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Abstract

In this thesis we study some new classes of nonassociative division algebras.
First we introduce a generalisation of both associative cyclic algebras and
of Waterhouse’s nonassociative quaternions. An important aspect of these
algebras is the simplicity of their construction, which is a modification of the
classical definition of associative cyclic algebras. By taking the parameter
used in the classical definition from a larger field, we lose the property of
associativity but gain many new examples of division algebras. This idea is
also applied to obtain a generalisation of the first Tits construction.

We go on to study constructions of Menichetti, Knuth, and Hughes and
Kleinfeld, which have previously only been considered over finite fields. We
extend these definitions to infinite fields and get new examples of division
algebras, including some over the real numbers.

Recently, both associative and nonassociative division algebras have been
applied to the theory of space-time block coding. We explore this connection
and show how the algebras studied in this thesis can be used to construct

space-time block codes.
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Chapter 1
Introduction

Hamilton introduced quaternion algebras in 1843 as a 4-dimensional real
vector space with basis {1,4, j, k} and multiplication defined by the famous

formula
P2 =2 =k?=ijk=—1.

This classical construction, denoted H in honour of Hamilton, is familiar to
all algebraists. However, the most elegant construction method of quater-
nion algebras is perhaps that of a Cayley-Dickson doubling of a quadratic
separable field extension. This goes as follows: let I be a field and let
L be a quadratic separable extension of F' with non-trivial automorphism,

x +— o(x). Pick a nonzero scalar A\ € F' and define the F-vector space
Cay(L/F,\) =L@ L.
The bilinear product
(z,y)(u,v) = (zu+ Ayo(v), 20 + yo(u)),

forall x,y,u,v € L, gives Cay(L/F, \) the structure of an F-algebra. Quater-
nion algebras are associative, central simple and can be applied to many areas
of mathematics and physics.

Nonassociative quaternions were first discovered by Dickson [I8] in 1935.

However, it was Waterhouse, in [56], who first carried out a systematic study
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of these algebras. He showed that they could be built by using the same
construction for a quadratic separable field extension L of F' but taking the
element a from L \ F instead. These new algebras are nonassociative, but
for every choice of a € L\ F', they are division algebras. Comparing this to
the associative case, where Cay(L/F,\) is a division algebra if and only if A
is not the norm of any element [ € L, we see that it is much easier to find
examples of division algebras using Waterhouse’s construction. For example,
over the real numbers, H is the only associative quaternion division alge-
bra up to isomorphism; however, there are infinitely many nonisomorphic,
nonassociative quaternion division algebras.

The classification of all division algebras over a fixed base field is one
of the major open problems in algebra and, in particular, the classification
question for real division algebras is an area of much active research (see [14]
for a nice reference on current progress). More recently, both associative and
nonassociative division algebras over number fields have become important
in the context of space-time block coding (see [51] and [47], for example),
thus highlighting the importance of this problem. A complete solution of the
classification question is a massive and seemingly intractable problem at the
current time. One way to attack it is to find new classes of division algebras
and try to find patterns and structure in them. The above example shows
us that by a simple modification of a well-known construction, we get new

examples of division algebras. This theme reoccurs throughout the thesis.

In the next chapter we will introduce the necessary preliminaries and no-
tations used throughout. Recall that if F' is a field and L is a cyclic field
extension of F' of degree n then we can form the cyclic algebra (L/F, 0, a) of
degree n, where o is the generator of the Galois group of L/F and a is some
nonzero scalar in F' (see [30, §30.A.]). The properties of these central simple
associative algebras are well known (see [30] or [44, Ch 15]).

A priori, it is not straightforward to determine whether a given cyclic al-

gebra is a division algebra, or if there even exist any cyclic division algebras



over a given field. For example, there do not exist any cyclic division algebras
over finite fields. In Chapter 3 we generalise both nonassociative quaternion
algebras and associative cyclic algebras of degree n to what we call nonasso-
ciative cyclic algebras of degree n. We define nonassociative cyclic algebras
by imitating the classical definition, but now taking a € L\ F. We show
that if the elements 1,a,a?,...a" ! are linearly independent over F, where
n is the degree of L/F, then the resulting nonassociative cyclic algebra is
division (loc. cit. Theorem . To ensure this we simply choose a such
that it belongs to no proper subfield of L. In particular, if L/F is of prime
degree, every choice of a € L\ F yields a division algebra. We study these
algebras in some detail and prove results concerning their automorphisms
and derivations. We also look at their subalgebras and study them in detail
for nonassociative cyclic algebras of degree 4 (i.e., when L/F is a field exten-
sion of degree 4). The contents of this chapter will be published in the Israel
Journal of Mathematics [53].

Recall that a multiplicative form of degree n on an F-algebra A is a ho-
mogeneous polynomial map N : A — F of degree n such that N(xy) =
N(z)N(y) for all z,y € A. The most common examples of multiplicative
forms are the field norm of a finite field extension and the reduced norm of
a central simple algebra. In Chapter 4 we introduce the concept of semi-
multiplicative maps. These can be thought of as a generalisation of multi-
plicative forms. We consider maps M4 : A — D, where D is some subalgebra
of A, such that M, satisfies Ma(dz) = Ma(d)M4(x) for all d € D and x € A.
It can be shown that a nonassociative cyclic algebra of degree n possesses
a semi-multiplicative map which motivated our study of these objects. In
particular, we look at the quadratic and the cubic case in detail and prove
several results about them which are analogus to known results for quadratic

and cubic multiplicative forms.

The first Tits construction is intimately linked with cubic algebras and

in particular, can be used to construct an Albert algebra from a central



simple algebra of degree 3. We consider a generalisation of this in Chapter 5.
Our generalised first Tits construction possesses a map which satisfies some
kind of Jordan semi-multiplicativity and is analogous to the cubic map on a

classical first Tits construction.

In Chapter 6 we construct nonassociative cyclic algebras over finite fields.
In fact, this special case was studied already by Sandler in [48] and was gen-
eralised in [40] and [25], again over finite fields. Although these constructions
are well known to those who work with finite division algebras, they have
not received much attention outside of this area. By a famous theorem of
Wedderburn [35], any associative division algebras over a finite field is, again,
a finite field. However, if we drop the condition of associativity then there
are many examples of finite division algebras. These are called semifields in
the literature and surveys can be found in [13], [27] and [34]. Traditionally,
semifields are studied in the context of finite geometries due to their connec-
tions with projective planes. In fact, every proper semifield coordinatizes a
non-Desarguesian projective plane and two semifields coordinatize the same
projective plane if and only if they are isotopic [3]. Because of this, semi-
fields are usually classified up to isotopy rather than up to isomorphism. In
this chapter we study them as algebraic objects in their own right. By using
the results found in the more general context of Chapter 3, we are able to
determine the automorphism groups of these semifields. We also consider
the question of how many nonisomorphic semifields of this type exist given
a finite field F' and a finite extension L/F.

In Chapters 7 and 8 we look at other well-known constructions of finite
semifields and generalise these to algebras over general fields. In particular,
we look at the the constructions of Menichetti, Hughes-Kleinfeld and Knuth.
We obtain results about their automorphisms, which we can then apply to
gain new insights about the automorphism groups of some classical semifield

constructions.



In the final chapter, we highlight the connection between the nonassocia-
tive division algebras we built and space-time block codes. This connection
has received some attention recently from coding theorists and we briefly
look at how the constructions defined in the previous chapters can be used

for space-time block codes.



Chapter 2

Preliminaries

2.1 Nonassociative Algebras

Throughout, let F' be a field. By an F-algebra A, we mean a finite-dimensional
F-vector space equipped with a (not necessarily associative) bilinear map
A x A — A which is the multiplication of the algebra. The associator of
x,y,z € A is defined to be

[z,y, 2] = (zy)z — 2(y2).
The nucleus of A is then defined to be the set
Nuc(A) :={x e A|[z,A Al =[A,z,A| = [A, A, z] = 0}.

This is an associative subalgebra of A (which may be zero) and we have
(xy)z = x(yz) if one of z,y or z belongs to Nuc(A). One can define the
left, right and middle nuclei denoted Nuc;(A), Nuc,(A) and Nuc,,(A) re-
spectively, as the set of elements whose corresponding associator vanishes,
for example the left nucleus is given as NugA := {x € A : [z, A, A] = 0}.
It follows from this that the nucleus is the intersection of the left, right and
middle nuclei. The commuter of A is the set of elements which commute

with every other element,
Comm(A) :={x € A|zy=yz for all y € A}.
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The centre is then given by the intersection of Nuc(A) and Comm(A) and
is denoted Z(A). A is called unital if there exists a unique element, denoted
14 or simply 1 if the context is clear, such that 1z = x1 = x for all x € A.
We will always assume that homomorphisms between two unital F-algebras,
A and B, send 14 to 1g. Any isomorphism f : A — B, maps the nucleus of
A isomorphically onto the nucleus of B.

An F-algebra A is called a division algebra if the maps L, : y — xy and
R, : y — yx are bijective for all nonzero x € A. Since we are working with
finite-dimensional vector spaces, this is equivalent to the condition that A
contains no nontrivial zero divisors ([49]). A derivation of an F-algebra A is

a F-linear map § : A — A, which satisfies the Leibniz rule:
d(zy) = 0(x)y + xd(y),

for all z,y € A.

2.2 Cyclic Algebras

In this section we recall an important class of associative, central simple

algebras known as cyclic algebras.

Definition 2.2.1. Let L/F be a cyclic field extension of degree n with Galois
group generated by the automorphism o. Pick a nonzero element a € F*

and define the L-vector space
(L/F,0,a) =L®Lz@---® Lz""",

where {1,z,...,2"" '} is called the standard basis of (L/F,0,a). We give
(L/F,0,a) the structure of an F-algebra by defining an associative product
via the rules

2l=0(l)z and 2" =aq,

forall l € L. We call (L/F,0,a) a cyclic algebra of degree n.



Remark 2.2.2. Cyclic algebras can be defined more generally using an étale
F-algebra L instead of a cyclic field extension (see [30, §19 & §30], for ex-
ample). However, since we will be concerned with finding division algebras
throughout this thesis, we will only consider the case where L is a field ex-

tension.

Cyclic algebras play an important role in the theory of central simple
algebras and a more in-depth discussion on them can be found in many
textbooks, for example [19, §10] or [44, Ch. 15]. In particular, we recall the
following well-known results (see [32, §14]).

Theorem 2.2.3 (Albert). If L/F is a field extension of prime degree then
(L/F,0,a) is a division algebra if and only if a € Np p(L*).

Theorem 2.2.4 (Wedderburn). If L/F is a field extension of degree n and
the order of a in F/Npp(L*) is n then (L/F,0,a) is a division algebra.

2.3 The Cayley-Dickson Process

Suppose that L/F' is a separable quadratic extension. Applying Definition
to L/F yields a quaternion algebra. As mentioned in the introduction,
the Cayley-Dickson doubling process is a very elegant method for construct-
ing quaternion algebras. In fact, the Cayley-Dickson process can be applied
to any unital algebra with an involution and can be used to construct all
composition algebras over a field of characteristic not 2. We briefly give the
details here.

Let A be a unital F-algebra. An involution on Ais amap o : A — A

satisfying the following conditions:
(i) oz +y) =o(x) +a(y),
(i) o(zy) = a(y)o(z),

(iif) o(o(z)) = =,



for all z,y € A. A is called a composition algebra if there exists a nondegen-

erate quadratic form N4 on A such that
NA(lA) =1 and NA(LCy) :NA<£IZ'>NA(3/),
for all z,y € A. The quadratic form N, is said to permit composition.

Definition 2.3.1 (The Cayley-Dickson Process). Let A be a unital algebra
over a field F' and let ¢ be an involution of A. By picking a scalar A € F*|
we may form a new unital F-algebra called the Cayley-Dickson doubling of
A and denoted Cay(A, \), by setting

Cay(A,\) =A@ A,
and defining multiplication by
(z,y)(u,v) = (zu+ Ao(v)y, vz + yo(u)),

for all z,y,u,v € A. We extend the involution on A to Cay(A, A) by setting

o(z,y) = (o(z), =y),

for all z,y € A. If the involution on A is such that the norm Ny(z) :=
zo(z) € F1 and trace Tra(x) := x + o(x) € F1, then we can extend these
maps to Cay(A, \) by setting

N(x,y) == Na(z) — ANa(y) € F1, and Tr(z,y) :=Tra(z) € F1,

for all z,y € A. The algebra Cay(A,\) is clearly twice the dimension of
A and has unit 1 = (1,0). It also contains A as a subalgebra. If A is an
associative composition algebra then Cay(A, A) is a composition algebra, but

it is not necessarily associative.

Remark 2.3.2. If A is a quadratic separable field extension of F' and o is
the non-trivial automorphism of A then, by choosing the basis 1 = (1,0) and
z = (0,1) of Cay(A, \), it is easy to see that Cay(A, \) is the cyclic algebra
(A/F,0,\) of degree 2, i.e., a quaternion algebra.
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Example 2.3.3. Let F' be a field of characteristic not 2. We assume that
the involution ¢ is the trivial map, x — x, on F'. Picking A\; € F' and setting
L := Cay(F, A1), we see that L is a 2-dimensional F' algebra, which is a field
if A\; is not a square in F', otherwise, L is said to be split and is isomorphic
to F' x F. Choosing another scalar Ay € F' and repeating the process we get
Q := Cay(L, A2). This is a quaternion algebra and is division if L is a field
and Ao # Np(x) for any x € L. If \y = Np(z) for some x € L, then @ is
a split quaternion algebra, i.e., it is isomorphic to Maty(F). We can repeat
the process again with another scalar A3 € F' to get O := Cay(Q, A\3), which
is an octonion algebra. Octonion algebras are not associative but they are
alternative, i.e., (zz)y = z(xy) and y(xx) = (yz)z for all z,y € O. O is a
division algebra if @) is division and A3 # Ng(q) for any ¢ € @, otherwise it
is also called split. Each of these algebras is a composition algebra with the

quadratic form inherited in the Cayley-Dickson process.

One can repeatedly apply the Cayley-Dickson process to get an infinite
sequence of algebras, each twice the dimension of the previous one. However,
after applying the process to an octonion algebra, the quadratic form on the
resulting algebra no longer permits composition. It is a remarkable fact that
all composition algebras over a field F' of characteristic unequal to 2, can be
constructed using the Cayley-Dickson process in this manner and, therefore,
composition algebras can only be of dimensions 1,2,4 or 8. For more details
on the Cayley-Dickson process and composition algebras, we refer the reader
to [30, §33].

2.4 The First Tits Construction

In Jacobson’s book [23], the author mentions two constructions for cubic Jor-
dan algebras, communicated to him by Jacques Tits. The so-called first and
second Tits constructions can be used to construct all degree-3 Jordan alge-
bras over fields. The first Tits construction can be thought of as analogous

to the Cayley-Dickson process and we give a generalisation of it in Chapter
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Let I be a field of characteristic not 2. A Jordan algebra, J, over F is an

algebra with bilinear product denoted x e y, satisfying

zey=yeu,

(zPey)ex =10 (yex),

for all z,y € J. For an associative algebra A over F, we denote by A™
the algebra which has the same vector-space structure as A, but with new

product
1
v ey = o(zy +yz),

for all x,y € A. This product satisfies the two identities above and, therefore,
AT is a Jordan algebra.

Any Jordan algebra J, which is a subalgebra of A™, for some associative
algebra A, is called a special Jordan algebra, otherwise J is called exceptional.
It turns out that the only exceptional Jordan algebras are the 27-dimensional
Albert algebras. The details of this fact are not relevant to this work, how-
ever, for an excellent historical survey and introduction to Jordan algebras
we refer the reader to McCrimmon’s book [38]. For the purposes of this

thesis, the following definition will suffice.

Definition 2.4.1. An Albert Algebra is a 27-dimensional, exceptional Jordan
algebra.

Albert algebras can be built from certain 9-dimensional, associative cubic
algebras via the first Tits construction in a similar manner to how octonion
algebras can be built from quaternion algebras via the Cayley-Dickson pro-

Cess.

Definition 2.4.2. Let A be a unital associative algebra over a field F' of
characteristic not 2 or 3. A cubic norm form on Aisamap Ny : A — F such
that Na(az) = a®Ny(x) for all « € F and € A, and Na(14) = 1, where

14 and 1y are the units in A and F respectively. We define linearisations
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Na(z;y) of the norm map by the directional derivative
Na(z;y) :== 0yNals,
in the direction of y, evaluated at x. This map is quadratic in x and linear
in y and linearises to the trilinear map
Na(z,y,z) == Na(z + z1y) — Na(z;y) — Na(zy),
for all z,y,z € A. Na(z,y,z) is symmetric in all three variables.

The main ingredient of the first Tits construction is an associative algebra
with a cubic norm form. We also require that the algebra be of degree 3.

This definition is as follows.

Definition 2.4.3. Let A be a unital associative algebra with a cubic norm
form N4. We define
Tra(z) := Na(1;2),
TTA(xv y) = TA('I)TA(y) - NA(17 x, y)7
Sa(z) = Na(z;1),

for all z,y € A. Since N4(1) = 1, we have Tra(1l) = Sa(1) = 3. We also
define an adjoint map, f: A — A, by

2t = 2% — Tra(x)x + Sa(2)1,

for all x € A. We say A is of degree 3 over F if the following identities hold
in all scalar extensions.
23 — Try(z)2® + Sy(z) — Ny(z)1 =0,
TTA(xﬁ7 y) = NA(‘]"7 y)7
Tra(z,y) = Ta(zy),
for all z,y € A.
As a consequence (see [38] §11.4.5]) these algebras satisfy the adjoint iden-

tity:
(%) = Ny(z)z.
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The first Tits Construction can be defined in an explicit manner as fol-
lows: let F' be a field of characteristic not 2 or 3 and let A be an associative
F-algebra of degree 3 with cubic norm form N4. Pick an invertible scalar
€ F*. Define

J(Ap) =AdAd A,

with multiplication given by

(20, 71, 72) ® (Yo, Y1, Y2) = (To ® Yo + T1¥2 + T2,
Toyr + Yox1 + 1 (T2 X ya), (2.1)
Toys + Yoxa + p(z1 X 1)),

where

rey=-(vy+yx),

and

TXYy=T0y— %TTA(x)y — éTrA(y)x + %(TTA(I)TTA(y) —Tra(zevy)),

for all z,y, z;,y; € A ([30, §39] or [42, p. 15]).

The resulting algebra J = J(A, p) is a Jordan algebra of dimension 3n,
where n = dimpA. Given any central simple algebra A of degree 3 and any
scalar p € F*, the first Tits construction J = J(A, ) is a 27-dimensional
Jordan algebra. It can be shown to be exceptional and, therefore, J is an

Albert algebra. For more details on these constructions and their significance
in Jordan theory see [23, Ch. IX §12] or [38, §II.4].

2.5 Nonassociative Quaternion Algebras

In this section we will define the construction which was the inspiration for
this thesis. Although nonassociative quaternions were studied by Dickson

[18] and later by Althoen, Hansen and Kugler [4] over the reals, the first

13



systematic study of them was by Waterhouse in [56]. Waterhouse gave the

following definition of a nonassociative quaternion algebra.

Definition 2.5.1. An nonassociative quaternion algebra is a unital,
4-dimensional F-algebra whose nucleus is equal to a quadratic separable field
extension L/F.

Starting from this definition, Waterhouse was able to give a more explicit

characterisation of these algebras.

Theorem 2.5.2. Let F be a field and L/F be a quadratic separable field
extension of I with non-trivial automorphism o. Nonassociative quaternion

algebras are precisely the algebras which have the vector-space structure
L& Lz,
and multiplication defined by

(2o + 212) (Yo + ¥12) = (oyo + ax10(y1)) + (Toyr + 110(%0))2, (2.2)
for all x;,y; € L and where a € L'\ F.

This characterisation is almost identical to the definition of the Cayley-
Dickson doubling process for a quadratic separable field extension used to
construct an associative quaternion algebra. The only difference here is that
the element a in the definition of multiplication belongs to the larger field
L, rather than to . We will thus denote the nonassociative quaternion
algebra built from the field extension L/F with multiplication given by
by (L/F,o,a). For reference we recall the main facts about nonassociative

quaternion algebras; all proofs can be found in [56].

Theorem 2.5.3. Let L/F be a quadratic separable field extension with non-
trivial automorphism o. For all a € L\ F, the nonassociative quaternion

algebra (L/F,0,a) is a division algebra.

Theorem 2.5.4. Let A= (L/F,0,a) and B = (L'/F,o’,b) be nonassociative

quaternion algebras over F'. Then

14



(i) AZ B only if L= L.

(i) If L = L' then A = B if and only if a = N, p(l)b or o(a) = Np/p(l)b
for somel € L. Fveryl € L yields a unique isomorphism from A to B
given by

xo+x12 > 20+ 21l2 Oor xo+ X212 > 0(x0) + 0(21)l2.

Corollary 2.5.5. Let A = (L/F,0,a) be a nonassociative quaternion alge-

bra. For everyl € L such that Np,p(l) = 1, the map
To+ 12— X9 + 112

is an automorphism of A. These are the only automorphisms of A unless
there exists an element I' € L, such that o(a) = Np/p(l')a. In this case the
map

zo+ 212+ o(xg) + o(x1)l'2

s also an automorphism.

Theorem 2.5.6. Let A = (L/F,0,a) be a nonassociative quaternion algebra.

The derivations of A consist of all maps of the form
d(xo + 712) = cx12,

where ¢ € L is such that ¢+ o(c) = 0.

15



Chapter 3
Nonassociative Cyclic Algebras

The construction of nonassociative quaternion algebras, mentioned at the
end of Chapter 2, has two obvious generalisations. Firstly, since octonion
algebras can be constructed using the Cayley-Dickson process in a similar
manner to quaternion algebras, one could double an associative quaternion
algebra () but now take the scalar A, used in the Cayley-Dickson process, to
be an element of () outside of F. This generalisation has been studied by
Pumpliin in [45] and gives new examples of division algebras, including some
over the reals.

On the other hand, quaternion algebras are cyclic algebras of degree 2 so
modifying the construction of cyclic algebras given in Chapter 2, Definition
is another possible generalisation of Waterhouse’s work. In this chapter

we do just that, defining nonassociative cyclic algebras.

3.1 Cubic Nonassociative Cyclic Algebras

Let L/F be a cubic cyclic field extension with Galois group {Id, o, 0?}. Pick
an element a € L\ F and define the cubic nonassociative cyclic algebra

(L/F,0,a) to be the 3-dimensional, left L-vector space

(L/F,0,a) := L1® Lz ® Lz*
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with basis 1, z, 22. For two elements z = x¢+x12+222% and y = yo+y,2+y22>
of (L/F,0,a), their product xy is defined by
zy = (zoyo + 210 (y2)a + x20° (y1)a)
+ (zoyr + 210 (Yo) + 2207 (y2)a) 2
+ (oys + 210 (11) + 2207 () 2.
(L/F,0,a) is a nine-dimensional, unital F-algebra with unit 1.
Note that from this definition we get

zl=o0(l)z forall l € L,

and

In particular, z® is well defined and hence all conditions defining the multi-
plication in classical cyclic algebras also hold in this setting.

However, this multiplication is not associative, in fact it is not even fourth-
power associative. For example

(22%)2 = 2°2 = az,
but on the other hand
2(2%2) = 22° = za = 0(a)z.

These two expressions are not equal since o(a) # a.
Proposition 3.1.1. Let A = (L/F,0,a) be a cubic nonassociative cyclic

algebra. Then Nuc)(A) = Nuc,(A) = Nucy,(A) = L, hence Nuc(A) = L.

Proof. Here we show Nuc,(A) = L, the other equalities are proved similarly.
Let = g + z12 + 222% and y = yo + y12 + Y222 be elements of A and let
[ € L. From the definition of multiplication in A we can see
(zy)l = (zoyol + 210 (y2)al + x20° (y1)al)
+ (zoyro (1) + 10 (yo)o (1) + 220°(y2)ao (1)) 2
+ (20y20° (1) + 10 (y1) (1) + 2207 (yo)o* (1)) 2%,
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whereas yl = yol + y10(1)z + y202(1) 2%, so

z(yl) = (zoyol + 210 (y20%(1))a + x20°(y10(1))a)
+ (zoyro (1) + 210 (yol) + 220°(y20*(1))a) 2
+ (2020’ (1) + z10(y10(1)) + 2907 (yol)) 2>
Multiplying out the powers of o shows that (xy)l = x(yl) for all z,y € A
and | € L. Hence L C Nuc,(A).

Conversely, suppose that # = zo+x,2+ 222 € Nuc,(A). Then we should

have (22?)x = z(2%r), however
(22%)1 = ax = azy + ax12 + axqe??,
whereas

2(221) = 2(0*(20)2* + 0*(z1)a + 0*(22)az

= z0a + 110(a)z + 190 (a)2>.

If we compare coefficients we see that these two expressions can only be
equal if 1 = x5 = 0 since @ # o(a). In other words = zy € L. Hence
Nuc,(A) C L and so Nuc,(A) = L.

O

Proposition 3.1.2. Let A = (L/F,0,a) be a cubic nonassociative cyclic
algebra, then Comm(A) = F. Hence Z(A) = F.

