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Abstract 

In this thesis we describe experimental studies carried out in three different 

granular systems. 

Firstly, we describe the results of experiments and computer simulations 

carried out to test the validity of a randomly-forced model to describe the 

behaviour of a vertically vibrated, granular monolayer. We study how a single 

particle moves across a vibrated roughened surface and show that both a ran­

dom force and viscous dissipation are needed to match the experimental data. 

We then simulate a collection of particles driven in this way and compare the 

structure factor S(k) obtained from simulation with that measured experimen­

tally.' The small k behaviour of S(k) reveals a quasi long-range structure which 

has not been observed previously. 

Secondly, we study the behaviour of water-immersed granular beds. The 

first system consisted of spherical barium titanate particles contained in a 

rectangular cell which is divided into two columns, linked by two connecting 

holes, one at the top and one at the bottom of the cell. Under vibration the 

grains spontaneously move into just one of the columns via a gradual transfer 

of grains through the connecting hole at the base of the cell. We have developed 

numerical simulations that are able to reproduce this behaviour and provide 

detailed information on the instability mechanism. We use this knowledge 
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to propose a simple analytical model for this fluid-driven partition instability 

based on two coupled granular beds vibrated within an incompressible fluid. 

In the second system to be studied a water-enhanced Brazil nut effect, 

which occurs when the vibrated granular bed is fully immersed in a liquid, 

will be describe. We use a bed of glass beads immersed in water and monitor 

the behaviour of a large steel intruder as the system is vibrated vertically. To 

aid our understanding, we have developed numerical simulations to model this 

system and provide detailed information about the fluid and grain motion. 

The mechanism responsible for the rapid rise of the intruder is shown to be 

fluid-enhanced ratcheting rather than simple differential drag. 

Lastly, we describe experiments carried out in a levitation magnet to in­

vestigate the behaviour of spheres suspended magnetically in a viscous fluid. 

Under vibration the spheres attract and for sufficiently large vibration am­

plitudes the spheres are observed to spontaneously orbit each other. Data 

collapse shows that the instability occurs at a critical value of the streaming 

Reynolds number. Simulations are used to provide a detailed understanding 

of the cause of this instability. 
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Chapter 1 

Introduction 

This thesis discusses some of the dynamical effects observed in both dry and 

liquid-grain systems subjected to vertical vibrations. The fields of granular 

dynamics and fluid dynamics are vast and the phenomena studied in this thesis 

are varied. The aim of this chapter is to provide a brief overview of the topic of 

granular materials. A more detailed background will be given as the particular 

subjects of study in each chapter are addressed. In the following section, 

some of the interesting phenomena observed in granular systems are reviewed 

to showcase the variety and complexity of granular behaviour. The chapter 

concludes with an outline of the structure of the thesis. 

1.1 Granular Materials 

Granular materials may be defined as a collection of discrete, macroscopIC 

particles interacting through inelastic collisions. Even when the dynamics of 

each grain can be described by Newtonian physics the collective behaviour of 

a collection of grains can be complex. Although thermal fluctuations do not 

affect granular matter, its behaviour can be highly sensitive to the experimen-

1 
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tal conditions, to the presence of a surrounding fluid and its prop rties, and 

to parameters such as density, porosity and the ize and shape of the parti­

cles. Granular materials are ubiquitou in nature where they are involved in 

many natural processes, some of which can be potentially dangerous such as 

avalanches and landslides and others which are vital to life such as seed prop­

agation. In industry, many processes involve packing, orting, storing, mixing 

and tran port ing some kind of material in the shape of grain , see for example 

Ennis et al. (1994). A few examples of such materials and processes are shown 

in Figure 1.1. Despite being the second most handled material in industry 

after water, handling granular materials remains one of the lea t understood 

areas in material processing plants. 

Fig. 1.1: Examples of granular materials in agriculture, pharmaceutical and construction 

ind ustries. 

The undeniable importance of granulates in industrial processes may be 

the reason why engineers have studied t his kind of material for a long time, 

however , this topic is relatively new in physics. The motion of a single grain 

can be fully described by Tewtonian mechanics which may mislead one to think 

of granular media as a system ea y to describe. For some fur ther reading on 

granular system we suggest the review article by J aeger (1996) and Kudrolli 

(2004). 
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1.1.1 Classical matter and Granular media 

Granular systems have the remarkable ability to mimic some of the properties 

observed in classical solids, liquids and gases. However, the behaviour of a 

dry granular systems is heavily influenced by the inelastic collisions between 

individual grains. Granular materials have the ability to dissipate a large 

amount of kinetic energy very rapidly through these inelastic collisions. It 

is this characteristic which separates granular materials from other types of 

materials. The cause of a wide variety of phenomena observed in granular 

materials could be tracked to the way energy is dissipated within the material. 

A pile of static grains can maintain a configuration in which the overall 

gravitational potential energy of the grains is not minimized. Static friction 

between adjacent grains usually results in unequal contact force!:i on each par­

ticle (Jaeger et al. 1996). As a result, these contact forces put the grains 

under different stress levels. When grains with similar stress level are in con­

tact, they form "force chains", see for example Figure 1.2. Within a given 

arrangement, however, the distribution of the magnitudes of the stresses along 

the force chains can be very broad. It is the static friction and the force chains 

which are responsible for the stability of the solid granular conglomerate, such 

as a sand pile. Force chains are responsible for the density of a granular bed 

being able to be within a range of values for a fixed number of grains. The 

force chains allow the void fraction of a bed of randomly packed spheres to 

vary between 0.36 and 0.45 (Onoda and Liniger 1990). 

A valanches are an example of granular materials behaving like fluids. When 

the slope of a granular pile exceeds the maximum angle of stability a flow of 

grains, which behaves very similar to a liquid flow, is triggered. Once the slope 

of the granular pile returns to the angle of repose the flow stops and the pile 



Chapter 1 Introduction 4 

Fig. 1.2: A two-dimensional pile of photoelastic discs illustrating the stress chains within 

the structure of the pile. The pile is viewed between crossed polarizers, allowing one to see 

the underlying force structure. The bright regions correspond to the force chains described 

in the text. (Geng et al., 2001) 

t akes on a solid behaviour again. Sheared induced flows are also present in 

granular materials. If subjected to strong enough shearing forces the grains 

will start to slide past each other deforming the shape of the granular material , 

however , the flow will remain confined to the surface layers of the pile. 

Unlike normal liquids, grains stored in a container such as a silo, do not 

exhibit a height dependent pressure. The pressure at the base of the granular 

column does not increase with the height of the column. After the height of 

the column reaches a critical value, the extra weight is supported by the walls 

of the container due to contact forces between the grains and static friction 

with the side walls in what is know as the Janssen's effect (Janssen 1895). This 

effect is also responsible of the constant flow through a hole in the bottom of 

the silo, independent of the height of the grains above it. 

A granular material can behave like a gas if it is sufficiently excited. Like a 

gas, an excited granular system consists of discrete particles and it is possible 

to compress it. However, unlike a classical gas, the collisions between grains 

are inelastic causing energy to be lost with each collision. This means that 
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Fig. 1.3: Surface flow on a gra nu lar pi l in ide a rotating drum. (Photograph by Hub rt 

Raguet) 

any description of the ga -like granular bed based on nergy conservation fail 

to accurately describe the behaviour of th granular gas. Ordinary thermo­

dynamic argument ar invalid and entropy onsid ration are outw igh d by 

dynamical effects. It i pos ible to formulate an ff ctive granular temperatur . 

Analogously to molecular gase the granular t mperature is defined in terms 

of the velocity fluctuation around the mean flow velocity (Cody t al. 1996). 

1.1.2 Fluid-Grain Systems 

Fluid-grain systems can be classified depending on the size of the grain wi thin 

the fluid. Small particle form colloids. Particl s in colloids are homogen ou ly 

distributed throughout the fluid and often hav the appearanc of olution. 

Bigger particles produ e u pen ions in whi h the particl exp ri n e the in­

fluence of gravity and will sediment if no external energy is inje ted into the 

ystem. The grains in a u pension are also aff cted by propertie of th fluid , 

either by drag effects or by hydrodynamic eff cts. To prevent edimentation , 
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particles in suspensions can be made neutrally buoyant by matching the den­

sities of the particles and fluid. In this case, motion of the particles relative to 

the fluid is generated through shear. The interaction among neutrally buoyant 

spheres in sheared suspensions of Newtonian and non-Newtonian fluids has 

been studied. Michelle et al. reported the formation of chains in a monolayer 

of neutrally buoyant particles under oscillatory shear flow of a visco-elastic 

fluid between two plates (Michele et a1. 1977). In an extension of this study, 

it was found that the formation of chains occurred in the direction normal to 

the oscillation and it was suggested that this alignment could be the result of 

inertial or elastic effects (Petit and Gondret 1992). 

Non-neutrally buoyant systems can be separated in two categories; systems 

in which the drag effects dominate and systems in which hydrodynamic effects 

dominate. When drag effects dominate, the particle effect on the fluid is not 

considered. This is the case for systems in which there are a large number 

of partides. Segregation has been observed in binary mixtures where two 

components have different densities. This segregation is the consequence of 

differential drag with the interstitial fluid, the result is the formation of stripes 

consisting on a single type of grains, as shown in figure 1.4, (Sanchez et al. 

2004; Ciamarra et al. 2007). Separation has also been observed due to fluid 

drag effects in a vertically vibrated granular mixture. It was found that a 

mixture of bronze and glass can be separated perfectly if subjected to vertical 

vibration in the presence of air (Burtally et al. 2002). 

Computer simulations showed that differential drag forces were the main 

mechanism behind the separation phenomenon, since differences in size and 

density between the components of the mixture cause the fluid drag force to 

affect the dynamics of the grains of each component differently (Biswas et a1. 
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Fig. 1.4: Separation of granular mat rials due to diff rential drag. The y tem start in a 

homogeneous, mixed state (Top) and volves into a egregated tate (Bottom). ( an chez t 

ai. , 2004 ) 

2003). Separation is al 0 ob erved in water immersed mixtures under v rti al 

vibration (Leaper et a1.2005). 

In very diluted sy terns where only a mall numb r of particle are 1m-

m er. ed in an oscillator fluid flow. the hydrodynamic interaction betwe n 

par t icles dominate and change the behaviour of the pecific granular y tern 

in intere ting ways. Spherical particles hav been ob erved to form I att rn 

and exhibit collectiv behaviour (Voth et a1. 2002: Wunenburger t a1. 2002. 

Under vertical vibration spherical particle in a vi cou fluid form t ime-periodic 

t ructure . chaotic fluctuating pattern or hexagonal lattices (Voth t a1. 2002; 

Thomas and Gollub 2004). A hort rang r pul ion and a long rang attrac-

tion due to the fluid flow w re u ed to explain th formation of the patterns. 

Small pher s in a water-filled ontainer subjected to horizontal continuou 

vibration were observed to form a periodic pa ttern aligned perp ndicular to 

th direction of oscillation (~unenburger et a1. 2002). Heavy ph re in a 

vi cou fluid under horizontal vibra tion were also ob rved to align along the 
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direction perpendicular to the direction of vibration (Klotsa et al. 2007). It 

was also observed that two spheres would interact with each other and form 

a gap in between them when subj ected to horizontal vibration (Klotsa et al. 

2009). In these systems, the fluid establishes a steady secondary flow, termed 

the streaming flow. It has been proposed that this flow has an effect on the 

particles and forms the structures described above. 

~ 1llI1~. 

~! ~ I'P 

It j 

I ,. 
i 

.1\ 

.• ;rr" ] ~ 

Fig. 1.5: Pattern formation. A collection of steel spheres immer ed in a viscous liquid align 

perpendicularly to t he direct ion of vibration to form chains. T he direction of oscillation is 

given by t he double arrow. The viscous liquid used in t hese experiments is an aqueous 

solut ion of glycerol. For furt her details see Klotsa et al. 2007 

In this t hesis we look at three granular systems where collective interac-

tions between grains and their surroundings give rise to interesting phenom-

ena. First , a collection of dry part icles bouncing on a roughened surface will 

be studied. A system with these characteristics can be taken as a quasi-two­

dimensional granular gas. Our motivation is to determine whether the Random 

Force Model (which will be introduced lat er) can be used to describe the dy-

namics of this type of systems. Later we will investigate larger collection of 

grains densely packed (also referred as granular beds) which are surrounded 

by an incompressible fluid such as water. Two part icular phenomena will be 

studied; t he instability observed in a parti t ioned container and the effect of 

the fluid on the rise of an intruder , a particle with different properties from 

the rest of t he granular bed, in the well-known Brazil nut effect. In the final 
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system, the interactions between grains and the fluid surrounding them will 

be studied. The formation of chains and patterns by particles immersed in an 

oscillatory fluid have been reported in the past. Our approach involves the use 

of magnetic levitation to study these systems while preventing the interaction 

with the walls of the container or the effects of gravity. Magnetic levitation 

exploits the force on diamagnetic materials (e.g. water, glass, NaCI) in the 

presence of a strong, spatially-varying magnetic field. In certain cases, this 

force is strong enough to levitate bodies against the force of gravity. The con­

cept and technique can also be extended to immersing bodies in paramagnetic 

fluids in the presence of a strong field. 

The layout of the thesis is described in the following section. 

1.2 Thesis outline 

The topics addressed in this thesis involved the use of different techniques and 

experimental arrangements. Although the three systems deal with collections 

of grains under vibrations, each one has a particular background. For this 

reason, this document is divided into five chapters. In the first chapter we have 

given a brief introduction to the area of granular matter. In the remainder of 

this chapter we will describe the layout of the thesis. The following three 

chapters are self-contained and an introduction to their particular subject will 

be given at the begin of each chapter. 

In Chapter 2 we will focus our attention on a vertically-excited, dilute 

monolayer of grains. A collection of vertically-excited grains moving close to 

the surface of the container can be considered as 2-dimensional granular gas. 

In the past, this type of system has been the subject of several studies. How­

ever, despite renewed interest to find a statistical description of the dynamics 
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of a granular gas, there is no consensus on whether they can be treated as 

homogeneous systems or their dissipative properties allow the formation of a 

more complex long-range structure. We present the results of an experimental 

study carried out to test the validity of the Random Force Model to describe 

the behaviour of a vertically vibrated, 2-dimensional granular gas. The chap­

ter starts with an introduction covering some of the granular kinetic theories 

that have been develop to describe granular systems. We introduce the Ran­

dom Force Model and review some of its predictions. The rest of the chapter 

describes the experimental study of a randomly-driven collection of grains. 

Firstly, the trajectory of a single particle across a vibrated roughened surfaced 

is recorded and its average displacement is measured as a function of time. 

From the experimental observations we found that viscous dissipation and a 

random force are needed to match the experimental data. Later, the structure 

factor, S (k ), and the pair correlation function, 9 (7-), for a collection of grains 

were also measured experimentally and compared with the results from simu­

lations carried out within our research group. The experimental observations 

of S(k) revealed a structure that, to our knowledge, have not been observed 

previously. 

In Chapter 3 we describe the experimental work carried out to investigate 

two of the phenomena observed when a granular bed surrounded by fluid is 

subjected to vertical vibrations; the spontaneous migration of grains in a par­

titioned container and the effect of a fluid on the Brazil nut effect. The aim 

of these experiments is to provide a set of quantitative results which can be 

compared to the predictions of the simulation models developed within our 

research group. 

In Chapter 4 we describe a series of experiments aimed to study the be-
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haviour of spherical grains magnetically-levitated in an oscillatory fluid. To 

our knowledge this kind of experimental setup has not been used previously t.o 

st.udy t.he hydrodynamic int.eractions in very dilut.e granular systems. We start 

the chapter with a review of the studies associated with pattern formation in 

granular systems in the presence of an oscillatory fluid. We continue with a 

brief review of basic concepts of magnetism and introduce diamagnetic levita­

tion. Next. we describe our initial experimental observations when collections 

of grains were levitated magnetically in the presence of an oscillatory fluid. 

Several systems were investigated but our main studies will focus on the case 

of two particles. In the remainder of the chapter we will describe the details 

of the experimental study of two magnetically-levitated spheres. 

Lastly, in Chapter 5 we will present a review of the main results of each 

chapter as well as the direction which future research could take. 



Chapter 2 

Quasi-Long-range Structure of a 

2-D Granular Gas 

Granular systems can exhibit states that resemble the solid, liquid and gaseous 

states of classical media. However, due to the dissipative nature of granular 

materials, the standard theories commonly applied to classical materials can 

not be used to describe their properties. 

The present study will be focus on a vertically-excited. dilute monolayer of 

grains. Such a system can be considered to be a quasi two-dimensional granu­

lar gas. A number of experiments (Blair et ai. 2003b; Olfsen & Urbach 1998; 

Reis et ai. (2006a & b, 2007a & b); Shattuck et al, 2009; Bordallo-Favela et 

al. 2009; Reyes & Urbach 2008) have been carried out on vertically vibrated 

granular monolayers with the aim of creating systems which are homogeneously 

excited. Even though the systems are uniformly agitated, dissipation in col­

lisions can induce non-uniform spatial structures. In a nearly elastic system, 

Reis et al, found that the radial distribution function was identical to that 

of an equilibrium distribution of hard disks (Reis et al. (2006a & b, 2007a & 

b)). However, Bordallo-Favela et al, found that the short-range structure as 

12 
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measured by the pair correlation function depends on the coefficient of resti­

tution of the particles(Bordallo-Favela et ai. 2009). Reyes and Urbach showpd 

that the degree of dissipation also has a strong effect on the phase diagram 

but they did not investigate the long-ranged structure of the individual phases 

(Reyes & Urbach 2008). It has been proposed that vibrated monolayers can 

be modelled as a randomly-driven, two-dimensional dissipative gas (Melby et 

ai. 2005 ). In the simplest form of the modeL dissipation only arises from col­

lisions between particles. Previous theoretical studies using kinetic theories or 

computer simulations have lead to different predictions for both the structure 

(Peng & Ohta 1998; van Noije et at. 1999) and the velocity statistics (Ernst 

et al. 2006; Moon et ai. 2001; van Zon & MacKintish 2004 & 2005). Puglesi 

et al. considered a generalisation of the model to include a term which acts as 

a viscous drag (Puglesi et al. 1999). Melby et ai. argued that both collisional 

and viscous dissipation may be present for grains vibrated on a roughened base 

(Melby et al. 2005). However, no quantitative confirmation ofthis picture has 

been attempted. 

In this chapter we will present the results of an experimental study carried 

out to test the validity of the Random Force Model to describe the behaviour 

of a vertically vibrated, 2-dimensional granular gas. Our experimental study 

starts by recording the trajectory of a single particle across a vibrated, rough­

ened surfaced and the average displacement is measured as a function of time. 

From these observations we have found that a random force is not enough to 

reproduce the experimental data; a viscous dissipative force is also needed to 

match the observations. The structure factor, S(k), and the pair correlation 

function, g (r ), for a collection of grains were also measured experimentally 

and compared with the results from simulations carried out within our re-
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search group. The experimental observations of S(k) revealed a long-range 

structure that, to our knowledge, has not been observed previously. 

2 .1 Introduction 

Since standard theories applied to classical materials can not be used to de­

scribe a granular system it is necessary to develop new theories or adjust those 

that already exist to take into account the complexities of granular materials. 

In this section we present a review of the theoretical approach to describing 

the dynamics of a dry granular system. Firstly, we highlight the effect of the 

inelastic collision in a granular system and introduce the concept of granular 

temperature as a way to characterise the average kinetic energy in a granular 

gas. Then, we review some of the granular kinetic theories derived from the 

Boltzmann equation of motion which incorporate the dissipation of energy due 

to collisions and the continuous injection of energy. Lastly, we conclude with 

a review of the Random Force Model, a model that has motivated various 

experimental studies on the structural properties of two-dimensional granular 

systems, including the present work. 

2.1.1 Non-Equilibrium states 

Vibrated granular systems are an example of a system out of equilibrium. 

The grains lose kinetic energy with every successive collision. If they are to 

stay in motion then an external source of energy is required. The amount of 

energy that is dissipated during each collision is determined by the coefficient of 

restitution (c) which can be calculated from the relation between the velocities 
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of the grains before and after the collision, 

(2.1 ) 

where VI, V2 are the normal components of the velocity before the collision 

and vi, v~ are the normal components of the velocity after the collision of the 

particle 1 and 2, respectively. 

A way to quantify the energy of a granular system is by defining its gran-

ular temperature as the average kinetic energy per particle. If a collection of 

initially energetic grains, such as a granular gas in the absence of long-range 

forces, is left to evolve without an injection of kinetic energy the granular tem-

perature will decrease with every collision in the syst.em. Haff's law predicts 

how the granular temperature decays wit.h t.ime. According to this law the 

granular temperature at time t is (Brilliantov and Poschel 2004): 

[ 
4 ¢T~/2l-2 

Tt = To 1 + y0r(1 - E) s*(¢)i ' (2.2) 

where ¢ is the packing fraction (a measure of the density of t.he gas of grains) 

and s*(¢) = (1 - ¢)2/(1 - 7¢/16). Here t is the time and To is the starting 

granular temperature at t = 0 and d is the diameter of the part.icles. 

If t.he grains are weakly dissipative and only a small amount. of energy is 

lost with each collision, Haff's law provides a good prediction for the decay of 

the temperature. However, if the grains are highly dissipative, large fractions 

of the grain's energy are lost with each collision which can cause the grains 

to strongly cluster together and under these circumstances Haff's law breaks 

down. 

Haff's law is an example of applying hydrodynamic theory to granular 

media. Its failure at moderate to high dissipations demonstrat.es t.hat a mean-
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field theory treating the distribution of grains as homogeneous is inadequate; 

instead the spatial structure of the system must be considered. 

