






































































































































































































































































































































































































































































































































Finally, Giuliano G (AH8) sees the generality of the method of addition in enabling 

him to find either of the unknowns from the same set of simultaneous equations by 

applying the same strategy, and it shows that: 

(i) it is the addition of opposites that is the centre of his attention (an arithmetical 

property), and, 

(ii) although dealing with a numerically specific instance, the generality of the 

method is clearly expressed even if no "generalised numbers" ("letters") are used for 

parameters. 
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Giuliano G, AH8 

One of the WEQT solutions (Juliana B, AH7) shows one of the possible effects of 

not distinguishing the two unknowns. 
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Juliana B, AH7 

The result for the first secret number is incidentally correct, given the "friendliness" 

of the set of simultaneous equations, but she fails to perceive that the second secret number 

had not yet been determined (also because she does not check the answer against the 

problem's statement)39. It is also interesting that she does not use a "+" sign between the 

two bracketed expressions on the left-hand side of the equation on the first line, but 

operates correctly on it, which suggests that the conjoining meaning of addition was used 

391n fact it is not possible to firmly determine whether she did not distinguish the 
unknowns at the level of the problem's statement or at a symbolic the bemg 
carried through the remaining steps of her solution process to end With her glvmg the answer 
"The number is 116" (bottom line at the left). 
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in "putting the two equations together", rather than a purely numerical-aritlunetical one. 

Nevertheless, she was aware that both "conditions" (equations) had to be taken into 

account, and did not simply substituted x for both numbers in one or both equations and 

proceeded from that to produce the answer, as did Bartira (AH7) . 

.,c.. .... La. (16-4- ~) ~~ 
x.. -4- ~ x + ~ : jiG 

t./ '](, :; ;1~ - 3 

x. - (8. x .. j)=4i 
?C. - ( 3 x..+~') ~ y~ 

% - ~~ - 3 s 4-=t 

- ;)..--x. ;- 4~ of 3 '-( 7<. =- ~g~ 
(_ ~ \._ ~?I. =- 50.(-1\ 

Bartira, AH7 

Bartira added the extra condition 

{
1st number = x 
2nd number = x + 1 

j-?<. - - 50 ?.:~_ ;$ 
~ 

reducing the problem to one in one unknown only and correctly manipulated the two 

resulting equations4o; we want to emphasise that she correctly handled the distribution of 3 

over x+l even if the latter was not indicated by brackets, and this shows that she was 

being guided by properties of numbers and also that she was keeping control of the 

structure of the expressions she was manipulating, even if the notation did not suggest so. 

Bartira's mistake was at the level of understanding the relationships implied by the 

problem's statement (a rrwdelling mistake), and not at the level of thinking algebraically. 

Another WEQT solution (Rubens K, AH7) presents the case of manipulation of 

algebraic expressions being defonned by considerations external to the Semantical Field of 

numbers and arithmetical operations. 

40This is not entirely true, as she makes a mistake on the very last calculation, p~tting. (. 
50)/2 = 25. However, as she did not make any other mistakes in calculations With dlrec~ed 
numbers, it might well be that this was not a true error, being instead a del iberate subverSIOn 
of the usual rules in order to make the result to fit her expectations (for example, that the 
numbers were positive, an expectation which could have come, for example. from the fact 
that the answer resulting from the first equation was positive). 
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Rubens K, AH7 

Rubens begins by deciding to deal with the fIrst equation separately, and correctly 

identifIes two unknowns (nl and n2). Being unable to proceed from there, he wipes out 

the distinction in order to reduce the equation to one in one unknown, correctly solves the 

resulting equation, but fails to go any further, apparently because he could not see how to 

"revert" the process and go back to the two distinct unknowns. 

On the WCALC group, the most common error was to take the two conditions 

given in the problem's statement separately. As one cannot "solve" any of the two 

equations separately41, usually this error was followed by the additional error of trying to 

produce an "answer" by dividing the independent term by 3, the only other "visible" 

number in the expressions (Nicola B, FM3). 

\~=6H ~ ~-

61+ 

Nicola B, FM3 

Gurdeep S (FM3), however, goes further, producing a series of calculations that 

actually result in the correct second secret number. 

410ne could obviously treat each of them as an indeterminate equation in two variabl~s and 
find some solutions or express a dependence condition explicitly, but it is clear that thIS 
procedure was far too sophisticate for those students. 
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Gurdeep S, FM3 

His procedure could be seen as corresponding to the algebraic procedure 

{
X + 3y = 185 
x - 3y = 47 

x 185 
3 + Y = 3 

x 4 7 
3 - Y = T 

185 4 7 

(+ 3 ) 
( + 3 ) 

( I ) 

( I I ) 

(I) - (II) 

Y = -3---:
2
:-----=.3- = 23 

Although possible, this interpretation is highly unlikely to be correct because: 

(i) to keep control of the solution process is not simple even with the help of 

algebraic notation; without it, it seems to be at least very hard; 

(ii) if Gurdeep had in mind the subtraction of equations strategy, he would have 

probably applied it directly, without going through the step of dividing both equations by 

3. 

We offer the following alternative interpretation. Gurdeep begins by dealing with 

the two relationships separately, and "ignoring" the flrst secret number he produces the 

second secret number from each equation42. Realizing that he had produced two distinct 

values, he then tries to make sense of and to coordinate the two pieces of information. We 

believe that he tried to do so by "averaging" the two values he had obtained. 

42~hiS initial part of our interpretation is supported by the fact that on the first line of his 
SCript he wrote "185/3 = 61.6666667 = secret number" 
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Only one OKCALC solution was produced (David W, FM3), and it is clearly 

non-algebraic, most probably supported by the imagery of a number line (see fig. CCS 2). 

David W,FM3 

The text in David's script has to be in a sense "decoded", because it does not 

literally correspond to his solution. 

• He first says that he " ... found the middle number in between 185 and 47. "To 

do this I found the difference between 185 and 47. This gave me the first 

number." It is clear that it is not the difference between 185 and 47 that 

produced the middle number, which he correctly gives as 116. Rather, he 

found the difference between 185 and 47 (138), divided it by two (69) and 

added the result to 47 (all three calculations at the left of the script). In relation 

to the diagram in fig CCS 2, this corresponds to finding the distance between 

the two extremes A and B, halving it and adding this to A to produce the point 

M. 
• He the says that " ... To get the second, I found the difference between the first 

number and either 185 and 47 [our emphasis] ... ", a step that clearly 

corresponds to finding the distance between A and M or between M and B. 

• Finally, he divides the result by 3 to find the second number, as the distance 

between the first number and either 185 or 47 corresponds to three times the 

second number. 
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B 
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• 

B 
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~----~ 
Evaluate MB 

M B 
185 

\:::::;c::J c:::;;. 
Work out each of the three parts 

fig. CCS 2 

David's solution is synthetical. It always proceeds by using the known values to 

calculate new values until he finally reaches the required answer. It is reasonable to 

suppose - although no explicit indication exists in the script - that the structuring of the 

problem itself never involved assuming the- unknown values as known in order to guide the 

process of solution. Given David's description of his solution process, we believe he 

began by reasoning that the first number was a sort of "centre" from which the same 

amount was taken from and added to (or, in the context of the geometrical imagery, two 

points taken, to the right and left of the "centre", and at equal distances - see the "Initial 

Scheme" on fig CCS 2); from this model it is possible to envisage the necessary steps to 
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produce the answer without any analytic reasoning being involved43 . A second point of 

interest is that he did not realise that he had already worked out the difference between the 

middle and extreme points, and recalculates it as 185·116; the relevance of this point is 

that it suggests that at each step a new model was produced and then manipulated according 

to what was seen as relevant in that model, and that previous evaluations and 

manipulations were not necessarily seen as "belongfng to" the most recent model. Finally, 

it is worth to remark that he produce a literal representation of the problem's statement 

(upper left corner of script), that although incorrect - it uses x for bbth unknowns _ 

might have been important in suggesting the geometrical model by compacting the 

problem's statement. 

The Carp 1-1 problem 

WCALC solutions were mostly of two types. 

Five students misread the problem's statement and assumed that the length of the 

shorter block was 28cm, consequently getting the length of the longer block by simply 

subtracting 28cm from the total 162cm. It is almost certain that this type of mistake arose 

from a poor reading of the problem's statement, but it has to be pointed out that it was 

favoured by the actual typing of the questions, which in both Brazilian and English 

versions - especially the latter - might suggest the mistaken interpretation to a reader 

more inclined to "quickly inferring." 

Twelve students, however, used a more complete - although incorrect -

approach (eg, Fabiola AH7). Those students used a "+2, +28, -28" strategy that many 

students had used in the exploratory study. This mistaken procedure is certainly due to a 

failure to perceive that taking 28cm from one of the halves automatically makes the 

difference between the two measures to be 28cm, but while satisfying the "difference of 

lengths" requirement, it alters the total length. Those students perceived this unwanted 

effect and corrected it by adding to the other half the 28cm that had been taken away to 

produce the shorter block. This step, in its turn, if adjusts the values to satisfy the "total 

length" requirement, alters the difference between the blocks, thus producing incorrect 

answers. 

43The only relevant property used is that the middle point is at equal distances from the 
ex.tremes. 
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Fabiola, AH7 

"81cm would be if both blocks were equal, but the small is 28cm smaller than 

the big one (81-28) and what you get is the small. Then it is only to do (81+28) 

and that's the big [blockJ." 

At the root of this kind of mistake is a characteristic of many of the non-algebraic 

solutions presented, and that we have already examined on the last paragraph of the last 

sub-section, namely the fact that at each step of the solution process a new model is 

produced - representing or not a correct derivation from the previous models - and it is 

the most recent model that is manipulated according to what is perceived as relevant and 

required in relation to this model; each step is locally meaningful. The result is a step-by­

step solution in the sense that the goals and the means to achieve them might be constantly 

changing, sometimes resulting in a loss of overall control of the solution process or in a 

deterioration of the original conditions and requirements through overall inadequate 

transformations of the intervening models. 

The 0 KEQT solutions offer a variety of approaches. 

The most common strategy was to take away 28cm from the total, so to produce 

two short blocks, and divide the result of the subtraction by two to obtain the length of the 

short block; then add 28cm to the length of the short block to obtain the long one (eg, 

Bruno N, AH8). 

Experimental Study 
257 



Bruno N, AH8 

"I removed the difference and divided by 2, resulting in a total of two short 

blocks [our emphasis]. Then I appended the difference [,] resulting in the big 

block. I found out how to solve it by logical reasoning." 

Bruno's solution is a very clear and well explained instance of the use of this 

strategy, including a diagram that is enough to guide the whole solution process. Some 

aspects of his solution are of extreme interest to us . The presence of the diagram assures us 

that the word "tirei", that in Portuguese could also mean "subtracted", is used in the sense 

of "removed". Moreover, he says that the division resulted in " .. . a total of two short 

blocks ... ", clearly corresponding to a "cut" followed by a division to evaluate the lengths 

of the two resulting halves. Finally, the word "acrescentar", that in Portuguese might also 

be interpreted as "adding", has to be interpreted here as meaning "appending", in agreement 

with the clear-cut indications of the rest of the script. The objects being manipulated in 

Bruno's solution are objects of the context, and the choice of operations is subordinated to 

the need to evaluate measures; moreover, his solution is totally synthetical, working from 

known objects to produce other objects that are shown to satisfy the required conditions. 

As in David W's solution to Sets!-3, Bruno's solutions never deals directly with as yet 

unknown parts. 

Hannah G's (FM3) solution is very similar to Bruno's, but instead of "cutting" the 

difference to make two short bars, she adds the difference to the total, pretending there 

were two long blocks, showing that hypothetical manipulation of the context of the 

problem can become a key element in non-algebraic solutions. In Hannah's script one can 

also see the extent to which the choice of operations is subordinated to the manipulation of 

the non-numerical model ("I did this to find out how much they measured if they 

were the same length . ") 

Experimental S ludy 
258 



Hannah G, FM3 

Two other OKCALC solutions are worth examining, both using a "+2, +14, -14" 

strategy. 

We think that Joe V (FM3) decided that he had to add and subtract 14, and not 28, 

based on his perception - probably due to the expression on the second line - that the 

28cm "in excess" on the long block had also been divided in two, an interpretation that is 

supported by him writing 

before writing 

81 + 28 
2 

81 + 14 

which indicates that the former expression carried with it something important enough to be 

made explicit. 

Joe V, FM3 

On Ricardo G's (AH8) script, on the other hand, there is no clue to how he decided 

to add and subtract 14, but it is his peculiar way of using algebra that we want to examme. 

Experimental Study 259 



- ,. ' I 7 ( -; .... ( =- It ~ 

;x =-- 1£1 
'f-1'-) 
/t._~ 

2-
x:. 81 

y - ? 1 - 1L/ - ! 7 
,I.,. - '" I , - t' , 

/>-' 
-. '.' (. 0 

Ricardo G, AH8 

He clearly begins with the assumption of the blocks being of the same size, and 

writes down and solves an equation that reflects that; just by looking at the equation one 

cannot decide whether he was dealing with a numerical relationship or simply using the 

literal notation to describe an non-algebraic process. In any case one has to notice that he 

explicitly deals with the unknown number-measure, ie, this part of the solution process has 

an analytic character. At the following step, where he adds and subtracts 14, it becomes 

clear that he saw the division by two as producing two halves instead of producing one 

value, as each of the two lines begin with x (one of the halves) and represent in fact the 

transformation of each half (x) into the required blocks. His is a non-algebraic solution 

"dressed" in algebraic notation44. 

Tatiane R's (AH7) solution is another instance of a non-algebraic solution 

"dressed" in algebraic notation, but it seems much closer to a true algebraic solution than 

Ricardo's, as the model used to set the equation takes aboard - as unknowns -the 

lengths to be detennined, as opposed to Ricardo's solution (see note 20), and she produces 

an equation that directly and simply represents the problem's statement. 

44 Although it is obvious that one cannot be totally sure that the equation was not seen a~ a 
numerical expression, and that subsequently a shift in the meaning of x oc~urred, we thmk 
that in the face of the model he used to set the equation - with x reptesentmg none of the 
unknown lengths - IOgether with the use of x in the remaining two lines, we must conclude 
for the "non-algebraic" interpretation. 
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Tatiane R (AU7) 

"The two blocks together = 162cm 

, 

.: ;'C:o~ -',rJC( _ {/ I 
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But if I remove the bit of block that is in excess in relation to the small block, 

then it is the same as two small blocks plus the extra bit" 

Her explanation however, fully reveals that throughout the process of solving the 

equation she was being guided by - or at least constantly checking for meaning against -

the manipulation of a model that took the objects of the context as objects, an non-algebraic 

model. The decisive detail in the text is when she says that "it is the same as two small 

blocks plus the extra bit," showing that the sol ution process was in fact guided by a 

composition-decomposition of parts process. 

In the OKEQT group of solutions, a number of points arise. 

Alessandra ° (AH8) produces a substitution in the context of the set of equations, 

while Andrea M (AH8) produces a direct non-algebraic substitution, to solve the problem 

from a single equation. 

..J. --I .x - .2.}' :. I 6~ 

~x .... 1<fV 

~ 
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Alessandra 0, AH8 

261 



--

'1.. + ~ + J.€ = I Co ~ 
CJ/I... ';. J"~ -c.l ~ 
oUx.. :: 154 

).~6~ 

k>:} +2"8 .7 C15 

Andrea M (AH8) 

"x will be the number of the small block, as I don't know the complete 

measures but known the number of "comparison" of one to the other. I do the 

same process as if I had the complete measures: add. The sum is done normally 

[,] I add separately the numbers and the x's. Then I separate x to one side and the 

numbers to the other. If there still is some number with x, I move it to the 

other side [,] with the inverse operation." (our emphasis) 

Andrea's solution, moreover, provides a clear statement of: 

(i) the analiticity of her reasoning, by saying "I do the same process as if I had the 

complete measures: add."; 

(ii) the arithmeticity of her reasoning, by saying that "x will be the number of the 

small block ... " and treating numerically the setting of the equation. 

Manlia M's (AH8) and Rogerio C's (AH8) solutions exhibit an important feature of 

thinking algebraically, the use of normal forms of numerical-arithmetical expressions. 

I ~ "0 

oj~~ , 
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"ts 
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Manlia M, AH8 
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Rogerio C, AH8 

In Manlia's case, the normal form is produced at the algebraic level, by 

manipulating the second equation 

x - 28 = Y 

to produce 

x - y = 28 

while in Rogerio's case the normal form is directly produced by interpreting - and 

representing - the fact that one of the blocks is 28cm longer as meaning that the difference 

of their lengths is 28cm45 . 

The Carp 1-2 problem 

An undesirable and unexpected effect appeared in relation to this problem, with nine 

students solving CarpI-2 as if it were CarpI-I, ie, only one short block had been 

mentioned in the problem's statement. We are led to believe that those students had already 

been presented with CarpI-Ion the first session, and when they saw Carpl-2 they did 

not bother to read the statement, as both the drawing and the first sentence are the same in 

both problems' statements, a flaw in the design of the tests46. Also, five students solved 

the problem assuming that 28cm was the length of two short blocks; this mistake had 

already been identified in the solutions to Carpi-I, and here again it might have been 

urged by the unfortunate choice of line break: for the text. 

Other WCALC solutions reveal some difficulties caused by the increase in 

complexity in relation to Carp I-I. 

Ricardo B (AH7) applies a "generalised" version of the "+2, -28, +28" that was 

examined in relation to CarpI-I. 

:SThis type interpretation was in fact very rare in all the problems in all groups. . 
60ur original intention was to cause the two problems to be seen as much as pOSSible as 

very similar. 
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Ricardo B (AU7) 

"There are three wooden blocks, so I divided the total length and put another 

28cm. then I subtracted as you can see above." 

