


α α



α

α







κ



� = ρ/l → 0 θ = 0
� = ρ/l

� = ρ/l → 0
n cos θ



m → 0

f = 0 φ(x) = 0
fc2

p = 1 φ = ±π/2

c0 = 0
fc2

p = 1

cm cp

c0 �= 0

s = 0 f ≈ 0
s = 1/2

fc2
p ≈ 1

∆p



c0

c0

c0 f0



y1 ≡ 1 k3 = 0
y1(0) �≡ 1 k3 = 0
k3 = �2

y1(0) < 1
y1(0) = 1 k3 = �2

f = 0





ZnO TiO2
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•

•

•

•

•

•

•

•

•

•
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κ

α κ

α κ

α κ



α

α

α



κ

α

α



α κ

ṁ1(t) = −k1m1(t)m2(t) + k2m3(t),

ṁ2(t) = −k1m1(t)m2(t) + k2m3(t) + k3m3(t),

ṁ3(t) = k1m1(t)m2(t)− k2m3(t)− k3m3(t),

ṁ4(t) = k3m3(t),

m1 m2 m3 m1 m4

k1 k2 k3

κ

k1 k2 k3

k1

α

α



k1

α

α

α

α α

k1

k1

α k1

α

α

κ

α

α α

α α

α

κ κ

κ κ

κ κ



4 κ

κ κ α

α κ κ

κ

κ

κ

α

κ



−
2

−

κ

−
2 2 2



κ α

α κ

α

α

MAPK∗
n

MAPKn



κ

κ

β

κ

κ







m∗ [µM ]

m2 m13 m15

m18

∗ ∗

m21

m34

α

k1 k5



→ → ∗

∗ → ∗ → ∗

∗ →
κ

→ → ∗

κ κ ∗ → κ κ ∗ → κ κ

κ →

→
→ ∗

∗ → ∗

∗ →
→

∗

∗ → ∗

∗ → ∗ → ∗

∗

∗ → ∗

∗ → ∗ → ∗

→
→



k1 1 µM−1s−1

k2 0.04 s−1

k3 2 µM−1s−1

k4 κ 0.5 s−1

k5 2 s−1

k6 1 s−1

k7 1 s−1

k8

104 µM2

k9 k90 exp(−kd m32) s−1

k90 k9 s−1

kd k9 µM−1

k10 50 s−1

k11 1 µM1/2

k12 0.5 s−1

k13 1.5 µM−1s−1

k14 0 µMs−1

k1 k5

k1

k6

k1

∗ k7

k8

k10

k13

0 k14 = 0

k9 m32

k90 kd 5 0.05 k9



A
∗

B

C
∗

D
∗

E

F

FLIP κ b

0 1
m34

∗

k90 kd k8 kd k8 k90

kFLIP
∗

κ m12 m18 m22

κ IκB m6 IκB

IκB − P m11 κ m22

m20 m22 m23



µM

m1(t)
m2(t)
m3(t)
m4(t)
m5(t)
m6(t)
m7(t)
m8(t) ∗

m9(t) κ κ

m10(t) κ κ ∗

m11(t) κ

m12(t) κ

m22(t)
m34(t)

ṁ1 = −k1m1m2 + k2m3 − k1m1m13 + k2m14 + k3m7,

ṁ2 = −k1m1m2 + k2m3 + k3m7,

ṁ3 = k1m1m2 − k2m3 − k1m3m4 + k2m5 − k1m3m24 + k2m25,

ṁ4 = −k1m3m4 + k2m5 + k3m7,

ṁ5 = k1m3m4 − k2m5 − k1m5m6 + k2m7,

ṁ6 = −k1m5m6 + k2m7 + k3m7,

ṁ7 = k1m5m6 − k2m7 − k3m7,

ṁ8 = k3m7 − k1m8m9 + k2m10 + k3m10,

ṁ9 = −k1m8m9 + k2m10,

ṁ10 = k1m8m9 − k2m10 − k3m10,

ṁ11 = k3m10,

ṁ12 = k3m10 − k4m12 − k4m12,

ṁ22 = k4m12 − A (k3m20m22) + k2m23,

ṁ34 = k4m12 − C (k1m34m26) + k2m36 − E (k1m34m14) + k2m38.

m14



µM

m13(t)
m14(t)
m15(t)
m16(t)
m17(t) ∗

m18(t)
m19(t) ∗

m20(t) ∗

m21(t)
m23(t) ∗

m15 m18

ṁ13 = −k1m1m13 + k2m14 + k3m16,

ṁ14 = k1m1m13 − k2m14 − k1m14m15 + k2m16 − E (k1m34m14) + k2m38

+ k3m39,

ṁ15 = −k1m14m15 + k2m16 + k3m16,

ṁ16 = k1m14m15 − k2m16 − k3m16,

ṁ17 = k3m16 − k1m18m17 + k2m18,

ṁ18 = −k1m18m17 + k2m18 + k3m33,

ṁ19 = k1m18m17 − k2m18 − k3m19,

ṁ20 = k3m19 − k5m20 − A (k3m20m22) + k2m23,

ṁ21 = k5m20,

ṁ23 = A (k3m20m22)− k2m23 − B (k1m30m23) + k2m31.



m33

m21 k12

m34 k13

k14

k14

α

m24 m3

m25

n k7 k8

n = 2 k8 = 1

m24 C27

∗ m27

m29



n = 1/2 k11

∗

∗ ∗

∗

m32 = 0
k9 = 5

m31 m30

∗ m23

∗

m18

m32

m35 κ
∗ m26 m30

m37
∗ m26

m35 m14 m37

m15



µM

m24(t)
m25(t)
m26(t) ∗

m27(t) ∗

m28(t)
m29(t)
m30(t)
m31(t) ∗

m32(t)
m33(t)
m35(t) ∗

m36(t)
m37(t) ∗

m38(t)
m39(t)

ṁ24 = −k1m3m24 + k2m25,

ṁ25 = k1m3m24 − k2m25 − k7m25
mn

32

mn

32 + k8
,

ṁ26 = k7m25
mn

32

mn

32 + k8
− C (k1m34m26) + k2m35,

+ k3m38 − k9m26,

ṁ27 = k6m26(1−m27/C27)− k10m27
m1/2

28

m1/2
28 + k11

− k9m27,

ṁ28 = −k10m27
m1/2

28

m1/2
28 + k11

,

ṁ29 = k10m27
m1/2

28

m1/2
28 + k11

− k4m29 − k4m29



C27 µM

ṁ30 = k4m29 − B (k1m30m23) + k2m31,

ṁ31 = B (k1m30m23)− k2m31 − k3m31,

ṁ32 = k12m21 − k13m32m33 + k14,

ṁ33 = −k13m32m33,

ṁ35 = C (k1m34m26)− k2m35 − D (k1m35m36) + k2m37,

ṁ36 = k4m29 − D (k1m35m36) + k2m37 − F (k1m38m36) + k2m39,

ṁ37 = D (k1m35m36)− k2m37 − k3m37,

ṁ38 = E (k1m34m14)− k2m38 − F (k1m38m36) + k2m39,

ṁ39 = F (k1m38m36)− k2m39 − k3m39.







∆m21

∆m21

m21( )
m21( )

∆T ∆T

∆T ∗ m20

∆T

∆m21/m21( )

∆m21/m21( )

∆m21

∆m21

m23 m38

m24 m36 m28

m29

∗ m26

∆m21/m21( )
∆m21/m21( )



m21( ) B = 0 D = 0
m21( ) B = 1 D = 1
∆m21

m21( ) m21( )
∆T

m21(∞)

B D

B

D
∗

∗

∗

∗

∆m21/m21( )

∗

∆m21/m21( )
∆m21/m21( )

m15 m18

∆m21/m21( )

∗ ∗ ∆m21/m21( )

∆m21 m21( ) m1(0) ∆m21/m21( )
m1(0)



∆m21

m21( ) m21( )
∆m21/m21( )

y = −∆m21/m21( ),

A = 1, B = 1,

C = 0, D = 0,

E = 0, F = 0,

m1(0) = 20, m13 = 13.58, m15 = 0.13 m18 = 1.38.

m34 kFLIP = 0
m13 m15 m18 ∆m21/m21( )

m1

k90 = 3 kd = 0.5

B = 1 ∗

∆m21 > 0 B = 0 m21(∞) = 0.487 B = 1
m21(∞) = 1.186 ∆m21/m21(∞) = 1.44

m21/m21(∞)

m21



m21

m32

k14

∗

m14 κ m12

m5 κ κ ∗ m10 κ

m22 m23

∗ m20

O(10−2) ∗

α

m25 m28



m21

B = 1 B = 0
m30 B = 1

B = 0

m1(0) = 20 m13 = 13.58 m15 = 0.13 m18 = 1.38
A = 1 B = 1 C = 0 D = 0 E = 0 F = 0



∗ m17

m21

m14

m21

m5 κ κ
∗ m10 κ m12

κ m12 m22
∗ m23

m1(0) = 20 m13 = 13.58 m15 = 0.13 m18 = 1.38
A = 1 B = 1 C = 0 D = 0 E = 0 F = 0



m29
∗ m23

∗ m26
∗ m27

m29

m25
∗ m26

m28

m1(0) = 20 m13 = 13.58 m15 = 0.13 m18 = 1.38
A = 1 B = 1 C = 0 D = 0 E = 0 F = 0



∆m21/m21( ) (m15)
(m13) ∆m21

∗

m23

∆m21 m14 m16 m17

(m15) (m13)

∆m21/m21( )

m13

∆m21/m21( )

∆m21 m1(0) = 65
∆m21 = 5.75 m21( ) = 22.33

m15(0) m18(0) ∆m21

m21( ) m21( ) m1(0) m1(0)
0 m21( )

∆m21 > 0 m21( ) m1

m1 m21( ) ∆m21

∆m21

m5

m14

m25

∗

m1(0) ∆m21/m21( ) m1(0)
∆m21 m1(0)

m21( ) ∆m21

∆m21/m21( )
m13 m15 m18

∆m21

∆m21/m21( )



∆m21 m21( ) 0 < m21(0) � 12
O(10−2) m1 > 12

m34 kFLIP �= 0 kFLIP �= 0
m22 m21( )



m18(0)
∆m21

m15(0)
∆m21

m21( ) m21( ) m1(0) m5 m14

m25 m1(0)

m1(0) = 2

m1(0) m18(0) m15(0) ∆m21/m21( )



m21( ) m21( ) m1(0) m15(0) m18(0) m1(0)

∆m21 m1(0)

m21( ) m21( ) m1(0)
∆m21/m21( )



k8

m33

m32

k9(m32) = k90 exp(kd m32).

k90

∗

kd

k13

k13 = 1.5
m33 = 100 m21(∞) m33 < 100

m33 < 100 m39

∗

k8

k8

∗

k8

k8 = 104 k8

∗

k8 = 107 ∗



k90 1 ≥ k90 ≥ 9
m21

k90 1 ≥ k90 ≥ 9
∗ m26

kd

0.05 0.5 m21

k90 = 5 kd

m33(0)
m33 = 0 25 100

k90 = 5 kd = 0.5



m21

m25

∗ m26

k8

k8 1 104 k90 = 5 kd = 0.05



∗

kFLIP

∆m21/m21( )
∗

k90

k14 kFLIP

kd

m24

∗

∆m21 kFLIP m24(0)

m21( )

k8 = 104 k8 = 1

m21 kFLIP C = 1
D = 1 D = 0 k90 = 0 k14 = 0

k90 = 0 k14 = 0 kFLIP = b m21(∞)

A = 1, B = 1,

C = 1, D = 0,

E = 0, F = 0,

∗

D = 1
k8 = 104



k8 = 104 0.18 ≤ kFLIP ≤ 0.34 k8 = 1 0.24 ≤ kFLIP ≤ 0.30

∗ m26

kFLIP k90 = 0 k14 = 0

k8 = 104 0.18 ≤ kFLIP ≤ 0.34 k8 = 1 0.24 ≤ kFLIP ≤ 0.30

∗ m23

kFLIP k90 = 0 k14 = 0

k8 = 1 kFLIP

∗

D = 0 kFLIP D = 1
k8 = 1 m21(∞) kFLIP

k8 = 104 k8

D = 1 k8 = 104 kFLIP m21(∞)
0.28 ≤ kFLIP ≤ 0.34 k8 = 1 0.18 ≤ kFLIP ≤ 0.30

kFLIP

kFLIP

∗ m23

∗ m35



k8 = 104 0.18 ≤ kFLIP ≤ 0.34 k8 = 1 0.24 ≤ kFLIP ≤ 0.30

m35

kFLIP k90 = 0 k14 = 0

k8 = 104 0.18 ≤ kFLIP ≤ 0.34 k8 = 1 0.24 ≤ kFLIP ≤ 0.30

m21 m34

kFLIP k90 = 0 k14 = 0

kFLIP

m28

∗

∗

m27

∗

∗

∗ kFLIP

kFLIP



∗ k8 = 1
k8 = 104 k8 = 1

k8 = 104 MAP2K∗

∗ ∗

k8 = 1

m21 m34

∗ m35

C = 1 D = 1 kFLIP = 0.24 k90 = 3 k14 �= 0

k90 �= 0 ∗

k14 k90 = 3 k14

kFLIP k90 ∆m21 = 0
k14



∗ k14

k14
∗

∗

k14
∗

m29

m21(∞)
k9 m32 k90

k14

k90 kFLIP k14 ∆m21 > 0
k14 ∆m21

k90 k14 ∆m21 > 0

k14 m21(500) = 1.38 10−2

kFLIP = 0.22 0.24 0.26 0.28 k90 = 1 m1 = 1.38
(m21) kFLIP ≈ 0.25 k90

k14 kFLIP

k14 k14 k90 kFLIP

k14 0 ≤ ∆m21 ≤ 1.38
k14 0 ≤ ∆m21 ≤ 1.38

k90 k90

kFLIP k90

k9 k14

k90

k9



∗ m26
∗ m26

m28

C = 1 D = 1 kFLIP = 0.24 k90 = 3 k14 �= 0



m21(∞) k14 k90

kFLIP = 0.22
k14 m21(∞)

k90 kFLIP

C = 1 D = 1 kFLIP = 0.24 k90 = 3 k8 = 1
k14 �= 0



∆m21

∆m21 m1(0)

