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Abstract

This research aims to study the mechanical properties of single-walled carbon
nanotubes. In order to overcome the difficulties of spanning multi-scales from
atomistic field to macroscopic space, the Cauchy-Born rule is applied to link the
deformation of atom lattice vectors at the atomic level with the material
deformation in a macro continuum level. Single-walled carbon nanotubes are
modelled as Cosserat surfaces, and modified shell theory is adopted where a
displacement field-independent rotation tensor is introduced, which describes the
rotation of the inner structure of the surface, i.e. micro-rotation. Empirical
interatomic potentials are applied so that stress fields and modulus fields can be
computed by the derivations of potential forms from displacement fields and
rotation fields. A finite element approach is implemented. Results of simulations
for single-walled carbon nanotubes under stretching, bending, compression and
torsion are presented. In addition, Young’s modulus and Poisson ratio for graphite
sheet and critical buckling strains for single-walled carbon nanotubes are

predicted in this research.
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Chapter 1

Introduction

1.1 Background

It was a revolution in nano-science when carbon nanotubes (CNTs) were
discovered by lijima in 1991 with their outstanding properties. Because of their
unique electrical properties and extremely high thermal conductivity, CNTs have
been used for electronics, field-emission displays, energy storage, functional
fillers in composites, and some biomedical devices (Ajayan and Zhou 2001;
Baughman et al. 2002; Endo et al. 2006). Moreover, CNTs have high elastic
modulus (>1TPa), large elastic strain - up to 5%, and large breaking strain - up to
20% (lijima 1991). Their excellent mechanical properties could lead to many
more applications. For example, with their amazing strength and stiffness, plus the
advantage of lightness, perspective future applications of CNTs are in aerospace

engineering and virtual bio-devices.
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CNTs have been studied worldwide by scientists and engineers since their
discovery, but a robust, theoretically precise and efficient prediction of the
mechanical properties of CNTs has not yet been found. The problem is, when the
size of an object is small to nano-scale, their many physical properties cannot be
modelled and analyzed by using constitutive laws from traditional continuum
theories, since the complex atomistic processes affect the results of their
macroscopic behaviour. In this case, atomistic simulations can give more precise
modelled results of the underlying physical properties. However, fully atomistic

simulations of a whole carbon nanotube are computationally infeasible at present.

Thus, a new atomistic and continuum mixing modelling method is needed to solve
the problem, which requires crossing the length and time scales. The research here
is to develop a proper technique of spanning multi-scales from atomic to
macroscopic space, in which the constitutive laws are derived from empirical
atomistic potentials which deal with individual interactions between single atoms
at the micro-level, whereas Cosserat continuum theories are adopted for a shell
model through the application of the Cauchy-Born rule to give the properties
which represent the averaged behaviour of large volumes of atoms at the macro-

level.

Since experiments of CNTs are relatively expensive at present, and often
unexpected manual errors could be involved, it will be very helpful to have a
mature theoretical method for the study of mechanical properties of CNTs. Thus,
if this research is successful, it could also be a reference for the research of all
sorts of research at the nano-scale, and the results can be of interest to aerospace,

biomedical engineering and other displines.
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1.2 Structure of carbon nanotubes

Carbon nanotubes (CNTSs) are tubular carbon molecules with particular properties.
Generally, they can be divided in two main categories: single-walled carbon
nanotubes (SWCNTSs) and multi-walled carbon nanotubes (MWCNTS). SWCNTSs
can be considered as rectangular strips of hexagonal graphite monolayers rolling
up to cylinder tubes. Two types of SWCNTs with high symmetry are normally
selected by researchers, which are zigzag SWCNTs and armchair SWCNTSs.
When some of the atomic bonds are parallel to the tube axis, the CNT is called a
zigzag CNT, while if the bonds are perpendicular to the axis, it is called an
armchair CNT, and for any other structures, they are called chiral CNTs, as shown

in Figure 1.1 (Dresselhaus et al. 1996).

Figure 1-1: Some SWCNTSs with different chiralities. (a) armchair structure (b) zigzag

structure (c) chiral structure (Dresselhaus et al. 1996)
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Figure 1-2: Basis vectors and chiral vector

Chiral vector €y, is a vector that maps an atom of one end of the tube to the other.
C, can be an integer multiple of @, and a,, which are two basis vectors of the
graphite cell. Then we have C, = na, + ma,, with integer n and m, and the
constructed CNT is called a (n, m) CNT, as shown in Figure 1.2. It can be proved
that for armchair CNTs n = m, and for zigzag CNTs m = 0. For example, in

Figure 1.2, the structure is designed to be a (4,0) zigzag SWCNT.

MWCNT can be considered as the structure of a bundle of concentric SWCNTSs
with different diameters. The length and diameter of MWCNTSs are different from
those of SWCNTSs, which means, of course, their properties differ significantly.
This research concentrates on solving the mechanical properties of SWCNTSs. In
further research, MWCNTSs can be modelled as a collection of SWCNTSs, provided

the interlayer interactions are modelled by Van der Waals forces in the simulation.
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A SWCNT can be modelled as a hollow cylinder by rolling a graphite sheet as
shown in Figure 1.3. If a planar graphite sheet is considered to be an undeformed
configuration, and the SWCNT is defined as the current configuration, then the

relationship between the SWCNT and the graphite sheet can be shown to be:
e, = Gy, eZ=Rsin@, e3=Rcos—2—R
R R

where G;, G, are the material co-ordinates of a point in the initial configuration
and e;, e, and e5 are the co-ordinates in the current configuration. R is the radius

of the modelled SWCNT. The relationship between the integers n,m and the

radius of SWCNT R is given by R = avm? + mn + n2/2m , where a = v/3a,,
and a, is the length of a non-stretched C-C bond which is 0.142nm given by Wu

et al. (2006).

Figure 1-3: Illustration of a graphite sheet rolling to SWCNT

As a graphite sheet can be ‘rolled’ into a SWCNT, we can ‘unroll’ the SWCNT to
a plane graphite sheet. Since a SWCNT can be considered as a rectangular strip of
hexagonal graphite monolayer rolling up to a cylindrical tube, the general idea is

that it can be modelled as a cylindrical shell, a cylinder surface, or it can pull-back
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to be modelled as a plane sheet deforming into curved surface in three-
dimensional space. A MWCNT can be modelled as a combination of a series of

concentric SWCNTSs with inter-layer interatomic reactions.

Provided the continuum shell theory captures the deformation at the macro-level,
the inner micro-structure can be described by finding the appropriate form of the
potential function which is related to the position of the atoms at the atomistic
level. Therefore, the SWCNT can be considered as a generalized continuum with

microstructure.

1.3 Literature Review

1.3.1 Aim: study on mechanical properties of carbon nanotubes

| |

Figure 1-4: Electron micrographs of the cross section of different types of carbon nanotube

(lijima, 1991)
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Since the discovery of CNTSs, their mechanical properties have been the subject of
many studies. Generally, CNTs can be divided into two types: single-walled
(SWCNTs) and multi-walled carbon nanotubes (MWCNTSs). A transmission

electron micrograph of different types of carbon nanotube is shown in Figure 1.4.

1.3.1.1 Young’s modulus

Young’s modulus and Poisson ratio are two independent elastic constants which
are important measures of stiffness in classical elasticity theory. However, the
established definitions of elastic measures in solid mechanics may fail in CNTSs,
since the spacing and the inner structure are very complex at the nano-scale.
lijima (1991) obtained Young’s modulus of CNTs around 1TPa. Treacy et al.
(1996) observed a much higher Young’s modulus of CNTs to an axial load. A
large scatter in the value of Young’s modulus for CNTs exists, whether in
experimental results or in theoretical calculations, which varies from 0.5TPa to
6TPa. In addition, researchers also presented different points of view on how the

scale of tube diameter affects Young’s modulus of CNTSs.

Different authors presented different points of view about the dependence of
CNT’s Young’s modulus on the tube diameter. Chang and Gao (2003) derived
the expressions for the elastic modulus and Poisson ratio of a SWCNT as a
function of the CNT diameter. They compared their results with those from other
researchers in Figure 1.5. Li and Chou (2003) predicted that Young’s modulus
and the shear modulus increase with the increasing of tube diameter, with an
average Young’s modulus around 1TPa (Figure 1.6). Wang et al. (2006) presented
similar results for Young’s modulus in length and circumferential directions and

pointed out two different sets of parameters for potential models which result in

-7 -



Chapter 1: Introduction

significantly different outcomes, as shown in Figure 1.7. Avila and Lacerda
(2008) demonstrated the same trend for Young’s modulus and Poisson ratio

against the tube diameter (Figure 1.8).

On the other hand, Gao and Li (2003) concluded that Young’s modulus is not
directly proportional to the tube diameter, and they also demonstrated that
Young’s modulus depends on the wall thickness of CNTs, which is shown in
Figure 1.9. Lei et al. (2011) obtained the inversely proportional results for
Young’s modulus against tube diameter, as shown in Figure 1.10. Parvaneh and
Shariati (2011) as well gained the inverse results, and they proved that the
calculation of Young’s modulus was also affected by aspect ratio and loading

types (Figure 1.11).

Meo and Rossi (2006) modelled and calculated Young’s modulus of CNTs of an
average of 0.915TPa, which is independent of the tube diameter. They pointed
out, that this diameter-independence was also obtained by Wen et al. (2004) and
only a very slight dependence was obtained by Jin and Yuan (2003). This shows

that some of the statements to be found in the literature are contradictory.

0.45
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Figure 1-5: Young’s modulus and Poisson ratio with dependence on tube diameter. Open

symbols for armchair tubes and solid symbols for zigzag tubes. (Chang and Gao, 2003)
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1.3.1.2 Bending, buckling and torsion

All the above cited authors in Section 1.3.1.1 have shown that CNTs exhibit very
high stiffness in their axial direction, however, CNTs as a whole, especially
SWCNTSs, are very flexible in bending mode since their length is much larger than
their diameter. Huhtala et al. (2002) simulated two sets of SWCNTs under

bending strain, and gave out the result deformations as shown in Figure 1.12.

At larger strains, CNTs tend to have non-linear behaviour, but the changes are
reversible with no atomic rearranging or bond breaking, this behaviour is called

resilience (Hertel et al. 1998).

Figure 1.13 shows the simulation of buckling of a SWCNT under axial
compression (Yakobson et al. 1996). With the strain increasing, the tube buckled
into pattern b and then into pattern c. It buckled sideways at point d and squashed
asymmetrically at point e. They also presented simulations of torsion
deformations of SWCNTSs as shown in Figure 1.14. Arroyo and Belystchko (2004)
simulated deformations of SWCNTSs under compression and under torsion as well

(Figure 1.15).

@) (®) () (d) () (63 (2)

(h) @ @ &3 o () @)

Figure 1-12: Two sets of simulations of nanotube behaviour under increasing bending strain

(Huhtala et al. 2002)
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Strain Energy, E/E"

Figure 1-13: Simulation of SWCNT under axial compression (Yakobson et al. 1996)

Figure 1-14: Simulation of SWCNT under torsion (Yakobson et al. 1996)

Figure 1-15: Simulation of compressed and twisted SWCNTSs (Arroyo and Belytschko, 2004)
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1.3.2 Inspirations on methodologies

1.3.2.1 Nanomechanics

Traditional continuum mechanics have been used to model CNTs in early years.
Govindjee and Sackman (1999) used a simple Bernoulli-Euler beam model and
continuum elastic theory to calculate the Young’s Modulus of CNTs. Pantano et
al. (2004) built CNT models with shell theory using continuum methods as well.
Natsuki and Endo (2004) also simulated mechanical properties of CNTs based on
a continuum shell model. Afterwards continuum cylindrical shell models were
widely applied in the buckling analysis of CNTs (He et al. 2005, Zhang et al.
2006, Yang and Wang 2007). But, as shown by Govindjee and Sackman (1999),
the mechanical properties of CNTs are distinctly dependent on the size of the
system, thus in nano-scale situations, the constitutive laws of traditional
continuum mechanics are no longer applicable. Wang et al. (2006) also proved the
dependence on scale effect in studying CNTs. They observed that solutions
obtained from classical elastic beam and shell model were significantly
overestimated, so the scale effect had to be taken into account to provide

reasonable results.

The more accurate modelling of CNTSs is via atomistic methods, which considers
each atom as its fundamental unit and describes their behaviour by a series of
equations. One of the most popular atomistic models of CNTs is the empirical
potential molecular mechanics model, which considers a series of atoms as
repeating units and predicts the potential energies as a function of the positions of

atoms. Bao et al. (2004) studied Young’s moduli of CNTs based on molecular
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dynamics (MD) simulation. Chang and Gao (2003) also presented the elastic
properties of SWCNTs through a molecular mechanics approach, and
recommended further applications of molecular mechanics in CNTs modelling.
Liew et al. (2004) also used MD simulations to describe the mechanical properties
of CNTs. In addition to the elastic properties, such as Young’s modulus and
Poisson’s ratio, they studied the plastic behaviour and the fracture of CNTs. Sun
and Zhao (2005) used a finite element model based on molecular mechanics to
calculate the strength of SWCNTs. Meo and Rossi (2006) applied molecular
mechanics based finite element approach to simulate the fracture progress in

CNTs.

Atomistic simulation is necessary for the fracture study of CNTs, because
continuum mechanics cannot capture all the details of an atomic bond breakage or
dislocation at a micro-level (Belytschko et al. 2002, Lu and Bhattacharya 2005,
Meo and Rossi 2006). Since this research is concentrating on the study of the
elastic properties of CNTs, there is no need for a full atomistic simulation of a
whole CNT which would be extremely computationally expensive and time
consuming rendering it impractical. Therefore, a new atomistic and continuum
mixing method needs to be established, which is computationally practical and

can provide more accurate physical results than a classical continuum theory.

To apply continuum mechanics to the study of CNTSs, the first step is to think
about how to link the continuum behaviour of CNTs with the atomic deformations
at the nano-level. In this aspect, the inspiration came from Arroyo and Belytschko
(2003, 2004) with the idea of applying modified Cauchy-Born rule on the study of

mechanical properties of CNTSs.
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1.3.2.2 The Cauchy-Born rule

The Cauchy-Born rule is a rule to link the atomistic field to the continuum world
that describes the relations between the deformation of atom lattice vectors and
the deformation of bulk vectors. As pointed out by Arroyo and Belytschko (2003,
2004), the Cauchy-Born rule is not directly suitable to applications of CNT,
because CNT can be viewed as a curved surface, and the deformation gradient
maps the deformed vector on the tangent space of the deformed curve instead of
the real chord vector which lies on the curve. In order to achieve more accurate
results through Cauchy-Born rule, different kinds of modifications have been
created. Arroyo and Belytschko (2003, 2004) developed a so-called exponential
Cauchy-Born rule which was demonstrated naturally mapping the tangent vector
into the chord on the curved surface. Guo et al. (2006) presented a higher order
Cauchy-Born rule by preserving more higher-order terms in Taylor’s expansion to
improve the accuracy of approximation. Since modification of the Cauchy-Born
rule is an important inspiration of this research, the exponential and higher order

Cauchy-Born rules are briefly explained.

1.3.2.2.1 Exponential Cauchy-Born rule

Arroyo and Belytschko (2003, 2004) described two-dimensional manifold
deforming in three-dimensional Euclidean space. The undeformed surface
Qo © R? represents the planar grapheme as the reference configuration. It is
changed by the deformation map into the deformed surface Q c R3. The
deformation gradient F is the tangent of the configuration map Td, which maps
infinitesimal vectors of the undeformed plane Q, into vectors on the tangent plane

of the deformed surface Q (Figure 1.16). The standard Cauchy-Born rule a = FA
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produces vectors after deformation map on the tangent plane of the deformed
surface instead of the real chord on the curve of the surface. In order to capture the
effect of curvature in the deformed surface, Arroyo and Belytschko (2003, 2004)
composed the standard Cauchy-Born rule with an exponential map, and
represented the so-called exponential Cauchy-Born rule, which naturally maps the

tangent space onto the curved surface. This is accomplished by

a=expoFA (1.1)

where ‘exp’ defines the exponential map. The exponential map brings the original
deformed vector after the standard Cauchy-Born rule, which lies on the tangent
plane of the curved surface, w = FA , i.e. the tangent deformed lattice vector to

the chord of the curved surface (Figure 1.16).

1 TO=F_ __

TxQ /_/~ = le‘a}',"
, 7
A s

Figure 1-16: Illustration of the exponential Cauchy-Born rule (Arroyo and Belytschko, 2003)

Consider the principal directions of the curved surface are v, and v,, and the
normal vector at point x is v; X v,. Then the components of w can be calculated

as

{wl} _ {w . vl} _ {Vl -C- A} _ {CABAA(Vl)B}

wol T we v ) TV, - €A T g pat (1)P (12)
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where C is the Green deformation tensor defined by € = FTF, and V is the pull
back of v on the undeformed body, v = FV. By defining 9(x) = sin(x) /x, the

local approximation to the exponential Cauchy-Born rule is

4 W138§1W1% )
Wy 2W2
a= {Zj {kklzvl (k1W1> N kzzwz 92 (kzz\/vZ))} (1.3)

where k;, are the principal curvatures corresponding to v,,, which can be
obtained from the eigenvalue problem

KV = kCV (1.4)
where X is the curvature tensor. Then the deformed chord vector a can be a
function of the undeformed lattice vector A4, the Green deformation tensor € and
the curvature tensor . The bond length a, and the angle 8 between two deformed

bonds a and b can be calculated from

a = ||a]| = Va‘ac (1.5)
g - a-b ab® 16
= arccos Pk arccos s (1.6)

Therefore, the lengths of bonds and angles between bonds have been written in
terms of two strain measures € and ¥ , ie. a=f(C,¥X;A) and
6 = g(C,¥; A, B), which are further used to formulate continuum constitutive
functions on the base of inter-atomic potentials which consist of functions of
bond lengths and angles. The strain energy density (energy per unit undeformed

area) can be written as

1
Wo(C,:]C) =S_ZV(a1,a2,a3, 91,62, 93) (17)
0
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So defines the area of a unit cell, a, , 5 are the bond lengths of the three bonds
connected on one atom, 6, , ; are the bond angles between the three bonds.
Two stress measures, a force stress tensor, where S, is the second Piola-Kirchhoff

stress tensor, and a moment like stress tensor T, can be derived from

Sy =2 Wy T = oWy 1.8

=" 9c"’ T XK (18)
Lagrangian elasticity tensors can be obtained by second derivatives

B 402WO _0*W, _, 92, Lo

"=%%c MToaxz ™ T %hcox (1.9)

These three tensors represent in-plane stiffness, bending stiffness and coupling
stiffness respectively (Arroyo and Belytschko, 2002,2003,2004). It is written W,
instead of W, due to the consideration of inner displacement functioning in the

potential form, which will be further explained in Section 2.3.2.

1.3.2.2.2 Higher order Cauchy-Born rule
Guo et al. (2006) presented an extension of the standard Cauchy-Born rule by
introducing a higher order deformation gradient. In classical continuum
mechanics deformation gradient is defined by

dx = FdX (1.10)
Instead of the standard Cauchy-Born rule a = FA, Leamy et al. (2003) defined

the deformed lattice vector b as

b= faF(s)ds (1.11)
0

F(s) is assumed to be a Taylor’s expansion of the deformation field

VVF(0): (s ® s)
2

F(s) = F(0) + VF(0) - s + +o(IsI®  (1.12)
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By retaining two terms of the expansion, approximated deformed lattice vector

can be expressed as
1
b~ F(0)a+ Ew«"(O) :(a® a) (1.13)

As shown in Figure 1.17, the higher order term brings the tangent vector from the
standard Cauchy—Born rule closer to the real deformed configuration. The
accuracy of approximation can be improved by introducing more higher-order
terms, although the computation work will be more time consuming.

