''"VIBRATIONS OF THICK PLATES
AND SHELLS'®'

by MICHAEL D J BRIDLE, B.Sc

Thesis submitted to the University of Nottingham for
the degree of Doctor of Philosophy, October 1973.



~7=1  IMAGING SERVICES NORTi |
frill  Boston Spa, Wetherby

BEST COPY AVAILABLE.

VARIABLE PRINT QUALITY



*

CONTENTS T.IS!

Contents List
Il1lus tré.ti ons
Tables
Abstrect

CHAPTER 4, IETRODUCTE CN

1.1, Problem
1.2, Sheli Theory
1.3. Shell Vibrations
1dye  Outline of Thesis

CNAPTER 2, SHELL THSCORY

2.?. Introduction

2.2, Generel Theory

2.3, Fundemontal Shell Equations

2.k Dieplacemsnt Functioné

2.5. Cylindricsl Shell

2.6. Cylindriczl Shell - Displecement Functicns
2.7. Twisted Plate '

2.8, Twisted Plate = Displacement Functicns

CHATTER 3, NIMERICAL ANALYSIS oD COMPUTLEG
3.4 troducticn |
3.2, MNumerical Ansalysis
2.3, Computer Frogrem - Generzl Cutline
3., Strain snd Kinetic Energy Matrices
3.5, Boundary Conciitions
3.6, Soluticn of the Eigenvelue .Predlem

23.7. Discussion.

39
47
51
62

T



CHAPTER L.

EUSULTA AND CONCIUSTONS

Lo,
h-zo
L.

bhoe
10-050
b6

Introduction
Convergenee

Comparison of Theoretical with Experimental
Results

Twisted Plate Results
Cylindzdical Shell Results

Conclusions

BIBLIOGRAFHY

ACIIIOWLIDGEMENTS

APPENDIX 1,
AFPENDIX 2,
APYI”I"DIX 3
APPENDIX 4.
APPENDIX 5,

APPEIDIX €.

Basis of the Variationsl Method
Thick Twisted Plate Computer Progrem
Thick Twisted Flate Lnergy Dete |

Reduction Parts of Thin Cylinder Coxputer Pregram

Input Data fcr Cemputer Progrems

Livrary Procedurea used in Ccmpﬁter Progrenms

_
11

Para
W s il

78
79

82

&6

112
116
117
122
136
144
149
150



TLILUSTRATIOND

Fig 1. Cylindricel Shell

Flg 2. Teisted Plate

Fig 3. Progravalcw Diasgrem

Fig L. SESET Flow Diagram

Fi“g 5e EVENAB Flow Diagrem

' Fig 6. BCMAT Flew Diagren

Fig Te BCRED Flow Disgran

Fig 8. SOLVE Flow Diazram

Fig 9. Iindberg-0lsen Fan blede

Fig 10. Cylindrical CShell Convergence Tests, Thin
Shell Theory

Fig 1. Twisted Plate Convergence Tests, Thick
Shell Theory

Fig 12,  linfberg-Olsen Fen Plade Modes

Fig 13. Carnegie Beam Modes

Fig 1&.' Dawsdh ﬁeaﬁ ¥odas

Fig 15. ¥olas for 5:1 LAT Ratio Twisted Plate

Fig 16. Effect of Twist on Modes of 4:1 L/W 3atio
Twisted Plate, Thin Skell Thecry

Figz 17. Effect of Twist on Medss cof 1:1 L/¥ Retio
Iwiglad Plate, Thick Shell Thoory

Fig 16, Effect of Thickness on Modes of 1:1 L/W Ratio
Twisted Plate, Thin Shell Theery

Fig 19.  Bffect of Thicknezs on Yodes of 1:1 I/W Ratio
Twigted Flats, Thin Shell Thecry

Fig 20. Comperiscn of Thin end Thick Cylindricel Shell
Thecry., Effect of Thickross on ¥odes fer 5:1 L/W
Ratie Shell,

Fig 21. Corperison of Thin =md Thick Cylindrical Shell Thoory,
Modes for 1:1 I/ Ratio Shell

Fig 22, FEffect of Thickness on Moles of 1:1 I/ Ratio Cytindrical

Sholl, Thin Ehell Theory

il
20
30
L9 |
53
59
63
68
71
80

99

100

101
102
103
104
105

1C6

107

110

111



TARLES
1. Computer Times
2. Thin Cylinder Convergonce Testa
3. Thick Twisted Plate Convergonce Teots
he Iincberg~Olsen Cylinder Comparison
5. Carnegle Twisted Beam Compariaon
6. Dawzon Twistod Beam Compaziscn
7. Effect of Twist on Tis ted Flate Frequoncies 5:1 LAV
Ratio Shell :
8. Effect of Twist on Twisted Plate Frequencies 1:1 L/W
Ratio Shell
9. TFffect of Thicknoss on Twisted Plata Frequencies 5:1
L/W Retio Shell
10, Effect of Thiclmess on Twisted Flate Frecuencies 1:1 L/W
Ratio Shell
11, Effect of Thickness on Cylindrical Shell Frequencies
5:4 L/ Ratic Shell
12, Effect of Thickress on Cylindrical Shsll Frﬂounncies

1:1 1/W Ratio uhell



Ve

VIBRATIONS OF THICK PLATES AND SHELLS

M D J BRIDLE B.Sc. -

ABSTRACT: |
~ Using an asymptotic series approach, a thick shell theory 1s proposed

for doubly curved shells with variable thickness, This theory includes the
effects of transverse shear streszesg and rotatory inertia, The displacement
functions ere designed to give non-zore transverse shear stresses internal
to tho shell, which satisfy the stress-free boundary éonditiona on the
upper end lower surface, Usze of-the stress-frae conditions mekes the
displecement functions, which vary through the thiclmess of the shell,
dependent only on the rmiddle surface displacements, This theory is epplied
to the twisted plete. A similar approach is applied to the cylindrical shell,
but the effects ofrtransverse normal stress are also included.

The theory is applied to the protlem of free vibratlons of chells
clamped along ons eldgs with the other three edges free, The results obtained
ere comperad with practical and theorotical results ofvctherxeaearcher;, and
with thosz obtairned from thin shell thecry., The twisted plats results show
the anawers that are expected from a thick sha1l theory, in that 3% predicis
lowar frequencies thaa thin shell thecry for modes in which tha wavelength/
thickness ratio is less than ten.-

The results for the cylindrical shell show that the ihclusion of
transverse ncrral stress to the oxrder eszsimad is not war;anted. |

The numericalytechniquas ussd for thé golution of the free vibration
problem are based on variatlonal methods in which tho Eamiltonien fer the

shell is minimised, subject to the constraints of the displacement boundary

conditions,



CHAPTER 1, IETRODUCTION

1.1 Problem

The subject of thils thegis is thick chell vibretions, Ths peed for a
theory of thick shells to predict natural frequencics is highlighted by
the failures of turbtine and comprecsor blading in such projects as the
Queen Elizeteth IT snd the RE211 Jet engine, For certain blueding, adequate .
results con be obtaired using twisted beam cor thin chell theery, dependent
o tho goometry of the blade. ’However,imany modern blades are of such s shape
that these thoories ere inedequate. A thick shell thecry is required as a
half-way stege between thin shell theory, and e full threo dimensional
anelysis,

The major difference betwesn thiﬁ and thick £holl theories is the
incluaion of tranzverss sheér‘étrésses in the letter crse, Thers are
neglected in thin shell theory, which therefore feils to give sufficiently
' accurete results es goon as theze effects vecomo lmporteat., In generel ilhe
trensveres shoar modos do not erpesr by themselves, bul arQKCCuglei_wiﬁh
other modzs, This céupling gonerslly effacts the frequenciss of vibratice
for mod2s in which the wavelength to thickaess ratlio is less than Zen.

12, Shell Thecory

The basic préper%y of sﬁeli theery is that ore dimeneion, ths thickross,
is £mall cemperad with fhe‘other two., In shell theory this property is used
to reduca the problem to two rather thsn three dimensions. To achieve this,
certein approxications have to te made.’ The different approximations uzsd,
end the veriation in ths rigour epplied in the anelysis leed 4o the wids vexiety
of'shell theories to be found in the litersture. Turiker xeferences to
end discussion of these theories cen be.found in Love (1), Xesh (2),
Fligee (3), Kovezhilov (4), Coldenveiser (5), Neghdi {6), Koiter (7), and on
vitraticas of skells in Kalnins (8), Gros end Forsberg (9) end Im (10).

‘In this section, an outiline of the besiec oppreximations is given,
erd th2 differences betweon thin end thick ehrell theories shewn,  Trediticnally

thin shell thecriss ere taged on the Xirchoff-Love assumptions:



2, Points which 1is cn one end thg sama norazal, to the undeformed
niddle surface, also lie on one end the same normel to the deformed
niddle auéface. . . |

b. The effect of normal etress on surfaces parellel to the middle
surface may be neglected in the stress-strein relation.

Ce The_displacemants in ths direction of_the normel to the middle swifece
ars epproximately equal for all points oh the sams normal,

Assumptions é. and ¢, imply the displacemﬁnt fﬁnctious for the ;hell

take the following form |

|

u, = u°(8,8 )-f'@le,’(@,, » 1,241,
%f%@ﬁﬂa%@

H-

/ !
vhers M, end [f; ere given in terms of the niddle surfacs displacensrcts
(4 ? ) :
M,a’ [,{1 544 [{3 -by the equaticns for the transverse sheer strain

inplied by assvmpticn a,. -

.X/:?-%X:sso' 1.0,

| Assumption b, éffec‘cs the stress-_stxjain relationa; the fact that ihe
transverse normal stress®y ":,’3 is zero ig used to cbtain an expressien for the
transverse normal streain -b/gg ‘which is sub'stituted in the other stress-strain
reletions, This glves rise to one of the contrg&ictiohs of thin shell threory
in that assumption c. implies that 3;3 =0

If assurptlcn a. i3 relaxed, so that points on normals to the undeformed

mlddle surfece remein stiraight lines dﬁring deformaticn, but ere not necessarily
normal to tha dsformed middls asurface, then the displacement funciicns are
of the form 1.2.4, In this cace, however, equations 1.2.2, do not epply, and
80 (/{/’ and {,{; are not dependent on the middle surface dirplaceuments,

In this cese substitution of thegs dis placment functions in the strain-



displacement and sfress—strain reletions gives noa-zero tr&nsvers@.shear‘
stressos end strains,

To include the effects of iransverse normal strehg,7j33, tha
expansion for [4% can be expended to include texms of (}{6%7 or (3(E%?)

1.0,

%(63,6’)+ 1146, 6,) & . 125,
or % %(@/6)"6%(@06’) (C/, 2) |

The second of thess ceses hes been considered by Reissnor (1}) end Naghdi (12).
In thick shell theory substituticen of displacement functions 1.2.1,. into

the standard three aimensional_straiﬁ-diapla¢ement end the streas-strain

relaticns modified by the trensverse normal stress sssumption discussed earlier,

gives transverse skear stresgses whiéh are ccnstant through the thicmess of

the shell, For free vibration precblems, tho boundary conditions om the upper

and lower surfacés of the shall imply that thess strosses are zero on these

boundaries, Hence direct erplication of this boundary conditics would lead %o

thin shell theory. To surmount this difficulty changes have to be made to

ths standard three dimensional equaiticns, %his problem-has Leen spproached

in t7vo ways. In tke first the ziress~-siraia relations are modifisd by & shenr

constant K? 30 thatl

% K (c< 2) 2
whers G is the sheer mo”*lus of the materiel. This i3 the spprosch usually
used in thick shell vidration problens, K? is evaluated so that the
contrituticon of the transverse shesr terms to the strain energy, matehes the
contribution of the true siress field, It is evelusted by matching frequencies
obtaired by the shell théary with those obteinsel by three dimensicnal theories.
mhesa methods aro discussed by Mindlin (43) for plates end Herrmern end
Mirsky (14) for sholla. For the uss of this techniguo in chell vibration

problems ses Herrmemn end Mirsky (14), Tsul (15) end Zeinkiewlcz et al (15, 17).
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The other approach, which is often used in forming equationa for shisll
theory, but has epparently not been epplied to eveluate natural frequsancies
of shells is that presented by Naghdii (6). He assumes that the transverse

stresses and strains asre of the form:

bﬁ(g = 5:; (@:@2)(/" ’g{"z | | 1a2k
T T,9)(- 2)

Highei crdér thick'sheil theories can be cobtained Ey exrponding the
displaceﬁents éé,, hé’ [Zé to higher orders in ng o This epproach
has ﬁeén taken by martinez—Mafquez (18) end Abe (19). | SRR
| kky_Tha discuasion so far has only considered shell théories c¢btalned by
substituting assumed displacemont fUnctions in the’three dimensional
“Siraiﬁ-aispiacemant end stress-strain relations, with slight modificaticns to
teko account of stfass'assumptiéus rads in the theoriés. The equaticns of
motion or equilibriﬁm czn simlilarly be obtaiunsd by substituting the expreasions
for stresses; stféina and displacements in'the appropriate three dimensicnal
eqﬁaticis, or ty cohsiﬁéring the‘foicés acting cn an element of the szell,

Another apéroach_ﬁo obtain not culy the equations of equilibrium bus the
atress-stfain'and tha sérain-aisﬁlacement relaticns for the shell is by uzz of a
variaticnal theoren, Thiélis doas by Naghdl (6) who obtains these equatlons
for a thick shell theory, and then shows the approrinations introduczd inte
vericus thin shellktheérios.

{ore recently,%sinde the work of Johnson end Reissneri(Zd) end Reies (21)
a great ééal of interest hes been shom in the uss of esyzptotic expansicns for
thevsolution of shell problems. In this case the displacements, strains 2ad
stresses are a1 expended a5 series in a smail'parameter bazed on b/L whors
h is tﬁé thicknesé, and L some cheracteristic length of the shell, Thess
exyreésicﬁs ars'sﬁhstitutea into the three diﬁensicnai equations, and a
system of equations for varying orders cf the peramster h/L extracted.‘ This
ksystem can then bé golved to give e soiution to eny orderkrequirad. Hera sgain

‘a3 in the traditicnal approach 1o sh2ll theory a variety of theories are
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obteinzd dependent on the asymptotié expansicen usod.v The esymptotic
téchnique was first epplied by Johnson end Reiesner (20) end Raias‘(21) to
staetic cylindricalvshall'prctlems. | 4

Sincoe then this has been extended by Green (22, 23) end Green erd
Naghdi (24) to general shells, and dynemic problems, Greon and Naghai (24)
bj this feohnique obtain'equations of moticn for thin shells, |

The variational techﬁiques used (as discusse& in section 1.3 and
Chapter>3); for the sélution of the fréé viﬁration of shells, require that
- the kinetic and‘strain enerpgy are eipreéséd in terms of the displacama;t’
functions for the shell. For thin ehéiz'thedries tho displacemeﬁts cf the
shell cen be completely défined in'terhg of" the three middleksurface displace=
menta, no matter which thaory is applied.‘ Forrthe thick shzll theorlss
consiaéred, five or mere functions of the t#o ﬁiddle’sﬁrface cooréinatéé are
nesdsd to define the displscements for the shell.

1.3, Vibfations of Shalls

Cnly f&f shells with vefyrepecial ééometric propertiss end bcahdary'A
conditions can the Ifraquencies éf natural v{bféticn be found by 2xast zathods.
In ordar to‘obtain ﬁha sclﬁtions,‘in'many casas, extra assumptidnsvare Q#ﬁe in
ths shall thecry useﬁ. The most ccmmon cf these ars

7“3. The heglectvéf fotatcryvinertia.; |

b. The n’egle;t of in-plens insritia effects. Tais is ussd most in the

theory of shallor sholls. | |

c.‘ Beﬁﬁins stiffﬁess‘of {ha shell is~zer6 (Extensional vibrations).

d. Extensiocnal stiffnass of the shell iS infinite (Inextensional

iibfatibns). |

The use of exact solution techniques and the effects of the above
assumptioﬁs, as well as those in sectioﬁy1.2, ere discussed by Kalnins (8).

To obtein soluticns for more genera;kshell gacmatries and boundary
conditious a large variety of epproximate techniques have been doveloped.

The most commonly used are those besed en éﬁergy principles, such es the
Reyleigh-Ritz method. In this rothod the displacements sre exprossed as a

series of functicns, each of which satisfies the displacement boundary couditione
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A minimal encrgy condition is than used to find the values of the relative
emplitudes of each mexber of the series, and the frequéncies of vibration.

The main drawback of this techniqua is that the displacement functions mmst
each satiafy the displacement boundary conditions., This can be surmounted by
finding stationary values of the Hamiltonian, subject to the constraints of
tho displacemsnt boundary conditions,. - This techniqus is outlined in Chapter 3
end the tasis of the method establiched in Appendix 1. TFor further details

of the use of variational methods see Mikhlin (25) and Vashizu (26).

For the application of thess ensrgy techniques, expressions ars required
for the strain and kineéic ensrgy of the shell in terms of the displacement
functions, For thin shell theory the displacements can be defined in terms
of three functions of the two middle surface coordinetes, but for the thick
shell thsories in use, five or more functions are involved. The energy
techniques require sufficient terms in the~approximatiné functions for.
convergence cf the frequenciss and moda shepes of vibration to be obtained.
With ths techniquas availedls for sclving the resultant eigenvalue preblems,
thia'bonvergencs can te obtained for thih shell theery. For thick zhell theory
" the nuwber cf functions involved does not allcw adequate terms in each functicu
ﬁo ensure ccnvergsnce, except in special cases, such a3 axisymzeiric
sholls where the problem is reduced to cne dinension,

This problem has been overccues to some extent by the use of finite element
techniquss, Zeinkiewiaz (27), which are very powerful in obtaining sclutions to
arbitrerily sheped shells, but in order to gbtain solutions to thick skell
problems escumptions must be intrcduced, usually involving the neglect of
in-plane iperitia terms. Co although ths results chtained using those tecimiques
are very impressive, care must he teken over the effects of the other
approximations introduced, especially for shells of high curvature.

Ao Outline of Thesis

In this thesis a thick sholl theofy is proposed making usse of the
asyuptotic series éppréach,~and using the three dimsnsional strain-displacesant
and stress-strain equations, Displacement functions are proposed which sallsfy

'tho strees-free surface conditions on the shell, but which give non-zero
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transverse shear stresses in the interior, The use of the stress-free surfac:
conditions make these displacement funcitions dependent only on the three
niddle surfeace di#placements ag opposed to the five or more functions
nornally encountered in.thick shell theory. The resultant stress fisld
satisfies the surface boundary conditions, and therefore no shear constant

is required to modify the stress-straein relations. The stresses and atrains
aro obtained by direct substitution of the dipplacsments in tha three |
dimenzional equations, thus no extra assumpticns have to be made es in eguations
1.2.4s Tho only assumptions mede in this theory ars on the form of the
displacement functions, &nd, in the resultsnt energy eaprwusiuvn, the reglect
of torms of O(hj). This theory is theh applied to the prcblem of freo
vibtrations of chells,

In Chapter 2 the thick shell theery is derived. Tho three-dimensiomal
end gh2ll equations in tmnser form fer classical infinitesimel elasticity
ere outlined in sections é.2 end 2,3, The displacszment Tuncticps are thken
darived in section 2.4, for a gererel varisble thickness dcuble curvature
shell, This is for a theory whsre trengverse sheér stresszes are includad, but
" trexsverse normal stress negzlected. The equations ars also formed for tie
dsrivation of a theory including trernsverss normal stress, but thezs equaticrs
can only bé solved in very speclsl caszes,

In sections 2.5 and 2.6 the equaticns  ere applied to the cylindrical shell.
In this case 4trensverse normal strezss is included. In sactions 2.7 and 2.2
the twisted plate is consicered. This is a double curvature shell and so the
thecry in which trensverss normal stress is neglected is epplied.

In Chapter 3 the numerical methods employed in the solution of the free
vibreticn problem are cutlined. The methed used wes to minimise the
Hamiltonien for the shell subject to the censtraints of the displecement
boundary conditions., Tho displacement functions are expanded as double power
geries. In order to cbtain convergenco cf the fregquencies snd mode shapes of
vibration the size of the system of equaticns had to be reaucéd. To achicve
this two methods were epplied, symmetry, snd the use of the stress free sdge
conditions, The computer program developed to solve the problem is given, ead

tke problems encountered in this discusced.
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The rosults cbtained for the two shells are presented in Chapler k;
The proﬁlem censidered in each case was the shell clemped aleng one edge,
the other three being streszs free, The results obtsined weré cowpared with
theoreticel and experimental results obtained by other resesrohérs, and

with thin shell theory results obteined using Fligge's (3) equations;



CRAPTER 2  SHELL THEOR

2.4, Introdnction

In this chapter displacoment functiona are yropossd, which satisfy the
| stresﬂ free surface condition, butegi€a non-zero interior transversa stresses.
Thege éisplacamant functious, which very through thoe thickness of the sbell, arc
neds depsadent oh the middle surface displacements, by the vas of the stress
fres surfacs condition. The functions are applied to two cases: the
cylindrical shell and the twisted plete. | |

Uze is mado of the fundamental‘equationsfor'tha‘shell in tensor forn
obtalred from'Gréén end Zerna (28). Thess end the epprepriate three dimensicnal
equatioms end surfaca goomstric rroperties are outlined in sceticons 2.2 end
2.3 Hotiéated.by the works of Jobnson end Reissner (20)and Reiss (21 )fer
static ghell problems, asymptotic ceries ere introduced for the displacoment
functien in sscticn 2.4 Ths 5trﬁasfrea surface conditions are then ussd to
meks these ﬁisplaceﬁent functions deéegdenﬁ cn the middle surface &lgplsacazonts
This then gives for a particuler sheli dnly fhree functiens to eipamd in
series for the Rayleigh Rite nnrnrical Qolution (Chapter 3), &3 ezainst tes
five nor@ally sncountered in thick shell theory. o

These dizplece mcnt funciions ere then applicd in sccticn 2.5 end 2.6 4»
the cylindrical shell, &rnd ia ssction 2.7 snd 2.8 to the twisied plate. In
cech cuz3 glving expregsicn for displagaments,f strains ard siressea, t9 he
ussd later;inﬁéclving ths fraa<§ibratiOn prdbieg; |

For the twiated plate the theory makes the vsual thick skell sssumption
thet ths transverss noymal stress is z;ro. For the cylindriesl shell th:
{rensverss rormel stross is incluisd, The cffectz of those assumptions are
'aiscﬁszéa in chapter L. Also included in zeeticns 2.5 end 2.8 are ths relsy nﬁﬁ
thin shall taaory ezn*ss icns for ths cylinder end twisted plate reapectively,
Theze ere used for cerparisen with the thick shell theory in the numericsl
work of chapter 4.

In this section the relevant forrulso for clessical infinitosimal
ela*»zcxty in genoral curvilinear cocrdinates 69 ara sunmmsrised, The

notatiCﬁ used 12 that aldopted by Groen and Zerna (23).



The covariaat base vector 9{ 1s dsfinod by the equation

ﬁ oot | 2.2.1

wharo I is the position vector of a point in the body

/ 2 2 L ;
R =R(6,6,6) 2.2.2,
'me’covariant and contravarient metric tensors, and the contravariant

base vector are then given by the equations.

O

%4 '—% j] -71 5 2.2.3.
9 ‘71” . _

The displacement vec's’:cr v of a point in space is written eas

ﬁg .-:,{,/:74' = /1.1] jj 2,20,

from vhich the covarisat sirzin tengor b;; 15 obitained as

du |
{j"B "f'_/J St | 2,25,

For an isctropic material the stress strain relstions are given by

tke equatioca ‘
C2n if )
/lll.ffﬁ ;7‘-j1f7"y4/ 2:; tjff Xy; 2.2.6,

whare .Z' iz th2 contraveriant *'s‘tress tensor, and Ve end 72 £ra

elastic conastants for tho materisl, the shea.r modulus and Poisson's ratio

raspectively.

’

1
The stress tensor T is releted to a stresa vector Ti, acting en

the surface @1 = constant at eny point, by tho equation

T 't_fyj[ S 2.2V.7.
vheroe g = dw/jﬁ/

The physical cecmponents cf displacement, strain end glr3ss are given

in terms ¢f the tensor quaatities by the following egquations
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1

2.2.8, *
62;1 =
2.3+ Fundamental Shell Touatio ong
Folnts of the shell &ars defined by the pealtion vocter
/A . ! a2
R = r(6)6) + 6 as(0,6) 23w

vhere p is the positicn vector of points on the middle surface of the
shell.

66"

outer surfaccs of the shell are given by

This q.xrface X is defined by & system of curvilinear coordinates

B3 is a unit normal to ‘che surfece M at ecach point r. The

¢

where for a constant thicknees shell t 1s a constant, but in general it
1
is a functicn of @’ Q?' .

2.3424

For the surface ¥, the covarient base vector is given by

= ,.é‘:t | “ .
A S5 .\ 2.3.3.

