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Abstract

Within the bearing chamber of a gas turbine aero-engine, lubrication of the shaft and
other bearings is achieved by an oil film which may become significantly disturbed by
interacting with a range of chamber geometries which protrude from the chamber wall.
Minimizing these disturbances and preventing possible dry areas is crucial in optimizing
a bearing chambers design. In addition, multiple obstructions may be located close
to one another, resulting in a more complex disturbed film profile than by individual
obstacles. Prediction of the disturbance of the film is an important aspect of bearing

chamber design.

For analysis of the film profile over or around a local obstacle, typical bearing chamber
flows can be approximated as an incompressible thin film flow down an inclined wall
driven by gravity. The Reynolds number of thin film flows is often small, and for the bulk
of this thesis a Stokes flow assumption is implemented. In addition, thin films are often
dominated by surface tension effects, which for accurate modelling require an accurate
representation of the free surface profile. Numerical techniques such as the volume of
fluid method fail to track the surface profile specifically, and inaccuracies will occur in
applying surface tension in this approach. A numerical scheme based on the boundary
element method tracks the free surface explicitly, alleviating this potential error source
and is applied throughout this thesis. The evaluation of free surface quantities, such
as unit normal and curvature is achieved by using a Hermitian radial basis function

interpolation. This hermite interpolation can also be used to incorporate the far field
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boundary conditions and to enable contact line conditions to be satisfied for cases where

the obstacle penetrates the free surface.

Initial results consider a film flowing over an arbitrary hemispherical obstacle, fully
submerged by the fluid for a range of flow configurations. Comparison is made with
previously published papers that assume the obstacle is small and / or the free surface
deflection and disturbance velocity is small. Free surface profiles for thin film flows over
hemispherical obstacles that approach the film surface are also produced, and the effects
of near point singularities considered. All free surface profiles indicate an upstream peak,
followed by a trough downstream of the obstacle with the peak decaying in a “horseshoe”
shaped surface deformation. Flow profiles are governed by the plane inclination, the
Bond number and the obstacle geometry; effects of these key physical parameters on

flow solutions are provided.

The disturbed film profiles over multiple obstacles will differ from the use of a single
obstacle analysis as their proximity decreases. An understanding of the local interaction
of individual obstacles is an important aspect of bearing chamber design. In this thesis
the single obstacle analysis is extended to the case of flow over multiple hemispheres.
For obstacles that are separated by a sufficiently large distance the flow profiles are
identical to those for a single obstacle. However, for flow over multiple obstacles with
small separation, variations from single obstacle solutions maybe significant. For flow
over two obstacles placed in-line with the incident flow, variations with flow parameters
are provided. To identify the flexibility of this approach, flows over three obstacles are

modelled.

The calculation of flows around obstacles provides a greater challenge. Notably, a static
contact line must be included such that the angle between the free surface and the
obstacle is introduced as an extra flow parameter that will depend both on the fluid and
the obstacle surface characteristics. The numerical models used for flow over hemispheres

can be developed to consider film flow around circular cylinders. Numerical simulations
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are used to investigate flow parameters and boundary conditions. Solutions are obtained
where steady flow profiles can be found both over and around a cylindrical obstacle

raising the awareness of possible multiple solutions.

Flow around multiple obstacles is also analyzed, with profiles produced for flow around
two cylinders placed in various locations relative to one another. As for flow over two
hemispheres, for sufficiently large separations the flow profiles are identical to a single
obstacle analysis. For flow around two obstacles spaced in the direction of the flow,
effects of altering the four governing parameters; plane inclination angle, Bond number,
obstacle size, and static contact angle are examined. The analysis of flow around three
cylinders in two configurations is finally considered. In addition, for two obstacles spaced
in-line with the incident flow, the numerical approaches for flow over and flow around are
combined to predict situations where flow passes over an upstream cylinder, and then

around an identical downstream cylinder.

The final section of this thesis removes the basic assumption of Stokes flow, through
solving the full Navier-Stokes equations at low Reynolds number and so incorporating
the need to solve nonlinear equations through the solution domain. An efficient nu-
merical algorithm for including the inertia effects is developed and compared to more
conventional methods, such as the dual reciprocity method and particular integral tech-
niques for the case of a three-dimensional lid driven cavity. This approach is extended
to enable calculation of low Reynolds number film profiles for both flow over and around
a cylinder. Results are compared to the analysis from previous Stokes flow solutions for

modest increases in the Reynolds number.
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CHAPTER 1

Introduction

A bearing chamber of a gas-turbine aero-engine is used to constrain and collect oil
injected to lubricate the shaft and other bearings. The oil is also required to cool the
chamber walls by convective transport of heat within the oil system. If the oil film
does not sufficiently cover the chamber wall then the reduced local cooling may result
in oil degradation, coking and potentially oil fires could occur. Thus for design, thermal
studies, and evaluation of oil quality, it is important to predict the film height and volume
flux of oil at each point in the chamber. However computation of such flows is made
difficult because bearing chambers have complex geometries and can include obstacles

that locally significantly affect the film behaviour.

Figure 1.1 illustrates a schematic of a simplified aero-engine bearing chamber. A jet of
oil is introduced to the bearing through the injector block, and the airflow within the
chamber, generated by a highly rotating central shaft, may cause the jet to break down
into small droplets which are incident on the chamber wall. On the chamber wall, the
droplets collect, forming a film, with the oil finally removed from the bearing chamber

through oil collected at the scavenge at the bottom of the chamber.

A schematic from experimental observation for a film profile around an obstacle piercing
the free surface is shown in figure 1.2. The film flow is incident on the upstream edge of
the obstacle, and then passes around the obstruction. Behind the obstacle recirculation

is possible, with the flow merging back to the inlet flow profile further downstream.
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Oil injector

Oil film —m——>

High speed rotating shaft

Scavenge / Outlet pipe

Figure 1.1: Schematic showing a typical bearing chamber configuration.

Potential regions of dry- out

Figure 1.2: Schematic showing a typical film profile around an obstacle.
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Experimental results from Eastwick et al. [1] have shown the possibility of fluctuating and

stable dry-out regions both upstream and downstream of the obstruction as indicated.

Due to its influence on the optimal design of commercial aero-engines, low behaviour in
a bearing chamber has been analyzed by many authors. Experimentally, Wittig et al. [2]
consider the film thickness and heat transfer characteristics for two-phase oil / air flows.
Glahn and Wittig [3] used a high speed bearing chamber rig to experimentally measure
the oil film velocity profile, and compare results to a theoretical analysis outlined. For
film flows obstructed by a typical chamber support, Eastwick et al. [1] experimentally
established the conditions for stable and fluctuating dry-out to occur both upstream and
downstream of an obstruction. Further, they plotted a regime map in terms of liquid and
gas Reynolds numbers to indicate where each dry-out regime occurs. Results included

measured film thicknesses for a range of liquid flow rates at a fixed air flow rate.

Numerically, Farrall et al. [4] considers the exit flows within a bearing chamber, specif-
ically focusing on the composition of liquid and gas within these flows. The split in oil
removal between the scavenge and vent was extensively considered for three shaft speeds.
By altering the vent design, so that it protrudes into the bearing chamber, the percent-
age of oil removed through the vent was found to be substantially lower than when using
a flush vent design. Farrall et al. [5] numerically evaluated the motion of an oil film
within a bearing chamber along with the effects of various boundary conditions applied
at both the vent and scavenge of the chamber. Solutions are found to be sensitive to
the boundary conditions applied within the numerical model, and by comparison with
experimental data, the most physical boundary conditions are determined. Recently,
Farrall et al. [6] numerically examined the oil film behaviour and its generation from oil
droplets shed from the central shaft. Analysis indicates that the location at which the
oil is eventually deposited on the chamber wall is significantly affected by the the initial

droplet size of the oil.
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Thesis Aims

The main aim of this thesis is to develop a numerical technique to analyze the interaction
of a thin film oil flow with obstacles, similar to those found within the bearing chamber of
an aero-engine. The numerical approaches developed are to be used as a design tool for
bearing chambers, and thus efficiency along with accuracy of the numerical algorithms
is all-important. In addition, many current simulations consider a two-dimensional ap-
proximation to the flow problem, and in these cases the possibility of flow around an
obstacle penetrating the fluid film is not possible. Thus, a three-dimensional analysis

will be implemented throughout this thesis.

Flows driven by gravity will be considered along with both fully submerged and pro-
truding obstacles in a range of configurations. In designing a bearing chamber, the film
disturbance for flows over or around multiple obstacles is as important as the analysis
of a single obstruction. Flow profiles will be examined locally to the obstacles under
consideration and the curvature of the bearing chamber wall will be neglected (i.e. the

flow will be assumed down an inclined flat plane).

In summary, the objectives of this thesis are:

e Development of three-dimensional models for zero Reynolds number flow (Stokes
flow) down an inclined plane, driven by gravity and obstructed by both single and

multiple obstacles either fully submerged, or penetrating the film.
e Obtaining numerical solutions for

— flow over hemispherical obstacles fully submerged by the film;

— flow around circular cylinders penetrating the film.

e Development of the model to enable analysis of more complex chamber conditions

by incorporating inertial effects for film flows over and around obstacles.
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1.1 Literature Overview

Free surface film flows occur regularly during coating and cooling processes in a wide
range of industrial applications, and as such are considered extensively by a range of
authors. This literature review is divided into two sections, initially giving an overview
of experimental work, providing an understanding of the fluid dynamics, and the physical
effects with respect to the free surface and geometry within the flow problem. The final
section of the literature review considers the numerical analysis of free surface film flows,
relating the solutions obtained within the literature to the experimental results previously

discussed.

1.1.1 Physical Observation Of Film Flows

Experimental analysis give an important insight into the physical effects caused by film
flows in a range of problems, with results allowing analysis of flow solutions and the

validation of numerical solutions.

Film flows over heterogeneously heated surfaces have been considered by a wide range of
authors, examining the effects of heat exchange between the wall and a fluid film. Kabov
[7] considered film flow falling freely down a vertical plane over a local heat source of
two different lengths. When the longer heated regions were considered, instabilities in
the fluid film were formed, and the potential for dry patches on the lower part of the
heater found. This analysis of gravity driven film flow down a vertical plane and over a
local heating unit was extended by Kabov and Marchuk [8]. Temperature gradients on
the film surface were recorded, along with film disturbances caused by the heating unit.
The breakdown of the film is extensively analyzed for a range of Reynolds numbers,
with anything from one to three “horseshoe” shape film deformations formed for the
different Reynolds numbers and heat flux densities considered. Recently, Kabov et al.

[9] reconsidered the falling liquid film down a vertical, locally heated plane. Methods for
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measuring the surface velocity were introduced, and the ‘horseshoe” shape deformation
reconsidered. It was found that a stagnation point exists at the top of the “horseshoe”

deformation, a phenomenon predicted by earlier numerical analysis.

A closely related topic to film flow over topographies is that of film flow down a wavy
inclined plane with experimental research conducted by Shetty and Cerro [10] and Ar-
gyriadi et al. [11], amongst others. Shetty and Cerro [10] considers the spreading of a
fluid from a point source over a range of periodic surface corrugations on a vertical plane.
A film evolution equation is also derived and gives good agreement with experimental re-
sults for transverse corrugations. Further experimental analysis of periodic corrugations
was considered by Argyriadi et al. [11], who considered the corrugated wall at shallow
inclinations (< 15°). Variations in the ratio of corrugation height to length are tested

with the effects on the flow profile reported.

Experimental analysis investigating the interaction of liquid films with obstacles has
been conducted by a range of authors. Flow profiles over microscopic topography using
spin coating has been considered by both Stillwagon and Larson [12] and Peurrung and
Graves [13]. Stillwagon and Larson [12]| experimentally consider flow over a trench, com-
paring results to those predicted by lubrication theory and producing good quantitative
agreement, with the free surface shown to form a dip as the filin passes over the trench.
In addition as the ratio of centrifugal to capillary forces is increased, the film profile
forms an upstream ridge as it enters the trench. Peurrung and Graves [13] continued the
spin coating experiments, analyzing film profiles for flow over an underlying substrate,

and again comparing results with lubrication theory.

Decré and Baret [14] generated full two-dimensional maps of the free-surface profile of a
water film on an inclined plane with topography. One-dimensional topographies of a step
up, step down and trenches were considered that cross the whole plate width, along with
flow over four different rectangular, and one square two-dimensional topography. The

case of flow over a square is of particular interest, allowing qualitative comparison with
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numerical results considered in the following section. The flow profile exhibits a typical
“horseshoe” disturbance of a large upstream peak before the obstacle, decaying around

the obstruction, and returning to the undisturbed film height further downstream.

The experimental study of the onset of dry-out in a film has been considered by Shiralkar
and Lahey [15] and Eastwick et al. [1] amongst others. Shiralkar and Lahey [15], con-
sidered two-phase air-water flow to assess problems in nuclear reactors upstream of flow
obstacles. Both rectangular and cylindrical obstructions were used in the experiment and
their effects discussed. More recently, Eastwick et al. [1] considered film flows around
bearing chamber supports. This paper focused on the determination of the conditions
necessary for dry-out to occur, both upstream and downstream of an obstacle using a
water-glycerol liquid and shearing air flow. Both studies [15] and [1] consider the effects
of varying the flow rate of the shearing air flow over the liquid film. Shiralkar and Lahey
[15] observed two types of dry-out, which they categorized as Type I and Type II. Type
I occur upstream of the obstacle, and Type II is located behind the obstacle. Eastwick
et al. [1] extended these definitions of Type I and Type II dry-out to cover both stable
and fluctuating dry-outs. This paper concluded with a regime map of dry-out condi-
tions for both the liquid and air Reynolds numbers. Although numerical formulations
presented in this thesis are not looking to capture the occurrence of dry-out, regions of

minimum film depth are identified.

1.1.2 Numerical Simulation Of Film Flows

The industrial processes in which film flows occur are often complex, with hostile en-
vironments, and thus the cost and time involved with obtaining accurate experimental
results is prohibitive. Numerical simulations of these complex film flows are an important

design tool for optimization of industrial processes.

Numerical models are used to describe the dynamics of liquid films falling down a vertical

plane and under the action of gravity when subjected to a local heat source. Skotheim
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et al. [16] considered the stability of these film flows with numerical results illustrating
an upstream ridge at the beginning of the heater as found in experimental investigations.
Whereas [16] considered flow over a locally heated plate, Scheid et al. [17] considers the

case of film flow over a plate of non-uniform temperature distribution.

Numerical simulation of film flows down wavy or periodic inclines have been consid-
ered extensively by a wide range of authors. For example, Wang [18| determined the
velocity and film profiles of low Reynolds number flows down a wavy incline. It was
determined that the transport properties of the film flow where effected by the presence
of wall corrugations, with fluid particles having a tendency to flow in the direction of
the corrugations. The extent of this effect was found to depend on the geometry of
the corrugations, inclination of the wall and surface tension. Pozrikidis [19] used a two-
dimensional Stokes flow formulation along with the corresponding boundary integrals
to formulate film flow over a periodic wall. Free surface profiles are found over both
a sinusoidal wall and a rectangular corrugated wall. Solutions found were dependent
on the flow rate of the film, inclination angle of the wall, the wave amplitude of the
corrugations and the surface tension of the fluid. This work was extended by Pozrikidis
|20], analyzing the effects of surfactants on the film flow. The formulation is again based
on Stokes equations, with solutions obtained numerically using a combined boundary
element / finite volume scheme. Solutions found the surfactants to slightly exaggerate
deformations of the film flow compared to earlier analysis. Malamataris and Bontozoglou
[21] used a finite element method (FEM) to solve the full Navier-Stokes equations for
film flow at a range of Reynolds numbers. For small amplitude undulations on the wavy

wall, the free surface was shown to resonate for Reynolds numbers Re ~ 200.

Film flow over two-dimensional obstructions have been modelled by an extensive range
of numerical methods. Generally, modelling and analysis is taken from approximate
governing equations based on either the thin film lubrication approximation, or the
equations of Stokes flow (zero Reynolds number). Fewer numerical computations of thin

film flows with obstacles have been reported utilizing a fully three-dimensional analysis;
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the majority implementing a boundary element method (BEM) for the solution of Stokes

flows.

A lubrication approximation is implemented by Kalliadasis et al. [22] for a two-dimensional
viscous thin film flow moving slowly over both trenches and mounds. By using the lubri-
cation approximation to describe the flow, the film dynamics are shown to be governed
by feature depth, feature width and capillary scale. However, the paper notes the limita-
tions of a lubrication approximation in the vicinity of a sharp step where an alternative
formulation, such as Stokes flow should be used. Mazouchi and Homsy [23] continue the
earlier work of [22| by addressing these limitations by implementing a Stokes flow anal-
ysis for flow over an obstacle (step or trench) under the action of gravity, or some other
body force. Solutions for Stokes flow in [23] are sought by formulating the governing
flow equations in terms of the stream function - vorticity variables and solving using the

boundary integral method (BIM).

Kalliadasis et al. [22] does not address issues with regards to the use of Stokes equations
and whether they would produce solely quantitative corrections to the solutions obtained
by the lubrication approximation or if fundamentally new features are produced. This
motivated the extended work by Mazouchi and Homsy [23] that shows that despite the
lubrication approximations lack of validity for steep features, when the capillary number
is small, the lubrication approximation in [22] gave good correlation with the Stokes
flow analysis presented in [23]. This was despite the substrate not being the required
“small sloped topograph”. After an extensive analysis, Kalliadasis et al. [22]| concluded
that thin films over topography are “most likely to rupture over corners or in advance
of a step-up”. The paper included two-dimensional profiles of the free surface over both

trench and mound obstacles of various width.

The papers by Hansen [24, 25|, analyze a Stokes flow in two dimensions on an inclined
plane over a cylindrical obstacle of one or two ridges. The use of the boundary integral

equations (BIE) to solve Stokes flow over an obstacle is widely regarded to have been



CHAPTER 1: INTRODUCTION

pioneered in [24, 25]. The BIE is formulated in terms of the stream function and the
system solved for the free surface position and any unknown field variables. Free surface
profiles are shown for a range of values of surface tension. For the case of the single
obstacle in [24] velocity on the free surface and tangential stress on the obstacle surface

are also shown.

The extended work of Hansen [25] also produced streamlines for film flow over obstacle(s),
which for larger obstacles showed the formation of eddies either side of the obstruction.
As the obstacle size grew, a distinct asymmetry of the eddy sizes was found, with the
larger eddy upstream of the obstacle. When multiple obstacles are considered, the re-
gion between the obstacles is filled by circulating flow, and for large distances between
obstacles this region comprises of one eddy. For shorter distances two eddies occur,
stretching between the two obstacles, and located one above the other. The formation
of this second eddy as the obstacle separation is decreased is analogous to the case of
flow over a cavity, where the cavities depth-to-width ratio is increased. For flow over a
relatively wide, shallow rectangular cavity a single eddy is formed. As the aspect ratio is
increased, then progressively more eddies occur, and are located above each other within
the cavity region. It is noted that for cases of flow over very shallow and wide cavities,
multiple eddies are also formed. However in these cases, the eddies occur in the corners
of the cavity. The paper by Hansen [25] does not show results corresponding to these

corner recirculations when considering obstacles with large separations.

The thesis of Shuaib [26] simulates thin film flows in two-dimensions. Initially two
numerical methods are compared, namely a direct boundary integral formulation and
the volume of fluid method (VOF). This boundary integral formulation is based upon
the physical flow variables, unlike the stream function - vorticity analysis of [23] and
the stream function analysis of [24, 25]|. As volume based methods do not track the free
surface position explicitly, issues arise with the application of surface boundary conditions
such as surface tension forces. Shuaib shows that for cases where surface tension is

dominant, the VOF is inaccurate and the rest of the work presented is formulated around

10
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the BEM. The flow was assumed to be governed by the two-dimensional Stokes flow
equations. Constant shear stress has been applied to the thin film and results produced
for film flow down an inclined plane, flow over a rectangular cavity, and flow into an
outlet. For more realistic calculations, variable shear stress was used to recalculate
results for some of the previous scenarios. Finally the dual reciprocity method (DRM)

was implemented to extend the Stokes approximation to include inertia effects.

A steady, three-dimensional thin viscous liquid film driven by gravity down an inclined
plane and over small topographies was considered by Hayes et al. [27] and Gaskell et al.
[28]. Both formulations are based on the lubrication approximation, with Hayes et al. [27]
deriving a single linear inhomogeneous evolution equation and obtaining the disturbed
free surface profile by formulating the appropriate Green’s function. Hayes et al. [27]
consider an obstacle based on the dirac delta distribution, a point defect on the inclined
plane, despite the lubrication approximation not being directly applicable in this case
(as acknowledged by the authors). Results using this lubrication approximation are
reported to give qualitatively similar results to the Stokes flow analysis of Pozrikidis
and Thoroddsen [29] for flow over a spherical obstacle. The accuracy of modelling film
flows over steep sided topographies using the lubrication approximation was considered
by Gaskell et al. [28] by comparison of results with solutions to the full Navier-Stokes
equations found using a finite element method. Solutions produced by the two methods
reported good agreement. Thin film flows over both single and multiple obstacles using
the lubrication approximation was considered by Lee et al. [30]. Film profiles for a single
square, diamond and circular trench were all produced along with solution of the complex
multiple obstacle configuration of a central diamond trench with two circular trenches

downstream and two circular struts upstream.

Due to the added complexity in solving the full three-dimensional flow problem, restricted
approaches are available for analysis, with a lubrication approximation the most popular
technique. However, due to the additional simplification, problems arise with validity of

this assumption where the flow profiles become steep. This problem is not present with
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a Stokes flow analysis but such analysis are not yet well developed.

Several authors have considered a three-dimensional Stokes formulation for film flows
driven by gravity down an inclined plane and over an obstacle. The use of a direct BIE
for solution of this Stokes flow has been implemented by both Pozrikidis and Thoroddsen
[29] and Blyth and Pozrikidis [31]. Pozrikidis and Thoroddsen [29] considered film flows
over spherical obstacles in the asymptotic limit where the obstacle size was much smaller
than the undisturbed film depth. Film profiles are obtained by solution of the appropriate
BIEs using the BEM. Both Decré and Baret [14] and Hayes et al. [27] consider their
film deformations to be qualitatively similar to the numerical work by Pozrikidis and

Thoroddsen [29]

The formulation of Pozrikidis and Thoroddsen [29] includes an error in the jump con-
dition of the BIE, which is corrected in the later work of Blyth and Pozrikidis [31].
However, this error is shown to produce only a small effect on the free surface profile,
with the correct qualitative behaviour predicted. Blyth and Pozrikidis [31] extend the
work of Pozrikidis and Thoroddsen [29] by removing the constraint of asymptotically

small obstacles, and analyzing the effect of larger obstructions.

Both the simulations in [29, 31| simplify the numerical problem by linearizing the free
surface deflection. Thus, even with the removal of the asymptotic constraint in [29], the
accuracy of the results in [31] for significant deformations caused by large obstacles is
unknown. Comparison between the corrected asymptotic and complete obstacle analy-
sis is also presented, although problems in obtaining results for the complete obstacle

analysis in the asymptotic limit led to difficulties in finding exact agreement.

Results from Pozrikidis and Thoroddsen [29], Blyth and Pozrikidis [31] along with the
disturbance produced by the dirac delta topography in Hayes et al. [27] all show sim-
ilar flow features of a pronounced upstream peak, decaying in a “horseshoe” fashion,
with a trough formed immediately downstream of the obstacle, and decaying slowly.

Qualitatively, this is in agreement with the experimental results for flow over a square

12
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topography by Decré and Baret [14]. Interestingly, in [27] and the experimental work of
[14], a slight upstream dip is depicted before the formation of the substantial peak on
the free surface. This small dip does not feature in the Stokes flow analysis of [29] and

[31].

Consideration of film flows around obstacles has not been widely considered. Sellier
[32] and Sellier et al. [33] used the lubrication approximation to consider flows around
obstructions. However, the lubrication theory makes it impossible to fully impose the
no-slip boundary condition, and instead zero flux is specified on the obstacle wall. Thus
results are expected to be more relevant in the far field. Sellier [32] consider flows around
a circular cylinder with Sellier et al. [33] considering flow around a range of geometrical

obstructions, including single and multiple circular cylinders.

1.2 Thesis Structure

Thin film flows occur in a wide range of industrial processes, with this thesis focusing
on flows within the bearing chambers of a gas turbine aero-engine. These thin films
can often be approximated as a Stokes flow analysis and it is this approach that will
be initially implemented. Heat transfer effects from the bearing chamber wall to the
thin film will be neglected throughout this thesis. Using a Stokes flow analysis, film
profiles over or around a single obstacle may be modelled, with solutions considered for
variations in the flow parameters. Results are produced numerically using the boundary
element method (BEM) and a radial basis function (RBF) interpolation for generation
of free surface parameters. However, within industrial processes, the film disturbance
in the presence of multiple obstacles is often as important as the film deflection caused
by a single obstruction. Using the Stokes flow analysis, film profiles for flows down an
inclined plane over and around up to three obstacles are considered. Finally, the case of
non-zero Reynolds numbers is considered, including inertia within the formulation, and

analyzing the effects on the film disturbance generated by single obstacles.

13



CHAPTER 1: INTRODUCTION

This chapter has considered an overview of the literature discussing the physical be-
haviour of film flows along with their numerical simulation, and below a detailed de-

scription of the following chapters of this thesis is presented.

Chapter 2 overviews the theory of viscous flows, and the formulation of the corresponding
boundary integral equations (BIEs). The end of chapter 2 discusses solution of the
integral equations by the BEM, a numerical scheme. In addition, thin films are often
dominated by surface tension effects, and thus for accurate evaluation of these forces,
an accurate representation of the free surface and its derivatives are required. This is
achieved by using a radial basis function (RBF) interpolation and more details are given
in chapter 3. The extension of Stokes flow analysis to the full Navier-Stokes solutions
for flows at finite Reynolds number is modelled in chapter 7 and also requires RBF

interpolations.

Chapter 4 considers Stokes flow down an inclined plane, and driven by gravity over a sin-
gle obstacle. Duplication of the methods introduced in the publications of Pozrikidis and
Thoroddsen [29] and Blyth and Pozrikidis [31] provides an initial milestone to generate
numerical codes and provide a base case for later qualitative comparisons. Assumptions
of small free surface deflections are implemented by both [29] and [31] with [29] also
imposing the constraint of asymptotically small obstacles. The small free surface deflec-
tion assumption allows linearization of the unknown free surface location, and the film
profile can be found directly by the solution of a system of equations. Development of
the analysis from [31] is aimed at obtaining solution methods for modelling flow over
more general obstacles and flow conditions, with the model developed to relax the small
deflection restrictions of the governing equations. The removal of the small free surface
deflection requires solution of a non-linear problem, and an iterative solution technique

has been developed.

A further extension to film flow over a single obstacle considers the film disturbance

for flow over multiple obstacles located close to one another. The interaction between
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multiple obstacles fully submerged by the film is considered in chapter 5. Two and three
hemispheres in a range of relative locations are analyzed with the effects of the wake
from one obstacle, on the film deformation caused by a subsequent obstacle discussed.

In addition, effects of flow parameters on the film disturbance are considered.

Thin film flows around obstacles have been less widely considered in the literature, with
Sellier [32] and Sellier et al. [33] the only reported works. However in using the lubri-
cation theory, the no slip boundary condition on the obstacle wall is not fully imposed,
with no flux specified instead. By using a Stokes flow analysis, filim flows around ob-
structions using the full no-slip boundary condition on the wetted obstacle surface can be
accurately modelled. The consideration of both single and multiple obstacles that pen-
etrate the free surface are considered in chapter 6. For this analysis the incorporation
of a contact line condition in the problem formulation is required. This is a non-trivial
extension to the flow over analysis, and the contact angle at the contact line of the film
is constrained using the RBF interpolation of the free surface. Circular cylinders are
considered throughout, again with the relative positioning of obstacles assessed. The
incorporation of the additional contact line constraint yields the possibility of multiple
solutions. This is where for identical flow parameters, and far field conditions, the profile

can exist both over, or around an identical obstacle.

The Reynolds number of thin film flows is often small and the Stokes flow assumption
implemented up until Chapter 6 is often an appropriate approximation. However, even
at low Reynolds numbers, the effects of inertia on the film profile may be significant.
Chapter 7 considers the effects of the convective term from the Navier-Stokes equations
on the film profile. An efficient numerical algorithm is developed for incorporating inertia
effects, with the case of a three-dimensional lid driven cavity used to benchmark the
algorithms. Incorporation of these numerical techniques into the film model allows the

effects of low, finite Reynolds number to be considered.

In the final chapter, development of the theory and numerical aspects of this work are
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reviewed, along with a discussion of the key results obtained. A particularly important
aspect is the new insight into thin film flows around obstacles. Future developments and

applications of this work are also discussed.
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CHAPTER 2

Viscous Flows

This chapter considers the development of Stokes flow as an approximation to the Navier-
Stokes equations for viscous fluid flow. The fundamental solution will be used to form the
boundary integral equation (BIE) that will be the basis of the numerical solver utilizing
the boundary element method (BEM). Initially, the Navier-Stokes equations are non-
dimensionalized, and used to obtain the governing equations of Stokes flow (see § 2.1),
and similar derivations are shown in [34-37]. The use of a direct formulation of the BIEs
for Stokes flow is then analyzed in § 2.3 with the BEM, a numerical technique used to

obtain solutions of the BIEs discussed in § 2.4

2.1 Introduction To Viscous Flows

The flow of an incompressible Newtonian fluid under the influence of a body force is
governed by the Navier-Stokes equations, a vector equation for the conservation of
momentum (2.1.1), and the scalar continuity equation for the conservation of mass
(2.1.2). Although not presented here, full derivations of these equations can be found in
[34, 35, 38, 39]. For a fluid whose motion is dominated by viscous effects, the Navier-
Stokes equations can be approximated by the simpler Stokes equations using certain

assumptions which will be discussed in some detail.
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Non-dimensionalizing the Navier-Stokes equation allows simplification by means of a
constraint on the non-dimensional quantity - the Reynolds number, Re. The Reynolds
number is a representative value of the ratio of inertia forces to viscous forces acting
within the fluid flow, and for the case of low Re, i.e. Re < 1 fluid inertia forces are
negligible compared to the viscous forces. The viscous forces are balanced with the
remaining terms in the Navier-Stokes equations, i.e. pressure and external body forces.
The main benefit of this simplification is the removal of the non-linear term from (2.1.1)
and results in Stokes equation. The equation for mass conservation (2.1.2) is unaltered.
Typically, the Reynolds number is generally small when either the characteristic velocity
or length scale of the flow is very small or the kinematic viscosity of the fluid is very
large. Correspondingly these flows are also referred to as creeping flows or slow flows,

and are associated with the limit of the Reynolds number tending to zero.

Stokes Flow

Consider the flow of an incompressible Newtonian fluid under the influence of a gravita-
tional body force g, with velocity u = (41, @2, u3) , pressure p, density p, and dynamic vis-
cosity pu. Over bars are used to denote dimensional quantities, with the non-dimensional
variables plain. The fluid flow is governed by the Navier-Stokes equations (2.1.1) and

the continuity equation (2.1.2),

O _ _ _
p<u+u'Vu> = —Vp+uVia+ pg, (2.11)

|

V-a = 0. (2.1.2)

Gravitational body forces are conservative, and thus the gravitational force can be rewrit-
ten as the gradient of a second function, i.e. g = VG. As such the gravitational body
force can be combined with the pressure term from the Navier-Stokes equations, produc-
ing,
on  _ - _ = _mod =2_
p §+U~Vu =-=Vp" +uV-u (2.1.3)
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where p™°¢ = p — pG. For a fluid whose motion is dominated by viscous effects, the

Navier-Stokes equations can be reduced to the simpler Stokes equations using certain

assumptions which will be discussed in some detail.

The equations for a Stokes flow subject to gravitational body forces are obtained by
simplifying the full Navier-Stokes equations (2.1.3) for an incompressible fluid. The
derivation in this section recreates in full detail that presented in [34]. To proceed, flow
quantities in equation (2.1.3) are non-dimensionalized based on representative values of
velocity U, length L and time T for the flow. In cases of thin films the length scale L
is often taken as the characteristic thickness of the film. A representative pressure is
obtained by scaling the pressure term with the dominant viscous term in (2.1.3). Hence

the following dimensionless variables can now be defined,

mod Z3modL
=—. 214
, P i (2.1.4)

N[ =

o
Il

, V=LV, t

8
Il
N~ &

S| e

Substituting expressions (2.1.4) into (2.1.3) yields the non-dimensional equations for

mass conservation and Navier-Stokes,

L?0u LU mod 2
%v u o= 0 (2.1.6)

where the kinematic viscosity is given by v where (u = vp).