Proof. Let x = 29 + 12 + 2922 € A and let k € F. Then

vk = 2ok + x10(k)2 + 1902 (k) 2*
= kxo + kx1z + kroz? = ka

since o(k) = k for all k € F. Therefore F* C Comm(A).
Conversely, suppose © € Comm/(A) and let [ € L\ F be nonzero. We

should have xl = [z, however,
lx = lzg + lx12 + Loy 22,
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whereas

vl = zol + 110(1)2 + 1207 (1) 22

For the same reasons as in the proof of the previous proposition, this shows
that ;1 = z9 = 0 and hence x = x5 € L. Moreover, we should also have xyz =
zxo = o(xo)z, but this is true if and only if zy € F. Therefore Comm(A) C F
so we get the first claim. The center of A, being the intersection of Comm(A)
and Nuc(A), is also F. O

Our main result is the following:

Theorem 3.1.3. For any a € L\ F the cubic nonassociative cyclic algebra

(L/F,0,a) is a division algebra.

Proof. Write an element zg + @12 + 222°> € (L/F,0,a), with z; € L, as
(20, 1, x2). Then it is easy to see that the multiplication (x¢, 1, 22) (Yo, Y1, ¥2)

can be described by

Yo Y1 Yo
(w0, x1,22) | ao(y2)  olyo)  ol(y) )
ac®(y1) ac®(y2) o*(yo)
where this product is ordinary matrix multiplication. Denote the 3 x 3 matrix
given above by R, where y is the element (yo,y1,y2).
Suppose
vy = (zo, 21, 72) (Yo, Y1, y2) = 0

for some nonzero x and y in (L/F,0,a), i.e.

Yo Y1 Y2
(o, w1, 22) | ao(y2) o(yo) o(y1) | =(0,0,0).
ac®(y1) ao®(y2) o*(yo)
Elementary linear algebra tells us that if Det(R,) # 0 then this implies

To=x1 = 29 = 0. Now

Det(R,) = Nz,r(yo) + aNp r(y1) + a*Niyr(yo) — aTrr r(yoo (y1)o? (y2)),
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where Np/p and Trp,p are the field norm and trace, respectively. The ele-
ments 1,a and a? are linearly independent over F' and all norms and traces
belong to F, so if Det(R,) = 0 then Ny ,/r(yo) = Nr/r(y2) = 0. This implies
that yo = yo = 0 since field norms are anisotropic. In turn, this gives y; =0
and so y = 0. We conclude that (L/F,0,a) contains no zero divisors.

m

We can also classify these algebras up to isomorphism.
Proposition 3.1.4. Let A= (L/F,0,a) = L&Lz&L2* and B = (L'/F,d’',b)
= L'® L'u® L'u? be cubic nonassociative cyclic algebras over F. Then

(i) A= B only if L= L'

i) If L = L' then A = B if and only if 0'(a) = Np,r(1)b for some i €
/
{0,1,2} and |l € L. Everyl € L yields a unique isomorphism from A
to B given by

(2o + 712 + 222%) = (0" (20) + o' (21)lu + o (22)lo(1)u?).

Proof. The first claim is clear since any isomorphism must preserve the nu-
cleus. For (ii), let f : A — B be an isomorphism. We must have f(L) = L
so f|z is an F-automorphism and hence f|, € {Id,o,0%}. Suppose that
flr =o' fori €{0,1,2}, and f(2) = ly + lyu + lyu? for some [; € L. Then,

for every m € L, we have
F(2)f(m) = loo* (m) + L™ (m)u + oo™ (m)u?,
where the indices of o are read modulo 3. Also we get
f(zm) = f(o(m)z)
= o' (m)ly + o (m)lyu + o (m)lyu?,

where indices are read modulo 3 as well. Comparing coefficients we see that
f(2)f(m) = f(zm) for all m € L if and only if [y = [, = 0. Hence f(z) =z
for some [ € L. Finally, we get that

o'(a) = f(a) = f(z%) = (l)® = lo(l)o*()u® = Ny, p(I)b.
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For ease of notation when showing these maps give isomorphisms we will
assume f|p = Id so f(zo + 712 + 122%) = (2o + 71lu + 22l (l)u?). The
other maps are exactly the same except with the appropriate power of o
inserted. It is clear that such maps are bijective and F-linear. Suppose
T =129+ 112 + 2922 and y = yo + Y12 + y22° are elements of A. Then using

the definition of the multiplication we have

fzy) = (zoyo + 210 (y2)a + 220%(y1)a)
+ (zoy1 + 210 (Yo) + 2207 (y2)a)lu
+ (zoya + 110 (Y1) + 1202 (o)) lo () u?.

Similarly, we calculate

f(@)f(y) = (zo + 21lu + zolo(Du®) (yo + yilu + yolo(D)u?)
woyo + w1lo(ya)o (1)o* ()b + zalo(1)o® (y1)o*(1)b)
+ (zoynl + 21lo(yo) + wolo(1)a? (y2) o (1)1b)u
+ (zoyalo (1) + ilo(yr)o (1) + walo (D)o (yo) Ju?

)

(1
= (zoyo + 210 (y2) N/ r(1)b + 220% (y1) N/ (1)b)
(1

(
=

+ (o1 + 10 (o) + $202(y2)NL/F )b)lu
+ (woye + 210 (y1) + 2207 (o)) lo (D)u”

Hence f(xy) = f(x)f(y) since a = N, p(1)b. O

Corollary 3.1.5. Let A= (L/F,0,a) be a cubic nonassociative cyclic alge-
bra. For everyl € L such that Np,p(l) =1, the map

(w0 + 212 + 222%) = (w0 + 2112 + T2l0(1)2?)

is an automorphism of A. These are the only automorphisms of A unless
there exists an element ! € L, such that o"(a) = Npjp(l')a fori=1 or2. In

this case the map
(w0 + 112 + 2222) = (0% (20) + o' (w)'z + o (@) o (1) 2?)
s also an automorphism.
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Proof. An automorphism f of A can have three possible actions on the field
L; either f|, = 1d, f|, = o or f|, = o2 If f|; = Id, then by Proposition
a = Npsp(l)a for some [ € L, whence Ny p(l) = 1. If f| is either
of the other two possibilities then Proposition [3.1.4] again gives the required

condition. O

Corollary 3.1.6. Consider Ni,r as a group homomorphism from L* to F.
Then Ker(Ny k) is isomorphic to a subgroup of the automorphism group of
(L/F,0,a).

Recall that a derivation of an F-algebra A is an F-linear map ¢ which

satisfies the Leibniz rule:
d(zy) = d(x)y + x6(y),
for all z,y € A. If A is an associative algebra then for any ¢ € A, the map
Oc 1 T+ cx — xC,

for all x € A, is a derivation. The set of all such maps forms an important
subclass of derivations of A known as inner derivations. If A is not associative
then the map 9. is not necessarily a derivation. However, the following lemma

shows one case in which it is.

Lemma 3.1.7. Let A be a nonassociative F-algebra and suppose that ¢ €
Nuc(A). The map d. is a derivation of A.

Proof. For x,y € A, we have

de(zy) = clzy) — (zy)c
= (cx)y — z(yc)
= (cx)y — (zc)y + z(cy) — z(yc)
= 0c(2)y + 20c(y),

as required. O
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Theorem 3.1.8. Let A = (L/F,0,a) be a cubic nonassociative cyclic algebra

and let c € L. The map
To + 212 + 2927 = (¢ — ()12 + (¢ — 02(c)) 2022

is a derivation of A. If F' is not of characteristic 2, these are all the deriva-

tions.

Proof. 1t is easy to see that
To + 212 + 2922 = (¢ — 0 ()12 + (¢ — 02(c)) 2022

is simply the map d.(z) = cx — xc which is a derivation for this algebra by
the previous lemma. For the second claim, suppose charF # 2. Let A =
(L/F,o,a) be a cubic nonassociative cyclic algebra and let § be a derivation
of A. Suppose that §(1) = Iy + l1z + l2* for every | € L. We claim that
lo = 0: suppose also that §(m) = mg + m1z + me2% Then consider the map

0’ sending each [ € L to the first component of 4((), i.e., [y in this case. Then
d(Ilm) =15(m) + o(I)m
= Img + Imy1z + Ime2® + lgm + Lio(m)z + lyo?(m) 22
Hence
8 (Im) = lmg + lom = 16" (m) + &' (1)m.

So ¢’ is an F-derivation of the separable F-algebra L. It is known that all
derivations of separable algebras are inner ([21]) and since L is a commutative

algebra this means that ¢’ must be zero. So

5([) = llZ + l22’2, (31)
for all [ € L. Now let
§(a) = sz +t2° (3.2)
and suppose that
6(2) = u+ vz + w2 (3.3)
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Then §(2?) = 26(z) 4+ §(2)z and we get
§(2%) = (w+o(w))a+ (u+o(u))z + (v+o(v))z> (3.4)

In A we have a = 23 = 222 = 22?, so again using the Leibniz property of

derivations: §(22z) = 226(2) +0(2%)z and §(z2%) = 20(2?) +(2)22, we obtain

§(2°2) =(v+o(v) + o*(v))a + (w + o(w) + o*(w))az
+ (u + o(u) + o (u))2?, (3.5)

whereas

§(z2%) =(v +o(v) + o*(v))a + (wa + (o(w) + o*(w))o(a))z
+ (u+ o(u) + o?(u)) 2% (3.6)

Comparing the z terms of (3.5) and (3.6) gives
wa + (o(w) + o*(w))a = wa + (o(w) + o*(w))o(a).

Since a # o(a), this implies o(w) + o*(w) = 0. Applying N /r we get that
Np/p(w) = —Npr(w) and, since F' has characteristic unequal to 2, we must
have w = 0. If T'r denotes the field trace from L to F', then comparing with
shows that s = 0 and T'r(v)a = 0, which means 7'r(v) = 0. Comparing
the 22 terms of and tells us that ¢ = Tr(u), therefore we have the

identities

§(2%) = (u+o(u))z + (v +o(v))2>.
Using these simplifications we calculate
§(az) = a(u +Tr(u)) + avz. (3.7)
Then, using this and the fact §((az)2?) = azd(2?) + §(az)z?, yields
§((az)z?) = a®(Tr(v)) + (aTr(u) + aTr(u))z>. (3.8)
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On the other hand, we know §((az)z?) = §(a(22?)) = §(aa) = ad(a) + d(a)a,
§((az)2?) = 6(aa) = (aTr(u) + o(a)Tr(u))2>. (3.9)

Comparing the 2% term of (3.8)) and (3.9) shows that aTr(u) = o*(a)Tr(u),
which implies that Tr(u) = 0 and hence 6(a) = Tr(u)z* = 0. Now d(a) =0
implies that 6(l) = 0 for all [ € L, since by (3.1) we may assume 0(l) =

1z + 1,22, Consider
§(al) = 0(a)l 4+ ad(l) = 0 + alyz + alyz?

whereas
§(la) = 6(1)a + 16(a) = lyo(a)z + lyo*(a)z* + 0.

Since a and [ commute, these should be equal, thus [; =l = 0 so §(l) =0
for all [ € L. In particular, 6(c(a)) = 0. Then

d(za) = d(z)a + z6(a) = ua + vo(a)z + 0,
however,
d(o(a)z) =6d(o(a))z +o(a)é(z) =0+ o(a)u+ o(a)vz.

Comparing terms shows us that v = 0 and we conclude 6(z) = vz and
§(2%) = (v+ o(v))z% Hence
§(zo + 212 + 292%) = 2102 + 29 (V + 7 (v)) 22

Finally, to see that this map is of the form described in the theorem recall

that any v of trace zero is of the form ¢ — o(c) for some ¢ € L, then
v+ 0o(v) =c—olc)+o(c) — o*(c) = c— o*(c)

as required. O
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3.2 General Nonassociative Cyclic Algebras

A natural generalisation for the above construction is to consider cyclic field
extensions of higher degree and define a nonassociative cyclic algebra of de-
gree n. Let L/F be a cyclic field extension of degree n with Galois group
generated by the automorphism o. Pick an element a € L\ F and define

(L/F,0,a) to be the n-dimensional left L-vector space

n—1
(L/F,0,a0) =P L7
1=0

with basis {1 := 2% 2,..., 2"}, where the 2% are formal symbols. We define

a multiplication on elements (z* and mz’ for [,m € L,0 <1i,j,<n, by

4 . lo*(m)z"" ifi+j<n

@hme) = 4T ]
lo'(m)azt+H)™ if i 45 >n

and then extend it linearly to all of (L/F, 0, a). We say that the above algebra

is a nonassociative cyclic algebra of degree n.

Remarks 3.2.1. (i) The definition of the multiplication implies that
2Zl=0(l)z
for all [ € L. Moreover, for all ¢, 7 such that ¢ + 7 = n, we have
2 = a.

Putting 2" := a gives us the two conditions which define the multipli-

cation in the classical case.

(i) When n = 2 this construction is simply that of a nonassociative quater-
nion algebra and when n = 3 the definition is the same as in the cubic

case from the previous section.

(iii) A nonassociative cyclic algebra of degree n is not (n+ 1)th power asso-
ciative since (2"7'2)z = az and 2(2""'2) = za = o(a)z, which are not

equal since a € L\ F.
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(iv) It should be noted that these algebras are not of degree n themselves.
The ‘degree n’ in the name refers only to the field extension used to

construct the algebra.

Let A := (L/F,0,a) be a nonassociative cyclic algebra of degree n. The
calculation of the nuclei is slightly different than in the cubic case and, in

fact, the size of the left nucleus depends on whether a belongs to a proper
subfield of L or not.

Proposition 3.2.2. For anya € L\ F', Nuc,(A) = Nuc,,(A) = L.

Proof. We begin with Nuc,(A). By the distributivity of the multiplication
in A is is enough to check associativity for elements zz* and yz’ and [ where
r,yand [l € Land 0 <17,7 <n—1. We have

o zo'(y)otI(1)z ifi+j<n
(=4 770 e

rot (y)ac )= (1) 20D if § 4§ >,
whereas

. . . o zo'(y)o (1)1 ifi+j5<n
(22)((y=")) = (x2")(yo’ ()2") = ¢~ »
w0t (y) oD (1) azHD if i+ 5 > n.

These are both equal so L C Nuc,(A).

Conversely, let w = Z?fol w;z" be an element of the right nucleus and

suppose that wy, # 0 for some k > 1. Then the z*th term of the associator

n—1

[z, 2" 1 w] is

k 1 k

— 2(2" Y 2®) = awp2® — 2(0 Rl

n—l(

(22" Vw2 wg)a)z

= (awy — wyo(a))2",
which is nonzero since o(a) # a for all @ € L\ F. Hence we must have w; = 0
for all 1 <¢ <n — 1. Therefore w = wg € L.

For the middle nucleus we again consider elements zz* and yz’ in A and

l € L where 0 <1,7 <n—1. We have

. : o . (xa'(Dol(y)z") = ifi+j<n

(22D (y2") = (2" (D) (wz") = ¢ »
o' (1o (y)az) if i+ j > n.
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whereas

; , . , zo'(ly)z"t ifi+j5<n
(z2)(Ul(y=")) = (x2")(ly2") = § o
vo'(ly)az)=" if 4§ > n.

These are both equal so L C Nuc,,(A).
Conversely, let w = Z?:_()l w;z" be an element of the middle nucleus and
suppose that wy # 0 for some &k > 1. If k # n — 1 then the z term of the

associator [z, w, 2" ~*] will be

(2w 2™) 2" % — 2(wp2" 2" ) = (o (wy,) 2" 2" — 2(wya)
= o(wg)az — o(wy)o(a)z.

On the other hand, if £ = n—1 then the z term of the associator [z, w, 2" 7*] =

[z, w, z] will be

(212" Nz — 2(wp_12""12) = (6(Wn_1)a)z — z(wp_10a)

= o(wp_1)az — o(w,_1)o(a)z.

In either case this will be nonzero since o(a) # a for all @ € L\ F. Hence we

must have w; = 0 for all 1 <4 <n — 1. Therefore w = wy € L. O]

The left nucleus of a nonassociative cyclic algebra depends on the choice
of a € L'\ F. Recall that by the definition of (L/F,o,a) we cannot have
a € F. However, a may belong to some proper subfield £ C L. In this case
there exists a proper subgroup Gg of Gal(L/F') such that for all 7 € Gg
we have 7(a) = a. Since Gal(L/F) is a cyclic group, the subgroup G is
generated by some power of the generator of Gal(L/F'). If the generator of
Gal(L/F) is o then denote the generator of Gg by ¢° where 2 < s <n — 1.

Proposition 3.2.3. Let A= (L/F,0,a) then
Nuc(A) =L@ L ® L2* @@ L"*

where s is such that a is invariant under the subgroup (o®) of Gal(L/F), i.e.,
oks(a) = a for all k € Z.
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Proof. Again we check associativity for elements wz™, zz' and yz’ where

m = ks, so 0™(a) = a, and 0 < m,i,j <n — 1. We have

wz"((z2")(y2")) = wzm(fw’:(y)zif )' ifi+j<n
wz™(zo' (y)azD") ifi4j >n
wo (z)o" T (y) T iti+j+m<n
= { wo™(z)o M (y)aztHTm T if i < i+ m < 2n
W™ (2)o i (y) a2 =2 4§ o > 2n,
whereas

. . wgmxzm-i-i Zj o4 n
(wem) a2 et) = { W7 ) Vi

(wo™(x)azmI")y2d) ifm4i > n

wo™(x)o™ T (y) T ifi+j+m<n
= qwo™(z)o™ (y)aztHHTifn <45+ m < 2n
wo™(2)o™ (y)a?Z T2 i G 4§ m > 2n.

In any of the cases these terms are equal, so we have the inclusion
LOLAOL*® - @ Lz"* C Nug(A).

Conversely, let w = Z;:Ol w;Z* be an element of the left nucleus and suppose

that wy, # 0 for some k which is not a multiple of s. Then we have o*(a) # a.
The z* term of the associator [w, 2" %, 2¥] is
(wp2™) 2" ™) 28 — 2% (22" 7F) = wpaz® — wi2F(a)
= wpaz® — wpo®(a)2F
which is not zero since o*(a) # a. Thus the left nucleus of A contains only

the terms mentioned in the proposition. O

Corollary 3.2.4. Let A = (L/F,0,a) and suppose that a belongs to no
proper subfield of L. Then Nuc;(A) = L.
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Proof. Since a belongs to no proper subfield of L, the subgroup G of
Gal(L/F) such that 7(a) = a for all 7 € G is trivial. The result now follows

from above. O

Corollary 3.2.5. Let A = (L/F,0,a) where L/F is a cyclic field extension
of prime degree. Then Nuc;(A) = L.

Proof. Since L/F' is prime, there are no proper intermediate subfields of L
and F. O

Corollary 3.2.6. For alla € L\ F', Nuc((L/F,0,a)) = L.

Proof. The nucleus is the intersection of the left, middle and right nuclei so,

by the above propositions, it is always equal to L. O

Similarly, we can calculate the centre of a nonassociative cyclic algebra

of degree n.

Proposition 3.2.7. Let A be a nonassociative cyclic algebra (L/F,o,a) of
degree n. Then Comm(A) = F and hence Z(A) = F.

Proof. Since o(k) =k for all k € F', we have

(Z 22" )k = (Z ri0'(k)z') = (Z wik2') = k(z 72",

ie., zk = kx for all x € A and k € F. Therefore F C Comm(A). For
the reverse inclusion, pick an element [ € L which does not belong to any
intermediate field extensions of L and F. Then ¢'(l) # [ forall1 <i<n-—1.

"2t € Comm(A). Then we have

n—1

i

lx = E lo; 2",
i=0

Suppose © = >

whereas

n—1
xl = Z ziot ()2
=0
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These are equal if and only if z; =0 forall 1 <i<n—1s0ox =1z € L.

Moreover, we must have
rz = 29z = 220 = 0(Z0)2
but this can only happen if o € F. Hence Comm/(A) = F. O

We also can determine when two nonassociative cyclic algebras are iso-
morphic. Recall that the field norm, Ny, : L — F|, in the case of cyclic field

extensions of degree n is given by Ny r(l) = II!" o (1).

Proposition 3.2.8. Let A = (L/F,0,a) and B = (L'/F,o’,b) be nonasso-

ciative cyclic algebras over F. Then
(i) A= B only if L= L.

(ii) If L = L' then A = B if and only if o'(a) = Np,;p(1)b for some l € L
and 0 < i <n and . Fveryl € L yields a unique isomorphism from A
to B given by

n—1 n—1
Z z;2 Z o' (z)l ..o (D).
=0 =0

Proof. Part (i) is clear since isomorphisms preserve the nucleus. For (ii),
let A= @?:_01 Lz and B = @) Lu’ and suppose f : A — B is an iso-
morphism. First note that f must map the subspace Lz" isomorphically to
the subspace Lu® since it must preserve the nucleus. Hence f|; is an F-
automorphism so it is of the form o’ for some 0 < i < n. Also the subspace

Lz is mapped to the subspace Lu since suppose f(z) = Z?:_ol lju’, then

(em) = flotm)2) = 0" m) 3
whereas B »
F(2)f(m) = (Z LYol (m) = Z Lo (m),
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for all m € L. However, these two expressions are only equal whenever j = 1,
so l; =0 for all j # 1 in order for equality to hold. Hence f(z) = lu for some
[ € L. Finally, we see that

ol(a) = fla) = f(z") = (I2)" = lo(l) ...o" ()u" = Ny p(1)b

as required.

Conversely, it is easy to check that if o'(a) = Np,p(l)b, then the map
n—1 n—1
I Z z;2) Z o' (z)l ..o (D),
=0 =0

is an isomorphism from A to B. To show this we assume f|, = Id (as
the other cases are similar). We show that multiplication is preserved for
monomials 2z’ and y2/ since general elements are sums of these monomials

and f is clearly linear. We have

f@2)fy2?) = (al...c  (Du)(yl . ..o7 (D))
=zl...0 Y (D)o (y)o'(1)...c™ T (Du,

if ¢ —|—j <n, or
zo' (y) N p(Dlo(l) ... o™ HDbu' ",
if i + 7 > n. On the other hand

flzz'y2) = flzo'(y)z")

=zo'(yl...c T u'
ifi4+j5<n. Ifi4+ 7 >n then

f(xz'y?’) = f(zo'(y)az" ")

=zo'(y)al ..o (DT

In either case, since a = Np/p(l)b, products are preserved by f so it is an

isomorphism. ]
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Corollary 3.2.9. Let A = (L/F,0,a) be a nonassociative cyclic algebra of
degree n. For alll € L such that N p(l) =1, the map

n—1 n—1
Z T2 inla(l) e ()P
=0 =0

is an automorphism of A. These maps are the only automorphisms of A
unless there exists an element I € L such that o'(a) = Npp(I')a for some

1=1,...,n—1.

The proof is exactly the same as in the cubic case (Corollary [3.1.5)).
Again this corollary implies that the kernel of the norm map is isomorphic
to a subgroup of Aut(L/F,o,a).

Theorem 3.2.10. Let A = (L/F,0,a) be a nonassociative cyclic algebra of

n—1

degree n. If the elements 1,a,. .., a are linearly independent over F', then

A is a division algebra.

Proof. We write an element zg + 212 + -+ + 2,_12" ! € A as the n-tuple
(20,21, ..., 2n_1). The multiplication of elements (xo, ..., z,_1) and (yo, ..., Yn_1)

in A is given by the matrix multiplication

Yo yi Yo T

ao(Yn-1)  o(yo) oyi) - 0(Yn-2)

(20, Tn1) | a0*(Yn—2) @a0®*(yn—1) (o) -+ 0*(Yn-3)
ac™ () ac™M(y2) ac™ ys) - " (yo)

Now the proof follows the same argument as in Theorem |3.1.3] Suppose that

(l’o, Ce 7$n_1)<y0, e 7yn—1) = (0, . ,O)

in A. Denoting the above n x n matrix by R,,, we see that if Det(R,) is non
zero then the only solution is (zo,...,z,-1) = (0,...,0). It is a well-known
fact that if we were to replace the element a in R, by an element o’ € F

then the determinant would also be an element of F'. It follows that the
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determinant of R, is a polynomial in a with coefficients in F'. It is easy to see
that the highest power of a in the determinant is n — 1, in fact, the coefficient

n=1 are linearly independent,

of a"~! will be £Ny/p(yn—1). Since 1,a,...,a
it follows that if the determinant of this matrix is zero then all coefficients
of a in the determinant must be zero. In particular, Ny, F(Yn—1) = 0 since
this is the only coefficient of the a®~! term. It is also easy to check that the
only constant term (i.e., without a power of a) will be the product of the
elements on the main diagonal of the matrix, which is Nz p(yo). Since the
norm is an anisotropic form, this implies 3, and y,_; are both zero. Hence,

if Det(R,) = 0, we have

0 Y1 (7 e 0

0 0 o(y1) o 0(Yn—2)

Ry = a02(yn—2) 0 0 e 02<yn—3)
ac" Hy) aoc™ M(y2) ac™ ys) - 0

The only remaining coefficient for a2

must be £Ny/p(yn—2), so, by the
linear independence of the a’, this must also be zero, which means y,_» is
zero. If we continue in this manner, calculating the coefficients of the a’, we
get that Ny p(y;) = 0 for all ¢ which, in turn, implies that y; = 0 for each
i. Hence Det(R,) = 0 if and only if (yo,...,yn—1) = (0,...,0) and so A

contains no nontrivial zero divisors. O

Corollary 3.2.11. Let A= (L/F,0,a) be a nonassociative cyclic algebra of

prime degree p. Then A is a division algebra.
Proof. Consider the proper field extension F'(a), we have that
[L:F|=I[L:F(a)][F(a):F].

