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Abstract

We consider various portfolio optimization problems when the stock prices follow jump-
diffusion processes. In the first part the classical optimal consumption-investment prob-
lem is considered. The investor’s goal is to maximize utility from consumption and
terminal wealth over a finite investment horizon. We present results that modify and
extend the duality approach that can be found in Kramkov and Schachermayer (1999).
The central result is that the optimal trading strategy and optimal equivalent martingale

measure can be determined as a solution to a system of non-linear equations.

In another problem a benchmark process is introduced, which the investor tries to outper-
form. The benchmark can either be a generic jump-diffusion process or, as a special case,
a wealth process of a trading strategy. Similar techniques as in the first part of the thesis
can be applied to reach a solution. In the special case that the benchmark is a wealth
process, the solution can be deduced from the first part’s consumption-investment prob-
lem via a transform of the parameters. The benchmark problem presented here gives
a different approach to benchmarks as in, for instance, Browne (1999b) or Pra et al.
(2004). Tt is also, as far as the author is aware, the first time that martingale methods
are employed for this kind of problem. As a side effect of our analysis some interesting re-
lationships to Platen’s benchmark approach (cf. Platen (2006)) and change of numeraire

techniques (cf. German et al. (1995)) can be observed.

In the final part of the thesis the set of trading strategies in the previous two problems
are restricted to constraints. These constraints are, for example, a prohibition of short-
selling or the restriction on the number of assets. Conditions are provided under which
a solution to the two problems can still be found. This extends the work of Cvitanic and

Karatzas (1993) to jump-diffusions where the initial market set-up is incomplete.
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Chapter 1

Introduction

This thesis studies various portfolio selection problems when stock prices follow jump-
diffusion processes. In recent years jump-diffusion models as well as Lévy process models
have become increasingly popular in the academic and financial literature. This is mainly
due to the short-comings of the classical Black-Scholes model developed in Black and

Scholes (1973).

Empirical studied of stock market returns as have been carried out by Cont (2001),
Campbell et al. (1996), Pagan (1996), and others show that the distribution of stock
market returns is leptokurtic, i.e. returns have higher peaks and heavier tails. Often
jumps occur in the prices of stocks that cannot be explained by a Brownian motion driven
model. These jumps also have a gain/loss asymmetry, meaning that one has large down
movements in stock prices but not equally large up movements. Another feature often
observed in the stock price distributions is that of volatility clustering: Large changes
in prices are often followed by large changes and small changes tend to be followed by

small changes.

To accommodate these kind of empirical observations Lévy and jump-diffusion models
have been used which can capture many of the empirical features of stock price returns.
The difference between Lévy and jump-diffusion models is thereby broadly the follow-
ing. Lévy processes are Markov process that can have potentially infinite active jumps.
When modelling a financial time series with a Lévy process model a Brownian motion
component is not necessary needed as the process can essentially move by jumps. Lévy
models can accommodate many empirical facts observed about stock price distributions
and are very popular. However, because of the independent increment property (i.e. the

Markov property) of Lévy processes they cannot model the effect of volatility clustering.

Jump-diffusion models on the other hand are generally assumed to have finite jumps



during a finite time interval which represent rare events. The distribution of the jumps
is usually assumed to be known so that they are easy to simulate. Because the model
parameters can be time dependent and possibly random it is possible to model the effect
of volatility clustering with jump-diffusions. For the case of constant model parameters a
jump-diffusion becomes a Lévy process. Standard literature on Lévy process and jump-
diffusions and their application to finance include Barndorff-Nielson et al. (2001), Cont
and Tankov (2003), and Hanson (2009).

In the academic literature there is a wide range of portfolio selection problems. Most
common are problems formulated either in the mean-variance framework pioneered by
Markowitz (1952) or problems of expected utility maximization type as first considered

by Merton (1969) and (1971) for a diffusion type model.

This thesis treats portfolio optimization problems of the later type which are formed in an
expected utility maximization setting. Of these problems two classes will be considered.
The first one is the classical problem of expected utility maximization of the terminal
wealth of an investor and his/her consumption during the investment horizon. The
second one is the problem of outperforming a benchmark process using again an expected

utility maximization approach.

The first problem has been fully solved in the complete market case by Karatzas et al.
(1987) and Cox and Huang (1989) among others. They use a martingale approach to
solve the optimal investment-consumption problem considered by Merton (1969, 1971).
This approach extends Merton’s results as more general models can be considered that
do not need to be of Markovian type as in Merton’s work. In this thesis the results of
Karatzas et al. (1987) and Cox and Huang (1989) and others for the geometric Brownian
motion model will be extended to a jump-diffusion model for the stock prices. The jump-
diffusion models lead to incompleteness in the market where the equivalent martingale
measure (EMM) can no longer be determined uniquely. The incomplete market case
is more delicate but results have been obtained in, for example, Cvitanic and Karatzas
(1992) when the incompleteness is produced by additional Brownian motions in the
model. Particularly Kallsen (2000) and Kramkov and Schachermayer (1999) developed
results for Lévy processes and general semimartingale models respectively. Important
relationships, similarities, and differences to their work will be pointed out whenever

relevant.

The main result of this part of the thesis is the extension and combination of the ideas of
the mentioned papers to obtain a solution to the consumption-investment problem when

stock prices are driven by jump-diffusion processes. In particular the duality approach



by Kramkov and Schachermayer (1999) is modified and extended in such a way that the
optimal trading strategy and optimal EMM can be found as a solution to a system of

non-linear equations.

In the next part of the thesis we consider the problem that an investor wants to outper-
form a benchmark. This benchmark can be a stock index, a stock portfolio, an exchange
rate, or a similar benchmark. The benchmark is assumed to follow a jump-diffusion
process and the investor’s wealth process is given as in the previous parts of the thesis.
Again, it is assumed that the stocks are driven by jump-diffusions. The investor’s way to
try to outperform the benchmark is to maximize expected utility from the ratio between
investor’s wealth and the benchmark. This ratio will be called relative wealth and is
popular in the literature. However, as far as the author is aware, it hasn’t been defined

in a jump-diffusion context.

A martingale approach will be developed to present a general approach to active portfolio
selection problem which has many parallels to the first part of the thesis. Benchmark
related problems have been treated mostly from a statistical point of view in the literature
assuming certain distributions for the stock returns rather than using a model for the
stock prices. A paper that probably comes closest to the approach presented here is
Browne (1999b). He uses a geometric Brownian motion model for the stock prices and
the benchmark process to solve the problem of reaching a performance goal before a
deadline. The solution is found using stochastic control methods. Other papers like
Popova et al. (2007) consider the problem of maximizing the probability of beating the
benchmark. However, a martingale approach hasn’t been presented in the literature for

these kind of problems.

As a byproduct of the analysis some relationships to Platen’s benchmark approach (cf.
Platen (2005)) can be found. Interpreting the model set-up as a change of numeraire
using change of numeraire techniques as developed by Geman et al. (1995) clarifies the
relationship between the discounted wealth process of an investor and his/her relative

wealth process.

In a final chapter the two previous problems are constrained in the sense that the un-
derlying trading strategy has to be in a closed convex set. This allows for example for
short selling constraints or prohibition of borrowing. It extends the approach developed
in Cvitanic and Karatzas (1992) and (1993) to the jump-diffusion framework, first for

the consumption-investment problem and later for the benchmark problem.

The thesis is structured as follows. Chapter 2 revises all necessary tools from stochastic

calculus and stochastic differential equation for jump-diffusion processes. The stock mar-



ket model will be introduced and analysed in Chapter 3, with the final section of Chapter
3 introducing the concept of utility functions, which will accompany us throughout the
thesis. These two chapters will provide an extensive review of the martingale methods
used for the optimal portfolio problems. Chapter 4 presents the consumption-investment
problem in the jump-diffusion framework. Martingale methods will be developed to solve
the problem and will later relate to partial differential equations. The problem of out-
performing a benchmark process is solved in Chapter 5, and in addition, relationships
to change of numeraire techniques will be established in this chapter. Links to Platen’s
benchmark approach (cf. Platen (2005)) will be highlighted and some extensions of his
approach towards jump-diffusion will be made. The constrained version of the problem

of Chapter 4 and 5 will be solved in Chapter 6, which concludes this thesis.



Chapter 2

Results on Stochastic Calculus and

Stochastic Differential Equations

A stochastic process is a family of random variables (X (t));e[o,r) indexed by time. The
time parameter can be either discrete or continuous, but we will only consider the con-
tinuous case. In this thesis we consider only processes that are of cadlag type. That is
processes that have right continuous sample paths with left limits. The processes that
are introduced in this chapter either have cadlag path or have a modification that has

cadlag paths. In what follows we always consider the cadlag version of the process.

Throughout the thesis the space (£2,.4,P) is a probability space. On this probability
space there exists an increasing family of o-algebras (F¢)c[o,7] that forms an information
flow or filtration. The filtration together with the probability space (£2,.4,P) are called
a filtered probability space. A process X (t) is called adapted or non-anticipating with
respect to the filtration (F),c(o,r) if each X () is revealed at time ¢, i.e. each X(t) is F3-
measurable. A process X (t) is always adapted to its history or natural filtration which
is given by
FX =0(X(t),C|s €[0,t],C €N)

where N is the set of all the null sets of the state space of the process. JF;* contains
all the information of X; up to time ¢, that is, it contains all the information about
the realized sample path of X (¢). If the filtration that a process is adapted to is not

specified, then the natural filtration is assumed.



2.1 Brownian Motion and the Poisson Process

Two fundamental examples of stochastic processes are the Brownian motion B(t) and the
Poisson process P(t). They form the toolbox to create jump-diffusion processes. Both
processes are Markov processes which means that they are without memory of all but the
prior state. If we want to make predictions about the future state then all that is needed
is the current state of the process, rather than the complete history of the process. Both
Brownian motion and Poisson process have cadlag sample paths (right-continuous with
left limits) and are Lévy processes. The paths of a Brownian motion are continuous

whereas the paths of a Poisson process are piecewise constant.

Definition 2.1. An adapted process (B(t))i>o0 taking values in R™ is called an n-

dimensional Brownian motion if

1. the process (B(t))i>0 has independent and stationary increments;

2. the increments B(t) — B(s) are normally distributed with mean zero and variance

matriz (t — s)o, for a given, non random matriz o ;

3. the sample paths of (B(t))i>0 are a.s. continuous.

The last item (i4i) is not essential if B is also separable. If instead of (ii7) B is also
a separable stochastic process it it can be shown that every Brownian motion has a
modification with continuous sample paths. It is then assumed that we always consider

the version with the continuous sample paths.

A Brownian motion is called standard if its variance matrix o is equal to the unit matrix
I. For a one-dimensional Brownian motion B(f) it can be shown (cf. Hanson (2002))

that its auto-covariance is given by

Cov|[B(t), B(s)] = min(t, s).

The Poisson process is a discontinuous process that counts the number of random oc-
currences of some events which happen in a certain time interval. The inter arrival time

between two events occurring is exponentially distributed.

Definition 2.2. Let (7;)i>1 be a sequence of independent exponential random variables
with parameter X > 0 and T,, = Y | 7;. The process (P(t))i>0 defined by
P(t) = Z 1oty
n>1
is called a Poisson process with intensity A. The function 1¢y is thereby the indicator

function.



A Poisson process has piecewise constant sample paths and it increases by jumps of
size 1. Its increments P(t) — P(s) are independent and stationary and have a Poisson
distribution with intensity (t — s)A for ¢ > s > 0, i.e.

sy AE=8)"

P[P(t) — P(s)=n] =e "

vn € NU{0}.

From the definition the time between jumps of a Poisson process is exponentially dis-
tributed so that
Pl <t]=1-e™,

where 7; is the inter jump-time between the (i — 1)th and ith jump. The auto-covariance

of a Poisson process P(t) is given by
Cov[P(t), P(s)] = Amin(t, s).

See Hanson (2002) for a proof and more details on Poisson processes.

2.2 Poisson Random Measures and Jump Measures

We will introduce the one dimensional Poisson random measure in this section. Most of
the material is borrowed from Cont and Tankov (2003) and additional information can
be found therein.

Given a probability space (€2, .4, P) and a measure space (E, &, p) with E = [0, T] xR\ {0}
and £ being the Borel g-algebra of E, a Poisson random measure N is a integer valued

random measure

N:Qx€&—-Nu{0}
such that

1. N(w,-) is a Random measure on F, that is N(A) = N(-, A) is an integer valued

random variable for bounded measurable A C F;

2. N(-,A) is a Poisson random variable with parameter p(A) for each measurable
AC¢

3. for disjoint measurable sets A1, ..., A, € &, the random variables N(A;),..., N(4,)

are independent.

Given a certain sequence of non-anticipating random times (7,),>1 and a sequence of
random variables (Y;,),>1 that are revealed at the random times T, (i.e. Y, is Fr,

measurable) each Poisson random measure N can be represented as a counting measure.



It counts the number of events that have occurred at times 7T, if at these times the
corresponding Y;, has hit a certain set. That is, if 6 denotes the dirac delta function then

the Poisson random measure can be represented as

N =3 bvn. (2.1)

n>1
The random times 7, can be seen as random jump times and Y, corresponds to the
jump-sizes at time T,,. If we take [s,t) € [0,7] and C € B(R) the Poisson measure

counts the number of jumps between time s and ¢t whose size lie in the set C"

N(w, [S,t) X C) = Z(S(Tn(w),Yn(w))([Svt) X C)

n>1
It is important that each Poisson random measure corresponds to a sequence of processes
(T, Yn)n>1 such that (2.1) holds. However, the converse is in general not true. That
means that for a sequence (T),,Y,)n>1, a measure formed by (2.1) is in general not a
Poisson random measure. This is because for A C £, N (-, A) is generally not a Poisson
random variable any more. Also often the independence property doesn’t hold. Yet,
processes that are formed in such a way can be interesting and are called marked point

processes.

A way to construct a marked point process is by using a cadlag stochastic process X ().
Let us denote by AX (t) = X (t) — X (t—) the jump size (possibly zero) of X (¢) at time ¢.
Then every such cadlag process X has at most countable number of jumps, that is the

set
{t €0, T]|AX () £ 0} (2.2)

is countable (cf. Cont and Tankov (2003)). The elements of (2.2) can be arranged in
a sequence (T},)p>1 which are the random jump times of X. At the jump times X has

discontinuity of size
Y, == X(T;,) — X(T,—) € R%\ {0}.

The jump times together with the jump sizes form a marked point process (15, Yn)n>1
on [0,T] x R%\ {0} which contains all the information about the jumps of the process
X. Following the steps above the associated random jump measure of X is

(£)£0
Jx = 25 T (@), Y (@) Z St AX (1)) (2.3)

n>1 t€[0,7)
As mentioned before this jump measure is in generally not a Poisson random measure.
However, a case when the jump measure is in fact a Poisson measure is when the process
X is a Lévy process. We will come back to this when we discuss the Lévy-1td representa-

tion of Lévy processes in Section 2.3. We have discussed how to construct jump measures



and Poisson random measure from marked point processes and cadlag process. On the

other hand it is possible to construct jump processes from Poisson random measures.

Let N be a Poisson random measure with intensity measure p and let f : E — R be a

measurable function that satisfies

t
/ / |f(s,y)|u(ds x dy) < 0.
0 JR\{0}

Then a jump processes X (t) can be constructed as the stochastic integral with respect

to the Poisson measure N:

Mﬂjééwﬁuwa@F: ST HTYa),

{n=1.T€[0,t]}
Probably the simplest example of a jump process constructed through a Poisson random

measure is a Poisson process. The Poisson process counts the numbers of jumps of size

1 with intensity A. The corresponding Poisson random measure is given by

#{i>1T(w) € [s,t)} ifleC

Np(w,[s,t)xC):{ 0 £1¢C

fort > s > 0and C € B(R) and where (7;);>1 are the random jump times of the process.

The intensity measure pp of Np is then given by
up([s,t),C) = At —s)

if C contains the jump size 1, and is equal to zero otherwise. The Poisson process is

thus,
szANﬂmunzAwﬂw

The intensity measure p of a jump process can be time dependent y; or time homogeneous
. We will only consider the later case and moreover the intensity measure is assumed

to have the form p(dt, dy) = v(dy)dt.

2.3 Lévy Processes

A class of stochastic processes for which a lot of research has been carried out are Lévy
processes. Important examples of Lévy processes are Brownian motions and Poisson

processes.

Definition 2.3. A cadlag stochastic process (X (t))t>0 on (2, F,P) with values in R such
that X (0) = 0 is called a Lévy process if it possesses the following properties:



1. independent increments: forty < t; < ... < t, the random variables X (to), X (t1)—
X(to)y..., X(tn) — X(tn—1) are independent;

2. stationary increments: the law of X(t + h) — X (t) does not depend on t;

3. stochastic continuity: Ve > 0limy,_,o P(|X (¢ + h) — X (t)| > €) = 0.

The last property doesn’t imply the continuity of sample paths but ensures that Lévy

processes don’t have jumps at fixed (non-random) times.

Each Lévy process has a Lévy measure v that characterizes the jumps of the process. It
is defined by

v(C) :=E[#{t € [0,1]|]AX (t) # 0,AX(t) € C}], C € B(R). (2.4)

It counts the expected number of jumps between the time interval from 0 to 1 whose

size belongs to C. Notice that it doesn’t depend on a time variable.

A Lévy process can be decomposed into a non-random drift part, a continuous random
part, represented by a Brownian motion, and a jump part, given by two integrals with
respect to a Poisson random measure. One of the Poisson integrals represent large jumps,
the other one integrates over small jumps. The big jumps are often restricted to be finite
but the small jumps can occur infinitely often. If that is the case the Lévy process is

called infinitely active.

Theorem 2.4 (Lévy-1t6 decomposition). Let X (t) be a Lévy process on R and v it’s

Lévy measure satisfying
/ |z|?v(dx) < oo, v(dr) < oo (2.5)
lz|<1 |z|>1

and let Jx be its associated jump measure from (2.3), which is in fact a Poisson random
measure. There exists a scalar o« € R and a Brownian motion B with variance o such

that

X(t) = at+B(t)+ X't)+ hﬂ)lXe(t), where

! _ [ x s xdz), an
Xl = /0/|x>1 Jx(ds x dz), and
X(t) = /0 /62x|>1 z(Jx(ds x dz) — v(dz)dt).

The triplet (o,v,«) completely characterizes the Lévy process and is therefore often
called the characteristic triplet. The condition (2.5) ensures that the processes doesn’t
blow up because of infinite number of jumps around zero. Also the second condition

ensures that the number of jumps of absolute size above 1 is finite.
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An example of a Lévy process of pure jump type is the compound Poisson process.

Definition 2.5. A compound Poisson process with intensity A > 0 and jump size distri-

bution f is a stochastic process X (t) defined by

P(t)

Xt =>Y

i=1
where jump sizes Y; are i.4.d. with distribution f and P(t) is a Poisson process with

intensity A independent from (Y );>1.

The sample paths of a compound Poisson process X(t) are cadlag piecewise constant
functions and the jump times (7;);>1 can be expresses as partial sums of independent
exponential random variables with parameter \. Every compound Poisson process X ()

can be associated to a random measure on [0,00) x R that describe the jumps of X:
Jx(B) = #{(t, X(t) - X(t-)) € A},

for measurable A C [0,00) X R. The jump measure Jx is in fact a Poisson random
measure with intensity measure p(dzr x dt) = v(dz)dt = Af(dr)dt. The measure v
is thereby the Lévy measure as in (2.4). The compound Poisson process can be thus
expresses as

X(t)y= > AX(S):/Ot/Rda;JX(dsxdx).

s€[0,t]
2.4 Jump-Diffusion Processes

In the following let B(t) = (Bi(t),...,By(t)) be a n-dimensional Brownian motion,
whose components are mutually independent standard Brownian motions. Further there
are m mutually independent jump process given by the Poisson random measures Ny, (dt, dy)
with corresponding jump size functions 7, and intensity measures vy (dy)dt which do
not depend on the time variable for h = 1,...,m. The Brownian motions and jump

processes are assumed to be mutually independent too.

A jump-diffusion process is a stochastic process X (t) that follows a stochastic differential

equation of the form

h—1 Y R\{0}
for some progressively measurable processes «, 3, and v, h = 1,...,m. Note that the

name jump-diffusion has nothing to do with a diffusion even if we neglect the jumps. The

parameter functions are time dependent and random which does not hold for a diffusion.

11



Nevertheless, the name jump-diffusion is very common in the literature for processes like

this.

In the case that the parameter functions are time homogeneous and non-random, i.e.

m

dX(t) = a(X(t))dt + B(X(t))TdB(t) + Z /R\{O} Y (y, X (t=)) Ni(ds, dy). (2.7

we call a solution to (2.7) a Lévy diffusion. In that case X(t) is a Lévy process. Addi-

tionally, if there are also no jumps, then the process is a diffusion:

dX (t) = a(X (t))dt + B(X (t))TdB(t). (2.8)

The following theorem, borrowed from (Oksendal and Sulem (2007), gives a result on the
existence and uniqueness of solutions to jump-diffusion stochastic differential equations.
If the parameter functions satisfy at most linear growth and Lipschitz continuity then a

solution exists and is unique.

Theorem 2.6. Consider the stochastic differential equation (2.6) with X(0) € 29 € R
where o : [0,T] xR — R, B8 :[0,T] x R — R", and v, : [0,T] x Rx R — R, for
h=1,...,m satisfy the following conditions

1. There exists a constant C7 < 0o such that

18(t,2)|? + la(t, 2)|? + / Stz dz) < (1 4+ [2f) (29

R\{0} =1

for all z € R.
2. There exists a constant Cy < 0o such that
18(t, ) — B(t,v)II> + |a(t, z) — a(t, y)|?

+Z / [ 1(6:2.2) = (6. 2Pl < ol
0

(2.10)

for all z,y € R.

Then there exists a unique cadlag adapted solution X (t) such that

E[| X (t)]?] < 0o for all t € [0,T].

We will often consider stochastic differential equations that have a geometric form which
means that parameter functions have the form a(t,z) = za(t), B(t,z) = zB(t), and
Yu(t,y,x) = xyp(t,y), h = 1,...,m. The stochastic differential equation (2.6) becomes
then

dX(t) = X(t)a(t)dt + X (t)B(t)TdB(t) +Z/\{0} =)0 (s,y)) Nu(ds,dy). (2.11)

12



In this case the conditions for the existence and uniqueness of a solution to (2.11) given

in (2.9) and (2.10) simplify to
BM)|? + |a(t)|* + Em’yt, 2up(d 00 2.12
IBOII" + a(?)] /\{U}h 1! n(t, 2)|"vk(dz) < (2.12)

for all t € [0, 7.

2.5 Stochastic Calculus with Jump-Diffusions

As before we are going to work with an n-dimensional Brownian motion B(t), whose
components are mutually independent standard Brownian motions, and m mutually
independent jump processes given by the Poisson random measures Ny, (dt, dy) with cor-
responding jump size functions 7, and intensity measures v, (dy). In a general set up the
intensity measures can be time dependent, however this will not be the case in this thesis.

The Brownian motions and jump processes are assumed to be mutually independent.

For our purposes it is enough to consider one dimensional processes that are driven by

several sources of randomness:
h—1 Y R\{0}

For convenience reasons we assume that the number of jumps that can occur during
any time interval is finite. This allows us to neglect certain convergence problems when

dealing with infinite active jumps (see Cont and Tankov (2003) for details).

For a jump-diffusion process X denote by X¢ its continuous parts. Then It6’s formula for
jump-diffusions is basically the same as It6’s formula for continuous processes (Brownian

motion) but with adding the jump increments.

Theorem 2.7 (1t6’s Formula for Jump-Diffusions). Let X (t) be a jump-diffusion process
as in (2.13). If f € CY2([0,T),R) then

2
df (t, X (1)) = %(t,X(t—))dt + %(t,X(t—))ch(t) + %%(t, X(t—))B(t)B(t)"dt

- };/R\{O} {f(t,X(t—) +m(t,y)) — f(t,X(t—))}Nh(dt,dy)

(2.14)
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fort €0, T]. In other form, we have
df (¢, X (t)) = of (t, X (t—))dt + %(t,X(t—))a(t)dt

ot
of 102 f
+ a—(t,X(t—))ﬁ(t)TdB(t) + 3922

+Z/

Denote by AX(t) the size of the jump (possibly zero) at time ¢. Then Itd’s formula can

of
(t, X (t=))B(1)B(t)"dt

t=) +(s,)) = F(t, X (1=)) } Nu(dt, dy).
R\{0}

also be expressed as

:x00) = £0.X0) + [ F . x6 >>ds
t 2
+/0 gf(s,X(s—))dX( )+ gz( X(s—)),@(s),@(s)Tds
AX(s) B B (9f B
+ ) [f =)+ AX(8)) = (5, X(s)) = AX(5) 5 (s, X (s-)]-
0<s<t

Note, however, that in the case of an infinitely active jump process the sum involving
the jump terms can be infinite. In that case, the sum

AX(s) 8f
> f(sX(s—) + AX(s)) — f(s, X (s—)) — AX(S)%(S, X(s-))] (2.15)

0<s<t
doesn’t necessary converge. We therefore often assume that f and its two derivatives
are bounded by a constant C'. Then

(s, X (5—) + AX(s)) — f (s, X(s-)) — AX () 2L (s,

%S

and the sum in (2.15) is indeed finite. However, as the number of jumps are assumed

X(s—))| < CAX(s)?

to be finite in a finite time interval there is no need to worry about these convergence

issues.

1t6’s formula takes a similar form in the case that the underlying process is a geometric
jump diffusion Y (¢):
Ay (t) = Y (t )[ (t)dt + B(t)TdB(t) + Z/ n(t,y)Ni(dt, dy)|. (2.16)
\{0}
Theorem 2.8 (It6’s Formula for geometric Jump-Diffusions). Let Y (¢) be a geometric
jump-diffusion process as in (2.16). If f € CY2([0,T],R) then
of of

df (¢, Y (t)) = 5 (£, Y (t—))dt + Y (t )(9 (t,Y(t—))a(t)dt
sy @y eo)seraBe + by 22l @y e-)swara
+Z/]R\{O} {f(t,Y(t—)[l +m(t, 2)]) — f(t,Y(t—))}Nh(dt,dz).

(2.17)

14



fort e0,T].

A proof can be found in @Oksendal and Sulem (2007).

Strongly related to It6’s formula is [t6’s product rule that determines the dynamics of the
product of two stochastic processes. It is an immediate consequence of the multivariate
Ito’s formula. As before we denote for a jump-diffusion process X () its change in the
continuous part by dX¢(t) and its change in the discontinuous part by AX(¢), so that
dX(t) =dX°(t) + AX(t).

Lemma 2.9. Let X(t) and Y (t) be two jump-diffusion processes. Ito’s product rule

determines the change of the product of the two processes by

d(X ()Y (t) =X (t—)dY (t) + Y (t—)dX (t) + dX (t)dY (¢)
=X (t—)dY(t) + Y (t—)dX (t) + dX (t)dY(t) (2.18)
+ X(t=)AY (t) + Y (=) AX (t) + AX (H)AY ().

Remark.

1. Products that may arise in equation (2.18) are, in Itd’s mean square sense, as the

following
dtdt =0, dB;(t)dt =0, dt/ Yr(t, y)Np(dt, dy) = 0,
R\{0}
and
aBi(0) [ (e NiGat.dy) = 0
R\{0}
fori=1,...,n,and h=1,...,m.

2. Products of Brownian motions and Poisson measure integrals are, respectively,

0. i
dB;i(t)dB;(t) = ifi 7
dt, iti=j

fori,7=1,...,n, and

/ 'Yh(t,y)Nh(dt,dy)/ Fi(t, y)Ni(dt, dy)
R\{0} R\{0}

0, it h£1
fR\{O} Th (ta y):}//h (t7 y)Nh(dtv dy)7 ifh=1

for h,l=1,...,m.

15



3. The last term of the first equation in (2.18), dX (¢)dY (t) is the change of the
quadratic variation process. The quadratic variation process for two processes (at

least semimartingales) is defined through
(X,Y]; =X / X(s—)dY (s / Y(s—)dX(s), tel0,T].

It is different from the (X,Y’) process, which consists only of the continuous parts
of [X,Y],ie. (X,Y)=[X,Y]

As an example, if it is assumed that the two processes X and Y are geometric jump-
diffusions and have dynamics

m

AX(t) = X (t-) |a(t)dt + B1)TdB() + 3 /R oy THE DN ay)|.

and

Ay (t) = Y (t )[ (t)dt + B(t)TdB(t +Z/ W (t,y) N (ds, dy)]

\{0}

respectively, then their product is following the stochastic differential equation
AX DY (1) = X (t-)Y (t-) [ (a<t> +a(t) +BWTA0) i+ (Bt) + B1)) " dB()
-+ Z /

o) (6 y) +m(ty) + At y)n(t, y))Nh(dt,dy)]
The section is concluded discussing a special form of a jump process which is a general-
ization of the compound Poisson process introduced in Definition 2.5. Consider a pure

jump process X that is the solution to the stochastic differential equation
X)) = [ Nty
R\{0}

for some Poisson random measure N(t,-). Assume further that the dynamics of the
process X can be written in the form dX (t) = I'(¢t)dP(t) for a Poisson process P(t), where
['(t) represents the size of the jump at time ¢ if a jump actually occurs. If ¢1, to, ... denote

the (random) jump times of the Poisson process, then the process X has the solution

P(t)

— X(0)+ / /R | VUV (s dg) = X (0 / P(s)dP(s) = X(0) + > T(t)

(=1
The process is a generalization of the compound Poisson process since the jump-sizes
are now time dependent I'(¢). If we are carrying out a similar analysis for a geometric

jump-process of the form
dy (t) = Y(t—)/ (s, 2)N(ds,dz) = Y(t—)/ I'(s)dP(s), (2.19)
R\{0} R\{0}
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it is necessary to use It6’s formula for jump-diffusions to get to a solution. Applying Itd’s
formula Theorem 2.17 to log(x) and Y (t) shows since log(y + y7v) — log(y) = log(1 + )
that

dP()
dlog(Y(t)) = / log (147(t, 2)) N(dt, dz) =log (1 + I'(t)) dP(t) = Z log (1 4+ T'(ts))
R\{0} =1
The solution to (2.19) can then be deduced to be
P(t)
Y(t)=Y(0) J] 1 +T().
(=1

We will come back to this particular case when we discuss the stock market model in

Chapter 3.

2.6 Martingales, Compensated Jump Processes and Change

of Measure

Throughout this thesis the concept of a martingale will play a central role. A martingale
is a stochastic cadlag process X (¢) that is adapted to a filtration F;, E[| X (¢)]] is finite
for any ¢ € [0, 7], and

E[X(t)|Fs] = X(s), 0<s<t<T.

Typical examples for martingales are the Brownian motion B(t) or the geometric Brow-
nian motion exp(—3a’t + aB(t)) for some a € R. A Poisson process is in general not
a martingale. However a compensated version of a Poisson process can be formed that
is a martingale. For a Poisson process N (t) with intensity A the compensated Poisson
process is

N(t) = N(t) — At.
It represents a centered version of the Poisson process. The martingale property follows

from

E[N(£)|7] = E[N(t) — N(s)| Fs] + N(s) — M

=E[N(t) — N(s)] + N(s) — At = N(s) + A(t — s) — Xt = N(s).

Similarly, a jump-process f]R\{O} ~(t,y) N (dt,dy) constructed through a Poisson random
measure N (-,-) is in general not a martingale. However, integrating with respect to the
compensated Poisson random measure N (dt,dy) := N(dt, dy) — v(dy)dt, where v is the
intensity measure of the Poisson random measure, makes the process a martingale (given
that v satisfies the integrability condition). That is

/ 'y(tvy)ﬁ(dtvdy)z/ v(t,y)N(dt,dy)—/ v(t,y)v(dy)dt
R\{0} R\{0} R\{0}
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is a martingale as long as fR\{O} |v(t, v)|v(dy) < oo for all ¢ € [0,T].

Often a particular stochastic process is not a martingale but can be transformed into
a martingale by changing the underlying probability measure. This procedure is called
change of probability measure and its central result is the Girsanov theorem. The prob-
abilities of the possible paths of a stochastic process are thereby reweighed, which alters
the probability distribution of the random outcomes of the process. One thereby changes
the probability measure from the original measure P to the new measure (). To do this it
is necessary that the new measure @) is equivalent to P. This means that all null sets of
P are also null sets of @ and vice versa. In other words that means that events that can
not happen in P can also not happen in ¢ and vice versa. For example, if we change the
probability law of a Brownian motion then the sample paths still have to be continuous
under ). On the other hand, if we change the law of a jump process with fixed jump
size ¢ then under the new measure the jump size also has to be of size c. However, the
intensity of a measure changed process may vary because it doesn’t effect almost surely

properties of the sample paths.