As a result of the increased complexity, Ricardo fails to perceive that the 28cm he 

adds to one of the parts produced by the cut-division makes the long block 28cm longer 

than each of the other ones, but at this stage the two short blocks put together are in fact 

26cm lon~er than the long blocIc47. A very odd shift now takes place, as to work out the 

length of the short blocks he subtracts the now known length of the long block from the 

total length, and divides the result by two to obtain the length of each short block; it should 

be immediately clear, as he obtains 80cm for two short blocks that something went wrong, 

as the difference is only 2cm. We think that this fact was not enough to trigger a revision of 

the previous working exactly because at that point the model he was working with included 

only the "total" and the "two short blocks" conditions, but not the "difference" condition; as 

it had happened with the solutions to CarpI-I mentioned earlier in this paragraph, each 

step resulted in a new model that was then manipulated anew, with the product of previous 

manipulations not always being taken into consideration48. 

Helen R (FM3) produces a very good diagrammatic representation of the problem 

(except that the diagram on the right is not correct because it includes the "extra" 28cm in 

the total as a separate bit), a representation that would almost certainly lead to a correct 

solution in CarpI-I, but fails to draw further information from it and fails to manipulate it 

into a more informative diagram, which suggests that the need to deal with the two short 

blocks as one single object functioned as an obstacle that was not overcome by her. 

47 It is legitimate at this point to assume that the two remammg blocks are the two short 
blocks, as Ricardo's rationale for dividing by 3 is that there are three blocks. 
48 As in the total disregard for the two 54cm bits that ough t to correspond to .the two short 
blocks - if not immediately, after some possible adjusting steps. Instead he shifts to the 
model "I know the total length of a long plus two short blocks, and I know the length of the 
long one, so ... " 
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Helen R, FM3 

The OKCALC solutions to this problem underline and clarify several relevant 

aspects of non-algebraic solutions. 

Bruno N's (AH8) solution49 shows the way in which a diagram is used to provide 

a simplified representation of the problem's statement, mixing a whole-part figure to 

represent the first condition, with an added verbal remark ("28cm more") to represent the 

second condition. It is clear that this diagram guides the solution process, as the labels used 

in it for the long and short blocks are used throughout, and the first line in the sequence of 

equalities indicates - by having the numerical calculation on the left-hand side and the part 

that its result measures on the right-hand side- that the numerical calculations are used to 

evaluate the measures of parts according to the manipulation of the whole-part model. 

Bruno N, AH8 

Elizabeth W (FM3) provided us with what is probably the clearest example of an 

non-algebraic solution among all scripts we examined. 

First, because she makes it explicit that the figures she draws at the top are used to 

guide the solution process. Second, because she always describe the manipulative steps 

49The text to the right does not add anything that is not already evident in the rest of the 
script, and for this reason is not translated. 
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that justify the choice of operations to be perfonned on the measures to evaluate other 

parts, eg, " .. .1 could pretend I had chopped 28cm from the long one ... ", and "I can 

noW stick the 28cm back into the long block ... ". Moreover, in her solution there is a 

transformation of the problem when she reduces it to one where a long block measures the 

same as two short blocks. This strategy is different from taking the difference away to be 

left with four short blocks, as it actually establishes a new variable and a new relationship, 

the shortened long block becoming "the" long block. Her solution is throughout well 

controlled and synthetical, and above all it shows that verbal language is totally adequate to 

describe the hypothetical assumptions and the transfonnations that support the choice of 

operations, while standard written arithmetical statements take care of describing the 

evaluatio~. r;i ft,0 &:-L~~ - ~ I!)~ 1tl; 
~IX . '"i. { I drew ~~~~e ( vr:;ted ~ t I be 
o ~ ~£ ~ At the right you have a sketch of p iLture. if\. f1. M, <.J~ 
~-u 0 O')wooden blocks. ~ 
~ ~ $ A long block put together with ) 
~ ~ ~ two of the short blocks measure 162 em 
'-:-7 - \,j _ altogether. 
- . «J (1 If two short blocks are put 
h C""6 -L ~ ~ together. they still measure 28 em less 
0--~ than a long block. 
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Elizabeth W, FM3 

In Matthew K's (FM3) script also we find a solution process that is typically 

non-algebraic, with the 28cm taken as· a separate bit that can be appended to the 

combination of one long and two short blocks, the arithmetical operations being perfonned 

to evaluate lengths. It is also distinctively synthetical. 
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Matthew K, FM3 

Finally, we examine Joe V's (FM3) solution, which uses literal notation (" ... a little 

formula ... ," as he calls it) but is guided by the manipulation os a whole-part model. 

/ 
It ~ sn.tv.f' bI 0 de I )( ~ I ~ 6iru;;jc. 

"l + ~x .::: /~ 2 

~"t.V ~ ~~.c-k.. 2£ ,L;-~ 
- /~2c_ cfo ~ -k-k 

~UVV~ ~ n" '?' 

162 - zEl == 13"1-
. t;o ,r~,,? ~;,.,- / ~ at- ~ o//y~ /f~~ 

'"---:~:------------~£t.!;::'.~ ... i~*!A~.,(5.b. ~£c;;J __ ~~ ... 
Joe V, FM3 

On the second line he writes 

n + n + x = 162 
his "formula", but it is not a numerical one, as one gathers from the subsequent 

manipulation of the model it is intended to represent. Instead, the "+" sign means the 

conjoining "and", and the "=" sign denotes "measures" - acting as a value label, as we 

saw on page .... This interpretation becomes more clear when Joe " ... take[s] the 28cm from 

162cm so that the answer is n4 " - in which he obviously meant 4n; the subtraction 162-

28 (an evaluation) is different in nature from the action that produces the "4n" (a 

decomposition) corresponding to its result50. Although apparently it is an analytic model, 

in fact it is not, because the parts of unknown measure are not there to be directly 

manipulated, but to provide the whole-part structure and allow him to visualise a sequence 

of decompositions, compositions and correspondent evaluations that will lead to the 

answer. 

50We think it is telling that Joe states the decomposition 
separate and prior step from the actual calculation. 
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As with the OKEQT solutions to CarpI-I, we had for CarpI-2 both cases of a 

model with a single equation in one variable being produced through a direct non-algebraic 

substitution (eg, Laura G, AH7) and of a model with a set of simultaneous equations being 

initially produced and from there a substitution that reduces the set of equations to a single 

equation in one variable (Maire M, AH851 ). ' 

Laura G, AH7 

"(2 short blocks) (1 big block) (3 blocks)" 

v J. Lu: 

:t... clj ... "J. qS· ol·(n.s) :/~ol. ~~& t1' ~cJ, ca-t-

)C "': .l J t.2~ 1S+61-=-{6.J... P'~ ~ I~J Vf"\ . 

"J~(6A 6' 9()o'"O"!~ 4.- J,JI ~ ~ 'i3 ~.l.B-:./€;l ~ cJ. e p:riJCJ;r\I. c9 

j ,(t~J -ol.%: ) J..~ ".i~tcLe = ".1. 

j: 3,.5 ( f'~ 
x = d. 1 3;:5 +J.8 
r : cq,5 

MaireM,AH8 

One last OKEQT deserves examination. Tatiane R (AH7) first solves the problem 

with equations (left), with a peculiar use of indexed XiS, possibly meaning that she saw the 

two short blocks in the second line as distinct52 from those in the first line; the distinction is 

finally blurred on the fourth line, and the solution correctly completed53. On the verbal 

explanation, however, she shows an understanding of the back-interpretation of the 

51 The text at the right of the script is a restatement of the problem's statement, and thus 

~r not translated. 
5/hysically distinct; some other blocks. ..' 

Although there is a mistake in the subtraction, the solutIOn IS conSidered correct, 
following our criteria of prioritising the overall correctness of the procedure over the actual 
calculations. 
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algebraic procedure in terms of the problem's context that is mistaken (" ... when the three 

[blocks] are equal one has only to divide by the sum that made the three equal"). Had she 

followed the image of three equal blocks, she would have made a mistake, and this 

strongly highlights that by focusing the solution process on the method and by keeping it 

internal, algebraic thinking provides a powerful way of keeping correct control of it. 

B~ ~ -;. cllt I--.le =- f co 
l "BlotDS ~t~O~ ')\4.. "1l.~ '~ It 

J..l.., ~l.£ fin +- ll"':' i boL-
9 1t -: 4 b~ -l ~ 

", . 
" c,~-.1tt4 , 

" 1!;~6-

Tatiane R, AH7 

Two WEQT solutions present two distinct - but both critical- aspects of using 

algebraic models to solve problems. 

Mariana 0 (AH8) starts by setting a correct single equation in one variable - a 

direct substitution - and correctly solves it for x to determine the length of the short block. 

~ ~ ~6SL 

I~ ~ ~~~/JL 
e~? .~ ~ It{ ~ Cl-

..c...l9 ~ X-~.J L.I ' 

Mariana 0, AH8 

"I put the name of x on the small, and if the larger is 14cm more, it is x+14" 

Having already correctly recognised and used the relationship between the lengths 

of the long and short blocks, she then shifts to another model and this produces the error. 

The model she shifts to seems to be related to the "+2, +14, -14, +2" approach54
, which 

54 An extension of the approach of dividing the LOtal in two parts and then ,adding 14cm to 
one of them and subtracting 14cm from the other one LO produce the reqUIred lengths. 
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nevertheless is not correctly interpreted by her, producing the misunderstanding that the 

longer block is 14 cm longer than each of the short ones55. Mariana correctly solved 

Carp!·! using an equation, and we are led to think that the increase in complexity was at 

least partially responsible for the lack of appropriate control. The crucial point, however, is 

that the shift to a distinct - although potentially correct - model produced an error, and 

this indicates the extent to which an algebraic approach depend on keeping the solution 

within the boundaries of the initially set equations, as the arithmetical internalism 

characteristic of algebraic thinking involves a shift away from the Semantical Field of the 

Wooden Blocks, and any new relationship introduced during the process of solution would 

have to be double checked, first within that Semantical Field - to assure that it correctly 

models the problem's statement - but also against the initial algebraic model, to guarantee, 

for example, that the unknowns used are in correct correspondence. Marina's lack of 

perception that the resulting length of the long block is not 28cm greater than the length of 

the short ones - let alone 28cm longer than two of them put together - is remarkable. 

The second WEQT script we want to examine is Marcel S's (AH8). 

I)(~Z.)(tZ 

Lx.f2x 12j; It1; 

:x+2Jf Z(2x-(zij:(bl 
'b.-flJ'+ '1 x. -I SIo.:: Ibl 
S)r; = 16l-ll-s(' 
').--1~ 

x;J!.. , 
~:,~ 

2.>< tll 
J'/)1z)> 
U -(l-P 
S4 

~ Ev ~ (~h/' F-: 1i, ~'f'Q:"d.ldJf, i~ 
;' 0 Sisif2 rl1o..... f:" v cfl~Lohl' S I ( 
7 p'iJ~~ ICA~dQ eu eJfC\ IIG- I I~: 
_ ~ ~~ y~l"dp"ldJ <.J J~s.ttfn'c... /=.>J 
. !II r:-l J'D/(t15 l'>~ r(J(,(J{ -- . 7 rx;-,a '-40 ~ c 0'" ,~I,z ~ ~ 

I 

Marcel S, AH8 

This script shows how deeply an algebraic solution can be guided by the 

meaningfulness of transformation strategies rather than by any other considerations, ie, 

how strong a factor the method can become. Marcel's solution has several errors. The first 

is the failure to distinguish the two unknowns notationally, a mistake that we have already 

examined. Also, the second equation of the bracketed set (top-left) does not model the 

problem's statement correctly, not even allowing for the interpretation - derived from the 

first equation - that x alone represents the long bar and x in "2x" represents a short bar. 

Finally, when he "substitutes" in the second equation the "value" of the left-hand side x, he 

55She might have reasoned that if the long block is 28cm longer than two short blocks, it is 

l4cm longer than one short block. 
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"omits" the 28 that is immediately to the left of the equal sign on the second equation. 

Nevertheless, he does produce a substitution, one that might seem absurd as he had not 

one, but two equations in one variable that he could easily solve - as he does with the 

equation resulting from the faulty substitution - and this indicates that although he did not 

distinguish the two unknowns notationally, he apparently did it semantically. Moreover, it 

might be that the 28 was "missed" because in the Seman tical Field within which Marcel 

was operating, it was meaningful only when added to the "2x". 

The Choc problem 

In previous passages, we have already analysed some of the difficulties caused by 

the use of context-dependent or loose notation. Two attempted solutions to this problem 

suffer from such shortcomings, but the outcome - although incorrect in both cases - is 

quite different. Both Tathy G (AH8) and Daniela V (AH8) use the notation "x + 3" for a 

box and three spare bars, and "x - 3" for a box with three bars missing. 

~+3 ) =.'1GG 

()( - 3) ~ =11~ 

x+"3;;;; q<.;e, 

.I( = ~6G-3 
>C" '"- ~G3 

Tathy G, AH8 

V' - ~ .::. ::. I Lt 

)l ~ :::./.4 r 5 
)(::.~I~ 

~ ).)Jv.....O., ecu..:. ~ J( .. -t ~C ~ ~ 
~l~1.'16ro,· 9' ~~ &l 

A~.;- ~3 I <l'M...-~ .1{:; ~; 3,22-
~-1;::::-{)\.l :3 

"ll-=: ~ j +-
'Y~' EnM~~ 

Daniela V, AH8 

"if one box x + 3 (plus three spare bars) = (cost) 966, a bar costs the price of all 

of them + by 3, that is, x = 9~6 = 322. 

Because we add the three bars that were missing 
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Tathy treats the two resulting equations separately, and abandons the attempt when 

she gets different values for x, both equations being correctly solved. On Tathy's solution 

there is a shift into a Nwnerical Semantical Field immediately after the equations being 

produced, and this results in the variable "chocolate bar" being simply overlooked and not 

considered at all after that. 

Daniela, on the other hand, stays within the Semantical Field of the Chocolate 

Boxes even after writing - and carefully explaining - the expression "x + 3". She then 

interprets the situation as meaning that the total price corresponds to the 3 spare bars _ 

disregarding the full box - and divides 966 by 3 to obtain the price of a single bar56. 

However, when she uses the same kind of notation to express the second combination, the 

strategy does not apply any longer, because it makes no sense to think of sharing the total 

by what is not. It is only then that she tries to make a new sense of the expression and 

shifts into a numerical-arithmetical interpretation and correctly solves the equation - as 

meaningless as it can be in regard to the problem's statement. When she tries to justify the 

shifted procedure, she says "Because we add the three bars that were missing"; there is a 

clear disturbance in the meaning of the 714. 

Nine students produced a value for the price of a chocolate bar by dividing the 

difference between the two combinations of box and bars by 3, WCALC solutions. The 

root of this mistake is probably similar to what caused the shift in Daniela's solution: those 

students knew that the difference in price corresponded to a difference in the number of 

bars, but considered only the spare bars in the first combination, the bars that "actually" 

existed. Claire B's (FM3) script is quite clear about this, as she labels the 3 as " ... (the 

number of bars in question) ... " Also in Claire's script, we find a forceful example of the 

subordination of the use of the arithmetical operations to the manipulation of a non­

numerical model, as she takes away " ... £5.31 from £8.85 to get £3.54 ... " and from there 

produces the price of a bar, but " ... To check this [that the price of £1.18 for a bar is 

correct] I took £3.54 away from £8.85 to get £5.31." (our emphasis) 

56We believe that Daniela's flow of thought passed through the feeling that the 3 " 
corresponded to the only thing being actually "counted", "the number of chocol~te bars -
forget the "spare" _ as the number of bars in a box is unknown and is not mentIOned as an 

element of the problem's statement or question. 
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Claire B, FM3 

All but one of the OKCAL solutions were of one of two types: (i) putting together 

the two combinations, with the three spare bars in the first combination "compensating" for 

the missing ones in the second combination (eg, Clare F, FM357), or (ii) proceeding from 

the fact the the extra price corresponds to 6 extra bars (eg, Claudia F, AH7). 

H~e5 
~. F.,. :( J 

- ~ ...I 

.. .-/ 

L--3--54-
t g·~5 

5·31 
l3·54-

T"-4.. (In·({ rrr ( iCO. C; (l1o(o/a/t) ij I. 7~ 
fr-:.J... priQ (q I tal' j) '3 '51 

Clare F, FM3 

57In Clare F's solution we have the "compensation" strategy explained in te~ms th°~ ak~odssibfle 
. . OKCALC y did not mention IS In 0 phYSical action, but most students In the categor 

rationale explicitly. 
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Claudia F, AU7 

"box=x 

This box with +3 separate bars, in the end will have 6 bars more than the other 

one, because in the other 3 bars are missing and the box with +6 is full and has 

+3 bars. 

Price of 6 bars = difference between boxes." 

Claudia uses literal notation, but the intention is clearly descriptive only, as those 

written expressions are never directly manipulated; instead, the objects manipulated are 

objects of the context, and the model based on which the problem is solved is made up of 

those objects of the context and and relationships involving them, and perceived properties 

of both the objects and relationships. 

The one OKCALC solution that does not conform to types (i) and (ii) above is 

David W's (FM3). 

David W, FM3 

His solution to Choc is absolutely similar to his solution to Setsl-3, and as we 

argued before on page 254, it seems to be based on a model involving points in a number 

line (as in figure CCS 2). David is one of the very few students that produced solutions that 
. . d I h' t b 'It based on the ob]' ects of the are clearly non-algebraIC but usmg a mo e t at IS no Ul 

Context. Moreover, the model he employed here and at Setsl-3 is perfectly general for 

this class of problems. 
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One solution stands halfway between algebraic and non-algebraic. Walter R (AH8) 

says that he " ... solved with a system 58 to find out the box [sic] and subtracted the 966 by 

714 and divided by 6 and found out how much is the bar." 

