observable is
given by

F(z)≡ ∆z
∆θ

= (1+ z)DA(z)H(z)/c (4.20)

this measurement is independent of any assumption about spatial curvature. It is
usually called the Alcock-Paczynski parameter or distortion (APD). Measurements of
APD can be applied to cosmological “objects” and to any isotropic process such as the
2-point statistics of galaxy clustering [24, 203].

Actually, general analysis of the tangential/radial galaxy clustering pattern in the
presence of baryon acoustic oscillations demonstrates how the information may be
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divided into an overall scale distortion, quantified by a distance parameter (DA/H)1/3 ,
and a warping, quantified by the Alcock-Paczynski distortion factor DAH, enabling the
disentangling of DA and H [234, 299]. Such approaches are just becoming possible
with the current generation of large-scale galaxy surveys, [117].

In this work we use the technique proposed in [68] to determine the expansion
rate H(z) using the Alcock-Paczynski effect, it consists of two steps: First they apply
an Alcock-Paczynski measurement [9] to the large-scale clustering of galaxies in
the WiggleZ Dark Energy Survey [236], by measuring the distortion parameter
F(z) defined above. Second they combine this measurement with the supernovae
luminosity distances DL(z)H0/c, using the equivalence of distance measurements
DL(z) = DA(z)(1+ z)2 , to infer the value of H(z)/H0.

The result is an accurate non-parametric reconstruction of the cosmic expansion
history. They report individual measurements of H(z)/H0 in four redshift bins within
the redshift range 0.1 < z < 0.9.

Here we use the measurements of H(z) derived in [68] to get complementary
constraints of the cosmic expansion history in BDT. Standard measurements of H(z)
from HST used in the standard CosmoMC in order to test the expansion rate of
the fitting model are also implemented in our code, however, we use more recent
observations of SN obtained by the SHOES team [258]. Nevertheless, I would like
to mention that, strictly speaking, using such dataset is not valid for modified gravity
since it has been derived in a model-dependent manner.

4.3.3.b Behavior of the Alcock-Paczynski Parameter in BDT

In this work, besides of fitting the H(z) measured by [68], we
also do fit the direct measurement of APD above at 4 redshifts bins:
{z1 ∈ (0.1,0.3), z2 ∈ (0.3,0.5), z3 ∈ (0.5,0.7), z4 ∈ (0.7,0.9)}.

In particular the APD in BDT is not sensitive to a constant ω with values lying
inside the 95% limits, we can foresee a very slight enhancement of the WMAP7
constraints by adding the APT from WiggleZ, since the highest redshift at that survey
is less around 1. This is verified after sampling explicitly the space of parameters since
the WMAP7 constraints of ω are not affected by fitting APD. However, we think is
worth to have a look to the explicit values of the APT parameter since future high
redshift surveys are expected to yield up to z = 2.
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Interestingly, in the case studied in chapter 5 where ω = −3/2+man is not a
constant, the APD is sensitive to the exponent n, specially when ω is globally small
for appropriate values m. As we will see in the next chapter, m ∼ 50 is actually very
likely, so the APT is a great test to be applied in that case. Unfortunately, in this work
we didn’t have time to get that far, but the problem stands in our list as a future project.

4.3.3.c Results

The resulting posterior distributions within rBDT and uBDT have different features.

1. In rBDT the inclusion of either HST and APT doesn’t improve significantly the
thickness of the error bars, different measurements of the expansion rate lead to
shifted mean values for the estimates. However we can notice that the estimate
for Ωmh2 is the same in both cases. On the other hand, the shape of the 1D
posterior for ω is clearly different in both cases. Althought with HST, there is
shift of the tail to the good likelihood region the bump compensates the apparent
improvement.

2. In the case of uBDT, the 1D posteriors of the matter densities take almost the
same values either with HST and APT, however the estimate for ΩDMh2 is better
for HST since the 1D is narrower than for APT. In a similar way, a much better
measurement of θ is obtained with HST. In rBDT case the bump in the posterior
of ω disappears when HST is included and the resulting 95% percent constraint
for APT is slightly better than in the rBDT case.

3. ξ ∼ 1 within a small error according to HST, however lets remember that in
order to reconstruct HST, the standard model is granted to be the correct model
describing measurements of distances. Thus, in despite that the APT measure-
ment of ξ is not as good, it raised from a model independent measurement of
the expansion rate.
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Restricted Model
param mean lower(95%) upper(95%)

Ωbh2 0.221996E-01 0.211224E-01 0.233037E-01
ΩDMh2 0.111439E+00 0.102393E+00 0.120512E+00

θ 0.103866E+01 0.103331E+01 0.104401E+01
ω — 112.8 —

log[1010As] 0.319090E+01 0.311135E+01 0.326779E+01
ns 0.965779E+00 0.938040E+00 0.994952E+00

Up: 1D posteriors for rBDT with WMAP7 and complementary tests of the expansion
history from HST and APT respectively. Down: Cosmological parameters for the

restricted model according to WMAP7 + APT.
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Unrestricted Model
param mean lower(95%) upper(95%)

Ωbh2 0.222297E-01 0.210934E-01 0.233963E-01
Ωch2 0.111243E+00 0.987990E-01 0.124600E+00

θ 0.103864E+01 0.102806E+01 0.104893E+01
ω — 126.1 —-
ξ 0.903016074 0.48189 0.171774E+01

log[1010As] 0.318675E+01 0.310841E+01 0.326421E+01
ns 0.966448E+00 0.936992E+00 0.995975E+00

Up: 1D posteriors for uBDT with WMAP7 and complementary tests of the expansion
history from HST and APT respectively. Down: Cosmological parameters for the

unrestricted model according to WMAP7 + APT.
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4.4 Forecasts on BDT from Redshift Space Distortions

4.4.1 Theoretical models and upper bound of the detectability

On large scales, the observed large-scale structure is basically described by a small
perturbation to the homogeneous universe. Ignoring the higher-order contributions,
the two-dimensional power spectrum in redshift space, P̃(k,µ,z), given as function of
the wavenumber k and the directional cosine µ between line-of-sight direction and the
wavenumber k⃗ of the perturbation, is only characterized by the Kaiser equation already
described in chapter 3. In reality, the observed redshift-space power spectrum suffers
significantly from nonlinear corrections even at large scales. One important effect
is the gravitational evolution along the expansion. Furthermore, the random motion
of galaxies is known to cause a non-linear redshift distortion which is the so called
Finger-of-God (FoG) effect. An approximate prescription to describe these nonlinear
effects was proposed by Scoccimarro [271], and it is expressed as

P̃(k,µ) =
[
Plin

δδ
(k)+2µ

2Plin
δΘ

(k)+µ
4Plin

ΘΘ(k)
]

G(k,µ,σp). (4.21)

where σp is the one-dimensional velocity dispersion. Nonlinear corrections due to
the random motion is described by the FoG effect encoded in the G distribution.

Beyond a simple model prescription, one crucial aspect of the redshift distortions
may be that the linear squeezing and nonlinear smearing effects on distorted maps
are not separately treated. Taking into account this fact, Taruya, Nishimichi & Saito
proposed an improved model of the redshift-space power spectrum, in which the
coupling between the density and velocity fields associated with the Kaiser and
the FoG effects is perturbatively incorporated into the power spectrum expression
[298]. The resulting expression is similar to equation (4.21), but includes nonlinear
corrections consisting of higher-order polynomials. In addition, we need to properly
take into account the effect of nonlinear gravitational evolution for the self and cross-
power spectra PXY (k). Since the standard perturbation theory is known to produce
ill-behaved expansion leading to the bad UV behavior, a consistent calculation of the
correlation function should be carried out using the improved perturbation theory with
an appropriate UV regularization.

At scales in which the first order term of FoG dominates, the assumption of
FoG effect is valid through fitting σp with datasets. However, beyond this quasi-
linear cut-off, our statistical model breaks down. The measurement of Plin

ΘΘ
is limited

by the uncertainty of FoG effect at higher orders. In figure (4.12), we show the
detectability of the linear spectra at z = 0.35, 1, 2 and 3 from the top to bottom
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panels. Using the simulated maps at z = 0.35, we find this upper bound of wavelengths
kmax = 0.11hMpc−1 in which our assumption is valid . Additionally, we test the
detectability against higher redshift data at z = 1, 2 and 3. As expected, the upper
bounds of corresponding to these redshifts are larger than the one of low redshift
z = 0.35, since the damping scale of FoG effect becomes milder at higher redshift. We
found that the linear velocity spectra Plin

ΘΘ
are precisely measured up to kmax = 0.12,

0.14 and 0.18hMpc−1 at z = 1, 2 and 3, respectively.

Fig. 4.12 Decomposed spectra of peculiar velocities Pθθ (k) are presented for
different redshifts. The linear spectra are measured in precision up to kmax =
0.11hMpc−1,0.12hMpc−1,0.14hMpc−1 and 0.18hMpc−1 at z = 0.35,1,2 and 3 re-
spectively
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4.4.2 Alcock-Paczynski Effect from RSD

The following two subsections are product of the joint research work with Costas
Skordis and Yong-Seon Song not published yet. As we already mentioned, the
transverse and radial distance components of an assumed isotropic distribution are
given by DA and H−1. Each galaxy is located using angular coordinates and redshift
in galaxy redshift surveys. Because the clustering function is measured in comoving
distances, the fiducial cosmology should be applied to generate maps in comoving
space. The transformation depends on the transverse and radial distances. Instead
of recreating maps in comoving space, we obtain the approximate fiducial maps
by rescaling the transverse and radial distances. This Alcock–Paczynski effect at
the level of the maps can be described by the relation between (Dfid

A ,H−1fid) and
(Dtrue

A ,H−1true), where ’fid’ and ’true’ denote the fiducial and fitted distances with
BDT, respectively. The observed spectra are transformed by variation of distance
measures through correspondent coordinate components in Fourier space. With the
plane wave approximation, k and µ are given by k⊥ and k∥ as,

k =
√

k2
⊥+ k2

∥ (4.22)

µ = k∥/k. (4.23)

Given the observational quantities, such as k⊥DA (i.e., an angular scale) and k∥H−1

(i.e., a scale along redshift), different distance measures (DA and H−1) result in a
feature of power spectra in different wavenumbers k⊥ and k∥. When we have prior
information on the location of a feature in k⊥ and k∥, then we can determine DA and
H−1. Additionally, the volume effect is added as,

P̃(kref,µref;z)/Vref = P̃(k,µ;z)/V (4.24)

where V is a volume factor given by V = D2
AH−1. If we define projected spectra

P as,
P(k,µ,z)≡ P̃(k,µ,z) [Vref(z)/V (z)] , (4.25)

then the logarithmic derivatives of P in terms of DA and H−1 are given by,

d lnP(k,µ)
d lnDA

=
d ln P̃(k,µ)

d lnDA
−2, (4.26)

d lnP(k,µ)
d lnH−1 =

d ln P̃(k,µ)
d lnH−1 −1. (4.27)
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We invite the reader to review the analysis that we did along chapter 3. On one
hand, the behavior of the galaxy power spectrum in redshift space for various values
of the redshift and the angle µ in BDT. On the other hand, the study on how the
measurements of distance behave within BDT, specially those given by H(z) and DA

which characterize the longitudinal and transversal directions of the spectrum.

4.4.3 Forecasting Constraints From Future RSD Surveys

The specific application of the material described above in this work was to derive
conservative errors for the BDT parameters using the Fisher matrix method that we
describe right below. We use a Fisher-matrix calculation to investigate whether the
effects of BDT to determine in which extent forthcoming CMB and P̃(k,µ,z) maps
might be able to distinguish Brans-Dicke and general-relativistic cosmology.

The Fisher matrix arisen from redshift distortions would be fully determined by
the following expression,

Fαβ =
∫ d3k

2(2π)3
∂ P̃(k,µ)

∂ pα

fskyV0

[P̃(k,µ)+1/n̄gal]2
∂ P̃(k,µ)

∂ pβ

∼
kmax

∑
ki=0

k̄i
2 ∆k̄i

(2π)2

1

∑
µ̄ j=0

∆µ̄ j
∂ P̃

∂ pα

fskyV0

[P̃+ n̄−1
gal ]

2

∂ P̃
∂ pβ

(4.28)

where P̃gg(k) is the spectrum of galaxy described above. We assumed that the
galaxy bias b(z) is scale–independent. Here, it is set to be b(z) = 1. We use the Fisher
matrix with discrete bins of equation 4.28. The µ bins are divided into 100 bins. The
k bin runs from kmin = 0.001hMpc−1 to k = kmax(z) and the redshift from zmin = 0 to
zmax = 2. The maximum k space is given by simulated work described in figure (4.12).
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4.4.3.a Results

Our starting point, is to derive a primary constraint of ω using the latest measurements
of the temperature anisotropy of te CMB. Upon this base, we derive a forecasts for
the constraints of ω using the corresponding fsky and bounds of the Fisher matrix
and covariances of EUCLID . This test would allow us to restrict further the range
of validity of the BDT in agreement to this survey. To accomplish our first step, we
used the Fisher matrix method described above, we estimate the error at 1σ using
measurements of the unlensed angular spectrum of the temperature anisotropy of the
CMB taken by the Planck satellite. The set of cosmological parameters which we
marginalized over is, (ns,ωm,ωb,zreion,θ ,A0,b), where b denotes the constant bias.
The resulting error for 1

ω
is

σ(
1
ω
) = 1.17×10−3 = | 1

ω f id
− 1

ωlower
| (4.29)

where ω f id = 106 , σ is the resulting 1σ error for 1/ω which corresponds to
ωlower > 588. According to the latest forecasts for ω [64], Planck would lead to a
limit of ω ∼ 1000 which is consistent with our result. On the other hand, the resulting
limits for ξ according to this dataset is

σ(ξ ) = 2.2×10−3 (4.30)

where ξ f id = 1 thus leading to ξ = 1±0.0022. The second step is to put both sets
of data together and apply the same method than above to get the forecasted limit for
BDT resulting to be a stringent constraint

σ(
1
ω
) = 6.0×10−5 (4.31)

σ(ξ ) = 1.8×10−3 (4.32)

where ξ f id = 1 thus leading to ξ = 1±0.0018. As above, the same ω f id has been
used, this error corresponds to the lower limit ωlower = 1.7×104 which is fairly large.
Furthermore, we found out that this limit can be further improved if we make the
following changes in our setup: 1. increase cut-off as kmax = 0.2, 2. increase the
redshift range to zmin = 0 and zmax = 3 and 3. refine the redshift bins to dz = 0.2. This
set up leads to a very tight constraint of ωlower ∼ 105. However, figure (4.13) can help
us to understand why such a strong constrain is obtain from this dataset. On one hand,
the line corresponds to the variation of the expansion rate as function of the redshift
H(z) with respect to ω evaluated at the fiducial model. On the other hand, the bars
correspond to the estimated error of H(z) derived from the measurement of radial
component of P̃(k,z,mu) which has been affected by the Alcock-Paszynski effect.
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As we see, the variation of the expansion rate is comparable to the sensitivity of the
error bars derived from the measurement of radial component which is sub-percentage
level. So ω has such a huge boost in order to fit such small variation. As long as a
better detection of H(z) is achieved at some future survey, we can not expect a realistic
constraint for ω .

Fig. 4.13 The line corresponds to the derivative of the expansion rate with respect to
the reciprocal of ω , dH/d(1/ω) as function of redshift. The bars correspond to the
total error estimation of the H(z) at each redshift bin derived from the measurement of
radial component of the matter power spectrum in redshift space.

In summary, by simply using the baseline CMB dataset from Planck and applying
the Fisher’s matrix technique, we obtain the lower bound for uBDT, ω > 588 and
ξ = 1± 0.0022. The result for ω is in agreement with recent forecasts from [64]
and the constraint for ξ is compatible with our MCMC constraints up to 1σ , using
the same data set. Furthermore, in addition to the baseline, our analysis incorporates
the estimated covariance matrices of measurements of RSD of matter power spectra
in redshift space, from Euclid. We consider measurements on scales within bounds
of detectability where the FoG effect does not introduce significant uncertainty. We
derive a forecast for this dataset given by ωlower = 1.7×104 and ξ = 1±0.0018. We
found out that, if the cutoff of detectability is increased, a tight constraint ωlower ∼ 105

might be accomplished. However, this possible reduction of non-linear effects at



4.5 Summary and Conclusions of this Chapter 173

small-scales is just unobserved at this point. On the other hand, even with a small
cutoff, the reconstruction of H(z) from RSD measured by Euclid is expected to have
narrow error bars so BDT is expected to be sufficiently constrained to reach such
predictions as figure (4.13) shows.

4.5 Summary and Conclusions of this Chapter

Let us to start summarizing our results from the MCMC analysis using CMB data.
Because this work was started before Planck data was available, we started our analysis
using WMAP7 data. Before the first Planck data had been launched, we improved the
existing constraints of ω > 120 at 95% of C.L. using WMAP7 + SDSS-R4 derived
by Acquaviva in [2] to ω > 269 at the same C.L. using WMAP7+SPT within the
uBDT. Constraints for the rBDT are not fully reliable because of the peak appearing
in the 1D distribution of ω . Though we have probed the results might be correct due
to the tension between the measurements of θrec from SPT and WMAP we prefer to
report the constraint arisen in uBDT also because in this context BDT can be thought
as a large-scales limit of more general theories with self-interactions. Constraints for
the Newton constant today with the same data set are 1.10+0.13

−0.14 at 95% of confidence
level.

Now, using measurements of the temperature anisotropies of CMB from Planck,
we found strong constraints on the BDT parameter. Our better results are with
Planck+WMAP9(pol) ω > 1834 at 95% of C.L. and with Planck+PlanckLens
ω > 2441 at 95% of C.L. both within the uBDT. Interestingly, contrary to our expecta-
tions, results within rBDT are weaker than within uBDT even when the parameters
space of the latter is larger. What happens is that the ξ parameter helps to fit better the
CMB, for example in the case with Planck+WMAP9(pol) − log(L ) = 4905.94 for
uBDT whilst − log(L ) = 4991.32 for rBDT (where remember L is the likelihood).
Planck+PlanckLens gives the best result for ω however in the case of ξ the best con-
straints are obtained for Planck+WMAP9(pol) ξ = 1.12+0.11

−0.11 at the 95% confidence
level , significantly improving on previous work. In order to set stronger limits on
ξ , we also fitted primordial BBN abundances of Helium-4 and Deuterium using the
uBDT models. Our best constraint using Planck + WMAP9(pol) + ACT + SPT + BBN
is given by 1.009± 0.014, notice that the error bar for ξ improves in one order of
magnitude and the mean value of ξ is pushed from larger values to 1.

Let us recall that the BDT is usually used as a consistent implementation of GR
with a time-varying effective gravitational strength Ge f f , in this context, limits on Ġe f f

can be imposed according to a given dataset. We determined such limits for various
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sets, the worst value given by 2.45×10−13 years−1 accordingly with WMAP alone
and the best improved almost one order of magnitude 3.6×10−14 years−1 according
to PlanckTemp + PlanckLens + HL.

Now we turn to summarize our results from the MCMC analysis with CMB+LSS.
When one is aiming to constrain BDT using LSS one needs be careful when handling
the bias parameter. Since the standard assumption of CosmoMC that the bias is an
uncorrelated parameter does not hold for uBDT due to its correlation with ξ . In turn
within the rBDT models the analytic marginalization formula of in the algorithm
to compute the likelihood is justified as Ge f f ∼ 1. We also changed the standard
assumption of a scale-dependent bias by a constant one more suitable for a coherent
theory like BDT. To probe explicitly this statements, we implemented the different
possibilities to handle the bias into our code to run the chains and compare the results.
As expected, constraints on ω within uBDT using LSS are dependent on the different
assumptions about the bias, in contrast, for rBDT the results are independent. Thus we
conclude that when one aims to constraint BDT using P(k) data is recommendable to
use rBDT rather that uBDT. The resulting constraint for ω within rBDT using P(k)
measurements at redshift z= 0 from SDSS-R4 is ω > 592.4 at 95% of confidence level.
The result from WMAP7 has been importantly improved along with the constraints
for the cosmological parameters. All these results together are consistent with ΛCDM
up to 1σ .

From the part of this chapter at which we compare tests of the rate of expansion
from Alcock-Pazcynski distortion and H0 reconstructions we can conclude that, even
though our goal goes in a different direction than trying to explore the nature of dark
energy, we are concerned about which tests of this type are suitable as a complementary
source to set limits on our models. We found out that measurement of H0 from SHOES
has significant power to constraint the BDT and cosmological parameters rather than
APT at the given redshifts. This is not a surprise, in chapter 3 we found out that ω

barely tickles the APD at low redshifts. Anyway we expected the APD reconstruction
from WiggleZ RSD to have a better resolution to feel ω , however we were wrong.
On the other hand, we should keep this choice in mind in the near future since more
precise measurements of the APD and at higher redshift are about coming.

Finally, in relation to our CMB + RSD forecasts for the BDT parameters, by using
the Fisher-matrix estimator, we derive forecasts of the minimum lower bounds of ω

according to expected covariance matrices of forthcoming observations of the CMB
from Planck and of the power spectra in redshift space by Euclid. The procedure
consisted in using the CMB to derive a baseline constraint for the BDT parameters
which was subsequently tightened by including the estimates of the covariance matrix
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of P̃(k,µ,z) from Euclid. The resulting constraint for both datasets resulted to be very
strong, even being close to the order of the limits from solar system, ωlower = 1.7×104.
By increasing the cutoff and the number of redshift bins leads to a even tighter
constraint ω ∼ 105. Nonetheless, we figured out that this happens because the variation
of the expansion rate and the sensitivity of the error bars derived from the measurement
of radial component are sub-percentage level. So ω has such a huge boost in order to
fit such small variation. In conclusion, measurements of RSD with the resolution of
Euclid would be more than powerful enough to constrain the BDT ω parameter. In
conclusion, the expected values ω should be greater than ∼ 104 −105 in order to be in
agreement with Euclid according to our forecasts.





CHAPTER 5

THE EFFECTIVE SCALAR-TENSOR THEORY

AT COSMOLOGICAL SCALES

5.1 Introduction

In the previous chapter we have studied the simplest modified theory of gravity, the
Brans-Dicke theory. The BDT can be directly generalized to the Bergmann-Wagoner
scalar-tensor theories [35] by upgrading the single parameter ω to a function ω(φ) and
considering a more general potential V (φ) than the cosmological constant playing the
role of dynamic dark energy driving the expansion of the universe. Along this chapter
we are going carry out almost the same analysis as we did for BDT above along the
previous two chapters for a special case of the scalar-tensor set of models. This subset
arises in an effective model from a phenomenological setup for generalized modified
theories of gravity at linear cosmological scales as we describe in what follows. From
now on we are calling this class of models the effective scalar-tensor theories.

The ω(φ(a)) function associated to the effective scalar-tensor theory is given by
a power law of the scale factor. As we explain below, the phenomenological setup
considered here was originally motivated as a framework to constrain modifications
to the growth of the large scale structure. Since within this framework the origins of
the expansion of the universe are not being investigated, we consider that the standard
cosmological constant plays the role of dark energy in order to keep things simple.

Originally the motivation of the phenomenological setup of a model arises from
quite popular parametrization of the growth of subhorizon linear perturbations in GR
[10, 178]. The particular setup used here was the implementation of the former to
make it suitable for modified gravity, it was first proposed in [288]. The basic idea
behind the general framework is to parametrize the equations describing the dynamics
of sub-horizon perturbations in the Newtonian-Conformal gauge in the quasi-static
limit. The main purpose of doing this was to take into account possible modifications
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to the growth of matter perturbations for bounded systems at very large scales. In other
words, the lack of knowledge about the growth of structure in the universe at every
scale and redshift is parametrized at the level of equations for the perturbations that
affect the dynamics of this process. As shown in [10, 178, 288], such parameterizing
functions are related to specific observables and if we were able to measure them (e.g.
the growth) at every scale and redshift, we could determine the specific theoretical
model to describe the exact growth of the LSS inhomogeneities. However, given the
available surveys, this task is difficult if not impossible so far [288]. A shortcut would
be to reduce the space of models by taking a wide set of parametric models based in
a particular modified theory and swap the initial undetermined functions by specific
functions with undetermined parameters to be constrained. In this way the particular
setup used here arises.