Theorem 2.10 (Girsanov’s theorem). Assume that there exist predictable processes
0P (t) = (0P (t),...,0P(t)) € R™ and 07(t,y) = (0{(t,y),...,00(t,y)) € R™, with
9# >0, for k=1,...,m, such that the process

Zy(t) := exp /HOD )] d8+/ 0 (5)TdB(s)

Y S S ' _9/(s y <
/ /R\{O}l 203 (s,y)Ny,(ds, dy) + ;/0 /R\{O} (1—6(s,y)) h(dy)d)
(2.20)

exists for 0 <t < T and satisfies
E[Zy(T)] = 1.
Define the probability measure Q@ on Fr by
dQ = Zyp(T)dP.
Define the process B(t) € R and the random measures N}?(dt, dy) € NU{0} by
dB@(t) = dB(t) — 6P (t)dt, (2.21)

and

N2 (dt,dy) = Ny(dt,dy) — 07 (t,y)vn(dy)dt, h=1,...,m. (2.22)

Then B® is a n-dimensional standard Brownian motion with respect to Q and NHQ,

h=1,...,m, are compensated Poisson random measures under ), in the sense that the
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processes

t o~
t)—// on(s,))N(ds,dy), te[0,T], h=1,....m,
0 JR\{0}

are local Q-martingales, for all predictable process pn(s,y) that satisfy

T
/ / on(s,9)203 (s,y)*vn(dy)ds < oo,  a.s.
R\{0}

forallh=1,...,m

For a proof see Oksendal and Sulem (2007).

Remarks.

1. In case that the processes 8 and 07 satisfy GJD(t) =0for j =1,...,n, and
0/(t)=1for h=1,...,m and t € [0,T] a.s. the original probability measure can
be recovered. That is Zy(t) =1, t € [0,T], and Q@ = P a.s.

2. The measure transformation in Grisanov’s theorem is often stated without given
explicit formulas for the martingale Zy(t), t € [0, T], and the new Brownian motions
and Poisson random measures. That is, given a (F;)-martingale Z(t) with Z(0) =

1, we can always change the probability measure from P to @ via %\]:T =Z(T).

Girsanov’s change of measure theorem can be used to transform the jump-diffusion pro-
cess given in (2.13) into a local ) martingale. For processes 0P and 67 as given in
the above theorem, the Brownian motion and Poisson random measure can be changed
according to (2.21) and (2.22). The dynamics of the jump-diffusion X (¢) as defined in

(2.6) are then given in terms of the () measure by

dX(t) = <()+B £)7P (1) +Z/

+8(t)TdB9(t) +Z/\{O} N2 (dt,dy), tel0,T).

()67 (t, y)vn(dy) ) dt
\{0}

If the process @ = (07, 07) actually satisfies for ¢t € [0, T] the equation

TD v —
a(t) + A1) +Z/\{O} (£, )61 (£, y)vi(dy) = 0,

then the process X(¢) becomes a local Q-martingale:

m

dx(t) = BOTdB) + 3 /R o n(t,y)NO(dt, dy), € [0,T).
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The martingale Zy is essential in the change of probability measure as described in
Girsanov’s theorem above. It will play a crucial role whenever we utilize martingale
methods in the following chapters. It will be important to understand the dynamics of

this process Zy.

Lemma 2.11. The process Zy(t) defined in (2.20) is a (local) martingale and it’s dy-
namics are given by the SDE

dZy(t ZGD t)dB;(t) — Zy(t Z / (1 — 0/ (t,y))Nu(dt,dy). (2.23)
R\{0}
Proof. From (2.20) follows that
dlog Zp(t) = —fZ\eD )| dt+ZHD t)dB;(

+z/

Applying Itd’s formula to f(x) = ¥ with x = log Zy(t) leads to the result. O

log 85 (t, y) Ny, (dt, dy) + Z/ (1- Qg(t,y))yh(dy)dt.

R\{0} R\{0}

Further, It6’s formula can be used to calculate the dynamics of the reciprocal of Zy.
Taking the function f(z) = 1/x and applying It6’s formula Theorem 2.14 on Zy and f,
one can see since f'(z) = —1/22, f"(z) = 2/23, and f(z+Ax) — f(x) = f(20)) - f(x) =
1/xz (1 —0)/0 that

n

1 _ 1 Q
Zot) Ze<t—>jzle (B

)NQ(dt dy). (2.24)

R\{0}

Independent from how the martingale Zg in Girsanov’s theorem looks like, as long as
Z(0) =1 a.s. it can be used to change the measure. When calculating with conditional
expectations the so called generalized Bayes theorem can be used to change between Q)

and P measure.

Lemma 2.12. Let Z be a Fi-martingale with Z(0) = 1 for which we change the prob-
ability measure from P to Q through dQQ = Z(T)dP. For fized t € [0,T] let Y be a

Fi-measurable random variable satisfying
EQ[|Y]] < co.
Then Bayes’ rule states that for s <t

EQ[Y|F] = Zzs)E[YZ(t)\}'s], P—as., Q-—as.
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Proof. Let s <t <T and A € F, then
B9 LB Z0I7)] = E[LEYZ0)7)]
- E[lAIE(YZ(t))} = EQ[1,4Y].

O]

The section is concluded with the martingale representation theorem. The theorem
has a crucial role in the creation of replication strategies. It states that every (F%)-
martingale can be represented in terms of a a sum of integrals with respect to the
Brownian motions and compensated Poisson ranom measures. For a Poisson measure
N(dt,dy) with Lévy measure v(dy) denote as before the compensated Poisson random
measure by N(dt,dy) := N(dt,dy) — v(dy)dt.

Theorem 2.13 (Martingale Representation Theorem). Any (P, F;)-martingale M (t)

has the representation

t n t m _
M) = MO+ [ Y aPdBis) + [ 3 [ allsn)Nulds,dy)
0 j=1 0 p=17F
J
where ajD, j =1,...,n, are predictable and square integrable, and ai are predictable,
marked processes, that are integrable with respect to vi(dy), k=1,...,m.

For a proof (of the one dimensional case) see Runggaldier (2003). For a more generalized
treatment, including more information on It6’s formula and change of measure the reader

is referred to Jacod and Shiryaev (2003).
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Chapter 3

Stock Prices and Portfolio Models

under Jump-Diffusions

Models where the stock price follows a geometric Brownian motion have been very suc-
cessful in the financial literature. The first to use such a model was Samuelson (1969).
Later it was formulated within the framework of It6’s stochastic calculus by Merton
(1969, 1971) and the relationship to martingale methods have been developed by Harri-
son and Kreps (1971) and Harrison and Pliska (1981). First geometric Brownian motion

models, as in Black and Scholes (1971) and Merton (1973), had the simple form
dS(t) = aS(t)dt + oS(t)dB(t).

They were then extended to allow parameters that are time dependent or random, and
Brownian motions that are multidimensional. Although a geometric Brownian motion
model is not necessary a very precise model for a stock price it remains a popular model
because of its simplicity. Measure change techniques as developed in Pliska (1986),
Cox and Huang (1989), and Karatzas, Lehoczky, and Shreve (1987) can be applied
to transform the discounted stock prices into martingales under a unique equivalent

martingale measure (EMM) Q.

Despite the great success of the Black-Scholes model it has several shortcomings. Sev-
eral empirical research have been shown that stock returns are not normal distributed.
Rather, empirical stock return distributions, as investigated in Anderson et al. (2002),
are skewed negatively and are leptokurtic, with higher peaks and heavier tails. The
volatility smile of option prices shows that implied volatility is not constant as in the
Black-Scholes model (cf. Bates (1996). Further, the Black-Scholes model can not incor-

porate sudden price movements as can be observed in crashes and rallies.

Several alternative models have been suggested to deal with these shortcomings. Stochas-
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tic and local volatility models have been developed in Cox and Ross (1976), Hull and
White (1987), Stein and Stein (1991) and Heston (1993) among others. They allow the
volatility change over time, either by using a random factor as in stochastic volatility
models or in a deterministic sense when using local volatility models. This allows the
volatility to vary over time, and allows periods of high volatility as well as periods with
relatively low volatility. Another type of model that has become popular is that of Lévy
process models. Lévy models have been investigated for example in Barndorff-Nielson
and Shephard (2001) and Eberlein (2002).

Similar to Lévy processes are jump-diffusions which also allow the volatility and the
distribution of jump-amplitudes to vary in time. Among the first to use jump-diffusion
models was Merton (1976) who suggested a model with log-normal distributed jumps. A
double exponential jump model is analysed in Kou (2002), and log-uniform distributed
jumps are considered in Yan and Hanson (2006). Their complexity ranges from com-
pound Poisson processes to processes that involve Poisson random measures. This chap-

ter will introduce the jump-diffusion model framework.

3.1 The Stock Price Model

In this section the stock price model that follows a jump-diffusion process is introduced.
It is assumed that there are k(< m + n) stocks in the market that are driven by n
mutually independent Brownian motions Bj(t),---, B,(t) and m mutually indepen-
dent jump processes that are determined by homogeneous Poisson random measures
Ni(dt,dyi),- -, Nm(dt, dyy,) with intensities v1(dy), - - - , Um(dy) (cf. Section 2.4), where
the m jump processes are also independent of the n Brownian motions. All of these pro-
cesses are assumed to be defined on a common probability space. The stock prices are
assumed to follow geometric jump-diffusion processes in the sense that they follow the

stochastic differential equations

dsi(t)
Hdt + > &;(£)dB;(t) + / ~in(t, 1) Na(dt, dy 3.1
B caous S0+ [ weonna,
for 1 <i < k and t € [0,T]. Thereby represents T'(> 0) the investment horizon which
will be assumed to be finite. «;(t) represents the drift rate of the i*® asset, &;(t) the
volatility of the i'" asset with respect to the j*" Brownian motion, and v;(t, %) is such
that fR\{o} 7ij(t, y)N;(dt, dy) describes the effect of the j*® jump process on the i stock
price at time ¢. The model parameters «;, &, and v;, are assumed to be progressively
measurable processes such that all the involved integrals exist, and ~;, are assumed

further to have the property that 1 + fR\{O} vie Ne(dt,dy) > 0 so that all the S; remain
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non-negative in [0, 7] (cf. Runggaldier (2003)). In particular, that means that the model

parameters have to satisfy

T T T
/ |Oéz(t)|2dt < 00, / |§Z](t)|2dt < 00, and / / |71h(t7y)|2yh(dt7dy) <0
0 0 0 JR\{0}

(3.2)
fori=1,...,k,5=1,...,n, and h = 1,...,m, to guarantee the existence and unique-
ness of a solution to (3.1). Note also that we have assumed that the Poisson random
measures are not infinitely active to make the analysis simpler. If this assumption is
dropped then we could replace Nj by its compensated version ]\th- This would also

require some corresponding modifications later.

As the underlying filtration (F:), we take the canonical filtration constructed by the
Brownian motions B;, 1 < i < n, the Poisson random measures N;, 1 < j < m, as well

as all null sets of the underlying probability measure P:

}L:a“&QLM«QﬁAMﬂ | A€ BR\{0}),CeN,sel0,1,

1<i<n1<j<m},

with A/ being the collection of all P-null sets and B(R \ {0}) being the Borel-c-algebra
on R\ {0}.

In the following let us discuss the effects that the jump processes have on the stock prices.
As mentioned before it is required that fR\{o} Yin(t,y)Np(dt,dy) > —1, a.s., to ensure
that the stock prices are non-negative. In a model driven by Brownian motions (without
jumps) the stock price is always positive. However, in the presents of jumps this is no
longer the case. Due to the nature of the model, the m underlying jump processes won’t
jump at the same time almost surely. In fact, any two jump processes will not jump at
the same time almost surely. If, however, one of the m jumps is so big that the stock price
jumps to zero, then the stock price will not recover and will stay at zero until the end
of the investment horizon [0,7]. This is the case when fR\{O} ~in(t,y)Np(dt, dy) = —1
occurs for any of the h = 1,...,m. Then the firm goes bankrupt and its stock is
worthless. This conditions on jump-size distributions is often stated in the literature
(e.g. Runggaldier (2003)), however a similar non-bankruptcy condition on the trading

strategy is often not clearly pointed out and will be discussed later.

A more restrictive condition on the jump process that guarantees positivity of the stock
process is that fR\{o} Yin(t, y)Np(dt,dy) > —1 for all h = 1,...,m vp-a.s. Then it is
guaranteed that the i*" stock price is always positive and no bankruptcy can occur. Let

this be the case for a moment so that the stock price SDE (3.1) can be solved using a log
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transform. Using It6’s formula Theorem 2.17 applied to (3.1) for f(x) = log(z) leads to

A10g 5(1) = (a(t) — 5 3 €40 dt + D €5 (1)aBy (1)
2 2

(3.3)
+ Z/ log(1 + vin(t,y)) Nn(dt, dy),
R\{0}
for ¢ =1,..., k. Define the log drift rate by
pi(t) == a;(t) — 52‘5@‘( )
J=1
Then the SDE (3.3) can be solved to
t noopt
50 =si0esp | [ nts)ds+ 3 [ es(s)aB; (o
=t (3.4)
+Z/ / log(1 + Yin(s,y)) Nu(ds, dy))
R\{0}
fori=1,... k. Following the discussion at the end of Section 2.5 assume that the jump
processes can be written in the form
[ inlts) Nt dy) =T (i) (35)
R\{0}
for some Poisson processes P, and jump sizes ;. Also, let tx1,tho, ... denote the jump

times of Np(t). Then the stock prices can be written in the form

t n t m Pn(t)
S;i(t) = Si(0) exp (/ pi(s)ds + Z/ fij(s)dBj(S)) IT IT (1 + Tanttne)).
0 j=1"0 h=1 (=1

for i =1,...,k, and with the convention that H?zl =1.

Now consider the case when stock prices can actually jump to zero, i.e. 1+ 'y (¢) =0
is a possible outcome when a jump occurs. The time a company goes bankrupt and its
stock price jumps to zero is then the smallest £ > 0 such that

Pp(t)

m
I IT (4 Tanltne)) = 0.

h=1 (=1

—

Denote the time of bankruptcy of the i*® stock by 7;, so that

h

7 :inf{t > 0‘ ﬁ H 1+ Tin(the)) :o}.

Clearly, 7; is a stopping time and since a stock that has jumped to zero won'’t recover,
the stock prices process S;(t) is actually a stopped stochastic process with S;(¢) > 0 for
t <7 and S;(t) =0 for t > ;.
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The stock price model we consider is a fairly general one. If one makes some simplification
one can obtain simpler models. For example, the stock prices become Lévy processes if

the model coefficient are constant and ;5 are functions of y only, i.e.

dsi(t) /
_azdt+ de + i N dtd
B0 it S0 +3 [ st

If on the other hand, there are no jumps in (3.1),

IS e B,

then one recovers the general Brownian motion driven model as used, for example, in

Karatzas et al. (1987).

3.2 The Risk-less Asset and State Price Densities

Apart from the k stocks it is assumed that there is a risk-less asset in the market. This
is often either assumed to be a bank account or a zero coupon bond with no default risk.

The risk-free asset is described by the ordinary differential equation
dSo(t) = So(t)r(t)dt, t>0; Sp(0)=1, (3.6)

where 7(t) is the risk-free rate process. The risk-free rate process r(t) is a progressively
measurable process w.r.t. (F;) that satisfies fOT |r(t)|dt < oo a.s. The risk-less asset can

be written as
t
So(t) — efO Tsds_

Remark. Since fo |r(t)|dt is a.s. finite the process Sp(t) as well as the process 1/Sy(t),
t € [0,T], is a.s. finite. This can be seen by observing for ¢ € [0,7] that fot [rslds <
fOT |rs|ds < oo. But this shows that fot reds < fot |rs|ds < oo as well as —fot reds <
fot |rs|lds < oo for t € [0,T].

The discounted stock prices are the stock prices divided by the risk-less asset price
process, i.e. S;(t)/So(t) for i« = 1,...,k. They are denoted by an over line, so that
Si(t) := Si(t)/So(t). It can be easily verified that

— dt+Z§U t)dB;( +Z/\{ i (t, y)Ni(dt, dy) (3.7)
0

with
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foralli =1,...,k. In the financial literature it is common to change the measure from P
to @ using Girsanov’s Theorem 2.10 such that the discounted stock prices become (local)
martingales. This measure change requires that the non-martingale drift in the expres-
sion (3.7) becomes zero. However, unlike models that are driven by Brownian motions
only the measure change is not unique so that there are several equivalent martingale
measures (EMM) @ under which the discounted stock prices become martingales. These
measure changes can be parametrized (as already discussed in Section 2.6) by a pair of
process 6 = (HD ,OJ) and the Radon-Nikodym density of the measure change is then
given by % |7,= Zp(T') for Zy as defined in (2.20). The next definition makes this idea

more rigorous.

Definition 3.1. A jump-diffusion Girsanov kernel is a pair of predictable vector pro-

cesses 0 = (OD, 9‘]) such that the following properties are satisfied:

(i) 67 (t) = (07 (¢),...,00(t)) € R™ and 07 (t,y) = (6] (t,y), ..., 0, (t,y)) € R™, with
6] >0, for h=1,...,m, y € R\ {0}, and t € [0, T],

(11) Zy defined as in (2.20) is actually a martingale with E[Zy(T)] = 1.
(iii)

+Z@J +Z / [ oy ey =0, 69

a.s. fori= 1,...,k and t € [0,T.
Further, © is defined as the set containing all jump-diffusion Girsanov kernels.

Conditions (7) and (i) in the above definition are the same conditions on the process @
as in Girsanov’s theorem 2.10. This means in particular that for each 8 € © a probability
measure () can be associated through d@ = Zyp(T)dP. Condition (ii7) then guarantees
that the non-martingale drift in (3.7) vanishes. In the case that there are no jumps the

condition on € in (3.8) becomes
@)+ Y &P () =0, as. (3.9)
j=1

Given that £ = (&;;) has full rank the Girsanov kernel is uniquely determined and the
set of all Girsanov kernels © is a singleton. One then calls the market model complete.
In contrast, with jumps, the market is incomplete because the Girsanov kernel is not

uniquely determined. Financial products can not perfectly hedged any more.

The probability measure () that has been constructed in the way above is called the

martingale measure associated to @ € ©. To parametrize martingale measures in terms
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of a @ has been very popular in the financial literature and 0 is often called the market
price of risk. The use of market prices of risk to change the drift and jump-intensity
of one dimensional jump-diffusions has been demonstrated in Runggaldier (2003). The

following result extends it to the multi-dimensional case.

Proposition 3.2. Let @ € ©. Then the discounted stock prices S;(t) are local martingales

under the new probability measure Q:

Zél] dBQ + Z/ ’Yzh t y (dt dy)

R\{0}

fort €10,T].

Proof. The process @ € © corresponds to a measure () under which, following Girsanov’s

theorem,

dBP(t) = dB;(t) — 0P (t)dt, and

- (3.10)
N2(dt, dy) = Ny(dt,dy) — 07 (t, y)vn(dy)dt

are Brownian motions and Poisson random measures, respectively, for j = 1,..,n, h =
1,...,m, and t € [0,7T]. Substituting (3.10) into (3.7) and observing (3.8), the proposi-

tion follows. O

It is possible to use measure change techniques but still work under the original proba-

bility measure P. This is done using a process often called the state price density.

Definition 3.3. For 6 € © the process defined by Hy(t) := Zy(t)/So(t) is called the state
price density of the jump-diffusion Girsanov kernel 8 = (67,07).

The state price density with Girsanov kernel 0 is the discounted version of the process

Zy. It follows the stochastic differential equation

dHy(t) = — Hy(t—)r(t)dt + Hp(t—)0P (t)dB(t)
(3.11)

+ Hy(t—) Z (0] (t,y) — 1)Ny(dt, dy), t€[0,T].
R\{0}

and starts almost surely at one, Hyp(0) = 1. The state price density Hy(t) can be used to
transfer (J-martingale measure results into the real world measure P. Since discounted
stock prices S; are local Q-martingales the product HyS; is a local P-martingale for
0 co.
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3.3 Portfolios and the Wealth Process

For a financial agent who wants to invest into the market a trading strategy can be
described in various ways. A portfolio can be described by the amount of money invested
into the k+ 1 assets (stocks and bond) or it can be expressed as the proportion of money
invested into each asset. A third way would be to specify the number of assets hold for

each asset class.

Considering the third option first and denote by w;(t), i = 1,...k the number of stocks
of type i hold at time ¢, and by ug(t) the number of risk-free zero bonds. If the initial
endowment of an investor is x > 0, and the value of a portfolio, which we call the
wealth process of the investor, is denoted by V.7, then the wealth process should satisfy
VF(0) = x and

k
=3 wilt)Si(t)
=0

Further, if one assumes that an investor does not withdraw or deposit further money
into the investment portfolio (such a portfolio is called self-financing), then the change

in portfolio should be given by

k
AV () =) ui(t)dSi(t).
=0

Substituting (3.1) then gives the infinitesimal change in wealth as

dVE(t) = ug(t)So(t)r(t)dt

k
+ ) wi(®)Si(t—) | cu(t)dt + Zgw t)dB;(t) + Z/ Yin(t, y) Ny (dt, dy)
i=1

R\{0}

The term just after the sum in the above equation, w;(t)S;(t—), is however, just the
amount of money that an investor holds in asset ¢ at time ¢. If this amount of money is
denoted by ¢; such that ¢;(t) := wu;(t)S;(t—) then the change in the wealth equation can

be rewritten as

dVy (t) = ¢o(t)r(t)dt

k
+Z@@aﬁﬁ+z@¢w +Z/ vin(t, y) Na(dt, dy)
=1

R\{0}

On the other hand, the total of the amount invested into each asset should be equal to the
wealth process at each time ¢, i.e. Zf:o oi(t) = Vg(t), and if one considers the proportion

of wealth invested into the i*! stock, denoted by 7;(t) then clearly ;(t) = ¢; t)/Vy(t—).
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Consequently, m;(¢)V,;’(t—) = ¢i(t) and the proportional amount of wealth invested into
the risk-less asset is (qu(t—) - Zle qbi(t)> /V;j(t—). Thus, if the trading strategy is
represented by the proportion invested in each asset then the dynamics of (3.12) can be

written as

ave(t
V,g«’(t( dt+zm ( a;(t) — r(t))dt

+Z£’L] dB +Z/\{ }%h t ) Nh(dt dy)
0

This will be the usually way how trading strategies will be described in this work. The
strategy vector w determines the proportions of wealth invested into the k stocks. Once a
strategy is set for all the stocks, the proportional amount of money invested into the risk-
less bond is uniquely determined by 1 — " | m;(¢). A positive value for m;(t) represents
a long position whereas a negative 7;(t) stands for a short position in the i*" asset. This
is also true for the risk-less asset in the sense that whether 1 — """ | m;(¢) is positive or
negative determines whether the investment has deposited or borrowed money from the
bank account. If any of the m;(t) exceeds one, then the agent invests more money into

the i*" stock than he/she posses and it becomes necessary to short a position in at least

one other stock or bond.

Formally, a proportional portfolio strategy m(t) = (m1(t),...,m,(t)) is a progressively
measurable process that is a.s. bounded on [0, 7. To write the wealth process of a trading
strategy 7 into a more convenient vector form the following processes are introduced. The
discounted drift rate vector @(t) is defined by @(t) := (a1 (t) — r(t),...,an(t) — r(t))T,
and the Brownian motion volatility matrix & is the matrix process given by &(t) =
(&;)(t). Further, if the vector process v, (¢, y) := (yin(t,y), ., Ven(t,y))" is introduced
for h=1,...,m, then

dvi(t)
VE(t—)

r(t)dt + 7 (t)T [ (t)dt + &(t)dB(t +Z/\{O} (t,y)Nu(dt,dy) |, (3.13)

for t € [0,T]. For a proportional portfolio process 7(t) the wealth process V' satisfies

the stochastic differential equation

dVE) [ ) 4Se(t) b o dSi) '
V) — (1 2 m) gy + omigy, te 0Tl (3.14)

VE(0) = x.

In the previous section discounted stock prices where discussed which are the stock price

processes divided by the risk-less asset Sp. Similarly, the discounted wealth process
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of a trading strategy 7 is the process V. = V/Sy. Since dV.(t) = dV*(t)/So(t) —
r(t)V2(t)/So(t)dt the dynamics of the discounted wealth process V. are given by

Vi)
ety =m0 @ + 0B +Z /\{0} (Ey)Naldtody) |, (3.15)

for t € [0,T]. Its relationship to the discounted stock prices S; is considering (3.7)

J— k —

dV(t) dS;(t)

— = ﬂi(t) , t& [O,T].

V7r (t_) Z
Defining a portfolio in terms of proportions makes only sense when the underlying wealth
process is bigger than zero. In the absence of jumps this condition is always satisfied as
long as the initial wealth x is positive. However, in the presence of jumps an additional
condition is needed to satisfy the positivity or non-negativity of wealth. This requirement

will be that
/ ()T v, (¢, y) Nu(dt, dy) > —1, (3.16)
R\{0}

for all h = 1,...,m. The set of strategies 7 that satisfy the above requirement (3.16)
will be denoted by II. If further, the condition (3.16) on 7 is stronger so that

/ 7 (t) Ty, (t, y) Ny (dt, dy) > —1, (3.17)
R\{0}

then the wealth process is almost surely positive. The set of strategies that satisfy this
condition shall be denoted by Il;. Similar, how the stock price SDEs have been solved,
the wealth process SDE (3.13) can be solved for a trading strategy w € II,. Taking

f(z) =log(x) and using the Itd’s formula Theorem 2.17 one can derive

Aos(VZ(1) = pa(t)dt +w(OTE0IB)
+Z / [y B 0 ) Nt ),
where p, is defined by
(1) = 7(0) 4 Gn(t) = S0ms(D), £ [0,T], (3.18)

and o, by
Onn(t) = w(t)To(t)w(t), te€][0,T].

Then the wealth SDE can be solved to

i) = e [ paos + [ wlseiamis

(3.19)
+Z / [ >wh<s,y>>Nh<ds,dy>>
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If the jumps of the stock prices can be expressed in a form (3.5) and the vector of jump
sizes is defined by T'(t) := (Ty4(¢),...,Tkn(t))T, then the jumps of the wealth process

can be expressed as

/ (1) Ty (1, 9) Ni(dt, dy) = 7(8)TTR(8)d Py (1),
R\{0}

for t € [0, 7). Further, the above solution of the wealth process SDE (3.19) can then be

written as

¢ t m  Pn(t)
VE(t) = zexp (/0 pr(s)ds —i—/o ﬂ'(s)Tﬁ(s)dB(s)> H H (1 + 7 (the) " Thltne)),

h=1 ¢=1
where ty1,th2, . .. denote the jump times of the A*® jump process.
So far, it was assumed that an investor does not withdraw money from his/her investment

portfolio during the investment horizon. This will be allowed in what follows and the

concept of consumption will be introduced in the next definition.

Definition 3.4. A consumption process c(t) is a non-negative progressively measurable

process such that

T
/ c(t)dt < oo, a.s.
0

For initial wealth z > 0 and a portfolio process 7 (t) the wealth process with consumption

c(t) is assumed to satisfy the stochastic differential equation
dVE.(t) = (VE(t—=)r(t) — c(t)) dt + Vi (t—)m(t)T [e(t)dt + £(t)dB(t)]

(3.20)
+ Vie(t— Z/ )Tvn(t y)Np(dt, dy), te€[0,T].
R\{O}

If the trading strategy is expressed in absolute terms ¢, with ¢; representing the amount

of money invested into the i*" stock, then the wealth process SDE changes to

dVE(t) = (Vi (t=)r(t) — c(t)) dt + ¢(t)Ta(t)dt
TE()dB(t Ny (dt, d (3:20)
ON0 +22/\{0} Oyt ) N (dt, dy),

=1 h=1

for all ¢ € [0,7]. Because of the consumption a wealth process might become zero or
even negative. It should not be allowed to obtain negative wealth, but consumption
processes that lead to zero wealth will be allowed. A discussion of the consequences for

the trading strategy ¢ or m will be given in Section 3.4.

Like the discounted stock prices the discounted wealth process is given as the wealth
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process divided by the risk-less asset Vfw(t) = VI .(t)/So0(t), so that

. / s+ [ Vit ds
+/vm<s yr(s)TE(s)dB () (3.22)

+Z/\{o} me(t=)mi(8) YR (8, y) Nin(ds, dy).

From (3.22) and (3.7) it can be verify that the discounted wealth process Vﬁyc(t) can be
related to the discounted stock prices S;(t) through

i dS ¢ 1
; Si ) 50 c(t)dt.

In the previous section it has been shown that the discounted stock prices are local Q-
martingales for a martingale measure () defined by a process 8 € ©. Thus, ignoring

consumption the wealth process should be a local @ martingale too.

Proposition 3.5. Let x > 0 be some initial wealth and (7, c) a consumption-investment

strateqy. Then for @ € © the process M@(t), t € [0,T], defined by

MO(t) =V, (t) —|—/0 Sol(u)c(u)du, (3.23)

1s a local Q-martingale, where Q) is the martingale measure corresponding to the Girsanov

kernel 0 defined in Definition 3.1.

Proof. Substituting

dB;(t) = dB2(t)+6P(t)dt, and
Nu(dt,dy) = N2 (dt,dy) + 0} (t,y)vi(dy)dt,

into (3.22) and observing that

)+ Z&J )+ Z / [y 108 () =0,

a.s. for t € [0,T] and i = 1,...,k together with 8 € © reveals that

k
Q)=+ t Vi (t=)mi(u 51] w)dB (u + ik (u, y) N (du, dy) |
0
i=1

R\{0}

Clearly, M®(t) is a local Q-martingale. O
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The state price density can be used to derive a similar result for the state price modified
wealth and consumption process. If 8 € © is a jump-diffusion Girsanov kernel and (7, ¢)

is a consumption-investment strategy then the process
t
M(t) = Ho(t)V2.(8) + / Ho(s)e(s)ds (3.24)
0

is a (local) P-martingale. These two results extend the results for a generalized geometric
Brownian motion model in Karatzas et al. (1987) to a jump-diffusion model. Clearly, if
there is no consumption then the discounted wealth process is a (local) martingale under

the measure () induced by a Girsanov kernel 8 € ©:

dVE(t) = Vi (t=)m(t)T

Qi .\ vQ
£(t)dB <t>+hzl /R Nl @29

3.4 Admissible Strategies and Budget Constraints

When allowing stock prices to jump it is necessary to take some special care. There are
two interesting things that can happen when stock prices jump. First, a stock price can

jump to zero leading to bankruptcy of the company. This is the case when the event
/ Yin(t, y) Nu(dt, dy) = —1
R\{0}

happens for at least one of the h = 1,...,m. In such a case the i™" stock company is
going bankrupt and the stock price will not recover from zero. Interestingly, when the
model has jumps one can construct trading strategies 7 that lead to possible zero or
even negative wealth even though the stock prices have only done ‘usual’ jumps. This
phenomenon has briefly been discussed in the last section. Consider, for clarity, the case

without consumption. The wealth process of a trading strategy 7 could jump to zero if
(cf. (3.16))

/ () Ty (b, ) Na(dt, dy) = 1,
R\{0}

is a possible event. If fR\{O} 7(t)Tv,(t, y) Np(dt,dy) < —1 then the wealth process could

become negative and, clearly, this should not be allowed.

We explain in the following what will happen to the trading strategy 7 in the case that
either a stock or even the whole wealth process becomes zero. If a stock price jumps
to zero, then the investor immediately ‘sells’ or ‘buys’ all all remaining stocks and sets
its trading strategy to zero. That means if, for some i = 1,... &k, S;(¢t) jumps to zero
at (random) time 7; € [0,7'), then ¢;(t) = m(t) = 0 for all ¢t € [r;,T]. The investor
will only have k assets left, instead of the k 4 1 assets that he had before (assuming of

cause that no other stock has gone bust yet). In the worst case, if all assets jump to zero
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during the investment period, the investor will have to put all his funds into the risk-less
asset. However, this is a rather theoretical observation as it will be hardly happening in

practice.

Consider what happens if the wealth process becomes zero. We mentioned earlier that
we won’t allow negative wealth, however we allow the possibility of zero wealth. The
wealth process can become zero because of two reasons. First, it can become zero because
of jumping stock prices, that is the investor follows a trading strategy m(t) for which
fR\{O} 7 (t)T,(t, y)Np(dt,dy) = —1, is a possible outcome and is actually happening
during the investment period [0,77]. The second reason is that consumption is bringing
the portfolio value down to zero. The time of bankruptcy will in either case be denoted
by
v :=inf {t € [0,T] : V¥ (t) = 0}.