'-{ -t ~ ~ 9~~ 
:>( _ ~ __ =I- I L-I 

~x. - '~1-0 
'! ':. I" fQ 
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a.. l~~ -t.' 8 3~ 
o ~&-tc...C~~~oLo~' '-fJ 

l:::~ ~ ~(!( 
~~~~ 
L~~ .. ~c:-" 
~ 9l/fo ~/~ 

~ b -'- ~o 

~~ ~O\.O 

~------------------------------------ ~~ 
Walter R, AH8 

When he says that used a set of equations, one has an indication of how he 

classified what he was dealing with, but at the same time the notation is incomplete and one 

wonders how he would deal with a problem like "a box and three spare bars, ... , a box with 

two bars missing." The fact that he starts afresh to determine the price of a bar, suggests 

that the he did not perceived the "system" as composed by expressions linking the price of 

a box and the price of the bars, and we are thus led to believe that he was very much 

influenced by the form of the literal expressions in his choice of method of attack to this 

first part of the problem. 

Only one script actually adds to what we have said so far about OKEQT solutions. 

Giuliano G (AH8) uses absolutely the same method of solution - unique in this group of 

students - he uses with Setsl-3, namely, solving the set of equations twice, once for 

each unknown, and both by the addition method. Moreover, his maturity and confidence 

with algebraic solutions shows in his use of symbolism: if y stands for "(the price of) a 

bar" xy stands naturally for "(the price of) a box of y's", or x of y. He is never troubled 

by this potentially ambiguous notation. Finally, we think it is very significant that from a 

mature algebraic thinker comes the only script in the whole of this group of problems 

Where the answers are checked against both conditions. 

58See note 32, p242. 
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SUMMARY OF FINDINGS AND CONCLUSIONS 

The analysis of the responses to the problems in this group threw light on many 

characteristic aspects of both algebraic and non-algebraic thinking, but also on the ways in 

which the two modes interact, and on the modelling processes that develop on the border 

between algebraic and other modes. 

The issue around which all the others can be organised, is that of meaning. Seen in 

its broader sense - and we think this is the correct approach here - meaning is related to 

the stipulation of which elements are to belong to a model and in which way, ie, how they 

will relate to other objects of the model and how those objects can be manipulated, or what 

properties they have; meaning is related to the constitution of objects from elements, and 

inevitably linked to the perception - by the solver - of what could and should be done in 

order to solve a problem. 

In relation to this group of problems, the clearest instance of different ways of 

producing meaning from the elements of a problem comes from the Choc problem. While 

a substitution strategy involves a strong shift in meaning when performed within the 

Seman tical Field of the Boxes, it does not when performed within a Semantical Field of 

numbers and arithmetical operations, as we have already seen. Another very important 

indication of the effect of the types of objects that are constituted - and, of course, of the 

effect of what the solver sees as meaningful in a problem's statement - is in the fact that 

many students simply could not make sense of the Sets problems; taken as arithmetical 

relationships, they did not provide them with information on how to solve the problem 

because to them arithmetical relationships cannot be constituted into objects and 

manipulated, being rather a form of descriptive, static statement. The other possibility for 

solving Sets problems, modelling them back into another context, ie, interpreting the 

numbers as measures and the arithmetical operations as whole-part operations (conjoining 

and separating, for example) was thoroughly ignored by the students (only 12% of FM3 

Experimental Study 
276 



did that in Setsl-l; no-one else did it in Setsl-l, and no student did it in Setsl.3). The 

fact that many students were able to handle - non-algebraically - problems with the 

same whole-part structure, shows that the difficulty was in interpreting the arithmetical 

statements in whole-part terms. 

Another key element in the direct manipulation of those relationships in Sets, the 

willingness to incorporate unknown numbers or paris into the model and deal with them as 

if they were known (ie, a willingness to operate analytically), was present in none of the 

non-algebraic solutions. From the examination of the scripts to the contextualised 

questions, we learned that the lack of analiticity is a consequence of, rather than a cause 

to the use of non-algebraic models. Non-algebraic models involved a separation between 

the objects to be manipulated and the measures involved in the evaluation steps; the 

transformation of a relationship involving two parts of unknown measure can only be 

meaningful if it enables an immediate or almost immediate evaluation. For example, if one 

knows that "a long block put together with two short blocks measure 162cm altogether", 

one can derive that "if from the total one removes the long block one is left with two short 

blocks". Although in terms of whole-part manipulation this is an easy step, it does not 

entail the immediate evaluation of any as yet unknown part and is thus, in itself, 

meaningless in the context of an synthetic solutions59. 

Only one student used a non-algebraic, "decontextualised" model60. David W's 

model is clearly geometrical. In many instances we could positively identify non-algebraic 

models through their use of objects of the context as objects (eg, "cut the extra bit", "move 

the extra bars to the other box" or "3 bars, the ones that count"), but even on those non­

algebraic solutions where this positive identification was not possible -leaving open the 

possibility of them using a more general whole-part scheme, based on a line-diagram, for 

example - we almost always found that the models used were constrained by limitations 

very similar to those in a model based on objects of the context (for example, to take 28cm 

corresponding to cutting the extra bit, but not add 28cm in a hypothetical move), and this 

characterises a non-algebraic model. 

Diagrams were used only with Carpl-l and Carpl-2 problems, supporting our 

conclusion that non-algebraic solutions ~ere almost always context-based, as in those 

contexts bar and line diagrams belong naturally as schematic representations of block 

combinations. Also, there were more diagrams with Carpl.2 than with Carpl·l, and we 

think it was so because the greater complexity of the former made it more difficult to be 

59There would also be another difficulty, in this specific case, that the 162cm is a measure 
to the combination of blocks, and only meaningful in this respect. 
60That means, out of the original context of the problem 
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handled without the aid of a representation on paper. The lack of written representation 

resulted many times in the solver loosing track of the unknowns or of the solution 

process61 . 

In most of the solutions using equations we could reasonably establish that the 

reference to the problems' context was abandoned, in particular through the generation of 

expressions where the minus sign could not be given an immediate non-algebraic 

interpretation, but also through a process of manipulation of expressions that could only be 

meaningful in the context of the algebraic method of solution (not enabling, as we said 

before, an immediate evaluation). The internalism of those solutions imply their 

arithmeticity, and as it is reasonable to expect that most of those students would not justify 

their manipulation of equations on the basis of properties of numbers, this arithmeticity 

means instead a focus of attention on the arithmetical operations as a source of information 

on what could and should be done to solve the equations, thus the problems. 

Much more frequently than not, algebraic solutions were method-driven, with the 

overall control and meaning of the process being related to the process of producing 

transformations leading to the special fonn 

x = f(data) 

while non-algebraic solutions were frequently constituted of a sequence of models, each 

one produced through the evaluation of a part or partial whole and manipulated locally, 

which in many cases led the students to disregard initial conditions or to introduce new 

ones. This is not, however, a necessary characteristic of non-algebraic models. 

The relevant aspect we could detect in relation to the effect of teaching, is the greater 

flexibility of AH7 when compared to AH8. The younger AH7 group used mainly non­

algebraic approaches where the problems were amenable to them, but were inclined to 

switch to an algebraic approach whenever they were not, even when they did not 

have the necessary technique to deal with the resulting algebraic model 

readily available. This effect had already been detected in the previous two sections, but 

the greater complexity of the questions in this group made it even more clear. 

61 LOOSing track of the variables means not being able to correctly associate, the result of a 
series of evaluations with the parts or partial wholes it corresponds to;, l,oOSIng track of the 

, " f h "t'al conditIOns of the problem, process of solutIOn means disregardIng one or more 0 t e Inl I 
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4.5 THE BUCKETS-SECRET NUMBER PROBLEMS 

THE PROBLEMS 

From a tank filled with 745 litres of water. 17 buckets of water were taken. 

Now there are only 626 lilres of water in the tank. 

How many Iitres does a bucket hold? 
(Explain how you solved the problem and why you did it that way) 

Buckets 

Question 1 

I am thinking of a "secret" number. 
I will only tell you that ... 

181 - (12 x secret no.) = 97 

The question is: Which is my secret number? 
(Explain how you solved the problem and why you did it that way) 

Sec+ 

I am thinking of a secret number. 
I will only tell you that 

120 - (13 x secret no.) =315 

The question is: Which is my secret number? 
(Explain how you solved the problem and why you did it thaI way) 

Sec-

GENERAL DESCRIPTION 

The problems in this group were designed mainly in order to check the extent to 

which a whole-part model - the most natural model to use with the Buckets problem -
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would be used to model back Sec+ and Sec-. We expected Buckets to be easier than 

both Sec+ and Sec-, and Sec+ to be easier than Sec-. 

The complexity of the problems was kept low in order that issues relating to the 

choice of model could be highlighted. 

DISCUSSION OF POSSIBLE SOLUTIONS 

All three problems could be modelled algebraically either directly, with an equation 

like 

745 - 17x = 626 (I) 

or ftrst producing a reformation of the problem's situation to produce an equation like 

17x + 626 = 745 (II) 
corresponding in Buckets to the fact that the water taken, together with the water that was 

left, corresponded to the initial amount of water, and then solving it algebraically. 

Nevertheless, setting the equation could serve only to make the problem's statement more 

compact, with the solution proceeding from there non-algebraically. 

Non-algebraic solutions for Buckets and Sec+ would probably involve the same 

model, relying on the perception of a whole-part relationship, namely the one leading to 

equation (II), and solved on the basis that if one removes from the whole the part that 

remained, what is left is the part that was taken, and this resulting part would be shared 

between the 17 buckets or into 13 parts. In relation to Buckets, the procedure is very 

much analogical and requires no further modelling or interpretation; in relation to Sec+, 

there has to be an interpretation of the subtraction as "removal" and from there the whole­

part relationship is established. 

This model, however, is obviously inadequate to Sec-, and because it is 

impossible to avoid the acceptance of negative numbers at some point, this problem is 

naturally closer to the Semantical Field of numbers and arithmetical operations. This 

inadequacy accounts, in fact, for much of the importance of this group of problems in 

relation to the whole set of test problems; the low level of complexity allows us to better 

examine the effect of the "push" towards the Semantical Field of numbers and arithmetical 

operations. The two subtraction items involving negative numbers (25-37 and 20-(-10» 

were designed to provide supporting information to the analysis of the responses to these 

problems and those in the group analysed on section 4.6, one of which also involves a 

negative number as the answer. 
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GENERAL DATA ANALYSIS 

As we expected, a clear hierarchy emerged, with Buckets being the easiest 

problem, then Sec+, and Sec- being the most difficult. The differences in the facility 

levels were significant in all cases but between Buckets and Sec+ in AH8 and in FM2, a 

fact that we will closer examine ahead. AH8 was the only group where the level of facility 

for Sec- was high (71 %, against 14%, 15% and 17% for AH7, FM2 and FM3 

respectively), and it is very significant that all those correct answers in AH8 were produced 

by solving an equation. As with all the previous problems we have analysed, the level of 

use of equations by FM2 and FM3 was very low. 

The flexibility in the choice of approach previously shown by AH7 is also present 

here in a very clear manner. Although the facility level falls from Buckets to Sec+, the 

huge fall in the number of OKCALC solutions is compensated by an increase in the 

number of OKEQT solutions; moreover, on Sec+ two-thirds of the incorrect answers are 

WCALC, but on Sec- this situation is more than reversed, with three-fourths of the 

incorrect answers being WEQT, and this is a good indication of their willingness to switch 

to an algebraic model when the non-algebraic models are not enabling them to solve the 

problem. AH8 also show some flexibility here, with almost two-thirds of their correct 

answers to Buckets being OKCALC solutions. On the Sec problems however, all their 

correct and incorrect solutions use an equation; the use of an algebraic approach is certainly 

responsible for the high level of facility for Sec- in AH8, indicating that in the case of this 

problem it represents indeed a more powerful tool for solving it than non-algebraic 

approaches. This will be examined more closely on the students' solutions. 

Because Buckets and Sec+ have an identical whole-part structure, the difference 

in the facility levels strongly suggests that many students could not interpret the arithmetical 

subtraction as a removal to produce a situation similar to the one in Buckets. Given that 

many students correctly used in those and previous problems a subtraction to evaluate the 

result of a removal, a subordination of the u-se of the arithmetical operation to the perception 

of the a whole-part model is established in this case, as opposed to some form of more or 

less symmetrical correspondence between subtraction and removal. 
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STUDENTS' SOLUTIONS 

The Buckets problem 

By far, the typical correct solution to this problem was an OKCALC solution. In 

most of those (38 out of 59 OKCALC instances) some explanation was given, making 

reference to the fact that to know how much had been taken on the buckets one had to 

subtract what was left from the initial amount of water (eg,Fabiana M, AH7; Sidnei A, 

AH7; Alexander P, FM2; Rebecca H, FM3). 

,1$ L-l ':.-;4 __ 

00 ~ 

Fabiana M, AH7 

"I thought... if there were 745 and now there are 626, it means that 119 I. of 

water were taken on 17 buckets." 

Sidnei A, AH7 

"I did this sum to know how many lilres were taken from the lank. [at the left of 

script] 

I did this sum because if 119 litres were taken altogether [,] the logical thing 

[is] that one would have to divide to know how many litres go into each 

bucket." 
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Alexander P, FM2 
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Rebecca H, FM3 

Sidnei's reference to "the logical thing to do" seems to be his way of saying that no 

explanation is necessary as to why it is so. In all four scripts the subtraction part of the 

procedure is taken as self-evident; in no case an explanation is provided as to why this 

subtraction correctly provides the amount taken, not in verbal terms nor using some kind of 

diagram. Also, in none of the solutions the intennediate step of saying or showing that the 

amount taken plus the amount left corresponded to the initial total amount was taken. 

Altogether, this is an exceptionally strong indication that the direct procedure was perceived 

as an intrinsic property of the situation and the explanation would only have to indicate 

which numbers corresponded to which "roles." Similarly, no explanation was ever 

provided as to why the division by 17 produced the amount taken on each bucket. 

Only six solutions used equations, five correctly solved and one incorrectly solved. 

Flavia C (AH7)62 first makes a mistake by writing 75 instead of 745 on the initial equation; 

then, instead of the correct - in that context - 75-626 subtraction, she does 626-75. This 

"corrective" manipulation probably corresponded to the perceived need to produce a 

positive number as the answer or to a pre-equation perception of the calculations required to 

solve the problem. The latter seems to be a better interpretation, as hers is the only of the 

six solutions using the equation 

62The text on Flavia's script simply explains that "17x ... means ... 17 times x. 
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a-bx=c 

where the frrst step of the solution leads to 

bx=d 

and not to 

-bx=d 

strongly suggesting that her solution uses algebraic notation but is guided by a whole-part 

model as in the OKCALC solutions examined above, and the 626-75 subtraction simply 

corresponds to "initial total minus remaining water", where the smaller of the two numbers 

obviously had to play the role of "remaining water". 

75 - (I?-. x)=. b2..b 

If Jt .. oSI 
)l:~ 

11-
~. 3Z,ct 

I; • 
Vo,,, fcn .......... rU (1-X, ~>J-t" ~?I ..... , ... c. ..foro-. +"'0-

cb~ /"+ IIt~~ ~ J~~~~_d( vlN"l +~ ~w<.. ~.f ~'-ISL .jy)J 

~-J( 40\ f~d ~2 "Tin!>. 

Flavia C, AH7 

In only one of those six solutions using equations, Andrea Ts (AH8), the initial 

equation does not correspond literally to the problem's statement, corresponding instead to 

the statement "the water in the buckets together with the water that remained is the water 

one had originally" - obviously derived from the problem's statement. 

Andrea T, AH8 

"explanation- I added the 17 buckets multiplied by x, because I don't know the 

amount of water in each bucket, with the water that was left, and [I] gave as the 

resullthe water that was there before." 
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Andrea's procedure displays a characteristic similar to the direct non-algebraic 

substitution procedure we examined in relation to the problems in the Choc-Carp group of 

problems, by manipulating a non-algebraic model first, and then producing an equation 

from there. All other four OKEQT solutions proceeded without going through the 

equation 

17x + 626 = 745 

preferring instead to operate directly with the negative coefficient of x (eg, Ana RW, 

AH8). In Andrea's script we also find a clear example of the analiticity and arithmeticity 

of algebraic solutions. 

:.2.tS -l~x-=- 62.~ 
- )-:t)( ~ 6 2.G - +4S" 

f-') - 11"1( ~ -JAct 
1)( ~ ~J 

1-4s:-n(:+) ::-~U 

~~5" -1)4'~C; 2.;; 
. ----............ 

Co b~ 1-.£ ~ pwt.. ~ Wdt. 
-

("., C()?1 hv." 0 ~ u../:~- .J..A..-~ a... :.Ml~ . 

Ana RW,AH8 

The seven WCALC solutions do not provide any interesting insight or instance. 

The Sec+ problem 

Characteristic of the OKEQT solutions is that here - as before with the OKEQT 

solutions for Buckets - in all cases but one the equation initially set corresponds directly 

to the problem's statement. Also - and more important, given that the problem's statement 

directly suggest a specific equation - in all instances, the solvers accepted and dealt with a 