∆m21

∆m21

i

m = [m1 m2 m4 m6 m9 m13 m15 m18 m24].

j K

n

i

j K
n mi m Kj

K rni sni

U [−0.25, 0.25]

m̃ni = mi(1 + rni),

K̃nj = Kj(1 + snj).

qn = ∆m21/m21( )
ρi ρj m K



ρi = Cor (m̃ni, qn) ,

ρj = Cor
�
K̃nj , qn

�
.

i |ρj | ∆m21/m21( )
j |ρj |

∆m21/m21( ) ρ

n = 722

∆m21/m21( )
i = 8 m18(0)

m21(∞)
∗ m18(0) ∆m21

∆m21/m21( ) κ κ m9(0)
m22

m21( ) ∆m21

κ κ

∆m21/m21( )

∆m21/m21( )
K20 K20

∗ K20 m21( )
∆m21

∗ m22

K21

∆m21/m21( ) ∗

m22 m21( ) ∆m21

K21 ∆m21/m21( )



ρi ρi i

ρj ρj j

ρi ∆m21/m21( ) ρj

∆ i ∆ j

∆ ∆m21/m21( )
i j

∆m21/m21( ) ∆



∆m21

∆m21/m21( ) ∆m21/m21( )
m1(0) > 12

k90 kd k8 k8

kd

k90 k8 kd

∗

∗

∗

k9(m32) m32 k9
∗

∆m21

m21( )
m1(0)

∗

k90 k14
∗ k8

k9

∆m21 k14

∆m21/m21( )

∆m21/m21( )



∗ m14

∗

m13 m15 m18

∆m21/m21( )
m1(0) m14

m34 m36 ∆m21

m18

m21( ) m1(0)
m1(0)

∆m21 m1(0) = 20 m1(0) = 30
m2 m13 m15 m18

m2

m14

m2

m14

kFLIP = 1

m2(0) = 0.17, m13(0) = 0.07, m15(0) = 4.22 m18(0) = 38.53,

m21( ) = 34.57 ∆m21 = 32.38

m1(0) ∆m21 m21( )

E = 0
m1(0)

k14

k14

∆m21 kd

∗



k8

∗

k8

m26 k8

k8 = 107 k8

m28 k8

k8

m13(0) m38

m2

∆m21

m1



m21

F

F

m21 m21( )
m1(0)

∆m21 m1(0)



m21
∗ m26

m25

m32

∆m21 k8 k8 = 105 106 107 108

109 m1(0) = 30 F

k8



m21
∗ m26

∗ m27

m29

m14

m38

m39

m1(0) = 20 k8 = 107



m1 m18 m5 κ
m10 κ m12

m14
∗ m17

∗ m20

m1(0) = 20 k8 = 107



n = 332
n

∆m21

m1(0) m13

∆m21 ∆m21

m1(0) m13 ∆m21

m21( ) ∆m21

∆m21

∆m21

K16

∗

m14

m14

m39 K16

m21( )

i j

m1(0) m13(0)
∆m21

∆m21

∆m21 K16 K14 K12

K16

K14 m14

m15 K12

m1 m13



m38

K14 K12 ∆m21

i j ρj

K14 K12

K16 K16 ∆m21

K14 K12

ρi ρi i

ρj ρj j

ρi rni ∆m21 ρj

snj



∆ i ∆ j

∆ ∆m21

i j

∆m21 ∆



∆m21

m14

m21

∆m21

∆m21



α

β

β

β β α

β

β

β

β

β



β

β β β

β

β

β

β

β

• β

•

• κ

• β β

κ α

• β



∆T

m1(0)

∗

∆m21

∆m21

m1(0) 20 30

∆m21



∗

m32
∗

k8

∗

∗

k90

k14 k8

kFLIP

m21

m2

∆m21

∆m21

∆m21



m20

m15 ∆m21

m23

m14

∆m21

κ











β

µ



= 100µm



α



µ

µ

µ µ

µ



µ µ

µ

µ µ

µ

µ

µ α κ

α κ

κ

α





µ

µ

µ

µ

µ



Ω

Ω = �
�

θ

0

ds

dθ
κ(θ)dθ�0,π/2,

κ(θ) ds/dθ s κ(θ)
θ = 0

Ω 450

Ω

µ 3

µ 3





µ

µ



λ ∆p

∆p = − .



λ

∆p

∆p

λ
= 2× .

L ρ

H



kc

c0

=
�

(1/2)kc (H − c0)2 dS =
�

EHdS.

F =
�

∆pdV +
�

λdS.

F =
�

(1/2)kc (H − c0)2 dS +
�

∆pdV +
�

λdS,

∆p

λ



o

o



z

c0





n = [nx ny]
x− y

∂nx

∂x

∂ny

∂y



−∂ny

∂x

∂nx

∂y
,

x y

n

∂nx

∂y
− ∂ny

∂x
= 0,

n

Esplay =
1
2

�
∂nx

∂x
+

∂ny

∂y

�2

Esaddle splay =
1
2

�
∂nx

∂x

∂ny

∂y
− ∂nx

∂y

∂ny

∂x

�2

.

cx =
∂nx

∂x
cy =

∂ny

∂y
.

Esplay = (1/2)(2H)2 Esaddle splay

m = EB

�
H −HR

�
P,



H HR EB

P

m = EBH,

H = kmin + kmax,

kmin kmax

G = kminkmax.

EH = (1/2)kcH
2 + k̄cK,

kc k̄c

k̄c



k̄c

k̄c





L R

∆p

λ
= 2× .

λ

∆p

S V Z

kc = 0

n cos θ

H



x : D → R3 R2 R3

R3 M R3

M

α : I → R3 I = (a, b) R R3

t

p

α(t) p

k(α̇) = U · α̈,

U(p) ˙ t

α̇ · U = 0,

U · α̈ = −U̇ · α̇ = S(α̇) · α̇.

S(α̇)
p

e1 e2

S(e1) = kmaxe1 S(e2) = kmine2.

kmin kmax

H =
kmin + kmax

2
.

z

x ω

x(ω, x) = (x cos ω, x sinω, z(x)) .

z(x) φ(x)
x(ω, x)



x z dl φ(x)

x
ω

φ(x) r
z(x)

z x dl

θ θ < π/2



dx = cos φ(x)dl,

dz = sinφ(x)dl,

dz(x)
dx

= tanφ(x).

ω x

xω = (−x sinω, x cos ω, 0) ,

xx = (cos ω, sinω, tanφ) .

xω · xx = 0

xωω = (−x cos ω,−x sinω, 0) ,

xxx =
�

0, 0, cos ω−2φ(x)
dφ(x)

dx

�
.

U =
xω × xx

|xω × xx|
= (− sinφ(x) cos ω,− sinφ(x) sinω, cos φ(x)) .

kmax =
S(xω) · xω

xω · xω

=
U · xωω

xω · xω

= cos φ
dφ

dx
,

kmin =
U · xxx

xx · xx

=
sinφ

x
.

cp =
sinφ

x
,

cm = cos φ
dφ

dx
.

cm cp

cp

cm =
dφ

dl
,

cm φ



∆p

λ
= cm + cp,

λ ∆p

∆p

λ
=

sinφ(x)
x

+ cos φ(x)
dφ

dx

=
1
x

d

dx
(x sinφ) ,

λK = λx sinφ− (1/2)∆px
2,

K

f1 = λx sinφ,

f2 = −(1/2)∆px
2,

f3 = λK,

f3 = f1 + f2 cp

K ∆p/2λ

cp(x) =
∆p

2λ
+

K

x2
.

cp cm

dcp

dx
=

cm − cp

x
.

cp cm

K ∆p/2λ

cm(x) =
∆p

2λ
− K

x2
.

K = 0



K

∆p =
[ ]

[ 3]
,

λ =
[ ]

[ 2]
,

K = [ ].

f2

f1

f3

K = (1/2)x2(cp − cm).

x →∞ cp − cm → 0 cp = cm

λ ∆p

�
λds−

�
∆pdV =

� �
λ2π

x

cos φ(x)
−∆pπx2 tanφ(x)

�
dx.

f3

−2πλK

�
tanφ(x)dx = −2πλK

�
dz.

F =
� �

λ2π
x

cos φ(x)
−∆pπx2 tanφ(x)− 2πλK tanφ(x)

�
dx.

∆p K

cp > cm cm > cp K

γSL γSV

�
2πR (γSL − γSV ) dz.

K R

K = −R

�
γSL − γSV

λ

�
.



cp(x)
cm(x)

φ

xmax = l φ(l) = π/2,

l

θ

xmin = R φ(R) = π/2− θ.

θ

S V Z

ds = |xω × xx|dxdω =
2πx

cos φ(x)
dx.

S = 4π

�
l−�

R

x

cos φ(x)
dx,

V = 2π

�
l−�

R

x2 tanφ(x)dx,

Z = 2
�

l−�

R

tanφ(x)dx.

∞ xmax = l

cos φ(l) = 0 x

x = l − �

x(z)

X = 2
�

L

0
= φ(z)dz.

sin(φ(z)) = 0 0 < z < L

x → l− � x(z) l− � < x < l



x R < x < l− � � = 10−4

dz

dx
= − tanφ(x),

x

z(x) z(x)

z(l − �) = 0 z(R) =
Z

2
,

φ(R) = π/2
−π/2 x = R x

R− � < x < l − �

x sinφ = K1x
2 + K2,

K1 =
∆p

2λ
K2 = K.

K1

K2

K1 =
l −R cos θ

l2 −R2
K2 = Rl

l cos θ −R

l2 −R2
.

dz

dx
=

sinφ�
1− sin2 φ

=
x2 + aRl

[(l2 − x2) (x2 − a2R2)]1/2
,

a =
l cos θ −R

l −R cos θ
=

1
Rl

K2

K1
.

n = l/ρ m = R/ρ R xmin = ρ

ρ = R m = 1

x = ρx̃ z = ρz̃.

x̃max = n φ(n) = π/2



x̃min = m φ(m) = π/2− θ.

a =
n cos θ −m

n−m cos θ

cp cm

cp =
n−m cos θ

n2 −m2
+

n

x̃2

n cos θ −m

n2 −m2
,

cm =
n−m cos θ

n2 −m2
− n

x̃2

n cos θ −m

n2 −m2
.

dz̃

dx̃
= − x̃2 + amn

[(n2 − x̃2) (x̃2 − (am)2)]1/2
,

L

S = ρ2S̃,

V = ρ3Ṽ ,

z = ρz̃,

L = ρL̃.

˜

θD

θE θD θE

θc

L 1



θ VI

z = L

θ
VII z = L

θ θ < π/2



θc V = VI

0 < V < VI Z

n

xmax = n φ(n) = π/2,

xmin = 1 φ(1) = π/2− θc,

Z = L V = V I,

Z < L 0 < V < VI .

VI Z = L

VII π/2
θ = θc + π/2 θ = θc + π/2

θc

xmax = n φ(n) = π/2,

xmin = 1 φ(1) = π/2− θ,

Z = L θc < θ < θc + π/2,

VI < V < VII ,

V = VII θ = θc + π/2.

VII

θc

V = VIII VII

VIII

xmin θ



[z(x) x]

z(xmin) = L/2,

z(1) = L/2.

xmin

xmin → 0 θ xmin

xmin φ(min)
xmin = � � < 1 xmin = � L

xmin < 1

xmax = n φ(n) = π/2,

� < xmin < 1 φ(xmin) = θc + π/2,

Z = L VII > V > VIII .

xmin → 0

sinφ(x)

dz

dx
= − sinφ

�
1− sin2 φ

�1/2
.

z x

z(x)
sinφ(x)

sinφ(x) =
K

x
+

∆p

2λ
x.

p =
∆p

2λ
,

dz

dx
=

px2 + K

(x2 − (px2 + K)2)1/2
.

−1 < sin(φ) < 1
x x sin2 φ = 1

x2 = (px2 + K)2,



I II

V = VIII

V = VIII

I II III



x2 =
2(1− 2pK) ± 2

√
1− 4pK

(2p)2
.

x

x± =
1 ±

√
1− 4pK

2p
.

x− x+

p K

φ = 0

sinφ(R) < 0 z(x)

cp sinφ cp

x =

�
−K

p

z(x)

d2z

dx2
= − 1

cos2 φ

dφ

dx
,

cm φ

d2z

dx2
= − 1

cos3 φ
cm(x).

cm(x)

x =

�
K

p

4pK > 1 4pK = 1 x+ = x−

1 > 4pK > 0 4pK < 0

K = 0 cm cp

K = 0 xmin = 0 xmax = 1/p

1/cp = 1/p



φ(x)
sinφ

sinφi = 2
�

Kp.