In the case of bankruptcy the investors wealth is zero Vi .(1v) = Zle ¢i(tv) = 0. In
that case the investor immediately sells all long positions and buys all short positions so
that ¢;(t) :=0foralli=1,...,k and t € (7, T]. The same is true for the proportional
trading process, so that m;(t) := 0 for all i = 1,...,k and ¢t € (v, T]. Notice, however,
that since m;(t) is a proportion process it could be set equal to any fixed number in the
case of zero wealth. It will, however, turn out to be more convenient to set it equal to

zero too.

Summarizing the above, if the i*" stock goes bankrupt, the it trading strategy is set to
zZero,

gﬁl(t) = Wi(t) = 0, t e (min{Ti,T\/},T],

where 7; is the time of bankruptcy of the i*! stock as described above. If the portfolio

goes bankrupt, all trading strategies are set to zero.

We are only interested in trading strategies and consumption plans for which the wealth

process is non-negative. These strategies are called admissible.

Definition 3.6. The investment-consumption pair (7, c) is called admissible if
VE(t) >0, tel0,T] a.s. (3.26)

The set of all admissible investment-consumption pairs (m,c) will be denoted by A(x) .
For the case that there is no consumption the set of admissible trading strategies 7 will
be denoted by I and is not dependent on the initial endowment x > 0. In that case a

condition for m to be in 11 is (3.16), which is

[ )N dy) > -1,
R\{0}
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for all h =1,...,m. Strategies ™ without consumption that lead to a.s. positive wealth

are collected in the set I1. These are the strategies that satisfy

/ Tr(t)T’Yh(tv y)Nh(dt7 dy) > _17
R\{0}
forallh=1,... m.

For positive initial endowment x > 0, A(x) is clearly non-empty since an investor could
always invest all his funds into the risk-less asset, i.e. m;(t) = 0, and not consume at all,
ie. ¢(t) =0, for all t € [0,7]. In this case the portfolio would evolve like the risk-less

asset.

Lemma 3.7. The set of all admissible investment-consumption pairs A(x) is conver,
i.e. for (mw,c) € A(z) and (7,¢) € A(x) we have \(w,c) + (1 — N)(m,¢) € A(z) for
A€ [0,1].

Proof. We need to show that for any (7, ¢), (7, ¢) € A(x) the strategy (Aw+(1—\)7, Ac+
(I = X)e) is also in A(xz) for all A € [0,1]. But clearly, for > 0,

V)?:'/r-i-(l—)\)%,/\c—&—(l—)\)E(t) = )‘Vﬂa'c,c(t) + (1 - )‘)Viig(t) >0, te [07 T]a A€ [07 1]

™

O

The set of admissible strategies constrains the set of all possible trading strategy - con-
sumption pairs. Yet, together with the measure change techniques from the previous
sections it is possible to give some constraint on the wealth process. These constraints

are often called budget constraints. To prove them the following lemma is needed.

Lemma 3.8. Let © > 0 be an initial endowment and let () be a measure constructed
from the process @ € ©. The process M? defined in (3.23) for (w,c) € A(z) is a Q
supermartingale. Similar, the process M defined in (3.24) for (mw,c) € A(x) is a P

supermartingale.

Proof. Notice that M% and M are local martingales that are bounded from below. By

Fatou’s lemma they must be supermatinales. O

The supermartingale properties proven above are crucial to derive the following budget

constraints.

Proposition 3.9 (Budget Constraint). Let x > 0 and let @ € © be a jump-diffusion

Girsanov kernel with corresponding probability measure Q. Then every admissible pair
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(m,c) € A(z) satisfies the budget constraint

B [/ 503 VSZ((T>)}§"E’ 520

U Ho(s)e(s)ds + Ho(T )V,f,c(T)} < (3.28)

or, equivalently,

Proof. Lemma 3.8 shows that M®(t) = vor C —i—ft C(S ds is a supermartingale. Thus,

T
EQ [v’f””c(:r) + /0 50(2)(13] = E? [M9(T)|Fo) < MO(0) = .

O]

The above budget constraint states that under the () measure the discounted terminal
wealth together with the discounted total consumption over the investment period [0, 7]
should not exceed the initial endowment = > 0. It gives therefore an indicator what to

expect from an optimal trading strategy.

Since consumption and the wealth processes of admissible strategies is almost surely
non-negative, the above budget constraint should also hold in the case of zero terminal

wealth and in the case of no consumption.

Corollary 3.10. Assume the same conditions as in Proposition 3.9. Then the budget

constraints for consumption and terminal wealth, respectively, given by

[/ Hy(s ] < x, and

()Vm()] < =

respectively, are satisfied.

Proof. The corollary follows immediately from Proposition 3.9 since the consumption

process and the terminal wealth of an admissible strategy is almost surely non-negative.
O

3.5 Utility Functions

Utility functions will play a central role in this thesis. They are a measure of relative
satisfaction from some good. In the framework of this thesis this good will be money.
This kind of formulation of preferences goes back to Bernoulli (1738), and an axiomatic
theory was initiated by von Neumann and Morgenstern (1947). This is why utility

functions are also often called von Neumann-Morgenstern utility functions.
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Definition 3.11. A utility function U : (0,00) — R is a strictly increasing and strictly
concave O function that satisfies the Inada conditions

U'(0+) =1limU'(x) =00, and U'(cc)= lim U'(x)=0

z0 T—00

A utility function U is strictly increasing since an investor prefers higher to lower levels
of consumption or terminal wealth. It is concave since investors are assumed to be
risk-averse. Some examples of utility functions are the so called power and log utility

functions
p

UP) (z) := % and U9 (z):=logz,
for p € (—o0,1)\{0}.

Definition 3.12. Let U be a utility function. The convexr dual of U is defined as the
function

U*(y) = ili% {U(z) —zy}, y>0. (3.29)

The convex dual of a utility function U is the Legendre-Fenchel transformation of the
function —U(—=x). It will become important in Section 4.4 when dealing with the dual

problem.

Let the inverse of U’ be denoted by I so that
r=1U"(z)) =U'(I(z)), forz>0.

Since U is strictly increasing and strictly concave, U’ must be strictly decreasing, and

therefore I is also strictly decreasing.

Lemma 3.13. Let U be a utility function and let U* be the convex dual of U. Then

U*:(0,00) = R is convex, nonincreasing, lower semicontinous, and satisfies

(i)

U(y) =U(y)) —yl(y), y>0; (3.30)
(i1)

U(z) = inf {U*(y) + zy}, z>0;

y>0

(iii)
U(x) =U"(U'(2)) +2U'(z), = >0

(1)
U()<U*(y)+zy, z,y>0 (3.31)

Moreover, equality holds if x = I(y).
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For a proof and more details see Karatzas and Shreve (1998) and Rockafellar (1970).

Notice also that, combining (3.30) and (3.31) also shows that
U(I(y)) = U(z) +y(I(y) —z) =,y >0.

Later we will also make use of the relationship that for b > a > 0

b
bﬂm—amw—/J@Myzvuw»—Uuw»

This follows immediately from the integration by parts formula

b b
Ummmmmz/wmwﬂwz/yw@=M@\

a
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a

- /:I(y)dy.

(3.32)
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Chapter 4

Optimization of the Expected
Utility of Consumption and

Investment

4.1 Introduction

One of the pioneering works in the field maximizing the expected utility of consumption
and terminal wealth was carried out by Merton (1969, 1971). He considers the problem

of the form -
max E [ /0 Uy (¢, e(t))dt + Ua(VE(T))| | (41)

where c is a consumption rate and V7 .(T') is the terminal wealth of a strategy (c, 7) with
initial endowment > 0. The stock price model that he is considering is of Markovian
type and has the form of a geometric Brownanian motion

dP;(t)
Fi(t)

= a;(t, P(t))dt + o(t, P(t))dZi(t)

where Z; are Brownian motions. The problem is solved using a stochastic control ap-

proach, which works well with the Markovian structure of the model.

The introduction of martingale methods and change of measure techniques for stock
prices by Harrison and Kreps (1979) and Harrison and Pliska (1981) made way for a
different approach to tackle Merton’s asset allocation problem (4.1). Instead of using
stochastic control theory, the problem was solved by using an equivalent martingale
measure together with convex analysis tools. The portfolio allocation problem can then
be solved in two steps in a complete market. First one determines the optimal terminal

wealth and optimal consumption, then one derives the optimal trading strategy using
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the martingale representation theorem. These methods for portfolio optimization were
developed by Pliska (1985), Karatzas et al. (1987), Cox and Huang (1989), and others.
They, like Merton, use Itd processes to describe stock price movements and the market
they construct is complete. They consider the same stock market model as has been
introduced in Chapter 3 in (3.1) but without jumps. That is the stock prices are assumed

to follow the stochastic differential equations

dsz(ié) = a;(t)dt + Z &ij(t)dB;(t),

Jj=1

for i = 1,...,k and t € [0,T]. In a complete market, the martingale approach to the
problem proceeds the following way. First, the measure is changed so that the discounted
stock prices and therefore the discounted wealth process (without consumption) become
martingales. One can then define a budget constraint that every admissible consumption-
investment strategy has to satisfy. It is shown that any random variable that satisfies
the budget constraint can be replicated. Thus, one finds the optimal consumption and

optimal terminal wealth and replicates them.

For an incomplete market, where the martingale measure is not unique, the solution to
the problem is more delicate. Karatzas et al. (1991), He and Pearson (1991) and Cvitanié
and Karatzas (1992) consider the problem of constraint consumption and terminal wealth
where the incomplete market is a special case of this class of problems. A stochastic
control approach to the optimal consumption problem with jump-diffusions has been
carried out by Benth et al. (1999) and by Framstad et al. (1998). They use a Lévy type

jump diffusion model of the form

dP(t) = P(t-) [udt + odB(1) + / h

ZN(dt, dz)} ,
-1

to solve an infinite time horizon maximum consumption problem

o0 Y
max [E [/ e_&c (*) dt]
0 Y

for v € (0,1) and § > 0. As mentioned above, dynamic programming is used to find a

solution to the problem.

The case for either the consumption, or the terminal wealth, problem when the stock is
driven by a Lévy type model is treated by Kallsen (2000) using a martingale approach.

The optimization problem is stated in the form

max E [ /0 ' U(k(t))dK (t)] :

where f(f k(s)dK (s) is the discounted consumption rate and K (t) is the consumption

clock, which determines the time of consumption. For instance, K(t) = ¢ is denoting
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consumption uniform in time, or K(t) = i ) represents terminal consumption. If
K(t) = t, then the problem considered is that in (4.1) but without terminal wealth.
If on the other hand K (t) = 1jr ), then the problem is that of maximizing terminal
wealth which is the one in (4.1) without consumption term. The model is a geometric

Lévy process of the form

Si(t) = S;(0)eX®),

where S; are the discounted stock prices and L; are Lévy processes. Explicit solutions

for the cases of logarithmic, power and exponential utilities are derived.

An often cited paper that develops a general duality approach for a general incomplete
semimartingale model is that of Kramkov and Schachermayer (1999). The problem is
that of optimal terminal wealth when the risk-less interest rate is assumed to be zero.

The problem is then that of

which is similar to Merton’s problem (4.1) but without consumption. In their results,
they consider in particular the asymptotic elasticity of utility functions as condition for
several key assertions, like, for example, the existence and uniqueness of a solution to

the problem.

Callegaro and Vargiolu (2009) obtain results for HARA utility functions under multi-
dimensional models of pure jump type. Another paper involving jump-diffusion models
is that by Bardhan and Chao (1995) who use a Brownian motion model with Poisson
jumps for a problem of the form (4.1). However, the market they consider is actually
complete. They proceed similarly to Karatzas et al. (1990), but have a different way of

changing the measure.

In this chapter we study optimal trading strategies for the problem of maximizing
expected utility of consumption and terminal wealth under a multidimensional jump-
diffusion model. This is the classical Merton problem (4.1) in a jump-diffusion frame-
work. For a pure diffusion model in a complete market, the unique auxiliary process
determined by the dual approach is the optimal consumption process and it, together
with the unique random variable determined similarly, gives the optimal trading strategy.
For our incomplete market, there does not always exist a corresponding trading strategy
for the pair determined in such a way. We modify the Karatzas and Shreve (1998) ap-
proach for the problem under a pure diffusion process in a complete market by showing
that the optimal consumption process and the optimal trading strategy are determined
by the martingale measure whose parameter is a solution to a system of (non-linear)
equations. This is in contrast with the standard duality approach, used in Kramkov and

Schachermayer (1999) for the terminal wealth and in Karatzas and Shreve (1998), where
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the optimal EMM is first obtained by solving the dual problem that uses the convex
conjugate of the utility function. Then the original problem is solved as a constraint op-
timization problem. The constraint is thereby the budget constraint. Our modification
of the duality approach has the advantage that the optimal martingale measure, as well
as the optimal consumption process and trading strategy, can be directly obtained by
solving a system of non-linear equations. As a special case, we also derive the concrete
result for HARA utilities when the parameters in the model are deterministic functions.
It can be varified that our approach also holds for either the consumption, or the termi-
nal wealth, problem. Since both the Lévy model and the pure jump model with constant
parameters are special cases of a general jump-diffusion model, the results presented here

extend the results of both Kallsen (2000) and Callegaro and Vargiolu (2009).

The chapter is structered as follows. Section 4.2 introduces the optimization prob-
lem. A set of auxiliary process will then be introduced in Section 4.3. These auxiliary
process have the special properties when compared with admissible consumption and
terminal wealth: expected utility from the auxiliary processes never underperforms ex-
pected utility from admissible consumption and terminal wealth. The actual investment-
consumption problem will be solved in Section 4.4 and applications follow in terms of
power utility in Section 4.5. The problem of either maximizing consumption or terminal
wealth is discussed in Section 4.7. The chapter is completed with a transition to partial
differential equation problems, making heavily use of Komogorov’s equation in Section
4.8

4.2 The Investment-Consumption Problems

We consider a utility maximization problem where an investor obtains utility from con-
sumption and from terminal wealth of his/her investment. Utility functions are thereby

functions as introduced in Section 3.5.

It is assumed that there are k stocks in the market as introduced in Chapter 3. Each
of these stocks follow a stochastic jump-diffusion differential equation as in (3.1), which

was given there as

dsi(t)
S0y = dt+Z§” t)dB;( +Z/\{}%htyNh(dtdy)

for ¢ = 1,...,k. The initial wealth of an investor is given by = > 0 so that following a

consumption-investment strategy (m,c) € A(x) his/her wealth evolves according to the
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stochastic differential equation
dVz.(t) = (Vf (t—)r(t) — c(t)) dt + w(t)V7 (t—)7 [a(t)dt + &(t)dB(t)]

v Z / YTyt y)Na(dt, dy), t € [0,T),
R\{O}

which has been introduced in (3.20). Admissible strategy A(x) are thereby the strategy
that lead almost surely to non-negative wealth and have been introduced in Definition
3.6.

Because of the jump processes the market is incomplete. There are more sources of ran-
domness than stocks in the market and so an equivalent martingale measure is not unique.
We have, however, parametrized each martingale measures by a pair @ = (OD , 0‘]) as in
Definition 3.1 and denoted the set of all eligible parametrizations by ©. An equivalent
martingale measure can be constructed by setting dQ = Zy(T)dP, where Zy(T) as in
(2.20). The discounted asset prices become martingales under this measure and the state
price density Hy defined in Definition 3.3 for a 8 € © can be used to take advantage
of these martingale properties while still working under the original probability measure
P. A typical application of Hy is Proposition 3.9, where it has been shown that all
admissible strategies (7, c) € A(z) satisfy the budget constraint

[ / Ho(s—) e(s) ds + Hy(T)VZ(T)| <z,

for some initial wealth > 0. This budget constraint will work as an optimization
constraint when the investor is considering the optimal consumption-investment problem.
It is assumed that the investment horizon is finite, i.e. T' < co. We will denote the utility
from consumption by U; which will be a time dependent utility function, and the utility
from terminal wealth will be given by the utility function Us. The admissible strategies

need to be constraint to be adequate for the optimization problem. Define the set

Alz) == {(ﬂ',c) € A(x)‘ E [/OT Uy (¢, ct)) " dt + UQ(V,:fC(T))—] > —oo}, (4.2)

where = := min{0, X}, and further define for initial wealth z > 0 and a strategy
(7, ¢) € A(z) the objective function by

T
J(z;m,c):=E {/0 Uy (t,c(t))dt + UQ(V;C(T)):| . (4.3)

The problem of maximizing consumption and terminal wealth, denoted by ®(x), is that

of finding an optimal pair (#,¢) € A(z) such that

O(z):= sup J(z;w,c)=J(x;7,0). (4.4)
(W,c)ej(x)
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With a slight abuse of notation we will also refer to the optimal performance function
®(x) as the optimization problem. This optimization problem consist of the problem of

finding ®(x) as well as of finding an optimal strategy pair (7,¢).

The optimization problem is solved in two steps. First, for each martingale measure
represented by 0 an ‘optimal’ auxiliary terminal wealth and consumption process is
constructed. This pair outperforms, in the expected utility sense, every admissible con-
sumption - terminal wealth pair. In the second step it is checked under what conditions
the auxiliary terminal wealth and consumption performs exactly the same as an admis-
sible consumption - terminal wealth pair. This is the case when the EMM parameter 6

and the optimal trading strategy 7 satisfy a set of non-linear equations.

4.3 Auxiliary Processes

In the following we introduce for each martingale measure parametrized by 6 a pair of
consumption and terminal wealth (cg, Yp). It turns out that the expected utility of these
pairs always performs at least as good as any admissible consumption - terminal wealth
pair. That means the expected utility of (cg, Yp) is never smaller than the objective

function J(z; 7, ¢) of any admissible pair (m,¢) € A(x).

We write I1(t,-) and I for the inverse of Uj(t,-) and U} respectively, where Uj(t,-)
denotes the partial derivative of U; with respect to its (second) variable representing the
consumption. For @ = (6P, 67) € © recall that the state price density Hy is defined by
(3.3) as Hy(t) = Zp(t)/So(t), where Zy is the Radon-Nikodym density of the measure
change as in (2.20). We can then define the function

T
() :E[/o Ho(t )11 (t,yHo(t—))dt + Ho(T)L(yHo(T))| . y>0,  (45)

and the set
0:= {6 €0 | X(y) < oo, fory >0}

Note that the subset © of © depends on U; as well as on Uy and that, for 8 € é, Xy
maps (0, 00) into itself continuously and, by the properties of utility functions, is strictly
decreasing with X(0+) = 0o and Xy(co) = 0. For fixed z > 0 and 0 € O, we now define
respectively the process c¢y(t), for ¢ € [0,T], and the random variable Yy by

cg(t) =1 (t, Xo_l(x)Hg(t—)),

(4.6)
Yy := I (X, ' (z)Hy(T)).

Clearly, both cy and Yy are non-negative. Further, in the complete pure diffusion model

of Karatzas and Shreve (1998), the EMM parameter 6 is unique, and the corresponding
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unique cy(t) and Yy are respectively the optimal consumption process and terminal wealth
random variable. However, in an incomplete market setting, @ is not unique and ¢y as
well as Yy depend on 0. The auxiliary consumption ¢y and auxiliary terminal wealth
Yy have the property that they outperform any admissible consumption-terminal wealth

pair - as can be seen in the next lemma.
Lemma 4.1. For any 6 € O, co(t), t € [0,T], and Yy defined by (4.6) satisfy
(i) B |Jy Ho(t=)eo(t)dt + Hy(T)Ys| = x;
(ii) E [ ST ULt cpt))—dt + U2(Y9)—] > —oo;
(ii6) J(z;7,¢) <E [ ST UL, co(t))dt + U2(Y9)} for all (,¢) € Ax),

where J is defined by (4.3).

Proof. (i) This follows from the definition (4.5) of Xy and the construction of ¢y and Yj.

(7)) From (3.32), it follows that

Ui(t,co(t) = UL(t,1)+ Xy (2) Ho(t){co(t) — 1} > Ur(t,1) — X' () Ho(t)
Us(Yp) > Ua(1)+ X, ' (z) Ho(T){Yp — 1} > Us(1) — X, ' (2) Hp(T).

The second inequality in both cases follows from cy(t) and Yjp, respectively, being non-
negative. Moreover, observe that Uy (¢, cg(t))™ > (Ur(t, 1)—X9*1(x)H9(t))_ > —|Ui(t,1)|—
X, (@) Hy(t) for t € [0,T] and Ux(Yy)~™ > —|Us(1)| — X, ' (z) Hp(T) and so

e[[ " U (tealt))dt + )|

0. T
> - [ wnid - we| [ ]
W= @EHT)]
B 1
= - /0 UL (t, )] dt — X7 (2) B9 [/0 so<t>dt]
—[U2(1)] - X () B2 [SJT)]
> —OO,

where the last inequality follows from Sy being bounded away from zero.
(#43) Again from (3.32), it follows that for any (m,c) € A(x)

Ui(t, c(t)) + X5 () Hp(t){co(t) — c(t)}, t€0,T7,
Uz (VE(T)) + Xy (@) Ho(T){Yy — VZ(T)}.

U

Ui(t, co(t))

>
Us(Yy) >
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Then, the result () and Proposition 3.9 together give

E UOT UL(t, co(t)) dt + Ug(Yg)] > Tz, c)

+X, (@ U Hy(t){co(t) — c(t)} dt + Ho(T){Yp — V¥ }}

= J(zime)+ A {x— [/ Ho(t) c(t) dt + Hy(T ]}

The above lemma has some similarities to a lemma appearing in Kallsen (2000). In
Kallsen’s lemma, a consumption process is assumed to be given (he considers a gener-
alised optimal consumption problem). If a Girsanov martingale Z then satisfies certain
conditions similar to, for example Lemma 4.1(%), then it has been shown that a similar re-
sult as in Lemma 4.1 (774) is satisfied. However, in our approach the argument is slightly
different. Instead, of fixing a consumption process and determining an eligible martingale
Z, a measure change marginal has already been fixed by 8. The corresponding ¢y and
Yp may or may not be an eligible consumption process and an eligible terminal wealth
respectively. Conditions under which these terms are actually admissible consumption
process and admissible terminal wealth will be given later. They represent the key result

of this chapter.
An important consequence of Lemma 4.1(744) is that
T
sup E [/ Ui(t,c(t)) dt + UQ(V%E(T)):|
(7.2)eA(z) 0

T (4.7)
< inf E [/0 Ui(t, c(t)) dt + U2(Y§)] :

0cO

so that the expected utility corresponding to these auxiliary processes outperforms or is

at least equal to the expected utility of any admissible investment-consumption pair.

4.4 The Solution to the Optimal Investment-Consumption
Problem

We have used the set of jump diffusion Girsanov kernels © as in Definition 3.1 to specify
the equivalent martingale measures. This set had to be constraint to © to fit technical
requirements of our optimization problem ®(x) as defined in (4.4). We are now interested

in a particular Girsanov kernel (or EMM) 6 € O for which the infimum in (4.7) is attained
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and in fact equality holds. That is, 6 should satisfy
T T
B(z) = inf E U UL (£, co(t))dt + UQ(YQ)] _E [/ UL (¢, ep(8))dt + Ua(Y5)
0O 0 0

We will call this measure the optimal martingale measure for the optimization problem
®(x). Recall thereby that with an abuse of notation we refer by ®(z) not only to the
optimal performance function but also to the problem of finding the optimal strategy
(7,¢). The optimal consumption process for the problem ®(z) then turns out to be
the consumption process c; as defined in (4.6) for the optimal measure represented by
0. Furthermore, we will be able to derive a trading strategy m; that is optimal for the
problem ®(x) in the sense that the supremum of E [fOT Ui(t, c(t))dt + Ua(VE(T)) | over
all (m,c) € A is attained by (m5,¢5). In fact, the trading strategy m; together with the

optimal measure given by 9 are obtained by solving a system of (non-linear) equations.

Definition 4.2. A martingale measure Q obtained by %]]:T = Zp(T) in terms of a
0 € O is called optimal for the optimization problem (4.4) if the infimum in (4.7) is

attained, i.e.

E [/OT U (L, c5(t))dt + UQ(Y(;)} — inf E UOT Ur(t, co(t))dt + Us(Yy)

0cO

where cg and Yy are defined by (4.6) respectively.

In the following such optimal martingale measures () are linked to optimal investment-
consumption pairs which solve (4.4). This will allow us to derive a trading strategy m;
such that (4.4) is solved at (m, cz). For this, we consider, for any 6 € O, the martingale
My defined by

T
Mg(t) =K [/ Hg(s—)CQ(S)dS + Hg(T)Yg ‘ ]:t:| (4.8)
0
and the process Jy defined by
t
:/ Hy(s—)co(s)ds, te 0,7, (4.9)
0

where ¢y and Yy are defined by (4.6) and Hy is defined in Definition 3.3 by
t
Hy(t) = exp( [ s [ 1oPnpas+ [ o7syranis
/ / log 65 (s,y) Ni(ds, dy) —I—Z/ / (1 S AG y))l/h(dy)ds)
R\{0} R\{0}

The martingale Mpy is non-negative and, by Lemma 4.1(7), Myp(0) = x holds a.s. for
every 0 € o. Next, define the process Vy for 8 € ) by

Vy(t) = H:(t){Mg(t) —J®)Y, teoT). (4.10)
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Then Vjy(t) satisfies Vy(0) = x, Vy(T') = Yy as well as Vp(t) > 0 for all ¢t € [0,T]. Further,
as My defined in (4.8) is a martingale, the Martingale Representation Theorem 2.13 has
shown that every martingale can be written in form of two integrals, one with respect
to a Brownian motion and the other one with respect to a compensated Poisson random
measure. To get such a martingale representation let a”(t), and af(t,y), i = 1,...,m
be the essentially unique martingale representation coefficients of My(t) so that the

dynamics of My can be written in the form

dMy(t) = aP ()TdB(t) + Z/ N;(dt, dy). (4.11)
\{0}

Although not explicitly stated, these martingale coefficients depend also on 8 € 0. We
can now formulate the central result of this chapter. The following result characterizes
the optimal strategies and shows that, under certain conditions, such strategies relate to
0 € O with the corresponding () being optimal. In particular, for such a 0c é, the corre-
sponding ¢ defined by (4.6) is the optimal consumption strategy and the corresponding
V5 defined by (4.10) is the optimal portfolio wealth process.

Recall that in Definition 3.6 the set II of all trading strategies 7 for which

holds for t € [0,7], h = 1,...,m, and vp-almost all y € R\ {0} has been introduced.
These are the trading strategies that guarantee that a jump in the stock prices does not

lead to negative wealth.

Theorem 4.3. Suppose that there exist a 0 €0 anda trading strategy w5 € 11 that

satisfy
1 ~D
VG OTED) = el () - V5087
A 0 (t.y) — 1 (4.12)
Vlt=)m5() Tyt y) = — Vy(t—)L—

Hy(t=) 6] (t, ) 0 (t,y)

for h = 1,...m, and vg-almost all y € R\ {0}. Assume further that (3.20) has a

™5, Cp), where c; is defined by (4.6). Then (15, c;) is a solution

to the problem (4.4) of mazimizing expected utility of consumption and terminal wealth

solution for (mw,c) = (m

under multi-dimensional jump-diffusion models and the corresponding wealth process is
given by
c§(t) =V53(t), as ,t€l0,T],

where Vy is defined by (4.10).
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Proof. To prove that VfA G = = V5 a.s. we show that both process follow the same stochas-
tic differential equation. Let 0 € O and w5 € 1l satisfy the system of equations (4.12).
It follows from the definition (4.10) of Vj that

My(t) Tyt
) =~y

€0, 7). (4.13)

The dynamics of My in terms of its martingale representation can be found in (4.11).
The dynamics of the reciprocal of Hy can be determined by Itd’s formula for geometric

jump-diffusions (2.17) when applied to the function f(z) = 1/z and Hyp. From (3.11)

the dynamics of the state price density are

dHy(t) = — Hy(t—)r(t)dt + Hp(t—)0P (t)dB(t)

+ Hé(t_) Z/R\{O}(eg(tyy) - 1)Nk(dtv dy)? te [0? T]'

Clearly, f'(z) = —1/22, f"(z) = 2/23, and f(z+(0—1)z) — f(z) = 1152 so that df (Hy)

can be calculated as

1 1
ng(t) = o) < (t)+ 11607 (t) !I2+Z/ {0} (67 (t,y) )yk(dy)> dt

1 9J t y -1
- 0P (t)TdB(t / k70 DN (dt, dy).

The dynamics of the products Mz(t) 4 ( y and J; ot ) ( y in (4.13) can then be calculated

using Ito’s product rule (2.18)
d(X @)Y (t) =X(t—)dY°(t) + Y (t—)dX(t) + dX(¢)dY“(t)
+ X(t—)AY (t) + Y(t—)AX(t) + AX (t)AY (t).

Thus, the products are

Mat) _ M=) r FEPNITE. aP D
dﬂé(t) Hj(t—) ([ )+ 16 (Dl %0 TP (1)
ST C P IR
+h§::1 /R o <9k(t,y) 1 T M) h(t,y)> k(dy)] dt »
+ Magt_)aD(t) —OD(t)] dB(t)
3 L al(ty) _B(ty)
’ ;/R\{O} M(t=) 67 (t,y) 0/ (t,y ] Np(dt, dy)) :

and

2o o Tat) <

H’\(t) - 69( ) Hg(t ) ( )+ Ha H2 + Z/ 0]6 t y ) Vk(dy>] dt

0
HTdB(t E / J t y 1 (dt, dy)
k ) .

(4.15)
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We can now substitute (4.14) and (4.15) into (4.13) to obtain the dynamics of dVj.
Notice also that because of (4.10) Vp(t) = Ho(t {Mg — Jp(t)}. Thus,

dVg(t) = — cylt)dt + Vg(t—) ( (&) + 1167 I + Z/ (67 (ty) — 1) Vh(d?/)> dt

R\{0}
_ ; G,D 10D = CLJ y
Hé\(t—) < (t) 6 +;/R\{O} h(tv y) h(dy)> dt
+ H@\(lt_)aD —Vg(t—)@D(t)> dB(t)
. 1 ap, t,y) T é\i(t,y)
+h:1 /R\{O} <H§(t_) 6/ (t,y) ) é\;{(t,y )Nh(dt,dy)

(4.16)

~D
for t € [0,T]. Substituting (4.12) into (4.16) and also multiplying each equation by @
and 5,‘{ respectively, and substituting into (4.16) shows that V3 is given by

dVy(t) = [Vglgt—)r(t) —CA(t)—l—VA(t—)ﬂ-g(t)Ta(t)} dt + Vi(t—) w5(t) TE(t) dB(2)
EXY [ ) w03 N ), 0.7

=1 j=1 R\{0}

Thereby, we also used that 0 € O satisfies (3.8). Then this SDE coincides with the
stochastic differential equation (3.20) satisfied by the portfolio wealth process V;‘i e that
follows the strategy (7, c;). Observing further that V3(0) = V2

£ cA(O) = z, we conclude
that V5(t) = Ve CA( ) a.s. for all t € [0,T].

To show that (7, cs) is a solution to (4.4), by Lemma 4.1 and (4.7), we only need to
show that

E [/OT Ui(t,c(t))dt + UQ(V,?’C(T))} =E UOT Ui (t, c5(t))dt + Ua(Yy)

for (mw,c) = (m5,¢c5). However, this is true if Ve CA(T) = Y5 as. The latter follows
from the facts that V' CA( ) = V5(t) a.s., t € [0,7], and that, by the construction of V7,

V3(T) = Y5 as. O

Theorem 4.3 shows that it is possible to obtain an optimal measure for the optimization
problem (4.4) as well as an optimal trading strategy 5 by solving the system of equations
given by (4.12). Recall however that the martingale representation processes aiD (t) and
aj in (4.12) depend also indirectly on the unknown 6. Therefore the system of equation
can be difficult to solve. In the next section, we will however give some examples for
cases where such a solution can indeed be found. Nevertheless, Theorem 4.3 does not

address the uniqueness issue as Kallsen (2000) did for the optimal consumption problem
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and Kramkov and Schachermayer (1999) did for the optimal terminal wealth problem,

both in the framework of a general incomplete semimartingale model.

We now turn to solutions for the dual problem of the ‘primal’ optimization problem
(4.4). In (3.29) the convex dual U* of a utility function U has been defined as the

Legendre-Fenchel transform of the function —U(—x), that is

U*(y) :== il;;o){U(x) —xzy}, y>0.

The convex dual satisfies for z,y > 0, the Fenchel inequality (3.31) which was given by
Ul)<U*(y)+zy
Equality in the Fenchel inequality holds for x = I(y).

