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ABSTRACT 

Borehole instabilities can be encountered at any stage in the life of a well and they are 

the main cause of drilling difficulties, resulting in substantial expenditures, expensive 

loss of time, sometimes even in the loss of part of or even whole boreholes. The main 

aim of this research is to use new method and theory in geomechanics to conduct the 

stability analysis of wellbore. 

The cavity contraction theory is used to get the new elastic-perfectly plastic solutions 

for vertical borehole with anisotropic stress field. The solutions for Mohr-Coulomb 

and Hoek-Brown criteria are derived in this paper. A new alternative criterion, which 

is to limit the radius of plastic zone around borehole, to predict the wellbore 

instability was also recommended. 

The finite element code ABAQUS is applied to analyse the mechanical behaviour of 

wells with different inclinations and different azimuths. A Generalized Plane Strain 

Model is used in the calculation. The failure wellbore pressure, borehole closure, 

plastic zone distribution of different direction wells are given in this paper. 

In order to accurately predict the wellbore behaviour in soft and porous rocks, a 

suitable and advanced constitutive model of rocks is the key issue of the borehole 

instability research. A new model, called CASM (Clay And Sand Model) which is 

based on critical state theory and formulated in terms of the state parameter concept 

is applied in this research. 

VI 



The non-coaxiality theory is incorporated into CASM to analyse the wellbore 

stability. Compared with coaxial model, non-coaxial model gives more pessimistic 

results. However, it was found that the influence of non-coaxiality on wellbore 

stability depended on initial conditions of wellbore. 
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Chapter 1. Introduction. 

CHAPTER 1 

INTRODUCTION 

1.1 BACKGROUND AND RESEARCH OBJECTIVES 

The oil and gas industry is developing increasingly in difficult reservoirs, challenging 

traditional approaches and proving the importance of geomechanics. A large number 

of current oil and gas reservoirs in the world, including some major fields in the Gulf of 

Mexico, Campos basin, offshore Brazil, China Bohai Bay, are located in formations 

involving geologically young unconsolidated sands and soft weak rocks where grains 

are either lightly cemented or even unbonded (Monus et al., 1992). Main problems 
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associated with these weak formations are wellbore stability and sand production. US 

Gulf Coast is one of the areas where operators experienced immense wellbore problems 

is the, where wellbore collapse and sanding are plaguing many completions because of 

the presence of unconsolidated sands and weak shales (Li, 1998). Wellbore instability 

can be encountered at any stage in the life of a well, including drilling, completion and 

simulation, flow tests, production, and depletion. Wellbore instability is one of the 

main causes of drilling difficulties, resulting in substantial expenditures, expensive loss 

of time, sometimes even in the loss of part of or even the whole borehole. Opinions 

may vary as to the value of lost equipments and time arising directly from wellbore 

instability, but no one would dispute estimates of over $500 millions per year 

worldwide (Dusseault, 1994). In soft, weak rocks, the deformation, failure and flow 

processes are dominated by non-linear stress-strain responses, high fluid flow rates, and 

shearing accompanied with dilantancy or contraction. Borehole stability issues in these 

formations have different characteristics, hence, new approaches and models are 

required. 

Many innovative technologies have been applied in the oil and gas industry, such as 

underbalanced drilling, high pressure jet drilling, re-entry horizontal wells, and 

multilaterial from a single well which have definitely increased the demand for 

wellbore stability studies. Recently, technological advances have been pushing the 

reach of boreholes beyond 25,000 ft in length (Ramos et al., 1996). Highly inclined, 

extended-reach wellbores must remain open for prolonged time periods, not only 

during the drilling program but also over the life of a reservoir. New challenges have 

also emerged since the increasing use of horizontal wells, drilling in naturally fractured 

media, in very deep formations, and difficult geological conditions, where wellbore 

stability is of major concern (Willson and Willis, 1986). For example, a 8,715 m deep 

well was drilled in crystalline rock in Germany and some types of wellbore instabilities 

(breakouts, washout zones, undergauge sections etc. ) were observed (Hoffers et of., 

1994). 
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Some wellbore instabilities associated with complex geologic conditions, where the 

stress regime is controlled by active faulting wave, are reported in the Cusiana field 

(Colombia), the Pedernales field (Venezuela), the Alberta Basin (Canada), the Tarim 

Basin (China), certain areas of the Norwegian Sea, and offshore Indonesia (Willson et 

al., 1999; Plumb et al., 1998). When boreholes are drilled in a naturally fractured 

formation, excessively high mud density allows the drilling fluid to penetrate into 

fractures, mobilizing the rocky blocks and intensifying ovalisation (Charlez, 1997). 

When this occurs, the fractured blocks are no longer subjected to the mud overbalance 

pressure, and the destabilized blocks can cave into the wellbore as a result of swabbing 

the formation when tripping (Willson et al., 1999). When boreholes cross a fault, mud 

may invade the discontinuity plane. Apart from mud losses, penetration of the fluid 

reduces the normal stress and induces a displacement along the crack planes which 

might shear the well, as shown in Figure 1.1 (Maury and Zurdo, 1996). The 

consequences can quickly become dramatic and could lead to partial or even total loss 

of the wells and the need for the drilling of two new wells, costing in the range of $30 

million (Maury and Zurdo, 1996). 

ý, ̀ý 
^ý. ýý -ý 

Figure 1.1 Example of borehole shearing observed when crossing a fault (Maury & Zurdo, 1996) 
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In view of the above, the aim of this research is to use new method and theory in 

geomechanics to describe the mechanical behaviour of wellbore and analyse the 

stability of borehole. In particular, the objectives of this research can be stated as: 

" To present the new analytical solutions for wellbore stability. 

" To analyse the mechanical behaviour and stability of the different direction wells. 

" To incorporate the new advanced constitutive material model developed in 

geomechanics into a finite element code to analyse the wellbore stability. 

" To apply new method and theory to the analysis of the wellbore stability. 

1.2 STRUCTURE OF PRESENTATION 

The material presented in this thesis is contained within seven chapters. The 

organisation of these is as follows. 

Chapter 1 introduce the background and objectives of this research work. 

Chapter 2 reviews the appropriate literature in the field of wellbore stability. This 

literature review is divided into three parts: summarize the main types of wellbore 

instability; the effect factors of wellbore stability and the numerical methods of 

wellbore stability analysis. 

Chapter 3 presents the analytical solutions for wellbore stability. The new solutions for 

the vertical borehole with non-hydrostatic in situ stresses based on cavity contraction 

theory have been proposed and detailed derivations also have been given. The Finite 

Element Method (FEM) evaluations of the new solutions have been taken in this 

chapter. 

4 



Chapter 1. Introduction 

Chapter 4 is concerned with investigating the influence of inclinations and azimuths of 

inclined borehole on stability. A new numerical model - generalized plane strain model 

is introduced to simulate the inclined borehole with different directions. Two different 

material models, Mohr-Coulumb and Drucker-Prager, are used in the simulations. 

Chapter 5 begins by introducing a new critical state model, Clay And Sand Model 

(CASM). After that, the modified substepping stress point algorithm of 

implementation of CASM into finite element code, ABAQUS is presented. 

Subsequently, it will be shown that CASM has been evaluated by simulating a series 

of classical triaxial tests and comparing them with the experimental data. Finally, the 

numerical modelling of wellbore stability with CASM is conducted in this chapter. 

Chapter 6 reviews the concept of non-coaxial plasticity, together with experimental 

evidence. A new non-coaxial plasticity theory, yield vertex theory is also introduced 

and described in details. The simulations of simple shear tests are conducted to 

evaluate the non-coaxial CASM model. Finally, the developed non-coaxial CASM 

model is used to analyse the problem of wellbore stability. 

Chapter 7 summarises the main findings of the research and gives some suggestions for 

future work. 
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CHAPTER 2 

LITERATURE REVIEW 

2.1 INTRODUCTION 

This literature review is comprised of three parts: 

(a)Summarize the main types of wellbore instability and point out the types of 

instability this research has investigated. 

(b)The effect factors of wellbore instability together with mechanism of the affections. 
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(c) The numerical methods of wellbore stability analysis. 

2.2 TYPES OF WELLBORE INSTABILITY 

There are two main types of wellbore instability, namely chemically induced instability 

and mechanically induced instability. In many instances occurrences of instability may 

be due to a combination of both. 

2.2.1 CHEMICALLY INDUCED INSTABILITY 

The most common chemically-induced instabilities are water absorption in argillaceous 

formations (e. g. shales) and leaching of salt formations by the water phase in the 

drilling fluid. Water absorption in shales can lead to swelling and loss of strength in 

the formation which may cause hole size enlargement by caving in, or reduction of 

hole size if the rock remains intact. Leaching of salt formations may create large 

cavities around the wellbore and contaminate the drilling fluid to the extent that it 

must be completely replaced. Generally in the North Sea this occurs as brine flows in 

Platten Dolomite. These instabilities can be tackled to a degree by changing the 

chemical composition of the drilling fluid. 

2.2.2 MECHANICALLY INDUCED INSTAB11= 

Formations at depth exist under a state of compressive in situ stress. When a well is 

drilled, the rock surrounding the borehole must support the load that was previously 
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taken by the removed rock. As a result, the hole produces an increase in the stress 

around the hole (a stress concentration). If the rock is not strong enough, the borehole 

will fail. In many cases, the rock is sufficiently weakened by interaction with the 

drilling mud to produce borehole failure (for example, water sensitive shales). 

FORMATTON LOST NEL[. n(I[E 
CIRCULATION 

P[tESS[. [cE 
HxEx: nVmr . 

(a) Tensile Failure 

.............................. ........... 1. ............. ......... ........ 
.......... ......... FlUABLE 

SANDSTONF ...... ............ OVERCAUGE 
..................... 

RrrTf. f-: 
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-= 

1 IOLE 
CLOSI JRE SATA' 

(b) Compressive Failure 

Figure 2.1 Types of mechanical instability (McLean, 1987) 
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To keep the rock from failing, a number of things are done. First, a mud is selected 

that minimizes the weakening of the rock. Second, the pressure in the wellbore is 

increased by weighting up the mud and adding filtrate control so that the wellbore 

pressure carries some of the load imposed on the wellbore wall by the in situ stresses. 

By having the wellbore pressure carry some of the load, the stress on the formation at 

the borehole wall is reduced and compressive failure is averted. However, increasing 

the mud weight too far may result in the formation splitting in a tensile fracture 

causing lost circulation. Therefore, a balance is needed in the mud weight to prevent 

hole collapse without fracturing. 

Mechanically-induced instabilities can be grouped into following three classes as are 

shown in Figure 2.1: 

1. Hole size reduction due to ductile yield of the rock (e. g. flowing shale or salt). 

Symptoms of this are repeated requirements of reaming the hole to get back to 

gauge and , in extreme conditions, stuck pipe, or stuck casing string. 

2. Hole enlargement due to brittle rock fracture of rupture (e. g. sloughing shales). 

Problems resulting from the wellbore enlargement include fill on trips, poor 

directional control, increased costs of cementing materials and poor bonding of the 

cement with the wellbore wall. 

3. Unintentional hydraulic fracturing induced by excessive mud pressure. Severe loss 

of drilling fluid to the formation from fracturing causes lost time as well as 

increased mud costs and may result in well control problems. 

Although the hydraulic and chemical factors are vital, wellbore instability is a 

geomechanical issue because instability is a function of stresses, strains and yield, 

whatever the causative agents. Hence, first-order parameters are strength, 

deformability, and loading which are affected by temperature, chemistry (ionic 

concentrations), pore pressures, mud weight and evolving properties. Mechanical 

responses to changing extrinsic factors requires proper coupling of stresses, strains, 
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evolving state and yield behaviour to these factors through constitutive laws for the 

rocks surrounding the wellbore. 

2.3 FATCTORS INFLUENCING WELLBORE STABILITY 

To obtain a better analysis and prediction of wellbore stability it is necessary to take a 

closer look at the parameters and conditions encountered during wellbore instability. 

Drilling in the formation will cause the stresses around the borehole to redistribute as 

well as changing other parameters, as shown in Figure 2.2. Wellbore instability is a 

very complicated issue. Excepting the material property of the rock surrounding the 

weibore, there is a comprehensive list of the other factors influencing it. The major 

and controllable factors are given and discussed below. 

Adelsure hS 

TIvC p- 

P« 
radius Cw borehole 

S- Strength 
E- Stiffness 
K- Penneability 

T- Temperature 
P- Pore pressure 
C- Concentration 

Firme 2.2 Spatiotemporal evolution of some factors around borehole (Dusseault, 1994) 
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2.3.1 IN SITU STRESS FIELD 

Generally, formations are classed in terms of in situ stresses as either normally stressed 

or tectonically stressed. In a normally stressed region, the maximum in situ stress (a,, ) 

is vertical and is equal to the overburden stress. In addition, the other two principal in 

situ stresses (oH 
,o) are located in a horizontal plane. For well compacted and 

cemented formations, the overburden stress varies linearly with depth. 

stress, pressure 

ertical stress 
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mud pressure to 
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borehole fracture 
(lost mud 
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pressure pressure 
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Figure 2.3 Stresses and pressures (Dusseault, 1994) 
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Tectonic stresses include all stress conditions which are not considered normally 

stressed. Tectonically active regions are often associated with areas having active 

faults, salt domes, or foothills. In tectonically active areas, the principal in situ stresses 

are not necessarily oriented in the vertical and horizontal directions, but may be 

rotated through significant angles. In addition, the magnitudes of the three principal in 

situ stresses are usually different. For example, near salt domes evidence indicates that 

the in situ stresses are significantly altered from the normally stressed state. As a 

result of this change of in situ stress, borehole stability problems associated with 

drilling in tectonically active areas are significantly increased. 

Besides the in situ stresses discussed above, an additional formation stress must be 

considered, namely pore pressure. For normally pressured formations, the pore 

pressure gradient is constant at approximately 10.4 KPa /m. In geo-pressured 

formations, pore pressure gradients can exceed 20.4 KPa /m. Figure 2.3 shows the 

different stresses and pressures with depth. 

2.3.2 WELLBORE PRESSURE 

During drilling, the wellbore is temporarily supported by the drilling wellbore pressure. 

The strategy for well pressure is to keep the pressure which it provides slightly above 

the formation pore pressure to prevent kicks and blow outs. On the other hand, high 

mud pressure may cause differential pressure sticking problems and can create large 

washouts in fractured rocks. The overbalance pressure exerted on the formation will 

vary depending on whether the drilling mud is circulating or not. When the drilling 

fluid is static the overbalance can be determined from the difference between the 

hydrostatic mud pressure and the formation pore fluid pressure, but during drilling the 

mud is circulating and the down hole pressure will be greater than the mud 

hydrostatic pressure in order to overcome the drilling fluid viscous forces. In addition, 
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the well pressure will vary due to swab and surge pressure during tripping. Any 

occurrence of instabilities may be influenced by these variations in well pressures. In 

general, the safe mud weight window is narrowed and it needs to be determined by 

accurate models (McLean, 1987; Fjaer, 1992; Charlez, 1997; Fam, et al., 2003). 

2.3.3 FRACTURES AND DAMAGES IN THE FORMATIONS 

Wellbore instability can also be initiated by discontinuities, such as bedding planes, 

fractures and damages, in rock mass. Furthermore, the rock masses will become more 

prone to wellbore instability along fractures penetrated by mud filtrate due to 

reduction in the fracture friction angle and loosening of blocks. Some studies have 

showed that the major problem zone was not the low-density zone as anticipated. It 

being the normal-density fractured and crushed zone which was eventually found to be 

the main source of the borehole instability (Stjern, et al., 2003). 

Reduced permeability zone- 
'. In-situ 
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Figure 2.4 Reduced radial effective stress due to tbrmation damage 
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The irdluence of fracture on material homogeneity is related to the scale of the rock. 

On the smallest scale the rock is intact and can be considered as homogeneous. As the 

problem size increases the rock under consideration will contain discrete discontinuities 

and the rock mass can no longer be considered as homogeneous. On continuing to 

increase the problem size the individual behaviour of the intact rock and 

discontinuities can be combined into homogeneous rock mass response, but in this case 

there would be problems in testing a sample large enough to be representative of the 

rock mass response. Thus, the applicability of homogeneity depends on the wellbore 

size relative to the natural facture frequency (McLean, 1987; Fjaer, 1992; Charlez, 

1997; Fain, et al., 2003). 

Formation damage is a term used in the Petroleum Industry to describe the adverse 

effects that drilling and completion operations can have on the flow of hydrocarbons 

into the well. A common occurrence of formation damage will be the reduction of 

permeability of the rock immediately surrounding the wellbore due to invasion of the 

mud filtrate into the formation. In addition to the production problems that this may 

cause, the reduction of permeability can reduce the wellbore stability. An example of 
the type of problem that may occur in open hole drill stem testing is shown in Figure 

2.4. Here the effective radial stress near the wellbore has been reduced due to the high 

pore pressure gradients set up in the damaged zone. In certain conditions the pore 

pressure may be high enough to induce tensile effective radial stresses (McLean, 1987; 

Fjaer, 1992; Charlez, 1997; Fam, et al., 2003). 

2.3.4 Viscous BEHAVIOUR 

Viscous behaviour can be considered as due to rock creep behaviour (e. g. salt creep) or 

due to pore pressure redistribution in low permeability rock (e. g. shales and siltstone). 
Formations that do not exhibit significant creep response and are relatively permeable 
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in nature, such as sandstones and limestones, may be considered as non-viscous. A 

niunber of papers make reference to hole closure as a result of the creep in salt 

formations, but time dependency as a result of pore pressure redistribution is not so 

well documented. Before a well is drilled the pore fliiid pressure within a formation will 

be uniform within the horizontal plane. Once the well has been drilled the stresses 

around the well axe redistributed due to the removal of the support offered by the 

excavated rock, which is replaced by a drilling flWd pressure. In low permeable rocks 

viscous effects can materialize through two processes: (1) through flWd flow/migration 

due to an imbalance between the drilling flifid pressure and the formation pressure, 

and (2) due to the pore fluid being unable to flow freely to adapt to any volume 

change imposed on the rock elements due to the stress redistribution, or thermal 

expansion/contraction. Thus, pore pressure gradients will be set up around the 

wellbore, and due to the low permeability of the formation it will be some time before 

the pressure gradient approaches a steady state condition. The reaction to stresses 

imposed on an element of rock is made up of a pore pressure response and a rock 

matrix stress response. Thus, as the pore flWd migrates the rock matrix stresses will 

compensate for any changes in the pore ffilid pressure. Such behaviour introduces the 

concept of short and long term stability similar to clay in soil mechanics. It is pointless 

to incorporate viscous effects when analysing formations that do not exhibit significant 

creep response and are relatively permeable in nature (McLean, 1987; Fjaer, 1992; 

Charlez, 1997; Fam, et al., 2003). 

2.3.5 THERMAL EFFECT 

Although the temperature gradient with depth may vary considerably from region to 

region, in general at the depths of interest to the Petroleum Industry the formation is 

hotter than the normal drilling fluid. A mud which is colder (hotter) than the 

formation will reduce (increase) both pore pressure and hoop stress. In general, cooling 
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the mud should have a beneficial effect on wellbore stability(McLean, 1987; Fjaer, 

1992; Charlez, 1997; Fam, et al., 2003). 

2.3.6 FLOW OF FLUIDS FROM AND TO THE FORMATION 

In general, the drilling fluid used will contain solids that filter out in high permeability 

materials to form a mud cake which seals the rock in front of very permeable 

formations and prevents mud losses. The resulting pressure drop applies a mechanical 

support to the wellbore wall provided the mud pressure remains greater than the pore 

fluid pressure. So this mud cake is beneficial in borehole stability and its character is 

partially depended on the formation permeability. Mud cakes will only develop on the 

edge of sufficiently permeable formations. In impermeable (tight) rocks like shales, the 

mud cake is negligible. 
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Figure 2.5 Pore pressure profile during DST's 

In addition to mud fluid losses to the formation, the reverse can happen when tripping 

the drill string out of the hole causing swabbing pressures which create an 
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underbalance pressure, although care is usually taken to rninimise swabbing effects by 

pulling the drill string out slowly. A more common occurrence of pore flWd flow in 

open holes is during open hole drill stem tests (DST's). This takes place when the last 

casing set is immediately above the reservoir formation and the well pressure is 

reduced to test the production of the well before the production casing is set (see 

Figure 2.5). Land wells are often tested in open hole conditions (McLean, 1987; Fjaer, 

1992; Charlez, 1997; Fain, et al., 2003). 

2.4 NUMERICAL MODELLING OF WELLBORE STABILITY 

2.4.1 REQUIREMENTS OF NUMERICAL MODELLING 

An ideal numerical model would take account, both qualitatively and quantitatively, 

of all the imposed boundary conditions and relevant material behaviour. However, 

such a numerical analysis would be extremely complex and far in advance of present 
day modelling of circular openings in rock. Also, the accuracy of any numerical model 

will be limited by the quality of the input parameters, which can be extremely 

uncertain in cases such as the in situ stress field. Another limitation to development of 

numerical models is the ability to validate them under laboratory controlled conditions. 
Often the conditions modelled numerically cannot be simulated satisfactorily in the 

laboratory, so that it is not possible to determine whether the complexity of a model is 

justified by its increased accuracy. However, an advanced numerical model based on 

sound mechanical theory, may show the relative importance of various parameters on 

stability, but all numerical modelling should really be considered as hypotheses until 

proven under laboratory controlled conditions. 
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In addition to the above considerations a numerical model should be developed in 

relation to the area of the well under consideration. For example, it is pointless to 

incorporate viscous effects when analyzing permeable reservoir formations of sandstone 

or limestone. In salt formations it is believed that hydrostatic stress conditions are 

present before the well is drilled, since salt creep over long periods of time will tend to 

dissipate any deviatoric stresses that may have been imposed. In such conditions the 

problem can be greatly simplified by considering conditions to comply with 

axisymmetry. In shale formations there is no point in considering formation damage, 

since no significant filtrate invasion is likely to take place. 

