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Abstract

In thisthesis,I developstatisticscapableof detectingpeculiarfeaturesin currentobser-

vationsof thecosmicmicrowave background(CMB) radiation.Suchtoolsscrutinise

thevery foundationsof standardcosmologicalmodels.Evidenceof peculiarfeatures

in the CMB may requirea reassessmentof thesebuilding blocks. More likely, any

featuresmay be artefactsof somenon–cosmologicalsignal. Nevertheless,whether

the origin of thesestrangeattributesis primordial or local, their discovery would be

instructive. Existingstatisticaltoolsfocuson theamplitudeof thesphericalharmonic

coefficients,I look insteadattheirphases.ThemethodI formchecksfor theuniformity

of thedistributionof phaseanglesusinga non–parametricdescriptor, which is known

asKuiper’sstatistic.Themethodis appliedto theCOBE–DMRandWMAP sky maps,

anddeparturesfrom uniformity arefoundin both. TheresultsprobablyreflectGalac-

tic contaminationor theknown variationof signal–to–noiseacrossthesky ratherthan

primordialnon-Gaussianity. Next, thestatisticis adjustedto probethetopologyof the

universe.The new methodexploits the existenceof correlationsin the phasesof the

CMB temperaturepatternassociatedwith matchedpairsof circlesseenin the CMB

in universeswith non–trivial topologies.After this, I turn our attentionto theissueof

Galacticforegroundsignals. A diagnosticof foregroundcontaminationis developed

basedaroundthe Faradayrotationmeasures(RM) of extragalacticsources.Statisti-

cally significantcorrelationsof RM with thepreliminaryWMAP individual frequency

mapsarefound. Thesecorreltationsremainsignificantin CMB–only maps.Later, I

usecataloguesof rotationmeasuresto constructa templateof the Galacticsky. The

RM mapsmay be usedas templatesfor CMB foregroundanalysis. This idea is il-

lustratedwith a cross-correlationanalysisbetweenthe WMAP dataandour maps. I

find asignificantcross–correlation,againindicatingthepresenceof significantresidual

contamination.Problemsandfuturedevelopmentsarediscussedat theend.



Chapter 1

Standard framework

1.1 Big bangmodels

We are enteringan era of “precision cosmology”in which our basicmodelsof the

universearebeingrefined. Our pictureof the universehasevolved remarkablyover

thepastcentury;from a view limited to our Galaxyto a cosmoswith billions of sim-

ilar structures.Today, cosmologyappearsto be concernedwith improving estimates

of parametersthat describeour cosmologicalmodelsratherthansearchingfor alter-

natives.Recentobservationsof thelargescalestructure(eg. 2dFGRS;Percival et al.,

2001)andtheWilkinsonMicrowaveAnisotropy Probe(WMAP; Bennettetal., 2003a)

observationsof thecosmicmicrowavebackground(CMB), appearto confirmour key

ideason structureformation. However, thereis the suggestionthat our confidence

may be misplaced.The WMAP observations,for example,have thrown up a num-

ber of unusualfeatures(Chianget al., 2003;Efstathiou,2003;Naselsky, Doroshke-

vich & Verkhodanov, 2003;Chiang& Naselsky, 2004;Eriksenet al., 2004b;Land&

Magueijo,2004;McEwenet al., 2004). It appearsa good time to standback from

the establishedparadigmand test the core assumptionsintrinsic to our view of the

universe.

StandardBig BangcosmologicalmodelsarefoundedupontheCosmologicalPrinciple.

This principle statesthat we live in a universethat is statisticallyhomogeneousand

isotropic.Homogeneityimpliesthattheuniverseappearsthesameto all observers.An

isotropicuniverselooksthesamein all directions.Observationsof theCMB indicate
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thatthelatteris thecase,however, homogeneityis harderto prove.

Constructionof cosmologicalmodelsrequiresan understandingof the natureof the

forcesat the largestscales.Theprincipal forceon thesescalesis gravity andour best

descriptionof this force is Einstein’s theoryof generalrelativity. Generalrelativity

relatesthe distribution of matterto the geometryof space–time(given by the metric����� ). Therefore,we needa metric that adheresto the cosmologicalprinciple. All

homogeneousandisotropicspace–timescanbedescribedin termsof theRobertson–

Walkermetric���	��
 �����	�� � �� � 
����������������������! ��" �# �%$�" �'& "��(�)��*�� &�+-,/. �0*1�323���5476 (1.1)

where
"
,
*

and
2

arethesphericalpolar coordinates,
�

is the propertime,
�8�9���

is the

cosmicscalefactor, and
$

is the spatialcurvaturescaledto take the values : or ; # .
Thepropertime

�
is simply a measureof time calculatedfrom thelocal densityof an

observer thatis thesamefor all observersdueto thehomogeneityof theuniverse.The

scalefactor
�0�����

describestheoverall expansionor contractionof theuniverse.

The dynamicsof the universecan then be determinedby Einstein’s field equations

which relatethe geometricalpropertiesof the space–time,via the metric tensor �1��� ,
to thecontentsof theuniversesummarisedin theenergy–momentumtensor< ��� . The

equationsarewrittenas = ��� � #> �1��� = 
@?1ACB��D < ��� 6 (1.2)

where

= ��� and

=
aretheRicci tensorandtheRicci scalar, respectively. B is Newton’s

gravitationalconstant.For a perfectfluid, with pressureE andenergy density F � � , the

energy–momentumtensoris< ��� 
HG E & F ����IKJ � J � � E ����� 6 (1.3)

where
JML

is thefluid–fourvelocity. TheRobertson–Walkermetricrequires< ��� to take

this form. Einstein’sequationscanthenbesimplifiedassumingtheRobertson–Walker

metricto NPORQ��TS � 
 ?1ACB F � N $�� �� � 6
(1.4)U�� 
V�XW ACBN Y F & N E� ��Z 6 (1.5)

and  � G F ��[ I & E� �  � G �\[ I 
 :�] (1.6)
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Equation(1.6) is not independentof the other two equations.Thesethreeequations

are collectively known as the Friedmanequations.The Friedmanequationscanbe

calculatedfrom Newtonianarguments,which at first soundssurprising,however Ein-

stein’s equationsaredesignedto reduceto Newton’s law whenthegravitationalfield

is weak. The Friedmanequationswill allow us to constructcosmologicalmodelsif

thecontentsof theuniversecanbeassumedto bean idealfluid. This is quitea real-

istic approximationaslong asthe meanfree pathof any collision is muchlessthan

scalesof importance.Now, all we needto specifyis theequationof statefor our fluid

(E 
_^ F � � ).
To getaninsightinto thesignificanceof theFriedmanequations,we shall look at two

scenarios:the matter–only andradiation–onlyuniverses(with
$P
 : ). In the matter

casewe set
^

= : as the restmassof eachparticle is much larger than the particle’s

thermalenergy andsothepressureis zero.Therefore,Equation(1.6) implies Fa` ��b [ .
Substitutingthis into Equation(1.4) leadsto

� ` � ��cd[
. On the otherhand,radiation

or relativistic particleshave a valueof
^

=
#(e N

andconsequentlywe find Ff` �gb D
and� ` ��h cd� . Our universecontainsbothmatterandradiation,however, this illustratesthe

basisof morecomplex models.Sofar, wehaveneglectedthecosmologicalconstanti
which canbeincorporatedinto Einstein’s equations.i hasacquiredrenewedinterest

dueto inflationarymodels(seelater)andtheresultsfrom distantTypeIa supernovae

thatsuggesta non–zerovalueof i (Perlmutteretal., 1999;Knopet al., 2003).

Thereareanumberof key cosmologicalparametersthatdeterminethelong–termhis-

tory of the universe. Firstly, thereis the Hubbleparameterj �9���
. In 1929,Hubble

observed that all galaxiesarerecedingfrom us by an amountrelatedlinearly to the

distancethegalaxiesareaway from us. This is conceptis enshrinedin Hubble’s law

as k 
 j "7
 ORQ�� S "(6 (1.7)

where

k
is thevelocityof thegalaxyand

"
is theproperdistanceto thegalaxy. Homo-

geneousandisotropicexpansionnaturallyreproduceHubble’s law.

Theexpansionof theuniverseallows usto introducea usefulmeasureof thedistance

to an object. The redshift l is definedas the shift in frequency m of spectrallines

towardstheredendof thespectrumdueto therecessionof asourceresultingfrom the

expansionof theuniverse.Thiscanbeunderstoodby lookingat theRobertson–Walker
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metric.Theinterval  � travelledby aphotonis alwayszero.Fromthis,wecanderive ��n ��o 
 m om n 
 # & l 6 (1.8)

wherethesubscriptsp and q indicatetheemittedandobservedradiation,and l is the

redshiftof thesource.Theredshiftof anobjectcanbeobtainedwithout assumptions

abouttheunderlyingcosmology. Importantly, wecanrelatel to thecosmicscalefactor

usingEquation(1.8) to get # & l 
 ��n� 6 (1.9)

andthereforewecanuse l asadistancemeasure.

Thesecondkey parameteris thedensityparameterwhich is definedasr�s 
H?1ATB F sN j � 
 F sF�t�uwv x 6 (1.10)

where � signifiesa constituentof the universe(matter, radiationor i ). The density

parameteris the ratio of the actualdensityto somecritical value F�t)u/v x . The sumof

thesecomponentsis labelled
r x/ydx . If

r xwydx = # , we have a flat universewith
$z
 : that

continuesto expand.This scenariois favouredby inflationarymodels.
r x/ydxg{ # corre-

spondsto
$|
 #

andresultsin a ’Big Crunch’wheretheuniverserecollapses.
r x/ydx~} #

correspondsto
$�
�� #

andacontinualexpansion.

Thedecelerationparameteris definedas� 
V� U���Q� � ] (1.11)

The parametermeasuresthe rate at which the expansionof the universeis slowing

down andwill bepositive if gravity is thesoleforceactingon largescales.

The key parametersmentionedgovern the dynamicsof the universe. It is oneof the

major aims of observational cosmologyto preciselypin down thesenumbers. The

key projectof the HubbleSpaceTelescope(HST) was to calculatethe present–day

valueof theHubbleparameterusingsecondaryindicators(supernovae,Tully–Fisher,

and surfacebrightnessfluctuations). The value of the parameterwas found to bej �9��n���
�� > ; ?��\� + b�h-���0� b�h (Freedmanet al., 2001). The decelerationparameter

hasbeenconstrainedusinghigh–redshiftType Ia supernovae. The light curvesfrom

theseremnantsareimportantcosmologicalprobes.Thedataprovide strongevidence

for an acceleratinguniverse( � }�: ) and is inconsistentwith a
r�� 
 : flat universe
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(Perlmutteret al., 1999). In fact,thedatasuggestsa valueof
r��|� :�] � . TheCMB has

thepotentialto thoroughlydeterminetheseparameters.The1styearresultsfrom the

WMAP satellite,by itself, givesa valuefor thematterdensityof
r��a� � 
 :~] #(> ;�:�]�: >

andfor thedensityof baryonsof
r���� � 
 :~]�: > W ;�:�]�:�: # (Spergel et al., 2003),where�

is j �9��n�� e~# :�: . When the WMAP data is combinedwith other small scaleCMB

measurements,thematterpower–spectrumfrom large–scalestructuresurveysandthe

Lyman–� forest,weobtainvaluesof
r���� � 
 :�] # N�N ;z:�]�:�:�� and

r���� � 
 :�]�: >�> ��;z:�]�:�:�: ?
(Spergeletal., 2003).Finally, combiningtheWMAP datawith eithertheHSTresults,

large–scalestructuresurveysor TypeIa supernovaeresultsimplies
r x/ydx 
 # ]�: > ;�:�]�: >

(Bennettet al., 2003a).Consequently, we have animageof our universewhich is flat

andcomposedof
r�� 
 :�] N and

r�� 
 :�] � ; this is dubbedtheconcordancemodel.

In the concordancemodel,we find that 30% of the universeis composedof matter

yet only 10% is of a baryonicform. Is our estimateof
r��

wrong? The primordial

deuteriumabundanceis sensitive to thebaryondensityandmeasurementsconfirmthe

CMB resultswith
r���� � 
 :~]�: > :z;V:�]�:�: > (Burles,Nollett & Turner,2001). Galaxy

rotationcurvesalsosuggestthepresenceof substantialhalosof non–luminousmaterial

surroundinggalaxies.Thismissingmatteris labelleddarkmater. Thecurrentfavoured

explanationis massiveparticleswith low thermalvelocitiesproducedin thebig bang.

Thesecold dark matter(CDM) particlesdo not participatein nuclearreactionsand

interactpurelythroughgravity.

This pictureallows us to developa history of the very early universe.Naturally, we

expecttheuniverseto behotteranddenserin thepast.In thisfireballphase,weexpect

aseriesof creation–annihilationreactionsbetweenparticlesto governuntil��� < ��� � ���¡6
(1.12)

where
���

is the Boltzmannconstantand
� �

is the massof the particle. As long as

thetemperatureis higherthanthis, two photonswill createaparticle–antiparticlepair.

However, whenthe temperaturedropsbelow, the pairscanno longerbe createdand

thepairsrapidlyannihilate.Thehigh temperaturesin thepastwill alsoleadto theuni-

ficationof thefundamentalforces.Importantlyfor this thesis,astheuniversecoolswe

expectthereto bea periodwherethereis a plasmaof baryonsandphotonsin thermal

equilibrium. As the universecools,the matterbecomestransparentto radiation;this

topic is theexpandeduponin Section1.2. Therelic radiationis a powerful signature

of thebig bangmodel.



Standard framework 10

Thebig bangmodelaccountsfor threeimportantcosmologicalobservations: theex-

pansionof theuniverse;the existenceof a relic radiationbackground;andthe abun-

dancesof light atomicnuclei which werecreatedin the first few minutesof the big

bang. However, thebig bangmodelis not a completetheory; it doesnot specifythe

valuesof thekey parametersor describetheerabeforeplanck–time.Moreover, cos-

mologistsareleft with a numberunexplainedfeatures:theorigin of thebaryonasym-

metry; the natureof dark matter;the flatnessof the universe;the ’excessive’ degree

of homogeneityand isotropy (the horizonproblem);missingrelic particles;andthe

origin of theprimordialdensityperturbations.Thefinal four of theseissueshavebeen

potentiallyovercomeby the additionof a new ideaby Guth (1981)called inflation.

Inflationarymodelsinvolve the early universegoing througha periodof accelerated

expansion.The time of this expansionis chosento maintainthesuccessesof thebig

bangmodel,that is to say, nucleosynthesisoccursafter the inflationaryperiod. Infla-

tion permitsa solutionto the horizonproblembecausea uniform region that appear

to be unableto have beenin causalcontactin the pastwould have beenthermalised

beforeinflation. Today, we know theuniverseis very flat (
r xwydx � #

), but theuniverse

hadbeenflatter still in the past. The inflationaryphaseleaves the universein such

a state. Also, as long as inflation happensafter the phasetransitionsproducingthe

defects,theserelic particleswill be diluted by the increasein the scalefactorduring

inflation. Potentiallythemostsignificantaspectof inflation is that it allowsa possible

solution to the origin of the structurewe seetoday. During the inflationaryperiod,

quantumfluctuationson microscopicscaleswill leadto present–daylargescalefluc-

tuationsdueto the acceleratedexpansion.Generically, inflationarymodelspredicta

Harrison–Zel’dovich spectrum(i.e. a scaleinvariantspectrum)of fluctuations.These

primordialfluctuationsareexpectedto constitutea Gaussianrandomfield. This class

of field is discussedin chapters2 and3. Clearly, if inflation is the real solutionthen

weneedto testthesepredictions.In chapter3, wehopefullyfulfil thiscommitmentby

proposingastatisticaltestto probethenatureof theprimordialfield.

1.2 The cosmicmicrowavebackground

Our presentunderstandingis thattheuniversebeganroughly15 billion yearsagoasa

hot, denseenvironmentwith a nearlyuniform seaof radiation. The baryonswerein
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a plasmaform until

N :�: 6 :�:�: yearsafter the Big Bang( l � #�# :�: ). At this point, the

universehadcooledsufficiently for protonsto capturefree–electronsandform neu-

tral hydrogen.Prior to this,dueto thehigh temperature,matteris completelyionised.

Comptonscatteringcouplesthephotonsto theelectronsandtheelectronarecoupled

to baryonsby electromagneticinteractions.As theprotonsrecombinewith electrons,

at

N 6 :�:�: K, theuniversebecomestransparent.Theradiationis saidto decouple,and

freelypropagatesthroughtheuniverseuntil reachingus.Beforedecoupling,theradia-

tion andmatterarein thermalequilibriumandthelackof interactionsthereafterresults

in theradiationhaving ablack–bodyspectrum.Thetemperatureof theradiationdrops

accordingto < =
� # & l � <8¢ due to the expansionof the universe. Consequently, the

presentday temperatureof this relic radiation is roughly
> ] � K and shouldbe ob-

servable in the microwave region of the sky. The radiationshouldbe uniform in all

directionsof thesky andoriginatefrom thelast–scattering–surface.

Therelic radiation,whichwereferto astheCMB, wasprobablyfirst predictedto exist

by Gamow (1948). The CMB’s discovery by Penzias& Wilson (1965)wasoneof

thesuccessesof hot big bangmodels.Thetemperatureof theCMB wasmeasuredby

the COBE–FIRASinstrumentas
> ] � > ? ;_:�]�:�: W K (Fixsenet al., 1996)andfound to

have a perfectblack–bodyspectrum.Equally importantly, in 1992thefirst primordial

temperaturefluctuationsweredetectedby theCOBE–DMRinstrument(Smootet al.,

1992).Thesefluctuationhave beensoughtsincethediscovery of theCMB. Thetem-

peratureanisotropiesaretranslationsof theprimordialmatterfluctuations.Crucially,

the temperatureanisotropiesare small £ (
# : b�¤ ) due to radiationpressureand have

evolved linearly. Therefore,we caneasilytracethe temperatureanisotropiesbackto

their primordial form unlike the casefor the matterdistribution. We shall now sum-

marisethemainsourcesof thetemperatureanisotropies;for a detailedreview seeHu

& Dodelson(2002). The anisotropiescanbe categorisedaccordingto their source.

