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Chapter 4

r > 0



α β

∂u

∂t
+ u

∂u

∂x
= − ∂2

∂x2

[
r −

(
1 +

∂2

∂x2

)2
]
u+ α

∂3u

∂x3
+ β

∂5u

∂x5
,

α β

x #→ x+V t u #→ u+V V

u 〈u〉 =
1

l

∫ l

0
udx

x #→ −x u #→ −u

x #→ −x u #→ −u

α #→ −α β #→ −β β ≥ 0 α ≥ 0



β ≥ 0

u ≡ 0 eikx+λt

λ = k2
[
r −

(
1− k2

)2]
+ ik3

(
k2β − α

)
= λr + iλi.

c = −λi
k

= k2(α− k2β),

v = −∂λi
∂k

= k2(3α− 5βk2).

λ

r > 0 k = 1

k = 0

r = ε2r2 (ε ( 1).

r2

r2

α β

ū(x, t) = f(z) z = x − c̄t c̄



c̄
df

dz
+ (1− r)

d2f

dz2
+ 2

d4f

dz4
+

d6f

dz6
+ α

d3f

dz3
+ β

d5f

dz5
− f

df

dz
= 0.

c̄ f f

c̄
df

dz
0 l = 2π

k z

∫ l

0

[
c̄

(
df

dz

)2

+ (1− r)
df

dz

d2f

dz2
+ 2

df

dz

d4f

dz4
+

df

dz

d6f

dz6
+ α

df

dz

d3f

dz3
+ β

df

dz

d5f

dz5

]
dz

−
∫ l

0
f

(
df

dz

)2

dz = 0.

∫ l

0

df

dz

d2f

dz2
dz =

1

2

[(
df

dz

)2
]l

0

= 0.

f f ′(0) = f ′(l)

∫ l

0

df

dz

d4f

dz4
dz =

[
df

dz

d3f

dz3

]l

0

−
∫ l

0

d2f

dz2
d3f

dz3
dz

= −
∫ l

0

d2f

dz2
d3f

dz3
dz

= −
[(

d2f

dz2

)2
]l

0

+

∫ l

0

d2f

dz2
d3f

dz3
dz

=

∫ l

0

d2f

dz2
d3f

dz3
dz

= −
∫ l

0

df

dz

d4f

dz4
dz.

∫ l

0

df

dz

d4f

dz4
dz = 0

∫ l

0

df

dz

d6f

dz6
dz = 0

∫ l

0
α
df

dz

d3f

dz3
dz = −

∫ l

0
α

(
d2f

dz2

)2 ∫ l

0
β
df

dz

d5f

dz5
dz =

∫ l

0
β

(
d3f

dz3

)2

dz

∫ l

0

[
c̄

(
df

dz

)2

− α

(
d2f

dz2

)2

+ β

(
d3f

dz3

)2

− f

(
df

dz

)2
]
dz = 0.

f(z) c̄

c̄ =

∫ l
0

[
α(d

2f
dz2 )

2 − β(d
3f

dz3 )
2 + f( dfdz )

2
]
dz

∫ l
0(

df
dz )

2dz
.

ū

f(z)

ū = f(z) =

N/2∑

−N/2+1

ūne
inkz.



Lf +N (f) = 0,

Lf = c̄
df

dz
+ (1− r)

d2f

dz2
+ 2

d4f

dz4
+

d6f

dz6
+ α

d3f

dz3
+ β

d5f

dz5
,

N (f) = −f
df

dz
= −1

2

d

dz
(f2)

Lf(z) =
N/2∑

−N/2+1

L(nk)ūneinkz,

L(nk) = ic̄nk + n2k2
[
r − (1− n2k2)2

]
− iαn3k3 + iβn5k5.

ūn v̄n

N (f) =

N/2∑

−N/2+1

v̄ne
inkz.

L(nk)ūn + v̄n = 0 n = −N/2 + 1, · · · , N/2,

c̄

f(z) 1ū1 = 0

ūn

ũ(x, t)

∂

∂t
(ū+ ũ) = − ∂2

∂x2

[
r −

(
1 +

∂2

∂x2

)2
]
(ū+ ũ) + α

∂3

∂x3
(ū+ ũ) + β

∂5

∂x5
(ū+ ũ)− ū

∂ū

∂x

−ū
∂ũ

∂x
− ũ

∂ū

∂x
− ũ

∂ũ

∂x
.