The strain energy density W, can be expressed as

3
1
Wo = Wo(lajl, lag, |, la;s|) = S_Z Vi (aj,ap;,a53) (1.14)
0
J=1

which represents the potential for an atom I, and S, is the area of a representative

cell at the undeformed configuration.

Current configuration

Current configuration

Figure 1-17: lllustration of the higher order Cauchy-Born rule (Guo et al. 2006)
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AI] ®A1]

a1]=FA11+P: 2

(1.15)

where a;; and A,;; denote the deformed and undeformed lattice vectors. The
following relations hold
F =Fe; ® e, P=VF = Gjjze; Q e; @ ey (1.16)
with which the strain energy density can be written as
W, = W, (F, P) (1.17)

The first Piola-Kirchhoff stress tensor S; and the higher-order stress tensor T, are

W, 1w
s,=W=S_OZf,,®A,, (1.18)
J=1
W, 1%
T, =W=2_Sojz;f1] ®A1]®A1] (1.19)

where f, is the generalized force defined as

_ W, 1.20)
fl] - aalj ( -
Let W, = W, /S, , where
3
WI :ZVI] (aU,aIK,HUK,KiI,]) (121)

J=1
V;; is taken as the form of interatomic potential for carbon.

The generalized stiffness K, xis defined as

ofy, 02w,
dayx Oajda

Kk = (1.22)

The modulus tensors n can be derived as

o~

R IR
"FTFQOF’ P T 3F® oP
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92w, 92w,
TP ®@oF’ M TP ®oP (1.23)
Again it is written W, instead of W, because of the inclusion of inner

displacement in potential functions.

Both the above methods are based on the same idea by adding extra higher order
terms into the deformation gradient in order to approximate the real curve after
standard Cauchy-Born rule, which is different in this research where the standard
Cauchy-Born rule stays to describe the strain at the tangent plane, and
modification is made by adding a displacement field-independent rotation tensor
at each point of the surface, which describes the curvature by rotating the
deformed vector on the tangent plane into the real deformed curve itself. Thus, the
Cosserat continuum theory is introduced via the independent rotation tensor in
order to describe the curvature of the deformed surface after applying the standard
Cauchy-Born rule to the tangent vectors. Cosserat surface as a shell model is
established in this research since SWCNT can be modelled as a hollow cylindrical
shell, therefore built as a two-dimensional surface instead of a three-dimensional

solid continuum.

1.3.2.3 Cosserat surface as a shell model

SWCNTs, as well MWCNTSs have been modelled as linear elastic shells (Tu and
Ou-yang, 2002, Pantano et al. 2004) or non-linear elastic shells (Arroyo and
Belytschko, 2002,2003,2004) via continuum mechanics methods. In the linear
elastic range, Young’s modulus and the wall thickness were found by fitting the
interatomic model, covering a large range from 0.5TPa to 6TPa, and from 0.06nm

to 0.6 nm.
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Wu et al. (2008) developed a finite-deformation shell theory for CNTs based on
the interatomic potentials for carbon. Shell theory based on interatomic potentials
is the approach by all the authors above and as well as in this research. Wu et al.
(2008) set a relationship for the rates of the second Piola-Kirchhoff stress tensor S
and the bending moment tensor T to the increments of Green strain tensor E and
curvature tensor X as

S=n:E+n,: %X (1.24)

T=nl:E+m:%X (1.25)
where n, m and n., n? are the tension, bending and coupling rigidity derived

from interatomic potentials

_ D <6W) _ D <6W> _ D <6W> r D <0W> (1.26)
"=pe\E) ™ " pxc\ox) ™ Toxc\oE) ™ T DE\ax)

and it modified the constitutive model in classical continuum shell theory by
adding extra coupling terms to describe the stress-curvature and moment-strain

relations.

Sansour and Bednarczyk (1995) presented a shell theory for the Cosserat surface
which is considered as a two-dimensional manifold in Cosserat continuum, and
the surface is attached with a determined displacement field and an independent
rotation field. In classical continuum mechanics elasticity theory there are two
elastic constants involved which can be directly derived from the displacement
field, but Cosserat continuum theory introduces one more material constant that is
related to a three parametric rotation tensor attached to every particle of the
continuum, which takes into consideration size effects in the calculations. The

theory has been developed in further years to model viscoplastic shells (Kollman
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and Sansour, 1999), and hyperelastic behaviours (Haefner et al. 2002), and also to
study finite strain elastoplasticity (Sansour et al. 2006), and finite strain plasticity

(Sansour 2006).

Figure 1-18: Deformation of pinched cylinder (Sansour and Kollmann, 1998)

These studies identified significant advantages over classical shell theory and
original Cosserat continuum methods. The introduced rotation tensor is an
independent variable which provides an insight into the interior structure of the
surface. Drilling degrees are included in a completely natural way. This approach
can produce good results for shells under large deformation, as shown in Figure

1.18.

SWCNT can be considered as a two-dimensional manifold and can be solved with
the Cosserat surface shell theory demonstrated by Sansour and Bednarczyk
(1995), where the rotation field is already at a micro-level. However, the Cosserat
surface shell theory (Sansour and Bednarczyk, 1995) is based on constitutive laws

from conventional continuum theory, for the study of CNTs, which will be
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deviated in this research by constitutive laws derived from empirical interatomic

potentials which describe the real interactions among atoms at an atomic level.

1.4 Outline

This research is to propose a new multi-scale modelling method to simulate the
mechanical properties of SWCNTSs. The central idea of the method is to consider
SWCNT as a Cosserat surface based on continuum shell theory. Constitutive laws
are derived from empirical interatomic potential functions which describe the
local potential of CNTs at the atomic level. The Cauchy-Born rule is applied to
connect the atomic description to a macroscopic space, which provides the strain
changing on the deformed surface. A shift vector is needed for the hexagonal
arrangement of atoms in SWCNT. An independent rotation tensor is employed to
compute the change of curvature of the deformed surface which is introduced in
Cosserat surface shell theory to overcome the application of the standard Cauchy-
Born rule on the study of CNTs. The Cosserat surface shell model is then

analyzed to produce results and simulations through a finite element approach.

Chapter 1 has given the background of CNTs and the previous studies of CNTSs.
The literature review mainly includes research results of the linear and non-linear
elastic properties of CNTs from previous researchers, and discusses the
methodologies for studying SWCNTSs. From inadequate continuum mechanics to
computationally difficult atomistic simulations, we are looking for a decent

approach to link them and give more accurate results of CNTSs in a practical way.

Chapter 2 presents the whole methodologies. Section 2.1 shows the main structure

of the modelling methods. Section 2.2 explains the Cauchy-Born rule and why it

-24 -



Chapter 1: Introduction

should be modified when studying CNTs. This section also introduces a shift
vector which should be taken into account when the Cauchy-Born rule is applied
to a non-centrosymmetric structure. Section 2.3 presents a shell theory for
Cosserat surface, in which the deformation gradient, the rotation tensor and the
strain measures are defined, and where the equilibrium equations are derived from
the principle of virtual work. Section 2.4 provides the potential forms designed for
the one-dimensional rod and two-dimensional surface to be applied in the next
two chapters. Section 2.5 provides the implementation of finite element approach
based on shell theory of the Cosserat surface. The finite element formulation is
developed, and an updating method of the rotation tensor is designed so as to be

path independent.

Chapter 3 designs an atomic chain model, and simulates the deformations from
one-dimensional to two-dimensional and to three-dimensional space. Numerical
modelling equations are given. Results are presented and compared. Simulations
of a one-dimensional embedded rod, a thread in torsion and a cross section of
CNTs in bending are demonstrated. It shows that atomic chains and CNTs have
many behaviours in common. Although the quantitative physical meaning of
atomic chain is still under development, it gives a fundamental preparation of full

graphite sheet and CNT simulations.

Chapter 4 further demonstrates the Cosserat surface as a shell model which is
applied to a two-dimensional graphite sheet deforming in-plane and out-of-plane.
Young’s modulus and Poisson ratio are predicted for the graphite sheet and the
results are compared with the literature. SWCNTs are modelled as cylindrical

shells, and deformations of SWCNTSs under bending, compression and torsion are
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simulated. Young’s modulus is predicted from cylindrical shell bending models.
Buckling strains are predicted from force-strain relationship figures for cylindrical
shell model under compression. A twisting angle against external torque force

relationship is shown for the cylindrical shell model under torsion.

Chapter 5 summarises and concludes the work carried out in this research.
Discussions about the modelling methods and the results are presented. Possible

improvements are suggested towards the end of the chapter.
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Chapter 2

Modelling Methods

2.1 Main ldea

The aim of this research is to study the mechanical properties of SWCNTs. Two
kinds of methodologies have been established by other researchers, one being

continuum mechanics-based, and the other by atomistic simulations.

Traditional continuum mechanics have been used to model CNTSs in earlier years.
Two main approaches are based on the Bernoulli-Euler beam model and the
continuum cylindrical shell model. However, as for the study of the mechanical
properties of CNTs many of the assumptions in classical continuum mechanics
are no longer applicable because of the size effect of nano-structures. Wang et al.
(2006) pointed out that the classical elastic beam and shell models provided
highly overestimated results when modelling CNTSs, thus, the scale effect cannot
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be ignored, although atomistic simulations give accurate results when modelling
CNTs, the very fact that one has to calculate every atom in the system makes them
incredibly time consuming and computationally inefficient. Therefore, a bridge

linking continuum mechanics and atomistic simulations is developed.

The Cauchy-Born rule is a rule to relate the deformation of an atom bond vector at
a micro-level to the deformation of the bulk vector at a macro-level. It is
applicable for solid crystals, but it is not suitable to apply to CNTs, because the
map Cauchy-Born builds leads to a deformed vector lying on the tangent plane of
the curved surface instead of lying on the curve. However motivated by the
exponential Cauchy-Born rule (Arroyo and Belytschko 2002) and the higher order
Cauchy-Born rule (Guo et al. 2006), a modification of the standard Cauchy-Born

to applications for modelling CNTSs as shells is established.

In this research an alternative way is investigated. A shell theory based on
Cosserat continua is presented to model CNTs following the work of Sansour and
Bednarczyk (1995). A displacement field-independent rotation tensor is
introduced to describe the micro-level rotation, which also makes up for the
shortcomings of the standard Cauchy-Born rule, and can take size-effects into
account. The main idea of this research is to consider SWCNT as a two-
dimensional manifold and solving it with the Cosserat surface shell theory as
demonstrated. The deformation can be described by a stretch tensor and a rotation
tensor. Responding to external force, the surface deforms providing a force stress
field and a couple stress field. A force stress tensor can be obtained from the first
derivative of the potential with respect to a stretch tensor, and a couple stress

tensor can be obtained from the first derivative of the potential with respect to a
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curvature tensor. Stretch modulus tensors can be found from the second derivative
of the potential with respect to the stretch tensor, and bending modulus tensor can
be calculated from the second derivative of potential with respect to the curvature
tensor. In order to solve for these four fields mentioned above, a way to describe
the material mechanical properties, one needs to identify the right potential forms

that are adequate at an atomistic level and applicable for continuum formulations.

Two sets of models are considered in this research. As a hypothetical example,
also being the preparation of the whole CNT modelling, an atomic chain model,
referred to as a Cosserat curve, is developed as a one-dimensional rod deforming
in a three-dimensional space. Further modelling is carried out by considering
SWCNT as a Cosserat surface deforming in a three-dimensional space. For the
atomic chain model, the energy functions are chosen from molecular mechanics,
which is also called the force field method. The total energy is determined by the
interactions of the atoms, which takes into account contributions from atom bond
stretching, bending between atom bonds and torsion energy. This model can be
considered as an atomic chain that consists of a series of carbon atoms, and C-C

bonds, which deforms in an atomic field.

For two-dimensional Cosserat surface of the SWCNT model, empirical functions
of potentials are adopted which are practical and appropriate to describe the total
potential of CNTs relatively accurately. The simplest potential functions, for
example the Morse potential, have no dependence on the environment of the
atoms, therefore not suitable to apply to a Cosserat surface. Thus we have to go
for relatively complicated potentials which incorporate the effects of atom bond

angles and bond orders, among which the Tersoff and Brenner potential (Tersoff,
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1988, Brenner, 1989) involves the variations of bond energy due to changes in the
position of an atom and also its neighbour atoms. A first generation of Tersoff and
Brenner potentials was extensively applied in the study CNTs (Belytschko et al.
2002, Zhang et al. 2002, Bao et al. 2004, Liew et al. 2004). Brenner et al. (2002)
made a few adjustments and developed a second generation of Brenner potentials,

which they claimed to be more accurate to model the real interactomic reactions.

The finite element formulation is developed on the basis of variational principles.
The stress fields and the modulus fields can thus be calculated via iteration
procedures by updating displacement fields and rotation fields, where the rotation

fields are designed to be path-independent in updating.

Section 2.2 demonstrates the Cauchy-Born rule, and also explains how the
Cauchy-Born rule links continuum systems with the atomistic world, and why it
should be modified to study surfaces when modelling CNTs. Also, an inner shift
vector is introduced due to the restrictions of the Cauchy-Born rule when applied
to the hexagonal structure of carbon cells. Section 2.3 presents the shell theory of
the Cosserat surface, where a displacement field-independent rotation tensor is
introduced, which is applied in this research instead of the modified Cauchy-Born
rule, by rotating the tangent vector which is on the tangent plane of deformed
surface into the real curve which lies on the deformed surface. Section 2.4 aims to
find the appropriate forms of the potential functions to describe the potential of
the atomic chain and the potential of a graphite sheet which is also used as a
potential for CNTs. Section 2.5 furnishes the implementation of finite element

approach of the Cosserat surface.
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2.2 Cauchy-Born rule

2.2.1 Standard Cauchy-Born rule

The Cauchy-Born rule is an assumption made to link the deformation of the
atomistic field to that of continuum field. It is normally used for bulk materials,
e.g. space-filling crystals. In such homogeneous materials, without consideration
of any defects, the Cauchy-Born rule is applied to show the relationship between
the deformation of atomic lattice vectors and the deformation of the whole bulk

material in the continuum field.

Similar to local crystal kinematics, where the deformation of the crystal vectors
are described by the Cauchy-Born rule, the deformation of the bulk atom lattice,
and respectively the bond vectors connecting two neighbouring atoms, can be
described by the local deformation gradient. So, in essence, the deformation
gradient is assumed to be constant within a small portion of the atom lattice and
the latter can be dealt with as a bundle of lines where relative angles do not

change, i.e. the tangent bundles. We find here the similarity to nonlocal theories.

Consider @ as the deformation map when a space-filling continuum body
Q, € R3deforms to Q c R3, i.e. Q = ®(Q,) . Let X define a point in body Q,,
while x is its position in body Q after deformation, then we have the relationship
x = ®(X). The deformation gradient F is defined as the derivative of the
deformation map, F = D® , which also means that it maps infinitesimal line
elements from the deformed configuration to reference configuration

dx = FdX (2.1)

-31-



Chapter 2: Modelling Methods

In elasticity theory, under finite strains, the deformation of space-filling
continuum is homogeneous at the atomistic scale. Thus, the space-filling
continuum undergoes the same deformation as the atomic lattice vectors as
established by the Cauchy-Born rule:

a=FA (2.2)
where a is the deformed lattice vector, and A4 is the undeformed lattice vector in
the continuum. Equation (2.2) is the essence of the Cauchy-Born rule which
shows the link between atomistic and continuum deformations, as shown in

Figure 2.1.

L]

Figure 2-1: Illustration of Cauchy-Born rule

However, in case of CNTs, we have to deal with a curved surface consisting of
chords, which are the bonds connecting the atoms laying in them. Although the
Cauchy-Born rule is valid for the bulk atom lattice, it does not apply to the chords
of CNTs. This is due to the fact that deformation vertical to the CNT’s axis is
accompanied by a change of curvature of the surface. This also means the angles
between the atom bonds must have changed as well. In this case, the deformation

at the surface of the CNT that is pure stretch of the chords, and can be described
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by the deformation gradient, but the out-of-plane deformation which is related to
the change of angles between connected chords, must be separately described, e.g.

by the change of curvature of the surface.

Arroyo and Belytschko (2003,2004) first pointed out, though Cauchy—Born rule is
suitable to apply for space-filling crystal material, it is not adequate to apply to
CNTs, which can be viewed as a curved surface with nano-scale thickness,
especially when it involves in large curvature effects. Because the deformation
gradient tensor F maps the infinitesimal material vectors dX and dx, if SWCNT is
considered as a plane surface without thickness, the deformed lattice vector a will
be falling on the tangent plane of the curved surface , which means the standard
Cauchy-Born rule gives inaccurate result of deformed lattice vector a , as a
tangent vector which is tangent to the curve, instead of the accurate result of the
real chord vector which is lying on the curve. Different kinds of modifications
have been made to overcome the shortcomings mentioned above for the use of the
standard Cauchy-Born rule in the study of properties of CNTs, such as the
exponential Cauchy-Born rule, the higher order Cauchy-Born rule, the local

Cauchy-Born rule, etc., some of which have been explained in Section 1.3.2.2.

2.2.2 Shift vector

Due to the non-centrosymmetric hexagonal atomic structure of CNTSs, the
standard Cauchy-Born rule cannot be applied directly for CNTs because it cannot
satisfy the inner equilibrium of the representative cell. A system is said to be
centrosymmetric when at any time for one point at position (x,y, z) there is
always another point at position(—x, —y, —z). For a centrosymmetric lattice there

has to be another lattice pointing the opposite direction from the same atom,
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which is not the case for CNTs. The Cauchy-Born rule ensures the equilibrium of
centrosymmetric lattices because the forces of paired lattices are equal and

opposite under homogeneous deformation.

The hexagonal lattice of a graphite sheet, which is called a Bravais multi-lattice, is
not centrosymmetric, however, it consists of two centrosymmetric sub-lattices.
Therefore, it is essential to introduce an in-plane shift vector as a bridge of two
centrosymmetric  sub-lattices. The position vectors of multi-lattice, two
centrosymmetric sub-lattices, and an inner displacement of the atom sites are

described in Figure 2.2.

Figure 2-2: Multi-lattice, sub-lattices, and shift vector

Let @; (i = 1,2) define the basis vectors of a centrosymmetric sub-lattice, and B
be the relative shift vector of two sub-lattices. To reach the required degrees of

freedom, an additional kinematic variable is introduced, by describing the
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perturbation of the shift vector, denoted by n. The bond vectors A; (i=1, 2, 3) after
the perturbation are

A=Ay +7 (2.3)
where A,; are the undeformed bond vectors.
Let P = B + n, then the bond vectors are

A, =-a,+P, A,=P, A;=-d,+P (2.4)

The introducing of shift vector results in differences of solutions in the stress and
modulus fields for materials with centrosymmetric or non-centrosymmetric

atomic structures, which are presented in the following.