Primaryanisotropiesaregeneratedat,or prior, to decoupling.Secondaryanisotropies

areimprintedon theCMB photonsasthey traversefrom thelast–scattering–surfaceto

our observatories.All theanisotropiesarecharacterizedby thepower they induceat

particularscaleswhich is usuallyillustratedby theangularpowerspectrum.

Thedominantobservedanisotropy is thekinetic dipolearisingfrom theDopplershift

of the photondue to the motion of the emitter and observer. This dipole is much

larger thantheotherCMB anisotropiesandwasfirst measuredby Smoot,Gorenstein
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& Muller (1977). The dipole principally reflectsthe motion of the Local Group of

galaxies.

Theprimaryanisotropiesthatdominateatlargescales(super–horizonsizes)arecaused

by theSachs–Wolfe effect (Sachs& Wolfe, 1967). This effect representsthegravita-

tional redshiftof thephotondueto thedifferencein gravitationalpotentialbetweenthe

locationof emissionandobservation. At thesescales,the initial perturbationscannot

beeffectedby causalprocessandthustheseanisotropiesaredirectly relatedto theini-

tial matterpower spectrum.Theselargescaleswerefirst probedby theCOBE–DMR

instrument.

On intermediatescale( :~] # y } * } > y ) theanisotropiesaredominatedby theacoustic

peaks. Thesepeaksin power are the result of acousticoscillationsof the photon–

baryonfluid within thesoundhorizon.Thefirst acousticpeakcorrespondsto thescale

wheretheprimordialdensityinhomogeneitiesarejust reachingamaximumamplitude

at the surfaceof last scattering.Furtheracousticpeakscorrespondto scalesthat are

reachingantinodesof oscillation. Thesepeaksencodea wealthof informationabout

thegeometry, contentsandevolutionof theuniversebothbeforeandafterrecombina-

tion. For example,thepositionsof thesepeaksaredeterminedby thegeometryof the

universe.A physicalscalesubtendsasmalleranglein anopenuniverses(
$
=
� #

) com-

paredto theEuclideancase(
$¥
 : ). Thepeaksareconsequentlyobservedat smaller

scalesfor the opencasethanin the flat case.The amplitudeof theseacousticpeaks

dependson a combinationof the baryonfraction,matterdensityandHubbleparam-

eter. Clearly, accuratemeasurementsof thesepeakswill help constraina numberof

cosmologicalmodels.Thefirst peakhasbeenmeasuredby a numberof groundbased

andballoon–borneinstrumentsandrecentlyinstrumentsonboardtheWMAP satellite

measuredthefirst andsecondpeaks(Bennettet al., 2003a).

At small scalesthe inhomogeneitiesin the photonsaredampeddue to mechanisms

thatdecreaseeitherthematteror radiationinhomogeneities.Photonsdefusingout of

overdenseregionsdragbaryonsandthusleadto damping(Silk, 1968).Free–streaming

of collisionlessparticles(suchasneutrinos)from high to low densityregionswill also

causedamping. On top of this, small scalesaredampedbecausedecouplingis not

instantaneousandthereforethe last–scattering–surfacehasa finite thickness.Never-

theless,theseprocessesareagainsensitive to cosmologicalparametersmakingmea-

surementsof thesescalesworthwhile.
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Secondaryanisotropiesrevealdetailsof theevolutionof theuniverseafterdecoupling.

They canbecategorisedinto gravitationalor rescatteringeffects.In theformercasewe

haveexamplessuchastheIntegratedSachsWolf Effect (ISW). If aphotonfalls into a

potentialwell whichvarioustemporally, thenthephoton’senergy will beshiftedwhen

it climbsout of thewell. On theotherhand,gravity candeflectthepathof thephoton

withoutadjustingits energy (i.e. gravitationallensing).Thesecondcategory relatesto

the reionisationof the universe.Whenthe universereionises,free-electronsarepro-

ducedthatwill scatterthephotonsandpotentiallywashout theprimaryanisotropies.

An importantexampleof this is thethermalSunyaev–Zel’dovich (SZ)effect (Sunyaev

& Zeldovich, 1970). Photonsarescatteredby hot electronsin the intraclustergasof

clustersof galaxies,producingdistortionsin theblack–bodyspectrumof theCMB.

So far we have only mentionedthe (scalar)CMB temperaturefield. However, the

CMB is polarisedandthe (vector)polarisationfield potentiallyharboursmoreinfor-

mation. In CMB measurements,two scalarfields, ¦ and § , areusedto describethe

polarisationfield. Thepolarisationfield directly probesthetimeof last–scattering.At

last–scattering,if theradiationfield hasa local quadrupolethenthescatteringof pho-

tonsoff electronswill result in linearly polarisedradiation. Thepolarisationfraction

is smallbecauseonly thosephotonsthatlast–scatterin anoptically thin regionpossess

a local quadrupole.Thestandardassumptionis that thepolarisationsignalis 10%of

the level of the temperatureanisotropiesi.e. £ � # : b�¨�� . Consequently, it is a signifi-

cantexperimentalchallengeto measurethis signal,nevertheless,measurementswere

recentlyachievedby theDASI experiment(Kovacet al., 2002). Thepower spectrum

of the polarisationanisotropiesandcross–correlationbetweenthe temperaturefield

will leadto a sharpeningof cosmologicalconstraints.The mostdramaticresultslie

on thelargestangularscaleswherethefield probesprimordialgravitationalwavesand

thereionizationepoch(deOliveira-Costa,2004).For comprehensivereviewsof CMB

polarisationseeHu & White (1997)andKosowsky (1999).

Evidently, the CMB is an impressive tool for exploring modelsof our universe. It is

ourmostdistantandcleanestprobeof theearlyuniverse.Yet it alsoyieldsinformation

on the nearbyuniverse. ThroughCMB observations,cosmologicalparameterscan

be determinedandmodelsruled out. Equally, the very foundationsof thesemodels

canbescrutinised.Evidenceof peculiarfeaturesin theCMB mayrequirea reassess-

mentof thesebuilding blocks.More likely, peculiarfeaturesmaybeartefactsof some



Standard framework 14

non–cosmologicalsignal. Nevertheless,whethertheorigin of thesestrangeattributes

is primordial or local, their discovery would be instructive. In this thesis,I develop

statisticsto detectunusualcharacteristicsin currentCMB observations. In chapters

2 and3, I establisha statisticthat seekssignsof non–Gaussianityin the temperature

field. The methodis basedon the phasesof the sphericalharmoniccoefficients. In

chapter4, thestatisticis adjustedto probetheconnectivity of theuniverse.I turn our

attentionto foregroundcontaminationin thechapters5 and6. I developadiagnosticof

foregroundcontaminationin chapter5 basedaroundtheFaradayrotationof light from

extragalacticsources.In chapter6, theserotationmeasuresareusedto constructatem-

plateof theGalacticsky. Conclusionsaredrawn at theendof eachchapter. Problems

andfuturedevelopmentsarediscussedin chapter7.



Chapter 2

Characterizing early Universe

fluctuations

2.1 Densityfluctuations

Today, we observe a rich varietyof complex structuresin theUniversefrom filaments

to sheetsto clustersof galaxies.Standardcosmologicalmodelsassumethesestructures

grew from small initial perturbationsthroughgravitational instability. Theinitial per-

turbationsarethoughtto beseededduringa periodof inflation (Guth,1981;Albrecht

& Steinhardt,1982;Linde,1982).Theseprimordialperturbationsaretheresultof am-

plificationof zero–pointquantumfluctuationsto classicalscalesduringtheinflationary

period(Guth& Pi,1982;Hawking,1982;Starobinsky, 1982).In mostinflationarysce-

nariostheresultantprimordialdensityfield is takento bea statisticallyhomogeneous

andisotropicGaussianrandomfield (Adler, 1981;Bardeenet al., 1986).Sucha field

hasbothphysicalandmathematicalattractions;seelater. However, therearealterna-

tivepossibilitiesthat leadto a field with non–Gaussianstatistics.Versionsof inflation

involving multiple scalarfieldsor thosewith non–vacuuminitial statesleadto a non–

Gaussianspectrum.Otherpotentialcandidatesfor seedingthe primordial field also

leadto non–Gaussianpossibilities.Topologicaldefectsarisefrom symmetriesbeing

brokenastheearlyUniversecools(like ice forming in rapidlycoolingfreezingwater).

Thetopologicaldefectscenarioincludesmodelsbasedoncosmicstrings,texturesand

monopoles(Kibble, 1976;Vilenkin & Shellard,1994). The developmentof the de-
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fectsinvolvesnonlinearphysicswhich leadsto anon–Gaussianpatternof fluctuations.

Anotheralternative possibility is theexplosionscenario(Ostriker & Cowie, 1981)in

whichexplosionsfrom earlymassivestarscauseshocksthatsweepawaymaterialand

leavesanon–Gaussiandistributionof matter.

The densityfield is usuallydescribedin termsof the dimensionlessdensitycontrast,© ��ª«�
which is definedas © ��ªT��
 F ��ª«�K� FF 6

(2.1)

where F is theglobalmeandensity. Analysisof sucha field is aidedby anexpansion

of thedensitycontrastin Fourierseries,in which
© ��ª«�

is treatedasa superpositionof

planewaveswith amplitudes¬© �)T� :© ��ªT��
_® ¬© ��T��¯±° � ��²³µ´¡ª«� ] (2.2)

The Fourier transform ¬© �)T� is complex and thereforepossessesboth an amplitude¶ ¬© ��T� ¶ anda phase
23·

. If theprimordialdensityfield is anhomogeneousandisotropic

Gaussianrandomfield thentheamplitudesaredrawn from aRayleighdistributionand23·
shouldbe uniformly randomon the interval [0, 2A ]. The field is fully described

by second–orderstatistics;thetwo–pointcorrelationfunction ¸ �)"�� in realspaceor the

powerspectrum¹ �º�g� in Fourierspace.Thetwo–pointcorrelationfunctionis obtained

from thevarianceof thedensityfield» © �9ª h � © ��ª � �-¼�
 ¸ � ¶ ª h �½ª � ¶ �a
 ¸ �)"��±6 (2.3)

whereaveragesaretakenover all spatialpositions.Similarly, thecovarianceof ¬© �)C�
leadsto thepowerspectrum» ¬© �) h � ¬© �) � ��¼�
 ¹ �º�g� ©�¾ �� h &  � �±6 (2.4)

where
©�¾

is the Dirac deltafunction. This basicideaof structureformationhassur-

vivednumerousobservationalchallenges,to suchanextentthatmany regardthefuture

of cosmologyasbeinglargely concernedwith refiningestimatesof parametersof this

modelratherthansearchingfor alternatives. However, at this point it may be worth

steppingback,andtestingsomeof theunderliningassumptions:seekingevidenceof

non–Gaussianity.

Even if the primordial densityfield is indeedGaussian,the later stagesof gravita-

tionalclusteringinducesnonlinearity. Thedensityfluctuationsslowly evolveinto non–

Gaussianstructuressuchaspancakesandfilaments.Findingsuitabledescriptorsthat
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definethepropertiesandmorphologyof theseevolvedstructuresis anon–goingtask.

Second–orderstatisticsdescribeonly partof theinformationonthedensityfield. A full

hierarchyof higher–ordercorrelationfunctionsin realspaceor polyspectrain Fourier

spacearerequiredto fully describethefield (seePeebles,1980).In ananalogousman-

ner to ¸ ��"�� , it is possibleto definespatialcorrelationfunctionsfor ¿f{ > points. For

example,thethree–pointcorrelationfunction À �)"(6���6-��� is definedas» © ��ª h � © ��ª � � © �9ª [ ��¼�
 À ��"(6���6-���±6 (2.5)

wherethe meanis taken over all points defining the triangle with sides
"
,
�

and
�
.

The generalisationof Equation(2.5) to ¿f{ N is trivial. Fourier transformsof the ¿ –

pointcorrelationfunctionsarereferedto aspolyspectra.Theequivalentof the3–point

correlationfunctionis thebispectrum§ , where» ¬© �� h � ¬© �) � � ¬© �) [ ��¼Á
 § �) h 6� � 6� [ � ©�¾ �) h &  � &  [ � ] (2.6)

Work hasfocusedonthethree–pointcorrelationfunctionandbispectrum,however, the

useof higherorderstatisticsis usually impractical. Hence,alternative statisticsthat

containsomeinformationon thehigherorderstatisticshave beensort. Complemen-

tary statisticsincludethe void probability function (White, 1979),the genusstatistic

(Gott, Dickinson& Melott, 1986)andotherMinkowski functionals(Mecke, Buchert

& Wagner, 1994),percolationanalysis(Dekel & West,1985)andphaseanalysis(eg.

Ryden& Gramann,1991).It is in this lastareathatweshall laterfocuswith regardto

CMB anisotropies.

Thephasesof theFouriercomponentscontaincrucialinformationonthespatialpattern

of the densityfluctuations. The nonlinearityassociatedwith the growth of structure

generatesnon–randomphases.In the early stagesof structureformation, the situa-

tion canbecomparedto linearwaveson thesurfaceof deepwater. Like thesewaves,

the Fourier componentsof the densityfield evolve independentlyandthe phasesare

random. However, as the structuresgrow, the situationis moreanalogousto break-

ing wavesin shallow water. Thecomponentsinteractin nonlinearways;mode–mode

interactionslead to coupledphases.The questionis, how doesthis phasecoupling

manifestitself?

Developingusefulstatisticsfrom thebehaviour of phasesin gravitationalsystemshas

beena challengingtask. The problemhasbeendemandingdueto the phasesbeing
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circular measures.Suginohara& Suto (1991)examinedthe one–pointphasedistri-

bution in nonlineardensityfields. The distribution wasfound to be uniform in even

the mostextremecasesof non–Gaussianity. Therefore,early attemptsto exploit the

informationencodedin the phasesfocusedon the evolution of the individual phases

(Ryden& Gramann,1991;Soda& Suto,1992;Jain& Bertschinger,1996,1998).This

wasdonethrougha mixtureof numericalsimulationsandperturbationtheory. Scher-

rer, Melott & Shandarin(1991)werethefirst to examinetherelationshipbetweenthe

phasesof differentFourier modes. The authorspresenteda quantitative measureof

phasecorrelationsbasedon the locationsof the maximaof the Fourier components.

Otherauthorshave sinceconnectedphasecorrelationswith clusteringdynamicsand

morphology(Chiang& Coles,2000;Chiang,2001;Chiang,Coles& Naselsky, 2002;

Watts,Coles& Melott, 2003). In Coles& Chiang(2000),a techniquewaspresented

that enabledthe phaseinformation to be visualisedusingcolour coding. The tech-

niqueallowedreadersto seehow phasecouplingevolvedwith thegrowth of structure.

Besidesthis, the relationshipsbetweenphasecorrelationsandmoretraditionalmea-

suresof non–Gaussianity(Matsubara,2003;Watts& Coles,2003;Hikage,Matsubara

& Suto,2004),suchasthe bispectrum,have beensought. For example,Matsubara

(2003)foundarelationbetweenthedistributionof aspecificform of associatedphases

andthehierarchyof polyspectrain perturbationtheory.

2.2 CMB temperaturefluctuations

The developmentof statisticsthat seekandquantify non–Gaussianityin cosmology

is not restrictedto densityfield studies. Non–Gaussiansignalsare soughtin CMB

anisotropies,gravitational lensing,anda numberof othercosmicfield studies.In this

thesis,we shall later explore the issueof non–Gaussianityin the CMB. It shouldbe

notedthat the questionof non–Gaussianityin theCMB is intertwinedwith the same

questionconcerningtheinitial densityperturbations.Theinhomogeneityin thematter

distribution is translatedto thebackgroundradiationphotonsthroughThomsonscat-

tering. After last scatteringthe majority of thesephotonsarrive at our observatories

unperturbed.If theprimordialmatterdistributionis Gaussianthensotoois theprimary

temperaturepattern.Thus,theCMB anisotropiesprovidesuswith a cleantool to dis-

criminatebetweeninitial field modelsdescribedin theprevioussection.However, be-
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forewecantestthisassumptionweneedto ensurewearelookingatthelast–scattering

surface. Most secondaryanisotropiesarenonlinearin natureandhenceleadto non–

Gaussiansignals.LensingandtheSunyaev–Zel’dovich effect shouldbothbeableto

be isolatedthroughtheir non–Gaussianeffects. Moreover, Galacticforegroundsand

experimentalsystematicerrorswill leavenon–Gaussianimprintsin theCMB measure-

ments.Thus,thedevelopmentof non–Gaussianstatisticsthatcanisolatetheseeffects

is imperative. The demandfor suchtracerswill only intensify: increasedsensitiv-

ity andpolarisationmeasurementswill requirebettercontrolof secondaryeffectsand

foregrounds.

Thetemperaturefluctuationsin thetheCMB atany point in thecelestialspherecanbe

expressedin sphericalharmonicsasÂ �º*~6�2Ã��
 � < �)*~6�28�Ä�ÆÅ< �Å< 
 Ç® È�É h
� É�ÊgÈ®� É b È � ÈÌË �ÁÍ ÈÌË � �º*�6�2Ã��6 (2.7)

wherethe
� ÈÎË �

canbewritten � ÈÌË � 
 ¶ � ÈÌË � ¶ ¯�° �CÏ ²d2 ÈÎË ��Ð ] (2.8)

The
� ÈÎË �

arecomplex andarecharacterizedby two numbersÑ and
�

. Thesetake the

valuesÑ = : , # , > , ]¡]�] and
�

= Ñ , Ñ � # , Ñ � > , ]¡]¡] , � Ñ & > , � Ñ & # , � Ñ . Therefore,for every

given Ñ thereare
� > Ñ & # � valuesof

�
andhencethesamenumberof

2 ÈÎË �
. Thespherical

harmonicsareorthonormalonacompletesphere.However, notall thecoefficientsare

independentfor differentvaluesof
�

. The following relationshipareseenin a setof� ÈÎË �
:

1. If
� 
 : , then Ò �º� ÈÎË � ��
 : .

2. If
�

is odd,then Ó �º� ÈÎË � �a
Ô� Ó �º� ÈÎË b � � and Ò �º� ÈÌË � ��
 Ò �º� ÈÎË b � � .
3. If

�
is even,then Ó �º� ÈÎË � ��
 Ó �)� ÈÌË b � � and Ò �)� ÈÎË � ��
Ô� Ò �)� ÈÎË b � � .