More specifically, the particular model resulting from such setting is actually the
effective scalar-tensor theory studied here (gBDT). Originally, the main goal was to
establish an approximative way to constrain the growth of LSS of any general modified
model of gravity with an extra scalar degree of freedom regardless of the expansion
history. In order to fill the gap between the most general scalar-tensor theory and
the modest gBDT they make two basic assumptions: first, the self-interactions are
negligible except a linear mass term which is tightly constrained and second, that
matter couples minimally to the metric. This are reasonable assumptions as long as
one lies on cosmological linear scales. Self-interactions only play the role of screening
the scalar at small scales and they may still have considerable effect at large scales
(LSS formation like clusters of galaxies) but only due to non-linear effects.

Another important input in the original phenomenological setup is that the growth
is assumed to behave as a power law of the scale factor. This assertion is motivated
observationally and theoretically. On one hand, it is expected that the predictions of
our model lie close to those of the standard model (which are well constrained by
observations), thus since the growth in the standard model behaves as a very specific
power law given by Ω0.6

m [97, 238] it is reasonable to consider a more general form
of a yet power law for gBDT. On the other hand, such functional form of the growth
ensures that perturbations in this model to be coherent as in the standard model which
is consistent with ignoring the non-linearities since they are the source of possible
incoherent growth of LSS.

An important resulting feature of this setup is that any specific form of the growth
corresponds to a specific function ω(φ(a)) which uniquely defines the effective gBDT.
Therefore, we can establish a correspondence between the growth and the parameters
of gBDT: to derive constraints of the growth within the framework gives rise to
constraints of the parameters of gBDT. However, the line-of-thought in this work goes
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actually in the opposite direction: we start from a gBDT defined by an ω behaving as
an undetermined power law and our goal is to constrain its parameters by means of
diverse cosmological observations and these parameters would give us an estimate for
possible modifications of the growth. We aim to set bound for the growth indirectly by
means of the effective gBDT.

In this chapter we study the cosmological theoretical implications of gBDT beyond
the original motivation. Specifically, we are going to follow the same structure that
we did for BDT , however we make our analysis with less detail. As in the previous
chapter we’ll review the whole cosmology of gBDT , however we try to focus on the
differences with BDT in order to draw up the new features arisen in this generalization.
As we did before, apart of solving this academic problem, our goal is to figure out
observational signatures which lead us to test the theory with sensible data.

In the next section we will constrain gBDT using a variety of data, we sample
the space of parameters by the well-known Monte-Carlo-Markov-Chains (MCMC)
method in order to compute the likelihood function and the posterior distribution for
our theories, after that we would be able to study the viability of these specific models
at the light of the current observations.

5.2 A Phenomenological Setup for Modified Gravity

As we already explained previously in order to explain the formation of structure
(or the evolution of inhomogeneities) at sufficiently small scales it suffices to study
the dynamics of sub-horizon perturbations in the quasi-static limit. In that limit,
the dynamics of perturbations can be fully described by the standard Newtonian
prescription. A quite popular way to take into account possible modifications to
the growth of subhorizon perturbations is achieved by parameterizing the standard
Newtonian equations introducing undetermined functions η and Q as follows 1

k2
Φ = 4πGNa2Q(a,k)ρm∆m,

Φ+ηΨ = 0. (5.1)

A merit of this parametrization is that the undetermined functions are directly
related to observable quantities and hence, ideally, they could be constrained straight-
forwardly if such quantities were measured for every scale and redshift. As a conse-
quence, this framework stands as a powerful method to test the standard description of

1if no anisotropic stress at late times is assumed to exist.
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the growth of structure. On one hand, measurements of the newtonian potential Φ ( and
then Q) can be obtained directly from galaxy distribution, however this is difficult due
to the bias of galaxies. On the other hand, weak lensing and ISW effect are sensitive
to Φ−ψ

2 ∼ Q
2 (1+η−1) which is an unbiased quantity. Additionally, peculiar velocities

are proportional to Ψ ∼ Q
η

.

In principle, Q, Σ and η might be constrained in a model-independent way, however
a quite large number of degrees of freedom are to be constrained by fitting a much small
number of observational data. A way of overcoming such a drawback is to abandon
(to some extent) the model-independent approach by using a still general class of
parametric models. Regarding to physically viable theories in which a modification to
GR is accomplished by an scalar degree of freedom, the Horndeski theory represents a
large class of this kind. Strictly speaking, the goal would be to constrain the whole
set of parameters of the Horndeski theory by testing the growth according to the
parametrization shown above, however from the phenomenological point of view, this
cumbersome task at cosmological scales happens to be unnecessary.

It is well known that, at the level of the background, there exists a degeneracy
between ΛCDM and other models like DGP, Galileons, dark energy models , etc.
since all of them predict considerably well the observed expansion of the universe.
Thus we must go after a different set of phenomena in order to break down this
degeneracy. As suggested in [288], observations of the dynamics of coherent sub-
horizon linear perturbations still stand as a wealthy source available, not only to test
GR, but furthermore to bring insights about the reliability of its modifications. In this
work, as in [288] it is aimed to set a phenomenological framework to test a large class
of modified theories of gravity which at very large scales behave like gBDT

In that particular case the equations describing the dynamics of sub-horizon pertur-
bations reduce to

Φ−Ψ = δφ

k2
Φ = 4πGNa2

ρmδm +
k2

2
δφ ,

(2ω +3)k2
δφ = −8πGNa2

ρmδm −I (δφ) (5.2)

where

I (δφ) = M2
δφ +

∫ d3k1d3k2

(2π)2 δ (k− (k1 + k2))M(k1,k2)δφ(k1)δφ(k2).
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These interactions are important only at the non-linear regime at very small scales,
however they are not relevant for linear cosmological perturbations. Though the linear
M2 term may be important, it has been strongly constrained [128]. It is imporant
to point out that effectively GN and ω can be functions of the scale factor. However,
in the quasi-static limit the gBDT equations are the same as in BDT because the
time derivatives 2 are neglected since the time scale of the formation of structure is
adiabatically small related to H−1

0 .

From the previous equations we can obtain analytically η and Q

Q(k,a) =
2+2ω +M2a2/k2

3+2ω +M2a2/k2 (5.3)

η(k,a) =
2+2ω +M2a2/k2

4+2ω +M2a2/k2 (5.4)

µ(k,a) =
Q
η

(5.5)

Σ(k,a) = 1 (5.6)

Though it sounds obvious, we want to state clear that the parameterizing functions
reduce to 1 in the case of GR. For gBDT there are two ways to recover GR : ω >> 1
or M2a2

k2 >> 1. From the previous equations we can notice that because Σ = 1 either
the ISW effect and the lensing potential remain the same as in GR.

On one hand, it’s a well know result in GR that µ0 ∼ Ω0.55
m [97, 238] . On the

other hand we only expect slight deviations from the GR predictions within gBDT,
thus is yet quite reasonable to assume that overdensities grow as in GR plus a small
modification behaving as a power law of the scale factor as well

µ = µ0(1+ ras) (5.7)

For the coherent case considered here we assume that M2 ∼ 0, anyway it is strongly
constrained and its effects can be neglected. By plugging the power law ansatz for µ

into (5.5) we obtain a specific for of ω given by

ω(a)+
3
2
=

1
2rµ0as = man (5.8)

where m = 1/2rµ0 and n =−s. Thus, for every specific modification of the growth
corresponds an unique scalar-tensor theory defined by (5.8)

2notice that the corrections to the BDT e.o.m. to give rise to the gBDT ones are proportional to the
variation of ω .



182
The Effective Scalar-Tensor Theory

At Cosmological Scales

As mentioned in the introduction, in contrast to the YS work, our goal in this
work is to test the growth indirectly by constraining the effective scalar-tensor theory
defined above using measurements of the anisotropies of the CMB. We start blindly
from a scalar tensor theory whose ω is defined above. However we aim to explore the
cosmological implications of this theory beyond the original conditions in which it was
setup. Specifically we’ll go beyond the quasi-static limit and study the perturbations of
this theory for a full range of scales and hence take into account relativistic effects as
well. Considering that in the following we’ll be using such extrapolation some points
should be considered

• For sub-horizon perturbations it turns out that Σ = 1, this means that the lensing
potential and ISW are not modified. However this changes when considering
super-horizon perturbations, as we’ll see in the following chapter. When exact
solutions are being considered ISW and the lensing potential are sensitive to the
scalar at these scales.

• µ parametrizes the linear growth and can be interpreted alternatively as a classi-
cal “running” GN constant at the level of the equations shown above. However,
within the context of Horndeski-like theories the dynamics of the Newton con-
stant is much more than that, and even in the simplest cases like BDT and gBDT
such interpretation of the growth is not valid. Actually such dynamical GN

encodes much richer phenomenology further beyond the growth as we already
saw in chapter 3 when we studied the simplest case. Furthermore, in more
complicated frameworks such as the Horndeski-like theories screening mecha-
nisms arise naturally and the GR predictions at small scales are recovered, in
turn, at cosmological scales the scalar extra degrees of freedom show up and
GN becomes dynamical and it affects not only the growth but the whole set of
cosmological predictions. Indeed, in the specific case of gBDT the scalar plays
the role of such dynamical coupling.

• Peculiar velocities of galaxies are also sensitive to µ , so we expect that testing
this theories by Alcock-Pazcynski effect would bring interesting results. Since
we are dealing with coherent growth, the expansion history allows us to predict
the different features of the power spectra of galaxies in redshift space at different
spatial directions, these anisotropies caused by the peculiar velocities give rise
to the observable Alcock-Pazcynski effect. For such reason we think it is worth
to constraint the expansion history of gBDT using such a test.

• As pointed out in [288] the massless case is a good approximation at cosmolog-
ical scales since the scalar is suppressed by the mass in a Yukawa way. However
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if we were interested in accounting for the small effects from this coupling, we
would have to constrain non-coherent perturbations by non-linear contribution
of the matter power spectra and the CMB at small cosmological scales, However
that purpose lies beyond of the goals of this work.

5.3 Cosmological Implications of
The Effective Scalar-Tensor Theory

The general scalar-tensor theories arise as a generalization of the original BDT first
purposed by Bergmann [35, 227] and Wagoner. They considered the most general
scalar-tensor theory of gravity at the time (gBDT) by upgrading the only free parameter
ω to a free function of the scalar field and allow the scalar field having an arbitrary
potential.

5.3.1 The Model

In this subsection we shall study theoretical aspects of the the effective scalar tensor
theory constructed before. The starting point is going to be the general scalar-tensor
theories described by the following action

S =
1

16πG

∫
d4x

√
−g
[

φR−2Λ(φ)− ω(φ)

φ
(∇φ)2

]
+Sm, (5.9)

All the symbols involved in the previous action mean the same as in BDT, and it is
basically a direct generalization as mentioned before. Still matter couples minimally
to the metric and the scalar affects matter only indirectly by means of the metric, so
the evolution of matter is determined by the conservation equations. All the features
of BDT are conserved, still the local value of the gBDT scalar field is related to the
Newton constant that we measure on earth in order to implement the Mach principle.

A specific model is determined by the functions ω(φ) and Λ(φ), the role of the first
one is to determine the conformal factor by which the modification of gravity is yielded
and the second one plays as a dynamical form of dark energy. A popular special case is
F(R) defined by ω(φ) = 0. When it is constant is nothing but a cosmological constant
which will be the case in this work since we are interested in modifications of the
gravitational sector rather than in dark energy models.

The equations of motion (e.o.m) resulting by extremizing the action are given by
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φRµν = 8πGNT +∇µ∇νφ −gµν✷φ +
ω(φ)

φ

(
∇µφ∇νφ − 1

2
gµν∇αφ∇

α
φ

)
(5.10)

φR − ω

φ
∇αφ∇

α
φ +2ω

✷φ

φ
+

dω

dφ
∇αφ∇

α
φ −2φΛ

′ = 8πGNT (5.11)

as in BDT, primed quantities are derivatives w.r.o φ

∇
µTµν = 0 (5.12)

where Tµν is the energy-momentum tensor of the matter fields, T is its trace and
Rµν the Riemann curvature tensor. Note that the scalar couples indirectly to matter
by means of the metric. This indirect coupling between the scalar and matter can
be achieved if the metric equations (5.10) are traced and added to (5.11), the scalar
curvature may be eliminated and obtain an equation for the field sourced by the matter

✷φ =
1

2ω +3

(
8πGNT − dω

dφ
∇αφ∇

α
φ +4Λ−2φ

dΛ

dφ

)
. (5.13)

The field is suppressed by the local quantity 2ω +3, then for ω → ∞ the field is
constant and GR is recovered. In the last equation the scalar couples either to the trace
of the energy-momentum tensor of matter, to the Λ and its derivative and the derivative
of ω .

Note that for ω < −3
2 the field is a ghost and thus physically pathological. A special

case of gBDT corresponds to the DGP braneworld model at subhorizon scales where
the 5th dimension is not important with ω = 3

2(β (t)−1) where β (t) = 1−2Hrc(1+
Ḣ

3H2 ), Ḣ is the time derivative of the Hubble rate and rc ∼ 1
H0

is the cross-over scale
[104]. As mentioned before, equations of motion for matter are the same as in GR,
however since the metric might hold a different solution due to the presence of scalar,
its final dynamics may also be modified.
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5.3.2 Background Cosmology

The modified Einstein equations describing the dynamics of the FRW metric, lead to a
modified version of the usual Friedmann and Raychaudhury equations given by [97]

3H2 =
8πGN

φ̄
ρ +

Λ

φ̄
+

ω

2

(
˙̄
φ

φ̄

)2

−3H
˙̄
φ

φ̄
, (5.14)

−2Ḣ − 3H2 −
¨̄
φ

φ̄
−2H

˙̄
φ

φ̄
− ω

2

(
˙̄
φ

φ̄

)
=

8πGN

φ̄
P− Λ

φ
. (5.15)

The evolution of the gBDT background scalar φ̄ in a flat FRW universe is governed
by the following equation

¨̄
φ +3H ˙̄

φ =
1

2ω +3

[
8πGN(ρ −3P)+4Λ− dω

dφ̄
( ˙̄
φ)2 −2φ̄

dΛ

dφ̄

]
, (5.16)

recall that ˙̄
φ = dφ̄

dt and H = ȧ
a .

In the particular case we are concerned of, dω

dφ̄
= Ha

˙̄
φ

dω

da = Ha
˙̄
φ

nm an−1. For n = 0
we clearly have the original Brans-Dicke theory, in gBDT ω is allowed to change its
value locally, m plays the role of omega today ω0 and n modulates its local value as
function of time.

We consider restricted and unrestricted models, as in BDT. In the former models,
the initial conditions are fixed either using the restriction over the Newton constant
measured solar system experiments given by

φ̄0 =
1

GN

4+2ω0

3+2ω0
, (5.17)

where ω0 = ω(a = 1) = m. In the unrestricted case, φ̄0 is a free parameter. Again
we’ll distinguish such models by calling them “restricted models” (rgBDT) and “unre-
stricted models” (ugBDT) respectively.
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Fig. 5.1 The scalar field solutions for ω(a) = man. As m increases the variation of the
field decreases, it determines the value of the gravitational current strength. Negative
values of the exponent suppress the scalar while positive ones enhance it.

In contrast to BDT where the field stays approximately constant during the radiation
era, gBDT might lead to a dynamic solution. Although, during radiation domination
the field stays unaffected by matter era because (5.18) is sourced by the trace of
the energy-momentum tensor, it might hold a non trivial solution since it obeys the
following equation

d(a3 ˙̄
φ)

da
+

nm a(n−1)

2ω +3
(a3 ˙̄

φ) = 0 (5.18)

Striclty for n ̸= 0, the solution for the first derivative of the scalar is

˙̄
φ ∼ a−(3+ n

2) (5.19)

Notice that ˙̄
φ appears in the right hand side of the Friedmann equation, so it can

be thought that it plays the role of an extra component of the matter-energy density.
If the exponent is negative as a → 0 the field variation tends to infinity. In particular,
for theories near to the BD limit n → 0 the derivative of the scalar behaves as a matter
term density, for larger n ∼ 2 it behaves as such as the radiation density does. For
larger positive values of n the φ ′ would be dominant at early times, however for such
large values of |n| the theory is not physically feasible at late times so those effects at
early times are not going to be considered.

Figure (5.1) shows us numerical solution for the scalar over the whole history of
the universe within the restricted model. Clearly, the trend of the field is the same for a
wide range of n values, it grows monotonically along with time. The overall variation
of the field is larger as n increases.
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In order to illustrate better how the field grows at late times, we’ll make an
approximation of (5.18) for low redshifts z << 1. In that case ω(z) = m(1−nz) and
the scalar equation (5.18) is

(
4−mn

1
(2m+3)φ−2

0 (m)
(1+

2nz
2m+3

)

)
H ˙̄

φ =
8πG

2m+3
Ωm

(
1+

3(2m+3)+2n
2m+3

z
)
.

(5.20)

Since z ∼ 0, the approximation works only if we set 1
z >> |n| so that the last

term in the r.h.s is small. Within this bounds if |n| >> 1 and m ∼ 1, then the first

term in the left hand side can be neglected and then ˙̄
φz=0 ≃−Ωmφ̄ 2

0 (m)
m

H0
n . If n < 0 the

field’s variation increases at late times and vice versa for n > 0. Since the field evolves
monotonically, and its derivative is suppressed by n, then this parameter also suppresses
the field, as shown in the figure. It is clear that for large fixed values of m, negative n
suppresses more efficiently the scalar. Thus we can expect these two parameters to
be strongly correlated. In summary, at the level of the background, at a given small
redshift z the GR limit is accomplished at least in two ways: (m > 1,−1

z ∼ n << 0)
or (m → ∞,n = 0).

Now lets analyse the expansion history in these models. By looking at the solution
of the scalar we can see that it is more relevant at late times so we’ll stick to that
regime. From equation (3.8) is straightforward to get

(H +
1
2

˙̄
φ

φ̄
)2 =

8πGN

φ̄
ρ +

Λ

φ̄
+ f (ω)

(
˙̄
φ

φ̄

)2

(5.21)

where f (ω) ∼ 1. Lets consider m, |n| > 1 and ignore the radiation term. We

already know that
˙̄
φ

φ̄
∼ H0

nm at late times so the left hand side correction term FRW

equation is a O( 1
nm) whilst the one at right hand side can be neglected. It is worth of

mentioning that for an heuristic analysis both terms may be neglected, however the
l.h.s should be taken into account if we aim to test the theory with high accuracy as it
will be when we try to set strong constraints on the parameters. A more significant
correction comes up from the normalization on GN in the matter term in the right hand
side as it happens in BDT.
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Fig. 5.2 The Scale Factor along the expansion history is shown for different values of
n and small m. For large values of m the scale factor remains as for ΛCDM regardless
the value of n. For m small we see that for relatively small values of n (not at infinite
at all) the scale factor tends to ΛCDM. In summary, the ΛCDM limit is reached for
relatively small values of ω .

For the restricted gBDT case, the larger the mean value of ω is, the closer is
universe to a FRW ΛCDM. As the scalar and its derivative are enhanced as ω → 1,
the universe expands quicker due to the scalar’s derivative contribution in the l.h.s of
the Friedmann equation. The mean value of ω in gBDT should be understood as its
average over time.

In the restricted case, the mean value of GN varies for smaller ω whilst it stays
constant in the unrestricted case. Thus, as BDT, the unrestricted models have an
additional convenience over the restricted ones because the effects of φ̄ and ˙̄

φ over the
expansion are uncoupled since ω and ξ modulate each of them independently.

Now lets turn to study how distance measurements behave in gBDT. The comoving
distance as the angular diameter distance are sensitive mainly to m, as it decreases
distant objects appear far away in relation to the prediction of ΛCDM. For a fixed value
of m ∼ 1 increasing the absolute value of the exponent n makes objects appear closer
regardless its sign. Therefore, it is a good idea to constrain BDT by using measurements
of distance but not so gBDT since the parameters m and n are degenerated.
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Fig. 5.3 Comoving and angular diameter distances in gBDT models. Distances change
when the overall value of ω is varied, for fixed m ∼ 1 distances remain the same when
the exponent is changed.
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5.3.3 Linear Cosmological Perturbation Theory

5.3.3.a Equations of Motion for Perturbations

Lets turn to formally study the cosmological perturbation theory of gBDT. We have
already studied precisely the basic principles and framework of cosmological pertur-
bations theory for BDT and GR in chapters 3 and 2 respectively. Therefore, in order
to be concise and avoid repetition, in this part we only present the relevant equations
arisen using the same framework as above. The same variables and setup established
before will be used and the equations in conformal-Newtonian gauge will be casted
as well. Special emphasis will be done in the new features of gBDT in contrast to
BDT and GR. The corresponding independent modified Einstein equations (5.10) to
the metric in conformal-Newtonian gauge are given by
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Equations (5.22) and (5.23) correspond to the time-time and space-time constraint
equations, (5.24) is the trace component of the spatial equations or pressure perturba-
tion equation and (5.25) is the traceless component of the spacial equations contracted
with the traceless derivative operator. The equation for the scalar perturbation is given
by
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For modes of perturbations inside the horizon the effect of the expansion is small
and derivatives with respect to conformal time may be neglected and then the equations
reduce to the same equations than in BDT since all time-derivatives are dropped away
in the quasi-static limit.

A more detailed analysis of perturbations in gBDT can be found in [216]. In that
work they study a particular set up for ω(φ), which differs from gBDT. However, both
frameworks imply the same physics. Here we solved the exact equations for all scales
numerically using an extended version of the CAMB code described above suitable to
gBDT with ω(a) = man −3/2.
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5.3.3.b The Late-Time Attractor behavior of Scalar Perturbations

First, we are going to look at numerical solutions for the modes of the scalar pertur-
bation. In order to illustrate the evolution of the scalar perturbation in the effective
scalar-tensor lets have a look to exact numerical solutions for different scales shown in
(5.4) and compare them to the solutions for BDT.

Fig. 5.4 Scalar perturbation for fixed current value of ω(a = 1) = 1000 and different
exponents for its growth along the expansion history. In contrast to the constant ω

case, when its value evolves in time the shape of the perturbations is modulated.

In BDT the scalar perturbations have the same shape regardless the scale and value
of ω . They grow as matter grows in the universe and tend to bound their track around
a stationary point by making damping oscillations, they remain steady there while
matter dominates and they turn on again growing monotonically. In contrast, in gBDT
the attractor behavior is more complex since the stages of damped oscillation and
linear growth overlap and at some scale the growing effect wins [see figure (5.4)].

5.3.3.c The Growth of Matter Perturbations

Since in this kind of models, we have ignored the self-interactions of the scalar, the
perturbations are coherent. Thus the growth of sub-horizon matter perturbations is
scale independent and depends only on the background evolution. As we are in
the Jordan conformal frame, the matter is not coupled to the scalar and the energy-
momentum tensor is conserved. Technically speaking this means that the equations
for matter perturbations are the same than GR. In general, the background spacetime
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is not FRW in this theories, then the matter perturbations grow differently in these
models.