1 > 4pK > 0 1 > 2
√

pK > 0 φ(x)

θ = π

φ(R) = −π/2 x = R,

φ(l) = π/2 x = l.

dz

dx
= − x2 −Rl�

(l2 − x2)(x2 −R2)
.

sinφ = 0 x2 = Rl

θ = 0

φ(R) = π/2 x = R,

φ(l) = π/2 x = l.

dz

dx
= − x2 + Rl�

(l2 − x2)(x2 −R2)
.

x2 = Rl

� = ρ/l → 0 θ = 0

l

ρ l � = ρ/l → 0

� → 0
O(�)



θ = 0 l = 1
R = 0.3

θ = π l = 1 R = 0.3

� = ρ/l

z(x) x l

z(x) = lf(g),

x = lg.

z(x) x

df

dg
= − g2 + �

[(1− g2) (g2 − �2)]1/2
.

f(g) = f0(g) + �f1(g) + . . . ,

�

df0

dg
=

g�
1− g2

.

f0 = −
�

1− g2 + c 1 = (f0 − c)2 + g2.

c = 0 f0(0) = 1 f0(1) = 0

df1

dg
=

1
g
�

1− g2
,

f1 = −
�

1�
1− g2

�
.



f1(g) g

� = ρ/l → 0

df

dg
= − g2 − �

[(1− g2) (g2 − �2)]1/2
.

f

n cos θ

m = 1
I II

an < 0 an > 0 a

n cos θ

a =
n cos θ − 1
n− cos θ

.

xti

x

F1 =
x2

ti
− x2

min

x2
max − x2

min



x2
min

x2
ti

x2
max

w p (1
p
− w)2 |w(w − 1/p)| w2

a R l (aR)2 |aRl| l2

a m n (am)2 |amn| n2

xmin xmax

xti

cos θ n

K1 < 0 1 > n > cos θ

K2 > 0
K1 > 0 1/ cos θ > n > 1
K2 < 0
K1 > 0 n > 1/ cos θ

K2 > 0
K1 < 0 n < cos θ

K2 < 0

n cos θ K1 K2

K1K2 < 0

F2 =
x2

max − x2
ti

x2
max − x2

min

.

F1 + F2 = 1 F1

K1

K2 K1K2 < 0 sinφ

K1K2 > 0 sinφ

x =
√
−an n

√
−an n n → ∞ an ≈ n cos θ n

an n
√
−an n n



θ = 120o an n

cos θ
√
−an < 1 < n 1 <

√
−an < n

n > 1
n cos θ

1 > n > cos θ

K1 < 0 n > 1

K2 < 0 1 − n cos θ > 0
θ > π/2 cos θ < 0 cos θ > 0

1
cos θ

> n > 1

cos θ > 0 |an| = n n = 1 |an| = 0
n = 1/ cos θ 1 < xti < n n > 1

cos θ > 0

cos θ < 0 |an| = n n = 1

da

dn
= (n− cos θ)−2 (cos θ(1− n cos θ) + n cos θ(n− cos θ)) .

cos θ < 0 an

n n 1
cos θ < 0

n n− 1

F1 =
x2

ti
− x2

min

x2
max − x2

min

=
an− 1
n2 − 1

→ 0 n →∞.

n

xmin

x =
√

an n
√

an n
√

an n n

θ = 60o an n
√
−an < 1

n cos θ
√
−an < 1 < n

1 <
√
−an < n n > 1



K1 < 0 K2 < 0

n < cos θ,

n < 1

K1 > 0 K2 > 0 n > 1

n >
1

cos θ
.

n < 1 cos θ > 0
n = 1/ cos θ a = 0

cos θ(1− n cos θ) + n cos θ(n− cos θ),

= cos θ(1 + n2)− 2n cos2 θ,

> cos θ(1− n)2 > 0,

a n an = 1
an = 1 a n

n

n± =
1 ± sin θ

cos θ
,

n− < 1 n+ > 1 1 < n < n+√
an < 1 n+ < n

xi =
√

an φi

tanφi =
2an�

(n2 − an)(an− a2)
=

2
√

an

(n− a)
.

nmax =
1 ± sin θ

cos θ
.

tanφi

tanφi(nmax) = ±cos θ

sin θ
.

θi = π/2−φi tanφi = tan(π/2−θi) = cot θi

θi = θ

tanφi n 2
√

an/n → 0 n → ∞ φi → 0 φi = 0

φi φi n 0o

n



F1 =
x2

ti
− x2

min

x2
max − x2

min

=
an− 1
n2 − 1

→ 0,

n → ∞
π/2

n n−1
φi(x) n

n > nmax φi(x) n

θ

n

φi φ(x) n

θ = 80o φi φi = 90− θ n = (1 + sin θ)/ cos θ

√
−an n n θ = 120o cos θ < 0

x =
√
−an n

√
an/n → 0 n = 1

an = 1



√
an n n θ = 60o

x =
√

an n
√

an/n → 0 n = 1
an = 0

m → 0

m

m �= 1

F1 =
x2

ti
− x2

min

x2
max − x2

min

=
anm−m2

n2 −m2
.

m → 0 F1 → 0 m x2
ti
≈

cos θmn m = 0 xti = 0
xti F1 cos θ F1



cos θ n

xmin xmax

cos θ > 0 1 < n < 1/ cos θ
√
−an < 1 < n

cos θ < 0 n 1 <
√
−an < n

cos θ > 0 1/ cos θ < n < (1 + sin θ)/ cos θ
√

an < 1 < n

cos θ > 0 (1 + sin θ)/ cos θ < n 1 <
√

an < n

√
−an

√
an

θ = 700 n = 2.5 θ = 1200 n = 2.5

θ = 1200 n = 1.2 θ = 700 n = 6



y = Z/2− L/2,

Z = z(xmin) L

n θ

Z xmin

xmax

4 F1

n

θc m = 1 n

θ Z = L

θ = θc + π/2 m 10−2

n Z = L

z(xmin) = L/2,

z(xE) < L/2,

xE < 1,

L/2 θc m n

m

n y = [y1 y2 y3]

y1 = z(xmin)− L/2,

y2 = z(xE)− L/2,

y3 = xE − 1.

p = [xE z(xE)] q = [1 z(1)]

θc L

L/2 V0 =



(4/3)π(L/2)3

θc = 45o 10o 80o L/2 = 8
V = VI VII VIII

VI VII L θc

VII/V0 1 VII

L VI/V0 1
θc VI L

xmax L L F1

F1 1
VI VII

L θc

4

VIII L θc L

xmin = 10−2 = 4

VIII xmin = 0.1 xmin VIII

L θc L θc VIII 1
xmin xmin

1 F1 → 0
xmin → 0 xmin

S

xmin

L xmax L xmin L

xmin xmax F1 L

1 L

• n

z x



•



θc = 45o θc = 10o

θc = 80o

L = 8
V ≤ VI θ = 90o V = VII



θc = 15o L/2 = 9 xmin = 0.04 θc = 90o L/2 = 4 xmin = 0.02

θc = 90o L/2 = 14 xmin = 0.01 θc = 15o L/2 = 14 xmin = 0.01

V = VI VII VIII



L/2 = 12
θ = 0 5 10 15

L/2 = 1
θ = 0 15 30 45 60 75 90

xmin

θ



VI/V0 L VII/V0 L

VI VII θc

VI VII



xmax L V = VI xmax L V = VII

xmax VI VII

VIII L
θc θc = 5o 10o 15o

20o 25o

VIII θc

L L = 1 1.5 2 2.5
3

VIII L xmin = 10−2

z x



VIII/V0 L VIII/V0 θc

VIII L xmin = 0.5

VIII/V0 xmin

L θc = 0o

VIII/V0 xmin

θc L = 3

VIII L xmin = 0.5



VIII/V0 L xmin L

xmax L

VIII S

F1





∆p λ

c0

κ

κ = 1 + δ,

δ c0 = 0

s = 0 s = 1/2

c0

O(δ) c0 = 0



ds = 2πx

cos φ(x)dx = 2πx(1− (cpx
2))−1/2dx,

dV = πx2 tanφ(x)dx = πcpx
3(1− (cpx

2))−1/2dx

F =
�

(1/2)kc (cm + cp − c0)2 dS +
�

∆pdV +
�

λdS,

π

�
x(1− (cpx)2)−1/2

�
kc

�
x

dcp

dx
+ 2cp − c0

�2

+ ∆px
2cp + 2λ

�
dx,

cm

dcp

dx
=

cm − cp

x
.

kc

EH

�
EH dx =

�
(1/2)kc

�
2cp + x

dcp

dx
− c0

�2 2πx
�
1− (xcp)2

�1/2
dx.

∂EH

∂cp

− d

dx

∂EH

∂ċp

= 0.

cp(x) φ(x)

∂EH

∂cp

= π
x3cp

�
1− (xcp)2

�3/2

�
2cp + x

dcp

dx
− c0

�2

+
2πx

�
1− (xcp)2

�1/2

�
2cp + x

dcp

dx
− c0

�



− d

dx

∂EH

∂ċp

= −2π
d

dx




x

�
1− (xcp)2

�1/2

�
2cpx + x2 dcp

dx
− c0x

�




= − 2πx
�
1− (xcp)2

�1/2

�
4x

dcp

dx
+ x2 d2cp

dx2
+ 2cp − c0

�

− 2π
�
1− (xcp)2

�1/2

�
2cpx + x2 dcp

dx
− c0x

�

−
2πcpx(cpx + x2 dcp

dx
)

�
1− (xcp)2

�3/2

�
2cpx + x2 dcp

dx
− c0x

�
.

−2π
x2

(1− (xcp)2)1/2

�
dcm

dx
+

dcp

dx

�
,

dc2
p

dx2
=

1
x

�
dcp

dx
− dcm

dx

�
− cm − cp

x2
,

= −1
x

dcm

dx
.

−2π
cpx3

(1− (xcp)2)3/2
cm (cm + cp − c0) .

cp cm

(xcp)(kc/2) (cm + cp − c0)2 − (xcp)kc (cm + cp − c0) cm

−(1− (xcp)2)kc

dcp

dx
− (1− (xcp)2)kc

dcm

dx
= 0.

xcp = sinφ

x sinφ(kc/2) (cm + cp − c0)2 − x sinφkccm (cm + cp − c0) + x sinφλ + (1/2)∆px
2

− cos2 φxkc

dcp

dx
− cos2 φxkc

dcm

dx
= 0

kc

x sinφλ



λ

σiso = kc (cm + cp − c0)2 ,

σdir = −kc (cm + cp − c0) cm,

σt = − cos φkc

dcp

dx
− cos φkc

dcm

dx
.

z σiso σdir

σt

z

σiso σdir

σt

σnet = (1/2)σiso + σdir,

= (1/2)cpx ((cp − c0) + cm) ((cp − c0)− cm) ,

= (1/2)cpx
�
(cp − c0)2 − c2

m

�
.

cp

cp



F
z Fz = F sinφ(x)

F
z Fz = F cos φ(x)

z(x) z

x

kc

dcm

dx
= x

�
1− (xcp)2

�−1 {(1/2)kccp((cp − c0)2 − c2
m) + λcp + (1/2)∆p}

− kc

cm − cp

x
,

dcp

dx
=

cm − cp

x
.

cp(x) cm(x)

kc = 0

kc

∆p

λ
= cm + cp.

kc →∞

dcm

dx
= x

�
1− (xcp)2

�−1 {(1/2)cp((cp − c0)2 − c2
m)} − cm − cp

x
,

dcp

dx
=

cm − cp

x
.



z

cp ≡ 1 0 < x < 1

S =
� 1

0

2πx

(1− x2)1/2
dx = π.

S

ds

1

dx = ±(2/x)
�
1− (xcp)2

�1/2
ds.

x s f = x(s)2

df

ds
= 2x

dx

ds
= 4

�
1− (xc2

p)
�1/2

.

dcm

ds
= ±

�
1− fc2

p

�−1/2 {cp((cp − c0)2 − c2
m) + 2(λ/kc)cp + (∆p/kc)}

∓2(1− fc2
p)

1/2(cm − cp)/f,

dcp

ds
= ±2(1− fc2

p)
1/2(cm − cp)/f,

df

ds
= ±4(1− fc2

p)
1/2

S = smax f(s) cp(s)
z(smax) V (smax)

cp f

ds

z(smax) = 2
�

smax

0
cp(s)ds,

V (smax) = 2π

�
smax

0
f(s)cp(s)ds.

x(s) =
�

f(s) z(s)



smax = 1
s = 0 x = xmin

f = 0 φ(x) = 0

f(0) = 0 cp(0) = cm(0) = κ

s → 0

dcm

ds
=

3
4

�
cp

�
(cp − c0)2 − c2

m

�
+ 2λcp + ∆p

�
,

dcp

ds
=

1
4

�
cp

�
(cp − c0)2 − c2

m

�
+ 2λcp + ∆p

�
,

df

ds
= 4,

cp(0) = cm(0) tanφ(0) = 0
φ(0) = 0

fc2
p

= 1 φ = ±π/2

fc2
p = 1

f φ(s) = ±π/2
fc2

p = 1

cp((cp − c0)2 − c2
m) + 2(λ/kc)cp + (∆p/kc) = 0.

s = s∗

fc2
p = 1

γ =
dcm

ds
|s=s∗ .

cm(s) cp(s) f(s)

cm(s) = cm(s∗) + γ(s− s∗) + (1/2)
d2cm

ds2
|s=s∗(s− s∗)2 + · · · ,

cp(s) = cp(s∗) + (1/2)
d2cp

ds2
|s=s∗(s− s∗)2 + · · · ,

f(s) = f(s∗) + (1/2)
d2f

ds2
|s=s∗(s− s∗)2 + · · · .



φ(s) = π/2

φ(s) = π/2

fc2
p = 1 γ = 0 s∗ = 1/2.

xmax = l

s = s∗ cp

f(s∗) = l2, cp(s∗) =
1
l
.

fc2
p = 1 φ = π/2 cos φ = 0 φ = π/2

dx/dφ = 0 cm

cm =
cos φ

dx/dφ
|lim fc2p→1,

s = 0 s = 1/2
s = 0 s = 1/2

f(0)
r

θ

x = xmin

f(0) = f0 = R2, cp(0) =
sinπ/2− θ

R
.

xmin cm(0) cp(0)



S

s = Ss̃,

cm = αc̃m,

cp = βc̃p,

f = γf̃ ,

α β γ (1 − fc2
p)1/2 = sinφ

γβ2 = 1.