The covarient end con r&va:ianu metric tearors, and the ecniravariant

bass vecteor then belng given by the equations

R
CZ,(,Q = B '..Qﬁ D’a a},é’ g 2.3.h.
a = 4 [ZB/ o '

-

Other surfeecs quentities required later are the second fundamental forama,

znd the Christoffel symbols, The second fundamental forms ers definsd by

¥ Nota Indices repeated more than twice are net summed

#*1ote  From hero on the middle surface coordinate system() @ia denoted bty

Greek indices, the thres dimensional system by latin indices,

-

*x% Moto O = O



Zz{;’; = ‘—%ﬁ‘ J’%r/.q = Q« Q /{;
& . 5\/4};4 o Q"" 5“%
2

- A .
' 2.3.5.

whera )/g denotes the partlal derivaetive w.r.t. 6;/g

Ths Christoffel symbols sre given by

o ‘% 2357 L o'
I—' 5‘93 "74a ﬂ/g)”ﬁlf'%\%ﬁ "ﬂ/gd/”\] 2.3.6.

Applying tho equetions cf this section to thoss of section 2.2

glves the following equations for thoe shell base vectors and mairic

tensors.

( -~
2'3‘70

_ o ;
where :7 ;? is an infinite power series in 62; , provided that ¢ 4s

sufficiently smaell.
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For the shell the displaecement vector is defined in terms of
the middle surface base vector as

0y 3
Y= u"g, ma;; = U0 +UQ

a—— —

. /{/Ag/’g 4 /, i - 2.3.8.

which gives expression for the strain tensor

zzg{ﬁ y, I +usl, zb//g

@[5}‘(%‘/ b),{ 4)# b (M/\ég b/\;llﬂ

2¥, = 143,.><+b 1/,\~;=z/d,3 6’31: t/,\,3
§p = Uzss

-

vhere [[ /5 denotes the coverient derivetive of [f, w.r.t. 8

- In terms of tke pertiel @Privatives

”/\ - 2.3.1C.



he
Suhstitutirg equation 2,3.7. into 2.2,6. glves for the ghsll streszo

strain rolations

"a{f] 'ff] ? "/—227., & M} 2ot
+ 247 2 -

'{3 /-2; .9 &

T 2/’3’”?&3

17 = 25 {(-))%s + 297 0n]

A shell streas tansm G 1] is defined by

T; = ff'fj,[ (cay+ 6a)/a

vhich implics that

& X _ (5}‘-673 /:) .L-ia /,g, 2.3.13.
l 7:43/5_7

1
Shell stross end couple resultents are dsfined in terss of & Yy by

M / ‘{/ /93
Q« _ It / 6«3 Q/E’g
| ., :

2..;.. Disnlezesment Punctions

2.3.42, *

Using the general displacemsnt-strain erd stress-strain equations
2.3.9. a;:ri 2.3.11, displacement functicns are prepossd khich satisfy tke
stress free conditicns on the surface of ‘!.'hta" shell, but which give non zero
{ransverse stmases interior {o the shall,

Applyirig the stress free ccnditicns to the stress-ztrain relations |

2.3.8, implies that -
X =0 A 241,
8= 40 =1 .
G )\,; + 09" YA O
* Notoe /ff/ﬂj/



bJ,"

An asymptotic series for tho displacsment functions is to be used,

Theraefcre a new normal coordinate J is dofined, where

5 — .@;‘i : .
. t : ‘ 2.h.2.

In g@neral £ is a function of the middle surface variables 9,

and é%z , this i3 now redafined by

zt = /,x(@,@) - o /2.4.3*..‘

vhere h is a constent equal to half the‘ maﬂxﬁﬁm thickness of the shall,
snd X definss tho variation in thickness,

Therefors 9; = bX{@: 92)‘,‘57
2.4 ke

where -/ & ‘Sé /
end "/ ~s< X(@:Q‘:’) w{

Fith the gddption of the new normal coordinate 5 « Gerivatives
w.rot. the old co*rdinate system av‘e given by

3 - 3% -(”")5

T ] I 211!-.50

Y -
S X 2‘:5
The only condition oa X is that it is a szooth functien with
continuoas first &e:ive.tives of the same ordsr of magnituds as the functicn
itself, |

The msnlg.cemer.t fun c‘t:.ens [/{ are now éx.f;mod &3 asymptctic sories

in t.

i; = u, (9 e j) | 2,446,
.7" |

This eorio:s..,, wnliks a Teylor's veries expansion, .cen be truncated after
any tern, and 3till catisfy the stross freo bo undary conditiens with nen-
zero tronsverce siresses,  Therefors the series is truncated after the first

term to give
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U; =‘ OL/[‘ (6',,9,?'5) + 1 ,l//,i (@; 9? f) | 'rz.u.?.

“’n:v.,,ti‘butinw 247 into tm dlmlqcemmha.trwh relations 2.3.9.
end the stress-stirain relations 2,3.11 gives rise to in-plens siresses of
0(1) end transverse stresses of 0 ('}:) . AL :ﬁtressea con be mada of tha same
ordar, 0{1) by nelding °lY 4 & function of the middle surface coordinates

/ 2 )
@ end @ only. VWith this sssurption, and experding ILI; a3 a polynomial in

U; = ou,(@’lgz),l- ft:{ [{1 f | 2.4.8.
Sudstitution ¢f these displa.cemnt funeticas 2.4.8. into the strass
free beundary conditions 2.4.1. and the displac:amen{-ﬂtrﬂin r°1a‘ci>o:§s
2.3.8, reglecting terms of 0(%., ), gives twelve equations in3¥®4+ 6 unlmom:.
In crder to give & cot of equations to solve for 7 Ll,{ in torms of the
riddle surfsce éisplacements pL{ ’, ¥ is taken as tlw'ee,y‘to‘ leavs t'»relﬁa
equaticné in fii"ﬁ;keez; unknmms. This givps dis;ﬂacewn*s rit‘x ter:ns up to
and ‘includincr ‘5)3 , this Eeing the 19as~ nurber of terms required %o gﬁ.‘?
non-zero trensverse stresses, which zatisfy the stress free bom&:\ry conditicns
‘The trancatica ¢f ths polymozisl eftsr the j tev'm ig xeds 23 a aa;rlaigi:- i
appro“matiou to tha true solution, and it does not imply that hlg,hcr orier
terms ers negligidble. ‘ |

Tho twzlve e?;uations izply that

/Ui -O 2.4, 7

i.e. ncSz tern. Also 211 the [ 78 tems aere inlependent ¢f &ll other

terns but themselve therefl cre tney are incorporateu into thﬁ('/l/) U: ; tern.
Takding sccount ¢f theso facts, the indicial potation is now dropped,

end the displacemgnt functions redefined as
u, = A+hx§(p+§€)
u, = B+ hxS(F+§6)
= C+hX§(H+57T)

2.4.10,
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Tho Six remuining stfesa‘frne thﬁé#ry ccﬂdifioﬁé &re now
+ bA 408+ D+3E =0
.;.b’A-/‘b B+F+3G =0

.(gg‘,,fj) 2**6' T-25X(h £ 7'-‘,,6’) O
X(3L, % %)-g?;’jjty—zx(égwﬁ) 0
7 ()ac)“f :}39":0);’(/ 7)</7/7L37) 0
| :(:?(;QJ‘EZ;M, .r;;éy(,cz Z) cy“) é? °f IZat Fr

6}99“:”7 X, aeﬁ) =0

rhere P aad Q are lincar func»ion° of the aisnlicemanbs snd thuir dﬂriv tives,

667’

U

2.1,

1}

cf@"(

In the second case each displac»menb term being multiplied by X or one of its
darivativss, These functions P end Q are Cependent only on the ahell riddle
surface g*cm iry. | |
In gonsral theee equations ere irp03¢iblc to solve in terzs of A, B
and C tke mi&dle surface displ& ements, but ir certain<u,ecial cases solaticn
is posaible, i.e. the cyli“orical shell, secticn 2 6. 4 R
‘ Now tho more vsuel thick shell thaory aasumntion 15 rade, that the
tranaverse normel strees is zero throughout tha 2hell, This izplies that
J = 0, With thils result, the first five equaticns of 2.4.11. are conailsred,
the equation for the O(h) %erm in 33 beirg neglected., The Reyleigh Ritz
solution proceaure will taxe cere of this (see Chapter 3), Thuz the eguaticn
2 L.11. becems
+bAf55+Dm.
2
.392+1’A+1§B7‘F7‘-JC7'
' 2
gL -2( b'E + 46) =0
a// -2(52‘.7&155) e

PP(A,%, 8 22.0) + (-pl=0

It shiould te noted tbau theoa eqLatloﬂs ere now independent of varieble

-'o

]

2.k.42.

thickness, &s all the derivative tcrms of X aiz zappear wilh tho essunplticn

that J = 0, T¥From the fifth eqnation 1 is cbteined as a functicn of A, B, C
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end their derivatives, OSubstituting for Il in the first four equations,
‘theﬁ gives fdur linear equation for D, ﬁ, Fond G in ferms of the.midale
gurface dlsplacevnnt | |

The condition on these equations having & solutlon being that
. 1,2 1161. : ’
-~y L od . Py
,/< = b, b, /52 ), F 0 | 23,

i.e. that tho shsell has double curveture.

For a sihgle curvétﬁre shell it is possible to construct displacenment
functions to give a non zero transverse shear stiress, dependent cn the
niddle surfece displacements, in the curved direction. In this case e
and 672 must be principal cecordinates. Assuming ijL to be the cufved
principal ccordinate, gives, for a single curveture shell,“ﬂg? “as the
cnly non zero mixed 2nd fundementel form. To obtein a nonezers trensverso
stress in the curved direction it is essumed that 7tl3=7C) throughout tke
ghell, this'imﬁliés thet T = O. Also as in the 7[3;==() essunpticn the

O(t)Z: equation is neglected, leaving the four equaticns

‘)
Cl

\

rDO

2.4.4L,

!Qj-' [V H
f\ (D

"é-;"bBT' ‘36 O

.

o -2b¢ ?‘0

7/3(/‘\,3‘““67« ,agx ()7‘(/" H=0

Thus aispleccm nt funct&ors cen be cbtained in terms of the niddle
surface displacement ocnly, which give non~zero trensvsrse shear stresces
in eny curved coordinate direction of the shell, ard yst satisfy the stress

free sueface condition. Rotatory Inertia effects are taken accownt of by

including O(hz) terma in the kinetic energy expression.
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2.5. Cvlindrical Shall

Here the equatioria of soction 2.381‘8 epplied to a cylindrical
ghell in order tc obtain tha displacemsnt-strein and stress-strain relations.
The sheil is defined in terms of a middle surfece ¥, teking the form
‘of a 'cylimler of radius R, Thus .-i:i terms of cylindf‘ical cocrdinates 4
and /E s See fig 1, the position vector of the middlek‘aurface is

glven by . . ' -

Yy = (/‘?Cajc»{, Riinet /?/s’) 2,541,
- ) .
where /? and o correspond to the curvilinsesr coordinates of
. /-
gection 2,3 € end é}za,respectively.
The lengthvcooréinates involved ere scaled by the radius of the

cylirder R, fThe normel to the surface is given by
523 = (5050{ S/« O) - | 2.5.2
| “. . 5 p e el

Substituting equations 2.5.1 and 2.5.2 its equations 2.3.3., 2.3.%,
and 2.3.5 gives the following expressions for the middle surfece teze
vector, retric tenscra and 2nd fundamentel forms,

g, =(90/) o

a, = (-sine, G54, 0)

/0
a-

a
/

Gy 0
- (0 0
by ? 0 -1)

b= 4

2

1]

0 b2z -]

o~
-
\



M 1. Cylindrical Surface




Since the (7 4 terms are constant, ell the Christoffel symbols

ars 2ero, therefare
Uelg = Y s | 2

Substituting equations 2,5.2 and 2.5.3. into equation 2.3.7. gives

.expressions for the shell base vectors and metric tehsora.

_7/‘ ’ ___72"(/*@3)?: 5 js"'fz

.‘? o

/7 0 0 o , | |

(O (/4-@;)2 @) 2,5.5.
o O /

'L“\P
=

/ 0 o
0 126+39+q€) o
o o

The geoﬁce%ric/ quaentities for thé‘miadle ‘surfe.ée 2'.5‘.1’” are substitutsd

a2
1]

A}

into equations 2~.3 9. to give the folleowing displacemnt-étrein reletions,

% = s

PAEE. {L{,,z+%,,(/+9} |
% - (4, Au)i+8) »
:3//3 ”'2,"(%:/”//»3)

A 1 LI AT

323 = 1/15)3

2.5.6.



Subetituting equations 2.5.5. into equationa 2,3.11. gives stress-

strain releations, ignoring terms c&'(arczz) , of the form,.

- (/”7 ,,+7[(/-26 *56) 227 3]}
| /27 2.5.7.
G et

/27 (/"/}(/’4‘@7‘/09 3227‘7[/'29 #3 92) b//*b:zz)}
%= 2uY;
S i
7,'z = Zu(/-26,736 )

7 ’27{7[37/ (/vc;n@) ]+(/7)a,g}

2.6, Cylirdrieal Shell - Disnlacerent Functicns

For the cylindtical ghell three’shell theories are considered, The
thick uhUll theory using di°n1acemcn* funct*ons 2.& 10 including non-zexro
trensverse ncrmal and shear stresses, secondly the thick shell theory with
goro transverse normal‘stress,“Z?; , and thirdly tke thin shell, Flugee

theory.¥ 



e

The first case usss displacement functions of the form

U= A /mgmﬁ)*
@mj(m D e
C%///Xj(//%fj)

Subrtitutinb thase equations into tkhe stress free surface conditiom
2441, and with the usc of ths goometrical cylindricel shell rflations of

section 2.5. gives

..D # ::E f = O
7 ) o

F +3G+ «-—5 O

‘ (/—7‘[%/7‘3 it g-gi 3{; £ C)=0

‘,af/ 9,7 >><
X(Sst57) 255770

éf/ Py
ad aa() 2 J 2XL7 =

ap QF 3
Bﬂ )2 7"7/(@4‘/'3::

‘~;23X( /—X(/-/—;"f) Y(:'?Bq‘c‘) 0,

Fer gonersl X it is impossible to solve these equaticns to cbtain the
dieplacement functions in terms of the middle surface éisplacements A, B

end C. Hoewever, in certalu =peclal ceses solution is possitle. Considered
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here is the case when X s a furction of ©{ only. The equation 2.6.2.

then solve to give

AN E z—ﬁ(,,,j)/nm (7))
Y (,,7)%[‘/‘((/! +2547) ]4(/—j) 2.6.3.

l/ ij{?’/? acw ”L@f 7 %(XT))

| 7L[?/\’ 24 4 E 27
dx 3/7 -3/5 a/>

:'c'?C’ E‘ﬁf(, (/ )[3/4 i:’]
.71[32’,)7‘} //[ el OFf xdf 29,b

where T= T (v.’), an arbvitrary fucction

o
&y
s

l

. 4
™

and

i/
e
N
(Y
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| I tho ghell is of constrnt thiccn <3 th n theao equa tons reduce

to the form'  :

U = Arkh [(3~5)[€¢9“-/ )m )
| # (- ) |

'B”Lbf{ ";,,/3/5 "(3’ )(/’7)(/’7 |

s = 35 +34 () (/f)(M j;f 9‘4)
st A s

L 24644,

" Theze equeaticens for constent thickness give displacement strain

relations of the form

¥, = Bty f J’@; ; i'/ (fff)
+(/f) V,} o .
o A ~m 2
- 4}6 ) \C’ 7‘9 -/5[/,7 7‘4”[)]
7L’6<ngr;;f> ;ngvg .
Yoo 3 1 H 2
+é‘( )[(3 SNT+LE) [«V M 20
’L'(/" )’((C'/':)C zgz"ﬁ’ //7){T+ )

* /’f (7 //) g}’z 7‘3«5/5 35 )}



1 t)
N b’i
«\\_,4'

. ‘(\‘
| SR

]

Ay (/ {3 Mf ﬁ,,w
Y, =4 [(/-35‘(?’—4 FELA 96’)+3(,,f 7‘} s

The displacementk s*t:réin relations are used with the siress strein
reiatiohs 2.5.7 to completely "ef’ine the 'atate of tﬁe she;ll in terms c¢f the
middle zurface aisplacamnts a:nd the ax‘oitary furection of o4 (T and fhé
terms to mals up 'f:' ). -

It should be noted from these equations that the tx;ansverse shear torms
are gquadratles to the first order, but thet the bj terns mean that
theso strains end hsnce the strosses ers not symmeiric about the middle
surface, The in pleme streins are all, to the first erder, the ssme es in
the thin sholl theory presented later, but the inclusion of the J torm in
&3 reens thatbthé in pj.;gne stresses, to the first order, are quedratics
in S . : ‘ .
~ Secondly cmsiéef‘ ithe ’thick chell thec& vitli the assumption thet to
the first orderf "O thus the displacements ara of t e form 2.6.1, tut
o with J = 0, . | ;

The cylin&ricé.l skell beinu' 3 singlé cur;'ature'shmll mesns thaf with
the &sp..camant function 8 cc“znderad & ncn-zero iransversa shear siress
satis fying the surface cOﬂéLitions can oniy occur in the curved directlon.
The coordinateaa( /5 ccnsiderod for tre c;;rl:!.na 1cel shell ere princi*!al co~

ordimbes therefore agsuming alao that ‘L’ 0 eﬂuatlon L.L; 14 becone
| 9% +D =0

Y —g +F +36 0
2.6.6,
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vith calution
,o/(= A- bxjac
Bfﬁ%f{ﬁ-“-f(/,,( 5-f) 93’/3 if’ ""2}67
14’3"5' > f(//7> glﬁ 7‘5;’.?7‘5)

Substituting in the displaéément stredn rélationg 2.5.6 gives
QA _ 4y A
Jy " 38 ° /)Xj Y
Mz 2 ’;‘{ BA 93 fﬁng[’,zfg ‘?Ddéﬁ'
| -/(,1 )(9 2)( LRI 95;)]

“\“Ca

f 3

+IIMS[§’§'2’;% 3"L - g g)( \(5: ‘}5\5 'igﬂ)]

- ac |
/)Jﬁ(/mxj)f(i’ ;A/’-",as } 2.6.8.

(/+/7><ﬁ{> +C+W§’[ - 36 ,
(B85 ) KNG f’)"*ﬁ,} el
/’MJ (& 35”‘ :35)}

Ys =~ ThxfHG) % (357 *C) 1

Das © "“ /,7/7)//’ ){(" “2h ﬁ vgﬁ 3&5 M)}

z - /7(9/f 9’

u

bx:
R
1
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The stress-girein relations to be used bcing 2.5.7.

Alzo includad are the eun*ions for Flugge's cylindrical shell thucry

Fcr this displacerment furctlons are assumed of the form

- _n , |
o A 9,3/3;( a6
Y, = B+ @3( -5.;‘) | 6.9

1//3 = C

The dicplecehont-strain relations are
A _
X” 3/3 VA
PA 38 ¢
X1 S« ap’*"e(aﬁ ;ﬂgg)} 2.6.10.

?

¢
Yz -{5;, #1046, 35 3,2}(/7‘9.
Vo= G "%

aud the atresa-st*ain relaticna

- 2,412/3///7[/3%,‘33 0’”}

%" 2/;1(/—29 361,

T /7(/—29; 9'/57,%(/46}4‘/05) ,,} 26411,
T" - Z” 243 -0 |

ll
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2.7. Twisted Plate

The equaticns of sectim ?.3 ero now epplied to the goometry of a
twiafe& plate, The middle surface of the twisted plate is defined by two
curvilinear coorain:atas a( end /5 » see fig 2, The cheracteristic length,
&, 18 defined for the‘shell go that if /3 is the engle of twist at eny point,
theh that point i3 & length /é’ in the 2 direcfl;ion. o is defincd es tue
angle such that any point on the surface is a lenéth atane{ from the
exis, 001, of the shell.

The positicn vector of tha middle surfece is glven by
r= ( a tfan & cM atind sing, a,é’) | 2.7.1.

The length, 8, is now sceled to urity end 5 end e{ are taken as the
r
curvilinesr cocrdinates 9 and Q respectively. The normal to ihe middle

surfacs is given by
= (m;{.fi/z,i, fﬁﬁf&/ff’f/g; Si1) AT

Substitution of equaticns 2.7.1 end 2.7.2 into 2.3.3., 2.3.5 and 2.3.6
glves for ths middle eurfacw base vectors, metric tenscrs end 2nd fundazmeniel

forms the following erpressions.

a, = ( 0,0, /)
92 * ( Socwc Cogf, Stcwsing, 0)

Qe s / s1x 0 ad/’_ le;/ 0 2.7.5.
“4 o s/, 0 (5K



Fip 2. Twigted Plate Surface

30,

l’ e
Shell Vi?we-d. Aleng
Axis CC
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S ST o 267630
b 0 ol {4

‘e (-m\/ o) o
| =,' 5: » 0, 15,2’ "CMBa./ " b = ~os

-

In this caso the metric tonscrs are functions of o and therefore the

non-zero Christoffel symbols are given by

[}, = -secw tanel | [, ¢ [ 7 S far
[, = 2tux I7¢%3 [ e -inaaix

| 2.7
) , e R
i .{;, fd/rez [ 2%4%(

The shell baze vectors end matric tensors ere obteined by subsiituling

equations 2.7.3 eand 2.7.4 inté 2.3.7 io’give"

97 4 * & Mi/gz‘, jz=f;+95(;&x’fl :
s s(roske)) 26 sux
28 m‘«’«(/mﬁ%‘) ) el 5
0 0
N, cosa((/fmﬂ(é ) -29 cc.w o
=26 cas’; ok (/ 7‘3vﬂ‘.:n/@1) 0
0 o /

The gocmetric pronerties of the éhsll are eprlied to the dizplacement-

strain equat;on ¢.3.9, with tho use of equstion 2,3.8, to give the strains
in terms of the contraverient di“placement &3
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X7 sic 4, +£f&/ i I 4 &bt f -k i)
¥, { Steat Uy UK Y #500K g
by (St 4306 U 3 it )}

= i 7’.21((9\/ fmw 6, {wc/t/ PR EIRUHE) 5 5 .
,2/./ ~seexly’ 'H»f’Ca/ Lf; «f@;.ﬂ’("( M;Z}

\

Thess equations are given in terms of the contravarient displacement
functicus as théy give simpler equetiens in leter epplicetions, soe section
2.8. |

Substitution of egquaticns 2.7.5 into 2.3.11 gives the following strezs-
strain relations, terms of(?(ég) being ignored,

7'z /f?; [ W)m X(18 % g )37/"’("7) ax 93:{ /2

‘,.[ 76"‘ "‘/(/7‘ 05/’.5% G )# ‘d( '27/\5” 6 ]‘LZ + 75’54’( (/e’.j[ﬂ.‘n’! 6?)‘)»3}
2.747.

T '/ 7 71k (/"/)ﬁ"*“ a0, [(F 2’77‘”“{(’* kG pnaes;
- H-plasx & Xer 475” X 65833 f

/1/ [7/{]!"/(/?5@5’{ 9)%/[/'2/)5”“/@]5” r(/y)ff’fx’gafz
7 (/~7)w5,\/ (1#6 cm«a )\’ 7/ /mx[ /#3c5% © )@ }

T e 24 [ mlz( 1#3 as% @;) Y5~ as X &; 523}



%22y {205k 6 ¥+ (173 05% @;)553}

33 2”{ Cﬁs’f\(/ﬁa"a é. )&7/ 4/5/1‘5(@ &7,
+7cﬁm(/¢3aw ’]X %(/,7)553} 2.7.7.

2.8, Twisted Plate - Diaplacement Functions

“For the twisted plate only the thick shell theory with zero '1_733 is
considered, The six equations 2.4.11 for the theory with ncn-zerd‘f33 being
imposzible to solve for the displacement functions in terms of the middles
surface dicplacement, even for special cases ir.constant thicimess.

Thus displacements functions are considered of the form
= A+AXS(D+SE) |
bexj(f;*j’é) : | | 2.8.1.
= CthxfH |
Substituting theze expressions into the stre‘ssrfree boundary equations
2.h41., using the geomatric properties of ths shell from section 2,7, and the

" relaticuns betwsen contravariant ard covariant displacemants 2.3.8. gives the

set of equations

2
- Stix 8 + Sicx(D43£) =0 28,

R

AC - swx A+ 5u(F36) =0
Y,

A 4 2xG =

3

M 4 asux E =0

p 4

7(3/’? Bgv‘faﬂaﬁ)%(/ay)f/ =0



She

Thess equations solve to give displecemonts functions of the form

Y= /W/zxj (W B 605 §~§ '

Y 28
~2 (7,/7 ( )(w a‘jf P MW{ ;'fS.fm &d”wwﬁ)}z.a.s.

u's Hf/ij{mcm CO.So( MJ
,L( 71\(5 5" Neps 22 ;”;,7‘6;75 X 3\;; 4 35i1e¢ S 57 )}
c‘—A sf(Z )( 5 +3E +3 tuw8)

Substituticn into the displacement-strain relations 2.7.6. gives the

equations

| 2 28 -
Y,” szwé{gﬁfcx%dmﬁfwj XS 8 epsn C- 25 Mv

z
, ,{,ﬂdqv(“/}C{ 2(—-1 éf)&.fﬁ//dl/c\/a;tfjfv’(kl 1
3
’7‘3“( @Ma.-/) 5 # 4 %X ft{fl“igpf»?‘m a zf;; } 2.8.4,

%/‘/ X j {CVJ ( g’ﬁ—s/mm«/ /..75)5’ ém‘(( 7 ”) 4
#sinasx —taf../ L 6)[ -nmm«s’
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Tho stress strain relstions for this fheory ere those in equation 2.7.7.