Since [L : F] is prime we must have F'(a) = L, hence 1,a,a?,...,a?"! are

linearly independent over F'. O]
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Proposition 3.2.12. Let A = (L/F,0,a) be a nonassociative cyclic algebra

of degree n. For every element ¢ € L, the map

n—1 n—1
Z ;2" Z(c —o'(c))m
=0 =1

is an F-derivation of A.

Proof. As in Theorem [3.1.8| these are just the inner derivations of the form
x — cx — xc,

which are derivations since ¢ € Nuc(A). O

At this point we briefly discuss the algebras constructed by Sandler [48]
which are mentioned in the introduction. We will give a full exposition of the
finite field case in Chapter 6. Let A := (L/F,0,a) be a nonassociative cyclic
algebra of degree n. We want to consider the opposite algebra A°?. This al-
gebra has the same vector space structure as A but with a new multiplication
given by

Toy =yz,

where juxtaposition is used to denote the multiplication in A. We also con-
sider the following algebra, originally constructed by Sandler over finite fields
[48].

Definition 3.2.13. Let L/F be a cyclic field extension of degree n with
Galois group generated by o. Pick a nonzero element a € L\ F. We consider

the L-vector space with basis {1,z2,..., 2" !}
Qrooc=LO2LD--- D 2L
Endow this with a multiplication, *, given as follows
. . 2 Hod(x ifi+j<n
EOTEN S e ‘7
ZHD)aod (z)y ifi+j >0

for z,y € L and extend this linearly to all of €7, 4 ,-.
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To avoid confusion with our definition of a nonassociative cyclic algebra

(L/F,o0,a), we use the notation €, for this algebra.
Proposition 3.2.14. Let A= (L/F,0,a). Then AP = Qp , .

Proof. Define the map
AP = Qs

by

n—1 n—1
) i
E T2 > E 2 T;.
=0 i=0

This is clearly a vector space isomorphism. We show that f respects the

multiplication of elements zz* and vz’ in A% where 0 < 7,5 < n — 1, then,

since f is linear, this will show that f is an algebra isomorphism.

Fzzt oyzl) = F((y2?)(x2)) = f(ya’:(x)ziﬂ")‘ ifZ:Jr]: .
Flyod (2)az)=m) ifi+j>n
2 Hyol (x) ifi+j<n
A+ nygi(p)a i 4§ > n
= (2'z)  (27y)
= f(z2") * f(y2)

as required.

]

Remark 3.2.15. It appears there is a mistake in [48, Theorem 1] of Sandler’s

paper where he claims that the middle nucleus of his algebra will be strictly

bigger than L if a belongs to a proper subfield of L. However, since Sandler’s

algebras are isomorphic to A% for A a nonassociative cyclic algebra, and
since Nuc,,(A) = Nuc,,(A?) for any algebra A, Proposition implies

that the middle nucleus of Sandler’s algebras will always be L.

The question arises of whether (L/F, o, a) is isomorphic to (L/F, o, b) for

any b € L*. It turns out that this happens only in the case of nonassociative

quaternion algebras.
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Proposition 3.2.16. Let A := (L/F,0,a) be a nonassociative quaternion

algebra, i.e., L/F is a quadratic extension and o is the nontrivial automor-
phism on L. Then A = A°P.

Proof. An isomorphism f : A — A° is simply an anti-automorphism of A,
so f(zy) = f(y)f(z) for all z,y € A. We claim that the map

fiA=A Ty + 112 = o + 0(77)2,

is an anti-automorphism. To see this, let ¢y + x1z and yg + y12 be elements
of A. Then

f((zo +212) (Yo + ¥12)) = f(zoyo + z10(y1)a + (Toyr + 210(Y0))2)
= zoyo + T10(y1)a + (o(zoy1) + o (21)y0) 2,
and
fyo +y12) f(wo + @12) = (yo + 0(y1)2)(x0 + 0(21)2)
= yozo + o(y1)x1a + (Yoo (1) + o(y1)o(z0))2.
So f is the required map. O

For a nonassociative cyclic algebra of degree n > 2, the opposite algebra
(L/F,0,a) is not isomorphic to (L/F,o,b) for any b € L. To prove this we

use the following definition and lemma.

Definition 3.2.17. Let A be a nonassociative algebra and let n be a positive
integer. An element z € A is said to be nth power associative if 27 is well-
defined for all j < n, i.e., the product of j copies of z always gives the same

result, no matter which order we bracket them, for all 7 < n.

Note that every element in an algebra A is first and second power asso-

clative.

Lemma 3.2.18. Let f : A — B be an algebra homomorphism or anti-
homomorphism. If v € A is nth power associative in A then f(x) is nth

power associative in B.
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Proof. For n = 3 we have

(f (@) f (@) f(x) = f((z2)r) = fx(zx)) = f(2)(f(2)f(z))

for a homomorphism f and for an anti-homomorphism we have

Now suppose = € A is nth power associative and that f(z)" is well-defined

for all i < n. Then for all 0 < 7,7,k < n such that i + 7 + £k = n, we have

0= f(0) = f(la',2’,2"]) = [f(2)', f(2)’, f(2)"]

for a homomorphism f and

0= f(0) = f([2",a?,2"]) = [f ()", f(x), f(2)]
for an anti-homomorphism f. This shows that f(z)" is well-defined. O

Theorem 3.2.19. Let A = (L/F,0,a) be a nonassociative cyclic algebra of
degree n > 3. Then A is not isomorphic to a nonassociative cyclic algebra
(L/F,0,b) for anybe L\ F.

Proof. Let

= (L/F,o0,b) ZLU

and suppose f : A’ — B is an 1somorphlsm. Since isomorphisms must
preserve the nucleus we have f(L) = L so f|, € Gal(L/F), say f|, = o*.

Now suppose
f(Z) = lO + llU + l2u2 e ln_lun—l'

Let o denote the multiplication in A%, i.e., x oy = yx for all x,y € A, and
pick m € L such that m does not belong to any proper subfield of L. Then

f(m)f(z) = o‘k(m)(lo + llu 4+ .4 lnilun-i-l)
= o*(m)ly + o*(m)lyu + - - + 0" (m)l_yu™ !,
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whereas

f(moz) = f(zm) = f(o(m)z) = f(z00(m))
= (lo+hu+-+lu" o (m)
= loo"™H(m) + "2 (m)u+ - - - + Ly o *FFFOD ()L
where powers of ¢ are read modulo n. Since m does not belong to a proper
subfield of L, the elements ¢‘(m), for i = 0,...,n — 1, are all distinct. The
two expressions above are only equal at the (n — 1)th term and so [; = 0 for
all 0 <4 < n— 2. Therefore f(z) = lu"! for some [ € L*. Now the element

z € A is nth power associative, in particular, it is third power associative,

however, the element [u"~' = f(z) is not. We have
(lu" e Y™t = (le" 7 (Dau™ D)™t = 1o (1)o™ 2 (1)a*u™ 3,
however,
" (" e = W (e (Dau™ ) = o™ Y (Do 2 (Dac™  (a)u™ .

These two are not the same since a # 0" '(a). Hence f cannot be an

isomorphism. N

3.3 Nonassociative Cyclic Algebras of Degree
4

One might hope that the construction of nonassociative cyclic algebras of
degree n will always give division algebras for any choice of a € L\ F.

However, we can easily get a counter example of degree 4.

Example 3.3.1. Let F be a field containing a primitive fourth root of unity,
denoted 7, and let w be a root of the irreducible polynomial * — ¢ for some
c € F*. Then the field extension L = F(w) is a cyclic field extension of degree
4 with Galois group G = (o). We note the following explicit calculations of

the automorphism o:
o(w) =iw, *w)=—w, oW)=-w W)=uw’
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Let a = —w?/c € L'\ F and consider the nonassociative cyclic algebra A =
(L/F,0,a). We claim that A contains zero divisors. Consider elements x =

w+ w?2? and y = wz + w?23. These are nonzero elements of A and
ry = (W + w?o*(w?a)z + (W + wio?(w))2* = 0.

In this section we want to look at certain subalgebras of nonassociative
cyclic algebras. It is clear that a nonassociative cyclic algebra (L/F, o, a)
contains both L and F' as subalgebras. In the case that L/F is a field ex-
tension of prime degree, we suspect that these are all subalgebras, but this
remains an open question. The most interesting examples of subalgebras
occur when the degree of the field extension L/F is not prime. We introduce

the following notation.

Let L/F be a cyclic field extension of degree n and suppose that n = st
for some integers 1 < s,t < n. If G = Gal(L/F) = (o), then denote by Gj
the subgroup of G generated by ¢®. Furthermore, denote the fixed field of
G, by Es, so we have a tower of fields:

FCE,CL.

Theorem 3.3.2. Let A= (L/F,0,a) be a nonassociative cyclic algebra over
F of degree n where n = st. A contains As := (L/Es, 0%, a) as a subalgebra
where Ay is viewed as an F-algebra. It is an associative subalgebra if a € Fj

and it is a nonassociative subalgebra if a € L\ E.

Proof. First note that if a € E, then A, is an associative cyclic algebra over
E, and if a € L/E, then A, is a nonassociative cyclic algebra. It can be

easily checked that the linear subspace
S=L@Lr@®L>@ - @L\V¢

of A, together with the multiplication inherited from A, is a subalgebra of A.

Moreover, it has the same vector space structure as the algebra A, defined
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above. Consider a product of monomials /2% and mz’* in S for some I,m € L
and 0 <1,7 <t—1. This is

A A lo™ (m)2+D)s ifi+j<t
@)y = {17 !
0% (m)az =D if i 4§ >t
which is clearly the same as the multiplication in A,. O]

Remark 3.3.3. An obvious analogue of this result also holds when we have

an associative central simple cyclic algebra of degree n = st.

Let A = (L/F,0,a) be a nonassociative cyclic algebra over F' of degree

n = st. If a € E, then we may also consider the vector space
AlEs = Es S¥ ESZ DD Eszn_la

endowed with the multiplication of A restricted to A|g,. With this multipli-
cation it becomes a subalgebra of A. We will study this subalgebra in the
case where n = 4.

For the remainder of this chapter let L/F be a cyclic field extension of
degree 4 with Gal(L/F) = (5). Set G = Gy = (0?) and F = E, = Fix(G).
Then

A= (L/F,0,a)=L®Lz® Lz*® L2
where a € E and
Al =E®Ez® E2*® EZ.

This is an eight-dimensional algebra over F. Elements are of the form xq +
112 + 2922 + 1323 for 2; € E and multiplication is now given by
zy = (20 + 112 + 292° + 132°) (Yo + Y12 + y22° + y32%)
= ZoYo + 210 (y3)a + x2y2a + w30 (y1)a
+ (zoy1 + 210 (Yo) + Tayza + x30(y2)a)z (3.10)
+ (zoy2 + w10 (y1) + Tayo + 230 (ys)a) 2>
+ (zoys + T10(y2) + ay1 + 230 (30)) 2",

since o2 acts trivially on F and o|g = 03|g.
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Proposition 3.3.4. (i) Nuc(A|g) = E.
(i) Comm(A|g) = F @ Fz2.
Proof. Clearly E C Nuc(A|g) since E C Nuc(A). Conversely, suppose
n =ng+niz +ngz? + nsz® € Nuc(A|g)

for some n; € E. Calculating the associator [z, 23, n], we have

(223)(ng + N1z + ng2® +n32®) = ang + anyz + angz® + ans2®,

on the one hand, whereas

2(23(no + 1z + ngz? + n32®))
= 2(0(ng)2* + o3 (n1)a + 0 (ng)az + o (n3)az?)
= noa + ny0(a)z + ngo(a)z* + nzo(a)z>.

Hence n;y = ny = ng = 0. For the second claim, it is routine to check
from Equation that F' & Fz* C Comm(A|g). Conversely, if z =
To + 112 + 2922 + 232° € Comm(A|g) then, for all [ € L we have lz = xl
which implies that x1 = x3 = 0. Moreover, zx = xz implies that xq, x5 must
be in F. m

Notice that A|g contains within it the linear subspace E® Ez?. A routine
verification tells us that, under the multiplication inherited from A, this is a
quadratic étale E-algebra, which is a field if @ is not a square in E. It turns
out that A|g can be built out of two copies of its subalgebra E & Ez? as
follows: denote B := @ Ez?. On B we define two maps

O'B—>B7 b0+6122|—>0(b0)—|—0(bl)22

and
Vo: B— B;  by+b22— o(b)a+ o(by)2>.

We can now define a new algebra.
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Definition 3.3.5. On the F-vector space
B & Bz
we define a multiplication
(u+v2)(s+tz) = (us + vi).(t)) + (ut +vo(s))z,

for all u,v,s,t € B. With this multiplication the vector space becomes an
F-algebra which we denote Doub(B, ,, o).

Proposition 3.3.6. A|rp = Doub(B,1,,0).

Proof. Consider the elements:
U= Tg + x2z2,
v =1 + 232°%,
§ =y + 22",

t =y +yzz’.

The strangely numbered indices allow us to compare with the multiplication
in (3.10) above. First we calculate us + vi),(t), this is

(2o + 222%) (Yo + 122°) + (21 + 232%) (0 (y3)a + o (y1)2?)
= (zoYo + T2y2a) + (Toya + T2y0)2”
+ (210 (ys)a + x50 (y1)a) + (z10(y1) + z30 (ys)a) 2>,

Similarly computing the second term ut + vo(s) gives

(o + 222%) (11 + y32°) + (21 + 232%) (0 (o) + 0 (y2)2)
= (zoyr + T2ysa) + (voys + xay1)z”
+ (210 (yo) + 230 (y2)a) + (210 (y2) + 230 (30)) 2>

Now combining the two terms and comparing with the equation (3.10)) above

we see that the multiplication for
(us +viPg(t)) + (ut +vo(s))z
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in Doub(B, 1),, o) is the same as the multiplication
(0 + 212 + 222 + 232°) (Yo + Y12 + y22” + y32°)

Theorem 3.3.7. A|g is a division algebra if and only if a is not a square in
E.

Proof. 1If a is a square in E then the subalgebra E @& E2? is split and A|g
contains zero divisors. If a is not a square then E® Ez? is a field which we de-
note by B. In view of the previous proposition, we show that Doub(B, ¢,, o)

does not contain zero divisors. Suppose
(u+wvz)(s+tz) =0,
where u + vz # 0 # s+ tz. Then
us + vihy(t) =0 (3.11)

and
ut +vo(s) = 0. (3.12)

We may assume that s # 0 since otherwise a quick check of the above equa-
tions implies that either u + vz = 0 or s + tz = 0. Similarly we have v # 0.

Then, from (3.11]), we get
U= —vih,(t)s ™.
Putting this into yields
v (t)ts™! = vo(s).

1

Since v # 0, we multiply by v~ and rearrange to leave

1, (t) = so(s).
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Now, if t =ty + t12% and s = sy + 5122 are elements of B, then
50 (s) = (s0 + 512%)(0(s0) + o(s1)2%)
= (Ngyr(s0) + Ngjp(s1)a) + Treye(soo(s))2?
and
ta(t) = (to + t12%) (o (t1)a + o(to)2?)

= T?"E/F(tod(tl))a + (NE/F(t0> + NE/F(tl)CL)Z2,

where Ng/p : v — xo(v) and Trg/p :  — 2 + o(x) are the norm and trace

maps from E — F. Comparing the first term of each equation we get
NE/F(SO) + (NE/F(SI) - T?”E/F(t00'<t1)))a = 0,

which implies that so = 0, since 1, a are linearly independent over F'. Simi-

larly, looking at the 2% term in each equation shows
Trg/r(soo(s1)) — Ngsp(to) — Ngsp(ti)a =0 — Ng/p(to) — Ng/p(ti)a =0,

and hence ty = t; = 0. Finally, this gives that s; = 0 which is a contradiction

of our assumption. O

It also turns out that if a € E, then the cyclic algebra (L/F, o, a) can be

viewed as a similar doubling of the (associative) quaternion subalgebra A,
defined in Theorem B.3.21

Definition 3.3.8. Let A = (L/F,0,a) be a nonassociative cyclic algebra of
degree 4, where a belongs to an intermediate subfield of L and F' of degree
2. Let Ay = (L/FE, 02, a) be the associative quaternion subalgebra of A with

vector space decomposition
Ay =L@ L2
Define maps on A,
2

01 Ay = Ay, mo+x12° > o(w0) +o(w)2
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and

Vo1 Ay — Ay, w0+ 112% = o(x1)a + o) 2%

On the F-vector space
AQ D AQZ

we define a multiplication
(u+v2)(s+tz) = (us + v, (t)) + (ut +vo(s))z,
for all u,v,s,t € Ay. We call this Doub(As, o, 1,).

A routine calculation, similar to the proof of Proposition |3.3.5] yields the

following result.
Proposition 3.3.9. Doub(A4y,0,v,) = (L/F,0,a).

Remark 3.3.10. Note that because a € E we have a = 02(a). This fact
ensures that the multiplication in Doub(A,, 0,1,) is the same as that in
(L/F,0,a). In the case that a € L \ E, the cyclic algebra (L/F,0,a) cannot
be represented by this doubling process.

If we assume that A, is a division algebra, i.e. a # lo?(l) for all | € L,
then we can try the same trick as in Theorem to check if (L/F, 0, a) is

a division algebra. Suppose that we have zero divisors
(u+vz)(s+tz) =0.
Then we get the equations
us + v, (t) = 0,

and
ut + vo(s) = 0.

Rearranging (and being more careful because of the noncommutative multi-

plication in As) we arrive at the equation
Vo (t)s™Ht = o(s). (3.13)
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Hence, if Equation does not hold for all nonzero s and ¢, then (L/F, 0, a)
is a division algebra. To study this further we consider A, as an eight-

dimensional F-algebra and define a multiplicative norm form Ny, ,» on A,
by

Nay/r(u) = NgjpNay/p(u) (3.14)
for all uw € As. In (3.14), N4, g is the quaternion norm on A, defined by

N, p(uo +u12%) = Niyp(uo) — aNpyp(u),

for all u = ug + u12> € Ay and where

Nyp:L—E; 1w lo*(l), (3.15)
for all [ € L and

Ngp: E—F;  m~— mo(m), (3.16)

for all m € E. Note that

Ne/r(Nr/e(l)) = Niye(l), (3.17)

for all I € L. The map Ny, ,r is clearly a multiplicative, anisotropic map

since it is a composition of two multiplicative, anisotropic norm maps.
Lemma 3.3.11. For all w € Ay, Na,/p(¥a(u)) = Ngjp(a)Na,/p(o(u)).

Proof. If u = ug + u12% then ¥, (u) = o(ui)a + o(ug)z? and o(u) = o(ug) +
o(uy)z?. Hence
Nay/g(Ya(u)) = Niyp(o(ur)a) — aNiyp(o(uo))
= —(Z(NL/E(O'(U())) — aNL/E(O'(’LLl)))

= —aNa,/p(0(u)).
Therefore
Nay/r(Ya(w)) = NpjpNayp(ta(u))
= N/ (= aNay/p(o(w))
= Npjp(a)Na,/r(o(u)),
as required. O
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In general Ny, p(u) # Na,/r(o(u)), however, in the case where a € F*

(so (L/F,0,a) is associative), they are equal.

Lemma 3.3.12. Let a € F* and let A = (L/F,0,a) be an associative
cyclic algebra of degree 4 with quaternion subalgebra As. Then Na, p(u) =
Nay/r(o(u)) for all u € As.

Proof. Let u = ug + u12%2 € Ay. We have

Na,/r(w) = Ngjr(Nays(uo + ui2°))
= Ng/r(Noy/e(uo) — aNp/p(u))
= Ni/r(Niyg(uo)) + Nejr(aNpys(un))
— NL/E(ug)a(a)a(NL/E(ul))
— O'(NL/E(UO))(INL/E(Ul).

Also

Nay/r(0(w) = Nijp(Nay/p(o(uo) + o(ur)2?))
= Npyr(Niyp(o(uo)) — aNpp(o(ui)))
= NE/F(NL/E(U( 0))) +NE/F(aNL/E( (u )))
— Niyp(o(uo))o(a)o (Niys(o(w)))
— 0 (Npyp(o(w)))aNyp(o(u)).
A quick check using equations (3.15))-(3.17) and the fact that o(a) = a shows

that these two expressions are equal. O

Lemma 3.3.13. Let L/F be a cyclic field extension of degree 4 with
Gal(L/F) = (o) and let E be the intermediate field of L and F' corresponding
to the subgroup {1,0%}. If a € F* is such that a* € Ny p(L*) then

(Z) a ¢ NL/F(LX)
(ii) a ¢ Npjg(L*).
(1ii) a # £Ng/p(m) for any m € E.
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Proof. (i) If a = Ny p(l) for some non-zero I € L then
CL2 = NL/F(Z)2 = NL/F(Z2)7

which is a contradiction of our hypothesis.

(ii) Suppose a € Npg(L*), then a = lo*(l) for some [ € L*. This implies

2

a* = ao(a) = lo*()o(1)o*(l) = Ny r(l).

(iii) Similarly if @ = £mo(m) for some m € E then
a* = ma(m)mo(m) = mo(m)o®(m)o®(m) = Npp(m).

]

Theorem 3.3.14. Let A = (L/F,0,a) be an associative cyclic algebra of
degree 4. If a* & N p(L*) then A is a division algebra.

Proof. By Lemma [3.3.13 a® & Ny /p(L*) implies a ¢ Np,p(L*) and so the
quaternion subalgebra A, is a division algebra. We consider A as the doubling

Doub( Az, ¥,,0). Suppose A has zero divisors, say
(u+wvz)(s+tz) =0,
for some u, v, s,t € Ay. This then reduces to Equation above
Va(t)s™ Mt = o(s).
Applying the norm N4, ,r to both sides gives
Nag/p(Va(t)) Nay/p (5™ ) Nag/p(t) = Nayyr(o(s))
since Ny, r is multiplicative. Using Lemma we see
Ni/p(a)Nagsp(o(8))Nag/r(s™ ) Nag e (t) = Nayyr(o(s)).

Lemma and the fact that Ng,r(a) = o then implies that

a*Nay r(t?) = Nayr(s?).
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If t = 0, then s must also equal zero since N4, /r is anisotropic. If ¢ # 0 then
a® = Ny (") Nag/e(t°) ™ = Nagyr(st™)?,
and so
a=+Nyr(st™).

Recalling that Na,/p = Ng/p(Na,/p) gives
a = :ENE/F(m),

for m = Na,/p(st™') € E*, but this is a contradiction of our hypothesis that

a®> & Npyp(L*) by Lemma [3.3.13] O

Remark 3.3.15. The condition in the above Theorem is equivalent to that in
the Theorem of Wedderburn (cf. Theorem [2.2.4). Suppose that a = N (1)
for some [ € L, then a® = Ny, p(1)> = Npp(1?). Similarly, if a® = Ny, p(1),
then

NL/F(a)a2 =a*a® =dab = NL/F(Z)2 = NL/F(Z2),

and so a®> = Np/p(I?)Ny,r(a™t). Both cases contradict the hypothesis that
/ /

a? is not the norm of some element of L.
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Chapter 4

Semi-Multiplicative Maps

4.1 Preliminaries and Basic Properties

In this section we introduce the concept of a semi-multiplicative map of degree
n and give some properties of quadratic and cubic semi-multiplicative maps.
A nonassociative cyclic algebra of degree n possesses a semi-multiplicative
map of degree n and these will be studied in the next sections. This chapter
is part of a joint work with Pumpliin [46].

Let M : V — W be a map between two finite-dimensional F-vector
spaces, V and W. M is said to be of degree n if M(Av) = A" M (v) for all
A€ F,veVand themap M :V x --- x V= W defined by

M(vy,.ovn) = > ()" M(vy, 4+ vy, (4.1)
1<i <-<iy<n
(1 <1 < n)is an n-linear map over F, ie, M : V x---xV —= W (n
copies) is an F-multilinear map where M (vy,...,v,) is invariant under all
permutations of its variables.
A map M : V — F of degree n is called a form of degree n over F. A
form of degree n is called nondegenerate if v = 0 is the only vector such that
M(v,vy,...,v,) =0 for all v; € V.

Let A be an algebra over F' containing a subalgebra D. Suppose we can
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define a map
My A— D

on A of degree n. Then M, is called left semi-multiplicative if
My(ax) = Ma(a)My(x) for alla € D,x € A
and right semi-multiplicative if
Ma(za) = Ma(a)Ma(z) for all a € D,z € A.

My is called semi-multiplicative if it is left and right semi-multiplicative.

By linearisation we show:

Lemma 4.1.1. (i) If M4 is left semi-multiplicative then the multilinear map
My:AX---x A— D satisfies

Ma(auy, ..., au,) = Ma(a)Ma(uq, ..., uy,)

foralla € D, uy,...,u, € A.
(i1) If M4 is right semi-multiplicative then the multilinear map My : A X
-+ X A D satisfies

Ma(uia, ... upa) = Ma(a)My(uq, ..., uy)

foralla€e D, uy,...,u, € A.