Finally, consideration should be given to the relative importance of the parameters 

involved. If, for example, strength anisotropy has little bearing on predictions relative 

to, say, nonlinear elasticity, then the direction of any advanced numerical model 

should be towards better elastic modelling rather than anisotropic effects. The various 

parameters should first be assessed using simple analytical techniques where possible, 

and the numerical model tackled according to the relative impact the parameters have 

on the stress distribution and failure mechanism. Naturally some parameters (e. g. 

viscous effects created by pore fluid migration) can only be assessed by complex 

numerical models. 

There are an abundance of numerical models developed for analysing the wellbore 

instability. Below is a selected list of the more notable numerical models to be 

published and an assessment of their suitability. 

2.4.2 ELAsTzc MODELS 

Hubbert and Willis (1957) first applied Kirsch's elastic solution to predict the stability 

of a vertical borehole subjected to a non-hydrostatic far field stress and constant 

borehole fluid pressure. For a borehole of arbitrary trajectory, Fairhurst (1968) derived 
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a solution for the stress distribution around an inclined borehole by including the 

stresses induced by anti-plane shear. The stability of unsupported or pressurized 

inclined boreholes has been the subject of many investigations since the late 1970's. 

Early analysis addressing stress-induced lost circulation and borehole collapse were 

presented by Bradley (1979). Bradley presented a set of equations for the stresses 

around a circular opening using equations that he attributed to Fairhurst. This 

solution allows for the general case of the well not being parallel to a principal stress 
direction, i. e. deviated wells. The equations are for simple linear elasticity only, and do 

not consider plastic or nonlinear elastic behaviour. In addition, the solutions take no 

account of temperature or pore pressure gradients, mud cake effectiveness, material 

anisotropy or time effects. Despite the limitations of the solutions, they give an 

assessment of the relative stability of wells with direction and deviation. The inclusion 

of stres&-dependent elastic moduh into borehole stability analysis was investigated by 

Santarelli and Brown (1987). Using a power law variation for Young's modulus as a 

function of the confining stress for a vertical borehole in an elastic medium with 

isotropic horizontal stresses, a generalized representation of Hooke's law was presented. 

The conclusions drawn from these studies were that the maximum tangential stress 

computed at the borehole was found to be lower than those predicted by linear elastic 

theory and that the maximum tangential stress concentration occurred within the rock, 

and not at the borehole wall for specific loading conditions. 

Aadnoy and Chenevert (1987) developed a sen-ii-analytical model which took into 

account the influence of rock a3lisotropy on inclined borehole stability; but this model 

can only solve for the stresses along the borehole wall, and it was limited to an 

isotropic shear failure criterion. Roegiers and Detournay (1988) gave an expression for 

the stresses and displacements and fracture initiation at inclined borehole walls. Ong 

and Roegiers (1993) modified Aadnoy's model by presenting the stress as a function of 
borehole radius and adopting an ariisotropic shear failure criterion. Ong further 

improved and developed this amsotropic borehole model. Based on Ong and Roegiers' 

19 



Chapter 2. Literature Review 

model, a borehole stability analysis software (Bore-31)) was developed which is 

extensively used in oil and gas industry. Gupta and Zarnan (1994) presented borehole 

stability analysis for transversely isotropic media. Since only 10% of the rock 

formations exhibit isotropic material properties, and 30% of the rocks have an 

anisotropy ratio of more than 1.5 for Young's modulus (Ong and Roegiers, 1993), the 

anisotropic model is more realistic. 

The chemical effect of drilling fluid on shales is an important factor affecting borehole 

stability. Mody and Hale (1993) presented a model that couples the mechanics and 

chemistry of drilling fluid with shale interactions. Sherwood and Bailey (1994) gave a, 

modified form of Biot's linear theory of poroelasticity for shale swelling around a 

cylindrical borehole in the case of an axisymmetric, plane strain situation. 

The borehole solution using linear elasticity is still widely used in the industry for mud 

weight design and borehole stability analyses because of its ease of use and because it 

needs only a few parameters. 

2.4.3 NONLINEAR AND POROELASTIC MODELS 

Geornaterial is complicated and its stiffhesses vary with stress and damage. Santarelli 

et aL expressed the stiffness as the function of a3 , e. g. E= EO + ba3' or E= EO (a3j". 

Rather than one constant parameter (E or 0), two are required to link the stiffness 

nonlinearly to the stress. A similar approach relates stiffness to radial distance or 

radial strain, using linear or exponential relationships (Dusseault, 1994). These are 

essentially damage mechanics approaches in which stiffness changes can be related to 

deviatoric stress magrutude or radial strain. Dusseault obtained another approach to 

fit pre-peak behavioural response from a-e test by polynomials for K and G. 
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Many other forms of nonlinearity were proposed in recent years. The following forms 

are used in nonlinear models to analyze the wellbore stability: permeability as a 

function of deviatoric strain for shales, as a function of stress for fractured strata; 

changing yield criteria, including degrading tensile and compressive strength with 

strain; thermal effects on flow; chemical change effects on rock properties. 

For rocks that are permeated with fluids, the diffusion of pore pressure strongly 

modifies the effective stress field around a borehole. Therefore the analysis of borehole 

problems for these rocks is based on the poroelasticity theory. Brath (1983) presented 

the poroelastic solution for a borehole in a non-hydrostatic stress field by assuming a 

vertical borehole and a plane strain deformation geometry. For inclined boreholes 

drilled in isotropic media, Cui et aL (1997) derived an analytical solution by applying 

the generalized plane strain concept. Abousleiman et al (1996) gave a poroviscoelastic 

solution for borehole and cylinder problems. When drilling very deep formations, the 

thermal effect has a potential impact on the stress and pore pressure distributions and 
borehole stability. Li et aL (1998) presented a fully coupled thermoporomechanical 

model and concluded that thermal effect induces high pore pressure which could be 

crucial to borehole stability. Ekbote et al. (2000) gave the analytical solution coupling 

thermal, chemical poroelastic solution and a borehole analysis software (Pbore-3D) 

was developed (Cui et al. 1997). Mang et al. (2003) presented a numerical solution of 
dual-poresity poroelastic formulations that couple solid deformations with fluid flow in 

both matrix and fracture systems of naturally fractured reservoirs. 

2.4.4 ELASTOPLASTIC MODELS 

The elastic model is the base case because it assumes that failure is equal to the elastic 

limit, thus acquiring the label as `conservative' or pessimistic (Charlez, 1994). An 

elasto-plastic method implies that even after portion of the borehole might be stressed 
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beyond their elastic limit, the non-elastic region remains intact and load-bearing, i. e. 

not in a collapsed state. Elastoplastic models extend the stress-strain analysis beyond 

the elastic limit. 

A number of elastoplastic and nonlinear analytical and serni-analytical models for 

borehole stability analysis have been developed. Gnirk (1972) recognized the existence 

of a plastic zone around an uncased hole, and calculated borehole pressures to prevent 

yielding, assuming no fluid flow occurred. Risnes et al (1982) presented an analytical 

solution describing the extent of the plastic zone about an uncased well during 

drawdown. The nonlinear and elastoplastic models include damage mechanics models 
(e. g. Papan-Achos, et aL, 1994), elastic-perfectly plastic models (e. g. Detournay et al ., 
1986), strain hardening elastoplasticc models (e. g. Ladanyi, 1974; Hawkes and 

McLellan, 1996). Most models are only applicable to the hydrostatic stress state and 

do not consider fluid effects. 

Observed similarities in the mechanical behavioux of soils and weak and soft rocks (e. g. 

shales, sandstones) indicated that critical state mechanics models could possibly be 

developed to better describe the complex mechanical behaviour of rocks around 

wellbore (Gerogiannopmdos, 1978; Steiger and Leung, 1991). The Cam-clay model and 

variations of it have been used for wellbore stability study (Yu, 2000). Most recently, 

poroelastoplastic models have been developed, which allow coupling of flow and 

elastoplastic behaviour. When implementing plasticity approaches, non-associated 

plasticity flow rules are far better for all geomaterials, because of their post-yield 

dilating or contractile behaviour. 

2.4.5 NUMERICAL METHODS 

Numerical methods include mainly the finite element method, the finite difference 

method, the boundary element, and the discrete element method. Goodman (1966) 
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analysed the distribution of stresses around circular openings and described the effect 

of weakness planes on them. The boundary element method was used to study 

borehole breakouts. Kwong and Kaiser (1991) studied borehole breakouts in rock with 

anisotropic strength and local weakness by using a 2D finite element model in which 

the weakness planes are represented by elements with lower strength. They noted that 

if the in situ stress ratio is close to unity, the presence of weakness planes does not 

greatly affect the development of a continuous, uniform yield zone, as predicted by 

analytical or numerical solutions for a homogeneous continuum. Shen and Barton 

(1997) used the discrete element method to investigate the effect of joint spacing on 

the size and shape of the distributed zone around circular openings. Hoek et al. (1995) 

noted that further experience is required in the application of the discrete element 

method to explore its potential and limitations. This is because rock joint 

configuration and spacing cannot be faithfully reproduced in a model, and rock joint 

properties cannot be tested except for a few joints with limited sample size (Bashin 

and Hoeg, 1998). Mang et al. (1999) used UDEC (Universal Distinct Element Code) 

to analyse the wellbore instability in fractured rock masses. 

Recently, review of modelling technology, wellbore stability, and drilling advances 

were given by Charlez (1994) and Ramos et aL (1996). The significant advances belong 

to rock mass characterization, computation, modelling, monitoring, and logging tool 

developments. The availability of PC computers with numerical codes such as finite 

elements, finite differences, displacement discontinuity elements or boundary elements 

for wellbore stress-strain analyses have contributed to wider field applications and 

acceptance of rock mechanics models. 

Among these numerical methods, the Finite Element Method (FEM) is the most 

popular method to analyse the extremely complex issue, wellbore instability. The 

advantage of the FEM approach where the continuum is divided into small elements is 

that it is highly general, and any material law, spatiotemporally varying boundary 

condition, and transient process can in principle be solved in a fully coupled manner. 
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Although FEM is more amenable to the complex problems than other methods, it is 

difficult to correctly determine the material parameters to sufficient accuracy to allow 

true predictions. And it is also difficult to take account of the effects of initial damage 

and fractures in the formation. 
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CHAPTER 3 

ANALYTICAL SOLUTIONS FOR 

WELLBORE STABILITY 

3.1 INTRODUCTION 

The focus of the chapter is to present the analytical solutions for wellbore stability. 
First, the elastic analysis of wellbore stability has been briefly present, together with 

some basic principles and methodologies of wellbore analysis. Two different failure 

criteria, Mohr-Coulomb criterion and Hoek-Brown criterion, are used to predict the 

borehole failure. Secondly, new solutions for the vertical borehole with non-hydrostatic 
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in situ stresses based on cavity contraction theory have been proposed in which the 

rock around borehole behaves the elastic perfect plastic. The FEM evaluations have 

been taken following, and a new alternative design limit of borehole pressure has been 

reconmiended according to the conventional stability criterion which has been used 

widely by other researchers. 

3.2 ELASTIC ANALYSIS OF WELLBORE STABILITY 

In this section, wellbore stability analysis is taken using elastic theory. The analysis 

must be followed three basic steps: (1) Calculation of stresses around borehole; (2) 

Suitable failure criteria is chosen for borehole; (3) The stresses are compared with 

failure criteria. If the failure criteria is satisfied anywhere around borehole, then the 

borehole is regarded as unstable. Compressive stress is positive in this thesis. 

3.2.1 STRESS DISTRIBUTION AROUND WELLBORE 

The simple case shall be studied first: a vertical borehole in a linear elastic for-mation 

with horizontal in situ stress, and on its internal boundary by a wellbore pressure 

p, (see Figure 3.1). This problem can be considered as the plane strain problem. A 

complete solution for stress distribution around a wellbore is (Yu, 2000): 

Cyr = 
2° [(1 + K)(1- -)- (1- K)(1- 4-TT a2 + 

3a4) 
cos 26] + pýaZ (3.1) 

r 

ßo = 
2° [(1 + K)(1 + az 

z) + (1- K)(1 + 
3aa) 

cos 26] - 
pr 2 

(3.2) 

4r2 (1- K) p0 
aZ =a,, -µ 22 cos 20 (3.3) 
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i-E [(1- k)(1 + 
2a 2 3a 4) 

sin 20] (3.4) 
re 2 rz ra 

tin=tez=0 (3.5) 

where 9u 
is Possion's ratio. 

Borehole 

-ý, I :*'. ". ",. I.. %.. 
........ 

i-r. 
. . ... ...:.. ". 

, 
-: ... 1. -. ýn ,. -.. - .;,, .., '. ... :.. t. --. -, 

Po 

A-A Section 

Figure 3.1 A vertical borehole in an anisotropic in situ stress field 

k1ý 

For a more general situation, a deviated borehole (see Figure 3.2), the solution for 

stresses is more complicated. The calculation can be carried out in a local coordinate 

system, whose z axis is paxallel to the wellbore axis, the x axis is chosen to be parallel 

to the lowermost radial direction of the wellbore, and the y axis is horizontal, as shown 
in Figure 3.2. Then, the following equations can be used to convert the global 

coordinate (virgin formation stress coordinate, x', y' , z' ) into the local coordinate 
(borehole coordinate, x, y, z) system (Fjaer, et cd, 1996): 
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I2 . 12, P, 

o Ax x xz f I 2 I I 
fT0 v= ri vi 

0 Q' l;. 12. lII 0H 
Z 

- 6h 
T ll lxv 

vv 
1xz1 

y xx yx xY YY xz Yz 6v 

zö 1,1z lry lu 

1.1.1.1.1.1. 
zx xx zy XYu xz 

where 

I. 1-Ty; lxz- coscpxcosgpz sinrpxcos(pX -sintpz 
1 1 1 " sin Vx cos rpx 0 l y - 
1, 1 1, cos px sin rp, sin (pi sin gyp' cos (pz 
mr ry a 

Y' 

X' 

Figure 3.2 Schematic diagram for an inclined wellbore subjected to in situ stresses 

(3.6) 

(3.7) 

28 



Chapter 3. Analytical Solutions for Wellbore Stability 

0000 aH 7 47h , and a,, are the fax-field stresses, (Tx ,a, a7 'r , r' and r' are the local 
YZ XY YZ XZ 

wellbore coordinate stresses, px is the azimuth angle and is the anti-clockwise angle 
between the projection of the wellbore axis on the horizontal plane and the direction of 

the maximum horizontal in situ stress. (P. is the wellbore inclination and is the angle 
between the wellbore axis and the vertical direction. After the conversion, the analysis 

can be worked out in the local coordinate. 

The complete stress solutions are: 

00 0_ 04Z 
Orr 1-rr 

2+ ýX 
26' 

1+3rr -4arr cos 29 

(3.8) 

+r 1+3 
a 
r4 

-4 a 
-2 sin20+pw r2 

4 6 2aJ[i+4J_1° x 
26' 

1+ 344 cos 20 

ai 
(3.9) 

-z0 1+3 ra sin29-p�, rZ 
aa 

zz 
6Z = 6ý -, U 2(o - 6y) r2 cos 20 + 4rß, rz 

sin 2B (3.10) 
QR 

o_ oazaz 

zrB- 
6x 

2 
1-3äa +2 - sin20+ro 1-3äa+2äz cos 20 (3.11) 

a2) 
lY 

(2 

r9 z =(-z° sin0+r cos0) 1+ rz (3.12) 
a 

2 

za = 
(r° cos 6+ ro sin 6) 1- r2 (3.13) 
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The solutions above are all valid for linear elastic models with constant stiffness. The 

stresses solutions in non-linear formations can be found in many papers (Nawrocki and 

Dusseault, 1994; Santarelli et aL, 1986; Wu and Hudson, 1991). These solutions axe 

not repeated in this thesis. 

3.2.2 FAILURE CRITERIA OF WELLBORE INSTABILITY PREDICTION 

As mentioned earlier, the failure criteria should be chosen to predict wellbore 

instability. The convention failure criterion, the Mohr-Coiflomb criterion and a newly 
developed failure criterion, Hoek-Brown criterion are presented and studied here. The 

prediction of wellbore instability with other failure criteria can be studied with similar 

approach. 

3.2.2.1 MOHR-COULOMB FAILURE CRITERION 

The analysis is still started from a simple case: a vertical borehole in a linear elastic 

formation with horizontal in situ stress, and on its internal boundary by a fluid 

pressure, the mudweight p, In this case, the largest stress differences occur at the 

borehole wall, r=a. According to Equation (3.1) - (3.5), the stresses at the borehole 

wall are: 

Cyr = Pw (3.14) 

ße =po[1+K+2(1-K) cos 26]-p,, (3.15) 

a =ß�-2 t(1-K)pocos29 (3.16) 

Lro = Tr =T =o (3.17) 
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Since all shear stresses vanish, q,,, a, and a. are principal stresses and can be used 
directly in the failure criteria. The Mohr-Coulomb criterion is given as follows: 

6, - a63 =Y (3.18) 

where 

l+siný 
Y= 

2Ccos4 
ý 3.19 

1-sind 1-sin4 

and 0 and Care the friction angle and cohesion respectively. 

The minimum wellbore pressure 

To prevent wellbore coUapse when weUbore pressure is been decreasing, the minimum 

weUbore pressure should be calculated. In this situation, two cases are considered 
(Fjaer, et al., 1996, Charlez, 1997):. 

Case I: ae > az > ar 

Therefore, the Mohr-Coulomb criterion can be written as follows according to 

Equation (3.18): 

CFO - a6, =Y (3.20) 

So the minimum wellbore pressure which can initiate the shear failure can be obtained: 

[(1+K)+2(1-K)cos26]po-Y 
(3.21) 

1+a 

Case 11 : ßz > ae > a, 
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The minimum wellbore pressure in this case can be obtained: 

P. -[ß, 
-2t(1-K)pocos201-Y (3.22) 

a 

The maximum wellbore pressure 

If the wellbore pressure is increased significantly, the tensile failure can occur at the 

borehole wall when the smallest principal stress becomes tensile and equal to the 

tensile strength of rock around borehole: 

63 + To =0 (3.23) 

where, To is tensile strength for rock around borehole. 

It is likely assumed here that the tangential stress is the minor principal stress. 

Therefore, the maximum wellbore pressure is: 

Pw = Po[1 +K+ 2(1- K) cos 20] + To (3.24) 

3.2.2.2 HOEK-BROWN FAILURE CRITERION 

The Hoek-Brown failure criterion can be written as follows: 

al -O3 -Rl(m 
63 + s)o. s =0 (3.25) 
9ý 

where q. is the uniaxial compressive strength of the intact rock material and m and s 

axe constants depending on the nature of the rock mass and the extent to which it had 

been broken (Heok and Brown, 1980). 
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Hoek (1990) also gave the estimating Mohr-Coulomb friction angle 0 and cohesion C 

from the Hoek-Brown failure criterion for each rock mass and stress range. This is 

done by fitting an average linear relationship to the curve by solving equation (3.18) 

and (3.25) for a range of rninor principal stress values. 

The similar approach can be used to obtain the n-ihiimum wellbore pressure: 

P =apo_q 
qm2 

w28+ 
8amp, / q, + 16s - ml if aO > C7z > C7r (3.26) 

P,, = a, - bp,, _jc [VM2 + 4m(a. - bpý) / q, + 4s - ml if C7z > Cýe > C7r (3.27) 
2 

where a=1+K+2(1-K)cos2A, b=2µ(1-K)cos2A. 

The maximum wellbore pressure is the same with the one of Mohr-Coulomb criterion. 

It is noted that although the minimum and maximum wellbore pressure are both 

important to wellbore stability, the minimum wellbore pressure is to be much more 

concerned for the sake of both practical and economic reasons. Therefore, the following 

research is focus on detenmrung the minimum wellbore pressure to avoid the stability 

problems. 

3.3 ELASTIC-PERFECTLY PLASTIC SOLUTIONS 

In this section, the cavity contraction theory is used to analyse the wellbore instability 

assumed the rock around borehole exhibited the elastic perfectly plastic behaviour. 

The new solutions for borehole pressure are derived using Mohr-Coulomb and Hoek- 

Brown failure criteria. 
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3.3.1 SOLUTIONS FOR MOHR-COULOMB CRITERION 

Assume the initial radius of borehole is P, and the internal borehole pressure is p,. 
The initial stresses around borehole obey the Kirsch solutions. Then the borehole 

pressure is decreased to a value p,, and the borehole radius is reduced to the current 

radius a. In the initial loading, the rock around borehole behaves in a linear elastic 

manner, and the stresses distribution can be expressed by Equation (3.1) - (3.4). When 

the borehole pressure is decreased to a certain limit, here defined using the Mohr- 

Coulomb failure criterion, the yield is commenced. After initial yielding, the rock is 

assumed to eAdbit perfectly plastic behaviour and a plastic zone develops arowid the 

borehole with a plastic radius RP that travels outwards as the borehole pressure 

decreased (see Figure 3.3). 

aaa 
,f I Kýo 

PW 

ssulne 
reg 

-a' kpo 

Figure 3.3 Definition of problem and geometry of the plastic region 

Two observations are found here to simplify the geometry. i) the FEM studying for 

the development of the plastic zone around borehole indicates that the yield initiates 
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at the crown of borehole when K>I and the spring-line when K<I (see Figure 3.5 

and 3.6); ii) the plastic zone grows as the borehole pressure decreased, and the farthest 

yield point in the plastic zone appears over the crown when K>I and the spring-line 

when K<I (see Figure 3.5 and 3.6). 