2.2.2.1 Centrosymmetric atomic structure
Let F define the deformation gradient, from Cauchy-Born rule, we have
a=FA
Define A, to be the undeformed bond vector between atom | and J. The bond

length after deformation is

The interatomic potential can be described as

V=V(ay, a0, K #1]) (2.6)
where bond length a,x and bond angle between I — J and I — K, denoted by 6, ,
are

ax = AF FAik (2.7)

2 2 2
aI] + aIK - a]K

cos(0yk) = (2.8)

2aak

and bond length a is
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a]K = ’A]KFTFA]K

Strain energy density is expressed as

— ZIJV(aI]'aIK' Ok, K # I,])
= s

Wo

(2.9)

(2.10)

where S, is the area of the representative atomic cell, and the force tensor can be

expressed as

5 ow, 1 z v day, aV dak
T 9F S, da,, OF da,. OF
0 T 1] ]) 1K
* 2 Goe i)
kL) UK

2.2.2.2 Non-centrosymmetric atomic structure

(2.11)

Let n define the inner displacement of a sub-lattice 4, with the undeformed lattice

vector A,. Since A = A, + n, the deformed lattice a under inner perturbation and

deformation gradient can be written as
a=F(A,+mn)

Then the bond length between atoms / and J becomes

ap = J(AOI] +m)FTF(Ao; + 1)

Same as before the strain energy density is

_ Zl,] V(alj; arg, 91]1(, K # I,])
= 5

Wo

The bond angle can be obtained from

2 2 2
aI] + aIK - a]K

COS(HI]K): 2a a
IJYIK

(2.12)

(2.13)

(2.14)

(2.15)
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As an inner variable,  can be computed by minimising the strain energy density

with respect to n

oWo _ 2.16
an - ( . )
which leads to
n =n(F) (2.17)
Then we have
W, = Wy (F;n(F)) (2.18)
The force tensor is now the direct derivative
~ _DW, aw, aw,on 0w,
S=DF ~F T oy oF _ oF (219
The modulus tensor n
_ DS D (E)WO) D <6WO) 611+6W0 D (an) D <6W0)
"=DF " DF\or /)" DF on /0E = on DE\OE/ DF\ oF
3 oW, 09*W,dn
" 0FOF = 0FdnoF
LW, 0P, (92W,\ T 9%W, 220
~ 0FOF 0Fon\onon) 0ndF (220)

This is also a footprint of the derivations for dealing with inner displacement
vector in Section 4.1. Wang et al. (2006) pointed out the results obtained without
inner displacement were closer to atomistic simulation and experimental results
than those with inner displacement. But Arroyo and Belytschko (2004) insisted

that, even so, non-relaxation results were theoretically incorrect.
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2.3 The Cosserat surface as a shell model

The central idea of Cosserat surface is to consider a thin three-dimensional
classical continuum shell as a two-dimensional Cosserat continuum manifold, i.e.
a Cosserat surface. A displacement field and a rotation field are introduced
specifically, where they are independent of each other. Cosserat continuum theory
is different from classical continuum theory by introducing a displacement field-
independent rotation tensor, which can describe the behaviour of the inner
structure within the surface, i.e. at a micro-level. Cosserat surface theory is to
apply Cosserat continuum theory into a shell model, where the first and second
strain measures are designed to be strain measures of the shell, which leads all
different formulations from original Cosserat continuum theory (Sansour and

Bednarczyk, 1995).

2.3.1 The deformation gradient

Let B c R3 define a two-dimensional surface, and R be the real numbers. The
map

o(t): B-R3 (2.21)
depends on the parameter t € R. (Here ¢ is a surface to surface map, as a
counterpart of body to body map @, as mentioned in Section 2.2.1.) The reference
configuration is defined by ¢, = @(t = t,). For simplicity, we write B instead
of ¢,B and B, instead of ¢(t)B, then we have

@(t): B> B, (2.22)

At time t, X is a point in the reference configuration and x is the point in the

deformed configuration, then the relations hold
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x(t) = (X, t) and X(t) = @ 1(x,t) (2.23)
9% (a = 1,2) are the co-ordinates attached to the surface at B, (Figure 2.3). Let
TB, TB; be the tangent spaces of B and B; respectively, we can calculate the

covariant base vectors as

X

Go =550 (2.24)
with G, € 7B, and
0x
9a = 550 (2.25)
with g, € TB; .
The Riemannian metric can be obtained by
Gap =Gy -G aNd gop = go " 9p (2.26)

N N

s

19 -

Figure 2-3: Deformation on Cosserat surface
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The determinants of G,gand g,pare indicated by G and g. The basic skew-
symmetric three-dimensional Levi-Civita tensor, also known as the permutation

tensor, is denoted by

+1 for odd permutations of i,j, k
eijr =y—1 for even permutations of i,j, k (2.27)
0 otherwise

and
€ijk = \/Eeijk

. 1 ..
gtk = \/—Ee”k (2.28)

where e;;, = e/* by its Euclidean structure. Here, i, j, k are set to be 1, 2 or 3. In
absolute notation, it reads

e=e'%G; ® G; ® Gy (2.29)
Similarly, the two-dimensional Ricci tensors are

e = {+\/E for odd permutations of «, 8
af —

—VG for even permutations of a,

1
+ NG for odd permutations of «, 8

g% = ‘/1_ (2.30)
—— for even permutations of «,

VG

The normal vector is defined by N = %8G, x G at the reference configuration,
where it is easily seen that N = G3. For a curvature tensor K = K,36% ® GP, its
components are given by K, = —N , - Gg. Also a Cartesian frame is considered

by e;, i = 1,2,3 and the quantities can be obtained from
Cai = Ga ‘e, C3i = N - e; (231)

which describes the relations of the two base systems.
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The deformation gradient F is defined as the tangent of the map ¢, F = T,
where

T@: TB— TB,,0r F: Gy~ gg (2.32)

F can be given as the tensor product
F=g,® G“ (2.33)

The displacement field is introduced by the displacement vector

u=x-X (2.34)
and we have
9o =G, tu, (2.35)
and
F=(G,+u, ®G“ (2.36)

where comma denotes partial derivatives.

2.3.2 The rotation tensor

One of the assumptions of the shell theory is that a displacement field as well as a
rotation field are attached to the Cosserat surface, both of which are assumed to be
independent of each other. The rotation field is introduced by an orthogonal tensor

R € SO(3) which is described by an exponential map

R = (ﬂ)—1+[)+02+93+ _1+sin|w| +1—cos|w|
= exp - 2! 3l - || e

0% (2.37)

with 2 = —07, and with w € R3 to be the corresponding axial vector of 2.
Forany y € R?, it has a closed expression

sinlwl( o )+1—cos|w|( (WX 7)) 238)
w —_— (W w .
o] Y ]2 Y

Ry=vy+

If y coincides with w, the relation gives
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Rw=w (2.39)
So w is an eigenvector of R. If we use the rotation = w X 1, where 1 is the
identity tensor, the relation is obtained 2y = (w X 1)y = w X y.
Furthermore, taking the derivative of the relation RRT = 1, one has
R"R,+RL,R=0 (2.40)
Notice that R"R , € so(3), where so(3) is the tangent space of SO(3), which
defines the Lie algebra (Hall, 2003), that consists of all the skew-symmetric

tensors. Let k,, be the axial vector of RTR ,, then one can get the relation

sin|w| 1 — cos|w| 1 sinjw|\(w-wg)
a = o] W g —|w|2 W, X +<m— PE ) o] w (241)
k, is related to @ which is the eigenvector of R.
Variation of R can be given by left or right multiplications
SR=YR =RL (2.42)

where L and Y are both skew-symmetric.
Let I and y be the axial vectors of L and Y, the variation of k, can be derived by
5k, = axial[§(R"R )] = axial[SR"R , + RTSR ;] (2.43)
which means 5k, X 1 = 6(RTR,a), and we have
Sk, = axial(— LRTR ,+R"R (L + L ) (2.44)
So
Skoy = ko XL+ 1, (2.45)

Similarly it can be derived that 6k, = Ry .

2.3.3 Strain measures

The first Cosserat deformation tensor is

U:=R"F (2.46)
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And the second Cosserat deformation tensor is
X=-k,® G“* (2.47)

Alternatively, & can be written as

1
K=->e:RRe®GC" (2.48)

where (:) denotes a double contraction; the relation holds A : B = tr(ABT), where
A, B are two second order tensors and tr() is the trace operation.
A strain measure can be defined as E that vanishes at the reference configuration
E=U-1 (2.49)
where U = 1 at the reference configuration.
The strain tensors can be decomposed with respect to the tangential base system at
the reference configuration
U=Up,6°RGF +UysN Q@ G* + U3, 6G* QN+ UssNQN  (2.50)
K =HguN X G ® GP + Hp3N @ G + K3,6* @ N+ K33N @ N (2.51)
when writing the displacement and the rotation field in terms of Cartesian
components
U=1uge;, W= wiey (2.52)
the strain measures can be finally expressed as

Uaﬁ' = Gaﬁ' + CprlUp,a + (Cak

|| lw|?
sin|w| 1 — cos|w]|
Ugs = C3xUp,q + (Ca + uk,a) o) €ijr Wi e W wj — wlw15]k)
U3(X = 0
U33 = 1
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sin|w| 1 — cos|w|

Kap = CgiC3s€ris ka,a + Weijkwi,a“)j

le—snﬂwlll )

— || qw

IR
sin|w| 1 — cos|w| |w| — sin|w|

Keaz = —C3i Tw] Yk + e Cuk@ia) + Tl | a@p
‘7(3(1 = 0

2.3.4 Principle of virtual work

In a pure mechanical theory, the internal potential function for the Cosserat

surface depends on the two strain tensors U and ¥

B3 (U, ) = jB P Gine (U, ) dA 254)

where p is the density of the surface. The force tensor and the couple tensor are

defined as
inc(U, K
S:=p% (2.55)
pinc(U, K
T:=p% (2.56)

Notice that here S is the Boit-like stress tensor, which is different from but related
with the first Piola-Kirchhoff stress tensor §; in Equation (1.18) and the second
Piola-Kirchhoff stress tensor S;; in Equation (1.8).
For the Cosserat surface, the principle of virtual work holds

6Pit(U,H) = W,y = 0 (2.57)

While the external virtual work is defined as

W, = f (pf-Su+pq-DdA+ | (fs-Su+gq,-Dds  (2.58)
B 0B
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where p is the density at reference configuration, dA is the area element of the
curved surface B, and ds is the line element on its boundary 0B, f and q are the
forces and torques on the surface, and f¢ and q, are corresponding forces on the
boundary.
With these relations and

F=1+u,® G* (2.59)

along with the geometric boundary conditions, equilibrium equations can be

derived:
00int(U, X) 00int(U, X) ] f
L [p Gu OV P SK|dA~ | (pf -sutpa-Das
| (f,-bu+q,-Dds=0 (2.60)
0B

f(s:5U+T:5x)dA—f (pf-Su+pq-DdA— | (fs-Su+gq-lds
B B 0B

=0 (2.61)
The first and second variations of the strain measure U are
85U = SRTF + RT6F = —LR"F + RT6F (2.62)
52U = LYRTF — LRTAF — YRTS6F (2.63)
The first and second variations of strain measure ¥ can be defined by
8K =DK(R;1) = —(ky X1+ 1,) ® G* (2.64)
82 =D?*K(R;Ly) = —(kg X Y) X IQ G* — (¥ o X 1) ® G* (2.65)

So
1
S:(SU+T:67€=RS:(Su_a®6“)+5:6RTRU+§T

: [¢: 5(RTR . ® G%)]
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T:[e: (RTR,® G*)] =TG*- [¢: (RTR )] = [ (TG™)] : (RTR)
1
S:8U+T: 855 =RSG*-Su, + UST : RTSR + 5 [e- (TG*)]: 5(RTR )

We write % = SG* and T* = TG%*, and so we have
S:8U+T:6K=RS* -5u, —RSF" : L+RT% 1,

The vitual principle equation can be expressed as

f (RS“-6u_a—RSFT:L+RT“-l_a)dA—j (pf-6u+pq-DdA
B B

—| (fs-ou+qs-Dds=0 (2.66)
aB

Since RSFT : L= (—LRS*® x4):1=—(XRS%) -x,= (x4 X RS%) -1

and with the use of the divergence theorem, it becomes

f [— 1 (VGRS®) o - 6u — (x4, X RS%) - L + 1 (VGRT®) , - 1] dA
s L G G

+ | (RS%*u,-6u—RT%u, -lds — J (pf-du+pq-l)dA
0B B

—| (fs-6u+gqs-Dds=0 (2.67)
0B

U, are the components of the external normal vector at the boundary 0B which
lies on the tangent plane of B.
Because du and [ are free variations, we have the localized governing equations

for the equilibrium, the Euler-Lagrange equations in B,

%(\/ERS“),O, +f=0 (2.68)

1
Xq X RS® — = (VGRT*) . +pq =0 (2.69)

which can be alternatively expressed as
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1
RTx, x S — z (VGT*) o — ke XT* +pRTq =0 (2.70)

and we also get the natural boundary conditions on 9B
RSuy = fs (2.71)

RT*lg = —qs (2.72)

2.4 Potentials

The mechanical properties of CNTs are largely determined by the interatomic
forces, which are governed by the chemical bonds, which are expressed in terms
of interatomic potential models. An ideal potential model should be able to

accurately describe the interactions which bind the atoms together.

Empirical potentials are used extensively, which take simple forms of atomic
positions alone, which provide great advantages in theoretical simulations. Many
interatomic potential models have been developed and reported in the literature,
some of them are simple, while some of them are relatively complicated. Using
different potential models can result in totally different results. Wu et al. (2008)
pointed out that the use of two generations of Brenner potentials results in totally
opposite results in modelling the critical strains of CNTSs in tension, as shown in
Figure 2.4, where n = 0 represents the axisymmetric bifurcation, and n = 1,2,3 ...
represents the nonaxisymmetric bifurcation. Even by using the same potential
model, the use of different parameters leads to a big difference as well. Wang et
al. (2006) demonstrated the difference in modelling Young’s modulus of CNTs by

using two sets of parameters in Tersoff-Brenner potential, as shown in Figure 2.5.
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Figure 2-4: Opposite results in modelling critical strain of CNTSs in tension by using two

generations of Brenner potential (Wu et al. 2008)
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Figure 2-5: Difference of Young’s modulus of CNTs by using two sets of parameters in

Tersoff-Brenner potential (Wang et al. 2006)

That gives us an idea why the theoretical results of the mechanical properties of
CNTs exhibit a large scatter, and why we should choose the empirical potential
model carefully. Basically, potentials are chosen for different targets in examining
different material properties that one wants to study. Therefore, how complicated
a potential one chooses depends on what kind of properties it is capable to
reproduce. In this research, two types of potentials are chosen for one-dimensional

rod modelling and two-dimensional surface modelling, respectively. For one-
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dimensional atomic chain modelling, a simple atomistic potential form is chosen
based on a force field. For two-dimensional CNT shell modelling, a more

complicated second generation REBO potential is chosen.

2.4.1 Atomistic potential based on a force field

Rappi et al. (1992) gave a full periodic table force field for a molecular mechanics
study. They presented the potential energy of a molecule expressed as a
superposition of various bonded interactions and non-bonded interactions of the
form

V=V +Vo+Vy+V,+ Voaw + Ve (2.73)
Bonded interactions include all the interactions of the atom with its neighbouring
atoms. V. is the bond stretch energy, V, is the bond angle bending energy which
describes the angular distortions, Vi is the dihedral angle torsion and V,, is the
inversion torsion term. Non-bonded interactions are V4, that describes the
interaction caused by van der Waals forces, and V,,; that involves the electrostatic
interactions.

Bond stretch energy can be expressed as
1
V= Eku(r - TI])Z (2.74)
or with Morse function
V, = Dy e~ — 1] (2.75)
k;; is the force constant, D, is the bond dissociation energy, and r; is the original

bond length .

Angle bond energy for a bond angle 6 is given as
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m
Vo = Kjjx 2 C, cos(nf) (2.76)
n=0
which simplifies to
KI]K
Vo = 7z [1 — cos(nB)] (2.77)

The torsion potential for a torsion angle ¢, is also expressed as a small cosine
Fourier expansion

m
qu = Kjjk1 Z Cn COS(”¢1]KL) (2.78)

n=0
where C,, is a shape factor.
The inversion term is given as
Vo = Kijk1(Co + C1 cos wygy, + C; cos 2wy k) (2.79)
Van der Waals force interaction is described by a Lennard-Jones 6-12 type

expression

Vaw = Diga |2 (%)6 + (%)12] (2.80)

where x;; is the distance between two non- bonded atoms.

Electrostatic interactions are expressed as

Ver = Dyj <%> (2.81)

GRl'j
where Q;, Q; are the charges and R;; is the distance in angstroms.
Li and Chou (2003) modelled the deformation of CNTSs via a structural mechanics
approach, by considering the bonds between two atoms as a load bearing beam

members. They built up the potential as the sum of the total energy due to valence

of bonded interactions and nonbonded interactions
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Z V= Z(Vr Vo + Vg + Vi + Voaw + V) (2.82)
They pointed out that the harmonic approximation is good enough to describe the
energy when the system undergoes small deformations, so they applied the
simplest harmonic forms of the energies and merged the dihedral angle torsion

term and the inversion term into a single term, expressed as

1
Ve = ke = 70)? (2.83)
1
Vo = 5 ko (6 = 60)? (2.84)
1
Ve = Vi + Vi = 5 ke(9 = o)’ (2.85)

And they were the first ones to point out, through structural mechanics
calculation, that the molecular material parameters k,., kg and k, stand in direct

relation with the structural mechanics parameters of the beam, which is given as

_EA El GJ

k=7, k=T, hke=— (2.86)

where EA, EI, and GJ are three stiffness parameters that describe the stretch,
bending, and torsion properties of the beam member. This has been applied
widely by researchers afterwards into the finite element modelling of CNTs by
setting C-C bond elastic parameters with ANSYS or ABAQUS or other

commercial finite element software.

Meo and Rossi (2006) proposed a finite element model to simulate mechanical
properties of SWCNTs, by using non-linear spring elements to model carbon

bonds.
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They pointed out the effects of Vy, V,,, Vyawand Ve, can be neglected for uniaxial

loading and small strain assumption, so they only used the first two terms in the

energy form.

The bond energy is chosen as another expression of Morse potential
ho=D{[1—eet]" — 1} (2.87)

with parameters for SWCNTSs r, = 0.139nm, D, = 6.03105 X 1071°N.nm and

a = 26.25nm™1,

The bond angle energy takes the form
1 2 4
Vo = Eke (6 —6,) [1+ ksextic(8 — 6o) ] (2.88)
with the parameters ky = 0.9 x 107'8N.m/rad?, 6, = 2.094rad and Keyic =

0.754 rad—*.

Avila and Lacerda (2008) evaluated Young’s modulus and Poisson ratio of
SWCNTSs by the approach of Li and Chou (2003) using the relation between
structural mechanics parameters and molecular material parameters. They
implemented a macro subroutine into ANSYS V.10 and chose k, = 6.52 X

107’N/nm, kg = 8.76 x 10~1°N.nm/rad? and k, = 2.78 x 107*°N.nm/rad?.