Theorem 4.4. For y > 0, assume that 6, € O minimizes

T
J*(4.6) == E [ | vttt ar + 03 )
such that

¥'(y) = inf J'(1,0) = J'(1.6,) < o (4.17)

Assume further that, for such a 8y, there exists a wq, € Il such that (4.12) is satisfied.
Then

D*(y) = sup {®(y) —zy}, y>0,

where ® is defined by (4.4).

Proof. Note first that, by Theorem 4.3, (g, cy,) solves (4.4).

Fix y > 0. Then, for any z > 0, (m,¢) € A(z) and 6 € O, from (3.31) and Proposition
3.9 it follows that

T
J(x;mw,e) = E [/0 Ui(t,c(t)) dt + Ug(Vf’C(T))}
T
< E [ [ vttt s U5<yH9<T>>}
+ue [ " Hyt=) clt) dt + Ho(T) e (4.18)

T
= JYy;0)+yE [/0 Hg(t—)c(t)dt+H9(T)V,ﬁc(T)]
< J'(y;:0) +yz.

The arbitrariness of z > 0, (m,c) € A(z) and 6 € © implies that
O(z) < ©*(y) +zy, w,y>0,
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so that

ili% {®(z) — 2y} < @*(y), y>0. (4.19)

On the other hand, by (3.31), for given y > 0 equality holds in (4.18) if there exists
(7, ¢) € A(z) such that

c(t) = IL(t,yHe(t—)), te][0,T],
Vie(T) = L(yHy(T)),
T
E| / Hy(t—)e(tydt + Hy(T)VZ(T)] =z
0

Then, Xy(y) = z, ¢ = ¢ and V7 .(T) = Yy. In particular, equality holds in (4.18) for

(m,c) = (mg,,co,) and 6 = 6,
J(l’;ﬂ'gy709y) = J*(%Oy) +zy, x,y>0.

Now, since (g, ,cp,) solves the optimization problem (4.4) and 6, is optimal for the

dual problem of (4.4), we have

*(y) = J*(y,0y) = J(x;m9,,c0,) — vy = P(2) — 2y < sup {v(z) — 2y},

for y > 0. This, together with (4.19), leads to the required result. O

If the assumptions in Theorem 4.4 are satisfied then 6, represents the optimal martingale

measure of problem (4.4).

The dual problem (4.17) is very similar to the dual problem introduced in Kramkov
and Schachermayer (1999) but is slightly different. The difference is that the Radon-
Nikodym density of the measure change is not parametrized in terms of 8 in Kramkov
and Schachermayer’s work as it is done here. Instead the measure change density is
left in a general form d@/dP. They assume zero interest rates such that, in our case,
Hy = Zy. Further, they only consider the pure terminal wealth optimization problem
without consumption. In Kramkov and Schachermayer’s work the dual problem is then

that of finding an martingale measure () out of a set of eligible measures M such that

d
*(y) zQigﬁAE {U* <ydg>] , y>0.

Then again the relationships hold that
*(y) = sup {®(z) —zy}, y>0, and
>0

O(c) = inf {8°(y) —ay}, @ >0.

If we relate it to our work, the results coincide (neglecting consumption) when we sub-
stitute dQ/dP = Zy. Yet, a major drawback of not parametrizing the Radon-Nikodym
density is that in the general case it can not guaranteed to find the density of the optimal

measure (). In contrast, in our approach the density is always given by Zy.
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4.5 Utility Functions of Power Type

The results of the previous section are now applied to the power and logarithmic utility
functions. The optimal trading strategy and martingale measure is obtained, and in
certain cases a closed form for the auxiliary consumption ¢y and terminal wealth Yy can
be stated. We introduce the convention that mﬁ = log(z) for f =0 and = > 0 to allow

us to write the logarithmic utility function in terms of power utility.

For 8; < 1, i = 1,2, let the utility functions for consumption and for terminal wealth be

given by
U xﬁl d U xBQ
t,x) = —, an Tr)=—,
i) =5, =7

respectively. The inverse of U] is I1(t,y) = y'/(®1=1) and that of U} is In(y) = y*/(B2=1).

(4.20)

The optimization problem (4.4) then takes the form

T B1 xT,c,T B2
O(x)= sup E [/ () dt + veer() ;
(m,c)€A(z) 0 51 52

for x > 0. As far as the author is aware, such a problem has never been treated in the

literature in the context of jump-diffusion processes or similar models.

To derive a condition for the optimal trading strategy 7 and the optimal EMM 0 the
martingale representation coefficients in My in (4.8) needs to be calculated. To do this,
we decompose the state price density Hy corresponding to 6 € O as a product of a

deterministic process and a martingale
1O = 0 B (1), te0.7), i=1.2 (4.21)

where h((f) is the deterministic process given by

. . t
hg)(t) = eXp{_BiB—Zl/ ()ds+ / 1167 (s)[|2ds

(s,y)Pi/Bim1) _ Bi ol V )
+Z/ /R\{O} [Hh ') 1+ Gi — 1) (1= 65 ( ,y))} n(dy)d },

(4.22)

and f]e(i) is the martingale given by

@) Bi ("o 15 LoD
aOw) = exp{ﬁi_l/ 0P (s)TdB(s) 2(&—1)2/0 1167 ()| ]2ds

T / [ g (65,5 0) Ny, ds)

Z R\{0} )

—Z/ / GJS ,y)Pil (Bim )—1} Vh(dy)ds}.
R\{0}
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To determine the dynamics of H éi)
~ net
e” and to the exponent of Hg )_ Clearly, f'(z) = f"(z) = e” and f(z+logh5-1)— f(z) =

_B_
v [aﬁ—l - 1] Thus, for ¢ € [0,T],

we can apply Ito formula (2.14) to the function f(x) =

dH (1) = B (¢ ){Bﬁ_’lof’ t)TdB(t +Z/\{O} (67 (¢, )%/ Pi=1) 1]Krh(dt,dy)}

(4.23)
To derive a optimal condition on the Girsanov kernel and the trading strategy as in (4.12)
it is necessary to calculate Xy and the martingale My in its martingale representation

form. From the definition in (4.5) the function Xy is defined by
T
200 = | [ Holt)h .yttt + Ho(DRHD)| >0
0

Substituting I1(t,y) = y"/#1=Y and I (y) = y"/®>~Y and using the decomposition
(4.21) leads to

T a1 ~ 1 -
Xp(y) =E { /0 yo 1 hSD () B (=) dt + y7 T B (T) HY (T)} .
Since H éi) are martingales the function & has the form

Xo(y) = yPTE [/OT hél)(t)dt} +yPIE [héz) (T)} :

Xp has a unique inverse and we denote by 7y the unique point such that Xy(yy) = « for

given z. Next, the martingale Mp is defined in (4.8) by

Mo(t) =& [ [ Hats-eatoyis + u(rya | ]

To calculate My the optimal auxiliary consumption cy and terminal wealth Yy needs to

be calculated. They are given in (4.6) by

co(t) = I (t, X, ' (x)Hy(t—)),
Yo =L (X, () Hy(T)) .

Let § denote the unique value for which Xj(y) = z. Then substituting I; (¢, y) = y'/(F1=1)
and Ir(y) = y*/¥2=1) into the above equations shows that

1
()—ﬂfl "Hp(t—)7-1,
1 1

Yo =05 Ho(T)P2 1.

Define the two functions
Kig(t [/ hg(s ds\ft] . te[0,T], (4.24)
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and
Kag(t) :==E [ho(T)|F], tel0,T].

(4.25)

Substituting cp and Yy into the definition of My as well as using the decomposition (4.21)

brings My into the form

1
M (/ E[(9 61 1d5> @\;171 He(l)(t)KLg(t)
F T PO Kao(0),
for 6 € ©. The dynamics of My are given by
1

1 - _1 -
AMy(t) = G~ K1 o(t)dH (1) + 552 Ko p(t)dH, (2),

which again can be written in the following form when considering (4.23):

pr—1
-+ /y\éaQ_IﬁéQ)(t)KQ’e(t)ﬁfil] eD(t)dB(t)

hZ/R\{O} [Aﬁl 1 0( )(t_)Kw(t) (0}{(t’y)ﬁlﬁll - 1)

B ~
LR ED () Ko () (e;{ (t, )P — 1)} Na(dt, dy).

_1
dMy(t) = [@;llHS)(t)Kl,e(t)

To simplify the above expression let us introduce the following two processes
T 1
Cy(t) =E { / H9<s—>ce<s>!ft} — G THY (K (1), and
t

1
Wy(t) := E[Hy(T)Yy|F) = G2 HS (1) K0 (t).
Then the martingale representation coefficients of My are given by

b1 B2
p1 — P2 —1

) = ) (o1, y)ﬁ ~1) Wl (6= - 1),

+W()

aP(t) = [Cg(t) } 6°(t), and

for h =1,...,m. They will be used in the next proposition.

(4.26)

Proposition 4.5. Under the assumptions set at the beginning of this section, the optimal

pair (m;, 5) that solves the problem (4.4) of mazximizing expected utility of consumption

and terminal wealth has to satisfy

E()R5(t) = )+ ) { 5 _qCat)+ ﬁQ_lwa(t—)} " (1)
R 1

T o) + Wy(t-) {(@t.077 = 1) Gle-)
+ (0= = 1) W)}

o6

(4.27)



for h=1,...,m. Further, if such an optimal pair exits then the optimal wealth process
is given by V3(t) = % (C’(;(t) + Wg(t)).

Proof. The conditions on the optimal trading strategy and optimal martingale measure
(75 5) in (4.12) simplify in the one dimensional case to
(1) (1) 1
T(t) = ————
Hy(t—)Va(t—)

1 aj (t,y)
M0 = Gy [ Haove )

aP(t) - 6P(t), and
(4.28)

+1-6](t,y)].

From (4.10) and the definition of My in (4.8) and Jy in (4.9) follows that the optimal
wealth process satisfies Hy(t)V53(t) = Cy(t) + W;5(t). Substituting this together with the
martingale representation coefficients (4.26) into (4.28) shows that the optimal strategy
and Girsanov kernel have to satisfy (4.27). O

In the following, some special choices of the model parameters and the risk aversion
parameters 51 and (32 are discussed. Depending on the parameter choices, these results
relate to different work by different authors. Consider first the case when 81 = B2 = .
In that case a closed form solution can be given for the optimal consumption, the optimal
terminal wealth, and the optimal wealth process. The next corollary gives a closed form

for the auxiliary processes defined in (4.6) and (4.10).

Corollary 4.6. Let © > 0 and let Uy and Us be given by (4.20) for f1 = B2 = f < 1.
Further, define for héi) = hg as in (4.22) the deterministic function

T
Ko(t) ::E[/t ho(s)ds + ho(T)| |, t€[0,T).

Then, the auziliary processes (4.6) and (4.10) corresponding to 0 € 5) for the investment-

consumption problem (4.4) are respectively

1/(B-1)
ce(t) = - %7

Kp(0)
1/(8-1)
Yo=u- He(};i(()), and (4.29)
V() = Hy(t) Ko(t)

T Hy(t) Kq(0)°

for t €10,T).

Proof. Since I1(t,y) = y"/#=D and L(y) = y*/=V for y > 0 and t € [0,T], and since
the martingale part Hy of Hy(t)P/(B=1) satisfies .FNI(;(O) =1, for y > 0, it follows from
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(4.5) that

T
Xyly) = y"UVE [/0 Hy(8)?/P=Vdt + Ho(T)P/P=D

— yl/(ﬁfl)Ke(o)‘

Thus, the inverse of Xp is given by X, *(z) = 2971 Kp(0)'=#, for 2 > 0, so that by (4.6)

B H(t)l/(ﬁfl) B H(T)l/(/ﬁfl)
R ORI TON
Finally we have, by (4.10), that
T
) = g | [ o) + B | 7
= m;E [/T Hy(s)/B=Yds + Hy(T)?/F~1) ‘ ft]
Hy(t)Ko(0) ~ L/

_ JCﬁe(t)Ka(t) -
= ki) e [0, 7.

O

Clearly, to get a representation for the optimal consumption, terminal wealth, and op-
timal wealth process one only has to substitute the optimal Girsanov kernel 0 into the

definitions in (4.29).

Let us consider the condition on the optimal trading strategy and optimal Girsanov

kernel in (4.27). For the case 81 = B2 = (8 these conditions simplifies to

1

~D ~ _
= ﬁe (1), and  yu(t,y) mwg(t) = 6}l (t,y)/ P — 1. (4.30)

Further, taking condition (3.8) on 6 into account, it can be seen that the optimal trading

strategy 7r has to satisfy a non-linear equation that will be stated in the next corollary.

Corollary 4.7. Assuming that 51 = P2 = 3, in addition to the hypothesis of Proposition

4.5, the optimal trading strateqy 7™ has to satisfy the non-linear equation

alt) — (1 - Bo (Rl +Z /\{0} (L) {1+ 707 ()} vn(dy) = 0. (43D)

If, on the other hand, there are no jumps in the market, i.e. v = 0, then the above

condition simplifies, and the optimal trading strategy 7 is given by

o) ‘at), telo,T]. (4.32)

)
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Further, the Girsanov kernel 8 under which the discounted asset prices are martingales is
uniquely determined by (3.8) and is given by 87 (t) = —£(¢t)~'@(t). The optimal trading
strategy has then also the form
. 1
w(t) =
=5

which confirms the condition (4.30). This particular example, without a jump compo-

£t)1oP(t), telo,1),

nent, has been thoroughly investigated in Karatzas et al. (1987) and numerous other

papers.

For the remainder of this section let us consider only the one-dimensional case, with
one dimensional parameters. This is mainly for clarity purposes and the results can
be extended to the multi-dimensional case with obvious changes. For the case that
the model parameters are constants, the model becomes a Lévy process. The Girsanov
kernels can then usually also assumed to be constant such that they need to satisfy a
simplified version of (3.8) given by
a7+ [ W’ ywidy) =0,
R\{0}

Actually, since v is just a function of the jump size y and the jump size distribution
is determined by the intensity measure v, the model can be reformulated so that + is
not needed. If one adjust the intensity measure v (and with that the Poisson random

measure V) the stock prices actually follow the stochastic differential equation

dS(t) = S(t—) | adt + £dB(t) + /

R\{0}

yN (dt, dy)] .
The condition on the Girsanov kernels becomes then
a+¢o” +/ y8” (y)v(dy) = 0.
R\{o}

The optimal trading strategy 7 is then also constant and has to satisfy the optimality
condition (4.31), which simplifies to

a—r—(1-p3)EF + / %V(dy) =0. (4.33)

r\{0} (1 +7y)

This compares with the results of Kallsen (1999), who analysed the case of power utility

2l

in a Lévy model. In his version the utility function is given by U(z) = 1:; for p €

R \{0, 1}, and the optimal trading strategy has to satisfy

a—r—p§2%+/
R\{0}

where h is some truncation function. The truncation function is needed as Kallsen also

[(Hy%y)p - h(y)] v(dy) = 0, (4.34)

allows infinitely many small jumps that are not considered in our model framework. If
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these are taking away, h disappears, and the two conditions (4.33) and (4.34) coincide
since f§ = 1 — p. Notice that, although Kallsen considers the problem of maximizing
either consumption or terminal wealth, one can still make a comparison for the power
utility case. This is because it will turn out in the next section that for the power utility

case the optimal trading strategy is the same for all three problems.

The result can also be related to the paper from Goll and Kallsen (2003). In the paper
the authors present an explicit solution to the optimal portfolio problem under a semi-
martingale model with logarithmic utility. As in Kallsen (1999) the authors formulate
the problem in terms of an generalized optimal consumption problem. If the results
are stated in the above discussed Lévy model format, then Goll and Kallsen’s optimal-
ity condition become equivalent to (4.33) for the log case (i.e. S = 0). Expressed in
the terms of this thesis, Goll and Kallsen’s condition becomes that the optimal trading
strategy 7 should satisfy
sup{A(r —7) : ¢ € II} =0,

where

A(T) = (a —r)m — 722 + /R o

h is thereby again some truncation function, which disappears in the framework of the

Yy
—mh dy). 4.
()] vy (4.35)
thesis. The supremum in (4.35) is in particular obtained if 7 satisfies (4.33) with 8 = 0.

For the case that the stock prices are governed by a pure jump model with drift but
without Brownian motion part, the condition on the optimal trading strategy 7 changes

from (4.31) to

alt) —r(t) + /R L VDR DY @) =0 as

It is worth noting, however, that in that case the set of Girsanov kernels © is in general

not a singleton. The condition on the Girsanov kernels (3.8) becomes
a) =1+ [ At yldy) =0 s, (4.36)
R\{0}

and has generally not a unique solution for all ¢ € [0,7]. Yet, a case when there exists a
unique martingale measure, is when there is only one jump size at each time ¢ € [0, T].

Denoting this single jump size by (), the condition on 8”7 changes to
alt) —rt) + )87 (t)y =0, as.,
where v > 0 is the constant intensity. The unique Girsanov kernel is then given by

Ty = ) —r(t)
00 ===, te )
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In the case of a single jump size () at each time ¢ € [0, 7], the optimal trading strategy
takes the form, from (4.36), as

N I A O RO
0= [( o) 1]’ telo.1]

Expressed in terms of the Girsanov kernel 7, the optimal trading strategy is 7(t) =

1
7(¢)

The case where the utility for consumption differs from the utility for terminal wealth can

[0/ (¢)?~! — 1], which again confirms condition (4.30) for the jump part.

be significantly more complex. If there are no jumps in the market and the stock prices
are driven by a geometric Brownian motion and the condition on the trading strategy is
as in (4.27)

SORO = g AT + e foP

However, now the Girsanov kernel is known (cf. (3.9)) to be

b alt) —r(t)
0

and is therefore unique. This means that the expression on the right hand side of (4.37)

can be calculated easily as it depends on a unique 7.

On the other hand, if there is no Brownian motion in the model, the condition (4.27) is

19RO = gy LG0T 1) Gl

1 (4.38)
+ <§J(t, )BT — 1) Wa(t—)} .

In contrast to (4.37) the right hand side of (4.38) is not easily calculated analytically.
This is because, if there are several jump sizes in the model, the optimal Girsanov kernel
67 is not easily determined since the set of Girsanov kernels is not a singleton. Instead

a jump Girsanov kernel 67 has to satisfy
o)+ [ At pldn) =0, as., teDT) (4.39)
R\{0}

which has no unique solution and the market is incomplete. Thus, 0 has to be found
otherwise. If, however, there is only one jump size, then #” is the unique solution of
(4.39) and the market is complete. Then the expression on the right hand side of (4.38)

can be calculated analytically.

The section is concluded by giving some graphical illustrations of the expected con-
sumption and wealth processes for a concrete model. Also it is shown how the expected

consumption and wealth evolve over time. The simplest model is assumed, namely that
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of constant parameters, with IV being a Poisson process with parameter v and single
jump size, and we take the parameters a« = .1, r = .05, £ = .3, v = .2 and v = —.1.
This means that the yearly drift is 10%, the riskless rate is 5%, the standard deviation
with respect to the Brownian motion is given by 30%, jumps are expected to happen
every 5 years (1/v), and if a jump happens the stock price drops by 10%. It is further
assumed that investor’s initial wealth is £100 and the investment horizon is 10 years, i.e.
T = 10. As utility function the logarithmic utility is chosen so that § = 0. Figure 4.1
shows the corresponding optimal expected portfolio value and expected consumption for
the optimization problem (4.4) with both utilities being logarithmic and with the given

constant parameters.

expected wealth and consumption level

E(V(), E(ct)
100

20 L -

Figure 4.1: Expected consumption (dashed line) and wealth over time when maximizing
consumption and terminal wealth with parameters o« = .1, r = .05, £ = 3, v = .2,
y=-.1, =0 T=10

To see the impact of jumps on the optimal trading strategy we compare two optimal
trading strategies: one is for a jump-diffusion model and the other is in the absence
of jumps. For the jump diffusion case we use the same parameters as above. For the
diffusion model we drop the jump parameters with the remaining parameters unchanged,
so that ap = .1, rp = .05, ép = .3, vp = 0, and vp = 0. It turns out that the optimal
strategy for the jump-diffusion model is 7;p = .33 and the optimal strategy for the

diffusion model is 7p = .56.
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optimal trading strategy
7 = stock/(bond+stock)

stock
100

20 -

0 L L L L I L L L I L L L I L L L I L L L I bonc

Figure 4.2: Optimal trading strategy in a jump diffusion and diffusion (dashed line) case
with parameters 3 =0, a = .1, r = .05, £ = .3, vyp = .2, vyjp = —.1, and vp = 0,

vp = 0 respectively.

Figure 4.2 shows how much money an investor should invest in the stock for every unit
of money invested in the bond. Recall that the money invested in the stock is 7/(1 — )
times the amount invested into the bond. The continuous line represents the optimal
strategy in the jump diffusion case 7;p = .33, and the dashed line represents the optimal

strategy for the diffusion model 7p = .56.

4.6 Several Examples of Jump Diffusion Models under Power

Utility

In this section we consider the existence and uniqueness of an optimal trading strategy in
the power utility case with constant parameters in a one dimensional framework. Thus

the stock price is assume to follow the stochastic differential equation
dS(t
S(t(—)) = adt + EAW (1) +/ v(y)v(dy), te0,T].
The stock price is assume to be non-negative so that the jump size v(y) has to satisfy
v(y) > —1 for all y € R\ {0} (cf. Section 3.1). Let A denote the subset A C [—1,00)
in which for the given model all jumps ~(-) of the stock price lie. Further, denote by a
and b the infimum and, respectively, the supremum of the set A. For the purpose of the

following considerations introduce for @ = 0 and b = oo the convention that 1/0 = oo

and —1/00 = 0, respectively.

For a trading strategy 7 to be admissible it needs to satisfy 1 4+ 7y(y) > 0 for all
y € R\ {0}. This leads to three possible forms of the set of admissible strategies:
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(a) If =1 <a <0 < b < oo then an admissible strategy satisfies 7 € [-1/b, —1/a].
(b) If —1 < a < b <0 then an admissible strategy satisfies 7 € (—o0, —1/a].
(c) If 0 < a <b< oo then an admissible strategy satisfies 7 € [—1/b, 00).
For the remainder of this section assume that the stock jumps sizes are of the form

—1<a<0<b<ooasin (a) above. For the following, the other two cases can be

treated in an analogue way to (a).

Proposition 4.8. Let a = inf cp\ (0} 7(y) and b = supycpy (03 7(y), and let =1 < a <
0 < b < 0. Further assume that the integrals

L0 (=20 s ana [ 000 (1-22) )

are defined (possibly being £00). If the model parameters satisfy the conditions

a— 1(5 — 1o —|—/ ~v(y) <1 — M>ﬁ_1 v(dy) <0 and
_ 1 v\ |
i@+ [ a6 (1) v o

then there exists a unique optimal solution T € [—1/b,—1/a] to the optimal investment-
consumption problem under power utility with constant parameters with one stock in the

market. The unique solution can be found by solving

T+ (B 1)o7 + / ) (14 7))~ w(dy) = 0. (4.42)

7Y
R\{0}
Proof. In Proposition 4.5 condition (4.31) has been stated for an admissible trading
strategy to be optimal. This translates in the current model set up to (4.42). Using this

optimality condition, define the function
g(m) =@+ (8- om + /R MO TW) ), w11 ol (143)
Further consider its first derivative

dg

oM = G-+ (31 [ ) M+ mr) )y,

R\{0}

Since (8 — 1) is the only negative term, the first derivative of g is negative for all 7 €
[-1/b,—1/a]. That means in particular that g is downward sloping and a unique solution
7 to (4.42) must exists if g(—1/a) < 0 < g(—1/b). But this is exactly the condition stated
in the proposition. O
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Remark 4.9. (i) The argument in the above proof is that the function g(-) in (4.43) has
a solution. A sufficient condition is condition (4.41). Thereby guarantees (4.40) that the
integrals in (4.41) actually exist. In the following examples we will give, if necessary,
explicit additional conditions on the model parameters to ensure that the integrals in

(4.40) are defined.

-1
(ii) For the case that f]R\{O} v(y) (1 - %@) v(dy) = —oo, the first condition in (4.41)
is still assumed satisfied. The condition (4.41) is violated if
-1
fR\{O} Y(y) (1 - %) v(dy) = +o0.

B-1
(111) On the other hand, if fR\{o} v(y) (1 — @) v(dy) = +o0, the second condition

B—1
in (4.41) is still treated as fulfilled. If however fR\{O} v(y) (1 - #by)) v(dy) = —o0,
condition (4.41) is violated.

For the remainder of this section we check how the existence and uniqueness condition

in (4.41) manifest for various jump-diffusion models. Consider first the Kou model.

In the model suggested by Kou (2002), the logarithm of the asset price is assumed to
follow a sum of Brownian motion and a compound Poisson process where the jump sizes
are double exponentially distributed. Compound Poisson processes have been discussed
in Definition 2.5. This allows to capture two empirical phenomena in stock prices. One
is the asymmetric leptokurtic feature of stock price returns, and the other one is the
feature to capture volatility smiles. In Kou’s model the stock price follows the stochastic

differential equation

N
féi(f)) = adt+&dW(t)+d | Y (Vi=1)|, te[0,T]. (4.44)
=1

Thereby is N a Poisson process with rate A\ > 0, (V}) is a sequence of i.i.d. non-
negative random variables such that Y = log(V') has an asymmetric double exponential

distribution with the density

f(y) = pme " 1ys01 + (1 = p)n2e™ 1y o, (4.45)
where n1 > 1, 72 > 0, and 0 < p < 1 represents the probability of an upward jump.
In other words, the random variable Y could be written as

¢*, with probability p

(4.46)
—(~, with probability 1 —p

Y =log(V) = {

where ¢ and (™ are exponential random variables with parameters n; and 7y respec-

tively. The parameters a and o in (4.44) are assumed to be positive constants. The
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parameters 11 and 7y describe the severity of the up- and downward jump respectively.
The bigger 11 the more likely it is that upward jumps are big, and the bigger 7o the

more likely it is that downward jumps are big.

The Kou model is an example of the generalised model set up of (3.1). It is a one
dimensional stock model for a market with a single stock. In the set up of (3.1), the
drift and diffusion parameters become constants and the jump part takes the form of a
compound jump process such that the f]R\{D} ~(t,y)N(dt,dy) translates to (V — 1) dN(t).
Alternatively, the jump part of the changing stock price can be written as (eY — 1) dN (t)
where Y is double exponential distributed with parameters 71, 172 and p, as described in

(4.46).

For the set up used in this thesis, this translates to v(¢,y) = €Y — 1 and the jump
intensity measure takes the form v(dy) = Af(dy) where f is given by (4.45). Since
the jumps don’t allow the stock price to become negative or zero (cf. Section 3.1), the
stochastic differential equation (4.44) can be solved to

N(t)

S(t) = S(0) exp ((a - %) t4 gW(t)) [[v. telo.T).
=1

This is using the same argument as has been used when (3.4) has been derived.

Example 4.10. Assume that the stock price follows the Kou model as given in (4.44). If

the model parameters satisfy 0 < 5 +mn2 < 1 then the existence and uniqueness condition

D 1-p _
A + <. 4.47
(1—?71 1+772> (4.47)

given in (4.41) becomes

If the model parameters satisfy 4+ n2 > 1, in addition to (4.47), the the additional

condition

a P _ (L=p)ne
a+)\<(/8—771)(5—1—171) (6+772)(5—1+772)> <0 (4.48)

needs to be satisfied to guarantee the existence and uniqueness of an optimal trading
strategy. The unique optimal solution T € [0,1] to the optimal investment-consumption

problem under power utility in the Kou model can then be found by solving

B-1

a+(-Dorr [ (=) (147 -1) )y =0, (4.49)

R\{0}

Proof. The corollary follows from Proposition 4.8. Since in the Kou model the size
of jumps reaches from a = —1 to b = oo, only trading strategies in the set [0,1] are
admissible. The condition for existence and uniqueness derived in the proof Proposition

4.8 becomes therefore g(0) > 0 > ¢(1), with g as in (4.43). The first integral can be
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evaluated as

g0y =a+x [ (1) f(dy)
R\{0}
=a+ )\/ (e —1) (pme_myl{yzo} +(1- p)7726772y1y<0) dy
R\{0}

—a+ )\pm/ e(l_nl)ydy _ )\1”71/ e MYy
0 0

. (4.50)

0
+A(L - p)nz/ eIy — \(1 - p)772/ eV dy
—o0

—00

:a—)\plilm —)\p-f—)\(l—p)lj_QnZ —A1-p)

_ P 1—p
=a—A\ + .
(1—m 1+772)

The second integral, g(1), is given by

Y G L 70

=a+ )\/R\{O} (e¥ —1) e(B—1y (pme*"lyl{yzo} +(1— p)nge"2y1y<o) dy

=a+)\p771/ e(ﬁm)ydy_)\pm/ e(B=1=m)y gy,
0 0

0 0
+A(L - p)m/ ePHm)dy — \(1 - p)nz/ eB=1tm)y gy,

—0 —o0

If 0 < B+m2 < 1 then the last integral in the above equation is infinite so that g(1) = —oc.
Thus, g(1) < 0 as required in Proposition 4.8. If 5+ 72 > 1, then g(1) is finite and can
be evaluated as

g() =a—dp2 7

+Ap———
B —m f—1—m

gy
B+ P 1
- pm 3 (L—p)n

a +)\<(ﬁ—m)(5—l—m) (5+n2)(ﬂ—1+n2))'

Thus, to guarantee that g(0) > 0 > g(1) the conditions as stated in (4.47) and (4.48)

+A(1—p)
(4.51)

need to be satisfied. If they are satisfied an optimal solution 7 exists and is unique. [J

Remark 4.11. The conditions 0 < B+ n2 < 1 and B+ n2 > 1 in the above example
ensure that the integrals in (4.40) are actually defined. That means it is necessary and
sufficient that the model parameters satisfy either 0 < S+m2 < 1 or B+1n2 > 1 to ensure
that the integrals in (4.40) are defined.

If the stock price follows a similar model as before but has now jumps following a Gamma
distribution, similar conditions can be given. Assume a stock model as in (4.44) but let
V; be Gamma distributed such that for &k, 6 > 0 the probability density function is given

by
. e~ /0

fly) =y" T

y >0, (4.52)
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whereby I' is the Gamma function I'(z) = [~ t* " te~dt, z € R.

Example 4.12. If the stock price follows the model as given in (4.44), but where jumps
follow a Gamma distribution as in (4.52) with intensity X > 0, the existence and unique-

ness condition given in (4.41) becomes

a+AkO—1)>0, and
(4.53)

a+(B-1)o+ F(Ak) (95r(k +8) =0T (k+ 6 — 1)) <0.

If condition (4.53) is satisfied, the unique optimal solution © € [0,1] to the optimal
wnwvestment-consumption problem under power utility with Gamma distributed jumps can

be found by solving

a+(f-1)o7 + )\/ -1 (1+7 - 1)>ﬁ71f(y)dy —0.  (4.54)

R\{0}

Proof. This corollary is derived in the same way as Corollary (4.10). The jump parameter
becomes y(y) = y — 1 and the jumps have the density (4.52). Conditions (4.53) will be
shown to be equivalent to g(0) > 0 > g(1), with g as in (4.43). First,

g(0) =a+ )\/Ooo(y C ) )y = @ + Ak — 1),

Since it is needed that g(0) > 0 a necessary condition is that @ + A(k§ — 1) > 0.

Calculating the second condition gives
o) =5+ (3= Do+ A [ =1y )y
_ A o148 y/0 /OO h—145—
-1 - Y/0 4y — +B-1,y/0
a+ (B )G+9k1“(k) (/0 y eY?dy ; y e??dy

+(B—1)o+

|
o]

akrAUf) (e’f+ﬁr(k +8) = 0* I (k4 5 — 1))

I
o]

+(B—1)o + F(Ak) (aﬁr(k: +8)—0° D (k+ 8 — 1))

As it is needed that ¢g(1) < 0, condition (4.53) needs to be satisfies for a unique optimal
strategy to exist. O

As a final example log normal distributed jumps are considered. The stock model is
again assumed to follow a stochastic differential equation as in (4.44) but this time V' is

log normal distributed with parameters (m, s) and density

1 _ (n(z)—-m)2

flz) = e 22, zeR,. (4.55)

TSV 2w
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Example 4.13. If the stock price follows the model as given in (4.44), but where jumps
follow a log normal distribution with density (4.55) with intensity X > 0, the existence

and uniqueness condition given in (4.41) becomes

32
a+ A <6m+2 — 1> >0, and
252 $2(B—1)2 (4-56)
a+(B—1o+A (e2+’3m —e 2 +(’81)m) <O0.