In the regime where the growth would tend to behave like in general relativity ( if
m → ∞,n = f inite and m = f inite,n →− log∞). Although the expansion history is
just FRW, the growth of matter perturbations still might be modified. Thanks to this
feature these theories are feasible candidates to break the degeneracy between GR and
MG by testing the growth of matter perturbations. For example, as the figure (5.2)
shows, for n ∼−1

2 , from redshifts z < 2 to the present time, the expansion history is
just FRW, however considerable modifications of the growth are allowed in this model.
Let’s highlight that at the moment the planned deep redshift surveys would not go
further than z = 1, Euclid for example is planned up to z = 2.

Fig. 5.5 The growth of matter for various values of n. Even when m = 10 is not too
large, relatively small negative values of n help to approach GR.
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5.3.4 The Alcock-Paczynski Distortion in gBDT

In this small section I just want to make a brief comment about the relevance of
the Alcock-Pazcynski test applied to BDT and gBDT. As we’ll see in short, the test
does not bring important insight when applied to BDT. In contrast, since the measure
associated with the mentioned effect is sensitive to the extra parameter introduced in
gBDT, it is a interesting probe to be applied to this model.

Fig. 5.6 Up: The Alcock-Paczynski parameter for different values of the exponent n
and m = 100. The sensitivity of APD to the exponent is almost abscent today, however
it increases as the redshifts increases as well, this tell us that high-redshift surveys
are more capable of detecting a possible AP effect in BDT. Bottom: Variation of the
APD with respect to the exponent for different gBDT models. As we see if m → 1 the
sensitivity of APD to the exponent is larger. For the extreme case of m = 5 APD is
detectable even at relatively low redshift.

As figure (5.6) shows, the APD for in gBDT starts to be more sensitive to n from
z > 1 onwards. As expected such sensitivity is reduced as m increases. As mentioned
in previous chapters, m → 0 may be associated with self-accelerating theories when a
potential V (φ) plays the role of dark energy, thus if it is true that our m ∼ 0 model is an
approximation for a shallow-potential case, we can imply that the APD is a powerful
test for these self-accelerating theories, such like DGP in the decoupling limit and
some F(R).
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5.3.5 Anisotropies in the Cosmic Microwave Background

Fig. 5.7 Temperature spectrum in the limit m → ∞ for extreme values of n within the
restricted model.

Fig. 5.8 Restricted and unrestricted ST models are contrasted for small m(= 10) and a
range of values of n.
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As with BDT in this part we aim to figure out how the CMB anisotropies behave
in gBDT. In order to disclose the new signatures due to the time-varying nature of ω ,
the idea is to contrast features of the BDT’s CMB spectrum against gBDT’s.

Now we shall analyse the effects coming from the background evolution, afterwards
we shall continue with the effects due to perturbations which in contrast to BDT, carry
some new interesting observational signatures.

5.3.5.a Effects from the Background Evolution and Recombination

As within BDT, the modified expansion history in gBDT have some effects on the
history of recombination (z ∼ 1100). All the effects studied in chapter 3 are inherit by
gBDT, thus now we shall focus on the new effects due to the local time variation of ω

tuned by the n parameter.

On one hand, since it is likely that realistic gBDT models yield global 1 << ω ,
we might naively suspect (a priori and wrongly) that restricted models would behave
basically like ΛCDM at early times when recombination occurs 3.

Similarly, for unrestricted models, we could expect naively recombination to be
the same as in BDT. However, we already found that in gBDT the expansion history is
slightly different than for BDT at early times (even in the restricted case). Therefore,
we can probe (a posteriori) that recombination is significantly affected by the gBDT
field and so the cosmic background radiation that we observe today as well.

On one hand, the effect on recombination produced by the rescaling of GN is
similar as within gBDT: increasing ξ makes the visibility function wider. On the other
hand, we can understand the effect of m as we did for ω =constant within BDT. By
decreasing m the overall value of ω(a) decreases, this makes the universe to expand
quicker and then the universe reaches the temperature ∼ 1 eV earlier, this also explains
why the visibility function shifts to earlier times when ω decreases. Figure (3.7) in
chapter 3 illustrates this effect for restricted and unrestricted models both with equal
initial conditions φini = 1.

Therefore, the new effects are introduced by the n parameter as can be observed
in figure (5.2). In order to understand how the visibility function is affected, let us
consider the following two regimes

3because the main effect is due to a change on GN which is ∼ 1 for large ω within rBDT and because
photons do not couple to the scalar.
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1. Figure (5.9). m = 1000 is large but not as much to reach the ΛCDM limit

For large m the model today is close to ΛCDM and then it is a viable model,
if n < 0 the whole ω is large all along the expansion history and the visibility
approaches to that of GR. Otherwise, when n > 0, the scalar is enhanced all
along and so the expansion history is greatly modified unless m is sufficiently
large to counter the effect.

As shown by (5.9), the width and height of the visibility remains the same for
negative values of the exponent. The shift in τrec can be understood by the
same argument used for BDT, changes in the expansion rate makes that the
temperature ∼ 1eV to be reached at different time.

Fig. 5.9 Visibility fuction for large m and a range of values of n within rgBDT.
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2. Figure (5.9). Small m. In this case, unless the exponent is negative and large,
the effects due to the scalar field are important. Notice in figure (5.9) that
increasing the absolute value of the exponent affects the visibility in the same
way as in figure (5.10), as expected the exponent only helps to approach the
ΛCDM limit, as a result the visibility is sensitive only to the overall value of ω

and the same argument for BDT works here. It’s worth to mention that for n > 0
even for small values of n the visibility departs in great extent from ΛCDM
then, as we confirm later, they are very likely to be rejected by data as preferred
models.

Fig. 5.10 Visibility function for gBDT with m = 10 and different values of n within
rgBDT.
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The following table shows the values of ω at the time of recombination for relevant
values of m and n within rgBDT models.

ω(τrec)

m = 10 m = 100 m = 1000
n = 0.1 4.96 49.7 496.9
n = 0 10 100 1000

n =−0.5 330.5 3301.7 33013.8
n =−1 1×104 1×105 1×106

Unrestricted vs. Restricted at Recombination As we can see in figure (5.11), very
different visibility functions arise for rgBDT and ugBDT when n varies for a fixed m
and φini. Within ugBDT, for small m ∼ 10, as n increases the visibility function takes
its maximum earlier, at the same time, the visibility function becomes narrower and
then the anisotropies turn to be more damped as the model approaches to the ΛCDM
limit (n << 0). In turn, within unrestricted models with φini = 1 the tendency is the
contrary, figure (5.11) makes clear this behavior.

Fig. 5.11 Visibility function for ugBDT and rgBDT models for SMALL fixed m = 10.
For negative values of n the larger |n| more similar are the visibility functions in both
cases. Also, for ugBDT models, the visibility is wider as a consequence is more
difficult for electrons to recombine into neutral hydrogen.
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As we shall explain below, the visibility within both types of models tend to
approach to each other for n << 0. As a consequence, within both models, the heights
of the peaks of the temperature spectrum become similar as |n| increases (n < 0), as
shown in figure (5.8). Besides, for very large m and n <∼ 0 the visibility is shifted to
earlier time as |n| increases without changing too much its width and thus the damping
effect on the anisotropy is less prominent than for small m as shown in figure (5.7),
also a damping effect on intermediate scales still happens.

Because the visibilities of rgBDT and ugBDT models with m → ∞, φin1 = 1 and
n << 0 approach to each other, their temperature spectrum tend to be indistinguishable.
On the contrary, even for small values of positive n the visibility of both types of
models differ significantly.

This feature will be important when we test gBDT using the CMB since it lead us
to reasonably suspect that the negative n are likely to be preferred by data as ω(τrec)

(5.3.5.a)is pushed to the ΛCDM limit. Therefore, we expect similar results from
restricted against unrestricted models.

Second, to find out why the recombination history of rgBDT and ugBDT are too
different for small ω(τrec), we need to recall that they have different expansion rates
[See (3.3)]. Regarding the rgBDT models, since ω(τrec) gets large if n < 0 [See table
for ω(τrec)], the rescaling factor (2ω + 4)/(2ω + 3) of the Newton constant easily
tends to be equal to 1 at early times. Otherwise, if n > 0 then (2ω +4)/(2ω +3)> 1
then the rgBDT model would have weaker Newton’s constant than ugBDT, an then
it would reach the time of recombination before giving rise to a slightly narrower
visibility function than in ugBDT.

Measurement of the Acoustic Scale by means of the Peaks Location Lets recall
that in BDT the sound horizon is quite sensitive to ω constant which is the case of
gBDT corresponds to the overall value of ω integrated along the expansion history.
Depending on the value of m, the extent of sensitivity of θ to n changes. The larger m
is the lesser θ changes when n is varied. Such dependence is shown in the following
table

θ(τrec)

n m = 1000 m = 106

1 0.933639 1.035941
0.1 1.032737 1.037637
0.0 1.034614 1.037319
−0.3 1.036291 1.037173
−0.5 1.036713 1.036639
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This shows us that the measurement of θ from the CMB would not provide a good
measurement of n unless m is not too large. As expected, because both parameters
are degenerated at the level of the background evolution, only if m is independently
measured by other means, n could be well constrained. In the case a measurement of
m is provided such that m → ∞, although the first peak is placed in the same location
for all n [figure (5.8)], the peaks at smaller scales suffer a further shifting, if this effect
is well constrained the measurement of θ would be even better.
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5.3.5.b Effects due to Perturbations

The effects due to perturbations on the CMB anisotropy can be better understood by
studying each component of the source in the line-sight integral as we did in chapter 3.
As usual, we are going to see how the new parameter n affects each of the components
and try to figure out the physics behind the effect. In order to discriminate the effects
due to the background (and hence to recombination) and only keep those due to the
perturbations as much as possible, it is useful to work in the limit m → ∞ where the
effects of n on perturbations are more visible.

Integrated Sachs Wolfe Effect As explained in previous chapters, usually the ISW
effect at late times on the temperature anisotropy can be understood as follows: the
temperature anisotropy of photons traveling from the last scattering surface towards
us, is modified by a considerable number of well potentials of galaxies formed at
late times. Another source of ISW is due to the possible temporal variation of the
potentials at late times. The former effect is manifested in the monopole of the
temperature perturbation of the photon analysed in the next item, by now, we are
concerned about the second type of late ISW. We have already probed that at large
scales the gravitational potentials, even in BDT are actually time varying and that is
going to produce an important signature of the gBDT parameters on the large scale
temperature anisotropy shown in figure (5.12)

Fig. 5.12 Effect of the gBDT parameters on the late ISW contribution to the temperature
spectrum. For negative values of n the ISW spectrum shifts with respect of n = 0 due
to different expansion histories while for positive n the ISW is enhanced.
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Notice that for |n| ∼ 0 the ISW is unimportant, this means that it is more sensitive
to the BDT m rather than n, however for sufficiently large n > 0 it gets enhanced and
the scale at which it takes its maximum remains unaffected. In turn for n < 0 the
spectrum is lowered and it takes its maximum on smaller angular scales.

Temperature and Doppler terms: Silk Damping and Acoustic Driving First of
all, by inspection of figures (5.13) and (5.14), we can extract much of the information
about the effects of gBDT perturbations on the temperature spectrum of the CMB.

Notice that the local time variation of ω carries much wealthier phenomenology
in contrast to the BDT one. In the latter, the shape of the temperature and Doppler
components of the spectrum is not significantly altered when constant ω is varied.
In turn in gBDT one can identify singular effects at different scales which alters
dramatically the shape of the dominant components of the temperature spectrum that
we study right below.

Fig. 5.13 Angular spectrum of the monopole of the effective temperature perturbation
of photons corresponding to terms in the source in gBDT in the limit m → ∞.
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Fig. 5.14 Angular spectrum of the Doppler term in the source ST within gBDT in the
limit m → ∞.

We can notice straightaway that, effectively, the shape of both spectra change
dramatically for different signs of n. When n > 0, on one hand, the spectrum stays
within its 10% at scales larger than l = 400. On the other hand, for 500 < l < 1000
the spectrum is boosted upwards (more significantly in the second and third peaks). At
smaller scales l > 1500 the spectrum is not particularly sensitive to n.

For n <∼ 0 the predominant effect is owing to damping oscillations, however a
special signature can be spotted in the first two peaks of the monopole and Doppler
spectra. When |n| takes a more extreme value, the first two peaks get greatly enhanced
whilst the next ones get importantly damped. This effect at large scales may be
happening due to a combination of the ISW effect, Silk damping and acoustic driving.
It is interesting that, in this last case, the CMB looks like one without CDM.

In order to understand these effects, we can recall from chapter 2 that before
decoupling photons and baryons are tightly coupled due to Compton scattering. Ap-
proximately the system can be considered as a fluid because only the monopole and
the dipole of the fluctuations survive, this limit occurs when neσT → ∞. In this fluid,
competing forces due to pressure and gravitation give rise to a series of acoustic
oscillations of the temperature fluctuations of photons (and baryons as well). When
photons and baryons decouple, these oscillations freeze at the last scattering surface.
At this point, modes with wavelengths such that have a crest or a well coincides
exactly with the size of the last scattering surface, appear as a peak or an through
in the angular temperature power spectrum of the CMB. These acoustic oscillations
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within this idealized picture are governed by (2.107), if in this formula the potentials
are time-dependent then an extra effect apart of the oscillatory forcing sources appears
and it is normally called acoustic driving.

In gBDT this acoustic driving actually happens since in the potentials are time-
varying (5.15) on the relevant scales, this has the effect of increasing the oscillation
amplitude for the modes relevant to the time where the potentials are time varying.
Notice in the left panel of (3.7) that for small ωrec (n > 0 given a finite m lead to small
ω(τrec)), the last scattering surface is not far from the radiation to matter equality and
so there are modes for which the potentials are still time varying to some extend. We
can spot in (5.13) that around the 3rd peak there’s a boost in the amplitude of the
monopole of ∆0 due to this effect.

Fig. 5.15 This plot shows the variation of the gravitational potential Ψ within the
rgBDT for fixed m at the scale corresponding to the first peak in the temperature CMB
spectrum. Also the acoustic driving affecting the third peak for positive n are produced
by these time-varying modes of the potentials.



206
The Effective Scalar-Tensor Theory

At Cosmological Scales

The tight coupling limit described above breaks down in a real situation since
neσT is finite, as a consequence, the photons diffuse through the baryon fluid as a
random walk leading to a diffusion damping or Silk damping of their perturbation
[277]. The average distance that a photon goes across is given by λD ∼ 1√

neσT H−1

and it is called the diffusion lenght. The effect of this photon diffusion is to wash out
anisotropies with wavelengths smaller than λD. In chapter 2 we have introduced the
damping coefficient kD given by (2.115) which quantifies more accurately the scale of
damping. The following table shows the values of kD depending on the gBDT model.

kD

m = 10 m = 100 m = 1000
n = 0.1 0.1834 0.1426 0.1385
n = 0 0.1698 0.1412 0.1384

n =−0.5 0.1457 0.1388 0.1381
n =−1 0.1408 0.1383 0.1381

The physics governing the effects on the Doppler term carried by the variation n
can be understood easily. As we know from (3.7.5), this term is the contribution due
peculiar velocities of galaxies along the line-of-sight. Therefore, before recombination
the velocity of matter is proportional to the dipole of the baryon-photon fluid whilst
after decoupling the more matter the universe contains the larger is the doppler effect
since the velocity of matter increase as the density of matter does. Thus if decoupling
happens right after the time of equality, the Doppler term gets enhanced. The following
table displays the time of equality happens for different gBDT models. By using it
along with figure (5.10), we can understand how the Doppler term is affected by n:
On one hand, if n < 0 the larger is |n| the closer are the times when recombination
and equality of matter happen. On the other hand, if n > 0 as it increases either
recombination and equality happen earlier so the effect is less important in this case.

τEQ

m = 10 m = 100 m = 1000
n = 0.1 75.77 115.03 120.76
n = 0 87.96 117.25 120.99

n =−0.5 113.09 120.56 121.34
n =−1 118.34 121.13 121.36

Early Sachs-Wolfe Effect An early ISW effect occurs right when decoupling has
ended and it is stronger if decoupling takes place closer to the radiation era. Typically
this happens for theories at which equality occurs before decoupling. In such case the
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potentials are decaying to their constant values during matter domination [see figure
(5.16)]. The early ISW effect affects scales around the first and possibly second peak.
This has the effect of raising the 1st peak substantially higher.

Fig. 5.16 Exact solutions for the potential Ψ and the monopole of the photon fluctuation
for the restricted gBDT model with m→∞ and n=−0.5 on the scale k1 corresponding
to the first peak. At early times, the time-varying potentials produce the early ISW
effect, this variation couples to the photon mode which behaves as a forced oscillator.
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5.4 Constraints On The Effective
Scalar-Tensor Theory

5.4.1 Methodology and Analysis

Basically we simply adjust the methodology used in the previous chapter for BDT to
be suitable for gBDT. We properly modified the last version of our BDT CAMB for
gBDT. The gBDT background was solved exactly and also the linearized equations
in the Jordan frame using synchronous gauge variables as with BDT, we carried out
our numerical results using a modified version of the CAMB package [186]. We used
suitable modification of the first version of CosmoMC including the Planck data to
sample the space of parameters of gBDT.

Our chains were long enough to pass the various convergence diagnostics provided
in the package and give very accurate 1D and 2D marginalized posteriors. The main
datasets we used are from the Planck satellite[4], WMAP9(pol) [175], the South Pole
Telescope (SPT) [269] and the Atacama Cosmology Telescope (ACT) [100].

As usual, the chains were generated for both rgBDT and ugBDT models. In
both cases the two gBDT parameters m and n were implemented in addition to the
basic 6 already described for BDT. The Hubble constant H0 and the (dimensionless)
cosmological constant density ωΛ are derived parameters as in BDT. Exactly as before,
the ugBDT models have one additional parameter which is the initial condition φ̄ini.
It turns out that the constraints for the derived parameter φ are quite similar to those
in BDT. All the other parameters including foreground astronomical parameters, fast
parameters, calibration and beam parameters remain the same as in the original code.

We now turn to the issue of priors. For the non-BDT parameters we assume
the same priors as for ΛCDM since the two types of cosmological evolution are
very similar. A prior on H0 (HST) from the measurement of the angular diameter
distance from SHOES [258] is also imposed for some chains. The priors for the
gBDT parameters are flat on φ̄i, ln(m) and n. In order to determine the allowed ranges
we used the information obtained in the previous chapters about the regions where
gBDT resembles to GR. We left a wide range around these central values where these
parameters are allowed to vary.
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5.4.2 Results and Discussion

Let us first discuss the results for the restricted models, which contain m and n as
additional parameters to ΛCDM. We already proved in previous sections that for
regions in parameters space of interest, it is reasonable to expect that the restricted
and unrestricted models are going to behave similarly. Nevertheless we did sample
the space of parameters and obtained estimations for the parameters of both models in
order to infer this conclusion a posteriori as we do below.

In the relevant chapter above I already analyzed in detail the effects of these
parameters on the CMB at different levels. Now we are going to summarize the
different effects studied along the last chapter: at the level of the background, varying
m and n changes the expansion rate H in a similar way than in BDT when ω is varied.

In this context, both parameters are degenerate since the change in the expansion
history depends on the overall value of ω rather than on each parameter separately. As
in BDT, the effective result is a shift of the peak locations and peak heights. In order
to single out the effect over the perturbations, we distinguish two regimes at which the
theory approximate ΛCDM, the first one is characterized by m ∼ 1 and n < 0 and the
other one consists of models with m → ∞ and n taking any value. The second region is
theoretically preferred since it corresponds to a very small correction to the growth of
LSS in the phenomenological setup of gBDT. In this region, when n is varied two main
effects arise: at large scales the temperature anisotropy is enhanced due to the ISW
and at intermediate scales, there is a combined effect due to acoustic driving and silk
damping affecting intermediate scales which is manifested as a boost in the amplitude
of the second and third peaks. Other peaks for higher multipoles feel this effect in less
extent.

It turns out that using Planck + WMAP9(pol) alone is not enough, in such case
even if the number of samples is huge, the posterior distributions fail to pass the
convergence diagnostics within an acceptable level. This lead us to the conclusion
that further data was needed to constrain the parameters space. In order to get better
results, we added HST and BAO. However, as we will see in short, some remaining
degeneracies are still present.
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Fig. 5.17 1D marginal posterior distributions for ugBDT(red-dashed) and rgBDT(blue-
solid) models with Planck+WMAP9(pol)+BAO+HST. Both sort of models have well
defined regions of good likelihood: m ∼ 1 and m → ∞. According to Planck, the
exponent n prefers small negative values which lead to a big integrated value of ω

along the expansion history.

In despite that our focus is pointed towards the analysis for the rgBDT models, I
am going to compare the posteriors in both types of models only for the baseline data
set: Planck+ WMAP9(pol)+BAO+HST only for verify our expectations. We can see
that ugBDT and rgBDT 1D marginal posteriors have similar shape [See figure(5.17)].
It is nice to notice that the high-likelihood regions that we foresee in previous sections,
clearly are picked by the data in both kind of models.

However we can spot a very small difference: ugBDT prefers the BDT region
(m → ∞) while the restricted models get on well with smaller m. This place rgBDT
in an interesting place over ugBDT: if we keep in mind the indirect measure of
modifications to the growth motivating the phenomenological setup of gBDT, it can be
concluded that, according to combined measurements of the CMB by Planck and the
expansion history by BAO and HST, a modification of the growth in GR is allowed
and it would be of order (1/m) today within 68% of confidence level. Thus, since
smaller values of m lead to larger value of the modification to the growth, according to
Planck, it is possible to detect deviations which are lesser suppressed in rgBDT than in
ugBDT.



5.4 Constraints On The Effective
Scalar-Tensor Theory 211

Fig. 5.18 Angular diameter distance as function of the scale factor for different gBDT
models.

Different preferred regions of ugBDT and rgBDT are closely related to the different
sensitivities of the angular diameter distance to the n parameter of each type of model.
Figure (5.18) shows the predicted DA in both types of models. A possible explanation
would be that, once the CMB alone is fitted, the restricted case fits better the DA

measurements from BAO and HST than the unrestricted one.

In order to have a better idea on the features and quality of the 2σ and 1σ esti-
mations for the gBDT parameters, lets have a look to their 2D marginal posteriors.
The first outstanding characteristic is a considerable correlation between m and n.
At 2σ such the well-constrained direction is well determined, however at 1σ two
disconnected constraints arise at different degeneracy directions.

Above m> 104, the extent of correlation is the same as for 2σ , in turn for 10<m<

103 the 1σ region(mild orange) bends in complicated way leading to a large correlation
between the parameters. From projecting the l.h.s region of the 1σ constraint on
vertical axis gives us an estimate for n (table 1). Notice that at 2σ the upper bound
moves to larger values due to the leaning shape of the constraint.
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Fig. 5.19 2D constraints of the gBDT parameters with
Planck+WMAP9(pol)+BAO+HST.

Constraints of n with Planck+WMAP9(pol)+HST+BAO

CL mean lower upper
68 -0.47 -0.94 -0.15
95 "" -1.39 0.57
99 "" -1.45 0.84.

Results with Planck and other data different than WMAP(pol) give rise to very
different constraints. Lets start from analyzing the 1D posteriors (Figure (5.20) for
the restricted model for the following datasets: Planck + WMAP9(pol) + High-l and
Planck + lensing.

As it happens small scales measurements of the CMB strongly constrain the
gBDT parameters, the inclusion of high-l data dramatically changes the shape of the
1D marginal posteriors in comparison to Planck + WMAP9(pol). The well-spotted
preferred low-high-m regions vanish for this dataset and the model gets strongly
constrained, the lower limit of m is pushed up to the m → ∞ limit while n firmly sticks
to the −1/2 value and rejects positive values.