Dun et al. (2010) applied a stick-spiral model to calculate the constitutive law for

CNTs buckling analysis. They used the potential form

D=+

=Y Do 1) 1Y Cho0 -7 (289)

with D, = 0.6031nN.nm, a = 26.25nm™* and kg = 1.42nN.nm/rad?.
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Shokrieh and Rafiee (2010) considered the C-C bond as a beam element and

studied Young’s modulus of CNTs by adopting the potential

SV Uv =Y Skt -m? Y ske® -6 (290)

with k,, = 6.52 x 107’N/nm and kg = 8.76 X 10"1°N.nm/rad?.

Parvaneh and Shariati (2011) studied the effects of defects and loading on the

prediction of Young’s modulus of SWCNTSs. They adopted the energy form

ZV=Z(Vr+V9+V¢ +V,) (2.91)
with
ho=D{[1—eet]* — 1} (2.92)
1
Vo = Eke (6 — 90)2[1 + ksextic (60 — 00)4] (2.93)
V¢ = %k(p[l + COS(H¢ - ¢0)] (294)
v, = %kw[l + cos(nw — wy)] (2.95)

where kg = 1.42nN.nm/rad? and kg = k,, = 0.0418nN.nm. They took the

dihedral angle torsion and out-of plane torsion into consideration.

Finally, an atomistic potential is chosen in this research by considering the bond
stretch energy and the bond angle energy. And the torsion energy is considered in
one-dimensional deformation embedded in a three-dimensional space. For one-
dimensional deformation embedded in a two-dimensional space, the potential is

taking to be
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D=+

_ Z D, {[1 _ e—a(r—ro)]2 — 1} +Z%k9(0 —6,)? (2.96)

where D, = 0.6031nN.nm, a = 26.25nm™* and ky = 1.42nN.nm/rad?.
For one-dimensional deformation in a three-dimensional space case, the potential

is expressed as

YV v+ 1)
= D f[1- e’ ~ 1 +Z%k9(9 — 6,)?

1
£ She(§ = B0)? (2.97)
where D, = 0.6031nN.nm, a = 26.25nm™!, ky = 8.76 X 1071°N.nm/rad?

and k; = 2.78 x 10~1°N.nm/rad?.

2.4.2 Potential form for SWCNT

In early stages, the potentials used for molecular mechanics were empirical
isotropic pair potentials, e.g. Lennard-Jones potential, Morse potential, etc. They

take the form

Veotat = ). Y V() (2.98)

i >

while V(r;;) = 0 when r;; > .. r, is a cut-off radius. In these models, the
potential only depends on the distance between two atoms, and does not consider
the information about the environment of the atom. For example, Morse potential

is given by

V(r,]) =D, [exp{—Za(r,] - ro)} -2 exp{—a(r,] - ro)}] (2.99)
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Such potentials were used extensively because of their simplicity. However, these
models suffer a major drawback because they do not depend on the atom’s
environment, which gives no difference for a bulk atom and a surface atom.

Therefore, they are inappropriate to apply for Cosserat surface.

In order to involve the bond angle and the neighbouring atoms of a selected atom,
more complicated bond order potential forms were developed, among which

Tersoff and Brenner’s models were proved to be successful.

Brenner (1990) presented a Tersoff-Brenner interatomic potential for carbon as
VREBO == z z [VR(TU) - EUVA(TU)] (2100)
i j=i+1
For atoms I and /, where 1y, is the distance between atoms I and J, Vg and V, are

the repulsive and attractive pair terms given by

(e)

Ve(r) = SD_ 1e‘m(“’*@)ﬁ<r) (2.101)
(e) ¢

Va(r) = ?Tie_gﬁ(”( G (2.102)

The parameter D, S, B and R are determined from the known physical
properties of carbon. The function f, is merely a smooth cutoff function to limit

the range of the potential, and is given by

1 r <R!
fo(r) = !% <1 + cos (%)) R! <r < R? (2.103)
k 0 r > R?

R! = 0.17nm and R? = 0.2nm is chosen as cutoff radius by Zhang et al. (2002).
The parameter b;; represents a multi-body coupling between the bond from atom |

to atom J and the local environment of atom I, and is given by
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-5
b, =1+ Z G(H,,K)]‘C(r,K)] (2.104)

K(#L])

where 1y is the distance between atom | and K, f. is the cutoff function, 8, is

the angle between bonds 1-J and I-K, and the function G is given by

2 2

Co Co
GO) =a, |1+ -
©) Ol do?  do? + (1 + cos )2

(2.105)

Two sets of parameters for carbon which is given by Brenner (1990):
1. D® =6325eV, S=129, B =15nm™ ', R® =0.1315nm , § =
0.80469, a, = 0.011304, ¢, = 19, d, = 2.5
2. D©® =6.000eV, S=122, f=21nm™ ', R® =0.1390nm , § =
0.50000, a, = 0.00020813, ¢, = 330, d, = 3.5
which gives the equilibrium bond length of CNTs as 0.142 and 0.145nm from the

two sets of parameters respectively (Zhang et al. 2002).

Bao et al. (2004) applied a second-generation reactive empirical bond order
(REBO) potential energy expression for hydrocarbons presented by Brenner

(2002). In the REBO potential, the total potential energy of the system is given by

VrEBO = Z Z [VR(TI]) - EI]VA(TIJ)] (2.106)

i j=it1
where 7y, is the distance between atoms | and J, and EU is @ many-body empirical

bond order term. V; and V, are repulsive and attractive terms.

Vr(r) = f.(r) (1 + g)A exp(—ar) (2.107)
3
Va() = £or) ) Bue™For (2.108)

fc 1s a cut-off function which is given by
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( 1 r <Ry
fc(r)—i{1+ cos n(r _Rl)}/z Ry <1 <R, (2.109)
RZ_RI
0 r>R,

which is used to cut off the interactions when atoms become too close, where
R, = 0.26nm and R; = 0.17nm.

Brenner et al. (2002) gave the parameters for carbons as

Q = 0.3134603A , A = 10953.544eV, a = 4.7465391A~", B, = 12388.79¢V,
B, = 17.56741eV, B; = 30.71493eV, f; = 4.720452A°1, B, = 1.433213A°1,
B = 1.382691A71,

where 1eV = 1.602 X 10"*N.m and 1A = 1 x 107°m

The bond order function by; is

by = %(b[‘]‘" + b7 ™) + ¢ + b (2.110)
where
-1/2
by =[1+ z Fue (1) G (cos e,JK)] (2.111)
K(#1,])
G(cos 9111() = Z a, (cos HUK)n (2.112)

For 0° <0 < 109.47° , a, = 027186 , a, = 0.48922 , a, = —0.43286 ,
as = —0.56140, a, = 1.27111, as = —0.03793.

For 109.47° < 8 < 120°, a, = 0.69669 ,a, = 5.54440, a, = 23.4320, a; =
55.9476, a, = 69.8760, as = 35.3117.

For 120° < 6 < 180° , a, = 0.28160 , a; = 1.06200 , a, = 2.13400 , as =

2.53000, a, = 1.55200, a5 = 0.38560.

bf¢ F,,(N,,N,,NC‘"” (2.113)
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where F is a tricubic spline.

carbon 2 carbon 2
Nzcjon] =1+ Z ferx ) H(x) |+ 2 fc]L(T]L)H(ij) (2.114)
K(#L]) L(#L))
1 X <2
H(xg) = {[1 +cos(2n(xx —2)1/2 2 < x <3 (2.115)
0 Xk >3

with x; = Ng — fex (1), and

carbon atoms

Nlt = z ferx (k) (2.116)
K(#L))

bID]H = T,][ Z Z (1 — cos? @I]KL)fcIK(rIK)fc]L(r]L) (2.117)
K(#L]) L(=L])

T;; = —0.00809675 for C-C bonds. O, is the dihedral angle among four

atomS, COS@I]KL = eJIK . eI]L Wlth eﬂK = R]I X RIK and eI]L = RI] X R]L

Since b}'}c attributes to various radical energies, such as vacancies, it can be
neglected in this research, and b,L}H describes the conjugate terms of the

interactions between I-J bond, which is also neglected for the computation.

2.5 The finite element approach

2.5.1 The finite element formulation

The governing equations of the Cosserat surface in shell theory have been derived
in Section 2.4. With the energy forms chosen from Section 2.5, the internal

potential can be write as V (U, X).
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We can reformulate

f(s:5U+T:53C)dA—f (of -Su+pq-DdA— | (fs-Su+ qs-Dds
B B 0B

=0 (2.118)

as

f aV(U’m-(su+ aV(U'x)-aac dA f Su + DdA
Ban' P ¢ 75(/Ofupq)

—| (fs-bu+qs-Dds=0 (2.119)
0B

To build a finite element formulation, we introduce the Euclidean vectors

(¥
[ Uz |
wi= { v } (2.120)
|, |
\w,)
(U1 (u)) (K11 (U)Y
Up1(w) K1 (w)
c!(u) =1 g;zgg > and €% (u) = { ;g“gg > (2.121)
Ups(w) K13 (u)
\U,3(u)/ \ K3 (u)/

where w, , 3 are the components of w that is the eigenvector of the rotation tensor
R.
Define @&, as the external potential with the relation §®,,; = —W,,.

Equation (2.119) can now be written as

v (U(w), K (w))
aCY (u)

-DC¥(u; 6u) + p

f (pavwm).vc(u))
B

aC¥ (u) -DCY (u; 5u)> dA

+ D, (u;6u) =0 (2.122)

Db, (u; 611) = — f (pfaw-Su+pq-DdA— | (Fsw)-su+qs-Dds
B 0B
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1 1
q-1=2Q:L; qo-l=50Qs:L

2
where Q = q X 1, similarly Q; = g X 1.

L=R"6R=1x1

sin|w| 1 — cos|w| 1  sin|jw|\(w:dw)
= ol 0t Tgr dexet|{— -
|| 3] lw| o] |w]
Let
sin|w| 1 — cos|w| 1  sinlw|\(w-1)
j(w) = 1+ +|{— -
1 ] jwl? ol 1wz ) T

then the external work can be expressed as

Db, ut; Su) = — fB (0 f(@) - 5 + p G(w) - Sw)dA

= | (fs(@)-6u+qs(w) - Sw)ds
0B

D@, (u;ou) = —f p(uw)-dudA— | ps(u)-duds
B 0B

where vector p is the generalized force corresponding to u.

2.5.2 Updating method

(2.123)

(2.124)

(2.125)

w (2.126)

(2.127)

(2.128)

The updating method is designed to be path independent, following the approach

presented by Sansour and Wagner (2003).

At one loading step, equilibrium equations are in displacement field u; and

rotation field R;, with changing of external loading, new state of

equilibrium

established in new kinematical fields u;,, and R;,,. The update of displacement

field naturally goes like

. - ,
ul =ul" + Aw/

(2.129)
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here, j is the iteration step, and i is load step.
The rotation increment can be obtained by AR = ALR = RAY = exp(AL). But

the rotation tensor itself cannot be interpolated, only its rotation parameters can.
Since R = 1 at the reference configuration, let rotation vector a){:_l be given at
nodel points, where w = 0 at the reference configuration. Instead of R{ =

AR R{ -1 corresponding Al and w{ can describe rotation tensor with parameters at

nodal points which can be interpolated in a classical way.

Quaternion is used to relate a product ab of two vectors a and b, expressed as
ab=a-b+i(axb) (2.130)

where i is a complex number with i = —1.

In the quaternion language, the rotation tensor can be written as R = « + i and

RT = a —if, and we have RRT = a? + f? = 1, which means a and g are not

independent.
Set
|w|
a = COS T (2.131)
= si o) @ 2.132
B = sin 7 o] (2.132)

Let « and B at an iteration step j be a; and B;, and let a and B for the iteration

step be a, and B4, we have

| (o] @
aj=c05<T]> ﬁ]-:sm(T])m

|Aw| _(Aw|\ Aw
ay = cos| — B = sin =2 )Tl (2.133)

Then the updated rotation tensor is
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RI™ = ARR! = (ay +iB,)(a; +iB;)
= (apa; — Ba - B;) +i(anB; + ajBa — Ba X B))
= aj+1 + iﬂj+1 (2134)

Then w can be interpolated in the classical way.

2.5.3 Four node element interpolation

The constitutive relations are determined by derivatives of the potentials chosen in
Section 2.5. The finite element equations are based on the formulation of Equation
(2.122). Four node elements are chosen, and same bi-linear interpolations are set
for all components of u and w. The natural co-ordinates 9% on the surface are

defined as

4
9 = ) NG ol
I=1

02008 = ) N L) o7 (2.135)
I=1

where 9%2(y, ¢) define the co-ordinates of a point within the element. 9,"*¢ are

the co-ordinates on the edges of the element. N'(yx,¢) are the shape functions

defined as
1
N'(x, Q) = 2 A+ xx0@+¢G) (1=1.234) (2.136)

with (xp, ¢) € {(-1,-1);(1,-1);(1,1);(-1,1)} and (x, ) € [-1,1]x[-1,1].
For four node element, the displacement field, as well as the rotation field of the

element is in matrix

u(x, Q) = Q(x, Hu° (2.137)
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uf is u at the nodal points of the element. With four nodes and six degrees of
freedom on each node, u® € R?*, and matrix Q consists of all the shape functions,

Q c R6X24.

The solution is achieved using Newton-Raphson iterative method, where the
second derivative of potential V (U, ) with respect to displacement field u must
be evaluated, a very involved operation, the details of which are not presented

here.
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Chapter 3

Atomic Chain: Cosserat Curve

This chapter is meant as a preparation of a full analysis of carbon nanotube (CNT)
as a cylindrical shell, where we consider a long slender CNT as an atomic chain
model and simulates the deformations of the atomic chain as a one-dimensional
straight line to a curve in two-dimensional space as well as in three-dimensional
one. The equations for Cosserat curve are derived as a step-down of the general
forms of equations in Section 2.3 for Cosserat surface. Atomic chains under
bending, torsion and dynamic loadings are studied in section 3.4. This chapter
aims to produce qualitative results in modelling CNTs’ deformations from
relatively simply one-dimensional Cosserat curve theory, meanwhile it builds a
platform for further development of the quantitative physical meanings from

atomic chain models.
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3.1 Atomic chain modelling

This section presents a Cosserat curve background of the atomic chain model
deforming from one-dimension (1-D) in a two-dimensional (2-D) plane, while the
equations for a one-dimensional (1-D) Cosserat curve of a chain deforming in a
three-dimensional (3-D) space can be simply derived from Section 2.3 by

reducing « to 1.

Let us consider a point X in the e;- e5 plane laying on a curve C parameterised by
the co-ordinate s. Then the position of X at certain time ¢t is given by

x=(s+u)H" +uzH? = (s + u,)G + uzN (3.1
Where G is the tangent and N the normal vector at C. The tangent vector at C in
the reference configuration is expressed as

G =— =
ds

H' (3.2)
and in the current configuration as

ox <as+au1)6+au
- \0s  0s

3
9= g s N = (1 + ul,s)H1 + u3,SH3 =G+ U (3.3)

where u; ¢ denote the Cartesian components of u ;.
The normal vector is given by
N=Gxe,=H3 (3.4)
For later usage, the natural basis vectors H' are related to the Cartesian ones by
H' = cfe; (3.5)

with

I gi.op.
ci =H e
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With the help of the tangent vectors in the current and reference configurations the
deformation gradient is formulated as

1+uy,

F=g®G=Fini®Hj=[ g]Hi@)Hf (i,j = 1,2) (3.6)

u3,s

Or alternatively in the Cartesian frame

F=g®G=[

142 1 1.1 1
C +ciu cic3 +c3u
( 1) 1%1,s 1%3 3 1,Sl (37)

cics +ciugs  (€3)° + Causg
Now the undeformed chord A is mapped to its deformed equivalent a via the
deformation gradient and a rotation tensor R, the latter accounts for the curvature

of the curve C:

— p..yi j — [cosw —sinw
R=FRi;H ®H [sina) Cos w ] (38)
Accordingly, we consider two strain measures, a stretch-like tensor
1+us)cosw+usgsinw 0
U=RTF= (1+u) _ 3 (3.9)
—(1 + ul,s) sinw +uzgcosw 0
and a change of curvature tensor
_[ws 0
i = | ” o] (3.10)

This means, we have three kinematical relations to determine the three unknowns
uy, uz and w. It is possible to neglect the stretch component U, 5, if the number of
unknowns is reduced by one. This can be achieved, if w = f(u;s uss) and
K = f(uyss uszss). However, in order to avoid the complexity of higher gradients
and the requirement of an independent rotation tensor, U;5 # 0 is necessary in this

computation.

From Section 2.3, we know that, for the Cosserat surface, the covariant base

vectors G, are
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Gy =cqi€', Gy-e€ =cy (3.11)
Cartesian co-ordinate vectors are related to the inverse base vector G by
Gy - bigGF = c,; (3.12)
bja = Cqj
e = Cq;G”

along with (3.7) and (3.9) , we have

RT(G+uy) = ciycosw(cyy + ups) + sinw(cyz + uss) |[H @ G

+ ca3[—sinw(cqg + uys) + cosw(cys +uss)|H ® G

When the reference configuration is a straight line, it leads to ¢;; = 1and ¢;5 =
0.

From (3.9), the components of stretch tensor U can be expressed as

Ujy = cosw(1l+uy) +sinw ug

(3.13)
Uj3 = —sinw(1 +uy) + cosw uj (3.14)
where u; stands for u, ; and u; stands for us .
The variation of the strain energy density W, is expressed as
Wy = S1,6Uy1 + S136Uy3 + Tk (3.15)

where S is the force tensor and T is the couple tensor, and the couple tensor is a

scalar in one-dimensional case.

W,
S;y=—0 (3.16)
W,
Uy
W,
=—2 1
~ (3.18)
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The variation of the strain energy density can be further obtained with the
relations between the stretch tensor, the curvature tensor and the deformed

configuration variables u,, u; and w:

au au au
6U11 = Aé‘u + 1 6“3 + 6;1

du; ¢ Ous dw

= cosw Suy +sinw Suj + (—sinw(1 + uy) + cosw uz)éw

U U U
L Uy + —— buz + —— Sw

0U1s = du, - Ous Jda

= —sinw du; + cosw duj + (—cosw(1 + u;) — sin wu3)dw
ok = 6w’

Similarly, the second variations can be derived

ASU, = 2U“A sul + 2U“A Sul + 2U“A'(S -ka%hlA’6
U 0wl dw @oth ouz0w @Ol dwouy U100 dadus Ua0®
+ Awd
dwdw 0
= —sinw Awdu; + cos w Awdu; — sin w Aujdw + cos w Aujdw
— (cosw(1 + up) + sinw u3)Awdw
02U13 ?Uss 2Us3 ?Us3
ASU 3 = ———— Awbu; + ——— Awdu; + —— Aujdw + ———Au3é
B 7 0uldw @oth ouzdw @OoUs dwdug 1ho® dwiuy U
02Us5
Aws
+aa)6w WO

= —cos w Awdu; — sinw Awdus
— cos w Aujdw — sinw Aujdw + (sinw (1 + ujp)
— cos w u3)Awdw

Adk =0

The second variation of the strain energy density is
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2

ASW, = 108U, + S31A8Uy + TASK + ———— AU, ,8U, 4
0U1,0Uy,
+ 9V ausu OV skt =2V ausu
U001l T g A Atk e A0t
aZV 2 2
— AU8Uys + ———— AU 55 AkSU
T UL au, 130 T gy, AYeoK a5 Ar0 T
O et + 2V s 3.19
T U Lo O s F g Aok (319

where n is the stretch modulus like tensor and m is the bending modulus like
tensor, where m in one-dimensional case is a scalar, and n.. is the couple modulus
like tensor, which is the second derivative of the strain energy density over the
strain tensor and the curvature tensor. The component of the stretch modulus like
tensor in 11-11 direction gives the tension rigidity which is related to the tension
modulus

__9Wo 3.20
Ni111 = 90U, 00Uy, (3.20)
The tensor-like bending modulus also known as bending rigidity is related to
bending modulus

B 02w,
"~ Okdk

(3.21)

The shear modulus is related to tensor-like stretch modulus 11-13 component

R 1A
Ni113 = m (3.22)
The principle of virtual work with total potential V;,:,; holds
Viotat = Wexe = 0 (3.23)
where W,,.; defines the external virtual work, which is given by
Wort = f (f-ou+Médéw)ds (3.24)
l
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where f is the external force corresponding to displacement u, and M is the
external moment.
With two node element modelling atomic chain, the state of equilibrium can be

achieved by updating u and « in the iterations, expressed as

oo ,,J-1 j joo_ J-1 j
u;, =u;; +AwW and w;,; = 0, +Aw

where i is the load step and j is the iteration step.