2.1.2 Granular Hydrodynamic Equations 

Equilibrium theories, such as those based on Maxwell-Boltzmann statistics, 

fail to describe granular systems because they do not account for the contin-

uous dissipation and injection of kinetic energy that occurs in such systems. 

As a result, the general approach by physicists has been to modify the exist-

ing theories to incorporate collisional dissipation and energy injection. The 

difficulty arises in how to include these additional energy terms. 

Kinetic theories are mostly derived from the Boltzmann equation of motion. 

The Boltzmann equation assumes that the state of a particle is separable from 

the system's other particles, in which case molecular chaos applies, so that 

there exists no correlation between grain velocities. For a steady state of 

fluidised inelastic hard spheres the Boltzmann equation is written as: 

(2.3) 

where fi is the distribution function that describes a grain in terms of position 

r, velocity v and time t. The other terms comprise the forces acting on the 

particles between collision F; the mass of a grain M; the rate of change of fi 

due to collisions CUi); and the rate of change of Ii due to energy injection 

Frequently an assumption to the Boltzmann equation is that the system 

is spatially homogeneous. However, it is well known that many granular sys-

terns are spatially homogeneous only on time average and not instantaneously. 

Furthermore, dissipation of energy during collisions in granular media leads to 

notable correlations in particle velocity even at reasonably low dissipation. 
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Some Specific Granular Kinetic Theories 

The use of a Random Force acting on each particle is the easiest method to 

uniformly inject energy into a system. A solution to the Boltzmann equation 

can then be found to obtain the distribution of velocity. In practice it is a 

challenging task to describe the complete velocity distribution. Therefore, it is 

common practice to calculate only the high velocity tails of the distributions 

which has resulted in a variety of solutions for the asymptotic behaviour of the 

velocity distribution P(v), where v is a component of the velocity v. 

Van Noije and Ernst proposed what has become the most commonly quoted 

approach (Van Noije and Ernst 1998). The system was assumed to be ther­

mally heated by uncorrelated Gaussian white noise. The Boltzmann equation 

was approximated as the Enskog-Boltzmann equation for a uniform heated 

system. The high velocity tail of the distribution of velocity was calculated as 

a stretched-exponential of the form P( v) = A exp( - B Iv 13/ 2). 

Barrat et al. suggested in a later study that the velocity distribution is 

more complicated (Barrat et al. 2002). They reported that P(v) crosses over 

from A exp( - BlvI 3
/
2

) for the large inelasticity regime to A' exp( - B'lvI 3 ) for 

the low inelasticity. This implies that for systems with nearly elastic collisions 

the cubic behaviour was dominant over observable statistics. 

Ben-Nairn et ai. proposed an alternative approach (Ben-Nairn and Krapivsky 

2000). In their study, they used the Maxwell Model as an approximation for 

the Boltzmann equation. In this case the collision rate is independent of the 

particle's velocity so that the collision integral, CU), can be derived by just 

considering a collision between a pair of grains such that CU) contains both a 

single gain and a single loss term. The Maxwell Model is solved by ignoring the 

gain term and the high velocity tail of the velocity distribution is calculated 
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to be approximately exponential of the form P( 11) = A exp( - Bv). 

Another approach to solve the Boltzmann equation is described by Ben­

Nairn et al. (Ben-Nairn et al. 2005). The Boltzmann equation is linearised 

by studying only the fastest particles. The collision rate is chosen to be a 

power of the relative difference in velocity between colliding grains. As the 

fastest grains are very rare, all other inbound grains are seen as stationary 

and the collisions of the system leads to a cascade effect; one collision causes 

two further collisions which in turn leads to four further collisions and so on. 

Due to this cascade effect, the kinetic energy contained per grain, in the form 

of the velocities, reduces in value. The theory assumes that the energetic 

grains are uncorrelated with the slow grains and so the Boltzmann equation 

can be linearised by taking the second grain's velocit.y to be zero. Solving the 

equation produces a power-law approximation for the high velocity tail of the 

distribution of velocities. 

In the theories described previously, it is assumed that the granular system 

is homogeneous. Puglisi et ai. proposed a theory that included spatial variation 

(Puglisi et al. 1999). The granular system is broken up into a number of 

boxes with fixed width containing a variable number of particles. Particles 

can move between boxes but the total number of grains in the system remains 

constant. The kinetic energy of the box is dependent on the number of particles 

held within and the distribution of velocity for each box is assumed to be 

Gaussian with standard deviation governed by the box's kinetic energy. The 

total velocity distribution of the system is thus equal to the sum of distribution 

of velocity for all the boxes and thereby incorporates the structure of the 

system. 

In the majority of granular systems the energy injection is both time and 
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position dependent. If we consider the case of a shaken bed, kinetic energy is 

only transferred to those grains that are in contact with the base at the point in 

the cycle when the base is moving upwards. All other grains exchange energy 

through subsequent collision. For this reason it is difficult to represent these 

systems by granular kinetic theories. Instead the granular kinetic theories 

are tested against simpler systems where the driving energy injection can be 

considered to act at all times over all grains. One such theoretical granular 

system was proposed in by Williams and MacKintosh and is known as the 

Random Force Model (Williams and MacKintosh 1996). 

2.1.3 The Random Force Model 

The Random force model is defined as a set of confined identical grains, from 

now on referred to as particles, where kinetic energy is injected into the sys­

tem by individually applying a random force, statistically distributed as a 

Gaussian, to each particle. The random force represents the overall effect of 

particles picking up successive packets of energy, identically distributed, over 

an infinitesimal period of time such that the Central Limit Theory applies. 

Considering the simplicity of the Random Force Model and the level of 

study available in the literature it is surprising to find unresolved conflicts 

about the nature of these systems. Specifically, the velocity and structural 

properties of the two-dimensional case are still a cause of debate since it is still 

unclear whether or not a hydro dynamical description is applicable in these 

systems, as showcased at the beginning of this chapter. 

The slight correlation of particle velocity with its neighbour after collision 

leads to clustering in these systems. The random force prevents the system 

from undergoing inelastic collapse by decorrelating the particles over time. 
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However , the tendency of particles to cluster puts into question any th oric 

that suggest the system is homogeneous. Neverthele s much of the previou 

analy is of the Random Force Model as urn exa t ly that. 

Regardless of the debate, the e model are of particul ar r levance a everal 

experiments have been performed using system that can b on id red a near 

approximations to the two-dimen ional ca e. Rei t al. have performed veral 

of such studies (Reis et al. 2006a; Reis tal. 2007a; R is et al. 2007b). In their 

experiments a layer of identical spheres is placed b tween two glass plates, the 

lower of which is roughened. The plates are eparat d by ju. t over a particle 

diameter to create a qua i-two dimensional y tern. Figure 2.1 how their 

experimental setup. 

a) 

Vertical 
vibration 

flat bottom plate rough bottom plate 

1016 em 

16x16 
LED array 

Fig. 2.1: Schematic diagram of the experimental apparatus used by Reis et at.. The grains 

were encased in between two glass plates, separated by a 1.905mm thick annulus (dark gray). 

The top glass plate was optically flat but the bottom glass plate could either b (a) optically 

fl at or (b) rough by sand blasting. Image taken from Rei et al. (2007b). 

During experiment the ystem is vertically vibrated and th roughened 

base acts as a source of random force for the particles. Of particular inter st, 
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these researchers have measured the velocity statistics of particles and com­

pared the results against the granular kinetic theory of Van Noije and Ernst 

(1998). More recently (Reis et al. 2009) there have been claims that the ra­

dial distribution function, g(r), for these experimental granular systems was 

identical to that of an equilibrium distribution of hard disks. It was proposed 

that the experimental granular system broadly mimics an equilibrium systems 

as a result of all spatial gradients being removed. 

Olafsen and Urbach (1998) conducted an experimental study of vertically 

excited granular monolayers. In their experiments the grains were vibrated 

until they were in motion in a gas-like state. As the dimensionless acceleration 

r = Aw2 / g was slowly decreased, the grains started to form clusters until one 

of these clusters became a nucleation point and the system collapsed into a 

cluster of particles at rest on the plate surrounded by a coexisting gas. Figure 

2.2 shows the different phases observed in these experiments. The measured 

velocity distributions were found to be non-Gaussian and the density-density 

correlation function, g (r ), was found to correspond to the expected result for 

a hard sphere gas. Reyes and Urbach (2008) showed in a later study that the 

degree of dissipation has a strong effect on the phase diagram but there was 

no investigation of the long-range structure of the individual phases. 

2.1.4 Structural Properties of a Two-dimensional Sys­

tem 

The structure of a bed of particles can be quantified by a probability distribu­

tion called the structure factor, S(k), which measures the Fourier transform of 

the correlations in positions between pairs of particles. The wave vector mod­

ulus k is inversely proportional to the distance such that large scale structure 
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Fig. 2.2: Instantaneous (left column) and time-averaged (right column ) photographs de­

t a iling the different phases of the granular monolayer as observed by Olafsen and Urbach 

(Olfesn and Urbach 1998). (a),( b) Uniform particle dist ributions typical of the gas pha e 

(f = 1.01 ). (c) (f = 0.8) Clusters are visible as higher intensity points in a time-averaged 

image (d) denoting slower , densely packed particles. (e) A portion of a coll apse (f = 0.76). 

(f ) The time-averaged image shows that the parti les in the olJapse are st ationary while 

the surrounding gas particles continue to move. (g),( 11 ) In a more dense system, there is 

an ordered phase where all of the part icles remain in motion. 

is described by small scale k-space. The structure factor is a matbcmatical 

tool commonly used to interpret the interference pattern observed in diffrac­

tion experiments in crystallography and condensed mat ter physics. A specifi 

defini tion of S(k) will be given later in thi chapter. 
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There is a general consensus amongst the literature that the structure factor 

of a two-dimensional granular gas varies as a power-law for small k of the form 

k-Df , but disagreement exists into the exact value of the exponent Df . The 

earliest studies into the structure factor of the RF model were carried in the 

papers of Peng et al. (1998a & b). The small scale power-law correlations 

of S(k) were measured to be Ak-1.42 such that Df = 1.42. Additionally, it 

was observed that the exponent D f did not change with the coefficient of 

restitution but instead the scaling region reduced in length with decreasing 

dissipation. The suggested explanation for the power-law decay was that the 

system self-organized into a critical state where no characteristic spatial- or 

temporal-scales in the correlations existed. 

Van Noije et al. (1999) explained the power-law decay of S(k) using the­

ory based on a hydro dynamical approach to a randomly driven inelastic hard 

sphere fluid. Their theory predicted that the system would exhibit three spa­

tial regimes: dissipative, standard, and elastic, that determine the behaviour 

of spatial features at specific scales. The dissipative regime was stated to be 

dominated by the dissipation effects and represented features in S(k) when 

k ~ (1 - £2)/410 (where Lo was the mean free path of a particle between col­

lision and £ is the coefficient of restitution). Whereas the elastic regime was 

dominated by energy conduction and described S(k) for k ~ VI - £2/2Lo. 

The standard regime described the remainder of S(k). Importantly the 

authors discussed whether or not these regimes could be seen in a system of a 

given size and concluded that the power-law decay of S(k) was only appreciable 

when the system had lengths of L > 4lo/(1 - £2). Within the dissipative 

regime the structure factor was derived to obey S(k) (X k-2. This relation 

was compared with simulation data but accurate evaluation was not possible 
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due to the data quality. It was finally acknowledged that molecular chaos was 

violated for high inelasticity due to short range velocity-velocity correlations 

which were not incorporated in their theory. 

In the following sections we describe the methodology and present the ex­

perimental results of a study carried out to test the validity of the random 

force model to describe the behaviour of a vertically vibrated granular mono­

layer. We begin by describing in detail the setup of our experiment, the vertical 

vibratory apparatus and the properties of the grains used in the experiments. 

Part of our motivation consist in trying to model the experimental ob­

servations using the Random Force model. To this end, our study began by 

placing a single particle onto the roughened, vibrated surface of a tray and 

recording its trajectory. We continued our study by measuring the pair distri­

bution function of a collection of grains under the same conditions. Finally, 

we obtained experimentally the structure factor, S (k), of the system. Com­

puter simulations were carried out within our group using the experimental 

parameters obtained from the motion of single particles. The corresponding 

results will be compared with the experimental observations at the end of this 

chapter. 

2.2 Experimental setup 

The experimental setup consisted of a collection of grains vibrated vertically on 

the roughened surface of a horizontal tray. To vibrate the tray we made use of 

a LDS permanent magnet shaker model V 406 with a nominal maximum sine 

force rating of 196N. This shaker was firmly bolted onto a medium density 

fibreboard (MDF) base. To reduce the effects of undesired vibrations, the 

MDF base was attached to a large concrete block of approximately 250kg 
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using 8 bolts of adjust able length. These bolts were used to align the urface 

of the tray with the horizontal plane. An aluminium plate of 15 by 15cm 

horizontal cross-section and l cm t hickness was attached on top of the shaker. 

The distance between this plate and the casing of the shaker was varied u ing 

cylindrical aluminium spacers of 3cm height. A metal plate with a pair of 

capacitance cantilever accelerometers, ADXLI05 and ADXL1 50, was fi t ted in 

between the aluminium spacers to monitor the motion of the shaker. The 

first accelerometer covers the range from 0 to 7g and the second from 0 to 

70g, where g is the acceleration due to gravi ty. Figure 2.3 shows a schematic 

diagram of the vibratory apparatus. 

Aluminium Plate 

~:. ~~ .~:~--- Accelerometers 

Bolts 
Permanent 

magnet shaker -

t:i:===::t====i:::::I - MDF Base 

Concrete block 

Fig. 2.3: Schematic view of the vibratory apparatus. The cell in which the experiments 

are conducted is placed on top of the aluminium plate. The permanent magnet shakef i ' 

levelled before each experiment by adjusting the bolts securing the medium density fibre 

(MDF) board to the concrete block. 

A continuous sinusoidal wave was generated to drive the shaker using a Sig-

nal Generator Model DS345 by Stanford Research Systems. The frequency and 

peak-to-peak voltage of the driving signal was adjust ed to the desired value 
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and sent through a device fitted with an on/off switch and a potentiometer to 

a Cambridge Audio Power Amplifier model P500. The potentiometer allowed 

a finer control over the maximum voltage of the signal fed to the shaker hence 

controlling the maximum acceleration experienced by the apparatus. The ac-

celeration was monitored by the pair of accelerometers described previously. 

The signal from the accelerometers was sent through a 4-pole low-pass Bessel 

filter with a cut-off frequency of 800Hz. The output was displayed in a digi-

tal voltmeter which was calibrated so the voltages shown corresponded to the 

maximum dimensionless acceleration, r. A digital camera, Casio Exilim ex-F1, 

was used to take the images and high speed videos of our experiments. In high 

speed mode, the camera can record videos at 300, 600 and 1200 frames per 

second with resolutions of 512x384, 432x192 and 336x96 pixels, respectively. 

This camera can be controlled using a computer. Figure 2.4 shows a schematic 

view of the electronic components and signal flow of the experimental setup. 

Accelerometers I Bessel I Digital 
I Filter I \bltmctc:r 

Camera 

~~ll~ l Signal 
Generator 

I!I~III ~ 
t:::::I D ~.. 0 

Loudspeakers 
On/Otf Switch 
Potentij 

Power Amplifier I 0 I ,. 

Fig. 2.4: A schematic diagram of the electronics and signal flow for the vertical apparatus. 

The driving sinusoidal wave from the signal generator is sent to the amplifier and then fed 

to the loudspeakers. The motion is monitored by the accelerometers and their output is 

displayed in a digital voltmeter and an oscilloscope. 
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The tray was built with a glass sheet of 15 by 15cm as a base. A sheet of 

emery paper was cut to match the dimensions of the glass sheet and carefully 

glued to its surface using a spray mounting glue. Special care was taken to 

ensure the removal of any air-pocket that could have formed between the glass 

and the emery paper. To form the borders of the tray we used a frame of rubber 

of width 1cm. The thickness of the rubber frame varied accordingly with t.he 

size of the particles used during the experiments. The free surface of the tray 

was a squared area of 13 by 13cm in which the particles were free to move. A 

further squared sheet of glass could be used to seal the tray if needed. Figure 

2.5 shows a schematic diagram of the tray. For the experiments reported in 

this chapter there was no observable change on the surface of the emery paper 

due to the collisions with the particles when the cell was carefully checked 

under the microscope after the experiments. However, actual measurements 

of the properties of the emery paper before and after the experiments were not 

carried out. Table 2.1 contains a summary of the types of sandpaper used as 

roughened surface and the sizes of the inserts. 

Particles made of glass, steel, plastic, bronze and lead were used in the 

experiments with different degrees of success. The glass and plastic particles 

were highly susceptible to become electrically charged. Furthermore, in the 

Code Grit Size 

PIOO 162 Jlm 

P220 68 Jlm 

P400 35 Jlm 

Table 2.1: Types sandpaper used in the experiment. The left column shows the 

ISO classification and the right column shows the typical size of the inserts. 



Chapter 2 Quasi-Lang-range Structure of a 2-D Granular Gas 28 

• Top glass sheet 

• Frame 

• Sandpaper 

... Bottom glass sheet 

Fig. 2.5: A schematic representation of a typical tray. The urface of the bottom glas 

sheet is covered by a sheet of emery paper. The roughness of the urface wa changed using 

different grades of paper. The majority of the experiments were carried out using a rubber 

frame. The top glass sheet could be removed and wa lIsed only when the experimental 

conditions required a close tray. 

case of glass spheres, the images were difficult to analyse. The permanent 

magnet from the industrial shaker was strong enough to magnetize the steel 

particles. During experiments using steel spheres it could be observed that the 

part icles formed chains which followed the lines of the magnetic fi eld. Particles 

made of bronze or lead did not exhibit these problems, however , due to health 

and safety regulations regarding lead , the majority of the results presented in 

this chapter were obtained using bronze particles. 

Bronze particles were sieved out to the desired range of sizes. The siev­

ing process was repeated three times to ensure the size range was small. The 

particles were then poured on an inclined roughened urface. The part icles 

that did not roll out smoothly to the bottom of the inclined plan were re­

moved. This process was repeated several times until no particle was staying 

on the slope. Finally, the remaining particles were put under the microscope 

to search for imperfections such as rough surfaces, bumps or lumps, cracks or 

any other defect. Faulty particles were manually removed from the batch. The 
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particles remaining at the end of this process were washed with a soap solution 

and rinsed with high purity water. A second cleaning step was taken before 

each experiment using isopropanol. Although the process of selection of the 

particles and the cleaning process was time consuming, the end batch could 

be considered to contain almost spherical particles with few defects. The size 

and mass for the different types of particles used in the experiments are given 

in table 2.2. 

Material Diameter (mm) Mass (Kg) 

Bronze 0.8 (±0.03) 2.4 x 10-6 (0.05 x 10-6 ) 

Bronze 1.1 (±0.05) 6.1 x 10-6 (0.03 x 10-6 ) 

Lead 2.0 (±0.1O) 76.0 x 10-6 (0.7 X 10-6 ) 

Table 2.2: Average diameter and mass for the particles used in the experiments 

described in this chapter. The standard error of these quantities is shown in brack­

ets. 

2.3 Trajectory of a Single Particle 

In this section, experiments carried out to measure the trajectories of single 

spheres on a roughened, vibrating surface will be describe. The aim of these 

experiments is to determine the characteristics of the motion of a particle 

under our experimental conditions which will provide a starting point in the 

simulation of many-particle problems. 
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2.3.1 Experimental Procedure 

Before starting each experiment care was taken to ensure that the tray was 

horizontally levelled. The tray was attached to the shaker and a small amount 

of grains were placed on top of it. The vibration was switched on and the am­

plitude and frequency were adjusted to the desired values for the experiment. 

If the grains were observed to be drawn to the edges of the tray, the bolts 

securing the MDF board to the concrete block were adjusted until the grains 

moved freely across the tray. The system was left to vibrate for a long period 

of time, usually about 30 minutes, to ensure that the grains would not drift 

towards the walls again. If no condensation of particles was observed during 

this period of time, the grains were carefully removed from the tray and the 

experiments could begin. 

A lamp fitted with a 1000W halogen bulb was used to illuminate the tray. 

The lamp was positioned so the light illuminated the particle almost hori­

zontally. Setting the light in this way was found to reduce reflections from 

the sandpaper surface. A digital camera capable of recording videos at up to 

900fps (Casio Exilim Fx-l) was used to record the motion of the particles. 

At the beginning of the experiment, a single particle was placed at the 

centre of the cell and the focus of the camera was adjusted accordingly. The 

vibration was switched on and the 6 by 6cm central region of the tray was 

filmed at 300 fps for 4 seconds. It was found during trials that, during this 

amount of time, most of the particles would have left the field of view of the 

camera. Furthermore, keeping the size of the video files small allowed an easier 

analysis of the recordings. 

The procedure was repeated for 325 particles chosen randomly from a batch 

prepared as described in the previous section. The analysis of the video record-
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ings using a computer program coded using Matlab will be explained in the 

following section. 

2.3.2 Video Processing 

A program in Matlab was used to analyse the high speed recordings of the 

motion of the particles to extract their trajectories. The program could be 

divided into four routines or stages. During the first routine, the frames of a 

single high speed video were extracted and saved into a structure-type variable 

along with all other information from the videos, such as number of frames, 

size of frames, etc. The second routine consisted of a series of steps to enhance 

the quality of the images. This stage of the analysis took advantage of the fact 

that light created a bright spot on top of the part ides which could be easily 

identifiable. Each frame was converted to a grey-scale image. A threshold 

was set to convert the gray-scale images to black and white images. By care­

fully choosing this threshold, most of the background reflections in the images 

caused by the sandpaper were be removed. 