If condition (4.56) is satisfied, the unique optimal solution 7T € [0,1] to the optimal
investment-consumption problem under power utility with log normal distributed jumps

can be found by solving (4.54) with f being the log normal density as in (4.55).

Proof. As in the previous proofs. The values g(0) and g(1) needs to be calculated:

g(O):a+>\/

(y—Df(y)dy=a+AE[V]-1)=a+ A (em+f _ 1) _
R

This derives the first part of (4.56) since it is required that g(0) > 0. To calculate g(1)

consider first only the integral part

1).8-1 _ [ .5 _ {81
/R(y Dy” " f(y)dy /Ry f(y)dy /Ry f(y)dy

1 (/ gop —(ny=m)? / g_g —ny=m?
= yoe 2w ody— | ytTte 27 dy).
SV 27T R+ R+

To calculate the integrals apply the substitution z = Iny such that dy = e®dx. After

simplification, the integral takes then the form

1 — 4 (Tp—(s2B+m)]?—(528)2—252 8m,
L= v sty = ([ st e,

sV 2w

_ / o5 ([ (2 E D tm)]* ~(2(8-1))2-252(3-1)m) dy>
R

<252 2512
_ A _ S (8- ym

Thus, ¢g(1) can be calculated as

5282 s2(8—1)2
gl)=a+(B-1)o+ A (e2+5m - eg+(51)m> '

4.7 Optimizing the Expected Utilities of Consumption or
Terminal Wealth

The previous sections were focusing on the combined consumption-investment problem.
This is, the investor objective is to maximize his/her terminal wealth as well as the con-

sumption during the investment period. This combined problem can be naturally split
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into two problems where a financial agent is either interested in maximizing expected
utility from terminal wealth or expected utility from consumption only. The two prob-
lems can be solved in an analogue way as the combined investment-consumption problem
has been solved. The objective functions for the problems of consumption or terminal

wealth are given, respectively, by

T
Jl(a:;ﬂ,c):IE[/O Ul(t,ct)dt} and  Jo(z;m) = E [U2(VE(T))],

and the admissible strategies for both optimization problems are changing to

Ai(z) = {(ﬂ',c) € A(x)‘ E [/OT Ul(t,ct)_dt} > foo}, and
Ao(z) = {(ﬂ-,c)eA(x)‘ E [Ua(VE(T)) "] >—oo}.

The problem of maximizing consumption is then that of finding an optimal pair (71,¢;) €
Aj(z) such that

®y(x) == sup Ji(wimw,c) = Ji(x;7w, ). (4.57)
(m,c)eAL(x)

The problem of maximizing terminal wealth, on the other hand, is that of finding an
optimal strategy 72 such that (72,0) € Ay(z) and
Po(z):=  sup  Jo(w;m) = Jo(z;m2) (4.58)
(m,0)€Az(z)
Again with a slight abuse of notation, we refer to the performance functions ®; and ®»
respectively as the optimization problems. These problems consist of finding the optimal
performance functions, the optimal trading strategy, and the optimal consumption plan

for the consumption only problem.

The two problems relate naturally to the combined investment-consumption problem. If
one considers maximizing consumption only then terminal wealth should be zero, other-
wise the utility of consumption could be increased by consuming the positive terminal
wealth. However, maximizing J(z;m, c) under the constraint that V' .(T') = 0 is equiv-
alent to maximizing Ji(x;7,c). On the other hand, if one is interested in maximizing
terminal wealth only then no consumption should take place since consumption only
reduces wealth. However, if consumption is zero, then maximizing J(z;m,0) is equiva-
lent to maximizing Jo(x; 7). Thus, the problems of maximizing consumption or terminal
wealth can be related to (4.4) by introducing the constraints V7.(T) = 0, a.s., and ¢ = 0,

a.s., respectively.

To obtain analogue results as in Section 4.3 and 4.4 for the consumption only problem

it is necessary to make some modifications. For y > 0 define the function
T
XLg(y) =K [/ Hg(t)[l(t, yHg(t))dt , (459)
0
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which is the consumption only equivalent to (4.5). The set of jump-diffusion Girsanov

kernels is constraint to the set
O, = {0 €O Xiply) <oo,y> 0}.
Defining for 6 € O the auxiliary consumption and terminal wealth pair

CI,G(t) =1 (t, leel(x)Hg(t)), and
le,@ = 07

(4.60)

then the corresponding version of Lemma 4.1 is given as
(i) E {fOT H@(t)clyg(t)dt} =z,
. T _
(id) B[ Jy Urlt,ero(t)dt] > —o0,
(i) Ji(z;m,¢) <E [ o, cl,g(t))dt} for all (7, ¢) € Ay (x).

It follows that

E[ /0 TUl(t,c(t))dt] < (ﬁggl(m)xa{ /0 TUl(t,E(t))dt)} < gienéflE[ /0 TUl(t,c§(t))dt}
< E { /0 ' Ul(t,cl’g(t))dt}

and, thus, in particular

E [ /0 N c(t))dt] <E [ /0 N clﬁ(t))dt}

for any (7, ¢) € Aj(z) and 6 € ©1. Equivalent to Definition 4.2 the optimal martingale

measure can be also defined for the consumption only problem.

Definition 4.14. A martingale measure @ obtained by Z%\;T = Zp(T) 1in terms of
6 € O is called optimal for the optimization problem O () in (4.57) if it satisfies

E [ /0 ' Ul(t,clﬁ(t))dt] = inf E [ /O ! Ul(t,cw(t))dt}

[USSH

where c1 9 as defined in (4.60).

For the terminal wealth problem the modifications are similar. The function Xy needs
to be changed to
Xoo(y) == E[Ho(T)L(yHe(T))], y >0, (4.61)

and the set of martingale measures is constraint to
Oy := {0 €O Ayg(y) < oo,y >0}. (4.62)
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The auxiliary consumption has to be zero as already mentioned in the remarks above.

Further, the auxiliary terminal wealth is defined by

c29(t):=0, te[0,T], and
1 (4.63)
Yoo = I (X;ﬁ (:1:)) .

The equivalent results from Lemma 4.1 are then given for 8 € O by

(i) E[Hy(T)Ysg] =
(1) E[Ua(Ya)"] > —o0,

(117) Jo(x;m,c) < E[Up(Yap)] for all (7, c) € Ay(x).
Similarly, for the terminal wealth problem it follows that

E[(VZo(T)] < swp  E|U(VE(T)] < inf E[Ua(Yp)] < E[U2(Y0)],
(7,0)€A2(x) 0€02

thus, in particular
E [U2(V7o(T))] < E[Ua(Yap))
for any (m,c) € As(z) and 0 € Oy. An optimal EMM can be defined for this problem

in the following way.

Definition 4.15. A martingale measure @ obtained by Z%\;T = Zp(T) in terms of
0 € Oy is called optimal for the optimization problem Oy () in (4.58) if it satisfies

E |Ua(Y)] = inf E[Ua(Ya0)

where Ys 9 as defined in (4.63).

To apply the results from Theorem 4.3 to either the consumption or terminal wealth
problem. The processes My, Jy, and Vp defined in (4.8), (4.9), and (4.10) respectively

need adjustment. For ¢ = 1,2 define the following processes

Mz&( —E|:/ H@ ng( )dS+H9 19‘;,5 s
/ Hp(s)cip(s and (4.64)

Vip(t) = = Jis(t)),

HO( ) (M B(t)

respectively. ¢ = 1 represents thereby the consumption problem and ¢ = 2 the terminal

wealth problem.
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Proposition 4.16. For the consumption problem i = 1 and for the terminal wealth
problem i = 2, the optimality condition in (4.12) on the optimal Girsanov kernel 0 and

the optimal trading strategy w5 takes respectively the form

mTED) = e -8 )
’ (i), > (4.65)
()Tt y) = : 4 10y) _ Gby) =1
Hz(t=)V,5(t=) 0](t,y) 07 (t,y)
for h = 1,...,m, and vp-almost all y € R\ {0}. Thereby is Vig defined as in (4.64),
and DL and aD' are the martingale representation coefficients of the martingale

Mo defined in (4.64). If the conditions are satisfied then the wealth process for the

corresponding problem is given by V. 5(t).

As an application of the above proposition let us continue the power utility example
from the last section. Interestingly, it turns out that the optimal Girsanov kernel and
trading strategy (5,7?) have to satisfy the same conditions (4.31) in the individual
terminal wealth and consumption problems as they do in the combined terminal wealth
and consumption problem. There is no need to differentiate the risk aversion parameter
B for terminal wealth and consumption since they are now separate problems. So let
B < 1 the power utility risk aversion of the investor, so that U(t,z) = U(x) = % and
I(y) =y7 .

Then the function X as defined in (4.59) takes the form

e g e
Xio(y) = ‘* [/ Hy(t)?- ]ZyﬁllKl,e(O),

where Kjg is defined as in (4.24). Then the inverse of X is given by X, (z) =

-1
(ﬁ(o) so that the martingale M; g defined in (4.64) can be calculated as

Mo = (Klfz(o)y_l B [ /0 ) He(s)‘flds‘ﬁ}

_ (KL”:@Y_I [/Ot Ho(s)71ds + flg(t)KLg(t)}

Clearly, the dynamics of Mj g can be calculated as

T

51 B
(0)> Kl,e(t)dHO(t)

Mig(t) = <K1 0

= (sgw)  So0Fo) (207 0an

+/R\{0} <9J(t, y)% — 1) N (dt, dy)]
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On the other hand from (4.64) we have

Ho(t)Vio(t) = (K:;(O)Y_IE I ' (s as|7 = KL‘Z(O))B_I Kyo(®)Ho(t)

so that the dynamics of M g can be rewritten as

dMyg(t) = Hp(t)V1,6(t) [ﬁﬁD(t)dB(t) +/

B8 ~
B—1 R\{0} (ej(t’ Y- 1) N (dt, dy)

(4.66)

Now, on the other hand consider the martingale for the terminal wealth problem. We
follow the same procedure. Then the function &g as defined in (4.61) takes the form

1

e 8 BN
Xog(y) =yP1E [HG(T)’“} = yP1Ky4(0),

where K g is defined as in (4.25).

B—1
The inverse of Xog is given by X;, (z) = (*) so that the martingale Ma g

K26(0)
defined in (4.64) can be calculated as

Ma(t) = (I(;;(()))B_lE [Ho(T) 7| 7] = ( o (0)>ﬁ_1ﬁ9(t)K2,e(t)-

)

Considering that from (4.64)

x A1 B T p-1 ~
HVeo0) = () E[O7T1R] = (g ) KaoFot
so that, as before, the dynamics of My can be calculated as
x A-1 ~
dMsp(t) = (Klg(())> Ki9(t)dHo(t)

= Hy(t)Vao (1) [ﬁe%)dB(t) + [

J 2 N\ v
o . (07t y)7 7 —1) N(at, dy)]

(4.67)

Comparing the martingale coefficients from (4.66) and (4.67) one clearly sees that the

martingale coefficients that are given for ¢ = 1,2 by

0D (8) = Hy(t)Vao(t)=2—6P(#), and

-1
a(ty) = HoVaul®) [ ("7 1))

R\{0}
and give the same condition on (6, 7) when substituted into (4.65). This condition is
the same as in (4.30), which is
1 ~ A
§(t) m(t) = ﬁw(t% and  (t,y) my(t) = 07 () 77D — 1.
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Thus, the optimal trading strategy for all three problems and the case 51 = f2 = 8 has
to satisfy (4.31)

alt) —r(t) = (1= B)EW)° 7 (t) + /R\{ }v(t, {1 +7(t)y(t,y)} v(dy) = 0.

0
Analogue to Corollary 4.6 it is possible to derive some results on the auxiliary consump-
tion, terminal wealth, and wealth process for 6 € (:)Z-, 1 = 1,2. For the consumption
problem the auxiliary processes are given as
Ho(t)l/(ﬁ—l)

c1,0(t) Kro(0)

Yigp = 0,

t €[0,T],

where K g as defined in (4.24) with hy defined by (4.22) and the auxiliary wealth process
Vi g(t) is given by

Hy(t) Kio(t)
Hy(t) K14(0)’

The corresponding auxiliary processes for the terminal wealth problem are given by

Vip(t) == t e [0,T).

cop(t) = 0,
B HG(T)l/(B*I)
Yap = @ ho(T)

and the auxiliary wealth process V3 9(t) as defined in (4.64) is given by

Hy(t)
Hy(t)’

Vap(t) =x t€[0,7T]. (4.68)

These results can be proven analogously to the proof of Corollary 4.6. If the optimal
EMM can be obtained in form of 5, then the optimal consumption, terminal wealth,
and wealth process can be obtained by substituting 6 by the optimal 0 in the above

equations.

When maximizing utility for consumption only the expected consumption and wealth
processes behave similarly to those in the investment-consumption problem. This is

shown in Figure 4.3, where all parameters are as given in the previous section.
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expected wealth and consumption level

E(V(), E(ct)
100

20 - B N

Figure 4.3: Expected wealth and consumption (dashed) over time when maximizing

consumption with parameters « =.1,r=.05, (=3, v=.2,v=—-1,6=0,T =10

However, for the terminal wealth maximization problem the situation is very different
from that in the investment-consumtion problem, since there is no consumption. It can
be seen in Figure 4.4 that the expected wealth increases exponentially in time, where

again all parameters are as given in the previous section.

expected wealth

E(V(t)
150 -

100

Figure 4.4: Expected wealth over time when maximizing terminal wealth with parame-
tersa=.1,r=.05¢(=3,v=2,v=—-.1,=0,T=10

4.8 Relationship to Partial Differential Equations

In this section we relate the martingale results on optimal portfolios to partial differen-

tial equations. The key tool to make the transition from stochastic processes to partial
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differential equations is the Kolmogorov equation. The results of the Kolmogorov equa-
tion can particularly be applied to the optimal terminal wealth problem on which we are

going to restrict ourself in this section.

The model parameters «,&,~ and r are assumed to be deterministic, continuously dif-
ferentiable with bounded spacial gradients. In particular, it is assumed that all jump-
diffusion Girsanov kernels are deterministic too. That is the set of processes © shall
only contain deterministic processes. This means in particular that the stock prices
Si, 1 = 1,...,n, and the risk-less asset Sy become Markov processes. Further, the
Radon-Nikodym densities Zy as well as the state price density Hy are then also Markov
processes. However, the wealth process V¥ of a trading strategy m is Markovian if and
only if the trading strategy 7 is a Markov process. If this is the case 7 is called a Markov
or feedback strategy. Its value then depends on the current time ¢ and the current level

of wealth.

To relate the martingale approach results to PDEs and finally to the Hamilton-Jacobi-
Bellman equation of stochastic control it is necessary to modify the terminal wealth

problem of Section 4.7. For (s,v) € [0,7] x (0, 00) introduce the optimization problem

(s,v) = EsAu(p )E[U(V;’”(T))], (s,v) €10,T] x (0,00), (4.69)

where V; is the wealth process of the strategy 7 that starts at v at time s, instead of

x at time 0. This wealth process was given as the solution to the SDE (3.13) by

7d‘/§f’v(t) =r ™ a Y
yEoy = FOdE (T | @(t)dt + £()dB(?) +hzl /R o) Yt y)Nu(dt, dy) | ,

with new initial condition V" (s) = v. The set of admissible trading strategies is thereby
A(s,v) == {m|V>" >0, and Emin{0,U (V>*(T))}] > —oo}.

This extends naturally the problem ®3(z) in (4.58) in the sense that the wealth problem
starts now at time s instead of time 0. In the case that s = 0 and v = z the optimization

problem ®3(z) from (4.58) is recovered.
For 6 € © we allow the state price density Hy from Definition 3.3 to start at h at time
s and denote it in this case by Hg’h. It then satisfies the properties

HYM(t) = hHP'(t), and HY'(t) = Hy' (s) HY' (1),

for 0 < s <t <7T. Since for 8 € O the density Zg’z that starts at point z at time s is
still a martingale since Zg lisa martingale, the state price density H 98 M still preserves its
usual properties and behaves like Hy but with a different starting point. In particular,

for @ € ©, what holds true for Zy and Hy still applies to Z,* and H, g’h respectively.
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Analogue to the definition of X3 g in (4.61) let the function Xy(s,y) be defined for (s,y) €
[0, 77 % (0,00) by
Xy(s,y) == E[Hy (D)1 (yH (1)) (4.70)

To guarantee that Xy has an inverse function X9_1 the jump-diffusion Girsanov kernels

are restricted to the set
Or = {0 € O Xy(s,y) < 00, (s,y) €[0,T] x (0,00)}.

The above set O relates to the set O introduced in (4.62) but is now time extended,
hence the T' subscript. It is assumed that (:)T is not empty - which is the case if (:)2 is

non-empty.

Similar to the definition of Y] ¢ in (4.63), define for 8 € Or and (s,v) € [0, 7] x (0, 00)
the random variable

YU = I(&x; (s, 0) HY (T)), (4.71)

where 1 is, as usual, the inverse of the first derivative of the utility function U. From its

construction it clearly has to satisfy a budget constraint of the form
E [H;’l(T)Y;’”} _— (4.72)

This again relates to the budget constraint E[Hy(T")Y2 9| = « of the terminal wealth only
problem ®9(x). Since Hy(T) = Hg’l(T)Hg(S) the above budget constraint can also be
written in the form E [Hp(T)Y,""|Fs] = Hp(s)v.

Remark.
The idea for the definition of the random variable Y, in (4.71) comes from considering

the constraint optimization problem

max E[U(V;")] st E[HY'(D)Y;"] =v.
Yes,v

A Lagrange multiplier technique L(Y,"",y) :=E [U(Y;’v) +y(v— Hg’l(T)Yos’v)} can be
applied that leads to the optimal candidate

S,v s,1
Yyt = I(yHy (T)).
If Y, should satisfy the budget constraint (4.72) it has to be of the form (4.71).
Theorem 4.17 (Kolmogorov equation). Let X (t) be the solution of

dX(t) = a(t, X(t))dt + b(t, X (t))dB(t) + /R o c(t, X (t),y)N(dt, dy)

for smooth (continuously differentiable) a, b, and ¢ with bounded spacial gradients. Define
u(s,z) = E>*[f(X(T))] (4.73)
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for a C? function f with compact support. Then u satisfies the Kolmogorov equation

85’11(8, l’) + a(3> x)&v“(& l‘) + %b2(87 $)8;mcu(3, l‘)
. (4.74)
+/R\{0} [U(va +C(S7‘T’y)) U(S’x)] V(y) vy =

with terminal condition w(T,z) = f(z).

A proof of the theorem can be found in Hanson (2009). A version where the stochastic
process follows a diffusion process can be found in Schuss (1980). The theorem shows
how stochastic processes link to the solution of certain partial differential equations.

The Kolmogorov equation can be modified to allow a discounted version of the function

fFX(T)).

Corollary 4.18. Let X (t) be the solution of

dX (t) = alt, X (t))dt + b(t, X (£))dB(t) + /R " c(t, X(t), y) N (dt, dy)

for smooth a, b, and c that are such that a unique solution exists. Let r be a continuous

integrable discount rate. Define
v(s, x) 1= E%[e o r@dug(x(T))] (4.75)

for a C? function f with compact support. Then v satisfies the modified Kolmogorov

equation

0sv(s,x) + a(s,z)0yv(s,z) + %bQ(s, x)0z (8, )
(4.76)
v(s,x +c(s,x,y)) —v(s,z)|v(y)dy = r(s)v(s,x
# [ b)) el m)] o)y = r(s)ecs,2)

with terminal condition v(T,x) = f(x).

Proof. Define the function u(s,z) = el r(w)dwy (s 1), Then it is known from Theorem
4.17 that u satisfies the equation (4.74). Differentiating u one obtains the derivatives
Osu(s,z) = — r(s)efsT r(w)dwy (s, x) + eld rwdw g p(s, x),
_ fT r(w)dw
Ozu(s,z) = els 0,v(s,x), and
Ozzu(s,z) = eld rwdwg (s, ).

Substituting this into equation (4.74) and multiplying by e~ J rw)dw 1eads to equation
(4.76). 0

Before the first application of the Kolmogorov equation is presented, it is necessary to

determine an expression for Xp(s,y) of (4.70) under @) expectation.
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Lemma 4.19. For 6 € O the function Xy defined in (4.70) is given under Q-expectation
as
Xp(s,y) = EQ [e— I ’”(u)d“I(yH;’l(T))} . (4.77)
Proof. In the following the property Zg’l(T) = Zg’l(s)Zg’l(T) is used. Consider the
right hand side of (4.77). Then
B [ KT ()] =B (2 (e F T ()]
- f@[mwmwﬁmmﬂ
2 (s)| E [Ep (01 (g (1) |
= E [ (1)1 (y 115" (7))

= Xy(s,y) asin (4.70).
O

The modified Kolmogorov equation introduced in Corollary 4.18 can be applied to the
state price density H g 1 under @-dynamics and the function Xy(s,y) under Q-expectation
as in (4.77)

Corollary 4.20. Let 8 € Op. Then the function Xy(s,y) defined in (4.70) solves the

stochastic Dirichlet boundary value problem

am@ﬁw((HwDW Zﬂm%%wwwwmﬁwwm

+ 5Y 210 ()| Oyy X (s, y +Z/R\{0} Xy (s 03 (s, z)) — Xo(s,y)] 0/ (s, z)vp(dz)

_T(S)XG(Sa y) = Oa
(4.78)
for (t,y) € [0,T) x (0,00), and
Xo(T,y) =1(y), for Q almost all y € (0,00).
Proof. Consider the Q-dynamics of the state price density H, ! that starts almost surely
at 1 at time s. Since N9(dt,dz) = N(dt,dz) — 0;(dt,dz)v(dz)dt we have N(dt,dz) =

N@(dt,dz) + (65(dt,dz) —1)v(dz)dt. Thus, the dynamics of the state price density Hg’l

under @) can be derived from 3.11 as

dH) (t) = Hy' (¢ )[( r(t) +110p(t ||2+Z/

+0p(t)TdBY(t) + /R\{O} (67 (dt, dz) — 1)N,?(dt,dz)] :

(65 (dt,dz) — 1) Z/h(dz)> dt
R\{0}
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The compensated Poisson measure N,?(dt, dz) has the intensity measure 63 (dt, dy) vy, (dy).
That means that the jump related drift term in ng’l is given by

/ (6 (at. =) — 1) — (6] (dt. d=) — 1)0] (dt.d2)] (=)
2\ (0}
= - / (67 (dt,dz) — 1) vy (dz)
R\(0)

for h=1,...,m. From (4.77), the function Xp(s,y) has under @Q-expectation the form
Xy(s.y) = B9 [ It (y (7).
Then the Kolmogorov backward equation for jump-diffusion processes Corollary 4.18 can

be applied to Xy and Hg’l to derive equation (4.78). O

The partial differential equation (4.78) will help to derive a feedback form of the optimal
trading strategy for the problem ®(s,v) in (4.69). In particular, it is shown that the
optimal trading strategy 7 to ®(s,v) is a Markov strategy and depends only on the
current time and the current level of wealth. The notion of the optimal martingale
measure will be used and is taken over from Section 4.7. As in Definition 4.15 the

following is the time extended analogue.

Definition 4.21. A martingale measure QQ obtained by %\}-T = Zyp(T) 1in terms of
0c Or is called optimal for the optimization problem ®(s,v) in (4.69) if it satisfies

=[] - it 205

where Y, is defined as in (4.71).

Lemma 4.22. Let 0 represent the optimal equivalent martingale measure for the problem
®(0,x) in (4.69) for x > 0. Then the optimal trading strategy 7 can be written in feedback
form 7 (s,v) and satisfies for (s,v) € [0,T] x (0, c0)

1 X (s0)

m(s,v)T€(s) = ;m
X é\ )

p(s),
(4.79)

k
~ 1 7 1
27’[’7;(8,’0)’%]1(8,2) - ;Xg (370}1, (87Z)X§ (871})) - 17
for all z€ R\ {0} and h=1,...,m.

Proof. Let 6 be the optimal EMM. From (4.71) the optimal terminal wealth is then
given by

Y2 = 1(X5 (s, 0) HZN(T)).
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Since the discounted wealth process is a martingale under the martingale measure @ it
follows that, substituting Yf v
VE(t) = el TR = I Ty 0| 7
0
- (4.80)
= EQ [en STty (271 (0,2) HY (1)) | 7
As has been seen in (4.77), the function Xy defined in (4.70) can be written under Q-
expectation as
Xy(s,y) = BQ [ @yt (7))

Comparing this with the last expression and using that Hg’l(T) = HOY(t)HYY(T), the

optimal wealth process, given in (4.80), has the form
VE() = A, (t, x40, a:)Hg’l(t)> (4.81)

For fixed x > 0 define y = Xg_l(O, x). It is known that the discounted wealth process is a

martingale and has dynamics given by (3.22). The same should be true when discounting
X (t,gHY (¢

the process in (4.81). It6’s formula 2.17 is applied to W (under @ dynamics)

so that

5 (6 7HY (1))
d So(t)

1 o~ ~ o~
=G 10 (BFH (42) + FHG (1) | =r(s) + 118 ()]
_Z/R\{o} Hh (ds,dz) — )Vh(dz)ds] Oy Xy (t, Z/\Hg’l(t—)>

~2 770,1 ~770,1
+ TP HY ()80 ()] POy (1, TH (1))

dVZ(t) =

" /R\{O} [0 (s, HG (28] 5, 2)) = Ao, THG (1=)] 015, 2)on(d=) s

()% (L7HY () |
1
So(t)

501(t Z /]R o (L. GHY (11871, 2)) - X (LGHY (1)) | N2 (dt, dz).

The term in the curly brackets is according to (4.78) zero, so that the above term

GHY! (t-)0,%; (t, GHY! (1-)) Op(1)TdBC

simplifies to

de?(t) :Sol(t) C/U\Hgvl(t_)ﬁy_)(g (t, @\Hg’l(t—)) b\D(t)TdBQ
) i Jevoy [ (t G _)ef{(t’z)> — 4 (t’ gﬂg’l(t—m N (dt, dz).

(4.82)
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Observing the term 0, X5 (t, @HQ ! > in the Brownian motion part of the above equa-
tion, it can be seen that since V¥ (t—) = &} (t,@Hg’l(t—)> it has to hold that

1
—1 -
Ou X5 (8, VE(t-))

~770,1 —
0,X; (t,yH§ (t—)) — 0,X; (t, XL, vz(t—))) -
where the inverse function theorem has been applied in the last step. Thus, using that

@\Hg’l(t—) = Xé\_l (t,VZ(t—)) the equation (4.82) can be written as

1 Xg_l (t, V?f(t—)) R .
So(t) O, Xil (t V}(t—)) 0p(t)"dB

dVi(t) =

t XL VE(-)) 01t z)) - vg(t—)} NO(dt, dz).
R\{O}

The above equation can be compared with the dynamics of a discounted wealth process

of a trading strategy 7, which are found in (3.22) as

AV (t) = V2 ()7 (1)TE(t)dBO + V(1 Z /R\{O} Bya(t, 2)NO(dt, dz).

For these two processes to be the same, the optimal trading strategy has be a Markov

process that satisfies (4.79). O

It becomes clear from the condition on the optimal trading strategy (4.79) that 7 has to
be Markovian. The next corollary will be important, when the Hamilton Jacobi Bellman

equation is proven in Theorem 4.24.

Corollary 4.23. For 0 € O, the function Gy(s,y) defined by

Go(s,y) :=E [U (1 (yH;’l(T)»} (4.83)

satisfies the stochastic Dirichlet boundary value problem

ayGG(Sa y)

0sGy(s,y) [Z/R\{O} 0 (s,2) — Dwp(dz) + r(s)

+ 297110(5)] Py, Gols. v +Z/\{ | [Golo. 18 2)) = Gulos)] =) =0,
0

(4.84)

for (s,y) € 10,T) x (0,00), and

Go(T,y) =U(I(y)), for P almost all y € (0,00).
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Proof. The dynamics of the state price density Hg’l starting at s are given in (3.11) by

dHSM () = HY'(t—) |—r(t)dt + 0p(t)dB(t +Z/\{O} 07 (t,2) — 1) Ny, (dt, dz)

Applying Kolmogorov backward equation Theorem 4.17 to the state price density H,’ s
and the function Gy(s,y) as in (4.83) shows that Gy has to satisfy the stochastic Dirichlet

boundary value problem. O

The function Gy(s,y) defined in the above corollary gives an alternative way to express

the optimal performance function ®(s,v). Since the optimal terminal wealth is given by
v —1 1
Yef V= I(X§ (s, v)Hg (T)),

for the optimal Girsanov kernel 6 and Xy(s,y) as defined in (4.77), the optimal perfor-

mance function can be expressed as
(s,v) = Gy (S,Xefl(s,v)> .
This will become useful in the proof of the next theorem.

Theorem 4.24. Let ®(s,v) be the optimal performance function of the optimal termi-
nal wealth problem specified in (4.69). Then ® satisfies the Hamilton-Jacobi-Bellman

equations of stochastic programming

0s®(s,v) + max {v(r(s) + 7 (s)Te(s)) 0, ®(s,v) + %Hw(s)TE(s)HQvQ@w@(s,v)

+Z/

on the set [0,T) x (0,00) and satisfies the boundary condition

(4.85)

L+, (s,2))) = @(s,0)] l/h(dZ)} =0,
R\{0}

o(T,v) =U(v), v>0.

Proof. The equation (4.85) is proven by calculating the derivatives of ® and confirming
that they indeed satisfy the above PDE. In the following let 0co represent the optimal

martingale measure of the problem ®. Then the optimal terminal wealth is given by
(4.71)
S,v -1 s,1
vt =1 (Xg (s, v)H2 (T)) .

Since ®(s,v) =E [U (Yg”ﬂ it can be also written in terms of G from (4.83) as

®(s,v) = Gy (8, Xéfl(Sa U))
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To obtain the derivatives of @ it is necessary to calculate the derives of G5. From (3.33)
and the definition of Xy and Gy in (4.70) and (4.83) respectively, it can be deduced that
for y >a >0 and s € [0,7]

y
yXo(s,y) + aXp(s,a) — / Xo(s, \)dX = Gg(s,y) + G(s,a).
a
Differentiating the above equation, the derivatives of Gy are
ang(S, y) = yﬁng(s, y)a and 8ny9(37 y) = ﬁng(s, y) + yayy‘)(@(sa y) (486)
The first derivative of ® with respect to v can then be calculated as
O ®(s,v) = OvXéTl(s,v)@yG (8, Xgl(s,v»
= av/'\f'é\_l(s, v)Xé\_l(s, v)0y Xy (s, Xé\_l(s, v))
P |
=4 (s,v),
where we have used the inverse function theorem in the last equation. The second deriva-
tive with respect to v is therefore 0, ®(s,v) = &Jé\%l(s,v). To obtain the maximum
in the curly brackets in (4.85) the first derivative with respect to 7 is set equal to zero.

Define the vector v, (t,y) := (Mn(t,y), ..., Ykn(t,y)), for h =1,...,m, then the optimal
trading strategy has to satisfy the equations

a(s5)0yP(s,v) + vm(s)TE(S)E(S)T O P (s, v)

+hz::1 /]R\{O} Y1 (8,2)0® (s,0(1 4 7(s)Tv,(s))) vu(dz) = 0.

Substitution the derivatives of ® this becomes

a(s)é\,’éfl(s, v) + Uﬂ(s)Té(s)E(s)TavXéfl(s, v)

1 B
+ ; /]R\{O} Y(s, z)?% (s,0(1+m(s)Ty,(s))) vn(dz) = 0.

The above expression is equal to zero if the optimal strategy satisfies the conditions in

(4.79) which confirm the previous results.

Further, the derivative of ® with respect to time can be calculated using again (4.86)

05s®(s,v) = 095Gy (s, Xéfl(s, v)) + 0,Gj (s, Xg_l(s, U)) 852’65_1(3, v)

0,Gy (5, X (s,0) ) + G o) 055 (s,v)

= 0sGs | s, A " (Ss,v — 7 0s~"(S,V).

0 0 Bp Xy (s,0) 0

Let us define for notational convenience ¢ := Xéfl(s,v) for a fixed pair (s,v). If the
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partial derivatives of ® are substituted into the HJB equation one obtains

¢
Ot
o &,Xg_l(s, v)

max {v(r(s) + 7 (s)Ta(s))¢ + %||7r(t)T£(t)||2028vXafl(s,v)

wERkK

Z/uw (525" (5.0 (1 ()™ (5.2))) ) = Gy (s.0) uh<dz>}:o,

0.5 (s,v)

Observing that because of (3.8), a(s) = —&(t )THD fR\{o}’Y s y)ej(s z)v(dz) the
optimal trading strategy can be substituted into the above equation using condition
(4.79):

m

ang(s, ¢)+ Z /]R\{O} [Gé\ (s, 9}{(8, z)C) — Gg(s, C)] vp(dz) + S

5 px s,
&)Xg—l(s’v) 5 (s,0)

+or(s)¢ — ;6 = s )H p(s)||* - Z/R\{O} (5,07 (s,2)¢) — v] 6} (s, 2)vn(dz) = 0.