Proof. This follows directly from (4.1]) and the definition of semi-
multiplicativity. [

If, in addition, we assume that Ma(a) € F for all a € D, then the
restriction of M4 to the subalgebra D (denoted Mp) is a multiplicative form

since

MD(ab) = MA(ab) = MA(CL)MA(b) = MD((I)MD(b),

for all a,b € D.
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4.1.1 Quadratic case

Unless stated otherwise, let A be an algebra over F' containing a subalgebra
D, together with a quadratic map M, : A — D and associated symmetric
bilinear map My : AX A D, Ma(x,y) = Ma(x+y) — Ma(x) — Ma(y). If
A is unital, define two F-linear maps T4 : A— D and ~: A— A by

Ta(z) = Ma(la,x), T=Ta(x)—z.

Lemma 4.1.2. Let My : A — D be a quadratic map.
(i) If M4 is left semi-multiplicative then

Ma(au, bv) + Ma(bu, av) = My(a,b)Ma(u,v)
forall a,b € D,u,v € A. In particular, if A is unital, then
Ma(a,bv) + Ma(b,av) = Ma(a,b)T4(v)
and
Ma(au,v) + Ma(u,av) = Tp(a) Ma(u,v) for all a,b € D,u,v € A.
(i1) If M4 is right semi-multiplicative then
M a(ua,vb) + Ma(ub,va) = Ma(a,b)Ma(u,v)
forall a,b € D,u,v € A. In particular, if A is unital, then
My(a,vb) + Ma(b,va) = My(a,b)T4(v)
and
My (ua,v) + My(u,va) = Ta(a)Ma(u,v) for all a,b € D,u,v € A.
Proof. If My is left semi-multiplicative then by, Lemma

Ma(a)M4(u,v) = Ma(au, av)
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for all a € D,u,v € A. It follows that

Ma(a,b)My(u,v) = Ma(a+ b)Ma(u,v) — Ma(a)Ma(u,v)

— Ma(b)Ma(u,v)

Ma((a+b)u, (a + b)v) — Ma(au, av) — My (bu, bv)
My (au,bv) + Ma(bu, av),

as required. If A is unital, then setting u = 1 (resp. b = 1) gives the second
(resp. third) identity. The proof is similar in the case that My, is right

semi-multiplicative. O

Corollary 4.1.3. If M4 is semi-multiplicative then
Ma(au, av) = Ma(ua,va),

and
M (au,bv) + Ma(bu, av) = Ma(ua,vd) + Ma(ub,va)

for all a,b € D,u,v € A.

Lemma 4.1.4. If an element © € A satisfies Tx = Ma(z) then it also

satisfies the equation
2% — Ty(x)x + My(x) = 0.
Similarly, if © € A satisfies xT = Ma(z) then it also satisfies
2% — 2Ta(z) + Ma(x) = 0.
Proof. The proof follows easily from the definition T = T4 (x) — =. O]

Example 4.1.5. Let L/F be a quadratic separable field extension with non-
trivial automorphism ¢ and let a € L'\ F. On the nonassociative quaternion
algebra () = (L/F,0,a), define a quadratic map, Mg : Q — L, as follows:

for v = x¢g + 112 € Q, 19,1 € L, set

Mq(z) := Npyp(x0) — aNp/p(x1),
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where Ny p is the field norm of L. Then Mg is a semi-multiplicative map

and every element = € () satisfies the equation
2 — To(z)x + Mg(z) = 0.

Proof. An element [ € L is identified with the element [ + 0z € Q. Thus
Mg(l) = Niyp(l) and, if © = 29 + 212 € @ then,

MQ(ZZ‘) = MQ(ZIQ + laclz) = NL/F(ZJZ()) — CLNL/F(ll‘l)

= NL/F(Z)(NL/F(CUO) — GNL/F(xl))
= Mo(l)Mg(x).

It is shown similarly that Mg (zl) = Mq(1)Mg(z), so Mg is semi-multiplicative.

The linearisation of the field norm Ny p is
Nip(o,90) = 200 (Yo) + Yoo (o),
for xg,yo € L, and hence
Mq(z,y) = Npjr(w0,90) — aNpjp(21, 1),
where y = yo + 112 € Q. Thus Tp(x) = Npp(l,20) = Trr/p(zo), where
Trp,r is the field trace of L. We also see that
T=Tg(x) —x=0(x) — 12,
and therefore
Tx = (0(xg) — x12) (2o + 712)
= (o(xg)xo — z10(21)a) + (0(x0)T1 — T10(70)) 2
= Mg(x).
O

Remark 4.1.6. The map My defined above bears a striking resemblance
to the reduced norm map of an associative quaternion algebra. In the next
section, we will define a map for nonassociative cyclic algebras of degree
n, which can be thought of as an analogue of the reduced norm map for

associative cyclic algebras of degree n.
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We say the quadratic map My on A is nondegenerate if My(z,y) = 0
for all y € A implies x = 0. For a subspace D of A, we denote by D+ the
subspace

D+ ={z € A| Ma(z,a) =0 for all a € D}.

Theorem 4.1.7. Let A be a unital algebra over a field of characteristic
not 2 and let D be a proper finite-dimensional, unital subalgebra of A such
that My : A — D is a nondegenerate, semi-multiplicative quadratic map
which restricts to a nondegenerate quadratic map on D. Suppose further that
Ma(z,a) € F for all z € A and a € D. Then A has the F-vector space
decomposition

A=Deo D

Moreover, A contains the direct sum subspace
K =D& Dz,
where z € D and for a + bz € K we have
Ma(a+bz) = Ma(a) — dM4(b),
for some d € D\ {0} and
a+bz=7a—bz.

Proof. The assumptions Ma(z,a) € F for all @ € D and char ' # 2 imply
that
1
Ma(a) = §MA(CL7 a) € F,

for all @ € D, so My|p is a multiplicative, nondegenerate quadratic form on
D. Denote the dual space of D by D*, then nondegeneracy of Mu|p and

finite-dimensionality of D gives an F-vector space isomorphism
a— My(a,—)|p: D — D7,

for all @ € D. For all x € A, the restriction of the map Ma(x, —) to the

subalgebra D is also a linear functional by our assumption that My (z,a) € F
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for all a € D, hence there exists a d, € D with

My(x,—)|p = Ma(dz, —)|a-

Setting ' = x — d,, gives Ma(z’',a) = 0 for all @ € D and hence the decom-
position x = d, +2' € D@ D* for all z € A. Now D+ # 0 since D is proper

and by nondegeneracy
0 # Mu(D*, A) = My(D*+, D @ DY) = My(D*, DF).

Therefore, there exist 2,2’ € D+ with M4(z,2") # 0. Suppose My(z,2) =
Ma(7,2') =0, then

Mu(z+ 2,24 2") = Ma(z,2) + Ma(Z',2") + 2My(2,2") # 0,

since char F' # 2. This implies there exists an anisotropic vector z € D+
say, Ma(z) =1 —d € D\ {0}. We claim that D> C D% so the subspace
K = D+ Dz is direct. This follows from the fact that Tx(a) = Ma(a,1) € F
and so by Lemma [4.1.2;

Ma(az,b) = Ma(z,Ta(a)b) — My(z,ab) = Ma(z,ab) = 0,

for all a,b € D, since z is orthogonal to D. For a typical element a + bz € K

we have
MA(CL + bZ) = MA(CL) + MA<CL, bZ) + MA(bZ) = MA(CL) — dMA(b),

since bz is orthogonal to D and M, is semi-multiplicative. Furthermore,
Ta(bz) = Ma(bz,1) = 0 since 1 € D. Therefore,

a+bz=Tala+bz)— (a+bz) =Tala) —a+ Ta(bz) — bz =a— bz.
[

Remark 4.1.8. The previous theorem, which is a generalisation of a well-
known result for multiplicative quadratic forms (cf. [24, §7.6, Lemma 3]),
shows that nonassociative quaternion algebras are a good prototypical ex-
ample of algebras carrying a nondegenerate, quadratic semi-multiplicative

map.
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4.1.2 Cubic case

Let A be an F-algebra, D a subalgebra of A and
MA :A— D
a cubic map. The trilinear map My : A x A x A — D given by

Ma(z,y,z) = Ma(z+y+2) — Ma(z+y) — Ma(x+ 2) — Ma(y+ 2)
+ Ma(x) + Ma(y) + Ma(2),

for all z,y,z € A, is symmetric in all three variables. If 1/6 € F* then
Ma(z) =1/6Ma(x,z,x). If M4 is left semi-multiplicative then

Ma(a,a,a)My(z,x,2) = Ma(az, ax, az),

for all a € D and x € A and if M, is right semi-multiplicative then
Ma(a,a,a)My(z,x,x) = Ma(xa, ra, xa),

for all a € D and x € A. By linearisation we obtain the following lemma.

Lemma 4.1.9. Let My : A — D be a cubic map
(1) If My is left semi-multiplicative then
MA(aa ba C)MA(xv Y, Z) = MA(al‘7 byv CZ) + MA(CME, cy, bZ)
+ My (bz, ay, cz) + Ma(bx, cy, az)
+ Ma(cx,ay,bz) + Ma(cx, by, az),
foralla,b,c € D and all z,y,z € A.
(i) If My is right semi-multiplicative then
MA(aa b7 C)MA(mv Y, Z) = MA(maa yb7 ZC) + MA(:EG? ye, Zb)
+ MA<mba ya, ZC) + MA<mba ye, ZCL)
+ Ma(zc,ya, zb) + Ma(zc, yb, za),

foralla,b,c € D and all z,y,z € A.
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Proof. The proof is similar to that of Lemma [4.1.2 O

Suppose that A is unital and that F' is not of characteristic 2 or 3. We
define a linear map T4 : A — D and a quadratic map Sy : A — D by

1 1
TA(I) = §MA('7;7 L, 1)7 SA(':C) = §MA(;E7'T7 1)7
for all z € A. It is easy to see that

Ta(1) = Sa(1) = 3. (4.2)

If M4 is left semi-multiplicative then putting b = ¢ = 1 in Lemma [4.1.9

yields
Ma(az,y,z) + Ma(z,ay, 2) + Ma(x,y,az) = Ta(a) Ms(z,y, 2), (4.3)

for all @ € D and x,y,z € A. Similarly, if M4 is right semi-multiplicative
then

Ma(za,y,z) + Ma(z,ya, z) + Ma(x,y, za) = Ta(a)Ms(z,y,2),  (4.4)
forall a € D and x,y,z € A and if M, is semi-multiplicative then

forall @ € D and x,y, 2z € A, where [a, 2] = ax — za denotes the commutator
of a and =.

Define a bilinear map T4y : A x A — D by
TA<x7 y) = TA('x)TA(y) - MA(;U7 Y, 1)7 (46)

for all z,y € A. If M4 is left semi-multiplicative then putting y = z = 1 into
equation (4.3) gives us

MA(GZE, ]-a ]-) + MA(aa L, 1) + MA(xa ]-a CL) = TA(CL)MA(x7 ]-7 1)7
for all a € D and x € A. We rearrange to get
Ty(ax) = Ta(a)Ts(x) — My(z,a,1) = Ta(a,x).
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Similarly, if M4 is right semi-multiplicative then
Ta(za) = Ta(a, ),
for all a € D and x € A. It follows that
Ts(l,z) = Ta(z,1) = Ty(x), (4.7)
for all x € A. We may also bilinearise the quadratic map S, to get
Sa:AxA—=D: Syu(z,y)=Sa(x+y)— Salx) — Sa(y) = Ma(z,y,1),

for all z,y € A. Comparing with the definition of T'4(z,y) in we obtain

Sa(z,y) = Ma(z,y,1) = Ma(1,2,y) = Ta(@)Taly) — Talz,y),  (4.8)

for all x,y € A.
We define a quadratic map f: A — A by 2f = 22 — Ty(2)x + Sa(x). Its

linearisation is
vty = (z +y) —2f =,
and hence,
ot =1/2(zfz).

Proposition 4.1.10. For ally € A, 18y = Ta(y) — y.

Proof. Calculating directly from the linearised sharp map we obtain:

lty = (1+y)* =1 — ¢
= (149’ —Ta(l+y)1+y)+SA+y)
— 1+ Ta(1)1 = Sa()1 — y* + Tu(y)y — Sa(y).

Expanding this and using we get
Ity = —y = Ta(y) + Sa(l +y) = Sa(1) = Saly) = Sa(L,y) —y — Taly),
but equations and imply that
Sa(l,y) = Ta(D)Taly) = T(1,y) = 3Taly) — Ta(y)-
We conclude that 1ty = T4 (y) — . O]
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Proposition 4.1.11. Suppose every element x € A satisfies x*x = My(x).
Then:
(i) Every element x € A satisfies the equation

vw — Ty(x)x® + Sy(x)r — Ma(x) = 0.

Proof. The proof is clear from the definition of §: A — A. m

4.2 A Semi-Multiplicative Map for Nonasso-
ciative Cyclic Algebras

In the classical theory of associative algebras, the reduced norm of a central
simple algebra of degree n is a multiplicative form of degree n. In this section
we define an analogous map for a nonassociative cyclic algebra. Although
this map is not multiplicative, it is semi-multiplicative of degree n.

Let A:= (L/F,0,a) be a nonassociative cyclic algebra of degree n. Con-
sider it as a left L-vector space with basis {1, z,..., 2" 1}. The map of right
multiplication by an element = € A: y — yx for all y € A, is a vector space
homomorphism. Write R, for the matrix of right multiplication by = with

respect to the basis {1,z,...,2""'}:

ao(x,_1) o (o) o(x1) - o(rp_2)
R,=| ao*(z,_2) ac*(x,_1) o*(xg) - 0*(xn3) |,
ac™ Y (x1) ao™ Y(xs) ac™ Y xz) - o™ ()

foro =ax9+x12+ - +x,_12" 1, 2; € L. We define a map My : A — L by
MA<.’L') = Det(Rx)

for all x € A. This is similar to the definition of the reduced norm of an
associative cyclic algebra however, in this case M4 is not multiplicative since

the map x — R, is not an F-algebra homomorphism.
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Proposition 4.2.1. M(x) is a polynomial in a of degree n — 1 with coeffi-

cients in F.

Proof. 1t is clear that Ma(x) is a polynomial in a of degree n — 1 with
coefficients in L. To show that they actually belong to F' we consider a

matrix R! with entries in L[t,¢t!] given by

Xy €1 X2 T Tn-1
tU(.Tn,l) O'(iL'o) 0(361) L O'(.Z'n,Q)
R; = tO'Z(In,Q) tO’Q(SL’nfl) 0'2(.1’0> s 02(‘%”,3) s
to" Hxy) to"Nxg) to"M(wsz) - o™ Hxo)

1

forx =xg+x12+- - +x, 12", with z; € L. We extend the automorphism

o to L[t,t71] by setting o(t) = t. We also define the map o4 : A — A by
oalmo+ a2+ +x, 12" ) =0(xe) +o(x1)z+ - +o(w, )"

Clearly we have

On the other hand it is easy to check that

00 0 ¢! 01 --- 00
10
Ri={01 -0 0 [R |00 10
0 0
00 -+ 1 0 t 0 0

Hence Det(R;) = Det(R;,,)). This shows that the coefficients of ¢ in
Det(R.) are invariant under o so they must belong to F. Therefore the
coefficients of a in Det(R,) = Ma(x) also belong to F. O

Proposition 4.2.2. If] € L is considered as an element of A then My (l) =
Nye(l).
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Proof. 1f [ is considered as an element of A, it is written asl =1 +0z+---

0z"1. Hence

Proposition 4.2.3. Ifx € A and | € L then

n—1

Proof. For x =xg+x124+ -+ 2,12 with x; € L, we have

Il =lzg+ ez + -+ lxp_ 12",
and, therefore,
ll’o ll]l s ll’n_l
ao(lx,_1) o(lxg) -+ o(lx,_o)

Rlx -

ac™ t(lxy) ao™ (lxy) -+ o™ ()

l 0 e 0 Xo X1 e Tp_1

0 o() --- 0 ao (1) o(xg) -+ o(Tp_2)

0 0 - o" ac™ Y(zy) ac™ Y xzy) -+ o™ (xo)

= RR,.
Similarly, it is easy to check that R, = R,R; and so
Ma(zl) = Ma(x)Ma(l) = Ma(l) Ma(z)
since M 4(x) belongs to a commutative subfield of A for all .
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We recall that for z = 2o + 212 + - - - 2,,_12" !, the map
T 20+ 11l + 2olo ()22 + -+ zpalo(l) .. o™ 2 ()"

for some [ € L such that Nz p(l) = 1, is an automorphism of A. Using the

following lemma we can write this map as

-1 1 _n-1

T 2o+ ximo(m) 2+ -+ x, ymo™ H(m) e

for some m € L and we denote the map by ¢,,.

Lemma 4.2.4. Let L/F be a cyclic field extension of degree n. Ifl € L is
such that Np,p(l) =1 then for all k € {0,1,...,n — 1}

lo(l)...o%(1) = ma*(m)™*
for some m € L.
Proof. The case k = 0 is Hilbert’s Theorem 90 and, by induction,

lo(l)...a"  (D)a™(1) = ma®(m)~'o*(ma(m)™)

= mcfk(m)_lak(77”&)(7’“r1(77”b)_1

= mo"(m)7L.
[
Proposition 4.2.5. Ma(p,,(z)) = Ma(z) for all x € A.
Proof. 1t R, is the matrix
m 0 0
R 0 0(?71) 0
0 0 o™ 1(m)
then B! = R,,-1 and it is easy to check that
Ry,.(z) = RmR:R,,},
so the result follows. O
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We define the F-linear maps
) n—1 n—1
oy A= A inzz > Zaj(xi)zz
i=0 i=0

forall j =0,...,n — 1. We saw in the proof of Proposition that

where
0 0 at
10 0 0
A=10 0 0
0 0 - 10
and
0 1 0 0
B=10 0 10
0 0 01
a 0 0 0

In fact we have B = A~! and so R, alz) = AR, A~'. Tt follows that
R_; @) = AR, A7
A

hence we also have M (o) (x)) = M(z) for all z € A.

Not all automorphisms of A satisfy the property in Proposition [4.2.5
Recall from Corollary that, if there exists an element [ € L such that
o’(a) = Ny r(l)a for some j € {1,...,n — 1}, then the map 6 which sends

To+ 1124+ Tp12" ! tO
ol (z0) + 0 (2)lz +  (z)lo ()22 + -+ 09 (xp_1)lo(l) ... 0" 2 ()"
is an automorphism. For ease of notation, we define
lo=1; li = li_10 (1),
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for 1 < ¢ <n— 1. Therefore we can write

n—1 n—1
9{(2 7;2') = Z ol (2;)1;2".
i=0 i=0
Theorem 4.2.6. For all x € A we have
Ma(0](x)) = o7 (Ma(z)).

Proof. To simplify notation we will only show the case j = 1 since the other
cases are completely similar. First extend the automorphism o to Mat,, (L)

by applying it component-wise on matrix entries. If we have

R — aU(SU:n1) J(ivo) .' 0(1;72) |
ac" (1) ac" () " ()
then
o (o) o(xq) o(Tn_1)
o(R) = a(a)a:(mn_l) a(:xo) U(x;n_Q) |
o(a)r o(a)ry -+ Zo

and so o(M4(z)) = Det(c(R,)). Now 6! maps xg+ 12 + -+ + 2,_12""" to

o(zo) + o(x1)l1z + o(02)lo2® + -+ + o (wp_1 ) 12"

and so
O'(IL'Q) U(l’l)ll tee J(xnfl)lnfl
CLO’Q(l’n,1>U(ln,1) O'Q(LU0> cee 0'2 (Q?n,Q)O'(ln,Q)
Rg1(z) = . . )
ax1o™ (1) azyo™(ly) .- Ty

From the definition of 0} we know that o(a) = Ny, p(l)a. Also notice that

LNpe(l) ™ =10(1) ... oia ()Nrye(l) ™
— (o*()...0a" (1))

- O-i<ln—i)_1>
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for all 1 <7 < n — 1. Replacing a by o(a)Np/r(1)*, we get

O'(Q?O) O'(Il)ll cee U($n,1)ln,1
o(a)o?(zp_1)l]* () v 0 (wp0)o(ly o)
ola)x !, o(a)rao(l, o)™t -+ Ty

Let M; be the matrix

lo(l)...0c"%(I) 0 0
0 o(l)...o" () 0
0 0 1

then its inverse is

[Tlo()7t oo™ 2 ()t 0
() = 0 o(l)=t...on2()7!
0 0 1

Moreover, it is straightforward to check that
Ryi() = Mo (R,)(M;) ™.

Hence M (6} (z)) = o(Ma(z)). O

4.3 Some Identities for the Degree 3 Case

Let A= (L/F,0,a) be a cubic nonassociative cyclic algebra over a field F' of
characteristic not 2 or 3. Let x,y,w be three elements of A of the form (see
Chapter 3, §2)

T =y + T12 + T2,
Y =yo+ 11z + Y22’

W = Wy + W12 + w2z2,
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for x;, y;, w; € L. Explicitly we have

Ma(z) = Npjp(0) + aNpyp(z1) + a*Npjp(22) — al'rpp(zoo(v1)0” (29)).
We can linearise this to get a map M4 (x;y) which is quadratic in x and linear
in y:

Ma(z;y) = Npyp(wo; yo) + aNpyp(z1,51) + a* Noyp(aa, y2) — af (z;y),
where
Npyp(wsyi) = 2i0(2:) 0% (i) + 250 (yi) o™ (2:) + yio (2:) 0> (x;)
and
f(x3y) = Troye(zoo(21)0* (y2)) + Triye(woo (y1)o* (22))
+ TTL/F(yoU(Zlfl)O'Z((EQ)).

We can get the full linearisation My (z,y, w) by

Ma(z,y, w) = Ma(x +w;y) — Ma(z;y) — Ma(w;y)

= NL/F(-TOa Yo, wo) + GNL/F(HUl, Y1, wy) + G2NL/F(1?273/2,@U2)
- af(m, Y, U}),

where

(i) + yio (i) o (w;)

+ yio(w;)o*(x;) + wio(2;)0” (i) + wio (y;)o*(x;)

NL/F<$Z'7 Yi, W;) = Iia(yi)UQ(wi) + zi0(w;)o

and

f( oy, w) = Trpp(woo(y1)o? (ws)) + Trrp(zoo (w1)o? (y2))
+ Trpyp(yoo (1) (wa)) + Trryp(yoo (wr)o?(x2))
+ TTL/F(woa(xl)UZ(yg)) + T?“L/F(wga(yl)UQ(wg)).

The map M4(x,y,w) is symmetric in all three variables. Since A is unital,

we have the maps T4 and S, defined in Section 4.1.2:
TA([L') = MA(l; JT) = T’I"L/F(ZEQ),
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and
SA(%) = MA(LE, 1) = TTL/F<I‘0)O'(.T0) — CLTT’L/F<I10'(I2)).
The linearisation of T4 is

Ta(z,y) : = Ta(x)Taly) — Ma(1,z,y)
= Trrr(xoyo) + aTrp p(o(x1)0?(y2)) + aTrryp(o(y1)o”(x2))

and the linearisation of S, is given by

Sa(@,y) == Ma(z,y,1) = Trryp(zoo(yo)) + Trrsr(yoo (o))
— aTTL/F(.IlO'(yg)) — aT?"L/F(yla(:Eg)).

From Equations (4.2)), (4.7) and (4.8)), respectively, we have

We also have the quadratic sharp map, z* = 22 — T (z)z + Sa(z). Explicitly,
this is

2t = o(20)0?(z0) — ao(21)0?(x2)
+ (azo0®(22) — 02 (z0)21)2

+ (r10(71) — o (70)T2) 2>
and its linearisation is

aty = (z +y)* — 2t — o,

with 2 = 1/2(zfz).
Proposition 4.3.1. Suppose that x € L. Then
(7’) TA<xﬁ7y) = MA(xay);
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(ii) why = o(z0)o*(yo) + o (yo)o*(x0) — 0 (x0)y12 — o (w0)y2?,
(1ir) 11y = Ta(y)l —y,

() Ta(xty) = Salz,y)
for ally € A.

Proof. (i) For & =z + 0z + 02% € L we have Ta(x,y) = Trp/r(zoyo) for all
y € A, and 2* = o(xq)o?(z). Hence

Ta(a®,y) = Troye(o(zo)o®(wo)yo) = Ma(z,y).

(i) is a straightforward calculation and (iii) and (iv) follow directly from (ii)
and the definitions. O

Proposition 4.3.2. If either x or y belong to L then
TA(x]jyu U}) - MA(xu Y, w)
for all w € A.

Proof. 1t suffices to show that if © € L then Ty (zfy, w) = Ma(z,y,w), since
xfy = y#x implies that

TA(xljy,w) = TA(yﬁx7w) = MA(y’wi) = MA(xvy’w)’

whenever y € L. Suppose x € L, then by the previous proposition and the

definition of Ty we have

Ta(zfy, w) = Trr r(o(z0)o” (yo)wo + o (yo)o>(wo)wo)
— aTrpp(zoo (y1)o” (w2)) — aTrpp(zoo (wr)o?(y2))

= My(z,y,w).
The calculation is similar for y € L. m

Theorem 4.3.3. Every element v € A satisfies vz = Ma(z).
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Proof. The proof is a straightforward calculation. Calculating the first com-

ponent of 2%z, i.e., the term with no z. This is

o(20)0”(w0)x0 — ao(x1)0?(22) 70 + T20%(2)ac (z2)a

— o (z0)m10(22)a + 210(21)0? (21)a — o(x0)w20(71)a

= Np(xo) + aNp(21) + a*Np(22) — aTrp(xeo(x1)0?(22))
= Ma(z).