3.2 Atomic chain deformation in 2-D space
The strain energy density is the total strain energy per unit length

W, =%ZV (3.25)

where L is the length of the chain.

Figure 3-1: Sketch of 1-D atomic chain deforming in 2-D

With the atomic chain model, we consider the total potential V as the sum of the
bond stretch energy V., the bond angle bending energy Vy and an additional term

Vshear Which takes into account the shear effect out-of-palne.

-70 -



Chapter 3: Atomic Chain: Cosserat Curve

V =V, + Vg + Vopear = kr(e7%00) —1)2 + kg(6 — 69) + k U3 (3.26)
The stretch energy is a function of the bond length r, and the bending energy is a
function of the bond angle 6, as given by the force field mentioned in Section
2.4.1. The additional energy is a function of the shear component of the stretch

tensor U, 5.

Figure 3.1 shows a one-dimensional atomic chain deforming in two-dimensional
space. According to the Cauchy-Born rule, the deformed vector on the tangent
plane a’ is

a = FA (3.27)
We consider the real deformed vector at the chord of the curve aby a
rotation of the tangent vector a’ through an angle a. Then the length of a is

a=VUTU A (3.28)
In equation (3.26), the relation between the deformed bond length r and the
reference bond length ry) is

r =Ujimy (3.29)
The bond angle 6 in equation (3.26) can be obtained from

O=m—xKr (3.30)
Then the total energy in equation (3.26) can be expressed as a function of U;4, U; 5

and k.

The standard Cauchy-Born rule provides the change of the bond length via
Equation (3.28), and the independent rotation tensor is related to the bond angle

by Equation (3.30), the choosing of which is explained in Appendix B.
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3.3 Atomic chain deformation in 3-D space

As shown in Figure 3.2, in a three-dimensional case, the atomic chain also
deforms in direction 2, so in comparison to the potential in Equation (3.26), we
have three more terms: V,, is the torsion potential as mentioned in section 2.4.1, an
additional shear energy term considering the shear effect from direction 1 to
direction 2, and the spin energy for the rotation in the third dimension

(longitudinal rotation).

Figure 3-2: Sketch of 1-D atomic chain deforming in 3-D

V=V +Vs+ Vs + Vinear + Vspin
=k (e79T ) — 1)2 + kg (6 — 60) + ko (P — $o)* + k1 U,
+ kU + kK3 (3.31)
Same as in Equation (3.24) and (3.25), the bond length r and the bond angle 6 can
be obtained by
r = U171
0=mr—Ki 1 (3.32)

The angle of the torsion ¢ is related to the second curvature variable x,
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p=m—K, T (3.33)
Thus the total energy in Equation (3.31) can be expressed as a function of six

variables U;4, U5, U3, K1, K, and k5 .

3.4 Results and discussions

3.4.1 1-D to 2-D atomic chain simulation

Figure 3.3 is an atomic chain model with two fixed ends under uniform loading.

q

[11]]

/7

L

Figure 3-3: Atomic chain model with two fixed ends under uniform load

— —

Figure 3-4: Deformation of atomic chain under small uniform load

N\ -
N

Figure 3-5: Deformation of atomic chain under large uniform load
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Figure 3.4 gives the small deformation configuration of the chain under a small
loading situation, and Figure 3.5 shows a large deformation configuration under a
large loading situation which demonstrates highly non-linear behaviour. Figure
3.5 can be compared with an image of the non-linear behaviour which happens to
a two fixed ended noodle stripe under pressure, it shows plastic-like behaviour,
but the deformation is reversible.
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Figure 3-6: Deformation of CNTs under bending (Huhtala et al. 2002)

Huhtala et al. (2002) demonstrated the deformation of SWCNT under bending as
shown in Figure 3.6. Their results of deformation of the top surface of simulated

SWCNTSs matches the configurations obtained from the atomic chain model.

Figure 3.7 shows an atomic chain model with one fixed end and one free end
under a moment loading at the free end. Figure 3.8 gives the deformation of the

chain under a small moment situation.

]
J ¢

Figure 3-7: Cantilever atomic chain model under moment

M
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\
\

Figure 3-8: Deformation of atomic chain under small moment

Figure 3-9: Deformation of atomic chain under large moment

The deformation in Figure 3.8 expresses a perfect arc, which fits in with the beam
theory from classical continuum mechanics. With the moment increasing, it
results in a very large deformation as shown in Figure 3.9. The chain model in
Figure 3.9 can be imagined as bending a steel string fixed at its end, except, as

well, the final deformation is reversible in this case.

As shown in Figure 3.4 and Figure 3.8, under small loading, the deformation of 1-
D atomic chain is similar with the result of 1-D beam model obtained from
classical continuum mechanics analysis. With the loading increasing, simulation
shows that the atomic chain model is rather flexible and can exhibit very large

deformed configurations, as demonstrated in Figure 3.5 and Figure 3.9. Non-
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linear behaviour is involved in these large deformations, but they are reversible,

i.e. still within the elastic range.

In the study of CNTs, the phenomena of large and reversible distorted
configurations which involves no bond-breaking or atomic rearrangements, is
called resilience response (Hertel and Martel, 1998). It is shown from the figures
that the atomic chain model is different from a continuum beam model because
the atomic chain can undergo large plastic-like deformations within the elastic
range. CNTs also present a variety of these resilience behaviours. Dai et al.
(1996) reported the experimental evidence of CNTs’ resilience, which included
the ability of CNT to reversibly undergo large non-linear deformations and also
their ability to survive a crash during impact. A 1-D atomic chain model can be a
qualitative model of CNT when it is considered as a 1-D Cosserat curve, provided
the appropriate numerical values of the elastic constants of CNTs are incorporated

in the potential forms.

3.4.2 Simulation of 1-D atomic chain in 3-D space

Figure 3.10 is an atomic chain fixed at one end under uniform loading. Figure
3.11 and Figure 3.12 show the deformation results of a 1-D chain in 3-D space

and of a 1-D chain in a 2-D space separately.

9 3

VYV VVYVYVYVYVYYYYN : 2

L

1

(L1

Figure 3-10: Cantilever atomic chain under uniform load
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"

Figure 3-11: Cantilever atomic chain under uniform load in 3-D space

S~

-38.11

Figure 3-12: Cantilever atomic chain under uniform load in 2-D space

Similarly, Figure 3.13 is an atomic chain model with two hinged ends under
uniform loading, and Figure 3.14 shows the deformation of a 1-D chain in 3-D

space, whereas Figure 3.15 shows the result of a 1-D chain in 2-D space.

Figure 3-13: Atomic chain with two hinged ends under uniform load
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Figure 3-14: Deformation of atomic chain with two hinged ends under uniform load in 3-D

space
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Figure 3-15: Deformation of atomic chain with two hinged ends under uniform load in 2-D

space

Same as in Figure 3.7, Figure 3.16 is a cantilever model under moment at the free
end in 3-D space. Figure 3.17 and Figure 3.18 demonstrate the deformations

computed for 1-D chain model in 3-D space and 2-D space, respectively.

)

Figure 3-16: Cantilever atomic chain under moment
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Figure 3-17: Deformation of cantilever atomic chain under moment in 3-D space
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Figure 3-18: Deformation of cantilever atomic chain under moment in 2-D space

In all the cases, the displacements in the 3-D space give slightly larger values than
the values in the case of 2-D space. This might be caused by two sets of different
parameters applied in the potential forms in these two models, and also the added
potential forms should have effects on the results of the final deformations as
well. However, the differences are less than 1.0%, so the agreement between the

results from the two atomic chain models is acceptable.
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3.4.3 The atomic chain as a dynamic rod

A dynamic rod is modelled to simulate an atomic chain under dynamic loading, as
shown in Figure 3.19. Atomic chain fixed at one end is modelled as a Cosserat
curve, and four sets of moment loading are applied to the chain model in-plane
and out-of-plane, the moments are twice larger as in the middle than at the end
point of the chain, in order to make an obvious curve that is easier to observe in
the results. The moment loadings change with time, increasing linearly to an
assigned peak value and then decreasing linearly to zero, as is shown in Figure

3.19.

M

2

il M32
3 M
N L
:I / 1
0
MZ] M2

Figure 3-19: Atomic chain dynamic rod

The kinetic energy is chosen of the form

1 1

where m is the mass, u is the velocity, @ is the moment of inertia, and y is the
rotational velocity, which holds relation of y = axial I'. I is the spin tensor,

which is related to rotation tensor R from

R=TR = T =RRT (3.35)
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(a) Deformation of dynamic rod on 1-3 plane at time step 100

(b) Deformation of dynamic rod on 1-3 plane at time step 150

(c) Deformation of dynamic rod on 1-3 plane at time step 200
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(d) Deformation of dynamic rod on 1-3 plane at time step 250
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(e) Deformation of dynamic rod on 1-3 plane at time step 300
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(f) Deformation of dynamic rod on 1-3 plane at time step 300

Figure 3-20: Deformation of dynamic rod on 1-3 plane
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(a) Deformation of dynamic rod on 1-2 plane at time step 100
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(b) Deformation of dynamic rod on 1-2 plane at time step 150

—

IDISPLACEMENTS|

33.515
I 29.791
26.067
22.343

18.619
14.895
£ 11.172

7.4477
3.7239
o

(c) Deformation of dynamic rod on 1-2 plane at time step 200
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(d) Deformation of dynamic rod on 1-2 plane at time step 250
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(e) Deformation of dynamic rod on 1-2 plane at time step 300
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(f) Deformation of dynamic rod on 1-2 plane at time step 350

Figure 3-21: Deformation of dynamic rod on 1-2 plane

-84 -



Chapter 3: Atomic Chain: Cosserat Curve

\ IDISPLACEMENTS|

(a) Deformation of dynamic rod in isometric view at time step 100
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(b) Deformation of dynamic rod in isometric view at time step 150
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(c) Deformation of dynamic rod in isometric view at time step 200
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(d) Deformation of dynamic rod in isometric view at time step 250

(e) Deformation of dynamic rod in isometric view at time step 300
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(f) Deformation of dynamic rod in isometric view at time step 350

Figure 3-22: Deformation of dynamic rod in isometric view
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With a total of 350 time steps, the configurations of the rod deformation in-plane,
i.e. on the 1-3 plane, are shown in Figure 3.20 at time step 100, 150, 200, 250, 300
and 350. Figure 3.21 shows the deformation of the rod in 1-2 plane at time steps
100, 150, 200, 250, 300 and 350. And Figure 3.22 gives an isometric view of the

configurations over the same time steps.

The simulation reflects whipping a soft rope, with force or moment applied in-
plane and out-of-plane. The external loading increases and decreases with time.
Figure 3.22 demonstrates a three-dimensional image of the process, which
altogether supports the idea that a 1-D atomic chain model deforming in 3-D
space could be considered for simulating CNTs under vibration or under similar

dynamic loading cases.

3.4.4 Simulation of atomic chain in torsion

We consider an atomic chain with two hinged ends, with the assumption that both
ends allow rotations, and one end allows horizontal movement. As the model of
the atomic chain is rather flexible, we can imagine it as a model of a soft thread.
First, we add a torsion loading at the end of the thread, as shown in Figure 3.23.
Keeping the deformation after torsion, we apply an instant small disturbance on
the thread to give it sideways deformation, which is only for the help of the
simulation, because in an ideal model, the atomic chain will not buckle under pure
compression. After the disturbance, we push one end of the thread to make it

bend. The whole loading process is shown in Figure 3.23 and Figure 3.24.
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e

Figure 3-23: Atomic chain model in torsion

Figure 3-24: A small disturbance and force to buckle
The simulation result shows, after the instant disturbance, that the thread tends to
vibrate about a random weak spot with small amplitude, which is shown in Figure

3.25. Because it is a one-dimensional model, we cannot see the torsion

deformation of the thread in the figure.

Figure 3-25: Deformation of atomic chain after small disturbance

Figure 3.26 demonstrates the simulation of thread coiling after the disturbance,

with the pushing load applied. In reality, if you take a thread, roll it at the ends,
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then the two ends bend together, it will result in a DNA-like shape, rotating and
twisting, similar to the deformation shown in Figure 3.26, which is the original

inspiration of this simulation.
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Figure 3-26: Simulation of atomic chain coiling up

Figure 3-27: Atomistic simulation of torsion of CNT (Yakobson et al. 1996)
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Yakobson et al. (1996) used atomistic methods to simulate the torsion of CNTSs,
the deformation pattern changed from a straight spiral to sideways buckling and
then coils into a loop, as shown in Figure 3.27. The abrupt change is large and
non-linear but reversible, that is, CNTs have ‘shape memory’. This very feature is
captured in the simulation of the atomic chain. It can be realized that the atomic
chain model and CNTs have a lot of elastic properties in common. They are
flexible in bending, and they can stand extremely large deformations while the
change is reversible. Although the numerical values of the results obtained from
atomic chain model may not match those of CNTs, they can still provide

qualitative information related to simulations of CNTSs.

3.4.5 Atomic ring: simulation of cross section of CNT under
bending

Kutana and Giapis (2006) presented bending deformations of CNTs by the use of
molecular dynamics simulations. Figure 3.28 was given as transient deformations
of the cross section of SWCNTs under bending. Vodenitcharova and Zhang
(2004) also simulated an atomic ring, cross sectional view of deformed CNT
under bending is shown in Figure 3.29. Motivated by these results, an atomic
chain, in this case, an atomic ring is simulated as a cross section of a CNT under
bending. When CNT is in bending, the bottom of the tube is under tension and the
top of the tube is under compression. Thus, it is simulated as a radius-inward
pressure at the top of the ring and a radius-outwards stretch at the bottom of the
ring, as shown in Figure 3.30. Figure 3.31 depicts the deformed atomic ring as

simulated using the present approach.
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Figure 3-28: Transient deformations of the cross section of SWCNTSs under bending (Kutana

and Giapis, 2006)

v

/.

Figure 3-29: Deformed atomic rings in simulating cross section of CNT under bending

(Vodenitcharova and Zhang, 2004)

Figure 3-30: Sketch of the strategy of atomic ring in simulation of CNT in bending
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Figure 3-31: Deformed atomic ring in simulating cross section of SWCNT under bending

The real physical meaning of an atomic chain is still under development. All the
results given in the sections above are only qualitative results, which, however,
capture the elastic behaviour of CNTs in qualitative terms. Although the results do
not provide quantitative properties of CNTs, atomic chain models do establish a
good preparation for the next step of modelling SWCNTSs as Cosserat surface,
where the quantitative descriptions for elastic properties of SWCNTs will be

demonstrated in Chapter 4.
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Chapter 4

Single-walled Carbon Nanotube:

Cosserat Surface

This chapter applies the Cosserat surface theory in modelling and simulating
carbon nanotubes’ (CNTs) behaviours. CNTs are modelled as unrolled two-
dimensional graphite sheets or as cylindrical shell models. Potential forms are
applied as described in Section 2.4, where, in this chapter, the in-plane and out-of-
plane contributions are considered for the calculation of stress fields and moment
fields. The mechanical properties of CNTs, such as Young’s modulus and Poisson
ratio are predicted as tension and bending models, and the deformations of CNTs
under bending, compression and torsion loadings are simulated in Section 4.2 to

Section 4.6.
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4.1 Carbon nanotube modelling

In two dimensions the potential for CNTSs is in the form of

VREBO = Z Z [VR (7'1]) - EIJVA(TU)] (4.1)

i j=it1
with
Vr(r) = f.(r) (1 + g) Aexp(—ar) (4.2)
3
V) = £o(r) ) Bue P (43)
n=1
and
( 1 r<R;
n(r —R;)
f(r) = { {1 + cos Iﬁl}/Z R <r <R, (4.4)
2 1
k 0 r >R,
while
_ 1
by =5 (b5 + b ™) (45)
where
-1/2
b =1+ D fux (u)G(cos6, ,K)] (4.6)
K(%L,))
5
G(cos 9,],() = Z a, (cos BUK)n (4.7)
n=0

where all the quantities are already defined in Section 2.4. The potential is
expressed as a function of the three bond lengths and the three bond angles. If an
atom A and its neighbouring atoms are as shown in Figure 4.1, the potential can
be expressed as V = V(rug, Tac) Tap» Osac, Oap, Ocap), Where 45, 14 and ryp, are

the deformed bond lengths of A-B, A-C and A-D bonds, and 8z 4¢, 8gap and B¢c4p
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are the deformed bond angles between A-B and A-C, between A-B and A-D and

between A-C and A-D bonds.

Figure 4-1: Atom A and its first and second nearest neighbours

One may notice, there are also second nearest neighbouring atoms(B,, B, C;, C5,
D;, D,) involved in the potential form. To avoid the lengthy expansion of the total
energy form, here only the formula for atom A and its neighbours is derived. The
same method is applied to atom B, C and D, which gives the final total potential

form in terms of U and & (See Appendix C).

We recall the definition of the curvature tensor

xll le %13
K =¥y Koz Koz (4.8)
0 0 0
and the strain tensor
U11 U12 U13
U=|Uz Uz Uss (4.9)
0 0 1

The components U3, U,3 , K73 and K,5 contribute to the extra terms for shear

energy and spin energy in the total energy formulation. Two principal directions

-95-



Chapter 4: Single-walled Carbon Nanotube: Cosserat Surface

V;and V; can be found on the reference plane. Let A, and A, be the components
of the undeformed vector A4 along V; and Vydirections, which then rotate to A]
and A, by the rotation tensors R; and R, as shown in Figure 4.2, which define

the micro-rotation on the reference plane.