The equations for the thin ahell theory for the twisted plate,
equivalent to the Flugge Theory'equation for the cylindrical shell, arc also
given here. |

The displacement functions ara

u = A+ &y(tse B - Se 55)
bt = B+ @7(&75 /A - 59540/ ‘"’C ) 2.8.5,
u=c ‘ |

the dirsplacement strain relations are

23//, Seca( ,é’ ,tuce./fmmfg 7‘@(2.%( 9—%’#059/[’

o
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© and finelly the atress-strain relations are
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CHAPTER 3 NUENRICAL AFWATYSTS /ND CONTUTING:

3.4, Introduction

The numeficgl techniques and computing metheods used in this investigation
for the solution of shell free vibration problems are presented in this
chapter. The computer progrems have been applied to the twisted plate and
c¢ylindrical shell, to £oth thin end thick theories for comparison, in every
case to the prbblem of the shell clamped albng onc edge. The resultsbobtained
are'presehted in Chapter 4. The programs havekbeeﬁ made &s general as
possible, so that they can be used with ease for eny shell geometry and
boundary condition.

The techniques used have beenrestricted due to the limitationé of
coéputing fecilities available. The computer ﬁsed was a KD¥9, which is &

321, 48 bit word machine with extensive disc end magnetic tape facilities,
_The machine was in hea§y ﬁse, so the time availeble for rﬁﬁning programs ¥wss
rather restricted. ThereforéAthe programs had to be mede as officient es
possible. They were written in Egdon £1gol (& specially modified version

of Algol'for use on the KDFﬁ) ehd, where possible, Stanaard librery routines
were used, The éfficiency cquld have been imbroved by the usze of a lower
level language, but the use bf.ﬂlgél ﬁakes the §rogram'machine indeperndent,
.The core store availsble for use was 26K. By cereful cheining of the pregram,
22K was left for data space, this being the limit on the size of the syst;m cf
equationathatvcould be qonsidered.

The numerical techniques epplied to the problem are approximate soluiion
teéhni@ués 5&59& on the Rayleigh-Ritz method. Por this, strain and kinetic
enefgy mafrides are set up in terms of coefficients‘in the expansions of the.
miSﬁle surface displecements. Boundary conditions are then ep:lied to reduce
the size of these eqﬁations, so that 21l the displacement boundary conditicns
are satisfied. The résulting eigenvalue problem is then solved to give the
frequencies and mode shapes for the chell. Other techniques used to reduée
the size of the eipenvalue problenm are‘symmetry, and the use of the stress

free edge conditions,
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The rimerical techniqucé used are outlined in section 3.2, and the
computer program in sectionYB.B. The particular sections of the program
are then disoussed.in nmore detail in sections 3.4 to 3.6, end & goneral
discgssion of the program is presented in section 3.7.

3.2. Numerical Anolvais

Exact solutions of free vibration prcblems for general shaped'shells,'
with arbitrary boundary conditions, are not possible, For this problen a
wide(variety of approximate solutions cazn be used, most of these being
relevant only to particulaf geometries or boundary conditiocns. The best
general méthod, in the sense that it cen be applied to eny shell geometry
and boundary conditions, is one using en energy principle, Essentially this
iz very similar to the Rayleigh-Ritz method, in that an approximation to the
energy of the‘structure is‘minimised. Iﬁ the Rsyleigh-Ritz method the
-displacements of the shsli are defined as a series of functions, each of which
satisfy the displacement boundary conditions. The mein drawback of the
Rayleigh~Ritz:method is that the displacement functions must be chosen to
satisfy the’éisplacement'boundary conditions.

The solution technique used here is to find stationsry values ol the

Hemiltoniani

H = f (\/-7')//2‘ o

subject to the cOnstralnts imposed by the dluplycemcnt boundary conditicns,
The functions uged in the approximations %o the displscements czn now be
general, and ere chosen as double power series in the middle surface
coordinates of end /? . The basis of this Qariationel method is given in
Appendix 1.

 For a general shel}‘problem, the potentiel energy V and the kinetic

energy T are cefined es

V= ':/ ’[dt// iﬂ%

3.2.24
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T = ’i/://g%l/’liﬁfl/ 2.,
Vo | o .

.

where [/[1 and | ‘- afe the covarient and contrevarieant displecements, the
dot lx;epresenting the time deriv.a;tives. : b{i] is the covariant s’crain. tensoz}
. Z""J the contravariant stress tensor, /’; the body forces, and 7;
the surface tractions. The first integral in the potential energy equation
is nown as the strain energy. For a free vibration problem the body force
and surface traction integrals are both zero, TFor this reason only the
displacement boundary conditions have to be satisfied; the sfréss free
conditions are satisfied by the solution, which would otherwisé give non-
zero surface tractions 7;' | . |

The strain aﬁd stress tensors afe known lineer functicns of the

displacements M{ end their derivetives.

P |
TV - 'D&J 3.2.3.

¥ig = B (u;)

whers D is ‘!;he stress strain matrix,
The displacement functions [{,{' are in turn defined in terms of the

middle surface displacements A, B, C and their derivatives (see Chapter 2),

-
]

4 = t(ABC)

3 .2 ."‘+.

(il
' = avu

The middle surface displacements sre defined es doubls pover seriea

in the sceled middle surface coordinates of the shell,
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3>
u

Z;MZ:/TI 7 i (m)
8= ZAM " 8, (AL)(&) “

" T Aot 3.2.5.
fi//{ IJ(AL (5;6;.) & T

- Substituting equations 3.2,5, 3.2.4., 3.2.3 and 3.2,2. into 3.2.1,

\

I

gives é quadratic in thé coefficients /477; fzzy, C}]' o To find
the stationary values of H, it is differentiated by each of the coefficients

to give a system of lineer egquations in the form of zn eigenvalue prcblem
L : :
(K-4m)x =0 3.2.6,

where x is a vector of the coefficients AIJ‘, 511; C}j:

These equations are subject to the constraints implied by the displacerent
boundary conditions. The stanéard'technique for this is to introduce
Lagrange multipliers for each of the constraint eguations. This, hdwever,'
increases the npumber of equations to be solved, whereaé the need is to
decrease it as much as possible, The slternative method of achieving this
is outlined below. |

The constraint equations are set vp in the form
GxX =0 3.2.7.

where, if there are R constraints, G is a R x 3MN matrix, These
eqguations are used to reduce out R of the coefficients of X,

Pertitioning 3.2.7. gives

G +6Gp=0 s



where‘]3 is & vector ¢f the R coefficients to be reduced out and QZ
- ' -
the rcomeining 3MN - R coefficients,

Therefore,

-/ \
P = 'Gz (7‘,_5} 3.2.9.,

From this a transformation matrix @ can be formed such that
Z - QCZ | 3,2.10,.

The strain and Xinetic energy matrices are modified to become

= @'KQ
QMR

leaving the eigenvalue problem

3.2.41,

u

1 XU

(/-{ "’»’z/;f)@ =0 3.2.12,

This technique has been successfully spplied,by Webster (29 ) to the

problex of a thin cylindrical panel clemped cn four sides.

For the problems cf shells clamped slong one edge 5’0 , congicdered

later, the é&isplacement boundary conditions lead to equations of the form

M-l o \I |
éo Aro (?ﬁ) =0 3.2.13.

> A =0

Thus, this boundary condition leads to certain coefficients being zero.
For this case, it is not necessary to epply the boundary condition relduction
ebove, a3 the conditions cen simply be satisfied by lesving the sppropriste
teras out of the displacement functions. In this particular case, the

displacement furctions used then satisfy oll the displacement boundary
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conditionsﬁ end therefore the Royleipgh-Ritz technlque is bLeing spplied,
However, it is emphasised that this is true only for.certain boundary
conditions: in general, the Hamiltouianrépproach with reduction is reguired,

The eigcnvalue problem is solved emplojing standard library routines,
which can only bhe used to solve problems with ﬁp to 75 unknowﬁs.' Tor a
general shell ﬁroblem this restricts the (M, N) values uced in the displdcement
functions to (5, €) or (6,5),which aré insufficient to ensure cohvergence
of the frequencies,
Two techniques have been utilised to‘give larger (M, N) velues, and
thus better convergence: symmetry end stress-free beundary conditions,
Symmetfy along bne axig of a shéll'déﬁbles‘the nurber of terms in the
displacement functions, by solving two 75 x 75 problems, This increases the
(¥, ¥) values to (7, 8), (8, 7), which are high enough to give good
con?ergenée (Sectioh 4.2)., However, the use of symmetry restricts the
shells'aﬁd bbundary conditions for which solgtions‘can be found. .
For the Hemiltonian solution it is only necessery that the dimplacemsat
foundary conditions are ;atisfied, stréss—free;conditions ere satisfied
automatically. By utilisingkthese stregs~-free conditions the nurmber of terms
in the displacement functioﬁs can be increased,'ﬁhilst the size;of the eigenvel:
problexz remains the $ame. For example, conaider the §rob1em of "a shell clamped
alcﬁg one edge. Putting the resultant forces and moments zero on the other
three edges gives possible (M, W) values of_(8, 9), (9, 8). Appiication of
the force-conditibﬁs zlone gives values (6, 8), (7, 7), (8, €) similar to
those which ensure adequate éonvergence in the symmetry problem. It sheuld be
noted that. as the stress-free conditicns are not necessarj for epplication
of the soluticn techgique, only sufficient cohdifions for convergence need
to be epplied. |

Stendard library routines are used to solve the eigenvalue problem
(Z-)I)y X0, ° IEEXIS

to which equation 3.2.12 can be transformed.
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Tﬁo solution techniquos were used, The first should be sufficient
to éolve the f‘ree'vibration problem, However, duve to the build up of
errorsthe second épproach was alsq applied.

The first technique is to solve equation 3.2 16 by Householder's
method ‘f*._’ilkinson ( 30). In this Z is first transforned {;o tri-

diagenal form by a sequence of transformations.

Zr = ;})’Z}’./E’ L -ZO =Z 34245,
fow IT-260y, Wp=l

The elements of [‘)r are chosen so that Jp will have zeros in all
except the tri-diagonal positicns of a particuler columm, Each trans-
formation leaves unchanged the elements of the previous columns, so that
for e system of equations of order J, J-2 transformations are required to
reduce 2 to its tri-diagenzl form Z?' . P/ has the property that it
is orthogenal, therefore the eigenvalues of J= are the seme as those of Z.

The eigenvalues cof ZT are then found by the‘me‘thod cf Sturm sequences.
Given a tri-diagonal eigenvelue problen |

i S 3.2.46.
ZrM Y O
yg 72'/\ 33
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let ﬁ(}\) bd the &eteruiine:nt of the matrix formed from the first r

rows and columns, It can then be proved that

Fir W) = (Z NN - Yor Fir O 3247,

For a particular value of }\ , S8y ;\ , the sequenceuf;(j\) is a

Sturm sequence, that is, the number of cha,ngesy of .?jgn in the sequence is
equal to the number of Toots ofﬁ(/\) less than >\ in algebreic value,
This result can be used to compute all of the roots, or eny particular one
required, simply by bisecting the reel axis and applying Newton's method
to obtein the root to the sccuracy required. |

The eigenvectors are then evaluatcd by the ﬁethod of inverse iteration.
It can be‘shbwn that‘for the root nearest to S the eirenvector of the

eigenveluse pryoblem is given by the iteraticn.

. () o)
,ym = (Z "-Z() _(/(“: S ’(Z’J:;) j( 3.2.18‘.

-

This iteration is performed by successivelj solving the system of linsar
equations with the same matrix on the left, for varying right hand sides,
Tris is performed by Gaussien elimination, the first step forms the upper
triangular matrix, which is then used in all successive jteraticns, ¢
When convergence is cbtained the ratioof the cdmponents of fl f/(r,,) s 5

 gives a correction to the eigenvalue S, so that the bvetier approximation

to the eigenvelue is given by

%}"' S+E | : | 3.2.19.

~
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This technique depends on Z - being symmcetric. This can be achievzd

by the transformation

) o= T
z=L KL

r .
Y=Ly
where'}:f:LLT
' 2
and )\’ W

This transformation cen only be applied if if is symmetric and positive

3.2.200

definite, From the{déﬁni‘cion of M this nust be so, but'as the number of
terms in the displacement function ere increased, error terms make the
eva.]udat'ion\ of L impossible., To eveluate the effects of these errors the second

technique wes used, For this the following transformation is applied,
Z* MK
| _(j s ?
N

This 2 is not symmetric, =o Fouseholder's method cznnot be applied,

34,2421,

Trerefore the technique referred to 23 the H,3.R. methed is 2pplied
Wilkinson ( 30 ), Frances ( 31),. 2 is first reduced %o
Hessenberg form (en upper tﬁar.gle matrix, with the first lo.-:ef diagonel non~

zero also). This is achieved by a sequence of trensformaticns

- - ;
| ZF:""I"ZI"//W; Zo"z 3.2.22.

The ,‘,-{,:,)' are chosen 80 that they reduce to zero all the terms in ore
colurm that neced to be zero in the final Hessenberg form. In addition, )
the form of the ,-‘sf;‘j is such that they do not affect previously zeroced
colurms, The order in vwhich the columns ere reduced is dependent on the

largest term in the lower triengle, thus reducing the effects of error., By

this method the matrix is reduced to Hessenberp form by J-2 transformations,



'!I 7 .

The Q=R Algorithm is then applied to the resulting ;zq so that

QZH/ 3 C?;ﬁﬂ y 2?52 o é?éz g G%‘KE

3.2,23,
Zyz * K@yt G54

such that

-/ .
“R2yf§ Zise fzzefzfﬁ’z = (/6)Z,(BK) 22

where Qr is an orthogonal matrix, and R.is en upper trisnguler matrix.
This sequence converges to a metrix ZQ. In the cese of all reel elgenvalues
ZQ is an upper triengular matrix, the dizgonal elements of which are the

eigenvalues of Z. TFor complex rcots ZQ has elements Just below the dimgonel,
The solution of the 2 x é determinant of this term with the adjacent
diegonal and upper trianguler termsgive a complex pair of rocts of Z,

The eigenvectors sre then formed by inverse iteration as in
Householder's méthod.

The HIR methed, in generel gives‘complex eigenvalues and eigenvectors,
~end is. much slover than Householder's method. The use of the two techrigues

is discussed in sectiocn 3.7.

3,3, Comcuter Frogrzm, GCeneral Cutlire °

The progrem has been made as general as possible, so that'only certain
blocks have to be changed deperdent on the shéll geometry, the boundary
conditicns epplied, and the type of sclution required. The flow diagrom
for the program is given in fig 3.

The progrem hcs been chained so that the maximum amount of core store
is aveilable for data storega., All the blocks in fig 3 ere seperate cheins,
excepvaCVAR which is performed manually, the progrem being split in two

at this point. ne first chain is very straightforward, involving only the
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setting up bf control varisbles reéuired later in the program, The other
chains are discussed in more detail in the following sections. The

computer progran for the éonstant thickness thick twisted plate is given in
Appendix 2. This prbgram does not involve any boundary condition rcduction.
The eppropriate parts bf the program for boundary condition reduction
applied to the thin cylindrical shell are given in Appendix 4., In

Appendix 3 the data required to define the energy expréssions for the
corstant thickness thick twisted plate is presented,

The approximate times for the various parts of the program are shown
in table 1; first for the solufion using symmetry end Householder's
eigenvelue solution; second for a problem without symmetry, using the stress
free boundary condition reduction and the HQR eigenvelue solution., The
times'given ere for the maximum size préblem by each method, so as to give

the greatest accuracy possible.
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Teble 1

Conputer Timses

Computer Core Time (sec)

Thin Theory

Thick Theory

Thin Theory

Thick Theory

Twisted Plate | Twisted Plate Cylinder Cylinder
(2) Symmetry &
Householder
MAIN 10 10 10 10
SESET 330 1030 100 250
BCSUB 10 10 10 10
SOLVE 350 350 ’350 350
TOTAL 700 1400 470 620
(v) Boundary
Condition
Reduction and
HCR
¥AIN 10 10 10 10
SESET 650 2050 190 490
BCMAT Lo ho ' Lo Lo
BCRED 180 180 180 1€0
SCLVE 500 500 300 20
TOTAL 1120 2560 720 1020
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3.4, Strain and Finetic Tnerey Natrices

Applying equations 3.2.1 to 3.2.7 gives rise to a set of lincar
equaticns in the coefficients of the displacement function, The matrices,
K and Y, of these terms are referred to as the strain enerpy and kinetic
energy matrices (or in the engineering literature as the "stiffpress®
and "mass" metrices respectively).

The energy'metrices are set up sepnrateiy,.both being symmetric matrices

of the form below -

- | ’ ’ -

AA AB ' AC

BA | BB | BC LR
—_— — |— — -

cA ‘ cB | cc

where AB r;}ers to coef}icients arising from!qu ZK;L terms,.similarly
for the other partitions, To keep the coge requirements to a minirum the
matrlces ere partiticned as ebove, each partiticn being worked out separately.
Only six metrices have to be evaluated, because of symmetry.

The flow diagram for this part of the program, referred to as 3ESET is
given in fig L.

For this section of the program,data is required to define the enerzy
expressions, TFor the thick shell the;ries these c2n be very complicated,
in fact for the varieble thickness twisted plate theory there are over &CO

terms, each being of the form

3.4.2,

DIM F. .)/{wp
/ / CE(ON 3% 0 5 Sy XY B W)k
/ v




o

where F and G can be either A, B or C; CE(IC) is a constent, dependent on
shell geometry, and material properties; and X is.a quadrat;c function

of X and its first deri&atives (X defines the thickness variation of the
shell. Sece section 2.4)« In this expression the integration over the
thickness has already been performed. Thus, for this shell, every tern in

the energy expressions cen be defined in terms of a set of numbers
IS IA ID JD HD KD JS JC IC JX 3ohb,
and a set of expressions defining CE(IC)

IS defines whether the term is strain or kinetic energy,

1 Strain Energy

IS 3.5,

]

2 Kinetic Energy

IA defines F and G in terms of A and B,
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Flow Diagram

?

Sets up Integration and Differentiation
terms in arrays COEF, SC, ID, FR

Y

I8 =1, 2
1 Strain Energy

2 Xinetic Energy

{

Cells COEFF routines to set up
coefficients of energy terms

(1 for S8.E, 3 for K.E

Reads I1, I2 end 41, £2 matrices
from disc

(Control matrices defining energy
data)

J

FEVEKAR

Sets up matrices AA, BB, CC and
stores them on disc,

?

Calls CCEF? routimes (2 for 3.3Z.,
4 for X.E.)
Reads I3 and A3 from disc.

As above, , |

ODDAR

Sets up matrices 2B, AC, BC and
stores on disc,

2 »
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TA F C
1 Iy A
2 B B
3 c c L

4 A B
5 A C
6 B c

end JX defines the quadretic X.

JX z
1 1
° x2
R 3 ‘ aﬁ)z : 3.—'&-;7.
; ™
2
b (.,%_E‘.
op
ax
’ X o
X
6 X é?
Ax Ax
! Sy

For a constant thickness twisted plete JX is not recuired, For a cylinder,
JS and JC are rot required, |

The nwiber cf terms in the encrpgy expressions make it inefficient to
stere 21l these values at the seme time, Thus, the terms ere divided into
sub-sets for IS and TA, only certein sub-sets being used at any one time.
Also for JA =1, 2 end 3, the numberz are @ivided into further sub-sets

so those where ID = KD and JD = HD are separate from the remaining terms.
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The symmetry of these terms meens that the evaluation snd storage of their
resultent energy terms can be perférme& twice as efficiently as for the
general terms.

Arrays of the set of numbers 3.h.4, excepting IS and IA, ére set up
on disc for each value of I3, for three distinet cases,

() IA=1, 2,3 ID = JD snd JD = KD

(») 1A =1, 2, 3 | © Terms not included in (a)

(c) Ta=14, 5, 6 |

Reference is made to thése arreys in the program as A1, A2, A3, ‘For
each case, arrays I1, I2, I3 are forhed, whiéh define the position of the
tefms in A1, A2 and A3 respectively, for the different values of TA, This
division of the arrays mekes the program more efficient as different |
operations are performed for each of the cases (a), (b), (¢) above, end
in additioﬁ saves storage space as the errays A1, A2, A3 and CZ need only bde
declared so as to contein the largest sub-set of values., The coefficients
CE are set upvuéing four routines, which define CE for the sepérate cases,

(i). COEFF 1 AA, vBB, CC Strain EFnergy terms

(i1) CORFF 2 AA, BB, CC Xinetic Faerpy terms

(iii) COEFF 3 A3, AC, BC Strain Ibnergy terms -

(iv) COEFF 4 | 4B, AC," BC KXinetie Inergy terms

The remainder of this section will 5e.devoted to discussion of the
constant thickness twistéd plate, with comments on the chénges to be mals
for other shells. When referring in general to the arreys and rouﬁines
defined abové, AN will be used to refer to A1, A2 end A3, IN for I1, I2 and I3
and COEFFN for CCEFF 1, 2, 3 and 4, B

A1l the information is now readily evailable for the evaluation of the

general éhergy expression 5.&.2; After taking out all constent terms and
substituting the power series for the displacements the only terms left to be

evaluated ere of the forn

£l
[[Ie) et ad
o 0 .
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vhere AL and BL define the houndary values of e and.;?

For constant AL and BL, the ef end /f torms in this integral arve
independent, and so the integralé with respect to each can be evaluated
separately. The integral with regpect to A? can be carriéd out
analytically, but the & integral has to be evaluated numerically. This
is done by Simpson's rule in the procedure INTEG., In the program, both
integrations are carried out for all terms to be encountered in the energy
expressions and the results stored in errays. This means that each
integration has only to be carried out once, Two arrays are used to store

this data.

Ca,
.SC'(I) ’/ (;é)[d/ 3.4.9.
COLF(T.TK) = '/5//1“’@59((/1[_)dm

Tests were made on the accuracy of the numerical integration, and
finally an accuracy to the sizth figure was used. This had no noticezble
effect cn the resulting frequencies, |

For the constant thickness cylinder, the o infégrals cen also be
carried out analytically. ¥hen variable thickness is included the arrays must
be expended to include all possibilities. In this case the & and £
integrals mey not be independeﬁt.

Also setlup initially ere arrays FD and FE which give the coefficisnts

obtained as the result of differcntiation with reference to o and;?

FD (I])’ CocAficient 5/7(}%) 51(2'-/) --"(]'-(,7'-/))/1[_7
J
| dx’ -

3.4.10,

. 7 - '
FE(I]) : (oﬂcimt‘ éﬁ?@’/ s I(11) =~ (I-(J-/))/&.T
o
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From this initial information the contribution from every enerpgy term
cen be evaluated as a simple product for each term in the power series
expangicn of the middle surfgoe displacements,
For examplehrefer back to equation 3.4.2, and consider tre constant
thiclkness case,'so thet the X and X terms are not includod. Lvaluation of
the contribution to the energy expression of the term arising from ﬁhe

general cross term

[(AL)(@L _/[(/11.),f 5 ! | 3.z+.11.%

csn be written dowm for each term in the energy expression es

CE(IC)* COEFR(JS, JC, I + K)* SC{J + H)* L4

¥D(I, ID)* FD(X, XD)* ¥E(J, JD)* F=(H, D) 3eketee
and its positicn in the appropriate pa?tition of the energy array is dsfiped
vy I, J, X, ¥, ID, JD, KD and HD,

The program SESET organises the setting up of the erergy matrices.,
Feving formed the initial matrices 2C, COZR, FD and 72,1t then sets up each
of the partitions of the ensrgy~matri€es. The IS loop controls the strain
energy and kinetic energy celculations., For each in turn it calls the
appropriate CCZFFY routines, reads AN and IN from disc and evaluates each
of the six partitionms, vThe evaluations for AA, 2B and CC are carried out in
EVENAB, end those for AB; 2C end BC in ODDAB. The flow diagran for'EVEEAB
is given in fig 5; CODDAB is very similar., The routines given here ere for
shells symmetric sboute = O, the erray AS and'AT storing the symmetrie and
asymmetric parts of each partition. Without symmetry the routines becone

rach simpler.