On the other hand the z component of z'z is

o(xg)o?(zo)xy — ao(x1)o?(xe) 2 + 2902 (22)ac (x0)

— 0% (o) z10(20) + 210(21)0% (12)a — 0(20) 720> (T2)a
which is equal to zero. Similarly, the 22 term of zfx is

o(xg)o?(z0) e — ao(x1)0?(xe) 2 + 2902 (22)ac (1)

— o (xo)z10(21) + 210(21)0% (10)a — 0(20)T20°(20) A
which is also zero. O
Corollary 4.3.4. Every element x € A satisfies an equation
vw — Ty(x)2* + Sy(x)r — My(x) = 0.

Proof. This follows from the previous theorem and the definition of z#. [
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Chapter 5

Generalised First Tits

Construction

We now look at a possible generalisation of the first Tits construction. This
generalisation exhibits some interesting properties and its construction fits
in nicely with the theme of this thesis. The contents of this chapter were

inspired by a private communication with Petersson [43].

5.1 The Classical Construction Using Cubic

Norms

In this section, we will give a slightly different definition of the first Tits
construction to that in Chapter 2, Section 4, this time using the cubic norm
form on an associative algebra of degree 3. This definition can also be found
in McCrimmon’s book ([38, Ch I1.4]) but we will give the main details here.
Since there are quite a lot of identities associated with cubic forms, we will
recall the important ones here for ease of reference.

Let F be a field of characteristic not 2 or 3 and let A be a unital, associa-

tive F-algebra of degree 3, equipped with a cubic norm form N,4. We recall
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the linearisation N4(z;y) given by the directional derivative
NA(x; y) = 8yNA|$7

in the direction of y, evaluated at x. This map is quadratic in x and linear

in y and linearises to the trilinear map
Na(z,y,2z) == Na(z + z;y) — Na(z;y) — Na(z;p),

for all x,y,2z € A. Na(x,y, z) is symmetric in all three variables. We also

have the associated maps

Tra(z) := Na(1;2),

Tra(z,y) == Ta(x)Tay) — Na(l,z,y),
Sa(x) == Na(z; 1),
Sa(z,y) = Sa(x +y) — Sa(z) — Saly) = Na(z,y, 1),

for all z,y € A, and the adjoint map, §: A — A, given by
a2t = 2® — Tra(z)x 4 Sa(z)1,
for all x € A. The following identities hold in all scalar extensions.
2% — Ty(z)2® + Sa(z) — Na(z)1 =0,
Ta(2*,y) = Na(z:y),

Ta(z,y) = Ta(zy),

(%) = Na()z,
bt

(xy)f =y
Na(zh) = Ny(z)%
for all z,y € A. The adjoint map is a quadratic map which bilinearises to
(2,y) = o xy = (¢ +y) —af =,
The unit element of A, denoted 14, satisfies

1?4 =14, and 14 xx=Ty(x)ls—x,
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for all x € A. A quadratic U-operator can be defined as
Upy :=T(x,y)x — a* x y,

with linearisation
Ua:,y = Ua:+y U, — Uya
for all x,y € A. We can then define a bilinear product on A in terms of the
U-operator:
xoy:=U,,la.
A routine, but tedious, verification shows that xoy = xy+yz, for all z,y € A.
Therefore, the F-vector space structure of A endowed with the multiplication
1

r ey := ;(xoy)is, in fact, the Jordan algebra A*. The norm of A permits

Jordan composition on the U-operator, i.e.,
Na(Usy) = Na(2)*Na(y),
for all z,y € A.

Remark 5.1.1. In fact, Jordan algebras can be defined over commutative
rings using a quadratic U-operator instead of the usual bilinear product.
When the ground ring contains 1/2, these quadratic Jordan algebras are
equivalent to those defined by the bilinear product. This quadratic theory
was developed by McCrimmon in [37] and gives a characteristic-free approach

to Jordan algebras.

Given the above ingredients, the first Tits construction proceeds as fol-

lows: we pick an element p € F* and define the F-vector space
J = J(A,NA,,LL) = A(] @Al EBAQ,

where each component A; is a copy of A. By identifying A with the first

component Ay, we can extend the unit element, norm and adjoint of A to J

as follows
1 = (1,4,0,0),
N(x) : = Na(wo) + pNa(z1) + p ' Na(w2) — Ta(zomi22),
af = (2h — wyag, el — oz, pat — 290,
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for x = (zo, 1, 22) € J,z; € A. This gives rise to a linearised trace

T(x,y) = Ta(xoyo) + Ta(1y2) + Ta(y122),
T(x):=T(x,1) = Ta(xg),

for y = (yo, 41, 1y2) € J. The quadratic sharp map linearises to

z Xy =(0 X Yo — T1Y2 — Y12, 1 (T2 X Ya) — Toyr — Yo1,
(1 X Y1) — T2y — 3/2350)-
We can then introduce a quadratic U-operator on J defined by
ny = T(l’,y)ﬁ(] - xﬁ XY,

for all x,y € J. This allows us to define a bilinear product on J by x oy :=

U y1. A routine calculation shows that

rToy= (l’o © Yo + T1Y2 + T2V,
Toyr + Joxr + 4 (22 X y2),
Toy2 + Yor2 + p(wy X yl)),

where T := Ty(z) — x. Setting z @ y = 1(z o y), we see that this agrees with

the definition of multiplication in Chapter 2, Equation ({2.1).

5.2 The Generalised Construction

Following the approach in the previous section, we generalise the first Tits
construction. Let A be an associative algebra of degree 3 with cubic norm
N4 and pick an invertible element y € A* rather than in F*. Define the

following vector-space over F':
P = P(A,NA,/L) = AO EBAI @A%

where each component A; is a copy of A. As before, we identify A with Ay
above and define a map M : P — A by

M((z0, 21, 22)) = Na(wo) + pNa(z1) + " Na(wg) — Ta(wom175),
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for z; € A. This map satisfies M ((z0,0,0)) = Na(zo) so we may say that the
restriction of M to A is N4. We can also extend the adjoint map by defining

ot = (wh — 1o, plah — wowy, pat — o),

for x = (xg,x1,22),x; € A. This yields the linearised sharp and trace maps
on P:

T XY= (350 X Yo — T1Y2 — y1$2,u_1(x2 X Y2) — ToY1 — YoT1,
(@1 X y1) — Tayo — yﬂo);
T(x,y) = Ta(zoyo) + Ta(z1y2) + Ta(yr22),
T(x) = Ta(xo),

for (zo,z1,x2), (Yo, y1,y2) € P. We define a multiplication, denoted o, on
P(A, Na, 1) by putting

zoy:=axxy+T(x)y+T(y)x — (T(x)T(y) — T(z,y))1, (5.1)

for all x,y € A. For zy € A we write Ty for Ta(xg) — x, then a quick

calculation shows that this multiplication can be written as

xoy = (zg0oyo+ T1y2 + T2V,
Toyr + Yox1 + (@2 X ),
ZoYa2 + Yoo + p(x1 X y1)),

for x = (g, 1, x2) and y = (Yo, Y1, y2), which is similar to the bilinear product

in the classical first Tits construction.

Remark 5.2.1. If, in the definition of the map § : P — P, we change the
position of 1 and p~, this will make a difference in the bilinear product if A
is noncommutative and p does not belong to the centre of A. For example,
if we define

ot = (:cg — X1Z2, /fla:g — ToZy, x’iu — :1:2370).
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and follow through with this definition of f, we would arrive at the following

definition of the multiplication:
roy = (200 Yo+ T1yz + T2y,
Toyr + Jox1 + 1 (22 X 1),
ZoYa + Yoz + (21 X Y1) ).
We have the intermediate form S4 : A — F defined by Sa(zg) = Na(z;1),

which is quadratic. This linearises to a map Sa(x,y) : Ax A — F, moreover,
we have Sy(zo) = Ta(zh) for all 25 € A ([38, ch IL4]).

Proposition 5.2.2. If we extend the map Sa to P(A,Na,p) by defining
S(z) := M(x;1), we have S(x) = T(z*) and the linearisation S(x,vy) satisfies
S(a,y) =T(@)T(y) = T(z,y),

forally € P(A, Ny, ).

Proof. Let © = (xg,z1,22) and y = (yo, y1,y2) for x;,y; € A then explicitly

we have
M (z;y) = Na(zo;yo) + uNa(1; 1) + 1 Na(; yo)
— Ta(xox1y2) — Talzothze) — Ta(yor122),
and hence
S(x) = M(z;1) = Na(zo; 1) — Ta(z122) = Sa(zo) — Ta(z122).
On the other hand
T(x*) = Ta(xh — 2120) = Ta(2h) — Ta(2122)
= Sa(xo) — Ta(r122) = S(2),

as required. In A we have the relation S4(xg, yo) = Ta(zo)Ta(yo) —Ta(zo, Yo)

for all zg,yo € A. Therefore, linearising S(z) gives

S(z,y) =
= Ta(wo0)Ta(yo) — Ta(wo, yo) — Ta(z1y2) — Ta(y122)
=T(x)T(y) — T(z,y),

Sa(zo,yo) — Ta(x1y2) — Ta(y172)
(
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using the definitions of T4 (z;) and Ta(z;,y;) and the fact that Ta(zo,y0) =
Ta(zoyo)- 0

Lemma 5.2.3. Let x = (x9,x1,72) € P(A,Na,p),z; € A. Then x x 1 =
T(x)—x.

Proof. From the definition of x, we get
rx1=(rgx1,—x,—x9) =T () — x,
using the relation zo x 1 = Ty(zg) — ¢ on A. O

Proposition 5.2.4. For all v € P(A, N4, ) define the quadratic operator
Uy : P(A,Na, i) = P(A,Na,p) by

Uyy = T(2,y)x — 2% x y,
for ally € P(A,Ny,p). Then xoy = U,,1.
Proof. First we calculate

Uyl =T(x,Dx—2* x 1
=T(z)x — (T(z*) — 2¥)
= T(x)x — S(z) + 2F,
using Lemma and Proposition 5.2.2] Linearising then gives
Upyl = Upyyl = U1 = Uyl
=T(@+y)(z+y) = Sa+y) + (x+y)
— T(w)a + S(w) — o = T(y)y + S(y) —
=T(x)y+T(y)z — S(z,y) +z xy,
using the linearisations of S(x) and z*. This expression is equal to that for
zoyin (5.1), since S(z,y) = T(x)T(y) — T(z,y) by Proposition[5.2.2, O
Theorem 5.2.5. Consider x € A as an element of P(A, Na, p), i.e., x =

(2,0,0), then for all y € P(A, N4, 1) we have

M(Uyy) = Na(z)>M(y).
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Proof. Using the definitions of U, and the sharp mapping given above it is
straightforward to check that when = € A we get

f

U$y - (TA(I7QO)I — I X yﬂ)xﬁylvamﬁ)u

for y = (4o, y1,%2). The first term Ty(z, yo)z — 2* X yo is just U,y where the

U-operator is now restricted to A. Hence we have

M(Ul‘ ) = M<TA(x7 yo)ﬂf - xﬁ X Yo, Iﬁyh yZ-Tﬁ)
= Na(Usyo) + uNa(@by1) + " Na(yax®) — Ta((Uato) (1) (yoa*)).

Now since A is a classical cubic norm structure we know that Ny (U,yo) =
Na(2)2N4(yo) and also Na(zfyy) = Na(x)2Na(y;) and similarly N4 (yo2*) =
N4(z)?Na(ys) so if we can show that

Ta((Usyo) (@*y1) (yox")) = Na(z)*Tayoy1ya),

then we are done. We can prove this identity by considering a classical Tits
construction over A, say J = J(A, Na, 1), for example. If we look at the
U-operator in J of the same elements = and y above (J is the same vector

space as P(A, Na, ) we see

ny = (TA(xa yo)l' - xﬁ X Yo, $ﬁy1, nyﬁ),

as before. Since J does satisfy the equation Na(U,y) = Na(z)?Na(y) for all

x,y € J we have

Na(Upyo) + uNa(z*y1) + p Nalyex?) — Ta((Usyo) (2*y1) (yox?))
= Na(2)*(Na(yo) + Na(y1) + Na(y2) — Ta(yoy1y2)).

We can cancel the terms we know are equal to leave

Ta((Usyo) (@*y1) (yo7")) = Na(z)*Ta(yoy1ya),

as required. O
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Chapter 6

Finite Semifields

6.1 Preliminaries

In this chapter we explore the construction of a nonassociative cyclic algebra
over a finite field. This construction was previously discovered by Sandler
in [48], where it was studied in the context of finite semifields. During the
preparation of this thesis, some results overlapping with this chapter were
published in [15], [I6] and [26]. However, most of them treat these algebras
in the more general setting of semilinear transformations or skew-polynomial
rings, whereas the results obtained here are straight corollaries from the

previously developed theory.

A finite semifield is a finite set S with two operations, addition and mul-

tiplication, which satisfy the following axioms:
1. (S,+) is a group with identity 0.
2. If a and b are elements of S with ab =0 then a =0 or b = 0.

3. Distributivity holds: a(b+ ¢) = ab+ ac and (b + c)a = ba + ca for all
a,b,c € S.

4. There is a multiplicative identity 1: al = la = a for all a € S.
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It can be shown that semifields posses a vector space structure over some
prime field /' = ), so the number of elements in a finite semifield S is p"
where n is the dimension of S over F. This implies that a semifield is simply
a unital division algebra with finitely many elements. A famous theorem
of Wedderburn [35] states that every finite, associative division algebra is a
finite field. Hence, any finite semifield is necessarily either a finite field or it
is not associative, i.e., there exist elements a, b, ¢ € S such that (ab)c # a(bc).
A semifield which is not a finite field is called a proper semifield. The number
of elements in a semifield S is called the order of S. For a survey of results
on finite semifields we refer the reader to [13] or [27].

Due to their connections with projective geometries, semifields are usu-
ally classified up to isotopy. In fact, every proper semifield coordinatizes a
non-Desarguesian projective plane and two semifields coordinatize the same
projective plane if and only if they are isotopic [3]. Two semifields, Si, Sa,

are isotopic if there exist linear bijections f, g, h : S1 — S5, such that

flx*y) =g(z)oh(y),

where % and o denote the multiplications in S; and S respectively. The
concept of isotopy was introduced by Albert in [2] and plays an important
role in the theory of nonassociative structures.

Finite semifields have also found applications in coding theory [12], [28],
[20] and combinatorics and graph theory [36]. In [57], Wene mentions that
little is known about automorphisms of finite semifields, however, he men-
tions partial determinations by Dickson [I7], Menichetti [39] 4], Kleinfeld
[29], Knuth [31] and Burmester [I1]. In this chapter, we look at finite ex-
tensions L/F of prime degree and compute the automorphism groups and
isomorphism classes of Sandler’s semifields in this case. The methods used

are purely algebraic and rely heavily on the results from Chapter 3.
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6.2 Semifields from Nonassociative Cyclic Al-

gebras

Given a field F' and a cyclic extension L of degree r, it is always possible to
construct a nonassociative cyclic algebra of degree r which is division. To
do this, simply pick an element a € L which does not belong to any proper
subfield of L. Then 1,a,a?,...,a""! are linearly independent over F' and, by
Theorem [3.2.10, (L/F,0,a) is a division algebra. In particular, this is true
even if F' is a finite field. Throughout this chapter we let IF, denote the finite
field with ¢ elements.

Theorem 6.2.1. Let q be a prime power, i.e., ¢ = p™ for some prime p and
n > 1, and let v be an integer strictly bigger than 1. There exists a finite

semifield of order ¢ with nucleus Fy and center F,.

Proof. Let F' = F, then by the above paragraph we can construct a nonas-
sociative cyclic algebra of degree r over F' which will be a division algebra.
This is done by taking a field extension L = F, of degree r over F' and form-
ing the algebra A = (L/F,0,a), where a € L does not belong to a proper
subfield of L. The semifield A has nucleus L by Corollary [3.2.6, and centre
F by Proposition [3.2.7] O

Remark 6.2.2. There may be many non-isomorphic finite semifields of or-
der ¢~ arising from nonassociative cyclic algebras. For example, if r is a
prime number, then by Corollary any choice of @ € L\ F will yield a
division algebra. Also, two semifields of the same order can have very dif-
ferent structures, for example, consider ¢ = 2 and r = 4 in Theorem [6.2.1]
Then we can form a semifield with ¢”* = 26 elements which has nucleus Fas
and center F,. We can also construct a finite semifield with 26 elements by
letting ¢ = 16 and r = 2. In this case the nucleus will be Fys and the center
will be Fig. In fact, this shows that the two semifields mentioned are not
even isotopic since isotopic semifields have isomorphic nuclei (see [10], for

example).
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If L/F is a cyclic extension of prime degree then any choice of a € L\ F
will give a finite semifield of the form (L/F,0,a), however when the degree
of the extension is not prime, the choice of a making (L/F, 0, a) a semifield

becomes more limited.

Theorem 6.2.3. Let F' be a finite field and let L/F be a cyclic extension
of degree r. Then (L/F,o,a) is a finite semifield if and only if a does not
belong to a proper subfield of L.

Proof. Suppose a does not belong to any proper subfield of L. Then the el-

r—1

ements 1,a,a?,...,a" ! are linearly independent over F', otherwise the field

extension F'(a) C L would have degree strictly less than r, contradicting
the hypothesis. Theorem [3.2.10| implies that (L/F, 0, a) is a semifield. Con-
versely, let a € E where

FSEGL,

and suppose that A = (L/F,0,a) is a semifield. The left, right and middle
nuclei of A are associative subalgebras of a finite division algebra, hence by

Wedderburn’s Theorem, they are finite fields. However, by Proposition|3.2.3
Nuc(A) =L L ®Lz*® - - ® L2,

where o° is the generator of the Galois group of the fixed field of E. This is

a noncommutative subalgebra, thus giving us a contradiction. O]

Given a prime power ¢ and an prime 7, the natural question arises of
how many non-isomorphic semifields of order ¢ can be constructed in this
manner. In order to answer this question we frequently make use of Propo-
sition which states (L/F,0,a) = (L/F,0,b) iff 6'(a) = Np/p(l)b for
some 0 <7 <r—1and some [ € L*. For ease of notation, we will denote
(L/F,0,a) by A, when F' and L are clear.

Example 6.2.4. Let F' =T, and let L = 4, then we can write

L={0,1,T,1+T}
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where T2 + T + 1 = 0. For the algebra A, we can either choose a = T or
a = 1+T, both choices will give a division algebra since L is a field extension
of prime degree. We also know that A, = A, if and only if o(a) = Np/p(1)b,

but since we are working with finite fields the norm map
NL/F L — F~

is surjective, so Np/p(l) = 1 for all I € L*. The statement then reduces to
A, = Ay if and only if o(a) = b. Now

o(T)=T?*=1+T.

Therefore Ar = A 1 so, up to isomorphism, there is only one semifield that
can be constructed as a nonassociative cyclic algebra from the field F' and

the extension L.

This semifield is well known and was one of the first examples of semifields
of order 16 (for example see [3I, §2.2]). The fact that the norm map is
surjective for finite field extensions of finite fields allows us to restate the
condition from Proposition as follows.

Corollary 6.2.5. Let F be a finite field and L a finite extension of F. If
A, == (L/F,0,a) and A, := (L/F,0,b) are two nonassociative cyclic alge-
bras, then A, = Ay iff o'(a) = kb for some 0 <i <r —1 and some k € F*.

We recall a simple lemma concerning when a finite field contains certain

roots of unity.

Lemma 6.2.6. Let ' = F, where q is a prime power and let v be a prime

number. F' contains a primitive rth root of unity if and only if r divides q—1.

Proof. The group F* is cyclic and hence it contains a subgroup of order r
if and only if r divides |F*| = ¢ — 1. Since r is prime the elements of this

subgroup will be the rth roots of unity. O
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It is well known that if F' contains a primitive rth root of unity and L is a
cyclic field extension of F' of degree r (where r is prime to the characteristic
of F) then L = F(w), where w is a root of the irreducible polynomial z" — ¢
for some ¢ € F* (see [33, §VI.6]).

Lemma 6.2.7. Let r be a prime number and let F' be a field of characteristic
not v such that F' contains a primitive rth root of unity. Let L = F(w) be
a cyclic field extension of F with Galois group (o). The eigenvalues of the
automorphisms o are precisely the rth roots of unity. Moreover the only

possible eigenvectors are scalar multiples of the elements w® for 0 <i <r—1.

Proof. Let the elements 1,w,...,w"! be a basis for L/F. The action of o
on w is given by

o(w) = (w,
where ( is a primitive rth root of unity. Hence

o'(w) = C'w
and

() = ')l =

for all 0 < 1,7, <r —1. So the rth roots of unity are indeed eigenvalues for
the automorphisms ¢! with eigenvectors w’. Now suppose that k is another

eigenvalue for o¢, i.e., o'(x) = kx for some x € L*. Applying the norm map

to both sides gives
NL/F(O'Z(I')) = NL/F(I{ZZL’) = kTNL/F(Jf>

However, Ny (0" (x)) = Ny p(x) for all ¢, which implies that k" =1, i.e., k
is an rth root of unity and k = ¢’ for some 0 < j < r — 1. With our chosen

basis of L/F the matrix of the automorphism ¢* is

10 0 .- 0
0 ¢ 0 - 0
0 0 <’2i 0
00 0 ... (10
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The equation o%(z) = (Yx in matrix form becomes

T 0 0 --- 0 X
0 ¢ 0 --- 0 1
: . T
0 0 CZZ 0 o) :C]<I'0,I1,[E27...,IT_1> )
0 0 0 e C(T_l)i Tr_1
where z = (zg,x1,...,2,_1) is written as an r-tuple with respect to our

F-basis. This gives

([Eo, Cixla C%x% s 7C(T_1)ix7‘—1> = (ijoa ijl) (jx% s 7(jx7‘—1>7

which implies that all the x) are zero except for one, say zy,, where kg is

such that kgi = j mod r. Hence x = x,w", as required. O

Define an equivalence relation on the set L\ F' by
a ~ b if and only if (L/F,0,a) = (L/F,0,b).

We wish to know how many distinct equivalence classes there are in L\ F'

for a given finite field F' and extension L of prime degree.

Theorem 6.2.8. Let F' = F, and let L be an extension of F' of degree r
where r is prime and q is a prime power. If r divides ¢ — 1 then there are
¢ —q—(g—1(r—-1)

rig—1)

equivalence classes of the above equivalence relation. If r does not divide q—1

r—1+

then there are precisely
" —q
rig—1)
equivalence classes.

Proof. In the case of the semifields defined above, we are looking for elements
a € L\ F with 0'(a) = ka. Note that k = 1 is not relevant for this case since
o'(a) = a if and only if a € F'. For each a € L\ F' we have

(L/F,0,a) = (L/F,0,0'(a))
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for0<i<r—1and
(L/F,0,a) = (L/F,0,ka)

for k € F*. If the elements ko'(a), for 0 < i < r —1and k € F*, are all
distinct then there are precisely 7(q — 1) elements in the equivalence class of
a. If they are not all distinct then o%(a) = ka for some i and some k € F.
We saw in the proof of Lemma that if o'(a) = ka then k is an rth root
of unity. We cannot have k£ = 1 so k is a primitive rth root of unity. From
Lemma this happens if and only if  divides ¢ — 1. Hence, if  does not
divide ¢ — 1 then, from the ¢" — ¢q elements in L\ F, we get
¢ —q
r(g—1)
equivalence classes. On the other hand, if  does divide ¢—1 then F' contains

the primitive rth roots of unity and so we may write L as
FITI/(T" = ¢)

for some ¢ € F*. Lemma tells us that the only elements a € L\ F
with ai(a) = ka are the elements TV for 1 < j < r — 1 and scalar multiples
of these. Moreover, for each 77 we have ¢*(T7) = (¥T7 and (¥ € F so there
are only ¢ — 1 distinct elements in the equivalence class of each 77. Hence
the (¢ — 1)(r — 1) elements k77 (k € F* and 1 < j < r — 1) form exactly
r — 1 equivalence classes. Since these are all the elements in L \ F' that are
eigenvectors for the automorphisms o° we can deduce that the remaining

¢ —q—(q—1)(r —1) elements will form
¢ —q—(g=1)(r-1)
r(g—1)
equivalence classes. In total we have
¢ —q—(g=1)(r-1)
r(g—1)

equivalence classes. O

r—1+
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Corollary 6.2.9. Let F' = F, and let L be an extension of F of degree r

where r is prime and q is a prime power. If r divides ¢ — 1 then there are

¢ —q—(q¢—1)(r—1)
r(g—1)

non-isomorphic semifields arising from the construction (L/F,o,a). Ifr does

r—1+

not divide g — 1 then there are precisely
7" —q
r(g—1)
non-isomorphic semifields arising from a nonassociative cyclic algebra of de-
gree r over the field F.

6.3 Automorphisms

Recall from Corollary that the automorphisms of (L/F, 0, a) are given
by

n—1 n—1
Z T2 s Z zilo(l)... .o 1)z
=0 =0

where for some [ € L with Ny p(l) = 1. These are all the automorphisms

unless there exists an ' € L such that o’(a) = Np,p(l')a, in which case

n—1 n—1
Y wipt = Y dl@)lol). ..o (1)
=0 =0

is also an automorphism. Hence the automorphisms of (L/F, o, a) also de-
pend on the existence of elements k € F* such that o'(a) = ka. However,
it is clear that the kernel of the norm map N ,r will be isomorphic to a
subgroup of the automorphism group of the semifield. We give a proof of the

following well-known fact.