For Planck + lensing , the distribution shows us that a wide range of models with
intermediate values of m are picked by the data and even though the exponent prefers
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negative values, n < 1 are not fully rejected as SPT does. It is interesting that lensing
does not prefer the limit m → ∞ as expected at first place. The fact that posteriors for
Planck + WMAP9(pol) + SPT are tighter than for Planck + lensing tells us something
about the extent of sensitivity of this datasets to the gBDT parameters.
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−0.8 −0.6 −0.4 −0.2 0 0.2 0.4
n

Fig. 5.20 1D posterior for m and n respectively within the restricted model with Planck
+ WMAP9(pol) + BAO + HST+ LENSING (red) and Planck + WMAP9(pol) + BAO
+ HST + ACT+SPT (black). Bottom: The inclusion of lensing gives rise to weak
estimates of n whilst by adding the high-l data from ACT and SPT, the constraints
become very strong. Top: the inclusion of lensing doesn’t improve significantly the
lower limit for m. Models with very large m, which were in principle expected to
be close to ΛCDM, seem to be less likely than others with lower m; further analysis
is needed in order to determine the reason why this happens. In contrast, when
small-scales measurements are included, the lower limit of m is very well constrained.
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5.5 Conclusion

The growth of LSS assumed in the phenomenological setup for modified theories of
gravity considered here is assumed to behave as a power law µ = µ0(1+ ras). There
is a correspondence between this setup and the effective scalar-tensor theory with
ω(a)+ 3/2 = m an where m = 1/2rµ0 and n = −s. We tested indirectly the free
parameters involved using cosmological observations different to LSS. The main data
set is the CMB anisotropies from Planck and tests of the expansion history from BAO
and HST, that give rise to the 1σ constraint of n =−0.47+0.32

−0.47 and two regions for m:
m = 50.1±11.2 and m > 3.2×103. The fact that the first of these regions is likely
has an interesting consequence: according to the CMB, BAO and HST, the growth of
LSS is allowed to hold a modification today of order ∼ 10−3 which is not negligible.



CHAPTER 6

THE PARAMETRIZED POST NEWTONIAN-VAINSHTEINIAN

FORMALISM

6.1 Introduction

First of all, I would like to acknowledge that great part of this chapter is product of
the joint research work with Costas Skordis, Antonio Padilla and Paul Saffin to be
published soon. General Relativity (GR) is a very successful theory since it passes all
the solar-system tests with great accuracy [330, 331]. Any other theory of gravity is
strongly challenged to agree with this predictions. However, the question of whether
GR is the correct theory for describing all gravitational phenomena in nature still
stands without a satisfactory answer. Indeed, experimental gravitation is a very active
field in physics nowadays, to goal is to increase the precision of gravitational tests and
also to push the boundaries where these tests have been carried out.

Since the whole “space” of gravitational theories is vast, perhaps infinite, it is con-
venient to construct a “master theory”, a framework, which comprehend a wide range
of theories. Different theories would then correspond to a specific set of parameters of
this framework. Examples are the Parametrized Post-Newtonian (PPN) [229, 329, 332],
the Parametrized Post-Keplerian (PPK) [85], and the Parametrized Post-Einsteinian
(PPE) [79, 192, 340] formalisms. In the cosmological regime we also have the vari-
ous simplified parametrized approaches [279, 345], the small-scale parametrized ap-
proach [11] as well as more complete frameworks such as the Hu-Sawicki Parametrized
Post-Friedmannian formalism [153, 154], the Parametrized Post-Friedmannian (PPF)
formalism [22, 23, 280] 1, the effective fluid [29, 30] and effective field theory for-
malisms [39, 138, 248].

1Although [154] and [23] use the same acronym, the two formalisms are widely different.
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Tests of gravity in the solar system have achieved astonishing precision. With
the help of the PPN formalism, solar system tests such as lunar laser ranging and
Doppler tracking of the Cassini spacecraft have set strong bounds on the PPN pa-
rameters around 10−3 − 10−5 for curvature effects and 10−7 − 10−20 for preferred
frame effects [331]. However, the PPN formalism (as well as the PPE formalism) has
as a basic assumption that the spacetime away from a source is asymptotically flat.
Typically, metric theories of gravity treated with the PPN formalism, have a classical
strong field regime characterized by the Schwarzschild radius. For compact relativistic
sources like neutron stars or black holes, the strong gravitational fields arise at scales
∼ rs close to the massive source whilst the geometry of spacetime is asymptotically
flat far away from it. However, there are other metric theories for which this basic
assumption cannot be implemented directly.

Those theories have the property that the additional degrees of freedom to the
metric become classically strongly coupled at some distance away from the source.
This makes it impossible to construct a perturbative expansion (as the PPN requires)
valid all the way towards infinity. The importance of such theories has been put
forward in chapter 1, let us briefly recall that they arise in an intend of introducing
departures from GR in the cosmological regime, i.e. in the limit of ultra-low curvatures
and potentials. They aim to explain cosmic acceleration as a modification of gravity.
One possibility to explain cosmic acceleration is to modify the theory of gravity on
cosmological scales by including new degrees of freedom which make gravity behave
rather differently from GR on ultra low curvatures. However, since the solar system
data indicate that gravity is described by GR to a very good approximation, these
degrees of freedom must somehow be hidden on the scale of the solar system.

A way to accomplish this is to make these degrees of freedom become strongly
coupled close to massive sources. The mechanism by which this happens is called
the Vainshtein mechanism [20, 313]. We saw in chapter 1 that examples of such
theories are the so-called Galileon Theories and the massive gravity theories. However,
the “screening” of these new degrees of freedom is not perfect, and some residuals
can in principle be detected. In this chapter we aim to present an extension of the
PPN framework, the Parametrised Post-Newtonian Vainshteinian (PPNV) framework
which is able to handle Vainshteinian corrections and thus establishing the way for
determining the compatibility of such theories with solar system and other strong-field
data.

We should mention that this work is not the only attempt to explore the physics
behind these theories at the solar system and strong-field regimes. For instance, in
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other context different to PPN, first works towards this direction were made in [50]
in the particular case of the static spherically symmetric source. Other more general
approach to the problem of gravitational radiation in these models was proposed
in [14, 72]. Finally within the PPN conditions, in [163] they deal with low-density
stars with slow rotation and static relativistic stars by applying a perturbative approach,
this proposal is similar to our PPNV approach, however it is restricted to the static
spherically symmetric source and it is only developed up to the corresponding O(2) in
PPN.

This chapter is organised as follows. We first describe the PPN framework followed
by a short description of the Vainshtein mechanism. We then outline how the PPN
formalism has to be modified in order to include Vainshteinian corrections. As we
will show further below, there are two separate perturbative regimes, one inside the
Vainshtein radius and one outside, which must be handled separately. We then take the
cubic galileon theory as an example and perform the calculation in the two regimes.
We finish by considering spherical symmetry as a special case.

6.2 The PPNV Expansion: Vainshteinian Correction
to the PPN Formalism

6.2.1 The Standard Post-Newtonian Approximation

The PPN formalism is a prescription for a perturbative expansion of the gravitational,
matter and additional field equations of motion in successive orders of a small parame-
ter, the velocity of matter V (in units of the speed of light). Such expansion is valid in
the weak field regime for non-relativistic sources for which the spacetime geometry is
nearly Minkowskian. In this prescription, small but detectable relativistic effects are
introduced by the corrections in terms of V . It was developed by Nordtvedt[229] and
later expanded refined by Will [329] and Will and Nordtvedt [332].

In PPN, one assumes that gravity is a geometric phenomenon and is described by
a metric gµν and that matter only “sees” this metric gµν and follows its geodesics.
Specifically this means that if Tµν is the stress-energy tensor for matter then

∇µT µ

ν = 0 (6.1)

where ∇µ is the covariant derivative compatible with gµν . However, the metric gµν

may not be the only gravitational field. For instance, there may be additional scalar
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fields to the metric that mediate the gravitational force (as is in our case), however,
these fields are not involved in the equations of motion for matter.

To carry out the formalism, one starts by expanding the metric gµν around
Minkowski spacetime ηµν as

gµν = ηµν +hµν (6.2)

When doing explicit calculations, we shall adopt the convention that the metric has
signature +2. Lets recall that the Newtonian theory of gravitation suffices to explain all
the phenomena in most of the solar systems for an accuracy less than about 10−5. The
metric perturbation hµν is further expanded in successive orders dictated by a small
parameter: the velocity of matter v (we will assume units where the speed of light is
unity). Thus, the PPN is a small velocity expansion and is valid for gravitational fields
generated by slowly moving matter in comparison to the speed of light.

The first correction to Minkowski spacetime is the Newtonian potential

U ≡
∫

ρ(x′, t)
|x−x′|

d3x′ ⇔ ∇⃗
2U =−4πρ (6.3)

generated by the rest-mass density of matter ρ . This potential generates accelera-
tion a = GN∇⃗U where GN is the measure Newton’s constant by an experiment on the
Earth. Thus, virial relations lead to the relation v2 ∼U , implying that the Newtonian
potential has a PPN order O(2). In particular for spherical symmetry, we have that
2GNU = rs

r ≪ 1 where rs = 2GNM is the Schwarzschild radius of a source with mass
M. Moreover the acceleration equation gives the PPN order for derivatives, i.e. spatial
derivatives leave the PPN order unchanged while time derivatives have a PPN order
∂

∂ t ∼ O(1).

Matter variables are also associated with a PPN order. The matter rest-mass density
ρ has a PPN order O(2) as is implied by (A.2). In addition to the density, matter
sources may also have specific energy density Π (equal to the ratio of the matter total
energy density to its rest-mass density ρ) and pressure P. In this prescription matter is
assumed to behave as a perfect fluid so that the matter stress-energy tensor is given by

Tµν = (ρ +ρΠ+P)uµuν +Pgµν (6.4)

where the velocity four-vector is normalized as gµνuµuν =−1. Since the pressure
is generally smaller than the gravitational energy of matter ∼ ρU then we associate
it with a PPN order P ∼ O(4). Similar considerations apply to the specific energy
density Π which is associated with a PPN order Π ∼ O(2).
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The evolution of the matter fluid is determined by the continuity and Euler equa-
tions of motion which are obtained from (6.1) by expanding in PPN orders.

Clearly, (6.4) implies that O(4) terms would appear in the (generalized) Einstein
equations, thus we need to include these terms in the metric perturbation. The required
order for the metric perturbation components is found to be [326]

h00 = h(2)00 +h(4)00

h0i ∼ O(3)

hi j ∼ O(2)

where the superscript number in the parenthesis denotes the PPN order of a
particular term. In the standard PPN formalism one has that h(2)00 = 2GNU , however,
as we shall see further below, in the PPNV framework the Vainshteinian corrections
contribute to h(2)00 in the form of new Vainshteinian potentials. Furthermore, in the
standard PPN gauge, one has hi j = 2GNγUδi j where γ is one of the PPN parameters.
In the PPNV example we consider below, one still has that hi j ∝ δi j, however, hi j is
no longer proportional to h(2)00 as in PPN due to the appearance of new Vainshteinian
potentials. We shall show that PPNV introduces new parameters which are not part of
the standard PPN parameters.

In general, the PPN formalism starting point is the action of a neutral single particle
given by

Ip = −m0

∫
dt
(

gµν

dxµ

dt
dxν

dt

) 1
2

,

= −m0

∫
dt(−g00 −2g0 jv j −g jkv jvk)

1
2 . (6.5)

(6.6)

Thus, in order to add first order corrections to the newtonian leading order descrip-
tion, we need to compute different components of the metric (and consequently the
corresponding components of the Einstein equations as well) up the following orders

g00 Up to O(4),
g0 j Up to O(3),
gi j Up to O(2).
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We also shall require some components of the matter-energy tensor. T00 is required
up to O(4) which corresponds to

T00 = ρ(1+Π+ v2 −2GU) (6.7)

and T0i to O(3) given by

T0i = ρvi (6.8)

We shall also need the trace T = T µ

µ which to O(4) is

T =−ρ(1+Π)+3P. (6.9)

We need the R00 equation and Riemann tensor up to O(4), the Ri j ones up to O(2)
and the R0i up to O(3). Thus the following quadratic expansions are going to be useful

R00 =−1
2

(
∇

2h00 +(h j j,00 −2h0 j,0 j)−h00, j(h jk,k −
1
2

hkk, j)+
1
2
(∇h00)

2 −h jkh00, jk

)
,

(6.10)

Ri0 =−1
2
(
∇

2h0i −hk0,ik +hkk,0i −hki,0k
)
, (6.11)

Ri j =−1
2
(
∇

2hi j −h00,i j +hkk,i j −hki,k j −hk j,ki
)
. (6.12)

The framework uses a nearly Lorentz coordinate system in which the coordi-
nates are (t,x1,x2,x3). Three dimensional Euclidean vector notation is used through-
out. The coordinate arbitrariness or gauge freedom is usually removed by speci-
fication of the coordinates by the standard PPN gauge [see appendix (A)] In the
standard PPN formalism, arbitrary PPN parameters are introduced in front of each
post-Newtonian term in the metric. Ten parameters are needed and they are denoted as
: γ,β , ξ̂ ,α1,α2,α3,ζ1,ζ2,ζ3

2. In terms of them the metric reads

2One needs to be careful so not to confuse ξ̂ with ξ denoting the rescaling of GN along the previous
chapters.
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g00 = −1+2GU −2βG2U2 −2ξ̂ ΦW +(2γ +2+α3 +ζ1 −3ξ̂ )Φ1

+ 2(3γ −2β +1+ζ2 + ξ̂ )Φ2 +2(1+ζ3)Φ3 +2(3γ +3ζ4 −2ξ̂ )Φ4

− (ζ1 −2ξ̂ )A

g0 j = −1
2
(4γ +3+α1 −α2 +ζ1 −2ξ̂ )Vj −

1
2
(1+α2 −ζ1 +2ξ̂ )Wj,

gi j = (1+2γGU)δi j. (6.13)

The PPN solutions of the metric of a wide set of metric theories of gravity can be
written in terms of these PPN potentials whose definitions are displayed in appendix
(A). Particular PPN parameters are obtained for different metric theories. In any case,
these parameters are fully written in terms of the corresponding theoretical parameters
involved in the model. Since, different linear combinations of the PPN parameters
are directly related with measurable quantities involved in different tests, the PPN
formalism provides a powerful tool to set constraints on the theoretical parameters by
using measurements of the PPN parameters, see [326] for further details.

Let us now discuss the Vainshtein mechanism and the modifications it introduces
to the standard PPN formalism, leading to the PPNV expansion.

6.2.2 Vainshtein Mechanism for a Spherically Symmetric Source

As we already discussed in the previous subsection, the metric theories treated with
the standard PPN formalism (e.g. GR or Brans-Dicke [326]) have a single expansion
parameter given by v2 ∼ rs

r . In contrast, the non-linearities of the scalar field in
theories with a Vainshtein mechanism (such as the Galileon theories) introduce new
regimes that must be handled along with PPN. These Vainshteinian thresholds are
associated with an extra expansion parameter r

rV
which accounts for new physical

effects associated with the new scale introduced in these theories, the Vainshtein scale
rV .

There is a simple way of thinking about this different regimes. The ratio rs
r ≪ 1

accounts for the non-relativistic nature of the matter sources considered in the PPN
approximation while the ratio r

rv
determines whether the observer is placed either

inside or outside the Vainshtein radius rV and how far from the source (or close to rv)
and consequently how important the Vainshteinian corrections are. Clearly, we must
then consider two regimes: inside the Vainshtein radius so that r

rV
≪ 1 and outside the

Vainshtein radius where r
rV

≫ 1. These two regimes must be treated separately.
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In order to illustrate how the Vainshtein mechanism operates let us consider
static spherically symmetric solutions in the cubic Galileon theory in the Einstein
frame. The metric gµν that enters (6.1) is a combination of the Einstein metric g̃µν

and the scalar field χ (assumed dimensionless) as gµν = e2χ g̃µν . Thus, considering
weak fields on Minkowski spacetime the effective gravitational potential would be
h00 = h̃00−2χ = 2GM

r −2χ . The scalar equation of motion for a spherically symmetric
source of mass M centered at r = 0 is

2ω +3
r2

d
dr

[
r2

χ
′]+ 8α

r2
d
dr

[
r(χ ′)2]= GM

δ (r)
r2 (6.14)

where
α =

Mp

8Λ3 (6.15)

Now (6.14) can be integrated once to give

(2ω +3)r2
χ
′+αr(χ ′)2 = GM. (6.16)

Thus, solving for χ ′ we find

χ
′ =

2ω +3
16α

r

[
−1+

√
1+

32GMα

(2ω +3)2r3

]
(6.17)

where the plus sign in front of the square root is chosen so that no divergence
appears when α → 0. We can distinguish are two limiting cases. First, as α → 0, or ,
when 32GMα

(2ω+3)2r3 ≪ 1 then

χ =− GM
(2ω +3)r

+
(GM)2

(2ω +3)3
2α

r4 + . . . (6.18)

Second, the opposite limit as α → ∞, or in other words, when 32GMα

(2ω+3)2r3 ≫ 1 then

χ =

√
GM
2α

r1/2 (6.19)

where the integration constant is ignored as it can be rescaled away by a coordinate
transformation. The turning point from one limit to the other, occurs when 32GMα

(3+2ω)2r3 =

1, i.e. at a radius 1
(2π)1/3(3+2ω)2/3 rV where rV is given by

rV =
1
Λ

[
M
Mp

]1/3

(6.20)



6.2 The PPNV Expansion: Vainshteinian Correction to the PPN Formalism 223

rV is called the Vainshtein scale and will play a fundamental role in what follows.
The Vainshtein mechanism is now clear. For small distances away from the source,
r ≪ rV , the spherically symmetric solution for the cubic galileon is

χin ∼
rs

r

[(
r
rv

)3/2

+Cin

(
r
rv

)3

+ . . .

]
(6.21)

while for large distances away from the source, r ≫ rV , it is

χout ∼
rs

r

[
1+Cout

(rV

r

)3
+ . . .

]
(6.22)

where Cin/out are constants of O(1) which are not relevant for our explanation in
this subsection, they are going to be determined explicitly further below. On large
scales the solution of the galileon has the same profile as the newtonian potential,
whilst in small scales it hides by being suppressed by factor of r

rV
. Note that with rV

now defined, the α parameter can be written as α ∼ r3
V
rs

A simple picture of how the Vainshtein mechanism operates is the following:
the leading Newtonian profile of the galileon at large scales starts to deform as the
observer moves down to the Vainstein radius, once she/he has passed across the rv

scale the non-linearities are turned on making the Newtonian profile to hide away by
suppressing it more and more as she/he moves closer to the source. In the next subsec-
tion we formalise the treatment above and consider general theories with Vainshtein
mechanism. In particular we shall see how the Vainshtein scale and the expansion
parameter α emerge and what impact this can have on the PPNV expansion.

6.2.3 Paving the Way Towards PPNV: the Vainshtein Order

To develop a Parametrised Post-Newtonian Vainshteinian (PPNV) formalism, we
must first understand some of the generic features of modified gravity theories with
Vainshtein screening. The modification of gravity is normally associated with a light
scalar degree of freedom which strongly affects the dynamics on cosmological scales
when linearised perturbation theory is valid. However, in the presence of a heavy
relativistic source, linearised perturbation theory breaks down at some macroscopic
scale due to derivative self interactions of the new field χ .

Let us illustrate this with a generic example, schematically described by an action
in the Einstein frame:

S ∼
∫

d4x
{

M2
p
√
−gR− (∂ χ)2 +O(χ)+MphµνŌµν(χ)+hµνT µν +

χ

Mp
T
}
(6.23)
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where M2
p =

1
8πG and where in general G/GN ∼O(1) (usually the measured Newtonian

strength GN is not equal to the bare gravitational strength G in the action but is typically
related to it by an O(1) quantity). This schematic form encompasses a number of
modified gravity scenarios in the so-called decoupling limit, including dRGT massive
gravity [89]. The canonical scalar field is coupled directly to matter with gravitational
strength, but the Vainshtein mechanism is made possible by the derivative interactions
between the scalar and the graviton and/or the self interactions. Assuming for the
moment a unique strong coupling scale, Λ, we have that these operators contain terms
like

O(χ)⊃ ∂ 2mχn

Λ2m+n−4 , Ōµν(χ)⊃ ∂ 2m̄χ n̄−1

Λ2m̄+n̄−4 (6.24)

where the integers m, m̄ ≥ 1, n, n̄ ≥ 3. The strong coupling scale marks the
breakdown of perturbative unitarity, and in principle one may have to include a
whole tower of higher dimensional operators to preserve unitarity at higher energies.

For a static and spherically symmetric profile, the classical potentials at large
distances from a heavy source of mass M are simply Newtonian, Mphc

µν ∼ χc
lin ∼

M
Mp

1
r . Assuming this Newtonian behaviour, the interactions in (6.24) would become

comparable with the leading order canonical terms when

1
Λ2m+n−4

1
r2m

(
M
Mp

1
r

)n

∼ 1
r2

(
M
Mp

1
r

)2

=⇒ r ∼ 1
Λ

(
M
Mp

) n−2
2m+n−4

with similar expressions for the barred integers. We see that in general different
interactions yield different macroscopic scales. As a first pass in developing the
post-Vainshteinian for- malism, let us only consider scenarios in which there is a
unique macroscopic scale beyond the Schwarzschild radius, so that all nonlinear
interactions become important at the same scale. This would be true for combinations
of galileon interactions suppressed by the same strong coupling scale, for example.
Generalisations that take care of multiple macroscopic scales, and multiple expansion
parameters will be left for future study. Therefore, for the set of theories under
consideration, there is a unique macroscopic scale of interest, which we identify with
the Vainshtein radius,

rV ∼ 1
Λ

(
M
Mp

)s

, s=max
{

n−2
2m+n−4

,
n̄−2

2m̄+ n̄−4
;n,m ∈ O(χ), n̄, m̄ ∈ Ōµν(χ)

}
(6.25)

signaling the breakdown of classical perturbation theory. This is how the strong
coupling manifests itself classically.
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Let us recall that in the PPN formalism the leading order contribution is the
Newtonian potential, satisfying ∇2U = −4πGNρ and is defined to be O(2) in PPN.
The orders of velocities and time derivatives are then inferred using the virial (v2 ∼U)
and Euler (∂t ∼ v ·∇) relations. In the spherically symmetric scenario described above,
we note that U ∼ rs

r , where rs ∼ M/M2
p is the Schwarzschild radius of the source, so

there is a sense in which the PPN expansion is an expansion in
√ rs

r . Similarly, we

shall think of PPV as an expansion in
(

r
rV

) 3
2 .

Although our analysis here is generic, the exponent 2 is ultimately motivated by
the cubic galleon scenario. This is a sensible starting point since the cubic galleon is
the lowest dimensional operator corresponding to a purely derivative self-interaction
of a single scalar in a Lorentz invariant theory.

To gain further insight, consider what happens deep inside the Vainshtein radius.
If the scalar dynamics is dominated by a pure interaction term, we would have

∂ 2m(χc
nonlin)

n−1

Λ2m+n−4 ∼ T
Mp

for some m,n, and so for a static spherically symmetric configuration,

χc
nonlin
Mp

∼
(

r
rV

) 2m+n−4
n−1 (rs

r

)
.

This suggests that the scalar part of the physical metric that couples to matter is (2)
in PPN and

(2
3

[2m+n−4
n−1

])
in PPV. However, if the deep Vainshteinian behaviour is

dominated by a mixed interaction then we would schematically have

Mphµν

∂ 2m̄(χc
nonlin)

n̄−2

Λ2m̄+n̄−4 ∼ T
Mp

for some m̄, n̄. For a static spherically symmetric configuration in which screening is
effective, we expect Mphµν ∼ T

Mp
, and so

χc
nonlin
Mp

∼
(

r
rV

) 2m̄+n̄−4
n̄−2 (rs

r

)
This now suggests that the scalar part of the physical metric that couples to matter is
(2) in PPN and

(2
3

[2m̄+n̄−4
n̄−2

])
in PPV.