negative coefficient for x, rather than first producing the transfonnation into 

181 = 12x + 97 

In two OKEQT scripts are displayed peculiar aspects of thinking algebraically. 

First, in Fabio C's (AH7) solution, one sees the constitution of a new object (l2x), 

meaning more than a syncopated notation for the multiplication - even if slightly more; in 

his solution Fabio operates arithmetically with the unknown. 
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Fabio C, AH7 

"First I solved the operation in brackets (12. x = 12x) then I solved the rest of 

the problem as if it were an ordinary equation." 

Christiane Ts (AH8) script is a fine example of the method-driven aspect of 

algebraic solutions, as she multiplies the second equation by -1 even before performing the 

calculation on the right-hand side of the equation, in a sense treating the known numbers as 

unknown ones, but actually showing the extent to which the distinction between known 

and unknown numbers has faded. 

J:?4-JJ..X=q; 

(_1'\ - Aoly ~ -1~1 -+Cf:r-­
,~)( - A ~ i - Lr:t-
I ~'x':= [4 

y . ~4 ---tf~ 
Christiane T, AH8 

In three scripts algebraic notation is used but the solution process is not algebraic. 

Celia R (AH7) solves the problem by first restructuring into the equivalent of "the amount 

that was taken corresponds to the difference between the initial and final amounts"; from 

there she writes and solves an equation, and one cannot positively decide whether there 

was a shift into the Numerical Semantical Field or whether she was using literal notation to 

describe a non-algebraic solution. In any case, the main step that allows her to evaluate x 

- the manipulation that led to the first equation - was most likely based on the perception 

of the whole-part relationship. In the other script the situation is much more clear, as 

Marcelle D (AH7) writes down the equation directly derived from the problem's statement, 

but the rest of the solution is void of further use of literal notation, and the solution process 
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corresponds directly to one guided by the whole-part relationship. Finally, Gil S (AH7) 

uses literal notation only to express the general fonn of the procedure he used, possibly as 

a way of justifying it; we think that on the light of what we have said so far, there should 

be little doubt that his solution was guided by a whole-part relationship. 

CrJA ~ ~ ~ ?I :. - ( i 2. ~ i ) ::: CJ 1-
~ -Z + - 7~ "!: Cj ~ 

Celia R, AH7 

Marcelle D, AH7 

l?'/=:N: 
N" '..JCG/?::' i 
91=f( 

1Jx ,,/:£V S 
o 1V";.M<:-1{O .5/( 1?6" T7J i 1-

Gil S, AH7 

-- .. 
./ 

n :-~4'.~;. 

x.":. =+-

In most of the OKCALC solutions the explanation provided indicates that the 

whole-part relationship was on the basis of the solution process (Simon J, FM3; Sarah G, 

FM3; Marcelo A, AH7; Leandro F, AH7; Jennifer J, FM3). 

I~ 

Simon J, FM3 
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Marcelo A, AH7 

"I subtracted 97 from 181 to know which was the other factor ... " 

4 ~1 -,.~ :::: til (jJ 
",'"t 1;t-

e:!"lJC,: "" f e~ ),' :,. I) ~ ~-,;: 

" ,I I 
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Leandro F, AH7 

"I solved [it like this] because if the resull=97 then 181-97 will give the result of 

the multiplication ... " 

Jennifer J, FM3 

It is central that the fonn in which it is expressed is of no importance, as the 

decomposition process is always clearly visible. The use of a letter (the "A" in Simon's 

script), a verbal specialised tenn ("factor", in Marcelo's), or a more or less standard, non­

literal notation (the question mark in Sarah's) do not make the solution essentially distinct 

from those using verbal, relatively neutral references ("the multiplication" in Leandro's or 
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"the sum" in Jennifer's). As with the OKCALC solutions to Buckets, there was never 

any explanation as to why the subtraction would produce the remaining the value of the 

remaining part. 

In some of the incorrect solutions the source of the errors can be traced back to the 

use of loose and incorrectly generalised, verbally formulated rules like "undo it using the 

inverse operation" or the rules for the manipulation of algebraic expressions (Rebecca H, 

FM3; Sukhpal S, FM3; Ana Lucia E, AH7). Nevertheless, in this kind of behaviour one 

can identify the focus of attention being at the arithmetical operations - even if it does not 

result in correct procedures - and this evidences at least a Willingness to limit one's 

attention to the arithmetical context, a necessary aspect if one is to operate within the 

Semantical Field of numbers and arithmetical operations. 

I leo:\' H'y; (( 7- Cil'_-~ f ~l 

~-,pr ~ ~;'\l.-{ f-\ ~ u();..J L;.-c \ h 
b,j \~\ i_\e\."cIL_~-J I l,- \ -~ \~\: 

i-h:x 'llAfYl~J(-)' ~{+ '~J i2 

Rebecca H, FM3 

fl gl- ll'2", P = '(7 

= t1 7 ~ J 2 - J$ -:: ;( 
- i' ... , 
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~ ;t.:: <~ r J 

':"' S ec(~~ No. = <Gi? 1 

Sukhpal S, FM3 
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Ana Lucia E, AH7 

( , 

'_L ~"0_:,-

"I changed the sign of the parenthesis ... " [as if it were an addition or subtraction 

instead of a multiplication] 

One script in this group is of interest to us, because it employs a unique approach 

(Cecflia B, AH7). 

,(~,J 
.. ,~ -f 

o~Lt 

~;e;!a ~ ~~ ~ ~ i 

Cecilia B, AH7 (solution to Sec+) 

''To do this test I had to imagine it with smaller numbers" 

on the left, parallel to the margin: 36 - (2 . secret no.) = 20 

on the right-hand comer: "to see if it's correct" 

From the simpler example, Cecflia works out the string a calculations that leads to 

the solution of the equation, and simply applies it to the original numbers. On one hand, 

her solution seems to rely completely on insights emerging from the simpler example; the 

solution is thoroughly synthetical. On the other hand, she easily accepts that the 

"algorithm" can be applied to a problem from which she did not feel able to derive the 

solving steps, ie, that the range of numbers to which it applies is not dependent on 

properties of the small numbers on the "exemplary" case and the relevant factor is the 

numerical-arithmetical structure. Even more striking, Cecflia applies exactly the same 

method to solve Sec- (script also shown bellow), and the "simpler problem" she uses with 

Sec- is not, as one might have expected, in direct correspondence with its statement, 

where the "result" (ie, the number on the left-hand side) is greater then the "starting 
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number" (ie, the number from which a multiple of the secret number is subtracted). The 

"simpler problem" she invents is 

20 - (4 x secret no.) = 12 

from which, knowing that the secret number is 2, she correctly derives the solving 

algorithm as 

secret no. = 20-12 
4 

The crucial step, thus, is that she puts in correspondence the numbers in this model 

with the numbers in the problem's statement, regardless o/the/act that in Sec- the "result" 

is greater than the "starting number," and correctly applies the algorithm, paying attention 

to the order of the tenns in the subtraction and of the sign of the final answer. It is clear that 

the process is carried out completely within the Semantical Field of numbers and 

arithmetical operations, as control of the operations depends totally on the arithmetical 

articulation of the paradigmatic expression. Hers, however, is not an algebraic solution, 

as it is synthetical by the very nature of the solving technique. 

1-'0Jl.D. d-L_'U~G-~J.J1, ~ W\.l\_:~J;:tu v.>tc ~ \>-.J:;/j,J -,) ',0-
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~ :k.'?-w ~ ~ r.;!. i.A..-c.:u..J.E L' - J ~ • 

Cecilia B, AH7 (solution to Sec-) 

"To find out. I invented this other problem: 

20- (4 x secret no) =12. I know that the secret number is 2. So I saw how one 

can, with those numbers, to get to 2.] 

Then ... " 

Finally, we have Melissa R (FM3). The first step of her solution - evaluating 

"what is between the brackets" - seems clearly based on the whole-part relationship. The 

. . I' of the sharing is explicitly a second step, however, Instead of representIng an eva uatlOn 
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manipulation of the newly established relationship, namely 12'x=84, based on syntactical 

transformation. We would not go so far as to say that she was fully aware that the 

"reversing of the multiplication sign" stands in fact for a propeny of the operation, but the 

source of information on what to do next was cenainly the numerical-arithmetical 

expression, in particular the multiplication operation. We have thus a mixed solution. When 

she solves Sec- (script also shown bellow, together with the script for Sec+), she frrst 

concludes for the answer being 15 and only then adjusts the answer to -15 in order for it to 

fit the problem's statement (15 is encircled at the top-left corner of the script, and the minus 

sign at the end of the string of calculations on the first line was certainly inserted 

afterwards, looking "squeezed" between the equal sign and the number); the adjustment is 

made by assuming that the 195 had to be negative (and she puts a minus sign to the left of 

195 on the first line, which is later obliterated). Her solution does not proceed through 

successive transformation of equations, but much of it is clearly performed within the 

Semantical Field of nwnbers and arithmetical operations; again, Melissa shows flexibility in 

mixing different models, but she is successful only due to the extreme care taken in seeing 

that the overall result was adequate in relation to the original condition set on the problem's 

statement. 

-
(I,,, I~. ,r r: f:nrl 
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Melissa R, FM3 (solution to Sec+) 

112~.s l-k (Yl~ I hp IcX"O \- -0.--. ~ ICJ I") 

~arO-d'\II'~ ~ 13 k.> 
Tt- )-h; ~:C"-c~ (h .. k,,)')ber. 

Melissa R, FM3 (solution to Sec-) 
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The Sec- problem 

The main difficulty in dealing with this problem using non-algebraic models is that 

the whole-part model that worked so smoothly with Buckets and Sec+ simply does not 

make sense in this case, as Daniel S (FM2) puts it. 

Daniel S, FM2 

The observation at the bottom line might indeed serve as the seed of a corrective 

approach that can be used to make a whole-part useful. By assuming the secret number to 

be negative, one immediately has that the subtraction notationally indicated is not "in fact" a 

subtraction, but an addition, and the problem is reduced to 

120 + (13 x secret no) = 315 (equation I) 

which can be easily solved with the help of a whole-part model. In Mi P's (FM3) solution 

the minus sign is added to the answer only after the "amount" is found; Sophie W (FM3) 

on the other hand, worked out the value of 13xsecret no to be -195 and proceeded from 

there by dividing it by 13, as also did Jennifer J (FM3, script not shown). In both Mi P's 

and Sophie's solutions the main step relies on a property of numbers, but the use of the 

whole-part relationship is also crucial. The perception that the secret number is negative 

expresses not only the numerical treatment of the problem, but also some degree of 

analiticity in the approach, as the secret number - yet unknown - is taken as having a 

property, which means it has been made into an object. 
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Mi P, FM3 

Sophie W, FM3 

Attempts to use a wlwle-part model lacking the perception that the secret number is 

negative, led to two types of error. In eight cases the solver simply assumed that 315 

corresponds to the whole and that 120 and 13·secret no correspond to the parts (eg, 

Marcelo A, AH7), as if the problem said 

315 - (13 x secret no) =120 

and the problem is solved as Sec+ would be using a whole-part model. 
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Marcelo A, AH7 

"First I subtracted 120 from 315 to know which was the number in the brackets 

and then divided this number by thirteen." 

He encircles 15 and writes "secret number" 

We can safely conclude that this inversion is caused by the "meaninglessness" of 

the original statement in terms of wholes and pans, as expressed by Daniel S two 

paragraphs above, representing an attempt to make sense of the situation, as all eight 

student who produced this type of solution had solved Sec+ using a whole-part model. 

Another inversion produced by students in the problem's statement was to take the 

subtraction 

120 - (13 x secret no) 

as actually indicating 

(13 x secret no) - 120 

which also restores the meaning in terms of wholes and parts (David B, FM3). 

David B, FM3 

Five students produced this type of solution; only two of them had correctly solved 

Sec+, both OKCALC solutions, one was a T&E solution, one was NATT, and in one 

case a similar error was made there as here. If one thinks in terms of a hierarchy, it seems 

that incorrectly reversing the terms of the subtraction (second type of error) represents a 

cruder error than adjusting the roles of the numbers involved (first type of error), as the 
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students doing the latter error seemed to be operating much closer to . a consIstent model for 
dealing with problems of this kind63 • 

To one of the students, Luis N (AH7), the drive to make sense of the problem's 

statement in the context of whole and parts was so strong that he simply "corrects" the 

statement, to produce equation I we showed a few paragraphs above, without realizing that 

the number coming from the new equation would have to be adjusted to fit the problem's 

condition64• 

1~"+12a,:~IS 

I~'- ~I 5 .... ;?O 

I~.,.,: ~ I~S 

)( = I ~ 'J : I, 
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Luis N, AH7 

"I solved the brackets 

'" . _"'r~"'JTi~c.~ 
"-(;';" ... ", C ,-

V~.ol v~-,,,, f r,' pr'~~"'t{: E ..l:=!,,,t,, 

c. 'fV~.,~, .... "fL (x) 

used a property and found out the unknown (x) 

I already knew it [how to do it]" 

Marcelle D (AH7) uses algebraic notation; at first sight it might seem as if she 

simply misapplied rules for the manipulation of equations65. On the light of the analysis of 

the previous few paragraphs, however, we are led to conclude that in fact she made sense 

of the equation by producing the same reversion of the subtraction as David B above. Her 

solution to Sec+ also begins with an equation, but proceeds with calculations only. 

63Disregarding the order of the terms in a simple subtraction is a mistake that has been 
identified by several researchers, and it might have contributed to making the mistaken 
reversing more acceptable to those students. , . 
64It is impossible to decide from the script only whether he solved the resultmg equation by 
thinking algebraically or whether he stayed with the whole-part model, but ?e,cause of the 
seemingly cause for the "correction", we would - more as a matter of exerclsmg 
interpretation than as a matter of this decision being relevant - prefer the latter 

interpretation. 
65Namely, "change sides, change sign", with the "-" sign seen as "belonging" to 120. 
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"C=- 33 
Marcelle D, AH7 

As it happened on Sec+, almost all OKEQT solutions reached at some point the 

equations 

-13x = 315 - 120 or -13x = 195 ; 

in most of them the solver multiplied both sides by -1 (Ravia C, AH8) to obtain 

13x = -195 

and in a few cases the solver carried on with -x, dividing first by 13 and only at the end 

reversing the signs on both sides. Fabio C (AH7) directly reaches an equation of the form 

13x= ..• , but this step is justified in terms of the process of solving the equation, and not 

in terms of a relationship derived from the initially given whole-part relationship. It is 

significant that this form of control of the process results in a correct derivation, while 

Marcelle - even with the support of literal notation - and other students whose solutions 

were guided by a whole-part model failed. By shifting the meaning of the process into one 

closely related to the method of manipulation of the expressions, away from the context of 

evaluation of measure of parts, Fabio's approach overcomes the difficulties involved in 

making sense of this problem within a whole-part semantic. 

120- (13')()::: 315 
120 - ~3 y, :;; 3~ 6 
-t~)t: ~'ff;-12Q 

- 13" :. -1~ 5 
.1- ry ~3 ,: :.-Vt5 
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Flavia C, AH8 
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Fabio C, AU7 

"1 solved as if it were an equation. 

First I solved the brackets, then 1 moved the secret number (x) to one side and 

the numbers to the other, then it's only to solve the equation." 

In several WEQT solutions, the solver arrives at either 

-13x = 195 or 13x = -195 

only to produce 15 (instead of -15) as the answer. Difficulties with the division involving 

a negative number could certainly be responsible for the incorrect result, but one script 

suggests another possible source for it (Ana C, AH8). Although keeping the algebraic 

correctness at a syntactical level - in this case, keeping the coefficient of x negative - it is 

possible that the model underlying the reasoning was in fact based on the perception of a 

whole-part relationship; in Ana's script this is indicated by the fact that she refers to "the 

number 'x'" - probably a reference to the amount taken - and also to it being "'13x"', 

but she never refers to the negative coefficient or to the fact that her reasoning would have 

to be complemented by something like "but in fact each x is negative". The perception that 

the result had to be a negative number did not come from the awareness that "I subtracted 

something and it got bigger" nor from the recognition that the coefficient was in fact -13 

and not 13 - and thus the divisor would have to be -13 were she "reversing" the 

multiplication. Both aspects being essentially numerical-arithmetical, this lack of 

understanding supports the case that the model underlying her solution process was indeed 

a non-algebraic one. Ana's solution to Sec+ (script bellow) is similar in this respect to the 

solution to Sec-, as she correctly keeps the minus sign but does not deal directly with it 

(when most 0 KEQT solutions did), and the process produces a correct result only by 

vinue of the "friendliness" of the problem; the written explanation certainly corresponds to 

a solution guided by a whole-part model66. 

660ne might argue that she justifies the division as reve~sing the m~ltiplication and ~i.s 
brings the solution closer to an algebraic one, but we thmk the ~ruclal and .characten~tIc step 
here is deriving 12x=84 from the initial statement, as in algebraiC terms thiS would Involve 

directly manipulating the unknown. 
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Ana C, AH8 (solution to Sec-) 

"If you subtract 315 from 120 [sic] you'll have the number "x". But as there 

"13x", you have to divide by B." 

Ana C, AH8 (solution to Sec+) 

"You have a number (181) that taken from the unknown number (our emphasis] 

gives a result (97). If you take the amount of the resull (97) from the 1st 

amount, you'll have the difference between the two. As 12 is multiplying, you 

move it to the other side dividing." 

Fabiana M's (AH7) script is very interesting for several reasons. At first she uies 

setting and solving an equation, and it seems that she tries to "distribute" the minus sign 

over 13x (top-left comer); as the resulting expression is not meaningful to her, ie, she 

cannot get information on how to proceed with the solution from it, she shifts to another 

model, which is clearly based on a perceived whole-part relationship. From the verbal 

explanation we learn that she had already transformed the problem - inadequately - into 

one equivalent to the additive equation I some paragraphs above (" ... a number that 

multiplied by 13, +[!]120=315 ... "). We think it is extremely significant that the model 

takes control of the solution process to the extent that the simple arithmetic rules are 

subordinated to its semantic; it is enough to observe that on the three lines of expressions 
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(top, center-right), the subtraction notationally indicated is never meant to b . . e one, as It IS 

revealed on the third line. Fabiana had solved the item 25-37 correctly h' h . d' ,w IC In Icates 