ū

∂ũ

∂t
= − ∂2

∂x2

[
r −

(
1 +

∂2

∂x2

)2
]
ũ+ α

∂3ũ

∂x3
+ β

∂5ũ

∂x5
− ū

∂ũ

∂x
− ũ

∂ū

∂x
− ũ

∂ũ

∂x
.

ũ∂ũ
∂x ũ ũ

eσtU(x) ũ 2π/k x ũ

ũ = eσt+ipz
N/2∑

−N/2+1

vne
inkz,



−k/2 ≤ p ≤

k/2 p

ũ ū eσt+ipz

N/2∑

−N/2+1

(σ − ic̄Kn)vne
inkz =

N/2∑

−N/2+1

L(nk + p)vne
inkz −

N/2∑

−N/2+1

ūne
inkz

N/2∑

−N/2+1

iKmvmeimkz

−
N/2∑

−N/2+1

vne
inkz

N/2∑

−N/2+1

imkūmeimkz,

L(nk + p) = K2
n[r − (1−K2

n)
2]− iαK3

n + iβK5
n Kn = p+ nk

N/2∑

−N/2+1

(σ − ic̄Kn)vne
inkz =

N/2∑

−N/2+1

L(nk + p)vne
inkz −

N/2∑

−N/2+1

einkz
∑

m

iKmvmūn−m

−
N/2∑

−N/2+1

einkz
∑

m

imkvn−mūm.

m n max(−N/2+

1, n−N/2) ≤ m ≤ min(N/2, n+N/2−1) einkz −N/2+1 ≤

n ≤ N/2

(σ − ic̄Kn)vn = L(nk + p)vn −
∑

m

iKmvmūn−m −
∑

m

imkvn−mūm.

σvn =
∑

m

anmvm.

p

[−k/2, k/2]

(k, r) α

β r k
√

1−
√
r

√
1 +

√
r

r 0.9

r ≥ 0.9

r < 0



r = 0.9

r = 0.9

k p

k

k p

−k/2 ≤ p ≤ k/2

k p r p

N = 16

N = 16 α = 40 β = 5 r = 0.9 k = 1

β = 0

α (α, u, x) #→ (−α,−u,−x) β = 0

α ≥ 0 α α = 1/2 (k, r)

r > 0.0078

α α = 2

r > 0.22

α α = 5

r < 0.0002



|ū1| = 1.6121× 101

|ū2| = 2.5517× 100

|ū3| = 2.0076× 10−1

|ū4| = 4.0102× 10−3

|ū5| = 1.5213× 10−4

|ū6| = 3.5265× 10−6

|ū7| = 6.1425× 10−8

α = 40

β = 5 r = 0.9 k = 1

r α α

α

α = 0 β

β ≥ 0 β = 2

r r ≈ 0.065

r > 0.065 β β = 10

r ≈ 0.09 r ≈ 0.6

0.9 β

β = 20

β

α = 2 β = 0 β = 3/4 β = 2 β = 0

β = 2 β = 0

r > 0.22

β = 3/4 β = 2

β = 0 r < 0.0029
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r
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r ≈ 0.294 α = 22 α = 40
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α = 40 β
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r r < 0.039
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k

r
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β = 0 β = 2 α = 2

r = (1− k2)2

(k, r)

(k, α) r β (k, β)

r α

r

r = 0.01 β = 0 r

0.9487 < k < 1.0488 α = 0

α

r

α > 0.563 r = 0.1
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r

α

α = 40 r = 0.1 0.8269 < k < 1.1473

r = 0.1 β

β
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r = (1 − k2)2

r = 0.9 “s”

u

u = εu1 + ε2u2 + ε3u3 + ε4u4 + · · · ,

r = ε2r2 X = εx T = ε2t τ = εt T

λr k = 1 T r

X

τ O(1)

X

ε O(ε) u1 = A(X,T, τ)ei(x−ct) + c.c A

c = α − β
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k

β

α = 40 r = 0.1

r

β α

ei(x−ct)

∂A

∂τ
+ (3α− 5β)

∂A

∂X
= 0.