Two dimensionless parameters are now introduced. The first is the Reynolds number,

denoted Re, which expresses the ratio between inertia and viscous forces and is given by

_w

v

Re (2.1.7)

The next is the unsteadiness parameter and represents the ratio of inertial acceleration

body forces and the viscous forces. It is denoted by [ and is expressed as,

_L? L

P=r =T

(2.1.8)

and in cases where the typical velocity, length and time scales are interlinked (i.e. U =

%), 0 reduces to the Reynolds number Re.
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Using dimensionless parameters (2.1.7) - (2.1.8), (2.1.5) and (2.1.6) reduce to

Ou

ﬁ@t

+Reu-Vu = —Vp+ VG + Vi, (2.1.9)

V-u = 0. (2.1.10)

For steady flows, or flows with a relatively long time scale, the frequency parameter 3
is approximated by § < 1 and the time derivative term in (2.1.9) can be neglected,

resulting in the equations for steady Navier-Stokes flow,

Reu-Vu=—-Vp+ VG + Vi (2.1.11)

In terms of the Reynolds number there are three broad cases,

e Re < 1 - Inertia forces are dominated by viscous forces and pressure forces.

e Re ~ O(1) - Inertial, viscous and pressure forces are all of the same magnitude and

thus are all equally important to the motion of the fluid.

e Re > 1 - Viscous forces are dominated by inertia and pressure forces. Note for
consistency in this case, the assumed scaling for pressure would be changed to

balance the inertia terms.

Thus in the case of Re < 1, (2.1.11) simplifies to the steady Stokes equation,

~Vp+ VG + Vi =0. (2.1.12)

2.2 An Overview Of The Boundary Integral Formulation

A wide range of engineering problems are governed by linear partial differential equations
(PDEs) which require solving. The governing equation can be re-written exactly as an

integral equation and is often referred to as the boundary integral equation (BIE). The
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BIE is obtained by using the corresponding Green’s function appropriate for the case of
interest. This imposes restrictions due to the difficulty in finding the Green’s function

required for creating the BIE from the original PDE.

The BIE formulations can take two forms, direct and indirect. The indirect approach
formulates integral equations in terms of fictitious sources with no physical meaning. The
integral equation is solved for these fictitious source densities and physical variables can
be computed afterwards. The need to introduce the fictitious densities can be eliminated
by use of a Direct approach which formulates the integral equations in terms of the
physical quantities (for example tractions and velocities). Solely the direct formulation

is focused on here and thus in future the distinction will not always be made.

For non-linear cases, the problem is formulated in terms of the boundary integrals cor-
responding to the linear case, with an additional domain integral incorporating the non-
linear term. Early works required the discretization of the full domain, eliminating one
of the major benefits of the boundary integral formulation. More recent work has con-
sidered methods of keeping the boundary-only nature of the formulation, and details are

presented in chapter 7.

The boundary element method (BEM) is a numerical computational method used to
solve the BIE, by applying the specified boundary conditions and introducing three
approximations. Initially a geometric approximation is made, where the boundary is
discretized into a set of elements. The BIE is then re-written as the sum of the integrals
over each of the elements. The boundary distributions of the surface variables (i.e.
boundary tractions and velocities) are then approximated on each of the previously
defined boundary elements. Finally the integrals defined over each element are evaluated
by an appropriate numerical scheme. Values for the unknown surface variables can then
be found on the contours of the problem domain. Using the BIE and BEM again, these
surface values can be used to find the values for the variables anywhere within the flow

domain.
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The major advantage of the BEM over volume-discretization methods such as the finite
element method (FEM) or finite volume method (FVM) is obvious, that only the bound-
ing surface requires discretization and the dimension of the solution space is reduced by
one when compared to the dimension of the physical variable space. For problems with
a solution domain with a large volume/surface ratio the BEM can offer significant per-
formance advantages over volume-meshing based solution methods. However, one disad-
vantage of the BEM is its formation of fully populated matrices. Memory requirements
for BEM problems grow with the square of the number of elements, whereas for a typical
FEM analysis, the matrix is banded and the growth relationship linear. Additionally, for
cases where surface properties (e.g. surface tension) are important, the BIE formulation
can offer significant improvement in accuracy when compared with the volume of fluid
(VOF) method, a more typical numerical scheme for fluid problems. More details in the

comparison of these two methods was conducted in the PhD Thesis by Shuaib [26].

The following section gives a detailed account of the formation of the BIE for Stokes flow
using the direct formulation. This is followed by details of the BEM, describing typical

approximations that may be utilized in its application.

2.3 Direct Boundary Integral Equations For Stokes Flow

Formulation of the direct boundary integral equations (BIE) for Stokes flow requires the
Lorentz reciprocal identity, calculation of the relevant Green’s functions and formulation
of the governing integral equations. Derivations of the direct BIE are produced in many
texts, for example [34, 35, 37]. For consistency, notation wherever possible is kept the

same as [34], however, the derivation shown throughout is non-dimensional.

22



CHAPTER 2: Viscous FLows

2.3.1 Derivation Of The Lorentz Reciprocal Relation

Stokes flow in the absence of gravitational body forces is given by (2.3.1)
~Vp + V*u = 0. (2.3.1)

By defining the non-dimensional stress tensor o;; as follows,

oij = —pij + <a% + &UZ> : (2.3.2)

the Stokes equation (2.3.1) can be rewritten as

V-o=0. (2.3.3)

Consider two solutions u, u’ corresponding to stress tensors o, o’ of a Stokes flow
governed by (2.3.3) and (2.1.10). Taking the inner product of u’ and the divergence of

the stress tensor V - o, and substituting (2.3.2) for the stress tensor yields,

90 o Ou;  Ou, ou
19005 _ Loii) — | —pbis 7 J J 2.34
u i(uJO’]) ( p5j+<8:vj+8xi>) s (2.3.4)

By the standard properties of the Kronecker’s delta function and noting that by mass

5,7

. ou,
conservation gt = 0,

o 0 oui Dy Ol
1 9% _ Loy — (24 9 ) 20 2.3.
Y or;  Ox; (ujois) ((%cj + 83%) ox; (23.5)

Interchanging the flow solutions, i.e. u’ < u and o’ < o the following identity is

obtained,

dol. 0 o, our\ Ou,
Y R YU e N i J J
u; oz, ~ o, (u]am) <axj + 35@) 0z, (2.3.6)

The penultimate step of the derivation involves subtracting (2.3.6) from (2.3.5). By
manipulating the indices of the viscous term on the right hand side of (2.3.6), it can be

shown to cancel with the corresponding term in (2.3.5) to give,

/ aOij 30§j 0

i 0m, Y gn, = o, (% T WiTk)- (2.3.7)
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By the initial statement that both flows satisfy the equations of Stokes flow,

/ 8U;j
V.o 8:6-:0’ V.-o=

80’@‘

83:1-

=0, (2.3.8)
the expression (2.3.7) reduces to the Lorentz reciprocal relation,

0
B (Wjoij — ujoi;) =0, (2.3.9)
or in vector notation
V-(W-0—-u-d)=0. (2.3.10)

2.3.2 Fundamental Solutions And Their Properties

The analysis of Stokes flow involves two key terms, a fundamental solution and Green’s
function. A fundamental solution of Stokes flow is one that satisfies the singularly forced
Stokes equation (2.3.11) or (2.3.12) and the continuity equation (2.1.10). A Green’s
function for Stokes flow is a fundamental solution that also satisfies suitable boundary
conditions for the specific problem modelled. In three-dimensions, the singularly forced
Stokes equation is,

—Vp + V?u + §(x — x9)b = 0, (2.3.11)

or

V.o +6(x—x0)b=0, (2.3.12)

where § is Dirac’s delta function, xg is some arbitrary location of the singularity, x is
the field point, and b is some constant vector. The fundamental solutions of Stokes flow
correspond to the solutions of (2.3.11) or (2.3.12) along with mass conservation (2.1.10)
and they describe the flow caused by a point force (or pole) at xg, with orientation and

strength given by b .
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Solutions of (2.3.11) or (2.3.12) are conventionally written in the form (see [34, 37]),

1

ui(x) = gGij(XaXO)bj (2.3.13)
1

pi(x) = - Fi(x,%0)b; (2.3.14)
1

oin(x) = o Tijr(x,%0)b; (2.3.15)

Green’s Function In Free-Space And Bounded Domains

The free-space Green’s function (fundamental solution) for a three-dimensional Stokes

flow are well known, e.g.[34, 37|, and are,

Gy(%) = S+ 3% (2.3.16)
. Z
P%) = 23, (2.3.17)
Tin(%X) = _6%‘%“, (2.3.18)
where
X = X — X, r=1%|. (2.3.19)

The Green’s function (2.3.16) corresponding to the velocity field (2.3.13) is also referred
to as the Stokeslet. The choice of Green’s functions for bounded and periodic domains
may involve requirements on the domain boundaries. For example, if for a given problem,
a section of boundary requires the fluid velocity to be zero, then it is often convenient to
choose a Green’s function that is also zero on this surface. The Lorentz-Blake Green’s
functions can be used to model problems bounded by a plane wall with details given in

Appendix A.

Fundamental Solutions: Symmetry And Other Properties

Here the form of the fundamental solutions shown in equations (2.3.16) - (2.3.18) are

analyzed, with six symmetry relations or integral properties defined. Before proceeding
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Figure 2.1: Schematic of a typical domain for which the Green’s functions are applied.

with the derivation of these properties an arbitrary control volume V. , bounded by the
surface D is defined with the surface having unit normal vector n, pointing out of the

control volume V.. For a detailed schematic see figure 2.1

(i) Due to the inherent symmetry of the stress tensor (o, = oy; - see equation (2.3.2))
it is obvious that the corresponding fundamental solution will also have the sym-
metry property,

Tiji = Trji- (2.3.20)

(ii) The fundamental solution associated with the velocity field has symmetry property,
Gij(x,%0) = Gji(%0,%), (2.3.21)

and a proof is given in [37]. Hence a swap of the location of the field point and

pole in conjunction with an exchange in the order of the indices is allowed.

(iii) By mass conservation, equation (2.1.10) must be satisfied and substituting from

(2.3.13) gives,
8Gij (X, XQ)

V- G(x,x9) = 5

= 0. (2.3.22)

Integration of (2.3.22) over the control volume V. yields,

9G;5(x, %) _
/ X4y () ~0, (2.3.23)
i

26



CHAPTER 2: Viscous FLows

(iv)

and by applying the divergence theorem becomes,

/Gi]—(x,xo)ni(x)dS(x) =0. (2.3.24)
D

Substituting equations (2.3.13) and (2.3.14) into (2.3.11) results in the relation,

0 0?
_8x~ (Pj(X7 X0>bj) +

T cm (G (xx0)bj) + 870(x = x0)bi = 0. (23.25)

Introducing the Kronecker’s delta function enables cancelling of the b; terms that

appear throughout the expression and yields the result,

_ 0Pj(x,%0) n 0?

Gij(x,%0) + 8m0(x — x0)di; = 0. (2.3.26)

Substituting from (2.3.15) into (2.3.12) yields the relation,

0Tk (x,
<’”(XX°)> b; + 8m(x — x0)b; = 0. (2.3.27)

6$k
Switching the indices of the fundamental stress solution and repeating the previous
analysis by introducing the Kronecker’s delta function and again cancelling the

terms b;, gives
0751 (x,X0)

8xk + 87T(5(X — Xo)(sl'j = 0. (2328)

Integrating (2.3.28) over the control volume V., yields

/aT”g(xX’XO)dV(X) = —87‘((5ij /(5(X — Xo)dV(X), (2.3.29)
k
V. Ve

and applying the divergence theorem to the integral on the left hand side of (2.3.29)

gives,

8

1 / Ty (x, x0)n (x)dS(%) = 635 / 5(x — x0)dV (). (2.3.30)
D Ve

By the properties of Dirac’s delta function, the right hand side integral in (2.3.30)
is unity if x¢ is contained in V. and zero if xg is outside of V.. If x( lies on the

locally smooth surface D (bounding V,), then the integral equals a half. For a
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brief explanation of the last result see Appendix B. Thus (2.3.30) can be written

piecewise as,

0ij when xq is inside D.
1
- /Tijk(x,xo)nk(x)dS(x) = %5@‘ when xq is on D. (2.3.31)
b 0 when xq is outside D.

The piecewise relation (2.3.31) can be used to form an expression for integrals with
xo taken interior and exterior to the domain V,, denoted by a superscript (i) and
(e) above the integral symbol. Integrals for cases where x¢ is contained exactly on
surface D are denoted by xg € D superscript to the integral symbol. Thus for an

integral with x¢ external to the domain, (2.3.31) becomes,

(e)

1
—&F/Tijk(X,XO)nk(X)dS(X) =
D
e 1 (2.3.32)
~ & / Tijk(x, x0)ni(x)dS(x) — 551-]-,
D

and for x¢ internal to the domain,

(@)

1
—&r/ﬂjk(X,Xo)nk(X)dS(X) =
D
e 1 (2.3.33)
— 87 / Tijk(x, xo)nk(x)dS(x) + 5(51]
D

The effect of a singular point occurring at a corner of a domain results in the slightly

different form of equation in (2.3.31)

0ij when xq is inside D.
1
o /Tz’jk(X,Xo)nk(X)dS(X) = %&j when xq is at corner of D. (2.3.34)
b 0 when xg is outside D.

where €2 is the solid angle of the boundary corner. The solid angle is evaluated by
drawing a unit sphere around the singularity, and extending the shape of boundary

D infinitely close to the corner out into free-space. The intersection of the two

28



CHAPTER 2: Viscous FLows

surfaces defines a contour on the sphere, whose area within the original domain
is the solid angle 2. Note that (2 = 27 is effectively the earlier case of a locally
smooth boundary D, and €) can take any value between 0 and 47w. The form of the

right hand side of (2.3.34) is also considered in Appendix B.

The corresponding equation to (2.3.32) when xq is exterior to the domain D is,

(e)

1
—&T/ﬂjk(x,xo)nk(x)dS(x) =
D
wen (2.3.35)
1 Q
~ & Tk (%, x0) i (x)dS (x) — 20
D
and when xq is interior to the domain,
. (4)
_&T/Ejk(xaxo)nk(x)ds(x) =
D
eD (2.3.36)
L / T ik (x, x0)ng (x)dS(x) + 1—E i
ST igk\ & &0 )Tk Ar 1]
D

corresponding to (2.3.33) for a smooth boundary.

(vi) The fundamental solution T is related to the fundamental solution for pressure P,
and velocity G , by substituting (2.3.13) - (2.3.15) into (2.3.2) to give,

1 1
g Lijk (%, %0)bj = — o Pj(x, X0)dixb;
1 <6Gij(X,X0) I 8ij(X,Xo)> bj-

+ 87 ox ox;

(2.3.37)

Notice that for direct substitution, the indices j need to be changed to k in (2.3.2).
Cancelling wherever possible, the following relation (for which the symmetry con-

dition (i), clearly still holds) is obtained,

aGZ‘j(X,Xo) aij(X,Xo)
+ .

Tijr(x,%0) = —Pj(x,%0)dik + (2.3.38)
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2.3.3 Derivation Of The Direct Boundary Integral Equations

The derivation of the direct BIEs for the velocity u of a three-dimensional Stokes flow is
shown below. Consider a specific Stokes flow of interest with velocity u and stress tensor
o, satisfying (2.3.1) or (2.3.3), and define the singularly forced Stokes flow satisfying

(2.3.11) or (2.3.12) as having solutions of the form shown in (2.3.39) - (2.3.41),

1

ui(x) = —Gim(¥X,%0)bm, (2.3.39)
8
1
0i;(x) = g Timj (% %0)bm, (2.3.40)
do;
oz, — Ox—xo)b; (2.3.41)

where b is some arbitrary constant vector and (2.3.39) - (2.3.40) are of similar form to

(2.3.13) and (2.3.15).

By equation (2.3.7) of the derivation of the Lorentz reciprocal relation,

a -, / , Ooij 8023’
g — ) = o — s 2.3.42
oz; (joiy = uj035) = 4 ox; Oz; ( )
00

The solution of the specific Stokes flow satisfies 52 = 0 and the scalar equation (2.3.42)

becomes,
0 1 1
aixi <8ﬂ.Gjm(x’ XO)mez’j (X) — Uj (X)S?Emj (X, Xo)bm> (2.3.43)
= Um(X)é(X—Xo)bm,
or as b is arbitrary,
U (x)0(x — xq) =
B <&7Ga‘m(x»x0)0z‘j(>€) - uj(x)&rTimj(X7X0)> :

Introduce a control volume V. such as in figure 2.1, that is bounded by a surface D
which has an outward unit normal vector n. Equation (2.3.44) can be integrated over

this volume and simplification made as the integral on the right hand side reduces to a
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surface integral by the divergence theorem to give,

/um(x)d(x — x0)dV(x) =

Ve

) X (2.3.45)
/ <87TGjm(X,X0)0'ij(X) - Uj(X)&TTz’mj(X,Xo)> n;(x)dS(x).
D
By re-labelling the indices as
m — j, j—1, 1 — k, (2.3.46)
equation (2.3.45) becomes
[ w150 = x0)av () =
Ve
1
3 /Gz’j(& X0) ok (%) 1, (x)dS (x) (2.3.47)
D

—;/@&ﬂm&$WM@%@)
D

Note the use of the stress tensor and fundamental stress solution symmetry conditions.

By the properties of Dirac’s delta function, if xg is not contained in V., then the left
hand integral in (2.3.47) is zero, whereas when xq is within V., the integral becomes

uj(X0). Introducing, the boundary traction f, given by,
fi(x) = oig(x)nk(x), (2.3.48)

and by taking xq inside V. (2.3.47) becomes
. (1)
i) = g [ Gyl x0) )5 x)

b (2.3.49)

(4)
— 817r/ui(X)Ti]‘k(X,XO)nk(X)dS(X>?
D

where the superscript (i) to the integrals denotes xg is interior to V.

The terms on the right hand side of (2.3.49) are referred to as the single-layer and
double-layer potential respectively, and are discussed in depth in [37]. The following two

subsections give a brief overview of each potential in the direct formulation of the BIE.
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Figure 2.2: An illustration of the modified boundary including a hemisphere around

the location of singularity in the integrand of (2.3.50).

Single Layer Potential

Denote the single layer potential V; as,

v — é / Gis (%, x0) f3(x)dS (x), (2.3.50)
D

in a three-dimensional formulation with surface D. When the singular point xg tends to
a field point x on a locally smooth surface D, then the velocity Green’s function (and
hence the integrand of (2.3.50)) exhibits a singularity of the form 1/r, where r is defined
as in equation (2.3.19). For an example consider the free-space velocity Green’s function
given by equation (2.3.16). The surface of integration D is distorted to include the point
Xo in a hemispherical shell, with radius 7, and the limit v — 0 taken to recover the
original boundary - see Figure 2.2. Thus integration is now conducted over the surface
D — D, (where D, is the circular region defined by the contour where the hemisphere

intersects with D) and the surface of the hemisphere Dj,.

In this limit the single layer potential (2.3.50) becomes

V= 1 lim / Gij(x,%0) fi(x)dS(x) + /Gij(x,xo)fi(x)dS(x) . (2.3.51)
Dy,

D-D,
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The first integral in (2.3.51) tends to the original integral (2.3.50) in the limit defined.

The second integral of (2.3.51) can be rewritten as,

% 27
lin%)/Gij(x,xo)fi(x)dS(x) = lir%//Gij(x,Xo)fi(X)yz sin ¢ dfde, (2.3.52)
! Dy, "6
where
1
Gij(X,Xo) ~ ; (2353)

Provided f;(x) is non-singular over the entire boundary, the integral in (2.3.52) can be
shown to tend to zero. Expression (2.3.51) becomes identical to (2.3.50) as x¢ tends to
the surface, and the single-layer potential shows no discontinuity as xg is moved onto
the boundary D. This result holds even for x placed at a corner of the boundary D,
although the analysis requires the hemisphere to be replaced by a portion of a sphere

dependent on the solid angle prescribed by the boundary shape at the corner.

Double Layer Potential

Consider the double-layer potential W; from (2.3.49), with x¢ interior to the domain,

(%)

W, == o [ G0 e O dS x), (2.3.51)
D
which can be rewritten as
. (2)
W, = = [ o) o) T o, )k () (o
D 1 o (2.3.55)
~ grilx0) [ Ty e x0)mi (S (),

D
and note that the integrand of the first integral in (2.3.55) is no longer singular (i.e.
the singularity of Tj;,(x, xo)ni(x) is countered by its preceding term tending to zero).

Manipulating (2.3.55) and applying (2.3.33) (due to taking the singularity point initially
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within V, and then moving to the boundary), allows expression (2.3.56) for the double-
layer potential to be derived when xg lies directly on the locally smooth boundary D of

control volume V,

xo€ED
W, — —Siﬂ / i () — i (3¢0)] Ty (36, 30) e (x)dS (x)
b - (2.3.56)
— grnilxo) [ T xS0 + i x0)
D

Rewriting (2.3.56) in the more convenient form using the standard properties of the
Kronecker delta yields

xgED

Wj:—gi7T / i (x) T3 (%, x0) e (x)d.S (x)
D
1 x0€D
o / i (0 T (36, X0 )i (%)AS () (2.3.57)
Dl . xX0ED
+ §Uj(x()) -3 / ui(x0) Tijk (X, X0)np (x)dS (%),
D

and with xo located on the boundary D, the middle and last integrals in (2.3.57) cancel
and the following important equation is obtained,
) (4)
lim ~ % /ui(x)Tijk(x, xo)nk(x)dS(x) | =

xg—D Y5
b e (2.3.58)
1 1
Juil0) = g [ w60 o) (IS ().
D

The double-layer potential exhibits a discontinuity as the point x is moved onto the
boundary. The corresponding equation to (2.3.58) for the case of the singularity point
being located at a corner on the boundary D can be derived by similar means to those

shown. Using (2.3.36) in place of (2.3.33) in the above manipulation and following all
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the steps shown gives,
. (4)
lim —8/ui(x)ﬂjk(x,xo)nk(x)dS(x) =

X0—>D s

D
2.3.59
xg€D ( )

(1—42) wixo) = g [ 0T x0) ()4 ()
D

The case of Q = 27 corresponds to xg placed on a locally smooth boundary and equation

(2.3.59) reduces to (2.3.58)

Direct Boundary Integral Equations

A general form for the BIE is found by (2.3.49), and using the continuous and discontin-

uous properties of the single and double layer potentials as xg approaches the surface,

cij(%0)ui(xo) = 8% /Gz‘j(&Xo)fz‘(X)dS(X)
D

1 (2.3.60)
~ & wi (%) Tk (%, X0)ng (x)dS (x),
D
where ¢;j(xo) defines the jump condition and is given by
i when xq is inside D,
¢ij(x0) = 46;; when xq is on D, (2.3.61)
0 when xg is outside D,
for a smooth surface, and
0ij when xg is inside D,
cij(x0) =4 £6;; when xq is on D, (2.3.62)
0 when xg is outside D,

at a corner point. Again, the case of Q = 27 corresponds to x¢ placed on a locally

smooth boundary and (2.3.62) reduces to (2.3.61).

The BIE (2.3.60) relates the governing boundary velocities and tractions for a Stokes flow.

Solutions of the BIE require boundary conditions suitable for the flow being analyzed.
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Three general possibilities of boundary conditions are described briefly below. For more

details see [34, 37].

(i) If the boundary velocity u is specified over D, then the BIE becomes an equation
for the surface traction f only. This is called a Fredholm integral equation of the

first kind.

(ii) If the surface traction f is specified over D, then the BIE becomes an equation for
the boundary velocity u only. This is called a Fredholm integral equation of the

second kind.

(iii) A Fredholm integral equation of mized type involves specifying the boundary velocity
u over a part of D and for the remainder of D specifying the surface traction f.
Each of the resulting BIE is then solved for the unknown values on each section of

the boundary.

2.4 The Boundary Element Method

The boundary integral equation (BIE) for a singularity x¢, located on a smooth bound-
ary D was derived in § 2.3 and is given by equation (2.3.60). The boundary element
method (BEM) is used as a means to solving the BIE on the boundary by implement-
ing three approximations. For suitable boundary conditions, the boundary elements are
collocated, resulting in a matrix problem to be solved for unknown boundary tractions
fi or velocities u;. These approximations along with the collocation of the boundary el-
ements are discussed in this section. Finally an example BEM implementation utilizing

a constant boundary distribution is described.

36



CHAPTER 2: Viscous FLows

2.4.1 Approximation And Collocation

The aim of the BEM is to reduce the BIE (2.3.60) to a matrix problem which can be
solved. To do this, three approximations are implemented. First of all the boundary is
discretized into elements by means of a geometrical approzimation. Then the physical
variables are approximated on each of the previously defined elements by a chosen bound-
ary distribution. Finally, using an integral approzimation, the integrals over each element
are evaluated using an appropriate numerical technique. Finally the resulting equation
can be collocated over all boundary elements to produce a system of equations that can
be solved. Each of these three approximations along with the collocation technique are

discussed in turn below.

Geometric Approximation

The boundary D of domain V. over which the integrals of (2.3.60) are to be evaluated
often have complex geometries. It is appropriate to discretize the boundary D into
geometrically simpler boundary elements, denoted by E,, v =1,..., N. The integrals in
(2.3.60) can then be rewritten as the sum of the integrals over each boundary elements

as shown in (2.4.1).

Juix0) = o= > [ Gyl x0) ()50
N (2.4.1)
_8%2 /ui(X)Tijk(xaXO)nk(X)dS(x)’

v=1 E,
Various forms of boundary discretization may be implemented, with the most common

cases comprising of either linear or quadratic triangular elements.
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Boundary Distribution

Values are required for the boundary traction f; and velocity u; on each of the bound-
ary elements F,. The simplest approximation is to take the boundary tractions and
velocities constant over each element. However to improve accuracy, a variety of higher-
ordered polynomials, or other kinds of interpolation function can be used to represent

the boundary distributions.

Integral Approximation

The integrals in equation (2.4.1) need evaluating on each element that discretizes the

boundary. These integrals can be classified as,

e Non-Singular: The element over which the integration is to be conducted does not

contain the singularity x¢ and the integrands are non-singular in this case.

e Singular: The element over which the integration is to be conducted contains the

singularity x¢ and the integrands are singular in this case.

In general the integrals will be evaluated using a range of numerical methods for both
non-singular and singular integrands. Non-singular integrands are evaluated numerically
using appropriate Gaussian quadrature techniques. For cases of near-point singularities,
refinement of the integration is made by a combination of an adaptive Gaussian integra-
tion algorithm and an element subdivision approach. Further details of this method are
given in chapter 4. Singularities of the single layer potential are evaluated using polar
integration, with details omitted here but shown in [34]. Flat elements are considered
throughout this thesis, causing the singularity of the double layer potential to vanish

due to the tangent vector of a flat element always being perpendicular to the normal.
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Collocation Of Boundary Elements

When suitable boundary conditions are applied, which define either the boundary trac-
tion f; or velocity u; on each element, then it is left for the BEM to calculate the unknown
values of f; or u; on each element. This is achieved by collocation of the discretized equa-
tion in a bid to generate the same number of equations as unknowns. A matrix problem

is formulated and solved for the unknown values associated with the Stokes flow.

2.4.2 Implementation Of A Constant Boundary Distribution

This section considers the BEM formulation outlined above for a constant boundary dis-
tribution. Details of the geometrical approximation and the type of numerical techniques
used for the evaluation of the integrals are not required per se as they will have no effect

on the formulation shown below.

Consider a geometric approximation, used to discretize the boundary into N elements.
As described in the previous section, the integral (2.3.60) is simplified to the sum of
the integrals over each element, as shown in (2.4.1). In addition a constant or uniform
boundary distribution implies a constant value for boundary traction f; and velocity wu;
be defined over each element. These are written as f;|g, and u;|g, for element E,. Also
note that from here on dS = dS(x). Substituting these values into equation (2.4.1)

yields,

N

1 1

iuj(xo) =3 E filE, /Gz‘j(X,Xo)dS
v=1 E,

o (2.4.2)

8

ui\EV /ﬂjk(X,XO)nk(X)dS.
v=1 E,

Equation (2.4.2) can be rewritten such that the summation used for the evaluation of
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uj(x0) is via the multiplication of vectors,

Jg,—1 Gij(x,%0)dS
1 1 .
§Uj(xo) . (fi’E,,:l R fz‘\E,,:N)

[ _n Gij(x,%0)dS
B =N 0 (2.4.3)

fEl,:l Tijk(x,xo)nde
& (ui|E,,:1 R ui|EV:N) ;

fEV:N Tijn(x, x0)npdS

By placing the singularity point xg at the middle of element ¢, denoted xé” and recalling
the values of f; and u; are taken constant over each element, the left hand side of (2.4.3)
becomes,

1 M 1

Quj(XC ) = §Uj‘E<~ (2.4.4)
By collocating over all the elements, (2.4.2) becomes a system of 3N equations comprising
of the 3 components of u;, f; on each of the IV elements. Two 3N x 3N matrices are
formed, which can be thought of as N x N arrays where each component is the 3 x 3
matrix Gy or Tjjpng (where 7 is the local row number and j is the local column number

of each component within the N x N array). Thus the collocated system of equations

determined by the BEM is given by.

1 1 1
§Ud = S—WFcAcd - S?UcBCd’ (2.4.5)
where
Fe = (fi|Eu:1 fi!EV:N) ; (2.4.6)
Ue = (uz"Euzl Uz’\EV:N> , (24.7)
=1 Gis(xxL)dS oo [ 2 Gij(x,xELy)dS
A = : : : (2.4.8)
nyzN Gij(x,xg/il)dS e fEu Gi;j(x > Ve M HdS
fEl,:l Tijk(xvxgil)nk‘ds fEl,zl Tz’jk(&Xé‘iN)nde
B = ; : , (2.4.9)
fEu Tiji (%, %2 M YngdS - fEU Tiji (%, %2 M ngdS
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for 7,7,k =1,...,3, and v, = 1,...,N. Indices ¢ and d take values ¢,d = 1,...,3N

and are defined by.

c = 3(v—-1)+1, (2.4.10)
d = 3(C—1)+3. (2.4.11)
Rewritten (2.4.5) becomes
1 1 1
—F.Aqg=U. | =0ca+ —Beq | - 2.4.12
g el (2 1 g B d) (2:4.12)

The solution of (2.4.12) involves calculating the integrals of each element, and forming
the components of the two matrices. By specifying suitable boundary conditions the

system of equations is solved for unknown tractions and/or velocities.
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Radial Basis Functions

Solutions of film flows down an inclined plane over and around obstacles require a range
of efficient numerical techniques. These film profiles are often dominated by surface forces
such as surface tension, and require an accurate representation of the free surface. The
evaluation of the free surface traction, incorporating these effects, is achieved by using a
radial basis function (RBF). In addition by using a Hermitian RBF, far field and contact
line constraints imposed on the free surface can also be included in the interpolation. A
RBF interpolation is also used in Chapter 7 when implementing numerical techniques to
extend a Stokes flow formulation to the non-linear problem of finite Reynolds number
flows. This chapter considers an overview of RBFs, along with implementation of local

and global interpolations.

3.1 Introduction To Radial Basis Function Interpolations

The interpolation of a discrete set of data points, such as those obtained by mesh based
schemes, (e.g. the boundary element method (BEM)), is a common problem. Conven-
tional methods such as polynomial and spline interpolations have been applied to a wide
range of engineering problems. Alternatively a radial basis function (RBF) interpolation
can be used for such a purpose. An extensive study of interpolation methods available

at the time was conducted by Franke [40], and concluded that RBF interpolations were
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Generalized Thin Plate Spline (2D) r?m=2logr
Generalized Thin Plate Spline (3D) r™ (m odd)
Generalized Multiquadric (r* + 02)% (m odd)
Gaussian exp (—%)

Table 3.1: Common radial basis functions
the most accurate techniques evaluated.

The theory of RBFs originated as a means to provide a continuous interpolation of scat-
tered data values. However, in recent years RBFs have been extensively researched and
applied in a wider range of analysis. Partial differential equations (PDEs) have been
solved using RBFs with recent work in this field conducted by La Rocca et al. [41] and
La Rocca and Power [42]. The RBF interpolation has also been used in the implemen-
tation of the dual reciprocity method (DRM) (see Nardini and Brebbia [43|), a method
used to transform the domain integrals present in the boundary integral equations (BIEs)
for non-linear problems. In this thesis the original application of RBFs is used as a means
of interpolating the surface data for film flow over or around an obstacle. In addition,
chapter 7 considers the non-linear problem of film flows at finite Reynolds number, using

a RBF interpolation within the numerical techniques implemented.