The routines EVENAB and ODDAB set up loops, one for the control informa-
tion stered in AN for the particuler partition under consideraticn, the
others for four integers I, J, X, H, which 8efine a cross term in the energy

expression of the form 3.4.11, In these latler loops the ccefficient of the
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texm is evaluated and-storeﬁ in the sppropriate pesition in either the
AS or AT matrix, | |

The resulting AS and AT matrices are stored in predetermined
position on disc. In'EVENAB, scale factors are also stored; equal to the
diagonal terms in the strain energy.l‘These are used later, in the boundary
condition reduction (section 3.5).

Thus, at the end of SESET all the energy matrices have been set up and.
stored on disc. The program for the conatant thickness thick twistea plate
theory is presented in Appendix 2, ana the energy control information,
required for this shell, in Appendix 3. The progresms for the thin twisted
plate and the thin cylindricel shell require a few chenges in the dimensions of
arréys, end in the case of the cylinder a different arfay COEF, The mein
differences are that the routines CORFFN must be set up and the control
information IN and AN stored on disc for the perticular theory,

For the thick eylinder theory, other changes'have to be made to take

account of the arbitrary function T(eX) introduced in section 2.6,
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2.5, Bounldery Conditionsg

This part of the progrem divides naturally into three partsi-

(1) Forming boundary condition matrices.

(i1) Choosing verisbles to reduce out.

(1ii) Ferming redﬁction matrix, and operating on energy matrices,
These three parts are réferred to aé BCEAT, BCVAR end BCRED respectively.
For. problems where this boundary condition reduction does not have to be
epplied, a substitute routine BCSUB has been written to merge all the
partitions of the energy natrices, in preparation for the solution phase,
This routine is’straightforwara and is not dJiscussed further here; the
progran is included in the overall program, given in Appendix 2., The
reéuction parts of the program are now discussed In more detsil, The
progran is glven in Appendix L for hpplication to the thin cylinder problem,

3) _BOHAT | Q

The flow diegrem for this part of the program ﬁs glven in fig 6. This is
for symmetr& problems, Without symmetry, the program becomes much simpler,
The whole of'this section of the preogram iz written for symmetry problems,
go that compérisons can be made with results obtained without the boundary
“condition reductions. lest of this program is comnon for all shells, It
has been written sohthat small Blocks have to be added for particular
boundary cenditions to be applled. mh@ﬁe.biocxs are 1nc1uded inside two
loops for I and J v,hlch rOfer to terms (/\L) ( EL in each
displacement function. Referring to the program in Appendix 4 the lines
between eachlunaating of thé coﬁnter CC are for one boundary conditiom, These
are Cisplacoment or stress-free boundarv condltlons. The stress-freec conaltichﬂ
are applied to the mejor terms in the resultsnt forces and couples, on the

edges, defined by equations 2.3.1L. As an exsmple consider the condition

1‘712 =0 on C?( = AL and ﬁ .= BL ' 305010

for the thin cylindrical shell.
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Pig 6. DPCMAT Flow Diegren

LOOP
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END
OF I end J
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Enorgy Scale Factors 83 en
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?
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Stores all matrices on
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These imply that

A L 28 o o , ,
= +3’ﬂ =0  on & AL,/S 8. | 3.5.2.

Substituting the displacement function 3.2.5, into these equations gives

Aol | | .
'z i Army * %qf—/‘)gjf = O 7+, §~/ 3.5.3.

N 2 . o :
w5 D frz % s 0 B 3.5

onﬂ = ABL

where in both cases the suffices of A end B csnnot exceed M-1 or N1
respectively. The parts of the ccrmputer progrem relating to these conditicns
ere shovn in Appendix 4 between lines 42 to 47 end lines 56 to €0
respectively. All other boundary cenditions are set up in a similar merner,
Fer the eylindricsl shell the equatio;s are streightforward, but for the
twisted plate difficulties occur for cénditions on lines of constent /é? ;
because of the trignometric terms invelved, In this case, instead of
seperating out orthogenel terms, the equatﬁoﬁs should be set up at M equallj
spaced points along the edge.s * ,

It should be noted that in epplying equafions 3.5.3 erd 3.5.4, one
equation overdeterwines the system, as the condition is applied twice at one
point o = AL, /? = BL, This is referred to as & corner condition, Care
must be token to eliminate such equations &s they give rise to a singular
matrix G2. .

The scaling epplied to the equations st this stage is necessary

because of the problem of errcrs later in the pregrem, For this purpose,
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scale factors were eveluated in SESET, in terms of the diagonel terms

in the strain energy matrix, Thus,

s3(1) . ‘1////4/ X(z, I) 3550

This sceling is epplied to each term in the energy matrices so that

K(I, I) = K(x, I)* s3(1)* s3(3) 3.5.6.
which makes each diagonal term unity, and 8ll terms in the energy matrices
of the same order of magnitude., The scaling is applied to the boundery

cordition matrix so that

(1, J) = 6(1, 3N* ss(3) ' 3.5.7.

The boundary condition matrix is then scaled egain so thet the mejor
term in each row is unity. If this scaling is not applied, the order of
terms in each equation can vary greatly, leading to ‘an ill-conditioned
reduction‘matrix.
(b) BCVAR

A11 the matrices referred to in this section are defined in section 3.2,
_equationsA3.2.7 to 3.2.12. The problem is to choose réduc&icn varisbles =0
that the resulting matriz:f%i is non-singuler, and the resulting energy matriees;
sre well conditioned. The boundary condition matrix, G, is, in generel,
sparse, and has & definite pattern to it. These properties meen that the
choice of reduction variables is better mede by manual rather than sutomatic
rethods. For this purpose, at the end of ﬁCMAT, 2ll the information required
later in the program is stored on magnetic tape, and the boundary condiﬁion
matrices printed out. The reduction varicbles are then chosen and input
to the next scction of the progrem BCEED,

The basic criteria epplied in the choice of the reduction varisdles
is to make the major terms in eesch row and column of 02 as larpe as possidle,
whilst ensuring that the matrix is not obvicusly singuler., The terms ere
made lerge 20 that the coefficients of the matrix G2-1G1 ere £ smell as
poasible, The matrix Q, which is used to reduce the energy matrices, is made

up of a unit matrixz end the matrix G?—1G1
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g 0

Q=] o

——— WS A wwah

-GG

/
0

A - 3.5.8.

Therefore, the reduced energy matrices E, K ere nede up . of originel
mairices for the unreduced varisbles, plus terms from the rest of the energy

1

matrix times G2-1G1 terms, Thus, if the terms of G2- G, ere kept as smell

1
as possible, the effect on the conditicning of the resultant energy matrﬁoes
is mininised.

Fer - éisplacement  Youndary conditions this secticn of the pregram
can be easily antemated; but, for the stress free conditions the esutomatic
ﬁetﬁﬁds tried, either gave rise to & singular G,, exirenme ill-conditiconing
of the resultent energy matrices; or became time consuming.,

(c) BcRED

The only problem in this ssction of the program is with core store on the
computer, as the arrays involved can be very lerge., This mezns the use af
a complex block structure, The flow diagram is given in fig 7, and the
progran in Appendix L.

First the progran reorders the boundery condition matrix G into G1 end
G.,, this being dependent on the reduction variables chosen in BCVAR, From

‘these, the reduction matrix Q is formed., Cnly the partition G2_1G1 of this
is stored as the other partition i§ the unit matriX  (see 3.5.8.)

The energy eguations must now be pre~ end poét-multiplied by Q and its
trangpose., Herc the problem arises with core store recuirements, because due
to the size of equations to be conside;ed it becomes imposszible to store the
reduction matrixz, and the whole encrgy matrix, at ons time, Therefore, only

thrce partitions of the energy matrix ere in core at one time. Thecse ers

brought down from dise to form ccmplete columns. For exemple in 3.4.1.
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-partitions AA, BA and CA ere formed in one large partition., The columns

of this matrix ere then reordered vertically to correspond with the Q matrix,
end the premultiplication is carried out; The resultant motrix is stored

on disc, and the operation repeated for all the other columns, The se
matrices are then brought down to form complete rows. The réws are recordered
‘horizontally, and the post-multiplication performed. The resultant matrix

is the energy matrix required byythe eigenvalue solution procedure, The

process is repeated for 211 the energy matrices,
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Repda three cnergy pertition
matricas from disc,

Forms column matrix C
Reorders matric C vertically

Y

Premultiply C by QT
= QTC

Sy

V

Storeaz F on disc

Peeda three matrices F into
a matrix R4
Reorders R1 horizontelly

{

Post multiply R by Q

= RI*Q
1

Storesz E on disc
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QOP
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3,6, Solution of the Eirenvalue Problen

The flow diegrem for this section of the program is given in fipg 8
end the progrem in Appendix 2.  This section can be divided into four
’distinct sections. | l |

(a) Operation on matrices M, K of equation 3.2.15 to bring the

problem into the form of the siandara eigenvalue equation 3,2.16,

(b) The eigenvelue solution routine. |

(¢) Opsration on eigenvectors to convert them into cosfficients of

the original displecement functions,

(&) Evaluation of fréquenéiés and mode shapes.,

- In the program the'ihverse eigenvalue problem is solved, This is
because the smallest frequencies are the moat important. By solving the»
inveraé eigenvalue’prdblem, thes? correspond to the largest eigsnvalues,
which are the cnes that ere most eccurately determiﬁed. Unless ali rigid
' body motions ers reduced out, this technique cannot be used 2s ¥ would te
sm@w, ¥ on the other hard is fositive definite. For a singuler matrix
K the operations 3;6.1 or 3.6.2 are not possidble. Thus if a completely
fres vibration problem is to be ccnsidered, the matrices ¥ end ¥ must be
" $nterchanged in fhe progrem, and the trus eigenvelus problém solved,

The first operation (&) is dopendent on the elgenvelue soluticn routine
to bs used iﬁ (b) i.e. Householder cr the Kessemberg Q-R (HQR).‘ In the
latter cess, the library routine YATDIV is used which forms

o -1

Z =X iz : 3.6010
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In Bouscholder'a method the lower trisngular metrix L nust be
formed so that
K = wt ‘ 3.6.2
. The metrix L is formed first, then the matrix 2 is forred

by operating on the mazs matrix

-7 3.6.3.

z=L" ¥ L

Special routines, INVLGT,‘MATML' and iiAHL‘ have been written to do
this as opposed to using the stenderd library routines, becruse with L
being & lover triengle metrix and 2 and ﬁ'being symmetric this makes the
progranm mere efficient.

Part (b) the cigenvalue solution is carried out using standard lidbrary
routines HOUSEH for the Householder solution and N3ZIGB fér the HQR
method.

For the Householder solution, the eigenvectors cbtained have to be
operated on to reconveri them to the eigenvectors of the oripinal problen,
For this,

q=1"Ty 3.6

ot

where y are fh*'eigenvectors c¢bteined in HOUTEH,
;he abeve parts of the progrem %ave been written as two routines
SOLUTICN, cone for each technique. The eppropriate one ié substituted ses
renuired.
If reduction has been used, then thé elgenvectors muzst now be
operated on again to obtain fhe original cocefficients of the displacezment

functicns, TFor this, the cperation

x=Qq 36454

is carried out., The resulting matrix x is reordered to return it to its
original form. The eipenvectors are then rescaled to tzke eccount of the
scaling introduced into the ensrgy expressions, TFor the reduction operatious,

two routines .TRARSE are provided; one to perform the operetions outlined

above, the cther a dummy to be used when no reduction has dbeen applied,



The operations on the eigenvectors are only reriformed for thosc mode shupes
required.

The frequencies are found from the eigenvalues as
-I/I
128N
The mods shapes for the shell are output in the form of thiee
matrices, one for each of the middle surface displaccments £, B end C, )
Tach element of the matrix refers to the displecements at a mesh point in
the shell, end this matrix then gives a completé picture of ihe mode
involved. It should be noted that the disPlaccmcnts obteined directly from
the eigenvectors are tensor ﬁisp1acements, and these have to be converted

to physical displacements by the use of equation 2.2.8,

3,7 Discussion ; !

The progrem outlined in this chapter has been used to c¢btein the
recults presented in Chapter 4., A1l these results have been obtained for
symmetric shells, without the use of the stress-free boundary conditicns,

It is shown (section 4.2) that good convergence is cbtained for the lower
frequencies of such shells. The accuracies of the shell theories are
discussed in Chapter 4,

The one major difficulty in the numerical part of this project has beén
with the reduction technique used cn the atress-fres boundary conditions.
The technique works for displacemeat boundary conditions, as has been
shown by Webster (29 )., The program was tested on webster's problen of =
cylindricsl panel clamped on all four sides,‘and gave identical results,

Testing of the stresc-free boundary conditions was carried out on the
thin cylindrical shell clamped et one end. Symmetry cbeut the middle axis
o{ = 0 was used, so that direct compafison could be made with well converged
results obtzined without the stress free conditions,

With Houssholler's eigenvalue sclution, breack down of the program occurs
when the btuild vp of errors mskes it imbossiblo to form the lcwer trisnguler

-
<
L4

matrix L from the strain energy matrix K, This is caused by the ill-
conitioning of the matrix K, This ill-conditioning can occur without the

use of a boundary condition reducticn, becezuse of ill-conditioning of hirh
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order polyndmial expressions used in the dicplacement function., However,
with the use of boundary condition reduction it occurs for lower order
polynomials. | .

The form of the matrices I and ¥ mesns that they ere both synmetric
and positive definite. Tor matrices with this pfoperty the eigenvalue
problem 3.2.15; giveé real poéitive eigenvalues and real eigenvectors.

As extre terms are included in the displacement functions, the resulting

low frequencies of vibration converge, but at a certain stage error terms give
rise to negative eigenvalues.‘ Additionsl terms then ceuse the break down in
the formation of the lcwer‘triangular matrix L. IHowever, until this break
dovn occurs the major tval eigenveluss are still well converged. To‘
investigate the effects of the sdditional error terms cn the major real
eigenvelues, the NUR eigenvalue solution was used, This geve results
similar to those of the Householder method, up to the bresk down point.

At this stage the HGR method geve complex eigenvalues and eigenvectors, but
still well converged real eigenvelues., The addition of further terms gave
;n increszse in rumber and megnitude of ths complex eigenvelues., ZIZventually
these were &3 large as the major rezl eigenvsalues., However, the real
eigenvelues were still well converged, The problem now beceme one of time,
as with this pumber of terms included, very few runs could Ye made, 1In
fact, insufficient computer time was aveilable to carry on with this work.

From the results obtained, however, it seems that the HRR method
coupled with the siree-free bounlary conditions is capable of solving general
shell problems. The number of terms that head been used were sufficient to siv:
good convergence for the problem without symmetry, provided the convergence
eriteria is the seme as for the problem with symmetry. But, errors irvolved
in this technique require further stud&.

The ill-conditioning of the energy matrices M end K is caused by the
use of high order poclynomiels, It could have bteen overcome to some cxtent
by using better conditioned series. Tﬁe sirple power seriesg expgnsions
were used here tecause of the ease of‘applying the boundery conditions.

The other reduction technique, mentioned earlier, but not applied,

is thet using the finite elenecnt technique, referred to as mass condensaticn
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or Guyan reduction, Zeinkiewitz ( 27). In this, degrecs of freedom fox
which the inertia effects ére negligible are reduced out, In the probvlems
considered here tgis could be appliod for a flap type mode to the in-
piano displacemeﬁts A end B. However, es the purpose of the shell theories
presented here is to investigete small orderveffects, it is dangerous to
reduce out of the soiuﬁion any m?nor terms., TFor this reason the technigue

was not used,
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CHAPLER K
B TSP A F .

e

RESULES AND CONCLIDIONS

Loi. Intreducticem

In this chapter are presanted ths results of ths application cf the
pumerical techniques, outlined in Chiartor 3, to the thick shell theoriaes
proposed in Chepter 2, Tha results are compered with those for the relevont thin
ghell theories, aund with the experimentel and theofetical results cbteined
by oﬁher Tescerchors.

The thick shell theoriea considered ere:

1) For the twisted plate the theory presented in section 2.8, which
inclﬁacs transverse shear stresees of the seme order as the in-
plane stresess,

2) For the cylindricel shell the theory presented in tection 2.6, which
includes both trensverse shear emnd normal stressges to the game order
as the in-plene siresses,

A1 the ghells comsidered are of constont thickness, end &ll havé the

foilcwing material constents . '
E=z3=x 107 Pes.ie

7

2
{

0.3
0.284 1bs/cu. in.

(1}

the valuae for stesl. In each case, tho shell 1s clemped sleong one edge, ths
cther threo being free. Alero, the shells have an axis of symmetry, aleng the
piddle axis perpendiculer to tho clazped edge. This facilitaztes tha use of the
gunericel techriques cutlined in Chapter 3, withcut use being mode of the
streca-free bcun@ary ccﬂaifiona. Thus, the numericalvmsfhod is en application
of the Reyleigh-Ritz techniqua,

In eection 4.2, tho convergence of the fregquercies end mode thapes for
varying purder of termws in the power series expansions, of the middle surfecs
displeceronts, 1s consldered. This gives a measure of the accuracy of the
runerical wethods, The eccurecy of the theories as compared with experinentsl

end theoreticel results obteined by othor resesxchers is anelysed in secticn 4.3 .
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Tue effects ¢f tho thin and thick shell theories on the natural
frequencies end mode ahapés is then shown in section L. for tho twisted plate,
and scction 4.5 for the cylindricel shell, In both cages the effects of the
two thaorics for various shepes and thicknosses are considersd, arnd in the casge
of the {wisted plate the effects of different amgles of twiat,

Conclusions on the use cf the thick shell theories, end the finite
eloment solutions to the problem sre then drawvm in cection 4.6.

L.,2, Convercence

Tho ﬁumerical techniques uzed here in the solution of the free vibratiocn
problen ere appvoziﬁate netheds, the accuracy of which depznd on how well
the ecries ezpensions for the mlddle surface displacdmsuts epproimate to the
true sclution. For conveniencs, in setting up energy expressicns and in
epplying boundary ccriditions a double power series in each of the middle surfsce
2izplacezents has been used. The test of the numericel accuracy of the
computing mothods employed, is how well the frequencies end mode shapes couvergs,
aé the nuzber of terms in the power series is increased,

The limitations on the number of terms that cem te 4ncluded in ke reries
dsperd cn two factors: the eigenvalue sclution routines, and the conditioning
rof ths system of equaiiona obtairnzd., In the fesults considered here, the 1imit
b=s been 55t by the eigenvelue routines which are cnly effective for systoza
of equatioﬁs cf order 75. ) ‘

In practice, this necessitates limiting the terms in the power series to
thosz of order o ’;9; or X ;:g{' , ¥hore & ead /5 ere tho xniddle
surfece coordimates of the shell, For the cbnvefgence tests, series including
terss up to c{’;??’ 0(;5’5 é\/%;  and 0{739’ rereused,

Convorgenca tests were cerried out for both the cylindriesl shell and
the trizted plate, for thick end thin shell theories, and for different chepes.
In all cases,‘thé results obtained were similar, so here two cases are presented,

1) The :quare cylinﬂrical shell, referred to later as the Lindberg-0lscen

faa blads, using Flugge's thin shell theory,

2) The 5i1k Length/Width ratio twistéd plate with anglé cf twist of 30o

using the thick shell theory.
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Tor tho cylindricsl ghall caee, the bledo cwnsldersd is shoswn in
fiz 9. It is & squers cylind?ical penel 12" x 12" with redius of curvature
24" snd thiclmoas 0.,12%, The frequencies of the hlaaé for varying nurber of
torzs in the power eeries ars shown in teble 2, In fig 10 tho moda shepes
are plottéa, in each case for the lowest end highest frequency preszentod
in table 2; tho moles for the other values are intermediate to thess two
cages, The full line zhows thé iower froquency value, the better converged,
end the dotted lins the higher valus, Where no dotted line is shovm ths two
lines coirncids, ,253 tables and figures shew good convergence for tho lower
frequoncies, to within 1%, The fact that the frequencies have converged to
the correct values isahown later in section 4.3
| For the twisted plate, the blade ccnzidered hes dimensions 24" x L.B%,
en sngle of taist of 30° end a thickness of 0.24", The frequencies and
rnode shepes for this blsds ere given in tsble 3 end fig 11 respectively, in
the saxe wey &3 for the cylindricel shell. The recults show the sene Cegres
of accurscy as for the dylinler,

Bazed on the regults bere, all results presented later in this chepter
ues the zeries with terms up to the ordex ol fi * except for shells with 2
lergih/width ratio of 1:1 where the 0(755’ s2ries has been 'useds This dors
ﬁot, for every mofle, givs tre most closely ccaverged result, but the accurscy
is sufficient to show the effects of the varicus theories, and of verying
thickress end angles of twist., If mora accurats resulfs ere required, it is

£
nocegsery to rur the cczputer progren with the (.,( /5’; exd the aﬁ;’as’

szries, choosing the lewest velus of fregueney fer each rods,
» .

L.3. Compariscm cf Thecreticel with Frrerimentel Rerulta

To investigato the validity of the theories used, corpariscns arc mads
with the practical and theoretical results obtaired by othor reseerchers,

The cylindrical shsll results are ccmpared with those of Linlterg
end Olsen (32,33 ) for a cylindricel fom blede, They present experiventsl and
thecroticel results, The shell is that considered in the convergenco tssta of
goctien 4.2, exd it is ghorm in fig 9. The blade was welded to & thick stoel

block, and the vibreiional modes excited usirg a sinusoiénl meppetic fores,
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Fig 9. Lindtere-Clsen Fen Blade




This werk was carriea,out twice by Livdber '8 and Qleen, &xd wea; in eac? cnsg,
compared with a Cifferent finite eloment theory; First, a nonnconforming
’cylinarical shell element wes used, and LBCC“d a doubly curv d.triangular eheldl
elémen o« A finite element enelyszis of the soms blads hag been cexrried ocut by
Zei::;kiév4 cz ct &1,(17) using a &oubly‘curved thick sﬁell elerent .,

Teble 4 shews the compwriqon betwsen the rocults ootqlnod by Lin&uerg
end Olsen, Zeinkdewlcz, and thoss dbt&inﬂd uqing the power geries techninna
epplied to both #hin and thick shell thearies presented din Chepter 2, Alco,
the mode shapes dbtained u@inv tha thin shell theory sre compared with tho
theoretical ana practical rasults of Lindberg and Olsen in fipg 12, The thick
ghell theory mode shapas-bamané relaticn to the experimontsel results,

The reeults shcw that the thin chell theory is comperable vith any of the
finite elements uzed, and that they have converged to within a reescneble accuracy
of the frsquencies of the ezperin atal moedsl, which are ofvcourse, subject to
emmm. . -

| It is notic’able that both thickt skell th ecries{givs frocuencies
sigaificently higher then the ez@erimental end thin shell theory rosults. This
~effect will be discugsed later in 3sctidns hali ead LS. |

_ The twzisted plsie tﬁeeries havs been coppared with resulis for twisted
beoems presanted by Cernegle { 3i&) and Dewson (25)e A grect deel of wcrk has
been published for txisted tuib;ns end chQressor biades, but no otker results
warérfound for ccastant thickress twisted plates clexped at one end,

The blade comsidsred bj Carnegie xas 6" long, 1" wide end 0.0635' thick,
the sngles of twiet vere varied in steps of 15° from 0° to 0°. Cernégia
comperes his experizentsl results with thacreticel values for the fundemental
benéinsrb?nding fréquency and the first five toréional frequenciesg, thecs feinz
obteined by epplication of the Rayleighbmethbd to twisfed beems, For twisted
baams, ths two indepandeﬁt fleiural nodes of a straight beam bVeccme couplsd,
Theze ers referred to, bty Carnegie, as bending—ﬁsu&ing nodos.

Dexgcn's teem was 12% leag, 1" wide anﬁ 0.25" thick. s gives resulis
for engles of twist of 300, 60° and’90°. Ha ogly rresents results for Yanding-
bonding frequencies. His theoretical rosulis wore cbtained using the Reyleipgh-

Ritz technique, expanding tha displacerents o8 pewer sories in the length verisbl
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The comparison of Carnmegie's results wiili both thick and thin ch¥ll
thecriéﬁ iz sghown for frequencles in tedble 5, and for moldo shapes in fig 13.
These comparisons show that the thin chell theory gives the mere accurate
results for the bending-bending modes, whilst the thick shell theory is better
for the torsional ocnes. In each case, the frequencies are predictsd <o
within 1078, except in the thin shell theory for anglen of tulot of 90°, Tho
mode chapes compare very well, the effect of twist on thess being negligivle,
The bfeak down of the thin shell theory for 90o angles of twist is shomn later,
in goction L.k, to occur for other shapes as well as the "beams" considoarsd
- here, Discussion of this effect is left until then,

For the Dgwson blede, the frequency comparisons eve given im table 6,
and the mode shapes in fig 14, Once again the thin shell theory gives more
eccurate results for the bernding-bending modes, the frequencies bveing predicted
to within &% for all excapt the €0° fundemental mods, and ell the 90° twist
cases. For the torsional modes the thick theory gifes the lower ffaquencies.