γ = S,

cm cp

s = Ss̃,

cm = S−1/2c̃m,

cp = S−1/2c̃p,

f = Sf̃ .

∆/kc = S−3/2∆̃,

λ/kc = S−1λ̃.

Z = S−1/2Z̃.

1

1
1 r0 1

Vs = (4π/3)r3
0

V0 = V/Vsphere = (3/2)
� 1

0
f(s)cp(s)ds.



Vs

EH0 =
� 1

0

(cm + cp − c0)2

(2− c0)2
ds.

c0

2r0



cm cp f

cp(0) = α,

cm(0) = α,

df

ds
= ±

�
1− fα2

�1/2
,

f =
1
α2

�
1− (2sα2 + β)2

�
.

f(0) = 0

f(1/2) = ±2− α2.

α = 1 β = −1 f(1/2) = 1

cm cp f

dcm

ds
= ∓2(1− fc2

p)
1/2(cm − cp)/f,

dcp

ds
= ±2(1− fc2

p)
1/2(cm − cp)/f,

df

ds
= ±4(1− fc2

p)
1/2.

∆p λ

∆pc0 λc0

∆p λ c0 = 0 ∆pc λc ∆p

λ c0

∆pc = (12− 2c0)

c0 = 0

λc0 = −6,

∆pc0 = 12.



c0 �= 0
∆pc = −2λc0 − 2c0

0 = 2λc + ∆pc − 2c0 + c2
0,

λc = λc0 + 2c0 − c2
0/2.

λc = 2

c0 = 0

cm cp f

cm cp f δ << 1

cm(0) = cp(0) = 1 + δ.

2λ + ∆p ≈ 0 �

� = 2λcp0 + ∆p,

cm0 = 1 + δ,

cp0 = 1 + δ,

f0 = 4(s− s2).

cm0 cp0 f0

cm = cm0 + �cm1 + �2cm2 + . . . ,

cp = cp0 + �cp1 + �2cp2 + . . . ,

f = f0 + �f1 + �2f2 + . . . .

f

δ �

� δ

δ = 0
c0 = 0

λ = −6 ∆p = 12 � = 0
O(�) cm cp f |δ| > 0 O(�)



λ ∆p �

λ = λ0 + �λ1 + · · · ,

∆p = ∆p0 + �∆p1 + · · · .

λ0 ∆p0 cm cp f

O(δ2)

s << 1,

cm1 ≈ 3�

4
s,

cp1 ≈ �

4
s.

cp1 cm1 s 0 < s < 1

dcp1

ds
=

1− 2s

2(s− s2)
(cm1 − cp1),

cm1 − cp1 = γ
�
s− s2

�
.

s

cm1 = α
�
s− s2

�
,

cp1 = β
�
s− s2

�
,

γ = α− β.

cp(c2
p − c2

m) �

cp((cp − c0)2 − c2
m) = 2�(cp1 − cm1) + O(�2).

dcm

ds
=

2(cp1 − cm1)
1− 2s

− �
1− 2s

2(s− s2)
(cm1 − cp1) + O(�),

dcm1

ds
=

2(β − α)(s− s2) + 2λ0β(s− s2) + �

1− 2s
− (1− 2s)(α− β)

2
.

α = α0�, β = β0�

2(β0 − α0)(s− s2) + 2λ0β0(s− s2) + 1 = (1− 2s)2 + O(�),



dcm1

ds
= �(1− 2s)

�
1− (α0 − β0)

2

�
,

dcp1

ds
= �(1− 2s)

α0 − β0

2
.

2(α0 − β0) + 2λ0β0 = −4.

α0 − 3β0 = 0

3α0 − β0 = 2.

α0 =
3
4
,

β0 =
1
4
,

λ0 = −6.

λ λ0 λ

∆p

2λ0 + ∆p0 = 0

∆p0 = 12,

λ ∆p O(�) α0 β0

f = 0
fc2

p = 1 ∆p λ

s = 1/2

cp(1/2) ≈ 1 + δ +
�

16
,

cm(1/2) ≈ 1 + δ +
3�

16
.

cp(0) = 1 + δ s = 0

� = 2λcp(0) + ∆p = −12δ + O(δ2).

s = 1/2

cp(c2
p − c2

m) + 2λcp + ∆p = 0.



� δ

cp(c2
p − c2

m) = 12δ(s− s2) + O(δ2),

2λcp + ∆p = −12δ + 36δ(s− s2) + 2λ1δ + ∆p1δ + O(δ2).

2λ1 + ∆p1 = 0,

s = 1/2 O(δ2)

cp(c2
p − c2

m) + 2λcp + ∆p = O(δ2).

λ1 O(δ2) cm cp

λ1 =
5
6

+
3

100
=

43
50

,

∆1 = −86
50

.

∆p

δ
λ

δ

∆p λ δ

cm = 1 + δ − 9δ(s− s2) + O(δ2),

cp = 1 + δ − 3δ(s− s2) + O(δ2),

f = 4(s− s2) + O(δ),

∆p = 12 + O(δ),

λ = −6 + O(δ),

� = −12δ + O(δ2).



cm cp

f δ = 0.1
s = 1/2 s = 1/2

O(s2)

cm cp f
cm

cp f

cm cp f δ = 0.1

fc2
p

= 1

s = 1/2

s = 1/2



s = 1/2

dcp

ds
+

dcm

ds
= 4

dcp

ds
,

3
dcp

ds
=

dcm

ds
,

s = 1/2

d2cp

ds2
+

d2cm

ds2
= 4

d2cp

ds2
,

3
d2cp

ds2
=

d2cm

ds2
.

cm cp f

cm cp f

d2cp

ds2
= f1(cp, cm, f) + g1(cp, cm, f, ∆p, λ),

d2cp

ds2
+

d2cm

ds2
= f2(cp, cm, f) + g2(cp, cm, f, ∆p, λ),

f1(cp, cm, f) = − 2
f2

(3fcpc
2
m − cp − 2cm),

f2(cp, cm, f) =
2
f2

(3fcpc
2
m − 3cp + cm − fc3

m),

g1(cp, cm, f, ∆p, λ) = − 2
f2

(2λfcp + ∆pf),

g2(cp, cm, f, ∆p, λ) =
2
f2

(−2λfcp + 2λfcm).

cp0 cp0 f0 s = 1/2 O(δ)

cp(1/2) = 1 + δ + δA + O(δ2),

cm(1/2) = 1 + δ + δB + O(δ2),

f(1/2) = 1 + δC + O(δ2).

B = 3A

f(1/2)cp(1/2)2 = 1 + O(δ2),

C = −2− 2A δ

f1(cp, cm, f) = 16Aδ + O(δ2),

f2(cp, cm, f) = −16Aδ + O(δ2),

g2(cp, cm, f, ∆p, λ) = 4λAδ + O(δ2).



g1(cp, cm, f, ∆p, λ) = −8Aδ + O(δ2),

2λcp(1/2)f + ∆pf = −4Aδ + O(δ2),

−12(1 + A)δ = −4Aδ + O(δ2).

A = −3
4
.

cm cp

cm(1/2) = 1 + δ +
9
4
δ,

cp(1/2) = 1 + δ +
3
4
δ,

A C = −2− 2A

f(1/2)cp(1/2)2 = 1 δ

f(1/2) = 1− 1
2
δ.

f f(1/2) = 1

s = 0 s = 1/2

δ << 1
δ << 1

� cp(0)

� = −12δ + η,

η

�

δ η

cm cp f δ η

cm(1/2) = 1 + δ − δ
9
4

+
3η

16
+ O(δ2),

cp(1/2) = 1 + δ − δ
3
4

+
η

16
+ O(δ2),

f(1/2) = 1− δ
1
2
− η

8
+ O(δ2),

O(η) f(1/2) f(1/2)cp(1/2)2 = 1 η

(s−s2)



cm cp δ < O(10−4)
η η

O(10−8) O(δ2)
δ = 0

fc2
p = 1 η

f1(cp, cm, f) = −η + O(η2),

f2(cp, cm, f) = η + O(ρ2),

g1(cp, cm, f, ∆p, λ) =
1
2
η + O(η2),

g2(cp, cm, f, ∆p, λ) = −3η + O(η2),

δ = 0 s = 1/2

cp(c2
p − c2

m) = −1
4
η + O(η2),

2λcp + ∆p =
1
4
η + O(η2).

2λ + ∆p = η

cm cp f

cm cp f

s

δ

(Aδ + Bδ2)s2(s− 1)2,

δ cm cp δ f A B

0 < δ < 0.1 A B

cm cp f

δ

cm = cm0 + δcm1 + δ2cm2 + O(δ3),

cp = cp0 + δcp1 + δ2cp2 + O(δ3),

f = f0 + δf1 + δ2f2 + O(δ3),

cm = 1 + δ − 9δ(s− s2)− 14.5δ2(s− s2)2 + O(δ3),

cp = 1 + δ − 3δ(s− s2)− 0.4δ2(s− s2)2 + O(δ3),

f = 4(s− s2)− 8δ(s− s2)− 4.7δ2(s− s2)2 + O(δ3).



A B

cm 0 −14.5
cp 0 −0.4
f −8 −4.7

A B 0 < δ < 0.1

O(δ) O(δ2) f

O(δ2) cm cp

f = 4δ(s− s2)− 8δs2(s− 1)2 + O(δ2),

f(1/2)

cm cp

cm2 cp2

cm2 = −12δ2(s− s2)2,

cp2 = 0,

O(δ2) dcp/ds

f

dcp

ds
=

(1− 2s)(1− 4δ(s− s2))(−6δ(s− s2)− 12δ2(s− s2)2)
2(1− 2δ(s− s2))

,

=
(1− 2s)(1− 4δ(s− s2))(−6δ(s− s2))(1 + 2δ(s− s2))

2(1− 2δ(s− s2))
.

δ

1 + 2δ(s− s2)
1− 2δ(s− s2)

, = (1 + 2δ(s− s2))(1 + 2δ(s− s2) + O(δ2)),

= 1 + 4δ(s− s2) + O(δ2).

(1− 4δ(s− s2))(1 + 4δ(s− s2) + O(δ2)) = 1 + 16δ2(s− s2) + O(δ3),

δ

dcp

ds
= −3δ(1− 2s)(s− s2)

�
1 + 16δ2(s− s2) + O(δ3)

�
,

O(δ2)

cm2 ∝ (s − s2)2 dcm2/ds ∝



(1 − 2s)(s − s2)
cp2 ≈ 0

(1− fc2
p)

1/2 =
1
4

df

ds
≈ (1− 2s)(1− 4δ(s− s2)),

1
(1− 2s)(1− 4δ(s− s2))

≈ 1
1− 2s

(1 + 4δ(s− s2)) + O(δ2).

O(δ)

cp(c2
p − c2

m) + 2λcp + ∆p ≈ −12δ(1− 2s)2 + O(δ2),

O(δ2) dcm/ds (1− 2s)(s− s2)
O(δ)

cm2 = −24δ2(s− s2)2 + O(δ2),

O(δ2) O(δ0)
O(δ2)

cm = 1 + δ − 9δ(s− s2) + Aδ2(s− s2)2,

cp = 1 + δ − 3δ(s− s2) + Bδ2(s− s2)2,

cp(c2
p − c2

m) = 12δ(s− s2) + 24δ2(s− s2) + (2B − 2A)δ2(s− s2)2

− 108δ2(s− s2)2,

2λcp + ∆p = (δ − 3δ(s− s2) + Bδ2(s− s2)2)(−12 + 2δλ1),

λ = −6 + δλ1 ∆p = 12 + δ∆p1 ∆p1 + 2λ1 = 0 O(δ2)

δ2(s− s2)
�
(24− 6λ1)− (108 + 10B + 2A)(s− s2)

�
.

λ1 ≈ 5/6 A B

δ219(s− s2)
�
1− 4(s− s2)

�
= δ219(s− s2)(1− 2s)2,

O(δ2) O(δ0)

δ219(s− s2)(1− 2s),

cm2 = −24δ2(s− s2)2 + 9.5δ2(s− s2)2 = −14.5δ2(s− s2)2.

O(δ2)



c0 �= 0

0 < |c0| << 1,

c0 c0 = 0
c0

∆p λ

2λ + ∆p = 2c0 − c2
0.

cp = 1 c0

−2c2
pc0 + cpc

2
0 = −2c0 + c2

0,

δ cm cp

2λcp + ∆p = 2c0 − c2
0 + (2λc0 + 4c0 − c2

0)(δ − 3δ(s− s2)),

−2c2
pc0 + cpc

2
0 = −2c0 + c2

0 − 4c0(δ − 3δ(s− s2)) + δc2
0 + O(δ2).

c0 O(δ2)
f ≡ cp ≡ cm ≡ 1

d2cp

ds2
= −2(2c0 − c2

0 − 2λc −∆pc) = 0,

d2cm

ds2
= 2(2c0 − c2

0 − 2λc −∆pc) = 0,

fc2
p = 1 c0 �= 0

s = 1/2



|cm − cp| f cm

cp (1− fc2
p)1/2

|c0| << 1 c0

|c0| > 1 c0 cm

cm cp

f

cm cp



� δ A(δ) cm = A(δ)(s−
s2)

B(δ) cp = B(δ)(s −
s2)

C(δ) f = C(δ)(s −
s2)

η



cm cp

f

cm cp f

O(δ4) y = A1s4 + A2s3 + A3s2 + A5s + A5

δ



f

cp = 0 cm = 0
s = 0

s = 1/2

(1− fc2
p)1/2 ≈ 1 f = �,

(1− fc2
p)1/2 ≈ � f ≈ 1,

� << 1

|cm − cp| f → 0

cm cp s

s = 0

f ≈ 0

f

f ≈ � 1− fc2
p ≈ 1

dcm

ds
= ∓2(1/�)(cm − cp),

dcp

ds
= ±2(1/�)(cm − cp).