The previous paragraph indicates two important things: (i) that even in the deep
Vainshteinian region the leading order behavior of the physical metric is Newtonian, as
it should be; and (ii) that what we really have here is a double expansion, owing to the
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hierarchical difference between the the Vainshtein radius and the Schwarzschild radius.
To this end we assign a combined order (N,V ) to a quantity that is order N in PPN,
and order V in PPV. In terms of Schwarzschild and Vainshtein radii, we may think of

(N,V )∼
(rs

r

)N
2
(

r
rV

) 3V
2

.

Thus, U and χc
lin are (2,0), whilst χc

nonlin is

(
2, 2

3

[2m+n−4
n−1

])
or

(
2, 2

3

[2m̄+n̄−4
n̄−2

])
,

depending on whether it is a pure scalar, or a mixed interaction that dominates the
deep Vainshteinian region. PPN can be thought of as a expansion in the Schwarzschild
radius, and is therefore equivalent to an expansion in the source. Similarly PPNV can
be thought of as an expansion in Schwarzschild and Vainshtein radii, and for practical
purposes this is best realised in terms of an expansion in the source, and an operator, α ,
that is independent of the source, but which carries PPV order. Given the Vainshtein
radius (6.25), there is only one candidate for α (or powers thereof) , namely:

α ∼ Mp/Λ
1/s. (6.26)

It is easy to see that α is
(
−2,− 2

3s

)
. Operators containing powers of Λ should now

be rewritten in terms of α . We will also assume that velocities are always determined
by the virial relation with the Newtonian potential, since the scalar potential never
dominates over the (Einstein frame) graviton if screening is active. The rules of the
game are therefore as follows: the orders for velocities (v ∼ (1,0)), time derivatives
(∂t ∼ (1,0)), space derivatives ∂i ∼ (0,0), total energy density ρ ∼ (2,0), specific
energy density (Π ∼ (2,0)), and pressure p ∼ (4,0) are inherited from PPN [326], and
do not care about the PPV expansion. The only operator to carry PPV order now is
α ∼

(
−2,− 2

3s

)
.

For a given theory, we write the action explicitly in terms of α , and study the
resulting field equations order by order in the double expansion. Schematically, for
our generic example, we have

S ∼
∫

d4x
{

M2
p
[√

−gR− (∂ χ)2 +P(χ)+hµν P̄µν(χ)
]
+hµνT µν +χT

}
(6.27)
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where we have rescaled χ → Mpχ , and

P(χ) =
O(Mpχ)

M2
p

⊃ α
n−2(α/Mp)

(n−1)ε
∂

2m
χ

n,

P̄µν(χ) =
Ōµν(Mpχ)

Mp
⊃ α

n̄−2(α/Mp)
(n̄−2)ε̄

∂
2m̄

χ
n̄−1 (6.28)

Recall that we have assumed each interaction has the unique value of s =
n−2

2m+n−4 ,
n̄−2

2m̄+n̄−4 where m,n ∈ (χ) and m̄, n̄ ∈ Ōµν(χ). The PPNV analysis is straight-
forward beyond the Vainshtein radius where the leading order contributions are purely
Newtonian i.e. zeroth order in PPV, and corrections carry negative PPV order as higher
order terms in α begin to kick in. These corrections generate new classes of PPV
potentials, and a complete formalism should include all possibilities, or at the very
least, all possibilities that are relevant to models that appear in the literature.

In contrast, deep inside the Vainshtein radius, the leading behavior should again
be Newtonian but with corrections carrying positive PPV order, requiring terms pro-
portional to inverse powers of α . However, the action expressed in (6.27) is not well
suited to an expansion in terms of these inverse powers. This is where the so-called
classical dual [132, 233] comes in. For our schematic action (6.27), there exists a dual
action describing the same classical physics [233]

S ∼
∫

M2
p

{
√
−gR− (∂ χ)2 +

rmax

∑
r=0

[
∂F

∂Aµ1...νr

+hαβ

∂ F̄αβ

∂Aµ1...νr

]
∇iµ1 . . .∇µr χ

+α
−st
[

F −
rmax

∑
r

∂F
∂Aµ1...µr

Aµ1...µr

]
+α

−sthαβ

[
F̄αβ −

rmax

∑
r

∂ F̄αβ

∂Aµ1...µr

Aµ1...µr

]}
+hµνT µν +χT (6.29)

where rmax is the largest value of 2m, and

t = max
{

2m+n−4
n−1

,
2m̄+ n̄−4

n̄−2
;n,m ∈ O(χ), n̄, m̄ ∈ Ōµν(χ)

}
(6.30)

We also have combinations of polynomials in the auxiliary fields Aµ1...µr , i.e.

F ⊃ Fn(A,Aµ , . . .), F̄αβ ⊃ F̄αβ

n̄−1(A,Aµ , . . .) (6.31)
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where Fn is order n in the auxiliary fields, while F̄αβ

n̄−1 is order (n̄−1). These polyno-
mials stem from the interactions given shown in (6.28). Introducing

δ (m,n) =
n−1

2m+n−4

(
t-

2m+n−4
n−1

)
≥ 0 ∀n,m ∈ O(χ) (6.32)

δ̄ (m̄, n̄) =
n̄−2

2m̄+ n̄−4

(
t-

2m̄+ n̄−4
n̄−2

)
≥ 0 ∀n̄, m̄ ∈ Ōµν(χ) (6.33)

it can be shown that Fn scales as α−δ (n−2), while F̄αβ

n̄−1 scales as α−δ̄ (n̄−2). We now
have an action made up of non-negative powers of 1/α , and as such it is well suited to
an expansion that increases both the PPV order (as desired) and the PPN order. The
PPV expansion deep inside the Vainshtein radius generates yet another class of PPV
potentials, and due to the non-linear nature of the problem to leading order, we do not
expect to be able to write these in closed form.

We shall now develop the PPNV scheme for the cubic galileon theory in order to
illustrate the idea.

6.2.4 The PPNV Formalism

Having discussed the various issues related to PPN and to the Vainshtein mechanism,
let us now summarize the steps that need to be followed in order to apply the PPNV
expansion for the class of theories under consideration: i.e. those for which all
interactions kick in at the same macroscopic scale.

• Determine the Vainshtein radius rV for the theory. This is usually determined
from the Einstein frame action using (6.25) and the discussion that precedes it.

• Form the expansion parameter α and determine its PPN order both inside and
outside the Vainshtein radius.

• For the outside region, reduce the field equations of the theory in the Jordan
frame, as is done in the case of PPN. Note that α usually carries a PPN order,
so care must be taken to take this into consideration when performing the
expansion.

• For each PPN order, solve the field equations to determine which potentials
arise. Furthermore, for each PPN order, solve the scalar equation in PPV orders
to determine the metric potentials to the required Vainshtein order.

• Dualize the theory in the Jordan frame and determine the field equations.
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• For the inside region, reduce the field equations of the theory in the Jordan
frame, as is done in the case of PPN.

• For each PPN order, solve the field equations to determine which potentials
arise. Furthermore, for each PPN order, solve the scalar equation in PPV orders
to determine the metric potentials to the required Vainshtein order.

6.2.4.a Example: Orders Notation of the Cubic Galileon Theory

To illustrate more clearly how to use our notation and conventions, let us to consider
the cubic galileon theory for a spherically symmetric source studied above. In that
case we can set the following rules to establish the PPNV hierarchy

• Lets consider a function of the spacetime coordinates F(n)(⃗x, t) , remember that

the superindex in the parenthesis denotes: O(V n) where V ∼
( rs

r

) 1
2 by the virial

relation.

• The Vainshtein mechanism is manifested in that the solution of the galileon
on scales smaller than rV is an expansion in powers of r

rV
)

3
2 . Other quantities

involved in the formalism depend on the solution of the galileon, then they can
be expanded as well. Thus each order in this expansion of F(n1)(⃗x, t) is denoted

as F(n1,n2)(⃗x, t) where n2 is the respective power of
(

r
rV

) 3
2 .

• Notice that n1 and n2 can be either positive or negative depending on the position
of the observer, e.g. in this notation the galileon solution inside rV (6.21) is
O(2,1) and outside rV (6.22) is O(2,−2). Also given that α ∼ r3

V
rs

, then α/r2 is
O(−2,−2).
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6.3 Case study: The Cubic Galileon Theory

In this section, we are going to apply the PPNV formalism to the simplest theory
holding Vainshtein mechanism: the cubic galileon. Our main goal is to illustrate how
the method is carried out and to draw up a simplified picture on how the physics
works in this limit for this type of theory in both regions: outside rV where the self-
interactions are subdominant and lead to potential modifications of gravity on large
scales, and inside rV where the non-linearities are strong and give rise to the screening
of the galileon.

6.3.1 A Short Introduction to the Cubic Galileon Theory

In order to demonstrate our formalism, we shall apply it to a particular case of a
screening theory: the cubic Galileon theory. We begin by presenting the action and
field equations in the standard form (we shall give an alternative, dual formulation
further below). The action in the Einstein frame is

S[g̃,χ] =
1

16πG

∫
d4x
√

−g̃R̃+
∫

d4x
√

−g̃{c0 −
1
2

g̃µν
∇µ χ∇ν χ

− 1
Λ3

1
2

g̃µν
∇µ χ∇ν χ�̃χ})+SM[g] (6.34)

where G = 1
8πM2

p
is the bare gravitational strength, c0 > 0 is a constant, Λ is a

mass scale (χ has dimensions of mass). Both G and Mp are not the measured value of
Newton’s constant and Planck mass but are rather parameters in the action; we shall
return to this point further below.

Following the discussion above (6.25), we determine the Vainshtein scale. We
have that for the Cubic Galileon the Ōµν term is absent while the O(χ) term is
− 1

2Λ3 g̃µν∇µ χ∇ν χ�̃χ . Hence, m = 2 and n = 3 which gives the Vainshtein scale as

rV =
1
Λ

(
M
Mp

)1/3

(6.35)

as in (6.20). We also need the expansion parameter α =
Mp
Λ3 . The expansion orders

for α are then found to be α ∼ O(−2,−2), in other words, α lowers both the PPN
and the Vainshtein order of any terms multiplying it by 2.
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The Jordan frame is determined via a conformal transformation to a new metric
gµν = e2χ/Mp g̃µν which is minimally coupled to matter. Defining φ = e−2χ/Mp the
action in the Jordan frame takes the form

S =
1

16πG

{∫
d4x

√
−g
[

φR+
2ω

φ
Y
]
−α

∫
d4x

√
−g

Y
φ 3�φ

}
+Sm[g,ψA] (6.36)

where ω = c0−6
4 and Y ≡ −1

2gµν∇µφ∇νφ . The matter action Sm depends, in
addition to a generic set of matter fields ψA, only on the metric gµν but not on the
galileon field φ .

If α → 0 the theory tends to the Brans-Dicke theory of gravity with coupling
parameter ω . As we shall show further below, the limit α → ∞ is General Relativity.

Varying the action with respect to gµν and φ and after some algebraic manipulations
gives the generalized Einstein equations as

Rµν =
8πG

φ
(Tµν −gµν

(
1+ω

3+2ω

)
T )+

ω

φ 2 ∇µφ∇νφ +
∇µ∂νφ

φ

+ gµν

(
1+ω

3+2ω

)
α

φ
{− 2

φ 2 ((✷φ)2 − (∇∂φ)2 −Rαβ
∇αφ∇β φ)

− 2
φ 3✷φY − 10

φ 3 ∇αY ∇
α

φ}

+
gµν

2
α

φ 3 [−
10
φ

∇λ φ∇
λY +2∇λ φ∇

λ✷φ +
2
φ
(✷φ)2 −2✷Y ]

+ O(6,−2) (6.37)

and scalar equation as

(3+2ω)�φ +
2α

φ
{(✷φ)2 − (∇∂φ)2 −Rαβ

∇αφ∇β φ +
1
φ
✷φY − 18

φ 2Y 2

+
5
φ

∇αY ∇
α

φ}= 8πGT (6.38)

We have chosen this form of the (generalized) Einstein equations as it is more
convenient when applying the PPN (and by extension the PPNV) formalism.
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6.3.2 The PPNV Expansion Outside the Vainshtein Radius

6.3.2.a The Leading Order: Brans-Dicke Theory

Outside the Vainshtein radius, the self-interactions of the galileon are subdominant
and the matter terms lead the sources of the Field equations. It is straightforward to
see that at leading order the field equation (6.38) basically reduces to that of a Brans-
Dicke field. In contrast to what happens inside the Vainshtein region, for sufficiently
large scales the galileon shows up as a linear field with small corrections due to the
scalar self-interactions that may be responsible of modifications to the cosmological
dynamics.

Thus, applying standard perturbation theory to the standard galileon theory is
justified. Because the source is assumed to be non-relativistic it is reasonable to split
the field in PPN orders

φ = φ
(out)
0 (1+ϕ

(2)+ϕ
(4)+ ...) (6.39)

where the superscript denotes the PPN order of each term and φ0 is a constant
cosmological background. After inserting the expansions of the metric and the scalar,
the Newtonian equation for the galileon (O(2))is given by

∇⃗
2
ϕ
(2)− 2α

(2+3ω)φ
(out)
0

∇⃗ · (⃗∇2
ϕ
(2)

∇⃗ϕ
(2)− 1

2
(⃗∇ϕ

(2))2)) =− 8πG

φ
(out)
0 (2+3ω)

ρ

(6.40)
As ϕ(2) is sourced by terms depending on ρ (⃗x, t), the time-derivatives of the field

are not expected to be relevant to this order, so we shall keep the assumption that
time-derivatives of the galileon are O(1) PPN.

Additionally to the equation of the scalar,we also have to solve the Einstein
equations at order O(2) to determine the metric at the same order. The relevant
equations are

R(2)
00 =

8πG

φ
(out)
0

T (2)
00 +(1+ω )⃗∇2

ϕ
(2)+

α

2φ
(out)
0

(�(⃗∇ϕ
(2))2 − 2

φ
(out)
0

(⃗∇2
ϕ
(2))2

− 2∂i∇⃗
2
ϕ
(2)

∂iϕ
(2)). (6.41)

R(2)
i j =

8πG

φ
(out)
0

T (2)
i j −δi j(1+ω )⃗∇2

ϕ
(2)+∂i∂ jϕ

(2)+δi j
α

φ
(out)
0

[
1

φ
(out)
0

(⃗∇2
ϕ
(2))2

+ ∂i∇⃗
2
ϕ
(2)

∂iϕ
(2)− 1

2
∇⃗

2(⃗∇ϕ
(2))2]. (6.42)
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Having reduced our equations of motion to the first PPN order, according to (6.2.4)
we proceed to solve them. Because the non-linear terms are small we can express ϕ(2),
h(2)i j and h(2)00 as PPV expansions as follows

ϕ
(2) = ϕ

(2,0)+ϕ
(2,−2)+ϕ

(2,−4)+ . . .=
∞

∑
n=0

ϕ
(2,−2n)

h(2)i j = h(2,0)i j +h(2,−2)
i j +h(2,−4)

i j + . . .=
∞

∑
n=0

h(2,−2n)
i j

h(2)00 = h(2,0)00 +h(2,−2)
00 ++h(2,−4)

00 + . . .=
∞

∑
n=0

h(2,−2n)
00

(6.43)

After inserting (6.43) into equation (6.40), at leading order it reduces to the equation
of the Brans-Dicke scalar whose solution is

ϕ
(2,0) =

2

φ
(out)
0 (3+2ω)

GU, (6.44)

The leading order equations for the metric are solved by the Brans-Dicke PPN
metric which holds a Newtonian profile. The explicit derivation of this can be found in
[172] for d = 3. The time-time component is given by

h(2,0)00 =
4

φ
(out)
0

2+ω

3+2ω
GU = 2GNU. (6.45)

By definition, the time-time component of the PPN metric corresponds to two
times the physical Newtonian potential. Also, GN is the physical Newton-constant
given by GN = 2G

φ out
0

2+ω

2+3ω
and corresponds to that measured in a Brans-Dicke theory.

The relevant solution of h(2)i j is given by

h(2,0)i j = 2
(

1+ω

2+ω

)
GNUδi j (6.46)

h(3,0)i0 = −1
2

(
7ω +10
ω +2

)
GNVi −−1

2
GNWi (6.47)

h(4,0)00 = −2G2
NU2 +2

(
3+2ω

2+ω

)
GNΦ1 +2

(
1+2ω

2+ω

)
G2

NΦ2

+ 2GNΦ3 +6
(

1+ω

2+ω

)
GNΦ4 (6.48)
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The previous results are casted in the standard PPN gauge which is imposed by
means of the following conditions

hµ

i,µ − 1
2

hµ

µ,i =
φ,i

φ
(out)
0

. (6.49)

hµ

0,µ − 1
2

hµ

µ,0 = −1
2

h00,0 +
φ,0

φ
(out)
0

(6.50)

As normally, we adopt the notation for partial derivatives as ∂µ f = f,µ . On one
hand, in the standard PPN gauge, the general PPN metric defines the γ PPN parameter
as a coefficient for the space-space components of the metric as follows

gi j = (1+2γGNU)δi j. (6.51)

Then, as expected, the γOG parameter for galileons at leading order outside the
Vainshtein region, is the same as for Brans-Dicke theory

γ
(2,0)
OG =

(
1+ω

2+ω

)
= γBD. (6.52)

where the OG subindex means Outside Galileon. On the other hand, the β post-
newtonian parameter in this highly-linear limit is

β
(2,0)
OG = 1 = βBD = βGR (6.53)

In the standard physical interpretation of the PPN parameters, β is a quantitative
measure of the nonlinearity in the superposition law of gravity of the theory in question.
The fact that β

(2,0)
OG is just like in GR is consistent with the linear feature of this

theory a this regime. This in interesting because it tell us that the non-linearity of
galileons only arises at post-Vainsteinian order which is relevant for scales nearby the
Vainshtein boundary where the galileon needs starting to hide so the theory mimics
GR. Nonetheless, we’ll see later that still at the linear regime some remnants of non-
linearities show up and they might be responsible for modifications of gravity at large
linear scales.
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6.3.2.b Post Newtonian Vainshtenian Solutions

We shall now consider the first correction to the fully linear Brans-Dicke solution arisen
above. In order to compute the solution for the first correction to the linear equation,
we need to take into account the subdominant non-linear terms terms appearing in the
linear equations as is usually done in the standard perturbation theory. Let us go back
to the post-Newtonian equation for the galileon (6.40). Assuming that our observer is
placed closer to the source but still outside the Vainshtein region so that krV ∼ 1 we
need to solve this equation to next order in the post-Vainshteinian expansion (6.43).
The corresponding equation for the correction is

∇⃗
2
ϕ
(2,−2) =

α

φ
(out)
0 (3+2ω)

∇⃗ ·
{

2∇⃗ϕ
(2,0)

∇⃗
2
ϕ
(2,0)− ∇⃗|⃗∇ϕ

(2,0) · ∇⃗ϕ
(2,0)|

}
.

(6.54)

Noting the Laplacian acting on the 2nd term we define

ϕ
(mix) = ϕ

(2,−2)+
α

(3+2ω)φ
(out)
0

|⃗∇ϕ
(2,0)|2 (6.55)

so that our equation after using (6.44) becomes

∇⃗
2
ϕ
(mix) =− 16πGα

(3+2ω)2(φ
(out)
0 )2

∇⃗ ·
[
ρ∇⃗ϕ

(2,0)
]

(6.56)

Then we can solve the above equation to get

ϕ
(mix)(t, x⃗) =

4αG

(3+2ω)2(φ
(out)
0 )2

∫
d3x′

1
|⃗x− x⃗′|

∇⃗x′ ·
[
ρ(t, x⃗′)⃗∇x′ϕ

(2,0)(t, x⃗′)
]

(6.57)

After some integration by parts and using the identity

∇⃗
1

|⃗x′− x⃗|
=− 1

|⃗x′− x⃗|3
(⃗x′− x⃗) (6.58)

we find

ϕ
(mix)(t, x⃗) =

2α

(3+2ω)φ
(out)
0

(
GN

2+ω

)2

∫
d3x′

∫
d3x′′

ρ(t, x⃗′)
|⃗x− x⃗′|3

ρ(t, x⃗′′)
|⃗x′− x⃗′′|3

(⃗x− x⃗′) · (⃗x′− x⃗′′)

(6.59)
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To proceed we also need the term |⃗∇ϕ(2,0)|2 which is given by

α

(3+2ω)φ
(out)
0

|⃗∇ϕ
(2,0)|2 =

α

(3+2ω)φ
(out)
0

(
GN

2+ω

)2

∫
d3x′

∫
d3x′′ρ(x′)ρ(x′′)

(⃗x− x⃗′) · (⃗x− x⃗′′)
|x− x′|3|x− x′′|3

(6.60)

so that the full solution is

ϕ
(2,−2) =

α

(3+2ω)φ
(out)
0

(
GN

2+ω

)2

UG1 (6.61)

=
1

(φ out
0 )3(3+2ω)3(8πM)2 r3

V rsUG1 (6.62)

where we define the first PPNV potential as

UG1(t, x⃗)≡
∫

d3x′
∫

d3x′′ρ(t, x⃗′)ρ(t, x⃗′′)
{
(⃗x− x⃗′) · (⃗x− x⃗′′)
|⃗x− x⃗′|3|⃗x− x⃗′′|3

−2
(⃗x− x⃗′) · (⃗x′− x⃗′′)
|⃗x− x⃗′|3|⃗x′− x⃗′′|3

}
(6.63)

Also, a differential definition of the first PPNV potential is going to be useful
below, and it is given by

∇⃗
2(UG1) ≡ ∇⃗ ·

{
∇⃗U∇⃗

2U − 1
2

∇⃗(⃗∇U · ∇⃗U)

}
. (6.64)

Since G = rs
8πM , we can define the following calligraphic potentials

U ≡ rsU
8πM

→ O(2,0) (6.65)

G1 ≡
r3
V G1

8πM
→ O(0,−2) (6.66)

and then

ϕ
(2,−2) =

1

(φ
(out)
0 )3(3+2ω)3

U G1. (6.67)

The last notation makes the double expansion to be clearly manifested since
the orders of the solution is established simply by means of the rs and r3

V factors
multiplying each potential: rs multiplies the ratio of purely PPN potential to the total
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mass providing only the PPN order, while r3
V multiplies the ratio of the first PPNV

potential to the total mass providing only the PPV order. We shall be using both
notations from now on.