G has to satisfy (4.84) which changes the above equation to

[Z /R\{O} 07 (s, z) — 1)v(dz) +r(s) | 0,G5(s,¢)

1
_§<2H9D(S)H 8ny§(S, C) + M;MaSXg_l(87v) + UT(S)C

S S— [ Z / (5,0 (5. 2)C) — v] 0 (5, 2)vi(d2) = 0.

29, XA Y(s,v) R\{0} ’

From (4.86), we have that 9,G3(s,() = (9,A&5(s,() and 9y, Gz(s, () = 9yA5(s,() +
COyyXy(s,¢). Further, v = A5 (Xéfl(s,v)) = Aj3(s,(). Substituting all this into the

above equation and dividing by ¢ gives then

[Z /IR\{O} 07 (s, 2) — L)v(dz) +r(s) | (OyX;(s,¢)

1 1
—§CH9D( s)|? (8 X5(s, Q) + CayyX§(5,O) + mﬁs/\%—l(s,v) + X5(s,Q)r(s)
1 (s T(s, 2)vp(dz) =
20,%; ( o (s, 01921 Qe Z/\{O} (5,035, 2)C) = X5(s, Q)] i (s, 2)wn(dz) = 0.

Differentiating v = A5 (Xé\_l(s, v)) shows that
ang(S, C) + ang(s, C)asXéfl(s, v) =0.

and therefore 9, X5(s, C)(‘)S/'l%_l(s, v) = —0sX5(s, (). Further, since = 0y X5(s, ()

1
81,/'\’5_1(8,11)
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the above equation becomes
[Z/ (67 (5, 2) = V)wa(dz) — [|8p(s)[|* + r(s) | (ByX5(s,C)
R\{0}

—*C2H‘9D(8)|I2ayy?fa(8, () = 95 X5(s, Q) + X5(s, O)r(s)

— (s, 67 (s, 2 (s (s N (ds) = 0.
Z/R\{o} eh( )() 0( 7C)] 9h( ) ) h(d ) 0

but this equations is simply (4.78) mulitplied by —1. Hence, it has been proven to hold
true. O

The HJB equation gives us an alternative tool to derive the optimal performance function
®(s,v) as a solution to a partial differential equation with boundary condition. This is
convenient when it is difficult to derive ®(s,v) through the martingale approach. Using
a PDE method bears also the advantage of being able to use numerical methods to solve

the HJB equation.

4.9 Conclusion

We have treated the problem of maximizing expected utility from terminal wealth and
consumption as defined in (4.4) in a general jump-diffusion framework. This modified and
extended the approach of Karatzas and Shreve (1998) for the consumption-investment
problem. The problem has been tackled by defining a set of auxiliary variables cg and Yj
n (4.6), which have the property that expected utility from them is at least as high as
from any admissible consumption-terminal wealth pair (cf. Lemma 4.1). We have then
minimized over the set of Girsanov kernels © in order to find a trading strategy that
replicates a auxiliary terminal wealth Yy and for which ¢ = ¢g. A condition under which
this is possible has been given in Theorem 4.3, requiring that 7 and € solve a system
of non-linear equations (4.12). Relationships to the duality approach, as for example

studied in Kramkov and Schachermayer (1999) have been established in Theorem 4.4.

The results have been applied to the power utility case where we also considered various
model variations, like for example pure Brownian motion driven models, or pure jump

models with drift. Relationships have been established to similar work at that stage.

In similar manners the problem has been solved for the maximization of either con-
sumption or terminal wealth in Proposition 4.16, which is the equivalent of Theorem
4.3 for the individual problems. In the final section the martingale methods have been

related to PDE methods and a feedback form of the optimal trading strategy has been
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developed in Lemma 4.22. The final section has been concluded by establishing the

Hamilton-Jacobi-Bellman equation of dynamic programming in Theorem 4.24.

88



Chapter 5

Active Portfolio Management:

Outperforming a Benchmark

Portfolio

5.1 Introduction

In the previous chapter an investor aim was to optimize his/her portfolio in the expected
utility sense. However, in reality an investor usually evaluates his/her performance by
comparing their performance to that of their peers or to a benchmark like for example
the FTSE 100. Active portfolio managers thus attempt to outperform mutual funds
or benchmarks. This is in contrast to passive portfolio managers who try to track the
performance of a benchmark. Often active portfolio managers claim that their skills allow
them to perform better than the market represented by a mutual fund or benchmark.

This claim allows them to charge a much higher fee than their passively managing peers.

There is a great controversy whether or not active portfolio management brings any
benefit to the investor. Shukla and Trzcinka (1992) argue that actively managed port-
folios do not perform better than passively managed portfolios. Other researchers argue
that there are funds that outperform the benchmarks and, even after transaction costs,
perform better than passively managed funds. Papers supporting this idea are Keim

(1999), Chen et al. (2000), and Wermers (2000).

The effectiveness of actively managed funds will not be discussed in this chapter. Instead,
the aim is to provide tools for an investor to make decisions on how to optimize his/her
portfolio with respect to a benchmark portfolio. The problem will be formulated as

an expected utility maximization problem of maximizing expected utility from terminal
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relative wealth of the investor. Relative wealth is thereby defined as the ratio between the
investor’s wealth process and the benchmark portfolio wealth process. In the literature

there are various papers on benchmark related problems.

Browne (1999a) considers the problem of reaching an investment goal before a finite
deadline. In another paper, Browne (1999b), extends his previous work by considering
the problem of reaching a certain goal before falling below it to a predefined shortfall.
Other objectives include minimizing the expected time to reach a performance goal,
maximizing the expected reward obtained upon reaching the goal, as well as minimizing
the expected penalty paid upon falling to the shortfall level. The model that he is using
for the stock prices is that of Merton (1971), which is

k
dS;(t) = Si(t) |eu(t)dt + Y &i;(t)dW;(8) | (5.1)
j=1
for i =1,...,k. This is similar to the model (3.1) used in this thesis but with determin-
istic coefficients and without jumps. The wealth stochastic differential equation is then
given by
dvi) =VE) [(r+w(t) @) dt + w(t)TEAW (1)) (5.2)

™

which is the same as in (3.13) but without jumps and with deterministic coefficients.
The benchmark, which can be a stock index, an inflation rate, an exchange rate, or any

other kind of benchmark, is described by the stochastic differential equation
dY (t) = Y (t) |adt + bTdW () + BdAW (1) | , (5.3)

where W is a Brownian motion independent from the multidimensional Brownian motion
W. Browne then defines a ratio process by Z(t) = V,*(¢)/Y (t), which is normalized to
start at 1 almost surely. This ratio process is then used in conjunction with stochastic
control to find answers to the problems mentioned above. Typical for Browne’s work is to
work with an investment goal, than an investor tries to reach, and a shortfall level, which
an investor tries to avoid. In a different paper Popova et al. (2007) also investigate the
problem of maximizing the probability of beating a benchmark within some investment
horizon. The authors also consider other problems related to minimizing the expected
shortfall relative to a benchmark. However, in contrast to the papers by Browne the
paper of Popova et al. (2007) does not specify a specific model for the stock prices but

instead assumes that the returns are normal distributed.

The same benchmark model framework as in Browne (1999b) is used in a paper by Pra et
al. (2004). They consider a benchmark tracking problem, where the benchmark process

is given as in (5.3). The same ratio process Z.(t) = V¥(t)/Y (t) is used to minimize a
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cost function that punishes variation of the investor’s wealth from the benchmark. The
cost function is given in the form C(z) = (z —1)? so that the optimization problem, that

they consider, is given as the problem of finding a trading strategy 7 that minimizes

E [/OTC(Zﬂ(t))dt]

Similar to Browne (1999b) the way the problem is solved is by applying stochastic control
techniques. The choice of constant parameters makes stochastic control a natural tool
of choice. A different approach is chosen by Tepla (2001). In his paper the objective is
to maximize expected utility of the terminal wealth of the investor under the constraint
that the investor’s wealth process always exceeds the benchmark process. All involved
processes are modelled again as geometric Brownian motions as in Merton (1971). The
problem is different from all the others in the sense that it is a constraint optimization

problem.

A completely different starting point is taken by Fernholz (1999). Rather than focusing
on optimization problems he investigates the relationship between a financial agent’s
wealth process and a benchmark process which is again a portfolio’s wealth process. The

wealth process of a financial agent is given thereby by

AV (t) = Vi () [(w() () dt + () TE()dW (¢)] -

™

Notice that this is slightly different than (5.2) since Fernholz only considers pure stock
portfolios. Because there is no risk-less asset the drift is given by a rather than the
discounted version o. However, apart from the lack of a risk-less asset this is a gen-
eralization of the models used in Browne (1999b) and Pra et al.(2004) since now the
model parameters are time dependent and potentially non-deterministic. A benchmark
strategy, denoted by n, is a trading strategy like v and the benchmark process is then
the portfolio wealth process of the strategy n:

AV (£) = V(1) [(n()Tex(t)) dt + n()T €AW (1)].

Of central importance in Fernholz work is the concept of relative return. The relative
return of the i*" stock price, driven by the stochastic differential equation (5.1) is defined
for a benchmark portfolio 7 by log (Si / an”’). Similarly, the relative return of two port-
folio’s w and m is defined by log (Vﬂ‘? / V;f), which is obviously independent of the choice
of x > 0. In contrast to other authors who consider various optimization problems,
Fernholz analyses general market behaviour. This includes the long term behaviour of
the market, market diversity, and the relationship between stocks with small and high

market capitalization (cf. Fernholz (1998), Fernholz (1999), Fernholz (2001)). When
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investigating market diversity he makes use of the entropy which favours the log frame-
work. Also the analysis of the long term behaviour of the stock market and portfolios
favours a log model since the long term behaviour of a portfolio’s wealth process is just
the drift of the log wealth. We shall use a similar form of relative return to that of
Fernholz but will use the simple ratio process V' /V,¥ instead of log (vE/ an)? which is
also more popular in the literature. Later we will call V.*/ V)Y the relative wealth pro-
cess between 7 and 1. This layout is more appropriate when considering optimization

problems in this chapter.

A different approach to benchmarks, pioneered by Platen (2006), is his so called bench-
mark approach. In his approach the wealth process of the growth optimal portfolio
(GOP) is taken as a numeraire in the financial market. Financial derivatives can then be
priced under the real world probability measure P, hence, the pricing concept is called
real world asset pricing. For a portfolio 7 the wealth process V¥ is driven by (5.2) which
is the same as in (3.13) but without jumps. The growth rate of the wealth process is

then the drift of the logarithm of V¥ which can be read from the SDE
dlog(VE)(t) = (r(t) + w(t)Ta(t) — w(t)To(t)w(t)) dt + w(t)TE(t)dW (¢)

as pr(t) = r(t) + m(t)Ta(t) — w(t)To(t)w(t) and was defined in (3.18). If one chooses
7 such that the growth rate p, is maximized, then one obtains, by setting the first

derivative of . with respect to 7 equal to zero, the growth optimal portfolio by

T (t) = o ()" 'a(t) = £()TIA®), (5.4)

where A are the market prices of risk given by A(t) := &(t)~'a(t). The portfolio 7* as
defined in (5.4) is called the growth optimal portfolio process and maximizes the long
term performance of a wealth process (cf. Goll and Kallsen (2003), Long (1990), Artzner
(1997)). Its wealth process X = V% satisfies the stochastic differential equation

dX (t) = X (&) [(r(t) + [IX@)?) dt + A(H)dW (1)] .

This can be easily confirmed by substituting 7* into the wealth equation (5.2). Platen
describes then benchmarking as the procedure of discounting asset prices using X as the

numeraire. In this way a financial derivative C(¢) can be priced using the pricing rule
c(T)
Ct:XtEi‘]: t e |0,T].

The important property of this pricing approach is that the equivalent martingale mea-
sure is the original real world measure P. Although Platen’s approach is mainly used
for pricing derivatives it has some interesting features that relate to the analysis carried

out in this chapter. It will be referred back to when it becomes relevant.
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In this chapter we are going to consider an optimization problem where an investor’s aim
is to outperform a financial benchmark. This benchmark is given by a jump diffusion

process of the form

“ZZ(_t)) a(t)dt + b(t)TdW (t +Z/\{O} (t,y) Ny (dt, dy). (5.5)
In contrast to Browne (1999b) we are not interested in reaching a performance goal,
neither are we interested in solving a tracking problem as in Pro et al. (2004). Instead,
the financial agent’s aim is to maximize the expected utility from terminal relative wealth
Va(T)/VB(T).

To do so martingale methods are applied to transform the relative wealth process into
a martingale. As will be seen in Section 5.3.1 and 5.3.2, this will relate to change of
numeraire techniques and the benchmark approach pioneered by Platen (2005) respec-
tively. The tools developed in Chapter 4 can then be applied to find a solution to the
expected utility optimization problem, which is done in Section 5.4. Section 5.5 discusses
the case of power utility functions. The chapter is concluded by linking the PDE results
of Section 4.8 to the special case when the benchmark is the wealth process of some

strategy 1. This is carried out in Section 5.6.

5.2 Benchmarks and the Relative Wealth Process

The stock price processes are assumed to follow a jump-diffusion model as introduced
in Section 3.1. This means that the k stock prices follow the SDEs (3.1) and a risk-less
asset is given in the market that is the solution to the ordinary differential equation (3.6).
The wealth process of a financial agent that starts with initial endowment = > 0 and
that follows a trading strategy 7 is then following the stochastic differential equation

(3.13) which is given by

dve(t) _
VE(t—)

r(t)dt + w(t)T [a(t)dt + &(t)dW (¢ —|—Z/\{0} (t,y)Np(dt,dy)| ,

for t € [0,T]. The trading strategy = is assumed to be admissible in the sense of Defini-
tion 3.6. This means that 7 € II and, in particular, fR\{o} 7 (8) Ty, (¢, y) Np(dt, dy) > —1

a.s. forall h=1,...,m and ¢ € [0,T]. There is no consumption in the model.

An investor’s performance is compared to the performance of a benchmark process Vp,
which is again a jump-diffusion process that satisfies the stochastic differential equation
(5.5) and with initial condition V5(0) = x. We made a slight change in notations. The

n-dimensional Brownian motion in the wealth process has been denoted by W instead
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of B. This is to avoid confusion since in this chapter B will be reserved for benchmark

related notations.

To guarantee the existence and uniqueness of a solution to the benchmark process SDE
(5.5) some integrability conditions are required (cf. (2.12)). For the process Vp these

integrability conditions translate to

T T T
/ la(t)2dt < oo, / B(t)|2dt < o0, and / / o (t ) [2vn(dt, dy) < oo.
0 0 o Jr\0

for h =1,...,m. As has been discussed in Section 3.3 and 3.4 some extra care has to
be taken when working with jump-diffusion process if one wants to guarantee positivity

of the process. From the discussions in the above two sections the jump parameters

c=(c1,...,cm)" need to satisfy
/ enl(t, ) Naldt, dy) > =1, as., tel0,T], (5.6)
R\{0}
forall h =1,...,m to guarantee that the benchmark process Vg is almost surely positive.

In many cases the benchmark process Vp takes the form of a wealth process of a trading

strategy 1. The model parameters a, b, and ¢ take then the form

a(t) = r(t) +n(t)Ta(t),
b(t) = &(t)™m(t), and (5.7)
cn(t,y) =n(t)Tvp(t ), y € R\{0}.
To ensure the positivity of the benchmark wealth (5.6) the benchmark portfolio strategy

7 needs to be in II; as defined in Definition 3.6. In particular, the trading strategy n
satisfies then fR\{O} )Ty, (t, y) Np(dt,dy) > —1 as. forall h=1,...,m and t € [0,T].

Definition 5.1. Let w € Il be a trading strategy with corresponding wealth determined
by the stochastic differential equation (3.13) and let VB be a benchmark process as in
(5.5).

1. The relative wealth process of a strategy ™ € 11 relative to the benchmark process
Vp is defined as the process Vy p(t) := V' (t)/Vp(t) fort € [0,T].

2. In case the benchmark Vp is represented by a portfolio process m € 11, the relative
wealth of m relative to n is defined by V() := V£ (t)/ V.5 (t) fort € [0,T] and for
arbitrary x > 0.

The relative wealth process is thus just the ratio process between the investor’s wealth
process and the benchmark process. It is always normalized in the sense that it starts

almost surely at 1. To determine the dynamics of the relative wealth process V. p it
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is necessary to determine the dynamics of the reciprocal process 1/Vp. This is done

by applying It6’s formula Theorem 2.14 on Vp and the function f(z) = 1/z. Then
f(x) = —1/22, f"(x) = 2/23, and f(z(1+¢)) — f(x) = — (i ra> and therefore

L1 1
Va(t) VB(t_) Vp(t-)

cp(t
i Z/R n(t:9) —— - Np(dt, dy).

\{0} 1+Ch t y)

d

—a(t) + b(t)Tb(t))dt — b(t)TdW (t)

By Ito’s product rule Lemma 2.18, the dynamics of the product V;,p = V>1.1/Vp are

dVﬂ'/B (t)

Vop(i) (7() = alt) + b()b(E) + m(&)T (@(t) — E(DB(L)) ) dt

e —beawo - [ T D= D), 1, ),

(5.8)

The term in the jump-part of the above expression might need some explanation. From

the product rule Lemma 2.9 the jump terms are given by

A(X®)Y () = X(t—)AY (1) + Y (t—)AX (1) + AX(t)AY (¢).

Thus, for each h = 1,...,m the jump sizes must satisfy
Ch tay Ch t,yﬂ'ch tvy TI'tT'Y t)?/ — Ch tay
(0 () — D) et pmn(ty) | wOT(ty) —olty)
1+Ch(t7y) 1 +Ch(t7y) 1 +Ch(t7y)

Comparing the relative wealth equation (5.8) with the wealth equation (3.13) one can
see that we again obtain a stochastic differential equation that is driven by Brownian
motions and Poisson random measure jumps. In the relative wealth equation there are
now parts of the dynamics that can not be controlled by the trading strategy . However,
it will be shown in (5.14) that if the benchmark is actually a wealth process of a trading
strategy m, then one can transform the relative wealth process into a wealth process

stochastic differential equation.

Following the previous considerations about the almost surely positivity of the bench-
mark and the non-negativity of the investor’s wealth process, the following lemma can

be formed.

Lemma 5.2. The relative wealth process V. p of a strategy w € 11 relative to a benchmark

process Vg is non-negative. In particular, for all t € [0,T]

) Yn(ty) = enlt y) L us
Z /R o Ni(dt, dy) > -1, a.s. (5.9)

L +cn(t,y)
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Proof. Since the relative wealth process is defined as the ratio of an non-negative process
and a positive process respectively it cannot be negative almost surely. If (5.8) is non-

negative then (5.9) must almost surely hold. O

Remark.

The above result appears at first rather counter-intuitive. To get an intuitive under-
standing why it holds consider the informal argument. Since the benchmark jumps
are bigger —1 it must be that c(t,y) > —1. But then 1 + ¢,(t,y) > 0 and so
—cp(t,y) /(1 + ep(t,y) > —1 since —cp(t,y) > —1 — cp(t,y). That w(t)Ty,(t,y) > —1
is clear since € II. Thus, it also holds that 7 (t)Ty,(t,y)/(1 + cp(t,y) > —1 since
1+ en(t,y) > 0.

For the case that the benchmark is the wealth process of a portfolio 7, i.e. the model
parameters satisfy (5.7), the relative wealth V., follows the stochastic differential equa-
tion

de/n (t)

Vo) — (7O =) [(@() — o(m(t))dt + &)W (1)

S Yu(tsy)
! hZ::l /R\{O} L+n(t)Ty,(t,y) Nuldt, dy)] '

(5.10)

This can be immediately verified by substituting (5.7) into (5.8). Following Platen’s
(2002) terminology it is now possible to perform benchmarking. Benchmarking is the
procedure of taking Vp as the numeraire and expressing all asset prices in its terms.
For each i = 1,...,k, the i'! stock price relative to the benchmark Vp is defined by
Vi/g := Si/Vp. The stock prices are determined by the dynamics (3.1). Ito’s product
rule Lemma 2.18 can then be applied to dS; and d1/Vp to derive the dynamics of the

relative stock prices by

aViyp(t) = Viys(t=) | () — alt) +@() + ()P — D &5(00b5(1) ) dt

=1

+Z <£w dB ) + 2/ Yin(t,y) — cn(t, y)Nh(dt,dy)

R0} L+en(ty)

(5.11)

Further, the risk-less asset is given by
dSo(t) = So(t)r(t)dt, te0,T).

Thus, the risk-less asset relative to the benchmark Vg is defined by Vy,p = So /Vp and
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follows the dynamics
Vo (t) = Vosp(t=) [(r(t) — a(t) + [|b(t)[|*)dt — b(t)dB(t)

_E/R e (ty) Nh(dt,dy)], te[0,T]

\{o} 1+Ch t y)

(5.12)

The relative wealth process Vg can be related to the relative stock price process via

the equation

AV, p(t k dVyg(t) & dv; g(t

vﬂ/;u(—)) = (1-X ) Vo//B((t)) +2 ) vl-//B<(t>)’ (513)
for any x > 0. Thus, its return is the weighted averaged (with possibly negative weights)
of the benchmarked asset returns. This, is a similar expression as has been obtained
n (3.14). However, now the part that was taken by the deterministic risk-less asset
dynamics dSo/Sp in (3.14) is now given by the benchmarked risk-less asset dVy,5/Vo, B
n (5.13), which is driven by a stochastic differential equation which means in particular

that it is non-deterministic.

If the benchmark process is given by the wealth process of a trading strategy n € Il
some interesting relationships can be established to the model discussed in Chapter 3.
First, if the benchmark portfolio only invests into the risk-less asset, i.e. 7 = 0, then the
benchmark wealth process is equal to the discounted wealth process as given in (3.15).
The risk-less asset Sp is then the benchmark. Second, since the model parameters and
n are assumed to be exogenous given processes, the relative wealth process V., as in
(5.10) can be related to the wealth process SDE (3.13). The two processes coincide if

one chooses the following parameters in the wealth process equation:

~ ~ x ~ %‘h(t,y)
r=0, a=a—on, £=€& andy= )
14+ n()Tv,(ty)

(5.14)

x =1 and the trading strategy is w = 7w — 7.

5.3 Relative Wealth under Martingale Measures

The change of measure methods that have been applied to discounted asset prices in
Section 3.2 can also be applied to the benchmark framework. The aim is to find a set of
EMMs @ represented by Girsanov kernels 6 under which the relative asset prices are (lo-
cal) martingales. As in Section 3.2 this is done by introducing Q-Brownian motions dW ¢
and @-compensated Poisson measures Ng(dt, dy) as has been done in (2.21) and (2.22)
respectively. One can then eliminate the non-martingale drift term when substituting
dW® and Ng(dt,dy) into the relative asset price SDEs (5.11) and (5.12).
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Consider first the benchmarked risk-less asset price process Vy,p that has the dynamics
as given in (5.12). The non-martingale drift should be zero, thus, substituting dW (t) =
dWE(t) + 0P (t)dt and Ny (dt,dy) = N}?(dt,dy) + 6/ (t,y) for h =1,...,m into (5.12)
it is required that

m

() —ate) + IO 01020 =3 [ el ) =0, (3.15)

for Vg to become a @-martingale. If this condition is satisfied then the Q-dynamics of
Vo/p are given by
dVo/s(t) = Viyp(t-) [ (HdB(t) Z / )5 at, ay)
r\{0} 1 +en(t,y)
for t € [0,7]. Taking the same con81derat10ns for V;,p, a condition on the Girsanov
kernels of a measure change under which the benchmarked stock processes Vg as given

in (5.11) are martingales, is again when the non-martingale drift is zero. Thus,

r(t) —a(t) +@i(t) + B[ = D &b () + D (&is(t) — b;(1)) 67 (t)
= =

Yin(t,y) —en(t,y) g
E 07 (t dt,dy) = 0.
+ /\{0} 1—|—Ch(t y) h( ,y)Vh( ’ y) 0

However, taking also into account that the Girsanov kernels 8 should satisfy (5.15),

because of the risk-less asset, the above condition simplifies to

a - OICHO) Yin(t,y 0 db du) — .
t)+;§a(t)(] +Z/\{O}1+0hty) 7 (t,y)vn(dt, dy) =0, (5.16)

foralli = 1,...,k and t € [0,7]. If the two conditions (5.15) and (5.16) are satisfied

then the relative stock prices V;,p become martingales and have dynamics

dViyp(t) = Viy(t=) |3 (&6 = b;(1) )aBP ()

j=1
- Yin(t,y) — en(t, y) <o
+ / N7(dt,dy)|, tel0,T],
2 R0} 1+en(ty) i ) 0.7
for i =1,...,k. As in Definition 3.1 let us define the B-Girsanov kernels as follows.

Definition 5.3. A B-Girsanov kernel is a pair of predictable vector processes 0 =
(OD,H‘]) that satisfies (i) and (ii) in Definition 3.1, and for which conditions (5.15)
and (5.16) are satisfied:

a(t) = r(t) ~ 1B + b(t)T6” (1) *Z/\{o}1?62i’y)eh(t,y)uh(dt,dy):o,

a(t) + Z&j(t) (0P (¢) )+ Z/ RUAGY) TN Y) 0T (¢ gy (dt, dy) = 0,

R\{0} 1+ Ch t y)
(5.17)
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a.s. foralli=1,...,k and t € [0,T]. The set of all B-Girsanov kernels is denoted by
Op.

Thus, the B-Girsanov kernel is the benchmark equivalent to the Girsanov kernel from
Definition 3.1. The main difference is that condition (3.8) has been changed into (5.17).

Clearly, for any such B-Girsanov kernel the relative wealth process V. p of a portfolio

7 € Il is also a martingale under the EMM Q. It’s dynamics are given by
dVz/p(t) = VW/B(t—)(ﬂ(t)TE(t) - b(t)T)dWQ(t)

)Y, (t,y) ) — en(t,y) ~o
+ V. / N, (dt,dy),
/B Z R\{0} 1+ Ch(t y) h ( y)

(5.18)

for t € [0,T]. This can be easily verified by observing (5.13). The above SDE (5.18) is
the benchmark equivalent to the discounted wealth process without consumption that
is a martingale under appropriate measure change (cf. (3.25)). For the case that the
benchmark is the risk-less asset, i.e. a =7, b =0, ¢;, = 0, the two equations (5.18) and

(3.25) coincide.

For the special case that the benchmark is a wealth process of a portfolio n € Il the
relative wealth process is clearly also a Q-martingale as in (5.18). Additionally, condition

(5.17) simplifies.

Corollary 5.4. Let 6 € Op be a B-Girsanov kernel with corresponding EMM Q. If the
benchmark is the wealth process of a benchmark strategy n € 111, then the relative wealth

dynamics are given by

AV () = Vi (=) (e () — n(t))T£<t>dWQ<t>
n(t)) it y) <
Vot Z/R\{O} L+t )th(t}:y) Nt dy).

Further, the conditions (5.17) on 6 € ©p simplify to the single condition

(5.19)

— Dy Yt 9)0}] (¢, y) _
a(t) — o(t)n(t) + £(1)6 +Z:/\{0}1+77 DEAK vp(dt,dy) =0,  (5.20)

a.s. fori=1,...k and t € [0,T].

Proof. The equation (5.19) can be derived by substituting (5.7) into (5.18). Similarly,
(5.20) is derived by substituting (5.7) into (5.16). Using the same substitution (5.15)

becomes
n(t)T (a(t) —o(t)n(t) + £(t)0D(t))
)in(t, y)05 (. y)
+ / vp(dt, dy) = 0.
;hz:l R\{0} 1 + Z] L1 ()it y) n )
But this is satisfied if (5.20) is satisfied. O
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This section is concluded by providing a budget constraint similar to the one in Corollary

3.10.

Corollary 5.5. Let 8 € Op be a B-Girsanov kernel with corresponding martingale
measure Q. If w € 11 then
E9[V,/p(T)] < 1. (5.21)

Proof. Because of Lemma 5.2 V. p is a.s. bounded below by zero under P. Since P
and @ are equivalent the same is true under ). According to (5.18) is also a local Q-
martingale. Thus, V7, p is a supermartingale and (5.21) follows from the supermartingale

property. [

This budget constraint is a similar one as found in Corollary 3.10. However, this con-
straint is for benchmarks and has naturally the constraint 1 as all benchmark processes
are assumed to start at 1 a.s. Also there is no discounting needed since the benchmark

process acts as the numeraire.

5.3.1 Relationship to Change of Numeraire Techniques

In this section we analyse the relationship between the measure transformation of Chap-
ter 3 and 4 to the measure change carried out in this chapter. The transition of the
EMM in Chapter 3 to the EMM of this chapter is often called a change of numeraire in
the literature. In the previous chapters the numeraire was given by the risk-less asset
S0, whereas in this chapter the numeraire is a benchmark process Vg. The set of mar-
tingale measure has been parametrized by the so called jump-diffusion Girsanov kernels
0 from Definition 3.1 in Chapter 3. The Girsanov kernels thereby had to satisfy the
crucial condition (3.8). In contrast, in this chapter the measure has been changed such
that the benchmarked asset prices are martingales. The set of Girsanov kernels 6 that
parametrize such a measure change has been called B-Girsanov kernels and have been
defined in Definition 5.3. The main difference between the two Girsanov kernels is that

the B-Girsanov kernels have to satisfy the two conditions in (5.17), instead of (3.8).

For the purpose of the following considerations let Q9 denote EMMs obtained from a
Girsanov kernels under which the discounted asset prices are martingales, and let Qp
denote EMMs obtained from B-Girsanov kernels under which the benchmarked asset
prices are martingales. What has been done in Chapter 3 and 4 is that the original
probability measure P has been changed to (o, and in this chapter the measure has
been changed from P to QQp. However, what really happened is that the numeraire has

changed from Sy to Vp. Instead of changing measure from P to eiter Qo or Qp it is also
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possible to change the measure directly from (g to @p. This is a technique, developed
by Geman et al. (1995), called the change of numeraire and provides a way to make the
transition from the measure Qg to the measure Q. We briefly explain the technique for

our model set up.

From change of numeraire methods as introduced in Geman et al. (1995), it is known

that the martingale Zy g that transforms the probability measure from Qo to @p via

aQp

00 |7 = Zo,B(T)
is given b

given by Zop(t) = O VB®) _1Va®)
ST VR(0) Solt) T @ So(t) o

for some x > 0. Zy p is the discounted benchmark process, normalized to start at 1. Its

differential form can be deduces from (3.22) as being

m

%0 5(t) = Zo,p(t—)b() AW + Zo p(t—) Y /R |y N )
0

h=1 (5.22)

Zo.5(0) = 1.

These are the dynamics of the density that makes the transition from the probability
measure Qo under which the discounted stock prices are martingales to the probability
measure Qg under which the relative stock prices are martingales. Rewriting (5.22)
in terms of its Girsanov kernel 8¢ p = (983,93’3) (cf. (2.23)), the above stochastic

differential equation becomes
dZop(t) = Zo,p(t—)0F g(H)TAW L — Zg p(t—) > /R o (1 - 95{)73)’,1(75,;/)) NZo(dt, dy)
h=1 0

But comparing this with (5.22) shows that the Girsanov kernel for the measure trans-

formation from @)y to ) p must be given by
053(25) :=>b(t), and 9&{)73)7h(t,y) =1+cp(t,y) (5.23)

for t € [0,7], y € R\ {0}, and h = 1,...,m. Thus, given a Qo standard Brownian

motion W, a Qp standard Brownian motion is constructed by
t
WOB(t) := W(t) —/ 00.5(s)ds, tel0,T], (5.24)
0
and the @p compensated Poisson random measures are given by
NEB(dt, dy) := N2 (dt, dy) — 07y g, (6 9)v 20 (dy)dt, h=1 5.25
n(dt,dy) i (dt, dy) (o,B),h(aZ/)Vh (dy)dt, yee ey M (5.25)

Thus, the new Brownian motion W®E(t) of (5.24) and the discounted Poison random

measures of (5.25) enables us to change the equivalent measure from Qo to @p. Let
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us recall what different measure changes we have made. Under the original probability
measure P the relative wealth process V., p follows the dynamics as given in (5.8). If
the relative wealth process were expressed in (Qg-measure dynamics it would be

dVW/B (t)

m = [r(t) —a(t) + [|b(t)||* - (E(t)ﬂ(t) i eoD(t))T b(t)

—Z oY) (T (1)) 6 () |
r\{o} 1+ cnl(t 1+cp(t,y)
+ (m(t)TE() — b(t)T)dWQO (t)

)"0t y) — en(t,Y) Sqo
v / N9 (dt, dy).
Z R\{0} L+ cn(ty) v (dh dy)

If, however, the substitution (5.24) and (5.25) are carried out to change the numeraire
from Sp to Vp (thus changing the measure from Qo to @p), then the relative wealth

process dynamics transform from the above SDE into the familiar form (5.18).