Proposition 6.3.1. Let F' =T, and let L be an extension of F' of degree r,

50 L = Fgr. The kernel of the norm map Np,r is a cyclic subgroup of order

5 = qqr_—711. Moreover, for each k € F*, there are exactly s elements x € L

such that Np p(x) = k.
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Proof. Any subgroup of L* is cyclic so all that remains is to work out the
number of elements in Ker(Ny,r). Explicitly, the norm of an element = € L

is given by

2 r—1 r—1
Npp(z) = zafa? .. p7 =gt 0 = s,

Hence the equation
NL/F(x) =2° = 1,

has at most s solutions. Conversely, the group L* is cyclic of order ¢" — 1
so it contains a subgroup order s. Therefore there are at least s elements in
L* satisfying x°* = 1.

For the second claim, let x;, 1 < i < s, be the s elements with norm 1.
Fix a nonzero & € F*. By the surjectivity of Ny p, there exists a y, € L
such that Np/p(yx) = k. The s elements y,x; are distinct, and

Niryr(yswi) = Npyjp(ye) Noyr(z:) = k1.

Thus we have at least s elements with norm k for each £ € F*. Since there
are ¢ — 1 such elements k € F*, the s(¢ — 1) = ¢" — 1 elements yxz;, for
ke Fand 1 <i < s, cover all elements of L*. Therefore, there are exactly

s elements of norm k for each k € F'*. O

Corollary 6.3.2. Let I' =, and let L be an extension of F' of prime degree
r. If r does not divide ¢ — 1 then for alla € L\ F, Aut((L/F,0,a)) = Z/sZ

¢ =1
g—1"

where s =
Proof. All automorphisms of (L/F, 0, a) correspond to elements of Ker(Ny/r)
unless there exists a k € F* with ¢'(a) = ka for some 1 <4 <r — 1. It was
shown in the proof of Lemma that any such k is a primitive rth root
of unity which cannot happen in F' by Lemma [6.2.6| The result now follows

from the previous proposition. ]

Consider now the case where ' and L are as above but r does divide

g — 1. Since F' contains all rth roots of unity we may write
L=F[T|/(T" —c¢)
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for some ¢ € F'*. Define the set
S={\"|1<j<r—1,A€ F*}CL.
Corollary 6.3.3. Let F' and L be as above with
L=F[T|/(T" —c¢).

Then for alla € L\ (FUS), Aut((L/F,0,a)) = Z/sZ where s = %. If
a €S then Aut((L/F,o,a)) is a group of order

g —1

q—1

r

Proof. Lemma [6.2.7] states that the only elements a € L\ F with o'(a) = ka
for some 1 < ¢ < r — 1 and some k € F are the elements of S, hence the
first claim follows. Now suppose a = \T7 € S. For each i € {0,...,r — 1}

there exists a unique rth root of unity ¢;, such that o%(a) = (;a (note ¢y = 1).

There are exactly ‘1;%11 elements | € L with Ny /p(l) = ¢; and each of these

elements correspond to a unique automorphism. Therefore, in total we have

automorphisms. O

Example 6.3.4. Let F =[5 and L = Fy where
L=F[T)/(T*-2)=1{0,1,2,T,2T,T +1,T +2,2T + 1,27 + 2}.

There are two nonisomorphic Sandler semifields for L/F. These are
Ar = (L/F,0,T) and Apyy := (L/F,0,T + 1). Moreover, Aut(Ary1) is
the cyclic group of order 4, whereas Aut(Ar) is isomorphic to the group of

quaternion units.

Proof. From Corollary we see that there are 2 nonisomorphic semifields
of order 81 arising from the construction (L/F, 0, a) and Lemma implies
that two such nonisomorphic semifields are (L/F,0,T) and (L/F,o0,T + 1).
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Denote these two semifields by Ar and Ap,; respectively. Now Corollary
tells us that the automorphism group of Ar,; is the cyclic group of
order 4. However, the automorphism group of Ar is a group of order 8. To
calculate what this group is we introduce the following notation.

Let [ € L be such that Ny p(l) = 1. Denote by ¢; the automorphism of
Ar given by

oi(xo+ 112) = 39 + 7112

for all x = xo + 2,2 € Ap. Now let m € L be such that o(T) = Np/p(m)T.
Denote by 6,, the automorphism of A given by

Om(xo + 112) = 0(20) + 0(21)M2.

Since o(T) = T? = 2T, we require all those m € L with Ny /p(m) = 2. A

quick calculation shows that these are:
me{l1+T,1+2T,2+T,1+2T}.
Moreover, the subset of L consisting of elements with norm 1 is
{1,2,T,2T}.
Hence using the above notation the automorphism group will be

Aut(Ar) = {¢1, 02, o1, Yar, O141, 01401, O24 1, B2 07}

It is easy to check that this is a non-abelian group of order eight, also it
has one element of order two, namely ¢y and the rest of the (non-identity)
elements are of order four. The classification of small groups then implies

that Aut(Ar) = Q, the group of quaternion units. ]

Theorem 6.3.5. Let F' =TF, be a field of characteristic not 2 and let L be a
quadratic extension of F'. Fora € L\ F put A, :== (L/F,0,a). Then Aut(A,)
15 the cyclic group of order q + 1 or the dicyclic group of order 2q + 2

Proof. Write L = F[T]/(T?—c) for some ¢ € F*. If a = kT for some nonzero
k € F then we know from Corollary that Aut(A,) is of order 2(q + 1),
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otherwise Aut(A,) is the cyclic group of order ¢ + 1. We may assume that
a =T since A, = Ay, for all nonzero k € F. Since o(T") = —T we have the

following automorphisms:
o, Ay — Aa To + x12 — To + 2132,
for xg + 112 € A, and [; € L such that NL/F(li) = 1. There are precisely
q + 1 such maps. We also have the automorphisms
Om, = Ag — Aq: xo + 212 = o(xo) + o(x1)m;z
for all m; € L such that Np,p(m;) = —1. Again, there are precisely ¢ + 1
such maps. We note the following relations between the automorphisms:
D1, 0 1, = P, 01, 0 Oy = Oy,
Om: © @15, = Omioy) Om, © Om; = Pmia(m,)-

Recall that we can describe the dicyclic group of order 4n, denoted Dic,,, by

the following presentation:
Dic,, = (z,y | Y =122 = y", x lyx = y_1>.

We claim that Aut(A,) = Dic, for n = (¢ + 1)/2. First note that the group
Ker(Np/r) = {l; | Npyr(l;) = 1} is cyclic, so pick ly € Ker(Np,r) which
generates it as a group. Also pick any mg such that Np,p(my) = —1, then
the map

i, Y, Omg — T

is an isomorphism from Aut(A,) — Dic,. Clearly we have
(<Pl0>2n = Pp)>r = P1 = Idy,, .
From this it follows that (¢;,)" = ¢_1 and so
(9m0)2 = PNy p(mo) = P-1 = (Solo)n'

Finally, note that (6,,)~" = 6,,, where m; is such that m;o(mg) = 1 and

(¢1) 7" = Yoqy). Hence

(Bmo) ™ © @1y © Oy = Prmjo(t)o(mo) = Polte) = (P10)
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Chapter 7

Menichetti’s Construction

7.1 Introduction

We will next look at some well-know finite semifields and apply the construc-
tion method to more general, infinite fields. This chapter will be concerned
with a construction of Menichetti [40], which he defines over finite fields in
order to generalise the semifields constructed by Sandler in [48]. We will
generalise Menichetti’s method to general Galois field extensions of degree
3 and 4. In particular, we will define an algebra using a biquadratic field
extension, which is a situation that does not occur over finite fields.

These algebras also have potential applications to space-time block cod-
ing, which will be studied in more detail in Chapter 9. Good space-time block
codes (STBC’s) consist of infinite subspaces of invertible matrices whose en-
tries are elements of some number field. The matrices defined in the construc-
tion of these algebras are ideal candidates for STBC’s and this area of coding
theory provides a good motivation for extending Menichetti’s construction
to infinite fields.

We briefly outline the idea behind Menichetti’s construction here, the
details will be given in the next sections. Let I’ = [F, be a finite field and let
L be an extension of F' of degree n with generating Galois automorphism o.

Consider the n-dimensional F-vector space V := L& ---@ L (n-copies of L)
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and let M : V — Mat, (L) be an F-vector space homomorphism such that

where I,, is the n x n identity matrix, and for y = (yo, ¥1,...,yn_1) € V, the
first row of the matrix M(y) is the row vector y. With these ingredients we
can define a bilinear multiplication on V' for two elements x = (g, ..., Zn_1)

and y = (Yo, .. .,Yn—1), by setting
xy = xM(y).

The two conditions imposed on M above ensure that this multiplication gives

V the structure of a unital F-algebra with unit 1y, = (1,0, ...,0) since
zly =xl, ==z

and
1Vy:(1,0,...,0)(y,*,...,*)T:y,

where * denotes any of the remaining row vectors in M (y).

If we can guarantee that the matrix M (y) has nonzero determinant for all
nonzero y € V then, by basic linear algebra, the system of equations =M (y)
has no non-trivial solutions. It follows that V', with the multiplication defined
above, contains no non-trivial zero divisors and, therefore, it is a division
algebra. Menichetti defines the map M by sending a vector y = (yo, ..., Yn—1)
to a matrix whose entries are all conjugates of the elements g; under the field
automorphism o, along with certain parameters ag, ..., a,_1 € L. The entries
are arranged in such a way so that the determinant of M (y) is a polynomial
in the a; with coefficients in F'. The parameters a; can then be carefully
chosen to ensure the matrix has nonzero determinant. Full details of how
this is done for extensions of degree 3 and degree 4 will be given in the next

sections.
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7.2 Cubic Field Extensions

In Waterhouse’s paper [56], he shows that every four-dimensional, unital
algebra over a field F', which has nucleus equal to a quadratic separable
field extension of F', is a nonassociative quaternion algebra. This mimics the
situation for central simple associative algebras where every four-dimensional
associative central simple algebra over F' is a quaternion algebra. One may
ask if every nine-dimensional, unital algebra over F' with nucleus equal to a
cubic separable field extension is equal to a nonassociative cyclic algebra of
degree 37 Such a result would again mimic the situation for nine-dimensional
central simple associative algebras, all of which are cubic cyclic algebras. The
answer in this case is no. We give a construction of a nine-dimensional algebra
with nucleus equal to a cubic separable field extension of F. This algebra
resembles a nonassociative cyclic algebra but it can be shown that is not
isomorphic to any nonassociative cyclic algebra.

Let F be a field, L a cubic separable extension of F' and let a,b,c € L*.
For all triples (yo, y1,v2) € L? define the matrix:

Yo n Y2
M (yo, y1,Y2) := ca o (y2) a(yo) ba~to(yr)
ca”'o*(y) bl (y2)  o*(wo)

We can define a multiplication on the F-vector space L3 = L ® L & L by

($0,$1,$2)(yo,91792) = ($07$1,$2)M(?JO791792),

for all z;,y; € L. This gives L? the structure of an F-algebra which we
denote by (L/F,a,b,c). We will introduce the symbols z := (0,1,0) and
2% := (0,0,1). Thus a general element of (L/F,a,b,c) can be written as
xo + 112 + 2222 where z; € L. We also have the following identities:

_122, 227 =222 = ca_l, 222% = ca 'z

2z = ba
Putting a = b = 1 gives a cyclic algebra, (L/F, 0, c), which is associative or
nonassociative depending on the position of ¢ € L. The next theorem follows

from basic linear algebra.

95



Theorem 7.2.1. The algebra (L/F,a,b,c) is a division algebra if
M (zg,x1,22) # 0 for all (zo, x1,22) # (0,0,0).

We give a few examples of when this occurs.
Example 7.2.2. Let d € L\ F. The following are all division algebras:
1. (L/F,1,1,d).
2. (L/F,1,d,d).
3. (L/F,d,1,d).
4. (L/F,d,1,1).
5. (L/F,d,d,1).

Proof. For all x € L, let N(x) = N p(x) denote the field norm of x and
T(x) = T/p(x) denote the field trace of x. For all zg, 21,22 € L the deter-

minant of M (zg, x1,x2) is
N(z0) + cba "0 N (21) + a0 N(zy) — ca ' T(zo0 (21)0*(22)).
Considering, for example, (L/F,1,d,d) the determinant becomes
N(z0) + d*N(z1) + dN(z3) — dT(zo0(z1)0? (13)).

Since L/F is a cubic field extension, 1, d, d?* are linearly independent over F.
Using this, it is easy to check that if the above determinant is zero then each
of xg,x1, 9 must equal zero. A similar argument shows the other algebras

are division. 0

We now look at the explicit multiplication in each of the algebras in the
above example. Let z = zg + 212 + 2222 and y = yo + y12 + Y222, where

x;,y; € L, then the multiplication in (L/F,a,b,c) is given by

zy = (zoyo + ca” w10 (y2) + ca” w207 (1))

+ (zoy1 + 10 (yo) + b w20 (yo))2

+ (zoy2 + ba 210 (y1) + 220% (y0)) 22
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It is easy to see that the multiplication for (L/F,1,1,d) is the same as
the multiplication for a cubic nonassociative cyclic algebra which we denote
by (L/F,o0,d) =: A.

In the second example, (L/F,1,d,d), the multiplication becomes

ry = (Toyo + dr10(y2) + dx202(y1))
+ (zoy1 + 210 (Yo) + 220° (ya))2
+ (zoye + dzyo(y1) + 220%(yo) ) 2°

To simplify notation we will denote this algebra by (A;, d).
The third example, (L/F,d,1,d), yields the multiplication

zy = (zoyo + 110 (y2) + 220 (y1))
+ (zoy1 + 210 (y0) + dwoo?(y2))2
+ (woy2 + d~ ' w10 (y1) + 220° (o)) 2°

We will denote this algebra by (As, d).

Using these notations we can see that for examples (4) and (5) we have

(L/F,d,1,1) = (A;,d )
(L/F,d,d,1) = (L/F,o,d").

Thus it suffices to study the algebras (A;,d) and (As,d). It turns out that

the first one is already familiar to us.
Proposition 7.2.3. For alld € L\ F, (Ay,d) = (L/F,0?% d).

Proof. The map

¢:(L/F,0% d) — (A}, d)

To+T12 + :L‘222 — To + Toz + xlz2,

is easily shown to be an isomorphism. O
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Remark 7.2.4. Consider the definition of (As, d) but with the element d
taken in F'. One can check that this is an associative, central simple algebra

over F. By the classical theory this must be a cyclic algebra. In fact, we can

show that (Ay,d) = (L/F,0,d™') for all d € F*, via the map
To + 112 + 022 > 1o + 212 + dae2?.
When the element d € L\ F, the situation is different.

Proposition 7.2.5. For all d € L\ F, the nucleus of (As,d) is equal to L.

Proof. We will show that L is equal to the middle nucleus of (As,d), it
is shown similarly that L is equal to the left and right nuclei. First L is
contained in the middle nucleus since for all x = zg + 212 + 222% and y =

Yo + Y12 + y22% in (Ay,d) and [ € L we have

w(ly) = (zo + 112 + 122) (lyo + ly12 + ly22?)
= (zolyo + 210 (ly2) + 2207 (Iy1))
+ (zolyy + 210 (lyo) + dwoo?(lys)) 2
+ (zolys + d 210 (lyy) + 2202 (lyo)) 22

On the other hand, we have

(w))y = (w0l + 210 (1) 2 + 2202(1)2%) (yo + Y12 + y22?)
= (wolyo +w10(D)o(ya) + z20*(1)0*(31))
+ (zolyy + 210D (yo) + dzac? (D)o (o)) z
+ (zolyz + d 10l o(y1) + 220* (1) (yo)) 2>

These expressions are clearly the same.

2

For the reverse inclusion, suppose that n = ng +n;z 4+ nyz* is an element

of the middle nucleus of (Asg,d) for some n; € L. We calculate

(2(ng +n1z +ne2?))z = (0(ng)z + o(n))d 2> + o(ny))z
=o(ng)d '2* + o(ny)d " + o(ng)z.
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However, we see that

2((no +n1z +n9z?)z) = z(ngz + nyd 2% + ny)
=o(ng)d '2* + o(ny)a(d ) + o(ny)z.

These expressions are only equal if n; = 0. A similar calculation of the

associator [2%,n, 2%] shows that ny = 0 as well. We conclude that n € L. [

Proposition 7.2.6. Ford € L\ F, the algebra (As,d) is not isomorphic to
(L/F,0,a) or (L/F,0? a) for any a € L.

Proof. Let A = (L/F,0,a) and Ay = (Ay,d) and suppose that f: A — Ay

is an isomorphism. To avoid confusion we denote the multiplication in A by

o and in Ay by *. We note the following identities:
zoz=2%220oz=z202=a,2°02* =az,

pxz=d 22 vz =z2x22=1,22 %22 = dz.

Since Nuc(A) = Nuc(Ay) = L we must have f(L) = L and hence f|; = o'
for some i € Z/37Z. Suppose that f(z) = lo+1,z+132% for some [; € L. Then

for every m € L we have
f(2) * f(m) = loo" (m) + Lo (m)z + o' (m)2*,
where the indices of o are read modulo 3. Also we get
flzom) = f(o(m)oz)
= o m)ly + o (m)liz 4+ o (m) 122

Comparing coefficients we see that f(z) * f(m) = f(z om) for all m if and

only if Iy =l = 0. Hence f(z) = lz for some [ € L. It follows from this that

f(2®) = f(zoz)=f(2) * f(2) =lz*xlz = lo(l)d ' 2%

Since 2?0z = z0 22 = a, we calculate the image of @ under f in two different

ways. Firstly we have
f(Z202) = f(23) * f(2) =lo()d2* x 1z = lo(l)o*(1)d".
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On the other hand,
f(zo2?) = f(2) % f(2*) = lzxlo(l)d '2* = lo(D)o*(Do(d ).

These two expressions are not equal since d=* # o(d~!). A similar argument
shows that A, is not isomorphic to (L/F,0? a) for any a € L either. The
main difference in this case is that any isomorphism, f : (L/F, 02, a) — As,

must map z onto /22 for some [ € L. O

We may also consider the isomorphism question for the algebra (As,d)

(cf. Proposition [3.1.4)).

Proposition 7.2.7. Let L/F be a cubic, cyclic field extension and let (As, d)
and (Ag,d') be two algebras as defined above with d,d" € L\F. Then (Ay,d) =
(Ao, d) if and only if d = o'(d)Ny,p(l) for some i € {0,1,2} and | € L.
Every such | € L yields a unique isomorphism from (As, d) to (As,d’) given
by

(zo + T12 + 222%) > (0 (o) + o' (21)l2 + 0 (22)0* (1) ~'2%).

Proof. The proof is similar to that of Proposition in Chapter 2 so we
will only highlight the main differences here. Suppose ¢ : (A2, d) — (As, d')
is an isomorphism. As in the proof of Proposition we must have p|;, =
o' € Gal(L/F) and ¢(z) = lz for some | € L. Now, in (Ag,d) we have

(22)z = (d712%)z = d~! and hence

o'(d7") = p(d™") = p((22)2) = ((12)(12))(12) = d o (1)a*(1).

Rearranging gives d’ = o'(d)Np,r(l). Finally, since zz = d™'2* in (A, d), we

have 2% = d(zz) and so
p(2%) = p(d(22)) = o'(d)((12)(I12)) = 0" (d)d" "o (1)2* = o*(1) 27,

by the condition d’ = ¢*(d)lo(I)o?(l). This gives us the map ¢ explicitly.
Conversely, it is routine to verify that such a map is indeed an isomor-

phism. O
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Corollary 7.2.8. Let L/F be a cubic, cyclic field extension. Everyl € L
with Ny p(l) = 1 yields an automorphism of (As,d) given by

To + 212 + T02? > 1o + 21l2 + 2002 (1) 712

for all xg + w12 + 122% € (As,d). These are all such automorphisms unless

there exists an element ' € L with d = o'(d)Nyp(l'). In this case the map
To + 112 + 1927 > 0 (20) + o' (w1l + o (22) 0 (1) 22
is also an automorphism of (Asg,d).

Since the conditions for two algebras (As,d) and (A2, d’) to be isomor-
phic are the same as the conditions for two nonassociative cyclic algebras
(L/F,0,d) and (L/F,o0,d') to be isomorphic, we can apply the results from
Chapter 6 when we consider the algebra (As, d) over a finite field.

Corollary 7.2.9 (cf. Corollary[6.2.9). Let F' =T, where q is a prime power
and let L be a cubic extension of F'. If 3 divides ¢ — 1 then there are

P +qg+4
3

non-isomorphic semifields arising from the construction (As,d). If 3 does

not divide q — 1 then there are precisely

@ +q
3

non-isomorphic semifields arising from the construction (A, d).

Corollary 7.2.10 (cf. Corollary. Let L be a cubic extension of a finite
field F* =, where q is a prime power. If 3 does not divide g — 1 then for all
de L\ F, Aut((As,d)) = Z/sZ where s = ¢* + q + 1. If 3 does divide ¢ — 1
then the automorphism group is either isomorphic to Z/sZ or is a group of

order 3(¢* + ¢+ 1).
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7.3 Cyclic Field Extensions of Degree 4

Let F be a field and L a cyclic extension of F' of degree 4 with Galois group
generated by the automorphism o. Pick nonzero elements a,b,c,d € L.
For all 4-tuples (zg, 1, 72, 23) € L* we consider the matrix M (xg, x1, T2, 3)
defined by

Zo T i) T3
da=to(x3) o(xg) ba lo(ry) calo(x)
cda v o (xy) dblo*(w3)  o0%(xg)  calo*(xy)

da™'o3(zy)  db lo3(xe) dclod(xs)  03(xo)

Proposition 7.3.1. The determinant of M(xq,x1,z2,x3) is of the form
Z a2 dM fi(xo, 21, T2, T3),

where the n;; are integers and the f; are functions which take values in F.

Proof. A routine, but tedious, calculation shows that

bed Ad?
Det(M(l'o,a?h 5E2,$3)) = NL/F(Z'O) - ?NL/F($1) + wNL/F(fEQ)
d3

— %NL/FCLE) + Z—ZTT‘L/F(I'OO'(CEl)0'2(11)0'3(1‘2))
_ gTrL/F(xoa(xo)a%l)03(333))

ST (00 (02)0% (23)0 () (7.1)

cd?
+ %TTL/F(iL‘lU(ZL'Q)O'Q($2)0‘3(IE3))
cd

a %TTFO/F(ZBOUQ(350)0(@)03(172))

2
+ @TTFO/F(%UQ(ﬁl)a(fs)gg’(fs)),

where [} is the intermediate field of L and F fixed by o2. O

Remark 7.3.2. In [40], Menichetti proves this using clever matrix manipula-
tions to show that Det(M (xo, z1, x9, x3)) = Det(M (o (x0), o(z1), 0(x2), 0(x3))
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and thus deduces that the determinant of the matrix is of the desired form.
Here, we prefer the more explicit approach as it proves to be more useful for

our purposes.

On the vector space L* = L @& L @& L ® L, we define a product by

([E07 X1, X2, l‘g)(?jo, Y1, Y2, y3) = ([L'(), Iy, T2, x3)M(y07 Y1, Y2, 93)7

for all 2;,y; € L. This gives L* the structure of an F-algebra, which we denote
by (L/F,a,b,c,d). As before, we introduce the symbols z = (0, 1,0,0), 22 =
(0,0,1,0) and 2% = (0,0,0,1), so we may write an element (xg, z1,To, x3) €

(L/F,a,b,c,d) as xg+ x12 + w222 + x32°. Multiplication can be expressed as

ry = (19 + 212 + T22° + 132°) (yo + Y12 + Y22 + y32°)
= woyo +da” 110 (ys) + cda” b wa0® (yo) + da” w307 (y1)
+ (zoy1 + 210 (yo) + db~twe0? (y3) + db  w30° (y2)) 2
+ (2oy2 + ba~ ' wy0 (1) + 207 (o) + de ™ w30° (ys)) 2

+ (zoys + ca” 'm0 (y2) + ca” a0 (1) + x30° (yo)) 2°.

Example 7.3.3. Let a =b=c¢ =1, then (L/F,1,1,1,d) is a cyclic algebra

of degree 4 which is associative if d € F' and nonassociative if d € L\ F.

Proposition 7.3.4. If the matriz M (zo, x1, 2, x3) has nonzero determinant
for all (0,0,0,0) # (xg,x1,22,23) € L*, then (L/F,a,b,c,d) is a division

algebra.

Proof. Due to the definition of the multiplication in (L/F,a,b, ¢, d), this fol-

lows from basic linear algebra. O

Example 7.3.5. Pick d € L such that 1,d,d?, d® are linearly independent

over F'. The following are division algebras.
e (L/F,d,1,1,1),

e (L/F,1,d,1,1),
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(L/F,1,1,d,1),

(L/F,1,1,1,d),

(L/F.,d,d,d,1),

(L/F,d,d,1,d),

(L/F,d,1,d,d),
o (L/F,1,d,d,d).