Now we proceed to construct a solution for the PPNV at first order. First we
shall obtain the expansion of the Einstein equation, by inserting 6.43 and pick the
corresponding equations at the relevant orders. By doing that, we realise that the first
correction in PPV of the time-time component at newtonian order obeys the following
equation

−1
2

∇⃗
2h(2,−2)

00 = (1+ω )⃗∇2
ϕ
(2,−2)− α

φ
(out)
0

[
1

φ
(out)
0

(⃗∇2
ϕ
(2,0))2

+ ∂i∇⃗
2
ϕ
(2,0)

∂iϕ
(2,−2)− 1

2
∇⃗

2(⃗∇ϕ
(2,0))2], (6.68)

which is solved by

h(2,−2)
00 =

U

φ
(out)
0

[
− 2(1+ω)

(3+2ω)3 G1 +
1

φ
(out)
0 (3+2ω)

I

]
. (6.69)

The solution for the metric is written in terms of a new PPNV potential I defined
as

∇⃗
2(UI) ≡ 1

φ
(out)
0

(U)2 +∂i(⃗∇
2U)∂iU − 1

2
∇⃗

2(⃗∇U)2, (6.70)

I ≡ r3
V

I
8πM

. (6.71)

It is a natural feature of these sort of theories that the Newton coupling is dynamical.
In order to determine GN up to the first post-Vainshtenian order lets recall that 2GNU ≡
h(2)00 which can be obtained from adding up (6.69) and (6.45). Thus the classical
measured Newton coupling in this case is given by

GN ≡

(
1− G1

2(3+2ω)(φ
(out)
0 )3

(
1+ω

2+ω

)
+

I

4(φ (out)
0 )2(2+ω)(3+2ω)

)
G0

+ O(2,−3) (6.72)

where G0 ≡ G
φ
(out)
0

(4+2ω

3+2ω

)
is the Newton constant measured at larger scales when

the theory is Brans-Dicke like. As expected the Newton strength is dynamic as
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it depends on the space-time coordinates by means of the PPNV potentials. It is
interesting to notice, on one hand, that the G1 accounts for effects of the galileon
solution which starts to slightly show up upon the Brans-Dicke linear solution at linear
scales close to the Vainshtein boundary. On the other hand I introduces effects due
to modifications to the metric due to the direct coupling to the galileon in the Jordan
frame.

Following a similar procedure with the spatial components of the Einstein equa-
tions, we can obtain the equation for h(2,−2)

i j . Thus, first we apply the standard PPN
gauge conditions obtaining the Riemann tensor at the relevant order

R(2,−2)
i j = −δi j

(1+ω)

φ0
∇⃗

2
ϕ
(2,−2)+

1
φ0

∂i∂ jφ
(2,−2)−δi j

α

φ 3 [
1
φ0

(⃗∇2
φ
(2,0))2

+ ∂i∇⃗
2
φ
(2,0)

∂iφ
(2,−2)− 1

2
∇⃗

2(⃗∇φ
(2,0))2]. (6.73)

After fixing the gauge in a similar way as before, the equation governing h(2,−2)
i j is

−1
2

∇⃗
2h(2,−2)

i j = −δi j[(1+ω )⃗∇2
ϕ
(2,−2)− α

φ
(out)
0

[
1

φ
(out)
0

(⃗∇2
ϕ
(2,0))2

+ ∂i∇⃗
2
ϕ
(2,0)

∂iϕ
(2,−2)− 1

2
∇⃗

2(⃗∇ϕ
(2,0))2] (6.74)

which is solved by

h(2,−2)
i j = −h(2,−2)

00 (6.75)

In order to read off the γ parameter for this cubic galileon in the approach presented
here, we need first to resum all the orders of the spatial component of the metric and
second we need to renormalize the Newton coupling by changing the units to get the
measured Newtonian potential Φ as an overall factor rather than simply GU . After
doing so we get

h(2)i j =

(
1−
(

9+5ω

2+ω

)
G1

2φ
(out)
0 (3+2ω)2

+
I

4φ
(out)
0 (1+ω)(2+ω)

)

× δi j

(
1+ω

2+ω

)
GNU. (6.76)
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Thus the γ parameter can be read off from the previous equation as

γOG = γBD

(
1− G1

2φ
(out)
0 (3+2ω)2

(
9+5ω

2+ω

)
+

I

4φ
(out)
0 (1+ω)(2+ω)

)
. (6.77)

6.3.2.c Higher PPN Order Solutions

The geodesic equation for a test particle that we have already reviewed in (6.2.1),
requires the time-time component of the perturbation above the Minkowski metric
up to O(4) in PPN. In order to derive the required h(4,−2)

00 a long, cumbersome and
straightforward computation should be carried out. For sake of clearness we shall
make it here, however the way in which it is performed is similar as we did above
with lower order metric fluctuations. We shall just describe briefly the computation
and show the resulting expression along the way as follows: We first reduce the
time-time component of the Einstein equations at order O(4,−2). The differential
Leibniz property has been used several times to simplify individual terms and the
whole expression for h(4,0)00 . It finally reduces to

R(4,−2)
00 =−(1+ω)[−(�φ)(4,−2)

φ
(out)
0

+h2,0
00 ∇⃗

2
ϕ
(2,−2)+h2,1

00 ∇⃗
2
ϕ
(2,0)

+ ϕ
(2,−2)

∇⃗
2
ϕ
(2,0)+ϕ

(2,0)
∇⃗

2
ϕ
(2,−2)]−8πG

ϕ(2,−2)

φ
(out)
0

T (2)
00

+ ∂
2
0 ϕ

(2,−2)+α(h(2,0)00 +3ϕ
(2,0))[(⃗∇2

ϕ
(2,0))2 +∂i∇⃗

2
ϕ
(2,0)

∂iϕ
(2,−2)

− 1
2

∇⃗
2(⃗∇ϕ

(2,0))2]+
α

3+2ω
{− 5

2φ0
[⃗∇‘2(ϕ(2,0)(ϕ

(2,0)
,i )2)−ϕ

(2,0)
∇⃗

2(ϕ
(2,0)
,i )2)

− (ϕ
(2,0)
,i )2)⃗∇2

ϕ
(2,0)]+

1

φ
(out)
0

[⃗∇2h(2,0)i j ∂iϕ
(2,0)

∂ jϕ
(2,0)− ∇⃗

2(∂0ϕ
(2,0))2

− ∂
2
0 (ϕ

(2,0)
,i )2 +

1
2
(∂kh(2,0)ii −∂kh(2,0)00 )∂k(ϕ

(2,0)
,i )2 +2∂0∇⃗

2
ϕ
(2,0)

∂0ϕ
(2,0)

− 2h(2,0)i j ∂i∇⃗
2
ϕ
(2,0)

∂ jϕ
(2,0)− ∇⃗

2[ϕ(4,0)
∇⃗

2
ϕ
(2,0)+(�φ)(4,0)ϕ(2,0)]

+ ∇⃗
2
ϕ
(4,0)

∇⃗
2
ϕ
(2,0)+ϕ

(4,0)
∇⃗

2
∇⃗

2
ϕ
(2,0)]+

1

(φ
(out)
0 )2

[(�φ)(4,0)∇⃗2
ϕ
(2,0)

+ ϕ
(2,0)

∇⃗
2(�φ)(4,0)−ϕ

(2,0)(∂iϕ
(2,0))2 +2∇⃗

2
ϕ
(2,0) (�φ)(4,0)

φ
(out)
0

]} (6.78)

In order to work out the last equation we need (�φ)(4,−2) and ϕ(4,0) which can be
obtained from the post-post-newtonian scalar equation of motion at O(4) given by
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∇⃗
2
ϕ
(4) = S(4)(x, t)− 4α

(3+2ω)(φ
(out)
0 )2

[⃗∇2(⃗∇ϕ
(2) · ∇⃗ϕ

(4))

−∇⃗ · (⃗∇ϕ
(2)

∇⃗
2
ϕ
(4))− ∇⃗ · (⃗∇ϕ

(4)
∇⃗

2
ϕ
(2))] (6.79)

with

S(4)(x, t) ≡ 8πG
3+2ω

T (4)+∂
2
0 ϕ

(2)−∂ih
(2)
ik ∂kϕ

(2)−h(2)ik ∂i∂kϕ
(2)+

1
2
(∂ih

(2)
kk

− ∂ih
(2)
00 )∂iϕ

(2)+
2α

(3+2ω)(φ
(out)
0 )2

[2∇⃗
2
ϕ
(2)(−∂

2
0 ϕ

(2)+∂ih
(2)
ik ∂kϕ

(2)

+ h(2)ik ∂i∂kϕ
(2)− 1

2
(∂ih

(2)
kk −∂ih

(2)
00 )∂iϕ

(2))+2(∂k∂0ϕ
(2))2

+ (∂ih
(2)
jk − 1

2
∂kh(2)i j )∂kϕ

(2)
∂i∂ jϕ

(2)−R(2)
i j ∂iϕ

(2)
∂ jϕ

(2)]

− α

(3+2ω)(φ
(out)
0 )3

[⃗∇2
ϕ
(2)(⃗∇ϕ

(2))2 −5∂i(⃗∇ϕ
(2))2

∂iϕ
(2)] (6.80)

Notice that due to galilean symmetry the l.h.s. of (6.79) is a total derivative and
so it can be integrated once, also this assures that superposition principle holds in
all regions of space. Because (6.79) is a total derivative it we can expect that, even
without making the Vainshtein expansion we are able to solve it , at least in theory.
However, that is beyond the scope of this work.

However, in order to solve the metric up to the required order, the leading order
equation for the galileon is required. By reducing (6.79) to leading order in PPV it
gives

∇⃗
2
ϕ
(4,0) =

8πG
2ω +3

T (4)+ϕ
(2,0)
,00 −h(2,0)jk,k ϕ

(2,0)
,i −h(2,0)jk ϕ

(2,0)
,ik +

1
2
(h(2,0)kk −h(2,0)00 ),iϕ

(2,0)
i .

(6.81)

This can be integrated out straightaway by inserting the already known solutions at
lower PPN order and using the standard PPN tools. Finally it is solved by

ϕ
(4,0) =

7

∑
n=1

snξn. (6.82)

where ξn is a vector made with standard PPN potentials at O(4,0). Both ξn and
the coefficients sn can be found in appendix (A).
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To obtain the solution of h(4,−2)
00 is the messiest part of this calculation. First, we

need all the lower order solutions of the metric and the galileon along with φ (4,−2).
Because only (�φ)(4,−2) is needed, things are much simpler. Secondly we work out
the l.h.s. of (6.78), in order to do so we use the expression of the Riemann tensor up to
second order and impose the standard PPN gauge. Finally, after such a process a very
specific equation for h(4,−2)

00 is obtained and is given by

−∇⃗
2h(4,−2)

00 =− 2

φ
(out)
0

ϕ
(2,−2)
,00 −h(2,0)00, j (h

(2,−2)
jk,k − 1

2
h(2,−2)

kk, j )−h(2,−2)
00, j (h(2,0)jk,k

− 1
2

h(2,0)kk, j )+ |⃗∇h(2,0)00 · ∇⃗h(2,−2)
00 |−h(2,0)jk h(2,−2)

00, jk −h(2,−2)
jk h(2,0)00, jk −

2(1+ω)

φ
(out)
0

× [−(�φ)(4,−2)+h2,0
00 ∇⃗

2
ϕ
(2,−2)+h2,1

00 ∇⃗
2
ϕ
(2,0)+

ϕ(2,−2)

φ
(out)
0

∇⃗
2
ϕ
(2,0)

+
ϕ(2,0)

φ
(out)
0

∇⃗
2
ϕ
(2,−2)]+

2

φ
(out)
0

∂
2
0 ϕ

(2,−2)+
2α

φ
(out)
0

(h(2,0)00 +3
ϕ(2,0)

φ
(out)
0

)

× [
1

φ
(out)
0

(⃗∇2
φ
(2,0))2

∂i∇⃗
2
φ
(2,0)

∂iφ
(2,−2)− 1

2
∇⃗

2(⃗∇φ
(2,0))2]+

α

(3+2ω)(φ
(out)
0 )3

× {− 5

2φ
(out)
0

[⃗∇2(ϕ(2,0)(ϕ
(2,0)
,i )2)−ϕ

(2,0)
∇⃗

2(ϕ
(2,0)
,i )2)− (ϕ

(2,0)
,i )2)⃗∇2

ϕ
(2,0)]

− ∂
2
0 (ϕ

(2,0)
,i )2 +Γ

µ(2,0)
µk ∂k(ϕ

(2,0)
,i )2 + ∇⃗

2[h(2,0)i j ∂iϕ
(2,0)

∂ jϕ
(2,0)− (∂0ϕ

(2,0))2]

− 2

φ
(out)
0

[−ϕ(2,0)

φ
(out)
0

(∂iϕ
(2,0))2 +2∇⃗

2
ϕ
(2,0)(�φ)(4,0)]+2∂0∇⃗

2
ϕ
(2,0)

∂0ϕ
(2,0)

− 2h(2,0)i j ∂i∇⃗
2
ϕ
(2,0)

∂ jϕ
(2,0)− ∇⃗

2[ϕ(4,0)
∇⃗

2
ϕ
(2,0)+(�φ)(4,0)ϕ(2,0)]

+ ∇⃗
2
ϕ
(4,0)

∇⃗
2
ϕ
(2,0)+ϕ

(4,0)
∇⃗

2
∇⃗

2
ϕ
(2,0)+(�φ)(4,0)∇⃗2

ϕ
(2,0)

+ ϕ
(2,0)

∇⃗
2(�φ)(4,0)}−8πG

2ϕ(2,−2)

(φ
(out)
0 )2

T (2)
00 . (6.83)

Notice that this equation contains two sorts of terms: O(4,−2)+αO(6,0). This
feature implies that we need further PPN potentials than the standard ones which
usually are post-newtonian at most. The highest PPN order of such new potentials
must be O(6,−2) given the order of α which reduces by 2 the PPN order. It is
interesting because possible effects appearing at O(6) introduced by specific PPN
potentials in GR or BDT are visible at O(4) in this theory due to the presence of the
galileon.



242
The Parametrized Post Newtonian-Vainshteinian

Formalism

After working out a long and cumbersome calculation consisting in using the
Leibniz property of the partial derivatives several times on various terms in (6.83),
plugging the known lower order solutions found all along this section, rearranging and
simplifying terms and integrating out the Laplacian, (6.83) is finally solved by

h(4,−2)
00 = −2κ1Θ1 −2κ2Θ2 +2

8

∑
I=1

pIΠI −
3

∑
I=1

εIXI

− 2
3

∑
k=1

zkϒk +2
3

∑
i=1

5

∑
k=1

[pi
kΠ

i
k − li

kΛ
i
k] (6.84)

Similarly as in the standard PPN formalism, the solution of h(4,−1)
00 above is

expressed in terms of new PPNV potentials whose definition is presented in appendix
(B). The corresponding coefficients can be found there as well.
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6.4 The Dual Cubic Galileon
and The Strong Field Region

When the observer is placed close to the source, the field self-interactions become
strong and the approach used in the outside region breaks down. Although, the
non-linear equations governing this screening mechanism represent an obscure mathe-
matical issue for these theories, their symmetries have led to create useful techniques
which make possible to overcome these difficulties and still strike the problem by using
a consistent perturbative approach. Recently and alternative dual recasting of these
theories have been proposed in [132, 233]. The basic idea is to introduce auxiliary
variables “dual” to the interaction terms in the standard action by Legendre transform.
I turns out, that the equations of motion for these auxiliary variables can be treated
perturbatively since the expansion parameter 1/Λ is flipped over to Λ thus in the region
where the interactions are large Λ → 0.

6.4.1 Dualizing the Cubic Galileon

The techniques to compute such a dual action was firstly launched by Gabadadze in
[132], in their dual variables the resulting equations involve non-analytic functional
forms which make the maths quite cumbersome. A neater and more direct approach
was put forth in [233], where instead of using Legendre transforms as dual variables,
the interaction terms are directly related to the auxiliary variables by using Legen-
dre multipliers. In these variables simpler analytic equations arise keeping all the
advantages of the Gabadadze approach. The dual action for the cubic galileon is given
by

Sdual =
1

16πG

∫
d4x

√
−g
{

φR− ω

φ
(∇φ)2 +

1
φ 3

(
A2�φ +2ZAµ

∇µφ
)
− 2√

α

1
φ 3 ZA2

}
(6.85)

where Aµ is the dual field corresponding to ∇µφ and Z is the dual field for �φ . By
extremizing the action with respect to the field and after some algebraic manipulation
we find the two relations between the dual fields and gradients of φ

∇µφ = α
− 1

2 Aµ (6.86)

�φ = α
− 1

2 Z (6.87)
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the generalized Einstein equations

φRµν = 8πG
(

Tµν −
1
2

T gµν

)
+α

− 1
2

{
∇µAν +

1
2

Zgµν +
ω

φ
α
− 1

2 AµAν

+
1

φ 3

[
−ZAµAν +A(µ∇ν)A

2 +
1
2

ZA2gµν −3α
− 1

2
A2

φ
AµAν

]}
(6.88)

and the field equation for the dual fields (which is equivalent to the scalar equation
in the standard formulation)

−�A2 +2∇λ (ZAλ ) = −8πGφ
2T +α

− 1
2 [(2ω +3)φ 2Z − 5

φ
Aµ

∇µA2 +
1
φ

ZA2

+
9α− 1

2

φ 2 A4]. (6.89)

Once again, we have manipulated the field equations to put them into a form more
useful for performing the PPN expansion. It can easily be checked that eliminating the
dual fields from (6.88) and (6.89) using (6.86) and (6.87) recovers the fields equations
in the standard formulation.

In the dual formulation the expansion parameter is α−1/2 which in this case will
have order O(1,1).

6.5 The PPNV Expansion Inside the Vainshtein Region

6.5.1 Leading Order Solutions: General Relativity

Inside the Vainshtein region the strong self-interactions play an important role since
they lead the galileon to hide and allow the theory to pass the stringent probes at the
solar system. The O(2) dual equations for the cubic galileon are derived by using the
definitions of the dual fields (6.86) and (6.87). We find that to PPN O(2)

Us

φ
(in)
0 ∇⃗iϕ

(2) = α
− 1

2 A(1)
i = α

− 1
2 ∇⃗iB(1), (6.90)

φ
(in)
0 ∇⃗

2
ϕ
(2) = α

− 1
2 Z(1) = α

− 1
2 ∇⃗

2B(1), (6.91)

where we have defined the scalar field B whose gradient gives the dual field Aµ .
Thus, in general, the orders of ϕ will be one greater than the orders of the B field
(either PPN or Vainshtein order). Notice that as the constant α− 1

2 is of order O(1,1),
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it increases both the PPN order and the Vainshtein order of any terms multiplying it by
one. This means that the lowest PPN order for the scalar perturbation ϕ is 2 while the
lowest Vainshtein order for the scalar field perturbation ϕ is 1 (given that the lowest
possible Vainshtein order for the B field is zero)

As for the outside region, we expand the scalar field as

φ = φ
(in)
(

1+ϕ
(2)+ϕ

(4)+ . . .
)

(6.92)

where φ (in) is a constant and ϕ a perturbation. Note that due to the non-perturbative
nature of the theory at the Vainshtein surface, the constant φ (in) will in general not be
equal to φ (out). However, they can in principle be related by appropriately matching
the scalar φ across the two regions.

We now consider the generalized Einstein equations to second PPN order

R(2)
µν = 8πGN

(
T (2)

µν −
ηµν

2
T (2)

)
+ηµν

α− 1
2

2φ
(in)
0

∇⃗
2B(1) (6.93)

First we take the time Einstein equation (6.93) and use (6.10) to the relevant order,
so we get

1
2

∇⃗
2h(2)00 =−4πGNρ +

α− 1
2

2φ
(in)
0

∇⃗
2B(1) (6.94)

where
GN =

G

φ
(in)
0

. (6.95)

We can determine h(2)00 completely in terms of the new potential B(1) as

h(2)00 = 2GNU +
α− 1

2

φ (in)
B(1) (6.96)

Since the lowest Vainshtein order for B(1) is 0 taking the limit α− 1
2 → 0 recovers

General Relativity. Thus the Vainshtein mechanism is directly manifested in the dual
formalism. In other words, to O(2,0) the B(1) term does not contribute and we recover
the usual Newtonian potential

h(2,0)00 = 2GNU (6.97)
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Remember that GN has the meaning of the observable Newtonian gravitational constant
inside the Vainshtein radius, i.e. the Newtonian constant measured by an experiment
on Earth.

Now we turn to find the spatial components of the metric in terms of the dual fields
as well. First we take the space-space components of (6.93),

φ
(in)
0 R(2)

i j = ϕ
(2)
,i j +δi j

α− 1
2

2
∇⃗

2B(1) (6.98)

which after using (6.12) at O(2) and imposing the corresponding gauge condition
becomes

∇⃗khki = ∇⃗i

(
1
2

h(2)ii − 1
2

h(2)00 +α
− 1

2 B(1)
)
. (6.99)

By making this, (6.98) turns into

−1
2

∇⃗
2hi j = 4πGNργi j +

1

2φ
(in)
0

α
− 1

2 ∇⃗
2B(1)

δi j (6.100)

so that we obtain hi j as

hi j =

(
2GNU − α− 1

2

φ
(in)
0

B(1)

)
δi j (6.101)

We notice that no new potential apart from B(1) arises. Once again as α−1/2 → 0
we recover GR, i.e.

h(2,0)i j = 2GNUδi j (6.102)

An important point to make clear is that according to the general equations (6.86)
and (6.87), the galileon inside the Vainshtein region is proportional to α− 1

2 . This
implies straightaway that the galileon at any PPN order is completelly hidden away.
Therefore, in the dual formalism the Vainshtein mechanism is fully manifested. This
immediately lead us to realise that the solutions of the metric, at all PPN orders are
basically those of GR. The relevant perturbations of the metric are given in terms of
the standard PPN potentials as

h(3,0)i0 = −7
2
Vi −

1
2
Wi

h(4,0)00 = −2U 2 +4Φ1 +4Φ2 +2Φ3 +6Φ4 (6.103)
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This results warrant that the galileon theory safely passes all the test at solar system
scales which are well inside the Vainshtein region.

Now we aim to determine more explicitly the metric at first order in the PPNV
expansion. As we realised above, if we would wish to get the metric at order 2 in PPN
and all orders in PPV, it would suffice to find the solution of the galileon (at the same
PPNV orders) and plug it into (6.101) and (6.96), as we did in [12] to determine GN

and γ .

6.5.2 Solving the Post-Newtonian Scalar Equation

Equation (6.89) and the relations (6.90) at O(2) in PPN reduces to

∇⃗
2(⃗∇B(1))2 −2∇⃗ · (⃗∇B(1)(⃗∇2B(1))) =−8πGT (2)+α

− 1
2 (2ω +3)(φ (in)

0 )2
∇⃗

2B(1)

(6.104)

We proceed to solve it by expanding B(1) in PPV orders

B(1) = B(1,0)+B(1,1)+ . . .=
∞

∑
n=0

B(1,n) (6.105)

(6.90) at leading order obeys

∇⃗
2(⃗∇B(1,0))2 −2∇⃗ · (⃗∇B(1,0)(⃗∇2B(1,0))) = (φ

(in)
0 )28πGρ (6.106)

However, at the same order, the terms involving B(1) disappear in the metric
solutions (6.96) and (6.101). This happens because the solution for the metric to
Vainshtein order 0 is simply General Relativity while the field B(1) decouples and
obeys its own differential equation without coupling to the metric or matter evolution.

However, the field B(1) eventually, at next order, has a bearing on the metric.
Unfortunately a general analytic solution to (6.106) is (to our knowledge) impossible
to ger, except in idealized situations like spherical symmetry. Indeed, by simple
shuffling of the terms involved, (6.106) can be re-written in the form

∇⃗
i
∇⃗

jB(1,0)
∇⃗i∇⃗ jB(1,0)−

(
∇⃗

2B(1,0)
)2

= −16πGρ (6.107)

We recognise the above equation as a Monge-Ampere equation whose general solution
is unknown, and one has to resort to numerics. Thus, it is impossible to find this new
Vainshteinian potential as a closed form integral as we have done in the case outside
the Vainshtein radius.
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Fortunately, the polynomial structure of (6.104) makes possible the use of pertur-
bation theory. Once the lowest order solution is found, for instance B(1,0) then higher
orders B(1,n) will obey a linearized equation coming from (6.104). More specifically,
expanding order-by-order (6.104) may be re-written as

L (B(1,0),B(1,0)) = 8πG(φ
(in)
0 )2

ρ

L (B(1,1),B(1,0))+L (B(1,0),B(1,1)) = α
− 1

2 (3+2ω)(φ
(in)
0 )2

∇⃗
2B(1,0)(6.108)

. . .