Using the Matlab function centroids, the position and size of the particles 

in each frame were acquired. Most of the remaining spots from the background 

were eliminated by discriminating the size of particle to be followed. The final 

stage of the programme tracked the motion of the part ides. After locating 

the biggest object in the first frame, a small squared region centred on that 

particle was defined. The position of the particle between consecutive frames 

was compared. 

To track the motion of the particle and record its trajectory, the programme 

scanned the squared region looking for the biggest cluster of pixels which cor­

responds to the location of the particle. The coordinates of the centre of the 
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Fig. 2.6: To record the t rajectory of a particle the programme scanned a squared region 

searching for the biggest cluster of pixels and the coordinates of the particle are recorded. 

In the next frame, the same squared region was scanned to locate the particle and record its 

new position then, a new region centred on this new coordinates was defined. The process 

is repeated until there is no cluster inside the region which is interpreted as the particle 

leaving the field of view of the camera. 

particle were recorded. The start of the experiment, t = 0, was defined as the 

frame previous to the detection of a change in the position of the object and 

the origin of coordinates, x = Y = 0, was defined as the position of the particle. 

In the next frame, the same squared region was scanned to locate the particle 

and record its new position then, a new region centred on this new coordinates 

was defined. The continuous discrimina.tion on size a.nd the analysis of just 

a small region around the last known position of the particle was neces ary 

due to the possibility that some false particles were still present. A schematic 

representation of the tracking process is shown in figure 2.6. 
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2.3.3 Experimental Results 

During experiments, single part icles start from rest at the centre of the cell and 

move until they leave the fi eld of view of the camera. For each trajectory, the 

posit ion of the particle at this t ime was defined to b the origin, x = y = 0, 

and the sub equent evolution was measured from thi point . In this way it 

was pos ible to determine the trajectory of each particle as a function of the 

elapsed time, t. In the analysis, the initial third of a econd of the motion wa 

ignored to avoid transient effects due to the initial vertical kick given to the 

particle when the vibration was turned on. In figure 2.7 a compo ition of the 

trajectories of d = 0.8mm bronze particles i shown. The experiment were 

carried out at a frequency f = 100Hz and dimen ionless acc leration r = 2.5. 

The gri t size of the and paper was 68/.Lm. 

Fig. 2.7: Trajectories of 325 bronze particles of average diameter d = O.Bmm. One of such 

t rajectorie i plotted as a dashed line as an illustration. The experiments were carried out 

using sandpaper with a gri t size of 6 jJ.1n. 
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From this image it is not obvious to observe a preferred direction of motion. 

The particles seem, at first glance, to follow a random trajectory through out 

the surface of the cell without an obvious bias towards any direction. In figure 

2.8 the vertical and horizontal components of the trajectories are shown as a 

function of t he elapsed time, t. 

' /NC} 

/ (MC) 

Fig. 2.8: x-component (top) and y-component (bottom) of posit ion of the particle as a 

function of time for 325 t rajectories. 

Figure 2.9 shows the mean value (top) , the standard deviation (middle) 

and ratio of the mean and standard deviation (bottom) of the horizontal and 

vertical positions of the particles. The calculation was done using 325 trajec­

tories. The mean values of x and yare small compared with the size of the 

observed region. The drift towards negative values could be interpreted as a 

weak preference of the particles to move towards the bottom-left side of the 

cell. However there is no clear indication that this is the case. The standard 

deviations in the x and y direction are also shown in figure 2.9. It can be 

observed that both curves remain approximately equal for all times. 

The particle's displacement between frames, ~x is calculated from the 
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Fig. 2.9: Mean values (top) , standard deviation (middle) and the ratio of the mean and the 

standard deviation (bottom) of the horizontal (continuous line) and vertical (dashed line) 

of the position of the particle as a function of the time, t. These quantities were computed 

over 325 trajectories for a d = O. 8mm bronze particle moving on top of sandpaper with a 

grit size of 68j.L1n. The parameters of vibration were f = 100Hz and r = 2.5. 
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trajectories and, in Figure 2.10, the average Llx2 is plotted as a function of 

the elapsed time, t. The average is computed over 325 trajectories, each for 

a different particle. The data shows a crossover from a small-time behaviour 

where Llx2 '" t2 to a long-time behaviour where Llx2 '" t. The short-time 

behaviour is indicative of ballistic motion which arises from the initial velocity 

of the particle after the initial 1/3s; the long-time behaviour is indicative of 

Brownian motion which results from a random force and viscous damping. 

1000 

100 

10 

01 

0.01 
0.01 01 

t (s) 

Fig. 2.10: The average over 325 trajectories of ~x2 as a function of time. For small times 

~x2 varies as t2 whereas for long times it varies as t. 

2.3.4 Discussion 

The simplest model that captures the features of the experimental data plotted 

in figure 2.10 can be obtained from the Langevin equation 

dVa Va 
m- = -m- +T} (t) dt T a, 

(2.4) 

where T is a time constant associated with the frictional forces acting upon 

the particles (drag effect), m is the particle mass, Va is the particle's velocity 
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component in Cartesian direction a and TJo(t) is Gaussian white noise with 

correlator < 7]Q(t)TJf3(t') >= 2D6(t - t')6Q,f3 (6Q,f3 = 0 for a = (3 and 6o ,f3 = 1 

otherwise). D is the diffusion constant and, in our case, is associated with 

the loss of energy through collisions. The effective viscous force, -rnv / T, is 

assumed to be proportional to the particle's speed. The displacement ~X2 as 

a function of time. t. for a particle which starts with an initial speed vx(O) is 

(2.5) 

where < vx(O)2 > is the initial x-component of the velocity averaged over 

independent trajectories. A similar expression to equation 2.5 holds in the 

y-direction. 

O.oJ L..L...IO-'-.O-I ---J..--'----'---'--'--'-'....LO:'-:.I---'----'---'---L....L..J......L....L.L---.JJ 

t (s) 

Fig. 2.11: The average over 325 trajectories of Llx2 as a function of time. The solid line is 

a best fit to equation 2.5 which enables us to extract values of D and T. 

The solid line shown in figure 2.11 is the best fit of equation 2.5 to all 

the experimental data with T, D and < vx(O)2 > left as fiting parameters. For 
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longer times than shown here a significant fraction of the particles move outside 

the field of view of the camera so this data is unreliable. The values of T and 

D found from fitting the data are T = 0.123s and D = 2.9 X 10-14 kg2 rn2 S-3, 

with ±3% error. The fit is very good over the range shown which shows that 

the motion of a single particle driven by a roughened, vibrated surface can be 

described accurately by a random force model which includes viscous damping. 

2.4 Long-range Structure of a randomly-driven 

granular sub-monolayer 

We now consider the behaviour of a sub-monolayer of bronze particles vibrated 

on the same roughened surface. In particular we wish to investigate the long­

ranged structure experimentally and compare it to that obtained from com­

puter simulation of a randomly-forced gas. The long-ranged structure is best 

measured by considering the time-averaged, density-density structure factor, 

S(k), defined by the equation 

S(k) = ~ J J (p(r)p(r') exp( -ik.(r - r')))drdr', (2.6) 

where p(r) = ~~18(r - rj) and rj are the positions of the N particles. 

In previous theoretical studies of the purely random-force model, the circular­

averaged S(k) has been shown to exhibit a power-law divergence for small k. 

However, to our knowledge, no attempt has been made to measure this quan­

tity experimentally. 
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2.4.1 Experimental Procedure 

For the experiments described in this section, the experimental setup consisted 

of bronze granules vertically vibrated on the roughened surface of the horizon­

tal tray. The bronze granules varied in sizes but, otherwise stated, the results 

presented in this section were obtained using particles with mean diameter 

d = 0.8 ± 0.03mm and average mass m = 2.4 x 1O-6kg. 

The tray was mounted on the industrial shaker as described previously. 

Care was taken to ensure that the surface was horizontal and the same proce­

dure describe in the previous section was followed so that the distribution of 

grains across the surface was homogeneous on the average. A 1000W halogen 

bulb was used to provide the illumination. The lamp was positioned to illumi­

nate the tray forming an acute angle to reduce reflections from the roughened 

surface. 

The shutter speed, aperture and focus of the digital camera were adjusted 

and it was programmed to take a snapshot every 5 seconds. The size of the 

observation window was 92mm by 92mm and the position of each particle 

could be determined to a resolution of 0.05mm. 

A collection of grains were placed in the tray and the vibration was switched 

on. The tray was vibrated at 100Hz in the vertical direction and, for most of 

the experiments, the amplitude of vibration was chosen so that the maximum 

acceleration of the surface relative to gravity, r, was 2.5. 

Image Analysis 

The images were analysed using Matlab. The procedure was similar to that 

followed to measure the trajectories of single particles. The analysis started by 

enhancing the images. The RBG image was converted to a grey-scale image 
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in the first step of the image-enhancing routine. 

Fig. 2.12: Image Proces ing. ThE' original image is sh wn in (a). The re ulting images 

obtained during the nhancing routine a re shown in (b) and (c). In b) the resu lting black 

and whi te image after increasing t he cont rast a nd applying the int.en ity cut-off i hown. 

The remaining part icle after elimination of t he mailer objects is shown in figure' c). The 

centre of the particles are ho\\'n as blue spot in (d). 

Three parameters were controlled to locat th part icle. From t.h am­

era s point of vi w. particles in clo vicinity to ach oth r could ecm to 

overlap and be taken as a ingl object. To prevent thi to happ n, the con­

tra t wa increa ed and a thr hold on th inten ity of the signal (intensity 

of the reflection) wa applied. Th e two tep allowed the id ntificat ion of 

particle touching each other as separate objects. The third contr 1 parameter 

wa the size of the particle. Applying a minimum limit on the iz of the 
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particles removed most of the reflections coming from the surface of the tray. 

The centres of the remaining particles were found using the Matlab function 

centroids. Figure 2.12 shows a composition of images illustrating the particle 

recognition routine. Figure 2.12a shows the image taken by the camera, in b) 

the resulting black and white image after increasing the contrast and applying 

the intensity cut-off is shown. The remaining particles after elimination of the 

smaller objects is shown in figure c). Finally, figure d) shows the original image 

with the centres of the particles labelled with blue spots. 

Due to limitations of the camera and the experimental setup, it was not 

possible to identify all the particles in each image. However, typically only 1 

% of particles were missed. This percentage is an estimated obtained by direct 

comparison between the number of particles identified by the programme and 

the one obtained by visual counting of the particles every hundred images. 

Once the particle positions had been determined, S(k) and the pair correla­

tion function, g(r), were calculated assuming periodic boundary conditions, as 

explained in the next section. The time-average was carried out using 1000 

images. 

2.4.2 Experimental Results 

To calculate the pair correlation function, g (r), only the particles within the 

central squared region shown in figure 2.13 were considered to mimic periodic 

boundary conditions. For each particle located in this region, a circular area 

of radius rmax = l/4 (where 1 is the length of the square image) was defined 

and the number of particles at a particular distance rij ;S r max were counted. 

The pair correlation function, g(r), obtained from experiment is shown in 

figure 2.14. In this figure it is possible to see that the small-r behaviour of 
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Fig. 2. 13: T he pair correlation fu nction, G(1') , was obtainerl for a . qu a re region at t.h 

centre of t he tray of size l /4 . where l is t he iz of the imag . A ir ular regi n of racliu 

1'max wa defined ~ r each part icle within t he da h-bordererl region and t ile' clio tance's with 

every other particle wit hin t he circle was measured . 

g( r) closely re emble that of an equilibrium hard- ph re gas. How v r , t.he 

long-ranged struct ure only hows up a. a weak d cay for larg values of T. 
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Fig. 2.14: T he experimentally determinecl correlation fun t ion 9(1'). T h long- ra ng d 

struct ure only shows up as a weak decay in 9(1') for la rge 1'. 
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As mentioned previou ly, th long-range tructur is be t measur d by 

the structure factor , S(k). To calculate S(k) , the Fourier tran form of the 

po itions of the particles in each frame was taken and the av rag over time 

was calculated. 

Figure 2.15 hows the tructure fa tor for four areal filling fra bon . Bronze 

particle of an av rage diameter d = 0.8mm were u ed for the set of experim nts 

shown in this figure and the system wa vibrated with a frequency f = 100Hz 

and r = 2.5. Th behaviour appear to be the am ; the urv an b mov d 

to collapse the behaviour for mall values of k. Currently this feature r main 

un xplained and future work will be needed in order to understand this re ult . 

0.1 

... . .-.. : 

. . . . 

10 

kd 
Fig. 2.15: The structure factor S(k) , for four different values of fi ll ing fract ion. From top 

to bottom, $ : 0.13 (circles), 0.25 ( quares) 0.37 (diamonds) and 0. 51 (triangle ). 

In figure 2.16 S(k) for a filling fraction of 0.25, vibrat d at f = 100Hz 

and values of r = 2.5, 5.0 and 7.5 i hown. In th e experiment the grain 

were confined by an upper fl at gla s plate, 3mm abov the mery pap r. A 
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f increases, the long-ranged structure (the slope displayed by S(k) for mall 

values of k) wa found to decrease. For the largest value of f , S(k) is almost 

featureless. closely resembling that of an equilibrium hard-sphere gas. Similar 

results wer found by Reis et al. (2006b) from measurem nts of their pair 

correlation function. 
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Fig. 2.16: The tructure factor for a filling fraction ¢> = 0.25 and , from top to bottom, 

r = 2.5 (circles). 5.0 (squares) , and 7.5 (d iamonds). In th e experiment th part icle were 

confined between t he surfac of the tray and a glass plate. The separat ion between t h 

surface and the top plate was 3 mm . 

For clarity, we have only presented the result for a single type of particle. 

However, the corresponding S(k) and g(r) for bronze particle of average di-

ameter d = 1.1mm and lead shots of av rage diameter d = 2.0mm were al a 

calculated. 

The re ults for the e particles were onsistent with the ones pre ented in 

this section. The effect of the continuous motion of the parti les on a rough-
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ened surface was also explored, as follows. There was the possibility that the 

characteristics of the surface of the particles were being affected by the con­

tinuous interaction with the sandpaper. The particles bounce repetitively on 

the roughened surface and their surface could be eroded, this could have had 

an effect on the interaction during collisions between particles. However, after 

measuring the structure factor of a collection of grains for four consecutive ex­

periments, no discrepancies could be observed. Finally, the surface of the tray 

was also changed and three different grades of sandpaper were used. Again, 

there was no observable effect on the behaviour displayed by S(k) or g(r). 

In the previous sections the trajectories of a single particles and a collec­

tion of grains moving on a roughened, vibrated surface have been recorded. 

The square of the displacements for a single particle shown a change from a 

ballistic motion which arises from the initial velocity of the particle to a Brow­

nian motion which is indicative of a random force and viscous damping acting 

upon the particles. The structure factor S(k) was measured experimentally 

for a collection of grains. For the lower values of the explored range of r, 

S(k) exhibited some features for small values of k which suggests a long-range 

structure. However, the experimental evidence is not conclusive since these 

features are observed to weaken as k decreases. 

2.5 Computer Simulations of the long-range 

structure of a 2-D gas 

In order to compare the experimental results with the random-force model, 

soft-sphere molecular dynamics simulations were carried out by other mem­

bers of the Granular Dynamics Group at The University of Nottingham. The 
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modelled system consisted of N spherical particles of the same size and den­

sity as those in the experiments. The particles were assumed to move in 

two-dimensions within a 92mm by 92mm region. In the absence of collisions, 

each particle was set to obey the Langevin equation (equation 2.4) with the 

values of T and D taken from the fit of the experimental data. Particle in­

teractions were modelled using a linear repulsive force and dash-pot damping; 

the damping parameter was chosen so that the coefficient of restitution was 

0.5. For simplicity, particle rotation and tangential friction were ignored. 

In figure 2.17 shows the structure factor, S(k), for a system of 2274 particles 

of mean diameter O.8mm, contained within the square region, giving an areal 

filling fraction of 13%. In this figure, the experimental data is plotted as solid 

circles and the solid line represents the corresponding simulated data. It is 

possible to observe that the agreement between the experiment and simulation 

is good. The short-ranged order gives rise to the peak in S(k) at kd f"V 211" 

while the small k behaviour is a measure of the long-ranged structure. For 

comparison, the upper dashed line shows S(k) from a simulation in which 

there is no viscous dissipation (T -t 00); the lower dashed line shows S (k) for 

an equilibrium hard sphere gas of the same filling fraction. It can be seen that 

the long-ranged structure of the experimental system lies between these two 

ideal limits. 

Computer simulations revealed that the rise in S(k) as k decreases (for 

kd < 1) was a remnant of the purely random force model; the levelling of 

at very low k arises from the presence of viscous damping. As T -t 0 the 

computed S(k) tended towards that of an equilibrium hard-sphere gas. 

There was good agreement between the theoretical and experimental results 

for low values of filling fraction. In figure 2.18 the structure factor obtained 
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Fig. 2.17: Structure factor S(k) as a function of k for a filling fraction of 0.13. The points 

show t he experimental dat a and the solid lin shows the r suits of the simulat ion u ing 

the va lues of D and T obtained from Fig. 1. The upp r dashed line shows S(k) obtain d 

from a simulation in which the viscous force is absent. The lower dashed line shows t he 

corresponding S(k) for a hard sphere gas. 

from experiments and simulation for four filling fractions is shown. The same 

values of D, T and the coefficient of restitution were used for each imulation. 

Although the simulations and experimental result show the same qualitative 

features t here i a systematic disagreement for small value of kd a the filling 

fraction increases. 
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0.1 

0.1 10 

kd 
Fig. 2.18: The t ructure facto r, S(k), for four different vallie of fi lling fraction: ¢: 0.13 

(ci rcles), 0.25 ( quares), 0.37 (diamond ) and 0.51 (t ri angle) . The lid line show the 

imulated date for the corre ponding filling fraction. The agre ment b twe n simu lat ion 

and experiment weakens as t h filling fraction increases. 

2.6 Discussion 

The behaviour of S(k) in the imulation can be und rstood by con idering th 

singl particle motion. As th filling fraction increases, th di tanc between 

collisions decreases, a the particl motion betw en collisions i dominated by 

the random force rather than th vis ous dis ipation. As a r ult ther i. a 

steep r slope in S(k) for larger filling fractions as more of the purely random 

fore behaviour i r veal d. Howev r , this behaviour which is predicted by th 

simulations i not observed exp rimentally. Thi disagre ment suggests that 

an additional feature which becomes important a th filling fra tion incr a 

has been omitt d from the model. 

One possibility is that the roughened surfac introduce spatial corr lation 
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in the noise over some length scale, which might affect the long-range structure. 

To explore this possibility S(k) was measured for an averaged configuration of 

particles. It was found that this function is largely featureless which suggests 

that long-range correlations in the effective noise are not present. 

Another possibility is that in the experimental system, the grains move 

in three dimensions so that when they collide, the vertical component of the 

kinetic energy becomes a source of horizontal kinetic energy; if at the moment 

of collision the centres of mass of the particles are not contained in a hori­

zontal plane, some of the vertical momentum will be transform to horizontal 

momentum. This behaviour is known to influence velocity correlations but its 

influence on long-range structure has not been investigated before. 

2.1 Final Remarks 

In this chapter the trajectories of single particles moving on a roughened sur­

faces have been described. Using high speed video recording and computer 

particle tracking it was found that, for particles starting at rest, the ballistic 

motion exhibited at the beginning of their trajectories changed to a long-time 

behaviour with characteristics of Brownian motion. The long-time behaviour 

of the motion was the result of a random force and a viscous damping acting 

simultaneously on the particles. 

Later, the structure factor,S(k) , of a collection of grains vertically vibrated 

on a roughened surface was also measured experimentally. It was observed 

that the behaviour for small-k did not fit the predictions of the random force 

model nor did it have the characteristics of a hard sphere gas. Computer sim­

ulations were performed using the information obtained from the study of the 

trajectories of single particles. Adding a viscous damping term to the random 
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force model, the simulations reproduced the experimental measurements with 

good agreement for low values of filling fraction. 



Chapter 3 

Fluid-Immersed Granular beds 

In this chapter we describe experimental work carried out to investigate some 

of the phenomena observed when a granular bed surrounded by a fluid is sub­

jected to vertical vibrations. In particular we study the spontaneous migration 

of grains in a partitioned container and the influence of a fluid on the Brazil 

nut effect. The aim of these experiments is to provide a set of quantitative re­

sults to be compared with the predictions of the simulation models developed 

within our research group. 

We start this chapter with an introduction to the subjects of study, namely, 

the Brazil Nut effect and the partition instability. We follow with a section 

providing a detailed description of the general setup used in both of our ex­

periments. The remainder of the chapter is then divided into three sections; 

the experimental details of the partition instability study will be given in the 

first section along with the experimental observations and results. At the end 

of this section, the experimental results will be compared with predictions of 

computer simulations carried out within our research group. The second sec­

tion will cover the experimental details of the Brazil nut experiment. Again, 

the results from our experiments will be compared against simulations at the 

51 
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end of the section. Lastly, we present a summary containing the main findings 

of our study taking into consideration both the experimental and simulation 

results. 

The work described in this chapter has produced the following articles: 

P.J. King; P. Lopez-Alcaraz; H.A. Pacheco-Martinez; et al. Instabilities in 

vertically vibrated fluid-grain systems, European Physical Journal E, 22, 219-

226 (2007); GP. Clement; H.A. Pacheco-Martinez; M. R. Swift and P. J. King. 