that the disregard for the rules of arithmetic were not a mistake but part of operating in 

another Semantic Field. 

I~£ - (1-3 ."'L- ) = 3/5. 

4..",/(,' - f3· - 1--

I ~ . .:; - (I .::.. ' I - , 

I ", - \ f q 5 ': - -..: -
lol.o -t ~ QS :. =-1:;' 

£n-'~O:' 0...0: c...~c:..:..[.:..':' rr6·k:r,,\";",,:..:",'. ,r~\:: J:, 

I ' 0 p-. r; ,..,.l·I.-~· t_l't~J C_' ~~I'" /j':' ~ .... :- 1._' ,.. -= -.. _, I I .... __ . - - J 

. , I:' t- ~ ~ " -:Z!.-
vrT\ Y\tJ'r"'-·.~rO ,:,""':_" __ r': .... 'l-t'l p!;:""I_. p-.,r- \ ..... 1, 1"",,,- -J-o . 

FCI IS~ t...J -+Ir~' C ~J-,~ ,,'.)( . r ~ ._ ,," .":~j...' 

Fabiana M, AH7 

"In all mathematical expressions we first solve the brackets, then I would have 

to find out a number that multiplied by 13, +120=315. That's why I took the 

120, that would be added later, and divided the rest by 13 to find out the other 

number." 

Leandro Fs (AH7) solution offers us a rare instance of algebraic thinking without 

manipulation of literal notation or algebraic expressions. The expression he derives for the 

secret number is correct, and it takes into account that if the secret number is to have a 

positive coefficient - or, as he would possibly put it, "for the secret number to be 

'positive'" - the correct subtraction is 120-315, and he also uses the brackets correctly. 

We think Leandro's solution is substantially different from those in which an awareness 

that the secret number was negative existed but the solution process proceeded within the 

context of the additive equation, and this difference is clearly shown by the fact that from 

the beginning the terms involved in the calculations he indicates are correctly signed; there 

is no transformation of the problem with an adjustment a posteriori to fit the original 

condition of the problem. His verbal explanation is very confuse, and almost nothing more 

can be gathered from it; we produced a very literal, almost word-by-word translation in 

order to convey this state of things. For all we said above, the fact that his final answer is 

15 and not the correct -15 only supports our interpretation, once it indicates that he was 

not aware beforehand that the answer had to be negative, and produced the necessary 

transformations on the basis of his perception of the numerical structure of the problem's 

statement. 
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Leandro F, AH7 

"I found out it was minus because of the - sign in front of the brackets and also 

it was possible to know that the resuIt-120 and when I did the calculation and 

divided by thirteen to see if it would be possible." 

Finally we examine Vicky H's (FM3) script. There are two points of interest. First 

she rewrites the problem's statement using letters not only for the unknown, but also for 

known numbers. According to our traditional usage, she is not distinguishing the known 

numbers substituted from the unknown one, as the choice of letters seems to indicate a 

mere sequential A-B-C from left to right. On the other hand, she distinguishes A and C as 

having a different role than 13, which she left as a definite number. We think that she was 

trying to put the problem's statement in a general form from which she could derive a 

pattern and a solution procedure. The generalised form she attained appears to bring three 

things into consideration: 

(i) a possible whole-part model, which does not fit back into the problem's 

statement, as C<A (and she crosses out the generalised expression) 

(ii) the perception that the subtraction had in fact to represent an increase, and thus 

an addition (and she concludes that "275 are needed"), and 

(iii) the perception that the secret number had to be negative in order for the 

subtraction to result in an addition (and she gives as the answer -2.5). 

There is no reference as to how she found those numbers, which are thoroughly 

incorrect. Nevertheless, her solution exemplifies the process of trying to make sense of the 

problem, and the successive changes in the understanding of the problem through this 

effort. The conflict between the general whole-part scheme and the situation posed by the 

problem is clear, as also are the necessary intervention of a knowledge of how numbers 

behave and the disadvantage of having to search through different new models when an 

algebraic model would be equally adequate for A>C and A<C. 
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Vicky H, FM3 

SUMMARY OF FINDINGS AND CONCLUSIONS 

As we expected, a hierarchy appeared in relation to the facility levels of the three 

problems, with Buckets being the easiest and Sec- the most difficult; although the 

difference between Buckets and Sec+ is not significant for AH8 and FM2, in AH8 there 

is a definite shift towards solutions using equations in Sec+. 

Of all students, 83% correctly solved the item 25-37, and 56% correctly solved the 

item 20-(-30), which strongly suggests that the inability to produce correct solutions to 

Sec- without using equations is due to the students' lack of willingness to operate 

numerically, ie, within the Semantical Field of numbers and arithmetical operations; this 

behaviour had been observed on the analysis of the previous groups of problems, but what 

makes it particularly significant here is the fact that Sec+ and Sec- are not only identical in 

terms of their arithmetical articulation, but also all the one-step strategies that are available 

to reduce Sec- into a problem that can be modelled by a whole-part model - eg, 

presuming that the subtraction "is in fact" an addition", or simply considering the solution 

to Sec+ and applying it as an algorithm to Sec- - depend in varying degrees on operating 

numerically, and the low level of complexity of the problems only highlights this aspect of 

the students' difficulties. 

The percentages quoted at the beginning of the previous paragraph also accentuate 

the significance of the fact that many students reconstructed the problem in order to make it 

meaningful within the context of wholes and pans, showing that for many students the 

first-choice model is a non-algebraic one, in particular, a non-numerical one. Cecflia's 

script establishes with great exactness that an analogy can be built between Sec+ and Sec­

in a way to engender a method to correctly solve Sec-, but this analogy is only possible 

within the Semantical Field of numbers and arithmetical operations. 

Fabiana's solution, on the other hand, shows that the meaning of arithmetical 

operations can be adjusted to one's use according to the model being employed when one is 

operating in a Non-numerical Semantical Field. The important insight here is that many 
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"mistakes" that have been used by researchers to characterise misconceptions might in fact 

be conceptions within a Semantical Field other than the one intended by the researcher, ie, 

it might be truly useful to consider that those students are not in fact thinking of what the 

researchers thought they were. 

One important aspect related to the use of algebraic notation emerged. We had seen 

in solutions to previous "secret number" problems that employed equations that the 

substitution of specific symbols for "secret number" - usually x - was taken by many 

students as making the problems' statements into equations. In the explanations to their 

handling of Sec+ and Sec-, a number of students referred to "13x" being the result of 

"I3'x", revealing that the notion of representation was not readily available to them; this is 

a central part of meaning in algebraic thinking, and we think the lack of such 

understanding might represent a substantial obstacle in dealing, for example, with 

substitution solutions to sets of simultaneous equations. Also, the lack of the notion of 

representation might constitute an obstacle to the development of an understanding of 

thinking algebraically as proceeding within the Numerical Seman tical Field, and thus, an 

obstacle to the constitution of the notion of numerical-aritlunetical structure. 

Finally, a few scripts-in particular Sophie's and Mi's-threw light into the use of 

algebraic and non-algebraic approaches on different stages of the same solution process, 

highlighting the possibility of usefully combining algebraic and non-algebraic models, and 

at the same time emphasising the dissimilarities between them. 

4.6 PATTERN-SALESPERSON-SECRET PROBLEMS 

THE PROBLEMS 

Charles sells cars, and he is paid weekly. 
He earns a fixed £185 per week. plus £35 for each car he sells. 

This week he was paid a total of £360 

How many cars did Charles sell this week? . . 
(Explain how you solved the problem and why you did It that way) 

Salesperson 
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Her you have a pattern of tiles: 

a .. hua 
r ... 

I biod< 

12whna 
r ... 

)blocb 

One possible formula that gives the number of white tiles that go with a ceru 
number of black tiles is: 

no. or whites = (2 l{ no. or blacks) + 6 

How many black tiles are needed. if I want to use 988 white tiles? 
(Explain how you solved the problem and why you did it that way) 

I am thinking of a "secret number". 
I wiU only teU you that 

Pattern 

(6 x secret no.) + 165 = 63 

The question is: Which is my secret nwnber? 
(Explain how you solved the problem and why you did it that way) 

Secret 

GENERAL DESCRIPTION 

(i) Patt, is a problem where both the generation of a pattern of black and white tiles 

and a formula relating the number of tiles of each colour on any composition respecting the 

pattern are given; the central objective was to investigate whether students would prefer to 

solve the problem reasoning directly from the spatial configuration or would use the 

fomlUla given, and how they would manipulate those referents; 

(ii) Saiesp, is a very elementary problem about a salesperson who earns a fixed 

salary plus commission for each item sold; we never expected this problem to offer any 

difficulty to our students. It was included with the main objective of verifying how the 

students would justify the choice of arithmetical operations employed - would any 

justification at all be offered; we expected students to explain the use of the operations (eg, 

an addition used to know ... ) but not to Jllstify the choice in terms of a more general 
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scheme, numerical or otherwise, the reason for our expectation being the great familiaritv 

with the type of situation67
. The Brazilian version uses fridges instead of cars to make th~ 

numbers in the problem smaller. 

(iii) A "secret number" problem, Secret, is stated in a syncopated fonn, rather than 

the usual verbal one; in this problem the solution is a negative number, and we expected it 

to be significantly more difficult than the other two: It was included in this group to allow 

us to examine the models produced in a situation where a whole-part model is not 

immediately available. 

DISCUSSION OF POSSIBLE SOLUTIONS 

All three problems in this group can be solved with an equation in one unknown, 

b + ax = c 

If this approach is used, the three problems would present a very similar facility 

level, as the only one where an equation is not immediately given, Salesp, is very 

straightforward in verbal structure. 

Patt offered the alternative of working on the basis of perceiving, for example, that 

if the three white tiles at each end of the pattern are removed, one is left with a simple 2 

whites to 1 black ratio. From this point of view, the formula provided with the problem's 

statement would be an unfortunate choice, as the non-algebraic procedure we have just 

described would use the same calGulations as algebraic solutions employing the formula, 

and this makes the more difficult to distinguish between approaches. However, the 

alternative would be to give, instead, a formula such as 

no. of whites = 2 x (no. of blacks +2) + 2 

which is obviously more complex than the one we decided to use, making a direct 

comparison with Secret - an important point - more difficult. 

Secret could also be solved through the perception that the answer had to be a 

negative number, leading to the transformation of the problem into 

67 Another situation equally typical and familiar would be, for example. a problem involving 
change and the buying of several of the same items. 
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165 - 6n = 63 

which would be solved as Sec+ in the previous group of problems, possibly based on the 

whole-part relationship. 

The obvious solution to Salesp would be to consider that the total income is 

composed by the fixed part together with the commIssion for sold items, so to know how 

much came from selling, it is only necessary to take the fixed part from the total income, a 

procedure based on the perception of a whole-part relationship. 

GENERAL DATA ANALYSIS 

Two unexpected results emerged. First, the overall facility level for Secret was 

56%, much higher than we expected, specially if one considers that the other "secret 

number" problem with a negative answer (Sec-) had one of the lowest facility levels of all 

problems (27%)68. Second, in the Brazilian groups Patt was more difficult than Secret, 

while in the English groups this is not the case; this fact is surprising given that Patt offers 

not only the equation but also the support of a diagram, and even more so if one considers 

that AH8 proved to be very proficient in solving equations. One likely explanation is that 

the context of a pattern of tiles might have confused the Brazilian students, as this is a very 

unlikely context for a problem in Brazilian schools, while it is a very common one in 

English schools. A close examination of the students' solutions will provide further insight 

on the reasons for this result. 

Also unexpected was the very low level of facility for Patt in FM2 (18%), as this 

problem should be familiar to them and offers no difficulty with the numbers. 

Nevertheless, while for Secret 71 % of the scripts were NATT, 53% of the students in 

FM2 attempted a solution to Patt and failed, suggesting that they at least felt the possibility 

of producing a correct solution. 

In agreement with the result of the previous groups of problems, the Brazilian 

groups preferred to use equations whenever they were suggested (Pattern and Secret), 

while in the English groups equations were used by only one student in Secret. 

Salesp was the easiest problem in all four groups, with an overall facility level of 

84%, identical to that of Buckets, in the last group of problems we analysed. As the 

68 Although the facility level in AH8 is very high (89%), forcing the overall result, up, one has 
to observe that the percentages for AH7 and FM3 are very much in agreement WIth the 
overall result. 
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scripts will further demonstrate, those two problems were treated in very much the same 

way, with the choice of operations being taken as "logical" and never justified. 

STUDENTS' SOLUTIONS 

The Patt problem 

All but one correct solutions to Patt from the English students - most of them on 

the third year group - were OKCALC, and many of them were justified by appeal to 

"reversing the formula", "reversing the procedure", etc .. (Ian C, FM3; Joe V, FM3; Katy 

S, FM3). 

L 

~,~ \ ,,~J..J... 

\-Q.\..:> Q...~ .. 

~r-c. RJ..~ 

Ian C, FM3 

., ~a..:> L...J~ N2.~ 

~\ 'o\C\Q -~~ .. 

~'-~ 0/ ----.4~~-~r2)C~. or .6'4. c k.r)r- 0- ~. 
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~o <J r 6"/~/cs :;;"0 0 . 0 ~w/;,TeJ - 9 ~ 2 

~-tl n c. a..- -/-/,..~ 1+ / 6' e. , 4~eJ;J;& U !.-,/ ~~ ~~ 
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6i2<~...r ,....:- /. 

Joe V, FM3 
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Katy S, FM3 

Although this type of justification was given to other problems, what is remarkable 

here is the high proportion of students producing it, together with the specific notation used 

by some students, suggesting a strong influence of taught models. No student actually used 

a "boxes and arrows" diagram (figure Patt 1), but the treatment of +2 and +6 as operators, 

rather than treating 2 and 6 as operands, is clear. Those solutions are numerical­

arithmetical, as they are guided by properties related to the arithmetical operations only (as 

it is made clear in Joe's solution), but they are not analytical; the secret number is perceived 

as an initial state and never directly manipulated. Also, the solution process concentrates 

only in producing "the way back", so to speak, and the transformation of the arithmetical 

operations into their inverses never involves the manipulation of a numerical-arithmetical 

relationship. 

x 2 +6 
) 

fig. Patt 1 
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In the Brazilian groups, on the other hand, all but three of the correct solutions are 

OKEQT. In most cases the solution of the equation is 

988 = 2x + 6 
988 - 6 =2x 

982 = 2x 
982 

x = -2- = 491 

or very similar. As we pointed out before, it is impossible to decide-in the absence of 

further explanation about the underlying model-whether this solution is guided by the 

"undo" perception linked to the "machine" model, by the perception of the whole-part 

relationship, or by a numerical-arithmetical model. In some cases, however, the solution 

of the equation involved steps that clearly characterise them as numerical-arithmetical, and 

the manipulation of the tenn involving the unknown characterises the analiticity of the 

solution, so those solutions are truly algebraic (Mauricio N, AH8, who uses a normal/orm 

of the equation; Rogerio C, AH8); in Mauricio's explanation we have a further 

characterisation of the analiticity of his solution, as the unknown is treated explicitly as a 

number. 

fl88: ~£ 1(;' 

- ;;.; -;L, - ~ t q88 -.. -.::> 

-al;('" + qe~ = 0 

oZ;;e, - '1806 = 0 

c2)(.,.:. '1602 

;;(" : 0, 0 .2-
o.l 

, -----

Mauricio N, AH8 

So...) '166 B~,..;<-0.5 E SV 
m uL n" P D Ou-E i pol? 0.2, 0 tv ~ r>E 

p(lr:TOS QV£ i ?C. .. J1jI; E: ~I 
6 .. 0 ~LTP.tO e. 0 I/~ oe 
r~'7'"Q5. 

"There are 988 whites and I multiplied by 2 the no. of blacks and that is x. And 

added 6. The result is the number of blacks [sic)" (there should be no doubt from 

his script that he actually meant "the number of whites") 
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In another OKEQT solution (Andrea M, AH8), the evidence for an algebraic 

solution is direct from the explanation. 

to..:- 2p ~J 
q~g ::: ~p+t? 
Jp \<c = ~~g 
c.2p : q ~g -~ 
.Jp : C1 ~ 'l 

r -=4'11 

Y'(') -tJ'N ... .l,,'Y\C\ 0.0..0 -+,' ~ ~ tol~ . E ~~ 
h~ OnPdJ..,~f05 ~(A)S/1.M~/~ 
~/ ~b~ +; kuAA V\CA fo R~a. a. JD.Aio.,vU 
(Y1~ d.A ~j) ~ ~ ~o ctoctv. 
f cLlr~'{) (~ ~ $e r'" vev\ 1JQU'Vvv.t2 cit M -
~. 

Andrea M, AH8 

"in the statement there was the formula. And also the no. of white tiles, so, it 

was only a mauer of substituting into the formula the variable (no. of whites) 

by the number given. And then to separate variable from number." 

Three solutions - all coming from Brazilian students - treated the problem as one 

directly involving proportion, most probably suggested by the "8 whites for 1 black, etc." 

subtitles to the illustration69 . Both Mariana O's (AH8) and Maire M's (AH8) solutions are 

incorrect due to a mistaken perception of the relationship between the number of white and 

black tiles. Mariana's is clearly based on an algebraic model for solving the proportion: it is 

69That no English student made this type of mistake suggests that the unfamiliarity of the 

Brazilian students with the problem also played a role. 
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numerical-arithmetical and analytical, with the focus being in detennining the number of 

black tiles. 

\ 

-l..u\.. ~1 tA.S rc( c'- !.-L 

M.~ro....'~ ~~ ~ 

Mariana 0 (AH8) 

"I found out because the first fraction has to be proportional to the second. the 

third and so on ... " 

Maire's solution, however, is synthetical, as the focus of the solution process is in 

determining the multiplier that multiplied by the number of black tiles in the simpler ratio (in 

this case, by 1) will produce the number of black tiles corresponding to 988 white tiles. 

~6~ ~AJCD:!> ~ ?rl2~"iOS 
~ f3~A~(D'> fA'" -i r('~"o 

qld'J ~ IoG.S )'1 

qJ6 f>1.cm<:czY (JD'\ IJ..3. 5 ~ I 
,....,...,~ ~ p~~ cOJO'I ~ 
~~~., 