Proof. As an example, we will show that (L/F,d,d,d,1) is a division al-
gebra. The other cases are proved similarly. From the previous proposi-
tion, we know that if the determinant of the matrix of right multiplication
M (g, 21, 9, 23) is nonzero for all nonzero (x¢, x1, T2, 3) € L, then the al-
gebra will be division. We can easily check this condition by putting our
chosen parameters into the explicit formulation for Det(M (zo, 1, x2, 23)) in
. We see that the determinant is a polynomial of degree 3 in 1/d with
coefficients in F. Since 1,d,d?,d® are linearly independent over F, so are
1,1/d,1/d? 1/d®. Moreover, the only constant term (i.e.. without a factor of
1/d) is Npr(z0) and the only term with a factor of 1/d* is =N, p(x3). Hence
if Det(M (xq, z1,x9,x3)) = 0, we would have xy = z3 = 0. Putting this back
into , we see that the only remaining coefficient of 1/d is —Np p(x1)
and the only remaining coefficient of 1/d* is Ny r(z2), so these must be zero

also, implying that x1 = 2o = 0. [

Example 7.3.6 (Menichetti). Let a = 1,¢ = b,d = bl and suppose that
b = ko+ kol where ko, k1 € F with ky # 0. The matrix M = M (xq, z1, T2, T3)
now becomes

xo T X9 X3
bb'o(xs) o(xg) bo(zy) bo(zs)
bo?(xy) Vo*(xs) o*(xg) bo?(xy)

bo'od(xy) Vod(zy) Vod(x3) o(xo)
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We can see that Det(M) is a polynomial of the form

fo(xo, x1, T, 3) + b f1 (20, T1, T2, 3)+

+ bblzfg(l'o, X1,T2, 1’3) + bblgfg(l‘o, X1, T2, 273),

where the f; are functions which take values in F. Suppose we choose b, v/
such that 1,bb,bb", bb" are linearly independent over F and suppose that
Det(M) = 0. Expanding the determinant along the first column of M shows
that fo(xo, z1, 22, 23) = N p(20). We must, therefore, have zy = 0. Putting

this into F', we can then check that the expansion of the determinant becomes

and k2N, sr(21) is the only nonzero coefficient of the term bb'. Since ko # 0
we must have 1 = 0. Repeating this process, we find that o = x3 = 0 and so
the matrix M has zero determinant only if and only if zg = 1 = 29 = 23 = 0.

The elements 1, bb', bb'?, bb'3 can be chosen to be linearly independent as
follows: pick &' such that {1,¥,b% b3} is a basis for L/F and write

1,06 = kol + kb2, bb2 = kol + kyb/®, b1 = kob® + kob'™.

If 6" = Mg+ b+ b2+ 30, then 1, bV, b2, bb' will be linearly independent

over F' if the matrix

1 0 0 0
0 ko Kk 0
0 0 ko ky ’

kido kidi kida ko + ki)s

has nonzero determinant, i.e., if

kS + k2kiAs — kok? A + Koy # 0.

7.4 Biquadratic Field Extensions

In [40], Menichetti only considers this construction over finite fields where

all extensions are cyclic. In our more general situation, over infinite fields,
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we may encounter non-cyclic field extensions, for example, biquadratic ex-

tensions. Let L/F be such a biquadratic field extension, i.e.,
L = F(v/u,Vv),
where u, v and uv are square-free elements of F'. Then
Gal(L/F) ={1,0,7,07T},
where o and 7 are defined by
o(Vu) = Vu, o(Vv) =V,
(i) =~V T(VE) = V.

We pick nonzero elements a, b, ¢,d € L and define the matrix M (xg, z1, o, x3)

to be

Lo 21 L2 T3
da=to(x3) o (o) ba lo(z1) cato(xs)
cda 0717 (x9)  dbi7(23) 7(z0) ca‘r(zy) |’

da to3(xy) dblor(xs) delor(xzs)  oT(wo)
for every 4-tuple (zg, z1, T2, x3) € L*.

Proposition 7.4.1. The determinant of the matriz M(xq,x1, 22, x3) is a

polynomial of the form

> amib R s d g (v, w1, 0, ),

)

where n;; are integers and the g; are functions which take values in F'.

106



Proof. Calculating the determinant explicitly we have

bed A2d?
Det<M('IO:$17 T2, x3>) = NL/F(I’(]) - FNL/F(xl) + WNL/F(Q:Q)
d? cd
— a—bCNL/F(.Tg) + ;TTL/F(1.00—(331)7_(1'1)0—7_(1.2))

— aTrL/F(cha(yco)7'(9131)<TT(5U3))
d2

+ %TTL/F(%U(@)T(?US)07(333)) (7.2)

cd?
+ %TTL/F(.Z'lO'(xg)T(iL'Q)O"T(.ng))

cd

_ %TrFO/F(3307'(3:0)0(332)07'(952>)

d2
+ ETTFO/F(4517(561)0(953)07(953))>

where Fy = F'(y/v) is the intermediate field of L and F fixed by 7. O

On the vector space L* = L ® L @& L ® L, we define a product by

(20, 21, T2, 3) (Yo, Y1, Y2, Y3) = (To, T1, T2, £3) M (Yo, Y1, Y2, Y3)

for all z;, y; € L. This gives L* the structure of an F-algebra, which we denote
by (L/F,a,b,c,d). As before, we introduce the symbols z = (0,1,0,0), 22 =
(0,0,1,0) and 2® = (0,0,0,1), so we may write an element (xg, z1, T, x3) €

(L/F,a,b,c,d) as xo+ 112 + 222% + x32>. Multiplication can be expressed as

vy = (20 + T12 + 92% + 132°) (Yo + y12 + y22° + y32%)
= oo +da” w10 (ys) + cda” b woT(yo) + da” a0 (y1)
+ (zoy1 + 210 (yo) + db~ o7 (y3) + db tws0T (1)) 2
+ (zoya + bat a0 (y1) + 207 (30) + de w307 (y3)) 22

+ (zoys + ca” 'm0 (y2) + ca ' waT (Y1) + 2307 (yo))2°.

Proposition 7.4.2. If the matriz M (zg, x1, T2, x3) has nonzero determinant
for all (0,0,0,0) # (xo,x1,22,73) € L*, then (L/F,a,b,c,d) is a division

algebra.
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Proof. Due to the definition of the multiplication in (L/F,a,b, ¢, d), this fol-

lows from basic linear algebra. O]

Example 7.4.3. Pick d € L such that 1,d,d? d® are linearly independent

over F'. The following are division algebras.
e (L/F,d,1,1,1),

e (L/F,1,d,1,1),

(L/F,1,1,d,1),

(L/F,1,1,1,d),

(L/F,d,d,d,1),

(L/F,d,d,1,d),
e (L/F,d,1,d,d),
e (L/F,1,d,d,d).

The proof that these are division algebras is exactly the same as in Example
[7.3.5]
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Chapter 8

Hughes-Kleinfeld and Knuth

Constructions

In this chapter we look at some other well-known constructions for finite
semifields, namely one of Hughes and Kleinfeld, and a few given by Knuth.
We apply the constructions to more general fields and investigate the result-
ing algebras. In particular, these constructions yield division algebras over
the real numbers. In [22], Hughes and Kleinfeld gave a construction of a
finite semifield which is quadratic over a finite field L contained in the right
and middle nucleus. In a closing remark of the paper they mention that this
construction will also work over general fields and gives (infinite) division
algebras. However, they do not study the situation over infinite fields since
this construction does not classify those algebras quadratic over such a field
L as it does in the finite case.

In his thesis, [31], Knuth considered three similar constructions of finite
semifields. These three along with the Hughes-Kleinfeld semifield are some
of the best-known finite semifields and have been studied in a variety of
contexts (e.g. [0], [57]) but always over finite fields. Here we look at these
four constructions over general fields. We show that they give a simple con-
struction for division algebras. Under certain conditions they each possess

different combinations of left, right and middle nuclei and so they are mu-
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tually non-isomorphic. Automorphisms of these algebras are studied and in

specific cases we determine the automorphism group.

8.1 Definition

Let F' be a field and let L be a Galois field extension of F'. We consider four
multiplications on the F-vector space L@ L. Pick elements n and p of L and
a nontrivial automorphism o € Gal(L/F). For elements x,y,u,v € L the

four multiplications are given as follows:

Kny : (2,y) o (u,v) = (zu+no~*(y)o(v), 2v + yo(u) + po~" (y)o(v)),

Kny : (z,y) o (u,v) = (zu+no *(y)o~ (v),zv + yo(u) + po~ ' (y)v),

Kng: (z,y) o (u,v) = (zu +nyo~" (v), 20 + yo (u) + pyv),

HEK : (z,y) o (u,v) = (zu + nyo(v), zv + yo(u) + pyo(v)).

We will denote the vector-space L @& L endowed with each of the above mul-
tiplications by Knq(L,o,n,n), Kne(L,o,n, 1), Kns(L,o,n, u) and

HK(L,o,n, 1), respectively. This notation reflects the fact that the first
three are the constructions defined by Knuth and the last one is the con-
struction defined by Hughes-Kleinfeld. If it is clear from the context or
irrelevant to the discussion we may omit some or all of the parameters. Each
of Kny, Kny, Kng and HK is a unital F-algebra with unit element (1,0).
They also contain L & 0 as a subalgebra, which we identify with the field L.

Theorem 8.1.1 ([22], [31]). If L is a finite field and if the equation
wo(w) + pw —n (8.1)

has no solutions in L, then each of the above algebras is a division algebra.
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Thus we get four constructions for finite semifields. As Hughes and Kle-
infeld mentioned in their paper, if L/F is any separable field extension and
Equation (8.1) has no solutions then HK (L, o, n, 1) is a division algebra. In

fact, this is true for all of the above algebras.

Theorem 8.1.2. Let L/F be any separable field extension. The algebras
Kny, Kng, Kng and HK are all division algebras if and only if FEquation

has no solutions in L.

Proof. We prove the sufficiency for Kn; since the other cases are similar.

Suppose that Kn; contains zero divisors. That is

(2.9) o (u,0) = (zu + o 2(y)o(v), 2v + yo(u) + po~ (y)a(v)) = (0,0),

for some (z,y) # (0,0) # (u,v). We may assume that none of z,y, u,v are
zero since otherwise a quick check would reveal that we must either have
(z,y) = (0,0) or (u,v) = (0,0). Thus each of their inverses in L exist. We

have the following equations:

zu+no*(y)o(v) =0,
0.

2 +yo(u) + po = (y)o(v)
The first equation implies that there exists an element z € L* such that
-2 _ -1
u=zo “(y), r=—-no(v)z"".
Plugging this into the second equation gives
—no(v)z'v +yo(2)o~ (y) + po~ (y)a(v) = 0.
Multiplying through by z and setting w = zo~*(y)v ™! yields
o(v)v(—n + wo(w) + pw) = 0.

Since v # 0 we must have wo(w)+ pw —n = 0 which is a contradiction of our

hypothesis. For necessity, notice that if w is a nonzero solution to Equation

then
(=n,0(w)) o (67} (w), 1) = (0,0),
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for both Kn,; and Kn, and

(—7],10) © (w7 1) = (07 0)7

for both Kns and H K. Hence all algebras contain nontrivial zero divisors. If
w = 0 is a solution to Equation (8.1)) then we must have n = 0. If u # 0 then
w = —o !(u) is also a solution and is nonzero so the previous paragraph

applies. If ;4 = 0 then the multiplication on each algebra becomes
(z,y) o (u,v) = (xu,ve + yo(u)),
for all z,y,u,v € L. Then
(0,1)0(0,1) = (0,0)
and so each algebra has nontrivial zero divisors in this case. O]

By the previous theorem, if = 0 then the algebras Kny, Kny, Kns and

HK are never division, so we shall assume that n # 0 from now on.

8.2 Nuclel

In this section we calculate some of the nuclei of the algebras Kni, Knsy, Kns
and H K and show that no two of them possess the same combination of left,
right and middle nuclei unless 02 = Id and p = 0. If both 0> =Id and =0

then the multiplication for each algebra is the same:

(z,y) o (u,v) = (zu+nyo(v), zv + yo(u)).

In this case o is of order two in Gal(L/F) and as such L has a subfield £
such that [L : E] = 2 and Gal(L/F) = {Id,c}. Hence, the multiplication
given above defines a quaternion algebra over E which is associative if n € F
and nonassociative if n € L\ E. The structure of these is well known in the
associative case and the nonassociative case is covered in Chapter 3, so we

will assume from now on that either o # Id or u # 0.
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Proposition 8.2.1. Suppose that either o® # 1d or that p # 0.

(i) L is equal to the middle and right nucleus of Kns(L,o,n, 1) but is not
contained in the left nucleus.

(i1) L is equal to the left and right nucleus of Kng(L,o,n, 1) but is not con-
tained in the middle nucleus.

(11i) L is equal to the left and middle nucleus of HK(L,o,n,p) but is not

contained in the right nucleus.

(iv) L is not contained in the left, right or middle nucleus of Kny(L,o,n, 1).

Proof. This time we will only prove (i), the other cases are similar. We
will also drop the circle notation for multiplication and denote it simply by
juxtaposition: (z,y) o (u,v) = (z,y)(u,v). To show L is contained in the

middle nucleus we let | € L and calculate

((z,9)(1,0))(u, v) = (xl,yo (1)) (u,v)
= (zlu+no?(y)o " (1)o~ " (v),
zlv + yo(l)o(u) + po~ " (y)lv).

On the other hand,

(2, y)((1, 0)(uw, v)) = (2, y)(lu, lv)
= (xlu +no % (y)o (), zlv + yo(lu) + po~ " (y)lv).

These two expressions are the same hence L C Nuc,,(Kny). To show that
there are no other elements in the middle nucleus of Kn» it suffices to check
that no elements of the form (0,m), m € L, belong to the middle nucleus.

This is because the associator is linear:

[(z,y), (1, m), (u,0)] = [(z,9), (1, 0), (u, 0)] + [(z, y), (0, m), (u,v)].

If (0,m) € Nuc,,(Knsy) then for all v € L we should have

[(07 ’U), (O’ m)7 (Ov 1)] = (07 0):

113



however, calculating directly we get
((0,0)(0,m))(0,1) = (0,v)((0,m)(0,1)) =

(no~*(w)a~*()a~*(m), no~*(v)o"(m) + po ™ (w)o*(v)o~" (m))
— (o (w)o (o (m), vo(n)o~ (m)+ po~ (v)uo " (m)) = 0.

If 1+ # 0 then looking at the first term gives

o2 (1o (w) = o 2(w)o (1)

for all v € L which can’t hold. If = 0 then, by hypothesis, we must have

0% # 1d and looking at the second term gives the equation

no*(v) = vo(n),

which again can’t hold for all v € L. A similar calculation shows that the
right nucleus is also equal to L. To show that L is not contained in the left

nucleus we check
((1,0)(z, y))(u, v) = (lz, ly)(u,v)
= (lzu +no~*(ly)o~ (v), lav + lyo (u) + po " (ly)v),
whereas
(1.0)((z,y)(u,v)) = (1, 0)(wu +no~*(y)o ™" (v), 2v + yo(u) + po~' (y)v)
= (lou + Ino 2 (y)oH(v), lzv + lyo(u) + luo ™ (y)v).
These equations are not equal for all [ € L unless 02 = Id and p = 0. O

Remark 8.2.2. In their paper [22], Hughes and Kleinfeld show that the
right and middle nuclei of their algebra are equal to L. This is because they
use a slightly different definition of multiplication to us. They consider the

product

(@, 9) o (u,v) = (zu 410 (y)v, yu + o (z)v + po(y)v),

for all z,y,u,v € L. It is easily checked that this multiplication gives the
opposite algebra HK°P, which explains the swap of right and left nucleus.
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Corollary 8.2.3. The algebras Kny, Kno, Kng and HK are mutually non-
isomorphic unless 0> = Id and pu = 0, in which case they are the same

algebra.

Proof. Since isomorphisms must preserve each of the left, right and middle
nuclei, the first claim holds when either 0? # Id or p # 0. On the other hand
if both 02 = Id and i = 0 the the definition of multiplication in each algebra

is exactly the same. O

8.3 Automorphisms

In this section we describe all automorphisms for the algebras H K, Kny and

Kns. We also exhibit some automorphisms for the algebra Kn;.

Proposition 8.3.1. Let A = HK(L,o,n, ). All automorphisms of A are
of the form

(z,y) = (r(2), 7(y)b),
where T € Gal(L/F) commutes with o and b € L* is such that

nbo(b) = 7(n) and po(b) = 7(u).

Proof. Let ¢ : A — A be an automorphism. Since Nuc¢;(A) = L and iso-
morphisms preserve left, right and middle nuclei, we must have (L) = L.

Hence ¢|, =7 € Gal(L/F). We can write any element (z,y) of HK as

(z,y) = (2,0) + (y,0)(0,1).

Since ¢((x,0)) = (7(x),0) for all x € L, it remains to determine ¢((0,1)).
Suppose ¢((0,1)) = (a,b) for some a,b € L, thus we can write

p((,9)) = ¢((x,0)) + @((y, 0))((0, 1))
= (7(2),0) + (7(y), 0)(a, b)
(
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For all m € L we must have

2((0,1)(m,0)) = ¢((0,1))e((m, 0)).

On the one hand we have

2((0,1)(m, 0)) = ¢((0,0(m)) = (r(a(m))a, (a(m))b),

whereas the right hand side becomes

(a,b)(7(m),0) = (r(m)a, o(r(m))b).

Since o # Id, this implies that a = 0 and that 7 and ¢ commute. Finally, we
have (0,1)(0,1) = (1, ) and so ¢((0,1)(0,1)) = (7(n), 7(n)b). However,

©((0,1)¢((0,1)) = (0,)(0,b) = (nba (b), ubo (b)),

and so we arrive at the conditions nbo(b) = 7(n) and po(b) = 7(p).
Conversely, suppose b € L satisfies the conditions mentioned in the propo-

sition. Then for all z,y,u,v € L, we have

e((z,y)e((u,v)) = (7(2), 7(y)b) (1(w), 7(v)D)

(7(2)7(w) +n7(y)bo (7(v)b),

T(2)7(0)b + T(y)bo (1 (u)) + pr(y)bo(7(v)b))

7(zu) +7(nyo(v)), T(zv) + 7(yo(u)) + 7(uyo(v))d)
((z, ) (u,v)).

]

Proposition 8.3.2. Let A = Kny(L,0,n,1). All automorphisms of A are
of the form
(z,y) = (7(x), 7(y)b),

where T € Gal(L/F) commutes with o and b € L* is such that
no~*(b)o~(b) = 7(n) and po~' (b) = 7(1).
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Proof. By Proposition Nuc,,(A) = L, so any automorphism ¢ : A —
A must restrict to an automorphism of L/F| say ¢|, = 7 € Gal(L/F).
Following the proof of Proposition we deduce that

p(r,y) = (7(x), 7(y)b),

for all (z,y) € A and some b € L. Now (0,1)(0,1) = (n, u) and, therefore,
©((0,1)(0,1)) = (7(n), 7(1)b). However,

£((0,1)¢((0,1)) = (0,6)(0,b) = (no~*(b)o " (b), o~ (b)b),

and so no~2(b)o~(b) = 7(n) and po=(b) = 7(u).
It is a routine calculation, similar to that in Proposition to show

that such maps are indeed automorphisms. O

Proposition 8.3.3. Let A = Kns(L,0,n,1). All automorphisms of A are
of the form
(z,y) = (r(x), 7(y)b),

where T € Gal(L/F) commutes with o and b € L* is such that
nbo = (b) = 7(n) and pb = 7(p).

Proof. In this case Nuc;(A) = L so, again using the same argument as in
Proposition [8.3.1] we conclude that any automorphism ¢ : A — A is of the

form

(z,y) = (7(x), 7(y)b),
for (z,y) € A and some b € L. To determine what conditions b must satisfy,
we calculate ¢((0,1)(0,1)) = (7(n), 7(1)b) and

((0,1)¢((0,1)) = (0,)(0,) = (nbo " (b), ub*).

Therefore nbo~1(b) = 7(n) and ub = 7(u). As before, it is routine to verify

that such maps are automorphisms of A. m

117



The key part in these three proofs is the fact that either the left, right
or middle nucleus of HK, Kn, and Kngs is equal to L. From this we deduce
that any automorphism of the algebra must restrict to an automorphism of
L. For Kny, L is not contained in any of the nuclei so we cannot make this
deduction. However, if we assume that an automorphism of Kn; restricts to

an automorphism of L, then it must be of a similar form to the above maps.

Proposition 8.3.4. Let A = Kny(L,0,n, 1) and suppose ¢ is an automor-
phism of A which restricts to an automorphism of L: ¢|p, =1 € Gal(L/F).
Then, for all (z,y) € A

p((z,9)) = (1(2),7(y)b),
where no=2(b)a(b) = 7(n) and puo=(b)o(b) = 7(u)b.
Proof. Assuming that ¢|, =7 € Gal(L/F) allows us to deduce that

p((z,y)) = (7(2), 7(y)b),

for all (z,y) € A and some b € L. In Kny; we have ¢((0,1)(0,1)) =
(r(n), 7()b) and

((0,1)¢((0,1)) = (0,0)(0,0) = (na(b)o~*(b), po " (b)a (b)).
Therefore no=2(b)a(b) = 7(n) and uo=(b)o(b) = 7(u)b. O

Whenever o # 0, there are very few automorphisms for each of these
algebras, in many cases there are fewer automorphisms than of L/F. The
exact size of the automorphism group depends on the position of the elements

n and g within L.

Proposition 8.3.5. Let G = Gal(L/F) and let Cg(0) be the centraliser
of o in G. If A is one of the algebras HK(L,o,n, 1), Kno(L,o,m, 1) or
Kns(L,0,n, 1) where pp # 0, then the automorphism group of A is isomorphic

to the subgroup of Cg (o) which fizes the element po(u)o(n)™, i.e.,

Aut(A) = {r € Co(o) | T(#J(#)) _ MJ(HJ)}‘

a(n) a(n)
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Proof. Suppose A = HK(L,o,n, 1) and denote by ° the automorphism of
A

(z,y) = (7(2), 7(y)b),
for all (z,y) € A. From Proposition we know that 7 € Cg(o) and
puo(b) = 7(p). Since p # 0, the element b € L is determined completely
by the action of 7 on p so we may drop the superscript b in ©° and write
¢-. We also have the equation nbo(b) = 7(n) defining ¢,. Substituting in
b=o0"Y7(n))o " (p)"! and rearranging gives

a(m)T(wo(r(p) = o(r(n))po(p).

Since o and 7 commute, we can rearrange this further to get

po(p)\ _ po(p)
T = .
o(n) o(n)
Consider two such automorphisms ¢, and ¢,, of A. Then

o (2, y) = (1:(2), 73 (y)bi),

for all (z,y) € A and b; € L satisfies

nbior(b) = () and po(b;) = 7(1).

We see that
Pr © pry(,y) = (T7a(2), T2 (y) 71 (b2)D1),
so we need to show that b := 7 (b2)b; satisfies the required properties for the

automorphism ¢, ., namely
nbo(b) = 1i72(n) and po(b) = 172 (p).
Firstly, we have that

T172(n) = 11 (b2 (b2)) = 71 (1) 71(b2)T10(D2)
= nbyo(by)7(ba)T10(b2)
= 071 (b2)b10(71(b2)b1)
= nbo(b).
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Similar reasoning shows that

T1m2(p) = T1(po (b)) = mi(p)o(r1(b2)) = po(br)o(71(b2)) = po(b).

Therefore ¢, 0, = ¢, and the map ¢, — 7 is the required isomorphism.
O

Corollary 8.3.6. Let L/F be a quadratic, separable field extension and sup-
pose A is one of the algebras HK (L, o,n, 1), Knao(L,o,n, 1) or Kng(L,o,n, 1)
where p # 0, then the automorphism group of A is isomorphic to Z/27 if
n € F. Otherwise Aut(A) is trivial.

Proof. Since L/F is quadratic, o is the nontrivial automorphism of L/F. By
the previous Proposition, we can have at most two possible automorphisms

of A: ¢4 and ¢,. Moreover, ¢, € Aut(A) if and only if

o P ) _ poln)
a(n) a(n)

Now po(p) € F* for all u € L, so this condition is equivalent to

()
o(n)) o)

i.e. n = o(n). This happens if and only if n € F. O

8.4 A Semi-multiplicative Map for HK and
K’ng

In this section we will look at a map Mpyx : HK — L which satisfies the
property Mpr((1,0)(z,y)) = Mux(l,0)Myk(z,y) for all [,z,y € L. First

notice that the multiplication in H K can be written in the following way:

(e, y) (1, v) = <x,y>< u v )

no(v) ofu) + po(v)
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If we denote the 2 x 2 matrix above by R, for all (u,v) € HK, then we
can define the map

by
Mpk((u,v)) = Det(Ryv))-

Proposition 8.4.1. For all l,x,y € L, the map M satisfies

Mpux((1,0)(x,y)) = Mux((1,0))Mux((z,y)).

Proof. Explicitly we have

Myrk((z,y)) = zo(x) + pro(y) — nyo(y).

Therefore we get

Mux((1,0)(z,y)) = Mur((lz,ly))
= lzo(lz) + plzo(ly) — nlyo(ly)
= lo(l)(zo(z) + pzo(y) — yo(y))
= Mpux((l,0))Muk((z,y)).
0

In general, the map My is not multiplicative, nor does it satisfy the
property
Mk ((z,y)(1,0)) = Mux((2,y)) Mux((1,0))
for all [, x,y € L. Hence, My is a left semi-multiplicative map which is not
right semi-multiplicative.