Partition Instability in water-immersed granular systems, Physical Review E, 

80, 011311 (2009) and C.P. Clement; H.A. Pacheco-Martinez; M. R. Swift and 

P. J. King. The water-enhanced Brazil nut effect, European Physics Letters, 

91, 54001 (2010). 

3.1 Introduction 

A seemingly simple granular system such as a collection of grains stacked under 

the effect of gravity can exhibit interesting phenomena. For example, through 

the formation of stress chains, regions of the material become isolated from the 

load of the surrounding grains; the distribution of stresses within a granular 

pile is not homogeneous. If the grains are contained by boundaries, the stress 

chains transfer the load to the boundaries. When energy is injected to the 

particles, by vibrating the containers for example, a richer set of phenomena 

can be observed. The behaviour of the granular bed will depend on several 

factors including the specific geometry of the vessel as well as the properties 

of the fluid surrounding the grains, if present. The phenomena studied in 

this chapter, namely the partition instability and the Brazil nut effect, will be 

introduced in the remainder of this section. 
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3.1.1 The Partition Instability 

It has been shown that the inelastic nature of granular materials provides a 

mechanism for the partition instability (Eggers 1999). It is commonly observed 

that within a collection of kinetically active grains, dense regions will experi­

ence dissipative collisions more frequently and, as result, the grains moving in 

these regions will lose energy more rapidly than those in less dense regions. The 

system will spontaneously condense in the more dense regions making them 

become even more dense as they rapidly lose energy. This is the phenomenon of 

inelastic collapse (Goldhirsch and Zenetti 1993; McNamara and Young 1994). 

Related behaviour of this type is dramatically displayed by grains contained 

within a vertically vibrated box which is divided by a vertical partition either 

of finite height or containing a small elevated hole (Eggers 1999; Van der Meer 

et al. 2002; van der Weele et al. 2001). If there are more grains on one side 

of the partition, then those grains will experience greater dissipation and be 

less kinetically active; they will bounce less high than those on the other side 

of the partition where there are fewer grains. This difference in kinetic energy 

may cause a net flow of grains over the partition, or through the hole, from 

the minority side to the majority side, see figure 3.1 for an example of this 

behaviour. Under the appropriate conditions of vibration all of the grains may 

move to one side of the partition (Eggers 1999; Van der Meer et al.. 2002; 

van der Weele et al. 2001). Similar behaviour has also been observed within 

vibrated granular mixtures. Furthermore for particular vibratory conditions 

this instability may lead to periodic oscillatory motion of the grains from one 

partition to the other (Hou et ai. 2008; Lambiotte et al. 2005; Viridi et al. 

2006). 

Our aim is to investigate a second mechanism which can give rise to a spatial 
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, - lOs , - 25 5 

Fig. 3.1: Maxwell demon experiment for a 5-compartment cell. Top: Foul' stage in the 

clustering experiment . The particles do not cluster directly into one compartment but go 

t hrough a two-cluster transient state which can be seen at t = lOs and t = 25 . Bottom: 

Breakdown of the clu ter when the strength of vibration is increased. The clu tel' is een 

to survive up to t = 42s and suddenly collapses. After just one second the di t ribu tion of 

particles is uniform. Image taken from Van del' Weele (2008) .. No deta ils of the dr iving 

condit ions were provided. 

instabili ty. namely. the interaction between fine grains and a background fluid . 

This proces may be illustrated using a fluid immersed granular bed within a 

vertically-vibrating partit ioned cell with two connecting hole , on at the top 

and one at the bottom of t he cell. A gradual transfer of grains through the 

connecting hole at the base of the cell will result in the granular bed to move 

into just one of t he column . 

Ohtsuki et al. (199 ) studied one such ystem. In their experiment , fine 

grains surrounded by air were vibrated within a partitioned container. They 

ob erved that the pre ence of air influences the height difference between the 

beds on either side of the container. Chen and Wei (Chen et al. 1998) have 

suggested that thi height difference may be caused by the same air-driven 

mechanism u ed to explain Faraday heaping a described by Pak et al. (1995) . 

Akiyama et al. (1991) have carried out a detailed tudy of the influence of air 
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on the behaviour of vertically vibrated grains in a symmetrically partitioned 

box. However, the granular convection allowed by the dimensions of their 

container may have contributed to the complex phenomena reported and a 

more macroscopic understanding of the mechanisms behind this phenomenon 

remains to be developed. 

The use of a fluid such as water offers a number of advantages for study­

ing partition instabilities. Firstly, water enables larger particles to be used, 

making the observation of the granular dynamics considerably simpler than 

for air. In a non-turbulent fluid flow, the effects of fluid drag on the granular 

dynamics scales approximately as pgd2 / 1] , where Pg is the density of the gran­

ular material, d is the grain diameter and Tl is the dynamic viscosity of the 

surrounding fluid (Leaper et al. 2005). At room temperature (20DC), water is 

about 50 times more viscous than air. This suggests that similar effects may 

be observed in water for particles aproximately 7 times larger in diameter than 

for the equivalent behaviour exhibited by fine particles in air. 

The increased damping due to the presence of a liquid such as water 

(Gondret et ai. 2002) reduces the granular temperature of a thrown bed main­

taining the porosity, 1>, closer to the value appropriate to a random packing of 

spheres. This makes comparison with the theory which more straightforward 

than would be the case for a fluid such as air. Another advantage is that 

water eliminates the effects of static electricity which often slow and otherwise 

modify the dynamics of dry granular systems when they are shaken vigorously 

for long periods, particularly within an insulating box (Leaper et ai. 2005). 
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3.1.2 The Brazil Nut Effect 

In the Brazil nut effect (BNE) a large heavy object, often referred to as an 

intruder, rises to the top of a bed of smaller part ides under the infiu('nce of 

vertical vibration (BKE) (Harwood 1977; Williams 1976). Various mechanisms 

have been proposed as candidates to explain this behaviour. The ratchcting 

mechanism (Bridgewater et al. 1969; Rosato et al. 1987; Williams 1977) 

proposes that small grains fall beneath the large partide as the vibrated bed 

expands. When the bed comes back to its rest state the intruder is elevated 

by the smaller particles that have fallen beneath it. Another mechanism, 

the "convection-driven" mechanism, notes that the entire granular bed moves 

in vertical convection rolls, with broad upward moving regions at the centre 

of a shaken container and narrow downward moving regions along the edges 

(Raktai 1976; Knight et al. 1993; Cooke et al. 1996, Poschel and Herrmann 

1995, Gallas et al. 1996). In the convection-driven case, segregation occurs 

because the larger intruder particle cannot re-enter the downward flow and thus 

remains at the top of the bed. Both of these mechanisms tend to segregate 

large particles above smaller ones. 

Recent studies have investigated the effects of a fluid such as air on the 

Brazil nut effect. It was observed that the presence of an interstitial fluid 

dramatically influences the motion of the intruder through a fine granular bed 

(Mobius et ai. 2001; Naylor et at. 2003; Van et at. 2003). Mobius et al. showed 

that the presence of air strongly influences the rising of the intruder. Naylor 

et al. demonstrated that not only the presence of air but also the motion of 

air coupled to the granular bed plays a key role in the intruder's behaviour. 

The effects of air pressure have been investigated by Van et al.. 

The influence of air on granular segregation has also been investigated 
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both in experiment (Burtally et al. 2002) and simulation (Biswas et al. 2003; 

Wylie et al. 2008). Under vertical vibration almost complete segregation may 

occur with one component rising to the top or forming a sandwich structure. 

Similar effects have been observed for larger grains in water (Leaper et al. 

2005). Under horizontal vibration, where the role of gravity can be ignored, 

segregation into a striped configuration occurs (Sanchez et al. 2004). 

In all these cases the basic mechanism responsible for the BNE or segrega­

tion is the fact that the fluid provides a differential drag force which influences 

the two components differently. 

3.2 Vertical Vibratory Apparatus 

The experimental work described in this chapter required to subject a container 

to carefully controlled vertical vibrations. For this effect we used a vertical vi­

bratoryapparatus. The apparatus consisted of two long-throw electromagnetic 

transducers (8-inch loudspeakers by Peerless) mounted facing each other on a 

rigid frame constructed from medium density fibreboard (MDF). A horizontal 

surface was created on top of the diaphragms using expanded polyurethane 

foam. A rigid, horizontal metal plate was attached to each of these surfaces 

and four metal pillars were used to join both plates creating a rigid frame join­

ing the loudspeakers which ensured vertical motion during vibration. Figure 

3.2 shows a schematic view of the apparatus. The loudspeakers were wired in 

anti-phase to obtain a one-direction motion when the external driving signal 

was applied. The motion of the loudspeakers was monitored using a pair of ca­

pacitance cantilever accelerometers, Analog Devices ADXL105 and ADXL150, 

attached to the top transducer. The accelerometers covered the ranges from 

0- 7g and 0 - 70g respectively, where g is the acceleration due to gravity. 
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Fig. 3.2: A schematic representation of the vertical vibratory apparatus. The MDF franw 

(a) is firmly bolted to a concrete block using variable-length bolts (b). A set of holes (r) 

were cut in the MDF frame to prevent resonance. The aluminium frame (f) is fixed to t.he 

polyurethane foam surface of each loudspeaker (e). The motion of the loudspeakers wa..'l 

monitored by two accelerometers (d). 

Vibrational motion from the loudspeakers can be transmitted to the MDF 

frame. To reduce the effect of such vibrations the MDF frame was bolted to a 

set of two concrete blocks weighing approximately 250kg each. The concret.e 

blocks were separated by a layer consisting of a cork sheet and a butyl mat­

ting. A further set of layers of these materials was placed between the bottom 

concret.e block and t.he floor of the laboratory to remove any resonant modes 

from the concrete blocks. Furthermore, four heavy lead block were also put on 

top of the frame to reduce the effects of unwanted resonant modes. A picture 

of this apparatus is shown if figure 3.3. 

A continuous sinusoidal wave was generated to drive the transducers us-

ing a Signal Generator Model DS345 by Stanford Research Systems. The 

frequency and peak-ta-peak voltage of the driving signal was adjusted to the 

desired values and sent through a device fitted with an on/off switch and a 

potentiometer to a custom-made power amplifier. The potentiometer allowed 
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Fig. 3.3: Picture of the vertical vibratory appa ratu . T he transducer <111 be e ' 11 mounted 

in a l\1DF frame which i bolte I to a concrete block. Additional I ad weights a re place 0 11 

top of the frame to pr vent re onant modes from the tran ducer . 

a finer control over th maximum voltag of the signal f d to t 11 tran dllC­

ers henc controlling the maximum acceler tion xperien ed by t h appara tu . 

Thi acceleration wa monitored by t he pair f a cclerom t. r de crib d above. 

The ignal from the a c lerometer was s nt through a 4-pole I w-pass Bcs el 

filt er with a eut- ff fr qu ney off OOHz. The utput wa di played in a digital 

voltmeter which wa calibrated so that the voltag s shown corr sp nd d to the 

maximum dimen ionl a eleration , f . Figur 3.4 shows a 11 matic vi wof 

the lectronie compon nt and ignals of the xperimental setup. 
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Fig. 3.4: A schematic diagram of the electronics and signal flow for the vertical apparatus. 

The driving sinusoidal wave from the signal generator is sent to the amplifier and then fed 

to the loudspeakers. The motion is monitored by the accelerometers and their output is 

displayed in a digital voltmeter and an oscilloscope. 

3.3 Partition Instabilities 

It is commonly observed that a system of grains under vertical vibration ex-

hibits spatial instabilities (Van der weele 2008). In particular grains held in a 

space which is partitioned into segments linked by connecting holes may move 

into just one segment, the phenomenon of the partition instability (Eggers 

1999; Van der Weele 2008; Van der Meer et al.. 2002; Akiyama 1991; Akiyama 

1993; ~1aeno 1996; Ohtsuki 1998; Chen 1998; Akiyama 2001). 

Under the appropriate set of conditions a system of fluid-immersed grains 

within a vibrated partitioned cell will migrate into just one of the segments 

thorough a linking gap at the base of the container. In this section we present 

the results of our experimental study of the partition instability. In order 

to better understand the mechanism responsible for this behaviour, the ex-
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perimental results are compared with the predictions of numerical-simulation 

studies carried out within the Granular Dynamics Group at the University of 

Nottingham. 

3.3.1 Experimental Details 

To conduct the set of experiments described in this section, a rectangular, 

water-tight cell was constructed from PMMA. A central partition of 2mm 

thickness was introduced to divide the cell in two identical columns of 90mm 

height and lOmm by 10mm cross section. Both columns are linked by two 

gaps spanning the depth of the cell and located at the bottom and the top of 

the central partition. The bottom gap was 4mm in height and lOmm in depth 

and allowed grains to move freely from one column to the other while the top 

gap, 7mm in height and 10mm in depth, allowed the free flow of fluid between 

the two columns. Figure 3.5 shows a schematic representation of the cell. 

A photograph of the experimental setup is shown if figure 3.6 The granular 

bed consisted of spherical barium titanate grains of density 4500 kg m-3 and 

diameters spanning the range 600-850 J-lm to avoid gross crystallisation effects. 

A Kodak EktaPro EM high-speed camera was used to record the experi­

ments. This camera is able to record video at up to 1000 frames per second as 

well as to capture still images. The camera is connected to a Kodak processor 

which output is displayed on a monitor. The footage can be played back at 

a speed as low as 1 frame per second. This feature allowed a detailed analy­

sis of the motion of the particles in the experiments. The recordings can be 

downloaded to a computer using a special USB cable fitted with a video-to­

data converter and a video capture program such as Pryme or Ulead Capture 

Studio. Recording videos at high speed requires the use of spotlights. To pre-
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Fig. 3.5: Schematic representation of the parti t ioned cell. The granu lar I ed i shown a a 

shaded region. The cell i firmly attached to the fr ame join ing t he vibrating loudspeakers. 

The dimensions of t he ell are given in Table 3.1 

vent the cell to overheat , fans were used to blow cool air around the vibratory 

apparatus. 

3.3.2 Methodology 

Before each set of experiments the barium titanate sphere and the part itioned 

box were cleaned to ensure they were free of pollutants. The pheres were 

washed with a isopropyl-alcohol and then rinsed with ultra high purity (UHP) 

water. They were left to dry and then washed with acetone and rin ed a second 

t ime wi th UHP water. Finally, the spheres were placed in an oven to dry. The 

inner walls of the cell were cleaned with soap and rin ed thoroughly with UHP 
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Parameter Value 

Particle density 4500 kg m-3 

Particle diameter 600-850 /Lm 

Total bed height hI + h2 40mm 

Fluid density p 1000 kg m-3 

Dynamic viscosity 'rJ 8.91 x 10-4 kg m- I S-1 

Width Wcell 22 mm 

Depth 10 mm 

Height hcell 90mm 

Column width 10 mm 

Partition width 2mm 

Bottom gap 4mm 

Top gap 4mm 

f 15 Hz 

r 2.25-3.50 

Table 3.1: Parameters for experimental partition system. 

water. A solution of water and propyl-alcohol was used to rinse the cell a 

second time and then it was left to dry. 

The grains were inserted into the cell through one of two upper holes. The 

cell was then filled with water of density 1000 kg m-3 and viscosity 'rJ = 8.91 X 

10-4 kg m-1s-1, the dissolved air has been pumped out prior experiments. The 

cell was shaken to release any air bubbles trapped within the grains and then 

refilled and sealed with bungs so that no visible air bubbles are contained 

within its volume. The total amount of grains was such that hI + h2 = 40mm 

and they were distributed between the two columns so that the beds are given 
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an initial height difference of h2 - hI = 4mm. See figure 3.5 for reference. In 

this thesis we present those experimental results that were used to test the 

computer simulations presented latter in this chapter. However, a wide range 

of parameters were explored experimentally. Two geometries were studied, 

the rectangular box described in this chapter and a V-shaped tube. Both 

geometries exhibited qualitative similar behaviours but. the V-tube geometry 

is more challenging to simulate. The frequencies explored ranged from f = 10 

to 35Hz and were limited by the capacity of our experimental setup. 

During experiments the cell was vibrated sinusoidally with frequency f in a 

direction aligned to within ±0.2° of vertical in a manner that ensures accurate 

one dimensional motion (Leaper et ai. 2005). The motion is monitored using 

cantilever capacitance accelerometers which display the dimensionless maxi­

mum acceleration r = Aw2 / g. Here A is the amplitude of vertical vibration, 

w = 27r f is the angular frequency and g is the gravitational acceleration. 

Vibration is applied and the height of the granular beds in the left and right 

columns are studied as a function of the total time of vibration, the heights 

being measured through the use of a high speed camera. This camera, usually 

operated at 1000 frames per second, also allows the study of granular motion 

within each cycle. 

3.3.3 Experimental Results 

As the system is vibrated we find that over time the particles migrate through 

the lower hole from the shallower bed into the taller bed. Eventually almost 

all the grains occupy just one of the columns, with only a small percentage 

of grains inhabiting the gap and the base of the opposite column. Figure 3.7 

illustrates the flow of grains within the partitioned cell for vibration parameters 
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Fig. 3.6: A photograph of the experimental setup before tarting the xp riment. The box 

i firml y attached to the loud peaker and the accelerometer can be seen a bove the box. 

of f = 15Hz and r = 2.5. 

By analysing footage from a high peed cam ra we have observed in detail 

th motion of grain b tw n column within each ycl. In the fir t part of 

th ycl the grain are thrown and part icle are drawn from th shallow r to 

th d eper bed whil t both bed are in flight. In th econd part of the ycle 

a the two beds land a maller number of particle ar fore d back toward 
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Fig. 3.7: Time volution of t he partition experiment for water immersed barium t itanate 

particles a t f = 15Hz and r = 2.5. The initial height difference is h 2 - hi < 4 111111 . \\ h n 

vibration i applied. the parti Ie migrate from the h rter to t he taller bed 

the shallower bed. On average we find that th motion of grain greater 

during flight than on landing. thu the partiel gradually migra t from the 

shallower to the d ep r granular bed. After orne time tIl B w of grain 

moving backward and forward between the column evens out. ince there 

i no n t granular movem nt over the vibration y cle and th syst m is aid t 

be in ·'dynamic quilibrium" . Thi i. over th ourse of one cy Ie, th gram 

move backwards and forward from one column to the other a t the 'a rne rate. 

We hav defined 6..h = IhJ - h21 a th magnitude of the difference in height 

between t he two granular columns. Figur 3. plot 6..h again t t ime, t , for 

barium titanat in" at r vibrated at f = 15Hz and dimensionle s e leration 

in th range r = 2.25 - 3.5. The plot how that the tran fer of grain into 

t he de per b d initially accelerates a 6..h increa es and then continues at 

an almost con tant rat until almost all the grain have been tran ferr d to 

the deep r bed. ub equently the net tran f r of grains d eel ra te until a 

teady tate i reach d in which a small number f grains m v ba kward 

and forward b twe n the two column . The la t experimental point we plot 

ar at 6..h = 32mm a beyond thi point th r ults becom rratie and no 
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measurements were carried out. 
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Fig. 3.8: Variation of t he height difference 6.h as a function of t ime for a co llection of water-

immersed barium titanate grains. The experiments were conducted at a frequency f = 15Hz. 

The dimensionless acceleration are, from right to left, r = 2.25 (ci rcles), r = 2.50 ( qua res), 

r = 3.00 (triangles) and r = 3.50 (diamonds). 

We find that as r is increased the total time taken for the grains to migrate 

into one column reduces due to the increa ed amount of me hanical energy 

within the beds driving the grain transfer process. This strong dependence on 

r results from the non-linear flight dynamics of the bed within the fluid and 

the variation of bed porosity with vibratory condit ions. 

If the experiments are performed with the gap t hrough the part ition at the 

top of the cell closed, there is no transfer of grain from the shallower to the 

deeper granular bed. In fact if vibrated for a long period of time the granular 

beds then end up of equal height. 
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3.3.4 Simulations 

Numerical simulation are necessary if we are to gain insight into the physical 

mechanism responsible of the instability formation. Furthermore, simulations 

of the experimental system will enable the study of features that are not read­

ily accessible from the experiment. The simulations described in this section 

were performed by Dr. Christian Clement, a former student at Nottingham 

University's Granular group, as a part of his PhD thesis. 

It is not within the scope of the present thesis to provide a detailed descrip­

tion of the modelling techniques employed to simulate the partition instability. 

For more details about the simulation techniques mentioned in this section see 

Clement et al. (2009). For a general review of modelling techniques see Her­

mann (1998), and Kuwabara and Kono (1987) for example. 

Fluid Springs Model 

The particle interactions are modelled within a Molecular Dynamics framework 

using the Damped-Hertzian collision model. The fluid is modelled using the 

Navier-Stokes equations. In these simulations, a two-way coupling between the 

grains and the fluid is considered. In this approach the fluid particle coupling 

is achieved by introducing a body forcing term into the N avier-Stokes equation 

rather than through providing a boundary condition for the fluid flow. The 

basic idea of this model is to allow the fluid to exist both inside and outside 

the particles. The particles are therefore treated not as boundary conditions 

to the flow but by a volume forcing term, f, in the Navier-Stokes equation. 

The particles are distributed throughout the partitioned cell which is held 

stationary and the grains are allowed to settle under the influence of gravity. 

The vibrations are switched once the particles have settled on the base of the 
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partitioned cell. The dimensions of the cell in simulation are the same as 

those in the experiment with the exception of the depth of the box which was 

reduced to 2.5 mm to minimize the computing time. 