" put here, there arse no results froa Dewsen to make comparisons, The
conparisons in the tables are wifh Dawson's theoretical resulta, He only
presenis experimental results for mode shapes, these being indistirguishabls
from the‘mcde shapes presentsd iﬁ fig 1L.

Lohe Trimted Plate Results

Tro further twisted plate shapes sre considsred hero, thess havs
length/width (L/¥) ratios of 5:1 end 1:1, The effects of varying the emount
of twist, and the thickmess of thé shalls, for both thin and thick 8h511
theories are given., The dimensions of the two shells are 24" x 4.8" and
12" x 12" respectively. |

Thae effects of angle of twist cn the frequancies of the two shslls is
shown in tables 7 snd 8. Thae results given in these tsbles for the flat plate
casa asre cbteined from Plunkett ( 36 ), who presonts tebles of freqﬁency
paransters for clemped centilever plates with various 1/W ratios. Thesze tables
of Plunkott ere bazed on Rayleigh-Bitz fesults obtained by Berton (37) and
Young end TPelger (38), &nd on experimental work by Flunkett himself and
Crinstead (9 )« The flat plate valuas ere only given for the flexural and

torsional modss, &3 ounly thesz are consliderzd by Tlunkott.
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Tho mode shapss for the 5:1 L/ ratio t:hx&ll aro gchomn in fig 15, the B
moi§ shapes ars for both shall theories, tlare bein& no noticerblo difference
between them for thls particuler sholl. Also, the angle of tw1st haa a
nsgligﬁble effect cn theose ms&as, the )O case being plottad. For tho 1:1
L/ ratio ghsll ths mode shapes are shown in figs 16 and 17 for tho thin and
{thick shell thaories respectively. In this caso the effects of engle of
kst ere showm,. These fipgures highlight the differonces between the two sheli
theories; especielly for the higher angles of'twist.

The effoct of thickn 83 cn the frequencies of tha two shslls, for tho 30
engle of twiét casa, ié ghowma in tablea 9 and 10, For tha 1:4 L/W ratio sholl
the mods shapés are given for the two theorieé in figs 18 exd 19, TFor the 5:1
1/% rutio, shell thiclkmess haa vary little effect on the modes shapos,

The tbin shell theory applied to the two ahells considered here, shows
the sanme effect &a with the Carnagia and Dawson blades' of very high
frequencies for the 00° twist case., This effect, relative to the lower angles
of twist, is not showma by the thick shﬁll thaory, even when it is epplied to
'thiﬁ shells' *, Considering the ccmpgrisen with Carnegie s results, for
the symmatric rodes, it c&ﬁ‘ﬁe ssaﬁ thif\the thick shsll theory ia predictiﬁg’
| tke lower frequeacy for 211 the °O twist cazes, except the fundamental.

cwever, the fre%uencies ere much higder tnan Carnegia 8 exgerimsn~“l resualta.
lThe thick theory is giving thv cerrect trend Y: the angle of twist is increased,
but incor*ect veluss,

Cokan (m) in bis stetic study of the twisted pla*es, showed that o{t)
torms in the in-plene strssses aad strains (neglec ed by Love ( 1))ar0
important to the analysis of this shell. He calls thess "gtrain-curvature”
terms, These terms ere included in the thin shell theory uazed here, but the

theory has proved inéaaqﬁate to deal with shells with high engles of twist,

#lotes "Thin cholla" are thoss for which the ratlo of waveleupth/thickness

is greater than 10,
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It eppears that for "thin shells", with high angles of twist, a thoory is

required which includes transverss shear stresses of 0(t) compszed to the in~
plane stressea, rathgr then the 0(1) onss included in the thick‘shell thapry.

The major poiht of interest here is thoe difference betwesn the thin
and thick shell theories. Thse general "rule of tﬁuﬁb" approach to epplying
thin shell theory, is that results should be accurate for wavelength/%hickneza
( M /%) ratios greater them 10. Thin shell theory thon bresks down, giving
too high froquencies. This ip bocause it overestimates the stiffnesa of tho
 ghell, by falling to teks account of the transverss shear effects. Thick shell
theories, on the other kand, inclule these transverse shesr terms, and so for
}\/% ratios less than 10 tend to give lower frequsncies than thin shell theory.
However, when thick shell theory is applied to "thin sholls", 4e with ;X,/t
ratios greater then 10, the inclusion of the treansverse shoar terms stiffens
; the shell end gives high frequencies, This result is shown by Zelnkiewicz's
epplication of thick shell theory to the Iindberg~Olsen fan blade; table.h.

In tho results of tsble 10 for the 4:1 1/¥ ratio shell the thick shell
theory is predicting lower frequancies than the thin theery for :\,/t ratio
less than 10. For the 5:1 L/7 ratio shell, end the Carnegie end Dewson blales,
‘all symeetric modes have >\ /t ratios greater than 10, and 21l the thin shsll
reaults, apart from these for 90° of itwist, zive lower frequancies, For the
asyzmaetric modas, however, the thick shell theory is predicting lowor
frzquencies for A /t ratics of vp to 80:1, This is because thess blades csn
be considored &3 beans rather then shells, and for torsiomal vibresticns of
beams both shear terms in the plane of the croas~-section ere important.' Ths
thin shell theory assumes that one of these,.the tranaverse shear term, is
zero, and tﬁns stiffens the blede too much,

Thus, the thick shell theory in predicting lower frequencies than the thin
theory for all casss whare ;\ /t 48 less than 10, These arelthe results that
shduld be obtained from such a theory. The accuracy of the results obtaired
raquires further confirmation from experiments carried out on shells equivalent

to the 1:1 L/W ratio sholl censidored here,
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h5e¢ Cylindvical Shall Results

| Tor the cylindrical shell, as with th@ twlated plate, two shupoa are
congid#red ﬁith 5:1 and 1:1 L/¥ ratios. The thin and thick sholl thzeries
ere applied for shells of veriocus thicknesses., The dimonsicns of the bledoes
are 24" x 4;8" and 12" x 12", both with a radius of curvatﬁr@ of 24%, Tho
socond one 1s eQuivalant to the Lindberg-0Olson fan blede considaréd earlier.

Téblésk11 and 12 show the effects of varyling the thiclkneass on the
frequenéies predicted by the two shell theories, Tha mode shapoes are glvon
in fig 20 for the 5:1 1/7 ratio shéll and in fig 21 for tho 1:4 L/W iatio shell,
For tha 5:1 L/W ghell the thicuﬂe;s had no noticeable effect on the mode shepes
for tha thin shell theory, but they do very slightly for the thick iheory.

Fig 20, therefore, showa one reprezentétive thin nmode shepe, aund the two
extromas of the thick theoby. For the 1:1 L/W shell, the thick theéry'gave
extrenely distorted mods thepes for the thinner.shells, 80 reaults are glven 4in
this - casa\for only the thickest ghsll considered, 1.2" thick. Fig 21, gives thz
cozparisons between the two theories for this bladé. The effect‘of thickness

¢n the mode shapss for the thin shell theory is sghowm in fig 22,

For the cylindriesl sheil, the thick shell thzsory epplied conteins tréna—
‘g2r23 normal ztress; a3 well as the tran;versa shear stressss. It cen Eé zean
in ;bles'11 and 12 that ths thick shell theory is predict ing highor requﬁnc*es

than the thin treory, even for )\/t retios much smaller then 10:1, woll after
tus thin shell theory should have broken domne To coufira this, exneriren*al
results are required, but evea so, the thick shell thecry is obvlously nct
goirg to predict frequéncies mere effectively than the far aimpler thln th,.-

The effect of thick shell theory prediéting high frequencies for thin
sholls is homn in teblo k for the Lindberg-Olsen fam blads. The finite
elenent thick thecry,‘which do2s not include transgversa noramal stross, predicts
high freqdvncies, although not to the extent that the thick shell thsory
prozented lrere does. The reasons for this have been discussed in section L.k,
The inélusicn of traneverss norusl stress has increased the stiffness =till
furtlrer, thus giving highexr frequoncies,

It would be‘of intarest to goe what results the thick theory prezonted

in esction 2.6, where trensverse shoer stress in the curvsd coordirnats directicu
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énly iz includad, would give., Howover, this wag diccourerod too lote fbr tho
computer fnns to be male,

LS. Conclusicns

" The regults presented for the twisted plate in section 4.) show that tha
thick eholl theory prodicts lowsr frequencies than the thin shell theory for
>\/t ratios lesza than 10, this being the result that is expscted from s thick
shall theory. Ths acburacy of the results need to be evaluated by exparimentéi
means, howoever, beforo this théory can Lo applied with confidonce. If
erperinentel confirmation 1is obtained then the general thick shell theory
presented in secticn 2,5, for shell with double curvature, including tremsverse
ghear stresses of the sems order as the in-plane stresses, csn be used as a
half-wey stage between thin-shall and full three~dimensionel analysis; This
theory could then be epplied to more complicated shell structuraes, by the
construction of a finite elerment based on it.

Over the last tiree yoars curved thick shell elements have beon dsvelopad

besed on the usual thick shell theory discussed in Chapter 1, with five

functions éofining the displacement field, erd constant transverse shoar sirassz

across the elexent, This kird of element has been applied with reasonsble
succees by Zeinkissricz to Compressor end Turbine bledes, Similer thin shell
elements have elso been develeped. It would be interesting to seo xhat
recults these glve when epplied to ttre %wisted plate with a 90? trist angle,

The breek dovn of the thin shell theory for twisted pletes with high
angles of twist is a topié that requires further study. This appears to
necescitate a thin shell theory which includes tranaverse shear stresses of
0(%t) compsred to the in plane stresses.,

For the thick shell thecries, presented it cen be ssen that the energy
expreesions, and hence the soluticns, become extremely complicsted, when
conpared to the far simpler thian shell theories, Therefore, its use can only
be justified when 81l other techniques have broken down. Finite element
techﬁiques based cn traditioral thin and thick shell theorics would appéar to
be the best spprcaches to solving shell vibration problenms. .However the break
dosnn of thin shell theories for the twistedlplate vith high angle of twist

shows the need for other approaches to Ya investigeted,

|

B
o

i
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The recults for the cylirdricel shell shew that a thick shell theory,
includirg trensverse normal stresses in tbis way is nct worthwhiles A throe-
dirensionzl theory would be required before the theory could give scowrate

rasults.



TARILE 2. THIN CYLIIDER CONVERLSIUCE TESTS

Dircusiona 12" x 12" x Q.12". 24% Radius -

88,

Froquency ¢/s

1762

‘\\\\\E{jgf;\» 5x6 5% 7 5x8 7x6
MYode '
1 85.9 85.9 85.9 85.8
2 139 139 139 138
_3. 248 248 248 21,7
b 345 345 Skl 3n2
5 395 392 392 387
6 576 576 576 529
7 738 735 Dk 34
8 750 744 738 736
9 790 761 780 760
10 848 &5 8hh &07
11 - - . 108,
412 IR §-75) 1233 1226 1240
13 1291 1268 1238 125
14 1409 1318 1275 1299
15 1402 1318 1297 1329
16 1764 1761 1763




TABLE 3, THICK TWISTED FPLATE COXVERGENCE TESTS

Dicensicns: ’2.’4,” x 48" x 0.24", 30° Toist
Frequency c/s
1,7 : -
ol 87
Vods /5 5x6 ’5x7 5x8 7x6
2 €5 85 €5 85
3 154 154 4 Dy 154
4 283 - 248 247 283
5 395 386 379 395
6 L68 467 L67 L57
7 579 55_9 Y 576
8 811 758 796 €08
9 1320 1192 1170 1316
10 - 1781 1701 -




TARLE L, IILDPERG « O

TSIN CYLIIDER COMPARISON

Aalis,

Frequency ¢/s

Erxperinvental Lindkerg Clsen Finite Thin vZeinkiawicz Thiclk
Hode Reszults Elements Cylinder 'i‘hf'ac}i:GShell C;q:lix:c‘ier
o 1971 1967 iriangular  Cylinder ﬁ:eery v Leory
, Curved(1971) | (1967)

1 | 85.6 | 86.6 85.6 3.5 85.8 113 183.5

2 1345 | 135.5 139.2 147.6 138 147 413,2

3 259 258.9 251.3 255.1 247 296 543

L 351 350.6 348.6 393 .1 342 L10 - 758

5 395 395.2 323 .4 L23.5 387 475 " 4200

6 |53 531, | 533.4 5343 529 »

7 751 751.2 | Thbub 781.5 | 736

& | TW3 | 7h3.2 75241 792.2 | Tk

9 |790. 7924 750.1 863.2 | 7%

10 1809 | &09.2 813.8 g62. | €07

11 997 | 996.8 | 1009 1002 | 1064

12 11216 11215 | 4232 1175 1 1233

13 | 1252 s . 1246 - . 1299

TR E F-IX B I 1266 | {1254

15 11281 | | 1288 é L1318 |
16 1310 | 1305 . 1318

17. (1706 . 1652 ‘ 1682

18 1625 L1653 | L1762 .| ;

19 16L3 I 4678 L 1E1 ; !

20 | 1841 1833 {1881 ; ;

21 1830 165 2128
22 1867 - 1926 ; . 2006 |

23 1850 TR | ol :

2| 2257 2 L

25 | 2207 2274 , 2378 ‘ t

|




TERI 6,

CARICIE TEISTED RUAM COVPARTISON

91.

Frequency ¢/ 8

Berding Angle e g
Mods (Dogrees) Carnegle 5 ‘i‘hlﬂ inick
Lxverimental L hecrotics i Tywiated Tulsted
rerinsn ; Thecretical E Pleto Plate
K 30 57 62 62 1 B
; gg 59 63 7 1;2
< 61 65 174 231
2 30 320 !
2 go_ 265 Z»é:i ?‘}fﬁ
2 20 210 637 338
3 30 1000 |
3 | @ 900 o | o
90 €00 1400 1020
L g 30 1000 ! :
L L €0 1250 :;SZ ' :2?5
L ;%0 1500 2900 2044
5 30 1950 2366 o
2 % 1980 do | 29
5 S0 2000 5516 3064
Torsicnal
Yoda ,
1 30 730 725 896
1 €0 &0 ; 750 99 , Eféi
1 L€ 900 | 91 1556 952
2 30 2200 I 2150 | 2712 | on
2 & 2500 2480 | coto  otta
2 P90 2800 2650 PL6SE P 3000
. ~ .
3 I 30 3800 3750 - 4596 -
3 €o 1200 1100 iR s
3 90 4700 LECO . 7920 e
" 30 5500 55 7 | con
L € 5500 205 s | e
I 0] €600 €600 ;11652 i 73c8




ToON TUIATED BRAM COUPARISON

. TARLE 6. DAE

Angle of

Frequency (C/3)

¥olo My %3 £ ' Toin o
Syrastric (Dsgrees) Damsen Toisted Tristald
Flato Plato

1 30 28.5 23.3 31.8

1 €0 28.8 3545 55.9

1 90 2943 79.9 88.7 .

2 30 107 106 134

2 60 92.8 Sk 117

2 20 80.8 21 16

3 30 192 191 216

3 €0 221 218 272

3 50 255 475 283

L 30 476 478 507

L 60 530 435 183

LN %0 385 935 451

5 20 749 725 933

5 60 &21 798 1024

5 ¢o &49 1821 1079
Asvmastris , '

1 30 - 775 €02

1 €0 175 €03

1 S0 1060 €CL

2 20 2104 2175

2 €0 2104 2181

2 S0 3041 2140

3 30 2329 1€C8

3 60 2330 1815

3 50 5752 1820

L 20 3895 3029

A €0 3865 3039

L 90 5553 3047

5 30 5LET7 - L234

5 €0 5494 L3209

5 90 €207 43352
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TARLY 7o EFFECTS OF TWIST CH TWISTED PLATE FREAUMICIES

5:1 1/% Ratio Skoll

Dimsnsions 24" x L.8" x 0.LE"

Fraquency C/S
Plurkett ' |
Flet: Thin Twisted Plate Theory I Thick Twisted Plate Theory
Plats '
Anglo of ~ » , N
Tuist 0 15 30 60 S0 15 30 €0 ol
(Tegreen)
Kode \
S;-'mmetric . ' ; .
1 . 28,0 27.2 | 28,2 | 344 765 [129.2 | 31.0 |57.9 | 104.3
2 ' 171 167 151 122 273 i 178 165 143 145
3 o= fleys | 303_ 360 | 785|355 [382 lu32 | w3
N LEA L83 47k {463 1031 |51 EO8T 1539 | 631
5 934 1014 | 1018 | 1040 | 2240 ’ i 1072 | 1073 1109 1142
6 - 1480 | 1515 | 1596 | 3188 (1756 | 1758 (1779 | 1847
i | L
| |
| x;
1 260 1325 | 328 339 545 272 {277 {300 | 330
2 7356 | 586 995 1028 (1658 | 832 8,8 514 1090
3 1370 11687 | 1700 [1749 12845 | 1bh4 | 1463 11557 1698
I - C2106 T A0 T [ 2901 T I 3L sz T e Te T TS TS
5 2c11 24,81 2568 | 2562 | )2€5 ; 2469 | 2195 12345 | 2L¢%
6 - z 3637 | 2662 | 3760 |6272 i 3211 i 3252 ,;3433 {3708,



TABLE 8, EFFECTS OF TWIST OX TWISTED PLAYE FRROUZHCING

1:1 1/W Ratio Shell

Dimensions 12" x 12" x 0,48"

Frequency ¢/s
Plunkett
Flat | Thin Twiated Plate Theory | Thick Twiated Plats Thaory
Plata : §
Angle cf
Twint
(Dogrecs) ) 15 30 60 90 15 30 60 %0
Mode ™
Svyametric v
1 143 1110 113|126 256 421 128 203 1347
2 695 677 1619 | uB5 | 1005 | 715 | 67% 571 1552
3 891 936 952 1009 11476 | 959 285 1092 ‘1476
L 1982 1859 1792 | 1586 | 2958 F2019 192 1756 11573
5 - 1959 (1997 | 2133 | 3335 | 1863 11592 2239 - 2362
6 - 2088 [2270 | 2658 | 4272 1 2234 | 2393 | 2776 13034
1 | ;
. : i
Asyrmetrie v ‘ E |
1 277 397 551 | 857 1257 143 160 4008 14200
2 1011 1155 (1297 | 1589 {2078 | 1119 11315 {1700 1899
3 - 2175 2182 | 2220 12794 | 2220 2240 19296 23L&
N 2497 25Ah 2447 | 2515 1585# }2h87 {2528 12849 2692
5 - - 335h 3385 | 3550 L4832 | 3235 3301 (3538 38
6 1458 217 iM €5 | 3969 15527 14539 i L3325 ‘ Mo 383




TABLE 9, FEF¥ECT OF THICKWRSS ON TWISYED PLATE F¥RMOVIICIES

5:4 1/ Ratio Shell

Dimensions 24" x 4.8" 30° Twist

Frequency (C/S)
Thin Twisted Plate Thoory i Thick Twiszted Plate Thoory
Lexgth 0.005 0.01 0.02 0.005 0.01 0.02
Kodo ' ‘
Symmetric .
1 6.69 141 28,2 7.83 15.6 MNa
2 L0.3 77.8 151 42.7 84..6 165
3 119 229 L7k 126 2,8 _508
i 2585 Sk 1018 315 569 1073
5 328 | 304 303 388 386 382
6 535 925 1793 538 9 1758
Agvmmstric 7
1 98.2 ik 328 97.5 154 . 277
2 236 520 996 293 467 ans
3 498 88y 1700 187 798 14,63
% 722 1255 2493 709 1192 2195
5 1065 1904 3662 1072 1781 3252
6 2105 2105 2105 | 2528 2175 2178
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TARLE 1Q, ”‘?I’"C'E‘ OF TAICKUESS ON TWISTED FIATE FREQUANCIRS

1:1 L/.? Ratio Shall

Dimensions 12* x 12",.300 Tuist

Fregquency /s

Thin Twistsd Plate | Thick Twisted Plate
Thiclkress/ . ,
Yods
Syrmatrie , |
26.9° | 53.6 | 113 281 32,9  |64.8 | 128 - | 314

161 321 619 12224 {1175 346 674 1512
107 56, 952 2038 | 475 623 986 ! 2038

920 1255 | 1997 [ 4736 | 1069 (1335 | 1992 | L746

1
2
3
% S CIAR 17927 [ 4h68 | 520 10287 | 1921 | LCS6
5
6 1085 1932 3519 5509 | 1153 2005 3381 ‘5 !

As;mmetric | 4 | |
1 : 409 480 561 836 |l 477 57 650 | gen
3 739 11869 2182 5115 | 60§ H270 9200 | 4353
L 94t | 1415 2507 5EE3 1 1043 ;1 489 | 2528 . B4%d
5 1291 1850 | 3385 17688 [ 1408 1945 | 3201 €340
6

1361 | 2330 | 4397 |10220 | 1463 (2431 | 4335 §95,o




 TADIE 41, TIFECT OF THICKITSS OF CLYIFDRICAT, SHELL FOEAUENCTES

5:4 1/7 Batio &

b

1L

Dimeneions 24" z 4.5 Redlus of Curvature 24"

97.

Frequsncy ofs

Thin Cylindsr Thoory

Thick Cylindsr Theory

Do | 0.005 | o.of 0.02 0.005 | 001, | 0.0
Hods \\ ' )
SE'." matric

1 9.82 15,4 28,4 16.9 25.6 1.2
2 £0.5 95.0 177 107 167 . 292
3 163 269 497 371 578 921
i 535 CER) 1651 1055 13¢5 5515
5 .132 1108 1682 1842 3269° 5387
6 2105 2408 2106 2129 2123 2129

Asyrematric “

1 €8.9 137.3 261 83.2 | 161 279

2 214 264 275 261, 280 103

3 264 120 £33 220 506 957
L ¢3 727 1425 579 101)% 1493
5 E6h 1102 2472 1209 14,95 1779
g 370 1423 11,3 4495 1849 3082




Teble 42, ZEffact of Thicknosa en Cylindrdenl Shell Fraonencizs

1:4 L/¥ Ratio Shell

- Dimensions 12" x 12", Radius of Curvature 24"

Frequency C/3

Thin Cyiinder Theory { Thick Cylinder Theory
‘N‘hickness/ 3 ' ,
Length 0.01. 0,02 0.04 0.1 0.01 0.02 0.C4 0.1
¥ode \ :
Symmetric
1 139 162 192 | 319 413 162 535 | 836
2 248 L 2y | 1773 543 821 1497 2608
3 392 £32 aLB 2170 1735 1971 o1 L1351
L 35 1005 1808 | 4301 || L1123 L0y | 6197 8050
5 781 1279 2159 5T 7856 5 8594 | 8748
6 1233 1762 3229 7563 8164 8777 9918 11632
16 t h22) 4226 4225 4226 4286 1284 | 4284 | 4284
Asymmetrie
1 85.9 | 147 | 280 | 685 || 183 | 278 | 501 908
2 345 557 {1027 2169 758 1106 1423 3318
3 576 1090 2063 £066 ! 1199 2009 | 3107 ! 668
[N i 1252 2377 5077 | 2528 3234 BL3L ) 9236
5 85 14579 | 2989 | 7312 | 5350 | 6308 | 8507 [111£0
6 ! 12€3 2302 3421 10350 [144E0 112970 4L010 45980
8 1765 1764 1762 1763 | 1£25 1625 - 1824 - 1&2%
15 L7y k743 L7453 L7452} LB78 LE78 | LB79 f LEES
] i
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APPIIEIX 4, BASIS OF THE VARTATIONAL METHOD

Consider the vibraticns of en elastic body sudjact to the conditions
=0 oaS for all't

!
jj:.OOnS for a1l t Ad
Assume there exist soluticna
v ﬂ t"
M s [Demnm- A2

4 o/
go that if . is ths stresa arising from % {

Z‘J,

Y 2 4
é f{" !‘ - —-/0 )-Zd M’; A03 .-
X ' |
d X 4 4
hultiplyinr-" this equatica by M end the similar equation for Z'I’ j

and M by % y end subtracting gives

At N
i 3 9’9 '/J (T v

Integrating over the tody gives

53% [ M/?{] 1/[ 7 j &7/‘/ A,
Vo
- /ij g/\’jf 'f,J QX ]z/v

= 4 (¥l - JL)/M u'dv
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Using theJ&iverganca theorem ond the bouw-lary conditica molns the flrsg
intemel on the L.JM.S. of A5 veunish, and the sscond also vanishos since
ol e -
f;: --*;"/“" = i’,'e,, - [—1':6,. ,A.Ga
'/ 23/17 1/ 11 ) VY|
, .
Hence sinca j—l ﬁ % ‘)—Z&(

. ‘/”7“/4‘/’ 0 Sl
| |

o/ _
Assume that ths solutions 0// form a cempleto sot, and consider tha

Hemiltonien, H, associated with en arbitrary displacecent function

fwt

[J{ < \4{@ A8.
gatisfying
W,’ =0 oy ,5/4 | AS.