I) K>1 

The focus of attention is the point experiencing yielding that is furthest from the 

borehole axis i. e. 0= 90°. 

Elastic response and initial yielding 

Before yielding, the stresses at this point can be expressed: 

a2p A- 
l-(5-3K)-p,, +iý 

L- 
71 2]r4[2' 

(I - K)l (3.28) 

Kp, -a2 
[ý'-(l 

+ K) - p. 
a4 [3p 

72 
]-r 

42' 
(I - K)l (3.29) 

According the Mohr-Cordomb criterion Equation(3.18), as the borehole pressure 

decreases further, the initial yielding occurs at the borehole wall when the condition 

(r =a): 

[(3K-1)po-pvI-apw =Y 

is satisfied. Where, a, = QB and a3 = Q,. 

(3.30) 

The critical borehole pressure py for initial yield at the crown of the borehole is 

_ 
3K-1 Y 

Ply 1+a p0 _ 1+a 
(3.31) 
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At point (r= RP, 0= 900 ), i. e. above the crown at the interface between the plastic 

zone and the elastic region, the radial stress can be given by: 

e _3K-1 _Y 6'-p'' l+a p0 
+a 

3.32 

Elastic-plastic stress analysis 

After initial yielding at the borehole wall a plastic zone within the region a:! ý r! ý RP 

fonns around the inner wall of the borehole with the decrease of the borehole pressure. 
The stresses in the plastic zone must satisfy the equilibrium equation: 

, Da,. 
+ 

ar - 6B 
=O (3.33) 

Or r 

Also the stresses in the plastic region must satisfy the yield conditions: 

Qg - GrUr =Y (3.34) 

Substituting Equation (3.34) into Equation (3.33) and solving it, one obtains 

ar =C r° 
Y (3.35) 

a-1 a-1 

Using the boundary condition (for r=a, or = p,,,, ), a value for C can be obtained: 

C=a-1 
Y 

- Pw+ýa (3.36) 

Therefore the radial stress above the crown in the plastic zone then can be obtained: 

6r=(r)"'[PK. +aY 
I]_ 

Y1 (3.37) 
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The radial stress must be continuous across the elastic-plastic boundary, and so the 

foRowing condition is satisfied: 

Qp =6; at r=Rp, B=90° (3.38) 

where the superscripts e and p denote the elastic and plastic zones respectively. The 

borehole pressure p,, can then be expressed as: 

p _[3K-1 Po _ 
2Y a+Y (3.39) 

I+a I- a' Rp I-a 

An axisyrnmetric cavity contraction theory is used to represent stresses at point 

(r= RP, 0= 90' ) for the asymmetric problem (where K#I). And so the following 

assumptions can be made: 

1) The plastic region is assumed to be axisymmetric and its radius is the distance 

between the centre of borehole and the furthest yield point (see Figure 3.3). 

2) Each point on the elastic-plastic zone boundary has the same displacement as the 
furthest plastic point. 

3) Displacement of the model depends on the maximum plastic radius and not 
depends on the position angle 0. 

With above assumptions, the displacement at the interface between the elastic and 

plastic zone is given by the elasticity solution (Yu, 2000): 

(ýP 
M-1 )po 

+ i_Yct )2 

K+ 

(3.40) 
r=Rp= 2G r-r= 

+a 
2G 

Rp 

where G is the shear modulus of the rock around the borehole, G=E/ 2(1 +, u). 
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For unloading cavity contraction, the following solution can be obtained (Yu & Rowe, 

1999; Yu, 2000) : 

1+0 
= 

1+0 (Rp 
- u) - RP"+ (3.41) 

where 

I +sin xy (3.42) p= T--7i-n., y 

where V/ denotes the dilation angle of rock. 

A further assumption can be made to simplify the solutions for rock around borehole, 

especially soft rock, based or, the fact that soft rock has a small dilation angle. It is 

assumed that no volume change is expected in the plastic zone. Therefore sin V=0 can 

be obtained, which leads to the following condition from Equation(3.41): 

1ý -a 
2= (Rp 

_ U)2 _R2 p 
(3.43) 

The later numerical results are also shown the value of dilation angle has relatively 
little influence on the solutions. 

Substituting Equation (3-40) into Equation (3.43) and neglecting the Mgher-order 

terms give: 

3K-I)P, 
+ 

Y 

a2 I+a I+a (3.44) 
Rp Rp' G 

And substituting Equation (3.44) into Equation (3.39) obtains: 
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ct-1 

3K-1 y2 

p _[3K-1 
2Y 1+(x J+a 

+y (3.45) Po 
CC2 2 I+a Rp' G 1-(x 

II) K<1 

In this situation, the initial yield and the furthest points are at the spring-line of 

borehole, i. e. 0= 0'. 

The critical borehole pressure P2y for initial yield at the spring-line of the borehole is: 

P2y :- 
3-K 

Ay I+a -+(x (3.46) 

The similar approach which outlined above can be used to obtain the eqWvalent 
limiting borehole pressure equation: 

CL-1 

3-K) 
py2 

P" = 
[3-K 

A 
2L_] Jý +a0+I+a+y (3.47) 

I+a OC2 R2G I-a 
p 

3.3.2 SOLUTIONS FOR HOEK-BROWN CRITERION 

The same approach is used in the analysis according to Hoek-Brown criterion, i. e. 
Equation (3.25). 

I) K>1 

The critical borehole pressure p, y 
for initial yield at the crown of the borehole is 
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(3K - 1) [VM2 
+8mpo (3K-I)lq, +16s -m (3.48) Ply A -L 

ý6s 
281 

The radial stress above the crown in the plastic zone then can be expressed: 

(r)+I- sq, 
pi + Lq, (3.49) ar = 

Vmq' 
in j 2amm 

The borehole pressure p,, can then be expressed as: 

P, 
[[(3K- I) 

PO _ dl +jq, 
ýM-q, 

In 
(Rp sq, (3.50) 

2m2am 

where d, = 
I'L VM2 +8mpo(3K- I) I q, +IT6S -m] 81 

The following equation can be obtained with no volume change assumption: 

R2 
3(1-K) 

pý +dl 
P= -2 a RP2 G 

Therefore, 

po +d, 
p 

[(3K-1) q, In 2 sq, (3.52) 
wA 

dl +L 
2 2m4 Rp' Gm 

II) K<1 

The critical borehole pressure p., y 
for initial yield at the spring-fine of the borehole is: 
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p2y = 
(3 - K) 

A-±, 
[VM2 

+ 8mpo (3 - K)1q, +16s -m (3.53) 
281 

The equivalent limiting borehole pressure equation can be obtained: 

pl, 
(3 - K) 

po -d2 + Lq, 
1/2 

+ 
Im- -q, 

InK21 
po +d2 sq, (3.54) 

2m4 RP2- Gm 

where d" ýL, [VM2 
2 -ý 

8+ 
8mpo (3 - K) / q, + 16s - m] 

3.3.3 FE'4ffE ELEMENT METHOD EVALUATION 

A commercial FEM code ABAQUS is used to evaluate the effectiveness of equations 
for estimating the relationship between radius of the plastic zone and the borehole 

pressure which has been derived in last two sections. The plane strain condition is 

used in the modelling. A rectangular region of 3.20 metres with a circular hole of 10cm 

radius was modelled. Figure 3.4 shows the geometry and finite element mesh of the 

model. Finer mesh is required near the wellbore region in order to capture the steep 

gradient of the solution. A mesh composed of 3,600 4-node plain strain quadrangle 

element with 3,672 nodes was used. Different K, p(, values and elastic-plastic 

constitutive material model, Mohr-Coulomb model, are used in the evaluation. 
Different values of dilation angle V are also chosen in the simulations. The material 

properties and differentK, po values used in the analysis are listed in table 3.1 and 
table 3.2. 

Figure 3.5 and 3.6 show the development of the plastic zone around the wellbore with 
the borehole pressure po decreases for K<I (i. e. K=0.6) and K>I (i. e. K=1.4) with 

V= 10' respectively. As the borehole pressure deceases, the plastic zone grows around 
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the borehole after initial yield. The initial yield and rrkWmum plastic zone appear at 

the spring-line of the borehole when K<I, whereas, they appear at crown of the 

borehole when K>1. Thus, the failure at the borehole will initiate in the direction of 

the rninimum horizontal stress. 

Figure 3.4 Finite element mesh of the mode for evaluation 

Table 3.1 Material properties in the analysis 

Young's modulus E (MPa) Possion's Ratio U Cohesion C (KPa) Friction angle 
207 0.3 69 200 

Table 3.2 hdtial stresses conditions 

Case K vabw p, ( KPa) 

Case 1 1.4 

Case 2 1 GOO 

Case 3 0.6 

Case 4 1.4 

Case 5 1 1000 

Case 6 0.6 
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Figure 3.7 and 3.8 show the radius of the plastic zone RP, normalized the initial 

borehole radius RO, versus the borehole pressure p"' non-nalized the one initial 

horizontal stress p., which are the results from both analytical solutions and FEM 

with different values of p, K and V/. A good agreement between aiidytical results 

and numerical results is obtained. As mentioned in previous section, it is also noted 

from these two figures that the value of dilation angle nearly has no influence on the 

results. 

Figure 3.5 Development of plastic zone with decreasing borehole pressure: &= 600 KPa ,K=0.6 

yi=10° 
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Figure 3.6 Development of plastic zone with decreasing borehole pressure: &= 60OKPa, K=1.4, 

Y/ = 100 

A suitable criterion should be chosen in order to use the new mialytical method in 

practice. Ewy (1993) and Charlez (1997) suggested a criterion based on maximurn hole 

closure to predict the wellbore instability in soft rock. Figure 3.9 and Figure 3.10 show 

the radius of the plastic zone RP, non-nalized the initial borehole radius RO, versus the 

borehole closure, normalized the borehole radius. The shadow parts in Figure 3.9 and 
Figure 3.10 show the relevant range of plastic zone when the maximinn hole closure is 

defined to be between 2% - 4% of the borehole radius (Charlez, 1997; Yu, 2000; 

Papanastasiou, 2004). From the figures, the maxii-ni-an plastic zone R 
p, max 

is between 

2.21/c, - 3.4% of borehole radius. A design ffi-nit of maximi-mi plastic zone R 
p, max I 
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between 2% - 4% of borehole radius, for the new analytical method is recommended 

by considering other factors. 
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Figure 3.7 Comparisons of the development of plastic zone using analytical method and numerical 

method with p, = 60OKPa 
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3.4 SUMMARY 

1. The elastic analysis of the wellbore stability gives the basic views of mechanical 

behaviour of wellbore under certain stress field and borehole pressure and 

approaches of analysis of borehole stability, which are: (i) determine the stress 

field around wellbore; (ii) choose a appropriate failure criterion-, (iii) compare 

the stresses around wellbore with the failure criterion. If the failure criterion is 

satisfied any where in the rock the wellbore is regarded as unstable. 
2. The Mohr-Cmdomb and Hoek-Brown criteria are chosen to be failure criterion 

for borehole stability. The minimum and maximum wellbore pressures are 

given based on these two criteria by Equation (3.21) to(3.27). 

3. The cavity contraction theory is used to get the new elastic-perfectly plastic 

solutions for vertical borehole with anisotropic stress field in this chapter. The 

solutions for Mohr-Coulomb and Hoek-Brown criteria are given by Equations 

(3.45), (3.47), (3.52) and (3.54). 

4. A commercial FEM code is used to evaluate the new solutions. Figure 3.7 and 
3.8 show that a good agreement between numerical results and the results of 

new solutions can be obtained. 

5. A new alternative criterion for the new solutions to predict the wellbore 

instability is recommended. This criterion is to bmit the radius of plastic zone 

around borehole, say by between 2% - 4% of the borehole radius. 
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CHAPTER 4 

NUMERICAL MODELLING FOR 

INCLINED WELLBORE 

4.1 INTRODUCTION 

The focus of this chapter is to analyse the influence of inclinations and azimuths of 
inclined borehole on stability. A new numerical model - generalized plane strain model 

is introduced firstly to simulate the inclined borehole with different directions. 
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Secondly, the inclined boreholes. in the uniform in situ stress field are investigated with 
Mohr-Coulumb and Drucker-Prager material models. TWrdly, the wellbore stability 

analysis is conducted with the inclined boreholes in the anisotropic in situ stress field. 

4.2 GENERALIZED PLANE STRAIN MODEL 

Since the stress field aromid wellbores is complex, especially inclined wellbores, and all 

six components of the stress are involved (see Figure 4.1), traditionally 3-D models are 

used to analyze the stability of boreholes. However this analysis is time-consuming and 

it requires relevant experience. Two-dimensional plane strain solutions can be applied 

to analyze the stability of a wellbore when its axis is parallel to the direction of one of 

the in situ stresses, such as a vertical or a horizontal wellbore. In the general case of an 

inclined wellbore, however, a more elaborate analysis is required. In the following, the 

methodology behind the finite element model capable of simulating wellbores of 

different orientations by varying only the initial stress conditions is described. 

o-, 

. 
1A I 

40ow aH 

Simulated 
section 

Ch 

X, 
Figure 4.1 Schematic diagram for an Inclined wellbore subjected to in situ stresses 
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The construction of models can be simplified and computational time can be reduced 

significantly by taking into account the following two observations: 

1. The analysis can be canied out in a local coordinate system, whose z axis is 

parallel to the wellbore axis, the x axis is chosen to be parallel to the lowermost 

radial direction of the wellbore, and the y axis is horizontal, as shown in Figure 3.2, 

then the far-field stresses can be converted into the local wellbore coordinate 

stresses using Equation (3.6). 

2. It is expected that aE cross sections perpendieWar to the wellbore axis deform 

identically, resulting in nodal displacements independent of the position of the 

node along the wellbore axis. Thus no variation of the displacement field, u, uy, 

u, , 
is expected parallel to the hole axis, z, hence: 

z 
az 

This result in zero normal strain in the axial direction: 

.-=0 (4.2) 

[6ý ey 6., y -,. #0 (4.3) 

These conditions can be easily implemented into a 3D FEM model where the fifth 

equilibrium equation (i. e, in the z direction) replaces the plane-strain condition. Thus, 

the solution domain is a plane perpendicular to the hole axis with the three 

components of displacement being the primary unknowns. So a generalized plane 

strain formulation can be used to drive a solution for an inclined. 

The numerical calculation were carried out using a commercial finite element code 
ABAQUS. Alternatively, these conditions can be imposed using a layer of 3D brick 

elements taken orthogonal to the well axis, Figure 4.2 shows a portion of the typical 
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element mesh. The two planar surfaces of the lay are constrained to move only 
identically or in a parallel manner, but displacements in a three dimensional 

directions are allowed. This ensures that the layer maintains constant thickness, yet 

allows it to warp, or become non-planar. It also ensures that any line parallel to the 

hole axis (for example, the hole wall) always remains parallel to the hole axis. These 

models correctly calculate all three-dimensional stresses and displacements in the 

material surrounding the hole, including the concentration of out of plane shear 

stresses near the hole wall. 

Figure 4.2 Part of 3D &dte element model 

4.3 TiHE VALIDATION OF NEw MODEL 

A rectangular region of 3.20 m, thickness of 2 cm, with a circular hole of 10 cm radius 

was modelled. Figure 4.3 shows the geometry and finite element mesh of the model. 

Finer mesh is reqWred near the wellbore region in order to capture the steep gradient 
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of the solution. The model results in 3,600 8-nodes brick elements with 7,344 nodes. 
Zero displacement at the remote lateral faces is prescribed as boundary conditions. 

In order to validate the model, computations were carried out for an inclined wellbore 

and the results were compared with analytic elastic solution. The solution for the 

stresses and displacements due to an infinite circular hole in a homogeneous, isotropic, 

linear elastic medium can be obtained by superposition of Kirsch's antiplane solution 

and the solution of an internally pressured hole of arbitrary orientation shown as 

Equation (3.8) - (3.13). 

The material was assumed to be elastic, characterised by Young's modulus E= 3GPa 

and Poisson's ratiop = 0.30. The inclination angle is 300 and the azimuth angle is 6CP. 

The components of far stress field are 47H = 40MPa, 17h =I OMPa, a, = 15MPa. The 

wellbore pressure is p,, = 25MPa. According Equation (3.6) the components of the in 

situ stresses in the local coordinates are given in the Table 4.1. 

3 

i 

ýf2 

Figure 4.3 Finite element nwsh 
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Table 4.1 Components of the in situ stresses in kmal coorilinates 

CF. ' (MP. ) ao, ý 
(M P a) Cro (MPa) T., O, (M P a) ro (MPa) TO,, (MPa) 

16.8750 32.5000 15.6250 -11.2500 1.0825 -6.4952 

The comparison is illustrated in Figure 4.4 and 4.5 in terms of radial stress crpp and 

hoop stress a., distribution, respectively. A very good agreement between the 

analytical solutions and numerical solutions was obtained. 

a, ,, 
(MRa) 

36 r 

32 

28 

24 

20 

Figure4.4 Distribution of radial stress along a line perpendicular to borehole wall In the d3rection of 

0-901 
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cr. (MPa) 
20 - 

15 - 

10 - 

5 

0 

-5 

-10 

Fkure4.5 DistributloiA of hoop stress along a line perpendkular to borehole wall hi the c1hwtion. of 

0=90* 

4.4 UNEFORM IN SITU STRESS STATE 

With the intention to investigate the influence of inchnations of wellbore on the 

stability, the first analysis will be conducted on the borehole in a uniform in situ stress 

field with different inclinations. Therefore, the first series of computations were carried 

out borehole embedded in a stress field with cr,, = cr, = 20.69MPa 
, aý = 34.48MPa 

. 
This case corresponds to a typical in situ effective stress state encountered in a deep 

borehole at around 2500 metres (Ewy, 1993). According to Equation (3.6), the 

components of the in situ stresses at different inclinations in the local coordinates can 
be obtained. 
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4.4.1 MATERIAL CONSMUTIVE MODELS 

Two elastic perfect plastic material models, which are provided by ABAQUS, were 

chosen in the calculation, the Mohr-Coulomb and Drucker-Prager inner cone. 

lomb 

iger 

Figure 4.6 Mohr-Coulomb and Drucker-Prager yield surface In deviatozic plane 

Mohr-Coulomb 

The Mohr-Coulomb yield surface is given by (see Figure 4.6): 

f =R., Q-Ptano-c (4.4) 

where 
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(8,0) =I in(O + -7r) +I cos(e + -7r) tan 73 
cos 0s333 

is the friction angle of the material. 

c is the cohesion of the material. 

E) is the deviatoric polar angle defined as 

cos(3E)) 
r3 
q 

and 

P=- 
I 

trace(a) is the eqWvalent pressure stress. 3 

2 
((S - S)) is the Nlises equivalent stress. 2 

91 
rS-S: S) I is the third invariant of deviatoric stress. 

S=a+ pI is the deviatoric stress. 

Drucker-Prager 

f =Q-Ptan, 6-d (4.5) 

where 0 is related to the friction angle. d is related to the cohesion. The two 

parameters of Drucker-Prager are given in terms of the Mohr-Coulomb parameters by: 

tan, # = 
6sino 

3+sino 
(4.6) 
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6ccoso 
(4.7) 

3 +sin o 

Constitutive properties of the rock modelled are given in Table 4.2. In the intention of 
investigating the general cases, the material parameters are chosen in this thesis from 

general conditions. 

Table 4.2 Properties of the rock modeled 

Young's modulus E (GPa) Pomon's ratio u Cohesion C(MPa) Friction angie (D 

2.5 0.20 4.38 20' 

4.4.2 FAiLuRiE CRiTERjiA 

Using the 3D finite element slice model, boreholes were simulated with different 

nonlinear constitutive models, Mohr-Coulomb and Drucker-Prager, and at different 

azimuths and inclinations. The computations were started with the model loaded with 

the initial in situ stresses and a wellbore pressure which is approximately the mean 

value of the horizontal in situ stresses. The wellbore pressure is gradually reduced until 

the wellbore fails according to one of the failure criteria which are described below. 

Failure in the field might mean the existence of the extensive breakouts, stuck pipe or 

even collapse of the wellbore wall at a segment. In modelling, failure is defined to occur 

when the stresses reach a critical combination (failure surface) at a point near the 

borehole wall or when the hole closure reaches a critical value. In this study, two 

different failure criterions, P1 and P2, will be used (Dussewilt, 1994). 

For weak rocks, failure is assumed to occur when a point on the borehole wall reaches 

a prescribed value of equivalent plastic straim For the weak reservoir rock of this 

study, the critical plastic strain was found to be 1.7% from triaxial tests (criterion PI). 
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Avoidance of stuck pipe problems gives rise to a criterion based on maximum hole 

closure. The maximw-n hole closure was defined to be 2% of the hole radius (criterion 

P2) (DusseaWt, 1994; Charlez, 1997; Fain, et d, 2003). 

4.4.3 REsULTS AND DISCUSSION 

The failure well pressures p,, based on the different failure criterions and constitutive 

models are presented in Figure 4.7. it is noted that greater plastic strains and greater 
displacements occur as borehole inclination increases. And higher well pressure needed 

as borehole inclination increases. The highest failure well pressure usually occurs for a 

horizontal (90') well. The mud pressure predicted by Drucker-Prager model is always 

lower than predicted by Mohr-Coulomb model. There is some different between failure 

pressure predicted by Mohr-Coulomb model and predicted by Drucker-Prager model 

based on criterion PI. The failure mud-pressures respectively predicted by Drucker- 

Prager model and Mohr-Coulomb model based on criterion P2 are more closed. The 

difference is relatively small for inclinations between 0' and 30' but become significant 

as inclination increases. 