A RBF #(||x — &||) depends on the separation between a field point x and the data
centres &, for j = 1,..., N, and N data points. The interpolants are classed as radial
due to their spherical symmetry around centres &/, with ||x — &’ the Euclidean norm.
The most popular RBFs are listed in table 3.1 where r = ||x — &’||, m is an integer, and
¢ is a free parameter, often referred to as the shape parameter, to be specified by the
user. In addition, for the multiquadric and the three-dimensional thin plate spline, only

odd values of m are permitted.

The inverse multiquadric (m < 0 in the generalized multiquadric) and Gaussian are

functions which form positive definite interpolation matrices, whilst the thin plate spline
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and multiquadric (m > 0 in the generalized multiquadric) are functions which generate
conditionally positive definite matrices of order m. By standard theory, positive defi-
nite matrices are never singular, and guarantee solution to the interpolation problem.
However, the conditionally positive definite matrices which are formed by RBFs such as
the thin plate spline may be singular for certain selections of data centres. These condi-
tionally positive definite matrices are conditionate of a polynomial of order m — 1 along
with homogeneous constraint condition. If these are included within the interpolation,
a positive definite matrix is formed, and solution to the interpolation is guaranteed. For

further details, see Golberg and Chen [44].

The shape parameter ¢ within the Gaussian and multiquadric RBFs requires fine tuning
and can dramatically alter the quality of the interpolation. Despite being considered
as optimal for interpolating multivariate data, Franke [40] found that the thin plate
spline was marginally outperformed by the multiquadric RBF with regards to the test
criteria. In fact Powell [45] indicated that the thin plate spline RBF only converges
linearly compared to the multiquadrics which converge exponentially, producing a min-
imal semi-norm error (see Madych and Nelson [46]). However, the multiquadric RBF
is disadvantaged by the presence of the shape parameter ¢ whose choice significantly
effects the interpolation. In addition, Schaback [47]| states that numerical experiments
show that the condition number of the resulting interpolation matrix is large for smooth
interpolants such as the gaussian or multiquadric RBF when compared to non-smooth
functions such as thin plate splines for low m. Thus a thin plate spline RBF is used

throughout this thesis.

Typical interpolation problems involve taking the known data centres (Ej JF(E )), for
7 =1,...,N of the unknown function F' and interpolating it by the function f. Thus
for a conditionally positive definite function, the interpolation takes the form,
N
Fe) =D 20 (Ix = €1) + P (%), (3.1.1)
j=1

and for arbitrary order m, the polynomial F,,_; contains N, terms and in two-dimensions
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has the expanded form

Pro1(xY) = A1 (@)™ - A ypo (@)™ + Aypa(af) ™ 2ad + ... 5.12)

+ /\N_,_Np_gxll + /\N+Np—1$12 + /\N+Np-

Collocation of (3.1.1) over the N data centres yields N equations for the N + N, un-

knowns A;. The homogeneous constraint condition,
N .
d NP(x))=0, 1<k<m-1, (3.1.3)
j=1

gives another NV, equations to close the system. Thus, by collocation over the data

centres, a matrix problem A;;\; = b; is formed, where A;; is defined by,

Aij = , (3.1.4)

T
by — ( . 0) , (3.1.5)

The matrix problem can be solved for A;, and thus the function f(x) can be reconstructed

and b; is given by,

at any point by (3.1.1).

Hermitian Interpolations And Double Collocation

When the problem specifies additional constraints (for example far field conditions), they
can be incorporated by use of a Hermite RBF interpolation. Consider the linear partial
differential operator L,(f(x)) = G to be applied at n points which may or may not
correspond to locations used in the original interpolation (3.1.1). Then the Hermitian

interpolation takes the form

N N+n
FE) =Y N (Ix=&l)+ > ALt (Ix = €]) + Pn-1(x), (3.1.6)
j=1 j=N+1

where L¢ is the differential operator defined above but acting on &.
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For the Hermite interpolation (3.1.6), a matrix problem A;;j\; = b; is formed, where A;;

is now defined by,

1/} L&W) Pm—l
Aij =1 L)  LeLe(®)  La(Puo1) |- (3.1.7)
(Pr—1)T (La(Pm1))T 0

and b; is given by,

T
bZ:(F a o) . (3.1.8)

The matrix (3.1.7) is non-singular as long as 1 is chosen appropriately. For cases of
double collocation, v, L, (1) and any further differential operators can be applied simul-

taneously at the same collocation points as long as they are linearly independent.

When modelling film flow over an obstacle, an accurate method for generating the free
surface and deducing the unit normal and curvature is required. By supplying a discrete
set of data points (surface heights), a Hermitian RBF can be used to find a smooth
function through all of the points, allowing the derivative of the free surface and hence

the unit normal and mean curvature to be found.

3.2 Local And Global Interpolations

The radial basis function (RBF) interpolation outlined in section 3.1 is described in a
global sense. The interpolation matrix involves solving a system of equations that incor-
porate all data points. For an N x N interpolation matrix, this requires O(N?) operations
when using Gaussian elimination to solve the system of equations. For large systems the
amount of CPU time and RAM necessary can become prohibitive. In addition, as the
system becomes large, the resulting matrix becomes ill-conditioned. The local RBF can

offer substantial improvements with regards to the CPU time and RAM requirements,
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Data point to be considered

Region of collocation points | @® Data points

—+ Additional constraint points (e.g. Far field, etc.)

Figure 3.1: A sketch indicating how the local elements are chosen.

and avoid this ill-conditioning problem. At each data point, a local approach involves
solving an interpolation matrix that only incorporates the collocation points within a
certain range of the data point under consideration. The upshot of this method is to
reduce computation time to O(NM?3), where M is the M x M local interpolation matrix,
and N is the number of global data points considered. Thus, for M sufficiently smaller

than N, this will offer significant benefits in terms of run-time and memory requirement.

In two-dimensions, the local points are found by drawing a circular region in the zjx9
plane of a chosen radius around each data point in turn, and recording the collocation
points that fall within this region. Obviously the more points chosen for the interpo-
lation, the more accurate it will be, although the CPU time and RAM required is also
increased. Care needs to be taken as to whether any of the points caught require deriva-
tive conditions to be applied (for example in the far field). This technique is illustrated

in Figure 3.1

The generation and solution of the local system is conducted by identical means to the
global approach outlined in section 3.1, and for a sufficiently large inclusion zone, the

results should be virtually identical. This is due to the ever decreasing effect data points
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will have on the interpolation further away from the point under consideration. The
efficiency gains from using a local interpolation will be evaluated for each case imple-
mented. In general when interpolating the free surface, a global technique is optimum.
However, when considering the effects of inertia using the method of particular solutions

in chapter 7, a local approach is often beneficial.
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CHAPTER 4

Stokes Flow Over A Single Obstacle

Thin film flows driven by gravity down an inclined plane and over an obstacle is an
important, well studied generic flow problem. Efficient and accurate solution techniques
are developed in this chapter based on a Stokes flow formulation. In § 1.1 a thorough
overview of published works in this field are considered, with this chapter starting by
considering the formulation and numerical schemes to be used in solving the problem,
outlined in § 4.1 and § 4.2 respectively. Finally, solutions for Stokes flow over a single
obstacle are considered in § 4.3, validating results with those previously published by

other authors.

4.1 Mathematical Formulation

This section considers the Stokes flow formulation of a thin film driven by gravity down
an inclined plane over an obstacle attached to the plane. The flow variables are solved
for disturbance and undisturbed components in a manner similar to Blyth and Pozrikidis
[31]. Two subsections outline the simplification of the formulation for consideration of
small free surface deflections as in |31] and consideration of asymptotically small obstacles

as implemented by Pozrikidis and Thoroddsen [29].

A two-dimensional schematic of a typical film flow of undisturbed thickness H, driven
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Figure 4.1: Two-dimensional cross section of a typical film profile.

Table 4.1: Reference Quantities

Reference Length H
. H?pgsi
Reference Velocity | Us = %
Reference Stress £ 55

by a component of gravity g down an inclined plane at angle a and over an obstacle is
shown in Figure 4.1. The wetted obstacle surface is denoted S}, and is attached to the
inclined plane S,,. A fluid travels down the inclined plane, completely submerging the
obstacle, with free surface denoted Sy. The corresponding undisturbed film surface is
given by S;. The distance from the undisturbed film S; to the disturbed film surface
Sy is given by h, and the outward unit normal is denoted by n. A cartesian co-ordinate
system is aligned such that the undisturbed plane S; is defined by the xxo-plane, with
21 in the direction of the undisturbed flow. Axis x3 is perpendicular to S, pointing

away from the inclined wall S,,.

For mathematical convenience, physical variables are non-dimensionalized using the three
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reference quantities shown in table 4.1. The reference length is taken as the undisturbed
film height H, with reference velocity given by the free stream surface velocity U, for
film flow down an inclined plane in the absence of an obstacle. Finally, a viscous scaling

is used for the reference stress. The associated Bond number is

H?s
Bo = P9 BRA (4.1.1)
v

where «y is the surface tension, p the fluid density and g = |g| the acceleration due to

gravity.

The film flow is governed by the standard incompressible equations for mass conservation

(4.1.2) and steady Stokes flow (4.1.3)

8ui
= 4.1.2
oz, 0, (4.1.2)

op 0G 0%y

_ il = 4.1.
ox; + ox; + 83:? 0, (4.1.3)
where G is defined by (4.1.4),

G = —2(x3zcotax — xy). (4.1.4)

Far field constraints involve the flow velocity and pressure returning to values associated
with a gravity driven film flow down an inclined plane in the absence of an obstacle,
and denoted by a superscript co. In addition, the free surface deflection, along with the

gradient of the free surface should decay to zero. These conditions are shown in (4.1.5),

u; — ug®

o0

bp—p
h—0 as x — +oo. (4.1.5)

Oh
ozr — 0

Oh
ozs — 0

Several boundary conditions are also applied within the flow domain. No slip (zero

velocity) is specified on the inclined wall S,,, and wetted obstacle surface S,, given by
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(4.1.6). In addition a dynamic (4.1.7) and kinematic (4.1.8) condition are applied on the

free surface Sy, and expressed as,

u; = 0 X € Sy U Sp,
4
fi =0in; = —Eﬁni X € Sf,
oh oh " oh S xeS
2 = L — e —
8t 161’1 281‘2 3 P

(4.1.6)

(4.1.7)

(4.1.8)

where f; is the boundary traction. The curvature of the free surface is denoted by k,

0;j is the stress tensor, and time is given by ¢. The curvature and the stress tensor are

expressed by (4.1.9) and (4.1.10):

P lanz
B 2 8x, ’
Oou; Ou;
oy = —péij + <8$] + 8.1‘Z> .

(4.1.9)

(4.1.10)

In (4.1.9) and (4.1.10) n; is the components of the outward unit normal to the free surface

S¢. The outward unit normal n; of the free surface can be evaluated as,

()
\/1+<8h>2+<8h>2 Ox1’ Oz’ )

By Oz

The form of the curvature x can also be expanded as,

_3
K= — 1_|_ @ 2+ % ’ ’
N a:El 61'2

1

2

P (2PN L (9N, _0%h Ok ok
Ox? Oz Ox2 ox1 021029 011 Oxo |

Film Flow In The Absence Of Obstacles

The governing equations for film flow in the absence of obstacles, is given by

ou®
O:Ui N O’
op>®  0G  0*uX

B ox; * ox; + 838?

02

(4.1.11)

(4.1.12)

(4.1.13)

(4.1.14)
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where superscript co on the flow variables corresponds to the far field asymptotic case.
Solutions to the equations (4.1.13) and (4.1.14) can be readily shown to be,

P> = —2zx3cota, (4.1.15)
u® = (1—23)d;. (4.1.16)

The expressions (4.1.15) and (4.1.16) satisfy the following boundary conditions for the

asymptotic flow:

u® = 0 x € Sy, (4.1.17)

7

=0 X € Sy (4.1.18)

The asymptotic boundary traction is given by f> = 0;;(p™, ug®)n;, and using (4.1.10)
becomes

fioo = 2:133(C0t an; — n35i1 - 7’L1513) (4119)

Expressions for (4.1.15), (4.1.16) and (4.1.19) govern Stokes flow down an inclined plane
in the absence of obstacles, corresponding to the asymptotic far field flow configuration
where obstacles are present. This film flow is used as the basis for determining conditions

for a disturbance flow due to the obstacle.

Disturbance Components For Film Flow Over An Obstacles

Disturbance flow quantities are denoted by superscript §, with velocities and pressures

related to the asymptotic and complete flow variables by:
wp = ud 4 u, (4.1.20)
p = p’+p>=. (4.1.21)

The governing equations for the disturbance regime are obtained by comparing (4.1.2) -

(4.1.3) with (4.1.13) - (4.1.14) and are

ol
—t = 4.1.22
op’ 0%l
P = (. 4.1.2
ox; + 2 0 ( 3)

J
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Far field conditions for the disturbance regime require the variables to decay to zero, and
flow velocity and pressure to return to the values associated with the asymptotic regime,

as seen in (4.1.5). Thus u¢ and p° are subject to the following conditions in the far field:

)

u; — 0

as x — +oo. (4.1.24)
P’ =0

No-slip boundary conditions for the disturbance velocity uf can also be specified on

the wall S, and wetted obstacle boundary S, by comparing (4.1.6) with (4.1.17) and

requires:

w= 0 X € Sy, (4.1.25)

uw = —uX X € 5. (4.1.26)

Finally an expression for the boundary traction associated with the disturbance flow fi‘S
can be defined on the free surface Sy by comparing (4.1.7) and (4.1.19). The expression
for ff is

4

fié = _goﬂni - 2$3(C0t an; — ngéﬂ — n1(5i3), (4.1.27)

where k is the curvature associated with the disturbed free surface.

Boundary Integral Formulation For Flow Over An Obstacle

For the disturbance regime, the governing equations for Stokes flow (4.1.22) - (4.1.23)

can be expressed exactly as a boundary integral equation (BIE) over the fluid domain

(4.1.28)
cyl)ulxo) = o= [ Giix x4 x)
Sr% (4.1.28)
— 8% / uf(x)ﬂ?k(x7 Xo)nk(x)dS(X),
S;US,

where x is the field point within the analysis, and x¢ any collocation point. The Green’s

functions G};(x,%0), T7;

mik(X,%0) in (4.1.28) are the Lorentz-Blake Green’s function for
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velocity and stress respectively and details of their form are given in the appendix A.
The flow is solved for disturbance components uf, fi‘S and due to ff — 0 and uf — 0 as
x — o0, it is possible to omit the edges of the flow domain from the integrations in
(4.1.28). Finally, direct omission of the wall boundary S,, from the integral domains in

(4.1.28) is also justified subject to the conditions,

G*(x,%x9) =0
106, x0) x € Su. (4.1.29)
uwd =0

)

Thus by solving for disturbance components, the solution domain is considerably re-

duced. Finally within (4.1.28), the coefficient ¢;;(x0) is the jump parameter and defined

by
0 xXg outside the domain,
cij(x0) = ¢ 16 xo on the boundary of the domain, (4.1.30)
0ij X within the domain.

For the obstacle domain, enclosed by a section of S, and the wetted surface S, the
Stokes flow (4.1.13) - (4.1.14) associated with the asymptotic regime u$°, f>° + Gn; can

be satisfied by the BIE expression,
1
e (x0) = = [ G300, 30) (17 ) + Ging) S )
(4.1.31)

Sp
1 00 *
b [ UGG xm(OAS ),
Sp

where the unit normal is defined outward of the fluid domain, i.e. inward to the obstacle
domain. Again the wall S, is omitted by use of the Lorentz-Blake Green’s functions
and u;° = 0 for x € §,,. Thus the disturbance and asymptotic flow regimes are satisfied

exactly by the two BIEs (4.1.28) and (4.1.31).

When the collocation point x¢ lies outside of the obstacle domain and boundary (i.e.
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xo & Sp,Qp ), (4.1.31) and (4.1.30) gives,

/G X, X0)(fi°(x) + Gn;)dS(x)
X (4.1.32)
ug® (%) 1755 (%, X0) g (x)dS (x).

:8771' i B
Sp

The BIE (4.1.28) associated with the disturbance regime can be modified by taking

collocation on the free surface (x¢ € S¢), and applying (4.1.26), yielding

(4.1.33)

o [ 0T e xohms ()AS ().

Combining (4.1.32) and (4.1.33) gives a BIE with collocation over the free surface:

puix0) + - [ 0Tk xa)ra ()5 )
Sy
= 817T/G* X XO)J?i(X)dS(X) (4.1.34)
/G x,%0) f (x)dS(x) xp € Sy,

where f;(x) = fi(x) + Gn;.

Collocating the BIE for the asymptotic regime (4.1.31) at the wetted obstacle surface

Xg € Sp yields,

. (4.1.35)
o [ T (%, x0) i () dS (),
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where f°(x) = f°(x) + Gn;. The disturbance BIE (4.1.28) can be collocated over the

wetted obstacle surface xg € Sp,, with the no slip condition (4.1.26) to form,

—%uj /G x,%0) [ (x)dS (x)
—5 @@ﬂ%@xwmmw@)

(4.1.36)
/G X, %0) f (x)dS(x)

+/' )T (. %01 () AS (x).

Combining (4.1.35) and (4.1.36) yields (4.1.37), a BIE for collocation over the wetted

obstacle surface S):

o [ Gitxxfxas
Sp

—_ /G x,%0) f{ (x)dS(x) (4.1.37)

1
+87r/u?(x)ﬂ”}k(x,xo)nk(x)dS(x) X0 € Sp.
Sy

In summary the steady, gravity driven Stokes flow down an inclined plane over an obstacle
is governed exactly by solutions satisfying the BIEs (4.1.37) and (4.1.34). The flow
is subject to a kinematic condition (4.1.8), a dynamic condition (4.1.7), and far field
constraints (4.1.5). Flow over a single obstacle are governed by, plane inclination angle

«, the obstacle geometry, and the Bond number Bo.

4.1.1 Small Free Surface Deflections

Pozrikidis and Thoroddsen [29] and Blyth and Pozrikidis [31] simplified flow over a hemi-
sphere through the assumption of a small free surface deflection. By assuming the free

surface disturbance remains small, when compared to the undisturbed film thickness, and
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the disturbance velocities at the free surface are small when compared to the undisturbed

film speed at the same point then
h<l, uw<l1,i=1,23. (4.1.38)

Assuming asymptotically small disturbances, the unit normal on the free surface is ap-

proximated by
oh oh

= (0,0,1) + <_8961’_0x2’0> : (4.1.39)

where the components in the xjxo-plane are considered small. Thus,

oni  h Ph
N —— — —— = — h. 4.1.4
0x; ox?  Ox3 Vi ( 0)

The disturbance boundary traction (4.1.27) approximates to,
13 = 2hné;1 + ( Vﬁlmh — 2h cot a> i3, (4.1.41)

at leading order. To the same order of approximation the kinematic condition (4.1.8)
becomes
oh  Oh

Oh _ _Oh L S
T P (LS (4.1.42)

Finally the BIEs for flow over an obstacle,(4.1.34) and (4.1.37) simplify to integrals over

the undisturbed surface S; (z3 = 0) and become,

S [ T xa e (S (o
Sw

_ % / G (x, %0) fi(x)dS () (4.1.43)

/G X, Xq fZ x)dS(x) Xg € S,

and

= / G, %0) fi(x)dS ()
—u3®(xo —/G x, %0) f7 (x)dS (%) (4.1.44)
b [T xmASE) 0 € S,

Sr
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Pozrikidis and Thoroddsen [29] and Blyth and Pozrikidis [31] consider this small de-
flection simplification in combination with finite difference approximations (FDAs) for
evaluating all derivatives. However, this assumption is not relevant for finite free surface
deflections as of interest here, with the small deflection analysis used only for verification

with the previously published work.

4.1.2 Flow Over Asymptotically Small Obstacles

A further simplification to the boundary integral analysis can be made when the obstacle
is asymptotically small. Asymptotic analysis of the obstacle is conducted by following
Blyth and Pozrikidis [31] which reproduced the earlier work of Pozrikidis and Thoroddsen
[29]. A brief summary of the method is reproduced here, and the reader is referred to

[29, 31] for full details.

The aim of the asymptotic analysis is to produce an expression for the obstacle integral
Sp, in (4.1.43), eliminating the need for solving (4.1.44). This first term of the right

hand side of (4.1.43) can be rewritten using the symmetry property (2.3.21) as

/G x,%0) fi(x /G X0, X) fi(x)dS(x). (4.1.45)

We consider a small spherical obstacle, with radius a and in contact with a plane wall
and assume that the obstacle is much smaller than the undisturbed, non-dimensionalized
film height, @ <'1. Then it is possible to expand the velocity Green’s function G7; using
a Taylor series with respect to d, where d = x3 — x3,,, = 3 + 1 is the vertical distance
from the point x3 on the obstacle to the plane wall, and is illustrated in figure 4.2. The
Lorentz-Blake Green’s function are shown in appendix A (where hg is equivalent to d

here), with the order of the indices and arguments shown in reverse to (4.1.45). The
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Figure 4.2: Two-dimensional cross section indicating the asymptotic formulation of

the film profile.

Taylor series is written as,

* * 8 *
GJi(x0,%) = Gj;(x0,%p) +d 925 (G7:(x0,%)) B
2 8 5 (4.1.46)
+ ? Bimg (G]l(XO,X)) . + ...,
=Xp
where the non-dimensional point x,, is defined as
xp, = (0,0,—1). (4.1.47)

The case of i = 3 requires separate consideration to ¢ = 1,2 with the Taylor series shown

to give to leading order,

Gim(x0,%x) ~ dMjm(X) m=1,2, (4.1.48)
Gra(x0,%) ~ d*Mj3(X), (4.1.49)
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where

X = x0-— X, (4.1.50)
M (X) 12%, m=1,2 (4.1.51)
X[
~ N X X 2 Y.
Mj(X) = —6X;3 2X; | OppXs  5X5Xj ) (4.1.52)
IXP o Xp X7
The integral (4.1.45) becomes
1 x 1 - -
S/G;i(xo,x)fi(x)dS(x) ~—DM; (X)/dfm(x)dS(X)
s 8
S S
g ) : (4.1.53)
+ S—Mjg(X) /deg(x)dS(x) m=1,2.
Y

Sp
This is analogous to the work in [29] when the difference in the definition of the co-

ordinate axis is taken into account.

From [29], the following scalings are introduced,

/dfm(x)dS(x) = —8rdlcn, %1;3‘” , m=1,2 (4.1.54)
3y 3 lzg=—1
27 4, Oug®
d“fs(x)dS(x) = —8ma“cs - , (4.1.55)
3 r3=—1
Sp

where the sign on the right hand side is generated from taking the outward unit normal
instead of inward as specified in [29] resulting in an opposite sign for the boundary

traction f;. In (4.1.54) - (4.1.55), the distance d is taken to scale like the radius a, and

oo
oug

the traction f;, scales like the shear stress T
3

. Both of these are independent of
xr3=—1
the integration, which as a result yields the surface area of a sphere 4ra?. For equality,
a constant vector 2c3 and 2¢,,, m = 1,2 is required and depends on the geometry of the

obstacle. For the case of a spherical obstacle the terms of c¢ are given by the work of

[29], which extracts them from O’Neill [48] and gives them to be,

o0
1 2 3
cic = ——= [ A(s) |3 —8scoths+7 -2 coths | ds, (4.1.56
! 6 / (s) < sinh? s sinh? s ) ( )
0
co = 0, (4.1.57)
3 = 0, (4.1.58)
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where values of A(s) are tabulated in [48]. From [29]|, the constant ¢; is given as 1.8.
However, when considering results produced using this asymptotic method, flow profiles
appear sensitive to small changes in the parameter ¢;. The value of ¢; = 1.8 in Pozrikidis
and Thoroddsen [29] is likely to be rounded, and as a result the value of ¢; has been
recalculated. The calculation involved truncating the domain of integration of (4.1.56)
and used the trapezium rule. Values for A(s) are tabulated in [48] where they were

obtained numerically. It is found here that,

¢1 = 1.760677101. (4.1.59)

For an asymptotically small, spherical obstacle with non-dimensional radius a < 1, it is
clear that the right hand side of equation (4.1.55) is small compared to the corresponding
term in (4.1.54). In addition the values for ¢ are defined in (4.1.57) - (4.1.59), and

equation (4.1.53) is approximated by,

;/G;i(xo,x)ﬁ(x)dS(x) ~ —Mj1(X)abe; == , (4.1.60)

with the derivative on the right hand side of (4.1.60) evaluated as,

ous®
0x3

-9, (4.1.61)

r3=—1

using (4.1.16). Therefore substituting back into the original BIE for collocation over the

free surface (4.1.43) yields,

; ?( ) = — 2@361Mj1(X0 — Xp)
— [ Gi:(x,%0) f; (x)dS(x
* / o)1 ()45 (4.1.62)
- 8% [T (x)aSx) xa€ Sy,
Sy

4.2 Numerical Schemes

This section considers the numerical schemes implemented to obtain solutions to the flow

problem outlined in §4.1. The formulation of the film flow takes three possible forms:
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(i) A “full” film profile analysis.
(ii) A small free surface deflection approach.

(iii) An asymptotically small obstacle analysis using the small free surface deflection

approach.

For case (i) the flow problem is to be evaluated numerically for u¢ on S ¢+ and fi on
Sp. The necessary equations to be solved involve the kinematic and dynamic conditions
(4.1.8) and (4.1.7) on the free surface Sy, and the two boundary integral equations (BIEs)
(4.1.37) and (4.1.34) for flow over a single obstacle. In addition the the far field boundary

conditions (4.1.5) are also required.

For case (ii) when the free surface deflection is limited, a finite difference approximation
(FDA) is used for evaluation of the free surface quantities [29, 31]. The numerical scheme
can be formulated into a completely closed system, to be solved once for the free surface
displacement h, disturbance velocity components uf , ug and the obstacle tractions ﬁ
This is similar to Blyth and Pozrikidis [31], where the formulation generates two matrix

problems, one for solution of the free surface variables u‘lg, ug and h, the other for obstacle

tractions fz The final solution can then be found by iterating between them.

When the free surface deflection is limited, results analyzing the effects of an asymp-
totically small obstacle on the film profile can be found. In this case (iii) a limited free
surface deflection analysis is implemented throughout, with the system of BIEs (4.1.43)
and (4.1.44) reduced by approximating the integral over the obstacle within the free

surface BIE (4.1.43) by an analytical expression (see (4.1.62)).

Unlike the linearized free surface film flow problem, which can be solved once for all
unknowns, case (i) requires solution in a transient manner. A Hermitian radial basis
function (RBF) is introduced and evaluated for the surface quantities, with more details
given later. It is found that it is more efficient to solve the coupled system of BIEs

iteratively, although they could be solved in one calculation for each time-step. The
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iterative sequence used was:

(i) Guess an initial film profile and disturbance velocities for the free surface.
(ii) Calculate the disturbance boundary traction using the dynamic condition (4.1.7).

(iii) Use the obstacle BIE (4.1.37) to calculate the boundary tractions on the obstacle,

fi-

(iv) Use the free surface BIE (4.1.34) to calculate a new set of disturbance velocities on

the film surface.

(v) Via the kinematic condition (4.1.8) and using a forward finite difference, the free

surface position is iterated in time.

(vi) Repeat from step 2 using the new film profile and disturbance velocity profile for

the free surface, until the surface has reached a steady profile.

The BIEs were solved using a boundary element method (BEM) on the discretized sur-
faces and the implementation of this method is discussed below. In addition through the
remainder of this section, the use of FDAs and a Hermitian RBF for evaluating the free

surface curvature and outward unit normal are considered.

4.2.1 Surface Discretizations And The Boundary Element Method

For numerical solutions, the obstacle boundary and free surface require discretizing and
in this chapter, hemispherical and spherical objects were considered. The hemispherical
obstacle mesh is generated by a method of successive subdivision and consists of linear
triangular elements. Spherical obstacles were meshed by reflective symmetry of the
hemispherical discretization. Figure 4.3 indicates typical meshes for the hemispherical

obstacles considered throughout this work.
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Figure 4.3: Typical mesh for a hemispherical obstacle of radius a = 0.9.

For the simplest case of small film deflection, the free surface is discretized using a set of
uniform, linear rectangular elements. However, when the free surface requires discretizing
fully, rectangular elements are insufficient for the mesh and linear triangular elements
are used. Triangular elements were formed by first subdividing the free surface domain
into a set of rectangular elements, and then for each element connecting the diagonal
vertices to form four sub-triangular linear elements. Free surface elements are referred to
as m X n, where for a rectangular mesh m is the number of elements in the 1 direction
and n the number of elements in the zo direction. For a triangular mesh of m x n, the
free surface is first divided into a m/2 x n/2 rectangular mesh and further subdivisions
to create the triangular elements are carried out as described above. A schematic of
typical free surface discretizations using rectangular and triangular elements are shown

in figure 4.4.

The BEM was used to solve each of the BIEs within the problem. The velocity and

traction variables were assumed constant over each element, and values assigned at the
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A 4
v

T T

Figure 4.4: Typical mesh for the free surface using (a) rectangular elements, and (b)

triangular elements.

midpoint of the elements. To avoid difficulty in the re-meshing of the surface with
every time-step the velocities and tractions were found at the element midpoints and
these midpoints are repositioned in the x3 direction at every time step. Movement
of the element nodal points was achieved by fitting a Hermitian RBF through the new
midpoints and finding the corresponding new nodal locations for each element. It is noted
that the data point is displaced from the new linear elements midpoint and a small error
occurs within the BEM approximation. Globally the accurate midpoint heights are used
when evaluating the kinematic and dynamic boundary conditions, but the approximated
midpoint heights (from the linear element mesh) are used for collocation within the

BEM.

4.2.2 Integration Techniques And Near Point Singularities
Standard numerical integration regimes for the stress and velocity Green’s functions over

the linear elements were conducted. A 4-point Gaussian quadrature scheme was used for

the rectangular elements and 3-point for the triangular elements. The velocity Green’s
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function on singular elements was integrated using the polar integration rule. For larger
obstacles that approach the free surface, the BIEs eventually fail numerically due to
near-point singularities. This problem is common when modelling thin structures and
gaps using conventional BEMs. As outlined by Krishnasamy et al. [49], two difficulties

arise from the standard BIEs when considering thin bodies. These are,

(i) As the gap between two surfaces reduces, the BIEs tend to form an ill condition

coeflicient matrix.

(ii) The integrals become nearly singular and difficult to evaluate accurately using

standard numerical integration schemes.

Krishnasamy et al. [49] notes that achieving a suitable integration technique to solve the
problem of nearly singular integrals allows limited success with thin shapes. For very
thin shapes, the ill conditioning eventually becomes too severe for the conventional BIE
to be applicable in solving the problem. However for the film flows considered in this
paper, the severity of reduced thickness necessary to cause ill-conditioning effects are

physically unrealistic.

Several techniques are reported in the literature to deal with near-singular integration.
They include element subdivision Lachat and Watson [50], adaptive Gaussian integration
Hayami [51], variable transformation techniques and semi-analytical integration based
on series expansions and removal of singularities, Mi and Aliabadi [52], besides others.
In this work, the effects of ill conditioning are not considered and improvements in the
numerical integration scheme follow a method similar to that outlined in Cutanda et al.
[53], and consists of a combination of the adaptive Gaussian integration algorithm and
the element subdivision approach. The approach of Cutanda et al. [53] to deal with
near-singular integrals was chosen due to its simplicity of formulation, although it is
known that some other approaches, such as variable transformation and semi-analytical

integration, are numerically more efficient.

67



CHAPTER 4: STOKES FLow OVER A SINGLE OBSTACLE

The distance, d, between the singular point and the linear triangular element of inte-
gration was first evaluated. Standard integration was conducted via a 3-point triangular
Gaussian quadrature method. Integration refinement was used depending on the dis-
tance d and the successive threshold distances as shown in table 4.2. If the distance was
below a certain threshold, dy, then 6-point triangular Gaussian quadrature was used. If
the distance was less than do, 9-point Gaussian integration was used and if the distance

was less than d3, 13-point Gaussian integration was used.

However, increasing the order of integration gives only limited improvement on the thin-
ness of gap that can be modelled [53]. Using the 13-point integration technique, a
method of subdivision is required. The method chosen followed a similar manner to the
geometrical successive sub-division used in discretizing the hemispherical and spherical
obstacles. If the distance between the integration element and singularity was less than
dy4, then the element was split into four theoretical sub elements. The distance between
each sub element and the singularity was then tested and if less than a distance ds, then
the sub element is split into four theoretical sub-sub triangular elements. This method is
repeated for up to five consecutive sub divisions and if the whole element was discretized
to the maximum it would be sub-divided into 4° integration regions. This has the added

benefit of only increasing the numerical computation in the required regions.