A = A(T, ξ) ξ = X−vτ

v = 3α − 5β

u2 = − iA2

36(1 + i(α− 5β)/6)
e2i(x−ct) + c.c+ f(X,T, τ).

f

O(ε3)



∂A

∂T
=

[
r2 −

1− i(α− 5β)/6

36 + (α− 5β)2
|A|2

]
A+ [4 + i(3α− 10β)]

∂2A

∂ξ2
− ifA,

∂f

∂τ
= −∂|A|2

∂ξ
.

A = A(T, ξ) f = f(T, ξ)

−v ∂f
∂ξ = −∂|A|2

∂ξ vf = |A|2 + K(T ) K(T )

u 〈u〉 = 0 〈f〉 = 0

f = −〈|A|2〉+|A|2
v

∂A

∂T
=

[
r2 −

1− i(α− 5β)/6

36 + (α− 5β)2
|A|2 + i

〈|A|2〉 − |A|2

v

]
A+ [4 + i(3α− 10β)]

∂2A

∂ξ2
.

A = a0eiqξ

a0 = 6
(
r2 − 4q2

)1/2 (
1 + 1

36(α− 5β)2
)1/2

.

f = −〈|A|2〉+|A|2
v v

v

α β

Â =
√

a1
r2
A T̂ = r2T ξ̂ =

√
r2
2 ξ

a1 =
1

36+(5β−α)2

(〈|A|2〉 − |A|2)A

∂A

∂T
= A+ id(〈|A|2〉 − |A|2)A+ (1 + ia)

∂2A

∂ξ2
− (1 + ib)|A|2A,

a =
3α− 10β

4
,

b =
5β − α

6
,

d =
36 + (5β − α)2

v
.



A = Qei(ωT+qξ) Q2 =

1 − q2 ω = q2(b − a) − b

A = [1 + n(T, ξ)]Qei(ωT+qξ) n

∂n

∂T
= (1 + ia)

(
∂2n

∂ξ2
+ 2iq

∂n

∂ξ

)
− (1 + ib)Q2(n∗ + n) + idQ2 (〈n+ n∗〉 − (n∗ + n)) .

n(T, ξ) = R(T )eiLξ +S∗(T )e−iLξ eiLξ

e−iLξ

∂R

∂T
= −(1 + ia)L(LR+ 2qR)− (1 + ib)Q2(R+ S)− idQ2(R+ S),

∂S

∂T
= −(1− ia)L(LS − 2qS)− (1− ib)Q2(R+ S) + idQ2(R+ S).

R = R̄eλT S = S̄eλT

R S

λ

L

λ = −2iq(a− b− d)L+ L2Q−2
(
−1− a(b+ d) + q2

[
3 + 2(b+ d)2 + a(b+ d)

])
+O(L3).

q2
(
3 + 2(b+ d)2 + a(b+ d)

)
> 1 + a(b+ d),

1 + a(b+ d) < 3 + 2(b+ d)2 + a(b+ d),

1+a(b+d) > 0 3+2(b+d)2+a(b+d) > 0

0 ≤ q2 < q2c ≡ 1 + a(b+ d)

3 + 2(b+ d)2 + a(b+ d)
< 1.

1 + a(b+ d) < 0 0 ≤ q2 < 1

a = b = d = 0 A

q2 < 1/3



1 + a(b+ d) (α, β)

“s”

“u”

1 + a(b + d) (α, β)

β α

1 + a(b+ d) = 0

1+ a(b+ d) “s” “u” 1+ a(b+ d)

“s”

“u”

x u α β

l = 64π

q = 2nπ
l n α = 10

β = 2.6 q = 0.875

q = 0.3125

α = 8.4 β = 2.6 q = 0.625



α = 10 β = 2.6 q = 0.875 α = 10 β = 2.6 q = 0.3125

α = 8.4 β = 2.6 q = 0.625

A ξ T α β

α β r → 0

α = 5

β = 0 r

α β

α = 40 β = 6 r



α β “ ∗ ”

α = 0 β = 0

“u”

α β α β

r

α β v α β

α β = 0

α = β = 0

α β

α, β = O(ε3/4)

α, β = O(ε3/4)