As was the case in the experiments, the columns are given an initial height 

difference of D.h = 4mm. Figure 3.9 plots D.h against time for a vibration with 

frequency f = 15Hz and dimensionless accelerations r = 2.25, 2.5, 3.0 and 3.5. 

In this figure, the experimental results are compared with the predictions of 

the Fluid Springs model. It can be observed that there is a good agreement 

between simulation and experimental results, especially for the higher values 

of r. For r = 2.25, the simulation results differs significantly. One likely 

explanation is that the barium titanate grains used in the experiment are not 

perfectly spherical as it is assumed in the simulations and are prone to jam 

within the bottom gap. At this low values of r it is possible that there is not 

enough agitation to keep a smooth granular flow through the connecting gap. 

Instability Mechanism 

We now consider the possible mechanism for the partition instability. The 

resistance to fluid flow through the bottom gap is much bigger than the re­

sistance through either bed. Under vibration each granular column is thrown 

independently and will develop a pressure gradient (an under-pressure) pro­

portional to its height. The pressure drop under the deeper bed early in flight 

will be greater than beneath the shallower bed causing grains to move in the 

direction of the deeper bed. Later in flight the changing pressure reduces the 

speed of the grains but it does not reverse the direction of grain motion. A 

second possibility is that the coupling between the two columns is such that 

the resistance to fluid flow through the lower hole is far less than that through 
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Fig. 3.9: Variation of the height difference .6.h a a function of t ime. T he solid lines are 

t he simulation data for vibration parameters f = 15Hz and, from left to right, r = 2.25, 

2.5 , 3.0, and 3.5 . The corresponding experimental data is plotted as points. 

either bed. Both columns experience a common under-pressure which can only 

be achieved if more fluid flows through the shallower bed rather than through 

the deeper bed. This fluid flow also tran ports grains towards the deeper 

granular column. 

In order to test which, if either, mechanism is dominant we determine 

from simulation t he pressure beneath each column for vibrational parameters 

f = 15Hz and r = 2.5. Figures 3.10 (a) and (b) show the pressure drop 

across the bed on each side of the partit ion at t imes t = lOs and t = 30s. 

The inset in Fig. 3.10 (a) shows the variation of h2 / h) with time t. The 

variation of pressure throughout a cycle shows that tlP is approximately the 

same on both sides of the partition. For example, by t = 30s t he height ratio 

is h2/ hI ~ 15 while the ratio of pressures on the two sides tlP2/ tlP) is only 
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Fig. 3.10: Under-pressure drop across t he bed on each side of t he part it ion plotted against 

t he phase angle B for t he deep column (solid line) and t he shallow column (dashed line). 

The vibration parameters are f = 15H z and r = 2.5 and t he figures show data at t imes (a) 

t = 105 and (b) t = 305. The data was averaged over 5 cycles. T he insert in (a) shows t he 

height ratio h2/ h I against t ime, t. 

1.5. Furthermore, t he pressure curves throughout a cycle on either side of the 

partit ion can be scaled onto each other. Figure 3.11 plots the ratio of pressure 

drops, IJ. P2/ IJ.H , across each bed against t he ratio of the heights of the two 
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bed depths , h2 / hl ' as grains move from one column to the other. The figure 

shows that as h2/ hI increases IlP2 / IlP1 only increa es slowly and eventually 

levels at approximately 1.55 as h2/ hI reaches 21. These results show that, for 

our experimental geometry, the resistance to fluid flow through the bottom 

gap is low, the second scenario described above. 
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Fig. 3.11 : Ratio of pressure drops , f).P2/ f).P1 , as a function of the height ratios h2/ h1 • 

The solid line is a guide to the eye. 

The simulation results enables a better understanding of the mechanism 

that drives the grain transfer. When the beds are thrown, an under-pressure 

develops across t he base of the container and thus fluid flows downwards 

through the beds to fill the space left beneath. The shallower bed provides 

less resistance to the downward flowing fluid and thus fluid is drawn from the 

shallower side through the hole to the deeper side. The fluid accelerates grains 

in the direction of the flow, from the shallower to the deeper bed. As the beds 
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begin to fall in the second half of the cycle an over-pressure develops beneath 

the beds and the fluid flow is reversed. Fluid is forced upwards through the 

beds to fill the void above. Again the shallower bed provides less resistance 

to the upward moving fluid so fluid now flows through the channel from the 

deeper bed to the shallower bed. However, the shallower bed lands first, thus 

reducing the transfer of grains back from the deeper bed. Over a cycle there 

is a net transfer of grains from the shallower to the deeper bed, hence the 

instability. The process is repeated and accelerates as the increasing t::.h leads 

to less resistance to fluid flow through the shallower bed and greater resistance 

through the deeper bed. Eventually an equilibrium is established when as 

many grains move into the deeper bed in the early part of the cycle as move 

back into the shallower bed when the grains land. At this stage the system is 

in dynamic equilibrium which usually occurs when the vast majority of grains 

reside in one column only. 

3.4 The Fluid-Enhanced Brazil Nut Effect 

It is commonly observed that a large dense intruder may rise to the surface of 

a vibrated granular bed, a collection of small light grains. This phenomenon 

is known as the Brazil nut effect. In this section we describe an experimental 

study of the fluid-enhanced Brazil nut effect. This effect can be observed when 

the granular bed is fully immersed in a liquid. Our experimental system con­

sist of a bed of glass beads immersed in water and a large steel intruder. The 

motion of the steel intruder is closely monitored as the system is vibrated verti­

cally. The experimental parameters are used to develop numerical simulations 

of this system to aid understanding of the rising mechanism. The simulations 

described in this section were performed by Dr. Christian Clement, a former 
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member of the Granular Dynamics group at the University of Nottingham, 

during his PhD studies. 

3.4.1 Experimental Details 

The experiments are conducted in a water-tight cell constructed from soda 

glass of dimensions 40 mmx 10 mm in the horizontal plane and 43 mIll tall. 

The bulk of the granular bed is made up of host glass spheres of density 2500 

kg m-3 with mean radii of 1 mm and a spread of sizes in the range 0.85 .. - 1.15 

mm to avoid crystallisation. We use a steel "Brazil nut" (spherical steel ball 

bearing) of density 7750 kg m-3 and radius 3.5 mm. The grains are inserted 

through one of two upper holes in the box until the bed has a height of 26 

mm. The cell is then filled with water of density 1000 kg m-3 and dynamic 

viscosity 8.91 x 10-4 kg m- I S-1. The cell is thin enough that we are able to 

visually follow the steel intruder motion within the bed through the front wall. 

The cell is shaken to remove any air bubbles trapped within the granular bed. 

More water is then added and the cell is sealed using bungs so that no visible 

air bubbles are contained within its volume. After each run the cell is removed 

from the vibratory apparatus and the steel ball is returned to the base of the 

cell. A schematic of the cell is shown in Fig. 3.12. 

During experiments the box is vibrated sinusoidally with frequency f in 

a direction within ±0.2° of vertical in a manner which ensures accurate one­

dimensional motion (Leaper et al. 2005). The vibration is monitored using 

cantilever capacitance accelerometers which display the dimensionless maxi­

mum acceleration r. The motion of the steel particle is monitored through the 

use of a high speed camera. This camera, usually operated at 1000 frames per 

second, also allows the study of the granular motion within each cycle. 
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Fig. 3.12: Schematic diagram of the cell used in the Brazil nut exp rim nts. T h he ight 

of t he cell is h eel! = 43mm and the width of W edl = 40m111 . The gra llula r bed ha a de pt h 

of h bed = 26111111 . 

3.4.2 Experimental Results 

Figure 3.13 illustrates how a steel Brazil nut rises through a fluid -immersed 

glass bed when vibrated with parameters f = 15 Hz and r = 3.5. The 

intruder is carefully placed in position with the aid of a weak magnet 0 it 

initially begins on the cell base away from the front and back wall. On the 

application of vertical sinusoidal vibration the intruder ri es rapidly through 

the bed until it eventually emerges through the bed urface. One the Brazil 

nut reaches the top of the bed it does not then re-enter the granular bulk. By 

visual inspection of the footage we note that the Brazil nut remain away from 

the front and back walls during rising. 

Figure 3.14 plots the gap between the lowe t point of the intrud -r and 

the base of the cell, H , against time, t , for vibration parameter f = 15 Hz 

and r = 3.5 , 4.0 and 4.5. H was measured at the beginning of each cycle 

when there is no gap between the cell bas and the bottom of the bed and the 

cell i moving upwards with velocity Zc = Aw. We define this position of the 
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Fig. 3.13: T ime evolution of the Brazil nut effect for experimental parameters f = 15Hz 

and r = 3.5. The int ruder is init ially placed at t he bot tom of t he bed and away from t he 

walls. 

cell to correspond to a phase angle () = 0°. The error bars were obtained from 

averaging the intruder t rajectories over five independent runs. From this figure 

we can see t hat under vibration the large intruder will rise t hrough the bed 

unt il it eventually breaks the bed surface. For all the vibratory condit ions we 

have investigated we find that the vertical motion of the Brazil nut accelerates 

as it moves upwards t hrough the bed. As r is increased the speed with which 

t he int ruder rises increases due to the greater amount of energy input into the 

int ruder and bed. 

Under the vibratory condit ions t hat we have investigated, there is very li ttle 

convective motion of t he bed in the absence of t he intruder. With t he intruder 

present , t he upward motion of the Brazil nut drives two vertical convection 

rolls within t he cell. This shows that , in our system, the intruder does not rise 

due to convective effects alone. We have also carried out experiments in the 

absence of t he liquid. We find t hat , under t he same vibratory condit ions, the 

bed is highly fiuidised and the int ruder either rises slowly or remains within 

t he bed. Clearly, the presence of the liquid has a strong effect on the intruder 's 

behaviour. 

During the experiments it was noted that t he rise times were sensit ive to 

the cleanliness of t he granular bed. Consequent ly, great care was taken to clean 
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Fig. 3.14: Gap H between the intruder and the bottom of t he cell plotted against t il 

t ime t for a frequency f = 15Hz and dimensionles accelerat ions , from right to left, r = 3.0, 

3.5, 4.0 and 4.5. The error bar correspond to t he standard error ov r five independent 

experiments. 

the grains and cell prior to each experimental s sion. It wa al 0 observ d 

that there was orne dependence of the rise tim on the position of t he intruder 

in the cell between the front and back faces. Intrud r that ar in onta t. with 

one of these faces rise typically about 15o/c fa ter than those ini tially positioned 

in the middle. In our experiments we try to start with the intruder away from 

these walls. 

We now perform numerical simulations of the experim ntal ystem. Thi 

allows us to obtain detailed information about the intruder mechanism that is 

otherwise unattainable from experiments. 
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3.4.3 Simulations 

The system, a large steel Brazil nut within the bed of glass particles, was 

simulated using the Fluid Springs model. The bed is immersed in a water­

filled cell with the steel sphere initially positioned in the middle of the cell basc. 

The system is vibrated vertically at a frequency f = 15 Hz and dimensionless 

acceleration r = 3.5. The simulation shows that, as th(l system evolves, the 

steel sphere moves upwards through the bed until eventually it emerges through 

the bed surface. During the motion the intruder remains in the bulk of the bed, 

away from the front and back walls. Once reaching the surface, the particle 

remains there for timescales accessible to simulation. 

Figure 3.15 shows the gap between the intruder's lower surface and the 

cell base, H, plotted against time, t, for vibration paramet(lrs f = 15 Hz and 

r = 3.5, 4.0 and 4.5. H is recorded at the beginning of each cyel(l of vibration 

when () = 0°. The simulation data presented in Figure 3.15 was averaged 

over five independent runs as in the experiments. Here we observe that the 

Brazil nut rises upwards through the bed for all of the vibration amplitudes 

considered. As in experiments, when r is increased the overall rise time of the 

intruder reduces. Figure 3.15 shows that the simulation results give very good 

agreement with those obtained in experiments. 

During the experiments it was noted that the rise times were sensitive to 

the cleanliness of the granular bed. Consequently, great care was taken to 

clean the grains and cell prior to each experimental session. Similarly, the 

simulations are sensitive to the friction parameter /1. 

As was noted within experiments, the Brazil nut rises at a faster rate when 

in contact with either the front or back cell wall. Figure 3.16a plots the gap, 

H, as a function of time, t, for the steel intruder when it is either fixed to the 
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Fig. 3.15: Simulation result for the intruder gap H a ' a fun ction of t ime, I., u ing t h 

Fluid Springs model to simulate a steel intruder in a water-immersed glass bed. T he. olid 

lines are polynomial fits to t he experimental results in Figure 3.14. The error bars show the 

stand ard error over five independent runs. 

front wall or fixed in a plane half way between the front and back cell walls. 

The error bars again show the standard error calculated from five independent 

runs. Figure 3.16a shows that the Brazil nut ri es considerably faster wh n it 

was forced to move close to the front wall without actually being in contact 

with it . This could be because the glas grains within the granular bed are 

able to move downwards past the large intruder easier when the intruder is 

fixed to the front surface. 

Figure 3.16(b) plots the normalised intruder position between the front and 

back walls, Ynorm, against time, t. We evaluate the normalised po ition u ing 

Ynorm = (Y/ - 1'/) / (Ly - 21'/) , where YI is the po. ition of the intruder within 

the cell along the y- axis, T J is the radius of the intruder and Ly is the length 
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Fig. 3.16: Effect of the init ial position of the intruder in simulations. a) Simulation resul ts 

for the intruder gap H as a function of time for an intruder ascending next to the front wa.ll 

of the cell (squares) or half way between walls (circles). b) Normalized position of a free 

intruder, Ynorm between the front and back walls. The intruder is initia lly placed on the 

front wall (dashed lines) or half way between the front and back walls. For both cases, t he 

Fluid Spring Model was used to simulate the system with vibration parameters f = 15Hz and 

r =3.5. 
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of the cell in the y-axis. Five runs are performed with the intruder initially 

positioned on the front wall and five runs are performed with the intruder 

initially placed in the centre of the cell base. The intruder trajectories haY<' 

been plotted while the intruder is contained within the bed. When the Brazil 

nut reaches the surface of the bed we stop recording the intruder position 

as it is then free to move freely within the bed-free portion of the cell. In 

both instances we observe that the intruder does not move far from its initial 

position. When the intruder begins on the front wall only once does the Brazil 

nut move towards the middle. Similarly when initially positioned in the middle 

of the cell the Brazil nut only once moves towards the front or back wall, which 

occurs very near the surface of the bed. However the past two observation are 

not to be taken as a generalization. As in Figure 3.16 we observe that the 

intruder emerges from the bed faster when initially positioned on the front 

wall. The movement of the intruder between the front and back walls may 

contribute to the standard error obtained within experiments and simulations, 

figures 3.14 and 3.15. 

3.4.4 Fluid-Enhanced mechanism 

Figure 3.17 shows the results from simulations for the time-averaged fluid and 

granular flow around the Brazil nut when in flight for vibration parameters 

f = 15 Hz and r = 3.5. The flows were recorded once every vibration cycle 

at a phase angle of () = 90°. The results were averaged over 101 cycles of 

vibration, the duration for which the intruder remains within the bed. 

Figure 3.17{a) shows the fluid flow while Figure 3.17{b) shows the ('orre­

sponding granular flow. Figure 3.17{a) shows that as the intruder is thrown 

fluid is forced upwards and away from the space above the intruder while si-
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Fig. 3.17: Computer simulation results. Average (a) fluid and (b) grain motion relative 

to the cent re of mass of the steel int ruder using the Fluid Springs model. Both re ult were 

obtained at a phase angle of () = 90° when the granular bed i moving upward relative to 

t he cell. The vibration parameter were f = 15 Hz and r = 3.5. The flows were av raged 

over 101 vibration cycles, the t ime taken for the intruder to r ach the urface. T he arrow 

in the centre of the Brazil nut shows the sphere velocity relative to the cell of 94 mm S- I at 

this stage of t he cycle. The magnitude of the fluid and grain velocity vectors ar drawn to 

the same scale. 
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multaneously being drawn towards the space beneath. Figure 3.17{b) shows 

that the grains are strongly influenced by the fluid and follow a similar trajec­

tory. In particular the horizontal motion of the fluid below the intruder drags 

grains sideways eliminating any tendency for a void to develop beneath the 

intruder. It is this void-filling ratcheting mechanism that is responsible for the 

fluid-enhanced BNE. 

3.5 Summary 

In this Chapter we have describe two studies regarding granular beds immersed 

in water. The experimental findings were compared with the predictions of 

numerical simulations. 

In section 3.3 we have investigated the water-driven partition instability, in 

which grains transfer from one side of a partitioned cell to the other through 

a lower connecting hole. We observed the instability effect in experiments 

and then compare the results with those from simulations. The Fluid Springs 

Model was able to accurately reproduce the behaviour observed in the exper­

iment and provide insight into the instability mechanism. Our results suggest 

that the migration of grains is the result of a greater flow of fluid through the 

shallower column of grains as the beds are thrown by the vibration. 

In section 3.4 we have shown experimentally that the presence of a liq­

uid can dramatically influence the behaviour of a dense intruder in a vibrated 

granular bed. Specifically, a large steel intruder was observed to rise rapidly 

to the surface of a bed of water-immersed glass particles when subjected to 

vertical vibration. To gain insight into this behaviour, we modelled the effect 

using simulations and found that a fluid-grain coupling technique based on a 

microscopic fluid-particle model was able to capture the process, both quali-
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tatively and quantitatively. The simulations allowed a detailed investigation 

into the mechanism. 

At the beginning of each vibration cycle the steel and glass particles are 

thrown upwards. Due to its larger mass and size, the steel intruder is slowed 

less by the fluid drag than the glass spheres. As the intruder is thrown upwards 

the void beneath it, that would be created due to the relative motion, is quickly 

filled with grains dragged by the fluid. Later in the cycle the intruder falls, 

reversing the direction of fluid flow, which in turn decelerates the motion of the 

grains beneath it. However, due to the grains' inertia, this flow is insufficient to 

return them to their original position. This rearrangement is also strengthened 

as it is easier for the grains to move into a low density region, rather than in 

the opposite direction. The net result is that the intruder draws fluid and 

grains beneath it as it is thrown and later in the cycle lands on these particles 

increasing its vertical position. It is this fluid-enhanced ratcheting mechanism 

that causes the Brazil nut to rise rapidly through the bed. 



Chapter 4 

Dynamics of 

magnetically-levitated, 

fluid-immersed grains 

In the previous chapter we studied densely-packed collections of grains im­

mersed in an oscillatory fluid in the presence of gravity. In this chapter we 

describe a series of experiments aimed at studying very dilute collections of 

grains in an oscillatory fluid, in particular we will focus our attention on the be­

haviour of spherical grains immersed in an oscillatory fluid flow. The grains are 

magnetically levitated so the effects of gravity are removed. To our knowledge 

this kind of experimental setup has not yet been used to study the hydrody­

namic interactions in very dilute granular systems. 

We start the chapter with a review of the studies associated with pattern 

formation in granular systems in the presence of a fluid. We continue with a 

brief review of basic concepts of magnetism and diamagnetic levitation. After 

these introductory sections we describe the initial experimental observations 

85 
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when collections of grains are levitated magnetically in the presence of an oscil­

latory fluid. Several systems were investigated but our main studies will focus 

on the case of two particles. In the remainder of the chapter we will describe 

details of the experimental study of two magnetically-levitated spheres. 

4.1 Introduction 

In recent years there has been an increasing interest in the collective behaviour 

and pattern formation in granular matter (Aranson 2(06), which can be en­

hanced by the presence of a fluid. The formation of ordered structuring of 

spherical particles immersed in an oscillatory fluid flow has been reported in 

the literature (Wunenburger 2002, Voth 2002, Thomas and Gollub (2004). 

This section reviews some of the earlier experiments which have served as 

motivation for a series of studies, including the work described in this chapter. 

Wunenburger et al. (2002) performed experiments in which small metal 

spheres were placed in a water-filled cell which was undergoing horizontal, 

sinusoidal vibration. The dimensions of their cell were 100xlOOxlO mm3 , as 

shown in Figure 4.1 (a). The grains were a polydisperse mixture of roughly 

spherical bronze particles with diameters d in the range d=280-630J.lm. The 

frequency of the driving pulse was in the range of f=1O-20Hz and the amplitude 

was in the range of A=0.7-3.5mm. Because the spheres were not neutrally 

buoyant they would sink to the bottom surface and oscillate with respect to 

the fluid once the vibration was switched on. If we define the Reynolds number 

to be Re = 27rfdA/v, where v is the kinematic viscosity of the liquid, we get 

an estimate for the Reynolds number in these experiments in the range of 

Re = 1 - 280. 

At the beginning of the experiments, the spheres were clustered together 
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in the middle of the cell , as shown in Figure 4.1 (b). When the vibration was 

switched on, the spheres were observed to form equally spaced chains oriented 

perpendicularly to the direction of oscillation; a top vi w is shown in Figur 4.1 

(c) . Wunenburger et el. found that the periodi pattern of hains shrinks and 

expands; the distance between the chains increases and deer a es depending 

on the vibratory conditions, regardless that the initial onfiguration ha tIl 

particles always clustered together in the centre of the cell. Wunenburger t oL 

did not provide an explanation of the exact mechani m behind tbe formation 

of the pattern and it was left as an open question . 

(a) (b) (c) 

ceo Camera 

",aboscep" 0 g 

Fig. 4.1: (a) The experimental setup used by Wun nburger et al. (2002). (b) Top view of 

the initial configuration of the particles which is a clump in the middle of th cell. (c) Top 

view of the chains of particles formed in water, perpendicular to the vibration axis (hori­

zontal) as indicated by t he double-arrowed line. All images were taken from Wuncnburger 

(2002) . 