5.3.2 Relationship to Platen’s Benchmark Approach

In the following we are going to link our work to the benchmark approach pioneered by
Platen (2005). In Platen’s work the growth optimal portfolio plays a central role. This
is the portfolio that maximizes the growth rate of a portfolio, which is the expected log
wealth. It has been shown in the literature that such a portfolio has many interesting
properties. One of them is, for example, that it maximizes the long term performance of a
portfolio (cf. Goll and Kallsen (2003)). Platen considers the stock market model driven
by Brownian motions but without jump processes. He is working with the portfolio
that maximizes growth, which is, in a no-jump model given by n*(t) = o(t)"'a(t) =
(E(6)T) " A(t), were A(t) := &(t)"'a(t) is called the market price of risk. He then takes

the wealth process of the GOP n* and takes it as the numeraire when pricing financial

assets. He calls the change of numeraire from Sy to V% benchmarking. A financial

contract C can then be priced using the general pricing rule

ci)y | O
VL (1) =k VL(T) |ft] , tel0,T]. (5.26)

The very interesting property of this method of asset pricing is that the EMM is actually

the real world measure P, which is why he is calling it real world pricing.

As mentioned before, Platen’s work is carried out assuming that stock prices are driven
by Brownian motions and the market is complete. Our aim here is to extend these results
to the incomplete market case with jump-diffusions. The satisfactory answer is that this

is possible.
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Recall from equation (4.31) that the optimal strategy for optimizing expected power
wealth is
a(t) — (1-p)o(t)m(t) + /R\{ }’Vh(t,y){l + ()4t y)} " valdy) = 0.
0
a.s. for h =1,...,m. Thus, the portfolio n* that maximises log terminal wealth (8 = 0)
has to satisfy

a(t) —o(t)n*(t) + /R\{O} T nz?t()t;gl)l(t,y)yh(dy) =0, as. (5.27)

In Platen’s results (cf. Platen (2005)), which does not include jumps, the asset pro-
cesses and wealth process, that are benchmarked by the wealth process of the GOP, are
martingales under the real world measure P. Let us verify that the same is true in a
jump-diffusion market. It follows from (4.30) that the optimal measure for the expected

log wealth maximization problem is given by the Girsanov kernels

1

0°P(t) =~y (1), and 6,7 (t,y) = L+ n*()Tv,(t,y)

(5.28)

From (4.68) we can derive the optimal wealth process of the power utility terminal wealth
problem if the optimal EMM is known. Substituting (5.28) into (4.68) and observing
that _EIQ =1 for 8 = 0 shows that

1
xi?
Hop-(t)

From (3.3) and (5.28) the wealth process of the GOP n* is therefore given by

Vn“”i(t)—wexp</ s)ds + = /Hn )TE(t H2d8+/ n*(H)TE(t)dB(t)

+Z/ /R\{O} log (14 17(s)™v(5)) Na(ds, dy)
$)T (s, y)
_Z/ /IR\{O} 1+ n*(s) Th»yh(&y)yh(dy)) , te€][0,T].

It can also be expresses in differential form, where it looks almost similar to the wealth

VE(t) = e [0,7].

process of a trading strategy
dVpi(t) = Vyi(t—) |r [ (t)dt +n*(t)TE(t)dB(t +Z/\{ } )Ty (t y)Nh(dt dy)| .
0

As a matter of fact, this is the evolution of a wealth process under risk-neutrality when
the risk-less asset is chosen as the numeraire. We summarize our analysis in the next

proposition.
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Proposition 5.6. If the benchmark process is given by the wealth process of the GOP n*
as implicitly defined in (5.27), then all benchmarked (relative) asset prices are martingales

under the real world measure P:

1 1
‘/0/,,7* (t) — EH@* (t)SQ(t) = ;Z@* (t),
1 1

Vi) = ;He* (t)Si(t) = ;Ze* (t)Si(t),

fori=1,....k and t € [0,T]. Further, for a given portfolio m € Il(x) the relative wealth

process is a martingale under P:

Ve (8) =~ Hoe (0)VE (1) =~ Zo- (V5 (0).

Using Platen’s terminology one can now perform real world pricing in the jump-diffusion
market. That is if there is a financial claim C, we can use the growth optimal portfolio
as the numeraire and derive the pricing rule (5.26). We refer to Platen (2005) for more

details on the case where the stocks are driven by Brownian motions only.

5.4 Martingale Approach to Active Portfolio Selection

An investor is interested in finding a trading strategy that maximizes expected utility

from terminal generalized relative wealth. That is to find

®p = sup E[U(V5(T))], (5.29)
TEAR
whereby
Ap = {m € I|E[min {U(V;,5(T)),0}] > —oc} (5.30)

represents the set of admissible trading strategies for the above problem. As usual, the

optimization problem in (5.29) will be referred to by ®p5.

The way ®p is solved is similar to the procedure in Chapter 4. First, an auxiliary random
variable Yg is introduced for each B-Girsanov kernel 8. Each of these random variables
performs at least as good as any admissible trading strategy when comparing expected

utility from the auxiliary random variable and terminal relative wealth:
E[U(YE)] > E[U(Va/s(T))], =€ Ap.

Then under some conditions a replication strategy m € Ap can be found that replicated
Yg for some & € ©p. Since non of the Yg underperforms any admissible terminal
relative wealth the replication strategy must create terminal relative wealth that is not

outperformed by any other admissible relative wealth, thus is optimal.
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Let @) denote the EMM associated to the B-Girsanov kernel 8 € ©pg as defined in
Definition 5.3. The analogue function to Xp as defined in (4.5) is for this problem
defined by

Xh(y) =E[I(yZ5(T))], y >0, (5.31)

for a B-kernel Girsanov @ € ©pg. The set of 8 € ©p for which the above function is

finite is denoted by Op and is assumed to be non-empty:
Op = {6 ¢ 0p|X%(y) < oo, for y > 0}.

Then for each 6 € (:)B the function Xg is continuous and maps (0, 00) into itself. Further,
XY is strictly decreasing and satisfies X%(0+) = co and X%(c0) = 0+. This means in

particular that there exists a unique y > 0 for which X% () = 1.

This function Xg allows us to define a random variable Yg with some desirable properties.
Among others these are that Yg never underperforms relative wealth (in the expected
utility sense) of any admissible trading strategy. The following lemma can be proven in

an analogue way as Lemma 4.1.

Lemma 5.7. Let 6 € Op with associated measure Q. Define a random variable Yg =
I(g’]Z%(T)) for y as described above, then

(i) EC[Yg] = 1;
(ii) E[U(YS)™] > —oo;

(iii) E[U (Ve 5(T))] <E[U(YS)], Vme Ap.
Remarks.

1. Lemma 5.7 (i) act as a budget constraint similar to be found in (5.21), giving an

indication that every replication strategy should be admissible.

2. Ttem (i7) guarantees that any replication strategy for Yg is actually in the admis-

sible set Ap from equation (5.30).

3. An inequality that immediately follows (iii) is that for all = € Ap

E[U(Vz/p(T))] < sup E[U(Vz/p(T))] = &5 < E[U(YH)]. (5.32)

TEAR

Thus, Yg never underperforms the terminal relative wealth of the optimal trading

strategy.
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The above Lemma is the version of Lemma 4.1 tailored to the benchmark problem ®p in
(5.29). We have constructed a well behaved random variable Y} that performs at least
as well as any admissible terminal relative wealth for the problem ®p. If it is possible
to find a trading strategy whose relative wealth replicates for some 6 € O3 the random

variable Yg then this trading strategy should be optimal for the problem ®p.

The objective is to find a trading strategy 7 and a B-Girsanov kernel 6 for which equality
holds in equation (5.32). Such a B-Girsanov kernel should attain the infimum on the
right hand side of (5.32). If it exists it will be called the optimal B-Girsanov kernel
for problem ®p. Similarly to Definition 3.1 we make for the benchmark framework the

following definition.

Definition 5.8. An equivalent martingale measure Q represented by 0 e Op is called
optimal for the problem ®p in (5.29) if it satisfies
E[U(Y])] = inf E[U(YH)].
0cOp

Our aim is to find such an optimal martingale measure and to find a replication strategy
that leads to terminal relative wealth Yg for some optimal 0. Thus, we need to define a
martingale M for each 6 € ©p which is the benchmark equivalent to M in (4.8). Its
martingale representation coefficients can then be used to construct a condition on the
optimal trading strategy and optimal B-Girsanov kernel. To do this define for 8 € O3
the martingale Mg by

My (t) = E[Z5(T)YHFR], tel[0,T) (5.33)

D

Following the martingale representation Theorem 2.13 there must exist processes a” and

a’ that satisfy the integrability condition as in Theorem 2.13 and for which

MY%(t) = 1+/ $)TdW (s +Z/ /R\{O} (s,y)Ny(ds, dy). (5.34)

These martingale representation coefficients can be used to give conditions for a repli-
cation strategy and an optimal EMM. The next theorem is the benchmark equivalent
to Theorem 4.3. The proof is done in the same manner as in Theorem 4.3 but will be
carried out to clarify where the following optimality conditions on the optimal trading

strategy and optimal B-Girsanov kernel are coming from.

Theorem 5.9. If0 € Op and & € A satisfy for allh =1,...,m and t € [0,T]

E)TR(t) — b(t) = ~ al(t) - 67 (1),
MB(t_)
) ; (5.35)
T Yu(ty) —enlty) 1 uAGY)) 0l (t,y)
L+ en(t,y) 67 (t,y) \ M, (1 )



for vy, almost surely ally € R\ {0}, h=1,...,m, then 7 is an optimal strategy for ®p

and

Va/p(T) = Y. (5.36)

Thereby is Mg the martingale defined in (5.33) for 6 € Op and aP and a’ are its
martingale representation coefficients as in (5.34). Further, 0 represents the optimal

EMM for the problem ®p. The optimal relative wealth process is given by
Var(t) = VB() =E? [YE | 7], teo.T], (5.37)
where Vg is defined in (5.38).

Proof. We show that if 7 and @ are satisfying (5.35), then 7 is indeed replicating Y. If
this is the case, then because of (5.32), = must be optimal (given that it is admissible
for the problem) and equality holds in (5.32). Define for 8 € ©p the process

1
Z(t)

VE(t) == MY%(t), telo,T). (5.38)

Then from Tto’s product rule, equation (5.34), and (2.24), the process V5 follows the

stochastic differential equation

dVi(t)
Vi(t-)

1 ol
= OO e @070 -3 (0% L 1= 0]00) ) e
1
i (z\m_)aD(t> - 9D<t>> aw (1
aj (t,y)
+Z/\{0} 0}/ ( <]\4h%(t_) +1_0l{(t)> Ny (dt,dy).

Under the to 8 associated () measure the process Vg becomes a martingale so that

avy(t) 1 T
Vi) (M,%@—)“D“) ~0%0) aweiy

ai{(tay) _pJ Q
+Z/\{O} oG (Mg(t) +1 Hh(t)> NP (dt, dy).

Notice further that V3 has the properties that V5(0) = 1 a.s. and V(T) = Y} a.s. Since

(5.39)

all involved stochastic differential equations were assumed to have a unique solution, a
relative wealth process V. p associated to the strategy = is equal to Vg (and is therefore
building a replication portfolio), if the two stochastic differential equations (5.18) and
(5.39) are equal. This, however, is exactly the case if (5.35) holds. Finally, the represen-
tation (5.37) follows from (5.36) since Vz,p is a martingale under the optimal EMM Q.
Also observe that Vz,p(T) = Yg a.s. O
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The above theorem gives a tool to determine the optimal trading strategy for the in-
vestment problem ®p. It is the benchmark equivalent of Theorem 4.3. However, the
main difference between the above theorem and Theorem 4.3 is that the benchmark Gir-
sanov kernels have to satisfy two conditions (cf. (5.17)) as opposed to only one condition
given by (3.8). This makes it more difficult to find cases of utility functions for which
more explicit conditions on the optimal strategy and optimal Girsanov kernel can be
given. Fortunately, one class of utility functions for which this is the case are the already

familiar power utility functions. They will be discussed in more detail in Section 5.5

Corollary 5.10. Let the same assumptions as in Theorem 5.9 be satisfied. For the case
that the benchmark is the wealth pocess of the benchmark strategy n € 11 the optimality
conditions on (5,%) in (5.35) change to

(7() —n() yuty) 1 ( LAGT) AP y))

L+n)™va(ty)  6/(ty) \ ME(t—)
for vy, almost surely ally € R\ {0}, h=1,...,m

5.5 The Case of Power and Logarithmic Utility

Consider a power utility function U(x) = % for some [ < 1, with the usual convention

that that % = log(z) for B = 0. If I denotes the inverse of the first derivative of U,
1

then it is given as I(y) = y#-1 for y > 0.

Proposition 5.11. Let 3 < 1. If & € Ap satisfies

w(t)T z))P7!
(E(t) + (B —1)o(t)m — BE(t)b t + Z /\{0} Yin(t, 2) L +(1 Ei)c:(};,(tz’))? vp(dz) =0,

a(t) —r(t) + (8 — Db)TE@)7(t) — £b(t)Tb(t)

SR
20 o 20 e =

(5.40)

a.s. foralli=1,...k and t € [0,T], then it is optimal for the problem ®p with power
or logarithmic utility U(z) = % (and U(z) =log(z) if 5=0).

Proof. To derive an optimality condition for the strategy in problem ®p it is necessary to
compute Xg, Yg, and Mg as defined in (5.31), in Lemma 5.7, and in (5.33) respectively.

For given 6 € Op the function X g is given for the power utility case by

X (y) = BQ[I(yZ4(T))] = y7 TE[24(T)71], y> 0.
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B
B

The process Z%(T)?-T can be factorized into a martingale part (p/(t) and a non-

martingale part (y(t) so that Z% (7)1 = (p(t)¢n(t). The function X% then simplifies
to X%(y) = yﬁE[CN(T)], so that the ¥ that solves the equation X%(y) = 1 is then

given by
. 1

- EN(T)PT
The number 3 can be used to derive an expression for the optimal terminal relative
wealth of the auxiliary problem, Yg, as defined in Lemma 5.7. Substituting I and ¥ into

the definition of Y} determines it as
Yh = 1(GZ5(T)) = 55 Z5(T) 7.
What is left is to determine the martingale MY from (5.33):

Mp(t) = E[Z5(T)YH|F] = E[ZB( )BT 1|]:t] =y TE[CN(T)]Cm () = Cum(2)

B
B

for t € [0,T). As (u(t) is the martingale part of Z%(¢)?-7 it can be easily seen that it

follows the stochastic differential equation

B
B—1

B

dCu(t) = Cu(t=)=——=0P () TdW (t) + Cas(t— Z/R\{O} eJ t,2)F1 — 1)Nh(dt,dz).

Thus, the martingale representation coefficients of Mg are given by

6/?1013@), and ai(t, z) = Mg(t—) <Gg(t, z)% — 1)

for t € [0,T], z € R\ {0}, and h = 1,...m. Substituting the above martingale coeffi-

aP(t) = My(t-)

cients into (5.35) shows that the optimal B-Girsanov kernel 6 and the optimal trading
strategy 7 should satisfy

§(t)Tm(t) — b(t) = 5 6" (1)
w(t) vh(ty)—cmy ( tyr_1),
L+en(t,y
for h =1,...,m. Solving the above equations with respect to 0" and 67 one obtains
~D .
0 (t)=(6—-1)&E)™w(t) —b(t)), and
Gy — (LEFOE) T (541)
o 1+ Ch(t, y) ’
for h = 1,...,m and vp-almost surely all y € R\ {0}. However, a B-Girsanov kernel

~D
has also to satisfy the additional constrains (5.17). Substituting the above optimal 0
and é\;{, h =1,...,m into these conditions leads to the optimality condition (5.40). [
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It is not always guaranteed to find an optimal trading strategy 7r that satisfies the
optimality condition in (5.40). In the following some conditions are considered under
which it can be guaranteed that an optimal trading strategy exists for the power utility
case. Consider first the case where there are no jumps in the wealth process of the

investor and in the benchmark process. Then the optimality conditions in (5.40) become
a(t) + (B —Do(t)m — BE(t)b(1)
a(t) —r(t) + (8 — 1)b(t)TE(t)m(t) — Bb(t)T(t) =

Lemma 5.12. Let there be no jumps in the market and the benchmark. If the drift of

0, and
(5.42)

a.s., tel0,T].

the benchmark satisfies
a(t) =r(t) + bH)TE H(Ha(t), (5.43)

then the optimal trading strategy for the relative wealth problem ®p in (5.29) with power
utility U(z) = 25/8, B < 1, is given by

~ 1 _ _

w(t) = T 5° H(t) (@(t) — BEb(L)), ¢ [0,T). (5.44)
Independent from (5.43), for the case that the benchmark follows a trading strategy n €
Ay, the optimal trading strategy is

#(t) = 1_15 (o~ (®)a(t) - fn(t)), tel0,T). (5.45)

Proof. Solving the first equation in (5.42) with respect to 7 gives (5.44). Substiting the
solution of the first equation, i.e. (5.44), into the second equation in (5.42) leads to the
condition (5.43). For the case that the benchmark is a wealth process of a strategy n
the condition is (5.43) is automatically satisfied and b(t) = £(¢)™n(t) as in (5.7). O

The form of the optimal trading strategy 7 in (5.44) for the power utility case without
jumps takes a very similar form as the solution in the non-benchmark framework, which
was given in (4.32) by

i ! 50 a0,

Consider now the case that the benchmark is given as the wealth process of the GOP,

thus n(t) = o(t)"la(t) as of (5.4). Then from (5.45) the optimal trading strategy is

T =

also the GOP 7 (t) = o (t) a(t). Thus, if an investor has preferences in form of power
utility and the benchmark is given by the GOP, then he/she should also choose the GOP
as optimal trading strategy. This is quite interesting as it supports arguments as in Goll
and Kallsen (2000), Kelly (1956), and other, that argue the GOP is the best portfolio of

a rational investor.
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If there are instead of the Brownian motion parts jump processes in the model the stock
market model becomes a jump-model with drift. In that case the optimality condition

in (5.40) is given by

AN A m(O)Ty(t2) B
o ;/R\{o} nt:2) (1+en(t, 2))P vuldz) =0,

(1+7(O)Tyu(t,2))" _
a(t) —r(t) + /R\{O} cn(t, 2) - Ch(};, e vp(dz) =

a.s. for ¢ =1,..., k. For this to become a simpler condition in form of for example only
one equation, the ¢, should somehow relate to the k jump sizes ;. This is the case
if ¢j, is a linear combination of the ~;, such that cp(t,y) = Z;C:l i (t)vin(t,y) for some
{1, - .., pg. But then it is also necessary that a(t) — r(t) = Zle wi(t)@;(t) such that p
is actually a benchmark strategy (cf. (5.7)). If this is the case then the condition on the
optimal strategy simplifies to

m

o er(t. (1+‘%(ﬂT7h@72»ﬂfly 2) —
0 (mhz:l/mo} o a2y ) =

For the very special case when there is only one risky asset in the market and with only

one jump process with fixed jump size v and intensity v the optimal trading strategy

can be written in explicit form as

r(t) —a 1-5
At) = (( (ti(t)y(t)> (1+c(t))_1>, te0,T].

Thus, we have seen that in the presents of jumps a simplified condition on the optimal

trading strategy can be given when the benchmark is a portfolio wealth process. In
this case the drift has to satisfy a(t) — r(t) = n(t)Ta@(t). From the consideration on the
no-jump case the drift also has to satisfy the condition a(t) — r(t) = b(t)T€ ™ (t)a(t) as
n (5.43). However, if both of these condition should be satisfied then the diffusion term
must become b(t) = &(t)Tn(t).

Corollary 5.13. Let 5 < 1. If the benchmark is given by the wealth process of the
trading strategy n € 11y and 7 € Ap satisfies

()

] ~ . |
h 9

a(t) — Bo(t)n(t) — (1 -
+Z/

then 7 is optimal for the problem ®p(x) for the power utility case U(x) = 28 /8.

R\{0}
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5.6 Stochastic Control and Benchmark Portfolios

Let us consider the case when a benchmark process is given by a wealth process of a
portfolio n € II;, so that the relative wealth process V;,, has dynamics as given in
(5.10). This can be extended to a relative wealth process V'’ o ?(t) that starts at v at time
s €0,T]. Then V' -y Satisfies also the stochastic differential equation (5.10) for t € [s, T
with initial condition that V/ /?7( s)=1.

From the discussion at the end of Section 5.2 the relative wealth can be transformed into
the wealth process stochastic differential equation if the substitutions (5.14) are carried
out. In such a case and if the trading strategy is @ = w — n), then the relative wealth
process is equivalent to

avzr(t)
VEr(t-)

™

F(t)dt + 7 ()T |@(t)dt + E()dB(t +Z/\{O} (t,y) N (dt, dy) | ,

for t € [s,T].

Using this parallel between wealth process and relative wealth process it is possible to
transfer the results on partial differential equations from Section 4.8 to an extended
relative wealth problem where the parameters are Markov processes and the starting
point of the relative wealth is given by v at time s € [0,7]. In this section it is assumed
that all model parameters o, 7, &, v, as well as the benchmark strategy n are Markov
processes depending on time and current relative wealth v. Further, the set of B-Girsanov
kernels is also assumed to contain only Markov kernels, i.e. kernels that are Markov
processes. Since we only going to work with benchmark strategies 1 in this section, let

us call the B-Girsanov kernels n-Girsanov kernels to emphasis the dependency on 7.
Define for (s,v) € [0,7] x (0,00) the optimization problem of maximizing terminal

relative wealth when starting in (s, v) by

B, (s,0) = o E [U (vj/f? (T ))} , (5.47)

where the set of admissible trading strategies is defined for the problem by
Ay(s,v) = {ﬂ cell| E [min{o, U(VS(T)) > oo} }

Asin Section 4.8 the function X g in (5.31) is extended to accommodate time dependency.
Thus for (s,y) € [0,7] x (0,00) define
XJ(s,y) =K% [1(Z;4(T))], y>0.

Thereby is Zf]’g the Radon-Nikodym density of the change in probability measure from
P to Q of the n-Girsanov kernel 8 € ©,, that starts almost surely at y at time s. The
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1-Girsanov kernel is thereby chosen out from the set for which the function Xne (s,y) has

an inverse which is
C:)ﬂ77 = {0 €0, | Xng(s,y) <00, (s,y)€[0,T] % (O,oo)}.

The state space inverse of the function Xne(s, y) will be denoted by yg(s, v) for (s,v) €
[0,T] x (0,00). In the 8 € éT,n auxiliary market let

Yoy =1(2;%(T)) (5.48)

be the auxiliary terminal relative wealth. This construction of Ynsg) is directly taken
over from (4.71). The optimal equivalent martingale measure for the problem &, (s,v)

in (5.47) can then be defined in the following way, similar to Definition 4.21.

Definition 5.14. A martingale measure ) obtained by %\;T = Zy(T) in terms of

e (:)T,?7 is called optimal for the optimization problem ®,(s,v) in (5.47) if it satisfies
E [U (Ys’l’)} — inf E [U (Y“’ﬂ ,
77,9 GEéTW mo
where Yns”ev is defined as in (5.48).

The results on partial differential equations from Section 4.8 can now be applied to the
problem @, (s,v) of (5.47) using the transform (5.14). For the optimal trading strategy
and the optimal measure of the problem ®,(s,v) the equivalent condition as in Lemma

4.22 can be derived.

Lemma 5.15. Let 0 represent the optimal equivalent martingale measure for the problem
®,(0,z) in (5.47) for x > 0. Then the optimal trading strategy 7™ can be written in

feedback form 7(s,v) and satisfies for (s,v) € [0,T] x (0,00) the equations

. yg(S,v) ~D

(7 (s,0) = n(s))T&(s) = ~—————0 (s),

02 (s, v) (5.49)

(7 (s,0) =n(s)) ya(s,2) _
14+ n(s)Tvn(s, 2)

forall z € R\ {0} and h=1,...,m.

SLl—= S|

x5 (s, é\;{(s, z)Xg_l(s,v)> -1,

Thus, the optimal trading strategy is again Markovian and so the optimal relative wealth
process is also a Markov process. Using the same transformations (5.14), the main result
from Section 4.8, the Hamilton-Jacobi-Bellman equation, can also be transferred to the

benchmark problem.
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Theorem 5.16. Let ®,(s,v) be the optimal performance function of the optimal termi-
nal wealth problem specified in (5.47). Then ®, satisfies the Hamilton-Jacobi-Bellman

equations of stochastic programming

0,8 (s,v) + max {v( ((s) — (s))" (@(s) — o (s)n(5)) )2uB(5, )

wERF

J%H (m(s) = n(s)T €(5)]]*v*Duu®(s, v) (5.50)

35 [ (AR e | o

h=1

on the set [0,T) x (0,00) and satisfies the boundary condition

¢, (T,v) =U(v), v>0.
Proof. The Hamilton-Jacobi-Bellman equation (5.50) follows from Theorem 4.24 and the
substitution (5.14). The term in the jump-part of the HIB equation (5.50) follows from

(w(s) = m(s)) va(s,2) _ 1+ 7(s)Tv(s,2)
L4+n(s)Tv(s, 2) L+n(s)Ty,(s,2)

O

L+ (5,2) = L+ & () qp(s,2) = 1+

5.7 Conclusion

We have carried out an expected utility maximization problem where the objective was
to maximize the terminal relative wealth. To do this we have changed the probability
measure into an equivalent martingale measure () such that the relative wealth became
a @-martingale. The crucial condition on the B-Girsanov kernels, which are responsible
for the measure change, was thereby equation (5.17). Using the measure change, rela-
tionships to change of numeraire techniques, as developed by Geman et al (1995), has
been discussed in Section 5.3.1. The numeraire has been changed from the risk-less asset
So as used in Chapter 3 and 4 to the benchmark process Vg of this chapter. Further
relationships to Platen’s work on the benchmark approach have been established and

extended to the incomplete jump-diffusion framework in Section 5.4.

The martingale methods for portfolio optimization developed in Chapter 4 have been
applied to the benchmark problem, which has let to a condition on the optimal trading
strategy and the optimal martingale measure, which has been shown in Theorem 5.9. The
case of power utility has been analysed and we have investigated under which conditions
more closed form solutions to the problem exist. Conditions for that have been given in

Lemma 5.12 and Corollary 5.13.
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The chapter has been concluded by linking the PDE results from the previous chap-
ter to the benchmark problem so that the Hamilton-Jacobi-Bellman equation for the

benchmark problem could be derived in Theorem 5.16.
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Chapter 6

Expected Utility Maximization

under Constraints

6.1 Introduction

In this chapter we consider the problems of the previous two chapters when the investor’s
trading strategy is constrained to a non-empty closed convex set K C R* that contains
the origin. The set K represents the constraint on the trading strategy which could be
for example the constraint of no short selling, a restricting on the number of assets to

trade with, or some constraints in form of boundaries on the proportion strategies ;.

In the literature constraints of these kind have been treated by various authors. The
paper that is probably most relevant to the approach in this chapter is that by Cvitanic
and Karatzas (1992). They study the problem of optimal consumption and investment
when the portfolio is constrained to take values in a given convex set K. They model
the stock prices as continuous Itd process which is essentially the model that has been
used throughout this thesis but without jumps. The approach to solve the constrained
optimization problem is to embed it into a suitable family of unconstrained problems.
One then tries to single out a member of this family for which the optimal portfolio

actually obeys the constraint and thereby solves the original problem as well.

In a later paper Cvitanic and Karatzas (1993) transfer the results from the constrained
consumption-investment problem to contingent claim pricing and hedging. In a different
paper, Bardhan (1993) extends the results from Cvitanic and Karatzas (1992) by consid-
ering additionally some minimum requirements on the consumption rate and the wealth
process of the investor over the investment horizon. The arguments for these additional

constraints are cash flow and regulatory requirements.
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In this chapter, and in particular in the first part, the results of Cvitanic and Karatzas
(1992) are extended to the jump-diffusion model. The procedure is similar as in their
paper but now the additional requirement is to handle the market incompleteness that
arises from the jump-diffusion model. This is done by adding an addition layer of embed-
ding which deals with the jump-diffusion incompleteness. As in Cvitanic and Karatzas
(1992) the constrained problem will be transferred to a family of auxiliary problems that
are not constrained. Each of these auxiliary problems are solved by again relating them
to a family of auxiliary problems, each parametrized by a kernel of an equivalent mar-
tingale measure. This part will be using heavily the methods developed in Chapter 4.
One gets therefore two layers of auxiliary problems, one that deals with the constraints
and the other one that deals with the market incompleteness. The original problem is
then solved by finding a strategy for which the solution of all layers coincide and that

obeys also the constraint K.

In the second part of the chapter constraints are applied to the benchmark optimization
problem of Chapter 5. It is assumed that the benchmark is the wealth process of a
benchmark strategy 1. Again a financial agent’s aim is to outperform the benchmark
portfolio. Now it is the difference of the two proportional trading strategies that is not
allowed to leave the convex set K. This allows to model various constraints. For example,
the trading strategy 7 could not be allowed to be too different from 7 in absolute terms
say. Another constraint could be that an investor has to invest at least as much money
into a particular stock as strategy m does. The problem is solved by combining the
results from Chapter 4, Chapter 5, and the results from the first part of this chapter. As

far as the author is aware such kind of problem has not been treated in the literature.

Portfolio optimization in the context of benchmarks and constraints has been approached
rather differently in the academic literature. Often it is assumed that an investor’s
portfolio should satisfy some tracking error constraints when trying to outperform a
benchmark. Examples for this kind of treatment are Bajeux-Bsnainou et al. (2007),
Jorion (2003), and El-Hassan and Kofman (2003). However, these problems are often
solved in a mean-variance framework rather than the expected utility maximization
approach used here. Also the authors make assumptions on the distributions of the
returns of the financial assets rather than specifying a continuous time model for the

stock price dynamics as it is done in this thesis with jump-diffusion processes.

Papers that consider drawdown constraints and value-at-risk constraints are Alexander
and Baptista (2006) and Alexander and Baptista (2008), respectively. They also consider
a mean-variance approach and work with the expected return and the variance of asset

returns. A paper that analyse the problem of index tracking with constrained portfolios
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is written by Maringer and Oyewumi (2007).

The chapter is outlines as follows. Section 6.2 introduces the constrained version of the
consumption-investment problem of Chapter 4. A family of v-problems will be intro-
duced which will be solved in Section 6.3. The central result of the chapter, the solution
to the constrained consumption-investment problem, will also be presented in this sec-
tion. Section 6.4 deals with the problem of constrained relative wealth maximization
which is the constrained version of the problem treated in Chapter 5. In a final sec-
tion, Section 6.5, various constraints, namely upper and lower boundary constraints, are

applied to the problems in a power utility setting.

6.2 The Constrained Investment-Consumption Problem and

the Family of v-Problems

In the following we solve the optimal consumption-investment problem of Chapter 4
which was given by ®(z) in (4.4) under constraints. Our main reference for this work
will be the paper by Cvitanic and Karatzas (1992) who solve the problem without jumps.
Their results will be extended to the general jump-diffusion case. The stock market model
is as usual the model given in (3.1) such that the wealth process of an investor is the

solution of the stochastic differential equation (3.20):
dVe.(t) = (VE(t—=)r(t) — c(t)) dt + w (@) VI (t—)T [a(t)dt + £(t)dB(t)]

+ Vel Z/ ) vL(t, y)Np(dt,dy), te]0,T].
R\{O}

The set A(z) is as usual the set of admissible strategies (7, ¢) for which the wealth process
is almost surely non-negative. It has been defined in Definition 3.6 and is always non-
empty since the strategy (7, c) = (0,0) is always in it. In the following we are interested

in restricting the portfolio strategies to certain convex sets that represent constraints.

Definition 6.1. A closed convex set K € R* that contains the origin is called a con-

straint.