Therefore,whenstudyingthephasesof animageor anything else,theserelationships

have to betakeninto account.

In orthodoxcosmologiestheprimarytemperaturefluctuationsconstituteastatistically

homogeneousandisotropicGaussianrandomfield. If true,thenall thestatisticalinfor-

mationfrom the last–scatteringsurfaceis encodedin theangularpower spectrumÕ È .
Theangularpowerspectrumis constructedin a similar fashionto thepowerspectrum
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in Fourierspace,thatis to say» ��ÖÈØ×ÌË � × � ÈÌË � ¼�
 Õ È © ÈÎË ÈÙ× © � Ë � × ] (2.9)

Thephases
2 ÈÎË �

of aGaussianrandomfield shouldbeuniformly randomontheinterval

[0,2A ]. A largenumberof methodsto testthis belief havebeenproposedin thelitera-

ture.Theskewnessandthekurtosisof thetemperaturefield havebeenstudied(Luo &

Schramm,1993a).Gaussianitydictatesthatall odd ¿ –pointcorrelationfunctionsare

zeroandall even ¿ –point correlationfunctionscanbe relatedto the2–pointcorrela-

tion function.The3–pointcorrelationfunction(Luo & Schramm,1993b;Kogutetal.,

1996) and its harmonicanalogue,the bispectrum(Luo, 1994; Heavens,1998; Fer-

reira,Magueijo& Gorski,1998),have bothbeenstudiedextensively. Statisticaltests

have beendevelopedto explain propertiesof excursionsets,theseincludethe topol-

ogy of the temperaturecontours(Coles,1988;Gott et al., 1990;Kogut et al., 1996),

Minkowski functionals(Schmalzing& Gorski, 1998; Winitzki & Kosowsky, 1998)

andpeakstatistics(Bond & Efstathiou,1987;Vittorio & Juszkiewicz, 1987;Kogut

et al., 1996). Estimatorsbasedon Fourier statisticshave beenproposed(Ferreira&

Magueijo,1997a;Lewin, Albrecht& Magueijo,1999). Also, statisticshave beende-

velopedbasedon wavelet techniques(Pando,Valls-Gabaud& Fang,1998;Aghanim

& Forni, 1999;Hobson,Jones& Lasenby,1999). We shall investigatethe phasesof

thesphericalharmoniccoefficientswherepresentlytheliteratureis rathersparse.

Thephasesof the
� ÈÎË �

containcrucial informationthatdeterminesthemorphologyof

a sphericalimage. To demonstratethis Figure2.1 shows the resultsof swappingthe

phasesof two imageswhilst maintainingthe original valuesof
¶ � ÈÎË � ¶

. Figures2.1a

and2.1b areimagesof theEarth1 andtheWMAP ILC2 map,respectively (bothwith

thedipole removed). Below the imageof theEarthis an imagewith the ILC’s
¶ � ÈÎË � ¶

andEarth’s
2 ÈÎË �

(Figure2.1c). Clearly, thestructureof Earthis visible in the image.

Figure2.1d is thereverseimageof this: Earth’s
¶ � ÈÌË � ¶

andILC’s
2 ÈÌË �

. Interestingly, the

darkholein thecentreof theILC imageis still maintainedin this image.Overall, the

large–scalefeaturesof theILC maparemimicked.Thereasonfor theretentionof the

large–scalestructureis that themethodactslike a low–passfilter. The vastmajority
1Landandseafloor elevationsobtainedfrom theETOPO55–minutegriddedelevationdataset(Ed-

wards,1989)
2CMB–only imageproducedby Bennettet al. (2003a)using1st–yrdatafrom theWMAP satellite.

Thedetailsof theconstructionof themaparegivenin Section3.3.4
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(a) (b)

(c) (d)

Figure2.1: (a: top left) Imageof Earth,(b: top right) WMAP ILC image,(c: bottom
left) imageconstructedfrom Earth’s

2 ÈÎË �
andILC’s

¶ � ÈÌË � ¶
, and(d: bottomright) image

constructedfrom ILC’s
2 ÈÌË �

andEarth’s
¶ � ÈÎË � ¶

.
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Figure2.2: (a: left) Phasesfrom WMAP å –band(b: right) andfrom theWMAP ILC
map.

of power in theimageof Earthis concentratedat thelargestscalesandthusit is these

featuresin theILC thatweseein Figure2.1d.
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Before moving onto the developmentof a phasestatistic to probeCMB data, it is

worth highlightinghow thephasesinformationaltersasCMB datais processed.Re-

cently, phaseinformationhasbeenusedto producea cleanimageof the CMB from

WMAP data(Naselsky et al., 2003).Coles& Chiang(2000)presented,in thecontext

of structureformation,a techniqueto visualisethedevelopmentof phasecouplingby

usingcolourcoding. We shall usethemethodto illustratethestructurein thephases

from CMB observations.Theirtechniquemakesuseof theHue–Saturation–Brightness

(HSB)colourscheme.Huedistinguishesbetweenbasiccolours.Saturationdetermines

thepurity of acolour;i.e. theamountof whitemixedin thecolour. And finally, bright-

nesssignifiesthe overall intensityof the pixel on a grey–scale. In Coles& Chiang

(2000),thephaseinformationis representedby thehueparameter. Critically, thehue

parameteris a circularvariablelike thephases.Thephases,rangingfrom - A to A , are

trivially convertedto therangeof thehueparameter[ : , # ]. A valueof
2 ÈÎË �

=-A equates

to a huevalueof : that is equivalent to bright red. The prime hues(red, blue and

green)are
> A e N apart(at - A , - A e N , A e N ). Thecomplementarytones(yellow, cyanand

magneta)are at -
> A e N , : , > A e N , respectively. Due to the circular natureof the hue

parameter, redrepresentsbotha phaseof A and- A . We usethetechniqueto represent

thephasesof two CMB datasetsup to Ñ =600(with boththesaturationandbrightness

parameterssetto
#
). In Figure2.2a thephasesfrom theWMAP å –bandareshown.

Figure2.2b shows the phasesfrom the WMAP ILC mapthat purportsto be a clean

imageof the CMB signal. The top triangle in both imagesshows phasesfrom the

dataandthe bottomtriangleshows a randomsetof phases.In Figure2.2a thereis

clearly structurein the phases;your eyesareable to draw lines connectingpartsof

image. However, in Figure2.2b thereis no obvious differencebetweenthe random

phasepatternandthat of the ILC phases.Whilst the å –bandstill containsGalactic

foregroundcontamination,theILC mapappearsto have theseforegroundssubtracted.

Consequently, thephasesarepotentiallya gooddiagnosticof foregroundcontamina-

tion.

2.3 Fluctuations on a sphere: the spherical harmonics

For analysisof datadistributedon a sphere,it is naturalto expandover the spheri-

cal harmonics.However, the natureof the structureformedby the individual modes
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Figure2.3: Theeffectof the Ñ –mode.(left) Ñ =10,(middle) Ñ =15,(right) Ñ =20.

is rathercomplex. If correlationsacrossparticularmodesareobserved,what doesit

mean?Clearly, correlationsacrossa particular Ñ –modeindicatethata structureis be-

ing formedthatis intrinsic to thisscale.Thesignificanceof correlationsacrosscertain�
–modesis lessapparent. Moreover, more complicatedcorrelationscan be envis-

aged.Therefore,to getahandleonthemeaningof thecorrelationsacrossthespherical

harmonicmodeswe look at somesimpleexamplesof correlatedmodes.In theseex-

amples,notonly arethephasescorrelatedbut alsotheamplitudes.Redcorrespondsto

maxima,bluecorrespondsto minimaandgreento thezero–level. However it is worth

bearingin mind thata greensectionin a particularpartof thesky doesnot meannone

of themodesform structurethere. Instead,it couldmeanthat thevariousmodesare

cancellingeachotherout.

Hopefully, theexampleswill leadto someinsight into theresultsobtainedin the fol-

lowing chapterswherecorrelationsare soughtacrossÑ –modesand
�

–modes. Fur-

thermore,in chapter6, we will constructcombinationsof sphericalharmonicmodes

thatareorthogonalto anunevenly distributedsampleof rotationmeasuresin orderto

generateaFaradayrotationtemplate.

2.3.1 Corr elated l–modes

In Figure2.3 imagesare constructedwith
� ÈÎË �

set to
# ]�: for all modesat scalesofÑ = # : , #(æ and

> : . Thenumberof spotsincreasesasthescaleis increased.Moreover,

thevalueof Ñ correspondsto thenumberof maxima/minima.Therefore,we canthink

of Ñ asdeterminingthewavelengthof thewavesspanningthespherethatconstructthe

image(like in Fourieranalysis).

Imagesof the individual
�

–modesfor the scaleof Ñ = # : (againwith
� ÈÌË �

=
# ]�: ) are

shown in Figure2.4. Thesemodescombineto form the Ñ = # : imagein Figure2.3.

The imagefor
�

= : appearsquite different than the othermodes;the modemainly
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Figure2.4: Individual modesfor Ñ =10. (top left)
�

=0, (top middle)
�

=2, (top right)�
=4, (bottomleft)

�
=6, (bottommiddle)

�
=8, (bottomright)

�
=10.

Figure2.5: Theroleof phases.(left)
2
=0, (middle)

2
=A /2, (right)

2
=A .

constructsdetailsin the polar regions. As
�

is increased,the structurefocuseson a

smallerbandacrossthesky (but still at thescaleof Ñ =10). Thenumberof horizontal

bandsis equalto ( Ñ & # � � ) bar
�

=0.

It seemsnow would beanappropriatepoint to look at the role of thephases.Again,Ñ = # : scaleis probed.Theamplitudesof all the
�

–modesaresetto 1.0andwe look at

the scalewith all the phasessetfirst to : , thento A e�> and A . The imagesareshown

in Figure2.5. It is clearthat the main bandis rotated. The maximain the centreof

the imagefor
2
= : shiftsslightly to the right in the imagefor

2
=A e�> . For

2
=A , there

is neithera maximaor a minima in the centreof the image. Therefore,the phases

alignmaximafor particularscalessothatstructureis formedataparticularpoint in an

image.

For the remainderof this subsection,the effect of combiningdifferentmodesfor a

particularscaleis investigated.All theimageshave Ñ =16and
2

setto
> A e N . In Figure

2.6, the maximummode
�ç�Tè³é

is variedwhilst the minimum
�ç� vëê maintainedat : .

All modesfrom
�ç� vëê to

�ç�Tè³é
, inclusive, areusedto constructthe image. In Figure

2.6, themainbandbecomesmorecircularas
�ç�Tè³é

is increased.Thereversesituation

is displayedin Figure2.7:
�ç� vëê is variedwhilst the

�ç�Tè³é
is maintainedat a valueof
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Figure2.6: Combiningmodesat Ñ =16. (top left)
�ç�Tè³é

=0, (top middle)
�ç�Tè³é

=4, (top
right)

�ç�Tè³é
=8, (bottomleft)

�ç�Tè³é
=12,(bottomright)

�ç�Tè³é
=16.

Figure 2.7: Combining modesat Ñ =16. (left)
�ç� vëê =0, (middle)

�ç� vëê =8, (right)�ç� vëê =16.# � . The bandis ring–like with
�ç� vëê = : , but, the bandstraightensas

�ç� vëê increases.

Eventually, thebandis straightwhen
�ç� vëê =�ç�Tè³é .

2.3.2 Corr elatedm–modes

Theprevioussubsectionestablishedthetrendsseenin correlationsacrossa particular

scale. In this subsection,the effect of modescorrelatingacrossdifferent scalesis

investigated.In thewhat follows the
�

=
# : modeis studiedwith thephasesall setto> A e N . The modefrom scalesÑ � vëê to Ñ �Tè³é arecombinedto form the imagesseenin

Figures2.8 and2.9. In Figure2.8, Ñ � vëê is variedwhilst Ñ �Tè³é is fixed at Ñ = N : . In all

theimages,therearetenmaximaacrosseachband.When Ñ � vëê = Ñ �Tè³é , we have just one

modeand the patternexpected,from the discussionon Figure2.4, is seen. As Ñ � vëê
decreasestheuppermostbandgetssharper(with averticalpatternof maximafollowed

by minima). This trendis seendown to roughly Ñ � vëê = > : , afterwhich, decreasingÑ � vëê
leadsto theupperbandspreadingwith now a verticalstripepatternof eithermaxima

or minima. In Figure2.9, Ñ �Tè³é is variedwhilst Ñ � vëê is fixed at Ñ = # : . IncreasingÑ �Tè³é
leadsto thesolebandmoving up theimage(from thecentrewhen Ñ �Tè³é = # : ).



Characterizing early Universefluctuations 26

Figure 2.8: Combining
�

=10 modesfrom differentscales. (top left) Ñ � vëê =30, (top
middle) Ñ � vëê =25,(top right) Ñ � vëê =20(bottomleft) Ñ � vëê =15(bottomright) Ñ � vëê =10.

Figure2.9: Combining
�

=10 modesfrom differentscales. (left) Ñ �Tè³é =10, (middle)Ñ �Tè³é =20,(right) Ñ �Tè³é =30.

Finally, we studythe effect of varying
�

andmaintainingthe rangefrom Ñ � vëê = � toÑ �Tè³é = # : . This is shown in Figure2.10. It is clearthat thevalueof
�

, not only deter-

minesthe numberof maxima/minima,but, alsoeffectsthe heightof the main band.

Theheightof thebandincreaseswith decreasingvalueof
�

. Trivially, onecanthink

of thereductionin thenumberof spots,from thedecreasein
�

, ascausingthebandto

risein orderto fit therequirednumberacrosstheimage.

Figure2.10:Cross–scalecorrelationsfor varying
�

. (left)
�

=1, (middle)
�

=5, (right)�
=9.
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(a) (b)

Figure2.11: (a: left) Original image(b: right) Invertedimageì í î½ï�ðTñ�ò óõô ö÷ï�ðTñ�ò óõô ø�ñ�ò ó
16 12 -0.5 -0.87 4A /3
16 13 0.5 0.87 A /3
16 14 -0.5 -0.87 4A /3
16 15 0.5 0.87 A /3
16 16 -0.5 -0.87 4A /3

Table2.1: Non–zero
� ÈÌË �

obtainedfrom theinvertedimage

2.3.3 Corr elationsin inverted images

Looking at the imagesin this section,it is apparentthat whena bandis straightit is

alwayslocatedin thenorthernhemisphere.Also, whena bandis curved, it is alwaysù
–shapedratherthan ú –shaped.Sohow do wegetabandin thesouthernhemisphere

or a ú –shapedband? In Figure 2.11a, thereis an imagewherethe only non–zero

modesarefrom
�

=
#(>

to
# � at Ñ =16. Themodesaresetto

¯±° � ² > A e N i.e. they have a

realcomponentof - :�] æ andanimaginarycomponentof :�] ? � � . This imagewasinverted

andis displayedin Figure2.11b. The
� ÈÌË �

wereextractedfrom this invertedimageand

thenon–zerovaluesaredisplayedin Table2.1. In orderto obtainthis ú –shapedband,

even
�

–modeshave negative valuesof Ò �º� ÈÌË � � correspondingto theoriginal image.

Whereas,odd
�

–modeshave negative valuesof Ó �º� ÈÎË � � . This relationshipcan be

further studiedby invertingother imageswith bandsin the northernhemisphereandù
–shapedbands.It becomesapparentthat this relationshipbetweenthemodesof the

original and invertedimagesheld for even Ñ . However, the oppositeis true for odd

valuesof Ñ : even
�

–modeshad
� Ó �º� ÈÌË � � of theoriginal imageandodd

�
–modeshad� Ò �º� ÈÎË � � of the original image. Importantly, the productionof thesestructureswill

manifestthemselvesascorrelatedphaseswhichwill beusefulin laterchapters.



Chapter 3

Non–Gaussianfluctuations in the

CosmicMicr owave Background

radiation

3.1 Intr oduction

In this chapter, the issueof non–Gaussianityin CMB temperaturemapsis explored.

As statedin thepreviouschapter, non–Gaussiantracersplay a crucial role in charac-

terizing the initial densityfield. Thesestatisticsalsoplay a key function in outlining

secondaryanisotropiesandforegroundcontaminantsin theCMB. This chapteris de-

votedto the developmentof a methodthat utilisesthe phaseinformationin orderto

huntfor signsof non-Gaussianity. Unfortunately, therearea wealthof possiblecorre-

lationswithin thephasesthatcannotbecomprehensively studied.We focuson phase

correlationsataparticularscale.Indeed,notonly arethephasesthemselvesexamined,

but also,thephasedifferencebetweenconsecutivemodes.Thephasedifferenceû � � Ñ �
is definedas û � � Ñ ��
_2 ÈÎË � Ê h �ü2 ÈÎË � ] (3.1)

Wechosethephasedifferencesnotonly for their simplicity, but also,becauseconcep-

tually similar quantitieshavebeenfoundto bevery informative in structureformation

studies.Chiang& Coles(2000)foundthephasedifferencebetweenconsecutivemodes

in Fourierspaceto beausefultracerof thedynamicsof nonlinearstructureformation.
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The quantitydefinedin Equation(3.1), like thephases,shouldbe uniformly random

acrosstherange[ : , > A ] for ahomogeneousGaussianrandomfield.

Thelayoutof thechapteris asfollows. I outlinein thenext sectionaprocedurethatcan

detectsignsof non–randomnessin thephasesof the sphericalharmoniccoefficients.

In Section3.3,themethodis appliedto four typesof sky maps:two classesof models

andtwo observationaldatasets.Theconclusionsarepresentedin Section3.4.