Using the experimental arrangement shown in figure 4.2 (a) , Voth et al. 

(2002) observed clusters and hexagonal lattices of lead spher s. In fi gure 4.2 

(b) their experimental observations are shown. In their experiments a cell fill ed 

with a viscous mixture, a solution of water and glycerol, and stainl ss steel 

spheres, 0.8mm in diameter , are vibrated vertically. The Reynolds number 

for Voth et al. 's experiments were in the range R = 2 - 10. 

The spheres would bounce on the vibrating base of the cell under the in-
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fluence of gravity and fluid- induced interaction in the plan perpendicular to 

the axis of vibration made the spheres cluster together and form various truc-

tures. A top view is shown in Fig. 4.2(b) . We can identify an attraction and a 

repulsion between the spheres in that plane a they clust r but sit at a di tance 

from each other. Thomas and Gollub (2004) investigated the arne ystem the-

oretically and discussed the chaotic fluctuations in th po ition of th sph re 

after the clusters were formed. After varying th · number of particles, th ·y 

concluded that the inter-particle forces are not imply pairwise additiv but 

there are nonlinear hydrodynamic interaction between th pher . 

(a) (b) 

0 CCD camera 
Water/glycerol (30-10.000 framcs/s) 

mixture 

1.5 em I t Venical 
Vibmtion 

Stain less ~GlUSS plate steel spheres 
14! 

6cm 

Fig. 4.2: (a) The experimental arrangement u ed by Voth et al. (2002) . (b) Top view 

of the lattice structures formed by steel spheres in a vi cou fluid in a vertically-vi brat d 

container. The interactions are in a plane perpendicular to the vibration axis which is in 

and out of the page. All images are taken from (Voth 2002). 

In both experiments macroscopic dense spheres are subjected to vibra-

tions and, as a result, they form structures perpendicular to the direction of 

oscillation. More specifically, in Wunenburger et oL (2002) there is an at­

traction between the spheres which leads to the format ion of a chain oriented 

perpendicular to the axis of oscillation. In Voth et ai. (2002), there is an 

attraction and a repulsion in the plane perpendicular to the oscillation which 
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leads to the formation of lattice structures. The values of the Reynolds number 

in both experiments lie in the intermediate regime where the flows are both 

viscous and inertial. In their explanation of these phenomena both groups 

discussed the existence of a non-zero, time-averaged flow which exists at non­

zero Reynolds numbers in oscillatory flows (Riley 1966, Riley 2001). How(lvrr, 

experimentally, three-dimensional fluid flows are difficult to track and visualise 

and direct observation or measurement of flows was beyond the scope of their 

studies. 

In a more recent work, Klotsa et al. (2007) examined a system containing 

just two spheres in a fluid-filled cell under horizontal vibration. They studied 

how a pair of particles always align in a direction perpendicular to oscillation 

with the spheres separated by a well defined distance. More recently Klotsa 

et al. (2009) focused on chain formation within experiments and simulations. 

This study showed that the returning steady streaming flows perpendicular to 

the oscillations induces a strong attractive force towards the fre(l ends of the 

chains. If the vibrated cell is sufficiently wide, roaming single particles and 

short chains will be drawn into the free end of the chain augmenting its length. 

Pattern formation in oscillatory fluids can be observed in other systems 

apart from granular materials. Beysens et ai. (2008) observed ordering phe­

nomena of bubbles within an oscillating fluid. Their experiments investigated 

the liquid-vapour phase transition of hydrogen during high frequency (f = 10 

25 Hz) and low amplitude (0.3-0.47 mm) vibrations in a weightless environ­

ment. Gravity effects were removed using a strong magnetic-field gradient. 

The experiments were performed near the liquid-vapour critical point. It was 

observed that, as the system was vibrated, vapour bubbles nucleate and grow 

in the liquid phase. When these bubbles grew to a sufficient size, the bubbles 
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would move with a different velocity to the oscillating fluid. The bubbles then 

ordered themselves in planes perpendicular to the vibration motion. 

Similar effects may be reproduced in experiments using fluid-immersed dia­

magnetic particles held within a strong inhomogeneous field. The magnetic 

field is adjusted so that the particles become weightless at some height within 

the magnet. When the cell is shaken, the particles experience a drag relatiw to 

the fluid and streaming flows will form. Figure 4.3 shows a snapshot of shak{'n 

water-immersed bismuth particles within a strong magnetic field in one of the 

earliest experiments on this kind of system carried out within our research 

group. It was observed that the bismuth particles organise themselves int.o 

distinct layers perpendicular to the oscillation motion. 
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Fig. 4.3 : Snap ·hot from experiments showing layer format ion. The bi mu th parti­

cles are 50 /-Lm in diameter and immersed in water. The exp r iments were perform d 

wit hin the Oxford Instruments superconducting magnet with a ma."dmum central 

field of 17 T and maximum field gradient of BdB/ dz = 1470 T2 m- 1 which will 

be described in detail later. The oscillation are in the vertical direction which i 

perpendicular to the granular layers. 

4.2 Dilute fluid-grain systems 

Th flow of a fluid through a granular bed can be de cribed by phenomeno­

logical expre sion for the flow through porou m dia. In 1 56 Darcy w the 

first to formulate a simple relation between the pressure drop and the flow 

rate acros a porous column (Darcy 1856). Ext nsion and addition to thi 

model have been mad in order to account for a wider rang of appli abili ty 

(Forcheimer 1901 , Brinkman 1947 and Ergun 1952). 

However, for dilute uspensions wher the grain are fewer and the hydro­

dynamic interaction betw en each particle and the fluid is important, th se 
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phenomenological expressions are not applicable because they describe the 

granular bed as one entity. A microscopic description is required to describe 

the interaction of the particles with the fluid. 

The motion ofthe fluid in fluid-particle systems is governed by the Navier­

Stokes equation, 

(4.1 ) 

Where f is a non pressure force such as gravity. If the fluid is incompressible, 

the mass conservation equation takes the form, 

V'·u=o (4.2) 

Because the N avier-Stokes equation is nonlinear in u, approximations need to 

be made depending on the system under investigation. A common practice is to 

determine which term is dominant in the equations and make approximations 

for the limiting cases. For this effect the Reynolds number is introduced. The 

Reynolds number, Re, is the dimensionless parameter which measures the ratio 

of inertial forces to viscous forces. 

In the creeping flow limit, at low Reynolds numbers, viscous forces domi­

nate and the N avier-Stokes equation is simplified to the linear Stokes equation 

by omitting the inertial term. 

(4.3) 

At high Reynolds numbers, if the flow is assumed to be inviscid, the viscous 

term can be dropped from the Navier-Stokes equation and Euler's equation 

govern the flow, 
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p(! +U'~)U+~P-f=O, (4.4) 

When the flows are irrotational, ~ x U, it can be shown that the velocity 

distribution can be determined by a linear equation. In steady flows Bernoulli's 

theorem can be obtained by integrating Euler's equation along a streamline to 

provide a solution for the pressure distribution. In real fluids the values of the 

Reynolds numbers are in the intermediate and high regions and therefore both 

viscosity (even if it is very small) and inertia are equally significant and neit.her 

can be neglected. Numerical techniques are required to solve the N avier-Stokes 

equation. 

Unsteady flows where the time derivatives of the flow field do not vanish, 

such as an object accelerating from rest through a fluid or time-periodic flows 

are more complex and only specific limits can be solved analytically. The 

systems described in this chapter lie within this case. 

The boundary layer hypothesis states that in the presence of a solid bound­

ary, two regions of flow can be identified: a thin layer close to the boundary 

called the boundary layer, and a region beyond (Prandtl 1905). Under this hy­

pothesis, the Reynolds number is high enough that the viscosity effect.s are only 

significant in the boundary layer, which is thin compared to the characteristic 

size of the boundary, and t.he rest of the flow is assumed to be inviscid. 

4.2.1 Oscillatory fluids and Streaming flows 

When a solid boundary or object. oscillates within a fluid it. produces a peri­

odic fluid flow. Let us consider a rigid sphere oscillating in the presence of 

a viscous fluid with a velocity U cos( wt), measured relat.ive to the fluid. If 

no-slip conditions for the surface of the sphere are assumed, t.he mot.ion of t.he 
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object will produce a flow field. In the limiting case of zero Reynolds number 

the flow is time-reversible and the flow field generated during the first half of 

the cycle will be cancelled by the flow field generated in the second half. As 

a result, there will be no net average flow. However, for moderate Reynolds 

numbers the viscous as well as the inertial forces in the N avier-Stokes equation 

have to be considered. Near the surface of the sphere vorticity is generated at 

the boundary layer as in the case of zero Reynolds number but the flow fields 

of the two parts of the cycle do not cancel each other. This is the case of a 

nonlinear system for which the average velocity field over a cycle is not zero. 

This non-zero, time-averaged flow is called steady streaming and can be 

produced by an oscillatory, non-conservative body force or through the action 

of Reynolds stresses in the main body of the fluid, produced by no-slip bound­

aries. Nonlinear fluid phenomena of this kind have already been reported by 

Faraday in 1831. Later, in 1884, Rayleigh gave a theoretical explanation of 

the streaming produced by standing waves between two plane walls. The same 

steady flow pattern was later confirmed experimentally by Andrade (1931a&b) 

and Schlichting (1932). These observations constitute the basis for a series of 

experiments, theoretical approaches and, more recently, computer simulations 

on the subject of streaming flows. 

In this thesis we are particularly interested in the streaming flow generated 

when a solid boundary, such as an spherical object, oscillates in an incom­

pressible fluid. We will refer to this flow as an steady streaming flow. In 

three dimensional flows, the motion of an isolated single sphere subjected to 

an oscillating fluid flow has been studied both analytically and numerically. 

Lane (1995) and Riley (1966) used boundary-layer approximations and per­

turbation theory and Wang et al. (1965) used inner-outer expansions. More 
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recently, Mei (1994) and Alassar and Badr (1997) used finite-difference for t.he 

time advancement and matched asymptotic expansions for t.h(' near and far 

velocity fields and a series truncation method, respectively, t.o study the flow 

of a single sphere. In recent years, a few experimental studies have dealt with 

3D flows around an oscillating sphere such as those by Kotas et al. (2007) 

and by Otto et al. (2008). Related experiments have reported the interactions 

and the patterns formed in oscillatory flows with a large number of particles 

where steady streaming is present, and it has been proposed that these phe­

nomena are the result of hydrodynamic interactions (Voth 2002, Wunenburger 

2002, Thomas and Gollub 2004). In the literature there are four dimensionless 

parameters that are commonly used to relate the properties of the fluid with 

those of the particles: the Reynolds number Re, the inverse Strouhal number 

f, the streaming Reynolds number Res, and M2. They are defined as: 

Re = 2Awr, 
1/ 

A 
f= -

r 

M
2 _ Re _ 2r2w 
-----

f 1/ 
(4.5) 

Here the radius of the sphere is r, the amplitude of the oscillation is A, the 

angular frequency is wand the kinematic viscosity of the fluid is 1/. Only two of 

these ratios are independent: the Reynolds number (Re) which gives a measure 

of the ratio of inertial forces to viscous forces and consequently quantifies the 

relative importance of these two types of forces for given flow conditions and 

the inverse Strouhal number (f) which gives a correlation between flow rate 

and frequency. 

The theoretical studies have found that the shape of the steady streaming 

flow depends on the location of the specific problem in the parameter space 

depicted in Figure 4.4. For example, for low amplitudes, f «1, Riley (1966) 
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found that a pattern similar to that shown in Figure 4.5(a) occurs for M2 » 1 

and R es « 1 but it changes to (b) when M2 « 1. 

10 
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• Riley 1966 0.2<£<1.3 IMI2» 1 ,Res«1 
Riley 1966 0.025<£<2.5Re« IMl 2« 1 

• Wang 1965 0.1 <£<1 0 Re»1 

o Kotas 2007 1 <£<1 0 4< IM1 2<300 

• Otto 2008 0.3<£<2 11 <Re<lOO 

Wunenberger 2002 0.2<£<1.5 2<Re<50 

• Voth 2002 0.15<£<2 3<Re<1O 
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Fig. 4.4: Parameter pace showing the regions where various studies have been conducted 

for a single sphere oscillating in a fluid.The figure wa based on Fig.l in Otto el al. 200 . 

Figure 4.5( a) shows the streaming flow for a sphere 0 cillating horizontally 

as indicated by the double arrow on it. Four vortices can be ob erved cIo 

to the surface of the sphere, a , d , (3 , (3' . These four vortices are cross-section 

through two vortex rings labelled ad and (3(3' . In oth r words, a and a' are the 

cros -sections of a single vortex ring ad. The vortex rings are the con equence 
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of the non-slip boundary condit ion between the surface of the sphere and the 

fluid. This non-zero average flow is usually referr d to as th inner StT am ing. 

The inner vortex rings ao.' and j3j3' will generate the outer vortex rings AA' and 

BB' , respectively. These outer vortex rings circulate in the opposite dir ction 

to their respective inner vortices and are spatially bigger. A the Reynolds 

number gets smaller , the shape of t he streaming flow change from (a) t.o (b) 

as the inner streaming expands and the outer streaming becom s increa ingly 

weak. Figure 4.5(b) shows the limi t. case where only the inner streaming i 

present. 

(a) (b) 

B /l+ 
+ U~ Ii ........................ :iq_S?~i .................. ··················································· e ·· ......................... ...... . 

\:5u 
+ 

Fig. 4.5: A schematic diagram showing the streaming flow for a single oscillat ing sphere in 

the plane through the sphere. The two types of steady streaming flow are shown in (a) and 

(b). The shape of the streaming flow depends on the region of the space parameter. T he 

crosses indicate the stagnation points. 

Experimentally, the study of three-dimensional steady streaming flows is 

not a simple t ask since the visualization of such flows can prove to be chal-

lenging. Hence, it is not surprising that not many experimental studie have 

been carried out. In the experimental study performed by Kotas et al. (Kotas 

et ai. 2007) the flow around a single oscillating spheroid at finite Reynolds 

numbers was visualized and recorded for various vibratory condi tions. In their 

experiments, different shapes of spheroids were glued to a metal rod whi b wa 



Chapter 4 Dynamics of magnetically-levitated, fluid-imm ersed gmin 9 

connected to a shaker and then vibrated vertically in a fluid-filled container. 

The aim of the study was to extract the three-dimensional treaming fl owe and 

measure the inner steady streaming. 

Klotsa et al. (Klotsa et al. , 2007) ob erved that spher und rgoing hor­

izontal vibrations aligned perpendicularly to the direction of 0 'illation and , 

in some cases, a gap could appeared between the particl . Th y arried out 

experiments with a pair of stainless steel spheres in a horizontally- hakcn ell 

filled with a mixture of water and glycerol. Figur 4.6 i a nap hot tak n 

during their experiments and shows th resulting streaming flow produc d by 

the pair of spheres. It can be observed that th re is a strong fI w way from 

the spheres along the axis of vibration and toward th parti Ie al ng th ­

orthogonal axis. 

Fig. 4.6: Flow pattern induced by a pair of Imm diameter spheres. T he phores woro im­

mersed in a glycerol-water mixture. The whi te arrow indicate t he direct ion of the e tr aming 

flow for the left side of t he cell ; t he flow pattern in th right side is a mirror imag . T he 

black double-arrowed line indicates the direction of oscillation. Image taken from J(lotsa 

at. (2007) . 

In a developm nt of their work (Klotsa tal., 2009) , a 011 t ion of pher­

ical particles were placed in t he same cell. When the cell was vibrated , the 
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particles were observed to form chains perpendicular to the direction of oscil­

lation. They studied this phenomenon experimentally and through computer 

simulations, their observations are shown in figure 4.7. Figure 4.7 a) shows 

the evolution of the chain formation during a typical experiment. Figure 4.7 

b) show the corresponding evolution in simulations which seeIllS to agree with 

their experimental observations. They concluded that the mechanism respon­

sible for the attraction of two spheres, the formation of chains and the repulsion 

between adjacent chains was caused by the steady streaming flows. Isolated 

spheres are brought together along a line perpendicular to the direction of 

oscillation. Each sphere has a flow pattern as shown in figure 4.5. As the 

spheres approach each other the outer vortex loops of opposite circulation in­

teract and cancel, leaving only the inner vortices which create the gap between 

the spheres. The repulsive interaction observed between chains can be traced 

to the streaming flow generated by each chain as depicted in figure 4.7 c). In 

the plane containing the spheres it can be observed that the flow is always 

away from the chain and it is this flow which tends to push the chains apart. 

In the studies reviewed so far the particles were constraint to move in a 

plane; they were either resting on a surface or suspended by a thin wire but 

in all cases they were not free to move in all directions. Thus, the interaction 

between a collection of spheres in a three-dimensional systems is yet to be 

explored. In the remainder of this chapter we shall focus on the description of 

an experimental study of spheres suspended in a diamagnetic, vibrated fluid. 

A brief review on magnetic levitation can be found in Appendix A. 



Chapter 4 Dynamics of magnetically-levitat d, flu id-immersed gmin 100 

Fig. 4. 7: Chain formation in an oscillatory flu id flow. a) S('f'je of s ll a pshots fro III C'x pC' ri­

ments showing the evolution of a collection of spheres from an initia l dispcrs('d cOll fi gura tio ll 

to an ordered state. b) Snapshots taken from a simulation of the experimenta l sys l,(,11l showlI 

in a). The particles in the simulation undergo the same stages r evo lutio ll and Ih(' t inl(' 

scales are a l 0 comparable to those observed in the experiments. c) Schema t. ic d iAg ram of 

a short chain showing the streaming flow in the :1'" - y plane containing I-h(' ccntrcs of til 

spheres All pictures were taken from Klotsa et al. , 2009, 

4.3 Experimental Setup 

In this section we describe the experimental array used in am study of col­

lection of grains suspended in a vibrating, vi cous fluid flow . T he c('nt.ral 

piece of the experimental setup is the super onducting levit.a tion maguC'L. A 

helium-cooled superconducting magnet specifically designed and m 'ul1lfact llf(' cl 
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by Oxford Instruments was used to conduct levitation experiments. An image 

of the magnet is shown in figure 4.S. 

Fig. 4.S: The Helium-cooled superconducting magnet 

The magnetic field was produced by superconducting coils which allow d 

the electric current to persist for long periods of time without the use of an 

external power supply. The coils were immersed in a liquid helium bath at 

a temperature of 4K. A closed-cycle cooling loop recovered the helium that 

had evaporated from the bath eliminating the need of replacing the helium 

periodically. Due to these features, the magnet is capable to produce fields of 

up to 16.5T for long periods of t ime. 

The maximum value of the field is located at the centr of the magnet , 

around I S.Scm below the top plate of the magnet. The norm ali ed profile of 
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the vertical component of the magnetic field is shown in figure 4.9, the origin 

z = 0 corresponds to the maximum field value. In figure 4.10 the normalised 

field-gradient product, BdB / Dz, is shown. 

0.8 

rr.'" 0.6 

N 

;.' 0.4 

0.2 

OL-~_2~0--~~_1~0--~--0~~---1~0--~--~20~~ 

z(cm) 

Fig. 4.9: The normalised profile of the magnetic field along the vertical axis of the levitation 

magnet. Bo is the maximum value of the magnetic field, in this particular case Bo = 16.5T. 
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Fig. 4.10: Normalised profile of the axial field-gradient product BdB /dz. 

The other major pieces of equipment can be divided in two groups; the 
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vibratory apparatus and the optics. In figure 4.11 a schematic representation 

of the complete experimental setup is shown. 

The vibratory apparatus is similar to the one used in chapter 3, section 

3.2. A long-throw electromagnetic transducer ( 8-inch loudspeaker by Pecr-

less) was mounted facing upwards to a medium density fibreboard (MDF) box. 

A horizontal surface was created on top of the diaphragms using expanded 

polyurethane foam. A rigid, horizontal metal plate was fitted on top of this 

surface. A long aluminium rod was then attached to the metal plate and used 

to transmit the oscillation to the containers. The length of the aluminium 

rod could be adjusted to position the containers at the right height inside the 

bore of the magnet. The motion of the loudspeaker was monitored using a 

pair of capacitance cantilever accelerometers, Analog Devices ADXL105 and 

ADXL150, attached to the metal plate on top of the transducer. The ac-

celerometers covered the ranges from 0 - 7g and 0 - 70g respectively, where 9 

is the acceleration due to gravity. 

Teflon Rings 

Deuel 
Filler ~y 

I~I 
OnIOlfSwitdI 
PoIeoci_ 

Power Amplifier --1 JZfc 1----1 

Fig. 4.11: Schematic representation of the experimental setup. 
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A continuous sinusoidal wave was generated to drive the transducer using 

a Signal Generator Model DS345 by Stanford Research Systems. The fre­

quency and peak-to-peak voltage of the driving signal was adjusted to the 

desired values and sent through a device fitted with an onloff switch and a 

potentiometer to a custom-made power amplifier. The potentiometer allowed 

a finer control over the maximum voltage of the signal fed to the transduc­

ers hence controlling the maximum acceleration experienced by the apparatus. 

This acceleration was monitored by the pair of accelerometer described aboVf'. 

The signal from the accelerometers was sent through a 4-pole low-pass Bessel 

filter with a cut-off frequency off 800Hz. The output was displayed in a digital 

voltmeter which gain was calibrated so the voltages shown corresponded to the 

maximum dimensionless acceleration, r. 

The experiments were monitored using a digital camera, Casio Exilim FXl. 