Figure 4-2: Micro-rotation on the reference plane

The principal curvatures k; and k;; can be obtained from the equation

det jcll —k *7(:1

X, 2 =0 (4.10)

Then, we have

(%11 + *7(22) i \/(:K:ll + *7(22)2 - 4‘(76117622 - %12:7(21)
2

kyy = (4.11)

The principal directions can be obtained from

Moo e J =G
412
%21 2kl ) (4:12)

They are normalized by
V1,12 + Vz,l2 =1 (4.13)

resulting in
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1
Vi
Kis — ki’
[
1
Vo = (4.14)

14 ={V1'“}=< \ (4.15)
T Vo 1 '

The lattice vector A’ is the vector that the undeformed lattice vector A rotates to

after applying the micro-rotation tensor, which is given by

A = A,+A4, = R,A, + R,A, (4.16)
where
A, = (V- AV,
Ay = (V- A)Vy (4.17)
Finally
A =R,(Vi-A)V;+ R,(V|;- AV, (4.18)
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The final deformed lattice vector a’ is obtained after rotating by R then after

stretching by U, which is expressed as
a =UA = URl(VI . A)VI + URz(VH . A)VH

The vector length after stretch is

a=+UTUA" = UTUA
The strain energy density is the total potential of the atom over the area

V(rag) + V(rac) + V(rup)

WO(Ui gc: E) = SO

where S, = (3v3/2)A%, A, is the undeformed bond length, and
V(rap) =V (tap, Tac: Tap, Oac, Opap)
V(rac) = V(rac,Tap, Tap, Opac, Ocap)
V(rap) = V(Tap, Tap, Tac) Osap, Ocap)
Considering the shift vector
T4 = F(rgp +1)
T4 = F(rjc +n)

rap = F(rjp + 1)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

Since the length doesn’t change during the rotation, the deformed bond length

only depends on the strain tensor U

rap(U, M) = \/(rgB +n)-UTU - (rgB +1)

Tac(U,m) = \/(Tgc +n)-UTU- (rgc +n)

Tap(U,m) = J(rgu +n)-UTU- (Tgb +n)

(4.24)
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where 195, r3. and 3, are the undeformed bond vectors between A-B, A-C and
A-D atoms.
On the other hand, the bond angles are related to the curvature tensor &
T4 = UR (V- (rag + M)V + UR,(Vyy - (135 + M)V
T4c = UR (V- (rac + M)V + UR,(Vyy - (e + m)Vy
The bond angle between A-B and A-C bond can be obtained from

Tap " Tac
Opac = arccos ——
TaBTac

R (Vy- (s +mMIVi+ Ry (Vi - (rgp +MIVi) - UTU - (R (Vi - (rde + MIVi + Ry (Vi - (3¢ + M)V

08 +m - UTU - 02, +m) [+ ) UTU - (15 + )

= arccos

Similarly, we can get the other two bond angles from

Tap = UR (Vi - (rdp + M)Vi+ UR,(Vy - (rdp + M)V

Tap " Tap
Op4p = arccos ——
TaBTaD
Tac " Tap
Ocap = arccos ——— (4.25)
TacTap

Define the bond lengths 145, 14¢, Tapas a; (i=1,2,3) and the bond angles 8z 4.,
Opap, Ocapas 0; (i=1,2,3), then the potential can be expressed in terms of U, K
and n. For simplicity, we write W instead of W, to present the strain energy
density for the rest of this section. Then the internal degree of freedom i can be
determined by minimizing the strain energy density W (U, C; ) with respect to n

ow
e 0 = n=nU%X) (4.26)

ow i <aw da; oW aei)
on  4u\da; 0n = 06; dn

=1

(4.27)

Strain energy density W again can be written as a function of the strain tensor U

and the curvature tensor I
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The force tensor can be obtained from

where

The couple tensor can be calculated from

where

ow
0K ap

The tensor-like stretch modulus reads

n=

with the relation of

one can derive

Then n is obtained as

w =w(U,%;n(U,%)) (4.28)
_dW_6W+6W611_6W 49
T dU AU  onoU AU (4:29)
oW _i<aw da, oW aei> 430
aUab B — aai aUab agl aUab ( ' )
=
_dW_6W+6W6n_6W 131
T dK K on K 0K (4:31)
3 3
_Z<6W da; 6W d0; ) Z oW 06; 432
- £i\dg; ajcab 00; 0Kap) ~ £2406; 0 (4:32)
ds _0s 9S g _ 9°'W  9*W dn
+— + — (4.33)
dU —aU " ony 9U ~— uau " auan aU
a(ow/om)
auj
6(6W/611)+6(6W/611) on
ou on ou
om _ [(PW\ T W
oU  \onon onou
_w o a*w [(Pw\T a*w 134
~ QUAU 09Udn \onon onou (4:34)
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where

ZZ 0°W 0da; 0da; N 0°W 06, 0da; +6W 0%q;
aUabaUkl aaiaaj aUkl 6Uab 661169] aUkl E)Uab aal— aUabaUkl

i=1j=

62W aaj 69 " 62W 69] 691 +6W 629i
69 aa] aUkl aUab a@laej (?Ukl (?Uab ael aUabaUkl

ii( W 0a; da;  O?W 06, da; OW 0%a,

6Uab6np da;0a; dny, 0Ugy + 0a;06; 0ny, AUy + da; 0Uqp, 01y,

i=1j=1

0°W 0w 06, 0°W 06; 96, oW 0%,
69 aaj anp aUab 69169] aT]p aUab 691 aUabaT]p

ii( W da; da; 0°W 06, da; W 9%a
=1 =1

+ +
anpanq da;da;dn, 0n, 0a;060;9n,0m, da; 0n,0n,

0*W 0da; 06; N 0*W 06; 90, +6W 0%6; )
60 i0a; dng on,  00;00;9n,0n, 06; In,dn,

ii(azw da; da; W 068, da; W da

anankl aaiaaj aUkl aT]q + aalaej aUkl aT]q + aai 577q5Ukl

i=1j=1

O'W_da 06, 0*W 06, 36, oW 0%,
60 aaj aUkl aT]q 60160} aUkl anq 691 anankl

The tensor-like bending modulus reads

dr _oT OT oy _ 0°W  0°W oy
m=—-=—+ .—  (435)
AKX ~ 0K " on 9K~ oXox ' oxan oK

Similarly from

d@w/om)

ax
om _ [(PwW\ T a*w
0K \onon oK

m=

2w cw  [o*w\ - a*w
(4.36)

KoK oxon \onon) onox
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where

ii 0°W_04; da  0*W 06, da,
ajCabajCkl aaiaa]- ajCkl aii(ab aalaej aﬂCkl a:](ab

i=1j=1

aW 0%a; *W 0da; 006, N *w 06; 006,
aal aj(‘abag(kl 69 aa] G?Ckl 07(ab 09169] aj(kl aj(ab

LW 0%,
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In the non-linear calculation, the minimizing of the strain energy density
W (U, %; p) with respect to n carries out by an updating procedure where the

change of n is calculated by

92w ow 2w\ tow
n=— - (4.37)

Ap=——— = A
anon 1 on =z anaon on
By inserting i into the potential, the stress fields and the modulus fields can be

calculated via a finite element method presented in Section 2.5.

4.2 Graphite sheet: Young’s modulus and Poisson

ratio

[jimia (1991) discovered CNTs and predicted SWCNTSs’ Young’s modulus to be
about 1TPa. The following years much experimental research had been carried out
to confirm CNTs’ Young’s modulus. Tension tests, bending methods, thermal
vibration tests had been applied, and the experimental results of Young’s modulus
for SWCNTSs ranged from 0.81TPa to 1.28TPa (Wong et al. 1997, Krishnan et al.
1998, Salvatat et al. 1999). Meanwhile, some researchers concentrated on

theoretical studies of the elastic modulus of CNTs. Various theories and
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methodologies had been presented, and the reported numerical values for Young’s
modulus of SWCNTs ranged from 0.5TPa to 6TPa, as shown in Table 4.1. The
experimental data demonstrated a large scatter already due to the high frequencies
of errors from machines and manual processing at the nano-scale. Compared with
a range of 0.47TPa from experimental results, more surprisingly the theoretical
results have a range of scatter up to 5.5TPa. Yakobson (1996) first addressed this
ridiculous large scatter of the reported results for CNTs” Young’s modulus, which
is now known as ‘Yakobson’s paradox’. Huang et al. (2006) discussed this issue
and identified the cause of “Yakobson’s paradox’ as being the ‘ill-defined” CNTs’
wall thickness from various theories and methodologies and also different types of

loading situations.

Theoretically, the tension rigidity, or just ‘Eh’, should be good enough to present
the elastic tension properties of CNTs, however, to compare with other authors’
results, here we apply the linear classical continuum mechanics assumption of
shell theory, which leads us to solve for Young’s modulus E, Poisson’s ratio v,
and a case by case defined wall thickness h. The tension rigidity is the 11-11
component of the stretch modulus

Eh

111 =57 5
1—v2

(4.38)
Poisson’s ratio is captured in the 11-22 component of the stretch modulus-like

tensor

Eh
Ny122 =V 1= 1/2 (4‘39)

and the bending rigidity is the dominating component in the bending modulus

defined as m*
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L 4.40
T 120 -9 (4.40)

From (4.38) to (4.40), Poisson’s ratio can be calculated by

n
v = 22 (4.41)

Ni111

The defined tube wall thickness is given by

m*
h= |12 (4.42)
N1111
and Young’s modulus is expressed as
1—v?
E=n111 A (4.43)

In this section, we consider a graphite sheet with the reference configuration being
a flat surface lying in the 1-2 plane. Two methods are considered to calculate
Young’s modulus. One is via tension simulation by stretching the graphite sheet,
which provides the results of Poisson’s ratio v and tension rigidity Eh, while the
other method is by bending a sheet fixed at one end providing a cantilever which
has bending rigidity involved, and so provides the virtual wall thickness to finally

compute Young’s modulus.

Figure 4.3 shows a sketch of the tension method. A graphite sheet under uni-axial
loading is designed. Due to the geometric symmetry, we take one quarter of the
sheet, and set the boundary as shown in Figure 4.3, which allows stretching in
direction 2 and breathing in direction 1. b is the width of the sheet, L is the length,
and p is the uniform stretch loading in direction 2 and u is the displacement in
axial direction. A zigzag SWCNT is studied, and L is chosen to be 8nm, while b is

changing from 1nm to 8nm.
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Figure 4-3: Graphite sheet under uniform stretch loading

Young’s modulus E can be also calculated with the stress-strain (o — €) relation as

o= n= Ee (4.44)

The p-¢ relation is given in Figure 4.4 for b=1, 2 and 3nm, where the vertical axis
p is defined by units of force per length and the horizontal axis is the change in
length. The p-¢ relation is non-linear, which means the modulus-like tensor and
further the tension rigidity both change when the loading increases. As Figure 4.4
shows, there is a trend that the tension rigidity decreases with an increasing sheet
width, but the beginning ratios for all cases have only small differences. The
values, i.e. the tension rigidity, change from 240 N/m to 800 N/m. If the initial
value is chosen to be the tension rigidity, which provides Eh= 240 N/m
(0.240TPa.nm), the result is similar to the values obtained from Arroyo and
Belytschko (2004), Guo et al. (2006), and Wang et al. (2006), where results of
SWCNTs’ Young’s modulus up to 0.69TPa with wall thickness of 0.334 or

0.34nm, i.e. En=0.230 or 0.235TPa.nm were presented.
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If we do not consider the initial value to calculate Young’s modulus, some value
in the non-linear p-¢ relation curve has to be found to define it. For simplicity, one
can select a changing point as shown in Figure 4.4, and calculate the proportional
ratio as well as the value of Eh. Alternatively, we select the changing point and
define a selected area, e.g. 50 points around the selected point, and refer to the
values of n;;;; and n,;,,, and then calculate the average value of Eh and v . The
latter method is chosen here. From the selected point and selected area, we find
the stretch modulus-like tensor components, and then from the relation of tension
rigidity and shear component, the results have been computed with an average
Eh=320.5N/m and an average Poisson ratio of 0.395. If the wall thickness is
chosen to be 0.34nm, which is the effective SWCNT wall thickness provided by
most of other authors, then Young’s modulus of graphite sheet attains the value of

0.943TPa, which is within the range of experimental results.

f Vi

E
~
E e 1 nm
o _-
— ) NM
3nm
0 0.005 0.01 0.015 0.02 0.025

Figure 4-4: Strain and stretch loading relationship from tension method
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The bending method is sketched in Figure 4.5. A cantilever graphite sheet is under
uniform loading in the third direction. A zigzag SWCNT with L = 8nm, while b is
changing from 1nm to 8nm, is investigated. The loading and displacement
relationship is also non-linear, so we use the same method to select the point and
area and find the dominating bending modulus-like tensor component from the
calculation. With the bending method, and from the relation of the bending
rigidity and tension rigidity, an average Young’s modulus of graphite sheet of
5.526TPa is calculated, with a corresponding average wall thickness of 0.058nm.
A comparison of numerical results for Young’s modulus, wall thickness and
tension rigidity of SWCNTSs or graphite sheets with other authors is presented in

Table 4.1.

P

1 7

LLL LS
I
l——

Figure 4-5: Graphite sheet under bending with uniform loading at the free end

It shows little differences of Young’s modulus and Possion ratio with respect to

the sheet width and sheet aspect ratio b/L in this graphite sheet computation.
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Natsuki et al. (2004) calculated Poisson ratio, they presented results varied from
0.27 to 0.33 for zigzag SWCNTSs. Avila and Lacerda (2008) reported an average
Poisson value of SWCNTs ranging from 0.15 to 0.29. Arroyo and Belytschko
(2004) applied expentential Cauchy-Born rule by using the first generation
Tersoff-Brenner potential and gave poisson ratio to be 0.412. Guo et al. (2006)
used higher order Cauchy-Born rule by using the same interatomic potential form
as Arroyo and Belytschko (2004), and they obtained Poisson ratio to be 0.429. The
Poisson ratio obtained from second generation Brenner potential, which is closer
to the ones reported from atomistic methods, is observed to be lower than the one
computed from first generation potentials which proves that the second generation

Brenner potential is more adequate to describe the internal structure of CNTs.
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Table 4-1: Comparison of Young’s modulus and tension rigidity

Wall Young’s Tension

Authors thickness modulus rigidity

h (nm) E (TPa) Eh (N/m)
Yakobson et al. (1996) 0.066 55 363.0
Hernandez et al. (1998) 0.34 1.24 421.6
Zhou et al. (2000) 0.074 5.1 377.4
Tu and Ou-yang (2002) 0.075 4.7 352.5
Gao and Li (2003) 0.066 5.5 363.0
Jin and Yuan (2003) 0.34 1.238 420.9
Li and Chou (2003) 0.34 1.01 343.4
Pantano et al. (2004) 0.075 4.84 363.0
Tserpes and Papanikos (2005) 0.147 2.395 352.1
Guo et al. (2006) 0.34 0.69 234.6
Wang et al. 1 (2006) 0.34 0.69 234.6
Meo and Rossi (2006) 0.34 0.945 321.3
Wang et al. 2 (2006) 0.334 1.01 337.3
Avila and Lacerda (2008) 0.34 1.005 341.7
Lei etal. (2011) 0.34 1.04 353.6
Parvaneh and Shariati (2011) 0.34 1.170 397.8
Present 0.058 5.526 320.5
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4.3 Cylindrical shell model: tension

Cylindrical shell model under stretch is designed as shown in Figure 4.6. Uniform
stretching load is applied at both ends of the cylindrical shell. The length of the
tube is fixed to L=8nm, the load at both ends is of a constant value of F=16nN,
while the uniform load applied is p=16nN/b, with b being the width of sheet and
b = D, where D is the diameter of the tube, and u is the displacement. Since the
displacement and force curve is non-linear, it is again flexible to choose which
tangent value to go for and we decide to use a different method from Section 4.2.
So we choose the alternative straight forward method, in this case, to calculate

SWCNT’s Young’s modulus directly from the displacement u, with the relation

L— 4.45
vl (4.45)

.

p — —
<+ —>
<+ —>
- —
Pa— —

Figure 4-6: Sketch of cylindrical shell model under tension
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First, an armchair SWCNT is studied and tube diameters are chosen from
0.407nm increasing to 4.746nm, i.e. from (3,3) to (35,35) armchair SWCNTSs. In
order to compare the results reasonably with other authors’ results, the effective
wall thickness is chosen to be 0.34 nm as they did. Part of the results of
deformations of SWCNT under stretching are shown in Figure 4.7. Results of
values are listed in Table 4.2. The dependence of Young’s modulus of armchair

SWCNT on tube diameter is shown in Figure 4.8.

(@) Deformation of cylindrical shell under tension (D=0.542nm; L=8nm)

(b) Deformation of cylindrical shell under tension (D=0.949nm; L=8nm)
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(c) Deformation of cylindrical shell under tension (D=1.898nm; L=8nm)

(d) Deformation of cylindrical shell under tension (D=3.254nm; L=8nm)

(e) Deformation of cylindrical shell under tension (D=4.339nm; L=8nm)

Figure 4-7: Deformation of cylindrical shell model under tension
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Table 4-2: Dependence of Young’s modulus on tube diameter for armchair

SWCNTs
Displacement Tension rigidit Y ’ dul
Diameter D (nm) isp u i igidity oung’s modulus
(nm) Eh (N/m) (TPa)

0.542 0.226237 332.0 0.977
1.085 0.134154 280.0 0.823
1.492 0.103227 264.6 0.778
1.898 0.083827 256.0 0.753
2.305 0.070461 250.8 0.738
2.848 0.057684 248.0 0.730
3.390 0.048704 246.8 0.726
3.797 0.043567 246.3 0.724
4.746 0.035005 245.2 0.721
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Figure 4-8: Dependence of Young’s modulus on tube diameter for armchair SWCNTs
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The same method is applied to zigzag SWCNTs with length L=8nm, and F=

16nN. Accordingly, (6,0) to (60,0) zigzag SWCNTSs are studied. Part of the results

are listed in Table 4.3. The resulting values of Young’s modulus for zigzag

SWCNTSs as well as for armchair SWCNTSs are converging at 0.72TPa. Parvaneh

and Shariati (2011) applied atomistic modelling with the help of the software

ABAQUS, produced results for Young’s modulus of zigzag SWCNTSs under axial

tension and compared it with two other authors, as shown in Figure 4.10. The

results computed in this research, as shown in Figure 4.9, are in good agreement

with Natsuki et al. (2003) when the tube diameter is less than 1nm, and the results

are in good agreement with Shen and Li (2004) when tube diameter is larger than

Inm.

Table 4-3: Dependence of Young’s modulus on tube diameter for zigzag SWCNTS

Diameter D (nm)

Displacement u

Tension rigidity

Young’s modulus

(nm) Eh (N/m) (TPa)
0.470 0.212707 407.8 1.199
0.783 0.157699 330.0 0.971
1.252 0.113149 287.5 0.846
1.722 0.088466 267.4 0.786
2.192 0.072412 256.7 0.755
2.662 0.060748 252.0 0.741
3.131 0.052113 249.7 0.734
3.601 0.045597 248.1 0.730
4.697 0.035132 246.9 0.726
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Figure 4-9: Dependence of Young’s modulus on tube diameter for zigzag SWCNTSs
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Figure 4-10: Dependence of Young’s modulus on tube diameter for zigzag SWCNTS

(Parvaneh and Shariati, 2011)

Lei et al. (2011) presented a molecular mechanics model to predict Young’s
modulus of SWCNTSs. They obtained the curve of results with the same trend, as
shown in Figure 4.12, although they arrived a minimum value of Young’s

modulus around 1.04TPa, and showed that Young’s modulus of zigzag SWCNTSs
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is slightly larger than the one of armchair SWCNTs. We obtained comparable

results, and the values become very close with the tube diameter increasing.
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Figure 4-11: Comparison of Young’s modulus for armchair and zigzag SWCNTSs
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Figure 4-12: Comparison of Young’s modulus for armchair and zigzag SWCNTSs (Lei et al.