α β

O(1) α β

X = ε3/4x T = ε3/2t τ = ε3/4t α = ε3/4α̂

β = ε3/4β̂ α β



τ ĉ = α̂ − β̂ α β

X T

u = ε[a0 + ε1/2a(X,T )]eiM + c.c.+ ε7/4f(X,T ) + · · · ,

M = (1 + εq)x + ε1/4ψ(X,T ) − ĉτ − ε1/4v̂qT v̂ = 3α̂ − 5β̂ a0 = 6
√

r2 − 4q2

r2 > 4q2 a(X,T )

f(X,T ) a f

(1 + εq)x

−ĉτ

c = ε3/4ĉ −ε1/4v̂qT v = ε3/4v̂

ε1/4ψ(X,T )

u

O(ε1/4)

∂ψ

∂T
= 4

∂2ψ

∂X2
− f − v̂

∂ψ

∂X
,

∂f

∂T
=

∂2f

∂X2
− 2a0

∂a

∂X
,

∂a

∂T
= 4

∂2a

∂X2
− 4a0

(
∂ψ

∂X

)2

− 8a0q
∂ψ

∂X
− v̂

∂a

∂X
.

α β v̂
∂ψ

∂X

v̂
∂a

∂X
v̂ f 0

(
∂

∂T
− 4

∂2

∂X2
+ v̂

∂

∂X

)
ψ = −f,

(
∂

∂T
− ∂2

∂X2

)
f = −2a0

∂a

∂X
,

(
∂

∂T
− 4

∂2

∂X2
+ v̂

∂

∂X

)
a = −4a0

(
∂ψ

∂X

)2

− 8a0q
∂ψ

∂X
,



(
∂

∂T
− 4

∂2

∂X2
+ v̂

∂

∂X

)2(
∂

∂T
− ∂2

∂X2

)
ψ = −16a20

(
∂ψ

∂X
+ q

)
∂2ψ

∂X2
.

ψ = ψ̄eiLX+σT

σ3+9σ2L2+24σL4+16L6−16a20qL
2− v̂2σL2− v̂2L4+iv̂(2σ2L+10σL3+8L5) = 0.

L

L L σ3 ∼ 16a20qL
2 L

σ = σ2/3L
2/3 σ3

2/3 = 16a20q L

L σ3 + 9σ2L2 + 24σL4 + 16L6 ≈ 0

σ = {−4L2,−4L2,−L2} L

a20q .= 0

L

σ = iΩ

Ω3 − 24ΩL4 + v̂2ΩL2 + 2v̂LΩ2 − 8v̂L5 = 0,

Ω2 − 16

9
L4 +

16

9
a20q +

v̂2

9
L2 +

10

9
v̂LΩ = 0.

Ω

16a60q
3−2500L12+2100L8a20q+384L4a40q

2−200v̂2L10−4v̂4L8−44v̂2L6a20q+ v̂2L2a40q
2 = 0.

L v̂

L v̂ q

q

0 < q <
√
r2
2 0 < L < (a20q)

1/4

−
√
r2
2 < q < 0

0 < L < (− 2
25a

2
0q)

1/4

r2 a20 = 36(r2−4q2) q′ = q√
r2

L′ = L

r3/82

v′ = v̂

r3/82



− 50v′2L′10 − v′4L′8 + 18900L′8q′ − 75600L′8q′3 + 124416L′4q′2 − 995328L′4q′4

+ 1990656L′4q′6 − 625L′12 − 396v′2L′6q′ + 1584v′2L′6q′3 + 324v′2L′2q′2

− 2592v′2L′2q′4 + 5184v′2L′2q′6 + 186624q′3 − 2239488q′5 + 8957952q′7

− 11943936q′9 = 0.

v′ = 0 v′ = 5 0 < q <
√
r2
2

v′ .= 0 σ = ±iΩ

v′ = 0 −
√
r2
2 < q < 0 v′ .= 0 v′

a20q q a20

q a20

α, β = O(ε)

|q| ( 1 |a20| ( 1

k = 1



v′ = 5

k = 1

q → 0 1 + εq
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4 + 53280L4r22q + 12672L6qr2 + 60408r32L
2q

+ 5760r42q + 1600L10 − 10368r22L
2q2 − 5240r52 + 43850L6r22)v̂

2

− 45r2β̂L
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k = k±m ∓ ε2κ
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∂a

∂X
,

∂a

∂T
= 4

∂2a

∂X2
∓ 4ă0
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Chapter 5

∂w

∂t
+ u

∂w

∂x
=

[
r −

(
1 +

∂2

∂x2

)2
]
w − sw2 − w3,

∂u

∂t
+ u

∂u

∂x
= σ

∂2u

∂x2
+ bw

∂w

∂x
.
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x #→ x + V t u #→ u + V w #→ w V
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ûne
inkx.