3.2 Testingfor phasecorrelations

3.2.1 Kuiper’s statistic

The approachtaken in this chapterand onesthat follow, is to assumethat a set of

phases
2 ÈÎË �

is available. We calculatethe phasesfrom a set of sphericalharmonic

coefficients
� ÈÌË �

obtainedfrom eitherrealor simulateddata.Thephasedifferences,as

describedin theprevioussection,canthenbecalculatedfrom thephases.Therefore,

let usassumethatthereare ¿ genericangles.Underthestandardstatisticalassumption,

theseanglesshouldberandom,apartfrom theconstraintsdescribedin Section2.2.We

wish to testwhetheragivensetof anglesis consistentwith beingdrawn from uniform

distributionontheunit circle. This is notquiteassimpleasit seems.A numberof tests

requireanassumptionabouttheunderlyingdistributionof theangles,suchasabiasin

a particulardirection;seeFisher(1993). Fortunately, thereis a fully non–parametric

methodavailable known as Kuiper’s statistic (Kuiper, 1960). First, the anglesare

sortedinto ascendingorder, to give theset
* h 6 ]¡]¡] 6�*�ý . It doesnot matterwhetherthe

anglesaredefinedto lie in [ : , > A ], [
� A , & A ] or any otherrange.Eachangle

*�þ
is divided

by
> A to give a setof variablesÿ þ , where

²|
 # ]�]¡]�¿ . Fromthesetof ÿ þ , two values� Êý
and

�Ábý
arederivedwhere� Êý 
 ��� °�� #¿ � ÿ h 6 >¿ � ÿ � 6 ]¡]¡] 6 # � ÿ ý�� (3.2)

and � bý 
 ��� °�� ÿ h 6 ÿ � � #¿ 6 ]¡]¡] 6 ÿ ý!� ¿ � #¿ � ] (3.3)

Kuiper’sstatistic,å , is thendefinedaså 
 � � Êý & � bý �Ä´ O
	 ¿ & :�] #	æ�æ & :�] > W	 ¿ S ] (3.4)
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Anomalouslylarge valuesof å indicatea distribution that is more clumpedthan a

uniformly randomdistribution, while low valuesmeanthat anglesaremoreregular.

The test statisticis normalizedby the numberof datapoints, ¿ , in sucha way that

standardtablescanbe constructedto determinesignificancelevels for any departure

from uniformity; seeFisher(1993). However, it is moreconvenientto determinethe

significanceof a resultfrom comparisonswith MonteCarlo (MC) simulationswhere

thephasesarerandom.

Therearefurtheradvantagesto usingMonteCarlosimulations.Theissueof conjugate

phasesdiscussedin Section2.2,canbehandledby building theminto theMonteCarlo

generator. More importantly, incompletesky coveragecanbe incorporatedinto the

generation.Observationsare often hinderedby Galacticforegroundcontamination,

leadingto aaGalacticcut. Thiscutcanintroducephasecorrelations.However, apply-

ing thesamecut to theMC skies,canovercomethisproblem.Onewould thenneedto

determinewhetherå from anobservedsky is consistentwith having beendrawn from

thesetof valuesof å generatedover theMonteCarloensemble.

3.2.2 Rotation of coordinate system

Whenanalysingthe sphericalharmoniccoefficients, the orientationthe datais pre-

sentedin needsto be taken into account.Both the COBE–DMRandWMAP results

werepresentedwith the l –axissetperpendicularto the Galacticplane. The choice

of coordinatesysteminfluencesthevaluesof the
� ÈÎË �

andthusthe
2 ÈÎË �

. A measured

sky cangeneratean infinite numberof differentsetsof
2 ÈÎË �

sincethe phasesarenot

rotationallyinvariant.An apparentlynon–randomsetof phasesmaybetheresultof a

chancealignmentof a featurein thesky with thecoordinateaxes. It is clearthat this

aspectof thephasesmayinfluencetheresultsof any statisticaltest.Rotatingthecoor-

dinatesystemwill leadto strongerconclusionsaboutthenatureof theCMB datathat

is notuniqueto oneorientation.In orderto overcomethisproblem,onecanarbitrarily

rotatethecoordinatesystemandrecalculatethe
2 ÈÎË �

. A new valueof thestatisticwill

beobtainedand,afteranumberof rotations,adistributionof å canbegenerated.The

processcanbe appliedto both real andMonte Carlo skies. The distributionscorre-

spondingto therealandMC skiescanthenbecompared.A similar approachis taken

by Hansen,Marinucci & Vittorio (2003). Alternatively, onecould compilea grid of
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orientationsuniformly coveringthesky andcalculatethedistribution of å from these

coordinatesystems.However, the first methodallows the stability of a result to be

checkedby repeatingtheprocessandensuringa similar resultis obtained.Therefore,

thefirst methodis incorporatedinto thepracticalprocedurepresentedlater.

An arbitraryrotationof a coordinatesystemabouttheorigin canbespecifiedby three

realparameters.Rotationsof coordinatesystemsaremostusefullydescribedin terms

of the Euler angles� , � and � . The rotationof the coordinatesystem
�� � 6��86 l�������� � � 6�� � 6 l � � canbeperformedby threesuccessive rotationsaboutthecoordinateaxes

(Varshalovich, Moskalev & Khersonskii,1988,hereafterVMK). Thenew coordinate

systemis obtainedby executingthesethreerotationsabouttwo of thethreemutually

perpendicularaxes.Two methodscandescribethis

(a) A rotationof the l -axisthroughanangle �
(b) A rotationof thenew

�
-axisthroughanangle�

(c) A rotationof thenew l -axisthroughanangle�
or

(a) A rotationof the l -axisthroughanangle�
(b) A rotationof theinitial

�
-axisthroughanangle�

(c) A rotationof theinitial l -axisthroughanangle�
where :�� � } > A , :������ A and :����Ô} > A . � and � aredrawn from uni-

form distributions,whereas,� is drawn from a +-,/. �)*��  * distribution. It canbeshown

thattherelativeorientationsof theinitial andfinal axesarethesamefor bothmethods

(Edmonds,1960).

Theeffect therotationshaveon acoordinatevectorr aredescribedby threematrices

r
� 
 ��� � �� �l �

!#""$ 
 ��� �&% + � +-,w. � :� +-,/. � �'% + � :: : #
!#""$ ��� �&% + � : � +-,/. �: # :+�,w. � : �&% + �

!#""$ ��� �'% + � +-,w. � :� +�,w. � �'% + � :: : #
!#""$ ��� � � l

!#""$
(3.5)

or

r
� 


D
� : 6 : 6 � � D � : 6 � 6 : � D � � 6 : 6 : � r ( D

� � 6 � 6 � � r (3.6)
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whereD correspondsto a rotation operator. On the other hand,a scalarfield ) is

unchangedby achangeof theframeof reference) � � r � ��
 ) � r � ] (3.7)

A procedureis requiredto evaluatethevaluesof the
� ÈÌË �

in arotatedcoordinateframe.

The Wigner û –function û È� Ë � × ( � 6 � 6 � ) providesus with sucha mechanism(VMK).

TheWigner û –functionrealizestransformationsof thecovariantcomponent(i.e.
�

)

of any rank Ñ tensorundercoordinaterotation. The arguments� , � and � areEuler

anglesthatspecifytherotation.If weconsideratensor* ÈÌË � �)*~6�28� andapplytherotation

operatorthen+û � � 6 � 6 � � * ÈÌË � �)*~6�28�a
 ® � û È� Ë � × � � 6 � 6 � � * ÈÌË � �)*~6�28�a
 * � ÈÌË � × �º* � 6�2 � � ] (3.8)

Similarly, theoperatorcanact on thesphericalharmonics
Í ÈÎË � �º*�6�2Ã�

. Fromequation

(3.7),wesee Â << �º*~6�2Ã��
 Â << � �)* � 6�2 � � ] (3.9)

Thus,therotated
� ÈÎË �

canbecalculatedfromÂ << � �º* � 6�2 � � 
 ® È ® � × � � ÈÌË � × Í �ÈÎË � × �)* � 6�2 � � (3.10)
 ® È ® � × � � ÈÌË � × ® � û È� Ë � × � � 6 � 6 � � Í ÈÌË � �)*~6�28� (3.11)
 ® È�® � � ÈÌË ��Í ÈÌË � �)*~6�28�
(3.12)

if � ÈÌË � 
 ® � × � � ÈÌË � × û È� Ë � × � � 6 � 6 � � ] (3.13)

From Equation(3.13), it is clear that in order to calculatethe rotated
� ÈÎË �

the value

of the Wigner û –functionhasto be calculatedfor a particular Ñ (given � 6 � and � ).

The Wigner û –function is complex and its calculationcanbe madesimpler if it is

expressedas û È� Ë � × � � 6 � 6 � �K
 p b þ � L  È� Ë � × � � � p b þ � ×-, 6 (3.14)

where  È� Ë � × � � � is real andequivalent to û È� Ë � × � : 6 � 6 : � . The computationaltask is

now to generatethe  È� Ë � × � � � . Methodsfor generating È� Ë � × � � � aregiven in VMK,

however, the iteration formulaerequirea division throughby +�,w. � and when � is
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small computationalproblemsarise. Wright & Earl (2002)suggestusinganalterna-

tive methodthat is basedon Edmonds(1960)definition usingspin matrices. . The È� Ë � × � � � canbecalculatedusingthefollowing definition È� Ë � × � � � 
  � Ñ & � � �0/w� Ñ � � �Ì�1/� Ñ & � �0/w� Ñ � � �0/ 4 h cd�
] ý® 2 É ¢�3 Ñ & �Ñ � � �~� .54 3 Ñ � �. 4 ��� # � È b � × b 2
] O �'% + � > S � 2 Ê � × Ê � O +-,w. � > S � È b � 2 b � × b � 6 (3.15)

wherethe ¿ is taken asthe the smallestof Ñ � �
and Ñ � � �

. VMK alsoreveal the

following symmetrypropertiesof  È� Ë � × � � � thatcanaid in reducingthecomputational

time for generatingthem È� Ë � × � � � 
 ��� # � � b � ×  È b � Ë b � × � � � (3.16) È� Ë � × � � � 
 ��� # � � b � ×  È� Ë � × � � � (3.17) È� Ë � × � � � 
  È b � × Ë b � � � � ] (3.18)

Theserelationshelpmap  È� Ë � × � � � into differentregionof harmonicspace.

In orderto testthegenerationprocedureof theWigner û –functionthefollowing rela-

tionsfor particularvaluesof theEuleranglesweresoughtû È� Ë � × � : 6 : 6 : � 
 © � Ë � ×
(3.19)û È� Ë � × � � 6 : 6 � � 
 © � Ë � × p b �76 L Ê ,&8 (3.20)û È� Ë � × � � 6 ; > � A 6 � � 
 © � Ë � × � � # � � · È p b �96 L Ê ,&8 6 (3.21)

where
�

is an integer. Again, theserelationshipsweretaken from VMK. VMK also

containedtablesgiving theexplicit form of  È� Ë � × � � � for Ñ = # � æ ; theform of  È� Ë � × � � �
for Ñ = # is given in Table3.1. Note that the explicit form for Ñ = # highlightsthe rela-

tionshipsdisplayedin Equations(3.16–3.18).Therefore,to furthertestthegeneration

of the  È� Ë � × � � � valuesfor  h� Ë � × � � � and  �� Ë � × � � � werecalculatedby handfor various� . The generatedvalueswere found to follow the relationsand the explicit values

calculatedby hand.

TheWigner û –functionrepresentsthematrixelementsof therotationoperator
+û � � 6 � 6 � � .

Therefore,applyingthefunctionto the
� ÈÎË �

shouldpurelyrotatetheframeof reference
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�

1 0 -1

1
h Ê t�y<;>=� b ;wvëê?=@ � h5b t�y<;0=�

0
;/vëêA=@ � �&% + � b ;/vëêA=@ �

-1
h5b t�y<;>=� ;wvëêA=@ � h Ê t�y<;0=�

Table3.1: Explicit form of  È� Ë � × � � � for Ñ = # .
andleave thelengthfor a particularmodeunaltered.If wedefinethelengthas¶ B È ¶ 
 ® � � ÈÎË � 6

(3.22)

then ¶ B È ¶ 
 ¶ BC� È ¶ 
 ¶ BC� �È ¶ 
 �'% .g+ED � .AD ] (3.23)

Thisallows therotationcodeto betestedfor any valuesof Ñ({ æ andfor � 6 ��F
 : .
3.2.3 Implementation

To begin with, a setof
� ÈÌË �

(whetherfrom a real, modelor Monte Carlo sky) need

to be extractedor generated.This setof
� ÈÎË �

canbe usedto producea rotatedsetof� ÈÎË �
whentheWigner û –functionis employedin themanneroutlinedin theprevious

subsection.Randomvaluesof � , � and � arechosen.Fromthisnew rotatedsetof
� ÈÌË �

,

two subsetsof thephasesarestudied(for a givenscale):thephases
2 � � Ñ � themselves

andthephasedifferencesû � � Ñ � betweenconsecutive modes.Kuiper’s statistic å�t �8�
is calculatedfor both subsets.After a numberof rotations,a distribution of å�t �8� is

formedfrom theoriginalsetof
� ÈÌË �

. Thisdistribution is thensplit into equally–spaced

bins.3000rotationsand100binsspacedbetweenå = : to
> ] æ werenecessaryto achieve

stableresults.

In orderto geta handleon thesignificanceof a distribution of å�t �Ã� , thedatasetwas

comparedto 1000MonteCarlosimulationswith phasesrandomlydrawn from anuni-

form distribution [ : , > A ]. The sameprocedurewasappliedto the MC setsof
� ÈÌË �

to

producea binneddistributionsof åHG9I . An averagedistribution of åJG9I wasformed

from the distributionscorrespondingto the MC simulations.A K � testwasthenap-

plied to thedistributionsfrom theoriginaldataandtheMC average.Thatis to say, we
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calculated K � 
�® þ � ) þ3� ) þ9� �) þ 6
(3.24)

wherethesummationis over all thebinsand ) þ is thenumberexpectedin the
²
th bin

from theoverall averagedistribution. The larger thevalueof K �t �Ã� the lesslikely the

distribution functionsweredrawn from thesameparentdistribution. Thedistribution

of ågt �Ã� wasassumedto becompatiblewith a distribution drawn from a sky with ran-

domphases,if thevalueof K �t �Ã� waslessthan95%of K �G9I
So what scalesarestudiedin the following section?We appliedthe methodto only

low valuesof Ñ . Thereis nodifficulty in principlein extendingthismethodto veryhigh

sphericalharmonics,but thecomputationalgenerationof Wigner û –functionscalesby� Ñ � sotheapplicationwaslimited to Ñ = > : . Furthermore,only evenvaluesof Ñ were

assessedin orderto keepthe analysiscomputationallymanageableandalsobecause

theseweretheonly modesavailableto mefrom theCOBE–DMRdata(Section3.3.3).

Besidesthis,theanalysisis suitedto asmallnumberof independentdatapoints:corre-

lationsbetweencertainphasesarenothiddenby a largenumberof randomphases.On

thesamenote,but asanaside,themethodwasappliedto thewholesampleof phases

andphasedifferences( Ñ = # –> : ) for all thesky mapsanalysedin thenext Section,with-

out results. This wastrue even whenstarksignalswereseenwhenscanningacross

individualscales,aswe will discussin thenext section.

3.3 Application to sky maps

3.3.1 Toy models

Asafirst checkonthesuitabilityof themethodfor detectingevidenceof non–Gaussianity

in CMB sky maps,setsof sphericalharmoniccoefficientswerecreatedwith phases

drawn from non–uniformdistributions. Threetypesof distributionswereusedto test

the method: (i) the phaseswerecoupled(ii) the phasesweredrawn from a cardioid

distribution and(iii) thephasesweredrawn from a wrappedCauchydistribution; see

Fisher(1993).Thefake setsof coefficientswerecreatedin a mannerthatinsuredthat

theorthonormalityof thecoefficientswaspreservedasoutlinedin Section2.2.

The first non–uniformdistribution of phasesis constructedusingthe following rela-
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Figure3.1: Probabilitydensityfunctionsfor (left) cardioidand(right) wrappedCauchy
distributions.Thesolid line, dashedline, anddot-dashedline correspondto F =0,0.25,
0.5and F =0, 0.5,0.9for thecardioidandwrappedCauchydistributionsrespectively.

tionship 2 ÈÎË � 
_2 ÈÎË � b�h & �
(3.25)

where
2 ÈÎË b È is a randomnumberchosenbetween: and

> A . The resultsof the simu-

lation with
�
=
#

areshown in panel(i) of Tables3.2 and3.3. The sky is taken to be

non-Gaussianif K �;�LNM is largerthan95 % of K �G9I for aparticularmode.Thephasedif-

ferencemethodshouldbe particularlysuitedto detectingthis kind of deviation from

Gaussianitybecausethephasedifferencesareall equalin this case;thedistributionof

phasedifferencesis thereforehighly concentratedratherthanuniform. Nevertheless,

thenon–uniformityis soclearthat it is evident from thephasesthemselves,evenfor

low modes.On theotherhand,assessingnon–uniformityfrom thequadrupolemodeÑ = > on its own is difficult even in this case.This is dueto thesmall numberof inde-

pendentvariablesavailable.