Q!cf ~CVf1C_O? ~ I J '1 rJo,. 

Maire M (AH8) 

~. po. ~ FtS ~ d .h­

e -8 ,,-'~ ~ ~) . J..~_ 50-
5alM ~O' '0' ~ 
'1Jd ..t. ~rL<tdl ~ 

1 ~ ..t~ .i ~ (lO'C-

Left: "988 whites for? blacks( ... )8 whites for 1 black ( ... )988 whites for 123.5 

blacks, but we can't split the tile, so: 988 whites for 124 blacks." 

Right "If for I black there are 8 whites (8 times more). then it's only a matter 

of knowing how many '8' there are in 988 and multiply by 1, because it is 1 

black for 8 whites" 
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Around a third of all WCALC mistaken solutions resulted from the' f Incorrect use 0 

the "reverse the formula" approach (Dawn H, FM3)10. 

z­
~::-

q 6-6 ~2:: 4-q 4- - b = (yfS' 

4-fS" t£::: 1;-91f 1<2 ~~ 
, 

Dawn H, FM3 

In Laura G (AH7) we have a behaviour that is as close as one can get to a pure 

syntactical "shuffle": "white" and "black" are swapped, and the operations "reversed" 

without any regard for the arithmetical articulation or to the meaning of the resulting 

transformation within the Semantical Field of numbers and arithmetic operations. 

Nevertheless - and this is an important point in relation to meaning - from Laura's point 

of view not only the procedure enabled her to find out the answer in an acceptable way, but 

she was also able to correctly distinguish the symbols for the operations and associate them 

correctly with the symbols for the corresponding reverse operations; however, she has 

certainly not grasped the intended meaning that the teacher tried to convey. 

)-G(~) 

1\ 

Laura G, AH7 

70lt is interesting that at first she incorrectly applies the "reverse the formula" approach,. 
. ., . ld be performed were the formula bemg not regardIng the order In whIch the operations wou . 

used. When she tries to check the result against the original formula, It n~tura,l,ly does ~ot 
. . . h alters the checkmg template to work, but instead of rethInkIng the solutIOn process, s e 

fit the mistaken solution procedure. 
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It is interesting that although the preferential approach to prcx:luce correct answers in 

AH7 was to solve the formula as an equation, more than three-quarters of the mistakes 

come from WCALC solutions, suggesting that even those solutions "by equation" might 

well have been guided by a contextualised model, as a failure to prcx:luce an algebraic mcx:lel 

is strongly associated with a failure to produce a contextualised one. 

The Salesp problem 

As we expected, all the explanations provided with OKCALC solutions (which 

account for 77% of all answers) corresponded to the model "take away the fixed part from 

the total and see how many cars (or fridges) it corresponds to". The "explanation" for the 

initial subtraction is always a non-explanation (ie, "that's what you do"), and there was 

never any attempt to relate it explicitly to a whole-part relationship, the procedure being 

considered as self-justified (Fabfola, AH7)~ in a few scripts only there is a slight hint that 

the perception of a whole-part relationship might have guided those solutions (Alufzio A, 

AH7; Jacob B, FM3; Tarek S, AH7). Both Alufzio and Jacob seem to use a comparison of 

wholes strategy, while Tarek uses a whole-part decomposition mcx:lel. 

Fabiola, AH7 

She gets a 10,200 salary, so I took 10,200 from 11,480 (the money she earned) 

what is left is evidently [the money earned] because of the fridges ... " (our 

emphasis) 
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Aluizio A, AU7 
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"Explanation: if she got 10,200 + 160 for each fridge (fixed salary) and this 

month she gm 11,480, then I have to calculate the difference between the two 

salaries to know how much she got in excess ... " (our emphasis) 
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Jacob B, FM3 
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Tarek S, AH7 

"If the fixed salary of 10,200 is taken from the total income there will be left 

only the [money] earned from the fridges ... " 

The focal point here is that in all three cases, the choice of subtraction is not 

infonned by the arithmetical articulation of an equation, but by the need to evaluate parts 

produced through a decomposition of the whole, ie, the arithmetical operations are tools 

used to produce a required evaluation, and not informative objects. Nevertheless, a 

distinction between the approaches may be made, as the whole-part based model apparently 

guiding Alufzio's and Jacob's and Tarek's solutions is certainly more general. 

Another illuminating aspect of the scripts, is that in 29% of the OKCALC 

solutions, the determination of the number of cars (fridges) sold is done using a number of 

different build-up and "build-down" strategies (Helen R, FM3; Derek G, FM2), and in 

those cases the evaluation of the "extra" money is not even considered, as the "fixed 

salary" (£ 185 in the English tests) is the target or the starting point, showing conclusively 

that those procedures are not "disguised" or "primitive" fonns of division or multiplication. 
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Helen R, FM3 

I Put ,S-; 0." ~ Cc..'C-'--'~(''''~ D-"t\ c.'{~Q~ 3; 5 

+ , V"'e ~ -\-0 ~ \ ~t; 

Derek G, FM 

Ana F (AH8) uses an "x", but her solution is clearly guided by the "selling" 

context, as the accompanying explanation shows; the "x" is used only to represent a value 

that can be immediately determined and is never manipulated before it is evaluated. It is 

suggested in the script that the focus of attention of the solution process seems to be the 

amount the saleswoman got for selling fridges, as Ana first writes "x+ 140=?," and this 

may be linked to the fact that as many students she saw the evaluation of the "extra" money 

as nothing more than evident and immediately possible. 
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"The amount of money Carla got, minus the money she gets without the 

commission, gives the amount of money that divided by her commission by 

fridge indicates how many she sold." 

The Secret problem 

As we saw before, one relevant aspect in relation to this question was the 

unexpectedly high facility level, with the exception of FM2, which perfonned very badly. 

The OKEQT solutions were in all cases solved by following the very standard 

6x + 165 = 63 

6x = 63 - 165 = -102 
-102 

x = -6-

x = -17 

The one aspect of interest is that of all solutio~employing equations, in only one 

case the solver correctly reached the third line then to produce an incorrect result (+ 17). 

When we compare this with the fact that many more similar mistakes were made in Sec­

(analysed in the previous section), there is an indication that using a positive integer as a 

divisor makes more sense than using a negative one, possibly because the positive integer 

corresponds better to a "sharing" model of division, even if the amount being shared is 

negative; a further implication of this would be that the preference for non-numerical 

models (in this case the analiticity does not seem to be relevant) might be on the basis of 

some obstacles to the learning of the arithmetic of directed numbers. 
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In some of the OKCALC solutions (Elizabeth W, FM3, for example), the student 

considers that the answer has to be a negative number; however, as opposed to similar 

situations in solutions to Sec- (see previous group of problems), this consideration was 

never central to the process of solution, ie, it did not result in the transfonnation of the 

original problem into an auxiliary one, 

Elizabeth W, FM3 

In one case the student concluded that the problem could not be done because 

adding would make always more than 165 (Jayne H, FM2), 

\ ~(J".Jr ~NAk.. \.~ tkL3 ~ b~~ b~c.~e. 
to ~ n... -t \ b5 ~ L'\d.. b~ l'Y\or~ ~ b:3 e -9 Lox~. 

\ ~1" 'b5 - J 7 7 l,U:lwt\ J-~ t'\ot ~q,\.A~ G'3_ ., 

Jayne H, FM2 

Jayne, however, failed to solve both 25-37 and 20·(·10), showing that her 

. . f t' numbers was very weak. As a understanding - and possIbly perceptIon - 0 nega Ive . . 
., . . hoi t model or a numerical-arztJunetlcal consequence, the dIstInctIOn between USIng awe-par 

. . h f the two Semantical Fields have one becomes somewhat blurred, as the objects In eac 0 
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properties that are easily put into correspondence, or, put in a more precise way, it is easy 

to establish a much stronger isomorphism between the two Semantical Fields than in the 

general case. Nevertheless, and this is a central point in respect to the overall argument of 

our research work, it would be incorrect to characterise under those circumstances and on 

the basis of the possibility of the isomorphism, solutions using a whole-part model as 

involving algebraic thinking. The crucial point to produce the distinction is that arithmetical 

operations will still be used as tools only, while operations on the wholes and parts 

Goining, separating, etc) will be the object operations. 

From the remaining OKCALC solutions, in all but two cases of an explanation 

being provided beyond a restatement of the calculations perfonned, they refer explicitly to 

"doing it backwards" or "reversing the process" (Camila A, AH7; Clare B, FM3; Hannah 

G, FM3; Shazia A, FM3). 

Camila A, AH7 

"I reversed the process" 

~ ~ - \'5 ~ - \0'2 

- \0'2. .;-, :: - \1 

( b)C :D ).- "5 ~ 63 

Experimental S ludy 

<0 +1:.+lb~ :(.3 
<'.1bSlo-r -x,.. 

p \ lors -=-
(. -i7 \ ~v...ll\.k () ~ ~ 

Clare B, FM3 
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Hannah G, FM3 

\4- {J _ ~~ -----n-i <C 

"S- Ibs I , = -\1 -11 ,~ , ~ t ~{((l , ~(~~H 

~t<.'l" {( ~4\l ~'''l t ~t f l~. , tltJ o.~~w", .~o" CAh 

'~.l ~\Hl~ ~ a.1\~Wtt b1 iOl\\~ \~t l~l 
~ ... ~ r\)~~ ! 

~ IlI'V\ °fPO~ltl 

Shazia A, FM3 

It is clear from those scripts that the resemblance with the "reverse the fonnula" 

procedure used by many students to solve Patt is strong. In Camila's script we have no 

further explanation, but Clare makes a distinction between "doing the sum backwards"­

which seems to refer to the process of "going back" - and "using the opposite signs" -

referring to the "undoing" of the effect of the operators, while Hannah specifically 

mentions that she "found out what secret number was before adding 165" (our 

emphasis), showing the "undo" intention. In Shazia's script the indication is even more 

complete, as she speaks of "the final number" (our emphasis), again a clear reference to a 

chain of calculations. 

Given the reasonably high level of facility for this problem, and that, as we saw in 

respect to Sec- (see previous group of problems), the use of whole-part models with 

problems involving negative numbers is troublesome, we are led to think that most of the 

OKCALC solutions to this problem were guided by a state-operator machine model, as 

the one depicted in figure Patt 1. As we have already shown, this model develops within a 

Numerical Seman tical Field, although it is not an algebraic model in this case for the lack 

of analiticity. The important implication of this result is that around 50% of all students 
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answering this question were willing to operate within the Seman tical Field of numbers and 

arithmetical operations. Moreover, it shows that this willingness is not the expression of a 

general, conscious, conception, but rather an implicit component of the procedure _ either 

taught or developed - to deal with this specific type of problem. 

Two other aspects are worth mentioning. First, that a state-operator machine model 

could be made to work with a problem like Sec- if analiticity becomes a part of the mode 

of thinking in which one is operating (see figure Patt 2) 

120 - 2x = 315 

J, (1) 

-2x 

Ilg 
) 

[3'15 1 

J, (2) 

lel 
( 3 51 

+2x 

J, (3) 

315 + 2x = 120 

( J, (4) ) 
fig. Patt 2 

o 0 (0) °t can be built entirely within the Seman tical Field Such approach has two mentso I I 
hOI ases and (ii) it introduces the of numbers and arithmetical operations, from muc SImp er c , 

o 0 ristic A further advantage would be to notion of unknown wIth an analytlcal characte 0 0 0 

f ntation of arithmetical arncuiatlon, strengthen the links between two useful forms 0 represe 

321 
EXperimental Study 



namely, the state-operator diagram and the standard algebraic notation. Step (4) in fig. Pan 

2 could either be a return to a state-operator model, which would be similar to that used 

with Secret, or an algebraic solution of the equation, if the solver sees it as meaningful. In 

any case, steps 0), (2) and (3) alone might well serve as an alternative to a justification 

based on DSBS, for the transformation 

120 - 2x = 315 

120 = 315 + 2x 

It must be clearly understood that we are not advocating this approach as a panacea 

that would provide the solution for all the problems involved in developing an algebraic 

mode of thinking, but it certainly is a strong and helpful paradigm from which other 

approaches may be developed. 

SUMMARY OF FINDINGS AND CONCLUSION 

The main point illustrated by the scripts to this group of problems is the possibility 

of a model that is clearly numerical-arithmetical but not analytical. Some solutions to 

problems in the previous groups had already presented this characteristic (for example, 

using a paradigmatic simpler example), but the use of a state-operator machine model 

highlighted the fact that it is possible for children in the age group we studied to accept a 

mode of thought that involves operating totally within the Seman tical Field of nwnbers and 

arithmetical operations; this is particularly relevant because Patt is a problem where a 

spatial configuration is present, making clear that the problem is about numbers of tiles and 

not "pure" numbers, and yet many students used the numerical-arithmetical model. The use 

of a state-operator machine model also offers a singular illustration of the following points: 

• arithmetical operators as objects, informing the manipulation process; 

• the possibility of achieving some degree of analiticity in the process, by using 

generic or unknown parameters in the arithmetical operators (as in figure Patt 

• 

2) 
both structure-in the form of the arithmetical articulation-and process-in 

the fonn, for example, of the actual inversion of an operator, or of the actual 

chain of calculations-are indissoluble aspects of the manipulation of the 

model; 

Structure in relation to the establishment and manipulation of a model is a notion 

that has to accommodate the possibility that there are objects that are not "formally" 
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distinguished (eg, both the unknown and the parameters are seen as numbers) but neither 

there exists in the model a super-class containing both objects nor all properties applying to 

one such object applies to all of them (eg, in the "meaninglessness" of operating on or with 

the unknown). The structure of a model is, then, a net of meanings, necessarily local, and 

not an abstract and "clean" construction. Even when the establishment of a model is 

consciously informed by the knowledge of a more generic, general or abstract knowledge, 

it is only in the local sense of a net of meanings that the structure of the model is realised, 

and it is precisely in this sense that the tenn arithmetical articulation expresses the structure 

of an algebraic expression as given by its composition in terms of nwnbers and arithmetical 

operations .. 

Also, a solution to, say, Patt, using a state-operator machine model is structurally 

distinct from one using a whole-part model to model the "formula", and both are 

structurally distinct from the analogical solution that is based on a perception of the spatial 

configuration, and they are all structurally distinct from an algebraic solution employing an 

equation, although the procedural aspects may be similar. 

4.7 CONCLUSIONS TO THE CHAPTER 

The main result of the experimental study was to confirm that there are different 

models underlying students' solutions; moreover, it has also shown that our distinction 

between algebraic and non-algebraic solutions, based on our characterisation of algebraic 

thinking, offers a clear and useful framework for distinguishing and characterising those 

solutions. 
From the point of view of the methodology adopted-using groups of related 

problems, instead of "isolated" items-proved to be a correct and very useful choice, as 

many of the aspects of the models that were identified could only be clearly understood by 

comparing its use in problems with different contexts and with different numerical 

parameters. The decision of not using interviews meant we could not probe in depth some 

aspects of the underlying models, but, on the other hand, it reassured us that it is indeed 

possible to understand much of those underiying models by examining only pupils' written 

work, an important feature of the methodology, both because of the possibility of carrying 

out studies with a larger number of pupils, but also for the teacher who, many times, does 

not have the necessary time to accompany closely the discussion that goes on on each 

group during classroom activity. 
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The most problematic aspect for the students in our study, was that for those unable 

to deal algebraically with the secret number problems, the process of modelling them into a 

non-algebraic model proved to be an impossible, or at least, very difficult, task. The fact 

that most of those students could cope with the "contextualised version" of those secret 

number problems, led us to conclude that two are the probable sources of difficulties in the 

case of those secret number problems: (i) difficulties in interpreting the elements of the 

arithmetical expressions in terms of other models; particularly in the case of whole-part 

models, expressions of the type 

ax + b = c and b + ax = c 

were easier to interpret than expressions of the type 

b - ax = c 

We suggest that this was the case because the former provide a much more direct 

representation of "a whole and its parts," while in the case of the latter, the elements have to 

be separately identified, and the whole-part articulation constructed; and (ii) this difficulty 

is only enhanced by the fact that the notion of a general whole-part model seems to be to a 

great extent alien to what those students see as knowledge applicable to those problems; as 

a consequence, making sense of the "decontextualised" secret number problems implied, 

in each case, looking for an adequate interpretation, possibly in terms of another problem 

with a "story," possibly in terms of experience with "plain calculations." 

Another relevant aspect we were able to identify, was the importance of what we 

called pointers, in the manipulation of non-algebraic models, for example the fact that one 

should not add a weight with a length, or that a seesaw will be balanced only if equal 

weights are put on each side. As we have already pointed out, but wish to stress, this 

aspect suggests that the use of non-algebraic models to facilitate the learning of specific 

aspects of algebra-for example the scale balance-has to be carefully examined, in order 

to avoid the association of the algebraic procedures learned with those pointers, an 

association which may, and probably will, constitute a huge obstacle for the development 

of an algebraic mode of thinking, particularly in the case of "concrete" models. 

From a more general point of view, it became clear that the central notion being 

examined in our study was that of meaning. In this sense, the distinction we used between 

elements of the problem and objects of the model, proved very helpful in highlighting the 
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choice and interpretation of the elements of the problem which is involved in the process of 

establishing and manipulating a model. 

The non-algebraic models we have identified in the scripts almost always involved 

an underlying whole-part articulation. Hypothetical manipulation of the context of the 

problem and geometric models appeared only in very few scripts. 

The state-operator machine model, which appeared only in the Pattern group of 

problems, represents a special case, as it is clearly a numerical but non-algebraic model, 

as it lacks analiticity. The fact it was used by so many students, suggest that operating 

within a purely numerical environment, and using the arithmetical operations as objects, ie, 

manipulating a model informed by them, is not beyond the grasp of those students, 

supporting our claim that the development of an algebraic mode of thinking has to be 

understood as the process of cultural immersion from which the development of an 

intention is produced, and a process that is very much dependent on the exposure to that 

mode of thinking. The fact that among Brazilian students we were able to find many more 

instances of algebraic models being used than among English students, also supports this 

claim, given the distinct emphasis on the teaching of algebra-much greater in Brazil-in 

the grades in question. 
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Chapter 5 
General Discussion 



Both the evidence from the historical study and from the experimental studv 

showed that our characterisation of algebraic thinking-aritluneticity, illternalism, an~ 
analiticity- provides an adequate framework for distinguishing different wa\'s of 

modelling problems and of manipulating those models. Moreover, we have also s~own 
that by distinguishing those different modes of thinking, we were able to identify the 

tensions underlying the production of an algebraic knowledge, as well as the sources of 

the difficulties faced by the students in our experimental investigation and the 

constraints acting upon the development of an algebraic knowledge in historically 

situated mathematical cultures. 

The central issue which provided the thread followed in our investigation is that 

of meaning. We identified two ways in which the issue of meaning is related to our 

study of algebraic thinking. 