Hole closures are deterrmned mainly by the far-field stresses acting orthogonally to 

hole, in conjunction with the rock deformation properties. Figure 4.8 and 4.9 plot 

radial hole closures for wells at CP (vertical), 500 and 90' (horizontal) inclinations with 

different constitutive models, Mohr-Coulomb and Drucker-Prager models. x-direction 

closures (Urx) represent the "sides" of the hole, and y-direction closures (Ury) 

represent the "top" and "bottom". As a well is increasingly deviated from vertical it 

defonns more strongly into an elliptical type shape, as shown by the difference 

between the x and y direction closures in Figure 4.8 and 4.9. The hole closures based 

on Mohr-Coulomb model are pessimistic compared with the results based on Drucker- 

Prager model. Figure 4.10 shows the dependence of the y-direction radial closures (Ury) 
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versus well pressure on borehole inclination based on Drucker-Prager constitutive 

model. Figure 4.11 shows the dependence of the maximum equivalent plastic strain on 

the wellbore inclination based on Drucker-Prager constitutive model. As it can be seen 

that there are no significant differences between the curves for inclinations from 0' to 

20', and from 80' to 90'. In this context, a wellbore with inclination up to 200 can be 

approximated as a vertical wellbore, where as a wellbore with inclination more than 

80' can be modelled as a horizontal wellbore. Figure 4.12 shows the region which has 

plastic strains when the hole closure is equal to 2%. with Drucker-Prager constitutive 

model. The most extreme concentration of yielding usually occurs for a horizontal (90') 

well, and increases with increasing inclination to the horizontal direction. 

1 
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Figure 4.7 Fallure pressure vs wellbore bicltnation 
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Figure 4.8 Radial hole closures for dfferent hole inclinations with Mohr-Coulomb model 
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Figure 4.9 Radial hole closures for different hole inclinations with Drucker-Prager model 
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Figure 4.10 WeU pressure vs hole closure (Ury) with Drucker-Prager model 
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Figure 4.11 wellbore pressure vs maiCanum equivalent plastic strain with Drucker-Prager model 
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Figure 4.12 Fully yield zone around wells with hole closure equal to 2%, with Drucker-Prager model 

4.5 NON-UNIFORM IN SITU STRESS STATE 

In order to fuRy analyse the influence of azimuth uld inclination of wellbore on 

stability, a series of simulations are taken for the inclined wellbore with non-unifonn in 

situ stress field. 

The computations for the un-uniform horizontal stresses were carried out with 

CH -= 25MPa , cý = 20MPa , a, = -3 3OMPa . In this case different combinations of 

wellbore inclination and azimuth need to be considered. All inclinations from 0" to 90" 

in W' steps, mid for each inclination all azimuths from Y' to 90" in ly, steps. The only 

exception is the 0" inclination (vertical wellbore), for which the azh-nuth angle is 

irrelevant. In these computations the material constitutive model Drucker-Prager is 

used. 

The failure well pressure predictions of plasticity based on failure criterion PI are 

presented in Figure 4.13 and Figure 4.14. A series of plots are also presented to show 

63 

(a) O'Inclination (b) 50'lnchmtion (c) 90"llnelhiation 



Chapter 4. Nuinermd Modelhng for Imlined WeUbore 

the influence of wellbore orientation on the deformation. In particular, Figure 4.15 - 
4.17 show the well pressure versus hole closure for different wellbore inclination and for 

three different azimuths: 0', 50', 90'. Figure 4.18 - 4.20 show the dependence of hole 

closure on the azimuth for three different inclinations: 10, W, 90'. The dependence of 

the maximum equivalent plastic strain on wellbore inclination is shown in Figure 4.21 

- 4.23 and its dependence on the azimuth is presented in Figure 4.24 - 4.26. The size of 

the plastic zones is demonstrated in the Figure 4.27 in terms of the isolines, of 

equivalent plastic strain for the case of maximum equivalent plastic strain is equal to 

1.7% with 10', 500,90' inclinations and 00,500,900 azimuths. 

According to Figure 4.13 and Figure 4.14, greater failure well pressure occurs as hole 

inclination increases. But as hole azimuth increases, the failure pressure decreases. 

Note that if the direction of well is closer to the direction of the minimum horizontal 

stress, Ch) the failure pressure becomes lower, because the stresses orthogonal to the 

well are closer to isotropic. 

From the Figure 4.15 - 4.17, we can see that greater inclination results in general in 

greater hole closure. There is a special case for inclinations less than 60', high well 

pressures and azimuth more than 50', where this relationship is reversed and closure 
decreases with inclination (Figure 4.17). And when the inclinations less than 500, low 

well pressure and azimuth more than 500, the hole closures are not much different 

among these cases (Figure 4.17). Nevertheless, this does not have any practical 

importance since the closure in that region is relatively small. 

Figure 4.18 - 4.20 present the dependence of hole closure on the azimuth, for three 

different wellbore inclinations. In general, the hole closure does not vary significantly 

with hole azimuth in the range where it becomes important. 

According to Figure 4.21 - 4.23, which show the dependence of plastic strain on 

wellbore inclination, and to Figure 4.24 - 4.26, which show the dependence on azimuth, 
the plastic strain is more sensitive to inclination than to azimuth. The plastic strain is 
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sensitive to azimuth only in the interval from 300 to 600 inclination. Figure 4.27 shows 

the yield zone around wells when the maximum plastic strain is equal to 1.7%. The 

yielding patterns and the positions of maximum plastic strain rotate around the hole 

as inclination and azimuth increased. This changing is significant with the inclination 

less than 50'. When the inclination is close to 900, the yielding patterns change not too 

much. 

For a well that is not parallel to a principal in situ stress, the displacements around 

the hole are actually three-dimensional. Figure 4.28 shows the displacement in the 

wellbore axis direction (z direction). One can see that the right side of the wellbore are 

warped "up" and the left side are warped "down". This is due to the release of pre- 

existing out-of-plane shear stresses. Most of this deformation parallel to the wellbore 

axis is elastic and takes place as soon as the hole is created, although it increases 

somewhat as yielding occurs. 

Finally, from the above figures we can see that there are no significant differences 

between the results for inclinations from 100 to 200 (in some case even 300), or from 8CP 

(in some case even 700) to 90'. As in the case of equal horizontal stresses, wellbores 

with inclinations up to 200 can be approximated as a vertical wellbore, whereas for 

inclinations more than 800 the wellbore can be approximated as a horizontal. 
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Figure 4.15 Well pressure vs hole closure for 0' azimuth and various hiclinations 
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Figure 4.16 Well pressure vs hole closure for 50'aziniuth and various inclinations 
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Figure 4.17 Well pressure vs hole closure for 90' azixnuth and various inclinations 
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Figure 4.19 Well pressure vs hole closure for UP inclination and various azimuths 
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Figure 4.21 Well pressure vs ruwdrauni equivalent plastic strain for 0' azirnuth and various inclinations 
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Figure 4.24 Well pressure vs niaxhnum equivalent plastic strain for UP incUnation and various azinjuths 
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Figure 4.25 Well pressure vs maximum equivalent plastic strain for UP inclination and varions azinintlus 
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Figure 4.26 Well pressure vs rmxhnum equivalent plastic strain for 9(f inclination and various azinjuths 
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(t) 50"hiclination. 50''Azinnith 50"Inclination. 90"Azinnith 

(i) 90'biclination, 50OAzinixith (j) 90'Indination, 90OAziinuth 

Figure 4.27 Fully yield zone around wells with maximum plastic strain equal to 1.7% 
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Figure 4.28 Displacement in wellbore axis direction, with inclination 50', Azimuth 400 

4.6 SUMMARY 

The wellbore pressure required to prevent failure of well predicted by using 

Drucker-Prager model is less than that predicted by using Mohr-Column model. 

This is main attributed that Drucker-Prager model considers the influence of third 

principal stress. 

2. Deformations around deviated wells are three-dimensional. The distribution of 

yielding and plastic strain around the hole depends strongly on wellbore deviation 

and in situ stresses. 
3. Hole closure in general increase with wellbore inclination. In that sense, deviated 

wellbores are more likely to suffer from stuck pipe problems. hi general, as wellbore 

inclination increases plastic strains become larger. Therefore, deviated wellbores are 
in general more prone to failure. This is not a surprise in view of field experience. 
On the other hand, a window exists for small inclinations which broadens with 
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wellbore azimuth, where deviated wellbores present less plastic strain and therefore 

are more stable than vertical wellbores. 

4. For wellbores of the same inclination, the role of the azimuth is not always 

important. Only for inclinations from 30' to 50' does it become important. On the 

other hand, it is clear that wellbores with inclinations less than 20' can be treated 

as a vertical wellbore, and for inclinations more than 800 the wellbore can be 

treated as a horizontal wellbore. 
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CHAPTER 5 

A NEW CRITICAL STATE MODEL 

APPLIED TO WELLBORE STABILITY 

5.1 INTRODUCTION 

Approximately 80% of the wellbore problems are encountered when drilling soft rock 

or clay layers overlaying the payzone (Dusseault, 1994). Choosing a suitable 

constitutive material model which can well predict the mechanical behaviour of this 

soft rock is important for the analysis of wellbore stability. Therefore, this chapter is 

dedicated to apply a new model (CASM) for rock, based on the theory which is widely 
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known as the Critical State Soil Mechanics (CSSM), to the analysis of weDbore 

instabihty. 

This chapter begins by reviewing of CSSM and introducing the basic concepts of the 

new model, CASM. This is followed by its elastic stress-strain relationship, plastic 

stress-strain relationship, and elastoplastic stress strain relationship. After that, the 

modified substepping stress point algorithm of implementation of CASM into finite 

element code, ABAQUS is presented. Subsequently, it will be shown that CASM has 

been evaluated by simulating a series of classical triaxial tests and comparing them 

with the experimental data. Finally, the numerical modelling of wellbore stability is 

conducted. 

5.2 ClUTICAL STATE THEORY 

The theory of soil behaviour known as 'critical state soil mechanics! was developed 

from the application of the theory of plasticity to soil mechanics. The first critical state 

models were series of Cam Clay formulations, formulated at Cambridge University 

some 40 years ago by Roscoe and his co-workers. After that this has been used widely 

and has resulted in the development of many models. 

5.2.1 THE CRMCAL STATE CONCEPT 

The critical state concept is based on the consideration that, when a soil sample is 

sheared, it will eventually reach an ultimate or critical state at which plastic shearing 

can continue indefinitely without changes in volume or effective stresses. In the 

laboratory test, depending on its voids ratio and the level of the confining pressure, a 

soil specimen strained beyond yield in a laboratory test can exhibit either a volume 

increase (dilation) or a volume decrease (compaction). Between these classes of 
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behaviour, there exists a special case in which the soil yields plastically at constant 

volume. This condition is referred to as the critical state, and the corresponding voids 

ratio is called the critical voids ratio. At the critical state, the soil behaves as a 

frictional fluid obeying a purely frictional shear law. The critical state theory requires 

that if in a triaxial compression or shear test, for example, deformation of the 

specimen continues beyond the yield point, the critical state will be ultimately reached 

or critical state at which plastic shearing can continue indefinitely without changes in 

volurne or effective stresses. This condition can be expressed by: 

-LL G-v =N= aeq Cleq oeq (5.1) 

When the critical state is reached, critical states for a given soil form a unique fine in T. 

#: v space referred to as the critical state line (CSL), which has the following equations 

in T. p': v space: 

q= Mp' (5.2) 

A In P' (5.3) 

where M, F, and A are soil constants. 

For isotropic stress conditions (i. e. q= 0), the plastic compression of a normally 

consolidated soil can be represented by a unique fine called the isotropic normal 

compression line (NCL), which can be expre&ged as: 

v=N-Alnp' (5.4) 

Where, N is the specific volume when p' = 1kPa or 1MPa, depending on the chosen 

units. If the soil is unloaded and reloaded, the path in v: In Pý is quasi-elastic (i. e. 
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hysteretic), as shown in Figure 5.1a. However, the behaviour is idealised as perfectly 

elastic, as in Figure 5.1b, so that equation of a typical unload-reload line is: 

v=v,, -/c In P' (5.5) 

Where, v,, and K are soil constants. For this reason, unload-reload fines are known as 
if K-lines", as used in critical state soil models such as Cam clay. 

2.4- 

23 - 

2.2 

2.9 

$0 in zu# 440 

9. (ktVin2) 

(a) (b) 

Figure 5.1 (a) True unkmmi-reload behaviour and (b) kleaUsed unload-relwA behaviour of speswldte 

kaoHn hi v: hi p' space (Al-Tabbaa, 1987) 

5.2.2 CRITICAL STATE THEORY IN ROCK MECHANICS 

Critical state soil mechanics models have been used vAdely by geotechriical engineers 

to predict the complex mechanical behaviour of soils and design geotechnical 

structures such as foundations for offshore structures, tunnels, etc. A critical state soil 
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mechanics model provides an important framework for generally describing, over a 

wide range of loads, the stress-strain behaviour of soils with significantly different 

stress histories. 

In papers which are published before, researchers had observed similarities in the 

mechanical behaviour of soils and rocks, especially the soft and water sensitive rocks 

around wellbores, e. g. low permeability sedimentary rocks that contain significant 

amounts of minerals. Specifically, a void ratio-dependent capped yield surface, coupled 

with a flow rule that predicts compaction and strain hardening in the ductile regime, 

and dilatant strain softening in brittle regime, are key features of critical state soil 

mecharjdcs (Roscoe and Burland, 1968; Schofield and Wroth, 1968; Akinson and 
Bransby, 1978) that are broadly consistent with the behaviour of porous rocks. This 

indicated that critical state mechanics models could possibly be developed to better 

describe the complex mechanical behaviour of rocks. A number of authors have 

discussed the application of critical state theory to porous rocks, using data from 

deformation experiments to illustrate the form of the yield surface and flow rule for 

specific rock type (e. g. Gerogiamopoidos and Brown, 1978; Graham et aL, 1983; 

Elliott and Brown, 1986; Brown and Yu, 1988; Charlez and Heugas, 1991; Steiger and 
Leung, 1991; Wong et al., 1992; Bermabe et al., 1994; Ling et al., 2002; Cuss et al., 
2003; Sheldon et al., 2006). 

Barton (1976) advanced a critical state strength theory for initially intact rock that 

uses a different critical state concept from that of critical state soil mechanics. He 

defined a "critical state" as "the stress condition under which the Mohr envelope of 

peak shear strength reaches a point of zero gradient. This represents the maximum 

possible shear strength of the rock. " From his modified critical state model, the yield 

criterion was given as: 

Inp+ Ic In +(k-I)q =C 
IC-1 Pý 

(5.6) 
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Where, Nf is a frictional coefficient giving the slope of the critical state line on p-q 

axes, and C is an irnpor-tant paxameter that must have some as yet undefined physical 

basis. 

Gerogiannopoulos (1978) analysed a number of sets of existing experimental data in 

tenns of equation (5.6) with a view to determining whether or not this equation could 

be used to give a reasonable prediction of the peak strength of brittle rocks. Figure 5.2 

shows one of the experimental data and fitted yield curve in his paper. From his 

research, it showed that the critical state approach to rock mechanics problems is able 

to describe peak conditions satisfactorily, and to account for residual or ultimate 

strength conditions. 

600 

(TI - Data 
Fitwd Cur%-%: 

(hipa) At' = 0.79 

k=0.45 
C= 470 

400 

flo 

200 

0 200 4(K) 

, 
f2 I Pa) 

Figure 5.2 Triaxial compression test strength data for Solenhofien limestone (Byerlee, 1968) and fitted 

yield curve (Gerogimmopoulm, 1978) 
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Ronald (1991) developed new equipment and techniques to measure void ratio versus 

effective stress data, the consolidation properties, and critical state mechanics 

parameters of shales on a routine basis. Ronald conducted some consolidation tests 

and triaxial tests to obtain critical state mechanics parameters. Figure 5.3 and Figure 

5.4 show the data he got. 

0.55 

cs 0.5 - 

0.45 

0.4 

0.35 
I 

Figure 5.3 Isostatic consolidation test to obtain critical state mechanics parameters for shale (Ronald, 

1991) 
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Figure 5.4 Critical state line from undrabied triaxial tests for shale (RaiaK 1991) 
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Brown and Yu (1988) developed a relatively simple yield model for isotropic, porous 

rocks which yield in a ductile manner. In this model, the flow rule and yield function 

are derived using an adaptation of the work-balance approach of critical state soil 

mechanics. The resulting yield function gave excellent fits to several sets of 

experimental data for Mgh-porosity rocks and gypsum plaster. Cuss et al (2003) 

applied the critical state soil mechanics to analyse the mechanical behaviour of porous 

rocks. Three different sandstone specimens experiments were conducted (Figure 5.5). 

They concluded the critical state model developed for soil can be applied to make 

generalizations about the deformation of cohesive, porous sandstones. 

Ductile deformation: 
shear-enhanced comPac 

and cataclastic flon 

Critical state 
line 

Brittle deformation; 
shear localization 
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4500 
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A III-OCII 
ý) 

0 Penrith sandstone 
*Dariey Dale sandstone 
a Tennessee sandstone 04 

Yield envelope (74V 
Yield surface 
Post-yield stress path 

0 Yield envelope in O-P 
plane 

Figure 5.5 The yield surface for porous rocks (Cuss, 2003) 
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From the previous research works, it is noted that an advanced model based on 

critical state mechanics in conjunction with numerical analyses could lead to greatly 
improved wellbore stability predictive capabilities. 

5.3 CASM: A UNIFIED MODEL FOR CLAY AND SAND 

Yu (1995,1998) developed a simple, utnified critical state constitutive model, the Clay 

And Sand Model (CASM), to model the mechanical behaviour of both clay and sand 

under both drained and undramed loading conditions. A single set of yield and plastic 

potential functions is used in this model. CASM is very practical useful model. 
Compared with widely used Cam-Clay model, there are two extra material parameters 

required in this model, i. e. in total seven material parameters are required, all of which 

can be determined in the laboratory. Khong (2004) and Wang (2005) demonstrated 

that the ability of this model to capture the overall behaviour of clay and sand. Khong 

(2004) reproduced the same triaxial test simulations using the finite element program 
SAGE CRISP. Wang (2005) thoroughly a&-&ssed and validated CASM with 

experimental data from sand. 

5.3.1 YIELD FUNCTION AND ELAsTic BEHAVIOUR 

The yield ftmction of CASM can be expressed as: 

n In 
(P 

(q, p'IM, p, ', ) 
(5.7) 

M(0)P') ' In r 

The most important feature about this yield function is its flexibility in defining a 

yield surface. The yield surface is variable depending on the value of two new 
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parameters, the stress state coefficient n which specifies the shape of the yield surface 

and the spacing ratio r which controls the intersection point of the critical state line 

and the yield surface. Figure 5.6 demonstrates various shapes of the CASM yield 

surface with r=3 and variable n. Interestingly, the original Cam-Clay can be 

recovered exactly from CASM with n=I and r=2.718. In addition, the 'wet' or 

subcritical side of modified Cam-Clay model can also be approximated by CASM by 

setting r=2 in conjunction with a sWtable n value (typically around 1.5-2, dependent 

on material). 

q 

pt 
p, 0 

Figure 5.6 CASM's yield surface shape (Kbong, 2004) 

In the yield function, p', q and po are mean effective stress, deviatoric stress and 

preconsolidation pressure respectively. In three dimensional stress space, the definitions 

of p' and q can be expressed: 

px +(7.1 y +or,, ) (a,, + OY + 07. u (5.8) 
333 
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I 

q 
(Crx 

_C, Y)2 + (cr )2 + (cr 
Y, _a, ý + Ir XY 

2 
+3rzr2 + 3r 

YZ 
2]2 (5.9) 

2 

where, u is pore pressure. 