Thecardioiddistributionwaschosenbecausestudiesof thenon–linearregimein struc-

ture formationhave shown phasesrapidly move away from their initial values.They

wraparoundmany multiplesof
> A andthe’observed’ phasesappearrandom(Chiang

& Coles,2000;Watts,Coles& Melott, 2003). However, this evolution canbedistin-

guishedby thephasesdifferenceswhich appearto bedrawn from a roughlycardioid

distribution (Watts,Coles& Melott, 2003).Thecardioiddistributionhasaprobability

densityfunctiongivenby) �º*���
 #> A Ï # & > F �'% + �º*�� Ð 6 :O� * } > A 6 :O��F�� #	e�> 6
(3.26)
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where F is themeanresultantlength.As F�� : thedistributionconvergesto a uniform

distribution. Thedistribution is illustratedin Figure3.1. Thekurtosisof thedistribu-

tion is givenby P 
V� F D� # � F � � ] (3.27)

Setsof coefficientswereproducedfrom distributionswith F = : , :�] > , :~] W and :~] æ . The

distributionsthemselvesweregeneratedusingrejectionmethods.Theresultsaregiven

in panel(ii) of Tables3.2 and3.3. Theresultswith F = : arenot shown: they indicate

the coefficientsare taken from a Gaussianrandomfield, asexpected. Furthermore,

with F = :�] æ thenon-uniformitydetectedin thephasesandphasedifferencesfor Ñ = > : is

not particularlysignificant,however, thekurtosisfor this distribution is not especially

large.

Phaseswere drawn from wrappedCauchydistributions in order to test the method

againstskieswith larger valuesof kurtosis. The wrappedCauchydistribution hasa

probabilitydensityfunctiongivenby) �º*���
 #> A # � F �# & F � � > F �&% + �)*�� 6 :O� * } > A 6 :���F�� #
(3.28)

Thekurtosisis givenby P 
 � F � � F D �� # � F � � ] (3.29)

As FQ� : the distribution tendstowardsa uniform distribution. As FQ� #
the distri-

bution tendstowardsa distribution concentratedat
2
= : . Thedistribution is shown in

Figure3.1. Fisher(1993)givesa methodfor simulatingthedistribution. Setsof co-

efficientswerecreatedfor F = : , :�] > , :~] W , :�]�� , :~] ? and
#
. Theresultsaregivenin panel

(iii) of Tables3.2 and3.3. Again, F = : is not displayed,but wasusedto checkthe

distribution simulationwascorrectbecauseit shouldcorrespondto a uniformly ran-

domdistribution. For F�R :�]�� thecoefficientsaredistinctly non–Gaussian.Theresults

in theTableindicatethat themethodcanpick out departuresfrom uniformly random

phasedistributions,at95%confidencelevel for
¶ P ¶ {� # . NotealsothattheresultsfromF = # demonstratethatfirm conclusionsabouttheGaussianityof thesky aredifficult to

draw usingthequadrupolealone.Evenfor thehighly non–Gaussiandistribution withP
= S , thestatisticdoesnotproveto bediscriminatory. In summary, however, thetests

ontoy modelsdoshow thatthemethodcanpick outdeparturesfrom therandomphase

hypothesisin CMB sky mapsusinglow multipolemodes.
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i ii iii: : : : : :l
K

-0.003 -0.07 -0.25 0.06 0.37 1.44 5.76 S
2 76 79 29 81 53 21 68 98 52
4 96 56 41 44 68 77 39 68 100
6 100 18 56 83 61 41 99 85 100
8 100 99 16 64 97 18 99 100 100
10 100 11 64 39 19 63 24 99 100
12 100 22 45 34 38 96 39 95 100
14 100 63 4 82 60 62 93 97 100
16 100 69 41 31 16 68 72 100 100
18 100 83 63 44 54 18 100 100 100
20 100 5 72 95 64 1 83 100 100

Table3.2:
2 � � Ñ � resultsfor toy modelskies

i ii iii: : : : : :l
K

-0.003 -0.07 -0.25 0.06 0.37 1.44 5.76 S
2 67 81 63 90 52 46 37 98 35
4 97 68 41 12 79 89 28 69 100
6 100 18 66 87 25 4 98 95 100
8 100 98 69 8 74 87 99 100 100
10 100 34 66 12 44 32 65 99 100
12 100 37 80 71 58 7 55 72 100
14 100 22 29 85 79 40 28 65 100
16 100 48 78 88 43 78 89 99 100
18 100 8 5 23 84 19 100 100 100
20 100 85 55 99 53 27 32 99 100

Table3.3: û � � Ñ � resultsfor toy modelskies

3.3.2 Quadratic non–Gaussianmaps

In order to further examinethe performanceof our statistic, it wasappliedto non-

Gaussianmodelswith strongerphysical foundations. At large scales,the CMB is

dominatedby theSachs–Wolfe (Sachs& Wolfe, 1967)effect so that the temperature

fluctuationsare proportionalto fluctuationsin the gravitational potentialon the last

scatteringsurface.Non–GaussianCMB skiescanbegeneratedby introducinga non-

lineartermin thegravitationalpotential T � ¿ �T � ¿ �Á
 T�U � ¿ � & ) ý È � T �U � ¿ �±� }VT �U � ¿ � { � (3.30)
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2 35 40 46 46 47 38 38 45 40 34
4 81 83 81 83 79 78 76 76 78 78
6 49 31 52 53 76 46 44 43 37 41
8 19 43 14 41 1 68 63 67 65 63
10 97 97 97 98 97 96 96 96 96 96
12 49 38 1 1 59 13 24 14 3 7
14 61 77 33 31 35 3 10 77 8 10
16 4 77 87 92 39 57 66 67 59 65
18 97 94 94 96 97 92 92 91 94 93
20 64 58 7 51 36 30 19 18 30 23

Table3.4: Resultsfor COBE DMR databasedon phasesandphasedifferencesbe-
tweenconsecutive valuesof

�
at a fixed Ñ . Themethodwasappliedto 5 realisations

of theDMR sky in orderto demonstratethestabilityof theresults.

where T�U � ¿ � refersto the linearpartof thepotential, ) ý È is thenon–linearparameter

controllingtheamountof non-Gaussianityandthebracketsindicateavolumeaverage

(Liguori, Matarrese& Moscardini,2003). Themethodwasappliedto thesetypesof

skieswith varyinglevelsof non–Gaussianitycontrolledby theparameter) ý È .
The resultsfor the most extremeform of non–Gaussianity( ) ý È 
 S ) are shown in

panel(i) in Table3.5. Note that the statisticis clearly unsuitablefor detectingthis

form of non–Gaussianity. Evenfor this severelevel of non–Gaussianitythemethodis

incapableof findingany deviationsof thephasesor phasedifferencesfrom therandom

phasehypothesis.The reasonfor this is that the very simpleform of phaseassocia-

tion soughtby thestatisticdoesnot pick up very sensitively thequadraticcorrelations

manifestedby the modelgiven in Equation(3.30); seeWatts& Coles(2003). The

reasonfor this failureis thatthestatisticis moresensitiveto departuresfrom statistical

homogeneityover thewholesky. Themodelsherearecertainlynon–Gaussian,but are

statisticallyhomogeneousover thewholesphere.Therefore,thestatisticwill besensi-

tive to formsof non–Gaussianity, suchasblobsor edges,thatoccupy a large fraction

of thesky. Thischaracteristicof thestatisticwill beusefulwheninterpretingrealdata.
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3.3.3 COBE–DMR data

In the following subsections,the methodwill be appliedto real datain orderto see

if any signsof non–randomphasescanbefound in availableCMB sky maps.In this

subsection,the
� ÈÎË �

obtainedfrom COBE–DMR dataare studied. In the following

subsection,themethodis appliedto
� ÈÎË �

obtainedfrom fiveall-sky mapsderivedfrom

WMAP data.

TheDMR (DifferentialMicrowaveRadiometer)instrumentonboardtheCOBEsatel-

lite usheredin the eraof precisioncosmologyby measuringprimordial temperature

fluctuationsof order
Â < e < 
 # : b�¤ in theCMB. TheDMR instrumentcomprisedsix

differentialmicrowave radiometers:two nearlyindependentchannels,labelledA and

B, at frequencies

N # ] æ , æ N and X�: GHz. Thedatafrom all threefrequencieshave been

usedto calculatethe
� ÈÌË �

correspondingto the CMB signalfrom regionsoutsidethe

Galacticcut.

The resultsof the applicationof the methodon the
� ÈÌË �

aredisplayedin Table3.4.

The methodwasappliedto five realisations(rotations)of the DMR sky in order to

examinewhetherthe resultswere stableand consequentlywhetherthe conclusions

wererobust. In the table, it is clear that the large valuesof K � do appearstablebut

for lower values(whenthe phasesappearrandom)the probabilitiesdependstrongly

uponthe realisation. However, we areonly interestedin significancelevels that are

largerthan X æ % andtheseappearstablefor all realisations.Thestatisticindicatesthat

both the phasesandphasedifferencesof Ñ = # : modeappearnon–random.For all 5

realisations,the K � valuesarelarger than X æ % of theMC skies. Thephasesfor Ñ = # ?
alsoappearunusual,however, theconfidenceof this resultdependson therealisation.

Non–Gaussiansignaturesin the COBE–DMRdatahave beenreportedin the litera-

turebefore(Ferreira,Magueijo& Gorski,1998;Pando,Valls-Gabaud& Fang,1998).

However, theorigin of thesesignalsis probablysystematicerrorsin thedataprocessing

ratherthancosmological;seeBromley & Tegmark(1999)for a discussionon the is-

sue.Interestingly, thebispectrumstatisticusedby Ferreira,Magueijo& Gorski(1998)

foundthedominantnon–GaussiancontributionnearÑ = # � . Thestatisticdevelopedhere

detectsa non–Gaussiansignalat Ñ = # : . This illustratesthatthetwo statisticsareprob-

ing differentaspectsof thestatisticalnatureof thetemperaturefield. Thisdemonstrates

thevalueof complimentarytracersof non–Gaussianity.
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2 13 15 4 43 51 81 92 31 11 17 66 44
4 46 11 25 36 32 93 59 38 33 42 35 93
6 32 94 96 94 97 96 2 91 95 93 96 94
8 89 73 17 19 14 35 61 23 11 34 2 34
10 37 49 13 11 47 46 29 47 7 8 43 22
12 74 82 81 87 98 96 84 85 52 71 79 94
14 55 85 95 96 82 87 34 95 98 98 90 95
16 12 100 100 90 96 88 41 99 99 97 97 79
18 48 77 57 87 25 3 22 52 92 89 64 40
20 64 20 59 50 17 76 70 49 23 30 63 16

Table3.5: Resultsbasedon phasesandphasedifferencesbetweenconsecutivevalues
of
�

at a fixed Ñ . Theresultsshow thesignificancelevelsof detecteddeparturesfrom
randomphasesfor (i) the quadraticnon-Gaussianmap( ) ý È 
 S ), (ii) the ILC map,
(iii) thecleanedTOH map, (iv) theWienerfilteredTOH map,(v) theEriksenmapand
(vi) theNaselsky map.

3.3.4 WMAP 1–yr data

The WMAP instrumentcomprises10 differencingassemblies(consistingof two ra-

diometerseach)measuringover 5 frequencies(
� > N

,

N�N
, W # , � # and X W GHz). The

WMAP teamhave releasedan internal linear combination(ILC) mapthat combined

the five frequency bandmapsin sucha way to maintainunit responseto the signal

CMB while minimising the foregroundcontamination.Theconstructionof this map

is describedin detail in Bennettet al. (2003b).To furtherimprovetheresult,theinner

Galacticplaneis dividedinto 11 separateregionsandweightsdeterminedseparately.

This takesaccountof thespatialvariationsin theforegroundproperties.Thus,thefinal

combinedmapdoesnot rely on modelsof foregroundemissionandthereforeany sys-

tematicor calibrationerrorsof otherexperimentsdo not entertheproblem.Thefinal

mapcoversthefull–sky andshouldrepresentonly theCMB signal,althoughit is not

anticipatedthatforegroundsubtractionis perfect.

Following thereleaseof theWMAP 1–yrdataTegmark,deOliveira-Costa& Hamilton

(2003,hereafterTOH) have produceda cleanedCMB map. They arguedthat their

versioncontainedlesscontaminationoutsidethe Galacticplanecomparedwith the

internal linear combinationmapproducedby the WMAP team. The five bandmaps

arecombinedwith weightsdependingbothon angularscaleandon thedistancefrom
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the Galacticplane. The angularscaledependenceallows for the way foregrounds

are importanton large scaleswhereasdetectornoisebecomesimportanton smaller

scales.TOH alsoproduceda Wienerfiltered mapof the CMB that minimisizesrms

errorsin theCMB. Featureswith a high signal–to–noiseareleft unaffected,whereas

statistically lesssignificantpartsare suppressed.While their cleanedmap contains

residualGalacticfluctuationson very small angularscalesprobedonly by the Y –

band,thesefluctuationsvanishin thefilteredmap.

Two moreCMB–only sky mapshave sincebeenreleased;seeEriksenet al. (2004a)

andNaselsky etal. (2003)for details.I shallreferto thesetwo mapsastheEriksenand

Naselsky maps,respectively. TheEriksenmapis constructedin asimilarmannerto the

WMAP ILC, but claimsto have 12%lessvariance.This reductionis attributedto the

removalof morenoise.Thegenerationof theNaselsky mapis basedonphase–analysis

of Galacticforegroundcomponents.Theunderlyingassumptionis that thephasesof

theCMB signal,after foregroundcleaning,shouldcorrelateaslittle aspossiblewith

thoseof the foregrounds. Unlike the other four maps,the sky is not dissectedinto

smallerregions;themethodis appliedover thewhole–sky.

The five all–sky mapsare available in HEALPix1 format (Gorski, Hivon & Wan-

delt, 1999). The
� ÈÌË �

for eachmap were derived using the ’anafast’ routine in

theHEALPix package.The resultsareshown in panels(ii) to (vi) in Table3.5. The

resultsfor theILC mapsuggesttherearedeparturesfrom therandomphasehypothesis

for the phasesof Ñ = # � andthe phasedifferencesfor Ñ = # W and
# � . The departureforÑ =16appearsverystrongwith the K � valuebeinglargerthan995of thevaluesobtained

for theMC skies.

The distributionsof Kuiper’s statisticfor the phasedifferencesfrom two modesare

shown in Figure3.2. The plot for Ñ = # : (Figure3.2a) illustratesthat the distribution

correspondingto theILC fits in with thescatterof therandomsampleof MCs around

the averagedistribution. Whereas,in the plot for Ñ = # � (Figure3.2b), the ILC distri-

bution is undoubtedlydifferentto thatcorrespondingto theaveragedistribution. It is

alsoworth pointing out that, in Figure3.2a, thereis a larger scatterin the shapeof

thedistributionscorrespondingto theMCs for Ñ = # : . This is not by chance,instead,it

is dueto thesmallernumberof independentdatapointsfor Ñ = # : . Consequently, it is

harderto unearthsignsof non–uniformityin the lower multipoles. As a result,more
1http://www.eso.org/science/healpix/
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(a) (b)

Figure3.2: Distribution of Kuiper’s statisticfor the phasedifferences.The straight
line, dottedlinesanddashedline correspondto distributionsof theaverageof the1000
MC skies,threerandomlychosenMC skiesandthe ILC, respectively. (a: left) Ñ =10
and(b: right) Ñ =16.

weightshouldbeattachedto detectionsin thehighermultipolesasany detectionis less

likely to beastatisticalfluke.

To investigatethe Ñ = # � modefurther, the temperaturepatternon the sky wasrecon-

structedsolelyusingthesphericalharmonicmodesfor Ñ = # � with theirappropriate
� ÈÌË �

andcomparedthis with a mapwith thesamepower spectrumbut with randomphases

(Figure3.3). Theresultconfirmsthat themethodis very sensitive to departuresfrom

statisticalhomogeneity. The Ñ = # � modesareclearlyformingamorestructuredpattern

thanthe random–phasecounterpart.Thealignmentof thesemodeswith theGalactic

planeis striking.

Themorphologicalappearanceof thesefluctuationsasabandacrosstheGalacticplane

maybeindicativeof residualforegroundstill presentin theCMB mapafterforeground

removal. This is the mostlikely explanationfor the alignmentof featuresrelative to

theGalacticcoordinatesystem.Thescanningstrategy wassuchthattheecliptic poles

andringsaroundthepoleswereobservedthegreatestnumberof times(Bennettetal.,

2003a).Thus,noiseandproblemsassociatedwith dataprocessingis unlikely to form

sucha feature.Furtherevidencefor foregroundcontaminationis providedby signsof

cross–correlationsof the phasesof CMB mapswith variousforegroundcomponents

(Naselsky, Doroshkevich & Verkhodanov, 2003;Chiang& Naselsky, 2004). Alter-



Non–Gaussianfluctuations in the CMB 44

natively, the structuremay be the consequenceof the angularscale Ñ = # � relating to

thewidth of thezonesusedto modeltheGalacticplanein thegenerationof theILC.

In any case,oneshouldcertainlyavoid jumpingto theconclusionthat this represents

anything primordial. The ILC is constructedfrom preliminarydataandhascomplex

variationsin signal-to-noiseacrossthe sky. Nevertheless,the ILC resultshows that

the methodis useful for testingrealistic observational datafor departuresfrom the

standardcosmologicalstatistics.

Thetwo mapsproducedby Tegmark,deOliveira-Costa& Hamilton(2003)alsosug-

gestthat the phasesfor the Ñ = # � scalearenon–random.The cleanedmapshows de-

parturesfrom the randomphasehypothesisat greaterthan 95% confidencefor the

phasesandphasedifferencesof Ñ = � , # W and
# � . TheWienerfilteredmapfindsdepar-

turesfor thephasescorrespondingto Ñ = # W andphasedifferencesin Ñ = # W and
# � . Both

thecleanedandtheWienerfilteredmapsof TOH displaysimilar bandpatternsto that

observed in the Ñ = # � map for the ILC. The Wienerfiltered TOH map is shown for

comparisonin Figure3.3.

TheEriksenmapdisplayssimilarsignsof non–uniformityin thephasesasthosein the

ILC andthe two TOH maps. The phasesandphasesdifferencesfor Ñ = � and
# � are

picked out by the statistic. On the otherhand,the Naselsky mapshows the weakest

signsof non–uniformityin thephasedifferences,with just the Ñ = # W highlightedby the

statistic. Thereis no indicationof anything unusualin both thephasesandthephase

differencesat Ñ = # � . Unlike the othermaps,the Naselsky mapis processedover the

wholesphere.This mayaddweight to thebelief that thestructureseenin Figure3.3

is the resultof the division of the sky during the map–makingprocess.Thenagain,

thelackof phasecorrelationsat Ñ = # � mayinsteadbeanindicationthattheforeground

componentsarebetterhandledin thegenerationof this map.