γ1 = −2
γ2 = 0 f = 0 cm cp

cm − cp → 0
γ1 = 2 γ2 = 0 cm− cp →∞

s = 0
f = 0 cm = cp



f cm(0) = 1 cp(0) = 2
� = 10−1

f cm(0) = 1− 10−2 cp(0) =
1 + 10−2 � = 10−1

cm cp cm cp

s = 1/2

fc2
p
≈ 1

fc2
p ≈ 1

fc2
p = 1

cp((cp − c0)2 − c2
m)

� �� �
+ 2λcp����

+ ∆p����
= 0.

fc2
p ≈ 1

fc2
p ≈ 1



|cp|, |cm| |c0| << |λ|, |∆p|
f ≈ 1

�
1− fc2

p = � s

dcm

ds
= ± (∆p + 2λcp) ,

dcp

ds
= ±2� (cm − cp) .

γ± = �∓
�

�2 + 4�λ.

λ = 0 0 2�

�2 + 4�λ < 0
cp cm

λ < 0 2λcp cm − cp

cm cp c0 > 0
c0 ∆p = 0 cp << cm

dcm

ds
= ±2λcp,

dcp

ds
= ±2�cm,

d2cm

ds2
= 4�λcm

d2cp

ds2
= 4�λcp,

λ < 0

s

s

γ± = −� ±
�

�2 + 4�λ.

fc2
p = 1

|λ|
cm

c±ms = ±

�
cp(cp − c0)2 + 2λcp + ∆p

cp

.

cm cp

cm fc2
p = 1



f cp(0) = 10 cm(0) = −1
� = 10−1

f cp(0) = 1+10−2 cm(0) =
1− 10−2 � = 10−1

cm(0) = 1 cp(0) = 2 λ = −10 ∆p = −λcp(0)

cp

fc2
p

|cp|, |cm| |c0| >> |λ|, |∆p|

dcm

ds
= ±cp((cp − c0)2 − c2

m),

dcp

ds
= ±2� (cm − cp) .

c0 = 0 cms = cps

γ± = −(c2
m + �) ±

�
(c2

m + �)2.

cm − cp → 0 f

cm − cp → ∞ f

c0 �= 0

γ± = − �

2
− c2

0

4
+

1
4

�
c4
0 − 4�c2

0 − 16�c0 + 4�2,



cm cp(0) = 1 + 10−2 cm(0) = 1 − 10−2

λ

cm = cp = 1
2c0 � = 0

O(�) << 1
cm cp = 0 (cp − c0)2 = c2

m

cp cp = cm

cm cp c0 = 0 cm = cp

cp(0)cm(0) > 0, cm(0)
dcm

ds
|s=0< 0, cp(0)

dcp

ds
|s=0< 0.

cp(0)cm(0) < 0, cm(0)
dcm

ds
|s=0> 0, cp(0)

dcp

ds
|s=0< 0.

cm cm cp cp

cm

cm cp = 0 cp cm = cp

cm (cp− c0)2 = c2
m

cp

cm cm

(cp − c0)2 = c2
m cp

c0 + cm − cp = 0

dcm

ds
=

dcp

ds

dc2
m

ds2
=

d2cp

ds2
= 0.



�

f
cm(0) = 10 cp(0) = 1 c0 = 0

� = 10−1

f
cm(0) = 1− 10−3 cp(0) = 1 + 10−3

c0 = 0 � = 10−1

cm cp cm cp

dcm

ds
= ±

�
cp((cp − c0)2 − c2

m) + ∆p + 2λcp

�
,

dcp

ds
= ±2� (cm − cp) .

c0 = 0

γ± = −(cmcp + �) ±
�

(cmcp + �)2 − 2�(cp + cm)2 + 4�λ + 8�c2
p,

cm cp c0 �= 0

γ± = −(cmcp + �) ±
�

(cmcp + �)2 − 2�(cp + cm)2 + 4�λ + 8�cp(cp − c0) + 2�c2
0.

cp = O(1) cm = O(1) c0 = O(1) λ = O(10)
γ± λ |c0| >> 1

c0

c0 cm cp λ < 0 cm

cp (dcm/ds)(dcp/ds) < 0



f
cm(0) = −4 cp(0) = −1 c0 = −1

� = 1

f
cm(0) = −1 cp(0) = −4 c0 = −1

� = 1

cm cp cm

cp

cm

cm

cm cp cm

cm

cm

cm

c0cp > 0 c0 cm cp

c0cp < 0 x y

cm c0 = ±α2 |c0|
cm cp c0cp < 0

c0cp < 0 c0

cm cp fc2
p << 1

fc2
p ≈ 1



cm cp fc2
p ≈ 1 λ < 0 cm cp

cm cp c0 > 0 c0 < 0
c0cp > 0

c0cp < 0
cm cp

cm cp

|cm− cp| f → 0
f = 0

fc2
p = 1

cp(1/2)cm(1/2) > 0

c0 cm

cp

λ < 0
f ∆p

|cm − cp|
|cm − cp|

∆p

c0

cm cp

|cm− cp|
c0

cm φ



f
cm(0) = −2 cp(0) = 1 c0 = −1

� = 10−1

f
cm(0) = −2 cp(0) = 1 c0 = 1

� = 10−1

f
cm(0) = −2 cp(0) = 1 c0 = −1

� = 1

f
cm(0) = −2 cp(0) = 1 c0 = 1

� = 1

cm cp

�



cm s cp s

cm cp λ = −1 cp(0) = 1 cm(0) = cp(0) − c0 c0 = 1

c0cp(0) > 0

cm s cp s

cm cp λ = −1 cp(0) = 1 cm(0) = cp(0) − c0 c0 = −1

c0cp(0) > 0



cm s cp s

cm cp λ = −1 cp(0) = 1 cm(0) = −(cp(0)−c0) c0 = −1

(cm − cms) s c0 = 2 −(cm −
cms) s c0 = −2

(cm − cms) s c0 = 5 −(cm −
cms) s c0 = −5

cm λ =
−60 cp(0) = 1 cm(0) = cp(0) − c0 cms cp(0)c0

c0

cp(0)c0 > 0



cm cp f

c0

x0 = R2

f = x2



|cm − cp| → ∞

|cm − cp| f → 0

|c0|



cm cp

0 < s < 1/2

cp = 0
cm = 0

d(fc2
p)

ds
= 4(1− fc2

p)
1/2cpcm,

f0c2
p0 = sin2 φ

f0c
2
p0 = 4(s− s2)

�
1 +

�

4
(s− s2)

�2
,



κ = 1
0 < κ < 1

κ < 0
1 < κ < κmax

κ > κmax

κ = cp(0) = cm(0)

S

d
�
f0c2

p0

�

ds
= 4(1− 2s)

�
1 +

�

4
(s− s2)

� �
1 +

3�

4
(s− s2)

�
,

= 4(1− 2s)cp0cm0,

cm(0) cp(0) κ

κ = cp(0) = cm(0).

cm cp

� δ

δ < 0
� > 0 cm > cp

δ

δ = O(1)
cm

cp

δ > 0 cp > cm � < 0 cm cp

κ

cm 0 < s < 1/2
κmax cm(1/2) = 0 cm(1/2) < 0

cm(1/2) < 0 f

0 < s < 1/2
κmax c0



f(0) = 0 f(1/2)c2
p(1/2) = 1

f = 0
fcp = 1

c0 = 0

cm(s) = cm(s∗) + γ(s− s∗)

+
(cm(s∗)− cp(s∗))(4cp(s∗)cm(s∗) + 3− cm(s∗)2 + 2λ)

f(s∗)
(s− s∗)2,

cp(s) = cp(s∗) +
2(cp(s∗)− cm(s∗))cp(s∗)cm(s∗)

f(s∗)
(s− s∗)2,

f(s) = f(s∗)− 4cm(s∗)cp(s∗)(s− s∗)2.

c0

cm cp fcp = 1
cp cm f fcp = 1 f

f

fcp = 1 f

f = 0



fcp = 1 f = 0
s∗ = 1/2 γ = 0

�

� ≥ 1− f(s)cp(s)2,

� cm cp f

10−9 �

�

f = 0 P

fcp = 1
R

s = 0
s = 1/2

c0 ,

κ cp(0) cm(0),

∆p ,

λ ,

B f(1/2).

c0 c0

c0 ∆p

λ

f(1/2)cp(1/2)2 = 1
f s = 1/2

cm cp f

c0 ∆p c0 κ

P s = 0 Q

s = 1/2 s = sm



R1 = [cm+(sm) − cm−(sm),

cp+(sm) − cp−(sm),

f+(sm) − f−(sm)].

cm+(s) cp+(s) f+(s) cm cp f

P s = 0
s = � � ≤ s ≤ sm

�

10−3

O(10−6)

10−2

10−3

cm−(s) cp−(s) f−(s) cm cp f

R

s = 1/2 s = 1/2 − �

1/2 − � ≥ s ≥ sm

sm 0.25 < sm < 0.75

O(10−6) O(10−8)
cm cp f

c0 κ ∆p

� = 10−2

O(10−3)



f

fcp = 1
Q

κ

cm cmin
m

cmin
m = 0

R

κ

z Q R

cm = 0 Q R Q

cmcp > 0 R cmcp < 0 Q

f R f f

P Q Q R

cm cp s = 0
0 < s < (1/2) κ

cm cp cm|min > 0
cm|min < 0 cm cp

cp

cm(0)cp(0) < 0 f

P f cp

f(sm0cp(sm0)2 = 1 sm0 �= (1/2) cm(sm0)
f(sm0)

P R

P Q

Q R

c0

κ κ > κmax

κ κ κ = κmax

κ c0 ∆p λ f(1/2)

Q

C f(s),

γ dcm

ds
.

C f Q R cm



Q

s = sm0 s�1 s�2

� < s�1 < sm0,

sm0 < s�2 < (1/2− �),

0 < η < 1
sm0 = η (s�2 − s�1)

cm cp f

� ≤ s ≤ s�1 s�1 ≤ s(1/2 − �)
sm0 − s�1 << 1 s�1 − sm0 << 1 cm cp f s�1 s�2

s�1 < s < s�2

∆p λ f(1/2)
s = 1/2 cm

R

cm = ±
�

2λ + ∆p/cp + (cp− c0)2.

R

κ

∆p λ f(1/2)
κ ∆p λ f(1/2)

κ

∆p

λ f(1/2)

cm cp f P R

cm+ cp+ f+

� < s < (1/2 − �) cm− cp− f−

(1/2− �) < s < � s�1 s

�
f+c2

p+

�
< 10−10.

s�2 s

�
f−c2

p−
�

< 10−10.



s�1− s�2 < 10−2 cp s = s�1 s = s�2

f cp fcp− ≈ 1 f

s = sm0

s�1 s�2

s�1 − s�2

cp+(s�1) ≈ cp−(s�2) f+(s�1) ≈ f−(s�2).

sm0 f cp

f cp fcp− ≈ 1
f

s�1 ≤ s ≤ s�2 cm

cm Q x(s)
cm

cm

R2 = [x(sm1)− cm+(s�1),

x(sm2)− cm−(s�2),

f+(s�1)− f−(s�2)].

∆p λ f(1/2)
sm0

Q

sm0

cp f y(s)
s x(s) sm0

sm0 η

f s = sm0

γ ≈ cm(s�2)− cm(s�1)
s�2 − s�1

.

∆p λ f(1/2) f(sm0) γ η

R3 = [cm+(s�1) − cm++(s�1),

cp+(s�1) − cp++(s�1),

f+(s�1) − f++(s�1),

cm−(s�2) − cm−−(s�2),

cp−(s�2) − cp−−(s�2),

f−(s�2) − f−−(s�2)],



+ s = � s�1 −

(1/2− �) s�2 s�1 s�2

η sm0

++ −−

O(10−6)

c0 κ O(10−3)
O(10−3)



cm cp f
s κ = 1.5

x z
κ = 1.5

cm cp f s
κ = 1.95

x z
κ = 1.95

c0 = 0



cm cp f s
κ = 0.5

x z
κ = 0.5

cm cp f s
κ = −0.5

x z
κ = −0.5

c0 = 0



∆p

κ ∆p

κ

cm

∆p

∆pc

c0

∆pc = 2kc [6− c0] .

∆pc

cp(0) f(1/2) ∆p

c0

∆p

∆p = ∆pc

c0c = −1.2.