The slope of the critical state fine (M in the yield fimetion is the function of Lode 

angle (0) and determines the shape of the failure surface in the deviatoric plane in 

three dimensional stress space. In CASM the relationship between M and 0 which 

was proposed by Sheng et al. (2000) will be used: 

2 C14 4 
M(O) = M.. 

a4 )sin30] 
(5.10) 

where M.. is the slope of the CSL under triaxial compression (i. e. 0= -300 ) in the 

q- p' space and a= 
3 -sin 0' 

. in which 0. ', is the angle of friction at the critical 
3 +sin 0., 

state. The Lode angle (0) can be defined as: 

0= tan` 2 at 2-a 13_ 
1)] =_1 sin` 

27 det s [* (aI 

I-a 133(2q3 

where 

a fx- P, 'ry Týý 
dets = rxy at y -P, ro (5.12) 

TZ, ryl a'.. -pl 

The behaviour inside the yield surface is assumed to be isotropic and elastic. Same as 
Cam-Clay models, the elastic behaviour of CASM can be fully described by two elastic 
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parameters, the tangent modulus (K) and shear modulus (G). These two parameters 

can be defined by the foRowing expressions (a constant Possion's ratio (u) is 

assiuned): 

nP= (I+e)p, 
= 

1151 
De 'KK p 

3(1- 2, u)K 
= 

3(1- 2, u) vp' (5.14) 
2(l + p) 2(l +, u) ic 

5.3.2 PLASTIC POTENTIAL FUNCTION 

CASM utilised, the stress-dilatancy relationship proposed by Rowe in 1962, which was 

originally developed from minhnum energy considerations of particle sliding, as the 

plastic potential function. The flow nile is expressed as: 

, 5, rp - i7) p 
9(M 

, 58qp 9+ 3H - 2-Mrl 

Therefore, the CASM plastic potential fLmction is obtained by integration: 

g(p', q,, 6) = 3M(In p'- In, 6) + (3 + 2M) In 2q + 3p' (3-M)ln 3p'- q) (5.16) 
( 

P, 

)- ( 

P, 

where 8 is the size parameter which can be easily determined for any given stress 

state by simply solving the above equation. However, the value of flis not important 

in numerical modelling and thus is sometimes known as the dummy parameter. Since 

the plastic potential ftmetion is not same as the yield function, CASM has a non- 

associated flow rule in which the plastic strain increment vector is not normal to the 

yield surface, see Figure 5.7. 
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Fkure 5.7 Pbstic straln hurement vectors for CASM 

5.3.3 HARDENING RuLE AND PLASTIC STREss-STRAIN RELATIONSHIP 

The hardening in CASM is isotropic and is related to the preconsolidation pressure 
(p, ), known as hardening parameter, which itself is related to the plastic volumetric 

strain ( epP ) by the following fLmction: 

t 
jp 10 

=0 (A - jr) 

The plastic hardening modulus (B), which is needed for the calculation of the elastic 

plastic stiffness matrix (DI), can be obtained (the derivatives are shown by Khong, 

2004): 

H 
3v 3+2M 

- 
3-M) 

(5.18) (A-K)Inr(2q+3p' 3p'-q) 

The plastic stress-strain relationsMp is given by: 
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&PP ic) In r 
5eq 2M+3 M-3 j 

3v +- 
p , 

2q+3p, 3p, -qx 
(I nq" )x 

p'ln r M"p" 

( 6M+9 3M-9 
2q + 3p'+'3p'- q 

( nq 1-1 
mn p r" 

6M+9 
+ 

3M-9) 
2q + 3p' 3p'- q (5.19) 

gp F1 
Sq 

n! ý 
x 

(p'ln 

r M'p 

- 
M-3) 

2q + 3p' 3p'- q 

nqn-l x M"p in 

) 

2(2M+3)- M-3 
2q + 3p' ýýq 

5.3.4 ELASTOPLASTIC STRESS-STRAIN RELATIONSHIP 

In order to incorporate CASM into finite element code, it is necessary to form an 

elastoplastic stress-strain relationsIdp, namely to calculate the elastoplastic constitutive 

matrix D'P relating the stress increment to strain increment: 

Aa = DPAe (5.20) 

There is a standard manipulation to obtain a formifla. for D"' (Potts and Zdravkovic, 

1999): 

D' 099 IDY T 
D' 

UP = D* I Cýa 

I- 

(5.21) 
D' -t9ýý +H 
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where D' is the elastic stiffness matrix: 

17= 

K+ 4G 
K- 

2G 
K- 2G000 

333 

K- 2G 
K+ 

4G 
K- 2G000 

333 

K- 2G K- 2G K+ 4G000 
333 

000G00 

0000G0 

00000G 

(5.22) 

The other ternis in Equation (5.21) are derived as Mows: 

Of 
= 

Of DO I+1 ýj 
+ 

Of am .00 (5.23) Oa Tp7 -63c aq & OM a0 c9a 

where 

0), 
=1 

nqn 
Op' p'lnr M'p"' 

ap, 
=I [I I100 Of 

ad 3 

o)' nq-' 
aq Mnp"' 

clq 3 
P') (Crj, 

- P') p) 2ry 2r ]T 2 r. cia 2q 
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nqn 
am m; f+i p in 

W 3V-2- a 
(a 4- I)cos 30 

00 = 
Mmax 

4 
- 
[1 +a4 +(I-a 4 )sin 30 

490 9 F3dets f Oq If Odet s 
qI t9a 

f -I Oa aa cos(3ow 
L 

Odets- 2222 
)+ I( 

"Y2 
+ 

2X2 -2 rýý2 = 2p' - a., (0-, + cr, ) -1 
(ay 

+ Cý rr 333 

adets 
= 2p t2_2 aI(x2 +orz2)+ 

I( 

JY2 
+, CYZ2 - 

2, rjx 
2 

aax 3, 
(a., +3a3r 

Odets 
= 

o2 2a- 
+a -I(72+ X2)+ 

1(2+ 

rIX2 - 2, rxy 
2) 

2p 
3. 

(o 
y3 cy LT 3 ryz 

adets 
= -2rxy (a. - p) + 2rjyl 

L9rxy 

Odets 
= -2r., 

(cry 
- p) + 2ryz rxy Or,, 

Odets 
= -2r, (cr.,, - p) + 2r. r, 

OrY7 

In addition, 

0 -g p+ 
-ýLýL (5.24) 

Goa Op' 6a o9q 

where 
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ag 
=3( 

2M+3 
+M-3) 

c9p, 2q+3p' 3p'-q 

tqg 
= 

2(2M+3) M-3 
2q + 3p' 3p'- q 

5.4 SUBSTEPPING STRESS POINT ALGORITHM OF 

IMPLEMENTATION OF CASM 

The FEM code used in this research, ABAQUS, provides a very powerful and flexible 

user subroutine, UMAT, which allows users to implement new material constitutive 

model into software. Two steps need to be done in UMAT: fIrst the stresses and 

solution-dependent state variables to their values at the end of the increment must be 

updated. Secondly, the material Jacobian matrix t9, &a1O, &e , namely elastoplastic 

stiffness matrix D*P, for the mechazýcal constitutive model must be provided. The 

accuracy and computational efficiency of these two steps is highly influenced by the 

integration scheme used in subroutine. In this thesis, substepping stress point 

algorithm is used to integrate the constitutive model along the incremental strain 

paths. These explicit substepping schemes are based on the algorithms of Sloan (1987) 

and Abbo (1997). Some modification has been made by the author to improve their 

accuracy, efficiency and robustness. The new algorithm includes the yield surface 
intersection, unload-load situation and correction for yield surface drift. Each of these 

approaches, which are used in implementation of CASM, is described and adopted in 

more detail in the following sections. 
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5.4.1 YIELD SURFACE INTERSECTION 

During a typical iteration or load increment of an elastoplastic analysis, the material is 

assumed to behave elastically and estimates of the stress increments are calculated by 

integrating the elastic constitutive matrix D, along the incremental strains for each 

integration point at the beginning of increment: 

Au = DA. - (5.25) 

Then the estimate of accumvdated stresses a can be obtained by adding the stress 

increments Aa to the accumulated stresses qO at the beginning of the increment: 

a= cro + Aa (5.26) 

Then the next objective is to measure whether or not increment causes a change from 

elastic to elastoplastic behaviour. Such a change must occur if f(aO, p,, ) <0 

and f(a, pj >0, shown in Figure 5.8. For the sake of the effects of finite precision 

arithmetic, the above conditions need to be modified to f (a, &) < -FTOL 

and f(a, p, .)> FTOL , where FTOL is a small positive tolerance. So the process of 
finding the value of a, which satisfies the following equation, needs to be handled 

efficiently and accurately. 

f(, cro + aä o', pJ =f (ui, ' P, )=0 (5.27) 

where a=0 means that Acr causes purely elastoplastic deformation, while a=I 

means that Aa causes purely elastic deformation. Thus, for an elastic to elastoplastic 

transition, a lies with the range 0<a<1, and the elastic part of the stress increment 

is given by aAa. 
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/I 

p 
Figure 5.8 Yield surfwe intenjecticau change fi-om dastic to elastoplastic behaviour 

The modified regula-falsi algofithm is used to find the value of a and is detailed 

below: 

Modified Reguia-falsi Intersection Scheme 

1. Enter with initial stresses q(, and hardening parameter p,, , the stress 

incrementAa, initial values of ao and a, bounding the intersection with the 

yield surface, and the maximum number of iterations NIAXITS. 

2. Set F,.,, =f(qO, pO) , FO=f(qO+aoAa, Po) , Fj=f(q(j+ajAcr, pO) and 

a, = a., a, =a, 
3. Do steps 4 to 7 MAXITS times 

4. CalciAate 

a=a, -(a, -a,, ) 
E 

F, - Fo 

and set 
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F =f(a(, +aAa, p,, ) new 

5. If IF,,,. 1: ý FTOL go to step 13 

6. If F,,,, - Fo <0 then 

Set cý =a and F, = F,,,,, 

If F.. - F.,, >0 then set F, 
2 

Else 

Set a. =a and Fo = F,,, 

If F.. - F.,. >0 then set F, =F 2 

7. Set F,.,, = F,,, 

8. Calculate 

da = 
(a, 

- ao SUBITS 

and set 

K=O 

9. do steps 10 to 11 SUBITS times 

10. Calculate 

K=K+l 

a=a, -Kda 

and set 
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F =f +aAc, po) no, 

(aiý 

11. If IF.,. 1: 5 FTOL go to step 13 

12. Convergence not achieved after MAXITS iterations, print error message and 

stop. 

13. Exit witha. 

The start value of ao and a, is set to 0 and I respectively. MAXITS and SUBITS is 

typically set to 10 and 100 respectively. The procedure is stopped once the stresses 

satisfy the condition If (a. + aAcF, po)j: ýý FTOL. 

5.4.2 UNLOAD-LOAD SITUATION 

A more elaborate consideration is required when the situation exists where the stress 

state at the beginning of the increment is at yield, and at the end of the increment 

exceeds yield. Two different cases are included in this situation, shown in Figure 5.9 

and 5.10 respectively. In the first case, elastoplastic deformation is over the entire 

increment. In the second case, the stress state initially unloads, becoming elastic, i. e. 

moves inside the yield surface, and then it becomes elastoplastic with further strain 
increasing. This situation can occur under unload-loading of the overall structure. In 

practice, the cosine of the angle between ao and Aa, where a. is used to 

distinguished the two case. 

Cos 0=a, 
TAC 

< LTOL (5.28) Ila. IlIlAall 

where LTOL is a suitable tolerance. 
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q 

p 

Figure 5.9 Initial. stress state at yield, a=0 

n 

co +Aa 

p 

Figure 5.10 Initial stress state at yield, a*0 

For the first case, the sarne approach as previous section can be used to find the yield 

surface intersection. The use of the tolerance FTOL may make second case more 

complex because of the fact that the initial accumulated stress state can just lie 

outside the yield surface and the stress increment may cross the yield surface twice, as 
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shown Figure 5.11. In such case, the new starting value, ao and cý , which satisfy 
f (q, + %Aa, p. ) < -FTOL and f (qO + ajAcr, po) > FTOL , is required to rind the 

correct a. 

The procedure for detern-tining the new starting values which bracket the desired 

crossing is based on dividing the stress increment Aa into a number of smaller 

subincrements. Each of these is then scanned to see if the yield surface is crossed. A 

geometric illustration of this is shown in Figure 5.11. In this example the required 

intersection with the yield surface lies between ao = 0.85 and a, = 1. 

I UO +Au 

a, a, 
f =FTOL --------------------------------- 

ý 

0ý 
Uo 

-FTOL -a 

a,, +aAa 

Figure 5.11 Starting values for Yield surface hitersection. 

Using the above strategy, the yield surface intersection point for a stress increment 

with crossing the yield surface for unload-load situation may be expressed as follows. 

Modified Regula-Falsi Intersection Scheme for a stress increment crossing the yield 

surface 

1. Enter with initial stresses cr, , initial hardening paxameter p,, , and stress 

increment Au. 
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2. Set ao=O, cý =1, FO=f(qO, pO) 

3. Do steps 4 to 5 MAXITS times 

4. Calculate 

Aa= a, -aO 
NSUB 

5. Do steps 6 to 7 NSUB times. 

6. Calculate 

a, qO + aAa 

where 

a a. +Aa 

7. If f (a,, p()) > FTOL, then 

Set a, =a 

If Fý < -FTOL 

Go to step 9. 

Else 

Set a. =0 and exit loop over steps 6 and 7. 

Else 

Set ao =a and Fo =f (aý, po). 

8. Intersection not found after MAXITS iterations, print error message and stop. 

9. Exit with ao and. 
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10. Call the modified regula-falsi intersection algorithm (see section 5.4.1) with ao 

and cý to locate the yield surface intersection. 

In the above algorithm, the number of subincrements, NSUB is set to 15, and the 

maximum nwnber of restart iterations, MAXITS, is set to 10. 

5.4.3 CORRECTING FOR YIELD SURFACE DRIFT 

At the end of subincrement, the stress state may diverge from the yield surface, 

namely yield surface drift because of tolerance of calculation. For an instance, the 

point A denotes the stress state at the beginning of a subincrement which lies on the 

yield surface. After the subincrement, the stress state becomes qO +A er and is 

represented by point B, as the hardening parameters also changed to po +Apo. The 

yield surface moves from f (cro, KO) =0 to f (co + Aa, po' + Apo) =0. The predicted 

stress state B may not he on this new yield surface, as shown in Figure 5.12. TMs 

yield drift must be corrected because it can lead to a cumulative error. An approach 

combirdng two different methods, known as a consistent correction, is used for yield 

correction in CASM implementation. 

In this approach the corrections of the stresses and hardening parameter may be 

expressed by: 

OG fo (ao, po ) D' 
aao 

(5.29) 
Hý (ao, po) +[ 

ýr ]" D" -OG ao-O aao 

I 
fo (ao, po) Bo (ao, po gpo =- T (5.30) 

Ho (ao, Po + D' 'OG 
cl a,, acro 
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(Cro, Po 
H vpo OG 3vpo (3+ 2M 3-M 

ýf lo, , where Bo 
f vo (A - K) (A - K) 2q + 3p' 

Therefore, the corrected stress state, which is much closer to the yield surface, can be 

obtained as follow: 

a.. =ao+ga (5.31) 

A+ 5p. (5.32) 

q 

0 

ow I 
p 

Figure 5.12 Yle)d surface drift 

The above method may not converge in certain circumstance, i. e. very small strain 

problems. In this circurnstance, the consistent correction scheme may be replaced by a 

very reliable method, the normal correction scheme. In this method, the hardening 

parameter is not changed, while the correction of stress state is given by: 
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-8A -L (5.33) aao 

where 

9A=- 
f(ao, po) 

H (cro, po) +[ 
af ]TD* ag 

acro Da" 

The complete algorithm for correcting for yield surface drift is summarised as follows. 

Yield Surface Correction Scheme 

1. Enter with uncorrected stresses ao and hardening parameter po . 
2. Do steps 3 to 6 MAXITS times. 

3. Compute 

f(OO, po) 

H(ao, po)+ 
af D' ag [ 

acro aclo- 

and then correct stresses and hardening parameter using: 

co - 8AD' Og 

49ao 

Po. ý-- A+ 9A ag 
oa(, 

4. If if(a,,,, po,,., )l > If(co, po)l) then abandon previous correction and compute. 

fo (0,0, A 
]T 

49 jr 

ýýo cl ao 
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a= cr, - 45A 
af 

Ocr, 

Pol. 

5. If If (a,., po,,,. )l -. 5 FTOL , then go to step 8. 

6. Set uO = and po = po,,,,, 

7. Convergence not achieved after MAXITS steps, print error message and stop. 
8. Exit with corrected stresses a,,,. and hardening paraaneter. 

Here the typical value for MAXITS is set between five and ten. 

5A. 4 MODiFiED EULER SCHEME WrrH SUBSTEPPING 

One of the key steps in elastoplastic FEM calculation is to accurately integrate the 

elastoplastic constitutive matrix DI over the elastoplastic strain step (I - a)A. - .A 

modified Euler scheme with substepping is used for the integration in the 

implementation of CASM. This approach is based on the scheme of Sloan (1987). The 

philosophy of this method is dividing the strain step, (I - a)Ae, into a series of smaller 

substeps, AT(l - a)Ae (where 0< AT:! ý 1), and the size of every substep is determined 

by errors in the stresses and haxdening parameter which are caused by the 

approximate integration of the non-linear constitutive law. The brief introduction of 

this approach is described here. 

During the integration, a pseudo time, AT,, (0 <AT,, :51), is considered in every 

subincrement for sake of calculation, where T,, = T,, 
-, + AT,, . 

And the stresses and 
hardening parameters at AT,, in the Euler method are given by: 

0'. : -- a»-i +Aal (5.34) 
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III Po(. ) --, ý Po(. -I) + 0(l) (5.35) 

where 

Aa, = D"P po(,, -, ))Ae,, (5.36) 

-I, po (5.37) APO(l) = AA(a,, 0(,, 

and 

öu 
DAe 

öer 
Au 

AÄ =- 

11 115.38) 

H+[ -ýY 
]"D" Ög H+[ 

ýy ]T 
D' 

ag 

aao LD UO DUO 49U0 

H vpo ag 
= 

3vpo ( 3+2M 3-M 
aflapo j-A--1c)Op' (A-ic) 2q+3p' 3p'-q) 

(5.39) 

Ae,, = AT,, A. 6 (5.40) 

Wliile m modified Effler procedure, a more accurate estimate of the stresses and 
hardening parameter at the end of the interval AT,, can be obtained: 

an = an-I +I( "-ý 'ýFl + '6ý a2 (5.41) 
2 

A 

(5.42) Po(") ý po("-') +2 (APO(l) +, &PO(2)) 

where 
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-, 
+ Aal, PO -1) 

+ PO --n (5.43) D'P(U� 

APO(2) «z 2ýA(orn_I + Aerl, po(n_1) + Apo(1), + Acr, ) (5.44) 

Hence the error in Acr,, and Apo(. ) can be expressed: 

all 01.1 IJACr2-4&alll 
JAPO'(2) 

-APO (1) 
1 

2 max I-jr (5.45) 

-PO(n) -po(. 
) 

cr, Po(n) 

The current strain subincrement, is accepted if k:! ý STOL and rejected otherwise 
(Sloan, 1987), while the next pseudo time step is given by: 

AT,,,, = qAT,, (5.46) 

where, the value of q can be determined by extrapolation of the dominant error term. 

A suitable value of q can conservatively to minimise the number of rejected strain 

subincrements. Based on numerical experiments on a wide variety of plasticity 

problems, Abbo (1997) suggested that a suitable strategy for computing q is to set: 

q=0.9jT-OL IT,, (5.47) 

and also constrain it to he within the lirrdts: 

1: 5 q:! ý 1.1 (5.48) 

Follow the above introduction, the integration scheme is started by applying 
Equations (5.34)-(5.37) and with the known strains Ae , the initial stresses ao , the 

initial hardening parameter po , and an initial pseudo time step AT, 
. 

In order to 
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minimise the number of strain subincrements for each Gauss point, AT, is typically set 

to unity. If the specified error tolerance is not greater than STOL, k :! ý STOL 
, then the 

current subincrement is accepted and the stresses and hardening parameter axe 

updated. And after a successM subincrement, the new stresses and hardening 

parameter are corrected back to the yield surface. While, if R,, > STOL 
, then the 

solution is rejected and a smaller step size is computed. The end of the integration 

procedure is reached when the entire increment of strain is applied so that: 

EAT,, =T=l (5.49) 

The complete modified Eifler algorithm with substepping is sunimarised as follows. 

Modified Euler Algonthm With Substepping 

1. Enter with initial stresses qO , initial hardening parameter po(O) , the strain 

increment Ae, and the error tolerance for the stresses STOL. 

2. If f(qO, po) > FTOL, the increment is started with purely plastic, then 

Set a=0 and go to step 10 

3. Set Ac = A. - / SUBITS, D,., =0 and ITFlag =0 

4. Do steps 5 to 7 SUBITS times 

5. Compute the stress increment Aa and the trial elastic stress state a 

a=. c or=cro 

u= 0-0 +AU 

6. If fla, pO(O)) :5 FTOL then the stress increment is purely elastic, set 

D,,, + D,,, 
ý 
/ SUBITS, a,, = cr and ITFlag = ITFlag +I 
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Else 

go to step 

7. Set a, = a, pO(j) = pO(O) and D, = D,., 
m , go to step 21. 

8. If (co, p' 0)) < -FTOL then the stress point undergoes a transition from 
0( 

elastic to elastoplastic behaviour. Compute the portion of Au that causes 

purely elastic deformation, a, using the modified regula-falsi intersection 

scheme of Section 5.4.1 and go to step 10. 

9. If If (cr,,, p,, ý)+ý FTOL then 

Check for a stress increment crossing the yield surface by computing the 

cosine of the angle between O)l / Oa and Aa from 

]T 
Aa 

coso= 
DUO 

If 
aolo 

If cos 0 ý! -LTOL then 

The stress increment is purely plastic, so set a= 

Else 

Elastic unloading followed by plastic flow occurs. Compute the 

portion of Aa that causes purely elastic deformation, a, using 

the modified regula-falsi intersection scheme for this situation of 

Section 5.4.2. 