This approach requires finding suitable values for the distances d; where i = 1,...,8 and
the values used are shown in table 4.2 after an extensive convergence analysis has been
conducted. The computational time associated with calculating the distance between
element and singularity and subsequent adjustments was not excessive on the compu-
tational run-time of the simulation and is significantly advantageous over using a high

order integration technique applied for all elements.
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Bounding Point ‘ d1 ‘ d2 ‘ dg ‘ d4 ‘ d5 ‘ d6 ‘ d7 ‘ dg

Bounding Value

0.6 ‘ 0.45 ‘ 0.3 ‘ 0.2 ‘ 0.15 ‘ 0.1 ‘ 0.0316 ‘ 0.01

Table 4.2: Boundary values used to determine which numerical integration approach

to implement.

4.2.3 Finite Difference Approximations

The FDAs are used solely for the small free surface disturbance to describe the surface
derivatives needed for calculation of the unit normal and curvature. The FDAs utilized
are identical to those implemented in Blyth and Pozrikidis [31]. When calculating the
free surface curvature, (4.1.40) will be evaluated using a central difference about the

midpoint values and is given by

(Y 1)) — 2h(at, ) + bz, 7))
2 i 1 7T 1T 1 %
vxlmg (‘/1:17‘%“;) = (AfEl)Q

L o . 4.2.1
h(xy, o)) = 2h(@l, ad) + h(ay, o)) 2y
(AQSQ)Q ’

where superscripts ¢,j are associated with the z1,z9 distribution of the element midpoints.

The spacial derivative associated with (4.1.42) should be evaluated using a backward

difference to avoid spurious oscillations [31] and is

Oh(xf, ) _ h(ai,zj) — h(zi ' ) (4.2.2)
0xy (A1)

Special care is required for any midpoint height used outside the discretized domain.
Two options are available, implementing the far field condition for A from (4.1.5) will
take a value of zero for any imaginary node outside the domain, whereas implementing
conditions for BBTZ and 88—3?2 from (4.1.5), takes any node outside the domain to have the

same height as its image node within the domain.
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4.2.4 Finite Free Surface Deflections And Radial Basis Functions

For finite free surface deflections, accurate evaluation of the unit normal and curvature
as defined in equations (4.1.11) and (4.1.12) using FDAs is difficult. Thus a RBF can
be used to interpolate a set of data points contained within a domain, and by use of a
Hermite RBF the boundary conditions also applied. At any point on the free surface, the
height is given by h(x1,x2), and takes values h' at data point i for a total of N points.
The surface can then be interpolated using the RBF (||x — &’||), where j = 1,..., N

and &’ are the z1,z9 co-ordinates of the data points hJ.

A choice of thin plate splines was used for the RBF. The addition of a polynomial is
required to guarantee invertibility when using a thin plate spline since it is known that the
generalized thin plate spline of power (2m—2) is a conditionally positive definite function
of order m. Thus it requires the addition of a polynomial term of order m — 1, together
with a homogeneous constraint condition, in order to obtain an invertible interpolation
matrix. In our case, we are using m = 3 requiring a second order polynomial and the

thin plate spline RBF takes the form
Y =r>""2logr, (4.2.3)

where

r=|x—£|. (4.2.4)

A value of m = 3 avoids singularities at 7 = 0 for up to and including the third order
derivatives of ¢ and as stated in La Rocca et al. [41] minimizes the interpolation matrix

becoming more ill-conditioned.

The values of %11 and 57}; can be constrained at a selected set of n data points (such as
the far field locations where the gradients are set to zero), whilst still defining h on the
original N data points. A solution for A can be obtained using the differential operators

8%1 and 8%2 but acting on the thin plate splines second argument &, i.e. 6%1 and 6%2' A
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representation for the surface displacement becomes,

0
h(af, 25) Z/\ﬂ/}"‘z/\N-i—J +Z)‘N+n+98g + Pa(x), (4.2.5)

where ¢ = ¢([[x" — €7||) and

Po(x") = AN-tnrnt1 (£1) HAN 442218 + ANt (25)°+ (1.2.6)
+ AN4n4ntaT] + ANtntn45T5 + AN4nint6,

is a polynomial which also satisfies a homogeneous constraint condition.

The first order derivatives of h with respect to 1 and x2 are required for constraining

the far field conditions and given by

Z Ajm— + Z Ay
83:1 ~ Nt 961011

) (4.2.7)
0% OPy(x)
9%
amz Z N o Z AN+ 5 g 9&102
= (4.2.8)

0% OPy(x)
+;AN+”+J' 06,013 | Omy

Expressions (4.2.5) - (4.2.8) can be used to formulate a matrix representation h; = A;;\;

given by,
o o
(0 o8 9% Py
O %y %y 0P,
AU _ o1 0€1011 0&2011 0x1 (429)
Oy 0% 021 P>
Oxo 0&10x2 0&20x2 Oxo
OP OP:
(P)" (52" (§D)" 0
where h; is given by,
T
h; = oh  Oh . 4.2.10
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This system must be solved to find the vector A;.

Once the system has been solved for A;, the RBF can be evaluated for the outward

unit normal and mean curvature of the free surface. Evaluation of the unit normal will

. . . .. 2 2
require derivatives gh and 2 ax , with the mean curvature needing in addition, %, %,
1 2

and a;? 6}; on the surface. The evaluation of these derivatives simply involve the finding
of specific derivatives of . The values of h, 2 % and ,987}; are determined by (4.2.5) -

(4.2.8). The corresponding second order derivatives are given by

2 N 92 3

Ox? 5 Ox 2
) ) (4.2.11)
By P2Py(x)
+ A n+j )
J; Nt 96,002 T 0a?
Ph o~ Y 83
="\ A
072 z} o7 +Z N+ 5g 022
/ (4.2.12)

B 92Py(x)
+ ]Z; AN +n+j 062022 923

?h N 9%
(91'18332 N Z—:l )\J 83]16%2 z_: )\N+j 8§18x18x2
= (4.2.13)
83'¢ + 82P2(X)

+ ]Zl )\N+n+j 85281‘16.%2 81‘18%2 .

When implementing the thin plate spline RBF (4.2.3) for the interpolation of the free

surface, the following derivatives of i are required

oY

e, = T Qlg(r*)+ @ &), (4.2.14)
1
25; = —r*(2log (r?) + 1)(w2 — &), (4.2.15)
gﬁ = 7*(2log (r?) + 1)(x1 — &), (4.2.16)
gj; = 7%(2log (r?) + 1)(x2 — &), (4.2.17)
aff;il = (a1 — &) (4log (r?) + 6) — r3(2log (%) + 1), (4.2.18)
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0?1
062011
0?1
061022
0?1
082022

02
o7
9%y
022
0%y
8.%1 (9.%'2
031
8{1 8.%'%
9Py
€022
9%y
851 81‘%
9Py
6{28%’%
9Py
861 8561 6902
9%
8528%1 (9.%'2

—(z1 — &) (2 — &) (41og (r?) + 6),
—(z1 — &) (2 — &) (41og (r?) + 6),

— (22 — &)*(4log (r*) + 6) — r*(2log (r?) + 1),

r?(2log (1°) + 1) + (z1 — &)*(41og (%) + 6),

r2(21og (r%) 4+ 1) 4 (x2 — &)*(41log (r?) + 6),

(02— €2) (a1 — €0)(A1o5 () + 6),
) (dlog (%) + 6) - 818

1‘2—§2 <4log +6+8(r£1)>,
<4 log (r?) + 6 + g2 = &) ;252)2> :
(

(r2 — &)°

~3(a — &2)(410g (12) + 6) ~ 37

)

_ 2
(29— &) <4log +6+8(1T€1)>,
<4log )+6+38

(502;52) > ‘

4.3 Solution Profiles For Flow Over An Obstacle

(4.2.19)
(4.2.20)
(4.2.21)
(4.2.22)
(4.2.23)

(4.2.24)

(4.2.25)
(4.2.26)
(4.2.27)
(4.2.28)
(4.2.29)

(4.2.30)

Simulations of flow computations over single obstacles and corresponding numerical de-

tails are described in this section, each identifying different aspects of the numerical

method.

Results are initially produced illustrating the effects of implementing a Hermitian radial

basis function (RBF) for the free surface compared with the finite difference approxima-

tions (FDAs) used in [29, 31|. Blyth and Pozrikidis [31] produced figures for an inverse
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Bond number B, related to Bo by

(4.3.1)

and to allow comparison of results, appropriate solutions are given in terms of the inverse
Bond number B. Results are also reproduced from Blyth and Pozrikidis [31], using a
global RBF with the limitation of a small amplitude free surface deflection and the
asymptotic obstacle analysis where appropriate. Cousistency of results is found between

the full obstacle and asymptotic analysis.

The assumption of small free surface deflection is then removed and results for the
finite deflection approach presented for significant film deformations generated by large
hemispherical obstacles. An example of particular interest is where the fluid film can

fully contain an obstacle that is taller than the undisturbed film height.

4.3.1 Small Free Surface Deflections

This section considers implementation of a global Hermitian RBF for finding the unit
normal and curvature of the free surface. Comparisons are made with the FDAs used
in the published work by Pozrikidis and Thoroddsen [29] and Blyth and Pozrikidis [31].
Flow down an inclined plane over a hemispherical obstacle is considered using the small
free surface deflection restriction. The RBF analysis is to be solved transiently, to con-
verge to a steady state profile. For illustration, calculation is taken for flow over hemi-
spherical obstacles of radius a = 0.2, a Bond number of Bo = 0.89, (B = 1) and the
plane is inclined at o = 45°. A suitable choice for the size of the free surface domain
is required such that the far field conditions (4.1.5) are accurately represented on the
edges of the domain. The choice of free surface domain was made by initially solving
the problem for large far field distances, and progressively reducing these truncation
points. The optimum free surface domain was one that minimized the area that required
discretization, whilst maintaining accurate representation of the free surface profile. For

this flow problem, it was found that the free surface should be solved within the domain
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—6 <] <8, —6 < 29 < 6. Similar analysis are conducted to find suitable far field
truncation values when other flow parameters are chosen. The hemispherical obstacle
was discretized using 256 linear triangular elements in all cases, with the level of free
surface discretization varied between results. The far field boundary condition of zero
gradients was imposed throughout. For consistency with the FDAs, the far field condi-
tion was applied at the element midpoints within the RBF of any element containing a
boundary node. This implementation will be improved for later results. Solutions are
interpolated to the centre line using a cubic spline for the FDA implementation and the
global RBF interpolation when implemented for the normal and curvature. A 4-point
Gaussian quadrature is used for the numerical integration over rectangular elements,

with a 3-point scheme implemented over triangular elements.

Figure 4.5a illustrates the centre line solutions for a free surface mesh resolution of 56 x 48.
The solutions are produced using both a RBF and FDA analysis for the free surface
normal and curvature. The main difference between the RBF and FDA solution is the
difference in peak height and trough depth. In addition, there is a marginal shift of the
centre line profile downstream when using the RBF interpolation. Figure 4.5b illustrates
the difference in surface position along the centre line for two free surface rectangular
mesh resolutions, 56 x 48 and 28 x 24. The solutions for the two RBF meshes seem to
compare more favourably than the corresponding solutions found when implementing
FDAs. The RBF interpolation predicts the surface almost identically (especially in the
far field), regardless of which resolution of mesh is used for the BIEs. The FDA solution
seems to exhibit a marginal shift downstream with increase in mesh resolution, with the

peak slightly higher.

Corresponding to Figure 4.5, a full three-dimensional profile for the RBF solution of
flow over a hemisphere using the more refined mesh of 56 x 48 elements is shown in
Figure 4.6. As expected the flow profile is symmetric, producing a large upstream peak,
which collapses into a shallow trough downstream of the obstacle. The peak decays in a

“horseshoe” shape fashion.
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Figure 4.5: Centre line solutions produced by the small deflection assumption for the
free surface comparing (a) results for the RBF interpolation compared
with a FDA approximation for a 56 x 48 mesh and (b) the relative errors

between using a 56 x 48 and a 28 x 24 for the free surface mesh.
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x 10

T3

Figure 4.6: The full three-dimensional flow profile for film flow over a hemisphere of
radius @ = 0.2. The flow has a Bond number of Bo = 0.89, (B = 1) and

the plane is inclined at o = 45°.

Results corresponding to Blyth and Pozrikidis [31] (their Fig 10 and Fig 8) are shown in
the centre line solutions (z2 = 0) of figures 4.7 - 4.9 utilizing a free surface discretized
by 49 x 49 elements for the domain —8 < x7 < 10 and —9 < x9 < 9. The free
surface profiles are smoothed by the RBF interpolation implemented for the free surface
curvature and unit normal. Solution variations caused by the obstacle mesh were found
to be sufficiently eliminated after four successive subdivisions, resulting in 256 elements
for the hemispherical obstacle and 512 for the spherical obstacle. This is identical to
the number of quadratic elements used by Blyth and Pozrikidis [31]. Again, the far field
condition of zero gradients was imposed throughout at the element midpoints within the

RBF.
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Figure 4.7: Centre line solutions for a selection of inverse Bond numbers, using the
assumption of small free surface deflection. The plane is inclined at 45°

and the hemispherical obstacle has radius a = 0.2.

Figure 4.7 allows comparison with Blyth and Pozrikidis [31] (their Fig 10a) for flow down
an inclined plane at 45° over a hemisphere of radius ¢ = 0.2. As the inverse Bond number
is increased, surface tension forces are increased in comparison to the gravitational forces
and acts to flatten any surface deformation. With this increase in the value of B the peak
of the flow appears to migrate slightly upstream. A comparison to the results of Blyth
and Pozrikidis [31] (their Fig 10a) shows that, although the qualitative behaviour is the
same, current results exhibit a larger peak. Taking B = 1, the percentage difference of
peak heights between the FDA and RBF models is approximately 24% as estimated from
the FDA solution presented in [31]. It is thought that this difference in the film profile
is caused by the differing far field conditions used within the FDA of |31] and the RBF
analysis presented in this Thesis. Within [31] the zero deflection far field condition is

implemented, which can cause irregularities of the film profile at the far field truncation
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Figure 4.8: Centre line solutions for a selection of wall inclinations, using the assump-
tion of small free surface deflection. The flow has an inverse Bond number

B =1 and the hemispherical obstacle has radius a = 0.2.

point if the condition is not sufficiently satisfied. This problem is eliminated by using
the zero derivative condition within the RBF analysis, which offers a more consistent
approximation in the far field. Implementing the zero derivative far field condition within
both the FDA and RBF method, yields more consistent results as can be seen in figure

4.5a.

Figure 4.8 illustrates solutions for a selection of inclination angles for a flow with an
inverse Bond number B = 1 and hemispherical obstacle of radius a = 0.2. Increasing the
inclination angle has the effect of increasing the peak size and decreasing the trough size
behind the obstacle. Although the peak location is relatively unaffected by the inclination
angles, the downstream trough is seen to migrate upstream as the angle is reduced. This
is in agreement with Blyth and Pozrikidis [31] (their FiglOb) as a direct comparison with

this work. Again it is seen that results in figure 4.8 using the RBF interpolation exhibit

79



CHAPTER 4: STOKES FLow OVER A SINGLE OBSTACLE

0.161

0.14r

0.121

0.1r

0.081

€3

0.061

0.04r

0.02f

-0.021

z1(z2 =0)

Figure 4.9: Centre line solutions for a selection of hemisphere radii, using the as-
sumption of small free surface deflection. The flow has an inverse Bond

number B = 1 and is along an inclined plane at 45°.

a larger peak then those in [31]. The percentage difference of peak heights for o = 90°
between the RBF and FDA models is approximately 18%, obtained by estimation of the
FDA film profile from [31]. As for figure 4.7, these differences are likely to be caused
by the different far field conditions implemented in [31] and this Thesis. In particular,
where the zero deflection approximation is used [31], possible irregularities in the film
profile can occur in the far field. These irregularities are not seen when using the zero

derivative far field constraint as used within the RBF interpolation.

Figure 4.9 illustrates solutions for small to large obstacle sizes for a flow with an inverse
Bond number B =1 on an inclined plane at an angle of 45°. Here, as expected, a larger
obstacle will generate a larger deformation. Again results are in direct comparison with
the plot by Blyth and Pozrikidis [31] (their Fig 8). The peaks of the RBF analysis appear

larger than those using FDAs, and the percentage difference of peak height between the
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RBF and FDA results is approximately 19% for a = 0.6, as estimated from the FDA
solution in [31]. As discussed previously, these differences are likely to be caused by the
different far field conditions implemented, and specifically irregularities in the film profile
caused by the zero deflection condition implemented in [31]|. For flow over an obstacle of
radius a = 0.6, the RBF analysis shown in figure 4.9 has a smooth continuation in the
far field, unlike that displayed at the downstream truncation point for the FDA analysis
of |31]. This arises due to use of a zero gradient far field condition compared to the zero

deflection far field implemented in [31].

To quantify the difference between the FDA and global RBF analysis, figure 4.10 shows
the centre line values for 887?1 and curvature by both the FDA and global RBF evaluations
for a 56 x 48 mesh. The slight upstream shift of the FDA free surface relative to the
RBF profile is caused by the use of a backward difference FDA, utilized by the 597?1 term
present in the kinematic condition. Values of %‘1 along the centre line of the free surface
are shown in figure 4.10a. Figure 4.10b shows the comparison in curvature between
the FDA and global RBF interpolation. Due to the higher peaks and lower troughs of
the RBF interpolation, these regions are more compacted and thus require a more rapid
change of direction of the free surface for a given horizontal displacement as illustrated by
the higher magnitudes of curvature at these locations for the RBF interpolation. These
differences yield the larger peak-height-to-trough-depth for flow profiles generated using
the RBF interpolation when compared to a FDA analysis. These trends have been seen
in figure 4.5a, and through the comparisons of figures 4.7 - 4.9 with results in Blyth and
Pozrikidis [31].

Comparison can be made with results obtained from numerically and asymptotically
modelling a spherical obstacle. The work in Blyth and Pozrikidis [31] found difficulties
in comparing free surface profiles as they were unable to obtain results for spherical
obstacles with radius less than a = 0.05. The case shown in Blyth and Pozrikidis [31]
(their Fig 9a) has been calculated and is shown in Figure 4.11. The free surface was

discretized identically to Blyth and Pozrikidis [31] using a mesh of 47 x 47 square elements
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Figure 4.10: Centre line solutions comparing (a) 3‘9—;‘1 and (b) the curvature x, for the

flow profiles with a 56 x 48 mesh as shown in figure 4.5. Both cases

utilize the small free surface deflection assumption.
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for the asymptotic results and 49 x 49 square elements for the complete analysis over a
truncated domain of —8 < x1 <10, —9 < z9 < 9. Again the midpoint values of surface
height are interpolated using the RBF implemented for the free surface curvature and
unit normal to produce a smooth curve. The zero gradient far field condition was used

throughout.

The flow is solved for a plane inclination angle of 45° with inverse Bond number B = 1.
Figure 4.11 compares centre line results for a radius of a = 0.05. As in Blyth and
Pozrikidis [31] the asymptotic solution is found to over-predict the maximum displace-
ment compared to the solution obtained by numerical analysis of the sphere. However
the larger peak heights found from the current approach provides a closer fit between
the asymptotic and numerical results. The centre lines of the asymptotic solutions us-
ing a RBF interpolation still over-predict the published results in Blyth and Pozrikidis
[31] (their Fig 9a) utilizing FDAs, although the differences appear smaller than those
for numerical results obtained. It is also noted that no limitations on the size of a are
present for our numerical model. Figure 4.12 illustrates centre line solution for a = 0.001
with the asymptotic and numerical solutions giving near identical results. A small 1.5%
difference in peak heights along the centre line is found, indicating consistency between

the two models.

4.3.2 Large Free Surface Deflections

Results generated by removing the small amplitude free surface deflection approximation
from Blyth and Pozrikidis [31] are produced in this section. A global RBF scheme is used
for calculation of the free surface parameters, and implements the zero derivative far field
conditions applied at the element nodes on the boundary of the domain. When using a
large free surface deflection analysis, the free surface is meshed using triangular elements
in preference to the rectangular elements used for the small free surface deflections. Mesh

refinements are considered for a domain of —6 < x; < 8 and —6 < x9 < 6 discretized
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Figure 4.11: Centre line surface profiles using the assumption of small free surface
deflection for flow over a sphere of radius a = 0.05 using an asymptotic

and numerical analysis for the sphere.

by both 28 x 24 and 56 x 48 elements. A small hemispherical obstacle of radius 0.2
is considered and the flow is down a plane inclined at a = 45° with an inverse Bond
number B = 1. Centre line solutions indicating the profile for the 56 x 48 mesh, and the

error between this and the coarser mesh are shown in figure 4.13.

The validity of the small free surface deflection assumption is analyzed by direct com-
parisons of results for large and small deflections, caused by large and small obstacles
respectively. Again, a domain of —6 < x1 < 8 and —6 < x2 < 6 is considered for the
free surface, discretized by 28 x 24 elements as found sufficient above. The small hemi-
spherical obstacle has a radius of 0.2 and the large hemisphere a radius of 0.9. Both are
discretized by successive subdivision into 256 geometrically linear elements. The flow is
down a plane inclined at o = 45° with an inverse Bond number B = 1. For direct com-

parison with earlier results, the near point singularity analysis is omitted, with numerical
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Figure 4.12: Centre line surface profiles using the assumption of small free surface
deflection for flow over a sphere of radius a = 0.001 using an asymptotic
and numerical analysis for the sphere. Both methods show near identical

solutions.

integrations conducted via the 3-point Gaussian quadrature scheme for triangles.

Figure 4.14 shows the centre line solutions (z2 = 0) for a small (¢ = 0.2) hemisphere.
Results using the small deflection assumption are almost identical when compared to
the complete analysis and as such it is a valid approximation for the flow profiles caused
by small obstacles. The slight differences in solutions are found to completely disappear

when the mesh resolutions are increased to 56 x 48.

Figure 4.15 illustrates the centre line solutions for a hemisphere of radius 0.9. The
resulting free surface deflection is significant relative to the undisturbed film thickness
and as such the limitation of a small free surface deflection is not appropriate, with

noticeable difference between the two solutions produced. The approximated deflection
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Figure 4.13: A centre line solution for flow over a hemispherical obstacle of radius
a=0.2, B=1 and o = 45°, indicating the effects of mesh resolution on

the film disturbance.

is shown to lag the full solution with both the peak height and trough depth under-
estimated. Again, when the mesh was refined to 56 x 48 elements, the general profiles
shown were reproduced. The small deflection model produced no noticeable change
in profile, whereas the full model introduced a minor (3%) reduction in peak height
along the centre line, although the rest of the profile was identical. In the interests of
computational time, the coarser mesh will be used throughout in the knowledge that the

solution is sufficiently accurate.

Figure 4.16 shows the full free surface for flow over a hemisphere of radius a = 0.9,
inverse Bond number B = 1 and plane inclination angle 45°. The contours of the free
surface deformation are also shown. This figure illustrates how a relatively large peak
directly before the obstacle decays in a “horseshoe” shape with a shallow trough decaying

slowly behind the obstacle.
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Figure 4.14: Comparison of centre line solutions for flow over a hemispherical obstacle
with and without the small free surface deflection assumption. Flow

parameters are ¢ = 0.2, B=1 and o = 45°.

Figure 4.17 illustrates the streamlines for flow over a hemisphere attached to an inclined
plane at 45°. The hemisphere has a radius of a = 0.9 and the flow has an inverse Bond
number of B = 1. The two innermost streamlines move both outward, as well as over
the hemisphere and streamline deflection reduces considerably further from the obstacle.

It is noted that solutions show symmetry in the plane x5 = 0.

Following Blyth and Pozrikidis [31], comparisons of the centre line solutions for a pa-
rameter analysis of the inverse Bond number and plane inclination angle is conducted.
The obstacle is a hemisphere of radius a = 0.9 and discretized by 256 elements. A flow
domain of —8 < x1 < 10 and —8 < x9 < 8 is considered with free surface meshes
consisting of element distributions of 36 x 32. Again integration omits the near point

singularity analysis and a 3-point Gaussian quadrature scheme is used.

87



CHAPTER 4: STOKES FLow OVER A SINGLE OBSTACLE

0.4r

Small Deflection Analysis
Full Deflection Model

0.35

0.3

0.25

0.2

g 0415

0.1

0.05

-0.05

_0'1 1 1 1 1 1 1 J
6 -4 -2 0 2 4 6 8

z1(z2 =0)

Figure 4.15: Comparison of centre line solutions for flow over a hemispherical obstacle
with and without the small free surface deflection assumption. Flow

parameters are a = 0.9, B=1 and o = 45°.

Figure 4.18a indicates solutions for a range of inverse Bond numbers B and is comparable
to the small deflection results of figure 4.7. Flow is down a 45° plane and as expected
increasing the inverse Bond number results in a flattening and smoothing of the inter-
face. The peak is also seen to migrate slightly upstream. Within figure 4.18a, the far
field condition appears not to be satisfied and this is a direct consequence of the size of
the truncated domain used for calculation and the extended distances required for high
surface tension flows to return fully to the undisturbed profile. However, the implemen-
tation of the zero derivative boundary condition helps retain consistent results without
significant deflections caused by forcing an unrealistic far field condition. Figure 4.18b
indicates the correlation between the maximum and minimum film height and inverse
Bond number B corresponding to the results of figure 4.18a. Clearly the magnitude of
the deflection from zero is reduced in both cases as B is increased, appearing to tend

towards constant values for the maximum and minimum deflection. Peak height is af-
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0.35

Figure 4.16: Three-dimensional solution profile for flow over a large hemisphere of
radius ¢ = 0.9. The plane is inclined at 45°, and the inverse Bond

number is 1.

fected more severely by the inverse Bond number when compared to the trough depth
due to the sharper profile shape around the peak and larger value of curvature in this

region.

Figure 4.19a indicates solutions for a range of plane inclination angles a and is compa-
rable to the small deflection results in figure 4.8. Flow is for an inverse Bond number
B =1 and it is seen that increasing the inclination angle has the effect of increasing the
peak size and decreasing the trough size behind the obstacle. The location of both the
peak and trough is seen to migrate upstream as the angle is reduced, although the move-

ment of the trough is most significant. Figure 4.19b indicates the correlation between
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-0.3

-0.45

-0.5

Figure 4.17: Pattern of streamlines starting at 3 = —0.5 and upstream of the hemi-
sphere for a range of z2 locations. Flow is over a hemispherical obstacle
of radius a = 0.9, on an inclined plane at @ = 45°. The inverse Bond

number of the flow is B = 1.

the maximum and minimum film height and the plane inclination angle « for solutions
given in figure 4.19a. Both the peak and trough heights increase as the plane inclination
angle is increased. Values of minimum film height increase slowly, and approximately
linearly with plane angle. Initially, the maximum film height increases rapidly for small
«. As the angle increases the maximum film height is seen to continue increasing, but

at a progressively slower rate.

Typical solution profiles show how it is possible for obstacles larger than the undisturbed

film to be contained fully within the fluid. The maximum possible obstacle size allowed
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Figure 4.18: Solutions for flow over a large hemisphere of radius a = 0.9 attached
to a plane inclined at 45° showing a selection of inverse Bond numbers.
Part (a) illustrates centre line solutions and (b) values of maximum and

minimum film deflection as inverse Bond number changes.
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Figure 4.19: Solutions for flow over a large hemisphere of radius ¢ = 0.9 showing a

selection of wall inclinations. Part (a) illustrates centre line solutions

and (b) values of maximum and minimum film deflection for changes in

wall inclination. The flow has an inverse Bond number B = 1.
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within the fluid is dependent on the inclination angle of the plane. Two cases are consid-
ered here, flow over large hemispherical obstacles on a shallow plane inclined at 5° and
a steep plane inclined at 90°. For this analysis the hemispheres are discretized by 256
linear triangular elements. A flow domain of —10 < z; < 10 and —8 < x5 < 8 is taken
with free surface meshes consisting of an element distribution of 40 x 32. Numerical
integration is conducted using the near point singularity approach outlined in § 4.2 and
the zero derivative far field conditions are again applied within the global RBF analy-
sis. Results are obtained by a simple parameter continuation analysis. A flow profile is
found for an obstacle contained within the fluid. The obstacle is then increased in size
(so that it is still within the fluid) and the new profile found from the starting point of
the previous solution. This is continued until the obstacle is arbitrarily close to the free

surface.

For flow down a plane inclined at 5° the largest hemispherical obstacle containable within
the Stokes flow has a radius @ = 1.028. At this point intersection is imminent on the
back edge of the obstacle where the film profile collapses towards its trough. A centre
line profile for this obstacle size is shown in figure 4.20a, for a flow with a Bond number

Bo=1.

For flow down a plane inclined at 90° the largest hemispherical obstacle containable
within the film flow has a radius of a = 1.92. Interestingly unlike the case for a shallow
plane this limitation is not caused by intersection of the obstacle and free surface, but
rather by limitations on convergence of the model. This may be caused by the ill-
conditioning effects present in the BIE due to the presence of near point singularities.
These effects are more prevalent here than in the shallow plane analysis due to the
extended region of near-point effects. Figure 4.20b illustrates the centre line solutions

for this obstacle on a vertical plane (o = 90°) for flow with a Bond number Bo = 1.

93



CHAPTER 4: STOKES FLow OVER A SINGLE OBSTACLE

-1
-10

1.5

Figure 4.20:

The centre line solution for flow over a large hemispherical obstacle
contained fully within the Stokes flow down a (a) shallow plane inclined
at 5° where (¢ = 1.028) and (b) steep plane inclined at 90°, where
(a = 1.92). The Bond number of the flow is Bo = 1.0 in both cases.
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CHAPTER 5

Stokes Flow Over Multiple
Obstacles

The consideration of Stokes flow over multiple obstacles is a natural extension to the
work outlined in Chapter 4, with § 5.1 modifying the single obstacle formulation to flow
over an arbitrary number of obstacles. The numerical schemes used for solution of the
formulation are identical to those given in § 4.2 using a radial basis function (RBF)
analysis of the full free surface deflection. Modification is made to the free surface
mesh, which is developed such that a refined region is present in the location of greatest
deflection; details are specified in § 5.2. Solutions corresponding to flow over two and
three hemispheres for a range of relative locations and flow parameters are presented in

§ 5.3.

5.1 Modification To Mathematical Formulation

This section considers the mathematical formulation for a thin film Stokes flow driven
by gravity down an inclined plane over multiple obstacles attached to the plane. Asin §
4.1 the flow variables are solved for disturbance and undisturbed components, yielding

two boundary integral equations (BIEs) for solution over the obstacle and free surface.
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Figure 5.1: Two-dimensional cross section of a typical film profile over multiple ob-

stacles.

A two-dimensional schematic for flow over N obstacles is shown in figure 5.1, where the
disturbed free surface is denoted Sy and the wall is denoted S, and the wetted obstacle
surface of the I** obstacle is denoted Sé. The formulation of the governing equations
follows that presented in § 4.1, although the no slip condition (4.1.6) is modified for each

wetted obstacles surface, i.e.

up = 0 X €8, US,uSiuU...USY, (5.1.1)

W o= —ul XGS;USI%U...US;?V. (5.1.2)

The BIE formulation is similar to earlier, except in this case extended to boundaries cor-
responding to multiple obstacles. The Stokes flow equations for the disturbance regime

(equivalent to (4.1.28) for a single obstacle) can be represented exactly as the BIE given
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in (5.1.3) over the fluid domain. This gives

1

bl = oo [ Gy x4SG)

SruSiU..USHY

(5.1.3)
1 / ud ()T (3, %0) i (x)dS (),

8T
SpuSU..USH

where x is the field point, and xg any collocation point and the coefficient ¢;;(xg) is given

by (4.1.30). For the N obstacle domains Sé,, [ =1,...,N the undisturbed quantities
satisfy the N BIEs

ci (ko) (x0) = — - / G5 (%, %0)(/(x) + Gi)dS(x)

(5.1.4)
/ z]k X XO)nk( )dS(X)>

for I =1,..., N, and is equivalent to (4.1.31) for N = 1.

The equivalent BIE to (4.1.34) for collocation over the free surface, is obtained by an
identical procedure to § 4.1, yielding,

puix0) + - [ 0T (x xa)ma ()45 )
Sy

/ G (%, x0) fi(x)dS (x) (5.1.5)

1 N
S1U...US)

/G x,x0) f2 (x)dS(x) xg € Sf.