2011)
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4.4 Cylindrical shell model: bending

4.4.1 One end fixed bending

First a cylindrical shell under bending is considered with one end fixed and
external force applied at the free end, as shown in Figure 4.13. An armchair
SWCNT is modelled, with length L=16nm and a diameter changing from

0.407nm to 4.746nm. The deformation after bending is as shown in Figure 4.14.
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Figure 4-13: Sketch of one end fixed cylindrical shell model under bending
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Figure 4-14: Deformation of one end fixed cylindrical shell under bending (D=4.339nm;

L=16nm)
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Within small deformations, from classical continuum mechanics beam theory, the
deflection at the free end has a relation with the external force as

FL3 FL3

w T 3w

I is the cross section moment of inertia which is calculated as
1 4 4
I == m(D; = D) (4.47)

with D, and D; as the outer and inner diameters of the cylindrical cross section, as
shown in Figure 4.13. If h is defined as the thickness of the shell, then D, = D +
hand D; = D — h, where D is the diameter of the mid-surface of the cylindrical

shell. Hence
1
I = gn(D3h + Dh?) (4.48)

which means that with the bending rigidity El obtained from this model and the
tension rigidity Eh computed from a cylindrical shell stretching model, we can

compute the shell thickness as we did in the graphite sheet model.

Results of bending rigidity EI against diameter are shown in Figure 4.15. Young’s
modulus, calculated for h=0.34nm, is shown in Figure 4.16. For models with
diameter under 1nm, we obtain extremely high values of Young’s modulus, but
with the diameter increasing to more than 2nm, it tends to be steady around 0.72
TPa, similar to the results obtained from the cylindrical shell tension model, only
slightly larger. Young’s modulus has been calculated for h=0.058nm, as well as
for h=0.34nm and for h=0.15nm. The results computed from cylindrical shell
tension model, and from this bending model with different tube thicknesses are
compared in Figure 4.17. For three sets of different diameters separately, they all

converge to the same value eventually, for h=0.34nm E=0.72TPa, for h=0.15nm
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E=1.62TPa, and for h=0.058nm E=4.26TPa. By observing the results, it is
obvious that for predicting Young’s modulus, tension models give much more

stable results compared to bending models.
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Figure 4-15: Relationship of bending rigidity against tube diameter (one end fixed bending)
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Figure 4-16: Relationship of Young’s modulus against tube diameter for cylindrical shell

mode under bending (one end fixed bending)
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Figure 4-17: Comparison of Young’s modulus for cylindrical shell model from tension

method and bending method with different wall thickness (h)

Gao and Li (2003) applied a simple Bernoulli-Euler beam theory and used
molecular potential energy. By considering bending for a graphite sheet treated as
a unrolled SWCNT, they derived similar curve for Young’s modulus as function

of the wall thickness as shown in Figure 4.18.
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Figure 4-18: Young’s modulus varying with SWCNT wall thickness (2T) (Gao and Li, 2003)
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4.4.2 Two end fixed bending

A second example of cylindrical shell model under bending is designed with both

ends fixed and an external force applied in the middle, as shown in Figure 4.19.

An armchair SWCNT with length L=16nm and a diameter changing from

0.407nm to 4.746nm, is studied. Deformation after bending is shown in Figure

4.20.
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Figure 4-19: Sketch of two end fixed cylindrical shell model under bending
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Figure 4-20: Deformation of two end fixed cylindrical shell under bending (D=3.390nm;

L=16nm)
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From classical continuum beam theory, the deflection in the middle of the beam
has a relation with the external force as

FI3 e
= = =
W = 192E] 192w

(4.49)

The results of bending rigidity El against diameter as well as comparisons with
results from the case of one end fixed cylindrical shell are shown in Figure 4.21.
Results of Young’s modulus calculated for h=0.34nm and comparisons with
results from cylindrical shell tension method and cylindrical shell with one end

fixed model are shown in Figure 4.22.

As for Young’s modulus, two end fixed model also presents a super large value
for those sets with tube diameter under 1.5nm, which might be caused by the
effects of the large ratio between tube wall thickness and the small tube diameter
in application of shell theory in bending situation. These large values drop down
fast with tube diameter increasing. Not only with this drawback, the model does
not produce Young’s modulus converging at 0.72TPa, the value keeps going
down towards zero with a large tube diameter. This might be caused by the local
bending of SWCNT structure. As demonstrated by Parvaneh and Shariati (2011)
with atomistic modelling, for two end fixed SWCNTSs, there was global bending
which happened with a large aspect ratio (L/D), and there was local bending that
happened with a small aspect ratio, as shown in Figure 4.27. With local bending
of SWCNT, the bending happens at the surface of the tube locally and does not
affect properties for the rest of the tube, therefore the elastic properties of
SWCNTSs cannot be calculated with equations from classical continuum beam

theory anymore.
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Figure 4-21: Relationship of bending rigidity against tube diameter and comparison (two end

fixed bending)
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Figure 4-22: Relationship of Young’s modulus against tube diameter for cylindrical shell

mode under bending and comparison (two end fixed bending)
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4.4.3 Simply supported bending

This cylindrical shell model is designed to be simply supported and with external
force applied in the middle, as shown in Figure 4.23. An armchair SWCNT with
length L=16nm and a diameter changing from 0.407nm to 4.746nm, is studied.

Deformation after bending is shown in Figure 4.24.

Figure 4-23: Sketch of simply supported cylindrical shell model under bending

2.4835
Iz 3031
2.1227
1.9422
- 1.7618
L 1.5814
- 1.401
1.2208
1.0401
= 0.85873
[\
@

Figure 4-24: Deformation of two end fixed cylindrical shell under bending (D=1.898nm);

L=16nm)
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Under small deformation, classical continuum beam theory gives the deflection in
the middle of the beam related to the external force as

FI3 . FI3
= = =
W = 18El 48w

(4.50)

Results from the bending rigidity EIl against diameter and comparisons with the
other two bending models are shown in Figure 4.25. The pattern of bending
rigidity from simply supported cylindrical shell model is similarly parallel to the
pattern of the two fixed end model. A value of EIl for the tension model is also
calculated, with Young’s modulus obtained from the tension model and the cross
sectional moment of inertia for tube diameter h=0.34nm. The values are slightly
smaller than the ones obtained from the one end fixed bending model but they

coincide after 3nm.

Young’s modulus is also computed for simply supported bending model with wall
thickness h=0.34nm and comparisons with the other two bending models along
with cylindrical shell tension model is shown in Figure 4.26. The result for
Young’s modulus is that it is smaller in the case of simply supported cylindrical
shell model than in the case of two end fixed bending model. The values drop
down fast and tend towards zero as those given by the two end fixed bending
model. At diameter between 2.2 nm and 3.4nm, i.e. aspect ratio between 4.7 and
7.3, all four sets of models can provide reasonable results. When the diameter is
smaller than 1nm, three sets of bending models produce unreasonable large values
of Young’s modulus, which might be because that the tube radius is similar to the
tube thickness, then Cosserat surface which models SWCNT becomes a thick

shell, or even an almost solid beam, therefore the result of calculation from
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Cosseart surface shell theory is no longer valid anymore in the bending situation.
When the tube diameter is larger than 3nm, the tension model and the one end
fixed bending model provide similar Young’s modulus of 0.72TPa, whereas the
two end fixed and simply supported cylindrical shell model produce results
towards zero, which is not reasonable, since the local bending mode as mentioned
before would be involved and the SWCNT structure at the surface might have
changed, thus the equations from classical elastic beam theory can no more be

applied for computations.
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Figure 4-25: Relationship of bending rigidity against tube diameter and comparison

(two end fixed bending)
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Figure 4-26: Relationship of Young’s modulus against tube diameter for cylindrical shell

mode under bending and comparison (two end fixed bending)

From all the results shown above, a conclusion is drawn with respect to the
application of shell model for SWCNT in bending, that in case of prediction of
Young’s modulus, direct tension model can provide reasonable results, and one
end fixed bending model can produce similar results with a large tube diameter,
whereas two end fixed and simply supported bending models only can be trusted
within certain range. All three sets of bending models lead to unreasonable large
values of Young’s modulus when the tube diameter is smaller than 1nm, which
indicates that bending models in calculation of Young’s modulus have to be
applied carefully, and a serious consideration should be taken before using
equations from classical beam theory or shell theory because some of the

assumptions may not be valid any more when the wall thickness and the tube
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diameter are of the same order, or when the inner structure of SWCNT changes

during the calculation.

Parvaneh and Shariati (2011) adopted atomistic modelling and presented four
type of bending deformations with, (a) global bending of one end fixed SWCNT,
(b) local bending of two end fixed SWCNT, (c) global bending of two end fixed
SWCNT, and (d) global bending of simply supported SWCNT. We simulate the

same four types of bending modes, as shown in Figure 4.28.

Figure 4-27: Global bending and local bending of SWCNTSs (Parvaneh and Shariati, 2011)

(b)

(9)

Figure 4-28: Different bending modes of SWCNTSs
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4.4.4 Two end fixed bending (under uniform loading)

Yang and E (2006) suggested an example of an armchair SWCNT, where a force
was applied to each atom of the tube in vertical direction. The configurations of
the deflected SWCNT are shown in Figure 4.29. And the maximum deflections of
SWCNT calculated by molecular dynamics (MD), Euler-Bernoulli beam theory

(linear) and local Cauchy-Born rule (LBC) are shown in Figure 4.31.

Figure 4-29: Configurations of deflected armchair SWCNT (Yang and E, 2006)

Figure 4-30: Configurations of deflected armchair SWCNT under uniform loading
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Similar calculation is carried out in this research for a (9,9) armchair SWCNT
with tube length L=24nm. The configurations of deflected SWCNT are shown in
Figure 4.30, and the relationship between maximum deflection and external load
is shown in Figure 4.31. Both of the figures are in good agreement with results
from Yang and E (2006). They pointed out that, with large deflection, continuum
theory will no longer hold because two ends of the tube will buckle as shown for

the last tube in Figure 4.29 and Figure 4.30.
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Figure 4-31: Relationship of maximum deflection and external load (Yang and E, 2006)
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Figure 4-32: Relationship of maximum deflection and external load
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4.5 Cylindrical shell model: buckling

For one end fixed cylindrical shell, two types of buckling modes have been
observed in this research, as shown in Figure 4.33. Yakobson et al. (1996) adopted
molecular dynamics method to simulate buckling of SWCNTs under axial
compression, and provided the simulations as shown in Figure 4.34. Our

cylindrical shell in this research is able to capture the first two buckling patterns.

o
¢ =»

Figure 4-33: Two buckling patterns of SWCNTSs under axial compression

Figure 4-34: Simulations of buckling patterns of SWCNTs under axial compression

(Yakobson et al. 1996)
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For a cylindrical shell with applied compression at both ends, as shown in Figure

4.35, the buckling deformation is shown in Figure 4.36.

l\r vy Vv
In A A A

Figure 4-35: Sketch of cylindrical shell model under stretching

Figure 4-36: Deformation of cylindrical shell under compression (D=4.266nm; L=8nm)

Zigzag SWCNTSs are studied, with the tube length fixed to L=16nm, and the tube
diameter ranging from 0.939nm to 3.757nm. The critical bucking strain is
captured via a force-strain relationship as shown in Figure 4.37. The same method
is applied to capture the critical strains for SWCNTSs with length L=16nm as listed
in Table 4.4 and plotted out in Figure 4.38. It is shown that the critical buckling
strain decreases when the tube diameter increases for a fixed length, but the

differences are not significant.
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(a) Force-strain relationship of cylindrical shell under compression (D=3.288nm;
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(b) Force-strain relationship of cylindrical shell under compression (D=3.757nm;

L=16nm)

Figure 4-37: Force-strain relationship of cylindrical shell under compression with various

tube diameters

Table 4-4: Critical strains for zigzag SWCNTSs with different tube diameters

Diameter (nm)

0.939

1.409

1.879

2.348

2.818

3.288

3.757

Critical strain

0.0417

0.0334

0.0286

0.0259

0.0231

0.0202

0.0174
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Figure 4-38: Critical strains of zigzag SWCNTs under compression with fixed length

Variations of critical strain with respect to tube diameter are compared in Figure
4.39 with results from three other authors all of which gained from atomistic
simulations. While Wang et al. (2005) fixed the tube length to 10.1 nm, Zhou et
al. (2007) fixed the tube length to 11.0 nm. Their specimens were also studied
with different chiralities. Differences in tube lengths and chiralities may be the

cause of the differences in critical strains.
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Figure 4-39: Comparison of variation of critical strains with respect to tube diameter
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Second sets of zigzag SWCNTSs are studied with respect to the aspect ratio L/D,
by fixing the tube diameter to D=1.409nm with the tube length ranging from 8nm
to 40nm. The critical bucking strain is captured from the force strain relationship
as shown in Figure 4.40. It is shown that the curve of the force-strain relationship
here varies from what is shown in Figure 4.36, where the aspect ratio is relatively
small. Apparently after a certain aspect ratio, the force-strain relationship
decreases beyond the critical strain, i.e. the tube is less stiff. Critical strains for

SWCNTSs with diameter D=1.409nm are listed in Table 4.5.

0.0130155

0 0.005 0.01 0.015 0.02 0.025

(@) Force-strain relationship of cylindrical shell under compression (D=1.409nm;

L=32nm)

0.0072086

0 0.005 0.01 0.015

(b) Force-strain relationship of cylindrical shell under compression (D=1.409nm;
L=40nm)
Figure 4-40: Force-strain relationship of cylindrical shell under compression with various

tube lengths
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Table 4-5: Critical strains for zigzag SWCNTSs with different aspect ratio

Tube length (nm) 8 16 24 32 40
Aspect ratio 5.68 11.36 17.03 22.71 28.39
Critical strain 0.0556 0.0334 | 0.0220 0.0130 0.0072

Batra and Sears (2007) applied molecular mechanics to predict critical buckling

strains for zigzag SWCNTs with tube diameter D=1.19nm, and the tube lengths

changing from 10.12 nm to 24.51nm. Zhang et al. (2009) assessed nonlocal beam

and shell models in predicting buckling strains of SWCNTs with tube diameter

D=0.94nm, and tube lengths changing from 2.8 nm to 30nm. The results for

critical buckling strains with respect to aspect ratios of SWCNTSs together with

comparisons with results from two authors mentioned above are presented in

Figure 4.41. The results obtained here are in good agreements with the literature,

and it is shown that the critical buckling strain decreases when the tube length

increases with a fixed tube diameter for SWCNTSs.
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Figure 4-41: Comparison of variation of critical strains with respect to aspect ratio
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It is observed that when the tube aspect ratio becomes larger, modelled SWCNT
buckles sideways under axial compression rather than the buckling pattern in
Figure 4.36. Buckling deformations for slender SWCNTSs are simulated as shown
in Figure 4.42, which shows the bending deformations. Liew et al. (2006)
performed molecular dynamics approach and simulated the deformations for
SWCNT bundle under axial compression as shown in Figure 4.43, as well as
proved in this research that buckling under compression should present bending

deformations for slender SWCNTSs.

Figure 4-42: Deformation of cylindrical shell under compression (D=1.409nm; L=40nm)

Figure 4-43: Bending deformations of SWCNT bundle under axial compression (Liew et al.

2006)
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Zhang et al. (2009) applied molecular dynamics (MD) and simulated three types
of buckling modes depending on the aspect ratios of SWCNTs, as shown in
Figure 4.44 (a). In this research three similar results are obtained with similar
aspect ratios for SWCNTSs, as shown in Figure 4.44 (b). The results present a
shell-like buckling mode when the aspect ratio L/D is small, a beam-like bending
buckling mode when aspect ratio is large, and a shell-beam mixed buckling mode
when the aspect ratios are in between certain range. Our results are in good

agreements with results from Zhang et al. (2009).
~

L/D=3.7 L/D=7.4 L/D=18

L/D=4.2 L/D=6.1 L/D=11.6

@ (b)

Figure 4-44: Three types of buckling modes of SWCNTSs under axial compression depending

on the aspect ratios (a) results from Zhang et al. (2009) (b) present results
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4.6 Cylindrical shell model: twisting

A cylindrical shell under torsion with a zigzag SWCNT and external torques at
both ends, as shown in Figure 4.45, is examined next. Twisting deformations with
different twisting angles are shown in Figure 4.46. The relationship between the

external torque and the twisting angle is drawn in Figure 4.47.

Figure 4-45: Sketch of cylindrical shell model under torsion
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Figure 4-46: Deformations of cylindrical shell model under torsion
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Figure 4-47: Relationship of external torque and twisting angle

As is shown in Figure 4.47, a linear relationship is obtained between the external
torque moment and the twisting angle when the twisting angle is small, it becomes

a non-linear curve after about 100<
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Figure 4-48: (a) atomistic simulation and (b) local Chauchy-Born rule result of SWCNT

under twisting (Yang and E, 2006) (c) present result
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Yang and E (2006) applied local Cauchy-Born rule to simulate SWCNT under
twisting and compared the result with one from atomistic simulation as shown in
Figure 4.48 (a) and (b). With the same dimension and twisting angle studied,
which is a (9,9) armchair SWCNT with tube length L=5nm, and twisting angle
6=50< our result from the Cosserat surface shell theory is shown in Figure 4.48
(c), where it is shown that even with coarse mesh of finite elements, Cosserat

surface-based shell theory can produce reasonable results.

However, since van der Waals forces have not been included in the potential form,
deformations of modelled SWCNT under torsion beyond 148< could not be
captured, because the up and bottom surfaces are twisting towards each other, in
which case, the atoms are close enough and their interactions contribute to the
total energy that cannot be neglected, but they are not neighbours at the reference
configuration whose interactions are not described by bonded energies. Thus, for
large twisting angle deformations, as well as for severe buckling deformations and
severe bending deformations, when two surfaces deform close to each other, van

der Waals forces have to be considered in the potential.
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Chapter 5

Conclusions and Discussions

5.1 Summary and conclusions

This research has presented a continuum and atomistic mixing approach to study
the mechanical properties of SWCNTs. Because of the hollow cylindrical shell
structure of SWCNT, it can be modelled as a thin shell, thus Cosserat surface as a
shell model is applied in this research to compute and simulate the mechanical
properties of SWCNTSs, for the independent rotation tensor can describe the
rotation field at a micro-level, which as well accounts for a hypothetical curvature

of the deformed surface going beyond the standard Cauchy-Born rule.

Two sets of models are built in this research. As a tool, an atomic chain, which
consists of a series of atoms in a chain, is modelled as a Cosserat curve and

studied through a one-dimensional reduced Cosserat curve theory. For SWCNT,

-143 -



Chapter 5: Conclusions and Discussions

modelled as a Cosserat surface, the mechanical properties have been studied.
Cauchy-Born rule is applied to link the deformation of the lattice vector at an
atomistic level to the tangent space of the deformation of the system at a

continuum level.

By incorporating the potential form, the stress field and modulus field can be
derived as the first and second derivatives of the potential over the displacement
and rotation fields. For the atomic chain model, interatomic potentials are defined
by a force field, which takes into account bond stretching, bond angle bending and
bond torsion energies. For SWCNT, sophisticated second generation of Brenner

potential is chosen, which contains bond stretching and bond angles as well.