V0 V0 < 1 c0 < c0c

c0 > c0c



EH0 c0

∆p = ∆pc

c0 = 0 V0 < 0.94
c0 = −4

∆p + 2λcp(0)
c0 > c0c ∆p < ∆pc ∆p + 2λcp(0) < 0

∆p > ∆pc ∆p + 2λcp(0) > 0
∆p + 2λcp(0) < 0

c0 > c0c ∆p < ∆pc

∆p > ∆pc c0 < c0c

∆p < ∆pc

κ ∆p

κ

−12 ≤ c0 ≤ 22
−4 ≤ c0 ≤ 1

2 ≤ c0 ≤ 20
−12 ≤ c0 ≤ 2

κ

κ ≈ 2
κ �

−2.5

∆p κ c0

c0 < c0c ∆p κ c0 > c0c

κ

c0 < c0c c0 > c0c

κ = 1 c0 = 6
κ = 1.1 κ � 1.1



c0 < 16 c0 = 6 7
c0 ≥ 16

|κ| ≈ O(10)
c0

κ

κ = 1 κ

c0 = 20
1

κ = 1
c0 c0 cp cm

c0

−4 ≤ c0 ≤ 1 c0 < c0c

c0 > c0c

c0 = −1 −2 −4

c0 = 6
20 c0 = 6

c0 = 20

c0 = −12 −2 6 20
κ

|κ|
cm

c0 = −12 κ

c0 = −2
−1 0 c0 = −2

c0 = −12 6 20



κ c0 = −12
c0 c0 = 6 20

cm

cm

κ < 0
0.1 < s < 0.5 cp ≈ 1 cm ≈ 1

cp(0) = cm(0) cm

c0 = −2
c0 = −12 c0 = −2

x = 0 c0 = −2
κ

cm

κ

cm

κ > 0
κ

x = 0 κ

κ

c0 = 6
c0 = 20

κ cm

cm

κ

c0 = 6 cp

c0 = 20

c0

|c0| >> 1 1/f

cp



cp(0) f(1/2) ∆p c0 = 0

∆p

∆p cp(0) f(1/2)

∆p +2λcp(0) ∆p c0 = 0

∆p

∆p

∆p +2λcp(0) ∆p c0 = 2

∆p

∆p

∆p

c0 = 0



EH0 ∆p c0 = 0 c0 = −4 EH0

c0 = 0 c0 =
−4

∆p c0



c0 = 1 0 −1 −2 −4

c0 = 2 4 6 20

c0 = −2 −4 −8 −12

∆p κ

c0



c0 = 1 0 −1 −2 −4

c0 = 2 4 6 20

c0 = −2 −4 −8 −12

κ

c0



c0 = 1 0 −1 −2 −4

c0 = 2 4 6 20

c0 = −2 −4 −8 −12

κ

c0



c0



c0 = 1 0 −1 −2 −4

c0 = 2 4 6 20

c0 = −2 −4 −8 −12

c0



x z cm cp f s κ = −19.3

cm cp f s κ = −9.5 cm cp f s κ = 1.47

c0 = −12



x z cm cp f s κ = −5.2

cm cp f s κ = −2.7 cm cp f s κ = 2

c0 = −2 κ = −2.7
κ = 2



x z cm cp f s κ = −1.2

cm cp f s κ = 4.6 cm cp f s κ = 11.4

c0 = 6



x z cm cp f s κ = −0.1

cm cp f s κ = 6.3 cm cp f s κ = 12.9

c0 = 20



� cp = cp0+�η�
EH(x, cp, ċp)dx ≥

�
EH(x, cp0, ċp0)dx η ≡ 0

∂EH

∂ċp

η
��s=1
s=0

,

∂EH

∂ċp

��
s=0

=
∂EH

∂ċp

��
s=1

,

η s = 0
s = 1

∂EH

∂ċp

=
�

2cp + x
dcp

dx
− c0

�
x2

(1− (xcp)2)1/2

cm + cp − c0

��s=1
s=0

= 0,

cm cp c0 σiso σdir

s = 0 s = 1



s = 0 s = 1

c0 = 1 0 −1 −2 −4

f0

f0

c0 = −12 ≤ c0 � 3

c0

c0

V

f(0) = f0 = R2,

R

0.1
R = 0.011/2 R = 0.0011/2 f0 c0

c0 V f0

∆p ,

λ ,

B f(1/2),

cm(0) cm ,

cp(0) cp .



R4 = [cm+(sm) − cm−(sm),

cp+(sm) − cp−(sm),

f+(sm) − f−(sm),

v − V ,

cm(0) + cp(0)− c0].

V v

2κ = c0

c0

c0 = −4 −2 −1 0 1
κ < 1

R

s0(R) =
R2

4
,

cm(0) = κ +
3
4
(κ(c2

0 − 2κc0) + 2κλ + ∆p)s0(R),

cp(0) = κ +
1
4
(κ(c2

0 − 2κc0) + 2κλ + ∆p)s0(R),

f(0) = R2.

cm(0) cp(0) s0 cm(0)
cp(0)

s = 0
cm+ cp+ f+

s = 1/2
V

κ

κ

V c0

R = 0.011/2 R = 0.0011/2



f0 = 0.01 f0 = 0.001

cm(0) cp(0) κ κ

κ

x = 0 κ

c0 = −2 f0 = 0.01

f0 c0

κ

|cm(0) − cp(0)| κ

|cm(0) − cp(0)| κ0 κ0

cp(0) cm(0) V

κ0 2κ0 = c0 κ

c0 = −2 −4



κ0 |cm(0)− cp(0)| |cm(0)− cp(0)|min

κ

cm(0) cp(0)
κ0 cp(0) cm(0)

κ0

λ ∆p f(1/2)
c0 = −1

κ = κ0 κ = κ0

cm(0) 2κ−c0

c0 = −2
cm − cp f → f(0) cp(0)

2κ− c0 cm cp

cp(0)

cp(0)
cm − cp f cp(0)

cp(0) > 0

κ < c0/2
κ = c0/2 c0 = −2 −4 κ0

cp(0) > cm(0) κ0 cp(0) < cm(0)
κ0

κ

κ

cm(0) > cp(0)
cm(0) < cp(0) κ

c0

cp(0) cm(0)
κ = κ0



κ > κ0

κ < κ0

κ = κ0

cm(0) − cp(0)
(1−f0cp(0)2)1/2 0 cp(0) cm(0)

f → 0 |cm − cp|
c0 = O(1) cm + cp O(1)

(1− fc2
p)1/2 f |cm − cp|

(1− f0cp(0)2)1/2

� = cp(0)
�
(cp(0)− c0)2 − cm(0)2

�
+ 2λcp(0) + ∆p

fc2
p = 1

fc2
p = 1

κ = κ0



c0 κ0 cp(0) cm(0) V0

κ0 c0 cp(0) cm(0)
f0 = 0.001

c0 κ0 cp(0) cm(0) V0

κ0 c0 cp(0) cm(0)
f0 = 0.01



x y
V0 = 0.96

cm cp f cp

V0 = 0.96

x y
V0 = 0.66

cm cp f cp

V0 = 0.66

c0 = −1



V0 = 0.97 κ = 0.5
cm cp f cp

V0 = 0.97 κ = 0.5

c0 = 0 κ



c0 = 1 f0 = 0



c0 = 0 f0 = 0



c0 = −1 f0 = 0



c0 = −2 f0 = 0



c0 = −4 f0 = 0



f0 = 0.01
c0 = −1

2κ = c0



−12 ≤ c0 � 3

κ = 1

f0

f0 L

f0

R5 = [cm+(sm) − cm−(sm),

c+(sm) − cp+(sm),

f+(sm) − f+(sm),

v − V,

cm(0) + cp(0)− c0],

f0 c0

∆p ,

λ ,

B f(s) f(1/2)cp(1/2)2 = 1,

cm(0) cm ,

cp(0) cp .

f0

R6 = [cm+(sm) − cm−(sm),

c+(sm) − cp+(sm),

f+(sm) − f+(sm),

l − L,

cm(0) + cp(0)− c0],

L 10−2 l

∆p ,

λ ,

B f(s) f(1/2)cp(1/2)2 = 1,

cm(0) cm ,

cp(0) cp .



L O(10−8)
O(10−3) O(10−8)

c0 f(0) = f0

c0 < −1 −1 < c0 < 2 2 < c0

O(10−8) −1 < c0 < 2

f0

f0

c0 > 1.5
c0 f0

c0 > 2.7

c0 < −1 f0 c0

c0 > 1.5 c0 < −1 f0

f0

c0

c0 > 1.5
c0 < −1

c0 f0

f0 f0 |c0|

c0 < −1 c0 > 1.5 cos φ = (1 − f(0)cp(0)2)1/2 O(10−2)
∆p/λ > 1 ∆p < 0

cos φ = (1−f(0)cp(0)2)1/2

O(1) ∆p/λ ≈ −2 ∆p > 0
c0 cp ≈ cm ≈ 1 0.1 � s < 1 cm − cp

s → 0
cm cp

f0

|c0| > 2 cm

f0 c0 = −4



c0 = −2 −4 −8 −12 c0 = 2.3 2.5 2.7

f0

cp((cp − c0)2 − c2
m) + 2λcp + ∆p

(1− fc2
p)1/2

− 2
(1− fc2

p)1/2(cm − cp)
f

= 0.

|c0|
s |c0| � 2

c0

> 2
c0

|c0|
|c0|

|κ| c0

cm cp cm

cp = 0
cm

f0 c0 = −1 c0 = −2



c0 = −2 −4 −8 −12 c0 = 2.3 2.5 2.7

f0

˙cm

2κ0 = c0

2κ > 2κ0

2κ < 2κ0

c0 < −1 0.01
f0 f0

−1 < c0 < 2 c0 < −1
c0 > 2

c0 > 2
f0 |c0| > 2

L > 2
f0 c0 ≈ 2

1 < κ � 1.5 c0 � 2



c0 = −2 −4 −8 −12 c0 = 2.3 2.5 2.7

f0

f0

f0

−4 < c0 < 1
c0 c0

c0 < −2 f0

(1 − fc2
p)1/2 → 0 s → 0 |cm − cp| f

cm c0

|c0|
f0 = O(10−1)

|cm − cp| f



cm cp f s

c0 = −4 f0 = 10−3 L = 1.62 V = 0.99 cm cp



cm cp f s x z

A = (cp((cp− c0)2− c2
m

)+2λcp +∆p)/(1−
fc2

p
)1/2 B = 2(1 − fc2

p
)1/2(cm − cp)/f

s

c0 = −4 f0 = 0.1 L = 0.90
V = 0.90 cm cp



c0 f0 = R2 R

f0

c0

c0

λ

c0 ,

f(0) = f0 R2,

cp(0) = 0 cp .

∆p ,

λ ,

B f(1/2),

cm(0) cm .

R7 = [cm+(sm) − cm−(sm),

cp+(sm) − cp−(sm),

f+(sm) − f−(sm),

v − V ].

v

V



κ = 1

L

l

R8 = [cm+(sm) − cm−(sm),

cp+(sm) − cp−(sm),

f+(sm) − f−(sm),

l − L],

L 10−2

cp(0)

R9 = [cm+(sm) − cm−(sm),

cp+(sm) − cp−(sm),

f+(sm) − f−(sm),

l − L,

v − V ].

cp(0)

cp(0) cp(0)

∆p/λ ≈ −2
cp(0) = 0 ∆p λ λ > 0

cm cp f

cp(0)
λ < 0 cm cp f

1

cp(0)



s = 0 cm cp f →

cp

f0

c0

c0 ,

f(0) = f0 R2,

V = 1 .

∆p ,

λ ,

B f(1/2),

cm(0) cm ,

cp(0) cp .

f0 0.01 ≤ f0 ≤ 0.1
c0 −12 ≤ c0 ≤ 12 c0

cp(0) = 0 f0 = 0.01
c0 f0 V

R10 = [c1
m(sm) − c2

m(sm),

c1
p(sm) − c2

p(sm),

f1(sm) − f2(sm),

v − V ],

f0 10−2

f0 c0

L



R11 = [c1
m(sm) − c2

m(sm),

c1
p(sm) − c2

p(sm),

f1(sm) − f2(sm),

v − V,

l − L].

v l V L

10−2

O(10−8) O(10−3)
O(10−8)

c0

f0 f0

f0

c0

c0 f0 c0 > 0
f0 0.1 � f0 � 0.4 f0 � 0.1

c0

c0 < 0 f0

f0 c0

c0

f0 c0

c0 f0

c0 < 0 c0 > 0
c0 < 0



xmax/R f0

xmax/R f0 c0

f0

xmax/R ≈ 10

L/R ≈ 100



cp(0) = 0 cp(0)

cp(0)

∆p λ f0 = 0.1 c0 = 0
cp(0) ∆p λ



cm cp f s x z

L = 1.89 cp(0) = 0
f0 = 0.1 c0 = 0

cm cp f s x z

L = 2.14 cp(0)
f0 = 0.1 c0 = 0



f0 =
0.1 c0 = 0

f0 = 0.1
c0 = 0

cp(0) = 0
cp(0) cp(0) = 0

f0 = 0.1 c0 = 0



c0

c0

f0



c0 c0



c0



c0 f0

c0 f0

c0 f0



c0

c0

xmax/R c0 f0



c0

f0

f0

c0

−12 ≤ c0 ≤ 12



c0

c0 f0 = 0.09
c0

λ ∆p cm

cp s = 0 s = 1 cm(0) cp(0) |c0|
cp(0)

c0 c0

c0 = −12 L = 2.37 cm cp f

c0 = 12 0.01 ≤ f0 ≤ 0.5
c0 = −12 cp

cp f(0)cp(0)2

f(0)cp(0)2 ≈ 0.8 fc2
p ≈ 1

cp c0 = −12 c0 = 12
λ < 0 cp > 0

cp

c0 = −12 c0 = 12
c0 = −12 cm

cp cm

cp cm

cp |cp(0)− cm(0)|
c0

c0

cp

c0 < 0 f0

f(0)cp(0)2 ≈ 1
fc2

p = 1

cp(0)((cp(0)− c0)2 − cm(0)2) + 2λcp(0) + ∆p = 0.