Collocation over a specific wetted obstacle surface xg € S{; for the BIE (5.1.4) has two

possibilities; BIE (5.1.6) is applicable for [ =1,...,k—1,k+1,...,N,

/G x, X0)(f°(x) + Gn;)dS(x)

) (5.1.6)
= g u;)o (X)Tz);k (Xa XO)nk (X)dS(X)7

Sp
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and (5.1.7) is used for | = k,

S (x0) / G5 (%, %0) (f7°() + Gni)dS(x)
) (5.1.7)
= [ T (x, x0) e (x)dS (x).
S

The BIE (5.1.3) is applied on the obstacle S}’;, with the no slip conditions (5.1.2) imposed

to obtain
1
_5% Xo /G X, X0 fz )dS(X)
1 1) *
—87 ug (x) 1755, (%, %0 )1 (x)dS (x)
(5.1.8)

+7 / G (x, %0 fl( )dS(x)

Slu USH
1 0 *
tor [ eROT G xam(0dS ().
Su..USY

Combining BIEs (5.1.6) - (5.1.8) yields a BIE for collocation over the obstacle S]’; as

8% / G(x, x0) fi(x)dS (x)

S}
T+ / G, (%, %0) fi(x)dS (x)
8T J
Siu..usEtusE T ULLUSY (5.1.9)
= —u® /G X, %0) 2 (x)dS(x)
+817r / u5 (%) T755 (. x0) 1, (x)d.S (x) xo € S,
Sy

with this BIE holding for each Sk, k=1,...,N.

5.2 Modification Of Numerical Schemes

This section considers modifications to the numerical schemes used for a single obstacle

Stokes flow analysis as outlined in § 4.2 for a multiple obstacle analysis. The solution
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procedure follows the process outlined for the single obstacle model. Differences in the
numerical scheme are limited to the implementation of the multiple obstacle boundary
integral equations (BIEs), and improvements in the manner in which the free surface is

meshed.

The numerical procedure for solving Stokes flow over multiple obstacles is similar to that
for a single obstacle analysis (see § 4.2). The main difference occurs when implementing
the obstacle BIEs (5.1.9). In this case, collocation takes place over all wetted obstacle
surfaces Szl,,l =1,...,N, and the resulting matrix problem is solved for all obstacles

tractions ﬁ

For flow over or around a single obstacle located at (0,0), appropriate far field con-
ditions, were specified in chapter 4. For multiple obstacles, with centres separated by

Tlsep Tlsep
- 7o S 1 S Tl maz +

(21,.,,T2,.,), the far field conditions are extended to x; 5

min

T2

Z2
and xa 5 <x9 <9, + 5=

2

min 2

Another modification of the earlier work is to implement a more refined free surface mesh
in regions of large deformations instead of the uniform distribution used so far. In § 4.3,
the free surface mesh was found sufficient to obtain solutions of reasonable accuracy. The
mesh used was generated by first subdividing the flow domain into rectangular (ideally
square) elements and then subdividing each of these by connection of their vertices into
four triangular elements. However this mesh was also shown to produce 3% error in peak

height when compared to a more refined mesh generated by the same technique.

Free surface meshes used in this chapter are refined in the region of the hemispheres.
The mesh is initially discretized by rectangular elements defined by an inner element and
outer element size. The outer square element is as found sufficient in § 4.3 and of size
1.0 x 1.0. The inner element is sized as the more refined mesh in section § 4.3 and of size
0.5 x 0.5. The transition region between the inner and outer uniform meshes involves
a more complicated analysis. Input parameters involve the number of elements used to

extend from the inner to the outer mesh and the scaling of these elements, so that they
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Figure 5.2: Typical free surface mesh for flow over an array of hemispheres.

can be biased towards the inner mesh. These parameters are chosen to give a reasonable

conversion from the smaller, inner element size to the larger outer element size.

The size and shape of the inner mesh is also analyzed. The inner region is chosen to
span the obstacles centres, and extend beyond this by a selected number of elements.
However, to keep the transitional mesh of reasonable quality, the inner region should
not become too long and thin and as such the ratio of x1 coordinate mesh length to xs
coordinate mesh length is tested and forced between % and % by adding more elements
where necessary. Figure 5.2 illustrates a typical free surface mesh for flow over an array
of hemispheres contained within —1 < z; < 1 and —1 < x9 < 1. The inner mesh is
extended for 2 elements in both the z; and zo direction beyond the centres of these

obstacles.

For comparisons with flow over a single hemisphere, a similar mesh refinement process
is conducted and results reproduced where necessary. In this case the obstacle is centred

at (0,0) and the inner mesh spans a set distance in the +x1 and +z direction.
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5.3 Solution Profiles For Flow Over Multiple Obstacles

Flow profiles over two and three hemispheres are considered in each of the following
subsections. For flow over two hemispheres, a range of relative obstacle locations are
investigated. For two hemispheres located in-line with the flow direction, a parameter
analysis is considered, where effects of changing the inverse Bond number (4.3.1), plane
inclination angle o, and hemisphere radius a are investigated. Hemispheres of a size that
approach the free surface are also considered, and an analysis is made of how the gap
between the free surface and obstacle is reduced by interaction of a wake on the flow

over a downstream hemisphere.

5.3.1 Solutions For Flow Over Two Hemispheres

Flow over two hemispheres spaced symmetrically to the axis by a distance (z1,,,,22,.,)
are considered, with the hemisphere centres located at z; = j:xl% and zo = :l:m%.
Flow is fixed with a Bond number Bo = 1.0 and is down a plane inclined at o = 45°,
with the two attached hemispheres having radius @ = 0.9. Flow over a single obstacle
located at (0,0) required far field locations —6 < x; < 8 and —6 < z9 < 6 and for
each dual obstacle analysis the far field is extended from these values as outlined in the

previous section.

Figure 5.3 illustrates the centre line (z2 = 0) profiles of the free surface in the direction of
the upstream flow over two hemispheres in-line with the incident flow and with spacings
r1,., = 2,4,6,8. Dashed profiles indicate the equivalent flow over a single hemisphere at
(iml%, 0). For all cases of obstacle separation, the deformation caused by the upstream
hemisphere appears to reproduce closely the corresponding profile for a single obstacle.
When the separation is large, the downstream hemisphere of the twin obstacle case
reproduces closely the deformation caused by a single obstacle. This is because the wake

decays after the upstream obstacle and the incident flow configuration to the downstream
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obstacle approximates an undisturbed flow. As the obstacles are moved closer together
the profile over the rear hemisphere is distorted more, with the peak decreasing and the
trough increasing in amplitude. For z1,,, > 4, the flow over the rear obstacle appears as
a complete profile, rising from around the undisturbed flow height towards a peak and
decaying behind the obstacle. For z;,,, = 2, the profile fundamentally changes, and the
flow over the rear obstacle begins during the collapse of the peak caused by the upstream
obstacle. As such the peaks appear to be joined, with a small step down as flow passes
between obstacles. A single, larger trough is formed downstream of the last obstacle,
instead of behind each hemisphere in turn. This is confirmed by the contour plot in
figure 5.6 for z;

= 2,19, = 0.

sep

Figure 5.4 shows the axis line (z; = 0) profiles of the free surface for flow over two hemi-
spheres spaced perpendicular to the incoming flow direction. Dashed profiles correspond
to flow over a single hemisphere at (0, :tm%) The obstacle spacing and thus the flow
profile is symmetric in each case about the line 9 = 0. For large separations, the profiles
over the two obstacles appear identical to that for a single obstacle. As the obstacles
are moved closer, the outer regions of the flow profiles remain consistent with the corre-

sponding single obstacle solution. For x5, > 4, the inner region of the profiles merge,

sep
with the lowest surface point between hemispheres increasing from the undisturbed film
height. In these cases the peak height above each hemisphere is of similar magnitude

to the single hemisphere case. For xo, = 2, the two profiles merge producing a single

sep
peak, much taller than that created for a single obstacle. The resultant cross-section flow
profile appears as if the flow is interacting with a single larger obstacle. The contour

=0,xo.__ = 2 confirms this.

sep

plot in figure 5.6 for z;

sep

Figure 5.5 indicates the obstacle and film surface for the analysis of flow over two hemi-
spheres separated by z1,,, = 72,,, = 2 and with centres located at (—1,—1) and (1,1).
The flow is incident to the leading hemisphere, and as the peak splits into a typical
horseshoe shape, one of the raised ridges is incident to the downstream hemisphere.

This thicker film region causes the peak over the rear hemisphere to be even taller, be-
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Figure 5.3: Centre line profiles for hemisphere separation distances 1., = 2,4,6,

and 8 in line with the flow. Flow is over hemispheres of radius a = 0.9

and down a plane inclined at o = 45°. The Bond number of the flow is

Bo=1.0.
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Figure 5.4: Centre line profiles for hemisphere separation distances 3., = 2,4, 6, and
8 perpendicular to the flow. Flow is over hemispheres of radius a = 0.9
and down a plane inclined at o = 45°. The Bond number of the flow is

Bo =1.0.
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0.4
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Figure 5.5: Three-dimensional solution profile for two hemispheres of radius a = 0.9,

separated by = 2,19 = 2. The flow has a Bond number of

sep sep

Bo = 1.0, and is down a plane inclined at o = 45°

fore decaying in a typical fashion. The close proximity of the two obstacles allows most
of the peaks to merge, with only the tips of the two deflections left independent. This is
illustrated further by the contour plot in figure 5.6 for x1,,, = 2,72, = 2.

sep

Figure 5.6 shows three comparison contour plots for the obstacle configurations corre-
sponding to figures 5.3, 5.4 and 5.5. Clearly, for x1,,, = 2, z2,,, = 0 the flow is symmetric
in z9 = 0 and the highest point on the free surface occurs just prior to the leading hemi-
sphere. The peak is continued over the rear hemisphere and then collapses rapidly into
a trough around x; = 1.5. This can also be seen in the centre line plot in figure 5.3. The

contour plot for z1,,, = 0,2, = 2 again illustrates the symmetry in x5 = 0, with just a
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single, wide peak occurring over o = 0. This is also seen in figure 5.4. The peak decays
rapidly into the trough just behind the line of the obstacles. However, the contour lines
are disturbed downstream slightly along xo = 0 during the formation of the trough. In
this case the flow is forced between the obstacles extending the peak region slightly. The
contour plot for the two offset hemispheres of figure 5.5 does not show symmetry in the
line x2 = 0. In this case the peaks that occur due to the two obstacles can be clearly
seen, with the downstream peak slightly larger. The rear hemisphere is clearly seen to
lie in the decaying peak of the flow profile about the upstream hemisphere causing an

extension to the distance that the raised ridge is noticed downstream.

A parameter investigation is conducted for flow over two hemispheres aligned with the

incident flow and separated by z1,, = 2. The effects of changed inverse Bond number B,

sep
plane inclination angle «, and differential obstacle radii a is considered. Default values
for the flow parameters include an inverse Bond number of B = 1, a plane inclination

angle of @ = 45°, and hemispheres of radii a = 0.9. In each case two parameters are

chosen from above and the effects of altering the third analyzed.

Figure 5.7 illustrates the centre line (zo = 0) solutions for variations of inverse Bond
number B. The increase in B, associated with an increase in surface tension forces, result
in the flattening and smoothing of the profiles. For B = 1, the centre line profiles appear
to oscillate as they pass from the first to the second hemisphere, forming two local peaks
and a trough. The increase in B acts to smooth these local peaks which subsequently
merge to form a single ridge that spans across the two obstacles. Consistent with the
single obstacle analysis in § 4.3, the increase in inverse Bond number causes the height
of the peak to reduce and for the disturbance to span a greater region upstream in the

1 direction.

Figure 5.8 illustrates centre line (z2 = 0) solutions for a range of plane inclination angles
«a with two local peaks occuring over each obstacle for all plane angles. The trough

appears to shift slightly upstream, towards the back edge of the second hemisphere as
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Figure 5.6: Contour plots for (z1,,,,22,,.,) = (2,0),(0,2),(2,2). Flow is over two
hemispheres of radius a = 0.9, attached to a plane inclined at o = 45°.

The flow has a Bond number of Bo = 1.0.
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Figure 5.7: Centre line solution profiles for two hemispheres of radius a = 0.9, at-

tached to a plane inclined at o = 45° and separated by x;___ = 2. Results

sep

indicate the effect of varying the inverse Bond number B.

the plane angle is reduced. Consistent with the single obstacle case, the steeper the

plane wall, the larger the peak that is formed.

Figure 5.9 gives the centre line (x5 = 0) profiles for flow over two hemispheres separated
by z1,., = 2 and with three differential radii; a = 0.5,1.3, a = 0.9,0.9, and a = 1.3,0.5.
When the obstacles are the same size (a = 0.9,0.9), the flow exhibits two local peaks
and a trough as the flow passes from the leading to the rear hemisphere. For the case
of a small obstacle followed by a large obstacle (a = 0.5,1.3) the flow appears to climb
relatively slowly to a single peak over the downstream obstacle. For the case of a large
obstacle followed by a small obstacle (a = 1.3,0.5) the flow exhibits a large peak over
the leading obstacle. However, in this case the formation of the trough shows a small
kink over the rear obstacle. Interestingly the maximum peak heights for both cases of

different sized hemispheres are approximately equal, and significantly greater than the
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Figure 5.8: Centre line solution profiles for two hemispheres of radius a = 0.9 sep-

arated by z1._ = 2, showing the effect of varying the plane inclination

sep

angle «. The flow has an inverse Bond number of B = 1.0.

Shallow (a = 5°) plane with a = 1.05 | Steep (o = 90°) plane with a = 1.60

Single 0.0486 0.337

Double 0.0465 0.220

Table 5.1: Near point values (3.s.f.) for large hemispheres on shallow and steep planes.

case of equal hemisphere size; this suggests the peak height is strongly dependent on
the maximum hemisphere radius. The corresponding film height for flow over a single
hemisphere of radius a = 1.3 is provided allowing comparison with the dual hemisphere
solutions. When the large hemisphere precedes the small hemisphere, flow over this
obstacle shows negligible discrepancy to the single case. When the large hemisphere is

the rear obstacle, a small difference to the single obstacle solution is present.

In § 4.3 it was found that the largest possible hemisphere containable within the fluid film

was strongly dependent on the inclination of the plane. Profiles have been compared for
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Figure 5.9: Centre line solution profiles for two hemispheres separated by z; = = 2,

sep
indicating the effect of varying the two obstacles radii a. Flow is down a
plane inclined at o = 45°, with an inverse Bond number B = 1.0. Dotted

lines indicate a single hemisphere of radius a = 1.3.

a Bond number Bo = 1, and obstacle separation x1,,, = 4,72, = 0. Table 5.1 indicates
the smallest distance between the interpolated free surface and the obstacle for both a
single and dual hemisphere configuration. Results on both the shallow and steep plane
show this minimum distance is reduced when two obstacles are considered. For the
shallow plane, hemispheres of radius ¢ = 1.05 are modelled and only a minor reduction
is noticed, as shown in figure 5.10a. For the steep plane, hemispheres of radius a = 1.60
are modelled and a significant reduction in the free surface/obstacle gap is found, as
shown in figure 5.10b. It is noted that the results in § 4.3 are found using a different
mesh for the same flow parameters as the results here, and this accounts for the small

differences in solutions.

Centre line profiles for flow down a shallow plane corresponding to table 5.1 are shown
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Figure 5.10: Centre line solution for flow over large hemispheres of radius (a) a = 1.05
attached to a shallow plane at o = 5° (b) a = 1.60 attached to a steep
plane at @ = 90°. The Bond number of the flow in both cases is Bo = 1.0.

Comparison is shown with a single hemisphere for both figures.
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Figure 5.11: Three-dimensional solution profile for three hemispheres located at
(—=2,-2), (—2,2), (2,0). The flow has a Bond number of Bo = 1.0,
is down a plane inclined at o = 45°, and the hemispheres each have a

radius of ¢ = 0.9.

in figure 5.10a. Flow is down a plane inclined at o = 5°, and a minor reduction in the
gap between the obstacle and free surface is found behind the rear hemisphere when
compared with a single obstacle analysis. Centre line solutions for flow down a steep
plane corresponding to the information in table 5.1 are shown in figure 5.10b. Flow is
down a plane inclined at o = 90°, and a significant reduction in the near point values
between the obstacle and free surface is found behind the rear hemispherical obstacle

when compared with a single obstacle analysis.
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0.35

0.3

r = 0.15

Figure 5.12: Three-dimensional solution profile for three hemispheres located at
(—2,0), (2,—2), (2,2). The flow has a Bond number of Bo = 1.0, is
down a plane inclined at o = 45°, and the hemispheres each have a

radius of a = 0.9.

5.3.2 Solutions For Flow Over Three Hemispheres

Ilustration of flow over three hemispheres is now given for two obstacle configurations.
Flow has a Bond number Bo = 1, all hemispheres have a radius of ¢ = 0.9 and the
plane is inclined at a = 45°. Obstacles are positioned in a symmetrical triangular array,
with either a twin or single leading hemisphere configuration considered. A twin leading
configuration is illustrated in figure 5.11 and consists of the upstream flow incident on
two obstacles spaced perpendicularly to the flow direction with centres (—2, —2), (—2,2).

This is followed by a trailing hemisphere centered at (2,0). The configuration shown in
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figure 5.12 consists of the upstream flow incident on one obstacle centered at (—2,0)
followed by two downstream hemispheres spaced perpendicularly to the flow direction
with centres at (2,—2),(2,2). In both cases, three peaks are clearly seen just prior to

each obstacle.
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Stokes Flow Around Obstacles

Flow profiles for thin film Stokes flow down an inclined plane over multiple obstacles
in a range of configurations are considered. When these obstacles are increased in size
they will eventually penetrate the film surface, leading to film flows around obstacles
and adding another layer of complexity to the model. A contact angle constraint is
imposed at the contact line within the radial basis function (RBF) interpolation, and the
boundary integral equation (BIE) over the obstacle domain requires closing by addition
of a top to the obstacle. Further details of the mathematical formulation are given in
§ 6.1. In addition, the obstacle requires re-meshing at each iteration, and a mesh must
be generated for the top of the obstacle. Details of the numerical schemes implemented
are given in § 6.2. Solution profiles for flow around single and multiple obstacles are
produced in § 6.3, and the possibility of multiple solutions examined. These occur when
a flow with fixed parameters may pass over or around an obstacle, and the resultant
profile is dependent on the initial conditions. Multiple solutions are also examined in
the case of two obstacles, to consider flow over then around an identical obstacle. All

results shown in this chapter are for circular cylinders.
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6.1 Mathematical Formulation

Stokes flow around obstacles adds an extra level of complexity to solving film flow prob-
lems compared to cases where the obstacles are fully submerged. Formulations in this
section are developed from the consideration of flow over multiple obstacles in § 5.1. Mod-
ifications to the formulation involve the specification of an additional boundary condition
imposing a contact angle at the free surface/obstacle intersections. In addition, solution
of the integral equations for the undisturbed flow over the obstacle domains requires
those domains to be closed. This is done by inclusion of an additional surface as the top

of the obstacle.

For flow over N obstacles, no slip is imposed on each obstacle’s wetted surface S]lj,
Il = 1,...,N as defined in (5.1.1). In addition, a contact angle 6 between the free
surface and the obstacle boundary must be specified, which depends on the fluid/obstacle

properties.

In two-dimensions, the contact angle at the point of intersection between two curves is
well defined, and determined by the dot product between their corresponding tangent
vectors. On the other hand, in three-dimensions the definition of the contact angle at a
point on the contact curve of two intersecting surfaces is not uniquely specified since its
value depends on how the contact point is approached from each surface. In some cases
it is common to define the contact angle as a function of the unique angle between the

normal vectors at a contact point.

In this work, as in the recent work by Sellier et al. [33], the following condition is imposed

along the contact line at the obstacle surface

ggiﬁi:tan (g —9), (6.1.1)

where 7; is the outward unit normal of the obstacle and summation convention is applied.

Condition (6.1.1) is suitable to describe the contact line along the wall of a cylindrical
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obstacle

N fluid

tangent

free surface

x3 = h(z1)

P Nobstacle

Figure 6.1: Schematic showing the two-dimensional definition of the contact angle.

obstacle with constant cross section, and located perpendicular to the undisturbed film
profile, i.e. ng = 0. This condition is an extension to three-dimensions of the two-
dimensional definition of the contact angle between a free surface and vertical wall, where
the slope of the curve describing the free surface at the contact point is (%Ll = tan(a) =
cot(f), and o = § — 6. The dot product of the normal vectors is cos(¢) = cos(m — ) =

2
—% (%) + 1, where the angle between the normal vectors is ¢ = 7 + «, and

2
therefore sin(y) = 1/4/ (f—;) + 1. A schematic for the two-dimensional definition of

the contact angle condition is shown in figure 6.1. Consequently, equation (6.1.1) gives
the slope of the curve defined by the intersection between a normal plane to the cylinder,
€;kN;0k3, and the free surface, at a contact point along the cylinder wall, i.e. the contact
angle is a measure from the cylindrical wall to the free surface along a normal plane to

the cylinder wall.

For flow around an obstacle, the integral formulation remains largely unchanged, but
two additional terms are present in the boundary integral equations (BIEs). Figure 6.2
indicates a schematic of the nomenclature used for flow around a cylinder. The free
surface is still labeled Sy along with the wetted obstacle surfaces Sé) l=1,...,N. The

obstacle domain is no longer closed solely by the wall .S,, and the wetted obstacle surfaces
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lth

Figure 6.2: Schematic showing nomenclature for flow around the I*"* cylinder.

SIlJ l=1,..., N, and thus virtual surfaces are introduced and labeled 5’}

To maintain the BIE formulation, (5.1.4) is modified to include integrals for the virtual

surfaces S },

b)) =~ [ G xo) () + G ()dS(

SLUS, (6.12)
1 * 1
o [ uEOOT x4 ()
Sé,ué}

The BIE formulation for the disturbance variables over the fluid domain (5.1.3) is un-

changed as the fluid film is not bounded by the virtual surfaces.

The term “virtual surface” is introduced as only the obstacle/fluid boundary Sé causes the
film flow to deform. The resulting film profile is physically independent of the geometry
of the virtual surface. The obstacle in all cases is bounded by the wall, the obstacle/fluid
surface S]la, defined between the wall and the fluid/obstacle contact line, and the the
virtual surface 5’} By similar derivations to those previously given in § 4.1 and § 5.1,
two BlEs are derived, one collocated over the free surface Sy and one over the wetted

obstacle surfaces SL. The BIE used for collocating over the free surface (equivalent to
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(5.1.5)) is
%u?(xo)—l—% / (%) T (3, %0) () dS (%)

/ G (x, x0) fi(x)dS (x)

SFu..uSy

/G x, %0) 2 (x)dS (x) (6.1.3)

/ G5 (%, x0) (/%) + Gy (x)) dS(x)

Slu uSN

_5 [T xmdse0 xe s,

31 SN
SfU...USf

For collocation of the obstacle surface a BIE (equivalent to (5.1.9)) is derived as

G7;(x,%0) fi(x)dS (x)

s

: f. 1
8 / G (%, %0) fi(x)dS (x) + o~
Sk

Su..uSyTlusSE T ULLUSY

=—u /G x,%0) [ (x)dS (x)

+ — [ wd (x)T55(x, %0)ni (x)dS (x) (6.1.4)

/ G (%, x0) (/2°(%) + Giny(x)) dS(x)

a1 SN
5;U..US

1
+ . / ug® (%) 1755 (%, X0) 15 (x)dS (x) Xg € Sp.

g1 SN
S5;U..USY

In summary the steady, gravity driven Stokes flow down an inclined plane and around an
obstacle is governed by solutions satisfying the BIEs (6.1.3) and (6.1.4), the kinematic
condition (4.1.8) and the dynamic condition (4.1.7), along with the far field equations
(4.1.5). As the obstacle protrudes through the free surface a contact line is present and
the contact angle condition (6.1.1) is also required. Flows around obstacles are governed
by: plane inclination angle «, the obstacle geometry, Bond number Bo and the contact

angle 6.
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6.2

Numerical Schemes

This section considers modifications to the numerical schemes used for a multiple ob-

stacle Stokes flow analysis as outlined in § 5.2 for film flows around multiple obstacles.

Developments in the numerical schemes involve meshing the circular cylindrical obsta-

cles and free surface, along with incorporation of the contact angle constraint within

the RBF interpolation of the free surface. Both of these are detailed later in respective

subsections.

The iterative procedure for finding solutions to flow around multiple obstacles differs

from that outlined for flow over an obstacle in § 4.2. The procedure used to obtain

solutions in the present case of flow around multiple obstacles is defined below, with the

unknown integral densities ul on Sy, and fi on 5’; U...J S]])V obtained.

(i)

(i)

(iii)

(iv)

(v)

Initially at the free surface elements mid-points x™ = (27", 2%"), a film profile is

defined by heights h with corresponding disturbance velocities uf.

The free surface heights h are interpolated using a radial basis function (RBF),

incorporating the far field and contact angle condition, and used to find:

(a) the heights at the nodal points of each free surface element x" = (z, 2%);
(b) the outward unit normal of the free surface at the element mid-points, x™;

(¢) the curvature of the free surface at the element mid-points, x".

The contact line is found, and the wetted obstacle surface S}, is meshed from the
wall S, to the contact line. In addition a mesh for the top of the obstacle 5’} is

also generated.

The disturbance boundary traction at the free surface element mid-points x™ is

calculated by use of the dynamic condition (4.1.27).

The obstacle boundary integral equations (BIEs) (6.1.4) are collocated over all
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obstacles/fluid surfaces Sf;, k=1,..., N for tractions ﬁ Solutions are obtained by

using the boundary element method (BEM).

(vi) The free surface BIE (6.1.3) is collocated over Sy for the free surface disturbance
velocities at each elements mid-points. It is noted that the height of the element
mid-points are approximated within this BEM formulation by the average of the

nodal point heights.

(vii) The kinematic condition (4.1.8) is applied with the current values of h and the
calculated values of uf at element mid-points x™, to find an updated set of h

defining the free surface.

(viii) The process is repeated from step 2 using the new film profile.

As outlined in chapter 4 for flow over an obstacle, the only place that the free surface
height is approximated within the iterative solution procedure is for collocation over
the free surface within the BEM. In all other calculations, the height at any mid ele-
ment location is associated with the interpolated surface. This limitation is caused by

implementing flat triangular elements within the BEM.

The numerical schemes required to solve the problem are now discussed. This includes
forms for the meshes used for the free surface, and obstacle (including the wetted sur-
face and the top of the obstacle), and the implementation of the RBF to evaluate the
free surface position and various quantities such as curvature and unit normal, whilst
constraining the contact angle (6.1.1). The BEM and near point integration schemes are

implemented as described in § 4.2

6.2.1 Surface Discretizations

The obstacle/fluid boundaries, free surface, and virtual obstacle tops all require dis-

cretization. Circular cylinders are modelled throughout, satisfying the contact angle
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constraint (6.1.1).

For circular cylindrical obstacles, the top edge of the cylinder was first considered with
the circular perimeter of the cylinder discretized by a polygon of specified resolution and
vertical lines subtended down its sides. In addition the height of the cylinder at each
polygonal vertex was split evenly into a number of slices. The intersections of these
two divisions form rectangular elements which were subdivided again into 4 triangular
elements by connection of the diagonal vertices. Illustration of typical meshes for cylin-
drical cylinders are shown in figure 6.3. In cases for flow over and around a circular
cylinder a form for the mesh on the top surface is required. The x1xo element distri-
bution of the top of the cylinder is generated by successive subdivision. This is slightly
more complicated than the case of a hemisphere as it is only the outermost element sides
that require translating onto the edge of the circle at each subdivision. At the end of the
subdivision process the vertical position is defined depending on the case analyzed. For
flow over a cylinder, each node is translated onto the sloped top of the cylinder, defined
by its height at the upstream location 1 = —a and the downstream location x; = a.
The height varies linearly in the x; direction between these two points. An example
mesh for the cylinder in this case is shown in figure 6.3a. For flow around a cylinder, the
top is defined by a RBF interpolation that also holds the normal gradients as zero on the
outer edge of the cylinder. The functional values that require evaluation on the surface
S ¢ are calculated using an inward pointing normal as defined by the RBF interpolation.

An example mesh for a cylinder with an interpolated top is shown in figure 6.3b.

Free surface meshes are modified from the earlier work considering flow over obstacles
to allow the obstacle to penetrate the free surface. Formation of the meshes for both a
single and multiple cylinder array is discussed below. In the case of a single cylinder the
mesh is formed in a similar fashion to that outlined for the refined multiple hemisphere
analysis in § 5.2. However, in the present case, there is no inner mesh and the transitional
mesh is instead used to fit the discretized profile for the cylinder’s contact line to the

outer mesh. Again the outer mesh is constructed from elements of the size 1.0 x 1.0 as
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Figure 6.3: Typical mesh for a cylindrical obstacle, with (a) a truncated top and (b)

an interpolated top.

found sufficient in earlier analysis. In each case the transitional mesh is formed by the
input parameters of the number of elements used to extend from the cylinder wall to the
outer mesh and the scaling of these elements. The choice of these parameters is made to
give a reasonable conversion from the smaller, cylinder element size to the larger outer

element size. A typical free surface mesh is shown in figure 6.4.

Free surface meshes for flow around multiple cylinders use alternative methods depending
on the separation distance between the cylinders. If the cylinders are sufficiently far apart
the mesh is formed by identical means to that outlined above, fitting the transitional
meshes locally within the global outer mesh. However, if the transition meshes from
each cylinder to the outer mesh overlap, then modification of this technique is required.
An intermediate mesh with smaller element size than the outer mesh is defined. The
cylinders are fitted to the intermediate mesh, and the intermediate mesh is then extended
to the outer mesh in a similar way to the mesh formation for multiple hemispheres. Figure

6.5 indicates a typical free surface mesh for the case where flow is around 3 cylinders
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T2
o

Figure 6.4: Typical free surface mesh for flow around a single cylinder of radius a =

1.0.

close to one another.

6.2.2 Radial Basis Function For Flow Around Cylinders

As for the case of flow over obstacles, a global Hermitian RBF interpolation of the fluid
free surface is implemented. The RBF (||x — &J|) allows incorporation of the far field
derivative conditions and also the contact line condition for each obstacle that penetrates
the free surface. As before the surface is interpolated using a thin plate spline RBF of the
form ¢ = r*logr, where r = ||x — &||, and is chosen to remove singularities of ¢ at r = 0
for up to and including its third derivative. To guarantee invertibility, an additional

polynomial of order 2 is required along with a homogeneous constraint condition.

The RBF can be used to constrain the free surface gradient at n far field points and n

contact line points. Surface displacements and derivatives 2% and 2% are represented
o1 0T
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Figure 6.5: Typical free surface mesh for flow around multiple cylinder of radius a =

1.0.
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The RBF interpolation forms a matrix representation h; = A;i;\; to be solved for the
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unknowns ;. Matrix A;; is given by,

v W fas thesy B

W e aenn Nagedn theseds o
Aij = o 622522 8?225[;2 g, 858125[;2 + %85%2 e | (6:24)

Al A2 A3 A4 A5

(P)T (52T (G (a0)" 0

where terms A' - A® are given by,

Al = ﬁxlgfl + ﬁ”g;/;’ (6.2.5)
A2 =y, 022(;21 + g, 858125@’ (6.2.6)
A3 = iy, 8?22521 + Tig, 322(91{1:2’ (6.2.7)
At =7y, <fz£1 322312 -+ fig, a?j;; 1> + Tigy (ﬁ& 822;; g, agaqi 2) . (6.2.8)
A = flegxpf ﬁ@gz. (6.2.9)

The obstacles unit normal at the point x7 is given by fi,; = (ﬁxj,fl ) , and the vector
1

J
T3

h; constructed from,

T
h; = oh  Oh x : 6.2.10

The RBF yields the position of the element nodal points, the outward unit normal and

the curvature.

A virtual top is generated to the obstacle that flow passes around, and this is also
interpolated using a RBF. In this case the RBF is defined in terms of the contact line
points, with the added constraint that the normal gradient of the cylinder around the
contact line is zero. This analysis is a reduced version of the above problem (omitting

the far field conditions, etc.) and no further details are presented. This interpolation
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allows the inward unit normal to be found, necessary for evaluating the traction values

on this surface, as used in BIEs (6.1.3) and (6.1.4).

6.3 Solution Profiles For Flow Around Obstacles

In this section results for flow around cylindrical obstacles on an inclined plane are
presented. Results are initially shown for flow around a single cylinder on an inclined
plane, with the possibility of solutions where both flow around and flow over an obstacle is
valid, satisfying all requirements and demonstrating the possibilities of multiple solutions.
Results for flow around multiple cylinders, and also the possibility of flow over, then

around identical cylinders spaced in the direction of the incoming flow are presented.

6.3.1 Solutions For Flow Around Single Obstacles

Before results are produced, a mesh analysis was conducted on a free surface in the
domain —8 < 7 < 10 and —8 < x9 < 8. The outer free surface mesh was based
on 1.0 x 1.0 elements, found to be sufficient to describe large free surface deformations
in chapter 4. Mesh considerations involve the number of vertical discretizations of the
cylinder wall, and the resolution of the transitional mesh of the free surface connecting

the cylinder to the outer meshes.