Similarly, we may consider the multiplication in Kng as follows:

() (1, v) = <x,y>< u v )

not(v) o(u)+ pv
If we define Mg, : Kng — L by

MK"S((m’y>) = Det ( ! Y ) ’

no—y) o(x)+ py
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explicitly this is

Micn, ((2,9)) = o (x) + pay —nyo ' ().

Then we get

Micns((z,y)(1,0)) = Mg, (21, yo (1))
= xlo(zl) + pxlyo(l) + nyo (o (yo(l))
= (zo(z) + pzy +yo~ ' (y))lo(l)
= M, (2, 4)) Mk ((1,0)).

Therefore My, is a right semi-multiplicative map which is not left semi-

multiplicative.

8.5 Constructions for Noncommutative Alge-

bras

In this section we generalise the above constructions to a doubling process
which starts with an associative (but possibly noncommutative) F-algebra
D. In this case we need to put some additional restrictions on the elements
and p and we use a scalar involution of D rather than an automorphism. In
the case where D is a quaternion algebra, these constructions can be thought
of as a generalisation of octonion algebras. Recall that a scalar involution on

D is an involution — : D — D, such that
T =7x € F.

Let D be an associative F-algebra with scalar involution, denoted —, and pick

elements n, u € F*. On the vector-space D & D we can define the following
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multiplications:

Kny : (z,y) o (u,v) = (zu + noy, ve + yu + poy),

Kny : (z,y) o (u,v) = (zu + oy, ve + yu + py),

Kng : (2,y) o (u,0) = (zu+noy, ve + yu + poy),

HEK : (z,y) o (u,v) = (zu+nvy, vz + yu + pvy),

for all z,y,u,v € D. As before we will denote the resulting algebras by
Kny(D,7,n,n), Kna(D,~,n, p), Kng(D,,n,n) and HK(D, ,n, p) respec-
tively and we may omit some or all of these parameters when they are ir-
relevant to the discussion. Each of these is a unital F-algebra of dimension
2n, where n = dimgD and they each contain D as a subalgebra. If D is a
quadratic separable field extension then these algebras are special cases of
those defined in Section 2.

Theorem 8.5.1. Suppose D is a division algebra. If the equation
2
w4 pw —n

has no solutions in F, then each of Kni(D,™,n,n), Kno(D,~,n, 1),
Kns(D,~,n,n) and HK(D,™,n, 1) is a division algebra.

Proof. We will prove this for Kn;. We suppose that

(z,y) o (u,v) = (0,0),

for some nonzero (z,y), (u,v) € Kn,. For the same reasons as mentioned at
the beginning of the proof of Theorem [8.1.2] we may assume that z, y, v and v
are all non zero and, since D is an associative division algebra, their inverses

exist. From the definition of multiplication in Kn; we get the equations
xu 4+ nuy = 0, (8.2)
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and

VT 4 Ul 4 poy. (8.3)
From equation (8.2) we have u = —z~!nvy. Setting z = —z~'nv, we can
write
u =2y and T = —nuz .

Substituting these into equation gives us
—nuizt + yyz + poy = 0.
Multiplying through on the right by z and on the left by (vv)~! yields
—n+ (v0) tygzz + o gz,
Setting w = v~ 'z shows that
ww + pw —n = 0,

and so, if this equation has no solutions in D, then Kn; has no zero divisors.

However, notice that if w is not an element of F', then we cannot have
ww + pw —n = 0,

since ww, u,n € F, so we only have to make sure this equation has no

solutions in F'. This is the same as requiring
w? 4 pw —n # 0,

for all w € F. O
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Chapter 9
Applications to Coding Theory

In this chapter we give an application of nonassociative algebras for the
construction of Space-Time Block Codes (STBC’s). STBC’s are used in
wireless communication to send data between multiple antennas, which helps
to improve the reliability of the data transfer. The codewords for an STBC
are represented by n X n matrices with complex entries. We then require
that the codebook, i.e., the collection of all codewords, be fully diverse. This
amounts to the condition that for any two distinct matrices in the codebook,
say A, B € Mat,,(C), we have Det(A — B) # 0. Once we have a fully diverse
codebook, we may then require some additional properties from the matrices
that will affect the performance of the code.

In the seminal work by Sethuraman, Rajan and Shashidhar [51], a con-
nection was made between central simple division algebras and fully diverse
STBC’s. If D is a central simple algebra of degree n then there exists a so-
called splitting representation X : D — Mat,, (L), where L is a subfield of D.
Since D is simple, this map is injective and, furthermore, if D is a division
algebra, then Im(\) C Mat,, (L) only consists of invertible matrices and the
7ero matrix.

For more information on this see [9] or [50] for a general overview or for
implementations of codes from central simple division algebras see [55], [7]

or [8], to name but a few.
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9.1 Codes from Nonassociative Algebras

In [47] the authors construct STBC’s from a nonassociative quaternion alge-
bra. Although nonassociative quaternions do not admit a splitting represen-
tation, there does exist an injective L-vector space homomorphism A : D —
Maty (L), where D := (L/F,0,a) is a nonassociative quaternion algebra and
L is the maximal subfield of D. This is done as follows: for y = yo+y12 € D,
y; € L, the map A is defined by

Ay) = [ Yo N ] '
ao(y1) o(yo)
The matrix A(y) can be viewed as the matrix of right multiplication by the
element y in D with respect to the basis {1, z} of D as a left L-vector space.
In fact, if we represent elements of D by tuples (yo,%;1) then for another

element x = (zg,21) € D we have
zy = TA(y).

It follows from elementary linear algebra that the matrix A(y) has nonzero
determinant for all nonzero y € D since, otherwise, the system of linear equa-
tions (zo, 1)A(y) = (0,0) has a nontrivial solution (¢, 1), which contradicts
the fact that D contains no zero divisors. Thus, the set {\(y) | 0 # y € D}
is a fully diverse STBC.

We can extend this idea using nonassociative cyclic algebras of degree n

in the obvious way.

Definition 9.1.1. Let (L/F, 0,a) be a nonassociative cyclic algebra. For an
element y = yo + 12 + - yp12" ' € (L/F,0,a), where each y; € L, we
define A(y) to be the matrix

Yo U1 Y2 T Yn—1
Cw(yn—l) U(HO) U(yl) T U(yn—2)

ao?(Yn-2) ao*(yp-1) o> (%) - 0% (Yn-3)

ac™ (1) ac" (y2) ac"Myz) - 0" (yo) |
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Theorem 9.1.2. Let D = (L/F,0,a) be a nonassociative cyclic division

algebra. The set
{My) |0 #y e D},

is a fully diverse STBC.

Proof. As in the proof of Theorem|3.2.10/in Chapter 3, we consider the matrix
A(y) as the matrix of right multiplication by y in D, i.e., writing elements of

D as n-tuples, we can express the product in D by the matrix multiplication

vy = r\(y),

for all z,y € D. Since D is division, a similar argument to that given above

implies A(y) has nonzero determinant whenever y # 0. O

Codes from nonassociative cyclic algebras of degree 4 have successfully
been constructed in a joint work with Oggier and Pumpliin [54] using cyclic
extensions of number fields. For example, Q((5)/Q, where (5 is a primi-
tive 5th root of unity, is a cyclic extension of degree 4. Picking a € Q((5)
such that 1,a, a?, a® are linearly independent over Q, yields a nonassociative
cyclic division algebra (Q((5)/Q, 0, a). The element a is chosen carefully to
ensure the resulting STBC satisfies other desirable properties, for example,

fast-decodability.

Following the proof of Theorem [9.1.2] we are able to give a more general
method of constructing fully diverse STBC’s from nonassociative division al-
gebras. In particular, this method can be applied to several of the algebras
studied in this thesis.

Suppose that (A, e) is a division algebra over F' with multiplication de-
noted by e and such that A has a decomposition as a left (resp. right)

n-dimensional L-vector space, where L is some subfield of A. We write
A=LeoL®---®L,

as an L-vector space. Let x = (zg,z1,...,2,-1) and y = (Yo, Y1, --,Yn_1) be

two elements of A written with respect to the L-vector space decomposition,
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where x;,y; € L. Furthermore, suppose that multiplication by the element y
on the right (resp. by the element = on the left) in A can be represented by

the matrix multiplication
vey=aM(y) (resp. zoy=(M(zx)y")"),

where M, (y) (resp. M;(z)) is an n X n matrix with entries of L. It follows
that the set of matrices M, (y) for nonzero y € A (resp. M;(z) for nonzero
x € A) forms a fully diverse STBC. A nonassociative cyclic algebra of degree

n fits into this situation.

Example 9.1.3. Let A = Q ., be the algebra defined by Sandler in [48]. It
was shown in Proposition that A is isomorphic to the opposite algebra

of the nonassociative cyclic algebra (L/F,0,a). A is a right L-vector space:
A=L&z2L® - "L,

and if we write the elements of A as row vectors, i.e., z = (xg,...,Tp_1),y =
(Yoy -+ Yn—1), Where x;,y; € L, we can express the multiplication in A as the

matrix product
zy = (Mi(x)y")",

where M;(z) is the n X n matrix

ro  ao(r,_1) ... aoc™ ()

n_1<$2)

T O'(.’L'Q) ... ao

T 0(Tpg) ... " (x)

Remark 9.1.4. An associative cyclic algebra (L/F,0,a),a € F*, is often
defined as a right K-vector space with the appropriate multiplication. When
this definition is adopted in the coding theory literature, the STBC’s which
arise from cyclic division algebras consist of matrices of the form M;(x) given

above, except with a now being an element of F'*.
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Example 9.1.5 (Menichetti’s Construction). Following the examples in Chap-
ter 7, we can construct several different 3 x 3 and 4 x 4 STBC’s. In the 3 x 3
case, we have a cubic cyclic field extension L/F and seek elements a,b,c € L
such that the matrix

Zo xy X2

cato(z,) o(xg)  balo(x) |,

ca to?(xy) cb o (ze) % (xo)

has nonzero determinant for all (0,0,0) # (yo,%1,y2) € L?. For example,
(see Example|[7.2.2)) we could choose a = ¢ € L\ F and b = 1. Our codebook

coming from the algebra (L/F,c,1,c) consists of all matrices of the form

o(ze) o(xg) cto(x)

o%(x1) co?(xy)  o?(x0)

Similarly, following Example [7.3.5, we can take L/F to be a cyclic field
extension of degree 4 and get a fully diverse codebook consisting of matrices

of the form
Zo T T2 Z3

do(x3) o(xg) do(
do*(zy) o*(x3) o*(xo) do?(xy)
do3(xy) o3(zs) o3

coming from the algebra (L/F,1,d,d,d), where d € L is such that 1,d, d*, d*

are linearly independent over F'.

o(x1) do(zs)

)

1'3) 0'3((]30)

Alternatively, we could take L/F to be a biquadratic field extension and,
following Example [7.4.3] get a fully diverse codebook consisting of matrices

of the form

Zo X X2 €3

ato(xz) o(rg) alo(z)) alo(z)

alr(xs)  T(x3) (o)  al7(xy)

alod(xy) or(ze) o7(13) oT(z0)

Y
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coming from the algebra (L/F,a,1,1,1), where a € L is such that 1,a,a?, a3

are linearly independent over F'.

We will also construct 2 fully-diverse 2 x 2 STBC’s based on the construc-
tions of Hughes-Kleinfeld and Knuth given in Chapter 8. We briefly recall

the definitions here.

Definition 9.1.6. Let L/F be a separable field extension of degree n. Let
o be a nontrivial automorphism of L and n,u € L*. Endow the F-vector

space HK(L,o,n,u) = L @ L with the multiplication
(@, y)(u, v) = (zu+nyo(v), v+ yo(u) + pyo(v)),
for all z,y,u,v € L.

HK(L,o,n, ) is a unital, 2n-dimensional F-algebra. It is a division

algebra if an only if the equation
wo(w) + pw —1n

has no solutions in L. The multiplication in H K may be written as

u v
(z,y)(u,v) = (2,9) [ no() o) + po(v) ] ,
for all z,y,u,v € L.
If the algebra H K is division, then the matrix on the right hand side of
the above equation will have nonzero determinant for all (u,v) # 0. Thus

we get a fully diverse codebook of matrices of the form

[ no(v) o(u)+ po(v) ] 7

for all u,v € L, where u,n € L are such that the equation
wo(w) + pw —1n

has no roots in L.

Our second example is based on a construction of Knuth.
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Definition 9.1.7. Let L/F be a separable field extension of degree n. Let
o be a nontrivial automorphism of L and let n, u € L*. Endow the F-vector
space Kns(L,o,n,u) = L @ L with the multiplication

(2, y)(u, v) = (zu +nyo~ (v), zv + yo(u) + pyv),
for all z,y,u,v € L.

Kns(L,o,n, ) is a unital 2n-dimensional F-algebra. It is a division al-

gebra if an only if the equation
wo(w) + pw —1n

has no solutions in L.

We may write the multiplication in Kng3 as

u (%

(@, y)(u, v) = (2,9) [

no () o(u) + o
As before, if Kng is a division algebra then we will get a fully diverse

codebook consisting of the matrices

)

[ no~t(v) o(u)+ pv

for u,v € L and u,n € L such that the equation
wo(w) + pw —1n
has no roots in L.

Remark 9.1.8. Suppose that L/F is a quadratic extension, n € F and
i = 0. As noted in Section 2 of Chapter 8, the algebras HK and Kng are
quaternion algebras in this case. Two of the best performing STBC’s known
are the Alamouti code [I] and the Golden code [6], both of which are based
on quaternion algebras. We remark that, if  # 0, then the extra term po(v)
(resp. pv) in the bottom right entry of the codes defined above will most
likely have an adverse effect on their performance. However, we include these
codes for the sake of completeness and leave it to the coding theory experts

to determine how well they actually perform.
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9.2 An Iterated Code Construction

In this section we show how to construct a new nonassociative algebra us-
ing copies of an associative cyclic division algebra D = (K/F,0,~). This is
inspired by a nonassociative algebra constructed in [52], which is used to con-
struct STBC’s. In certain special cases this construction yields the STBC’s
that arise from (associative or nonassociative) cyclic division algebras and,
therefore, can be thought of as a generalisation of these codes.

We will use the notation defined below throughout the remainder of the
section. Let F and L be fields and let K be a cyclic extension of both F' and
L such that

1. Gal(K/F) = (o) and [K : F| =m,
2. Gal(K/L) = (1) and [K : L] = n,
3. 0 and T commute: o7 = TO.

Let D = (K/F,o0,7) be an associative cyclic division algebra of degree m
with standard basis {1,e,...,e™ !} and some suitable element v € F N L,
ie.,

D=K&Ked & Ke™,
with multiplication defined by the rules
ek = o(k)e, and €™ =,

forall k € K.
For x = xy + z1e + x9€® + - -+ + x,,_1™ ! € D, define the L-linear map
7:D — D via
7(z) = 7(z0) + 7(21)e + T(x2)e* + -+ + T(Tp_1)e™
The maps 7¢, for 2 < i < n — 1 are defined analogously.
Definition 9.2.1. Pick d € D* and define the left D-module
It"(D,7,d)=D®Df®Df*®---®Df* "
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Multiplication on It"(D, T,d) is defined by the rules

; , o7 (y) fiH ifi+j<n
(@f)yf) =9 _ y
o7 (y)df I i+ g >,
for all z,y € D.
Remarks 9.2.2. 1. Our assumption that v is also an element of L implies

that 7 is multiplicative on D: 7(xy) = 7(x)7(y) for all x,y € D.

2. The fact that 7(y) = 7 also implies that A(7(z)) = 7(A(z)) for all
x € D, where \(x) is the splitting representation of D.

3. In general, It"(D, T,d) is a nonassociative, unital algebra with unit 1p.

It contains D as an associative subalgebra.

We can represent multiplication in It"(D,7,d) by a particular matrix
multiplication. For an element y = yo + t1f + yof? + -+ + yp_1 f* €
It"(D, T,d), where y; € D, we define the n x n matrix

[ Yo n Y2 Yn—1 |
T(Yn-1)d  T(yo) () o T(Yn-2)
M(y) = | PYmo2)d T2yo-1)d T2y) - THYn-3)
TN y)d TN ye)d T (ys)d o T (o)

with entries in D. If we represent x = zg + a1 f + -2, 1 f* ' € [t"(D, 7,d)
as a row vector (zg,x1,...,T,_1), where each x; € D, then we can write the

product of two elements, z,y € It"(D, 7,d) as the matrix multiplication
zy = v M(y).

Since D is a left K-vector space of dimension m, It"(D,7,d) is a left K-
vector space of dimension mn. If {1,e,...,e™ '} is the standard basis for
D, then

{1,e,... ,em_l,f, ef,... ,em_lf"_l}
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is a basis for It"(D, 7, d) as a left K-vector space. Taking this into considera-
tion, we write elements in It"(D, 7, d) as row vectors of length mn with entries
in K. We can now express the product of two elements x,y € It"(D, 7, d) by

the matrix multiplication
zy = zA(M(y)),

where A\(M (y)) is the mn x mn matrix defined by taking the splitting repre-
sentation of each entry in the matrix M (y). By the previous remark, we can
write the matrix A(M (y)) as

AW Ay o Ale)
Aary = | TOBA@D ) ) |

| A )A@) UGN - T _
with y; € D.

Definition 9.2.3. Let y = yo + v1f + -+ + yo—1 /™! be an element of the
algebra It"(D,1,d). We call the mn x mn matrix \(M(y)) the matriz of
right multiplication by the element y.

Because the matrices A(M(y)) can be used to define multiplication in

It"(D, T,d), we get the following, more general, version of Theorem 2 in [52].

Theorem 9.2.4. Let A = It"(D,7,d) and let y € A be nonzero. If y is
not a right zero divisor in A, then the matriz of right multiplication by vy,
AMM{(y)) has nonzero determinant. In particular, if C C A is a linear subset

of A such that every y € C' is not a right zero divisor, then

C:={AMM(y)) | 0#yeC}
forms a fully diverse, linear space-time block code.

Proof. Suppose A\(M (y)) is a singular matrix. Then the system of mn linear

equations

(oy -+ s Tn—1) MM (y)) =0
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has a non-trivial solution (zg, ..., Zm,—1) € K™ which contradicts the as-

sumption that y is not a right zero divisor in A. m

In general it is difficult to determine whether It"(D,7,d) is a division
algebra or not. However, we can show that there exist linear subspaces
which consist of elements that are not right zero divisors. First, we require

the following lemma.

Lemma 9.2.5. Let D := (K/F,0,v) be an associative cyclic division algebra
such that v € L and let A = It"(D,7,d). Then D is contained in the middle

nucleus of A.

Proof. By linearity of multiplication, we only need to show that

(@ fy)zf’ =z f' (y(=f7)),

for all z,y,z € D and all integers 0 < 4,5 < n — 1. A straightforward
calculation shows that these are equal if and only if 7(2)7(y) = 7(zy) for all

x,y € D. This is true if and only if 7(v) = 7. O

Theorem 9.2.6. Let D = (K/F,0,v) be an associative cyclic division al-
gebra of degree m such that v € L and let A = It"(D,7,d). If d #
7N 2)7"%(2) ... 7(2)z for all z € D, then all elements in A of the form

Yy =19+ y1f are not right zero divisors.

Proof. Suppose that

(o +a1f + 4 Tt [N yo + 1 f) =0,

where z;,7; € D and at least one of the x; # 0. We may assume that 1y, and
y, are both nonzero since, otherwise, it is straightforward to see that this
leads to a contradiction. Because D is contained in the middle nucleus of A,

we can rewrite this as

(o + 2 f + -2l f" Do+ f) =0,
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where 3, = y; 'yo and
x; = ;7 (y1),

for alli =0...n— 1. Since the elements f* are linearly independent over A,

we have the equations

zoyo + 2,_1d =0 (9.2)

T (yp) + 2, =0 forall 1 <i<n-—1. (9.3)

Since y;, # 0, equations (9.2]) and (9.3)) imply that 2} # 0 foralli =0...n—1.
Therefore, solving equation (9.3), we get

zo = (—1)" 'l 7 ) - T ()

Putting this into equation ({9.2)) yields

(=)™l (7 (Wo) - T(wo)vo + d) = 0.

It follows that
7 ye) - T(Wo)vh = (—1)"d,

since x,—1 # 0. Setting z = —y;, now gives the desired contradiction. O

Corollary 9.2.7. Let D = (K/F,0,7v) be an associative cyclic division
algebra of degree m such that v € L and let A = It"(D,7,d). If d #
7N 2)7T"%(2) ... 7(2)z for all z € D, then the set

MM (y)) |0#y =yo+u1f € A}

is a fully diverse STBC, it consists of all matrices of the form

(o) A1) 0 0
0 T(Awo))  T(Ay1)) 0
AMM(y)) = 0 0 72(M(wo))
| T A () AMd) 0 0 1 (Awo))
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9.2.1 Special Case: n =2

If n = 2 in Definition we have A = It*(D,7,d) = D & Df for some
cyclic division algebra D. If d # 7(2)z for all z € D, then, by Theorem
A contains no right zero divisors. It follows that A contains no left
zero divisors either and is a division algebra. We consider a space-time block
code consisting of the matrices of right multiplication by elements in A, i.e.,

matrices of the form
[ A(Yo) A(y1) ]
T(Ay)A(d) T(Ayo)) ’
where yo,y1 € D.

Example 9.2.8. Suppose that D is a quaternion division algebra and let
d = dy+die € D be such that d # 7(z)z for all z € D. Let © = xg+ 16,y =
Yo +y1e € D>, where x;,y; € K. Then

Az) =

o L1 ]
o(z1)y o(zo) 7
and A(y), A\(d) look similar, mutatis mutandis. The matrix of right multipli-
cation by the element x + yf € A = It*(D,1,d) is
Az) M) ]
TA@)A) T(\@)) |

Notice that the matrix multiplication in the bottom left block of this matrix

is explicitly

@ = | T+ Tno(d)  rla)di + r(m)oldo)
| (o7(y1)do + o7(yo)o(di))y oT(y1)vds + o7(yo)o(do)

Thus, the 4 x 4 matrix of right multiplication by = + yf is given by

Zo T Yo Y1
o(x)y o(zo) o(n)y  ol(wo)

Uy U3 T(z0) 7(z1) 7

U ug  7(o(z1))y 7(o(20))
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where u;, defined above, are the entries of the matrix 7(A(y))A(d).
To simplify the matrix, we restrict the element d to the field K, i.e.
d = do + Oe above. In this case A(d) = diag|dy, o(dp)]. The matrix of right

multiplication now becomes

Zo T Yo W
o(z1)y (o) a(y)y o(yo)
7(yo)do 7(y1)o(do) (o) (1)
or(y1)ydo o(do)or(yo) 7(o(x1))y T(o(x0))

Similarly, we can consider d = 0 + dpe. In this case the matrix of right

multiplication by x + yf is

To Ty Yo hn
o(z17) o (o) a(y)y (o)
7(y1)vo(do) 7 (o) do 7 (%) (1)
oT(yo)vo(do) oT(y1)vdo 7(o(z1))y 7(0(20))
Example 9.2.9. Suppose that D = (K/F,0,7) is a cyclic division algebra

of degree 3 and let d € K. Let © = xg + z1e + x2e%, y = yo + y1e + yoe? € D
where each z;,y; € K. Then

Nz)=| o(x)y o(xo) o(z1) |,

02(931)7 ’702(972) o(xo)

and similarly for A(y). We have \(d) = diag[d, o(d), 0?(d)]. For the element
r+yf € It*(D,7,d) = A, the 6 x 6 right multiplication matrix is given by

g T T Yo n Y2

o(z2)y (o) (1) o (y2)y (Yo) o(y1)
o*(1)y o?(w2)y a? (o) o)y )y o*(wo)
7(yo)d 7(y1)o(d) 7(y2)0?(d) 7 (o (1) 7(72)




9.2.2 Special case: m =1

Suppose now that K = F' in Definition [9.2.1}] By a slight abuse of notation
we take our division algebra D to be the field K itself and the splitting
representation to be the identity on K. Let L be as before, so that K/L
is a cyclic field extension of degree n with Galois group generated by the

automorphism 7. For some element d € K, we may form the algebra
n"Krd=KoKfo---oKf!

with the same multiplication as given in Definition[9.2.1, Then It"(K,7,d) is
the cyclic algebra (K/L, T,d) which is associative if d € L and nonassociative
if d ¢ L. For an element x = xg + x1f + -+ + 2,1 f"! € [t"(K,7,d), the

right multiplication matrix of x is

[ To T e Tn-1 ]
T(Tp1)d  7T(x0) ... T(Tp_2)
7" Ny )d 7 Yao)d ... T (xg)

Since conditions are known for It"(K,7,d) = (K/L,7,d) to be a division
algebra, we get a more general result than in Theorem above.

Theorem 9.2.10. Let A = It"(K,7,d). Ifd € L* and d° # Nk (k) for
allk € K and all 1 < s <n—1, then A is a division algebra. If d € K \ L
and is such that 1,d,d?,...,d" ! are linearly independent over L, then A is
a division algebra. In particular, if n is prime, then A is division for any
choice of d € K\ L.

Proof. When d € L, A= (K/L,T,d) is an associative cyclic algebra and this
result is well known. When d € K\ L, A = (K/L,7,d) is a nonassociative
cyclic algebra and the proof is given in Chapter 3. [
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