Examples of constraints are short-selling constraints K = [0,00)*  prohibition of bor-
rowing K = {p € R | Zlepi < 1}, or restriction on the number of assets K = {p €
R | ppr=1 = ... =pr =0} fora M € {1,...,k — 1}. We introduce the convention that
7 € K if and only if 7w (t) € K for almost surely all ¢ € [0,T].

The problem of maximizing consumption and terminal wealth under the constraint K is

then that of finding an optimal strategy pair (7, ¢) and an optimal performance function
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® i (x) defined by

T
Oy (r):= sup E [/ Uy (t, c(t))dt + U2(V7§C(T)):|
(mw,c)eAK 0

—E [/OT U (t,e(t))dt + U2(V{3(T))] ;

where the set of admissible strategies for the problem is given by

Ax (@) = {(71',0) c A(x)’ E [/OT U, (¢, c(t))dt + Uz(v;C(T))—] > 00, TWE K}

As usual, the constrained optimization problem of finding an optimal strategy (7,¢) as
well as the optimal performance function given in (6.1) will be referred to, with a slight

abuse of notation, by ®x(x).

To handle the constraint we need to heavily borrow tools from the theory of convex
analysis. A standard reference on convex analysis is Rockafellar (1970). Bismut (1973)
offers an application of convex analysis to stochastic control. A key concept of convex

analysis is that of the support function of a closed convex set.

Definition 6.2. Let K be a closed convex set. The function ¢ : RF — [0, 00] defined by
() = sup{—pTv}, veR:
peK

1s called the support function of the convex set —K. The effective domain, on which ¢ is
finite, will be denoted by K.

From the definition follows immediately that p € K if
((v)+pTv>0, Yvek.

Some examples of support functions for various constrains are (cf. Cvitanic and Karatzas

(1992)) no short selling K = [0,00)*, ¢ =0 on K = K; no borrowing K = {p € R¥ |

Zlepi <1}, ¢(w)=—-vyon K ={v e RF | v, = ... = v < 0}; or restriction on the
number of assets K = {p € R¥ | pyym1 = ... =pr =0}, (=0on K = {v e RF | 1) =
...:UMIO}.

To apply the concept of support functions to stochastic process we need to make a further

introduction of a set of processes for which the support function is well behaved.

Definition 6.3. Define by Di the set containing all (F;)-measurable processes v :

[0,7] x Q — K that satisfy .
E [/0 C(v(t))] < 00.
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Thus a trading strategy 7 satisfies the constraint K, i.e. w € K, if
C(o)+w(t)Tv(t) >0, tel0,T], Yv e Dg. (6.2)

The equation (6.2) is thus the key tool to relate a trading strategy @ € K to the support

function (.

The idea how the constrained consumption-investment problem is solved is the following.
For each of the v € Dk a so called v-market is constructed. In such an v-market an
v-wealth process Vi, ’C(U) is constructed that has the property that as long as its trading
strategy 7 satisfies the constraint K it is always as least as big as the original wealth

process: Vi LZ(U) > Ve

o if # € K. Within the v-market another optimization problem

is formulated which will be called the v-problem. This v-problem is an unconstrained
problem and can be solved using methods from Chapter 4. One then checks for what v
the solution of the v coincides with the solution with the constrained problem with the
trading strategy also satisfying v € K. It will be seen that the inequality (6.2) will play

a central role.

To introduce the v-market we follow the approach in Cvitanic and Karatzas (1992) by
changing the risk-less asset rate r and the stock drift rates a. This will lead to the
(v)

desired properties of the v-wealth process V;: ¢~ as will be seen in Lemma 6.4. Thus,

for a v € Dk define the processes

ru(t) == r(t) + ¢(v(t))
a,(t) = a(t) +v(t) + ((v(t)) 1,

(6.3)

where 1 = (1,...,1)T is the k-dimensional unit vector. The v-market is then the market
under which the asset prices have the parameters as defined in (6.3). That is the v-stock

(v)

price processes S; ' are defined as the solution to the stochastic differential equations

()
ds'())am dt+Z§” t)dB;( +Z/ ~in(t, y) Ny (dt, dy),
R\{0}

(v)

for i =1,...,k. Equivalently, the v-risk-less asset S; ’ is defined as the solution to the

ordinary differential equation
ds{? () = S (t)ry(t)dt, t>0; So(0) =

The original asset price process as in (3.1) and (3.6) can be recovered for v = 0.

The v-wealth process Vf,’c(v) of a strategy (m, ¢) is then simply the wealth process of the

strategy (7, c) when the asset prices are following the stochastic differential equations
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(v)

as above. Thus, V.~ is solving the stochastic differential equation

W0 = (VD 0 e a

+7r(t)TV7§;:(v)( -) [au( )dt + &(t)dB(t +Z/\{0} (t,y)Np(dt,dy)| ,
(6.4)

for t € [0,T]. This relates to the original wealth process SDE (3.20) but with r replaced
by r, and @ replaced by o, = @, —r, = @ + v. Obviously, v-wealth and original
wealth coincided if v = 0. For v € Dk the set of strategies (7, c) that lead to almost

surely non-negative v-wealth is denoted by A, (x) for initial wealth > 0. Strategies in

A, (z) are called v-admissible.

Notice that the difference of (6.4) to (3.20) becomes more clear when we substitute (6.3)
into (6.4). Then

V) = (VA a=)r) - et)) dt + VA (=) (C(o(t) + m(H)Tv () dt

() TVEM) () [ (t)dt + &(t)dB(t +Z / \{0} W (6 )Ny (dt, dy) | -

Neglecting the ny}fﬁu) (t—) (C(v(t)) + m(t)Tv(t)) dt term this is exactly the normal wealth
equation (3.20). It should now be intuitively clear why Vj. W > Ve The following

lemma proofs it.

Lemma 6.4. Let K be a constraint and let v € Dg. If (7,¢) € Ax(x) then

vER () > VE (L), tel0,T). (6.5)

Proof. Let (m,c) € Ag(z). Consider the dynamics of an v-wealth process discounted by
the (original) risk-less asset Sp under an EMM Qo with corresponding Girsanov kernel
6co:

Vil ) o V)
o = st CwE) ) v(t))T()dt

Vil (t-) o
O ()[ t)dB t+2/

d

\{0}

Define the process
Vil (8) = V(1)
So(t) ’

If we can show that A(t) > 0 almost surely then the lemma is proven. Consider the

Alt) ==

€ [0,7].
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dynamics of A which are

dA(t) = A(t=)m(t)T [ (t)dB(t) +Z/

750
,C t_
K i )

Bt y) N2 (dt, dy)]
R0} |

(C(v(t)) + = (t)Tv(t)) dt

So(t)
= A(t)] (Co(®) + w () v(t) dt (6.6)
S (t)T <g )dB@0 (¢) +Z/ Wt y) N2 (dt, dy))]
\{0}
Vﬂé'vc( _)
S (C(u(t) +m(t)Tv(t)) dt.
Further define the jump-diffusion process J(t) as the solution to the stochastic differential
equation
IEONAC I
0; (t,y)vy(d
[Z/I‘K\{O} 1+ﬂ_ T7h(t y) h( y) h( y)
— 7 (t)To(t)m(t) — (C(v(t) + (1) v (1)) ] di (6.7)
by) %
— w(t)TE(t)dB (1) / DY) 50044 a1,
(07 Z R\{0} 1+7" ()T m(t,y) " (d, dy)
Notice that the process J(t) is non-negative since 1 — =2 = —1__ > 0. Also the

147 Ty, 14+7 Ty,
dynamics of the process AJ can be calculated through It6’s product rule Lemma 2.18

applied on (6.6) and (6.7) as

J(t=)VE(t—)
So(t)

so that most terms cancel out. Since A(0) we have that

d(A(t)J (1)) = (C(v(t) +m(t)Tv(t)) dt,

Alt) = 1t)/0 TV (o)) 4 m(s)To(s)) s, te [0.7]

J( So(s)
The above expression is non-negative if {(v(t)) + m(t)Tv(¢f) > 0. But comparing with
(6.2) this is the case since w € K. O

The same result to (6.5) above can be found in Cvitanic and Karatzas (1992) for the
non-jump case. Hence, the above lemma naturally extends it to the jump-diffusion

framework.

In the following we want to apply the usual measure change techniques to the v-markets.
Recalling the conditions under which the discounted original wealth process Vi’c becomes
a martingale if consumption is neglected, namely that a jump-diffusion Girsanov kernel

0 < O has to satisfy condition (3.8). Then it is natural that the v-wealth process
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V. ’C(v) becomes a @-martingale if, again neglecting consumption, it is discounted by the
v-risk-less asset and the Girsanov kernel 0 satisfies

it +wa +Z /\{}Wyekvuy)vk(dy)—o (6.8)

a.s. for all ¢ = 1,...,k: and t € [0,T]. For a given constraint K and v € Dk as in
Definition 6.3 a process pair 8, = (87,07) is called a v-Girsanov kernel if it satisfies
conditions (i) and (4¢) of Definition 3.1 and additionally (6.8). Thus, an v-Girsanov
kernel is exactly the same as the Girsanov kernel of Definition 3.1 but tailored to the

v-market. The set of all v-Girsanov kernel shall be denoted by ©,, for v € Dg.

Using the usual introduction of measure changed Brownian motion and Poisson random

measure
dBY(t) = dB;(t) — 07, ()dt, and
N (dt, dy) = Ny(dt, dy) — 67, (t, y)v(dy)dt

for h = 1,...,m. The discounted v-asset prices gl(v) = Si(v)/S(()v) and the discounted v-
wealth without consumption are ( martingales. Notice that discounting in an v-market

is thereby using the v-risk-less asset instead of the original risk-less asset.

Proposition 6.5. Let v € Dk for a constraint K. Further let QQ be an EMM constructed
through a v-Girsanov kernel @ € ©,. The discounted v-stock prices (discounted by the

v risk-less asset) are martingales under Q:

m

i (HdB2(t) in(t, )N (dt, d teo,T).
S 25] Zl/\{}vh YNE(dt,dy), teo,T]

)

Further, for a given strategy (m,c) € Ay () the process My defined by
t
MY (t) = +/ S—e(9)ds, te[0.T], (6.9)
0 S
s a QQ martingale.

This section is concluded by introducing a set of auxiliary problems, henceforth called
v-problems. Each v € Dg has lead to an v-stock market and in each of these stock mar-
kets an consumption-investment problem is considered. For fixed v € Dg the problem
of maximizing consumption and terminal wealth in an v-market is that of finding an op-
timal strategy pair (7,¢) that maximizes the right hand side of the optimal performance

function

T
O, (z) := sup E [/ Uy (t,c(t))dt + UQ(V;C”C(“)(T))]
(m,c)eEAL 0 (610)

=E [/OT UL (t.2(t)) dt + Un(VEL" (T))] ,
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where the set of admissible strategies for the problem is given by

T
Ay(x) = {(71',0) € Av(l‘)‘ E [/ Up (t,e(t)) dt + UQ(V;;:(U)(T)>_:| > —oo}.

0
The above optimization problem ®,(x) is the v-market equivalent of the problem ®(x)
n (4.4). It will help us to solve the constraint optimization problem ®x(z) in (6.1).

Both problems will be solved in the next section.

6.3 Solving the v-Problems and the Constrained Problem

In this section martingale methods are applied to solve the v-problems defined in the
previous section. The consumption-investment problem in the v-markets can be solved
in an analogue way to the problem ®(z) of (4.4) that has been solved in Chapter 4.
However, there are some points that need clarification. Unlike problem ®(z) there is now
a family of problems (®,(7)),cp, for each constraint K. For each of these problems,
i.e. for each v € D, there exists a set of EMMs parametrized by a v-Girsanov kernel
0.,. This set of EMMs is given by the set of all v-kernels ©,,. In problem ®(x) some
v-processes have been defined for each jump-diffusion Girsanov kernel 8 € ©. Here
again some v-processes representing auxiliary consumption and terminal wealth will be
defined again for each v-Girsanov kernel 8,, € ©,,. However, the reader is reminded that
these sets of v-processes will exist for each v € Dg. That is unlike in problem ®(z)
where there is not just one sub-problem, whereas here there are two sub-problems. The
first layer, given for each v, will handle the constraint given by K. The second layer,
given by a 6,, for each v will handle the issues arising because of the incompleteness of

the market due to the jump-diffusion model.

For 6, € O,, the concept of the state price density Hy as defined in (3.3) for Girsanov
kernels is naturally extended to the v-market by defining He(v) (t) := Zév) (t)/S(()U) (t). It
follows the dynamics given by
v m
‘“Zé)(t) = —ry(t) + 00 (1)TdB(t) + / (61, (t.y) — 1) Np(dt,dy)  (6.11)
Hy 7 (t—) R\{0}
for t € [0,T]. Equivalent to Proposition 3.9 in an v-market the following budget con-

straint is satisfied.

Corollary 6.6. Let K be a constraint and let v € Di. Given an v-Girsanov kernel
0, € O, with corresponding EMM Q, every admissible pair (7,c) € Ay(x), x > 0,
satisfies the budget constraint

T
Q c(s)
o[ i

[ / H(“ ds+H( (T TYWVENT)| < =,
(6.12)
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va(’u)

e

Proof. Equation (6.12) follows immediately from (6.9) and the non-negativity of

ie. (6.9) is a supermartingale. O

For fixed v € Dg the problem of maximizing consumption and terminal wealth intro-
duced in (6.10) can be solved in an analogue way as the original consumption-investment
problem has been solved in Chapter 4. The procedure is analogue to Section 4.3 and
Section 4.4. Most proofs will be omitted since they are one to one analogue as in the
two sections. We briefly state the v-market analogue of the function Xy as defined in
(4.5) and the v-analogue of the variables ¢y and Yjp from definition (4.6). Asin (4.5), for
v € Dk the function X" is defined by

T
x () :—E[ /0 HY (t=) Lty HY (t-))dt + Hy (T L(yHY(T)) |,y >0,

The set of v-Girsanov kernels are reduced to a set where XQ(U) is well behaved, i.e.
0, = {6,€0,| X(,(U)(y) < oo, fory > 0}.

For 0, € (:)U the function Xg(v) has an inverse, which will be denoted by yé“). In an
v-market an auxiliary consumption process and auxiliary terminal wealth is defined for

initial wealth = > 0 and 6, € ©,, by
() =1 (69 @ H ().

(6.13)
v\ =1 (ye“) () H” (T)) .

These definitions are the v-equivalent to (4.6). It is obvious that for a constraint K and
v € Dk, the variables cév) and YG(U) satisfy items (i) to (4i7) in Lemma 4.1 in the v-market

setting, that is with respect to the v-state price density HQ(U)

, and trading strategies are
in (m,c) € /Tv(x) There is also a further property illustrating the relationship between
the three optimization problems (the original and the two auxiliary) which will be shown

in the next lemma.

Lemma 6.7. Let v € Dg for some constraint K and let 8, € @)U. Then Cév) and Y@(U)
as defined in (6.13) satisfy

E [/OT UL (t, e(t))dt + Us (V;C(TD] <E [/OT Ut eft))de + Uz (V7 (T))] (6.14)

<E [ /O " Ut ()t + Uz(Yg(”)>] :

for all (w,c) € Ag(z).

Proof. Only the first inequality needs to be proven in (6.14), since the second is analogue

to (iii) in Lemma 4.1. However, the first inequality follows from Us being almost surely
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an increasing function and because V' .(T) > Vf,’c(v) (T') since (m,c) € Ax(x), as shown

in Lemma 6.4. OJ

An optimal EMM for the problem @, (z) in (6.10) is the v-equivalent of Definition 4.2.
That is, @ is optimal for @, (x) if its v-Girsanov kernel representation 51} € C:)U satisfies

r T
E[/O Ui (t, (S)( ))dt + Us (Y (>)} = inf EUO Ul(t,cg“)(t))dHUg(y@(“)) .

(S

Having introduced all processes and variables needed, we can transfer the results on the

optimal consumption-investment problem from Theorem 4.3 to the v-market problem
D, (x).

Corollary 6.8. Let v € Dg for a constraint K. For 0, € év define the processes

.7-}}
/H ) (s)ds (6.15)
{MM) RGN

_EU H (s=)e (s)ds + H (T) Y,

v@‘ (t) =

Hé”( t)

where C(SU) and ng(v) are defined as in (6.13). If there exist a v-kernel 6, € O, and a

trading strategy 71'(;) € II that satisfy the set of non-linear equations

v 1 .
£(t)7ré>(t) = B0V )a{?(t)_ 2,
0 6 p 67 (6.16)
vt y)w () = 1 af (Ly)  Ou(ty) -1
Q) 9 gu) (t—)VGA(U) (t-) az{,h(tvy) é\ih(t,y)

for h =1,...,m, and vy-almost all y € R\ {0}, then <7ré\v),cé\v)) is a solution to the
v-problem ®,(x) in (6.10). Thereby are, as usual, a¥ and aiv the martingale repre-
sentation coefficients of M(gv) defined in (6.15). Further, the optimal v-wealth process of

( () cé )) 1s given by
Vi @ =VI"(),  as, te0,T).
6 70

We have formed a family of v-problems wich parameterize the constraint K using the
processes v € Dg. In each v-problem a consumption-investment problem has been
solved in a jump-diffusion setting using the results from Chapter 4, and in particular
Theorem 4.3.

It is now possible to link the family of v-problems to the original constraint investment-

consumption problem ®x(z) in (6.1). Consider thereby the following. It is know from
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the proof of Lemma 6.4 that Vf,’c(v) and V7, coincide if
Clo(t) +=(t)Tv(t) =0, tel0,T].

If a solution to a v-problem satisfies this and in addition to that the v-optimal trading
strategy ") satisfies the constraint K, i.e. #”) € K, then from (6.14) this must be
also an optimal trading strategy for the constrained problem ®g(z). Hence, we have

just proven the following theorem.

Theorem 6.9. Let v € Dg for a constraint K. Assume further that Wé\v) € II satisfies
(6.16) for some optimal kernel 6, € O,. If Wé\U) satisfies for t € [0,T]
¢ (v(t) + Wé\v)(t)T'U(t) =0, as well as ﬂ'g}) €K,

then (ﬂ'gj), cg))> is an optimal trading strategy for the problem (6.1) given by

T

Pp(r):= sup E [/ U; (t, c(t))dt + UQ(V;;";C(T))
(m,c)eAK 0

Further, if TFgU) and 5@ satisfy all the above conditions then the optimal consumption

process and the optimal terminal wealth are given as in (6.13) for /év, and the EMM Q

associated to 0, is optimal for the problem @ (x).

6.4 Benchmarks and Constraints

It has been seen that when a benchmark process is given as the wealth process of a
trading strategy m the results in Chapter 4 and Chapter 5 are strongly interlinked.
In this section the aim is to carry these relationships over to the case of constrained
portfolios. In the previous section a financial agent’s aim was to maximize terminal
wealth and consumption when his/her trading strategy 7 is constrained to a convex set
K. Similar considerations can be made for the benchmark problem when one assumes
that the difference between the investor’s trading strategy 7 and the benchmark strategy
7 has to lie within a constraint. This can be interpreted as that an investor still wants to
outperform the benchmark strategy, but has now the constraint that the strategy = can
not be too different from the benchmark’s. Thus, the problem has become more similar
to a more passive problem but where one still tries to outperform a benchmark. Let us
formally define the problem that we are going to solve in this section. Let again K be a
given constraint as of Definition 6.1, and let n € II; be a given benchmark strategy such
that the relative wealth process is given by V7, as in (5.10). The optimization problem

of maximizing expected utility from terminal relative wealth under the constraint K is
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then the problem of finding an optimal trading strategy 7 that attains the maximum in
the optimal performance function

P = s E[U (Ven(T))], (6.17)

where the set of admissible trading strategies for the problem is given by
Al = {m eI |E[U (Voyy(T)7)] > —00; w—meK}.

The problem can be solved in the same style as problem ® g (z) in the previous section.
Because of (5.7) most results can be immediately transferred to the problem ®7- of this
section if consumption is equal to zero ¢ = 0. The support function ¢ of the set —K as
defined in Definition 6.2 can be used without changes since clearly m —n € K if and
only if

C((t)) + (w(t) =m(t))Tv(t) 20, tel0,T], (6.18)

for all v € Dg. Analogue to the v-market introduced in Section 6.2 we will now introduce
a v-n-market tailored to the constrained benchmark problem. To relate the wealth
process V' in (3.13) to the relative wealth process V /, in (5.10) we have carried out the
substitution (5.14). In particular, for the risk-less rate and for the discounted a-rates

this substitution is

(V) (v)

To now transfer the v-wealth process Vi ' into an v-n-relative wealth process V. /y One

has to carry out the substitutions as in (6.3), which become

R () = () + (o (1) = C(v(D)),
&, () == &(t) + o(t) = &lt) — a(On(t) + v(b),

~ 6.19
() = £01), (049
~ . "ty)
Yih = )
L+ n(@) Ty, (t,y)
x = 1 and the trading strategy is set to 7 := 7™ — 1 in the v-wealth process. The

(v)

v-n-relative wealth process V. e satisfies then the stochastic differential equation

dV’E7’)7() = t t ) To(t)) dt
W— (Cu(®) + (m(t) = n(t) v(1))

+ (w(t) = ()T [ (@) — o (t)n(t))dt + £V (1)
+ Z/ 7" (t) Nh(dt,dy)}, t e [0, 7).

r\{0} L +0()T7,(t )
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Comparing the v-n relative wealth with the original relative wealth in (5.10) one can
see that

(v)
AV () dV, (1)

Vﬂ%(t—) Vﬂ'/T](t_)

In particular, it can be deduces from (6.18) that if 7 —n € K then, clearly, V7T(72](t) >
Vn/n(t)'

As usual in the v-n-market we can perform a measure change such that the discounted(!)

+ (C(o®) + (7(t) — (1)) Tv(t)) dt.

relative v-wealth process becomes a martingale. This is now different from the procedure
in Chapter 5, since we derive our results from a transformation of the v-wealth process of
the previous section. Before, when transforming a wealth process into a relative wealth
process the risk-less asset has become the constant process Sy = 1 since we have set
r = 0, however, now in the transformation (6.19) from the v-market to the v-n-market

the v-n-risk-less asset is given as the solution of the ordinary differential equation
asy”"(t) = C(v()Se” " (dt, t € [0,T),

and S(()U)’n(O) = 1. Thus, we have performed two substitutions. First, the wealth process
has been transformed into a relative wealth process through (5.14), and, second the
substitution in (6.3) transforms the relative wealth into an v-type market as in the
previous sections. These two substitutions have been summarized in (6.19). We call the

newly constructed market a v-n-market to emphasis the dependency on 7.

The v-n-Girsanov kernels are then a pair of processes 6, , = (01{ o 05 ) defined like the

v-Girsanov kernels in the previous section but with the condition

a(t) +v(t) - o()n(t) + E0O° (1) +Z/\{O} ﬁj;ﬂ&f; vn(dt, dy) = 0,

instead of condition (6.8). This condition is basically the v-n-equivalent of (5.20) but
has now an additional v-term. For a given constraint K and a given v € Dy the set
of all v-n-Girsanov kernels will be denoted by ©7,. Clearly, if Q denotes the probability
measure associated to the v-n-Girsanov kernel 6,, ,, € ©7, and if W€ and NQ as defined
as in (2.21) and (2.22) for 8, respectively then the discounted relative wealth process

is a Q-martingale:

Vi) Van(i-)
n/ T
T Z( — (w0 = (o) [e@aw )

S Tty o
n / NO(dt. d
hz::l m\(oy L+ 0™ty " (d dy)

It is possible to transfer the results from the previous section to the constrained relative

wealth problem ®7. in (6.17)
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Proposition 6.10. Let K be a constraint and let v € Dg. Define the function
X0 y) =B [ (ya"(D)] Ly >0,
and the set for which it is finite for all y > 0 by
o1 = {e €0, | XV(y) <00, y> o} .
For 0 € ©,,) denote by V"' the inverse of X\ and define
M) =B [ (V0 @) HO(T)) | F
M(U)’"(t) (6.20)

V() = =0 e (0,7,
1)

If # € II and 6 € O satisfy the conditions

7 (t) — T — 1 oP _/\D
(7O =) €0 = ey @ O =0 1)
aj 0/ —
(®(t) = n(0)T ¥ (t. 1) ! i(ty) Bilty) 1

and in addition to that satisfy

(1)) + (7 (t) = n(t))T v(t) =0
w(t) —n(t) € K,

(6.21)

then 7 is optimal for the problem ®7. in (6.17). The optimal relative wealth process is
then given by Vz/,(t) = a(v)m(t) defined in (6.20). Hence, the optimal terminal relative
wealth is given by

VayolT) = 1 (V@) HE(T))

6.5 Applications to various Constraints

In this section the results of the previous sections on constrained consumption-investment
problem and the constrained benchmark problem is tried on concrete constraints. As
usual, to get some closed form results we will be working with the power utility. Consider

the constrained consumption-investment problem from (6.1) first.

Let K be, as before, the convex set that contains the origin and represents the constraint.
D is defined as in (6.3) so that v € Dk specifies a v-market. The same utility functions
as in Section 4.5 are chosen so that the utility from consumption is Uy (t,z) = l’ﬁill for

£1 < 1 and the utility from terminal wealth is Us(x) = 22 for 8o < 1.
B2
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The optimality condition (6.16) for an optimal trading strategy-Girsanov kernel pair
(772(;}),/0\@) in the v-market has the same form as the optimality condition (4.12) in the
normal market. Thus, for the power utility case the optimality condition for an optimal
trading strategy and an optimal v-Girsanov kernel for the v-problem takes the same

form as condition (4.27), which is then in the v-market

() 1 I W RO a”
EWm(r) = d@<)+ww<>{m—1% )+ W) o
vl ) (1) = : [(3 00,077 —1) O (1)

C& (=) + Wi ()
+ (BT = 1) W)},
(6.22)

for h =1,...,m. Thereby are C5”) and W,") defined by

— [ / H( _>cgv><s>|ft}, and

WW)z (), |7

respectively, with Hé(,v) as in (6.11), and cév) and YQ(U) as defined in (6.13) for 6, € O,,.

Since we are going to work under constraints which in turn add complexity to the problem
it appears appropriate to restrict our analysis to the simpler case where the utility
from terminal wealth is the same as the utility drawn from consumption, such that
B1 = B2 = . For this case the above condition (6.22) becomes for the optimal strategy

Ty

() +o(t) - (1 - 5) +2/m (1,9)01 + Fo0)T74(1,9)) v (dy) = 0.
0

(6.23)

This is the v-equivalent to (4.31), which is not surprising since v-Girsanov kernels need

to satisfy the condition (6.8) which has exactly the same form as the condition on the

Girsanov kernels in (3.8)

Proposition 6.11. Let K be a convex set containing the origin and let 5 < 1. If for
v € Dg the condition (6.23) are satisfied as well as

C(u(t) + Fo(t)To(t) =0, te0,T], (6.24)

and 7, € K. Then 7, is the optimal trading strategy for the problem ®x(x) in (6.1)
with power utility Uy (t, x) = Us(z) = 2° /8.
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Let us for the purpose of the following discussion write v € K asa synonym for v € D,
which is in the same sense as we write w € K. The procedure of solving the consumption-
investment problem under constraints for the power utility case is then the following.
First, one tries to find the solutions of the two equations (6.23) and (6.24) with respect to
(,v), then one checks for each solution if (7,v) € K x K. If this is the case for at least
one pair (7, V) one has found a solution to the constrained optimization problem and the
optimal trading strategy is given by 7. The optimal terminal wealth and consumption

process can be derived from v.

Finding all solutions to (6.23) and (6.24) can quickly become a complex problem in the
multidimensional setting which should be solved using numerical methods. For the one-
dimensional case some further analytical results can be obtained. In a one-dimensional
model with one stock, one Brownian motion, and one Poisson measure, let us consider the
constraint of a lower bound, an upper bound, and a combination of both. A lower bound
constraint is defined by the set K;:={p € R |l <p} for al € R. Then (;(v) = —lv for
allv € K 1 =Ry :=[0,00). Denote by mg the solution for the unconstrained power utility
consumption-investment problem as stated for the multidimensional case in (4.31). Then
mg solves, in the one-dimensional case, the equation
80~ (= oOms(0)+ [ AL+ ) =0

For the problem with the lower boundary the possible solutions to the equations (6.23)
and (6.24), that are also in K; x Ry, are then

1. (ms,0) if mg > [, and
2. (Lwn) if v(t) i= —a(t) + (1 = B)a(t)l = [a oy 7(ty) (1 + Iy(t, )" v(dy) > 0.

Thus, the optimal trading strategy for the lower boundary constraint consumption-

investment problem is given by
N mg(t), if mg(t) >1
7(t) =
I, if Ul(t) > 0,

and can not be provided for all other cases. The optimal consumption and wealth
processes can then be calculated using the appropriate U of either ¥(t) = 0 if 7(t) = 7g,

or 0(t) = v(t) if 7(t) =1 at time ¢t € [0, 7).

In a similar manner an upper bound constraint of the form K, := {p € R | p < u} can
be considered for u € R. Then (yu(v(t)) = —uv(t) for v € K, = R_, and solution of
(6.23) and (6.24), that also lie in K,, x R_, are

1. (ms,0) if mg < u, and
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2. (u,04) i () := =a() + (1= B)o () u— [ 0 7 y) (1 +ur(t, )" v(dy) <0

Thus, the optimal trading strategy for the upper boundary constrained consumption-

investment problem is given by

(ﬂ:{@@,ﬁ@@gu

u, if v,(t) <0,

and does not exist otherwise. The optimal consumption and wealth processes can then
be calculated using the appropriate v of either v(t) = 0 if 7(t) = mg, or V(t) = vy(t) if
7(t) = u at time ¢ € [0, 7).

Notice that the constraint of no short-selling is just a special case of lower boundary
with { = 0. Equally, the constraint of no borrowing is the special case that there is an
upper boundary constraint with v = 1. Equal analysis as the above can be carried out
when one considers an upper and lower boundary of the form K;, = {p e R |l < p < u}.

Then
o), o) >0
Cu(v(t)) = { —wwv(t), otherwise,

and K, = R. Solutions of (6.23) and (6.24) that lie in K;, x R are

1. (mp,0)if | < mg < u,

2. (uyv0) where v (t) = ~(0) + (1= B)r(t) u — fi o 7(t:) (1+ ur(t,) " v(dy)

as above, and

3. (I,v) with v(t) = —a(t) + (1 — B)o(t)l — fR\{O} v(t,y) (1 + 1yt y) " v(dy) as

above.

Thus, as long as it is possible to find a solution to the unconstrained problem it is always
possible to find a solution to the constraint problem and the optimal trading strategy is
given by
l, ifm(t) <l
m(t) =4 w(t), ifl <mp(t) <u
u, if u < mg(t).

The optimal v’s are respectively, v;, 0, and vy,.

In a very analogue way results can be obtained for the constrained benchmark problem

with power utility.
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Corollary 6.12. Let K be a constraint, 8 < 1, and let n € 11+ be a benchmark strategy.
If for a v € Dk the two conditions

a(t) +o(t) - U(t)n(t) — (1 =B (t) (7i(t) —n(t))

1+ 70Tyt y)
+Z/\{o} b (1+77(t)T7h(t7y))5

(1) + (@) —n(t)Tv(t) =0,

vp(dy) =0, and

a.s., are satisfied and further w) —n € K, then 7 is an optimal trading strategy for the
problem ®Y in (6.17) for the power utility case U(z) = 27 /8.

Proof. The corollary follows from Proposition 6.11. In (6.23) the substitutions (5.14)
has to be carried out and condition (6.24) has to be replaced by (6.21). O

It is now possible to apply the same constraints as before. Thus, for example with upper
and lower constraints Ky, = {p € R |l < p < u} the optimal trading strategy is given
by
[, ifﬁ”() n(t) <,
T(t) = q mat), if I <mp(t) —n(t) <,
u, ifu< Trﬂ( ) —n(t),
where 7rg denotes the solution to the unconstrained optimal relative wealth problem ®,

in (5.29) under power utility. It has to satisfy, in the one dimensional case (cf. (5.46)),

) (14 =0new)
a(t) - Bo(tn(t) ~ (1= Bo (o) + [ o Ty Y =0

6.6 Conclusion

We have considered the optimal portfolio selection problem of the previous chapters
under constraints. To solve constrained investment-consumption problem it has been
embedded into a set of v-problems which again has been associated to a family of -
problems that dealt with the market incompleteness arising from the jump-diffusion
model. The main result has been stated in Theorem 6.9. It gives a condition under
which a trading strategy is optimal. The results have been then transferred to the
benchmark problem and its main result is summarized in Proposition 6.10. Constraints
have been demonstrated in form of upper and lower boundaries on the trading strategy

for the power utility case.
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