The obstacle discretization is governed by two key parameters, the circumferential dis-
cretization and the vertical discretization. Circumferentially, the cylinder is discretized
32 times, identical to that found optimal for the base of a hemisphere in earlier sections.
Vertically, the cylinder was discretized into segments and profiles changed nominally
with selection. Five vertical discretizations are used for the cylinder mesh, producing
solutions which appear invariant to further refinement, and also helping to maintain the

regularity of the mesh when large displacements are found between the upstream and
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Figure 6.6: Centre line solution at the upstream edge of the cylinder indicating the
transitional mesh resolutions described in table 6.1 for flow around a

cylinder of radius a = 0.5.

downstream contact position on the obstacle.

The transitional mesh of the free surface involves a more complicated analysis. Input
parameters involve the number of elements used to extend from the cylinder wall to
the outer mesh and the scaling of these elements, so that they can be biased towards
the cylinder wall. Four cases were considered with the number of elements and scaling
values for each analysis shown in table 6.1. Solutions for these four transitional mesh

resolutions are shown in figure 6.6.

All transitional mesh regimes are found to give accurate portrayals of the global flow
profile. However, the effects of the contact line condition on the flow profile local to
the cylinder is marginally affected by the transitional mesh resolutions used, especially
for the case of an unrefined transitional discretization. As the mesh is progressively

refined the solutions tend towards a converged solution. However, it is found that use of
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Number of Elements | Transitional Element Scaling Factor
Unrefined 4 0.60
Satisfactory 5 0.60
Refined 6 0.65
Very Refined 7 0.70

Table 6.1: Transitional free surface mesh regimes.

the “refined” mesh (see table 6.1 and figure 6.6) is adequate to accurately represent the
flow regime around the cylinder and it is this transitional mesh resolution that is used
throughout for cylinders of radius a = 0.5. For larger cylinders, the transitional mesh
is changed but each time analyzed to maintain a similar resolution of elements as found
sufficient for the a = 0.5 case considered here. For some results, the far field is extended

to help maintain convergence and sufficient decay of the free surface disturbance.

Figure 6.7 shows the full free surface for flow around a cylinder of radius a = 2.0. The
flow was down a plane inclined at o = 45° and the film has a Bond number Bo = 0.89
corresponding to an inverse Bond number of 1 as defined in (4.3.1) and used by Blyth
and Pozrikidis [31]. The contact angle at the cylinder walls was constrained to 6 = 90°.

A typical obstacle mesh can be seen in figure 6.3.

Figure 6.8 shows the streamlines for flow around a circular cylinder attached to a plane
inclined at 45°. The cylinder has a radius of a = 0.5 with a contact angle condition of
0 = 90° specified on the cylinder wall. The flow has an inverse Bond number of B = 1.
Streamlines close to the cylinder are deflected upwards, as well as around the cylinder.

In addition, as with the film profiles, solutions show symmetry about the plane xo = 0.

Figure 6.9a illustrates solutions for a range of inverse Bond numbers B. Flow is down
a plane inclined at o = 45° around a cylindrical obstacle of radius a = 0.5. The free
surface/obstacle interface was modelled by a contact angle of § = 90°. Increasing the

inverse Bond number (i.e. raising the ratio of surface tension forces to gravitational
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Figure 6.7: Three-dimensional solution profile for flow around a large cylinder of ra-
dius @ = 2.0. The plane is inclined at o = 45°, the contact angle is set to

0 = 90° and the inverse Bond number is B = 1.

forces) results in a flattening of the centre line profiles. The far field truncation is
extended for large B due to the large distances required for the free surface to return
to a completely flat profile in these cases. In addition the deepest point behind the
obstacle moves from the cylinder wall further downstream for the cases of large B. This
is due to the relatively large upstream peak forcing fluid on the downstream edge of the
obstacle up the cylinder wall due to the strength of the surface tension. Values of the
maximum and minimum film deflection are given in figure 6.9b for a fixed geometry and
indicate the dependence of film deflection on inverse Bond number B, corresponding to
the results in figure 6.9a. Results show a similar trend to flow over a hemisphere, as

shown in figure 4.18. As the the inverse Bond number increases, the amplitude of both
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Figure 6.8: Pattern of streamlines starting at x3 = —0.5 upstream of the cylinder and
for a range of x5 locations. Flow is around a circular cylinder of radius
a = 0.5, on a plane inclined at o = 45°. The flow has an inverse Bond

number of B =1 and the contact angle is § = 90°.

the peak and trough deflection decrease. The peak heights are affected more severely due
to the higher curvature values in this region of the free surface. In addition, values for

peak height and trough depth appear to tend towards constant values as B is increased.

Figure 6.10 shows the contact line profile around the cylinder wall for the range of inverse
Bond numbers B depicted in figure 6.9. Raising the inverse Bond number flattens the
flow profiles around the cylinder wall. Intersection of the contact line profiles occurs
over a relatively small range of angular positions along the cylinder, between 0.67 — 1.06

radians upstream of the position z1 = a.
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Figure 6.9: Solutions for flow at various inverse Bond number B, down an inclined
plane at o = 45° around a cylinder of radius a = 0.5 and contact angle
6 = 90°. Part (a) shows centre line free surface elevations and (b) values

of maximum and minimum deflection as inverse Bond number changes.
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Figure 6.10: Contact line solutions for free surface deflections on a plane inclined at
«a = 45° around a cylinder of radius @ = 0.5. The flow has various values
for inverse Bond number B. The contact angle at the cylinder wall is

0 = 90°.

Figure 6.11a illustrates solutions for a range of plane inclination angles a. Flow is for an
inverse Bond number B = 1 and around a cylindrical obstacle of radius a = 0.5. The free
surface/obstacle interface was modelled by a contact angle of § = 90°. Increasing the
inclination angle results in a raising of the peak before the obstacle. The trough depth
behind the obstacle varies depending on the wall angle used. This is in comparison with
the earlier results for flow over hemispheres where a steeper plane inclination resulted
in a shallower trough behind the obstacle. The peak location in front of the obstacle
is unaffected by a decrease in plane angle. Figure 6.11b illustrates the dependence of
maximum and minimum film height on plane inclination angle, «, as seen in figure
6.11a. The values of peak film height follow a similar trend to the results for flow over
a hemisphere as shown in figure 4.19. As the plane angle is increased the maximum film

height increases, but at a progressively slower rate. The minimum film height does not

133



CHAPTER 6: STOKES FLOW AROUND OBSTACLES

follow the monotonic trend of figure 4.19; the trough is seen to initially deepen as the

plane inclination is raised, before becoming progressively less shallow.

Figure 6.12 illustrates the contact line profile around the cylinder wall for the range of
inclination angles depicted in figure 6.11. The steep planes cause a raise in the contact

height upstream of the obstacle.

Figure 6.13a shows the smoothed centre line solutions for flow around a range of cylinders
with varying radii. Flow is for an inverse Bond number B = 1 and down a plane inclined
at o = 45°. The obstacle was chosen to be neutrally wetting, (i.e. the contact angle
was 6 = 90°). Increasing the cylinder radius results in a raising of the peak before the
obstacle and a deepening of the trough behind it. This is a similar trend to that found
earlier, and shown in figure 4.9. Figure 6.13b shows values of maximum and minimum
film deflection for solutions shown in figure 6.13a, indicating the dependence of film
deflection on cylinder radius, a. There is an approximately linear dependence for both
cases, with the maximum film height increasing and the minimum film height decreasing,

with cylinder radius.

Figure 6.14 illustrates the contact line profile around the cylinder wall for the range of
cylinder radii depicted in figure 6.13. The large cylinders cause a rise in the contact height
upstream of the obstacle and a lowering of the contact height downstream. Interestingly,
intersection of the contact line profiles occurs at an approximately fixed angular position
along the cylinder, between 0.94 — 0.98 radians upstream of the position z; = a. Further
refinement of the mesh around the cylinder may cause this range of angular position to

diminish.

Figure 6.15a shows the smoothed centre line solutions for flow around a cylinder of
radius 0.5. Flow is for an inverse Bond number B = 1 and down a plane inclined at
a = 45°. The solutions show a range of wetting and non-wetting flow configurations
corresponding to a range of contact angles 6. Decreasing the contact angle results in

a raising of both the peak height before the obstacle and the trough behind it. In
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Figure 6.11: Solutions for flow around a cylinder of radius @ = 0.5 and contact angle
f# = 90° with an inverse Bond number B = 1 and down a plane of various
inclinations. Part (a) indicates the centre line solutions and (b) values

of maximum and minimum deflection as the plane inclination changes.
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Figure 6.12: Contact line solutions for free surface deflections for flow down a plane
at various inclination angles and around a cylinder of radius a = 0.5.
The flow has an inverse Bond number of B = 1 and the contact angle

at the cylinder wall is 6§ = 90°.

addition for wetting obstacles, maximum peak height occurs on the cylinder wall instead
of a small distance from the cylinder. In contrast the non-wetting obstacles cause the
minimum of the trough to occur at the cylinder instead of a small distance downstream
of the obstacle. Figure 6.15b shows the trend of maximum and minimum film height for
contact angle 6, with values corresponding to the results in figure 6.15a. Results show
that for 6§ < 909, the maximum heights decrease approximately linearly with increasing
#, and corresponds to film profiles where the peak occurs at the cylinder wall. Maximum
heights for 8 > 90° decrease at a slower rate, corresponding to peak film heights occurring
away from the cylinder wall. For § < 90° but increasing, the trough depth decreases at a
slow rate, corresponding to cases where the film minimum occurs away from the cylinder
wall. For 6 > 90°, minimum heights decrease more quickly, and approximately linearly

with increasing 6, corresponding to results where the film minimum occurs against the
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Figure 6.14: Contact line solutions for free surface deflections around a cylinder of
varying radius, with inverse Bond number B = 1 and down a plane

inclined at o = 45°. The contact angle at the cylinder wall is § = 90°.

cylinder wall.

Figure 6.16 shows the contact line profiles around the cylinder wall for the range of con-
tact angles depicted in figure 6.15. As the contact angle is raised, the contact line profile

becomes sharper due to its greater effect downstream than upstream of the cylinder.

6.3.2 Multiple Solutions

The existence of multiple solutions for flow down a vertical plane will be demonstrated.
Multiple solutions occur, when for the same flow parameters (i.e. Bond number, plane
angle and obstacle geometry), flow can either exist completely submerging the obstacle
or flowing around the obstacle. Take @ = 90°, Bo = 1 and a cylinder radius a = 0.5,

and for flow around a cylinder the static contact line angle is set at § = 105°. The
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Solutions for various contact angles applied at the cylinder of radius
a = 0.5 attached to a plane inclined at o = 45°. The flow has an inverse
Bond number B = 1. Part (a) indicates the centre line solutions and (b)

values of maximum and minimum deflection for various contact angles.
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Figure 6.16: Contact line solutions for various contact angles at the cylinder wall.
The free surface deflections are around a cylinder of radius a = 0.5 on
an inclined plane at o = 45° and the flow has an inverse Bond number

B=1

free surface was solved in the domain —8 < 1 < 10 and —8 < 29 < 8 with the zero
gradient far field conditions implemented. For the outer mesh, and for the complete flow-
over mesh the surface was discretized into 36 x 32 elements (neglecting an inner refined
region for the flow-over discretization). The previous transitional mesh for flow around
the cylinder was retained, utilizing 6 elements with scaling factor 0.65. The cylinder
was discretized by splitting the walls into five rows of elements, and the circumferential
mesh (and top) of the cylinder was generated by four successive subdivisions. For flow
over the cylinder, a parameter continuation method is adopted as for the case of large
hemispherical obstacles already considered. This allows the cylinder to be increased

above the undisturbed film height, allowing multiple solutions to be found.

Figure 6.17 indicates that the flow profile around a cylinder is below the top of the

truncated cylinder used to obtain flows over a cylinder. The truncated cylinder varies
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Figure 6.17: Comparison of the sloped cylinder top between x3 = 0.42 and x3 = 0.12,
and contact line for flow around the cylinder of radius a = 0.5. The flow
is down a vertical plane (o = 90°), with a Bond number Bo = 1.0, and

a contact angle of # = 105°.

linearly between x3 = 0.42 and z3 = 0.12. Thus multiple solutions exist for this set of
flow parameters. Figure 6.18 indicates the corresponding centre line solutions for zo = 0
and 1 = 0. The flow intersected by the obstacle is subject to a 105° contact angle,
and as such it is clearly seen that any more severely non-wetting obstacle can exhibit

multiple solutions in this scenario.

For flow over or around a given cylinder, the existence of multiple solutions for varying
flow parameters can be examined. Analysis is conducted for a cylinder of radius a = 0.5
with top sloped linearly in the z; direction between heights z3 = 0.3 and x3 = 0.0. The
cylinder geometry is fixed and possible multiple solutions obtained for variations in the
inverse Bond number B, and plane inclination angle . For flow around the cylinder,

three contact angles are analyzed, 6§ = 90°,105°, 120°. Possible multiple solutions are
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Centre line solutions in the (a) x; and (b) xo direction for flow over
and around a cylinder of radius a = 0.5 and top sloped linearly between
x3 = 0.42 and z3 = 0.12. The flow is down a vertical plane (o = 90°),

with a Bond number Bo = 1.0 and the contact angle is § = 105°.
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characterized by the maximum film height of the fluid flow.

Figure 6.19 provides a map of solutions, characterized by maximum film height, for flow
over or around the prescribed cylinder for variations in the inverse Bond number B.
The plane inclination is fixed at @ = 90°. Black lines indicate results for flow over the
cylinder, and coloured lines results for flow around the cylinder for the three selected
contact angles. Results are produced for the values of B indicated in the figure. For
flow over the cylinder, an inverse Bond number of B = 1 is considered, and progressively
increased. Numerical simulations are successful up to and including B = 1.6, with the
numerical method found to fail within the region 1.6 < B < 2. This is indicated in
the figure by | — and is a consequence of the free surface impinging on the top of the
truncated cylinder. For flow around the cylinder, results are obtained for B = 5, and the
inverse Bond number is progressively reduced until the flow no longer remains below the
top edge of the cylinder with failure indicated in the figure by < |. For § = 90° results
are obtained for B > 3.5, with failure in the region 3 < B < 3.5 and for 8 = 105° results
are found for B > 1.6, with failure in the region 1.2 < B < 1.6. When a contact angle
of § = 120° is used, results are obtained for all B considered. For values of B < 1.6, two
distinct solution are possible corresponding to both flow over and flow around a circular
cylinder of finite height. In all cases the regions of failure can be refined by evaluation

of the flow at a greater number of inverse Bond numbers.

Figure 6.20 indicates the existence of possible twin solutions, characterized by maximum
film height, for flow over or around the prescribed cylinder for variations in the plane
inclination angle . The inverse Bond number of the flow is constrained to B = 1. A
black line indicates results obtained for flow over the cylinder, and coloured lines results
for flow around the cylinder with the three different contact angles prescribed. Results
are produced for the values of « indicated in the figure. When flow is over the cylinder,
a plane inclination of o = 90° is considered, and progressively reduced. Numerical
simulations are successful for plane angles down to and including a = 54°, with failure

of the numerical method in the region 45° < o < 54°. This is indicated in the figure
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Figure 6.19: Map of possible solutions for flow down a vertical plane (o = 90°), over
and around a cylinder of radius ¢ = 0.5 with top sloped between z3 = 0.3
and x3 = 0.0. Results are illustrated by maximum film height, hpy. at

a given inverse Bond number B for three different contact angles.

by « | and is a consequence of the free surface impinging on the top of the truncated
cylinder. For flow around the cylinder, results are obtained for o = 9°, and the plane
is progressively steepened until the flow no longer remains below the top edge of the
cylinder, with failure indicated in the figure by | —. For 6 = 90° results are obtained for
a < 18° with failure in the region 18° < a < 27° and for § = 105° results are produced
for @ < 36° with failure within 36° < a < 45°. When a contact angle of = 120° is
used, results are obtained for all plane angles considered. For values of o > 54° both
solution for flow around and over the cylinder are obtained, identifying the possibility
of multiple solutions. Refinement of the failure regions can be achieved by evaluation of

flows at a greater number of plane inclination angles.

Failure to produce solutions in the cases considered in figures 6.19 and 6.20 corresponds
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Figure 6.20: Map of possible solutions for flow with an inverse Bond number of B =
1.0, over and around a cylinder of radius a = 0.5 with top sloped between
x3 = 0.3 and z3 = 0.0. Results illustrate maximum film height, Ay at

a given plane inclination angle «, for three different contact angles.

to non-convergence of the iterative approach when finding the position of the contact line.
As commented before, in the case of flow over the cylinder the solution breaks down when
the free surface approaches the top surface of the cylinder given that in its formulation no
contact condition is considered. On the other hand, the case of flow around the cylinder
is more complex since as the film thickness grows the contact line can move from the
cylinder wall to its top surface, with the possibility that the wall and part of the top are
simultaneously wetted. The numerical formulation for flow around obstacles presented
in this chapter, only considers cases where the contact line is defined along the cylinder
wall (see comments given after equation (6.1.1)), and therefore the wetting of the top
surface of the cylinder cannot be predicted. It appears that in the cases considered for
flow around the cylinder, the breakdown of the solution occurs when the flow condition

is such that the fluid tends to overcome the obstacle, partially wetting the top of the
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cylinder (dry spot). The results reported in figures 6.19 and 6.20 are consistent with this
condition; in the case of # = 90° the maximum film height is found at the contact line
and consequently failure is expected when the maximum film height approaches the top
of the cylinder, i.e. hymax = 0.3, while in cases when 6 > 90° (non-wetting condition) the
maximum film height is found inside the fluid domain, in front of the cylinder, with a
smaller value at the contact line (see figures 6.15 and 6.16). Therefore, as reported in
figures 6.19 and 6.20 for non-wetting conditions, it is possible to have a maximum film

height larger than the cylinder height without submerging it.

The most significant feature observed in these results is the possibility of having multiple
solutions, i.e. flow over and around the cylinder, given the same asymptotic upstream
flow conditions when the cylinder wall has a non-wetting contact condition (6 > 90°)

applied.

6.3.3 Solutions For Flow Around Two And Three Cylinders

This section considers the flow profiles for Stokes flow around two and three cylinders
in a range of configurations. For flow around two cylinders, a range of relative obsta-
cle locations are considered. For two cylinders lying in-line with the flow direction, a
parameter analysis is considered, where effects of changing the inverse Bond number B,

plane inclination angle «, cylinder radius a, and contact angle 6 are investigated.

Comparison of flow around two cylinders, of equal radius ¢ = 1.0 and spaced symmetri-
cally with respect to the axis by (z1,,,,72,.,) are considered with the cylinders centred

on (im;e" , im%) Flow in each case has a Bond number Bo = 1.0 and is down a plane

inclined at av = 45°. A contact angle condition of § = 90° is prescribed. Flow around a
single cylinder located at (0,0) has far field locations —8 < x; < 13 and —8 < x5 < 8
and this is extended similarly to that described in the previous chapter for flow over two

hemispheres.
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Figure 6.21 illustrates the centre line (z9 = 0) profiles of surface elevation for flow

around two cylinders in-line with the incident flow and with various spacings. Compar-

Tlgep

5%,0). For all cases of

ison profiles are given for flow around a single cylinder at (4
obstacle separation, the flow profile generated by the upstream cylinder appears to be
close to the profile for a single cylinder. When the separation is increased, flow around
the downstream cylinder approximates more closely the deformation caused by a single
obstacle. As the separation increases the wake decays after the leading cylinder and
the incident flow configuration to the rear obstacle approaches that of an undisturbed
flow. As the obstacles are moved closer together the peak height incident on the cylinder
wall decreases. For z1,,, > 6, the flow around the rear obstacle stems from the same
location on the back edge of the upstream cylinder. The flow height on the back edge of
the downstream cylinder is slightly reduced as the obstacles are brought closer together,

although any changes are small. For 1, = 4, the profile fundamentally changes, with

sep
the film height on the back edge of the upstream cylinder raised significantly, and the
film height at the upstream edge of the rear cylinder lowered. The flow profile in this

case is shown as a contour plot in figure 6.24, for xy,,, = 4 and o, = 0.

sep

Figure 6.22 shows the centre line (z7 = 0) profiles for flow around two cylinders symmet-

rically positioned perpendicular to the incoming flow direction. Dashed profiles indicate

L25ep

the flow profiles around a single cylinder at (0, ==

). For large separations (x2,,, > 6),
the profiles around the double obstacle are accurately approximated by the flow profiles
for two single obstacles, with the outer regions of the flow profiles remaining consistent
with the corresponding single obstacle solution. The lowest free surface height in the
merged inner region of the flow slowly increases from the undisturbed film height as the
cylinders are brought closer together. For xy_ , = 4, the outer regions of the flow profile
differ from the corresponding single obstacle analysis, with a raised contact point on the
cylinder wall. The film height of the inner region is raised significantly as the flow is

forced through the small gap between the cylinders. A contour plot of this profile is

shown in figure 6.24, for z1,,, = 0 and zo,,, = 4.
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Figure 6.21: Centre line profiles for various cylinder separations x1_,, in line with the
flow. The flow has a Bond number of Bo = 1.0, is down a plane inclined

at a = 45°, and the cylinder has a radius of @ = 1.0, and contact angle

of 6 = 90°.
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pendicular to the flow. The flow has a Bond number of Bo = 1.0, is down

a plane inclined at o = 45°, and the cylinder has a radius of a = 1.0

and contact angle of § = 90°.
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0.6

Figure 6.23: Three-dimensional solution profile for two cylinders separated by z1,,, =

4,z9 = 4. Flow parameters are; Bo = 1.0, a = 1.0, a = 45°, and

sep

6 = 90°.

Figure 6.23 shows the full free surface for the analysis of flow around two off-set cylinders

separated by x xo.. = 4. The flow is incident to the first cylinder, and as the

sep = sep

flow peak splits around the obstacle, one of these raised ridges is incident onto the
downstream cylinder. This thicker film region causes the peak formed around the rear
cylinder to increase, before decaying with a typical wake structure for a single cylinder.

The individual profiles around each cylinder are sufficiently close to exhibit interaction

with each other as is illustrated by the associated contour plot in figure 6.24.

Figure 6.24 illustrates three contour plots for the obstacle configurations corresponding

to figures 6.21, 6.22 and 6.23. Taking x1,,, = 4,72,.,, = 0 the flow is symmetric about
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x2 = 0 and the highest points on the free surface occur on the upstream edge of the
two cylinders. The rapid rise in film height is shown between the two cylinders as the
trough from the leading cylinder develops into the peak of the downstream obstacle.
The centre line plot for this flow can also be seen in figure 6.21. The contour plot for
the case r1,,, = 0,z2,,, = 4 illustrates just a single, wide peak occurring and covering
the leading edges of the two cylinders. The peak decays into a trough just behind
each of the cylinders, with the raised flow forced between the cylinders decaying to the
undisturbed film height further downstream. The contour plot for the non-symmetric

case r1,,, = 4, 72,,, = 4 shows the contours of flow around two off-set cylinders with the

sep
downstream cylinder generating a slightly larger peak. The rear cylinder is seen to lie
in the decaying peak of the upstream cylinder causing the range of this peak to extend

further downstream.

A parameter analysis is conducted demonstrating the effects of altering the inverse Bond
number B, plane inclination angle «, obstacle radii a, and contact angle 6. An inline
configuration with 1, = 8 is taken. Default values for the flow parameters include an
inverse Bond number of B = 1, a plane inclination angle of a = 45°, circular cylinders of
radius a = 1.0, and a contact angle condition of § = 90°. In each case, three parameters

are chosen from above and the effects of altering the fourth analyzed.

Figure 6.25 illustrates the surface elevation along the centre line (zo2 = 0) for variations
in inverse Bond number, with an increase in B showing a flattening and smoothing of
the profiles associated with an increase in surface tension. For B = 1, the centre line
profiles undergo large variations in film height. The effects of increasing B is to raise the
lowest points and lower the highest points of the film, minimizing the deformation of the
free surface. In common with the single obstacle analysis shown in figure 6.9 and the
earlier dual hemisphere analysis, the inverse Bond number causes the film disturbance

to span a greater region upstream in the x; direction.

Figure 6.26 illustrates the centre line (zo = 0) surface elevations for changes in the plane
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Figure 6.24: Contour plots for (x1,,,,22,.,) = (4,0),(0,4),(4,4), for flow around

cylinders of radius @ = 1.0. Other flow parameters are; Bo = 1.0,

a =45°, and 6 = 90°.
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Figure 6.25: Centre line solution profiles for two cylinders separated by 1, , = 8,
indicating the effects of varying the inverse Bond number B. The plane
is inclined at a = 45°. The cylinder radius is ¢ = 1.0, and a contact

angle of 8 = 90° is used.

inclination angles a. It is noted that the steeper the plane wall, the larger the peak
that is formed on the cylinders. Interestingly the larger cylinders analyzed here when
compared to results shown in figure 6.11 show the film height on the downstream edge
of the cylinder to be raised as the plane angle is decreased. This is in contrast to the
single cylinder results which showed the downstream location to be close for all plane

angles and not monotonic.

Figure 6.27 shows the centre line (zo = 0) profiles for variations in cylinder radius.
Larger cylinders cause greater deformations of the free surface, with increasing peak
and decreasing trough heights around the upstream cylinder. In addition, the trough of
the downstream cylinder is lowered with increasing cylinder radius. The corresponding

peak at the downstream cylinder for successive heights a = 0.5,1.0,1.5 is increased,
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Figure 6.26: Centre line solution profiles for two cylinders separated by z; = 8,

sep

indicating the effects of varying the plane inclination angle «. The flow
has an inverse Bond number of B = 1.0, and the cylinder radii are

a = 1.0. The cylinder contact angle is § = 90°.

however the peak height on the centre line associated with a = 2.0 is actually lower than
the corresponding height for a = 1.5. In this latter case the deeper trough behind the
upstream cylinder, associated with a = 2.0, forces the peak at the downstream cylinder

to be reduced due to the large variation in film height necessary.

Figure 6.28 shows the centre line (z2 = 0) profiles for variations in the contact angle
at the cylinder/free surface interface. Results show the profiles are altered significantly
depending on whether a wetting or non-wetting condition is applied at the cylinder.
It is interesting to note the global effect of this local parameter variation. When a
wetting condition is applied i.e. § < 90°, the peaks maximize at the cylinder wall, and
the minimum flow height is found a small distance from the cylinder. For non-wetting

cylinders i.e. § > 90°, the peak heights occur away from the cylinder wall and the flow
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Figure 6.27: Centre line solution profiles for two cylinders separated by ;. = 8,

sep

indicating the effects of varying the cylinders radii a. The flows inverse
Bond number is B = 1.0, and the plane is inclined at o = 45°. The

contact angle at the contact line is 8 = 90°.

height minimizes at the point of contact. These results are consistent with the case of a

single cylinder (see figure 6.15).

The flow around three cylinders in two geometrical configurations is considered. Flow
is taken down a plane inclined at @ = 45° and has a Bond number Bo = 1. Flow is
around circular cylinders of radius a = 1.0, with a contact angle condition of 6 = 90°
applied. Cylinders are positioned in a syminetrical triangular array, with either a twin
or single leading cylinder considered. A twin leading configuration is illustrated in figure
6.29 and consists of the upstream flow incident on two cylinders spaced perpendicularly
to the flow direction at centres (—2,—2),(—2,2). This is followed by a trailing cylinder
centered at (2,0). The configuration shown in figure 6.30 consists of the upstream flow

incident on one obstacle centered at (—2, 0) followed by two downstream cylinders spaced
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Figure 6.28: Centre line solution profiles for two cylinders separated by 1., = 8,
indicating the effects of varying the static contact line angle 6. The
inverse Bond number is B = 1.0, the plane is inclined at o = 45° and

the cylinder radii is a = 1.0.

perpendicularly to the flow direction with centres at (2, —2), (2,2). For both cases, three

peaks are clearly seen incident to the upstream edges of each cylinder.

6.3.4 Flow Over Then Around Identical Cylinders

The capability of the numerical method is demonstrated by considering the flow configu-
ration of two identical cylinders, aligned in the direction of the flow, where the film passes
over the leading cylinder, but due to the surface depression from its wake passes around
the downstream cylinder. Flow is down a plane inclined at o = 907, the cylinder radii is
a = 1.0 and the flow has a Bond number of Bo = 1.0. For the rear cylinder, a contact
angle is prescribed and minimized whilst still maintaining the flow to pass around the

prescribed cylinder. The upstream cylinder top is sloped linearly in the direction of the
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0.8

Figure 6.29: Three-dimensional solution profile for three cylinders located at (—2, 2),
(—2,-2), (2,0). The Bond number of the flow is Bo = 1.0, the plane is
inclined at o = 45°, and the cylinder radii and contact angle are a = 1.0

and 6 = 90° respectively.

flow and meshed as described earlier in this chapter.

This is an extension of the multiple solution work presented earlier. If the cylinders sep-
aration approaches oo in the x; direction, then the flow will fully return to its upstream
form and the two profiles (over and around the cylinder) can be formed. As the obstacles
are brought closer together the effects of the wake behind the upstream cylinder will act

to relax the constraining contact angle condition necessary at the downstream cylinder.

A cylinder with a sloped top between x3 = 0.6 at the upstream edge and x3 = 0.0 at

the downstream edge is considered. Flow profiles over and around a single cylinder,
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0.7

0.6

Figure 6.30: Three-dimensional solution profile for three cylinders located at (-2, 2),
(=2,-2), (2,0). The Bond number of the flow is Bo = 1.0, and the plane
is inclined at ao = 45°. The cylinder radii are ¢ = 1.0, and a contact

angle of 8 = 90° is applied at each contact line.

corresponding to the theoretical case of infinitely spaced cylinders, and double obstacle
solutions with spacings z1,,, = 8 and w1, = 4 are produced. In each case the contact
angle 6 is minimized whilst maintaining flow around the prescribed cylinder. Table
6.2 indicates the necessary minimum contact angle required to force flow around the

downstream cylinder.

Figure 6.31 shows four solutions, the first two indicate the centre line solutions for a
single obstacle analysis for flow over, and around the prescribed cylinder. For multiple
solutions to be produced, the contact angle at the cylinder wall is constrained to § > 111°.

The final two centre lines indicate multiple solutions for flow over then around identical
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6 =111° |

6 =104 |

0 =100° |

-1 ! 1 ! 1 J
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z1(z1,,, =4)(v2 =0)

Figure 6.31: Centre line profiles for flow over and around a single cylinder and over

then around two cylinders at finite separations. The contact angle is
minimized whilst maintaining flow around the cylinder. Flow parame-

ters are; Bo = 1.0, a = 90°, and a = 1.0.
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71,., | Minimum Contact Angle ¢

00 111°
8 104°
4 100°

Table 6.2: Minimum contact angles required for flow to pass around the downstream
cylinder, of radius a = 1.0 and top sloped linearly in the z; direction

between x3 = 0.6 and z3 = 0.0

——— Cylinder Top

o8k ———— Contact Line (z1,,, — 00)(0 = 111°)
——— Contact Line (z,,, = 8)(6 = 104°)
Contact Line (z1,,, = 4)(0 = 100°)

0 1 2 3 4 5 6
Angular Position On Cylinder
Figure 6.32: Contact line solutions for flow around each of the cylinders in figure
6.31, confirming that flow is always below the top of a cylinder of radius
a = 1.0 with top sloped between x3 = 0.6 and x3 = 0.0. The flow has a

Bond number of Bo = 1.0, and the plane is vertical (o = 90°).
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cylinders spaced by finite separations z1,,, = 8 and 4. As the cylinders are moved closer
the profiles over each obstacle interact more severely and the contact angle condition

necessary at the downstream cylinder is reduced.

Figure 6.32 illustrates the contact lines and cylinder top for the three scenarios for flow
around a cylinder depicted in figure 6.31. Clearly in each case the flow profiles remain
below the cylinder top, and in general as the cylinders are brought closer together, a

flattening of the highest region of the profiles occurs.
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Small Inertial Effects Of Flow Over
And Around Obstacles

Film profiles so far have been modelled using a Stokes flow approximation, and although
typical film flows within a bearing chamber often have low Reynolds number, the effects of
the convective term may still be relevant regarding the free surface and velocity profiles.
This chapter considers small inertial effects for film flows both over and around circular

cylinders.