The image from the particles was projected towards the camera using a front­

plated mirror at 45° with the horizontal placed directly above of the bore of 

the magnet. Two achromatic, biconvex lenses mounted on an optical rail were 

used to focus the image so it could be recorded by the camera which was placed 

at a distance> 1m from the bore of the magnet to minimize the effects of the 

magnetic field on the electronics. The output of the digital camera was then 

visualized on a computer monitor. 

Two containers, a cylindrical and a squared cross-section cell, were con­

structed out of PMMA for our experiments. The cylindrical container was 

13cm in height with an inner diameter of 3.6cm. The top of this container 

could be removed, a feature that allowed us to easily fill the container with 

the viscous solution. The top was made out of optical class PMMA to prevent 

distortions on the images. Two access holes at the bottom of the cell were 
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used to remove air bubbles if case t hey form during experiments as well as to 

introduce, or change, the particles. The access holes were placed at the bot.tom 

of t he cell to prevent obstructions with the field of view that were likely t.o 

occur if t hey were placed at the top of the cell. 

width 

We 

h c 
h,. 

~ ..... --
Fig. 4.12: Schematic view of the containers used in our experiments. The yli ndrical 

container is shown on the left. The total width of this cell is 4.8cm. The inner diameter, 'W , 

is 3.6cm and the height ofthe cell is 12.0cm. The rectangular container with the mirror inset 

is shown on the right. The inner cross section of this container is squared and 'W,. = 2.0cm. 

The height of the container, hn is 6.0cm. 

The rectangular container had a squared cross-section of 2.0cm x 2.0cm 

and was 6.0cm in height. The base of this container could be detached. A 

special inset with a front-plated mirror at 45° with the horizontal could be 

placed inside the container to follow the vertical displacement of the particles. 

Two access holes were placed at opposite corner of the top face of the container 

to easily introduce or change particles in between experiments or to remove 

air bubbles. Figure 4.12 shows an schematic view of t hese containers. 
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Unless otherwise stated, the experimental results discussed in this chap­

ter were obtained using ball lenses for diode lasers pur('has(~d from 1\1('l1es 

Griot. The lenses are manufactured to have high-standard optical charac­

teristics which translate in a homogeneous density and high sphericity. The 

tolerance in the diameter was ¢ = ±1J.tm. The spheres were mad(' of the 

optical material Schott N-LaSF9 with a density of 5600kg . m-3 . Table 4.1 

summarizes the densities of the materials used in our experiments. 

Material Density(kg. rn- 3 ) 

Bronze 8500 

BaTi02 4500 

Ballotini Glass 2500 

Schott N-LaSF9 5600 

Table 4.1: Density of materials used in the levitation experiments. Th{' densities 

are given in kg· m- 3 

4.4 Levitated spheres 

In our experiments, spherical particles are magnetically levitated inside a 

liquid-filled container. In most of the experiments an aqueous solution of 

glycerol and a paramagnetic salt was used. The solutions were prepared using 

a mixture of water, glycerol and MnCl2 • 4H20 salt from VWR International 

Ltd. The Mn2+ ion is strongly paramagnetic with 5 electrons in the half-filled 

3d shell giving a spin S = ~. For the majority of the experiments describe in 

this chapter a 0.18M solution of MnCl2 was used. The ratio between water 

and glycerol was changed depending on the desired viscosity. The air dissolved 
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in the solution was pumped out using a rotatory vacuum pump to prevent the 

formation of bubbles inside the containers during experiments. Finally, th<, so­

lution was cooled to a temperature close to that inside the bore of the magnet 

to avoid steep variations of temperature. 

The container was filled with the solution and sealed. Special care was 

taken to prevent air bubbles getting trapped inside the container. The spheres 

were then introduced to the cell by removing one of the screws located at the 

bottom of the cylindrical container or the top of the rectangular container. The 

aluminium rod was attached to the container and both were slid into the bore 

of the magnet and then locked to the loudspeaker. Finally, a thermocouple 

was glued to the side of the container to monitor the temperature before and 

after each measurement. 

4.4.1 Initial Observations 

A collection of BaTi02 particles with an average diameter of S50/tm were 

placed in the cylindrical container. Before switching on the vibration, the par­

ticles are observed to cluster at the middle of the cell around the levitation 

point. When the vibration is switched on the particles spread and formed a 

layer consisting of concentric rings. When the amplitude of vibration, con­

trolled by the parameter r, was slowly increased or decreased the shape of the 

layer did not change. In fact, the formation of a layer could be observed for 

small values of r. However, for some combinations of r, f and viscosity, v, 

the layer started to rotate in the plane containing the centres of the particles 

and perpendicular to the direction of vibration. Figure 4.13 shows a snapshot 

taken during one of these experiments. In this picture it is possible to observe 

the concentric rings that form the layer. This structure is similar to the one 



Chapter 4 Dynamics of magn tically-ievitated, fiu id- immeTsed gmin 10 

observed by Voth et ai. (2002) when pheres surrounded by fluid bounce on 

top of a vibrated surface in pre ence of gravity. However, the rota t.ion of the 

layer was not reported in th ir tudy. 

Fig. 4.13: BaTi02 particle form a monolayer when vertical vibrat ion is app lied. A 

collection of part icles with average diameter 50I£m were u ed in this ex pNilllent. T ile 

particles are levitated in a O.lM solution of manganese chloride in a an aqueous o lu tion of 

glycerol. For thi part icular picture the frequency is 20Hz and r = 1. 

In order to understand the dynamics of the ph r in the fluid , we fo u cd 

our at tent ion on two impler systems; a single particle and two id ntical parti­

cles. In t he following section we will describe in d tail th exp riment carri ed 

out to study the behaviour of these systems. 

4.4.2 Dynamics of a single, levitated particle 

The simple t system that could be tudied i that of one phcr levit.ating 

in a viscous fluid. Although the particle are suspended in t.he fl uid they 

are not neutrally buoyant . The amplitude of vibration of the ont.ainer is 
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different to t hat of the part icles suspended in the fluid due t the cff'e t ive 

decoupling b etwe n t he gravi tational and the iner t ial mass. In previ u tudies 

(Wunenburger et al. 2002, Coimbra et al. 2004 and Klotsa t al. 2007) the 

amplitude of vibration of t he particl r la tiv to the urroundin g fluid 11 8S 

been measured experimentally and analytical expr ion hav b en pr p sed. 

The mea urements were obtained using particle upended in ide tll fluid by 

thin wires or slinding on t op of a surface. The amplit.ude and fr quencies 

of vibration as well a t he viscosity of the urrounding fluid w re differ nt t.o 

t ho e explored in t hi chapter. Hence the analyt ical relation bt.ained in the. 

studies are not applicable to our system due to it three-dimension al na t.me. 

Our aim is to obtain a gro approximation of the amplitud of 0 i ll a tion f 

t he par t icles relative t o t he oscillating fluid. 

Sp'bere 
(NeutniJ position) 

I I 
I I 

Digital Camera 

c[J-

Fig. 4.1 4: Schematics of the exp rimental setup u ed to measure th moti n of a single 

particles relative to the fluid . The neutral po it ion of the particle (solid black circle) 

corresponds to t he resting place of t he sphere before t urning on the vibration. The dotted 

circles mark the ma.ximum displacement during a cycl . 

To measur the relative amplitude a single gla particle was 1 vitat,ed at 
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the centre of the rectangular container sketched in figure 4.12. The contailH'r 

was prepared as described above and placed inside the bore of the maglld. 

The particle was observed to levitate above the mirror inside the ('ell and away 

from the other walls. The optical array consisting of a mirror and two biconvex 

lenses described in section 4.3 was used. A schematic of the experimental spt.up 

is shown in figure 4.14. For a given frequency, f, the amplitude of vibration 

was increased by adjusting r. The system was allowed to reach equilibrium 

and an image was taken using the digital camera. The exposure of the call1('ra 

was chosen to allow several cycles to be captured. The resulting image show('d 

the particle and its elongated image on the mirror. By measuring tlw elongated 

image it was possible to extract the distance travelled by the sphere, relative 

to the fluid, in a cycle which is twice the amplitude of vibration of a single 

sphere relative to the fluid, AT' The image shown in figure 4.14 is a typical 

snapshot of the experiments. 

The experiments were repeated for a range of frequencies, viscosities and 

particle sizes. However, due to the limited space inside the bore and the 

reduced size of the cell, it was not possible to obtain reliable data for amplitudes 

bigger than 5mm. This was because for bigger amplitudes the partides were 

observed to interact with the surface of the mirror or move in the horizontal 

plane towards the walls of the cell. Furthermore, for part ides of diameter 

d = 3mm the interaction with the mirror and walls was observed to start as 

soon as the vibration was switched on. Consequently, no experimental data 

could be acquired for this particular size of partide. 

The images were analysed using Matlab. Each image was read by the code 

and presented on-screen. The size of the reflection was measured and the seale 

was calibrated by measuring the graph paper on the mirror. The experimental 
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Fig. 4. 15: The measured real amplitude of vibration as a function of t he amplit ude of 

vibration of t he cell for t hree different combinations of particle size and viscosity. The 

experimental error (not shown for clarity) is of the same order of the data spread. 

results for three different combinations of particles sizes and viscosities are 

plotted in figure 4.15. In this figure it is possible to observed that , as the 

amplitude of vibration of the container increases, A, the lines diverge. However) 

the experimental error of the measurements is of the same order of the resulting 

scattering and around ±5%. Each data set can be fitted to a straight line of 

the form Ar = cA with c ~ 0.5. 

4 .4 .3 D ynamics of two levitated spheres 

In the following section the dynamics of a pair of ident ical spheres will be 

studied. When subjected to vertical vibrations hydro dynamical effects give rise 

to the onset of an instability which results in the spheres to orbi t each other. 

The onset of the instability as well as the orbital velocity will be investigated. 
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Experimental Details 

A pair of Schott -LaSF9 spheres were placed in a cylindrical container filled 

with a O.18M solu t ion of manganese chloride a de ribed at the beginn ing of 

this ection (page 106). The container was positioned in the magnet and th 

spheres were observed to levitate near the centre of the c 11 and away fr m the 

wall of the cell. \\Then vertical vibration of a frequency f = W /27r wa applied. 

the spheres attracted each other and aligned horizontally with the line between 

t heir centres perpendicular to the direction of vibration. For a fixed fr qu ncy, 

the amplitude of vibration was increa ed slowly. Experimentally, th ampli tude 

of vibration is mea ured in terms of the dimen ionles a celeration r = Aw2 / 9 

where 9 is the acceleration due to gravity. 

It was observed during our experiment that , a r was increased , th y tem 

reached a point where the spheres started to wobble around th vertical axi . 

Thi point indicates the onset of an in tability. If the amplitude of vibration 

was increased , the pheres were observed to orbit each oth r , ither 10 kwise 

of ant i-clockwise. 

Fig. 4. 16: Image composit ion of one period of rotation for two glass sphere levitated in a 

solution of MnCI2· 

During the experiments it is possible to ob erve a well defined value of the 

amplitude of vibration for which the behaviour of the pair of spher changes. 

This amplitude will be referred from now on a the critical valu of th ampli­

t ude, Ac. For valu of amplitude larger than Ac the particles orbi t each other; 
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for lower values the rotation stops. As the amplitude is increased above Ac' 

the particles orbit at a faster rate and a gap can appear between tlH' particles 

for high amplitude. 

In the next section, the onset amplitude Ae , for orbital motion for a range 

of particle sizes, fluid viscosities, and vibration frequencies will be determined 

in order to quantify the instability. 

Onset of orbital motion 

The onset of the instability was measured by slowly decreasing tIl{' vahH' of 

r. For a given value of f, the dimensionless acceleration r was increased 

until the pair of spheres was observed to be rotating st.eadily. Aft.er waiting 

some time for the system to stabilize, the value of r was decreased by a small 

amount and the system was allowed to reach equilibrium. This process was 

repeated until the spheres came to a complete stop. A second meaSUf(l of the 

onset amplitude was obtained by increasing the amplitude until the motion 

started. The procedure was repeated increasing the time between changes in 

the amplitude until both measures of the onset agreed within experimenta.l 

error. The instability shows very little hysteresis. The amplitude of vibration 

of the cell at the onset of the instability as a function of the viscous penetration 

depth, 6 = (lJ//)1/2, where lJ is the kinematic viscosity, is shown in figure 4.17 

for the range of particle sizes and viscosities explored in the experiments. The 

data appear to follow a straight line that intersect the origin. 

If the transition is purely hydrodynamic the onset can only depend on 

three independent length scales: A, d, and the viscous penetra.tion depth. 6. 

In figure 4.18 we plot the ratio A~ / d as a function of 6/ d (both dimensionless 

quantities) for the range of parameters explored in our experiments. The 
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Fig. 4.17: The crit ical amplit ude of vibration as a function of t he viscous length for the 

three different part icle sizes. 

crit ical relative amplitude of vibration A~ i the amplitude of vibration of the 

part icles relative to the fluid at the onset of the instability. In thi ca , the 

results of the previous section were taken into consideration and a value of 

0.5Ac was used. It can be seen t hat there is a good collapse of the data onto 

a line for 6/ d less than about 0.34. Within the scatter we can fi t the data 

to a straight line to the origin. This line corresponds to a constant value of 

the streaming Reynolds number R es = ~ = 74 which is independent of the 

part icle size. 

For low values of A~/ d and 6/ d t here is no consistent rotational instabili ty. 

The lower limit of our data for the onset of rotation corresponds to a particle 

Reynolds number Rep = ~1 ~ 120, as shown in figure 4.19. 

For 6/ d greater that about 0.34 a gap opens up between the particles before 

the pheres start to orbit. The data in this region appears to collapse onto a 
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Fig. 4.18: Collapse of experimental results. The relative amplit ude was used in t his plot. 

The spread of t he experimental data is of the order of the error in the measurements. 
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Fig. 4.19: The critical amplitude of vibration as a function of the particle Reynolds number 

Rep = A*dj 52 . The region for Rep smaller than 50 corresponds to conditions where a gap 

between the particles is observed. 
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slightly different curve. If the spheres are stuck together with glue, the omiet. 

of orbital motion falls back on to the original curve, as shown if figure 4.20. 

Two spheres of diameter d = Imm were glue together by a very small amount 

of glue. Care was taken to prevent any build up of glue which could have an 

effect on the results. 
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Fig. 4.20: Effect of the presence of a gap on the onset of rotation for lmm sphPres 

Our data is bounded for larger values of 8/ d which can only be achieved 

for very low frequencies. For our experimental setup the waveform becomes 

significantly non-sinusoidal below frequencies of about. 11Hz which provides an 

upper bound to our experimental range. 

Magnetic Effects 

Although the collapse of the experimental data strongly suggest that. the origin 

of the instability is purely hydrodynamic it is possible that other variables 



Chapter 4 Dynamics of magnetically-levitated. fluid-immersed grains 117 

could trigger the instability. It is conceivable that the magnetic field could 

be playing a role on the onset of orbital motion. There are two possible ways 

in which the magnetic field could affect the instability. Firstly, the fluid flow 

induced by the vibration may give rise to ionic currents in the manganese 

chloride solution which couple to the magnetic field, generating a Lorentz force 

on the fluid. To test this scenario, the experiments were repeated using bismuth 

shots in water/glycerol mixtures. Due to its large diamagnetic susceptibility, 

bismuth could be levitated without the need to add any manganese chloride 

to the liquid to enhance the buoyancy of the spheres. 
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Fig. 4.21: Onset of rotation for d = 2.8mm bismuth shoot. 

The bismuth spheres behave in the same way as the glass spheres. giving a 

similar data collapse for the onset of the orbital motion. The similarity in t.he 

behaviour of the glass and bismuth experiments indicates that the magnetic 

Lorentz force, resulting from the motion of the ionic manganese chloride liquid 
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through the field, plays no significant role in the phenomenon. 

Furthermore, the particles are kept suspended in the fluid insidf1 a mag­

netic potential well (magnetic trap). The strength of the magnetic trap was 

measured and found to be equivalent to approximately 2% of the gravitational 

pull. The shape of the trap could have an effect on the onset of orbital Illotiou. 

The strength of the magnetic field was varied which in turn changes the shape 

of the magnetic trap. For the lower value of the magnetic field the shapf' of 

the magnetic trap is elongated in the vertical direction and very narrow in the 

horizontal plane causing the particles to move towards the vertical axis of thf' 

magnet. For the intermediate value of the magnetic field the magnetic trap is 

shallower, with shorter vertical walls, resembling a bowl. The higher vahl(, of 

the magnetic field produces a very shallow trap with short vertical walls but 

strong in the horizontal plane. 
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Fig. 4.22: Comparison of the onset of rotation for three values of the magnetic field for 

2mm spheres. 
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For the lower magnetic field the particles levitated Olle on top of ttl(' other 

but as soon as the vibration was turned on they aligned on a horizontal plane. 

Figure 4.22 shows the onset of the instability for the three valueH of lIulgndk 

field. It is possible to observe that the change of shapp of the magrwtic trap 

has no effect on the onset of orbital motion. 

Geometry Effects 

The orbital motion of the spheres has a cylindrical symmetry which raiH(,s the 

question of whether the geometry of the container could be playing a part 

on the onset of the instability. To explore this possibility, th(' exp<'riIlH'llts 

were repeated in the rectangular container used in section 4.4.2. A pair of 

glass spheres of diameter d = Imm were placed inside the container in a 30% 

by volume mixture of water and glycerol. The concentration of Manganese 

chlorine was O.18M as in previous experiments. The critical amplitude for tlu' 

onset was measured and compared with the results obtained for a system uuder 

the same conditions in the cylindrical cell. The results are shown in figuf(1 4.23. 

It can be observed that the shape of the container has no measurablp infiueIlcP 

on the onset of orbital motion. 

Speed of orbital motion 

The container was filled with a O.18M solution of MnC12 and two particles were 

placed inside. The cell was sealed and any remaining bubbles were removed 

through the access holes at the bottom of the cell. The container was placed 

inside the bore of the magnet and attached to the vibratory apparatus using 

the aluminium rod. The vibration was switched OIl and r was adjustpd to 

a value were the particles were observed to rotate. The system was allowed 
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Fig. 4.23: Effect of the geometry of the container over the onset of rotation for Imlll 

spheres 

to evolve III these conditions for a period of time,whkh will henceforth he 

refer as the settling time, of 2 minutes to reach equilibrium. It was observed 

that measurements taken using a settling time as short as 20 seconds yielded 

the same results within the uncertainty of our measurements. The period of 

rotation was measured for several conditions. In a typical experiment a pair 

of particles were vibrated at a fixed frequency. The value of r was adjusted so 

the particles were rotating smoothly. 

The system was left to vibrated under these initial conditions for a few 

minutes before starting the experiments. This relaxation time was allowed the 

system to stabilize. The period T for 5 cycles was recorded and the value of r 
decreased by a small amount, usually of the order of ~r = 0.02. 

The experimental results for a range of viscosities, particles sizes and driv­

ing frequencies are shown in figures 4.24 to 4.28. In these figures the dimen-
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sionless ration A* j6 is plotted as a function of O/w, where 0 is the orbital 

angular velocity of the spheres, It can be observed that the rotatioll ratps 

are symmetric for the clockwise and anticlockwise directioIls, t.his being an 

indication of a broken symmetry at the onset of the orbital motion. As A 

increases the orbital angular velocity, 0, increases too. Eventually, a gap b<,-

tween the particles opens up at high rotation rates and the orbital rnotioll 

becomes unstable soon after, The rotation data cannot be collapsed in a Silll-

pIe way because the introduction of an orbital time scale introduces an extra 

length scale l = (O/V)1/2, In other words, there are three ratios of lengths. 

A/d, b/d and 1/8. It is more obvious for the cases were there is a gap betw('('u 

the spheres. However, when there is no visible gap, the experimental data still 

diverges with increasing r and only when the amplitude of vibration is clos(' 

to the critical value for the onset of the instability that the data converges. 
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Fig. 4.24: Angular speeds measured for Imm spheres when a gap is present. 
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Fig. 4.25: Angular speeds measured for lmm spheres WhPll no gap is apparpnt. 

(,.Q --* -< 

7.5 

• • 7 • • 

6.5 

6 

5.5 

5 
-0.03 

•• • 
~~ 

• f=15Hz 11=4.54 
• f=17Hz 11=4.48 
• f=20Hz 11=4.48 
• f=22Hz \/=4.47 
• f=25Hz \/=4.51 

-0.02 -0.01 o 
(llw 

0.01 

.# 

0.02 

• • , . 

0.03 

Fig. 4.26: Angular speeds measured for 2mm spheres in a viscous liquid. For this particular 

value of viscosity a gap do not develop over the values of amplitude an frequency explorf'd. 
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4.4.4 Streaming flow of levitated spheres 

The onset of the instability and the symmetry of the speed of the orbital motioll 

presented in the previous sections suggest that the phenomena observed ill 

the system has its origin on hydrodynamic interactions; the streaming flows 

around the spheres should provide the driving forces causing the instability. To 

visualise the flows around two bismuth particles, bismuth powder was inserted 

into the cell. The powder levitates in the magnet at the same location as 

the bismuth spheres and, when the vibration is switched on, they follow t11<' 

flow of the liquid around the spheres. Furthermore, bismuth powder has a 

high reflectivity which makes it a good material to use as tracer particles. 

The same technique could not be used in the experiments with glass spheres 

because bismuth and glass levitate under different magnetic field conditions. 

The flows can be seen in figure 4.29. The image is a snapshot t.aken with a 

digital camera using long-time exposure. In this figure it is possible t.o obserw' 

the streaming flows induced by the vertical motion of the spheres relatiV<' t.o 

the fluid. However, the three-dimensional flow around the spheres cannot 1)(' 

visualised because of the confined space in the bore of the magnf't. 