The operator L is the bi-linear operator L : C∞ ×C∞ →C∞ defined by

L (u,v) = 2∇⃗ ·
[
(⃗∇2v)⃗∇u

]
− ∇⃗

2(⃗∇u · ∇⃗v) (6.109)

for two arbitrary functions u,v∈C∞. The operator L is a non-symmetric (L (u,v) ̸=
L (v,u)) bi-linear form, i.e. it obeys the properties L (u+ v,w) = L (u,w)+L (v,w)
and L (λu,v) = L (u,λv). Then we can formally write the solutions to the hierarchy
of linearizations (6.108) by considering the operator L̂ : C∞ →C∞ defined by

L̂ L (u,v) = uv. (6.110)

The operator L̂ is distributive with respect to addition and to multiplication by
a constant which ensures that L is invertible and a solution can be constructed [See
appendix (C) for some probes]. The above hierarchy (6.108) can then in principle be
solved order-by-order where the only input is the matter density ρ . Formally this is
achieved via the operator L̂ which ensures that the solutions exist:

(B(1,0))2 = 8πG(φ
(in)
0 )2L̂ (ρ (⃗x, t))

2B(1,1)B(1,0) = α
− 1

2 (3+2ω)(φ
(in)
0 )2L̂ (⃗∇2B(1,0)) (6.111)

. . .
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6.5.2.a The Post Newtonian Vainshteinian Potentials

In the spirit of the PPN potentials and also the Vainshteinian potentials G1 and I , the
potentials B(1,n) can be rescaled to factor out any model-dependent parameters. We
therefore define the series of Vainshteinian potentials for each Vainshtein order n as

V (in)
n =

1√
G

[ √
Gα

(2ω +3)(φ (in)
0 )2

]n

B(1,n) (6.112)

V (in)
0 =

√
ˆ4πL (ρ)

V (in)
1 =

1

2V (in)
0

L̂ (⃗∇2V (in)
0 ) (6.113)

. . .

6.5.2.b Recontruction of the Post-Newtonian Metric
and Vainshteinian Parameters

Once we have determined the solution of the galileon in terms of the Vainshteinian
potentials, the metric at O(2) in PPN given by (6.96) and (6.101) can be reconstructed
as

h(2)00 = 2GNU +2∑
n

g(in)n G−n
N V (in)

n (6.114)

h(2)i j =

(
2GNγU +2∑

n
γ
(in)
n G−n

N V (in)
n

)
δi j (6.115)

where we have introduced the PPNV parameters g(in)n and γ
(in)
n along with the PPN

parameter γ . For GR we have γ = 1 and g(in)n = γ
(in)
n = 0, for the Brans-Dicke theory

γ = 1+ω

2+ω
and g(in)n = γ

(in)
n = 0 while for the Cubic Galileon we have γ = 1 and

g(in)n =−γ
(in)
n =

(2ω +3)n

(4π)
n+1

2

Λ

√
φ
(in)
0

M(nom)
p


3(n+1)

2

(6.116)

where M(nom)
p = 1√

8πGN
is the nomimal Planck mass (defined using the measured

Newton’s constant GN rather than G.
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6.5.3 PPNV At Higher PPN Orders

In the previous subsection we have determined all the ingredients to perform the
Post-Newtonian Vainshteinian approximation. However, in this work we aim to go
a little bit further and try to push the formalism forward up to Post Post-Newtonian
order. To proceed with that task, all that is needed is to go one order beyond in the PPN
expansion and to carry out the PPV perturbation treatment in the same way we did
above. The relevance of deriving the whole PPNV solutions arises from the geodesic
equation which requires such high order solutions. In order to make this subsection
more readable we try just to present the important results and avoid describing the
cumbersome steps involved in the calculation

Our main goal is to determine the metric components h(4,1)00 and h(3,1)i0 by following
the same strategy as for the O(2) in PPN. But first we are going to solve the equations
for the dual fields. We reduce the general equations (6.86) and (6.87) to O(3) and O(4)
in PPN which are given by

(�ϕ)(4) = α
− 1

2 Z(3) = α
− 1

2 (−∂0A(2)
0 + ∇⃗

2B(3)− 1
2

∂i(hkk −h00)A
(1)
i ),(6.117)

∇⃗0ϕ
(2) = α

− 1
2 A(2)

0 = α
− 1

2 ∂0B(1), (6.118)

∇⃗iϕ
(4) = α

− 1
2 A(3)

i = α
− 1

2 B(3)
,i , (6.119)

and the equation for the B field reduces to

L (B(3),B(1))+L (B(1),B(3)) − α
− 1

2 (3+2ω)(φ
(in)
0 )2

∇⃗
2B(3)

=

α
− 1

2 [2(φ (in)
0 )2(3+2ω)ϕ(2)

∇⃗
2B(1) +

5

φ
(in)
0

∇⃗B(1)
∇⃗(⃗∇B(1))2

− 1

φ
(in)
0

∇⃗
2B(1)(⃗∇B(1))2] − 8πG(φ

(in)
0 )2(T (4)+2ϕ

(2)T (2)).(6.120)

In the last equation Z(3) has been replaced according to the relation (6.117)

Because α−1/2 is order O(1,1), in order to compute φ (4,1) the B field is required
at order O(3,0). We expand the B(3) in PPV orders as

B(3) = B(3,0)+B(3,1)+B(3,2)+ . . .=
∞

∑
n=0

B(3,n) (6.121)
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After having inserting this expansion into equation (6.120) and using the definitions
(6.117,6.118,6.119), the leading PPV order equation corresponds to

L (B(3,0),B(1,0))+L (B(1,0),B(3,0)) = S(4,0) (6.122)

where

S(4,0) =
11

∑
k=1

{
σ

0
k S(4,0)k

}
=−2∇⃗ · (1

2
∇⃗B(1,0)

∂i(h
(2,0)
kk −h(2,0)00 )A(2,0)

i )

− 2∂0(⃗∇
2B(1,0)A(2,0)

0 )+ ∇⃗
2(A(2,0)

0 )2 +∂
2
0 (⃗∇B(1,0))2 − 1

2
∂i(h

(2,0)
kk −h(2,0)00 )

× ∂i(⃗∇B(1,0))2 +2∂i(⃗∇
2B(1,0)hi j(2,0)A(1,0)

j )+∂i(h
(2,0)
kk −h(2,0)00 )⃗∇2B(1,0)A(1,0)

i

− 8πG(φ
(in)
0 )2T (4)− ∇⃗

2(A(1,0)
k hk j(2,0)A(1,0)

j )−2∇⃗ · (⃗∇B(1,0)
∂0A0(2,0)).(6.123)

and the first PPV order equation into

L (B(3,1),B(1,0))+L (B(1,0),B(3,1)) = S(4,1) (6.124)

where

S(4,1) =
25

∑
k=1

{
σ

1
k S(4,1)k

}
=−{L (B(3,0),B(1,1))+L (B(1,1),B(3,0))}

− 16πGφ
(in)
0 ϕ

(2,1)T (2)+α
− 1

2 (3+2ω)(φ in
0 )2

∇⃗
2B(3,0)+2∂

2
0 (⃗∇B(1,0) · ∇⃗B(1,1))

− 2∇⃗ · [⃗∇B(1,0)
∂0A(2,1)

0 ]−2∇⃗ · [⃗∇B(1,1)
∂0A(2,0)

0 ]+2∇⃗
2(A(2,0)

0 A(2,1)
0 )

− 2∂0(⃗∇
2B(1,1)A(2,0)

0 )−2∂0(⃗∇
2B(1,0)A(2,1)

0 )− ∇⃗ · (⃗∇B(1,0)
∂k(h

(2,0)
ii −h(2,0)00 )A(1,1)

k )

− ∇⃗ · (⃗∇B(1,0)
∂k(h

(2,1)
ii −h(2,1)00 )A(1,0)

k )− ∇⃗ · (⃗∇B(1,1)
∂k(h

(2,0)
ii −h(2,0)00 )A(1,0)

k )

− ∂k(h
(2,0)
ii −h(2,0)00 )∂k(⃗∇B(1,0) · ∇⃗B(1,1))− 1

2
∂k(h

(2,1)
ii −h(2,1)00 )∂k(⃗∇B(1,0) · ∇⃗B(1,0))

− ∇⃗
2(A(1,0)

k h(2,0)km A(1,1)
m )− ∇⃗

2(A(1,0)
k h(2,1)km A(1,0)

m )− ∇⃗
2(A(1,1)

k h(2,0)km A(1,1)
m )

+ 2∂k(⃗∇
2B(1,0)h(2,0)km A(1,1)

m )+2∂k(⃗∇
2B(1,0)h(2,1)km A(1,0)

m )+2∂k(⃗∇
2B(1,1)hkm(2,0)A(1,0)

m )

+ ∂k(h
(2,0)
ii −h(2,0)00 )⃗∇2B(1,0)A(1,1)

k +∂k(h
(2,0)
ii −h(2,0)00 )⃗∇2B(1,1)A(1,0)

k

+ ∂k(h
(2,1)
ii −h(2,1)00 )⃗∇2B(1,0)A(1,0)

k +
5α− 1

2

φ
(in)
0

∇⃗B(1,0) · ∇⃗(⃗∇B(1,0) · ∇⃗B(1,0))

− α− 1
2

φ
(in)
0

∇⃗
2B(1,0)

∇⃗B(1,0) · ∇⃗B(1,0).

(6.125)
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Therefore the B(3,0) and B(3,1) fields required to solve the galileon up to post
post-Newtonian Vainstenian order correspond to

B(3,0) =
11

∑
k=1

σ
0
k
L̂ (S(4,0)k )

2B(1,0)
(6.126)

B(3,1) =
25

∑
k=1

σ
1
k
L̂ (S(4,1)k )

2B(1,0)
(6.127)

All the Vainshtenian order equations are clearly linear and then it justifies they
have an unique well defined solution for the homogeneous solution of equation (6.124).
However, the fact that the post-Newtonian leading PV order solution B(1,0) is dual, i.e.
it has two branches, makes the source S(4,1) to have two branches as well. Thus the
most general solution to (6.124) inherit such duality .

6.5.4 On the Need of Basis for Post-Post Newtonian
Vainstenian Solutions

The explicit expression of (6.126) and (6.127) can be worked out explicitly in a similar
fashion as we did for the post post-Newtonian Vainshteinian solutions of the metric
outside the Vainshtein radius. That is, by means of the definitions of new PPNV
potentials at the corresponding order. However we must say, it not a really important
task. It is only important to point out that different potentials than the ones considered
before are needed to do it. The specific definitions of them are of course conventional
and hence not unique, however there’s no way of express them in terms of the old ones.
In order to understand this better, let us consider (6.122) and (6.124). The S(4,n)k terms
are nothing but specific combinations of products and linear operators of already know
potentials V in/out

n . A possible set new post-post Newtonian Vainshteinian potentials to
write the solutions of (6.126) and (6.127) could be defined as

V in(3,0)
k ≡

L̂ (S(4,0)k )

2V in
0

V in(3,1)
k ≡

L̂ (S(4,1)k )

2V in
0

so that
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B(3,0) =
11

∑
k=1

σ
0
k V in(3,0)

k

B(3,1) =
25

∑
k=1

σ
1
k V in(3,1)

k

At this point, we don’t know whether these S(4,n)k are independent or not, or in
other words if kmax is the minimum of possible number of terms in contrast to the
number we found in the case outside the Vainshtein region. Althought the set can be
reduced to an independent set. We must say that, in this work, we didn’t get too far
in the task of getting an independent set of potentials, or at least we don’t know. But
the important lesson we have learnt is that: together the standard post-post Newtonian
potentials and those determined for the outside region, are not enough to describe the
full PPN of a theory with Vainshtein mechanism as the cubic galileon. A price to pay
for this lack is that we cannot have yet well defined PPNV parameters as we did in
previous sections.

6.5.5 The Post Post Newtonian Vainshteinian Metric

Gathering all the solutions previously derived together, we can now determine the first
PPV correction of the post post-Newtonian GR solution showed at (6.5.1).

The Einstein equations at higher PPN orders 3 and 4 and first PPV order are given
by

R(3,1)
i0 = ϕ

(2,1)
,i0 /φ

(in)
0 , (6.128)

R(4,1)
00 = −8πG

φ
(in)
0

(
1
2

g(2,1)00 T (2)+ϕ
(2,1)(T00 +

1
2

T (2))

)
+

1

(φ
(in)
0 )3

∇⃗
2
φ
(2,1)(⃗∇B(3,0))2 +∂

2
0 ϕ

(2,1)+
1
2

g2,0
00 ∇⃗

2
ϕ
(2,1)− (�φ)(4,1))

(6.129)

To proceed, we first used both R00 and Ri0 given by (6.10) and (6.11) and we casted
them into the standard PPN gauge defined by (6.49) and (6.50). Then we plugged the
resulting expressions of R00 into (6.129). After doing so, we also introduced the known
solutions at lower orders, we integrated out the differential equation and simplified
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the resulting expression. Finally the first PPV correction of the post-post newtonian
time-time component of the metric resulted to be

h(4,1)00 =
α− 1

2

φ
(in)
0

[−3
4

P1 +
5
4

P2 −
4

(φ
(in)
0 )3

P3 −
2

φ 3
0

P4

−
11

∑
k=1

σ
0
k V in(3,0)

k − 11
√

G
4

U V in
0 +

2G
3
2

(φ
(in)
0 )3

V in
0 (⃗∇V in

0 )2]

(6.130)

The P potentials are defined in appendix (B).

In the case of h(3,1)i0 the same procedure is much more straightforward, so after
equating both sides, integrating out the Laplacian and simplifying we get

h(3,1)i0 =
1
4

∇⃗
−2

ϕ
(2,1)
,i0 .=

α− 1
2
√

G
4

∇⃗
−2V in

0,i0 (6.131)

6.6 Back to Spherical Symmetry

In the first sections of this chapter we have presented and developed the full PPNV
expansion for the cubic galileon theory to O(2) in PPN both inside and outside the
Vainshtein radius in terms of general potentials. The formalism for the standard theory,
valid outside the Vainshtein radius, was also fully established to O(4) in PPN. However,
we didn’t get that far with the dual theory, applicable in the strong field regime inside
the Vainshtein region. Nevertheless, the way is largely walked in that direction. In
order to illustrate the most relevant and well established results of this chapter, we now
are going to present these results in the particular case of a spherically symmetric and
static source.

We start from the expansion outside the Vainshtein radius. The second term inside
the integral of the Vainshteinian potential (6.63) is antisymmetric in the exchange
of x⃗′ and x⃗′′ which means that it will vanish in any spherically symmetric situation.
Using ρ(t, x⃗) = Mδ (3)(⃗r) = M

4π

δ (r)
r2 we evaluate the integral as UV = M2

r4 . Since the
Newtonian potential is U = M

r , we determine the metric solution as

h00 =
2G0M

r

[
1−β(out)

(rV

r

)3
]

(6.132)

hi j =
2G0M

r

[
1+ω

2+ω
+β(out)

(rV

r

)3
]

δi j (6.133)
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where β(out) =
1

64π(3+2ω)2(2+ω)(φ
(out)
0 )2

.

We turn now to the region inside the Vainshtein radius. The operator L for
spherical symmetry gives

L (u,v) = u′v′′′−u′′′v′+
2
r
(v′u′′+3u′v′′)+

4
r2 u′v′. (6.134)

For the Vainshtein order 0 case, u = v =V (in)
0 so that L (u,u) = 4

r2
d
dr [r(u

′)2] = M
r2 δ (r)

which gives the solution V (in)
0 =

√
Mr. This leads to the metric solution

h(2)00 = 2GN
M
r

1+4
√

2π(φ
(in)
0 )3/4

(
r

r(nom)
V

)3/2
 (6.135)

h(2)i j = 2GN
M
r

1−4
√

2π(φ
(in)
0 )3/4

(
r

r(nom)
V

)3/2
δi j (6.136)

where we have defined the nomimal Vainshtein radius r(nom)
V = 1

Λ

(
M

M(nom)
p

)1/3

.

Let us now turn to the values φ
(in)
0 and φ

(out)
0 . In principle, one can rescale units, for

instance, Λ → Λ

√
φ
(out)
0 and similarly for all other mass (and length) scales. Then

one can set either of φ
(in)
0 or φ

(out)
0 (but not both) to unity by simple unit re-definition.

It is a matter of choice which one, but for what follows we choose to set φ
(in)
0 = 1 as it

is the most relevant to the solar system (in which case GN = G and M(nom)
p = Mp).

The spherically symmetric solutions may also be interpreted with some caution in
a different way. For the outer region case, defining an effective Newtonian constant
G(e f f )

N = G0

[
1−β(out)

( rV
r

)3
]

which runs with scale, we can then define an effective
γ parameter as

γ
(e f f ,out) =

1+ω

2+ω

[
1+2β(out)

2+ω

1+ω

(rV

r

)3
]

(6.137)

which also runs with scale. Likewise, for the inner scale, defining an effective

Newtonian constant G(e f f )
N = G

[
1+4

√
2π

(
r

rV

)3/2
]

leads us to define the effective γ

parameter as

γ
(e f f ,in) = 1−8

√
2π

(
r

rV

)3/2

(6.138)

In principle one can take the above relations to derive constraints on the Vainshtein
radius (and subsequently the scale Λ), however, caution should be taken. Unfortunately,
we cannot take the existing constraints on γ at face value but the exact way the
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constraints are derived must be taken into consideration (due to the variations of G(e f f )

and γ(e f f ) with scale. We leave this for a separate work.
For completeness, let us give a rough estimate of the deviations from GR in the

solar system. In figure 1 we display the functions h(2)00 and hi j versus r as well as the
residuals from GR. We assume a spherically symmetric solar system with all matter
concentrated in the sun. Then M⊙/Mp = 1.12×1057 so that rV = 1.02×10−5 1eV

Λ
au.

For a choice of Λ= 1/1000km∼ 2×10−13eV (rV ∼ 5×107au) (in order to get cosmic
acceleration at the present epoch), this theory predicts deviations of the order ∼ 10−10

at the orbit of Jupiter and ∼ 10−9 at the orbit of Neptune. It would seem that these are
too small to be detected.

Fig. 6.1 Solutions for the potential h(2)00 for the Cubic Galileon inside the Vainstein
radius. We display the Newtonian term (dash), the Vainshteinian correction (dotted),
the total potential (solid) and h(2,1)00 /h(2,0)00 (dash-dot).
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However, other probes involve the β parameter which arises in the perturbation
of the metric at O(4) in PPN. By simply inserting the known solutions, perfom a
cumbersome reduction of expressions and integrate the resulting spherically symmetric
versions of equations (6.130) and (6.47) for the inner regime, we get the following
solutions

h(4)00 =−2

{
1+

1
16
√

π
(35+

3
2π

)

(
r
rv

) 3
2
}(rs

r

)2
, (6.139)

In the same spirit as above, the effective running β parameter for the inside regime
(which is the relevant one for the solar-system tests) is given by

β
(e f f ,in) =

{
1+

1
16
√

π
(35+

3
2π

)

(
r
rv

) 3
2
}

(6.140)

As any semiconservative theory with not preferred frame effects, the cubic galileon
theory has αi = ζi = ξ̂ = 0. In this case, linear combinations of β and γ (whose PPNV
fluctuations are of the same order) are measured also in other solar system tests appart
of the time-delay and deflection of light experiments, for instance η1 = 2γ + 2−β

is directly determined by measurements of the perihelion shifts while η2 = 4β − γ

by tests of violations of the strong equivalence principle(SEP) like planetary laser
ranging, the Nordtvedt effect experiments and geophysical tests of the Newton constant
[326, 333]. In our solar-system β −1 and γ for the cubic galileon theory roughly run
from 10−12 to 10−6. Althought current experiments are not able to detect η1 and η2

for this model, the rapid advance of technology has brought new instruments with
unique performance that could lead to major improvements in the tests of relativistic
gravity and already led to a host of recently proposed gravitational experiments that
undoubtedly bring us great hope about constraining the PPNV parameters of the cubic
galileon theory . For instance, the tracking of the the BepiColombo Laser Altimeter
(BELA) at mercury [135, 306] would provide a measurement of ηi with an accuracy of
∼ 2×10−6. Other very promising experiments are those testing the SEP, for example
it is expected that STEP will provide measurements up to order 10−18 [1].
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6.7 Conclusion

We have fully established the PPNV formalism up to O(2) for observers placed inside
and outside the Vainshtein radius. For both thresholds we determined the full set of
potentials needed to express the required PPN solutions of the metric and the galileon
and therefore a new set of PPNV parameters were well defined. For the outside case
we treated the standard configuration space of the cubic galileon perturbatively to
carry out the PPNV approximation. In this case, it was possible to cast the relevant
post-Newtonian potential, needed to express the galileon, as a closed integral. In turn,
for the inside case we carried out the approximation in the dual configuration space.
In contrast to the outside case, the solution of the post-Newtonian equation remains
unknown so far, however some knowledge about it has been gained when we realised
it holds the whole set of properties of bi-linear operators. The next order corrections
were also investigated in both cases. The O(4,0) and O(4,−2) corrections of the
field and metric corresponding to the outside case were determined in terms of an
independent set of post-post Newtonian Vainshteinian potentials, however we didn’t
conclude the procedure to get formally the final PPNV parameters since we haven’t
solve yet the issue of the residual gauge freedom that in the standard PPN formalism
translates into dropping away any dependence on the B potential of the metric at order
O(4) in PPN. Anyway some previous version of the actual formal values have been
computed.

Assuming that our solar-system can be approximated as a spherically symmetric
system whose mass is concentrated in the Sun, we derived some useful rough estimates
of the range in which the effective running PPN parameters of the cubic galileon theory
lay. According to this, we open the possibility of detecting signatures of the galileons
at high precision gravitational experiments on solar-system scales in a near future such
like those testing the SEP, for example STEP and the measurement of the perhelion
shift o fmercury by the tracking of the the BepiColombo Laser Altimeter.



CHAPTER 7

DISCUSSION AND CONCLUSIONS

The objective of this Thesis is to test the viability of some theoretical frameworks
suitable to describe gravitational phenomena at cosmological and astronomical scales.
These frameworks were constructed to encompass possible modifications to the general
relativistic gravitational theory and they also provide a tool to test it. Specifically,
we generated some tools to test theories with Vainshtein screening mechanism on
small astrophysical scales which tend to behave as the Brans-Dicke theory on very
large cosmological scales. The Thesis is arranged in two main parts. Along the
first part, made of chapters 3,4 and 5, we carry out a treatment of modified theories
of gravity suitable to study cosmological phenomena. On the other hand, in the
second part (chapter 6) we aim to study aspects of the phenomenology of gravitational
astrophysical systems.

The first two chapters were fully introductory and they are needed to prepare the
ground to address the subsequent chapters. In chapter 3 we explored the theoretical
implications of BDT, the simplest alternative theory to GR, on the cosmological scale
regime. We studied two types of models: rBDT and uBDT models . We discovered that
the expansion history of BDT is close to ΛCDM however the very small discrepancies
lead to important differences in recombination and henceforth on the CMB anisotropies.
Signs of the new BDT modified expansion are manifested in the CMB anisotropies as
a modified acoustic scale an extra damping effect appears changing the shape of the
peaks specially on small angles with respect to the line of sight. The main features
of BDT perturbations produce some changes in the late ISW. Additionally, matter
perturbations were found not particular sensitive to the BDT parameters. In despite
of these small effects, sufficiently precise measurements of P(k) would be able to
constrain importantly the BDT model. We also discovered that the Alcock-Paczynski
distortion might be detectable at very high redshifts which the current surveys haven’t
reach. Weak CMB-lensing is directly coupled to the scalar perturbation and some
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signatures of BDT may appear at small angular scales. These implications were key
information to carry out the analysis with observational data.