X

¥ ¢
¢ dv - ::’/J"J«{""IZQ/V A.10
J v

¥ ¥ -
xkere f: . end f { erc the stresses and strain erising from [J{

‘J ..I A (Wt A 4 ,
Friting these as f ‘J ¢ emd ¢ {J' ¢ and dropping the

tira dependont term

ﬁ/s ?/_'/fzj g;' 5{\/ f ;»{'Ui[zﬂ'/,’ h/jJ/Q/ A1,
1 4
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"¢
How gince M, are a ceoplete set

0 a‘, of .
Wi=% a™ U A2

oy
.. ) 8 AR
€,J ",{,/ a @/J Zij %a f’fJ
and .
A B f
H = ‘z"gé CZCZT,;,'F,J&/I/
A pl ), Al
L2 [ 2 N W
1462 [0 WUy
a"/-/ _
Also since
4
/M M/-o 5P "

- ____Lj ;o=
/’ﬂd V@le//f

Z)
Of /J.TLX L{/ L{ ;ZQL/'7L .SZ-//[;27 {7 /7L/ 9,

Usirg the divergauce thsorsm erxd the boundary conditior, the first integral

vanishas giving that

/ i ’gﬂ/t/ 0  w#f

s/

A _ / > 1 14 o/ 1T & &
H=25% 5?&//(2‘{/; Cff +/'41{<). U, L//)Q/I/ A.16,
4
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Kleo

/ gﬁi L[f ﬁ(!/ *‘/Jﬂ:////;‘\/ﬂi"{ﬁ/f/ AAT.

- 2 : . \
- _“" ZJ%)/V.]ZI’&J/V A48,
v
-'/-U'Z/M, i dv

Divergonce thecrom and boundary conditlons, idmply the first integral

_ venighes, therefore

[ e5 - pflus
| | 4

Thus

A 2 .z 4 |
H= 55 Ay p (w’-ﬂ,,)/%,' u'dy s
MY v

5&—% 'aﬁ//(w JL)/LZ Ui

A2,
ifde/O v W - J‘ZM
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23

A .
Trus the stationary values of the Hamiltonian, M, glve tho freqasncies

' 3 e 1
of fres vibratiem - [‘) L S.Za( o’ /’2 -
: ‘ /

This i3 the basis of the method,
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APPENDIX 2 »THlCK TWISTED PLATE

COMPUTER PROGRAM

MAIN

puUglLlIC ‘LOBL.A!‘BxDET"ETAZ;HT’HTZIAECJKSJMDN;NA.NB,NC‘NN'“
PUBLIC JAIJBIYCaRIUMIININABICOLISIICNIS)SCOEF(SsL4021)
PUBLIC CODP(1)sCNDP(] ) AA A o .
PUBLIC $5(200)»SB(200),55Dp(1)»SBDP ()
PUBLIC JF(3),JFDPUY),RM,RX,FAL2530),5A02,30),FADP(2),6ADP(2)
PUBLIC MA(2),MADP(1),1IX(343),1XDP(2) :
PUBLIC RN,NMA(3)sNMB{3),NMOP(1)sNBDP (1) : : I —
© REAL KS$ . , .
INTEGER RN i . . S e e men wp e a e B LTI I
lNTEGER RMsRXsFAsGA
INTEGER R
2BEGIN? :
eREA 7AX]
SINTEGER? 1o JaKoH} .
STARY? o7 ININT(M)IZ2IF2MsEG?2992 TUEN? STOPS
SUPDY1(COsCODPs15)ISUPDVI(CN2CNDP2 S
SUPDy1(85sS5DP,200)3supDyi(sB, gBpp,200);
SUPDVI(JF,JFDP,3)3SUPDV2(FA,FADP,2+30)3
SUPDV2(GAsGADP,2030)3SUPDVI(MA, MADPI2)3
suPbézltx.lxDP,363)x
SUPDV]{NMA,NMDP,3)3SUPDVI(NMB,NBDP,3);
SUPDW3(COEF,0,4258,5,0,48M)} : -
ININTINYS : : ' .
NAsNRSNCaMONeMg ' R : o ,
NAB®NASNBIRgNB} o
NNSNgeNBeNCS ’ T : s ..
RNSNNS ' , SRR R - .
NMAC) I sNASNMAC2)INBSNMACI)aNCY -7 " or e e S e,
NMB(1)BOSNMB{2)SNAINMB(3)SNASNGS - Coe o e
INREAL(BI,ALSBLIETAIHT,KS)} ‘ - . .o . o
L!NEstlél T - S
SPACES( )lTEXT(OQOMDCOSSO)DNl‘lasD,08]0‘.1450)1AL0t.|‘s.,.EL,(,l‘s e
PYIETAP (P 1ASIYIHT? (21452 )2Kg2)0y; o e e
LINESC2)3IPRINT(M,2)3SPACESI3)SIPRINTIN, 5 £S e
EPRINT(3104)15P‘CE§(3)3 1PRI +2)iSPACEStaN - , Ceae:
SPACES(3)FEPRINTCHT, 411 SPACES (3] ) EPRINT RS, 437 LINES L ass " 1
ALsApAncO.5aALaB/BL); : . .
HT30,54HTwBI/BLS AR= BL/8Z; - e e e e
EL.el’ - . I D
Aral/ALsALalBal/BL3BLals : : _ _
HT2RWTOMTJETA2RETAQETA; = o e e e e e

EN(lye1/733CNC2)al/1085CN(Iy2l 38,
CO(ly1m1=ETAICO(2)21/CO(1)3CO(3)ETA28C0(2)3C0(4)al=20ETA} e
CO(ByxETASCOC6)3CO(9)=C0O(6)18CO(4)3C0C10),ETALCO(T)INCO(S)] .
COC11)xCO(I)eCOUB)ICO(12)21424ETAICO(13)1~anETAICO(I4)RETASCOCR)) - ~ s
IX!3.l)'OlXX!ZoZ)l!XXX(3'3)sZt;x‘1,2):3;fx(‘,g):4gxx(z'3,,s, : o i
?FORs 13152000/ 2FOR?Ja1e1?STEP 1P UNTIL 32507 IXCUsT)aIXCT0 Y2 e
CLEARS : e
ME2%)43 - . : : . i - - i
JFCVYagF(2)aM3JF(3)52ay; L : -
CHAINC2)S A ' S e G —
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oo

S SESET.

1 PUBLTIC AL,BL,AlSBI,ETASETA2)HTIHT22ACC)KS)MaN, NAJNBINCHNN ©  »
2 pPysLlc JAsJUBsJCIR) UM UNI NARBSCOL15)sCN(S),COEF(E,14,21)
3 PUBLIC CODP(1)2CNDP(1),AR .
4 - PuBLIC ssczoonsa(zoonssopu).seoPu) :
- PYBLIC JF(B)'JFDP(l)lRl'th,FA(Zo30).GA(ZI3OHFADP(Z)rGADP(z)
S PUBLIC MAC2)»MADP( 1), 1X(3,3),IXDP(2)
7 - PYBLIC RN»NMA(3)»NMB{3)»NupP(1),NBDPLL)
8 . .
9

REAL K§
. , INTEGER RN
10 INTEGER RU,RXIFAIGA
C 11 INTEGER R
12 *BEGIN?
- 13 PREAL2AXS
: 14 JREALPCW3? INTEGER’ I JoKothoYolP !cz

STHTGER" KJ \a,JJ,x\C;

TARRAY'A,B{1'.'R,1'.'R), Cu(1'.'112);

VARGAT® SC(17.12%1), F(0' 4 'H-1 [0"e'3), FE(0'.';0%4'3);
VINTSGIRARAAYY I1, I2, I3. (17, '4),
'FROCIDURE' EVINAB (A1, A2, HI);
YTIWTEGERARRAY Y A1, A2;

YIRTEGER' EIj

"BGINY

'INTEGYRY KI;

‘ 'PRUCEDUREORESEHP:U):'lNltGLR'P,ul

PBEGIN® =~

o1rao.5~P-p'/'z'GT'o.atrHEN'vsoTo'svn,
PeP?/22°Gzq?/22:ALP,0)SA(PI0)+CH;*GOTO’RESTS
"SYM2e2P2 P»/vz.x.oao'/:z.us(r,n).a(poo).cu; ,
REST???END” -
OFOQ'M:I'STEP'l'UNTXLva'DoHagG;Nn o g o o
NULL(A;R,R,, LR e e e e eand o ewriande e s s o

.

~ NULL(BsRsR)3
) YFOR' EJ = I1(KI) + 1 *STZP' 1 'UNTIL' I (RI + 1) 0"
- C 34 *BEGIN?
soem = 38~ =~ 1D = A1 (KJ,1)3 JD = A1(ET,2); D = A1(ET,3); HD = AU(KT,4)s
oot 36 T Js = M1(13, 5), JC = A1(KJ, 6); IC = A1(m,7),

YIFY KL ‘' 3 YTHEN' JJ = § 'EISE' JJ w 13
" 'FOR' I = YSTEP' 1 '"UITIL!' M =~ 1 « ID *DO?
TFOR' J = *S7EF' 1 "UITIL' N = JD = JJ ‘DO 'BEBIN'
" IZ w1+ +D+ KDy
'IF 0-5* IE « IE -/'z 'GT* 0.3 'THES' KC = 1 'ELSE' KC = ¢,
*FOR' K = EC 'STiP' 2 'UNTIL' X - 1 - KD 'DO°

secese—- 43~ 7 WFOR' H = § 'STEP'- 1 'U'X?I‘IL' - JD = JJ 'DO' BIGINY
e AT el K Y=J«+ I
T - p,(JoJD)oﬂ‘I#]D#]-JF K“b““H*HD)'NtKOKDOI-JF(KI“
o 4GTEELE SIFIPPLT? | WCRIQPLT? 1P THEN? /GOTQ’ FINES

cw:cE(xc;.cCEF(JSoJCoZ)uSC(Y)QFD(IpID)OFD(KlKD"FE(JOJD)’FE(HDHDJI
C PIF/PIEQ?’GITHEN?CW=24Cw3
S|FPPOG T.Q.THENHBEGIMIP P P=giQ3IPIEND?;

RESET(PsG) 3
© FINE?G??END?S
782 T TVENDY; 'ENDY, -
“ §3 7T ¢FOR! KJ = 12(1(1) «1 'STEP! 1 'mn'n,' I2(KI+1) 'pO*
© T84 . YBEGIN
855 7 7 ID m A2 (KJ,1);ID = AZEKJ 2§
R LI LIS = A2(I\J 3); 9C = a2(K3,4 IC = A2(XJ,5);
57" =" 0IFt KI 1DQ'3 'THEN' JJ = § 'ELSE' JJ = 13
e 88 =" ""1FOR' I = P 'STEP* 1 'ONTIL' M - 1 - ID *IO*
=t 89 YFOR' J = § 'STUP! 1 'UNTIL' K - JD - JC 'DO' YBEGIN' ‘ .
TETTEETT 4T AR 0.5% T - I00/Y 2 'Y 043 'THEN' KC = 1 'ELSZ' KC = f;
‘v 6l 7 'YFOR' K = KC 'STEP' 2 'URTIL' I 'DO'
T 62 7 "'FOR* H w § 'STP' 1 'UNTIL' N « JD - JJ 'DO' 'BEGIN'
" 63 "ZeI+K; YsJ 4+ He 1 .
_;6‘:_‘.::_; KD:ID HDs JD‘
65 PI(J‘JD)'P9!0!D‘I'JF(KI) Qs (HOHD)'MokokuolodptK[);
T S [FOPSLT? JIORP QLT P THEN??GOTO’ FINEES . - Come
T Cws2eCE(LS )'COEF(JS'JCoZ)’SC(Y)’FD(IO!D)OFD(KoKD)OFECJoJD!'FEtuAHD)X B
Y 1 RESET(PsQ);

"__ FINEE?2s?2ENDYS.

€ 50
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by SIFPHI®EQ?Q* THEN? PFOR? 121 STERP# 1 A UNTIL? NMA(K])?DOs #BEGIN?
TSI 927 T M IE K2 HES |2 THEN? PBEGIN®
o SSCIeNMACK[)IZ1/SORTCABS(B(TI1)))2SBCIONMBIKI))E|/SQRT(ABS(AL], !,,,,
BT g T TTIAEND Y S

»[FPKI’EQ? | » THEN? PBEGIN®
55‘"””B‘Kl”‘l’SQRT“BS<‘(T'I)’)ISF(l*NMBtK!>>=1/sant(Aas¢sex 1))y
PEND?SPENGS S

o l1F'kx'”"1'THE”'VATD(Bol'é'Hl@K[ 1"ELSE'WATD€Blllll‘b'Hl#Kl), .

TAIFPKIPHES [P THENSHATO(AslolleguHI¢KI)PELSEXWATD A, Lo bonTekI=1);
PEND?IPENDSS
'PROCIDURS! OLDAB (A3,HI);
' 'Il“l‘.l}mARnAY' 133 'INTEGER' HI
" 'BEGIN' 'IWPEGER KIj
'rok Kl-l'sTCP'l'UNTIng'DQ"BEGINO ‘ . .
T WULLCASRSR)S , ) st i ~ .
T NULL(BsR,R) S
"% YFOR KJ = I3 (KI) +1 'STEP' 1 YUNTIL' I3 (KI+1) 'D0?
TBEGIN'
“ID = A3§KJ »1)3 ID = 43(KJ,2); XKD = A3(KJ, 3; = A3(KJ,4); .
JS = A3(KJ,5)5 JC = A3(KJ,6); IC = A43(KJ,7
*IFY KI 'EQ' 1 'THEEN® JJ = 1 'ELSE' JJ = £; ,
TFOR' I = P 'STEP' 1 'UNTIL' K = 1 - ID 'IQ! .
" 'FOR' J = § 'STZP' 1 'ONTIL' J = 1 ~ JD 'DO' !BEGIN!
IE= I+ ID+ 11D
'IF 0.5% IZ - .E '/' 2 'GT' 0,3 'THIN' KC = 1 'DLoE' KC = &3
*FOR' K = KC 'STEP! 2 'UNTIL' M = 1 - KD 'DO!
'FOR' H = § YSTEP' 1 'UNTIL' N = JD = JJ 'DO' 'BECIN'
Z=IT+XK; YaJ+H+ 13 ’
‘*?‘*’P=2:0=3:’XF‘KIONE'3'THEN'P=1:01F1K135001014§N00323
COPI(JTADI NI IDHITIF(P)SOS(HeND ) aMeK¢KDe I =yF(0) 2
A IFOPALT 1 20R QLT L2 THEN?*GOTL FINTS
Ci = CE(IC)* COZF(J5,JC,2)* SC(Y)* i
F{I,ID)* FD(X,KD)* FE(J +JD)* FD(H,HD)}
S TEPKI?NE» 32 THENS P BEG I
O FIQ0.5%P=r?/722GT 043P THEN? 2G0T 0% S 3
PzPP/22333C?/22413ACP,GISA(PIR)*CHI?GOTO?FINTS
S1%e?PEP? /52413503 0'/'2:a(P;O):a(poo>*cw-'Gofa'F!Nxx

T.#END’:

'IF'KI'EQ’3'THEN"BEGIN‘ - . . I
T 4 [F2Ce5%P-p? /'Z’GT'OOB‘THEN"soTo'szS : .
Wi T PzPe/e23QzgP/225ALPQ)2AlP,Q)eCHI?GOTOFINTS :

T §20e2P3PY/a24150207 /22413 Bcpm) B(PsQ)+CHIPENDSS
Shei FINI®? o ®?END?S

|EyD';lEﬂD';
o MaeMt/r 2

INTEG; . . . .

. Kz2eM3 , . S

JA=yB=zJC=zy; ‘ . i -
CPFORPISI?STEP? JPUNTIL22eN+12DgsSc(])=RLew17]2

*FQR?JZO?STEP? L PUNTIL M=1*D02FD(ys0)313 : .
~w—mi'FOR'J=0‘STEP'l'UNT!L’N'DO'FE(JoQ)113 . . S e

PFQR®I=I2STEP? | PUNTIL237D022BEGIN?

CPFGR2 UG STER? JPUNTIL N )1?DO? 2 BEGIN?

W=12°FOR?’K31?STEP?IPUNTIL’1’DQo¥= W’(J‘K)nFD‘J‘l’=d‘AI'Ol}

- .END‘O
PFGR?JUSO?’STEP? JPUNTILIN2DO??BEGIN?
N:I:’FOR’Kgl'STEP'l UNTIL’!'Dolvgw&(d+n)xrat4.1)gw.51..x;»

S ¥ 34
“128

‘ IEND'O ) . S e e
fessog3g-—— JEND
o 131 Jn:JA;JNst:
ST T 132 7T T MAXARR(259603

133 COEFFI(CE);
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1:34 eS| (1)‘ =12 (1) =13 (1) =0

***** 135 7
136 'INTEGIRARRAY A1 (19.153,1%,17), A2 (1' 47,11.15);
137 VAXARR (800);
. 138 pawp {41,4,0); RAFD (42,4,1);
TR T yaxamr (2500)
: 140 : 11(2% = 93 11(3) = 463 11(4) = 53;
141 T 12(2) = 133 I2(3) = 40; I2(4) = 4Ty
) 142 " gymas (a1, A2, £);
s 143° 7 "y
soe L V44 = - compF2 (CE)g
== 145 1BGIN' o
146 . VINTECERARRAY' A3(1'.' 109, 17.'7);
147 mx.mﬂ(eoo)
<148 - " - RAFD (43,4,3);
149° MAXARR (2500)%
,1504 _13(2) =565 13(3) = 765 13(4) = 109
T TSl T opeB (43, )
- . 152 o 'm',
153 - comrr3 (CE);
154 . C 'RTIGINY ‘
155 INTEGERARRAY' AN(1'.'7, 11.'7), 42(1'."16, 1'.'5);
156 . pAX:iRR (800);
157 RaFD (41,4,4); RAFD (A2,4,5);
o 158 yaXARR (2500
e 1152; =13 115 =73 I1(4) = T3
. 12(2) = 43 12 3 - 12; 12(4) - 165"
EVZIAB (A1,A2,1
i YEND'y
_ co*"m (CE)3
Z:z2, YBEGIN' -
 VINTEGERARRAY' A3(1'.%19, 1'.'7);
- MAXARR (800)3
_ RAFD (A3,4,6 s
.. KAXARR (25
~ 13(2) = 104 13(3) - 135 13(4) = 193
== 0DDAB (A3,1);
'B{Dl
¥ c/n

) cmm (3);
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INTEG

PUBLIC ALsBLAALIBISETALETA2,HT,HT220ACCHKS, M, NsNA,NBoNC, NN
PUBLIC JA2wB?JCIRIJMIJNINABICOLL15)2CN(E)ICOEF(S2 4,21)
PUBLIC CCDP{1)»CNDP(1)AA
" PUBLIC $S¢200)»SB(200),SSDP(1),SBDP(])
PuBLIC JF(3):JFDP(1)aRM-RXaFA(Zn30)»6A(2030):FADP(2)nGADP(z)
PUBLIC MAC2)2MADP{1)»IX(3,3)0IXDP(2) v
PUBLIC RNSNMAC3),NMB(3)sNMDP{))sNBDP(Y) e
REAL KS§
INTEGER RN : - ' T
INTEGER RMsRXsFA,GA ’
INTEGER R
u'PROCEOURE'INTEGJ
"OBEGIN? . .
PREALOACS : : '
JINTEGER?I2J0K3 : :
'PROCEDURE'SINP(J)J'!NTEGER‘J:
"PBEGIN? ) ' LT
:REALpRoczbukE'EVAL(XX)}'VALUE’XXl'REAL'Xxl
*BEGIN?
PREAL? X1, XJaXK$ .
Y lozooO'rHEN'X1=l'ELss’xlsslN(XX/Al)0-18
PIF'JPEQ? O’ THEN? Xy= 1'ELsz"IF'J'LT'oerEN'XJsx/(cos(xX/Al’-oAsscd))
PELSEIXI=COS(XX/AT)ony}
PIFPKIEQ20° THEN? XK J2ELSE? XKEXX 08K}
LEVALZX]oXJ*XKS .
oENpo‘ R °
‘REAL PRc'EoURE'sxnpxutFNX.AA.aa,EE ¥ ]
.'VALuE'leBaasex
?REAL’AA,BB,EES
*REAL PROCEDURE’ FNX3
CPCOMMENT? (X)%e? PVALUE? X?¢? PREAL’ XI
 PBEGIN®
sREAL’ OLD,NEW,ENDS,EVENS,»ODDS,» N3 .
P JEAL’ X, AsB,ES
AaAA3BE=RBIE=EES
Hs B=A}
P1F? H2EQ’0 ?THEN’
2BEGIN’
NEw3 U3
Y 160T0» ENDS ~
Jevs - MEND® S .
 ENDS® FNXCA)S ENosssNDsornx(a)z
0DDS=(A+B)/23
opbSs FNX(ODDS)3
NEWs ENDS*2*00DDSS3
2 EVENS® 03
AGAIN? o ? ’ . :
oLDs NEw; ' . . - .
EVENS3 EVENS+0DDSS - v : o
Hz04s5%43 ’ ) .
obDs= 0: ’ e
"IFOR? XzA+045¢H 2STEP? H PUNTIL? L) 'Do' c
00DS3 ODDSeFNX(X)3 -
NEWs (ENDS+2%EVENS+4%0DDS)*He(1/6)3
#1F* ABS(NEW=OLD)?GT’E *THEN GOTO® AGAINI-

END'.'
= SIMPIN3NEW?

PEND*S

AC:O.s-ACC'ALOEVAL(AL)i
COEF(1sJsKIZSIMPINCEVALIDe02ALIAC)S

1END?

M32%M3
oroRO,.oostP'l'UNT!L'4'oo"FoR‘J--a'STEP'x'UNTlL'S'DO'
PFORIKz0PSTEP2 12UNTI?2oM?DO?COEF(loJde k)03

3OFoR'KsoosTgPOlOUNTlLozantooooggalNo

1=0}

YFOR? Yz 7’ STEP? JPUNTL?5°D0?SIMPCY)S

1223 )

PFOR? Jsn70°5023,°2»],0,123°007SIMPC¢ Y3
1543SIMP(=5)3

i1s13 N
OFoR'J--e'SrEP'x‘UNT;L'4ODo'SIHPtJ)3 R
1233

oroR'J.-4.-zu-1'oo'san(J):

_0END?}

MsM?/223

'END.