In order to understand the streaming flows and the cause of the instability 

simulations based on the molecular-dynamics treatment of the particles cou­

pled to a continuum, Navier-Stokes treatment of the fluid were carried out 

within our group. The details of the simulation method and its validation can 

be found in Klotsa et al. (2007) and Klotsa et al. (2009). 

The simulations were performed using two different methods to excitf' the 

system. In the first method, the cell was vibrated and the response of the 

particles was recorded. In the second method, the particles were vibrated 

sinusoidally in a stationary container. Both methods yielded an onset of orbit.al 
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Fig. 4.29: Streaming flows for two bismuth spheres. T he streaming flows in t he plall(, 

containing t he centres of t he spheres can be observed. The image w as taken using long-t ime 

exposure. 

motion similar to that observed in the experiments . 

The simulation parameters were chosen to match the experimental param­

eters as close as possible. The numerical noise was reduced by vibrating the 

part icles in a static fluid. The amplitude of vibration of the particle relativ ­

to the fluid container was set to be a half of the driving amplitude used in the 

experiments. 

The use of simulations allowed to investigate the full t hree-dimensional fl ow 

around the spheres and to determine the cause of the instabili ty. The velocity 

field of t he fluid flow was obtained and the curl of this field , the circulation, 

was calculated. The simulated flows are in good agreement with those found 

experimentally. In both experiment and simulation we observe that, in the 



Chapter 4 Dynamics of magnetically-levitated, fluid-immersed grains 126 

plane of the two spheres, there is an outward flow from the region between 

the two spheres and an inward flow elsewhere. This behaviour is completely 

different to that known for a single sphere where the equatorial flow is radially 

inward towards the sphere. 

The streaming flows of a single sphere are shown in figure 4.30. On the 

left diagram. Streamlines have been drawn to show how the circulation forms 

closed loops at different positions around the sphere. The direction of the flows 

is obtained by using the right-hand rule in the same way as for current loops 

producing magnetic fields. For this case, the flow is away from the sphere and 

towards the sphere in the equatorial plane perpendicular to the direction of 

vibration. The equatorial flows are shown on the left diagram of figure 4.30 

c : 

c : 
Fig. 4.30: Stream pattern for a single sphere. A single particle, as viewed from a direction 

perpendicular to the direction of motion, is shown on the left. The two rings are the stream 

lines of the flow which can be determined using the right hand rule. If the particle is 

vibrated vertically, the flow comes out from the top and the bottom of the sphere in the 

same direction of oscillation an returns towards the sphere in thp planp horizontal plallP 

containing the centre of the sphere. On the right side the same particle is depictpd as 

viewed from above. The arrows point in the direction of the flow. 

The streaming flows for two stationary spheres are shown in figure 4.31. 
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The circulation streamlines are sketched on the left diagram. Only three pain.; 

of loops are shown for clarity. Above and below the spheres the How is pre-

dominantly away from the spheres as in the case for a single sphere. Two Hide 

loops, one at the side of each sphere, indicate an inward flow at the outer point 

of the spheres. Note that this two loops connect the flow above and below the 

sphere. The small inner loops are responsible for the strong outward flow from 

the spheres. It is this complex vortex structure which gives rise to the strong 

outward, equatorial-plane flow from the gap between the spheres. 
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Fig. 4.31: Flow pattern for two spheres. A pair of spheres vibrating in thf' direction of the 

double arrow are shown in the image on the left. The outer streamlines, shown as the rings 

above and below the pair, resemble those observed in a single spheres which makf' a pair of 

spheres appear as a single particle from the distance. However, the stf'ady streaming flow 

is more complex closer to the spheres. In the figure, two streamlines are shown. Thp flow 

associated with these streamlines can be observed in the image on the right which shows 

the pair of spheres as seen from the top. The steady streaming flow shown ill this image 

occurs in the plane perpendicular to the direction of vibration that contains the centres of 

the particles. The flow comes out through the gap between the spheres and returns towards 

the particles elsewhere. 

The equatorial fluid flow from simulation for the non-orbiting spheres at low 

amplitude is also shown in figure 4.31 (left diagram). When there is no orbital 
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motion the out flow in the equatorial plane emerges from the region between 

the spheres, as indicated by the arrows. The main flow is perpendicular to tll(' 

line joining the centres of the spheres; there is symmetry in the flow pattern. 

As the amplitude is increased the vortices generating the outward flow 

become unstable so that the outward flow in no longer perpendicular to the line 

through the centres of the spheres. The symmetry shown in figure 4.31 (left) is 

broken resulting in the flow pattern shown in figure 4.32. It is the instability 

in the vortex structure which produces a net torque on the two spheres hencE' 

driving the orbital motion. 

Fig. 4.32: Onset of orbital motion. The flows through th!:' gap b!:'com!:' unstable and providp 

the torque needed to spin the pair of spheres 

4.5 Final Remarks 

In this chapter the dynamics of spheres suspended in a fluid have been studied 

using magnetic levitation. 

For a vibrating, single sphere, the amplitude of motion relative to the sur­

rounding fluid was measured. It was found that, for the range of experimental 

parameters explored, the relative amplitude, A* has a linear dependence on the 

real amplitude A. The main restriction to explore a wider range of parameters 
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was the limited space available inside the bore of the magnet which const.rict.s 

the dimensions of the container. 

When a pair of spheres were suspended in an oscillatory fluid flow, a novd 

hydrodynamic instability was observed. Under vertical vibration t.he splH'wS 

are attracted to each other and align perpendicularly to the axis of vibratioll. 

As the amplitude of vibration is increased the spheres were observed t.o break 

the cylindrical symmetry of the system by orbiting each other in the horizolltal 

plane, either clockwise or anticlockwise. The parameters explored wen' t.lH' 

amplitude and frequency of vibration, the size of the particles and th(' vis('osity 

of the fluid. 

Simulations of the experimental system were also carried out wit.hin our 

Research Group. The simulations were found to reproduce t.he behaviour ob­

served experimentally revealing the complex flow pattern responsible for t.he 

instability. 



Chapter 5 

Concluding Remarks 

In the previous chapters, a description of the experimental studies carried out 

in three different granular systems ware presented. In the present chaptPr, a 

review of the results of each study is given followed by suggestions for further 

studies. 

5.1 Chapter review 

Chapter 1 served as a general introduction to the field of Granular Matter. 

The ubiquitous presence of this type of materials in nature and industrial 

processes was underlined making emphasis on the important role they play 

in our everyday life. The introductory chapter was finished with the thesis 

outline describing the subjects that were to be discussed in the main body of 

the thesis. 

Chapter 2 described the experimental and simulation results of our study 

of a vibrated monolayer of grains. The aim of this work was to determine 

if a two dimensional granular gas exhibits a long-range structure. To this 

end, the trajectories of single particles moving across a roughened surface 

130 



Chapter 5 Concluding Remarks 131 

were characterised and the structure factor, S(k), for a granular monolayer 

was measured experimentally. The chapter started with a review of previolls 

studies focussing on the structural properties of granular gases. Th£' ('urrent. 

kinetic theories were introduced along with their predictions and we ('ulminat.ed 

with the introduction of the Random Force Model. 

Our findings suggest that a collection of randomly-driven grains exhibit a 

behaviour that has not been reported before, namely, the existenc(' of quasi 

long-range order. From our observations, a drag force is needed, along with 

the random force, to describe the trajectories of the partides and t.he features 

observed in the long-range structure of a 2-dimensional granular gas. 

In Chapter 3 we described the experimental work carried out to illves­

tigate some of the phenomena observed when a granular bed surrounded by 

fluid is subjected to vertical vibrations. In particular we studied the sponta­

neous migration of grains in a partitioned container and the influence of the 

presence of an incompressible fluid on the Brazil nut effect. The aim of these 

experiments was to provide a set of quantitative results to be compared with 

the predictions of the simulation models developed within our research group. 

Our first aim was to investigate a new mechanism which can giW' rise to 

a spatial instability, namely, the interaction between fine grains and a back­

ground fluid. This process may be illustrated using a fluid immersed granular 

bed within a vertically-vibrating partitioned cell with two connecting holes, 

one at the top and one at the bottom of the cell. A gradual transfer of grains 

through the connecting hole at the base of the cell will result in the granular 

bed moving into just one of the columns. 

From the experimental observations and the simulation results we proposed 

two mechanisms for the instability. Firstly, the resistance to fluid flow through 
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the bottom gap could be much bigger than the resistance through either bed. 

Under vibration each granular column is thrown independmt.ly and will d('­

velop an under-pressure proportional to its height. The pre~suw drop llll<i<'l' 

the deeper bed early in flight will be greater than beneath the shallower hed 

causing grains to move in the direction of the deeper bed. Later in ftight. t.il(' 

changing pressure reduces the speed of the grains but it does not revprs(' the' 

direction of grain motion. A second possibility is that the coupling l)('t.W(~('1l 

the two columns is such that the resistance to fluid flow through the lower 

hole is far less than that through either bed. Both columns experieu('(' a COlll­

mon under-pressure which can only be achieved if more fluid flows through 

the shallower bed rather than through the deeper bed. This Huid How also 

transports grains towards the deeper granular column. Our re~ults suggested 

that the migration of grains is the result of a greater flow of Huid through tIl(' 

shallower column of grains as the beds are thrown by the vibration. 

In this chapter we also described an experimental study of t.he' fluid-enhanced 

Brazil nut effect. This effect can be observed when the granular bed is fully 

immersed in a liquid. our experimental system consist of a bed of glass beads 

immersed in water and a large steel intruder. The motion of th(l steel intrudpr 

is closely monitored as the system is vibrated vertically. The experimental 

parameters are used to develop numerical simulations of this system to aid 

understanding of the rising mechanism. Our results showed that tIl(' intruder 

draws fluid and grains beneath it as it is thrown at the early stages of the 

cycle. Later in the cycle, the intruder lands on these partides increasing its 

vertical position. It is this fluid-enhanced ratcheting mechanism that causes 

the Brazil nut to rise rapidly through the bed. 

Finally, in chapter 4 we described a series of experiments aimed at study-
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ing the behaviour of spherical grains immersed in an oscillatory fiuid whell tIl(' 

effects of gravity have been removed. 

Making use of a 17T superconducting magnet we suspended graills ill a 

fluid without the need of matching their densities to that of the surrollnding 

liquid. This allows a relative motion between the fluid aud the part ides when 

their container is vibrated. Collections of grains with different properties were 

studied and many new behaviours were observed. For simplicity, our research 

focussed on the behaviour of a pair of identical spheres magnetically suspendpd 

on a viscous liquid. The observations shown an unexpected break of sYlI1m('t.ry 

leading to orbital motion of the spheres. The onset of this break of sYIl1IlH'try 

was measured for different configurations. The results suggested that the df('ct. 

is hydrodynamic. Streaming flows which result from the relatiw motion }H'­

tween spheres and fluid were shown to be behind the symmetry break causing 

the orbital motion. 

5.2 Future Work 

The results obtained in Chapter 2 showed the existence of quasi loug-rangfl 

order in a randomly-driven granular monolayer. The particles in that system 

could be considered as self-propelled objects. This opens the possibility to 

explore systems of living organisms such as bacteria, flocks of birds or schools of 

fish and perhaps gain some insight on the way these collections living organislUs 

organize. 

The numerical simulation methods developed as a result of the work pre­

sented in Chapter 3 do not make use of bed equations. As a result, they 

could be used to simulate systems where the current bed equations are not 

applicable such as systems with different species of grains or in systems w('rp 
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there is a non-steady flow through the granular bed. Furthermore, tIl(' sim­

ulation techniques could be used as an independent method to test Ilew }}(·d 

equations. 

The experimental technique described in Chapter 4 opens t he possibility 

to study a wider range of systems. For example, hydrodynamic int('nU'tiolls 

between particles are a know mechanism for inducing dynamic self-assPlllhly. 

However, the current experiments are limited to two-dimensional orderiIlg dIu' 

to the presence of gravity on Earth. The current research considers either 

particles on a surface, confined between the interface of two immiscible liq1lids 

or suspended in the liquid by external means. The research on thes(' syst('IllS 

could be enriched if the experiments were performed without the eff('cts of 

gravity. 

As an example, Wright et al. (2008) have studied thE:' motion of asymllH't.ric 

dimmers in a horizontally-vibrated, fluid-filled, shallow cell. The dimmers arp 

observed to move in a direction perpendicular to the vibration with thp small('f 

sphere at the front. However, when an asymmetric dimmer is magrH'tically 

levitated using the technique described in this chapter, the trajectory of the 

dimmer appeared to be a circumference contained in a plane p('rpelldieular to 

the direction in which the vibration is applied. Furthermore, the ori('ntation of 

the dimmer is also different, with the smaller sphere now following t}}(' bigger 

one. 



Appendix A 

Magnetic Levitation 

In this appendix we present a brief introduction to magnetic l('vitatioll, H 

technique that will be use in the experiments describe in this chapter ill til(' 

hope to observed the behaviour of particles suspended in an oscillatory fluid. 

A.I Magnetostatics 

An external magnetic field produces a reaction upon any material. A maglletic 

field H applied to a material will induce a magnetization M. TIl(' direction 

and magnitude of M depend upon the properties of the media and the applied 

magnetic field. In the simple situation of a linear, homogeneous and isotropic 

medium, the relation between Hand M is given by the expression 

M=XH, (A.l ) 

where X is the dimensionless magnetic susceptibility of the medium. However. 

equation A.l is only applicable to media that exhibit weak magnetism, this 

is, materials with X < < 1. For the case of media with stronger magnd,k 

properties, the susceptibility may depend upon the applied field. 
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The electromagnetic theory can be summarised with the Maxwell's equa­

tions. For magnetostatic problems, the relevant equations are 

v x B - JLoJ, 

V·B - 0, 

v·n - p, 

(A.2) 

(A.3) 

(A.4) 

where B represents the magnetic fiux density, J is the current deusity, Ito = 

411' X 1O-7V sl (A m) is the permeability of free space, n is the ('led,ric dis­

placement field and p is the total volume charge density. Equation A.2 allows 

the calculation of the magnetic field generated by an electric current. III tIl(' 

absence of currents, or in free space, the equation reduces to V x B = O. 

Equation A.3 states that there are no magnetic monopoles, sinn' B has uo 

divergence. The unit of B is T (Tesla), and 1 T=IN A -I m- I . 

In a magnetic solid we can relate the magnetic fiux density B to Hand M 

as follows 

B = JLo(H + M). (A.5) 

For weak magnetic materials, B can be expressed as a function of H if equation 

A.I is substituted into equation A.5, giving 

B = JLo(I + X)H = JLoJLrH, (A.6) 

where JLt = (1 + X) is the relative magnetic permeability of the material. 

Traditionally, H is referred to as the magnetic field strength, while B is 

referred to as the magnetic induction or magnetic flux density. In vaCUUlll, 

where B = JLoH, and in weak magnetic media such as the ones we will 1)(' 

working in, both vectorial magnitudes (B and H) are equivalent. Authors 

generally distinguish between Band H when working with strong magnetic' 
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media, where the equations A.I and A.6 are no longer valid. Since both quan­

tities are proportional in the systems we work with, we will refer to both of 

them as the magnetic field. In general, and from now on, we will work with 

B. 

A.2 Types of Magnetism 

Depending on the way materials react to the application of an external mag­

netic field they can be classified as ferromagnetic, paramagnetic or diamagnetic 

materials. 

The more commonly observed form of magnetism, observed in everyday 

life, is ferromagnetism. As a loose definition we can state that ferromaglHtic 

materials present spontaneous magnetization even in the absence of external 

magnetic fields. Generally, the magnetic susceptibility of a ferromagnetic ma­

terial depends on the magnetic field applied and the equations A.I and A.G 

are not applicable to describe their magnetization. Ferromagnets present hys­

teresis and, once the external field is removed, they are able to retain a certain 

degree of magnetization. Ferromagnetic materials are characterised by thf' 

Curie temperature, above of which their magnetic susceptibility becomes iu­

dependent of the magnetic field applied and the equations mentioned earlier 

can be applied. 

A paramagnetic material will only manifest its magnetic properties if it is 

under the presence of an external magnetic field. A material will 1)(' classified 

as paramagnetic if there are unpaired electrons within its atomie or molecular 

orbitals. These unpaired electrons act as permanent dipole magnetic moments. 

However \ because these permanent moments tend to point in random direction 

due to thermal agitation, a paramagnetic material will not present any net 



Appendix A Magnetic Levitation 

magnetization unless an external field is applied. When an extemal ma/!;lld.k 

field is applied. the moments will tend to align themselves parall<'l t.o tIl(' 

magnetic field. Hence, paramagnetic materials have positive susc('ptii>iliti('s. 

The susceptibility of paramagnetic materials depend upon the tcmp('ratllfl' 

and. at low magnetic fields, follows 

c 
x= T' (A.7) 

This relationship is known as Curie's law and C is known as the Curie' (·Ollstallt. 

When sufficiently high magnetic fields are applied, the magnetization tpll<l to 

a constant value. It is then said that the material has reached its saturatioll 

point and cannot be magnetized any further since all its magnetic momellts 

are aligned parallel to the external field and Curie's law is no longer valid. 

As in the case of paramagnetism, diamagnetism is only exhibited ill t.ll<' 

presence of an external magnetic field. This is the weakest type of ma/!;net.ism 

and it can be observed in all substances provided that they are expos('d to It 

strong magnetic field. If a material exhibits paramagnetic or ferromagll('tic 

tendencies, these will mask any diamagnetic behaviour. The origin of dilllnag-

netism lies in the interaction between the electronic orbitals and th(' ('xt('rnal 

magnetic field. According to Lenz's law, the presence of an external magnetic 

field acting on the electronic orbit of a single atom will cause the appearall(,(, 

of an electromotive force (e.m.f) and, as a result, a magnetic moment will b(' 

produce to oppose the external field. In other words, the magnetization of dia­

magnetic substances opposes the direction of the applied field, which nwallH 

that X < 0 for diamagnetic materials. 

Earnshaw's theorem states that no stationary object made of charges, lllag-

nets and masses can be held in space by any fixed combination of elcc·tric 

magnetic and gravitational forces. However, it does not apply to diamagnetic 
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materials since the magnetisation is induced by the external field and Htable 

levitation is possible as it will be shown in the next section. 

Common materials which are usually regarded as not having any kind of 

magnetic property are actually diamagnetic; water, NaCI, pure silicoll, wood, 

paper and glass are examples of diamagnetic materials. The highest diamag­

netic susceptibility is exhibited by bismuth with X = -165 X 10-6. 

A.3 Diamagnetic levitation 

As mentioned before, diamagnetic objects can be levitated when an appro­

priate vertical inhomogeneous magnetic field is applied. Let us ('ollsider a 

diamagnetic body of susceptibility x, density p and volume V, placed at a 

position r = (x, y, z) where a magnetic field B(r) of magnitude B is being 

applied. Here, z will determine the vertical position, while x and :tI giw the 

horizontal coordinates. Under such circumstances, the body achieves lUI in­

duced magnetic dipole moment, m = J MdV, given to a good approximation 

by 

m(r) = xVB{r). 
Po 

(A.8) 

By integrating the work -dm . B as the field is increased from zero to B(r), 

the total magnetic energy of the object can be obtained. If we also consider 

the presence of Earth's gravitational field, the total energy E(r) of til(' body 

will be determined by 

E(r) = pVgz - 2
xV 

B(r)2, 
Po 

(A.9) 

where 9 is the magnitude Earth's gravitational acceleration (g=9.81 m s-2). 

The object will float in equilibrium if the total vertical force vanishes. Thus 

Fz = - aE(r) = -pV 9 + xV oB(r)2 = o. 
az 2po az (A.lO) 
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In our experiments the solenoid coils of the levitation magnet g nerate a field 

with rotational symmetry around t he vert ical axi z. Thu , if th obj ct is 

considered to be placed on the vert ical axis, th prevlOU quilib rium cond it ioll 

can be written as 

P9J-Lo 

X 
(A.ll ) 

where we have written t he field dependence a B (z), ignoring th varia t ion ill 

the radial direction, given by x and y. In figure A.l we an ob cry th for 'cs 

acting on a levitated diamagnetic object . 

\ 
\ 

B 

Laterally stabilizing 
diamaanetic force 

_ . - I 'V\ / . B aB 
Fn- f.1o .It Y a . x 

\ f 
Levitation force 

F= PY9 
Weight 

I I 

/ 
B 

Inhomogeneous 
magnetic field of 

solenoid 

Fig. A.l : Schematic repre entation of t he forces acting on an object I vitating wit hin all 

inhomogeneous magnetic field due to diamagnetic repulsion. T he inset shows t h posit ioll 

of t he object wit h respect to the solenoid . The weight is balanced by t h levitati n force Fz 

but the lateral forces Fxy , indicated by the horizontal arrow , a re es ent ial to stabilize t he' 

object. 

As a concept, diamagnetic levitation has been known sinc the t ime of 

Lord Kelvin but it was not unt il recent ly t hat it could b ob erv d in th 

laboratory (Beaugnon and Tournier , 1991) when the technology to produc 
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the strong magnetic fields with large field-field gradient product required to 

produce levitation became available. More recent studieH haw mad(' UH(, of 

the so called magneto-Archimedes effect to separate minerals (Catherall d at.. 

2005; Catherall et ai., 2007 and Lopez-Alcaraz et ai., 2(07). TheHe eXperillH'llts 

introduced the technique of diamagnetic levitation to the Htudy of grauular 

materials. 
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