First, an "algebraic verbal problem" can be seen either as the problem of 

determining the required measure(s) or as the problem of determining a number or 

numbers which satisfy some given arithmetical conditions; in the case of "purely 

numerical problems," interpreting it as the problem of determining a measure requires 

the extra step of interpreting the elements in the "arithmetical" statements- as, for 

example, in the secret number problems in our test papers-as representing or 

describing some contextualised problem 1. The fact that secret number problems were 

consistently more difficult than the corresponding contextualised problems-apart from 

the case of the older Brazilian students, who had had a somewhat thorough experience 

with using equations to solve problems-indicates that for the students in our 

experimental study, interpreting the "arithmetical" statements into another Semantical 

Field was not an easy task; both the lack of the pointers we have mentioned in 

Chapter 4-eg, "weights can only be added to or subtracted from, other weights"­

and the lack of taught wlwle-part models, which could provide a more or less standard 

Semantical Field for interpreting the "arithmetical" statements, seem to account for the 

failure of so many students to make sense of those statements. 

The second way in which meaning is related to algebraic thinking, is through 

the process of manipulating the model used with a problem. Even if a problem is seen 

as the problem of determining a number or numbers which satisfy given conditions, the 

conceptions involved in the determination of the concept of number playa central role 

1 th o ' on' as the solver makes The quotes in arithmetical are necessary for IS preCIse reas . 
, . 'S 0' 1 FJ'eld other than that of sense of the statements by mterpretmg them m a eman ca 

numbers and arithmetical operations, we may safely assume that those statements are 
not seen primarily as arithmetical statements; this does not imply. ,howe\'er, that the 

. ~ 'h ,th' h s or her solver IS in teJectually incompeten t to do so, but only t at"': 1 ,m 1 

mathematical culture that is not the preferential mode of thmking. 
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in determining ~hat .can and should be done to manipulate relationships involving 

number; the hIstOrIcal study provided precisely the evidence about how 

conceptualisations of number are central if we are to understand the mathematical 

activity within a mathematical culture-or of an individual. We have clearly shown that 

algebraic thinking depends on a symbolic understanding of numbers, but also that 

such a symbolic understanding of numbers have to compete with other-quite 

acceptable-conceptions, such as "number as measure." The tension between a 

symbolic understanding of number, which implies that numerical-arithmetical relations 

are treated arithmetically, internally, and analytically, ie, algebraically, and an ontology 

of number, which says what number is and only from there one determines how it can 

be dealt with, is a central issue in the process of developing an algebraic mode of 

thinking; our experimental study did not intend to probe into the students' mathematical 

conceptions underlying their mathematical activity, but nonetheless, it provided 

evidence that the models underlying their solutions to the proposed problems did not 

present-in many cases- the generality as a method that Jacob Klein indicates as the 

central aspect distinguishing Vieta's conceptualisation of algebra from that of 

Diophantus, and which is a central characteristic of what he calls the "modern" 

conceptualisation of the mathematical activity. 

Those two aspects of the relationship between meaning and algebraic thinking 

suggest a focus of tension in the development of an algebraic mode of thinking. The 

acceptance of the "arithmetical" statements as informative in themselves, ie, as true 

arithmetical statements, certainly depends on the possibility of treating them 

algebraically, at the same time thinking algebraically depends on the ability to recognise 

arithmetical statements as informative in their own right. Our approach to this question 

was to consider algebraic thinking as an intention, more precisely, the intention to treat 

problems which involve the determination of a number or numbers algebraically, 

according to our characterisation of algebraic thinking; the intention to think 

algebraically can certainly evolve from very simple algebraic situations, such as solving 

simple equations, but precisely because this intention is not algebra, only a way of 

dealing with algebra, the production of an algebraic knowledge, eg, "how to solve 

equations of a certain type," does not depend on or involves by itself algebraic 

thinking. It is only by making that intention explicit, and by contrasting algebraic 

thinking with other modes of thinking which can be used to produce algebra, that the 

intention of thinking algebraically can be consciously acquired. Moreover, it is only 

When such intention is in place that the requirement of a treating arithmetical statements 

in a way which is aritlu1letical, internal, and analytical, can be meaningful. 
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In the course of our investigation of the nature of algebraic thinking, t\VO 

important distinctions were elicited: (i) that between intrasystemic and extrasystemic 

meaning; and, (ii) that between situational and mathematical context. 

The former allows us to account for the possibility of an algebraic algebraic 

activity (as opposed to a non-algebraic one), by making clear that, far from being 

meaningless, or semantically weak, the elements involved in algebraic thinking are 

meaningful and semantically full, but only when interpreted within the Semantical 

Field of numbers and arithmetical operations, ie, there is a shift of referential which 

makes the algebraic algebraic activity meaningful. In the historical study we had the 

opportunity to refer to the syntactical meaning of the elements in algebraic thinking. 

This notion, which might seem paradoxical at first, is essential for one to understand 

what algebraic thinking is, and must be accepted not as a linguistic detour to indicate 

the usually accepted notion of "rule manipulation," be it in a poorly or in a highly 

skilful manner, but as indicating that there is nothing "outside" the statements being 

manipulated which are required to make their elements "meaningful." 

The second of the two distinctions allows us to understand the importance of 

one's willingness to shift into a new Semantical Field in the process of thinking 

algebraically. It is the shift from the situational context of a problem-or from its local 

context in the case of "purely numerical problems" - into a mathematical context, 

representing also the transition from the problem to a method for solving the problems 

of a class to which the specific problem in question belongs, or seems to belong, that 

makes algebraic thinking possible; moreover, the very intention of producing that 

shift-and, thus, its acceptance-is that which characterises mathematics as an accepted 

cultural object. The refusal by Luria's and by Freudenthal's subjects to operate within a 

"context-free" environment strongly indicates that the development of a given 

mathematical mode of thinking depends on the acceptance of the fact that certain ways 

of organising the world are adequate and useful, ie, that they produce insights which 

conform to one's cultural needs. It is exactly in this sense that algebraic thinking has to 

be understood as an intention: it represents the affirmation of the need to use 

numerical-arithmetical models and to treat those models arithmetically, internally, and 

analitically, and it is by affirming this need that it drives the development of an algebraic 

knowledge. 

By understanding algebraic thinking as a cultural component, rather than a 

developmental one, we opened a line of research into the difficulties faced by children 
. b' ad I d as pn mary In the learning of algebra; we have shown that non-alge ralc m e s use -

ways of dealing with problems involving the determination of a number or numbers do 
. oct f th' king and we have constitute an obstacle to the development of an algebraiC m eo III , 
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elicited some of those models and their main characteristics. By also showing that 

algebraic thinking is better understood as an intention, we demonstrated that the 

process of developing an algebraic mode of thinking is one of cultural immersion, and 

by doing so, we open the possibility of explaining the "failure" of individuals in 

"naturally" developing the ability to think algebraically-as Piaget's theory, for 

example, would predict-in terms of a lack of a cultural component. In a similar wav . ' 

we think that it is possible to explain, for example, the "failure" of individuals in 

"naturally" developing proportional reasoning. 

At a deeper level, this aspect of our investigation shows, in particular in relation 

to the historical study, that asserting a parallel between the historical development of 

algebra and algebraic thinking and the development, by individuals, of an algebraic 

mode of thinking, cannot be understood in the context of searching for similar "stages 

of development." The cultural factors are, we believe, too complex to be "read 

through," and it thus seems to be the case that even if an underlying, inevitable, 

cognitive engine exists-as Garcia and Piaget say-we are unlike ever to reach it. The 

culturaIistic approach, on the other hand, highlights knowledge as the result of trying to 

make sense of the world, and as the world is presented to us largely through the culture 

we live in, and as cultures are in perpetual recreation, the culturalistic approach to the 

nature of algebraic thinking provides an immediate understanding of the cultural 

process of being initiated to it. 

Although our research has been thoroughly concerned with characterising 

algebraic thinking, one of its clearest results was to reveal the interplay between 

algebraic and non-algebraic modes of thinking. First, because non-algebraic models can 

provide, as in Davydov's teaching programme, the raw material which is to be 

examined algebraically; second, and more important, because the deep distinction 

between algebraic and non-algebraic modes of thinking point out to the impossibility of 

reducing one to the other, ie, it points out to the inadequacy of substituting algebraic for 

non-algebraic "whenever possible"; algebraic thinking can only be understood in the 

context of all different modes of thinking, and, thus, the development of non-algebraic 

modes of thinking has to be kept as a central objective of teaching. The possibility of 

interpreting a problem or situation within different Semantical Fields, certainly offers a 

richer perspective for organising one's world and for producing knowledge. 

The results of our investigation point out, although in a provisional manner, 

that an early introduction of children to algebraic thinking should be carried out. First, 

because it provides a unifying and powerful mathematical context, one in which a 

deeper understanding of the structure of large classes of problems is possi ble. Second, 

because it allows the development of an understanding of numbers and of the 
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arithmetical operations which is algebraic-and, thus, symbolic-from very early 

stages of learning, resulting in a much sounder mathematical foundation to those 

aspects of the children's mathematical knowledge. Third, because situational models 

and abstract non-algebraic models (eg, whole-part models) are a much more present 

part of everyone's life, and opportunities for refining and discussing them are much 

more abundant; emphasising the importance of algebraic models, particularly to the 

teacher and curriculum developer, is a proper way of restoring a balance which is 

necessary. Fourth, and finally, the traditionally accepted view of "algebra as 

generalised arithmetic" - under the guise of "numbers first and then algebra" - leads in 

fact to the formation of sometimes insuperable obstacles to learning, and an earl\' start 

with algebraic thinking would address this difficulty. 

There are two natural directions to follow after the research presented in this 

dissertation, both of which we will pursue. 

The first is to extend our research into the history of mathematics, by examining 

other historically situated cultures and by considering the non-mathematical 

characteristics of the cultures examined. This last aspect is particularly important to 

provide a more comprehensive view of the place of the mathematical cultures in their 

"parent" cultures. 

Second, we will study, this time making extensive use of interviews, students' 

conceptualisations in mathematics, particularly in relation to elements related to 

algebraic thinking. At the same time, we will engage in developing a teaching approach 

for the development of algebraic thinking in the later years of primary school and early 

years of secondary school: some of the exploratory work in this respect has already 

been conducted, both in Brazil and in England, and will be reported elsewhere. 
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Annex A 
Problems used in the exploratory experimental 

study 



1) Two friends, Maggie and Sandra, went to the Goose Fair. 

Maggie brought £12 with her and Sandra brought £18. 

During the afternoon, Sandra spent twice as much as Maggie, and \vhen they 

left the fair, both of them had the same amount of money. 

How much didi each of them spend? 

2) A car salesman earns, per week, a fixed £200 plus £35 for each car sold. 

This week his total income was £375. 

How many cars did he sell this week? 

3) A carpenter wants to cut a 73 cm long stick in two, but he wants one of the 

pieces to be 17 cm longer than the other. 

How long will the pieces be? 

4) I have a 'secret' number in my mind. 

If I multiply it by three, and take the result away from 210, I'm left with 156. 

Now, which is my 'secret' number? 

5) Pick up any three consecutive numbers and write them down inside the 

squares. 

Now add them up and put the result inside the circle. 

Finally, divide the number in the circle by three and put this last result in the 

triangle. 

An example: 

Now try with other successive numbers. 

(a) will the number in the triangle always be equal to the middle number in the 

squares? 

(b) Please explain how do you know that your answer to (a) is correct. 

6) lohanne bought some bottles of milk and paid for it with a £5 note. 

(a) can you work oput the change she received? 

(b) If not, what else should you know to be able to work out the change? 



7) Suppose you buy two chocolate bars, you pay for it and you get the change. 

Then you decide to buy a can of cola 

When you are 0 pay, the clerk says: "Give me back your cahnge and I'll gi,"e 

you back your money. Now I add up the prices for the chocolates and the cola and you 

pay for the whole sum." 

Is this the same as just paying, from the cahnge, for the cola? 

Please explain your answer. 



Annex B 
Problems used in the main experimental study 



()uc\lion 

J Jot rJllnlulR 01 .1 \C'( rc"l IltJrnh(''r. 

I will only I~II yoU th.1I 

120 ' (I] I \Hrr' no.) =315 

The <junUOr1 1\: Which is my "',~I nUIllI~r? 
(I"plaln how you ,olv~d lite prohlem and why you did i. !ha. way) 

.............................................................................................. 
Question 2 

To know !he number of oranges that will be in a box, one has 10 divide !he lOla I 
Imber of oranges by the num/)(or of boxes, that is. 

(oranges per box) = (number or oranges) + (number or boxes) 

I) There are 1715 conges IIId we wanllo have 
49 oranges per box. 

How many boxes arc needed? 

b) If you arc lold lite number of oranges per box 
and lite number of boxes, how would you work 

oUlllte lotal number of oranges? 

Ques. ion J 

From a tank filled Wllh 745 litre, of waler, 17 huckets of water wen: taken. 
Now !here are only 1i21i Iltre~ of water in the tan~. 

Ilow many litn:, does a huekel hold' 
([xpla," how !ou solved the problem and why you did il that way) 

Question 4 

Maggie and Sandra went 10 a n:cords sale. 
Maggie took 67 pounds wi!h her, and Sandra look 85 pounds wi!h her (a lot of 

money!'). 

Sandra spenl four times a., much money as Maggie spent. 
As a result. when !hey left the shop bo!h of them had !he same amount of 

money. 

How much did each of them spend in !he sale? 
(Explain how you solved !he problem and why you did it !hal way) 

Test paper Al 

()lIr.tion S 

Mr Sweetmann and hi, family have to drive 21d miles to ~et hom London 10 

Leeds. 
At a cerlain po,"t thO) decided to 'lOP (or lunth 
After lunch t/)(oy 'tIll had to dnve 2.7 times a\ IIlue h as !hey h.1<j aln:ady 

driven. 

Iinw much did they drive after lunch') A (lrt. 1x'!H' 7 
(Explain how you solved the prohlem and why you dId it that way) 

.................................................................................................... 
Question 6 

a) 25 - 37 = .......... .. 

b) 20 ' (-10) : .......... 



(junlion 

l.Jnlltllnllll~ ul a '\Clrt't" llUl1ltl('r. 

I wlil "nlv lell you lhal .. , 

181 • (12 l \cut'l no.) 97 

lll~ <jllC'iJOn IS. WllIl h " my ~crel number? 
(F'plaln how you ,olvrd Ih~ prohkln and why you did il thaI way) 

.. ................. ........................................................................... . 
Ques.ion 2 

The .Io,w o( ! nlmp is calculated by 
lividing the hel~hl of lhe nlmp by the 

leoghl of IL, base. mal ". 
~H'lchl 

Bu. 

slope = height + base 

... ) If the slope of a ramp IS 1.2 and ilS base 
neasures 15 metres, whal is the height of this 

ramp? 

b) If you are given the slope and the heighl of a 
ramp, how would you work out the base of this 

ramp? 

Que,tion J 

~ 8~ 1\ 

2..1-3 ~r 

George Ihrows away (our IImc\ as 
much weicht as Sam docs. 

Now Ihoy are balanced. 

How many kilograms did George throwaway? And Sam? 
(E~plaln how you solved the problem and why you did il thai way) 

Question 4 

Ona TV show ... 
"Well. Mrs Sweanann! You have so far won 731 pounds in our show ... 

Now I have an offer for you: 

CHOICE A: We multiply your prize by 1.2 and then we multiply the 
resuh by ... (and the presenter whispered a number in 
Mrs Sweelman's ear) ... or. .. 

CHOICE B: the other way around; we first multiply your priz.e by the 
number I have just whispered 10 you, and then we 
multiply the result by 1.2 ... " 

What would your choice be? (Justify your answer) 

Test paper A2 

(lur,tion S 

John " organtlln~ a hlg pany for children 
He bought a !! hl~ tXllC' of caJld~s. edch o~ COf1IaJnln~ 2.50 (.ITHI", 

If 250 children ,how up 10 Ih~ pany, how TTlJny rand", wrll rJlh ,,( ,11,,,, RrI' 
(FY~r~yt>ody gets Ihe <:lIne nurnht-r of candle<. o( course!) 

Explain very cirJriy how you solved this rrohirrn 

...................................................................................................... 

QUI!S.ion 6 

Sam and George bought lickets to a concert. 
Because Sam wanted a beller seat, his ticket COSl four Illlles as much as 

George's ticket. 

Altogether they spent 74 pounds on the tickets. 

What was the cost of each ticket? 
(Ellplain how you solved the problem and why you dil il that way) 

! 



Qucslion 

IIer you have a pattern of Ides: 

OOfM3~~ 
'.hI. 

r .. 
I bIodo 

IO~ .. 
r~ 

2 N_ru 

12wtu. .. 
lbhd . .J 

14 whiltl 
r .. 

, bloW 

One possible fornlUla thai gives the number of while tiles that go with a eert: 
Ilron of black tiks is: 

no. of whites = (2 lI: no. of blacks) + 6 

How many black tiles are needed, if I wanl 10 use 988 white tiles? 
(Explain how you solved the problem and why you did il that way) 

I 
.1 
I 

Qucstion 2 

AI the right you have a sketch of 
wooden hlocks 

A long block put together with 
two of the shon blocks measure 162 cm 
altogether. 

I f two shon blocks are put 
together, they still measure 28 cm less 
than a long block. 

What is the lenght of each individual block? 

~~ 
(Explain how you solved the problem and why you did it thai way) 

Question 3 

I am thinking of a "secret" number. 
I will only tell you that ... 

181 - (12 lI: secret no.) = 128 - (7 x secret no.) 

The question is: Which is my secret number? 
(Explain how you solved the problem and why you did it that way) 

Test paper BI 

Qur\t ion 4 

Sam and George hou!(hl lit >01\ to I (onc<"n 
Bc:caU5C Sam wanted a heller seat, hiS II( hi ("()\I 2.7 timei as much u George'i 

ticket. 
AJtogether they spent 74 pounds on the tickets. 