k = 2π/l l c = (ink)m

F̂

O(N2) O(N logN)



uux uxxxxxx

uxxx

“ ”

du

dt
= cu+ F (u, t).

un+1 = une
ch + {[(ch+ 1)ech − 2ch− 1]Fn + (−ech + ch+ 1)Fn−1}/(c2h).

h c = 0

c → 0

|ch| ( 1



an = une
ch/2 + (ech/2 − 1)F (un, tn)/c,

bn = une
ch/2 + (ech/2 − 1)F (an, tn + h/2)/c,

cn = ane
ch/2 + (ech/2 − 1)(2F (bn, tn + h/2)− F (un, tn))/c,

un+1 = une
ch + {F (un, tn)[−4− hc+ ech(4− 3ch+ h2c2)]

+2(F (an, tn + h/2) + F (bn, tn + h/2))[2 + hc+ ech(−2 + hc)]

+F (cn, tn + h)[−4− 3hc− h2c2 + ech(4− hc)]}/h2c3.

c = 0 |ch| ( 1

c → 0 c = 0

|ch| ( 1



Appendix B









Appendix C

n = 4











Appendix D



















http://www.maths.nottingham.ac.uk/personal/pmxdmw/tutorial/
http://www.maths.nottingham.ac.uk/personal/pmxdmw/tutorial/

	Titlepage
	Abstract
	Dedication
	Acknowledgements
	Contents
	1 Introduction
	1.1 Background
	1.1.1 The Nikolaevskiy equation
	1.1.2 Pattern forming systems
	1.1.2.1 The Ginzburg-Landau equation
	1.1.2.2 The Swift-Hohenberg equation
	1.1.2.3 The Kuramoto-Sivashinsky equation


	1.2 Pattern forming systems coupled to a large-scale mode
	1.3 Previous work on the Nikolaevskiy equation
	1.3.1 Numerical simulations
	1.3.2 Amplitude equations and properties
	1.3.3 Higher dimensional amplitude equations
	1.3.4 The damped Nikolaevskiy equation
	1.3.5 The dispersive Nikolaevskiy equation
	1.3.6 Exact solutions of the Nikolaevskiy equation
	1.3.7 Applications

	1.4 Aims
	1.5 Thesis structure

	2 The Nikolaevskiy equation with no dispersion
	2.1 Introduction
	2.2 Dispersion relation
	2.3 Stationary periodic solutions and their stability
	2.3.1 Roll solutions
	2.3.2 Stability of roll solutions

	2.4 Amplitude equations
	2.5 Numerical calculations
	2.5.1 Numerical simulation
	2.5.2 Power spectrum

	2.6 Discussion

	3 The generalised amplitude equations
	3.1 Introduction
	3.2 Stability of rolls
	3.3 Amplitude equations
	3.3.1 Special case n=4
	3.3.2 General n

	3.4 Discussion

	4 The Nikolaevskiy equation with dispersion
	4.1 Introduction
	4.2 The Nikolaevskiy equation with dispersion
	4.3 Secondary stability of travelling waves calculated numerically
	4.3.1 Numerical method
	4.3.2 Secondary stability graphs

	4.4 Strong dispersion: ,=O(1)
	4.5 Intermediate dispersion: , =O(3/4)
	4.6 Weak dispersion: ,=O()
	4.6.1 Close to the critical wavenumber k=1
	4.6.2 Close to the marginal curve

	4.7 Amplitude equations with dispersion
	4.7.1 Numerical results

	4.8 Numerical simulations
	4.9 Discussion

	5 Other Nikolaevskiy-like systems
	5.1 Introduction
	5.2 Dispersion relation
	5.3 Roll solutions
	5.4 Amplitude equations
	5.5 Secondary stability of rolls calculated numerically
	5.6 Numerical simulations
	5.7 Secondary stability of stationary rolls
	5.8 Secondary stability of stationary rolls with wavenumber close to the critical value
	5.9 Discussion

	6 Conclusions
	Appendix A Numerical schemes
	Appendix B Numerical code for simulating the Nikolaevskiy equation with dispersion
	Appendix C Numerical code for simulating the amplitude equations
	Appendix D Numerical code for calculating the secondary stability of rolls
	References