COEFFI . . L e
. Fuocb

1 Ic -ALDBLOAl0BhETA;EYAZ'HT:HTZOACC)KSOMIN.NA:NBJNC.NN
2 . PUBLIC JA»YBsJC, Ry UM, JININABICOCIS)IsCNCS) COEFLSa14,21), - o o e e e
- 3 . _pusLlc CODP(LIICNDP(INNA . s
: 4 PUBLIC $5(2001,5B¢2007»5SDP(1)sSBDP(L) - | ; o
R 5. PUBLIC JF(3)aJFDP(1)sRMyRX,FA(2430), GA(z,aO)aFADP(z).GAoP(z)
L.l &rI.. .. PuBLIC MA(zioMADP<|>olxta.a).xxup(z, N -
- T f_»,PuBLIc,RN:NMA\3)0NMB(3):NHDP¢l)cNBDP(I) S —— — -
: .8 ... REAL kS . R it RS L T S o sl
D S, . INTEGER RN - - PR S e e o e - ;
T 1e INTEGER RM, RXoFAlGA T
11: INTEGER R : e e e e e e e
‘12, opnccsounz-cozrrxtcz::-ARRAvoch e . e i e
. X3 *BEGIN? .. e e e+ e+ e e
14 CE(!):CO(;)-CO(3)3 e e e i
15, CE(2)=CN(1y*(5+CO(1)~ 60CC(4)-7.Co(3)*6'C0t9)¢20C0(5)&:0(4)¢C0(7). S
16° 24CC(8)I®HT2ICEC3)30e8a(ETA=CO(8)=COC10))®HT23CE(4)2eCEL3)S o L
i 17 CE(S5)=0e8u(2%ETA=CO(3)=CC(8)~ CO(10))’HYZ.CE(b)IOub'CO(9)0K$:A_
18’ CE(7)2=2%Cn2)aCO(P)aKS*HT22CE(8)=34*CN(3)eCOCI1)aKT2S
19 CE(9)=0ebe(20ETA~ ~20C0(3)=ETA#CO(2)8CO(4))#HT23CE(10)a20CE(B)}- .
T 20 CE(11):8,54CN(3)#CO(P)IaHT2ICE(12)am2%CEC11)SCE(1I)u=CE(12)] :
21 . CE(341=0e5#C0C4)SCECIS) aCNI1)a(5,5%C0(4)=48CO( ] e4aETA)#NHT2S -
22 CE(16)c098eETASCO(2)#CO(4)8HT22CE(17)13CE(6)I3CELIB)INCECTY)S
23" CE(19)sCE(J1)3CEC20)=2CEL2)2CE(2))= cE(a;xcsczzatcstlx>3
E 24 CE(23)354C3(1)+4%ETA=90C003)3 , e T
25. . CE(24)35,44CC(9)#KS] -
T 28 CE(ZS)ICN(l)'(-Z'CO(lZ)‘25’CO(l)-Z‘OCO(13)*0'EYA016GCO(4)-5|0c°(3)-
27 4-ETA~C°!2)'C0(lZ)’é'Coté"COt12)02-Coc4>uc0tlJ)-cotxa)oc0c5)¢ .
28 - L 248C0(630Cot13)+184C0(B))%HT2;
... 29 . CE(26)3048a(9eETA=SeCO(8)=I9ETACCOCAINCO()IISCOI5)YHT Y - fom i cmmains o cor s e B0 e
, 6. CE(27)1876,54CN()*CO(P)wHT2ICE(28)8=belN(I)*CO(T)eHT24KS}
3. CE(29)20e84(150ETA=6RCO(3)mReCO(B)~3ETASCO(4)2C0(23)2C0(B)INHT2S - -
2. CE(30)3153aCN¢3)#CO(P)0nHT2S . -
- 33 . CE(31)22%ETA+45CO( 1)~ s-cots).ce(az)slo.a.co<e).xs; P

CE(36)=0e84(1830ETA=|BuCO(8)~ 3OETA'C0(4>~C0(13)'50‘5))'H723 : -
CE(33)=CE(36)+CN(1)I#(20ETAC]126C0(4)=420C0(3)+20C05)9CO(12)020aC0())e
120CU(8)¢4aC0(S5)IRCC(7)2C5( i) a-cocxSa‘xaococv)*;-cots)-co(;3,,.H73.
2449C0(3)anT22 .
CE(34)50,8s(¢ETA=94CO(8) )0HT 23 ’ .
CE(JG)SCE(aé)Oo-B‘(-lZOETA‘15'C°(5)-3DETA'C°(7)'C0(5))iHTZQCE(aO)t"
 (=368CN(2)eCOCRIRKSeMT2)3CE(ITYZCE(30)2 ;
CE(38)3356eC0(9)8KS3CE(39)am]2eCN(2)%C0(9)0KEOHT2S
CE(40)3008sl78ETA=CG(I)nbeCO0(B)=2%ETASCO(4)®CO(13)8CO(S))OHT2S
CEC41213102aCN(3)#CO(P)nHT2} A
_CE(42)30034(42ETA=CO(I) = ETA'CO(‘)'CO(I3)'CO‘5’ 3’C0(6))¢H72:m« s '
CE(43)851wCN{3)eCO(P) 0TS L ﬁ"' e
__CE{44)z048#(5gTA=2eCQ(3)~ 3'C0(5)'ET‘000(4)*C0(ls)ncocs))nHTZx e
CE(A45)sCE(43)3CE(46)%0454CE(32)3CE(47)a005C0C4)Y . . R T
CE(50)20¢8s(68ETA=b4C0(I)~ 3-ETA-c0(4)oco<2))-H72: .

CE(51)3306eCN(3)eCO(1)aHT2}
CE(46)"180CN(2)0C0(9)OKS‘HTZocE(50)*40cE(51)3 o
CE(G?)ICN(I)'(-"CO(l)¢505°C0(4)04'ETA)0HTZOCE(51)x
CE(5G)sCE(S50)»CE(S] )3
CE{51)84%CE(5})3CE(52)3CE(38)3 o N I '
CE(54)224a48eCN{3)8C0( )] )*HT2; :
CE(53)I'IZQCN(Z)OCD(’).KS'HTZ.O.QQ(G’ETA-GnCota)-QQEYAOCO(Q)DCotZ})l---«._MM—‘
HT2+40,5%CE(54);
. CEt56)34084CN{3)8CO(11)eNT22. . . e B e e e oo
_CE(55)30e8e(2#ETA~24C0(3)" c0¢4)-51A-cotzz>0H1200.5oc5(56)!
CE(57)31534CN(3I#CO(P)aRT2; R
CE(58JSOodo(biaTA'ﬁhCO(a)-30c°(8’-3OETA¢CO(7).CO(5))nufz;,- o g
CE(58)=CE(58)+CE(57)3 .. .
CE(59)2CE(57):
CE(bO)-2°cn(l)-cstsv)zcstél)-O.S.CE(GO) CE(bZ)sCEcbl)l
_CE(57)=0e5#CE(S57)3 i . . -
" CE(63)=CE(38); o oo
CE(64)=CE(40)~ 12°CN<2>~C0(?)-xs'HTZ¢0-B-tEerc0!3)-z~C0ta)-
2#ETA2CO(7)#CO(5))eHT2;
CE(65)= CE(&O)oCE(bb)‘CEtbl)‘O-B'(ETA'CO(B)-ETA0C0(7)0C0(5))'Hrzl.HH
CE(67)= Cf(bl)oCE(65)=CE(6|)*O.a'(ZOETA-CO(J)-CO(O)-EYA&CO(7)0Co&5))0
HT23CE(69)sCE(61)SCECTQ)BCO(1)mCa(I)ICE(T]yCEC24)) - ..
CE(T2)32944(C0(3)~COL8))eHT2=anCN(2)2CO(P)NKSOHT2]
_CE(74)= 0060(O'ETA'°'CO(3)'3'ETA'CD(7"C0(5))OHTZ.
LCE(75)20454CE(30)3 -
CE(T0)2CE(70)+0e5%CEC30)S
. CE(73)sCH(1)1#(5%C0(]|)=62C0(4)a 7~c0(3)*20c0(B)oz-co¢7)‘co‘4)0Cu¢5)¢“mﬁﬂ_‘@;
- 6eCu(9))eHT24CECT4)+CE(T5)S -
CE(74)3CE(74)=403%rT2e(ETA=CO(B))¢24CE(TS)] .
.CE(76xso.e.CO(e:-Ks.CE(77)s-z-cNg2)-c0(9;-xs.urzx
CE(73)2344CN{3)sCO(9)wHT2ICE(79):CE(BGCICE(TEYS .
CE(81)30025%CE(78)3CE(82)%054CE(TB)ICE(8I)aCE(T8)) )
"CE(64)'55(77)0CE(55)=54403N(3)050(ll”HTZoCE(GO)IO.SOCE(GS)ng
) cz(e7a=CEzax).cE(88)=34-cN(3:-co‘11)-thxczte9)=2-c044>x-
CE(9J)=CN(|)*HT20( 16%ETA~142Co())«)B8°CO(4))3
CE(91)=CN()»HT20(b60CO())~20ETA=20C0(4) )3
CCE(?2)==CE(91); CEI93)ICE(91UCE(94):20CN(noco(“.nyz,
. cst9S)=-2-ctt94):CEt9e>scN(1>.co(1)-H12;
;;CE(97):CN¢1)0H720(2¢C0(|)-‘-ETA);CE(96)32~CN(I)'ETA'HTZ) St
CE(IOO)'CN(l)'HTZ'(SOCo(l)-l-ETA;:CE(|Og)|cN(|)onrz.‘z.57‘.4.c°(l,,,
CE(I?Z)'C;(96)3CE(103)1CE(94);
PEND? i il
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COEFF2 :

PyBL]C AL:BL'AIDBXpET‘lETA20HTcHTZrACC:Ks:MJN,NAoNBoNC.NN
PUBLIC JA»JyBsJCaRsIyMaJNINARICOC15)sCNISISCOEF(S)]a,21)

- PUBLIC CODP(31)2CNDP(1),AA '

"PUBLIC S$5(2003»58(200)»$SDpt])ySBDP(L) - - S :
PUBLIC JF(3)sJFBPC1)aRMIRX,FAC2,30),GA(2,30),FADP(2))GADP(2)
PUBLIC MAC2)»MADP(1)21Xt3,23),1XDP(2)
PUBLIC RNsNMAC3)aNMB(I)»NHDP(1),NBDP(1)
RCAL K§ S
INTEGER RN ’ :
INTEGER RMsRX:FA»GA : ' . co !
INTEGER R . . '

#PROCEDURESCOEFF2(COD) ;2 ARRAY 20D . ~

"sBEGIN’

CoD(1)=22«Co(1)+40ETA=64C0(3)s8 - '

CoD(2)=CiiC ) )¥HT28(10%C0())=20C((12)268CO(4)=B4CO0(13)0]160ETAIBGCO(3)¢
44ETA4CO(4)#CO(2)+189C0O(9)¢24C0L6)I#COC12)¢4%CO(T7)eCO(13)0C0(S),
BoCul6)®*C(13)+124C0(8))3
cgo(s)zo.auutz'(90ETA-6~CO(3)-30c0(a)-3oE7A0c0¢7).co(5))3
COD(5)=2«ETA=24C0(3): :

COD(4)20e8aHT24( I0ETA=3aCO(B)a3sETACCOCY)INC0(5))3 : o
coo(é):CN(l)oHTZG(biiTA-B'CO(4)4AOETA6CQ(4)'c0(Z)-lOiCo(3)04oc°(6)0-
lz.cg(9)¢4.c0(7)0C0(4)oc0(5))cooaoHTZ'(b'ETA-3'CO(7)0ETA0CO(5)-
68CD(8))3 - : T : : :
CubDC7)32,4eHT24(ETASCO(B))S .

COD(B)=0¢B8uHT20(6#ETALaCO(I) 3 ETARCO(7)eCO(5) )} '
CoD(9)30eRaHT2e( SPETA-34C0(3)a24C0(B8)=20ETASCOCT)I0CO(S) )}
CoD(10)=0e6*HT28(2%ETACO(3)=Co(8)=ETA%CO(7)4C0(S) )3
CoDUI1)Z0eBoHT2#(ETA=CO(8)=ETAXCQ(7)*C0(5))3
CoDC12)23064KS#COLPIICOD(I3)2aywCN(3)IBCO(D)9KSHHT2;
COD(15)=408sCN({3)#CO( 1 )wHT2}
CQD(34)=C05’COD(15)*0000HTZ’(ZQETA-2’CO(3)-ETA.C0(4)'CQ(2))3
CoD(16)Y=Cl¢1)wCODEI2)2CODCL7)aCN(1)eCOD(13)2
CoDI1B)=272#ChN(I)oCOl ) I1#HT2C0D(19)500254C0D(]8)3
COD(20)2008*HT24(52ETA2400(3)a34CO(B)ETASCO(4)0C0(13)%C0(5));
CoD(211=251«CN(I)C0(9)aHT25C0OD(22)3C0D 213
COD(Z23):)eB%HT2#(2#ETACOCI1)~ETACCO(7)aC0(5))+C00C21)3
CoD(24)=C0DC21)3COD(25)825CNI|)#COD(2])3CODC26)30,54C0D(25)8
CuD(27)=2C0DL26)2CO0128)=C0¢4)}
CODI35)ICleb*HT28(O%ETAL¥CO(I)uISETACO(4)4C0(2))3
CODCZ9)I=To5*CODI30I¢CN(1)*HT20(=164C0C1)¢169ETA*|]aC0OC4))}
c°0¢31):3.20H72i(Z'ETkozoCO(3).ETA-c0¢4)¢C0(2))x
COD(32)20.252C0D(31)3COD(3II=COP(12)5C0DC34)1=COD(}3)3
COD(35)30484HT20(=54ETA424C0(3)+34COIBISETARCO(4)0CO(2)%C0O(2)0c0(]13))3
COD(36)8-510CN(3)’C0(9)'HT23COD(37)3500(36)3COD(35)8COD(IZ)I

'CoD¢39)=CCD(13)3COD(40)=0'5'H72’('2°ETA§C0(ll)OETAoC0(7)oco(5),o

CouD(36)2
CoD(39)=Cap(I9)+CLD(40)3 . ’
coo(dl)=CGb(36):CGD(4Z)=CN(l).cOD(12)2CoD(43)=CN(x;ocoD(]3);
CuD(44)=22eCN(1)%C0DI36)3C00(45)20e5+C0D(44)2COD 46)TCODC45)]3
COD(48)=4CceCH{I)I*COC )] )eHT2:
CoD(A7)20e00HT29(24ETA24C0(3)nETANCO(4)#C0t2))%0054C0DC48)]
CoD(49)=2272«CH(3)*CO(11)#HT2:C50(50)20025+C0D(49)2
500(5;)=o.50H720!40ETA-CG(3)-ETA.CC(4)oco(la,ccO(S)-scco(a)):~
CoD(52)=-CcD(36)12CID(S3)=COD(52); .
CoD(54)20¢8#HT24(ETA=COB)=ETASCC(T7)#CC(¢5))+COD(S2)}
Copt552=C0Dl52)2C00(56)2=C0D(44),C0N(57)20,50C(D(56)3
CuDt53)=2CuDI5TYE

COD(S9)3CN 1) #HT28(=64CO(1)+20ETA+ReCO(3)049C0(7)0C0C2));
CoD(eg)==CaD(59)3 .
CQD(b])=O.5“HTZ’(6'ETA-Z'CO(3)-2QETA'CO(4)DCQ(2))3
CoD(62)=0+8%HT2¥(ETA®CO(3))CoD63)=~C0D(62)5C0D(64)2COD(62)2
Coa(65)=-0.B'HTZ'ETA'CG(4)iCO(2):COD<66)=-C0D(65)3CCD(67)82'C0c4)3
COD{6YIZCNCIISHT2#(48Co())=dnETACO(4)); ’
cop(7g):2ucutl)*HTZ-CQ(4)*COD(59)2COD(71):.CN(;)'hTZ'Cc(Q)E
CoD(72)=C0D(66):CCD(T73)2C0D(65)3
CoD(74)20e80HT2#(6¥ETAL24C0(3)a24ETASCO(2)8C0(4))3
Cth75)=0oa'HTZ'CETA¢c0(3))xCOD(76):~C00(75)3C0°(77)'C00(75)8
CoD(78)=C5D(65)3C0D(79)2C0D(66):
cgp(&g):CN(1)~HT2'(-laoco(l)tbuET**IZ'Co(3)*40c0(4)0C0(13)'c0(z))l
CoD(Bl)=3'COD¢65)£COD(32)=-COD¢BO)XCUD(83)I-COD!OI)X
cao(34)=2¢go(4):COD(66)=120CN(l)oHT20(3-ETA-C0(3)-ETA‘C0(4)'CO(2))I
CubD(35)2Ce5eCODIBOIICOD(BB)z4s84HT20(ETASCO(I) )2
Co0(90)3=CoD(BB) CODIBTIR=CH(] )%HT20C0(4)e0e5%COD(88)3
CoD(B89)=CNL1)#HT2#(BeETA+CO(4)eB84C01))e0e5%COLI90)3S
COD(P1)=2CN(1)eHT20({4wCO(1)=CO(4)=40ETAYSCu54C0D8D)}
CoD(92)2Cop(88)2CoD(93)=COD(B]13¢cOD(S4)aCODIBI)S ’
COD(95)=CuD(B1)+20CNI])eHT2H(ETAL24C0(3)+26CC(T7)8CC2)234C0001) )3
CoD(96)=CoptB]I2CED(97)=22C00(95)3C5D(98)5CC0(BI)C0OD(99)x2¢C0D(65)3
CoDt100)=2-c0oD(99)2CODC101)2COD65)3CODL102)2C0068)3

'CoD(luJi:o.JOHTZO(30ETA-C0(4)OCO(14)'C0(3))3

COD(104)23,20HT28(ETA+CO(3))3C0(105)2-C0OD(104)2COD(106)aCODC104)s
CoD(lo7>:CgD(65):COD<lou)scoucbb)xtob(!09):0.25'COD(103)3
coot110)=0.250coo<104)zc00t1t;3--c00<11033coot1!2)-c00g13033
CoD(13)=Cop(13)+COD(14);

PEND? ’
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COEFF3

PUBLIC ALeBLAAL B ETA,ETA20HTIHT25ACCIKSIMaN, NASNBINCHINN oo e e e

PUBLIC JASUBsJCR, UM ININABSCOCLS)ISCNIS),COEF(5214,21). :

. PuBLIC CODP(L)sCNDP()), AR , i R —
- PUBLIC SS(ZOO):SBKZOO)oSSDp(1)asBDP(I) J T S S
--- - PUBLIC JF(3)sJFDP(1)sRMsRX,FA(2530), 54(2:30)0FADP(2705ADPCZ, e
i PUBLIC MA(z).HADP(l)oIX(3,3).1XDP(2)'

PUBLIC RNpNMA(I)aNMB(I)sNUDP (1)) NBDP(1) . o L -

. .~ .REAL ks - - . .. - . . i .o
L CINTEGER RN . i i e f e
INTEGER RM,RXsFA2GA : o S o .
s INTEGER R .
'-oPRocsounsocoErra(c:);vARRAv'cs: e
PREGIN?

CE(1221003CEC2)==00B9HT20C0(1a)ICE(IINCH(L)#HT2SCOCO)S . .. . . .

;w-“CE(4)-l7'Cn(3)oHT2'c0(6)-CE‘5)lCE(4)oCE(6)l101530CN(3)nHTé;C0(5)3__—~_,_

;.-1_:---s-~

" COD(14)8CCD(13)3CCD(15,m-COD(})5c0D(16)aCODLL5)3CODELTyRCODCISE. . -

COREND? L e

) NDPRQCEDUREOCOEFF4(COD)I.
PARRAY?COD: :
_ PBEGIN? e
COD(L)==2,49HT24CI( 143 coD(Z):chl)oCooc1)xco0(3):z~urz-coce)x_m__._

CCE(7)z3#HT24C0(6)3CE(B)=m20401yT24CO(14); .

CE(9):20H12'C0(6)'2040HT2°C0(l4):CE(10)1306’CN¢3)0H720c0(6)3_

cztlsttEcz)zcetlZ)-loz-chts)oHTz~c0(c); U

CE(13)30,%5#CEC10)CEC14)2CE(12)8 . . T me

CE(15)=CE(3)3CECLE)= CE(13).CE(17)-CE(12>.cst10)=c:<4)xc5<19;acz¢4)3

sl CE(ZO)=1.03CE(21)='CNC‘)'HTZ:CE¢ZZ)$CE(23)I-C€(21)8_Mp
_.'END' -

COEFF4

_PuBLlc AL'BLo‘1a5loETAoETAZ'HTJHTZDACCoKStMlN‘NAoNBoNCaNN
_ PusLlic JA;JBoJc.R.JM.JM.NAuoCO(15).c~t5) coEng;xa,zng -
_PUBLIC CODPCI)sCNDP(1Y,AR . R et
. PUBLIc 35(2oo>.58<200).ssop¢‘).seop(;) e e S
PuBLIicC JF(:).JFDP(l)oRM.Rx.FA(2.3O).cA(z.30).FAoP¢z)oGAoP(z)
. PUBLIC MAL2)2MADP(13,1X(3,3),IXDP(2) .
- PUBLIC RN'NMA(3)0NM8(3) N%DPcl).NBDP(l’
. REAL k3 = . . . e
.. INTEGER RN - : “.:iw;ZLHL;.m‘«ﬁg;_“LL;f”;”:;;hxy¥.
__INTEGER RM, RXrFApGA OOt
INTEGER R e e e e e

CoDt4)=Ci(1)#CeD(3)3COD(I5)=1024CNI3)I*HT2C0(4) 3
CoD(6)2CN()#CgDI5)ICQD(TYI= €OD(2)3€0D(8)=COD(5)ICODCI)IaCODLS)S. .
CoD(1gITCED(6)3CAD(11)2=COD(2);CoD(12)2C0D(11)3C0D(13)a=29CNI1 ) HT2}

cooth)-Coo(l9z=COD(llax




OO;iOUL‘inﬂ

BCSUB

PyBL1IC AL.BLnAl.al.ETA.ETAz.HY.HTZoAcc.Ks.M N»NA,NBs»NC,NN

PusL1C JAnJBvJCoRoJMaJNoNABoCO(ls):CN(S).COEF(5a|4.ZI)
. PUBLIC CODP{1)»CNDP(1),AR

"PuUBL1IC sS(ZOO)asa(zoo)ussoptl)osaopc|)

PUBLIC JF(3)2JFDP(1), RM)RXIFA(2,30),GA02,30), FADMZ) GaDP(2)
CPUBLIC MA(2)2MADPI1)sIX(3+3)21XDPL2)

PUBLIC RNoNMA(3),NMB(3},NMDP(}),NBDP(])

REAL K$§ ; - '

INTEGER KN ,

INTEGER RMaRX,FA,GA

INTEGER R
PBEGIN?? INTECER? 1, J)KoHaHI}
»INTEGER?KY? . .
PARRAYPA(L? o?NN)12e?NN)sBC1?¢?Ra120°R)E
'PROCEDURE'FULL(EFoR)l'ARRAY'Efl‘lNTEGER’R3
#BEGIN?? INTEGER? 1.V}
PFQOR?2 121 2STEP21?UNTIL?R~1°DO??FOR? Ja28STEP? ¢ UNuL'RoDo"
EF(Js1)3EF LU
2END?; '
MAXARR(2500)3
*FOR?KYZ022?°D0O??BEGIN?
NMB(1)sOsNMBC2)sNASNMB(3)ENASNBS
IFQR'HlGO'STEP'l’UNTlL'l'DO“BEG“‘.
PFQR?§312STIIP? | 2UNTIL?32D0
PFOR? ys1?STEP? 1 PUNTIL237D0?2BEGIN?
PIF?I?EQ?J’ THEN?K=e ]~ 1'ELsE'x-onS
RAFD(Bs1s6®KY+68HI®K) .
oroRlK:|OSTEP'l'UNTlL'NMA(l)'DO"FOR'H'] STEP?JPUNTIL?NMAC 4)?pDO?
ACK*NMB( 1) 2 HeNMBC(U) )3B(K,H) 3
PENDY ) ’ .
FULLCASNNDS -
MAXARR(5000)3 v
WATO(A»2,KYeH[¢2)3 : - .

MAXARR(2500)} . : ; . .

PENDY 3 _ o :
PEND? 3CHAIN(S) ! ; .
'END'
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'é;'FOR'xsz'sTEP-x UNTIL'M'DO'ACr,Ns)zBrr.nsy.u:

SOLVE

;,fPUBLlC AL.BL.A!.BI.ETA.ETAz.“T.HTZ.Acc.Ks;MrN,NA»NB.NC.NM
.- PUBLIC JA,JBsJCoR, JMsJNsNARSCOC1B)sCN(5),COEF(Ss14,21)
. PUBLIC CODPC1)sCNDP(L), AR

PUBLIC SS(ZOO):SB(ZOO).SSDP(I!aSBDP(x)

PUSLIC JF(3)sJFDP(1)sRM,RX, FAzz:ao>.GA(z,30).erP(z).cAop;zx

pUsL]C MA(Z’.MADP(|),1!<3.3),lxoP(z, .

puaLlc RN:NMA(3)0NMB¢3)0NMDP(l)oNBDPglg

- REAL KS$ . :

. INTEGER RN : )
e INTKGER RM’Rx‘F‘,GA B I B T T e
INTEGER R : :

sBEGINS
'REALY SC,3,R0,PI,Gs
'IUTEGER! NS,KY,RD;

'ARRAY'EN(1' uun, A(1'.'RN, 11, 'RN)§

XS
nmm (E,R0)3
ININT (B3D)j
Pl = 3, 141592654;

G = 386.

SC = 1.0/(2*PI‘AA)* SGRT (E*G/ (RO* (1-2%ETA)* (1420A)))3
'FOR! XY = 0,2 'DO' *BGIN'

SOLUTION (A, o ,SC,NS,KY)s

 4BEGINIPREALI SU ’lNTEGER'loJoKaHpNXoNYx
-0 ARRAYID( 1% 4?RDs 120" N)2
A PROCEDUREPEVALUCAIX) 32 ARRAY? A2 INTEGER? x3

osEG[N"ARQAY'Al(l’-’NX*l l'o'NVol)l
FREAL®AX,BX2 .

» INTEGERIKS

IFOR2 13 ﬁ'STEP‘I'UNTIL'NX‘DO"FQR‘J O’STEpll'uNTILleo DO?*BEGIN?
AX:!QAL/NX.BX:J‘EL/NY]

suMs03

 PIFPKYSEQYOYANDIX2NEY 12ORIKYIEQY 2! AND# X2 Qs 1) THEN:DBEGIND . :

PEQRIHz 1?7 STEPPI2UNTILINS?LI?SUMagUMPAL L,y wBxnaH}
PFORIK=2?STEP2 1 UNTIL? M2 DG?’FOR? H=x'5TEPoloUN71L‘Ns'ooo.
sunzsuqu(KIH)’AXO.(ZOKGZ)'BXQQH-

sEND2S

SIF?KYP?EG? 22 AND? X2 NE? |2 OR?KY? EqQ? o'AND‘X'gGOIOTHEN0'BEG!N0
JFOR?K=z}?STEP21?UNTIL2M2DO??FOR? H=1’STEP:10UNT[L’ $2p0°*

T GUMZSUMSA(KIH)#AXe#{2aKe])oBXanK;
SENDeS |
"\Al(IOIAJ‘I)SSUM.