Section 7.1 overviews existing literature for the analysis of flows at low Reynolds num-
ber. Within this literature, the validation of numerical schemes is usually conducted
for flow in a lid-driven cavity. Due to the size of the three-dimensional film domain,
an efficient numerical algorithm for evaluation of the convective term within the Navier
Stokes equations is required. Section 7.2 considers flow in a three-dimensional lid-driven
cavity for analysis of a computationally efficient numerical algorithm used to evaluate
low Reynolds number flows. Solutions to the Navier-Stokes equations are found via the
boundary element method (BEM) using an iterative technique. Conventional methods
linearly approximate the convective term and solve for domain velocities and unknown
boundary variables together. An alternative, more efficient approach where the convec-
tive term is evaluated directly from a previous estimate is considered, and the homoge-

neous and particular components of the flow are solved separately. In addition, to further
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reduce the computational requirements of the flow problem, a local mass conservative in-
terpolation for the velocity field is implemented. Section 7.3 considers the inertia effects
for film flows over and around circular cylindrical obstacles, using the efficient numerical

algorithms developed for the case of a lid-driven cavity.

7.1 Literature Review

The boundary element method (BEM) is a well established technique for solving Stokes
flow problems. However difficulties occur when extending the formulation to the non-
linear problem of finite Reynolds number flows. In these cases the integral representations
contain domain integrals caused by the convective term, and the evaluation of these

integrals is a major aspect of current research.

The domain integrals within the formulation can be solved effectively using techniques
such as finite difference approximations (FDAs) and the finite element method (FEM).
However these methods result in the loss of the boundary-only nature of the formu-
lation. Methods have been developed which transform these domain integrals to the
boundary, for example the dual reciprocity method (DRM) and the particular integrals
technique (PIT) as developed by Nardini and Brebbia [43] and Ahmad and Banerjee [54]
respectively. In the latter method, solutions are decomposed into a homogeneous and
particular component satisfying the corresponding homogeneous and non-homogeneous
partial differential equations (PDE). The particular solution fails to satisfy the bound-
ary conditions of the problem, and thus the boundary conditions of the homogeneous
PDE are modified to retain the original boundary conditions. The homogeneous PDE is
solved by the corresponding integral equation with these new boundary conditions ap-
plied. This particular solution concept is used within the DRM but instead of solving for
homogeneous and particular components separately, the domain integral is converted to
boundary integrals by use of the divergence theorem. As the non-homogeneous convective

term is unknown for this analysis, both the PIT and DRM approaches are numerically
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equivalent.

The later work by Power and Botte [55] used a particular solution technique (PST)
to solve low Reynolds number flow in a lid driven cavity. The formulation is based
on the PIT approach, with the numerical procedure solving for the homogeneous and
particular components separately. In addition an indirect BEM is used for solution of
the homogeneous component. This PST method offered substantial benefits to the DRM

and PIT models, reducing the computational cost of the numerical procedures.

When solving the Navier-Stokes equations, the nonlinear convective term requires accu-
rate values for the derivatives of the velocity field. Conventional methods use a standard
interpolation for the velocities, from which the derivatives can be found. However, these
methods do not satisfy mass conservation causing inaccuracies, especially in regions of
coarse mesh, or high velocity gradients. Use of a mass conservative interpolation was

introduced by Florez and Power [56], and will be implemented throughout this chapter.

Solution of the Navier-Stokes equations using the DRM or other similar approaches often
results in numerical schemes that require excessive computational requirements. Specif-
ically, in cases where a mass conservative interpolation of the velocity field is used, both
RAM and CPU time necessary to conduct the global radial basis function (RBF) in-
terpolation may become prohibitive. Thus a local mass conservative RBF interpolation
may be considered, with the possibility of significantly reducing the computational re-
quirements. Local interpolations are discussed briefly in chapter 3, and Yamada et al.
[57] show that despite the RBF interpolation being globally defined, it exhibits local

behaviour when reconstructing the approximated function.

Reducing the computational requirements necessary for finding flow profiles at low
Reynolds number is a priority. Thus, for the case of three-dimensional film flows at
low Reynolds number, the PST approach is implemented. The following section de-
velops the method for flow within a three-dimensional lid driven cavity with solutions

produced in an iterative fashion. Initially a global mass conservative RBF interpolation
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Figure 7.1: Schematic showing flow in a three-dimensional lid driven cavity.

is implemented. The particular solutions and BEM are solved together (as in the PIT)
and separately (as in PST) at each iteration, and the effects on computational require-
ment reported. In the case of the PST solutions, a local RBF for the mass conservative
velocity interpolation has also been implemented to further reduce the computational

requirements of the problem.

7.2 Formulation And Numerical Schemes

For a large three-dimensional problem, conventional methods for extending Stokes flows
solved using the boundary element method (BEM) to incorporate inertia effects can
require prohibitively large computational resources. As a result, an efficient numerical
algorithm for including the effects of low Reynolds number is developed, with validation

considered for the case of a three-dimensional lid driven cavity.

Figure 7.1 illustrates a schematic of a three-dimensional lid driven cavity. The domain
V. is bounded by the surface D = Dp U Dg, where the top of the domain D7 has
a prescribed velocity of unit speed in the x; direction. The edges of the domain are

defined by z; = +0.5, o = £0.5, and z3 = +0.5.
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Flow within the cavity is governed by the usual incompressible equations for mass con-

tinuity (7.2.1) and Navier-Stokes (7.2.2),

8ui

=0 7.2.1
op 0%y ou;

- = Reuj-— 7.2.2
((9.% + 695? ¢ u] ax]‘ ’ ( )

subject to the no slip boundary conditions
U; = (51'1 X € DT, (7.2.3)
up= 0 x € Dp. (7.2.4)

The inclusion of the convective term within a boundary integral formulation can take
two forms, the dual reciprocity method [43] is first considered in the following subsection.

The alternative homogeneous and particular solution approach [54] is then considered.

7.2.1 The Dual Reciprocity Method

The dual reciprocity method (DRM) as developed by Nardini and Brebbia [43] involves
formulating the integral equations for the Navier-Stokes equations, and converting the
domain integral for the convective term into boundary integrals. From the Lorentz
reciprocal relation in chapter 2

/
o 80‘@' u'aaij B 0
J 61‘1 J a.l‘z 89@

(Wjoi5 — ujo;). (7.2.5)

Set,
U) = =G (%, X0)bins (7.2:6)
87
o) = o Tomi (5, %0)bm. (7.2.7)
as in chapter 2, but in this case
aa(;] — B; = Re “’“gz,i’ (7.2.8)
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instead of zero as for Stokes flow. Proceeding as before for Stokes flow, and substituting

(7.2.6) - (7.2.8) into (7.2.5) yields

0 1 1
—Gim (X, %0)bmoij — 1 (x) =—=Timj (X, X0)bm
Ox; \ 8w 81
. (7.2.9)
= ngm(X, XO)mej - Uj(X) (—5(X — XO)(Sjmbm) .
Dividing through by b,, and integrating over the domain V. yields
1
/um(x)é(x —x0)dV (x) + 3 / Gjm(x,%x0)B;dV (x)
ve ve (7.2.10)

= [ (5 Gl = 50 T30 ) )5 ).

D

Exchanging the variables such that m — j, j — ¢ and ¢ — k, and noting the symmetry
properties of the stress tensor and greens function, yields the integral form for the full

Navier-Stokes equations,

uJ'(Xo)—i-Slﬂ/Gij(x,xo)BidV(x)

(7.2.11)

= ;T/Gij(x,xo)fi(x)dS(x) — 817r/ui(X)Tz‘jk(X,Xo)nk(x)dS(x).
D

D

This is identical to the Stokes integral equation, but for the additional domain inte-
gral, generated by the non-zero convective term in the governing equations. Accurate
evaluation of this domain integral is necessary, and early methods involved a volume
discretization of the domain. However, this loses the boundary only nature of the prob-
lem and a more attractive method is to convert the domain integral into corresponding

boundary integrals.

Consider the interpolation of the convective term by a thin plate spline radial basis

function (RBF), ¢(x, &)

B; = Z BLoab(x, €,,)0, (7.2.12)
and the domain integral becomes
/GU X, %) B;dV (x Z g /GU X, X0)Y(x, £,,)05dV (x). (7.2.13)
Ve
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An auxiliary flow field (al(x,&,,),p'(x,&,,)) is defined by

ddl(x, &)

om 0, (7.2.14)
8ﬁl(x7£m) 82 l(X €m)
B ox; (%r w(xagm)éily (7215)

where solutions for (al(x,&,,),p'(x,&,,)) can be found from the corresponding inter-

polant ¥(x, &,,). The auxiliary traction is defined by

70, &) = 3 (a6, €), 8 (%, €,) ) i 0), (7:2.16)

with the stress tensor defined as in (2.3.2).

The integral equation for the auxiliary flow field is

i (x0,€,,) + /waxwaauM«>

Ve

(7.2.17)
:;/%mmwwgwm%
D

o [ 0, )T, 0 i ()5 ).
D

By using the interpolation (7.2.12) to represent the body term B, it follows that each
component of the volume integral of its series representations is identical to those of

(7.2.17), and can be eliminated to form an equation solely in terms of boundary integrals,

cij(xo)ui(xo)
% / Gis (%, %0) fi (x)dS (x) — 8% / s ()T (x, %0 )y ()4 (x)
D D
- 7.2.18
£ 3 fentoliteo ) - - [ Gutxfiixgase)
m=1 D

= [ i ) T xa) e (004 () |

87
D

where ¢;;(xo) is the jump parameter. For solution of (7.2.18), expressions for the auxil-
iary flow field (al(x,&,,),p'(x,&,,)) (Which can be found analytically) and the interpo-

lation coefficients 3! are required.
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7.2.2 Homogeneous And Particular Solutions

An alternative approach to formulating the Navier-Stokes equations in terms of a bound-
ary only integral equation takes the form of considering homogeneous and particular
solutions as in Ahmad and Banerjee [54]|. This derivation can be used to obtain an

identical governing equation to (7.2.18) for the DRM approach.

To proceed the solution variables are decomposed into homogeneous (superscript h) and

particular (superscript p) components,

w = ul (7.2.19)
p = P+, (7.2.20)
fi =+ (7.2.21)

Using (7.2.19) and (7.2.20), the governing equations and boundary conditions (7.2.1)
- (7.2.4) are written in terms of homogeneous and particular components, with their

solutions discussed below.

The homogeneous governing equations are,

h
ZZ? = 0, (7.2.22)

oph 9Pul
e t = 0 7.2.23
0x; + 8x? ’ ( )

representing Stokes flow within the cavity. By standard techniques for a direct formula-
tion (7.2.22) - (7.2.23) can be rewritten exactly as a boundary integral equation (BIE)

for the homogeneous velocities and tractions

cij (x0)uy (%0)

& / (. x0) 1 (IS () — / W) T o (S (), oY
D

™

where the coefficient ¢;;(xg) is the jump parameter. The boundary conditions applied
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when solving the BIE (7.2.24) are

= 0;1 — uf X € Dp, (7225)

ul = —uP x € Dg, (7.2.26)

as the particular solution fails to satisfy any boundary condition.

The particular variables satisfy the governing equations,

p
g“i = 0, (7.2.27)
Z;
Lo O, O (7.2.28)
Bxi 8.%]2 ja:L'j7 o

and the convective term can be interpolated as in (7.2.12), with the auxiliary flow field
(al(x,&,,), P (x,&,,)) defined by (7.2.14) and (7.2.15). Particular solutions for the flow
field can be evaluated if the auxiliary solution (@l(x,£,,),p'(x,€,,)) and the coefficients

BL. (given from B;) are known and take the form,

n

uf =) Bhik(x,E,), (7.2.29)
m=1

o= ) B (%€, (7.2.30)
m=1

o= > BLfixE). (7.2.31)
m=1

The integral equation (7.2.18) for the DRM approach is obtained by substituting the

homogeneous components in (7.2.24) for full and particular variables.

7.2.3 Construction Of The Convective Term And Auxiliary Flow Fields

Both of the above methods require the corresponding auxiliary solution for the RBF
used to interpolate the convective term. In addition values for the convective term are
also required. This can be achieved by using a mass conservative RBF interpolation for

the velocities.
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The convective term B; is represented by interpolating the domain velocities with a RBF,
and then using this interpolation to evaluate the derivatives of the velocity field. The
interpolation is further constrained to satisfy mass conservation, as considered by Florez

and Power [56]. A thin plate spline RBF of the form

V(x, &) =13, (7.2.32)

is chosen, where r =|| x — £ ||, and in this case a second order polynomial of the form

Py = af+a§x1 + agpajg + ozfmg + a?:z:lmg
(7.2.33)

p p P2 P 2 P2
Qg T1T3 + Q7 Tox3 + Qg 7 + Qg T5 + T3,

is required to guarantee invertibility, along with the appropriate homogeneous constraint

condition.

The velocity field is represented by the Hermitian interpolation shown below

m=1 o &
n n a
up = E; amh(x,€,) + 2} aﬁlw + P2, (7.2.35)
uz = Z (%, €) + Z 1 Qi 5m) + Py, (7.2.36)

Corresponding derivatives of the velocity field are found by,

n n

Z + Z ok 0518:@ + o (7.2.37)

m=

The mass conservative formulation forms the matrix problem W3, x; = b;, where the
first three rows of the matrix W3, in (7.2.38) consists of the velocity interpolations wuy,
ug and wug as given by (7.2.34) - (7.2.36), collocated over n data points. The fourth
row satisfies g% + g% + gzg = 0, corresponding to mass conservation and applied over

the same n data points as the velocity interpolation. The final three rows describe the

homogeneous constraint condition, required to guarantee invertibility of the interpolation
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matrix. Thus, the matrix W3, takes the form of

W 0 0 & p 0 0
0 ¥ 0 s 0o P 0
0 0 P s o o P}
Ws,, = il 2 2 %Igﬁk g%l %? % , (7.2.38)
eHT o 0 (a—f)T 0 0 0
o @) o (%—ff)T 0 0 0
0 0o (B (g—f)T 0 0 0

which is of size (4n + 30) x (4n + 30), and summation convention is applied to the term

9% __  The vector x; takes the form

Oz Ok
T
xj= < al a2 ad ot ot o oF > , (7.2.39)
and vector b; the form
T
bi:(m uz  u3 g%: 0 0 0) ) (7.2.40)
where %: = 0. Solution of this system allows the values of each velocity component to

be found anywhere within the domain.

The auxiliary flow field is obtained by interpolating the convective term, and finding
an analytical expression for the auxiliary velocity, pressure and traction from the inter-
polant. For interpolating the convective term (7.2.12), a thin plate spline RBF is used

of the form

V(x, &) =T, (7.2.41)

and again r =|| x — & ||. An additional first order polynomial

Py = 31 + Bax1 + Baxa + Paxs, (7.2.42)

172



CHAPTER 7: SMALL INERTIAL EFFECTS OF FLOW OVER AND AROUND OBSTACLES

along with a homogeneous constraint condition is necessary to guarantee invertibility
of the system. This interpolation of the convective term requires the solution of the

matrix-vector problem Wli]ﬂ = IA)Z where the matrix Wlij is given by

(0 Py
W, = , (7.2.43)

PHT 0

of size (n 4 4) x (n +4), and the vector b; is

T
by = ( B 0 ) : (7.2.44)

The auxiliary solutions to (7.2.14)and (7.2.15) are found by first representing the solution

in terms of the potential ¢(r),

_ 9%¢(r)

il(x, £,) = 2005, _ ol0)

g —
oz} Y Oz 0x’

(7.2.45)

which can be shown to satisfy conservation of mass (7.2.14). Substituting the expression

(7.2.45) for al(x,&,,) into (7.2.15) yields

84 v Em o4 94
- (8Xxf ) * aig)(sil o 3xlai(lg)xz = P(x,&,,)0i- (7.2.46)

The potential ¢(r) is chosen to satisfy the non-homogeneous bi-harmonic equation

9*¢(r)

1
Oz},

= (), (7.2.47)

as the RBF can be written in terms of the radial distance, r. Correspondingly, the

auxiliary pressure is given by

N o 9Pe(r)
P(x€,) = T mda? (7.2.48)

and the traction is found by (7.2.16).

The potential ¢(r) is found from equation (7.2.47), and the auxiliary velocity, pressure

and traction can be found from (7.2.45), (7.2.48) and (7.2.16) respectively. The potential
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and auxiliary flow field is also required for the first order polynomial (7.2.42). In this
case, the data centre ; is not relevant, and solutions are a function of the collocation

node x; only.

The auxiliary variables d,li, p', and ff corresponding to Y =r, ¥ =1, Y = x1, ¥ = 29,
and i = x3 are presented in Appendix C. It should be noted that although both fLi and
f'll are required for film flow analysis, when considering a lid driven cavity, it is solely the
velocity field which is of interest. As such, the particular pressures and tractions of the

flow field are not required.

7.2.4 Numerical Techniques For Solving Low Reynolds Flow In A Lid

Driven Cavity

Solution of the above formulations for the low Reynolds number flow in a lid driven
cavity can take a range of iterative procedures. The conventional PIT approach involves
writing the problem in a boundary only integral representation. The velocity field from
the previous iteration is used to linearize the convective term and the numerical scheme
forms a large matrix problem, solved at each iteration for the velocity field within the
domain, and unknown values on the domain boundary (in this case boundary tractions).

Details of the formulation are shown later.

Alternatively, the convective term can be approximated entirely from the previous it-
eration, and the particular solution evaluated explicitly. The boundary conditions of
the integral equation for the homogeneous components can be updated and the homoge-
neous solution found throughout the domain. Although this particular solution technique
(PST) as used by Power and Botte [55] is generally less convergent than the more tra-
ditional PIT, it is appealing due to the significant reduction in computational resources
required. In addition, due to the simplification in explicitly finding the particular solu-
tion, it is possible to reduce the computational requirements of the mass conservative

interpolation of the velocities further by means of a local interpolation. Details of this
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Bounding Point ‘ d1 ‘ d2 ‘ dg ‘ d4 ‘ d5 ‘ d6 ‘ d7 ‘ dg

Bounding Value

7 ‘ 0.3 ‘ 0.2 ‘ 0.15 ‘ 0.1 ‘ 0.05 ‘ 0.02 ‘ 0.01

Table 7.1: Boundary values used to determine which numerical integration approach

to implement for the case of a lid driven cavity.
method are also considered.

For all numerical schemes, the BEM is implemented with constant elements. In addition,
refinement of the numerical integration in cases with near-point singularities consists of
a combination of the adaptive Gaussian integration algorithm and element subdivision
approach outlined in chapter 4, with bounding values modified to those shown in table

7.1

Conventional Particular Integral Technique (PIT)

Within the PIT, the homogeneous BIE can be written in terms of the full velocity
variables (7.2.19), yielding

ng XO Uq (XO)

L / Gy x) 1 GOAS(0) = - [ s T xa)ra ()5 )

2 (7.2.49)
+ Zlﬁfn cij (%0) @k (x0, &) + é (%, &) Tk (%, %0) g (x)dS (%) |
m= D

in terms of the auxiliary velocities and it is left to find an approximation for ﬁ,ln.

The matrix vector notation for the coefficients 3 is
B=W'B, (7.2.50)

where W is the interpolation matrix of the RBF (7.2.43). In addition the matrix vector

notation for the mass conservative velocity interpolation is
u = Wsa, (7.2.51)
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where W3 is the interpolation matrix (7.2.38) and the derivatives of the velocity are

defined by,
ou 8W3
— = . 7.2.52
ax]‘ 8xj * ( )

Using expression (7.2.52) coefficients B are defined by,

.~ OW,
B =W 'Ui 5

W; 'y, (7.2.53)

L
where the term U7 is a matrix with §t velocity component from the previous iteration on

the leading diagonal. Clearly in solving the BIE (7.2.49), a large system of equations is

produced covering all boundary and domain points, and requires solving at each iteration.

Efficient Implementation Of Particular Solution Techniques (PST)

Alternatively to the PIT method outlined above, a more computationally efficient PST
approach can be developed by evaluating the particular solutions based entirely on the

data from the previous iteration. The process is described in the following bullet points.

(i) Make an initial guess for the velocities within the domain, e.g. Stokes flow.

(ii) Calculate the mass conservative RBF interpolation for the domain velocities (7.2.38)

to find the coeflicients o.

(iii) Using (7.2.37) find the derivatives of the velocity field and evaluate the convective

term B.
(iv) Using the convective term, interpolate using (7.2.12) to find 3.,
(v) Particular velocities within the domain can be found and are given by (7.2.29).

(vi) The boundary conditions to the homogeneous solution are updated using the par-

ticular solutions.
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(vii) The homogeneous solution is found using the BIE (7.2.24) for unknown boundary

values.
(viii) The BIE is then implemented to find the homogeneous velocities within the domain.

(ix) The homogeneous and particular velocities are combined, convergence is tested and

the procedure is repeated from step (ii) if necessary.

The advantage of the PST over the conventional PIT is the reduction in computational
requirements. In the PIT a large system of equations is generated during each iter-
ation which then require solving. In this analysis a smaller system (based on either
the unknown boundary quantities or domain points) is formed. In addition, the ma-
trix components of this system are unchanged throughout the iterations. Thus a LUD
decomposition can be generated initially, and then used at each iteration to obtain the

solution with a modified right-hand-side to the matrix vector problem.

The computational requirements associated with the evaluation of the mass conservative
velocity interpolation (7.2.38) can be further reduced. The matrix is large and of size
(4n + 30) x (4n + 30), where n is the number of interpolation points within the domain.
By using a local RBF interpolation, the problem can be reduced to n matrices of size
(4n; +30) x (4n; + 30), where ny is the number of local interpolation points and n; < n.
Typically n; ~ 30 for this analysis and the RBF interpolation is constructed from the
closest n; data points to the global point of interest. Further details of local RBF

interpolations are given in chapter 3

7.2.5 Flow Profiles For A Lid Driven Cavity

This subsection considers solutions for flow in a three-dimensional lid driven cavity at a
selection of Reynolds numbers. As the boundary velocities to the domain are known, a

regular array of interpolation points are used throughout the domain and boundary for
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the mass conservative velocity, and inertia interpolations. These interpolations are used
to find the particular velocities at the collocation points of the BEM and the internal do-
main points. In all test cases 3456 triangular boundary elements and 2197 interpolation
points are used. Initially comparison of the PIT using a global mass conservative inter-
polation and the PST using both the global and local mass conservative interpolations
is made. Analysis for both the computational time and peak RAM requirements of the
formulations is conducted. The use of a local interpolation introduces an additional ap-
proximation in the analysis, and the accuracy of the local interpolation and the choice of
ny is considered. Following this analysis, results are presented for the three-dimensional

lid driven cavity, giving good agreement with previously published results.

Comparison Of Methods

The computational performance of the three numerical methods are compared when
solving for the velocity field in a lid driven cavity at Re = 100. In all cases the iterative
loop requires an under-relaxation factor for convergence. For the PIT an under-relaxation
factor of 0.8 was found optimum; for the global PST, a value of 0.5 was used and for
the local PST, 0.6 was required. In each case the under-relaxation value was found
optimum to the nearest tenth. For the local interpolation, the number of points used
was minimized, whilst avoiding a singular interpolation matrix, and in this case 27 points
was found as the minimum. Figure 7.2 indicates the computational requirements of peak
RAM and run time for each numerical method. Clearly using the global PST over the
PIT produces significant advantages in terms of computational resources required. The
RAM required reduces from 6.5GB to 4GB, and the run time is over 20 times faster.
Moving to the local RBF interpolation gives further reduction in computational resources
required. Peak RAM reduces to under 3.5GB, and the simulation time is halved again
from the global PST. Clearly a significant reduction in the computational requirements

of the problem is made when adopting the PST over a more conventional PIT approach.
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Figure 7.2: Comparison of computational performance of the numerical schemes for

flow in a lid driven cavity at Re = 100.

Although the global forms of the PIT and PST approaches solve identical systems of
equations (albeit by different means), the local mass conservative velocity interpolation
introduces an additional approximation into the formulation. The accuracy of this ap-
proximation can be improved by increasing the number of local points used, however
this increases the computational requirements, acting to negate the advantage gained
by using this interpolation. Figure 7.3 illustrates the maximum L? norm over all data
points in the velocity field for the difference between the PIT velocity vector and those
obtained by the PST. The global PST method solves an identical system of equations to
the global PIT approach, and as predicted the solution is identical. The introduction of
the local mass conservative RBF interpolation introduces an additional approximation,
whose accuracy is shown to increase with increasing size of the local domain. However,
this is at the expense of computational speed, and eventually the solution run time will

become greater than that for the global approach.
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Figure 7.3: Results of the accuracy attained by a local RBF interpolation, for flow in

a lid driven cavity at Re = 100.

Solutions At A Range Of Reynolds Numbers

Solutions for the vector fields within the cavity are shown at Re = 0, Re = 100 and
Re = 200 using the local RBF interpolation for 32 points. Figure 7.4 illustrates the
velocity field on the centre plane (x9 = 0) for Stokes flow and a low Reynolds number
flow (Re = 100) in a three-dimensional lid driven cavity. Qualitatively, these profiles are
as expected from previous studies and an increase in Reynolds number moves the vortex

towards the right hand corner of the cavity.

However for quantitative analysis, Figure 7.5 is produced, presenting the centre line
solution for the velocity component uy, in the zg direction (1 = z2 = 0) and velocity
component ugz, in the z; direction (zo = x3 = 0) for Re = 0, Re = 100 and Re = 200.
Comparison of these profiles can be made with published results, for example Yang
et al. [58]. Figure 7.5a for uy, in the z3 direction illustrates excellent agreement with

previously published results at Re = 100. Figure 7.5b produces a small discrepancy from
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Figure 7.4: Centre plane solution of flow in a three-dimensional lid driven cavity for

(a) Stokes flow (Re = 0) and (b) Re = 100.
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published results for u,, in the x; direction at KEe = 100. Here the prediction for the
vertical velocity is slightly greater between —0.2 < x1 < 0.4 than the equivalent profile

in [58].

7.3 Low Reynolds Number Film Flows

This section considers the inertial effects on flows over and around circular cylinders
at low Reynolds number. An overview of the mathematical formulation for the case of
film flow at finite Reynolds number is initially presented. Following this, a numerical
approach is developed based on the optimal scheme developed for a three-dimensional lid
driven cavity in § 7.2. Finally results are presented indicating the effects of low Reynolds

number on the film profile generated.

7.3.1 Formulation Of Low Reynolds Number Film Flows

The mathematical formulation is presented for film flow down an inclined plane and
around an obstacle at finite Reynolds number. However, the formulation can be reduced
to flow over a single cylinder by omission of the contact line condition and the “dry” top
of the cylinder S'f. Figure 7.6 indicates a schematic for flow around a cylinder. This is

similar to that presented in figure 6.2, with the edges of the domain now marked as Se.

The flow is governed by mass continuity (7.3.1) and Navier-Stokes equation (7.3.2),

8ui
= 3.1
op 0G  O%uy Ou;
- L2 = Rewj— 7.3.2
v 0w, Oa? Y B, (7:3.2)
where G = —2(z3cota — z1) is the gravitational driving components as in the Stokes

case considered previously. A summary of the various surfaces defined in figure 7.6 are

given in table 7.2. By using the characteristic scales defined in table 4.1, the following
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Figure 7.5: Centre line solution at Re = 0, Re = 100 and Re = 200 for flow in a
three-dimensional lid driven cavity showing (a) velocity component u,,
in the x3 direction (x1 = 29 = 0) and (b) velocity component u,, in the

x1 direction (zg = z3 = 0).
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Se Se

S
o i LTS

w

Figure 7.6: Schematic showing nomenclature for flow around a cylinder at finite

Reynolds number. In this case the edges of the domain are denoted S..

Sy | Free surface

Sy | Cylinder top

Sy | Wetted cylinder surface

Se | Edges to the domain

S | Wall

Table 7.2: Definition of surface nomenclature.

expression for the Reynolds number can be found,

A 335;“ “ (7.3.3)
The film flow is subject to the following boundary conditions
u, = 0 x€84,5), (7.34)
%ﬁini = wujn; x€Sy, (7.3.5)
fi = —Biol-mi x € 5y, (7.3.6)
:;Zm = tan (g - 0) X € 5pNS). (7.3.7)

No slip on the wall and wetted obstacle surface is defined by (7.3.4), the kinematic and
dynamic condition are defined by (7.3.5) - (7.3.6) respectively and applied on the free

surface. Finally, (7.3.7) is the contact line constraint.
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As for Stokes flow analysis, the solution variables are decomposed into disturbance (su-

perscript 0) and an asymptotic regime (superscript oo),

w = ud+ul, (7.3.8)
p = p’+p>, (7.3.9)
fi = fi4 (7.3.10)

The undisturbed governing equations are (7.3.11) - (7.3.12)

ou®

69@

_ Op™ N oG n 0*uP®
8a:i 8%2‘ 8$?

= 0, (7.3.11)

= 0, (7.3.12)

oo, , 00

where (p>°,u$®) is the flow field associated with Stokes flow down an inclined plane in

the absence of obstacles. As in earlier analysis, the solutions for the asymptotic flow

field are,
u® = (1—23)d, (7.3.13)
p> = —2zx3cota, (7.3.14)
fioo = 2%3(7%’ cot o — 71351'1 — n1(5i3). (7.3.15)

It is also noted that this solution of u:° satisfies ug® %ﬁo =0, and (p*°,u®) is also the

solution of the full Navier-Stokes equations for flow down an inclined plane in the absence

of obstructions.

The far field conditions for the flow problem require the free surface disturbance to tend
to zero far from the obstacle, and the film velocity, pressure and boundary tractions to

return to those of an undisturbed film. Thus the far field constraints are:

, 551, ;:2 — 0 x— oo, (7.3.16)
u; — Ut X — £00, (7.3.17)
p — p>* x— +oo, (7.3.18)
fi — [ x— too. (7.3.19)
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The disturbance governing equations are (7.3.20) - (7.3.21)

d
f,;;% = 0, (7.3.20)
o’ | P Ou;

subject to the following boundary and far field conditions

w = 0 x€B8,, (7.3.22)
w = —u® x€8,, (7.3.23)
o= fi—f° xeSy, (7.3.24)
W = 0 xeb,, (7.3.25)
ff =0 xes., (7.3.26)

For solution, the disturbance regime is decomposed further into a homogeneous (super-

script h) and particular (superscript p) components,

w o= w4l (7.3.27)
p° = ph 4P, (7.3.28)
o= (7.3.29)

The homogeneous solutions are governed by the following expressions for mass conser-

vation and Stokes equation

uhd
;Z _— (7.3.30)
T
aphé 62u?5
_ = 0, 7.3.31
ox; + 8:10]2 ( )
and the particular solutions satisfies
ou’
% = 0, (7.3.32)
(2
opP? 62uf5 Ou;
o = Reuj—. 7.3.33
(91’1' + 8.%? U 8.%']' ( )
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The particular solutions fails to satisfy any boundary conditions. As such the boundary
conditions for the homogeneous components of the disturbance regime are modified to
account for the particular solution. Thus the homogeneous disturbance regime is solved

for the boundary conditions

uf? = —ul’ xSy, (7.3.34)
uf = P —u® x €S, (7.3.35)
= fi— P xe Sy, (7.3.36)
u? = —u’ xes., (7.3.37)
Moo= P xeS. (7.3.38)

Hence, terms on the wall and at the edges of the domain that were identically zero for

the Stokes flow analysis now require evaluation.

The Boundary Integral Equations

A boundary integral equation (BIE) for the asymptotic flow quantities inside the obstacle

domain is,

cobpi) =~ [ Gxxa) xS

SpUSFUSw (7.3.39)
: * 3
o [ T o) (x)S (),
SpUS ;USw

where the unit normal is taken to point out of the fluid, and thus into the obstacle
domain and fi"o(x) = f2°(x) + Gn; . Correspondingly the BIE for the homogeneous

disturbance quantities over the fluid domain is,

615 (x0)ul (x0) = - / G (x, x0) £ (x)dS (x)

8
SUSpUS,USe

S T om0 (),

8

(7.3.40)

57USpUSw,USe
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The Lorentz-Blake Green’s functions yield G};(x,x0) = 0 x € S, and also for the

asymptotic solution u{° =0 x € S,,. Thus equations (7.3.39) and (7.3.40) become

cij(x0)ui®( / G7(x, %o )2 (x)dS (%)
s S
. lf (7.3.41)
ten / i (%) T (%, x0)n (x)dS (x),
SpUS;
and
1
cij(%o) ?5(X0) 3r / G;j(xaxo)fzh‘s(x)dS(x)
T (7.3.42)
1 i 3.
8 / up® (%) T (%, %0)ng (x)d S (x),
SFUSpUSwUSe
respectively.