Else 
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The stress state is illegal, print error message and stop 

10. Update the stresses at the onset of plastic yielding as qO = qO + aA a, and 

calculate the elastoplatic stiffness matrix portion which is contributed by 

elasticity according to D,.,,, p = D,,. p + aD, =,,, 
/ SUBITS 

11. Set T=0, AT = 1, Ae = [SUBITS 
- (ITFlag + a)] A. 6 

12. VVMle T<1, do step 13 to 20. 

13. Compute Aa,, Ap, (, ) for i=I to 2 using 

Aai=ATAai-AAiD' bi 
cr=a, 

Apo(j) = AAjBj 

where 

A 

Aai=D Ae 
a=a, 

AT[ 
Oýr 

]T 

Ac 
AA = max 

aaj 
,0 

Hi +[ 
af ]T 

D'=ý ag 
Dai 

19(Ti 

Hi 

"f , 'Ki) 
a 

b, =[ 
g] 

C9 a, 
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are evaluated at 
( 
Ci I PO(, ) and 

A-I 

at --'ý (7T PO(I) ý- PO(T) 

17 2T 
+6ýa PO(2) PO(T) + APO(l) 

14. Compute the new stresses and hardening parameter and hold them in 

temporary storage according to: 

UT+AT -"': OrT +- (Aorl +ä 072) 

IAIII PO(T+AT) ý PO(T) +- (APOO) + APOM) 
2 

15. Determine the relative error for the current substep from 

JAPO(2) IlAor2 
-ACrlll -APO(I)I, EpS RT, 

AT ý max 
2laTA, 

AT 

I 

2po T (T+AT) 

where EPS is a machine constant indicating the smallest relative error that 

may be calculated. 

16. If RT, AT > STOL , then this substep has failed, so extrapolate to obtain a 

smaller pseudo time step. First compute 

maxý0.9JS--T0L/&��0.1) 

and then set 

109 



Chapter 5. A New Ontwal State Model Apphed to Wellbore Stability 

AT = max (qAT, Ti. ) 

go to step 13. 

17. The substep is accepted, so update the stresses and the hardening pararneter 

according to: 

A 

CrT+AT -ý aT+AT 

A 

PO(T+AT) -": PO(T+AT) 

DrIAT 
= D,.,, +1 AT (1 - k) (D, '%, + 

2 

where k= (ITFlag + a) / SUBITS 

18. If 17T+AT and PO(T+AT) back to the 
If(aT, 

IT I PO'(T+AT))l > FTOL , then correct 

yield surface using the algorithm of Section 5.4.3. 

19. Extrapolate to obtain the size of the next substep by computing: 

q= min 10.9 
, 1.1) 

If previous step failed, limit growth of step size further by enforcing 

q= min (q, 1) 

Compute new step size and update pseudo time according to 

AT = qAT 

T=T+AT 
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20. Ensure that next step size is not smaller than the minimum step size and check 

that integration does not proceed beyond T=I by using 

AT = niax (AT, ATj. ) 

And theri 

AT = min (AT, I- T) 

21. Exit with stresses a, hardening parameter p, , (, ) and elastoplastic stiffness 

matrix D'P = D, at end of increment, where T=1. 

It is noted that D,.,. 
P, 

DT, AT and D, are stock matrixes of which dimension is same 

with that of elastoplastic stiffness matrix, DP 
. 

An appropriate value for the tolerance 

LTOL, which is used for detecting elastic unloading in step 9, is around lor". The 

tolerance SUBITS, which is used to improve the accuracy and robust for nonlineax 

integration, is typically set to 10. The tolerance EPS, which is used to define the 

minimum relative error in step 10, is typically set to around 10-16 for double precision 

arithmetic on a 32-bit machine. The above scheme, which was proposed by Abbo 

(1997), incorporates a several important refinements to the original integration scheme 

of Sloan (1987). Modifications have been also made by author to improve efficiency, 

accuracy and robust for complex nonlinear stress-strain integration. 

5.5 EVALUATION AND VERJIFICATION OF CASM 

The performance of CASM has been assessed by predicting the behaviour of clay and 

sand under both drained and undrained loading condition in triaxial test simulations 

using the finite element program SAGE CRISP by Khong (2004). The ability of 
CASM capturing the mechanical behaviour of clay and sand has been shown in 
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Khong's results. While in this thesis, the finite element program ABAQUS will be 

used to simidate the triaxial tests and the results will be compared with experimental 

data. The parametric study wiU be also conducted. 

5.5.1 VALIDATION OF CASM 

The triaxial test is the most important test for geornechanics because many basic geo- 

materials parameters can be obtained directly or indirectly from the results of test. In 

this section, a series of triaxial tests of clay and sand under both drained and 

undrained loading conditions will be simulated by CASM, and the results will be 

compared with experimental data and as well as the finite element results obtained 

from the Modified Cam-Clay (MCC) model. 

Figure 5.13 Fhdte element for the triaxial ted 
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In all triaxial tests simulation, the geometry and mesh of the numerical model is 

shown in Figure 5.13. The mesh consists of eight eight-node biquadratic, reduced 

integration axisymmetric solid element due to symmetry. The boundary conditions 

and stresses are also shown in Figure 5.13. 

Test data performed on reconstituted Weald clay at Imperi. -, d College, London was 

used (Bishop and Henkel, 1957). The material parameters used for CASNI are as 

follows: 

M=0.9, A=0.093, Ic = 0.025, p=0.3, F=2.06, n=4.5, r=2.718 

Figure 5.14 - 5.17 present comparisons of the model predictions mid the ineasured 

behaviour for both normally and overconsolidated Weald clays wider both drained 

and undrained loading conditions. It is clear that CASNI is relatively a inuch better 

model as its predictions are consistently closer than those of TMCC, In particular, 

CASM is capable of reproducing the overall behaviour in the overconsolidated. state. 

q(KPa) 
300 - E, (%) 

05 10 15 20 
250 0 

-1 
CASM 200 
MCC 

150 CASM 
-2 Measured 

M -3 100 ý-MCC 
U Measuredý -4 50 

-5 
0 

05 10 15 20 -6 
E, (%) -6, (%) 

Figure 5.14 Drained compression of a normally consolidated sample of Weald clay 
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Figure 5.15 Drained compression of a heavily overconsolidated sample of Weald clay 
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Figure 5.16 Undrained compression of a normally consolidated sample of Weald clay 
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Figure 5.17 Undrained compression of a heavily overconsolidated sample of Weald clay 

The sh-nulations are carried out on three types of Erksak 330/0.7 sand, test data 

reported by Been et al (1991) and Jefferies (1993), to check the performance of CASNI 

for sand: 
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D667 - Dense sunple (initial void ratio, e,, = 0.5 9, initial cell pressure, p, ' = 13 0k Pa , 
initial hardening parw-neter, p0=1.48 xI d' kPa ). 

D662 - Nlediuln dense sample (initial void ratio, e,, = 0.667 , initial cell pressure, 

p, '=60kPa, ii-titi, -dhardei-iingparmueter, pO=8.39xlCPkPa). 

D684 - Loose sample (initial void ratio, eo = 0.82, initial cell pressure, p, ' = 200 kPa , 
initial hardening parameter, p. ' = 204 kPa). 

The critical state pararneters were extracted from Been et at (1991) and Jefferies 

(1993), whilst ass-Lu-nptions were made for the elastic parameters since the accurate 

values are not known. No comparison with NICC was made since it is not capable of 

predicting the behaviour of sand. The material parameters used are: 

M=1.2, A=0.0135, lc=0.005, p=0.3, F=1.8167, n=4, r=6792 

From Figure 5.18 - 5.20, it is evident that CASNI is also applicable to sands as it can 

reproduce the measured behaviour of different initial conditions with reasonable 

accuracy. 

q=qlp 
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Figure 5.18 Drained compression of D667 
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Figure 5.19 Drained compression of D662 
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Figure 5.20 Drained compression of D684 
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The ability of CASNI to model the behaviour of sand under undrahled, loading was 

demonstrated by simulating the experimental data from Sasithaxan et al. (1994) on 

very loose Ottawa sand. Ottawa sand was chosen as it exhibits the typical strain 

softening behaviour of very loose sand under undrained loading condition. During 

monotonic undrained, loading, loose swid reaches a peak strength before straiij 

softening rapidly to a critical state and this is a condition necessary for liquefactioil to 

occur. Most existing critical state models are not capable of modelling this softeniii, eý 
behaviour. 

Four tests with different initial void ratio e. and initial mean effective stress p, I were 

carried out. When CASM is used to model the undrained behaviour of a very loose 
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sand, the value of parameter r varies with each sample and determined by following 

equation: 

(5.50) 
r=e 

where vo is initial specific volume. 

The critical state parm-neters were extracted from Sasitharmi et al. (1994). The 

material constants used in the CASM prediction are as follows: 

M=1.19, A=0.0168, ic=0.005, p=0.3, r=1.864, n=3, r=variable 

Figure 5.21 - 5.24 confirm the ability of CASM to model the behaviour of very I(x)se 

sand under imdrained loading condition. The overall behaviour is well captured by In 
CASM, in particular the peak strength at, very small axial strain and the subsequent 

distinct decrease in strength with increasing axial strain before approaching the critical 

state. 

The ability of CASM to predict the mechanical behaviour of sand tuider both drained 

and undrained loading condition make it capable to analYse stability of wellbore in 

sand field. 

q(kPa) q(kPa) 
250 - 250 

-CASM 200 200 

150 
Meawreýd 

150 - 
'LL -CA 

100 - 100 
!LS M-' SM 

Measured, ý 
50 - 50 

ý 

00 
0123450 100 200 300 400 500 

E, (%) 
P (kPa) 

Figure 5.21 Undrained compression of a very loose Ottawa sand (e. = 0.793, p, = 475 kPa) 
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Figure 5.22 Undrained compression of a very loose Ottawa sand (e,, = 0.793, p, ' = 350 kPa ) 
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Figure 5.23 Undrained compression of a very loose Ottawa sand ( eo = 0.804, p' ,= 
350 kPa 
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Figure 5.24 Undrained compression of a very loose Ottawa sand (e(, = 0.804, P, ' = 550 kPa) 
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5.5.2 PARAMETRIC STUDY OF CASM FOR SOFTROCK 

The main objective of the parametric study is to investigate the influenco, of vlwstic. 

constantsp, ic, critical state parameters M, F, A and some of the model constants 

introduced into CASAI, spaceing ratio r and stress state coefficient n, on the computed 

stress-strain relations. 

5.5.2.1 THE EFFECT OF ELASTIC CONSTANTS 

As mentioned before, the elastic behaviour in CASM is similar in Cani-Cl, -ty model, 

wl-ýich is modelled by Possion's ratio p mid the slope of the swell line /C - It is wen 

recognised that Poisson's ratio p is typically in the range of 0.15-0.35 for both clay 

and rock. The series of triaxial tests were simulated with varying values of p and the 

other model constants used in the CASM as follows: 

M=1.25, A=0.071, Ic = 0.008, F=2.805, n=2, r= 10 

It is noted from Figure 5.25 that the computed initial stiffiiess increases as the value of 

p decreases. 
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Figure 5.25 Effect of U on CASM 
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A typical value of ic for sands is 0.005 mid its value is generally much larger for clays 

ranging between 0.01 and 0.06. For soft rock, this value is located between smid wid 

clay. Charlez (1991) obtained a series value of ic rmiging between 0.0043 -md 0.0090 

for soft shale remoulded samples froin cuttings and core with different void ratio. He 

recommended the value of ic for the soft shale sample is 0.0071. The series of triaxial 

tests were simulated with varying values of v and the other model constants used in 

the CASM as follows: 

M=1.25, A=0.071, p=0.3, F=2.805, n=2, r=10 

Saine as Poisson's ratio, Figure 5.26 shows that the computed illitial stiffiiess increases 

as the value of Ic decreases 
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Figure 5.26 Effect of /C on CASM 

5.5.2.2 THE EFFECT OF CRITICAL STATE PARAMETERS 

-- ----1 
3 

Same as traditional critical state family of models, the critical state Ihie for CASM is 

fully defined by the constants A, M mid r' . These critical state constolits c, -uj be 

straightforward measured by experiments. Muiy researchers have explored void ratio- 

dependent yield behaviour -uid obtained critical state parameters of different rocks, e. 

g. Iiinestone (e. g. Celle and Cheatham, 1981; Elliott and Brown, 1985; Baud et al., 

2000; Vajdova et al., 2004), Chalk (e. g. Brown mid Yu, 1988; Shao et al., 1988; 

Homand and Shao, 2000; Collin et al., 2002), shale (e. g. Graham et al., 1983; Charlez 

120 



Cbapter 5. A New Critical State Model Applied to Wellbore Stability 

and Heugas, 1991; Steiger and Leung, 1991; Charlez 1997), mudstone (e. g. Chili and 

Johnson, 1984; Johnston mid Novello, 1985; Johnston and Choi, 1986; Novello and 

Johnston, 1989), sandstone (e. g. Zhang et al, 1990; Menendez et al., 1996; Zlxu an 

Wong, 1997; Cuss et al., 2003; Sheldon et al., 2006). Aiin to explore the effect of 

critical state parameters, the series of triaxial tests simulations are conducted with 

varying value of A, A/I and F- 

Figure 5.27-5.29 show the effect of critical state parmileters. It is noted that the values 

of critical parm-neters only have significant influence when the inaterial is in plastic 

behaviour. 
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5.5.2.3 THE EFFECT OF SPACING RATIO AND STRESS STATE COEFFICIENT 

As mentioned in section 5.3, the spacing ratio r controls the intersection point of the 

critical state line and the yield surface in CASNI. For the sake of simplicity, the 

standard Cain-clays models assuine a single constant spacing ratio for all inaterial. In 

the original and modified Cam-Clay models, r is fixed at 2.718 and 2.0 respectively. In 

CASM, the assuinption of a variable r is adopted. Experimental data indicates that for 

clays r typically lies in the range of 1.5-3 and for sands the value of r is generally much 
larger (Coop and Lee, 1993; Crough et al., 1994). The deteniiiiiation of r from 

experimental results has been described in detail by Wang (2006). 

The both dense and loose Portaway sand were simulated with wffying wdlies, of r 
from 19 to 1000. The other model constuits used in tl-ýs set of simulations are ws 
follows (Wýuig, 2005): 

p=0.16, K=0.005, A=0.025, IF = 1.796, M=1.19, n == 3.5 

It is noted that two opposite effects are foi-md from Figure 5.30 mid Figure 5.31 for 

dense sands and loose sands, respectively. It call be seen from the former that the 

computed behaviour shows the strong contraction as the value of r decreases, in 
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contrast, the behaviour shown in the latter exhibits strong aation as the value of r 

decreases. 
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The value of the stress-state coefficient n is typically between 1.0 and 5.0. To 

determine n for a given material, it is necessary to plot the stress paths from a few 

triaxial tests with different initial conditions in tenus of stress ratio against the state 

parameter. Details for the determination of n can be found in Yu (1998) and Wang 

(2005). 
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Figure 5.30 Effect of spacing ratio r on very loose Portaway sand 
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As with in previous section, four sh-nulations were performed with stress-state 

coefficient n varying from 2 to 5 on both dense and loose Portaway sand. The other 

model constants are given as (Wu-ig, 2005): 

p=0.16, K=0.005, A=0.025, F=1.796, M=1.19, r= 19.2 

It can be seen from Figure 5.32 mid Figure 5.33 that the similar effect obtain(A for the 

spacing ratio r is equally applied to the stress-state coefficient n. 
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5.6 WELLBORE STABILITY ANALYSIS WITH CASM 

After description and validation the capability of CASM to capture the mechanical 

behaviour of geo-material, CASM is used to analyse wellbore stability in this section. 
In this section, with aim to clearly show the stability analysis with CASM, only the 

vertical boreholes, with the different initial conditions are analysed. As discussed in 

Chapter 3, the vertical borehole analysis is a typical plane strain problem. Considering 

the symmetry of the problem, only one quarter of the domain is meshed (Figure 5.34). 

All simulations of wellbore stability are conducted with undrained condition. For the 

undrained condition immediately after the borehole is drilled, the instantaneously 

induced pore pressures around the borehole are assumed to be unaffected by mud 

pressure penetration which corresponds either to the case of an oil-base mud (the fluid 

does not penetrate into the formation for capillary reasons) or to a perfect cake. This 

is the most severe condition for borehole stability since the positive induced pore 

pressure reduces the effective in situ stresses. 

5.6.1 EFFECT OF r AND n VALUE ON WELLBORE STABILITY 

The effect of r on the yield surface is demonstrated in Figure 5.35. It can be seen that 

as the value of r increases, the initial portion of the yield surface (i. e. to the left of the 

critical state) approaches a straight line as the value reaches 10,000. In other words, 

the yield surface of CASM approaches that of the Mohr-Coulornb as the value of r 

increases. Therefore, it is believed that for this case, when r= 10,000 , the results 

obtained using CASM approximate those using Mohr-Coulomb model. 

The simulations are carried out for a vertical borehole with 0.1m radius embedded in 

an isotropic stress field to investigate the effect of r value. Different r values, i. e. r=4, 
10,1000,10000, are used in the analysis, and the other material constants for soft rock 

were extracted from Charlez (1997) and are listed in as following: 
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M=1.25, A=0.155 ,K=0.0121, u=0.3, r=2.985 ,n=3 

Two analysis cases are studied with different initial conditions, see Table 5.1. 

Table 5.1 Initial conditions of the analysis cases 

C 
In situ Stress (MPa) 

I iti l id ase 
aH ah cr, 

n a vo ratio (eO) 

1 55 55 66 0.20 

21 75 75 85 1 0.40 

Figure 5.36 and 5.37 show the effect of r on the hole closure with the normalised 
borehole pressure decreasing for two cases. Similar as discussed in previous section, the 

effect of r on borehole stability depends on the initial conditions of rock form around 
borehole. Consequently, choosing an inappropriate value of r can result in either an 

overestimation or underestimation of the results of borehole stability analysis. 

The effect of n on the yield surface is demonstrated in Figure 5.6, which shows the 

various shapes of the CASM stress boundary surface with r=3 and variable n. It is 

not that the apex of boundary surface increases as the value of n increases. The two 

cases were simulated with varying values of n from 2 to 5. The other model constants 

used in tMs set of simulations are as foRowiiag: 

1.25, A=0.155, K=0.0121, a=0.3, r=2.985, r=4 

Figure 5.38 and 5.39 show the effect of nm the hole closure with the borehole 

pressure decreasing for two cases. The similar effect of n on borehole stability can be 

seen as effect of r value. Hence an inappropriate value of n can also overestimate or 

underestimate the results of borehole stability analysis, depending on the initial 

conditions around borehole. 
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Figure 5.34 FhAte element mesh for a vertical borehole 

Figure 5.35 Effect of r on yield surface 
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Figure 5.36 Nornialised borehole pressure vs hole closure - effect of r for Case 1 
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Figure 5.37 Nornialised borehole pressure vs hole closure - effect of r for Case 2 
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Figure 5.38 Nornialised borehole pressure vs hole closure - effect of n for Case 1 
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Figure 5.39 Nomialised borehole pressure vs hole closure - effect of n for Case 2 
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5.6.2 EFFECT OF PAST STRESS HISTORY 

With the intention of investigating the effect of stress history on wellbore stability, 

more simulations have been conducted with different values of the overconsolidation 

ratio (OCR) were carried out. The simulations are carried out with a vertical borehole 

in isotropic in situ stress field (i. e. a, = qj The element mesh shown in Figure 5.34 

is used. The OCR in this thesis is defined in terms of mean effective stresses. Hence it 

is defined as following: 

I 
OCR = 

47 

A 
(5.51) 

where, po is the preconsolidation pressure, p, is the initial isotropic stress. In the case 

of a vertical borehole, the initial isotropic stress can be obtain: 

pi, = 
aH + ah + av. 

(5.52) 
3 

The simulations are carried out with the same in situ stress field, namely the same 
initial isotropic stress, and different preconsolidation pressures to obtain the different 

past stress history, namely different OCR value. Hence an initial void ratio (e. ) was 

assumed, after p, and po together with the following expression (which can be easily 

obtained using the critical state soil mechanics theory): 

eo = IF - idn p, , -(A-ic)ln (5.53) Po 

The material constants used in tMs set of simulations are as following: 

M=1.25, Z=0.155, K=0.0121, Xj=0.3, r=2.985, r=IO, n=3 
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Figure 5.40 shows the nonnalised borehole pressure - hole closure curves for OCR =: 1, 

1.5,5,10,15, and 20. It is noted from the figure that wellbore stability is dependent 

on the past stress history of the rock around borehole, with more stable for wellbore 

with higher OCRs. 
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Figure 5.40 Normalised borehole pressure vs hole closure - effect of stress history 

5.6.3 STRESS AND PORE PRESSURE RESPONSE AROUND BORFMOLE WITH 

DrFFERNET IN SITU STRESSES 

In situ stress field around borehole plays the most ii-nportm-it role in wellbore stability. 

From Chapter 3 and 4, it is noted that the differential stress (i. e. the difference 

between the far field in situ stresses in the horizontal plane) is considered to be one of 

the major causes of wellbore instabilities, including hole enlargement and hole size 

reduction (Dusseault, 1994, '. McLellan, 1996). 
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The analysis was carried out with a vertical borehole O. 1m radius embedded in the 

different stress field, shown in Table S. 2. Considering the symmetry of the problem, 

one qwirter of the domain is meshed as well (Figure 5.35). The material constants for 

soft rock are listed in as f6flowing: 

M=1.25, A=0.155, lc=0.0121, u=0.3, r=2.985, r=10, n=3 

Table 5.2 In situ stress candtions of the analysis cases 

C 
In situ Stress (MPa) In situ pore pressure 

ase 
CTH ah all U (MPa) 

1 70 70 120 

2 87.5 70 120 

3 105 70 120 30 

4 122.5 70 120 

5 140 
1 

70 120 

Figure 5.41 - 5.44 show the stress state around the borehole under the action of 
different values of differential stress ratio K= aH / q, ý , and Figure 5.44 shows the yield 

zone around borehole with different K at normalised borehole pressure P. / Po = 0.5, 

at which the yield did not initiate when K is less than 1.5. It is noted from Figure 5.45 

that the yield at borehole wall initiates at the direction of the minor horizontal stress 
( ah ). The radial stresses (a,, ) around the wellbore, increased parallel to major 

horizontal stress (a., ) under all K values, whilst cr,, has a maximum value lying 

inside the formation at the direction of qA, when K value is more than 1.25, namely 

when yield starts (Figure 5.41 (a)). The value of the maximum a. depends strongly 

on the applied differential stress. A maximum hoop stress av is observed in the 

interior of the formation at the direction of ah where the yield initiates. It is noted that 

on the wall of borehole the hoop stress av along the direction of q,, is more bigger 

than it at the direction of or,, . Another interesting point to be noted is that the value 

of a. on the wall of borehole highly depends on the applied differential stress when 
the yield did not start, while similar value is observed when the yield initiated (Figure 
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5.41 (b)). Under anisotropic stress field (i. e. K>I), mem-i effective stress p nicreased 

parallel to (TH * 
Along the direction of ch, mean effective stress p. reaches maximun, 

point, of which value depends strongly on the applied differential stress. The inean 

effective stress p' on the wall of borehole has saine value when the yield started (i. e. 