f(0)cp(0)2 → 1 cp(0)((cp(0) − c0)2 − cm(0)2) + 2λcp(0) +
∆p → 0 s = 0

fc2
p = 1

f(0)cp(0)2 ≈ 1 cp(0)((cp(0) − c0)2 − cm(0)2) +
2λcp(0) + ∆p ≈ 0

L

cm cp f

cp(0) f0



s = 0 f(0)cp(0)2 = 1 cp(0) f0

f0

fc2
p ≈ 1 s cmcp < 0 fc2

p ≈ 1
cp(0)((cp(0) − c0)2 − cm(0)2) + 2λcp(0) + ∆p ≈ 0

cp = cm (1 − fc2
p)1/2 �

(1− fc2
p)1/2 = 0

cm �= cp

(1 − fc2
p)1/2

cm cp f

cp(0)((cp(0)− c0)2− cm(0)2)+2λcp(0)+∆p ≈ 0 (1−fc2
p)1/2 → 0

cm cp

cm cp f

fc2
p = 1

s = 0
s = 1/2

fc2
p = 1

cm cp f fc2
p = 1

fc2
p = 1

c0 < 0 cm(0) < 0
cp(0) > 0 cm(0) cp(0)

s = 0
f0

c0 c0cp < 0 c0

cm cp

c0cp > 0
|cm(0)− cp(0)|

∆p/λ

∆p/λ



cm cp f

cm

|cm − cp| f0

f(0)cp(0)2 = sin2 φ(s) c0 f0



cp(0)((cp(0)− c0)2− cm(0)2)+ 2λcp(0)+∆p

c0 f0 f(0)cp(0)2 = 1



c0 f0 = 0.09 c0 f0 = 0.09

cm(0) cp(0)
c0 f0 = 0.09

f0 = 0.09
−12 ≤ c0 ≤ 12



cm(1/2) cp(1/2)
c0 f0 = 0.09

λ ∆p

c0 f0 = 0.09

f0 = 0.09
−12 ≤ c0 ≤ 12

cm cp f
s

x z

c0 = 12 f0 = 0.09 c0cp > 0
cm cp



cm cp f
s

x z

c0 = −12 f0 = 0.09 c0cp < 0
cm cp

cm cp f
s

x z

c0 = −12 f0 = 0.20 cp(0)((cp(0)−c0)2−cm(0)2) <<

1 f(0)cp(0)2 ≈ 1



∆p/λ f0 c0 = −12 ∆p/λ

∆p/λ



p q p s = 0

f0 c0

∆p ,

λ ,

B f(s) f(1/2)cp(1/2)2 = 1,

cm(0) cm ,

cp(0) cp ,

R12 = [x(sm1) − cm(sm1),

x(sm2) − cm(sm2),

f(sm1) − f(sm2),

l − L],

L l L

10−3

f0 = O(10−2) f0 = O(10−1)

cm(0) + cp(0)− c0 = 0
c0 = 3 f0 = 0.005 L = 3.8

f0

c0 ≈ 3

cp(0) = 0



f0 c0

c0cp > 0
c0 cm cp c0cp < 0

c0 f0 c0 = −12
c0 cm cp cp

−12 < c0 < 2
f0

fc2
p = 1 c0cp > 0 cm cp

fc2
p ≈ 1

fc2
p = 1

c0 ≈ 3



cm(0) + cp(0)− c0



f0 = 0.05 c0 = 3
f



f(0)cp(0)2 = 1
f(0)cp(0)2 = 1

s = 0 s = 1/2
s = 0 s = 1/2

f0

f0 ≈ 0.1 cm

cm = 0
f0 ≤ 10−2

cm ≈ cp ≈ 1
f cp − cm

f(0)cp(0)2 = 1, f = f0 = R2, s∗ = 0, γ �= 0

cm(0) = −

�
cp(0)((cp(0)− c0)2 − cm(0)2) + 2λcp(0) + ∆p

cp(0)
,

0 ≤ s ≤ �

� ≤ s ≤ sm s = 1/2

(1/2) ≥ s ≥ (1/2 − �)
(1/2− �) ≥ s ≥ sm

s = 0 f

s = 1/2 f

s = 0 dcm/ds s = 1/2



cmcp < 0 s = 0 cmcp > 0 s = 1/2
s = 0 s

s = 1/2 s

f(0)cp(0)2 ≈ 1
cp(0)

�
(cp(0)− c0)2 − cm(0)2

�
≈ 0

c∗0 = −12 −11 −10 −9 −8 −7 −6 −5 −4
−2 cp(0)

�
(cp(0)− c0)2 − cm(0)2

�
+ 2λcp(0) + ∆p ≈ 0

c∗0
f0

∆p ,

λ ,

f(1/2) f,

γ dcm

ds
f = f0,

c0 c0,

R13 = [cm+(sm) − cm−(sm),

cp+(sm) − cp−(sm),

f+(sm) − f+(sm)],

f0

L

R12 = [cm+(sm) − cm−(sm),

cp+(sm) − cp−(sm),

f+(sm) − f+(sm)],

l − L],

l

O(10−7)−O(10−8)

c0 f0

f0

f0 c0 c∗0



f0

cp cm f

fc2
p = 1 �

cm cp f �

f

∆p λ f

cm cp

f0

c∗0

c0

c0

f0 c0

c∗0 = −12 −10 −9 −7 −6 −5
c0 f0

≈ 0.3

c0 f0 λ ∆p

f0 c0

f0



f0 f0 f0

c∗0 = −6 c∗0 = −12
c∗0 c0

fc2
p

c0cp

s = 0
L > 2.9

cm

s = 1/2 cp(0)
f0 |cm − cp| f → 0

cp(0) f0 f(0)cp(0)2 = 1

cp(0) f0 f0

f0 c0

c0

dcp/ds f(0)cp(0)2 = 0
f0

f0 = 10−2 10−3 10−4 10−5 10−6 10−7

f0 = 0.01 L ≈ 3

λ fmax

c0

f0

f0

cm(s) cp(s) f(s)
f0 → 0 c0 → 2

(1− c0)2−1 → 0 2λ+∆p → 0
f0 sl

cp ≈ 1 cm ≈ 1 s ≥ sl

sl s ≤ sl cp cm

−∆p/λ 2 f0



−∆p/λ = 1
∆p ≈ 19 λ ≈ 9.5 ∆p = 12

λ = −6 s > sl

cm cp

c0 < 0 f0 = 0.01
fmax

c0 > 0 c0

c0 = −13.9 cm

cp

|c0|

c0 f0 < 0.01

f0 c0

3 f0 0.01 <

f0 < 0.2 c0 < 0
c0 f0 f0 c0 cm

cp

f0 ≤ 0.01
f0

c0 2 f0

f0 = 10−7 L = 3.27

f0

|cm − cp| f

f0

c0 2 f0 = 10−7



L = 3.27



c0 f0

f0

c0 f0

c0 f0

f0



f0 = 0.03 f0 = 0.05

f0 = 0.07 f0 = 0.3

cm cp f c∗0 = 8
cm cp f0



cp = 0
cm = 0



c0

f0

o c∗0 = −12 −10 −9 −7 −6
−5 ∗

c∗0 = −11 −8 −6 −4 −2



c0 f0 c0

f0

c0 f0 o c∗0 = −12
−10 −9 −7 −6 −5 ∗
c∗0 = −12 −10 −9 −7 −6 −5



λ ∆p



z x
c∗0 = −6

(1− fc2
p
)1/2

c∗0 = −6

c∗0 = −12
(1− fc2

p
)1/2

c∗0 = −12

c∗0 = −6 c∗0 = −12 f0

c0 cm cp f0



x z (1− fc2
p
)1/2

cm cp cm cp s = 0 s = 1/2

c∗0 = −12 −10 −9 −7 −5 L > 2.9



c0 c0

λ c0 fmax c0

f0 = 0.01
L > 2 L < 2



x z f0 = 10−3 − 10−7 cm cp

f f0 = 10−7

2λ+∆p (1−c0)2−1 f0 → 0 log(f0)

f0 = 0.01



cm cp f s x z

f0 = 0.01 c0 = −13.9 L = 1.06
f0 = 0.01



xmin = 0

xmin = 0

cm cp f → 0
cm cp

cm cp

cm(0) = cp(0) λ < 0 cm cp

λ > 0 cm cp f → 0

c0 x = 0 κ

κ

−4 � c0 � 1
−12 � c0 � 20

c0

R f(0) = f0 = R2



f0

f0 c0 |c0| > 2
f0 < O(10−1) λ > 0 cm cp

s � 0.1 cm ≈ cp ≈ 1 s � 0.1 cm c0

90o

cp(0) = 0 cp(0)
λ > 0 cp(0) λ < 0

λ < 0
cp(0)

c0 f0 c0 = −12 L = 2.37

c0

c0 f0

fc2
p = 1

cm cp

cm(0) cp(0)

≈ 3
cm cp f

3
f0

f0 f0 = 0.01 f0

L ≈ 3



3.8

f0 c0 = 3

c0 f0

1

f0

f0 c0 < −1 c0 > 1.5 f0

c0 f0

f0

c0

c0

c0

c0

c0 < 0 c0 > 0
fc2

p = 1 s = 0
fc2

p = 1 s = 0

c0 > 0

f0



f0 f0

L = 3.8 c0 = 3
L/R = 17

f

f0 c0

c0

|c0| >> 1

|c0| >> 1

f0 c0 ≈ 3
c0 > 2.5









r cr(t)

dcr

dt
=

1
2

r−1�

s=1

as,r−scscr−s − bs,r−scr −
∞�

s=1

ar,scrcs − br,scr+s,

ar,s br,s

dc1

dt
= −

∞�

s=1

a1,sc1cs + b1,scs+1.

≈ 68



βij βij

βij =
2kT

3µ

�
(1/v1/3

i
) + (1/v1/3

j
)
�

� �� �
×

�
v1/3
i

+ v1/3
j

�

� �� �
,

d0 ≈ v1/3 µ

d d0

d =
� ∞

d0

exp(Ψ(x)/kT )/x2dx,

Ψ(x)

d

Np = A

�
R

ap0

�d

,

Np ap0

R Np

Np >> 1000

βij =
2kT

3µ

�
1

v1/d

i

+
1

v1/d

j

��
v1/d

i
+ v1/d

j

�
.

r

c(r, t)



F (N,V, T ) = Nµ0(T )− kT log Z(N,V, T ),

µ0(T ) Z(N,V, T )

log Z = N

�
1 + log(V/N) + (1/2)β1(N/V ) +

∞�

2

(1/(n + 1))βn(N/V )n

�
,

β1

n βn



r� r N

− ∂G

∂N
= −(a2/6)∇2G + [U(r)/T ]G.

∂G/∂N N

∂G∂N = 0 U(r)

1/R

1/R

R



β = 1/kT

< E >=
�

s
Es

−βEs

�
s
−βEs

= −∂Z

∂β
,

�
s

1

Ldt Ldt� u u� v(u,u�)dtdt�

v(u,u�) = 2DL2|u × u�|
ρ = n/V

Z =
1
n!

n�

i=1

�
D{ri,ui}P{ri,ui[0, 1]} exp

�
−ρG

�
dr

�
du

�
du�ψ(r,u)ψ(r,u�)|u× u�|

�
.

P{ri,ui[0.1]} ∝ exp

�
− 1

2N

� 1

0
dtκ(t)

�����
dui(t)

dt

����
2
��

,

ui(t) =
1

Na

d

dt
ri(t)

κ(t)

n

n V



α κ

c0





ẏ1 = k1y4(1− y1/C1)− k3y1,

ẏ2 = k2y1(1− y2/C2)− k2y2 − k3y1,

ẏ3 = k2y2 − k2y3,

ẏ4 = k2y3 − y4 − k1y4(1− y1/C1).

y1(t) ,

y2(t) ,

y3(t) ,

y4(t) ,

k1 ,

k2 ,

k3 .



ãi

ai

ȧi = α̃iai−1ãi − βiai.

βi

α̃i

Ci = ãi + ai

αi = α̃iCi

ȧi = αiai−1 (1− ai/Ci)− βiai.

k1

k2

k1
= �

k3

k1
= �2 ỹi =

yi

Ci

t̃ =
t

k1
,

� << 1 k1 k2 1−yi/Ci

1 = C1 = C2 = C3 = C4

ẏ1 = y4(1− y1)− k3y1,

ẏ2 = �y1(1− y2)− �y2 − �2y1,

ẏ3 = �y2 − �y3,

ẏ4 = �y3 − y4 − y4(1− y1).

y1 = y10 + �y11 + �2y12 + �3y13 + · · · ,

y2 = y20 + �y21 + �2y22 + �3y23 + · · · ,

y3 = y30 + �y31 + �2y32 + �3y33 + · · · ,

y4 = y40 + �y41 + �2y42 + �3y43 + · · · .

y1 = 1, y2 =
1
2
, y3 =

1
2

y4 = �
1
2
.



α

y1(0) = 1
y1(0) = 1 y1 y4 y1

y1(0) �= 1 y1 y4

y1 y2 y3 y4

y1(0) = 1
exp(−�t) → 0 y1(0) = 1
exp(−�t/4) → 0 x

α

y1 ≡ 1 k3 = 0

y1(0) = 1, y2(0) = A, y3(0) = B, y4(0) = C.

y1 ≡ 1
y2 y2(0) = A y2

y2 =
1
2

(1− exp(−2�t)) + A exp(−2�t).

y3 =
1
2

+ (
1
2
−A) exp(−2�t) + D exp(−�t).



y3(0) = B D = B − ((1/2) − A) − 1/2 = B + A − 1

y4 =
�

2
+

� exp(−2�t)
(1− 2�)

(
1
2
−A) +

�C exp(−�t)
1− �

+ E exp(−t),

E y4(0) = C

y1 ≡ 1,

y2 = 1/2(1− exp(−2�t)) + A exp(−2�t),

y3 =
1
2
(exp(−2�t)− exp(−�t)) +

1
2
(1− exp(−�t))

+ B exp(−�t),

y4 = �
1
2
(exp(−2�t)− exp(−�t)) +

�

2
(1− exp(−�t))

+ �B exp(−�t) + (C − �B) exp(−t),

exp(−αt) α

(1− exp(−αt))

y1(0) �≡ 1 k3 = 0

y1 y2 y1 �= 1
y2

y3 y2(0) = A y3(0) = B C E

y4(0) y1(0)
y10 = 0

ẏ11 = y40,

ẏ12 = y41 − y40y11,

ẏ13 = y42 − y40y12 − y41y11,

ẏ14 = y43 − y40y13 − y41y12 − y42y11,

ẏ40 = −2y40 + y30,

ẏ41 = −2y41 + y40y11 + y31,

ẏ42 = −2y42 + y40y12 + y41y11 + y32,

ẏ43 = −2y43 + y40y13 + y41y12 + y42y11 + y33,



ẏ21 = −y20,

ẏ22 = −y21 + y11(1− y20),

ẏ23 = −y22 + y12(1− y20)− y11y21,

ẏ24 = −y23 + y13(1− y20)− y12y21 − y11y22,

ẏ31 = y20 − y30,

ẏ32 = y21 − y31,

ẏ33 = y22 − y32,

ẏ34 = y23 − y33.

y4 y1

y40 =
B

2
+ Ce−2t,

y11 =
Bt

2
− C

2
e−2t + E.