Sofar I havefocusedmainlyonthe Ñ = # � mode,however, theresultsfor Ñ = � appearalso

to behintingat somethingunusual.Signsof non–randomphasesin themodeareseen

in threeof the maps,whilst resultsfrom the othertwo mapshave significancelevels

slightly underthe 95%threshold.Eriksenet al. (2004a)notedthe peculiarnatureof

this modewheninvestigatingtheplanarityof low multipolesin the ILC andEriksen

maps. The modewas found to be more planarthan 98% of their MC simulations.

Their investigationwaspromptedby theplanarnatureandalignmentof thequadrupole

andoctopole(Tegmark,deOliveira-Costa& Hamilton,2003;deOliveira-Costaetal.,
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Figure3.3: (Top) Internallinearcombinationmapconstructedwith
� ÈÌË �

for Ñ = # � only.
(Middle) TheTOH Wiener–filteredmapwith

� ÈÎË �
for Ñ = # � only. (Bottom) A random-

phaserealisationof themapincludingmodeswith Ñ = # � only.

2004b). In sucha scenario,the phasesin both modeswill be correlatedto form this

flat structure.Unfortunately, asstatedbefore,thestatisticis not suitablefor studying

thequadrupoleandthe oddmodeswereexcludedin this analysis,sonothingfurther

canbeaddedto this debate.

For theremainderof this section,I will focuson theILC modesat Ñ = # � . Specifically,

theindividual
� ÈÎË �

atthisscalewill bescrutinisedin thehopeof determiningthemodes

thatareresponsiblefor thestructureseenin Figure3.3. In Figure3.4, the individual

modesareplotted. It appearsthat not only arethe phasesnon–randombut the
¶ � ÈÎË � ¶

arealsounusual.Themagnitudeof the
�

=15and
# � modesarenoticeablylargerthan

theothermodes.Theabnormalnatureof thephasesis highlightedby theabsenceof

any modesin the bottom right quadrant. It also appearsthat individual modescan

be pairedup with anothermodethathasa similar magnitudeanda phaseseparation



Non–Gaussianfluctuations in the CMB 46

of ; A . This is certainlytrue for the
�

=
#(æ

and
# � modes(markedby a squareanda

circle, respectively). Thesetwo modesareinvestigatedfurther in Figure3.5. Thetop

setof realisationshave
¶ � ÈÌË � ¶

takenfrom theILC andrandomphases.Theamplitudes

arecertainlyunusual,formingaflat structure(reverse–
�
–shaped).Whenall modesbar

the
�

=
#(æ

and
# � have ILC phases,the middle setof realisationsin Figure3.5, the

reverse–
�
–shapedstructureis still seen.However, whenthesetwo modeshavetheILC

phasesandtherestof themodeshave randomphases,themorphologyseenin Figure

3.3 is observed. Thesetwo modesarecrucial to the formationof this ratherflat ú –

shapedbar. In thelight of thediscussionin Section2.3,this is ratherunsurprising.The

discussionregardingFigure2.7demonstratesthat increasing
�ç� vëê whilst

�ç�Tè³é
is set

to Ñ , leadsto aflatteningin the
ù

–shapedband.Therefore,setting
�ç� vëê to

#(æ
and

�ç�Tè³é
to
# � shouldleadto analmostflat

ù
–shapedstructure.This structureshouldbevery

similar to anupside–down imageof Figure3.3. Indeed,from Section2.3.3,weseethat

thereverseof an imagecanbeformedby consecutive phasesbeingseparatedby ; A .

Thearrangementof themodesin the ILC fits very well with this picture. The
�

=
#(æ

and
�

=16modesaredoublethemagnitudeof
# N

of theremaining
#(æ

modes(including�
= : ), so the effect of theothermodescanbe ignored. Moreover, the phasesof this

pair areseparatedby ; A .

Theprecedingparagraphdemonstrateshow the individual modeseffect thegeometry

of the structureat Ñ = # � . Unfortunately, the natureof thesemodesoffers no further

insight into the reasonfor the structuresexistence. Whetherthe structureis due to

foregroundcontaminationor not is still debatable.Nevertheless,the potentialof the

statisticis illustrated. Phasecorrelationsdo exist at this scaleandthesecorrelations

ultimatelyeffect themorphologyof theobservedstructure.

3.4 Conclusions

In this chapter, we developeda new techniquethatseeksdeparturesfrom thestandard

assumptionthat theCMB representsa homogeneousGaussianrandomfield. If true,

thenthephasesof thesphericalharmoniccoefficientsshouldbeuniformly randomon

theinterval [ : , > A ]. Specifically, we examinedthephasesandphasedifferencesacross

even modesfrom Ñ = > –> : . A key componentof the techniquewasKuiper’s statistic

which canbeusedto look for evidenceof non–uniformityin circulardata.
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Figure3.4: The
� ÈÌË �

of theILC at Ñ = # � . Crossessignify
�

=
#
–
# W , whilst

�
=
#(æ

and
# �

aremarkedby asquareandacircle respectively

Figure3.5: Therole of individual phasesof the ILC at Ñ = # � . (Top) Realisationswith¶ � h)¨ Ë � ¶ from the ILC andrandom
2 �

. (Middle) Realisationswith
¶ � h)¨ Ë � ¶ and

2 h5b�h D
from the ILC andrandom

2 h)¤ Ë h)¨ . (Bottom) Realisationswith
¶ � h)¨ Ë � ¶ and

2 h)¤ Ë h)¨ from
theILC andrandom

2 h5b�h D .
Firstly, thestrengthsandlimitationsof the techniquewereexploredby applyingit to

two typesof modelskies.Themethodsuccessfullypickedoutskieswith non–uniform

phasesof thesortdiscussedin Watts,Coles& Melott (2003). However, modelswith
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quadraticnon–Gaussianfluctuationswereundetectablewith themethod.Thesetypes

of skiesarenon–Gaussianbut statisticallyhomogeneous,indicatingthatthemethodis

bettersuitedto finding featuresthatoccupy asubstantialpartof thesky.

Wenext lookedatdatafrom theCOBE–DMRinstrument.Thescaleof Ñ = # : wasfound

to have a non–uniformdistribution of phasesat high confidence.This scalediffered

to the scaleof Ñ = # � previously reportedasshowing signsof non–Gaussianityusing

thebispectrum(Ferreira,Magueijo& Gorski,1998). Clearly, differentaspectsof the

DMR dataarebeinghighlightedby thebispectrumandourmethod.This indicatesthat

thepair of statisticsarecomplimentarynon–Gaussiantracers.

Wetheninvestigatedall–sky mapsderivedfromtheWMAP 1st–yeardata.TheWMAP

team’s ILC maphadstrongsignsof non–randomphasesat Ñ = # � . The modesat this

scaleareformingaband–likestructureacrosstheGalacticplane.Two modesin partic-

ular (
�

=
#(æ

and
# � ) werefoundto befundamentalin determiningthestructure’sshape.

Thealignmentof thestructurewith theGalacticregion suggeststhat it maybedueto

foregroundcontamination.This is consistentwith other independentclaimsof fore-

groundcontamination(Chianget al., 2003;Naselsky, Doroshkevich & Verkhodanov,

2003;Chiang& Naselsky, 2004;Eriksenet al., 2004b).On theotherhand,thestruc-

turemaybea relic of thepartitionof thesky duringthemap–making–process.Sucha

claim is madestrongerby thefactthattheonemapwithoutsky division,theNaselsky

map,showednosignsof peculiarphasesat thisscale.Finally, the Ñ = � scalewasfound

to havenon–randomphases,reinforcingrecentclaimsthatthescaleis unusuallyplanar

(Eriksenet al., 2004a).

Theissueof foregroundcontaminationwill bereturnedto in chapters5 and6.

In this chapter, we have studiedoneof thesimplestformsof phaseassociations.We

will exploreanotherform of phaseassociationin thenext chapter. Already, we have

seenthetechniqueis usefulatpursuingdeparturesfrom homogeneityin theCMB sky.

Suchascenarioshouldexist if theuniversehasanon–trivial topology. It is to thistopic

thatwenow turnour attention.



Chapter 4

Non–random phasesin non-tri vial

topologies

4.1 Intr oduction

Overall, the 1st–yearWMAP observationsseemin good accordwith the emerging

standardcosmologicalmodel;a flat i –dominateduniverseseededby scale–invariant

adiabaticGaussianfluctuations(Spergeletal., 2003).However, at largescalesthereis

anunexpectedlossof CMB anisotropy power thatwasalsoseenin theCOBE–DMR

data(Bennettetal., 2003a).Onepossibleexplanationis thatwe inhabitauniversethat

hasa non–trivial topology. That is to say, our universeis in factmulti–connectedand

hasa finite volume. If so, thenpower on scalesexceedingthe fundamentalcell size

will be suppressed.Our spacemay not be large enoughto supportlong–wavelength

fluctuations.A numberof authorshave tried to restrict the topologyof the universe

usingtheWMAP data(Luminetetal., 2003;Uzanetal., 2003;Cornishetal., 2004;de

Oliveira-Costaet al., 2004b;Roukemaet al., 2004;Weekset al., 2004). In particular,

Luminetet al. (2003)have shown that thePoincaŕe dodecahedralspace(
r n[Z # ]�: # N )

accountsfor themeasuredpower in thequadrupoleandoctopolebetterthananinfinite

(simply–connected)flat universe. The angularpower spectrum,however, is not an

effective way to characterisethe peculiar form of the anisotropy manifestin small

universesof this type(Levin, Scannapieco& Silk, 1998).

Whetherwe candeterminethetopologyof theuniversedependson its volume. If the
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universeis smallenough,we shouldbeableto seeright aroundit, sincephotonscan

travel acrossthewholeuniverse.If so, thenwe maybeableto identify ghostimages

of thesameobjectin differentdirectionsin thesky or recognisethetopologyfrom sig-

naturesin clusteringstatistics.Luminet& Roukema(1999)provide a review of these

methods.However, thesemethodsarehinderedby theneedto identify goodstandard

candles;objectsthatcanbetracedthroughdifferenteras.This is not a problemwhen

looking at theCMB for signaturesof thetopology. TheCMB photonsoriginatefrom

thesameepochandfrom a very thin shell, the lastscatteringsurface(LSS),which is

the samewhenviewed from eitherside. If the physicaldimensionsof the universe

arelessthanthediameterof theLSS thenthesphereself intersects;the loci of self–

intersectionsarecircles(Cornish,Spergel & Starkman,1998).Weshouldthereforebe

ableto matchpatternsof hot andcold spotsaroundcircles. This resultholdsno mat-

ter how complex thetopology. A furtheradvantageof usingtheCMB asanindicator

is that the last scatteringsurfacemarksthe edgeof the visible universe,makingit a

powerful tool for looking for non–trivial topology.

In this chapter, we introducea new methodto searchfor evidenceof a finite universe

in all–sky CMB maps. The methodis a simpleextensionof the statisticdeveloped

in chapter3. Again, the techniqueis basedon the propertiesof the phasesof the

coefficientsobtainedfromasphericalharmonicexpansionof all–sky maps,specifically

weexploit phasecorrelationsarisingfrom matchedpairsof circles.Whereasin chapter

3, we look solely at correlationsbetweenconsecutive modesat a particularscale,in

this chapterwe also seekcorrelationsacrossdifferentscales. In the next section,I

briefly introducesomebasicideasin topologyanddiscussthesimulationswith non–

trivial topologiesusedlater on. In Section4.3, I sketchthe proceduredevelopedto

detectphasecorrelationsin the CMB. In Section4.4, the resultsarediscussed,after

applyingthe methodto the simulationsandWMAP data. Conclusionsaredrawn in

Section4.5.

4.2 Non–trivial topology

Topologydealswith connectivity. To a topologist,a coffee cup anda doughnutare

equivalent,while a coffee cup anda bowl aredistinct. In the cosmologicalsetting,

we areconcernedwith theconnectivity of space:a manifold is describedassimply–
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connectedif any closedpath can be contractedto a point. The possibility that our

universemaybemulti–connectedwasfirst suggestedby Schwarzschild(1900),but has

oftenbeenoverlookedin favour of thesimplicity offeredby trivial topologicalspaces.

Indeedthereis a commonmisconceptionthat theshapeof theuniversecanbedeter-

minedfrom Einstein’s field equations,given a valueof
r n

. GeneralRelativity only

specifiesthe local curvatureof space–time,so nothing in it forbids a (global) non–

trivial topology. The CosmologicalPrinciple merely restrictsus to manifoldswith

constantcurvature.Indeed,any detectionof non–trivial topologycoulddeterminethe

signof thespatialcurvaturesinceits characteristicsdiffer for thecasesof Euclidean,

sphericalandhyperbolicmanifolds.

A 3–dimensionalmanifold can be describedby identifying facesof a fundamental

cell/polyhedron.TheWMAP datasuggeststhat theUniverseis very nearlyspatially

flat, with
r n

=
# ]�: > ; :~]�: > (Bennettetal., 2003a).Wethereforerestrictourattentionto

non–trivial topologieswith a flat geometry. Thetechniqueshouldneverthelessbeap-

plicableto sphericalandhyperbolicspaceswherematchedcirclesareexpected.There

are6 compactorientableflat modelsthatcanbeconstructedeitherby identifying the

sidesof a parallelepipedor ahexagonalprism.\ Model 1: The simplestoneis the hypertorus(3–torus)which is obtainedfrom

a parallelepipedwith pairsof oppositefacesgluedtogether. In otherwordsthis

manifold is built out of a parallelepipedby identifying � � � & � ,
� � � & W andl]� l & � .

Theotherthreemanifoldsarevariationsof thehypertorusinvolving identifica-

tionsonoppositefacesof a twistedparallelepiped.\ Model2: Oneof thesehasoppositefacesidentifiedwith onepairrotatedthroughA (thetwist torus).\ Model 3: thesecondidentifiesoppositefaceswith onerotatedby A e�> (the A e�>
twistedtorus).\ Model 4 : the third one is obtainedby proceedingwith the following identi-

fications: ( � ,
�
, l ) � ( � & � ,

�J�
,
� l ) correspondingto translationalong � and

rotation around � by A ; next ( � ,
�
, l ) � (

� � ,
� & W , � ( l & � )) corresponding

to translationalong
�

and l followed by rotation around
�

by A ; and finally
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�«� � & � �±6¡�«�^� & W±�±6 l & � ) translationalong � ,

�
and l followed by

rotationaroundl by A (thetriple twist torus).

Two othertopologiesarebuilt out of a hexagonby identifying thethreepairsof

oppositesideswhile in thez direction,\ Model5: thefacesarerotatedrelative to eachotherby
> A e N (

> A e N hexagon)\ Model6: andby A e N ( A e N hexagon).

The simulationspresentedherearebasedon thosein Rochaet al. (2004): they haver��
= : anda Harrison–Zel’dovich Gaussianspectrum.Thesimulationsreflecttopolo-

gieswith equal–sidedphysicaldimensionsthatleadto asuppressionof thequadrupole

with respectto thehigh–ordermodes(Weekset al., 2004).We defineadimensionless

topologicalscale_ of a simulationastheratio betweenthewidth of the fundamental

cell andthehorizonsize.

Thesesimulationsincludeonly thosetemperaturefluctuationsgeneratedby theSachs–

Wolfe effect. Matchedcirclesoccurbecausewe arelooking at thesamepoint on LSS

from differentdirections.In orderfor this to betrue,thetemperaturefluctuationsneed

to begeneratedat theLSSwhich is truein this case,but theSWeffectonly dominates

at large scales.We thereforeagainlimit our investigationto Ñ�� > : . Even at these

scales,however, therearethreemainfactorsthatcouldconfusethestatistic: (i) veloc-

ity perturbationsgeneratinganisotropiesat the LSS; (ii) the integratedSachs–Wolfe

effect dueto time varying potentialwells crossedby the photons;and(iii) Galactic

foregroundcontaminationof CMB data.

4.3 Testingfor phasecorrelations

In this section,the procedurefor detectingnon–randomphases,describedearlier in

Sections3.2.1–3.2.3,is briefly outlinedwith someamendmentsapplicableto thischap-

ter.

Thetemperaturefluctuationsin theCMB atany point in thecelestialspherecanbeex-

pressedin sphericalharmonics.In orthodoxcosmologiesthetemperaturefluctuations

constituteastatisticallyhomogeneousandisotropicGaussianrandomfield. In thiscase

thephases
2 ÈÎË �

areindependentanduniformly randomon the interval [0,2A ] andthe
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varianceof
� È �

dependsonly upon Ñ . Departuresfrom orthodoxyleadto differencesin

behaviour of the
� ÈÎË �

. For example,in anisotropicGaussianfluctuationsthevariance

of the
� ÈÌË �

dependson
�

(Ferreira& Magueijo,1997b;Inoue& Sugiyama,2003).In

chapter3, we developeda diagnosticof departuresfrom thestandardassumptionthat

involvestherandomnessof phases.Themaincomponentof thetechniqueinvolvedus-

ing Kuiper’s statisticfrom anavailablesetof phaseangles.First theanglesaresorted

into ascendingorder, to give the set
 * h 6 ]�]¡] 6�*�ý � . Eachangle

*�þ
is dividedby

> A to

giveasetof variablesÿ þ , where
²
=
# ]¡]¡]-¿ . Fromthesetof ÿ þ wederivetwo values

� Êý
and

� bý
(Equations(3.2) and(3.3)). Kuiper’s statistic, å , is thendefinedin Equation

(3.4)as å 
 � � Êý & � bý �Ä´ O
	 ¿ & :�] #	æ�æ & :�] > W	 ¿ S ] (4.1)

In orderto removeany artifactarisingfrom thechoiceof coordinateframethatthe
� ÈÌË �

aremeasuredin, å is calculatedfor randomlyrotatedcoordinatesystems.Therotated

coefficientsarefoundby employing theWigner û functionasdescribedin Equation

(3.13).Thatis to say, � ÈÌË � 
 ® � × � ÈÌË � × û È� Ë � × � � 6 � 6 � �±6 (4.2)

wheretheEulerangles� , � , � arerandomlychosen.Consequently, adistributionof å
is obtainedfrom onesetof angles.Thisdistribution is compared,usinga K � test,with

distributionsobtainedin a similar mannerfrom 1,000MonteCarlosetsof
2 ÈÎË �

drawn

from a uniformly randomdistribution. The probability ` ( K � ) of obtaininga lower

valueof K � is calculatedfrom the fraction of K �G9I that arelessthanthe K � obtained

from thephases.A setof anglesis assumedto benon–randomif ` ( K � ) R 0.95.