What was the eO\I of <"ach ricket"' 
(Explain how you solved the problem and why you dit it Ihat way) 

I 
I 

'---_---J .................................................................................................. 
Question 5 

I am thinking of two secret numbe~. 
I will only tell you that... 

(first no.) + (second no.) = 185 
and 

(nrst no.) - (second no.) = 47 

Now, which are the secret numbe~? 
(Explain how you solved the problem out and why you did it that way) 

Question 6 

a) 25 - 37 = ........... . 

b) 20 - (-10) = ......... . 



()un(ion 

!\I Ihe ""Ill you IlJv~ I ,k~lch of 
,",Ie" hlock,. 

" Ion I( hl" .. k and a ,1""1 hlnck 
Ll\III~ 1(,2 nn all(l~~lh~r. 

1\ ,hon h"Kk, mea,urn 2R em 
" Ihan along hlock. 

Whal IS the l~n~llI nf ~ach individual hlock' 

./ -----:;;, 

[: ;:1 , 

(E~plain how you solved Ih~ prohlem and why you did illhal way) 

I··· ............. ; ...................... Q:;:;.,:~ .. ;" ...................................... . 
Mr Sweetmann and his family have 10 drive 261 miles 10 gel from London 10 

eeds. 
AI a eenain poinl they decided 10 SlOp for lunch. 

iven. 
Afler lunch Ihey slill had 10 drive four limes as much as they had already 

How much did they drive before lunch? And afler lunch? 
(Explain how you solved the problem and how you knew whal to do) 

Que,lion J 

2.r;~ 

s .. '" ~\d "r.d'$ 
1 e<} ~ - t ----,'C-L\ ---==--> ~,' <::--

~ I\-~ 
What is the welghl of one brick? 

GeofJe throws ''*"1., 11 bocks and Sam 
lhrow, '''''Y ~ bncu 

1'4"", Ih<y ... bolonced. 

(E~plain how you solved the problem and why you did il Ihat way) 

Question 4 

[ am thinking of a "secret number". 
I wiu only lell you that 

(6 x secret no.) + 165 = 63 

The question is: Which is my secret number? 
(Explain how you solved the problem and why you did it that way) 

Test paper B2 

Qu~stlon 5 

Glaries sells cars, and he is paid w~dly. 
He eams a fixed L I R5 per week. plus £35 for ~ach car he ~ II\. 

This week he was paid a IOlal nf D60 

How many cafS did Charles ~11 this week? 
(Explain how you solved Ihe pfobl~m and why you did it Ihat way) 



()unlinn 

I am Il1Inl,n~ of a "'etT!"I" numhc-r, 
I will ollly It'll you mal .. 

1111 • (11 l sl'crel no.) = 1111 • (7 x srurl no.) 

The que,lIon is: Whi,h is my \COt'1 number? 
(Explain how you solved Ihe prohlem and why you dil illhal way) 

Question 2 

Sam and George boughl lickelS 10 a concen. 
Because Sam wanled a beller seat. his ticket cost four limes as much as 

:;eorge's lickel. 
Altogether they spent 74 pounds on the tickelS. 

What was the cost of each lickel? 
(Explain how you solved the problem and why you dil it thai way) 

Queslion J 

To know me number of orange, that will be in a box. one has 10 div,de me loul 
numhc-r of oranges by me number of benes.mal i,s. 

(oranges per hox) (number or oranges) + (number or boxes) 

,J If It><re lITe 17 oranges per box and we have 
49 box ... how many orange. Ihere are 

al,ogether' 

h) If you are ,old the numtxr or oranges pcr t>.n 
and Ihe lOU I numtxr or onnges, how would 
you work oul Ihe: number of oox,e:s needed? 

................................................................................................ 
Question 4 

AI Celia's shop you can buy boxes of chocolate bars or you can buy spare bars 
as well. 

A box and three spare bars cos I £8.85. 
A box with three bars miSSing COSI £5.31 

Whal is the price of a box of chocolale bars in Celia's shop? What is the price 
of a single bar? 

(Explain how you solved the problem and why you dit il that way) 

Test paper Cl 

QUl'sllon 5 

Abigail is haVing a hard linoe 10 decide what 10 dr .. s, 
She has socks of 6 different colours. skins of 5 d,fferenl colou~. and T -sh'r1\ 

of 7 different colours, 

In how many d',fferenl way' can she dress? (Explain how you solver! the 

problem and why you did it lhal way) 



QlJnlion I 

MJggl~ .Hld S.l/Hlra W"III 10 a relords '3ic. 

Maggie look 61 l'o'"1<h wllh her. and S;Hldra look 85 ponds wllh her (3 101 of 
""",ey'! ), 

Sandra hou):ht II I.p's, and Margie bou~hl .5 I.p's. 
A~ 3 rnull. when Ihey Idt the shop txJlh of them had Ihe same amount of 

fllOIlC'Y 

Who.t i~ \~e f •• (<.' c\ Ch' 4>? 
(bplain how you solved Ihe prohlem and why you did it that way) 

.............................................................................................. 
Question 2 

Mr Sweetmann and his family have to drive 261 miles to get from London 10 
Leeds, 

At a certain point they decided to stop for lunch. 
After lunch they still had to drive 2.7 times as much as they had already 

driven. 

How much did they drive before lunch? And after lunch? 
(Explain how you solved the problem and why you did it that way) 

Qucstiun -' 

I am thinking of two s<:cret numbe~. 
I will only tell you thaI. .. 

(rirst no.) + (3 ~ second no.) = 185 
and 

(first no.) - (3 ~ second no.) = 47 

Now. which art: Ihe secrt:t numbe~? 
(Explain how you solved the problem and why you did it that way) 

Question 4 

The speed of a car can be calculated by dividing the distance covered by the 
time spent to do il. That is. 

speed = distance + time 

a) If one has 10 !ravel 35 I kilometres al a spttd 
of 110 kilometres per hour. how much time 

wiU it rake? 

b) If you are told lhe speed of a car and the 
amount of time it ran. how would you work out 

the disrance il covered? 

Test paper C2 

Question 5 

Joe's Cafc offers a number of chorres o( brt:ad. fillillp and ,",uce' n,C" .,.. 
R4 different cornbinalion, all()~~lher 

A CUSlomer coumed 14 d,(k,../ll sauces on the menu, 

If one wants only hrnd and filling. how many chOler, a~ 3v31Iablt:? 
(Explain how you solved the problem and why you did i( lhal way) 



Annex C 
Data on the groups in the main experimental study 



Group: AH7 (Brazilian 7th graders) 

Total no. of students: 56 

Average age (yrs.mths): 13.11 

Standard deviation (yrs.mths): 0.9 

Group: AH8 (Brazilian 8th graders) 

Total no. of students: 53 

Average age (yrs.mths): 15.0 

Standard deviation (yrs.mths): 1.0 

Group: FM2 (English 2nd year) 

Total no. of students: 53 

Average age (yrs.mths): 13.2 

Standard deviation (yrs.mths): 0.4 

Group: FM3 (English 3rd year) 

Total no. of students: 66 

Average age (yrs.mths): 14.3 

Standard deviation (yrs.mths): 0.3 

Group: ALL 

Total no. of students: 228 

Average age (yrs.mths): 14.1 

Standard deviation (yrs.mths): 0.11 

Observation: In Brazilian groups, the much greater standard deviation is due to the fact 

that students can actually fail a whole year, which does not happen in English schools. 



Annex D 
Tables of frequencies for the problems in the main 

experimental study 



TICKET AND DRIVING 

AH7 AH8 FM2 FM3 
--

T4 02.7 04 T2.7 T4 02.7 D4 T2.7 T4 02.7 D4 T2.7 T4 02.7 1)4 T2.7 

40 40 16 16 34 34 19 19 36 36 17 17 41 41 25 25 

OKEQT 0.42 0.15 0.13 0.13 0.73 0.29 0.42 0.53 0.03 0.05 0.00 0.00 0.02 0.00 0.00 0.00 

OK +3.70r5 0.43 0.00 0.32 0.06 0.15 0.03 0.31 0.00 0.33 0.06 0.41 0.00 0.68 0.10 0.80 0.16 

OKT&E 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.06 0.02 0.00 0.04 0.20 

W +2.7 or4 0.02 0.23 0.13 0.25 0.06 0.09 0.00 0.11 0.20 0.14 0.06 0.00 0.07 0.32 0.08 0.20 

WOTH 0.05 0.20 0.19 0.38 0.05 0.39 0.11 0.26 0.20 0.14 0.29 0.29 0.12 0.27 0.04 0.28 

NATT 0.08 0.43 0.25 0.19 0.03 0.21 0.16 0.11 0.25 0.61 0.24 0.65 0.07 0.31 0.04 0.16 

10K 0.85 0.15 0.44 0.19 0.88 0.32 0.74 0.53 0.36 0.11 0.41 0.06 0.72 0.10 0.84 0.3<': 

WRONG 0.07 0.43 0.31 0.63 0.11 0.48 0.11 0.37 0.40 0.28 0.35 0.29 0.19 0.59 0.12 O.~ 

NATT 0.08 0.43 0.25 0.19 0.03 0.21 0.16 0.11 0.25 0.61 0.24 0.65 0.07 0.31 0.04 O.H 
-- - -- -- L-____ -- L-. __ - -



SEESAW-SALE-SECRET NUMBER ("E"="Seesaw"; "A"="Sale. ") 

A7 AH8 FM2 I FM3 
--

E11-S E4x All-S A4x SecNo E11-S E4x All-S A4x SecNo Ell-S E4x All-S A4x SecNo Ell-S E4x All-S A4x SecNo 

16 21 19 21 3S 19 17 17 17 36 17 20 16 20 33 2S 24 17 24 42 

OKEQT 0.06 0.14 O.OS 0.24 0.40 0.16 0.47 O.3S 0.47 0.88 0.00 O.OS 0.00 0.10 0.00 0.00 0.04 0.00 0.00 0.10 

OKCALC 0.13 0.00 0.16 0.00 0.03 0.00 0.00 0.06 0.00 0.00 0.06 0.00 0.00 0.00 0.03 0.44 0.08 0.3S 0.04 O.OS 

OKT&E 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.12 0.00 0.38 O.lS 0.00 0.20 0.13 0.24 0.33 0.00 , 

WEQT 0.13 0.10 O.OS O.OS 0.09 0.32 0.12 0.18 0.24 0.06 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.04 0.10 

IWCALC 0.25 0.43 0.31 0.43 0.08 0.10 0.12 0.12 0.06 0.03 0.41 0.60 0.38 0.20 0.37 0.24 0.42 0.24 0.37 0.43 

NATT 0.44 0.33 0.42 0.29 0.40 0.42 0.29 0.29 0.24 0.03 0.41 0.35 0.25 0.55 0.58 0.12 0.33 0.18 0.21 0.31 

OK 0.19 0.14 0.21 0.24 0.43 0.16 0.47 0.41 0.47 0.88 0.18 0.05 0.38 0.25 0.04 0.64 0.25 0.59 0.38 0.15 

WRONG 0.38 0.52 0.37 0.48 0.17 0.42 0.24 0.29 0.29 0.09 0.41 0.60 0.38 0.20 0.37 0.24 0.42 0.24 0.42 0.53 

NATT 0.44 0.33 0.42 0.29 0.40 0.42 0.29 0.29 0.24 0.03 0.41 0.35 0.25 0.55 0.58 0.12 0.33 0.24 0.21 0.31 
- - --- - '------ ---'-- "------ - ~--'---- - '- - -- - -



CARP-CHOC-SECRET NUMBER 

AIl7 AH8 FM2 FM3 
~- ------- -- - -- ------ -- ---. 

Choc Carpl-1 Carpl-2 Sys I-I Sysl-3 Choc Carpl-1 Carpl-2 Sys 1-1 Sysl-3 Choc Carpl-l Carpl-2 Sys 1-1 Sysl-3 Choc Carpl-1 Carpl-2 Sys 1-1 Sysl-3 
-

19 16 16 16 16 17 19 19 19 19 16 17 17 17 17 17 25 25 25 25 
--~-- -~-

OKEQT 0.05 0.19 0.13 0.06 0.11 0.47 0.79 0.47 0.79 0.82 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.04 0.04 0.00 

OKCALC 0.74 0.50 0.31 0.00 0.00 0.18 0.11 0.05 0.00 0.00 0.13 0.00 0.00 0.00 0.06 0.29 0.56 0.40 0.12 0.06 

OKT&E 0.00 0.00 0.00 0.06 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.06 0.06 0.06 0.00 0.00 0.08 0.08 0.20 0.00 

WEQT 0.00 0.00 0.00 0.13 0.42 0.12 0.05 0.42 0.16 0.18 0.06 0.00 0.00 0.00 0.00 0.00 0.00 0.04 0.04 0.06 

WCALC 0.16 0.31 0.44 0.19 0.11 0.12 0.05 0.05 0.00 0.00 0.44 0.65 0.71 0.41 0.38 0.47 0.24 0.24 0.12 0.41 

NAn 0.05 0.00 0.13 0.56 0.37 0.12 0.00 0.00 0.05 0.00 0.38 0.29 0.24 0.53 0.56 0.24 0.12 0.20 0.48 0.47 

OK 0.79 0.69 0.44 0.12 0.11 0.65 0.90 0.52 0.79 0.82 0.13 0.06 0.06 0.06 0.06 0.29 0.64 0.52 0.36 0.06 
, 

'WRONG 0.16 0.31 0.44 0.32 0.53 0.24 0.10 0.47 0.16 0.18 0.50 0.65 0.71 0.41 0.38 0.47 0.24 0.28 0.16 0.47 

NAn 0.95 ~ 0.00 0.13 0.56 0.37 0.12 0.00 0.00 0.05 0.00 0.38 0.29 0.24 0.53 0.56 0.24 0.12 0.20 0.48 L- 0.47_ 



BUCKETS 

AII7 AII8 FM2 FM3 

Buckets Sec+ Sec- Buckets Sec+ Sec- Buckets Sec+ Sec- Buckets Sec+ Sec-

21 21 21 17 17 17 20 20 20 24 24 24 

OKEQT 0.05 0.24 0.10 0.29 1.00 0.71 0.00 0.05 0.05 0.00 0.00 0.00 

OKCALC 0.90 0.29 0.05 0.59 0.00 0.00 0.60 0.45 0.10 0.88 0.50 0.17 

OKT&E 0.00 0.00 0.00 0.06 0.00 0.00 0.00 0.05 0.00 0.00 0.17 0.00 

WEQT 0.14 0.48 0.00 0.29 0.00 0.00 0.04 0.00 

WCALC 0.24 0.19 0.00 0.00 0.15 0.40 0.13 0.71 

NATT 0.00 0.10 0.19 0.06 0.00 0.00 0.20 0.30 0.45 0.04 0.17 0.13 

OK 0.95 0.52 0.14 0.94 1.00 0.71 0.60 0.55 0.15 0.88 0.67 0.17 

rWRONG 0.05 0.38 0.67 0.00 0.00 0.29 0.20 0.15 0.40 0.08 0.17 0.71 

·NATT 0.00 0.10 0.19 0.06 0.00 0.00 0.20 0.30 0.45 0.04 0.17 0.13 



PA TTERN-SALESPERSON-SECRET NUMBER 

AII7 AII7 AlI7 AIl8 AH8 AH8 FM2 FM2 PM2 FM3 FM3 FM3 

Pattern Salesp. SecNo Pattern Salesp. SecNo Pattern Salesp. SecNo Pattern Salesp. SecNo 

16 16 16 19 19 19 17 17 17 25 25 25 
.. ' 

OKEQT 0.31 0.00 0.38 0.58 0.16 0.79 0.00 0.00 0.00 0.00 0.00 0.04 

OKCALC 0.06 0.75 0.19 0.00 0.79 0.11 0.18 0.65 0.00 0.60 0.84 0.56 

OKT&E 0.06 0.00 0.00 0.05 0.00 0.00 0.00 0.12 0.06 0.04 0.04 0.04 

WEQT 0.13 0.00 0.19 0.11 0.05 0.11 0.00 0.00 0.00 0.00 0.00 0.00 

WCALC 0.43 0.19 0.19 0.21 0.00 0.00 0.53 0.12 0.24 0.32 0.04 0.16 

NATT 0.00 0.06 0.06 0.05 0.00 0.00 0.29 0.12 0.71 0.04 0.08 0.20 

10K 0.44 0.75 0.56 0.63 0.95 0.89 0.18 0.76 0.06 0.64 0.88 0.64-

WRONG 0.56 0.19 0.38 0.32 0.05 0.11 0.53 0.12 0.24 0.32 0.04 0.16 

NATT 0.00 ~.06_ 0.06 0.05 0.00 0.00 0.29 0.12 0.71 0.04 0.08 0.20 
'--. "--- ---- - - - -



Annex E 
Overall facility levels for all problems in the main 

experimental study 



overall facility levels 

Questions Location in test % of correct 
papers answers 

Sandwiches 12 
Dri ving [2.7] ./ Al 16 
Seesaw [4x] ./ A2 22 
Slope B A2 24 
x+3y. x-3y ./ C2 26 
120-13n-315 ./ Al 27 
Tickets [2.7] ./ BI 30 
Seesaw [11-5] ./ B2 32 
Sale [x, 4x] ./ Al 33 
x+y, x-y ./ Bl 35 
181-12n= 128-7n ./ Bl 37 
Sale [11-5] ./ C2 39 

Clothes combin. Cl 39 

Carp [1-2] ./ Bl 40 

Speed B C2 46 

Choc [a+3b, a-3b] ./ CI 48 

Pattern ./ Bl 49 

Slope A A2 50 

TV [commutati v.] A2 5,0 

20-(-10) Al 56 

6n+165=63 ./ B2 56 

Speed A C2 57 

Carp [1-1] ./ B2 58 

Driving [4] ./ B2 64 

181-12n=97 ./ A2 67 

Tickets [4] ./ A2 71 

Oranges B Al 78 

25-37 Al 83 

Salesperson ./ B2 84 

Buckets ./ Al 84 

Oranges A Al 88 

Candies A2 94 

(Not all locations provided; marked items are analaysed in the dissertation) 
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