K ý! 1.5 ). It is observed that the devitoric stress q had different distribution pattern 

under high differential stress. 
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Figure 5.41 (a) Radial stress (Y, P and (b) hoop stress (F, around the borehole at the direction of the 

minor horizontal stress a. at p. / p, = 0.5 

Figure 5.46 shows the pore pressure distribution around borehole with variable 

differential stresses. It is noted that differential stress also played a critical role in Pore 

pressure change. When the in situ stress is isotropic (K =I), ah-nost no excess pore 

pressure is induced. When the differential stress increases, it results in the volume 

changes of the rock around the borehole which will generate either positive or negative 

induced pore pressure. It is noted that the maximinn undrained pore pressure is 

located inside the formation at minor horizontal stress (ah) direction. It is shown in 

Figure 5.46 that the maximum inidrained pore pressure zone moves further to the 

borehole wall with the differential stress increasing, whilst the minor undrained pore 
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pressure zone, which is lying inside the formation at major horizontal stress ( a,, 

direction, moves towards to the borehole wall. 
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Figure 5.42 (a) Radial stress a., and (b) hoop stress aw around the borehole at the direction of the 

mjor horizontal stress a, at p. / p, = 0.5 
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Figure 5.43 (a) Mean effective stress p' and (b) devitoric stress q around the borehole at the direction 

of the major horizontal stress a, at p. / p, = 0.5 
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Figure 5.44 (a) Mean effective stress p' and (b) devitoric: stress q around the borehole at the direction 

of the major horizontal stress a, at P. / PO = 0.5 
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Figure 5.45 Yield zone around the borehole with (a) K=1.5 ; (b) K=1.75 ; (c) K=2.0 at 

pý / p, = 0.5 
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Figure 5.46 Pore pressure distribution (KPa) the borehole with (a) K=1.0 ; (b) K=1.25 ; (c) K=1.5 ; 

(d) K=1.75 ; (e) K=2.0 at p. / po = 0.5 

5.6.4 FAILURE CRITERIA FOR INSTABILITY 

As mention before, choosing a suýitable failure criterion for the rock concerned is crucial 

step for the predicting wellbore instability in soft rock. In Chapter 4, the two most 

used failure criteria, PI and P2, are recommended for the elastoplastic analysis of 

wellbore stability. The first failure criterion (Pl) states that failure is assumed to occur 

when a point in the rock surrounding the borehole reaches a certain value of 

equivalent plastic strain, say by 1.7%. The second criterion (P2) is to limit the 

maxh-num hole closure, 2% of the hole radius. For CASM, a critical state model, a 

purely mechanical failure criterion (P3) is used to predict wellbore instability in soft 

rock. This criterion (P3) states that in order to maintain stability no single point in 

the rock around wellbore reaches the critical state. 

In order to find the suitable failure criteria, for instability with CASIVI, three group of 

simulations for a vertical borehole with different initial conditions axe conducted, 

shown in Table 5.3. In the first group, the vertical boreholes with different isotropic 
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stress field and the same stress Iiistory (i. e. OCR = 2) are simulated. The simulations 

are carried out with the vertical boreholes with different anisotropic stress field and 

the same stress history (i. e. OCR= 2) in the second group. In the third group, the 

boreholes with different stress history and same stress field are simtAated. The finite 

element mesh in Figure 5.35 and the material constants for soft rock in the section 
5.6.1.3 are used in all these simtAations. 

Table 5.3 In situ stresses of the analysis cases 

G C 
In situ Stress (MPa) Stress History 

roup ase 
ýTH (7h 

- 
aý (OCR) 

1 50 50 60 

2 60 60 70 
2 

3 70 70 80 

4 90 90 110 

51 50 60 70 

2 
6 60 70 80 

2 
7 50 80 85 

8 60 100 115 

10 1 

3 
11 

75 75 85 
2 

12 3 

13 5 

The Table 5.4 presents the normalised failure borehole pressure of all analysis cases 

with three different failure criteria. It is noted that stress history of rock around 

borehole plays crucial role in wellbore borehole stability. For normally or lightly 

overconsolidated. soft rock, the considerable borehole pressure must be provided in 

order to make the borehole stable, however for heavily overconsoliclated, little borehole 

pressure is needed in order for the borehole to be stable. For the material properties 

used in the siratdations, it is obvious that large hole closures happen before the critical 
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state is reached, and therefore the failure criteria, P3, is not controlling. Compared the 

results predicted by PI and P2, the same conclusion can be made as Chapter 4 that 

P2 is more optimistic than P1. It is worth to be pointed out that which failure 

criterion will control the design will depend on the actual material properties. To 

fflustrate this point, a new set of critical state properties for soft rock used by Charlez 

(1991) as following: 

M=1.3, A=0.077, ic=0.0071, ju=0.3, r=2.759, r=10, n=3 

The Table 5.5 shows the results of the new material properties with in situ stress 

condition case 10. It was found that for this new set of critical state properties the 

failure criterion P3 is critical. 

Table 5.4 Normallsed fallmro borehde pressure for three dffirent faUmro adterh 

Group Case Pi P2 P3(hole closure/hole radius) 

1 0.35 0.26 0.10(5.5%) 

1 
2 0.35 0.26 0.11(5.5%) 

3 0.36 0.27 0.11(5.6%) 

1 
4 0.37 0.28 0.12(5.8%) 

5 0.38 0.28 0.13 (6.7%) 

2 
6 0.37 0.28 0.13(6.6%) 

7 0.41 0.30 0.14(7.4%) 

8 0.44 0.33 0.16 (10.2%) 

10 0.63 0.48 0.28 (12.7%) 

3 
11 0.25 0.17 0.08(3.6%) 

12 0.18 0.10 0.03(2.4%) 

13 0.11 0.06 
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Table 5.5 Normalised failure borehole pressure for three different failure criteria with case 10 

Case Pi P2 P3(hole closure/hole radi 

10 0.02 0.01 0.07(l. 2%) 

Figure 5.47 shows the early stage of yield zone around borehole for different cases. 

Figure 5.48 and Figure 5.49 show the initial critical zone and sh-nultmeous yield zone 

around the borehole. From the Figures, it is noted that as that discussed previous 

sections, the yield zone around borehole always is started on the borehole wall at the 

direction of minor horizontal stress, whilst the critical zone, where the rock is reached 

the critical state, is initiated inside the formation at the direction of minor horizontal 

stress. 

(a) (b) 

Figure 5.47 The initiated yield zone (a) case 4; (b) case 8 
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(a) (b) 

Figure 5.48 The hAtiated critical zone (a) case 4; (b) case 8 

(a) (b) 

Figure 5.49 The yield zone when the rock reaches critical state (a) case 4; (b) case 8 

5.6.5 EFFECT OF CONSOLIDATION ON STABILITY 

Before setting the casing and cementing the weU, a weRbore section can remain open- 

hole during certain time (several hours to several days). This transition period 
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(generally kept to a minii-niu-n when the zone is potentially unstable) is mainly affected 

by hydraulic diffusion, especially when the well is drilled in an anisotropic stress field 

(Charlez, 1997). In order to analyse the effect of consolidation on wellbore stability, a 

second stability calculation must be performed as follows. First to take into accowit 

the whole drilling path, the previous undrained simulations (reducing borehole 

pressure from its initial value) is conducted, whilst the process is stopped for a 

borehole pressure slightly higher than the failure pressure. The second calculation is 

carried out with the borehole pressure being kept constant and time being incremented 

to shniflate the consolidation process. 

Figure 5.50 shows the pore pressure distribution around borehole at different 

consolidation times for in situ condition case 8 in previous section with initial in situ 

pore pressure 30 TNIPa. It is observed from the figure that the peak pore pressure 

gradually deceases by diffusion, but it remains inside the formation. 

Figure 5.51 shows the maxiinw-n equivalent plastic strain evolution with consolidation 

time. It is obvious from the figure that the consolidation is unfavourable to well 

stability. It is interesting observed froin Figure 5.50 that the critical zone initially 

located inside formation is displaced towards the borehole wall. 

POR 
L 583e+04 

+T 490: +04 
+3.396 +04 
+3.303e+04 
+3.210e+04 
+3.117e+04 
+3.024e+04 
+2.931. +04 
+2.837e+04 
+2.744. +04 
+2.65le-04 
+2.558: +04 
+2.46S +04 

F, 
IP 01 R +3.471e+04 

+3.399e+04 
+3.327e+04 
+3.25 Se+04 
+3.182*. 04 

-+3.110&+04 
-+3.038e+04 
-+2.966e+04 
- +2.89 3e+04 
-+2.821e+04 

+2: 677e+04 
+2 749e+04 

+2.604e+04 

(a) (b) 

142 



Cbapter 5. A New Critical State Model Applied to Welftre Stability 

POR 
+ 3.246e+04 
+3.206e+04 
A. 169: +04 

4 +3.131 -0 
+3 9 'a 
+3: 

*055. ++0"4 

+3 . 017 . +04 
+2 978 4 

0: 
+0 

+2: 94 + 04 
+' . 02e 04 
+2.: 64.: 04 
*2 82fie 04 
+2 788e* 

(C) 

POR 
+3.028e+04 
+3.023e+04 
+3.017e+04 
+3.012e+04 
+3.00 7e+04 
+3.002e+04 
+2.996e+04 
+2.991e+04 
+2.98fie+04 
+2.98le+04 

2 975e+04 
IN ll 

++2 

965: +04 

(d) 

Figure 5.50 Pore pressure for various consolidation times (a) after 0 hours (Undrained solution); (b) 

after 2 hours; (c) after 8 hours; (d) after 24 hours 
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Figure 5.51 Evolution of maximum equivalent plastic strain vs consolidation time 
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Figure 5.52 Initial critical zone after 7 hours 

5.7 SUMMARY 

1. The critical state theory has been introduced and a brief review of application 

of this theory in rock mechanics has been made. Critical state soil inechanics 

models have been used widely to predict the complex mechanical behaviour of 

rock, especially the soft rock, and design geotechnical structures such as 
foundations for offshore structures, timnels, etc. 

2. A new advanced critical state model - the unified Clay And Sand Nlodel 

(CASM) model was described. CASM is able to predict the inechanical 

behaviour of clay and sand under both undrained and drained load conditions, 

with ordy two extra material constants, the spacing ratio r, and the stress state 

coefficient n, compared with traditional critical state model, Cain-Clay. 

3. The new stress integration algorithin, substepping, used in implementing 

CASM into ABAQUS has been presented. Some necessary modifications for 

substepping have also been made by author to make this algorithm more 

efficient and robust for non-linear constitutive model. 
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4. CASM has been validated by simulating triaxial tests for a number of materials 

under different loading conditions. The numerical results of CASM have been 

compared with experimental data as well as the numerical results obtained 

from the Modified Cam-Clay (MCC). It has been found that the predictions 

from CASM were consistently better than those Erom MCC. In particular, 

CASM has been found to be able to capture reasonably well the overall 

behaviour of the overconsolidated clay and sand observed in laboratory. It has 

proven CASM to be a useful and effective model. 

5. Choosing the inappropriate value of the spacing ratio r, and the stress state 

coefficient n, for CASM in analysis of wellbore stability can either lead to an 

overestimate or underestimate of the results depending on the initial condition 

of rock around the borehole. 

6. The stress history of rock around the borehole plays a crucial role in wellbore 

borehole stability. For normally or lightly overconsolidated soft rock, 

considerable borehole pressure must be provided in order to make the borehole 

stable, however for heavily overconsolidated, little borehole pressure is needed 

in order for the borehole to be stable. 

7. The yield zone around borehole always is started on the borehole wall at the 

direction of minor horizontal stress, whilst the critical zone, where the rock 

reaches the critical state, is initiated inside the formation at the direction of 

minor horizontal stress. 
8. Three failure criteria have been suggested to use for predicting wellbore 

instability in soft rock. The first failure criterion (Pl) states that failure is 

assumed to occur when a point in the rock surrounding the borehole reaches a 

certain value of equivalent plastic strain, say by 1.7%. The second criterion (P2) 

is to limit the maximum hole closure, 2% of the hole radius. The third criterion 
(P3) states that in order to maintain stability no single point in the rock 

around wellbore reaches the critical state. Which failure criterion is suitable 
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highly depends on the actual material properties of the rock around borehole. 

However, P1 is always more optimistic than P2. 

9. During open-hole time, consolidation plays an unfavourable role in wellbore 

stability. The pore pressure around the borehole is gradually flattened by 

diffusion. After certain consolidation time, the borehole becomes unstable, and 

the initial critical zone is moved towards the borehole wall. 
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CHAPTER 6 

NON-COAXIAL PLASTICITY APPLIED 

TO WELLBORE STABILITY 

6.1 INTRODUCTION 

The focus of the chapter is to apply non-coaxial plasticity to analyse the wellbore 

stability. First, the concept of non-coaxial plasticity is reviewed, together with 

experimental evidence. A new non-coaxial plasticity theory, yield vertex theory, which 

was presented by Rudnicki and Rice, and developed by Yang and Yu, is also detailed 

introduced and described. Secondly, the simulations of simple shear tests are 
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conducted to evaluate the non-coaxial CASM model. Finally, the developed non- 

coaxial CASM model is used to analyse the problem of wellbore stability. 

6.2 NoN-CoAxiAiL PLASTICITY THEORY 

The non-coaxiality between principal axes of stress and plastic strain-rate in granular 

material behaviour has been well recognized in the geotechnical community. There axe 

several theories have been developed and applied to represent the non-coaxiality 

behaviour, This section is focused on presenting some foundations, the experimental 

observations and developments of the non-coaxial plasticity theory. 

6.2.1 THBORETic FOUNDATIONS OF NoN-CoAxIAL PLAsnarry 

As mentioned in Chapter 5, there are four f6flowing basic requirements for an elastic- 

plastic material constitutive model to be fully characterised: 

a) Elastic properties 

The elastic properties are the way in which elastic, recoverable deformations of the 

material are to be described. 

b) Yield surface 

f(cr, k) =0 

The yield surface is the boundary in a general stress space of a region within which 

it is reasonable to describe the deformations as elastic and recoverable. It is a 
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function of the stress state a and hardening parameter k which controls its size. 

This function separates purely elastic from elastic-plastic behavirour. 

c) Plastic potential 

g(a, fi) = (6.2) 

Plastic potential means the mode of plastic deformation that occurs when the 

material is yielding. It is a ftmetion of stress state a and 6 which is a vector of 

state parameters. This vector is immaterial and depends on the stress state. A 

plastic potential is needed to specify the relative magnitudes of vahous components 

of plastic deformation. 

d) Hardening nAe 

A hardening rule describes the way in which the absolute magnitude of the plastic 

deformation is linked with the changing size of the yield surface. This rule 

prescribes how the state parameter k varies with plastic straining. This together 

with the plastic potential gives the magnitudes of the plastic deformations. 

According to the above description, it is obvious that a key question that the theory of 

plasticity sets out to answer is how to deterniine the plastic deformation (or plastic 

strains) once the stress state is on the yield surface. The most widely used theory is to 

assume that the plastic strain rate (or increment) can be determined by the following 

formaula (Yu, 2006): 

deijP = dA 
ýg 

(6.3) aa, 

where dA is a positive scalar. 
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The above equation is known as a plastic flow rule that basically defines the ratios of 

the components of the plastic strain rate. This plastic flow rule was based on the 

observation by de Saint-Venant (1870) that for metals the principal axes of the plastic 

strain rate coincide with those of the stress. This is so-called coaxial assumption, which 

has been the foundation of almost all the plasticity models used in engineering. 

However, there are strong experimental and micrornechanics-based evidences to 

suggest that in real granular material these principal axes often do not coincide, i. e. 

non-coaxiality (Roscoe et al., 1967; Drescher & de Jong, 1972; Oda & Konishi, 1974; 

Ishihara, & Towhata, 1983). 

6.2.2 ExPEREimENTAL EVIDENCE OF NON-COAXIAL BEHAViourt 

The non-coaxiality between Principal stresses and plastic strain rate in granular 

material behaviour has been observed in laboratory experiments for many years. 

Among these laboratory tests, the most common tests are simple shear test and 

torsional hollow cylinder test because of their ability to control of the rotation of the 

principal axes of stresses. 

Roscoe et aL(1967) and Roscoe (1970) first reported that the principal axes of strain 

rates and stresses are not coincident during the early stage of shearing in simple shear 

tests on sand. Figure 6.1 shows the measured directions of the principal axes of stress 

and strain rate tensors, reported by Roscoe (1970). Oda and Korilshi (1974) carried out 

two-dimensional simple shear tests on an assembly of cylinders packed at random to 

simulate the shear deformation of sand, and obtained the similar conclusion as Roscoe. 

The results of these tests are giving the evidences that when the direction of the 

principal stress rotates in the tests, the corresponding direction of the principal strain 

rate does not coincide with that of the principal stress. The difference between the two 

directions is very significant at a small shear strain and then gradually reduces with an 
increasing shear strain. 
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Figure 6.1 Expedmental curves of showing principal stress and strain h-jerenkent rotations against shear 

strain during shwle shear test (Roscoe, 1970) 
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Figuz, e 6.2 Non-coaxial behaviour fiom torsional shear (Guiterm & Ishiham, 2000) 

Another widely used device that can be used to test granular material subject to stress 

rotation is hollow cylinder apparatus (Yu, 2006). Gutierrez et al. (1991,2000) found 

the non-uniqueness of sand plastic flow and the dependency of the plastic strain rate 
direction on the stress increment directions, by employing hollow cylindrical tests with 

three different stress paths. Figure 6.2 shows the unit plastic strain increment vectors 
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from pure principal stress rotation tests at different constant levels of mobilized 

friction angle. In this figure, the strain rate vectors are plotted for both total strains 

and plastic strains. It is evident that the difference is rather small indicating that 

elastic components of strain rates are much smaller than the plastic components. 

6.2.3 RUNDNICla AND RjcEls YIELD VERTEX NON-COAXIAL THEoRy 

Several theories have been developed and applied to represent the non-coaxiality for 

granular material behaviour. Notable examples include the double-shearing theory 

(Spencer, 1964; Jiang et al., 2005), the combined plastic potential and double shear 

theory (Harris, 1993; Yu & Yuan, 2006), the hypoplasticity theory (Kolymbas, 1991), 

and the yield vertex theory (Rudnicki & Rice, 1975; Paparnichos & Vardoulakis, 1995). 

Most recently Yang and Yu (2006a, b) have developed a general elastic-plastic finite 

element formulation for implementing the non-coaxial theory of Rudnicki and Rice. 

Their work is applied in this thesis and introduced as following. 

According to Yang and Yu's papers, the total strain rate (or increment) can be 

decomposed into an elastic and a plastic part: 

d cij =d --,; +d eij' (6.4) 

where the superscript e and p denote the elastic and plastic components, respectively. 
According to the non-coaxial plasticity theory, deP is separated into two parts: the 

coaxial plastic strain rate de,, P' and non-coaxial strain rate dejP' (shown in Figure 6.3): 

de,, P = deUP' + dev" (6.5) 

The coaxial plastic strain rate deP' can be obtained by conventional plastic theory, i. e. 

Equation(6.3). While the non-coaxial strain rate de,, P" is related to a stress rate ds,, in 
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deviatoric plane. According to the yield vertex theory (Rudnicki & Rice, 1975; 

Hashiguchi & Tsutsurni, 2001), the stress rate ds,, in deviatoric plane is separated into 

two parts (shown in Figure 6.4): one part ds,, " is obtained by projecting ds,, to normal 

the yield surface in deviatoric plane, and is responsible to coaxial plastic strain rate, 

the other part dsi, is obtained by projecting dsi, to the tangential to the yield surface 

in deviatoric plane, and is responsible to non-coaxial plastic strain rate: 

dsu = dsv" + ds, 'v (6.6) 

And ds, " can be formulated as: 

v= (ds,, : n,, )n,, (6.7) 

where nj denotes the nonnal to the yield surface on the deviatoric plane, normalised 

by the magnitude of the tensor. If the yield surface in deviatoric plane is circWar, 

n, j = sj / -, 
r2-r, where r= ý05-. 5(s,,: sj) - Substituting Equation (6-7) into Equation (6.6), 

de 1 can be expremed as: "ij 

ds, ', = ds .-( ds,, :n. )n,, (6.8) 

According to the yield vertex theory, the non-coaxial plastic strain rate can be 

obtained: 

d ejP' dsu' (6.9) 

where h., denotes the non-coaxial plastic modulus. 
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As shown by Yang and Yu. (2006a, b), in order to facilitate the numerical 

implementation, the above equation can be further formiflated as follows: 

Njk, ak, (6.10) 
h., 

where 

Nyki =1(8.5,1 + 8il 8jk 
-2 o5, j, 6, v - n1jnk, 23 

where da, and (5, denote the stress rate and the Kronecker delta respectively. 