The random–phasehypothesiscanbe further scrutinisedby investigatingsubsetsof

thephases.Thesesubsetsshouldalsobeuniformly randomon theinterval [0,2A ]. In

this chapter, we look at two subsets:(i) the phasedifferencesfor fixed valuesof
�

(
2 È Ê h Ë � �X2 ÈÎË � ) and(ii) thephasedifferencesfor fixedvaluesof Ñ (

2 ÈÎË � Ê h �P2 ÈÌË � ) (evenÑ -modesonly). Thelattersubsetwasalsostudiedin thepreviouschapter. Bothsubsets

areof particularinterestsinceCornishet al. (2004)indicatethat matchedcirclesare

associatedwith phasecorrelations.In theirpaper, thesignificancelevel for detectionof

matchedcirclesin theWMAP datais calculatedfrom ’scrambled’versionsof thedata.

In thescrambledversions,phasecorrelationsareremovedby randomlyexchangingthe� ÈÎË �
at fixed Ñ . Also, aspreviously mentionedmulti–connectednessbreakstheglobal

isotropy andsometimesthe global homogeneityof the universe(except the caseof
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theprojectivespace).This will inducecorrelationsbetweenthe
� ÈÎË �

of different Ñ and�
. For instance,due to the symmetriesof the hypertoruscase,

» � ÈÌË � � ÖÈ × Ë � × ¼ F
 :ba� � � � ( : � % �µ� > � and Ñ � Ñ � ( : � % ��� > � (Riazueloet al., 2004). Thesenon–zero

off–diagonaltermswill inducephasecorrelationsasdetectedin this study.

Overall, for a given temperaturemap, we obtain a value of ` ( K � ) for eachmode;

18 valuesfor subset(i) and 10 for subset(ii). To improve the presentationof the

results,wecombinè ( K � ) for eachsubsetin two ways.First,wecountthenumberof

modeswith ` � K � � R�:�]cX æ andfind themodethatdisplaysthehighestvalue.Secondly,

we performa Kolmogorov–Smirnov (K–S) teston thedistribution of ` ( K � ) over the

modes.If the phasesarerandom,the setof ` ( K � ) shouldbe uniform in the intervalÏ : 6 # Ð . To quantify the significanceof the K–S value obtained,10,000MC setsof` ( K � ) aregeneratedandtheprobabilityof obtaininga lower K–S valueis calculated.

Thereasonfor doingboththesethingsis thatonewould expectonein twentymodes

to yield a valueof ` � K � � R :~]cX æ . The secondapproachgivesa (very conservative)

ideaof thesignificanceof thewholesetof modesratherthaneachindividualone.

4.4 Resultsand discussion

Thesimulationsweregeneratedin HEALPix format(Gorski,Hivon& Wandelt,1999)

with a resolutionparameterde;/vgf�h = N > . The
� ÈÎË �

werederived using the ’anafast’

routine in the HEALPix package. å wasbinnedfrom : –> ] � æ and : –> ] æ for subsets

(i) and(ii), respectively. Subset(i) required10,000rotationsin orderto obtainstable

results.To analyseonerealisationtook 18 minuteson 1,400MHz CPUdesktop.On

theotherhand,3,000rotationsproducedstableresultsfor subset(ii), resultingin each

analysistaking
> [D minuteson thesamedesktop.

Thesix flat modelslisted in Section4.2 werestudiedwith _ = :�] æ . In orderto seethe

effect _ hadon the results,thehypertoruswasexploredin moredetail. A furthersix

simulationswith _�} >
werescrutinised.Also, six simulationsin which matchedcir-

clesarenot anticipated(_iR >
) werestudied. The resultsfor subsets(i) and(ii) are

shown in Tables4.1and4.2 respectively. Thetablesshow thenumberof modeswith` ( K � ) R 0.95,themostnon–randommodeandtheK–S fractionalprobabilities.For

subset(i), themethodwasappliedto five realisations(setsof rotations)of eachsim-

ulation. Theaveragevaluesobtainedfrom theserealisationsareshown in the tables.
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Map Count(Mode) K–SProbability

Model1 _ =0.5 0.6 0.68
Model2 _ =0.5 1.2(17) 0.35
Model3 _ =0.5 4.6(4,5) 0.99
Model4 _ =0.5 0.6 0.22
Model5 _ =0.5 1.8(14) 0.68
Model6 _ =0.5 0.2 0.42
Model1 _ =0.4 5.4(1,4,9,12) 0.99
Model1 _ =0.6 0.4 0.63
Model1 _ =0.8 0.8 0.35
Model1 _ =0.9 0.0 0.56
Model1 _ =1.0 0.4 0.47
Model1 _ =1.6 3.8(8,9,10) 0.77
Model1 _ =2.0 1.4(16) 0.43
Model1 _ =4.0 0.0 0.66
Model1 _ =5.0 2.8(12) 0.48
Model1 _ =6.0 0.0 0.62
Model1 _ =8.0 0.6 0.23
Model1 _ =10.0 2.1(12) 0.88
ILC 1.2(4) 0.55
TOH 0.6 0.28
Eriksen 2.0(1,4) 0.33
Naselsky 2.2(2,4) 0.50

Table 4.1: Phasecorrelationswhen scanningacrossfixed
�

. The column labelled
Countshows the averagenumberof modesexceeding95 per centsignificance.The
columnlabelledModegivesthemode(s)with greatestsignificance.The last column
shows a rough measureof significancefor all modesobtainedusing a K–S test as
describedin thetext. 18modesstudiedin total.

For subset(ii), only onerealisationwasnecessaryin orderto obtainconsistentresults.

If the phasesare random,the numberof modeswith ` ( K � ) RH:�]jX æ shouldbe :�]jX
for subset(i) and :�] æ for subset(ii). From Table4.1 it is clear that we are finding

correlationswhenscanningacrossfixed
�

for mostof thesimulations(we shall refer

to theseas
�

–correlations).Theaveragecountfor all thesimulationsdisplayedin the

Table4.1is
> ] æ . Theaveragevalueis significantlylargerthantheexpectedvalueof :�]jX .

Thiscontrastswith theaveragevalueof :~] � , from Table4.2,thatis only slightly higher

thantheexpectedvalue.Fromtheresults,it is evidentthatno particularmodecanbe

chosento look for signsof non–randomnessin the phases.This is unsurprising,as

thecorrelationswould manifestthemselvesacrossmany modes,whosenaturewould

dependon thelocationandsizeof thecircleswith respectto theobserver.
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Map Count(Mode) K–SProbability

Model1 _ =0.5 0 0.17
Model2 _ =0.5 1 0.66
Model3 _ =0.5 0 0.52
Model4 _ =0.5 1 0.45
Model5 _ =0.5 0 0.46
Model6 _ =0.5 2 (2,12) 0.13
Model1 _ =0.4 2 (8,20) 0.32
Model1 _ =0.6 0 0.21
Model1 _ =0.8 0 0.68
Model1 _ =0.9 1 0.97
Model1 _ =1.0 1 0.08
Model1 _ =1.6 0 0.09
Model1 _ =2.0 1 0.49
Model1 _ =4.0 1 0.47
Model1 _ =5.0 1 0.16
Model1 _ =6.0 1 0.54
Model1 _ =8.0 1 0.73
Model1 _ =10.0 0 0.43
ILC 2 (14,16) 0.50
TOH 3 (6,14,16) 0.77
Eriksen 2 (6,16) 0.80
Naselsky 1 (14) 0.81

Table4.2: Phasecorrelationswhenscanningacrossfixed Ñ . Columnsare as in the
previoustable.10 evenmodesstudiedin total.

The
�

–correlationsarelessobviousin termsof theK–S probabilities.However, this

test is more general: it doesnot searchspecificallyfor large valuesof ` ( K � ), so it

shouldbeinterpretedasa verycrudemeasureof departurefrom uniformity. TheK–S

testtendsto bemoresensitiveto deviationsaroundthemedianvalueof thetheoretical

cumulativedistribution. Thereareothertests,suchastheAnderson–Darlingstatistic,

thatareweightedin a fashionthat leavesthestatisticmoresensitive to thetails of the

(cumulative) distribution. A varietyof statisticsthatprobenon–uniformity(including

theAnderson–Darlingstatistic,K � , Kuiper’stest,andvariousstatisticsthatincorporate

measuresof the areabelow the cumulative distributions)wereappliedto the values

of ` ( K � ). However, like theK–S test,thesestatisticsall failed to detectany signsof

non–uniformityin thedistribution. It shows that thespecificform of non–uniformity

probedby thenumbercount(a peakin thedistribution at ` ( K � ) RkX æ ), is bestsuited

to seekingthedeparturesseenin the results. In fact this is ratherunsurprising:there
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Map Count

Model1 0.5 ; 0.2
Model2 1.0 ; 0.9
Model3 3.4 ; 3.4
Model4 1.0 ; 0.7
Model5 1.3 ; 0.8
Model6 0.8 ; 0.5

Table4.3: Thevariationin numbercountfrom simulationto simulation.Thesecond
columnshows theaveragenumberof modes(alongwith thevariation).We evaluated
6 simulationswith _ = :�] æ for eachmodel.

Map Count

Model2 1.6 ; 1.1
Model3 3.2 ; 3.3
Model4 1.0 ; 0.5
Model5 1.0 ; 0.3
Model6 0.9 ; 0.8

Table4.4: Thevariationin numbercountdueto a shift in thelocationof theobserver.
The secondcolumnshows the averagenumberof modes(alongwith the variation).
We evaluated6 simulationswith _ = :�] æ for eachmodel.

is no informationin thelow values̀ ( K � ) andapplyingstatisticsthatencompassthese

valuesonly dilute thepowerof thetest.Consequently, aswell asbeinga rathersimple

measure,thenumbercountis alsomorerobust.

Thespreadin thenumbercountfrom onerealisationto anotheris quitesmall(roughly; # for largervalues)andanexactvaluefor eachsimulationcanbeobtainedby increas-

ing thenumberof realisations.To seeif thereis any worth in doingthis,we lookedat

five furthersimulationsfor eachmodelwith _ = :�] æ , the resultsof which areshown in

Table4.3. The standarddeviation is very large,with a countof
# ]�: beingconsistent

with all the models. This indicatesthat it would be very difficult to usethe method

to distinguishbetweenmodelsor to determinetheexact topologicalscale,you could

merelyindicatethemostprobablecase.Theseresultsconfirmthatthehypertorusand

the A e N hexagonmodels,at thisscale,donotdisplayany
�

–correlationsin thephases.

However, thetriple twist torusis detectablefrom
�

–correlations.This factis lessclear

in Table4.1,againindicatingthatthetestresultsvary from simulationto simulation.

Looking at resultsfor thehypertorusdisplayedin Table4.1, it is hardto perceive any

trendbetweenthenumbercountandthetopologicalscaleof thesimulation.The
�

–
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correlationsareseenbothwith valuesof _�} > and _9R > . Intuitively, onewouldexpect

phasecorrelationswhenmatchedcirclesarepresent(_�} > ). In suchcases,thenumber

of repeatedpatterns(circles in the sky) increaseswith decreasing_ , and hencewe

would expectan increasein numbercountwith decreasing_ . This is not seenin the

results,although,this may be masked by the numbercountvarying from simulation

to simulationfor fixed valuesof _ . Applying the statisticto further simulationsmay

revealsucha trend.

On the otherhand,the high numbercountseenat _�R >
is lesseasyto explain. Un-

earthingsignsof non–trivial topologybeyondthehorizonsize,suggeststhetechnique

potentially is a powerful tool. Diagnosticsthat hunt for circles in the sky are lim-

ited to a maximumvalueof _ = > . Our detectionsbeyond the horizonsizeareby no

meansserendipitous.Phillips & Kogut (2004)computethe covariancematrix of the� ÈÎË �
for thehypertorusat varioustopologicalscales.They find theoff–diagonalterms,

that incorporatethephaseinformation,remainprominentevenwhenthewidth of the

fundamentalcell is greaterthanthediameterof theLSS.

Apart from thehypertorus,eachof the topologiesaddressedarenot only anisotropic

but alsoinhomogeneous.Thequestionthereforeariseswhethertheresultsareaffected

greatlyby changesin thepositionof theobserver. We generatedsimulationswith the

observer’spositionshiftedwithin thefundamentalcell. For models2 to 6, fivesimula-

tionswith _ = :�] æ weregeneratedwith theobserverpositionshiftedby ( :�] # � , :�] # � , :�] # � )

where � is thewidth of thefundamentalcell. Theresultsareshown in Table4.4. The

numbercountfor eachmodelwasfound to be consistentwith thoseof the centrally

locatedobserverdisplayedin Table4.3.

A positive detectionof
�

–correlationsin CMB datawould thereforebe indicative of

the universehaving a non–trivial topology. In order to seekevidenceof thesecor-

relationsin the CMB data,we turnedto four of the WMAP–derivedmapsthat were

investigatedin Section3.3.4.Thetemperaturemapswereall constructedin a manner

thatminimisesforegroundcontaminationanddetectornoise,leaving apureCMB sig-

nal. The four mapscorrespondto thosereleasedby theWMAP team(Bennettet al.,

2003b),Tegmark,deOliveira-Costa& Hamilton(2003),Naselsky et al. (2003),Erik-

senet al. (2004a)andNaselsky et al. (2003).Weshallreferto theseastheILC, TOH,

EriksenandNaselsky mapsrespectively. Again, the resultsareshown in Tables4.1

and4.2.Themethodwasappliedto five realisationsof eachCMB mapfor subset(i).
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In threeof thefour maps,evidencewasfoundfor thesortof phasecorrelationsseenin

thesimulations.However, all themaps,bar theNaselsky map,display Ñ –correlations

that werediscussedin chapter3 which canbe explained,at leastpartially, by fore-

groundcontamination.If no
�

–correlationswereseenthenthis would suggestthere

is no evidencefor non–trivial topology, but a positive detectiondoesleave openthe

possibilityof a non–trivial topology.

4.5 Conclusions

In this chapter, a new methodwaspresentedfor constrainingthetopologyof theuni-

verse.Themethodrelieson utilising phasecorrelationsassociatedwith matchedpairs

of circlesin the CMB sky. We appliedthe methodto varioussimulationswith non–

trivial topologies.The methodfails to estimatethe scaleof featuresit detectsandis

not goodat discriminatingbetweendifferentmodels.However, this canpotentiallybe

overcomeby studyingmoresimulationsastheresultswereshown to varyfrom simula-

tion to simulation.Themethodis simple,computationallyfastanddoesdeliveraclear

signature:apositivedetectionof these
�

–correlationsis clearevidencefor non–trivial

topology.

With this in mind, the methodwasappliedto four CMB–only sky maps;we found

evidencefor
�

–correlationsin threeof them. However, it would be prematureto

concludethat thereis evidencefor non–trivial topologyin any of theavailableCMB

temperaturemap. The WMAP datais preliminary and hasalreadybeenshown to

have a numberof unusualpropertiesthatarenot yet fully understood(Chianget al.,

2003; Eriksenet al., 2004b). Indeed,Eriksenet al. (2004a)have pointedout that

the techniquesusedin producingthesemapsresult in a poor reconstructionof the

cosmologicalphaseswhichmayinterferewith thepossibilityof detectingcorrelations

of the type discussedhere. Nevertheless,with improved data,I believe the method

will beausefultool in determiningtheshapeof theuniverse.Moreover, themethodis

basedon only thesimplestpossiblemeasureof randomnessin thephasedistribution.

More sophisticatedcombinationsmay allow us to improve the methodsubstantially,

perhapsunearthingfurthersignsof non–trivial topologybeyondthehorizonsize.



Chapter 5

Faraday rotation asa diagnosticof

Galactic foreground contamination of

CMB maps

5.1 Intr oduction

Themicrowavesky is dominatedby boththecosmicmicrowavebackgroundandfore-

groundemissions.In order to obtaincosmologicalinformationfrom the CMB, it is

necessaryto separatethe differentcontributionsto the sky. Among the foregrounds

thatmayaffect CMB observationsareGalacticdust,synchrotronandfree–freeemis-

sion, extragalacticpoint sourcesandthe Sunyaev–Zel’dovich effect dueto hot gases

in galaxyclusters.Instrumentsthatprobelargescales,suchasCOBE–DMR,aremost

sensitive to diffuseforegroundemissionof our galaxy(Gawiser& Silk, 2000). Syn-

chrotronemissionassociatedwith the motion of electronsin the Galacticmagnetic

field dominatesat m }� > : GHz. Free–freeemissionis dueto electron–ioncollisionsin

theinterstellarmediumanddominatesin therange
� >�æ ��� : GHz. Galacticdustgrains

absorbUV andoptical light from the interstellarradiationfield andemit the energy

in thefar–infrared.This foregrounddominatesat m {� X�: GHz. CMB instrumentscan

identify foregroundsby their spectralsignaturesacrossa rangeof frequenciesandthis

leadsto attemptsatforegroundsubtraction.Foregroundpredictionandsubtractionwill

beanimportantpartof futureCMB work, especiallyin polarisationstudieswherethe



Foreground contamination in CMB maps 61

contaminationis larger in proportionto theCMB signalthanfor thetemperaturefield

(Davies& Wilkinson,1998;Sazhin,Sironi& Khovanskaya,2002).It is clearlyimpor-

tant to testthat foregroundmodellingandsubtractionhasbeencarriedout accurately,

especiallygiventheevidencethatexistsalreadyfor unusualfeatureson theCMB Sky

(e.g.Chianget al., 2003).