Implementation of the discretization in a finite element approach is accomplished.
The stress fields and the modulus fields are calculated via an iteration procedure
where the displacement and rotation fields are updated. The rotation field is path-

independent updated.

The deformation of an atomic chain under dynamic forces is simulated.
Simulations of the atomic chain model in torsion is also presented, which shows a
vibration mode after vertical instant disturbance, and coiling up mode after
horizontal push. The result matches atomistic simulation of CNTs under torsion
by Yakobson et al. (1996). Simulation of cross section of SWCNTSs under bending
is carried on by an atomic ring model. The simulation matches the results for the
deformations of a cross section of SWCNTSs under bending from Vodenitcharova

and Zhang (2004) and Kutana and Giapis (2006).
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It is shown that the atomic chain model can be used to simulate some behaviour of
SWCNTs, but only provides qualitative results so far. In order to apply atomic
chain model in the use of studying mechanical properties of SWCNTSs, the relation
between the structure of the atomic chain and the structure of SWCNT need to be
studied and built numerically, also the potential forms and parameters need to be
modified to provide quantitatively accurate results. Despite of the fact that a lot of
improvements need to be made for atomic chain models to have physical
meanings, 1-D atomic chain as a Cosserat curve model presents a fine preparation

for further use of Cosserat surface to model and simulate SWCNTSs.

For the study of SWCNTSs, configuration formulas are established in addition to
introducing an inner displacement because of the non-centrosymmetric hexagonal
structure of a carbon cell. The mechanical properties of SWCNTs are then

predicted via the finite element method.

Young’s modulus and Poisson ratio are predicted for a zigzag SWCNT. With
tension method, an average tension rigidity of 320.5 N/m and an average Poisson
ratio of 0.395 are obtained, which are in good agreement with the literature. By
the bending method, the effective wall thickness of SWCNT is computed as

0.058nm, which leads to an average of Young’s modulus being 5.526TPa.

For SWCNT under stretching, results are gained that Young’s modulus is
decreasing with the increase of tube diameter. By applying wall thickness as
0.34nm, Young’s modulus is converging at 0.72TPa, by which the result of
dependence of Young’s modulus on tube diameter for zigzag SWCNTs is in good

agreement with results from Natsuki et al. (2003), Shen and Li (2004) and
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Parvaneh and Shariati (2011). And it is shown that Young’s modulus of SWCNT
with zigzag structure is slightly larger than that of the armchair one, which is

agreed with the results from Lei et al. (2011).

SWCNTSs under bending are simulated in three situations: one end fixed bending,
two end fixed bending and two end simply supported bending. The results have
shown that, as for the prediction of Young’s modulus of SWCNT, bending
methods have to be considered carefully, although one end fixed model can
predict similar results with cylindrical shell under tension when the tube diameter
is large enough, all three sets of bending models provide extremely large values of
Young’s modulus when the tube diameter is small, while the two end fixed model
and the two end simply supported model provide values of Young’s modulus
towards zero when the tube diameter is large. Demonstration of non-local bending

and local bending of SWCNTSs are also presented.

SWCNTSs under compression are simulated. Critical buckling strains have been
captured by reading the force and strain relationship. The results show that, for a
fixed tube length, critical buckling strain decreases with the tube diameter
increasing. And for a fixed tube diameter, critical buckling strain decreases when
the tube length increases. Results are in good agreement with the literature.
Twisting deformations of SWCNTSs are also simulated, and a non-linear behaviour

after twisting angle of 100° is captured.
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5.2 Discussions and recommendations

Shell models have been applied widely to model SWCNTs (Tu and Ou-yang,
2002, Pantano et al. 2004, Arroyo and Belytschko, 2002, 2003, 2004). But it is
hard to define Young’s modulus and shell thickness in a classical linear elastic
shell theory, where the wall thickness has been calculated from 0.066nm to
0.34nm as demonstrated in Table 4.1. In this case, Cosserat surface presented a
great advantage by avoiding the shell thickness as well as Young’s modulus itself,

but linking the tension and bending rigidities directly to interatomic potentials.

The link between atomistic deformations and continuum deformations is provided
by the Cauchy-Born rule. However, the drawback of the Cauchy-Born rule for
SWCNTSs is that the deformation map maps the deformed lattice vector onto the
tangent plane of the deformed surface, which does not matter for bulk material but
has significant effects on a thin surface material such as SWCNTSs, especially
when a large curvature is involved. Therefore, modifications need to be made to
the Cauchy-Born rule for its application to study SWCNTSs, in which aspect,
Cosserat surface as a shell model makes perfect compatibility with the standard
Cauchy-Born rule, since in a Cosserat surface-based shell theory, a displacement
field-independent rotation tensor is introduced that describes the curvature at each
point of the surface, which relates the rotation field to the inner structure of the
surface, i.e. at a micro-level. Therefore, the Cauchy-Born rule describes the
tangent map, while the change of curvature of the deformed surface is captured by

rotation tensor which describes the micro-level rotation map.
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An ideal potential model should be able to accurately describe the interactions
among atoms in a SWCNT. How accurate the empirical potentials are defined
plays a very important role on how well the results come out, because different
potential models, or even different sets of parameters in the potential form can
lead to big differences in the results, which was also pointed out by Wang et al.

(2006) and Wu et al. (2008).

In this research, we adopt interatomic potential forms based on a force field to
describe potentials for the atomic chain, which is of advantage since the atomic
chain model consists of a series of atoms, and so a force field defines all the
interactions between atoms, except that the C-C bond atomic chain model has not
been given a physical explanation, since C-C bonds have hexagonal structure in
the SWCNT structure rather than a straight line. However, an atomic chain model
presents various behaviours that are similar to SWCNT’s behaviours, so if the
relation between an atomic chain and SWCNT, or any other similar atomic
structures, can be studied and constructed and if the potential forms can be
reformulated, atomic chain models could be very handy for simulation of string-

like nanostructures.

Cosserat surface as a shell model has been built to simulate SWCNTSs. Second
generation Brenner potential formulation is adopted. The first generation of
Tersoff-Brenner potential has been applied widely by previous researchers, in
most cases produced an opposite trend of the results, as shown in Figure 1.2 and
Figure 1.4, and also as shown in results from Arroyo and Belytschko (2004),
where Young’s modulus of SWCNT increases with the tube diameter increasing

and converging at around 0.69TPa. Second generation Brenner potential has not
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been used as much, since the formulation is new and the adjustments make the
potential forms much more complicated, and atoms from second layer in the
neighbourhood are involved in the calculation. Extra potential terms which
describe shear effects and atom spin effects are added to assure the non-

singularity of the tangent modulus.

Most researches in recent years have applied atomistic potential forms from force
field, and built C-C bonds as a beam, rod or spring, and built-in the constitutive
law into commercial software, such as ANSYS or ABAQUS (Avila and Lacerda,
2008; Dun et al. 2010; Shokrieh and Rafiee, 2010; Parvaneh and Shariati, 2011).
The results received in this research are in good agreement with the results from
these atomistic simulations based on force field potentials. And the results of
buckling patterns and twisting patterns are still in agreement with previous
researchers who applied first generation Tersoff-Brenner potential forms, because
the change of potential forms did affect the results of Young’s modulus, but it

didn’t affect the bending, buckling and twisting patterns.

Young’s modulus and Poisson ratio has been obtained from tension and bending
methods for graphite sheet. Because the force displacement relationship Cosserat
surface-based shell theory provides is non-linear, it is rather flexible and
subjective to decide what value to go for to calculate Young’s modulus of graphite
sheet. Assume wall thickness is 0.34nm, if initial value is selected from the results
of graphite sheet tension that leads to a Young’s modulus of 0.706TPa. In this
research, we go for the other method of selecting a changing point and an area
around it to calculate an average value, in which case, it arrives an average

Young’s modulus of 0.943TPa for wall thickness 0.34nm, which is in good
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agreement with the experimental results. But still, the definition of selected area is

subjective and then the result may vary from time to time.

Therefore, we decide to use another method which is straight forward to calculate
Young’s modulus for SWCNTs modelled by cylindrical shells, where we adopt
the equations from classical elastic beam theory which build a relation between
external forces and the final deflection. In which way, results of Young’s modulus
for SWCNTSs obtained from the tension model are still within the range, but
results from the bending models become unreasonable. One end fixed bending
model can still provide similar results with the tension model when tube diameter
is large, while the two end fixed and the two end simply supported models result
in a Young’s modulus value towards zero when tube diameter becomes large. And
all three sets of bending models produce extremely high values of Young’s
modulus when the tube diameter is small. All these errors might be caused by two
reasons, either when the tube diameter is small enough that the size of tube
diameter and the size of tube wall thickness is similar, in which case, shell theory
cannot be applied anymore, or when the tube diameter is large enough that there is
only deformations on the surface rather than the whole system, in which case, the
equations from classical beam theory are not valid anymore. To sum up, by
applying continuum theory in calculating properties of SWCNTS, the size effects
have to be considered, and the assumptions have to be used carefully because they

may not be valid anymore in some situations, even in elastic cases.

The whole calculation, except few cases, has been carried on by 8%8 element
models, which includes 486 degrees of freedom for graphite sheet and only 432

degrees of freedom for cylindrical shell model, which already provide reasonable
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results with good agreements with the literature. If the calculation is carried on by
more elements, i.e. finer meshes, it should be able to catch more detailed

information about the behaviour of SWCNTSs.

Van der Waals force interactions have not been considered in either atomic chain
model or cylindrical shell model, which contributes to the non-bonded energies in
the total potential forms. It describes the interatomic reactions between two atoms
that are not bonded within certain range in SWCNT case, which can normally be
neglected when the bonded energies dominate the total energy, as is considered in
this research. However, non-bonded energy cannot be ignored in the study of
MWCNTSs, as van der Waals forces contributes to the interactions between the
layers of CNTs, in which case we need to add van der Waals force energy, which
is normally described by Lennard-Jones potential, if we want to do further
research about MWCNTSs. Van der Waals force should also not be neglected when
SWCNT is studied under severe deformation, like when the tube is under severe
bending that two ends move towards each other, the atoms from two surfaces
become close enough but bonded energy cannot define the interactions of the
close non-bonded atoms which can only be described by van der Waals force, or
when tube is under large torsion deformation, van der Waals force also needs to

be included for the atoms on two close surfaces under twisting.

Future work will focus on:
1. Check the validation of the potential forms, possible modifications will be
made to fit the potential in an atomistic level. Neglected terms need to be

checked if they would make much differences for the results. Applications
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of other empirical potentials will be used and compared to find an

optimized solution.

. Van der Waals force interactions should be considered based on Lennard-

Jones 6-12 expressions, in order to study more complicated deformations
of SWCNTs, or possibly MWCNTS. In this case, third and forth buckling
patterns, severe local bending, and large angle twisting deformations for
SWCNTs will then be simulated.

More elements with finer meshes need to be applied to provide more
detailed information. Nine-node elements will be used to study tensile
strength, buckling failure, fracture of CNTs, or other aspects involving
stress concentrating.

Quantitative properties obtained from cylindrical shell models for CNTs
will be used to calculate parameters in the potential forms for atomic chain
model, in order to check if an easy 1-D Cosserat curve model can produce

reasonable results in simulating CNTs’ behaviours.
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Appendix

A. Algorithm Expansion

Rotation tensor is expressed as

R 1+sin|w| 1—cos|w| , @1
|| lw|? '
and the deformation gradient is in the form of
F=(G,+u,) ® G* (A.2)

And then the strain tensor can be obtained from

r . . Sinlw| . l—coslw| «
U=RF=Ga®G + |(1)| ﬂGa®G +TQGQ®G +u,a
. . Sin|| . l—coslw| a
® G* + |(1)| .Qu,a®G +Tﬂ u,a®G (A3)

when displacement field and rotation field is defined in Cartesian co-ordinates
u=uye;, w= w;e; (A.4)
And bring in mind the relation of
02 =wX1=wje;e

2% =wx (wx1) = (0w, — wjwy) (A.5)
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The relation between base system and Cartesian system is
Cai =Gg€, Cc33=N-e
G, = c;,€; , G* = cle; (A.6)
Now, strain tensor is expressed as

sin|w]| a 1 — cos|w|
W(w X 1)c;e; @ cie + T

U= Ciq€i ® ijej +
sin|w|
|w|

X (wx1)c,e; ®cile; +u, ®cie; + (wx Duy,

1 — cos|w|
|w|?

® ci'e; +

wX(wxDu,  ce;

sin|w| .
(CiaCf" + CjU ) + ——— ™ (CiaCf eijiwi + € eijrwilq)

— 57—t/ (Wkw — wpw))] + ff [(wrthe) ;i
— wkwkui,a]}) e; ® ej (A 7)

Axial vector of RTR  is

sin|w| 1 — cos|w| N < 1 sinlwl) (0 wg) 4.8)
=Wy ———— —_—— w .
lw| lw|? * lw|  |w|? |wl
And the curvature tensor becomes
K=-k®RG“ (A.9)
Rotation tensor
sin|w| 1 — cos|w|
R=1+ X
|w| |w|
sin|w| 1 — cos|w|
1+—( 1) X (% 1)
|w| lw|?
sin|w| 1 — cos|w|
= |6;; o] Wik ME W;W; wka)k&]) e, ® e (A.10)
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B. 1-D Bond Angle Formulation

The potential is formulated as a function of bond length and bond angle, i.e.V =
V(r, 0), where the bond length can be calculated through the standard Cauchy-
Born rule. And the bond angle 8 is related to the curvature tensor &, which in the
one-dimensional case is expressed as k = w ;. The neighbouring atom bonds AB
and AC are considered to be a smooth curve, which can be either an internally

tangent circle or a circumscribed circle. For an internally tangent circle,

(B.1)

For a circumscribed circle,
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B =kl =2kr

-
= >0 =m—-=m—Kr.

6 B.2
2 2 2 (B.2)

In this research, a circumscribed circle is used, because in which case the atoms

are lying on the deformed curve, which should be more adequate to describe the

system.

C. Total Potential Expansion

The total potential form for CNTs is

VrEBO = Z Z [VR(rI]) - EI]VA(rI])] (€.1)

[ j=i+1
with
Vr(r) = f.(r) (1 + g) Aexp(—ar) (C.2)
3
V() = £or) ) Bue~Por (€3)
and
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( 1 r<R
n(r —Ry)
fe(r)=<41+cos|———|t/2 R, <r<R, (C.4)
R, — Ry
0 r >R,
while
b, = 1 b ™™ + b7 C.5

1] 2(11+11) (C.5)

where

-1/2
bi‘]’—ﬂ.’ = 1 + z fCIK (TIK)G(COS BI]K) (C 6)
K(#1,))
5
n
G(cos 911K) = z a, (cos 91]1{) (C.7)
n=0
-1/2
b =1+ Z ferk (k)G (cos 9]11<)] (C.8)
K(:#I,])
In this case

JI = BA; JK = BBy, BB,;
JI = CA; JK = CCy,CCy;
JI = DA; JK = DD,,DD,;

Define

ik = BB, »"BB,’ 9]11( = eBlBA: HBZBA
Tk = TcepTee,s ik = OcicarOc,ca

ik = Tpp,»TDD,s 9]11( = 9D1DA» HDZDA

Vap = V(rap,Tac)Tap, Opac, Opan)
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Vac =V (rac, Tas Tap, Oac) Ocap)

Vap = V(Tap, Tas, Tac, Opap, Ocap)

Vga = V(TBBlr "B, OB, BA) QBZBA)

Vea = V(chl' Tcey ecch' HCZCA)

Vpa = V(rDD1' Tpp,, 0D1DA' 9D2DA)
Then the total potential is

Viotat = Vap + Vac + Vap + Vga + Vea + Vpa (C.9)

The bond lengths are

(U, M) =\/(r2+n)-UTU-(r2+n) (C.10)
Where S = BBl, BBz, CCl, CCZ, DDl, DD2
The deformed bond vectors are
rg=UR (Vy- (rd + M)V + UR,(Vy - (rd + M)V (C.11)

And the bond angles are

054 = arccos (C.12)

where 5 = B;B, B,B, C;C, C,C, D;D, D,D

corresponding to s = BB,, BB,, CC,, CC,, DD;, DD, .

Define bond lengths 745, Tac, Tap . TBB, » TBB,+ Tcc,» Tcc,» Top,» ToD, 8S Q;
(i=1,2,...,9) and bond angles Ogac, Opap, Ocap, O,8a U884+ Oc,car Oc,ca

Op,pa, Op,pa as 0; (1I=1,2,...,9), inner displacement can be determined by

ow 29: (aw oa; oW aei)
g da; on  06; In

i=1

=0 (C.13)

where strain energy density W = Viyta1/So-

Force tensor can be obtained from
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S _aw_i(awaal awae> e
® = au,, i\0a; 0Uqy ~ 06; 0Uq (€.14)
Couple tensor can be expressed as
9
. 0w X OW 06, C.15
DT 0K, 4 4 06; 0K ap (.15
1=
Stretch modulus-like tensor
_w a*w [Pw\T a*w 16
" =%uau " auon \anay) onou (€.16)
where
ii 0*W_ 04 da, 9*W 00, da, OW 9%
aUabaUkl 0ai0aj aUkl aUab aalaej aUkl aUab aal' aUabaUkl

i=1j=1

O°W_0a; 96, W 96, 96, ow 9%,
69 aa] aUkl aUab 60160} aUkl aUab 691 aUabaUkl

ii 0°W 0w da,  0*W 96 da, oW _d%a,
6Uab617p da;0a; N, 0Uy,  0a;00;01m, Uy,  0a; 0Uy,01,

i=1j=1

02W da; 96, . 02W 96, 96, Lo 920,
30, 104, 1, 0Uqy,  06,06; 91, AUgy, — 06; AU, 7,

ii( 0°W 04 00, 9*W 06 da, oW 0%,
i=1 j=

+
6np6nq 4 da;da;dn, dn, 0a;00;0n,dn,  da; dn,dn,

0°W 0a; 96, N 92w 06; 06; +6W 0%6;
06 i0a;ong on, 06;00;0n,0n, 06; In,0n,

ii(azw da; da; W 86, da; W 0%a

anqaukl 94,00, 0Uy, a, 9,90, 0Us; a1, 0a; 9m,0Us,

i=1 j=1

0°W_0a; 06, 0*W_06; 06, oW 0%
69 aa] aUkl aT]q 89169] aUkl anq 691 anankl

And bending modulus-like tensor
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Appendix

_w a*w [(oPw\ T a*w 1
™= 9%co5 ~ axcon \onon) onox (€.17)
where
9 9
aycabajckl_ 4 £24\06;06; 0K 0Kap ~ 06; 0K ap 0K
i=1j=
ii( 0°W 04 06, 9*W 96, 96, ow 0%, >
axaban,, £ £4\00,0a;0mp 0Ky - 06,06, Op 0Ky - 96; 0Ky 01
ii( 0°W 04 da,  0*W 06, da, W 0%,
anpanq e da;da;dn, 0n, 0a;060;9n,0m, da; 0n,0n,

0*W 0da; 06; N 0*W 06; 90, +6W 026, )
00 i0a; dng on,  00;00;9n,0n, 06; In,0n,

92w _ii 0°W_30, da, 0*W 00, 06, W 0%,
ar]qakal - aalaej af}Ckl aT]q 69169] ajCkl aT]q 091 577q07Ckl

i=1 j=1
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