Collocation Over The Free Surface

When collocating over the free surface, the BIE for the asymptotic flow regime within
the obstacle becomes

N / G (x, %0) P (x)dS (%)

S, USf

, (7.3.43)
o | T GodS )
SpUgf
and the disturbance BIE becomes
L hs 1 ho
Sl x0) + o / 00T, 5,0 i (<) S ()
1 *
/ Gy fPP60dSe0 + o [ Gl xa) S (7540
SpUSe
o [ T xS )

SpUS,,US,

188



CHAPTER 7: SMALL INERTIAL EFFECTS OF FLOW OVER AND AROUND OBSTACLES

Combining the BIEs (7.3.43) and (7.3.44) yields,

Sl (xo) + o / ul? (0) T3, 0 i (X)L )

/G X,X0) /G x,x0) f;" (x)dS(x)

_ l/u;ﬁ(x)ka(x x0)ng(x)dS(x) + ;T/GZ](X xo)f (x)dS(x)
Sy

. (7.3.45)
— g [ w0 Tk x0) ik (x)dS (x) — o / up® (%) T, (x, %0 ) (x)dS (x)
gf Sw

and using the prescribed boundary conditions this becomes

Sul o) + o / <) T30, ) () 1S )
/G (x,x0) f1(x)dS(x —/G (x,%0) f7° (x)dS (%)

o / T 0809 + 5 [ Gm )OS0 (7 4
Se Si

0T w0 (R)AS )+ [ T ) e (S ()

Sw

/ Gy xS0 + - [l GOTxx () AS ),

0
Sp

_Q

for collocation over the free surface Sy, where fi(x) = f°(x)+ f19(x). Equation (7.3.46)
defines unknown velocities u? 9 at the free surface for given particular ( u?’ 6, pP?), and far

field (u$®, p*>°) solutions along with surface tractions on the wetted surface of the obstacle.
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Collocation Over The Wetted Obstacle Surface

For collocation over the wetted obstacle surface, the BIE corresponding to the asymptotic

regime over the obstacle domain takes the form

Sl == [ Gllxxa) (s
s »US (7.3.47)
tor [ oROOTHx X (0dS ()
SpUS;

and the disturbance BIE the form

U ] /G x,x0) 19 (x)dS (x)

‘1/ (%) T35 (%, %0) i ()AS (%) + / GHi(xx0) P ()AS() (7 3.45)

8 8
Sy SpUSe
o i hé *
Sn u;® (%) z’jk(X7X0)nk(X)dS(X)-
SpUS,US,

Rearranging (7.3.47) and (7.3.48) for the obstacle tractions, and combining yields

/ Gy o6, x0) (22000 + £19(x)) dS(60) = 50 (300) — L)

- / Gy e 13G0AS G0 + o [l T 00 o e () ()

-
/ Gube x0T EAS6 8i7r / uy® (%) T (x, %0) i (x)dS (%)
Se
87r/ G (e, x0) £ >dS(X)+8% / uf® (%) T, (x, X0 )12, (x)dS (%) (7:3.49)
Sy
+817T/U?5(X)ka(x x0) 1k ()dS (x)
Sw
* % / (uf® () + ug® (3)) T3 (%, %0)m (x)AS (x),
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and using the prescribed boundary conditions this BIE becomes

82/ G x0) IS ) = — hul?x0) — (0

/ Gy o) 12 IAS) - [ T 0 s (S )

Sy
o / Gy P05 — o [ (0T x0) s () S )
Se

Se
(7.3.50)

- g [ Gt FE00d800 + o [ (o0 x0) ()4 ()

Sy Sy

_ é / () T35, (%, %0 )i () dS (x)

1
T ufé Uk X Xo)nk(x)dS(X),

8
SP

for collocation over the wetted obstacle surface S,. Equation (7.3.50) defines the un-
known boundary tractions f; on the wetted obstacle surface for given particular (u! 5, pp‘;),

and far field (u°, p™) solutions along with free surface velocities given by the previous

BIE (7.3.46).

Alternatively, the solutions can be found by considering the homogeneous and particular
components first, then solving for the disturbance and undisturbed homogeneous com-
ponents. Using this method, results produced by the numerical scheme are identical to

those generated by the above formulation.

7.3.2 Solution Techniques For Low Reynolds Number Film Flows

This subsection considers the numerical techniques used to solve the film flow problem
outlined above. An iterative approach is used to solve the governing equations at each
free surface position. In addition an accurate numerical model is required to evaluate
the particular solutions, and this is based on the particular solution techniques (PST)

outlined in § 7.2.
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Iterative Technique

The iterative technique used to solve the governing equations for a three-dimensional lid
driven cavity as considered in § 7.2 is developed for the case of finite Reynolds number
film flow. The method uses the PST model, solving for homogeneous and particular
solutions independently, and iterating to convergence. Clearly this iterative model is
evaluated for each free surface location, which itself is progressively iterated towards a

steady state profile, emphasizing the need for an efficient technique.

The following indicates the iterative solution technique for the full film flow problem.

(i) Produce an initial guess for the film profile heights h of the free surface, and the

domain velocity profile (usually use velocities from a Stokes flow analysis).

(ii) Use a Hermitian radial basis function (RBF) interpolation to generate values for

the free surface curvature and outward unit normal.

(a) Using the guessed velocity profile, implement a mass conservative RBF inter-

polation to obtain the inertia component.

(b) Interpolate the inertia component using a RBF to find the corresponding coef-

ficients.
(¢) Find the corresponding particular solutions to the disturbance flow regime.

(d) Solve the BIEs (together) for the boundary traction on the wetted obstacle

surface S, and homogeneous disturbance velocities on the free surface Sy.

(e) Using the BIE, find the homogeneous component of the disturbance velocities

within the domain.

(f) Combine homogeneous and particular solutions of the disturbance regime and
the asymptotic velocities to obtain the full velocity profile throughout the do-

main.

(g) Repeat from (a) as required until convergence is reached.
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(iii) Use the converged velocity profile to update the free surface profile.

(iv) If the movement of the free surface is sufficiently small, then a steady-state profile
is found, alternative repeat from step (ii), using the new free surface location. In
addition, the initial guess for the domain velocities is made by a mass conservative
velocity interpolation, based on the converged velocities at the end of the previous

free surface iteration.

A key difference to the Stokes flow analysis in earlier chapters, is that the BIEs are
solved together during the PST iteration, where previously the two BIEs have been

solved separately. This improves the convergence of the PST method.

The Boundary Element Method

The boundary element method (BEM) is applied similarly to the Stokes flow case to
evaluate the boundary integrals in (7.3.46) and (7.3.50), using constant functional, flat
triangular elements throughout. However, four extra integrals are present when com-

pared to the Stokes case. These are,

(i) The double-layer potential over the wetted obstacle surface Sp.
(ii) The double-layer potential over the wall (external to the obstacle) Sy,.
(iii) The single-layer potential over the edges of the domain Se.

(iv) The double-layer potential over the edges of the domain S..

Point (i) above is simple to incorporate as the obstacle mesh is already discretized to
evaluate the single-layer potential. However, point (ii) above requires a mesh for the
wall, outside of the obstacle footprint, and points (iii) - (iv) need a mesh for the edges

of the domain. The x1x9 distribution of elements for the wall discretization are identical
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to the free surface analysis for flow around a cylinder, but with x3 = —1. The far field
element on both the free surface and wall meshes match, and are connected using a
column of elements. These are generated similarly to the side elements of cylindrical
obstacles, with first quadrilateral elements being formed, and then each of these being
divided further into four triangular elements. Typical meshes for flow over a cylinder are
shown in figure 7.7. Figure 7.7a indicates the meshes that were previously used for the
Stokes analysis (S, Sp), and figure 7.7b shows the additional meshes required for the

finite Reynolds number analysis (Sy,, Se).

Particular Solution

The particular solution is obtained using a particular solution technique (PST) as out-
lined in § 7.2. Both global and local mass conservative velocity interpolations are used

to evaluate the convective term throughout the domain.

When interpolating the convective term to evaluate the particular solutions, it is noted

that the flow field in the far field (z1, 29 — o) should return to the asymptotic regime

oo

ou; __
(] -

satisfying u;j5+ = 0. The edges of the domain are a truncation
J

p— p> and u; — u
of the full far field condition, and to help accuracy in implementing this condition, addi-
tional points are taken just outside of the discretized flow domain where the convective
term is set to 0. The convective term is then interpolated over all domain and additional

points.

It is also possible to decompose the convective term into its component disturbance and

asymptotic parts,

ous® ou? ou? ous®
B; = ul =t el AL Rl o), 3.51
uj afL‘j * uj 833j + uj 8:1:j’ uj al‘j 0 (7 35 )

Expressions for the asymptotic velocity field are known analytically, and a mass conser-

99,0
vative interpolation of the disturbance velocities is required to find the derivative gz;

However, in practice it is found optimum to interpolate the full velocities and evaluate
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Figure 7.7: Typical meshes required for a finite Reynolds number model, where (a)
indicates the meshes used previously for a Stokes flow analysis for film
flow over a cylinder, and (b) the additional meshes required due to the

more complex formulation for non-zero Re.
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B, directly.

Using the numerical schemes and formulation outlined, solution profiles for film flow over
and around circular cylinders at finite Reynolds number are produced and shown in the

following subsection.

7.3.3 Low Reynolds Film Profiles Obstructed By Obstacles

This subsection considers film flow down an inclined plane both over and around cylin-
drical obstacles. Examination of the full three-dimensional film profile for both flow
over and around an obstacle, along with comparison with Stokes flow solutions is con-
sidered. Solutions are produced using the numerical techniques outlined earlier in this
chapter, with results initially generated with a global mass conservative RBF interpola-
tion of the velocities. This subsection of results concludes by considering a local velocity

interpolation and comparing its accuracy with the global analysis.

Flow over a circular cylindrical obstacle is considered for an inverse Bond number of
B =1, and down an inclined plane at a = 45°. The cylinder has a radius of ¢ = 0.5
with a flat top at 3 = —0.1. Figure 7.8 indicates the full three-dimensional film profiles
at a Reynolds number Re = 3. Results indicate a profile similar to that of Stokes flow
over a cylinder, with a large upstream peak being formed above the obstacle, collapsing
downstream into a shallow trough. The peak is seen to decay in a typical “horseshoe”
fashion, illustrated further by the contours of the film profile as shown on the inclined

wall. As expected, figure 7.8 also illustrates a symmetric solution in the plane xo = 0.

For flow over a cylinder, comparison is made for solutions at a range of Reynolds num-
ber. Figure 7.9 illustrates the centre line solutions (x2 = 0) for film flow with identical
parameters to those outlined for figure 7.8, namely B = 1, a = 45°, a = 0.5 with cylinder
top located at x3 = —0.1. Solutions are produced for Stokes flow (Re = 0), Re = 1.5

and Re = 3. All of the centre line profiles are similar, with an upstream peak and a
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Figure 7.8: Three-dimensional profile for film flow down an inclined plane at o = 45°,
and over a cylinder of radius a = 0.5 with flat top at 3 = —0.1. The flow

has non-dimensional parameters B = 1 and Re = 3.

shallow downstream trough. Clearly as the Reynolds number is increased, the height of
the peak is increased, with the trough behind the obstacle becoming slightly deeper. For
Re > 3, solutions become numerical unstable, with the PST method failing to converge,

and thus it is not possible to find film profiles at greater Reynolds numbers.

Flow around a circular cylindrical obstacle is considered for an inverse Bond number of
B =1, and down an inclined plane at a = 45°. The cylinder has a radius of a = 0.5,
with a contact angle of 8 = 90° applied along the contact line of the flow. Figure 7.10
shows the full three-dimensional film profile at a Re = 3 for the above set of parameters.

As expected, the resulting film profile is symmetric. A large peak is formed at the
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Figure 7.9: Centre line solutions comparing film flow down an inclined plane at o =
45°, and over a cylinder of radius ¢ = 0.5 with flat top at 3 = —0.1 for
a range of Reynolds numbers. The flow has an inverse bond number of

B =1

upstream edge of the cylinder, decaying around the obstacle and forming a trough on the
downstream edge of the cylinder. Contours on the inclined wall illustrate the “horseshoe”

shape of the decaying film profile.

A comparison of centre line solutions for film flow around a cylinder and at a range of
Reynolds number is shown in figure 7.11. Flow parameters are identical to those used
for figure 7.10, with B = 1, a = 45°, a = 0.5 and 6 = 90°. Solutions are presented for
three Reynolds number, Re = 0, Re = 1.5, and Re = 3. Results indicate an increase
in the peak height and a deepening of the trough as the Reynolds number is increased.
As for flow over a cylinder, for Re > 3, the PST method is unstable, and film profiles

cannot be found at greater Reynolds numbers.

Results so far have been produced using a global mass conservative velocity interpolation.
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Figure 7.10: Three-dimensional profile for film flow down an inclined plane at o =
45°, and around a cylinder of radius a = 0.5 with contact angle § = 90°.

The flow has non-dimensional parameters B = 1 and Re = 3.

As for the case of a lid driven cavity in § 7.2, reductions in both the CPU time and RAM
requirements necessary for the global analysis may be found by implementing a local
interpolation with a suitable number of points. A comparison between the global and
local schemes is considered for flow with an inverse Bond number B = 1, and down
a plane inclined at o = 45° with an attached circular cylinder of radius ¢ = 0.5. For
the flow over analysis, the cylinder is truncated at x3 = —0.1, and for the flow around
analysis a contact angle constraint of § = 90° implemented. All results are found at a

Reynolds number of Re = 3.

When implementing a local interpolation, less computational resources are required when
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Figure 7.11: Centre line solutions comparing film flow down an inclined plane at
a = 45°, around a cylinder of radius a = 0.5 with contact angle § = 90°
for a range of Reynolds numbers. The flow has an inverse bond number

of B=1.

fewer local points are chosen. However, when insufficient points are used in the local
interpolation, several problems may be experienced with the numerical schemes. If the
number of local points is reduced too severely, then the rate of convergence of the free
surface profile is found to reduce, resulting in significantly more iterations and the pos-
sibility of longer overall run-times. Alternatively, the PST method can fail completely,
with no flow solution obtained. Therefore, care needs to be taken in choosing an opti-
mum number of local interpolation points, and simulations using both 45 and 51 points

have been considered throughout the following analysis.

Table 7.3 lists the computational performance of global and local schemes (using 45
and 51 points) for both flow over and flow around a circular cylinder. Solutions are

iterated from an undisturbed free surface, with a Stokes flow velocity profile assumed.
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Flow Over | Av. Film Tteration (s) | # Iterations | Peak Ram (Gb)

Global 31.9 789 3.7
Local (51 pts) 34.6 788 3.4
Local (45 pts) 30.4 821 3.1

Flow Around | Av. Film Iteration (s) | # Iterations | Peak Ram (Gb)

Global 40.0 1408 4.3
Local (51 pts) 41.9 1264 3.9
Local (45 pts) Simulation Fails, PST Diverges

Table 7.3: Average free surface iteration time and peak ram requirements for both a

global and local velocity interpolation.

The domain interpolation use approximately 1200 points for the flow over analysis and
1300 points for the flow around analysis (with exact numbers depending on the film
profile at any iteration). For this number of domain points, the use of 51 local points
slightly increases the average run-time of a free surface iteration, and decreases the peak
RAM requirements of the simulation when compared to a global scheme. In future,
as computational resources are increased the number of domain points may also be
increased, and the use of a local interpolation with 51 points should offer significant
benefits. The models have also been evaluated using 45 local interpolation points. For
flow over, the simulation converges but requires additional iterations to a global and 51
point local scheme. For flow around, no solution is found with the PST diverging during
the analysis. Difference in the success of the two models at 45 local points is due to the

differing representation of the domain points throughout the fluid.

Figure 7.12 indicates the centre line solutions for flow down an inclined plane both over
and around a circular cylinder corresponding to the flow parameters used in table 7.3.
Comparison is made between the global mass conservative velocity interpolation and
a local interpolation using 51 points. Flow over solutions are illustrated in figure 7.12a
with flow around solutions in figure 7.12b. In both cases, results show minimal difference

between the global and local interpolation.
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Figure 7.12: Comparison of a global and local (51 points) velocity interpolation for
film flow obstructed by a cylinder of radius ¢ = 0.5, with B =1, a =
45° and Re = 3. Part (a) indicates flow over the cylinder with top at

xz3 = —0.1 and (b) flow around the cylinder with contact angle # = 90°.
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CHAPTER 8

Summary And Conclusions

Oil films are used in aero-engine bearing chambers to cool and transport heat away
from bearings and walls within the oil system. If there is insufficient thickness of oil
on the chamber wall, then oil degradation, coking and potentially oil fires can occur.
Prediction of film behaviour is impaired as bearing chambers include complex geometries
such as obstacles that can significantly affect the local behaviour of the oil film. The
bearing chamber is a hostile environment for experimental analysis and measurement
of the oil films interaction with obstructions is difficult. This thesis has considered the
numerical modelling of the interaction of thin films with obstacles. Methods and results
are provided for single or multiple obstacles which may or may not penetrate the free

surface.

Numerical solutions for three-dimensional Stokes flow down an inclined plane over and
around multiple obstacles have been developed and solutions found by the boundary
element method (BEM). Initially chapter 4 considers flow profiles using the small free
surface deflection by Blyth and Pozrikidis [31]. A global radial basis function (RBF) is
used throughout to better evaluate the reduced form of the free surface curvature and
outward unit normal. Comparisons are made to the finite difference approximations
(FDA) used by [31], with results indicating a reduction in mesh dependency for the
RBF approach. For flow over an obstacle, the film profile is governed by three parame-

ters; inverse Bond number, plane inclination angle, and hemisphere radius. A parameter
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analysis for each of these quantities is also produced using the small free surface deflec-
tion assumption. Flow profiles over asymptotically small obstacles, such as considered
by Pozrikidis and Thoroddsen [29], have been reproduced and shown to give excellent

agreement with simulations incorporating the full obstacle.

Chapter 4 also extends the small free surface deflection assumption by Blyth and Pozrikidis
[31] by using a global RBF interpolation to accurately determine free surface quantities
such as curvature and unit normal for larger surface deflections. Comparisons with the
small free surface deflection assumption indicate consistency of results for small distur-
bances generated by small hemispheres (a ~ 20% of film height). For larger deformations
generated by larger obstacles, solutions using the small deflection assumption become
inconsistent with the full analysis. This illustrates the need for removing this restriction
for more general, large obstructions. Streamlines and a parameter analysis for variations
in inverse Bond number and plane inclination are also conducted using this full analysis.
For large hemispheres fully contained within the fluid, it is found that the Stokes flow
can support obstacles larger than the undisturbed free surface. The maximum size of

hemisphere is strongly dependent on the inclination of the plane.

The single obstacle analysis is extended to a more general formulation for flow over
arbitrary multiple obstacles in chapter 5. Flows over two, large hemispheres have been
analyzed, with variations in the obstacle locations considered. The effects of separating
the obstacles in-line with the flow has been illustrated, and flow profiles shown to return
to those associated with a single obstacle in the case of large separations. In addition
obstacles spaced perpendicular to the incoming flow have been modelled. In this case,
when the obstacles are located close to one another, the flow reacts to the obstacle
as if there is one large obstruction to the flow. A significantly larger peak is formed,
spanning both obstacles when compared to the cases of moderate and large separations.
Finally two hemispheres spaced diagonally to each other are considered, situating the
downstream hemisphere in the decaying peak of the upstream obstacle, illustrating a

non-symmetric solution. For obstacles aligned in the direction of the flow, a parameter
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study was conducted to investigate the effects of varying the inverse Bond number, plane
inclination angle and hemisphere radius. Flow over two hemispheres that approach the
film surface have also been modelled, and the effects of placing the downstream obstacle
in the wake of the upstream hemisphere considered. The wake from the upstream obstacle
on both a shallow and a steep plane is shown to reduce the minimum gap between
the free surface and obstacle when compared to a sole obstruction. Finally, flows over
three hemispheres were modelled, with solutions obtained for two obstacle configurations
based on a triangular array. Restrictions on obtaining flow over more obstacles is due to

computational resources.

Chapter 6 extends the formulation further to consider flow around single and multiple
circular cylinders. The incorporation of a contact angle condition within the RBF was
required. For flow around a single cylinder streamline plots are produced along with a
parameter study. For flow around obstacles, there are four governing parameters; inverse
Bond number, plane inclination angle, cylinder radius and contact angle. A comparison
of flow over and around a truncated cylinder indicates the possibility of dual solutions and
indicates the steady state flow profile in this case is dependent on the initial conditions
prescribed and not uniquely by the parameters of the flow field. Finally, the possibility of
multiple solutions occurring for variations in the underlying flow parameters is confirmed,
with results characterized by the maximum film height. It is shown that for a sufficiently
large contact angle, results can be forced around a truncated cylinder for a chosen set of

flow parameters, resulting in dual solutions.

Flows around multiple circular cylinders are also considered in chapter 6. Flow around
two circular cylinders, with various obstacle locations were analyzed. As for flow over
multiple hemispheres, the effects of separating the obstacles in line with the flow have
been illustrated, and flow profiles shown to return to those associated with a single obsta-
cle in the case of large separations. For obstacles spaced perpendicular to the incoming
flow and in close proximity, the film profile between the cylinders becomes significantly

raised when compared to cylinders at greater separation distances. Finally the non-

205



CHAPTER 8: SUMMARY AND CONCLUSIONS

symmetric situation of two cylinders spaced diagonally to each other was modelled, with
the downstream cylinder situated in the decaying peak of the upstream obstacle. When
the cylinders were aligned in the direction of the flow, a parameter study was conducted
to investigate the effects of varying the inverse Bond number, plane inclination angle,
cylinder radius and contact angle. Flow solutions around three cylinders were also con-
sidered, with two obstacle configurations based on the triangular array with different
symmetrical orientations to the flow direction. Finally, the versatility of the numerical
approach is demonstrated with the analysis of flow over then around two identical cylin-
ders spaced in the direction of the flow. The effect of the wake caused by the upstream
cylinder was also considered, and shown to allow the contact angle at the downstream
cylinder to be relaxed. As the obstacles are moved closer, the effects of the wake are

strengthened and the contact angle condition can be lowered further.

The above formulations utilize a Stokes flow approximation for the analysis of free surface
film flows over and around obstacles. The effects of inertia in these flow problems may be
significant, particularly for dry-out, and the incorporation of the convective term of the
Navier-Stokes equations was considered in chapter 7. However, the films flows have awk-
ward geometries which require very efficient numerical algorithms to effectively include
the convective term into the integral formulation used for the earlier analysis. Devel-
opment of these efficient numerical algorithms was first conducted for the common test
problem of flow in a three-dimensional lid driven cavity. This thesis evaluates a formu-
lation for low Reynolds number flows using the BEM to solve the homogeneous solution,
whilst formulating a particular solution using a RBF interpolation. Unlike conventional
formulations such as the particular integral technique (PIT), which linearize the convec-
tive term and solves for domain velocities and unknown boundary tractions together, a
method which solves the particular and homogeneous components separately, called the
particular solution technique (PST) has been implemented. In addition, a local mass
conservative interpolation for the velocity field has been introduced to further reduce the

necessary computational resources. This local interpolation is an approximation to the
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global analysis, with the accuracy of this method also considered. Solutions for Re = 0,
Re = 100 and Re = 200 are produced by this PST approach using a fraction of the

computational resources that would be required by the conventional PIT.

Chapter 7 uses the optimized numerical scheme developed for the lid-driven cavity test
case and modest computational resources to evaluate low Reynolds number flows over
and around cylindrical obstacles. Solutions are produced using both a global and local
mass conservative interpolation for the velocity field. Results are obtained for Reynolds
number up to Re = 3, beyond which difficulties with convergence of the numerical
schemes was found. However, at Re = 3, changes in the film profile were observed, with
the film peak increasing, just before the obstacle, and the trough decreasing behind the

obstruction.

8.1 Future Work

The following possible areas of future work are of particular interest:

e The need remains for extended numerical analysis of flow over and around ob-
stacles, and stems from oil film flows within bearing chambers, and the complex
support structures which exist. Bearing chambers also include sump regions, and
numerical analysis of flow over three-dimensional trenches and dips would be of

interest.

e In a bearing chamber, the oil film is driven by surface shear forces as well as gravity.

The effects of including surface shear from the air flow could be considered.

e The effects of perturbations to the free surface profile could be analyzed. This
would be of particular relevance to the multiple solution analysis, determining
which of the two possible solutions (over or around) is most prevalent when sub-

jected to perturbations to the incoming flow.
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e The oil film within the bearing chamber is used to cool the chamber wall. The

effects of heat transfer from the wall to the thin oil film could also be considered.

e The analysis could be extended to consider the curvature of a realistic bearing

chamber geometry, instead of a localized flow down an inclined plane.

e In chapter 7 the method outlined for incorporating the inertia effects is convergent
for low Reynolds number. Further development and modification to the numerical
schemes implemented, and increased computational resources may allow conver-

gence for higher Reynolds number.

208



APPENDIX A

Lorentz-Blake Greens Functions

The Lorentz-Blake Greens functions for flow bounded by an infinite plane at 3 = w

are reproduced for our co-ordinate system from Blyth and Pozrikidis [31] and shown

below. The field point is given by x = (1, z2,23) and the singularity point by xg =

(5301 y L0gy L03 ) .

A.1 Lorentz-Blake Velocity Greens Function

The Lorentz-Blake Velocity Greens function, G7;(x,xo) is given by,

Gyi(x,%0) = G (%) — GIT(X) + 2h{GH(X) — 2ho Gy P (X),

where Ggqu is the free-space velocity Greens function or Stokeslet, and

ST () — O | Titj
A R

D — v 1]

) i(rxrﬂ 3xr5>’

SD D 0j3i — 0i3x;
G (x) = xSGij( )£,

[x[?

where a minus corresponds to j = 3 and a plus for j = 1,2. Also,

ho = o, —w,
X = X-— X,
X = x—xM,

(A.1.1)

(A.12)
(A.1.3)

(A.1.4)

(A.L5)
(A.1.6)

(A.1.7)
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X0 = (33‘01 y L0g s 2w — 1/‘03)- (A].S)

A.2 Lorentz-Blake Pressure Greens Function

The Lorentz-Blake Pressure Greens function, P(x,xq) is given by,

P o 2 Mooy (L - 323 Yo (0B | gl A2l
0 %0) [|X|3+|Y\3 < vp " \YP) ( Yp " |Y\5>]’ A2y

where

h = z3—w, (A.2.2)
X = x9-x, (A.2.3)
Y = xo-—xM, (A.2.4)
xIM = (21,29, 2w — x3). (A.2.5)

A.3 Lorentz-Blake Stress Greens Function

The Lorentz-Blake Stress Greens function, T;}k(x,xo) is given by,

T} (x,%0) = THE (%) — Tk (X) 4 203T5(X) — 2 T8 (X), (A.3.1)

where TZ?Z; is the free-space stress Greens function, and

ST TiTjTk
Ejk (X) ‘X’S ’ (A32)
Oir®i + 0iixy + Opix; TiTiTk
TD = 46 &2 J J ke A33
D(x) 6( o 5 5 ) (A.3.3)
0ikT;j T3 — 0;j3%;
TS0 = s 46 (ST It (A3.)

where a minus corresponds to j = 3 and a plus for j = 1,2. Also hy, X, X, X(I)M are

defined by (A.1.5) - (A.1.8) respectively.
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Integrating Dirac’s Delta Function

B.1 Integrating Over A Hemisphere

It is known from the standard properties of Dirac’s delta function that its integral over a
domain that contains the singularity (see Figure B.1) will result in 1, whilst its integral

over a domain that omits the singularity will result in 0.

The scenario when the point xq lies directly upon the bounding smooth surface D of the
arbitrary control volume V, is considered. First, however we note how the delta function
has a radial argument and that its value is zero everywhere except at the singularity,

where it is infinite. Consider two spheres, drawn with radius a and b respectively and
(a) (b)

X0

@ X

Figure B.1: Two illustrations indicating a control volume and singularity, (a) inside

the control volume and (b) outside the control volume.
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Figure B.2:

with @ > b > 0, centred about the singularity point. It is clear that integrating the delta

function over the larger sphere will have the same result as integrating over the smaller
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Ilustration indicating the effect of integrating the Dirac delta function
centred on two spheres of different radii. The smaller sphere has radius

b and the larger sphere radius a.

sphere, however small the radius b of this smaller sphere becomes - see Figure B.2.

If the singularity point is now considered to coincide with an arbitrarily shaped smooth
boundary D that describes the control volume V;, then by drawing a sphere of radius

v < 1 centred on the singularity it is intuitively obvious that the part of the boundary

D within the sphere will tend to a flat plane in the limit of v tending to zero.

Any flat plane that intersects a sphere, whilst passing through its centre, will split the
sphere into two equal hemispheres. As contributions to the integral from Dirac’s delta
function are only dependent on radius then the orientation of the bisecting plane becomes

insignificant and,

SPHERE HEMISPHERE (B.1.1)

[ dexaaveo =2 [ s xaav e

=1.
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Giving the final result,

/5(){ —x0)dV (x) = / d(x —x0)dV (x)
V. HEMISPHERE (B.1.2)
1
=5

as required.

B.2 Integrating Over A Boundary Corner

The case of a singularity placed at a corner of the boundary D is considered, with Dirac’s
delta function integrated over the control volume V. contained by D. As shown in section
B.1, the value of the integral is solely dependent on the shape of the boundary infinitely
close to the singularity. Extending this local boundary shape into free-space allows the
calculation of the solid angle of the boundary corner. Drawing a unit sphere around the
singularity will result in an intersection of the extended local boundary shape and the
sphere. This contour will map out a surface area on the sphere, 2, known as the solid
angle. The solid angle takes values between 0 and 47, with a value of 27 representing the
hemisphere in the above analysis and 47 representing the entire surface of the sphere.

The units of solid angle is steradians.

From an extension of the previous argument, the integral over a proportion of a spheres
surface (e.g. €/4m) is equal to the same proportion multiplied by the integral over the
whole sphere. Thus the integral over a control volume bounded by D , which has the

singularity located at a boundary corner with solid angle €2, has value

/ 5(x — x0)dV (x) = % / 5(x — x0)dV (%)

Ve SPHERE (B.2.1)
0
=

213



APPENDIX C

Auxiliary Solutions To A Thin Plate

Spline Radial Basis Function

When using the dual reciprocity method (DRM) to solve flows at finite Reynolds number,
the convective term may be incorporated into the analysis by use of a radial basis function
(RBF) interpolation. For a given choice of RBF, auxiliary solutions for the velocity @,
pressure p!, and traction le are required and can be found analytically. The method for
obtaining these solutions is outlined in Chapter 7, and results for the thin plate spline
RBF v (x, &) = r along with additional first order polynomial P, = 31+ o1+ 322+ 43

are shown below.

v =r, r=|lx—&|, (C.0.1)
) 1
if = 57”351‘1 = 5" (@i = &)z = &), (C.02)
o=~ rla - &), (©03)
- 1 1 1
i = | gr(@s = &)0u + grizi = &)dju + grz — &)dis
1 (C.0.4)

_%(xz - §Z>(xj - é-])(l‘l — €l> n](x>
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APPENDIX C: AUXILIARY SOLUTIONS T'O A THIN PLATE SPLINE RADIAL BASIS
FuNcTION
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FuNcTION
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Y = xs, (C.0.13)

. 1
ui :1—0 (azg + x%xs + a:%xg) 0il

~ %0 (43:3 [503:03; + d2;02; + 61;01]]
+ 423 [03309; + 02i03] + 422 [53:01; + 61403
+ 123:%372 [03:02; + 02:031] + 12x§x1 [03i01; + 01:931] (C.0.14)
+ 42323 [302:051 + 303031 + 61:011] + 4xT w3 [361;61; + 303i63; + 52i02]
+ 45wy (6301 + 01:0s1] + 4aTw2 [03:021 + 62:031)
+8z3221 [01:02 + 62:011])
pl = 10 (323031 + 23031 + 7031 + 2202300 + 2312361] (C.0.15)
fl= % (323031 + 23031 + 23031 + 2322309 + 2T12301;) 0y
+ % (3:):%63]- + .’L'%(ng + x%dgj + 2w2x302; + 2x1x3(51j) il
110 (3:1:3(53z + x2(532 + .%'1(531 + 2x91x309; + 2x1x3(5h) dj1
11420x3 (50303703 + 0203502, + 61:03501;
1033025021 + 02402503, + 0101031 + 6301;017]
140 [353@(52]521 + 3024025031 + 3020302
1303037031 + 03401011 + 014015031 + 01403;01]
110961 [361303;01; + 361401031 + 30330101 (C.0.16)
+303;037031 4 024037021 + 02i02;03; + 03;02;02]
~ 2 (3030316 + Bosidas + 3aidsa

+302;037031 + 02401017 + 91401021 + 61402501

8
~ T20%81 [303:01;031 + 303;03;01; + 30130101

+301403;03; + 015025021 + 02;01;02; + 92;02;017]
8
~ Tag%2%1 (0201031 + 02;03j011 + 014025031

10103021 + 033017091 + 63102;011] | 15(X).
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FuNcTION

v=1 r=[x],

2 1

~1 2

i} = fgr'du = fgmian,
. 1
pl = =357,

3

" 1 1 1
L= | cmidj 360 + 36 | nj(x).

) 5 5
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