{0

LINESC4)SEMATRREALINX Lo NY &Ly oy =7 s

1END?2 '

0PR0cEDURE‘SCALE(D)Z'ARRAY'DZ"'“'“

yREGINS PREALZ SUM/ABS e e
PFOR? 1= I'STEP'l’UNTlL'RD’DO"BEGIN'

sSUM2032

sFQR*J=1?STEP?1PUNTILPNN2DO’?BEGIN?

ABzABS(D(12J)):

»TF?AB2GT?SUM? THEN? SUMSABS

2END2 2

suUMI1/SsUns

SFOR*J=z12STEP?Y? UNTIL'NN'DO’D([oJ)tD(I J)osunr
JENDISIENDSS

TRANSF (A,D,RD,NN,EY);
SCALE(D); R
IMINTUNX,NY) 3
LXNES(!). .
'!F'KY'EQ'O‘THE”‘TEXT( (OSYM')D)OEL<E‘YEXT( gthrrsynr, ,;

SPACES(1)STEXT(?(?FRrQ?(*52)? A~D‘!‘5"’Mouas‘7” )

lassxkstAanAv'AoB'C(1'.'Ma1'.0Ns,x

SFORIKa 12 STEPA P YNTILIRD?DG?2BEGINF :

PFOR» 1212 STEP2 12 UNTIL, M'DO“FOR’JEl'STEP:10UNYIL'N5¢ooor553tN5-'"'

2IF? Y2 E-NS'ruEN"GOTo'uaz

“>A‘1’J’-D(K‘(J l)'M’I’X e e s e e e e S Dt e e o it e s L neie RS

= BUtIsy)sD(KaNHR(Z)+ldst)eMe]) 30 I ‘< : - SR

L U3®es
ClIrUIaD(KINMB3)+ (U 2)eMe] T~ rommmrrar

PENDS S
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173 : oron» 212§TER# 12U NTIL'M'DO'C(I.!)=03 A e B St i
THRETT4 TLINESCLY: T ' o TR
75 TEXT(?(*FREG? (254" hUNBER')')SsPACES(l) 1PRXNT(K02): o
- 76° SPACES(4): EPRINT(EV(K),4): . .
YT T EvALUtAS R ) 4 SR : , S
B 78 S EVALUtBL2)3 - T m T e T L
v 79" 'EVALU(Cla” f . - e
80 LINESCeds o o
S T4 TS D T T PR ‘
B -82 'END:'-END"
g3t T AERDAY L
84 CHAINCT)S AEL T
T 85 SEND S : T
LOINVLOW
| SPRACEDUREZ INVLOW(A,L, N)SPARRAY? AL P INTEGERI N ~ 7 ¥ ST B
2- PBEGIN*?PRIALPSUMI P INTEGER? 1oJ, K SNULLLAINSN)S e
3 PFOQR?IS1PSTEP? L PUNTILONSDOP AL, Yysl/LCT, 10 ~ - 0 -t e S
4 ‘FOR‘l’Z'STEP’l‘UNTlL’N‘DO"FOR’Jzl‘STEP#lDUNYILI1 l'DO“BEGIMo"“"“"” e
s SUH=U:"0R‘R=J'STEP'I'UNTIL'l -1 DO’SUM=SDM~L(IoK)'A(KoJ)z : . -
6 A(loJ)"SU.~1'A(I:IH R ' .
T PEKD?S 7 ] [T . ., e
T @ T T AEND R TS T - s N
MATML. |
1 'PRﬁCEDURElMATML(LpAnN);'ARRAY:L,A:DINTEGER'N TR R T T e S
2 PBEGIN? 2 INTEGER? 1o 'ARRAY'EhH'o”H. Lo )
3 ’FOR'!‘!'STEP'I’U"T“-'N’DO"BEG!N’ T SR st SR LT i T
4 PFORPUBLISTEP? JPUNTILANPDO2PBEGINY = 5 e e Ll
5 EECJ)= C"FDR'h=l’STEP'l'uﬂTIL'x'oo'EE(da=Ec<J).Acx.x>~L<x.J):-zNovz oo
6 PFOR? YR 1/ STEP? LPUNTILANZDOZACL, J)2EECY) J0ENDI S i
- 7 PEND? o 4 , o e -
- ‘ TRAML ’ ) . C
1 'PRJCEDURE'TRAML(LoMN)zH\RRAyoL,“olNTEGERpm e et i e e e e e e b
2 PREGIN? P INTEGER? 1o JaK32ARRAYPEC(22N) ) co Do :
3 COFQRPISLASTEP?JPUNTILINIDOY#8GIN? Ce ~ R
4 FFQR2 ye 12 STEP? JPUNTIL 2 N?DO2 #BEGIN? : - R
5 EE(JI=03PFOR K= #STEP? {2 YNTIL? y? DO’EEfJ)lEE(')*L(l K)'A(J;K)!'END‘I ‘
T 6 LPFOR? Y= L2 STEP? JPUNTIL/NPDOPLET, V) 3EEWYI Y- R s
7 'EN’V' . I i
T e T PENDS T A R e e T T T T T T T T T T T T T
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. HOUSEHOLDER SOLUTION

"PUBLIC ALsBLIALIBI, ETAETA20HTIHT25ACCKS»MaN, NALNBNCENN

PuBLIC JApJBoJC;RoJHoJNoNABacO(l’)nCN!i) coEF‘5o14,21)

PUBLIC CODPCL)sCNDP(]) o T

PuUBLIC SS(ZOO)OSB(ZOOIaSSDP(l)oSBDP(l) : e o

- PUBLIC JF(3)sJFDP())sRMaRX,FAt2,30),6GA(2,30),FADP(2),6ADPE2Y —

- PUBLIC MA(2))MADP(1),1IX(3,3),1XDP(2)

T pUBLIG RNoNMA(3)cNMB(3):NMoP(l),NBDPQ]) TN s ey i 3
REAL S - » o R

coemEe ot INTEGER RN
¥ INTEGER RM.RprAoGA

T INTEGER R SRR :

" - 'FROCEDURE' SOLUTION (A,EV,SC, rs PY );

T VUARAAYY A,3V; 'RIALY SC; VINTEGTR' 13 kY3

2.4 VBIGIN'

*-7 YINTZGER' W,I,J,K;

'Ammx'1(1"nx,1"nn);

'
1
ki
i
1

- — e et e o

- i N .
O ORNC REWN-
|
{

N = R
_‘._.V_U NULL( L ) 'l; N) s I SRR LT L SR LT AR T e T L Y Ll Dt i 03 a8 L o o PR SN .
19 . RAFD(A,2,KY+2):
piE 20 .goQ:[gllsTPPlI'UNTIL'N'DO'JS(]);SQRT(ABs(l/ACIDl)))}
) 21 . . sFoR#1z12STEPA|PUNTIL/N’DO’?FOR? J:l‘STEP)]OUNTlLONlDO)
T 22 TL U Atled)zAtIed)edS(D)edsca)d
. 23 Lt121)=803T(A(1s13)3%FoR? 1= Z’STEp’l'UNT!L‘N’DO’L(!nl)SAfl l)/L(lol)l
o a4 .. MFORIT222STEPSIYUNTILINIDO*?FOp? s l'STEPollUNTIL'N'DOOOBgGlN. .
25 .. PIF?I’HE*J"THEN’?GOTO?QUTI?FORIK=|?STEP?1?UNTIL 1a]?D0?
26 . Ltla)= L(l;l)oL(I:K)OL(loK)!L(xag) SORT(A<X0X)-L(!'!))8
27 . 260TO’LX1TS i
SLTIT a8 L QUT? W PPFOR’KsPSTEPY I2YUNTIL Jey? no'L(Jol)=L(Jol)0L(loN)oLeJax)z
29 .. L(Jn1):(A(J»1)=L<Jal))/L(lax):
“IT 30 T EXITeessENDY; - -
o ’)_;_xNVLoV(AthH)S

RAFO(La 2, KY#J) 3 i simmimitimsis et 2 R
sFQR? 1212STEP»1? uNTlL'N'DD"FOR Jtl'SYEP01'UNTIL'N'DO" e
LETsd)al(1od)adS(IdOUs(d)S IR I S LR
- TPAML(L:A:N)-VATD(AJEJZ)ZMATML!LckoN)I o
sFOR# 1212 STEP»1P7UNTIL2NG1?DO%2p0R? s x+xosTsPogoUerLnN;u°.
T AlJrT)zACTad) = o.5~tA<:, JI*A(d, 1)y 8
PENDZ
"MONTTO; ’
ENJP? . O'BEGlN"INTEGER'x.Jprux'ARRAY‘EE EN‘!' "Nys
K21 :
HOUSEH(A,EEsN,K)]
PIFPKPEQP OV THENITEXT(2( 22 (2 N7y JACOBl')'il
2FOR?K=12STEP# 1 UNTILYN?DO’EE(K)= /EE(K);
= LINESUS)JEVECPR(EEsNs 4)SLINES(SY . ... °
. *FQR?1217STEP21?UNTIL2N?DO?
£ IFPEECT)?6T2Q? THENZEV(1)=SC®SQRT(EE(T) )
T 2REGIN?

:g o s REALYSUMZ Y ARRAY B l’.'Nol'o’N)S
’ 50 RAFD(B,2,2)¢ : :
E:f”’""51":*rf'FOP'I:l'STEP'l'U"TlL’N'DO"BEGln"FOR'J,;OSyEP‘rlUNT[L'NODOpw~ e e
o 52  EEtJ)=Al1,J): ‘
53 PFORIKs1?STEP2 1 UNTIL/N2DO?2BEG]N?
o &4 SUMmQisFQR’H= =K?STEP?)» UNTIL'N'potSUM=sum,e(H,x)osg(H);
- 55  gh(Kyssums ‘
56 TPENDY o ’ :
87 T sroReJs 1#STEPs1® UNT!L'N'DO'A(l Jy= ENCJISPENDS S
s8 T Tegmdes : e e e
i - 59?:{5“‘FOQ'!=l‘STEP’l UNTIL’RD'DG"FQRDJ:} STEp? 1 PUNTILORNPDEP w5 i e i
e 80 AtlagdsdStIeAllag):
: ) 6lvf”',tEan .

t -ﬂ” .62 _ ___ 1zNDy
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HQR SOLUTION : : -

PUBLIC ALsBL,AI,BI,ETA, ETAonTaHTZDACC:V\S:HDN}NAJNB!N(‘ NN o o
= PUBLIC JAsIBaJCIR, IMsINSNABSCOC15)sCNC5))COEF(S)14,2)) ~ 77 T=7ome™
“PUBLIC CODP(})sCNDP(1),AA - .
© PyBLIC 55‘200)’55(200)08505’(|)osBDP‘]) . - e g e e e e e _

PUBLIC JF(3)»JFOPL1)2RMIRX,FAL2,30), GA(Z,:O),FADP(Z),GADp‘z, o
PUBLIC MAC2)sMADP 134 IX(3,3), IXDP(2) e

PUBLIC RN.NMA(-’H:NMBH):NMDP(H»NBDPH) ) o e
REAL ks~ 77 S e
INTEGER RN -
INTEGER RM,RXsFAsGp ~ 7~ - 077 w0 0 o e -
e . INTEGER R o e e e
‘12 YPROCEDURE! SOLUTION (A,EV,SC,HS KY); : '
_ g3 i TARRAY' AWV 'REAL' SCj VINTEGER! N3,LY;
TEES g T CBGINY ' _
15 . - *INTPIGAR' HX,I,J,K,H,N;
16 *ARRAY® SA(1'.'20C), B{1'.'RN,1'.'RY), ER, EI(1','RN):
S 7 upRochuas:v:ccopts»ss.xnumuytsuss;vmrscemx: '
== s - S PBEGIN’?INTEGER? I3
19 , ?FQR’13)? sTEP'1'UNTIL'x'DO'sun:ssclnvENp'x
20 HX = KY /2 . :
a1’ SeIPY BX 'EQ' ¢ YTHEN' VECCOP (sA,Ss,Xi) 'ELSE' VECCOP (S4,SB,NKN)j | .
- N3RN3 ‘ 4 '
§§ RAFD(AsZ. 2420HX)SRAFD(B) 203 ¢20HX) S
24 MATDIV(B,AsRN,RN)
25 . WATD(B»2,2)3
: 26 "NSEICB(B)A,2,2,RNIERIE])YS .
T 2 EVECPR(ER,RN»4)3EVECPR(EIIRNs 4}
T 28 EMATPR{(B)RNsRN,4)JEMATPR(A,RN,RN,4)}
C 29 MATCOP(A,B,RN,RN)J
T30 *FOR’1=1/STEP? JPUNTILIRN DO’ .
T 31 ) SIFYER(1)?GT?O?THEN? ‘ ’
==t 327 7T EV(1)=SC/SQRT(ER(IN)? : L I :
: L 'R

~NO WV S LN

TRANSF No Reduction

"PROCEDURS! TRANGSF (A,D,RD,NW,KY);
YARAY' A,D5 I r:m;n' RD,HN,LY;

BT INTESER' I J3 ‘ - c

'FOR' I = 1 'STZP' 1 'ONTIL' RD 'DO!

9FOR' J = 1 'STIP' 1 'UNTIL' XN 'DO’
D(I,3) = A(I,3)3

VDY



Y

- ) '1350

TRANSF With Reduction

- | PUBLIC AL,BLAAL, 3!.ETAoETAszToHTz'ACC,Ks,NaN,NA.Ng,Nc,NN TEETLITET R T
Siiesmieam gt em o - PUBLTC JASJBIJCIR)JMIININABSCOCIS)sCNCS), COEF(S,14,21) — ===
3 PUBLIC CODPC1)eCNDP(1)

———— g — = PYBLIC $S8(200)288(200),85Dp(1)a8BOPELY T o T e
H PUBLIC JF(3)sJFDP(|)»RMsRX,FA(2,30), GA¢2,30),erp(z),cAop‘z)
e g o PUBLIC MAC2)aMADP( 130 1X(3,3),1XDP(2) - N

? - _ PUBLIC RN,NMA(3)sNMBCI)2NMDP(1),NBDP(]) \ N . .
s, : REAL K§ ' - § . ‘
9 INTEGER RN ) ‘ B s ' .
=g T T 7T INTEGER RM, RXoFA:GA DR i o o T s e e

11 INTEGER R . Do

12 *PROCSDURSY TRAUSF ( A,D,Rﬁ,xn,RY);

13 YARRAY' A,D; 'IUTHGER' RD,NH,KYs

“js 777 'BEGIN' 'INTEGIR! JJL;vawm .

15 *ARAAY' B(1'.'RN,1','RN); : : :

T"J6  ?PRQCEDURESSHIFTBK(D);#ARRAY! D} LT e

17 SBEGIN?? INTEGER? 1sJsK,HsCFCGyCH,CJ,CK}

18 SARRAY?E(12e?RDs 1" e?RM),FU1242RD,17,°RN)}

19 . JFQR?JS17STEP2 | PUNTILIRD?DO? 2 REGINY

“2077 77 *FoR’Js1PSTEP?JPUNTILIRM’DO’E( L2 y) =D 1)RNeY)}

21 CPFQRPYSIZSTEPY | PUNTIL?RN?DO’F (s y)aDl]ay)s )

22 CF=CG=CH=(y=CK=203 . :

23 . PFORPKEIPSTEP? JPUNTILAMA(HXe])2D0??BEGIN? : ’ .

24  CHSCFeFA(HX®IsK) SCUSCG+6 ALHX®1)K)ICKECHeGA(HXY],K) 3

25 SFOR?JSCF G J?STEP?1PUNTIL?CH?DQ?D( 1o J)aF(lsy=CG)3

26 'roR'Jsc”vl'STEP'I'UNTXL'CK'Do'D(loJ’licloJ CHeCG)}

27 CFsCK3CGsCcys

28 . PEND?}?END?}

29 - YEND’3

30 MAXARR(2500)3

31 RAFD(Bs2,H X)3

32 ’: oR';sl'erP'3'UNTtL'RD’DO"FoR'Jnx’staP'1 UNTIL2RN?DO?D(Tsd)aA(lav)d

SFORYKS1?STEP? JPUNTIL2RD’DQ? ?BEGN?

gi*;““ sFORPISRN+1#STEP? I UNTIL?NN*DQ22BEGINY
35 v sun.o;t?ogod:|'STEP0lquTlL'RNODo'suM-sunta(1-RN,J;.A¢K,J,;ango,
36 D(Ks1)SSUM;
37 PEND?;
38 . END’;
39 snlrtax(byx-
0 2FQR? Jsl'sTEP'l'UNTlL' RD'DO"FOR’III‘STEP‘l'UNTlL’NN'DO'
:l D(Jr1)aDCU,1)usALTNS

2 '3



Tne sets of numbers below define
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gy expressions
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Where F and G are A,3 or C, and the C (Iu} terns are defined in
the routines COZFI'1,2,3,4 :s follovis:
\ v Lo ™ - . ~
(a) cozr AL, BB,CC Strain Energy Terms

(b) COLFF2 AB,AC,BC Strain En

SN
nevic

e

(¢) COEF®3  A4,BB3,CC K
() COEFF4  AB,AC,BC Kinetic T
and by the CC and CI arravs defined i

The true enerzy terms can be obb

by the following scale factors

(a) £
-2y )i

3

(pJ
: /§%£Z;- for

-

Whers § is Young's m0<:’:u1us,7 Po

the length parameter defined such that the lenzth of

ergy lerms

I g
Ynergsy Terms

nexry Terms
n I :."\I;Jn

ained. by multiplri

the kinetic energy
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APPENDIX 4 REDUCTION PARTS_OF THIN
CYLINDER COMPUTER PROGRAM '

BCMAT

PUBLIC ALJBL“lOB,IKSOHYZJETA)ETAzlETAapHTOMON'JMlJN‘JAOJB.JC
. PysLIC NA.NB.NC.ND.NN:R.CN(o),coce) CNDP(l?ocooP(;;
. PUBLIC RMsRMIRX,RA
 PUBLIC $B(2003sS5(200Y»SBDP(1)srSSOPLL) e e
. PysLlc IX(4'4)'FA(AO)'FB(30)'GA(40’OGB(3030NMA(4)nGBDP(l)w“."_;;_~

PUBLIC NMB(4),NBDP(1) L

PusLlIC IXDP(Z)'FADP(l)oFBDP(l)oGADP(l!oNMDP(1)
: REAL KS§

e sial ¥ .. .° _INTEGER R:RH-RNoRXoFAoFapGA,_"“_p_"__N"__””md”;QU;;j T A
10 xNTEGER 6B L . -
EEEEE § | 'PROCEDURE CHA!N‘Kkil'lNTEGER'le : S,
12 *BEGIN? . .. . ‘ ‘ )
b3 PREALISUMS e L i
) 14 PREALPAX,BX] . - e i e e - e
_so2. 45 .. _*INTEGER?NABsNABC} ..~ S P R
16 ¢ INTEGER? [ ? Jaxouocc.nx.xx.uxz :
17 MAXARR(2500); -
18 MZN°/22; S ‘ e e e N
RV & AN RX=RM:2~N°Z'M.» o R A RIS R T ’
- 20 |R;TEA(353550’('SSFL')'H e e e e e e e e e e e e
o 21 WRITEACB52SBa?COSSFLO I Y e e
22 SBEGIN’
23 . SARRAYZA(Y?. 'Rxol'-'z-NN>l R
24 NABSNA*NBINABC= NAB‘NCI S U S -
25 MONITOS ‘
26 NABZNAB~2®NZ
27 NABZ2«NABSNAZ2ONAI M2 0N}
. 28 NULLC A2 RX2»24NN) 3
29 OFQR';.l'STEP’l'UNTlL'M DO"FOR'J:] STEP?}? UNTIL'N01 DO"BEGlN’
30 AXzALe®([~2)3 . .
31 CC‘O)
32 sxseL.-(J-l)3MX:(J~110N011 e e e e+ e 2 e e D e
33 x:u*;)'/"": . L
34 SIF*JIEQ’N* THEN?2GOTO’B4 . . ... . .- e i e e .
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APFEINTX 5, IUFUT DATA PO CONTUTER TROORAMS

Tha follewrirg input data is rogulred for the cemputer programs

degeribed in this thesis, -

1. N = Order cf ¢{ terms in dieplacements. Must be an odd nurber
for syomatry solutions.

2. N = Order of ﬁ; torms in dleplacements,

3. BI = Totel trict in redfons, (Mot required for Cylindriccl
Shell) |

Lo AL = Vidth of Shell

5. BL

L]

Lergth of Shell
6. ETA = Poisson's Ratio

7. HT = Thickness of Shkell

8, IS = Transverss Sheer Factor = 1.0 in 21l cases

9. E = Young's Modulus

- 10. RO = Density
11. RD = KNumber cf lodes Required
42, FX = Kuzber of sactiems in e directicn required in mode shepes
print out.

13 NY = Furber ¢f sacticna in ;? directicu required in mode shapos

print out.
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APFYNDIX. 6, LINRARY TROCEDURES USED IN COMPUTER PROGRAM

1.
2.
}.
#.
5e
6.
7.
. 8.
9.
10.
1.

12,

13.

12}-.

IXRFAL (X, ¥, 2,  eeece)

Reads numbers from data into real locatliens X, Y, Z, etc,
ININT (I, 7, K veees)

Reeds nunbers from data into integer lccations I, J, K, etc,
EPRIET (X, I) | - |
Prinﬁs reel valuz X to I dscimel places,

IFRINT (¥, I) |

Prinis;integsr valuz M to I significant figures.

1Es (1)

Outputs I line feeds,

SPACES (I)

Output I spece characters,

TEXT { *('STRING')')

_ Outputs cheracters STRIN

EYATFR (A, X, X, I)

Outputs real array<A(1§M, 1:X) row by row to I decimal places

EVECER (A, ¥, I) |

Outpuis real array A(1:K) to I decimal places,

wATD (4, I, J) o

Writes arraj A tolpozitioﬁ J on disc unit I

BAFD (A, I, J) |

Reads afray A from positibn J on disc unit I..

EAXARR (M) |

Defines maximuz size of arrays to be used in WATD end RAFD in ordsr to
define éize of each erea J cn the disc,

VRITEA (I, A,‘ v(naas)e)

Writes array A to present write position of magnetic tepe wunit I, and gives
1t the identifier NAVE, |
READAR (I, A, *('rAngpt)?)

Reads pext array with identifier NANE on magnetic tape unit I into errcy A,



16,
17.
18,

19.

20.

1.

151,

CLOSUT (i)

Roallocates magnetice tape unit I

HONITO |

Cutputs computer processor time used by program, and real time,

STOP

Cleors output‘buffers and sfops exeéution of the program,

CLEAR

Clears output dbuffers

CHAIN (I)

Jumps from present chain to CIAIN I.

As the yrcgram is writtsn in Algol, buf the intermodular transfer of
information is by way of Fortran PUBLIC varisblas, extra infdrmation is
required to define the lowerbounds of all arrays., This is performed in
the pregran by fhevfbllowing routines, |

SUFDV1 (A, ADOPE, E)

Sets vp dope vactor ADOFE (4:1) for errey A(1:¥)

SUFDV2 (A, ADOFE, X, N)

Sets up dope vector ADCPE (1:2) for arrey A1, 1:7)

22,

glzs

r5 ¥y
2.

25.

SUFLW3 (2, ¥, K, P, Q, I, &

Sets up information in last thres locaiions of array A(M:N, P:9, I:J).
Thus in the FUBLIC declaration the array A must be dsclared 3 olemeonts
largsr than ectually required,

Thess aré the'proceduras used for this purpoge in the progfaﬁ. Routlines
exist to perform the sams cperations for srrays of dizeansions ono to six,
In the following procedures the notation A(M, N) refers to en erray of
A4y, 1:ﬁ)

NULL (A, ¥, N)

Fulls mairix A(Y,¥)

TRANS (A, B, N, X)

A(M, W) = BT(N, M)

WATIL (A, B, C, ¥, X, P)

A(M, P) = (¥, N)* c(N,P)



26,

27.

28.

29.

30,

pus

\n
N
.

KATINV (A, B, N)
! (n, ¥)

¥ATCOP (A, B, M, N)

A(N, X) =B

A(x, N) = B{M, N)
MATDIV (A, B, U, N)
A(M, N) = 5] (i, M)+ a(¥, W)
HOUSEH (A, E, X, K)
Calculates eigenvalues of symmetric array A(M, M) by Houzeholder's rethod.
Stores eigenvalues in arrey E(M). If K £ 2 it stores eigenvectors in rows
of 4, calculeting these by inverse iteraticn,
NSEIGB (A, B, K, L, M, ER, EI)
Calculates eigenvalues end eigenvectors of srray A(M ,Y) by HGR method
and inverse iteration. It storesz real and imaginary parts of elgenvaluss
in ER(¥) end EI(M) respectively, and resl end imak;inary parts of
€igenvectors in rows of A(Y, N) end B(M, X) respectively. Tho integers
X axd L @afine normalisation of real and complsex eigenvectors respestirely
2s follows

1 The Manhatta.n’ Nerm

2  The EBuclidesn Norm

3 The Maximun Norm