In chapter 4 we explicitly compared the theoretical predictions of BDT against
observational data by using different methods. One of the realisations we had in
chapter 3 is that the anisotropies of the CMB are excellent measurements to be fitted
by BDT was verified in chapter 4. By applying the MCMC technique we sample the
parameters space of rBDT and uBDT in order to derive estimates of the BDT and
cosmological parameters. We obtained very tight constraints of the BDT parameters
according to the latest observations from Planck. Even before the first Planck data
had been launched, we improved the existing constraints of ω > 120 at 95% of C.L.
using WMAP7 + SDSS-R4 derived by Acquaviva in [2] to ω > 269 at the same C.L.
using WMAP7+SPT within the uBDT. Constraints using this dataset for the rBDT
are weaker and not fully reliable because of the peak in the 1D distribution of ω . The
latter could be happening due to the tension between the measurements of θrec from
SPT and WMAP so we feel more confident about the constraint arisen in uBDT. Such
results also has the advantage that it can be thought as a large-scales limit of more
general theories with self-interactions. We also set limits on the Newton constant today
with the same data set which result to be 1.10+0.13

−0.14 at 95% of confidence level.

The inclusion of measurements of the temperature anisotropies of CMB from
Planck, strongly improved our previous constraints on ω and ξ . Our best results
with Planck+WMAP9(pol) is ω > 1834 at 95% of C.L. and with Planck+PlanckLens
ω > 2441 at 95% of C.L. within the uBDT. Interestingly, contrary to our expectations,
results within rBDT are weaker than within uBDT even when the parameters space of
the former is smaller. What happens is that the ξ parameter helps to fit better the CMB,
as a probe, the best fit model of uBDT with Planck+WMAP9(pol) has − log(L ) =

4905.94 whilst the best-fit rBDT model with the same dataset is − log(L ) = 4991.32
(L is the likelihood). As we see above, Planck+PlanckLens gives the best result for ω .
But for ξ the best constraints are obtained for Planck+WMAP9(pol) as ξ = 1.12+0.11

−0.11

at the 95% confidence level , significantly improving on previous work. In order to
set stronger limits on ξ , we also fitted primordial BBN abundances of Helium-4 and
Deuterium using the uBDT models. Our best constraint using Planck + WMAP9(pol) +
ACT + SPT + BBN is given by 1.009±0.014, notice that the error bar for ξ improves
in one order of magnitude and the mean value of ξ is pushed from larger values to 1.
Let us recall that the BDT is usually used as a consistent implementation of GR with
a time-varying effective gravitational strength Ge f f , in this context, limits on Ġe f f

were imposed using different datasets. The worst value given by 2.45×10−13 years−1

accordingly with WMAP alone and the best improved almost one order of magnitude
3.6×10−14 years−1 according to PlanckTemp + PlanckLens + HL.
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Now lets turn to the conclusions of constraints of BDT with other complementary
dataset apart of the CMB. When one is aiming to constrain BDT using direct mea-
surements of P(k), care should be taken for handling the bias parameter and Ge f f .
In order to skip this possible issues we conclude that the rBDT are more convenient
to fit P(k) measurements. This choice is actually justified by the constraints on ξ

above. The resulting constraint for ω within such models using P(k) measurements
at redshift z = 0 from SDSS-R4 is ω > 592.4 at 95% of confidence level. Our result
from WMAP7 has been importantly improved along with the constraints for the cos-
mological parameters. All these results together are consistent with ΛCDM up to 1σ .
Furthermore, we updated constraints from [2] and other works before had been re-
leased. Normally, complementary data to test dark energy is included into the analysis.
In the most popular code to carry out such analysis the standard implementation of this
sort of tests account for measurements of H0 from HST. However, we argue that such
measurements are not model-independent. In order to reconstruct H0 from the actual
measured luminosity distances dL, ΛCDM is granted as the correct fitting model. How-
ever, for consistency, if we aim to test the cosmic expansion arose in a cosmological
model is important to use a model-independent approach. A possibility of this kind
are tests of the expansion by means of the Alcock-Pazcynski effect. Unfortunately,
these tests do not have the constraining power that the H0 tests have at low redshifts.
Nonetheless, we should keep this choice in mind along the near future since more
precise measurements of the APT and at higher redshift are about coming.

In chapter 4 we also derived forecasts of constraints of ω for Euclid by using the
Fisher matrix method to estimate maximum errors. We first set a baseline constraint
for the BDT parameters which is further tightened by including the estimates of the
covariance matrix of measurements of P̃(k,µ,z) by Euclid. The constraint for both
datasets result to be very strong, even being close to the order of the limits from solar
system, ωlower = 1.7×104. By increasing the cut off and the number of redshift bins
leads to a even tighter constraint ω ∼ 105. We found that ω has such a huge boost in
order to fit the variation of the expansion rate well inside the error bars corresponding to
the measurement of radial component which is sub-percentage level.However this last
forecast is restricted to the requirement that the FoG effect is almost vanishing which is
not necessarily true. In conclusion, measurements of RSD with the resolution of Euclid
would be a powerful tool to constrain the BDT ω-parameter and we expect lower
limits to lay between 104 − 105 so the cosmological constraints for BDT reconcile
with those derived from the solar-system experiments.

Finally, in despite of the simplicity of the BDT model, we argue that our constraints
are useful to study the viability of more general theories including a extra scalar degree
of freedom, encompassed into the general set of Horndeski theories. We constructed
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the very specific subset of Horndeski theories that degenerate into Brans-Dicke theories
at very large scales ℓ∗. The way we built up this class was simply by analytically
expanding the general free functions defining a general Horndeski theory around their
specific functional form for BDT. By using the explicit BDT solutions within the 95%
limits of our best constraints, we set very conservative limits of the coefficients of the
Horndeski’s analytic expansion. We argue that the subset of Horndeski theories defined
within such region of parameters actually approach to BDT at large cosmological
scales within the corresponding confidence level. However this assertion stands to be
verified in further research work in the future.

This last problem still needs further investigation and opens a number of questions
which define new lines of research in the future. The first motivation we have to
carry on investigating the Horndeski subclass is that it provides a framework to
systematically classify and sort a host of modified theories of gravity. Furthermore,
the fact that the subclass is perturbative expansion, allows us to establish a hierarchy
of theories: at lower orders the theories tend to be simpler and more similar to BDT.
Due to this feature we could also make the question: Is it possible that estimations of
the parameters of simple theories associated with an order L in the hierarchy serve
to set limits on the parameters of more complex theories at order H (L < H)? If
affirmative, at which confidence level the resulting constraints of the H-theories would
be?. Also we have another question in the context of cosmology: Is there any kind of
attractor-mechanism present in this subclass such that given a theory at a level H in the
hierarchy, as it evolves in time the solutions of its degrees of freedom tend to approach
to those of theories at lower level in the hierarchy? This question is motivated by the
attractor mechanism occurring in scalar-tensor theories: they hold a modification at
early times whilst tend to mimic GR at late times. Since this matter is closely related
with features of the equations of motion, we consider that a nice and useful way to
address this problem would be using the dynamical systems approach which is suitable
to analyse the features of configuration space of classical theories. Another point is,
if we take any other theory of interest for example Galileons, we could in principle
construct a similar subclass of Horndeski theories whose leading order action would
be Galileons. So how this subclass would be linked with other subclasses?

It is important to stress that in this work, our goal is not to set constraints on
the Horndeski’s subclass. Our last conservative estimates to form the Horndeski
subclass still need to be verified to be so, the only assertion we make is that the
analytic expansion of the action we propose approximates the action of BDT if its
coefficients lay inside such limits. The question on whether they stand as actual limits
or not remains to be answered. We also must mention, that even though BDT arises
as a cosmological limit of other more complex theories, we should not assume our
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constraints are valid for all such theories. Our setup we do not propose any alternative
mechanism able to describe the expansion history of our universe while other theories
like Galileons or massive gravity actually do. Since this mechanism could have other
effects beyond the history of expansion, it should be considered that our results do take
them into account. Actually this motivates us to draw up another research problem
for the future. It remains to investigate whether these effects potentially draw new
detectable signatures on other observables like the CMB or LSS.

In chapter 5 we studied a very specific phenomenological setup for modified theo-
ries of gravity with a very concise objective: to derive constraints the gBDT parameters
using observations of the CMB which would lead to an indirect determination of the
rate of growth of LSS assumed to behave as a power law µ = µ0(1+ ras). The corre-
spondence between this parametrization of the growth and the effective scalar-tensor
theory is given by ω(a) = m an where m = 1/2rµ0 and n =−s. According to our base-
line dataset was the CMB anisotropies from Planck and complementary BAO and HST
tests, we derive a 1σ constraint for the exponent n =−0.47+0.32

−0.47 and m = 50.1±11.2
or m > 3.2×103. This result gives rise to two possible regimes where the possible
modification has a better chance of being detected in current redshift surveys: 1)
µ

µ0
−1 < 6.2×10−3a0.47−0.32

+0.47 and 2) µ

µ0
−1 = 10−2 ±0.089×a0.47−0.32

+0.47 . These results
are valid as far as the phenomenological setup considered here is valid.

In chapter 6, we have fully established the PPNV formalism up to O(2) for ob-
servers placed inside and outside the Vainshtein radius. For both thresholds we
determined the full set of potentials needed to express the required PPN solutions of
the metric and the galileon and therefore a new set of PPNV parameters were well
defined. For the outside case we treated the standard configuration space of the cubic
galileon perturbatively to carry out the PPNV approximation. In this case, it was
possible to cast the relevant post-Newtonian potential needed to express the galileon
solution, as a closed integral. In turn, for the inside case we carried out the approxima-
tion in the dual configuration space. In contrast to the outside case, the solution of the
post-Newtonian equation remains unknown so far, however some knowledge about
it has been gained when we realised it holds the whole set of properties of bilinear
operators. The next order corrections were also investigated in both cases. The O(4,0)
and O(4,−2) corrections of the field and metric corresponding to the outside case
were determined in terms of an independent set of post-post Newtonian Vainshteinian
potentials, however, we did not conclude the procedure to get formally the final PPNV
parameters since we have not solved yet the issue of the residual gauge freedom that
in the standard PPN formalism translates into dropping away any dependence on the
B potential of the metric at order O(4) in PPN. Anyway some previous version of the
actual formal values have been computed.
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Assuming that our solar-system can be approximated as a spherically symmetric
system whose mass is concentrated in the Sun, we derived some useful rough estimates
of the range in which the effective running PPN parameters of the cubic galileon theory
lay. According to this, we open the possibility of detecting signatures of the Galileons
at high precision gravitational experiments on solar-system scales in a near future.

Now, we shall hold all the results of this Thesis together by stating our final
conclusion. As we already mentioned, this thesis is made of two main parts. The
first piece of this work (second in presentation) presents a proposal of a very general
framework to study the phenomenology of metric modified theories of gravity bearing
the Vainshtein mechanism. The basis of the formalism is motivated on the standard
Parametrized Post Newtonian formalism and so its validity is restricted to regimes
where the gravitational fields involved are sufficiently weak and the motion of matter is
slow, typically this profile is fulfilled by non-relativistic bounded gravitational systems
similar to our solar system. Since a host of gravitational system lay under these
conditions, this work brings to the field a powerful tool to link this sort of modified
theories with observations from coming precision experiments at the solar system and
beyond. We explicitly developed the PPNV formalism for the simplest case: the cubic
galileon theory. We computed all the necessary potentials required to fully determine
the PPNV solutions of all the degrees of freedom involved. Assuming we live in
an approximately spherically symmetric solar system, this paradigm allowed us to
estimate the extent of detectability of the cubic galileon: some signatures would be
detectable at experiments with accuracy of at least one part in 106. In this astrophysical
part of the Thesis, we also realised that in the boundary, far beyond the Vainshtein
radius, the cubic galileon , turns into the Brans-Dicke theory with great accuracy,. This
fact bridges the two pieces of the Thesis. The second part of this Thesis encompasses
the study of cosmological phenomena involved on the very large scales limit (even
beyond the outside regime). In this cosmological part of the Thesis we basically
found according to latest cosmological observations, that the scalar responsible for
a potential modifications of ΛCDM is strongly suppressed. In despite of how bad
such undetectability may sound, we believe it is not a curse indeed, lets recall that
these models are promising mainly because they predict the expansion of the universe
without assuming dark energy. Actually it is not a surprise that the modification is
too tiny, not for nothing GR has settled down so firmly as the theoretical paradigm of
gravitation, and the fact that these theories stick so tightly to GR in the well tested
thresholds rather tell us about their reliability. So under this scope another objective
of this work, has been to test GR being embedded in an ocean of alternative theories
that incorporate other possible feasible signatures which cannot be simply dismissed
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a-priori by us but rather selected or not by nature. Nonetheless, we also found that
according to observations potentially some modifications may be detected.
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APPENDIX A

THE STANDARD POST-NEWTONIAN TOOLS

A.1 Post-Newtonian Potentials

The possible terms that may appear in the post-Newtonian metric, are

1) gi j must behave as a three-dimensional tensor under rotations, thus the only
terms that can appear in it are Uδi j and Ui j where

U =
∫

d3x′
ρ(x′, t)
|x− x′|

, (A.1)

∇
2U =−4πρ, (A.2)

Note that U = GNU is the Newtonian potential in GR rather than U . U has
units of energy since U is addimensional and both are O(2).

Ui j =
∫

d3x′
ρ(x′, t)(x− x′)i(x− x′) j

|x− x′|3
(A.3)

This potentials can be written in terms of the superpotential

χ(x, t) ≡
∫

d3x′ρ(x′, t)|x− x′| (A.4)

χ,i j = −δi jU +Ui j

∇
2
χ = −2U (A.5)
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2) gi j must behave as a three-dimensional vector under rotations, thus the only
terms that can appear in it must be combinations of Vi and Wi, where

Vi =
∫

d3x′
ρ(x′, t)vi

|x− x′|
(A.6)

Wi =
∫

d3x′
ρ(x′, t)(x− x′)iv · (x− x′)

|x− x′|3
. (A.7)

The vector potentials can be related to derivatives of the superpotential. First
lets use the continuity equation

∂ρ

∂ t
+∇ · (ρ v⃗) = 0 (A.8)

which leads to ∂

∂ t ∼ −⃗v · ∇⃗ and thus

χ,i0 =Vi −Wi (A.9)

3) g00 to O(4) should be scalar under rotations. The only terms that may be
considered are U2,φW ,φ1,φ2,φ3,φ4,A,B where

ΦW ≡
∫

d3x′d3x′′ρ ′
ρ
′′ x− x′

|x− x′|3
·
(

x′− x′′

|x− x′′|
− x− x′′

|x′− x′′|

)
(A.10)

Φ1 ≡
∫

d3x′
ρ ′v′2

|x− x′|
(A.11)

Φ2 ≡
∫

d3x′
ρ ′U ′

|x− x′|
(A.12)

Φ3 ≡
∫

d3x′
ρ ′Π′

|x− x′|
(A.13)

Φ4 ≡
∫

d3x′
P′

|x− x′|
(A.14)

A ≡
∫

d3x′
ρ ′[v · (x− x′)]2

|x− x′|3
(A.15)

B ≡
∫

d3x′
ρ ′

|x− x′|
(x− x′) · dv′

dt
(A.16)
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The some of the above definitions in a differential version and other useful relations
are given by

∇
2
Φ1 = −4πρv2 (A.17)

∇
2
Φ2 = −4πρU =U∇

2U (A.18)

∇
2
Φ3 = −4πρΠ (A.19)

∇
2
Φ4 = −4π p (A.20)

∇
2Vi = −4πvi (A.21)

(∇U)2 = ∇
2(

1
2

U2 −Φ2) (A.22)

U,0 = −Vi,i (A.23)

U,00 = −1
2

∇
2
χ,00 =−1

2
∇

2(A+B−Φ1) (A.24)

A.2 Renomalized Post-Newtonian Potentials

Ṽi ≡ G0Vi (A.25)

W̃i ≡ G0Wi (A.26)

U ≡ GU =
rsU

8πM
→ O(2,0) (A.27)

φk = GΦk, k = 1,3,4 (A.28)

φ2 = G2
Φ2 (A.29)

φ5 = G2
Φ5 (A.30)

A = GA (A.31)

B = GB (A.32)

A.2.1 Definitions For ϕ(4,0) Solution

ξ1 ≡ −1
2
(A +B−φ1) (A.33)

ξk=2,..,4 ≡ φk=2,..,4 (A.34)

ξ5 ≡ U 2 (A.35)

A.3 The Standard Post-Newtonian Gauge

Lets first consider a generic gauge transform generated by a ξ function
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xµ → xµ +ξ
µ (A.36)

gµν → gµν −ξµ;ν −ξν ;µ (A.37)

In order to retain the post-newtonian character of gµν and the quasi-Cartesian
character of the coordinate system, and to remain in the universe rest frame ξ function
must satisfy

1) ξµ;ν +ξν ;µ is post-newtonian (O(2)).

2) ξµ;ν +ξν ;µ → 0 and |ξµ |
|xµ | → 0 far away from the system.

Lets first consider a generic gauge transform generated by a ξ function

xµ → xµ +ξ
µ (A.38)

gµν → gµν −ξµ;ν −ξν ;µ (A.39)

In order to retain the post-newtonian character of gµν and the quasi-Cartesian
character of the coordinate system, and to remain in the universe rest frame ξ function
must satisfy

1) ξµ;ν +ξν ;µ is post-newtonian (O(2)).

2) ξµ;ν +ξν ;µ → 0 and |ξµ |
|xµ | → 0 far away from the system.

In the standard formulation , the gradient of the superpotential χ is the only one
that satisfies this. So

ξ0 = λ
0
1 χ,0 (A.40)

ξ j = λ
0
2 χ, j (A.41)

λ 0
1 and λ 0

2 are fixed such that gi j is diagonal and isotropic and g00 doesn’t contain
the B potential. In this way the standard post-newtonian gauge is defined and it
doesn’t have any physcial interpretation.1

In order to apply this gauge choice our PPNV prescription, the condition 1) above
may be extended as

1In my opinion this choice is completelly arbitrary and conventional. I think that the point of B
appearing in g00 or not is just matter of personal taste.
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1) ξµ;ν + ξν ;µ is post-newtonian, however it may involve post-post newtonian
potentials P such that r3

v/rsP is post-newtonian.

In our case potentials whose gradient satisfies 1) should be in terms of the superpo-
tential in order to satisfy 2) as well. Those are: ρ∇2χ , U∇2∇2χ and χ∇2ρ .

For a gauge choice defined by (A.41) plus a linear combination of the gradients
of these potentials , terms in g(4,1)00 containing B can be eliminated by a choice of the
corresponding new λ coefficients in front of them.

In this way we keep the conventional PPN gauge: gi j is isotropic and diagonal and
B doesn’t appear in g00.





APPENDIX B

THE POST-NEWTONIAN VAINSHTEINIAN TOOLS

B.1 PPNV Potentials:Outside the Vainshtein Radius

The following potentials needed to express the solution for h(4,−2)
00 given by (6.84).

Π1 = U 2G1 (B.1)

Π2 = U ∇
2
Φ2 (B.2)

Π3 = U ∇
2U 2 (B.3)

Π4 = 4πU ∇
−2

ρ
2 (B.4)

Π5 = 4πU ∇
−2(U ∇

2
ρ) (B.5)

Π6 =
1
2
(U 2),00 −Φ2,00 (B.6)

Π7 = (U,0)
2 = V⃗ ·V⃗ (B.7)

Π8 = U T̂ (4) (B.8)

Π
1
k = ξk∇

2U (B.9)

Π
2
k = ∇

2(ξkU ) (B.10)

Π
3
k = U ∇

2
ξk (B.11)



296 The Post-Newtonian Vainshteinian Tools

Λ
1
k = ∇

−2[ξk∇
2
∇

2U ] (B.12)

Λ
2
k = ∇

−2[∇2
ξk∇

2U ] (B.13)

Λ
3
k = ∇

−2[U ∇
2
∇

2
ξk] (B.14)

Θ1 = ∇
−2[U G 1∇

2U ] (B.15)

Θ2 = ∇
−2[U ∇

2(U G 1)] (B.16)

ϒ1 = ∇
−2[U,0∇

2U,0] (B.17)

ϒ2 = ∇
−2[ρ̂∇

2
ρ̂

2] (B.18)

ϒ3 = ∇
−2[ρ̂∇

2(U ∇
2
ρ̂)] (B.19)

X1 = ∇
−2[U (∇2U )2] (B.20)

X2 = ∇
−2[T̂ (4)

∇
2U ] (B.21)

X3 = ∇
−2[U ∇

2T̂ (4)] (B.22)

B.2 PPNV Potentials:Outside the Vainshtein Radius

The following are some of the potentials required to express the solution of h(4,1)00 given
by (6.130)

∇
2P1 = −4πGρB(0,1) (B.23)

∇
2P2 = U ∇

2B(1,0) (B.24)

∇
2P3 = ∇B(1,0) ·∇(∇B(1,0))2 (B.25)

∇
2P4 = B(1,0)

∇
2(∇B(1,0))2 (B.26)

B.2.1 Higher order PPNV Parameters

Coefficients of the Post-Post Newtonian Vainshteinian Potentials needed to write
h(4,−2)

00 . For potentials (6.84) normalized with bare Newton constant, when the normal-
ization changes adimensional constant factors must to be added to these expresions
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APPENDIX C

BI-LINEAR OPERATORS

Def 1 - Consider u,v ∈C∞. Lets define the following non-lineal mapping L : C∞ ×
C∞ →C∞ as

L (u,v) = ∇
2(∇u ·∇v)−2∇ · (∇u(∇2v)) (C.1)

Having defined the operator L , it is straightforward to show that L is a non-
symmetric bi-linear form since

L (u+ v,w) = L (u,w)+L (v,w) (C.2)

L (λu,v) = L (u,λv) (C.3)

L (u,v) ̸= L (v,u) (C.4)

and

Def 2- L̂ : C∞ →C∞

L̂ L (u,v) = uv. (C.5)

Notice that L̂ distributes over sums of L

Since

L (u+ v,u+ v) = L (u,u)+L (v,v)+L (u,v)+L (v,u)

then

L̂ L (u+ v,u+ v) = u2 + v2 +2uv = L̂ L (u,u)+ L̂ L (v,v)+ L̂ L (u,v)+ L̂ L (v,u)

= L̂ (L (u,u)+L (v,v)+L (u,v)+L (v,u)).
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L̂ also distributes over product by a constant

L̂ L (cu,v) = cuv = cL̂ L (u,v)

B has the same property.
When spherical symmetry is imposed L reduces to

L (u,v) =−2
r
(3u′v′′+ v′u′′)− 4

r2 v′u′+u(3)v′−u′v(3) (C.6)

and

L (u,u) =− 4
r2

d
dr

[r(u′)2] (C.7)

Both are clearly invertible in the sense we can find the function |u| if L (u,u) (or
L (u,u)) is known.

In the general case it’s straight forward to show that L̂ also exists. The probe
goes as follows The operators LR ≡ L (u, ·) and LL ≡ L (·,u) are linear for a fixed
function u ̸= 0 ∈ C∞. Because u is infinitely differentiable and its derivatives are
continue then LR[v] = 0 and LL[v] = 0 define linear homogeneous partial differential
equations with unique solution each. The proof that L̂ exists is straightforward

By definition
L̂ L (u, ·)[v] = uv = L̂ L (·,u)[v] (C.8)

on the other hand, L /R is invertible if and only if there exists an unique L −1
L/R

such that

L −1
L LL[v] = v = L −1

R LR[v] (C.9)

then the following must be true

L̂ = uL −1
L = uL −1

R . (C.10)
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