Substituting Equation (6.3) and (6.10) into Equation (6.5) obtains: 

de, j' = dA 
ag 

+I IV, . dcr (6.12) 
aqu h.,: ' V" " 

By combining Equation (6.12) with the coaxial formulations from conventional 

plasticity theory, the relationship between stress rates (or increments) and strain rates 

(or increments) can be obtained: 

d qj = DyPu d e, t (6.13) 

where 

L99 D; 
q aor 

__ 
4G2 

eP e pq Duk, DN (6.14) p ukl L9 
+YD. 

09 h»ý + 2G K 
p öaý� . c9 u', 

154 



Chapter 6. Non-coaxial Pkwticity Apphed to Wellbore Stabihty 

It is noted that the first two tenns in above equation are the usual expressions for the 

stiffness from conventional plasticity theory, and the third term is a new contribution 

from the non-coaxial behaviour in which 0 denotes the shear modulus. 

U3 
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C3 

072 

Figure &4 Components of stress rate in the deviaturic plane 
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6.3 EVALUATION OF NON-COAXL4, L CASM IN Tim SIMPLE 

SHEAR TEST 

As mentioned in previous section, simple shear test is one of the important widely 

used laboratory tests, which can allow the rotation of the principal axes of stress. In 

this section, the simple shear problem is used as an example to numerically predict 

and assess the capabilities of the proposed non-coaxial CASM in light of experimental 

observations. 
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6.3.1 ASSUMPTION IN SIMPLE SHEAR TEST SIMULATIONS 

Original position or direction 

-------------- Deformed position or direction 

Rotation angle of the major principal stress or plastic strain rate 

xýaxis principal stress (plastic strain rate) 

ayd y-wds principal stress (plastic strain rate) 

crý(dcp) y 

--------------------- 

(a) (b) 

Fgtwe 6.5 A le in the shuple shear sixmldion with ideal anumption 

a,, (d. -, P, ) 

The ideal state of simple shear test is assumed in the simulations. Although the ideal 

conditions may not exist in the simple sheax test, it is useful to examine the ideal state 
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as a standard, In the study presented, the stres&-strain curves were obtained 

numerically by imposing the boundary conditions to a eight-node biquadratic, plane 

strain finite element with reduced integration, of which all the sides remain linear and 

parallel to their original ones during the loading (see Figure 6.5(a)). This assumption 

has been used in the study of Potts et al (1987) and Dounias and Potts (1993), which 

has shown satisfactory results. Throughout the simple shearing, the sample is subject 

to a constant uniform vertical stress ay and varied initial horizontal stress a., = Kay, 

where K is initial lateral pressure coefficient. A prescribed shear strain y., y is applied 

and the x direction is constrained to have zero direct strain. As a result of these 

boundary and loading conditions, the sample is subject to a shear stress r., Y, a change 

of stress in the x direction Aer., and a direct strain in y direction ey , while a and cr, Y 
are constant. Therefore, it is the variation of ry that causes the rotation of principal 

stresses. Figure 6.5(b) shows the angles of principal stresses and plastic strain rates. 

6.3.2 RESULTS AND DISCUSSION 

The simple shear test simiflations are carried out with the Weald clay and Erksak 

sand, which are used to validate the ooaxial CASM model in Chapter 5 with triaxial 

test simulations. All the material constants are shown in Section 5.51 and not repeated 

here. 

It is noted that all the simulations are carried out under drained condition. The non- 

coaxial plastic modulus h., is chosen with reference to the initial shear elastic modulus 

Go (Yang & Yu, 2006a, b). Different values of h., are examined, which 

h. 
c 
/ G,, = 1,0.6, and 0.3 respectively. In order to have a clear investigation on the non- 

coaxiality between principal stresses and plastic strain rate, one assumption has been 

made that the initial stress state of all simulations is on the yield surface. 
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Figure 6.6 - 6.9 show the numerical results for both normally consolidated and over- 

consolidated Weald clay. Figure 6.6 and 6.7 show the evolutions of the shear stress 
(a,, ) normalized by the vertical stress, namely y-axis stress (ay), against the shear 

strain (y, ) by using the coaxial model and non-coaxial model with different non- 

coaxial plastic modulus (h., ). It is noted from the two figures that the non-coaxiality 

softens the stress-strain behaviour and deceases the ultimate shear strength. Yang & 

Yu (2006b) argued that the latter influence attributes to different ultimate Lode 

angles resulted from the plastic potential surface in deviatoric plane. Figure 6.6 and 6.7 

also show that the non-coaxiality has larger influence on normally consolidated clay 
than over-consolidated clay. It also can be seen from the figures that larger non-coaxial 

plastic modulus (h,,, ) has smaller non-coaxial influence. Figure 6.8 and 6.9 show the 

evolutions of the rotation angles (op) of principal stress and principal plastic strain 

against shear the shear strain (r.,, ) by using the coaxial model and non-coaxial model 

with different non-coaxial plastic modulus (h. j. It is shown in the figures that the 

rotation angle of principal stress coincides with it of principal plastic strain rate in the 

case of coaxial model, whilst the former is behind the latter in the case of non-coaxial 

models. With the sheax strain increasing, the difference between the two rotation 

angles decrease and the two angles tend to approach same ultimate value. These 

numerical results agree with the experimental results of the simple shear tests which 

proposed by Roscoe (1970) in Figure 6.1. It is also noted from Figure 6.8 and 6.9 that 

a larger difference of the rotation angles happens during the early stage of shearing, 

and a larger non-coaxial plastic modulus (h,,, ) gives a smaller difference. Similar to the 

evolutions of the shear stress, the normally consolidated clay is much more sensitive to 

non-coaxiality than over-consolidated clay, i. e. the non-coaxiality produces larger 

difference of rotation angles in the normally consolidated clay than in over- 

consolidated clay. 

Figure 6.10 - 6.13 show the numerical results for two types of Erksak 330/0.7 sand, 
dense sample - D667 and loose sample - D684. From the figures, it is noted that the 
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influences of non-coaxiality for dense sand D667 is similar to that for over-consolidated 

clay, and the loose sand D684 is similar to normally consolidated clay. All the figures 

about sand also show that the non-coaxial influences on stress-strain response and the 

rotations of principal stress and plastic strain rate are significant during the early stage 

of shearing, and gradually decrease with the increasing of shearing. 
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Figure 6.6 The numerical results of the stress ratio-shear strain plots for normally consolidated Weald 

clay by using coaxial model and non-coaxial model with different non-coaxial plastic modulus (K=0.53) 
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Figure 6.7 The numerical results of the stress ratio-shear strain plots for over consolidated Weald clay 

by using coaxial model and non-coaxial model with different non-coaxial plastic modulus (K=0.35) 
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Figure 6.8 The numerical results of principal stress and plastic strain rate for normally consolidated 

Weald clay (K=0.53) (a) coaxial; (b) h., /G,, =I; (c) h,, /G. = 0.6 , 
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Figure 6.9 The numerical results of principal stress and plastic strain rate for over consolidated Weald 

clay (K=0.35) (a) coaxial; (b) h., /G,, =I; (c) h., /G, = 0.6 ; (d) h. 
ý/Go = 0.3 
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Figure 6.10 The numerical results of the stress ratio-shear strain plots for D667 by using coaxial model 

and non-coaxial model with different non-coaxial plastic modulus (K=0.62) 
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Figure 6.11 'I'lie numerical results of the stress ratio-shear strain plots for D684 by using coaxial model 

and non-coaxial model with different non-coaxial plastic modulus (K=0.25) 
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Figure 6.12 Die numerical results of principal stress and plastic strain rate for D667 (K=0.62) (a) 

coaxial; (b) h. 
ý 
/G, =I; (c) h., /G 0=0.6 ; (d) h., /G. = 0.3 
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Figure 6.13 The numerical results of principal stress and plastic strain rate for D684 (K=0.25) (a) 

coaidal; (b) h., /GO =I; (c) hm/G, = 0.6 ; (d) h. 
ý/Go = 0.3 

6.4 WELLBORE STABILITY ANALYSIS WITH NON-COAXIAL 

CASM 

This section presents the wellbore stability analysis by using the non-coaxial CASM. 

All the simulations are conducted with the vertical borehole, as shown in Figure 5.34. 

The material constants for soft rock are listed in as following: 

M=1.15, A=0.158, ic = 0.0322, u=0.3, F=2.879, r= 10, n=3 
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6.4.1 EFFECr OF DiFFERENT IN SITU STRESSES WITH NoN-coAxiAL PLAsTicrry 

From previous study, it is noted that the different in situ stresses around borehole 

plays important role in wellbore stability. Different initial stress conditions are 

considered with same initial void ratio, eo = 0.65. The in situ stress conditions of all 

analysis cases are shown in Table 6.1. The non-coaxial plastic modulus (h,,, ) is chosen 

h nel Go =1 in aE simWations in this section. 

Figure 6.14 - 6.17 show the hole closure with borehole pressure decreasing with 

different value of different in situ stress. It is shown in the figures that the influence of 

non-coaxiality is more significant for the cases of larger different in situ stress. 

Figure 6.18 - 6.19 show the numerical results of stress distribution around borehole 

predicted by coaxial model and non-coaxial model with normalised borehole pressure 

p. / po = 0.3 for case 4. It is noted from these figures that the effect of non-coaxiality is 

relatively small on stress distribution 

Figure 6.20 shows the yield zone around borehole both with coaxial model and non- 

coaxial model at p,, / po = 0.3 for case 4. It is clearly noted that the non-coaxiality 

gives bigger yield zone axound borehole. 

Table 6.1 In situ sfiemes the arabrsis cases 

In situ Stress (MPa) 
Case 

alff Ch CF, 

1 70 70 80 

2 65 75 80 

3 60 80 80 

4 55 85 80 

Table 6.2 shows the prediction of failure borehole pressure with three different failure 

criteria. It shows that the failure borehole pressures predicted by non-coaxial model 
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and coaxial model with P3 are similar. This attributes to the small effect on stress 

distribution by non-coaxiality. 

It is needed to be pointed out that the influence of non-coaxiality is diminished for the 

case of a uniform in situ stress state because no principal stress rotations are involved 

in this case. It is can be seen from all the figures and table that the prediction results 

in wellbore stability analysis with the convention coaxial plasticity are more optimism 

than with non-coaxial plasticity. 
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Figure 6.14 Noffnalised borehole pressure vs hole closure for Case 1 
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Figure 6.15 Normalised borehole pressure vs hole closure for Case 2 

Figure 6.16 Nonnalised borehole pressure vs hole closure for Case 3 
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Figure 6.17 Normalised borehole pressure vs hole closure for Case 4 
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Figure 6.18 (a) Radial stress (Y., ; (b) hoop stress a, : (c) mean effective stress p'; (d) devitoric stress 

q around the borehole at the direction of the minor horizontal stress (y, at pý /&=0.3 for case 4 
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Figure 6.19 (a) Radial stress cr., ; (b) hoop stress a, ; (c) mean effective stress p'; (d) devitoric stress 

q around the borehole at the direction of the major horizontal stress a, at pý / p. = 0.3 for case 4 

(a) (b) 

Figure 6.20 Yield zone around the borehole with (a) coaxial model (b) non-coaxial model with 

p. / p, = 0.3 for case 4 
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Table 6.2 Nornalised failure borehole pressure fDr clifferent fidlure criteria 

Case Model Pi P2 P3 

coaxial 0.48 0.35 0.18 

non-coaxial 0.48 0.35 0.18 

2 coaxial 0.48 0.36 0.19 

non-coaxial 0.53 0.38 0.19 

3 coaxial 0.54 0.38 0.19 

non-coaxial 0.61 0.42 0.19 

4 
coaxial 0.56 0.42 0.21 

non-coaxial 0.77 0.51 0.21 

6.4.2 EFFEcr OF NON-COAXLAL PLASM MODULUS 

With the intention of investigating the effect of non-coaxial plastic modulus (h., ) on 

the wellbore stability, more simdations with different values of h,,, were carried out 

in this section. The initial conditions of case 4 in the section 6.4.1 are applied to all 

these simulations. 

Figure 6.21 - 6.23 show the ntunerical results of wellbore, stability analysis predicted 
by coaxial and non-coaxial model with different non-coaxial plastic Moddus, 't is 

noted from Figuie 6.21 that a small non-coaxial plastic modulus gives larger hole 

closure with same borehole pressure. Figure 6.22 and 6.23 show the stress distribution 

around borehole. It is can be seen that the value of k,, has no significant influence on 
the stress field axound borehole. 

Figure 6.24 shows the yield zone around borehole both with different values of h., at 

p. / po = 0.3 for case 4. It is noted that the smaller h,,, gives bigger yield zone around 
borehole. 
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Figure 6.21 Nonnalised borehole pressure vs hole closure with different h. 
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Figure 6.22 (a) Radial stress a., : (b) hoop stress cr. ; (c) mean effective stress p' (d) devitoric stress q 

around the borehole at the direction of the minor horizontal stress a, at p. / p, 0.3 with different h, 
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Figure 6.23 (a) Radial stress a,, p ; 
(b) hoop stress cr, ; (c) mean effective stress p'; (d) devitoric stress q 

around the borehole at the direction of the major horizontal stress a, at p. / p, = 0.3 with different h, 

(a) (b) 

Figure 6.24 Yield zone around the borehole with (a) h., /G, =0.6 *, (b) lt. 
ý 
/G, =0.3 with p. / po = 0.3 for 

case 4 
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6.4.3 PAn STRms HisroRy wrrH NoN-coAxiALrry 

It is known from the discussion in Chapter 5 that the past stress history of the rock 

around borehole has a big influence on wellbore stability. To investigate the effect of 

non-coaxiality on wellbore stability with different past stress history, more simulations 

are carried out. 

With the critical state soil mechanics theory, the OCR values for the initial conditions 

of case 4 can be obtained, which is 7.5. More simulations are carried out with OCR 

equal to 1.3. From Equation 5.53, the initial void ratio can be obtained, which is 

eo = 0.894. 

Figure 6.25 shows the hole closure of borehole with borehole pressure deceasing with 
different non-coaxial plastic modulus at OCR=1.3. It can be seen that small non- 

coaxial plastic modulus cause larger hole closure. Comparing with Figure 6.21, it is 

noted that the effect of non-coaxiality on rock around borehole with small OCR is 

much bigger than it with bigger OCR. 

Figure 6.26 and 6.27 shows the stress distribution around borehole. Similar with the 

results in previous section, the non-coaxiality has relative small effect on stress 
distribution around borehole. Table 6.3 shows the prediction of failure borehole 

pressure with three different failure criteria. It shows that the non-coaxiality has 

relatively small influence on the failure borehole pressures predicted by P3. 
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Figure 6.26 (a) Radial stress (Y., : (b) hoop stress a. ; (c) mean effective stress p' : (d) devitoric stress q 

around the borehole at the direction of the minor horizontal stress a. at p. / p, = 0.3 for OCR=1.3 
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Figure 6.27 (a) Radial stress a., . (b) hoop stress a. ; (c) mean effective stress p'; (d) devitoric stress q 

around the borehole at the direction of the major horizontal stress a, at p. / po = 0.3 OCR= 1.3 

Table 6.3 Normalised failure borehole pressure for different failure criteria 

Model Pi P2 P3 

coaxial 0.67 0.52 0.31 

h_ 1G,, =1 0.74 0.66 0.31 

h,, I G,, = 0.6 0.79 0.69 0.32 

h,, / G,, = 0.3 0.85 0.72 0.33 
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6.5 SUMMARY 

1. Non-coaxial plasticity has been reviewed in section 6.2. A non-coaxial stress- 

strain relationship proposed by Rudaicki and Rice, developed by Yang and Yu, 

has been introduced and applied to CASM model. 

2. The non-coaxial CASM model has been evaluated in simple shear simulations 

under various conditions. In most cases, the use of the non-coaxial model 
decreases the hardening of shear stress ratio evolutions when compared with 
the predictions with the coaxial model. 

3. The non-coaxial CASM model has been used to analyse the wellbore stability. 
Compared with coaxial model, non-coaxial model gives more pessimistic results. 

4. The influence of non-coaxiality is diminished for the case of a uniform in situ 

stress state because no principal stress rotations are involved in this case. 

5. The smaller non-coaxial plastic modulus gives bigger influence of non-coaxialitY. 

6. The influence of non-coaxiality is more significant for the rock with small value 

of OCR around borehole than for the rock with big value of OCR. 

7. The failure borehole pressure predicted by failure criterion P3 is not 

significantly affected by non-coaxiality. 
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CHAPTER 7 

CONCLUDING REMARKS 

7.1 SUMMARY AND CONCLUSIONS 

The main aim of this research has been to use new method and theory in 

geomechariies to describe the mechanical behaviour of wellbore and conduct the 

stability amlysis of borehole. In particidar, the objectives of the research reported in 

this thesis were as follows: 

a. To present the new analytical solutions for wellbore stability. 
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b. To analyse the mechanical behaviour and stability of the different direction 

wells. 

c. To incorporate the new advanced constitutive material model developed in 

geornechanics into a finite element code to analyse the wellbore stability. 

d. To apply new method and theory to the analysis of the wellbore stability. 

In the following sections, the conclusions that can be drawn from this research are 

summarised to demonstrate how these objectives were achieved. 

7.1.1 NEW ANALYTICAL SOLUTIONS FOR VERTICAL BOREHOLE IN ANISOTROPIC 

STRESS RELD 

With the aim of providing better understanding and appreciation of wellbore problems, 

the basic views of mechanical behaviour of wellbore under certain stress field and 

borehole pressure and elastic approaches of analysis of borehole stability were 

presented firstly in Chapter 3. Following that, the cavity contraction theory was used 

to get the new elastic-perfectly plastic solutions for vertical borehole in anisotropic 

stress field. The solutions for Mohr-Coulomb and Hoek-Brown criteria were derived. A 

new alternative criterion, which is to limit the radius of plastic zone around borehole, 

to predict the wellbore instability was also recommended. 

7.1.2 STABLmrrY ANALYMS FOR INCIM4ED BOREHOLES 

Since the stress field around wellbores is complex, especially inclined wellbores, and all 

six components of the stress are involved, and traditionally 3-D models are used to 

analyse the stability of boreholes. However this analysis is time-consuming and it 
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reqWres relevant experience. A new simulation model, generalized plane strain model, 

was used to analyse the inclined wellbore stability. The main advantage of this model 

is only need to change the initial stress conditions according to the directions of 

wellbore to simulate different inclined wellbores and obtain reasonable results. A 

number of deviated borehole with different directions were simulated in Chapter 4 to 

analyse the influence of inclinations and azimuths of borehole on stability. 

7.1.3 A NEw CRMCAL STATE MODEL APPLIED TO WELLBORE STABILITY 

A simple, unified critical state constitutive model, the Clay And Sand Model (CASM), 

which can capture the mechanical behaviour of both clay and sand under both drained 

and undrained loading conditions, was introduced firstly in Chapter 5. The process of 

incorporating CASM into ABAQUS was described and the modified substepping 

stress point algorithm was used in implementation of CASM. 

CASM was validated by comparing its numerical results with a series of classical 

triaxial test results and also the numerical results obtained from the Modified Cam- 

Clay model. It was found that the predictions by CASM were consistently better than 

those from Modified Carn-Clay. In particular, CASM is able to capture reasonably 

well the overall behaviour of overconsolidated clay and sand observed in the 

laboratory. 

The stability analysis of borehole was conducted with CASM. The necessary 

parametric studying for two new material parameters, the spacing ratio r and the 

stress state coefficient n, was carried out. It was also found that the stress history of 

the rock around borehole had a significant effect on the results of stability. Three 

failure criteria have been suggested to use for predicting wellbore instability. 
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7.1.4 NON-COAXIAL PLA. STlcrrY TEIBORY APPLIED TO WELLBORE STABILM 

The non-coaxiality between principal axes of stress and plastic strain rate in granular 

material behaviour has been well recognized in the geotechnical community. Some 

foundations, the experimental observations and developments of the non-coaxial 

plasticity theory have been introduced in Chapter 6 firstly. In particular, Rudnicki & 

Rice's yield vertex non-coaxial theory was described and incorporated into CASM. 

The simple shear problem was used as an example to numerically predict and assess 

the capabilities of the proposed non-coaxial CASM in light of experimental 

observations. 

The non-coaxial CASM model has been used to analyse the wellbore stability. 

Compared with coaxial model, non-coaxial model gives more pessimistic results. 

However, it was found that the influence of non-coaxialitY on wellbore stability 

depended on initial conditions of wellbore. 

7.2 RECOMMENDATIONS FOR ]FUTURE RESEARcH 

New simulation and computational methods appear, which challenge current 

technology geotechnical engineering and require continuous progress. Also, new 

problems and situations are met in the field. The new research methods and 

simulating tools on wellbore stability need to satisfy new reqWrements. The following 

points outline the areas in which future research could be carried out: 

Extend current model to wiisotropic model to analyse the some highly 

anisotropic reservoir. 
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2. Extend CASM to include extra features of the bonded state since the deep 

ductile geomaterials are often "structured". 

3. Extend current model to elaso-visco-plastic model to solve more complex 
formations. 

4. Incorporate temperature effects in analytical solutions of wellbore stability for 

some very deep formations where such effects can not be negelected. 
5. Incorporate chemical effects in the solutions of wellbore stability for chemically 

sensitive formations. 
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