C E y1 y4

�

y1 y4

y41

ẏ41 + 2y41 = y40y11 + y31,

y41 =
�

(y40y11 + y31) e2tdt e−2t.

�
f(t)e2tdt e−2t =

1
2
f(t)− 1

4
df(t)
dt

+
1
8

d2f(t)
dt2

− · · · .

y40 y41

y31 = (A − B)t y41

y41 = (A−B)(
1
2
t− 1

22
) +

1
23

B2t− 1
24

B2 +
1
22

BE,

+ e−2t

�
1
4
BCt2 − 1

4
BCt + ECt

�
+ e−4t

1
4
C2.



y40 ≈ B/2,

y11 ≈ (Bt)/2,

y41 ≈ (B2t)/23.

y1 y12 y30

ẏ12 = y41 − y40y11,

ẏ12 = (B2t/22)(
1
2
− 1),

y12 = − 1
23

(1/2)B2t2.

1/2
1/2 ẏ12 y12

y11 1/4
t y1

y13 = − 1
25

(1/3)B3t3(1− 1/2),

y14 = − 1
27

(1/4)B4t4(1/6− 1/3),

y15 = − 1
29

(1/5)B5t5(−1/24 + 1/12 + 1/4).

y4

y42 = − 1
25

B3t2(1− 1/2),

y43 = − 1
27

B4t3(1/6− 1/3),

y44 = − 1
29

B5t4(−1/24 + 1/12 + 1/4).

y1

y1 =
1
2
(�tB)− 1

23
(�tB)2/2 +

1
25

(�tB)3/6− 1
27

(�tB)4/24 +
1
29

(�tB)5/120

− 1
25

(�tB)3/3 +
1
27

(�tB)4/12− 1
27

(�tB)5/60,

= 2
�

1
22

(�tB)− 1
24

(�tB)2/2 +
1
26

(�tB)3/6− 1
28

(�tB)4/24 +
1

210
(�tB)5/120

�

+
�
− 1

25
(�tB)3/3 +

1
27

(�tB)4/12− 1
27

(�tB)5/60
�

≈ 2(1− exp(−�tB/4)) + (exp(−�tB/4)− 1).

y4



y4 = �
1
2
B

�
1 +

1
22

(B�t)− 1
24

(B�t)2/2 +
1
26

(B�t)3/6− 1
28

(B�t)4/24
�

+ �
1
2
B

�
1
24

(B�t)2 +
1
26

(B�t)3/3− 1
28

(B�t)4/12
�

,

≈ �
1
2
B(2− exp(−�tB/4)) +

1
4
B(exp(−�tB/4)− 1).

t → ∞
y4

y4 ≈
�

2
(1− exp(−�t/4)) .

O(�t/4) 1/4
1/2 y4 1/2

y4i y4(i−1)y1i

y1(0) �≡ 1
y11 = E

y11 = E,

y12 = − 1
22

BEt− 1
24

B2t,

y13 = − 1
24

B2Et2 − 1
26

(3/2)B3t2,

y14 =
1
26

(1/3)B3Et3 +
1
28

B4t3

y41 =
1
22

BE − 1
24

B2,

y42 =
1
24

B2Et− 1
26

B33t,

y43 = − 1
26

(1/2)B3Et2 − 1
28

2B4t2.

y1

y1 = �E

�
1− 1

22
(BT )− 1

24
(BT )2/2 +

1
26

(BT )3/6
�

,

+ �
1
4
B

�
− 1

22
(BT ) +

1
24

3(BT )2/2 +
1
26

(BT )3
�

,

≈ �

�
E exp(−�tB/4)− 1

4
B exp(−�tB/4)

�
.

−(1/2)Ce−2t y11 E

y1 �2



y4

y4 = �2
�
−1

4
BE exp(−�tB/4) +

1
8
3B2 exp(−�tB/4)

�
.

O(�t/4)
y2 y1

y20 = A,

y21 = −
�

A,

y22 =
� �

A +
�

y11(1−A),

y23 = −
� � �

A−
� �

y11(1−A) +
�

y12(1−A) +
�

y11

�
A,

y24 =
� � � �

A +
� � �

y11(1−A)−
� �

y12(1−A)−
� �

y11

�
A

+
�

y13(1−A) +
�

y12

�
y20 −

�
y11

�� �
A +

�
y11(1−A)

�
,

.

A (1 − A) A



(1−A) y2

y2 = A− �

�
A + �2

� �
A− �3

� � �
A + · · ·

+ �3
�

y11

�
A− �4

� �
y11

�
A + �5

� � �
y11

�
A− · · ·

+ �4
�

y12

�
A− �5

� �
y11

�
A + �6

� � �
y11

�
A− · · ·

−
�

�4
�

y11

� �
A− �5

� �
y11

� �
A + �6

� � �
y11

� �
A− · · ·

�

−
�

�5
�

y12

� �
A− �6

� �
y11

� �
A + �7

� � �
y11

� �
A− · · ·

�

,

= A exp(−�t) + �2
�

y1

�
A− �3

� �
y1

�
A + �4

� � �
y1

�
A

− �3
�

y1

� �
A + �4

� �
y1

� �
A− �5

� � �
y1

� �
A,

= A exp(−�t) + �2
�

y1At− �3
� �

y1At + �4
� � �

y1At

− �3
� �

y1A(t2/2) + �4
� � �

y1A(t2/2)

− �5
� � �

y1A(t2/2)

,

= A exp(−�t) + �A

�
(1− exp(−�t/4))(1− exp(�t))−

�2A

� �
(1− exp(−�t/4))(1− exp(�t)) + · · · .

y3 y2

y3 = B exp(−�t) + �

�
y2 − �2

� �
y2 + · · · .

�

y1 = 1− exp(−�Bt/4)− �
1
2
Ce−2t + �E exp(−�Bt/4),

y2 =
1
2

(1− exp(−�Bt/4)) + A exp(−�t),

y3 =
1
2

(1− exp(−�Bt/4)) + B exp(−�t),

y4 = �
1
2

(1− exp(−�Bt/4)) + �Ce−2t +
�

2
B exp(−�t).

− �2
B

4
E exp(−�Bt/4).



y2 y3

y2 y3

t = 0
exp(−nt)(1− exp(−mt))

k3 = �2

y4(1− y1)− �2y1 = 0,

�y1(1− y2)− �y2 − �2y2 = 0,

�y2 − �y3 = 0,

�y3 − y4 − y4(1− y1) = 0.

y4 y1 y2 = y3 y2

y1 y4 = �Y4

−2Y4�
3 + (−2Y4 − 3Y 2

4 )�2 + (Y4 − Y 3
4 − 5Y 2

4 )� + (Y 2
4 − 2Y 3

4 ) = 0.

y4(∞) =
1
2
�− 7

4
�2 +

7
8
�3 +

17
16

�4.

y1

y1(∞) = 1− 2�1 − 3�2 − �3.

y1 y4 y3 y2

y3(∞) = y4(∞) =
1
2
− 3

4
�− 9

8
�2 − 31

16
�3.

y1

y1 = 1−
�
2�1 − 3�2 − 1�3

�
(1− exp(−�t)) .



y1(0) = 1 y2(0) = 0.01 y3(0) = 0.01 y4(0) = 0.01
k3 = 0 � = 0.1

y1(0) < 1 k3 = 0 � = 0.1 y1(0) = 0.01
y2(0) = 0.5 y3(0) = 0.5 y4(0) = 0.5

k3 = 0



y1 = 1 +
�
−2�1 − 3�2 − 1�3

�
(1− exp(−�t)) ,

y2 = 1/2(1− exp(−2�t)) + A exp(−2�t)

+
�
−3

4
�− 9

8
�2 − 31

16
�3

�
(1− exp(−�t)) ,

y3 =
1
2
(exp(−2�t)− exp(−�t)) +

1
2
(1− exp(�t)) + B exp(−�t)

+
�
−3

4
�− 9

8
�2 − 31

16
�3

�
(1− exp(−�t)) ,

y4 = �
1
2
(exp(−2�t)− exp(−�t)) +

1
2
(1− exp(�t)) + B exp(−�t) + C exp(−2t)

+
�
−7

4
�2 +

7
8
�3 +

17
16

�4
�

(1− exp(−�t)) .

y1(0) < 1

t = 0

y1(0) = 1 k3 = �2

y1 y4

y1(0) = 1 y2(0) = �A y3(0) = �A A = 0.112 � = 10−2

y1 y4 k3 > 0



y1 y4

y1(0) = 1 y2(0) = �A y3(0) = �A y4(0) = �2A A = 112
� = 10−2



K

J1 = K1 (k1m1m2)−K2 (k2m3) ,

J4 = K3 (k1m3m4)−K4 (k2m5) ,

J6 = K5 (k1m5m6)−K6 (k2m7) ,

J3 = K7 (k3m7) ,

J7 = K8 (k1m8m9)−K9 (k2m10) ,

J8 = K10 (k3m10) ,

J9 = K11 (k4m12) ,

J10 = K12 (k1m1m13)−K13 (k2m14) ,

J11 = K14 (k1m14m15)−K15 (k2m16) ,

J12 = K16 (k3m16) ,

J13 = K17 (k1m18m17)−K18 (k2m19) ,

J14 = K19 (k3m19) ,

J15 = K20 (k5m20) ,

J16 = K21 (k3m20m22)−K22 (k2m23) ,

J17 = K23 (k3m14m34)−K24 (k2m39) ,

J18 = K25 (k1m3m24)−K26 (k2m25) ,

Ji



δW = ∆p S δu,

= × × .

δE = γδS,

= × .

δE = γ ((x + δx) (y + δy)− xy) .

x y

r1 r2 r1 r2 δu

r1 δu

x

x + δx

r1 + δu
=

x

r1
,

�
1 +

δu

r1

�
x = x + δx.



y

�
1 +

δu

r2

�
y = y + δy.

δE = γ ((x + δx) (y + δy)− xy) ,

= γ

��
1 +

δu

r1

�
x

�
1 +

δu

r2

�
y − xy

�
,

= γ

�
xy

�
1 + δu

�
1
r1

+
1
r2

�
+

δu

r1r2

�
− xy

�
,

= γ

�
xyδu

�
1
r1

+
1
r2

�
+

xy(δu)2

r1r2

�
.

δW = δE,

∆pSδu = γSδu

�
1
r1

+
1
r2

�
.

r1 r2 δu

∆p = γ

�
1
r1

+
1
r2

�
,

∆p

λ
= 2× .

δW = − −

+ ,

δW = −∆pdV + γdA.



θE

γSL γSV

γ

0 = γSV − γSL − γ cos θE .

θE θE

θE > π

θD

V

FV



E(x, cp, ċp, q) = f(x, cp, ċp)− f(x, cp, q)− (ċp − q)
∂f

∂q
(x, cp, q).

x cp(x)

EH =
�

x
�
1− (xcp)2

�−1/2
f(x, cp, ċp)dx,

f(x, cp, ċp) =
�

x
dcp

dx
+ 2cp − c0

�2

dx,

E(x, cp, ċp, q) =

=
�

x
dcp

dx
+ 2cp − c0

�2

− (xq + 2cp − c0)2

−2x

�
dcp

dx
− q

�
(xq + 2cp − c0),

= x2

��
dcp

dx

�2

− q2

�
+ 2x

�
dcp

dx
− q

�
(2cp − c0)

−2x

�
dcp

dx
− q

�
(xq + 2cp − c0) .

= x2

�
dcp

dx
− q

�2

≥ 0

f s

f(s, cp, ċp) =
�

f

2
�
1− fc2

p

�−1/2 dcp

ds
+ 2cp − c0

�2

E(s, cp, ċp, q) =
f2

4
�
1− fc2

p

�−1
�

dcp

ds
− q

�2

≥ 0.



f = 0

f = 0 cm − cp = 0

lim
f→0

dcp

ds
= 2 lim

f→0

cm − cp

f
,

= 2
dcm
ds
− dcp

ds

df

ds

,

=
1
2
|dcm

ds
− dcp

ds
|,

dcp

ds
=

1
3

dcm

ds
,

f = 0 ḟ = 4

dcm

ds
=

�
1− fc2

p

�−1/2 {cp(c2
p − c2

m) + 2(λ/kc)cp + (∆p/kc)}

−dcp

ds
,

dcm

ds
=

3
4
cp

�
(cp − c0)2 − c2

m

�
+ 2λcp + ∆p.

f → 0

fc2
p = 1 cp(c2

p − c2
m) + ∆p + 2λcp = 0

d2cm

ds2
= −2

�
−cm − 4cp − f∆p − fc3

m − 4fcpc0cm + 6fcpc2
m + 6c0

f2

�

− 2
�
−2fcpc2

0 − 4fλcp + fc2
0cm + 2fλcm

f2

�
,

d2cp

ds2
= −2

�
7cp + 2c0 − fcpc2

0 + 3fcpc2
m − 2fλcp − f∆p + 8cm

f2

�
,

− 2
�
−10cm − 8cp

f2

�

d2f

ds2
= −8cmcp.



κ

κ

β

κ



κ





κ

α

l



β

κ



l

κ

κ



κ

α

−

β



κ κ



β α

κ

α κ



β

α