TheDMR instrumenton boardtheCOBEsatellitefoundprimordialtemperaturefluc-

tuationsof order
Â < e < 
 # : b�¤ (Smootet al., 1992). Thesefluctuationsweremea-

suredonangularscaleslargerthan
� y . Measurementsweremadeat3 differentfrequen-

cies(

N # ] æ , æ N and X�: GHz) correspondingto a window wheretheGalacticemissions

are minimum and the CMB intensity peaks. The WMAP missionwas designedto

make reliablemeasurementsof the CMB down to angularscalesof several arcmin-

utes(Bennettet al., 2003b;Hinshaw et al., 2003). The instrumentmappedthe full

sky at five widely separatedfrequencies(from
> N

GHz to X W GHz). After foreground

subtractionthemapsproducedfrom bothinstrumentsshouldrevealonly cosmological

information. However, we have alreadyseenin chapters3 and4 that thereexists the

suspicionthatdatafrom theseinstrumentsis contaminatedby foregroundsignals.

In this chapter, I show how it is possibleto constructan independentprobeof fore-

groundsusingmeasurementsof Faradayrotationalonglines of sight to extragalactic

objects. The layout of the chapteris as follows. In the next section,I give a brief

overview of possibleforegroundcontaminationsof CMB maps,andexplainhow they

might becorrelatedwith Faradayrotationmeasures(RM) takenalongrandomlines–

of–sight. In Section5.3, I carry out a simpleandrobust test to verify that thereis a

link betweenthestrengthof thesourcesandtheir locationin thesky. In Section5.4,I

explainthenon–parametriccross–correlationtechnique.In Section5.5,thelink is con-

firmedbetweentheRM valuesandGalacticforegroundsby determiningcorrelations

betweentheRM catalogueandmapsof variouscontributions,includingthesurvey of

Haslamet al. (1982)at W : ? MHz, synchrotronmapscompiledby theWMAP team,as

well asdustandfree–freemaps. I alsoexplore correlationsbetweenthe RM–values

andthetemperaturefield valuesin theDMR andWMAP dataat thelocationin thesky

of the sourcesto seeif thereis any evidenceof residualcontaminationin published

maps.Theconclusionsarepresentedanddiscussedin Section5.6.
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5.2 Faraday rotation and foregrounds

Faradayrotationmeasuresof extragalacticradiosourcesaredirecttracersof theGalac-

tic magneticfield. Whenplane–polarisedradiationpropagatesthrougha plasmawith

acomponentof themagneticfield parallelto thedirectionof propagation,theplaneof

polarisationrotatesthroughanangle
2

givenby2f
Vl�m3�	6
(5.1)

where the Faradayrotation measureis denotedby the symbol
l

and measuredinn � � � b � where l 
 p [> A � �o � D�o ¿ o §qp  � ] (5.2)

Notethat § p is thecomponentof themagneticfield alongtheline–of–sightdirection.

The observed RM of extragalacticsourcesis a linear sumof threecomponents:the

intrinsic RM of the source(often small); the valuedue to the intergalacticmedium

(usuallynegligible); andtheRM from theinterstellarmediumof our Galaxy(Broten,

MacLeod& Vallee,1988).Thelattercomponentis usuallyassumedto form themain

contribution to the integral. If this is true, studiesof the distribution andstrengthof

RM valuescanbeusedto maptheGalacticmagneticfield (Vallee& Kronberg, 1975).

Even if the intrinsic contribution werenot small, it could be ignoredif the magnetic

fieldsin differentradiosourceswereuncorrelatedandthereforesimplyaddnoisetoany

measureof the Galacticfield (Frick et al., 2001). In a similar vein, the distributions

of RM valueshave beenusedto measurelocal distortionsof themagneticfield, such

asloopsandfilaments,andattemptshave alsobeenmadeto determinethestrengthof

intraclustermagneticfields(Kim, Tribble& Kronberg,1991).In whatfollowsweshall

useRM valuesobtainedfrom acatalogueof extragalacticsourcescompiledby Broten,

MacLeod& Vallee(1988,updatedin 1991)not to attemptmappingtheGalactic § –

field but to look for statisticalcorrelationsover thewholesky.

Therearevariouswaysin which rotationmeasuresof externalgalaxiescould be di-

agnosticof foregroundcontamination. The most obvious at first sight is Galactic

synchrotron.The magnitudesof rotationmeasuresof extragalacticsourcestracethe

Galacticmagneticfield strengthwhich, in turn, is correlatedwith thestrengthof syn-

chrotronemissionresultingfrom the accelerationof electronsin the Galacticmag-

netic field. The emissionis dependenton both theenergy spectrumof the electrons,
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energiesof theform d � ¦ �  ¦ 
_$ ¦ b =  ¦ 6 (5.3)

theintensityspectrumof theemittedradiationtakestheformr � m � ` $ § L Ê hs m b L ] (5.4)

Thenormalisationconstant
$

is relatedto theoverall numberdensityof electrons,¿ o .
The intensity spectralindex � is relatedto the index of the energy spectrum� via� 
 > � & #

, but � is expectedto varywith bothpositionandfrequency (Lawsonetal.,

1987).Radiosurveysat frequenciesbelow 2 GHzaredominatedby synchrotronemis-

sion(Davies& Wilkinson,1998)sothesehavebeenusedto extrapolatethis contribu-

tion to thehigherfrequenciesat which CMB instrumentsoperate.However, theonly

complete–sky survey is thatof Haslamet al. (1982)at 408MHz. Extrapolatingfrom

sucha low frequency measurementis proneto problemswith zerolevelsandscanning

errors. Moreover, it is known that thespectralindex � variesby
Â �ut :�] æ (Davies,

Watson& Gutierrez,1996)whichcouldhaveabig effectonextrapolationsoveralarge

frequency range. If the DMR or WMAP datacorrelatewith RM measurementsthen

this may suggestthat synchrotronemissionhasnot beencompletelyremoved. Our

approachis intendedto becomplementaryto thestandardextrapolation.

On theotherhand,correlationwith Galacticsynchrotronis not theonly possiblediag-

nosticuseof rotationmeasuredata,andmay indeednot be themostimportant.Note

that, while the formulaefor both rotationmeasure(Equation(5.2)) andsynchrotron

intensity(Equation(5.4)) bothdependon § , theformerdependson theline–of–sight

componentandthe latteron theperpendicularcomponent.If themagneticfield were

disorderedon a relatively small scaleonemight still expectcorrelationsto exist be-

tweenthe two, but it is certainlypossibleto imaginefield configurationsthat result

in largesynchrotronemissionbut no Faradayrotation(andvice–versa).On theother

hand,althoughfree–freeemissiondoesnot rely uponthepresenceof a § –field, it does

dependon the electrondensityasdoesthe rotationmeasure.A correlationbetween

RM andfree–freeemissionis thereforepossibleeven if the field configurationleads

to a negligible correlationwith synchrotronemissionin theobserver direction. Dust

may likewise be indirectly correlated;this correlationmay be further complicatedif

thedustis alignedin somewaywith theGalacticmagneticfield.
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It is notobviousa priori whichof thepotentialcontaminantswouldcorrelatebestwith

themeasuredRM valuesnorwhatthemeaningof any measuredcorrelationwouldbe.

For example,free–free,synchrotronanddustemissionall vary stronglywith Galac-

tic latitude. For this reasonalonethey areexpectedto correlatewith eachother. A

cross–correlationwith RM couldtherefore,on thefaceof it, simply bea Galacticlat-

itudeeffect. On theotherhand,sucha cross–correlationcould insteadindicatemore

complex, smaller–scalespatialassociationbetweentheseforegrounds.We therefore

adoptanentirelyempiricalapproachto thisquestion;wereturnto theissueof Galactic

dependencelater, in Section5.5.

5.3 Distrib ution of rotation measures

Broten,MacLeod& Vallee(1988)presentan all–sky catalogueof rotationmeasures

for 674 extragalacticsources(i.e. galaxiesor quasars).It is believed that very large

RM valuesdonotreflectthecontributionof theGalacticmagneticfield,but areinstead

dueto themagneticfield in thesourceor areperhapssimplyunreliabledeterminations

of RM (Ruzmaikin& Sokoloff, 1979). The cataloguecontained39 sourceswhere¶ l ¶ { 300 n � � � b � ; >�æ of thesearewithin the Galactic“cut” of the DMR dataused

in Section5.5.2and
> �

arewithin theKp2 maskregion of theWMAP datausedlater

in Section5.5.3. While noting this complication,it wasdecidedto usethecomplete

samplefor this study. The large–valuedrotationmeasureswould only beexpectedto

dilute observed correlationsif they wereentirely intrinsic; further commentson this

lateraremadein Section5.5.

Our first point of investigationwas to look at the distribution of rotation measures

acrossthesky. If wehaveasetof pointsonthecelestialspherelabelledwith somepar-

ticular characteristicthatis independentof thedirectionon thesphere,any subsample

selectedusingthis characteristicshoulddisplaythesamebehaviour asthesampleasa

whole. In particular, any measureof thespatialcorrelationsof thesubsampleshould

have the sameform asthe completesample(scaledto take into accountthe smaller

samplesize). Looking at the clusteringcharacteristicsof subsamplesof the Faraday

rotationmeasurecataloguecanthusindicatewhetherthe RM valuesfor the sources

areintrinsicor determinedby their spatialpositions.

If apoint is chosenat randomfrom anensembleof pointsonasphere,thentheproba-
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bility of finding it hasaneighbourlocatedin thesolidangle
© r

separatedby
*

is© ¹ 
 ¿ © r Ï # & ^ �)*�� Ð 6
(5.5)

where
^ �º*��

is the two–point angularcorrelationfunction (Peebles,1980) and ¿ is

the numberof points per unit solid angle. The function
^ �º*��

measuresthe excess

probabilityof finding two pointsseparatedby
*

above a randompoissondistribution.

Thus,whilst sittingononepoint, theprobabilityof findinganeighbouringpoint in the

range
*

to
* & © *

is givenby© ¹ 
 d � #W A " � A "1�(� +-,/. ���º* & © *��Ä� +-,/. �0*�� Ï # & ^ �)*�� Ð
(5.6)t d � #W A " � > A " +�,w. * ] " © * Ï # & ^ �)*�� Ð
(5.7)
 d � #> +�,w. * Ï # & ^ �)*�� Ð © *�6
(5.8)

where
"

is theradiusof thesphereand d is thetotal numberof pointsin thesample.

On the otherhand,the probability of finding a point in the range
*

to
* & © *

when

centredon any point in thesampleis givenby© ¹ 
5v �)*�� © *~6
(5.9)

where
vÃ�º*��

is theconditionaldistribution of neighbourdistances.This is merelythe

summationover all pointsof the probabilitiesgiven by Equation(5.8) andthereforevÃ�º*��
and

^ �º*��
canberelatedbyvÃ�º*�� © * 
 dµ] d � #> +-,w. * Ï # & ^ �º*�� Ð © *

(5.10)v �)*�� 
 d � d � # �> +-,/. * Ï # & ^ �º*�� Ð ] (5.11)

NotethatwhenEquations(5.8)and(5.9)areintegratedoverall anglesthey cometo d
and d � d � # �

respectively.

Owing to thesmall sizeof thesampleavailablefor this analysis,a simplebut robust

statisticis needed.We chosetheconditionaldistribution of neighbourdistances,
vÃ�º*��

definedin Equation(5.9).Thishastheadvantageof beingcloselyrelatedto theangular

two–pointcorrelationfunction. The function
vÃ�º*��

is straightforwardly calculatedby

determiningtheanglebetweenthe
²
th sourceandeachremainingsource,andrepeating

the processfor every
²
. The resultingangleswereplacedin

# :�: bins of equalwidth

leadingto thedistributionof
v �)*��

.
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Thesamplewasdividedinto two sets;thosewith positiveRM values(

N � W sources)and

thosewith zeroor negative valuesof RM (

N # : sources).We calculated
v �)*��

for two

subsamples:thosewith positiverotationmeasuresandthosewith negativeones,givingv Ê �º*��
and

v�bM�º*��
respectively. The two distributionswerecomparedthroughMonte

Carlo simulationsin which the locationsof the sourcesin the sky weremaintained,

but the RM valueswere randomlyreallocatedto the position of the sources. This

methodensurestheunderlyingdistribution of
vÃ�º*��

for real andMC sampleswasthe

same,but any link betweentheRM valuesandspatialpositionwouldbeseveredin the

MCs. We extract
v Ê �º*��

and
v3b«�º*��

from eachsimulationandconstructedan average

of distributionover
# :�:�: simulations.Sincethedistributionsarebinnedit is naturalto

compareMC distributionswith therealdatato theaveragedistributionsvia a K � test,

using K � 
�® þ Ï vÃ�º*�þ9�Ä� v8�º*�þ)� Ð �vÃ�º*�þ9� 6
(5.12)

where
vÃ�º*��

is theaveragedistribution. Thelarger K � is the lesslikely thedistribution

is drawn from the populationrepresentedby
v �)*��

. The K � statisticobtainedfrom the

positivedistributionsfor theMCs andBrotenet al. datawereranked(lowestvalueto

highest).Thesamewasdonefor thestatisticsobtainedfrom thenegativedistributions.

Thus, the higher the rank of the real datathe more likely the rotationmeasuresand

positionsarecorrelated.

Thedistribution
v3bM�)*��

calculatedfrom theBrotenet al. catalogueandsampleMonte

Carlosimulationsareshown in Figure5.1. Thedistributionsof
v Ê �º*��

arenot shown,

but they behave in a similar fashion. The K � valuesobtainedwhencomparingboth

subsamplesdistributionswith theaverageMC distributionswerelargerthanthoseob-

tainedby all
# :�:�: MC subsamples.Indeed,Figure 5.1 demonstratesthat thereare

visible differencesbetweenthe measureddistribution andthe MC simulations.This

demonstratesthat the real datashow a significantcorrelationbetweenthesign of ro-

tationmeasureandthesource’s spatiallocation.This fits in with theideathatthereis

anasymmetryaboutthemeridianabouttheGalacticcentre;a dominanceof negative

rotationmeasuresat : }@Ñxwyw } # ? : y andpositive RM at
# ? : y }@Ñzw{w } N ��: y (Vallee

& Kronberg, 1975;Hanet al., 1997)(herewe use Ñ w{w to denoteGalacticlongitudeto

avoid confusionwith theangularscaleÑ ). Furthermore,theaveragedistributionof both

subsamplesareidenticalin shape;thepeaksandtroughscorrespondto the samean-

gles.Thisreinforcestheview thatbothdistributionsyield similar information.Overall
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Figure5.1: Distribution of
vÃ�º*��

with
*

for sourceswith negative rotationmeasures.
Theverticalaxisis dimensionlessandthehorizontalaxisis

*
in radians.Thesolid line

correspondsto theBrotenet al. distribution,andthedottedlinesshow threerandomly
chosenMC distributions.Notetheslightbut statisticallysignificantexcessat small

*
.

theresultssupporttheview thatrotationmeasurestracetheGalacticmagneticfield at

theangularlocationof thesource,which is encouragingfor this study.

5.4 Corr elating rotation measureswith sky maps

In orderto look for correlationbetweenthetemperaturemeasurementsandtherotation

measuresat the locationsof thesourceswe usea non–parametricmeasureof correla-

tion. The temperature( < þ ) at the locationof source
²

andthe rotationmeasure
lçþ

of

source
²

aredrawn from unknown probability distributions. However, if thevalueof

each < þ is replacedby the valueof its rank amongall the other < þ thenthe resulting

list of numberswill bedrawn uniformly from integersbetween1 andthesamplesized (which is � � W for thewholesample).Thesameprocedureis followedfor the
lçþ

.

We areinterestedin the magnitudeof
l

asthis is determinedby the magneticfield

strength;the sign is irrelevant to the intensityof emissionat that point. If measure-

mentssharethe samevalue then they are assignedthe meanof the ranksthat they

would havehadif their valuesslightly differed.In all casethesumof all ranksshould

be d � d & # � e�>
, where d is thenumberof sources.

TheSpearmanrank–ordercorrelationcoefficient is constructedasfollows. If � þ is the
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rankof < þ amongtheother < þ ’s, and
��þ

’s is therankof
lçþ

amongtheother
lçþ

. Then

theSpearmanrank–ordercorrelationcoefficient,
"}|

is thengivenby"}|�
 ~ þ � � þ0� � �����1þ3� �~�� ~ þ � � þ8� � � � � ~ þ �^�1þ3� �~� � ] (5.13)

A perfectpositive correlationis representedby
"}| 
 #

, whereas
"}| 
H� #

is a perfect

negative correlation.This is a betterstatisticthantheusualproduct–momentcorrela-

tion coefficientbecausethereis no reasonto supposea linearrelationbetweenthetwo

variables.In moregeneraltermsit is worthstressingthatthenon–parametricnatureof

theSpearmantestrendersit insensitive to highly skeweddistributions. What it mea-

suresrelatesto theorderingof themeasurementsratherthantheir actualvaluessothe

shapesof marginaldistributionsof � and
�

areirrelevant.

In orderto establishthesignificanceof a non–zero
"}|

valueobtainedfrom comparing

thetwo setsof measurements,thevaluewascomparedto thoseobtainedthroughMC

simulations.Thesimulationsweredesignedsuchthatthetemperaturefield atapartic-

ular point wasnot linkedto therotationmeasures.However, thesourcescouldnot be

simply placedrandomlyin any locationthesky sincetherealdatais clusteredwhich

may affect the significancelevel of any result. Thereare two ways this could have

beensimulatedto take this into account:therotationmeasuresof thesourcescouldbe

shuffled,or thecoordinateframeof thesourcepositionscouldberotated.Theformer

option waschosenasit is computationallyfaster. We performed
# : 6 :�:�: MCs anda

valueof
"}|

wasobtainedfor eachone.Thisallowsusstraightforwardlyto establishthe

significancelevel of any measurementin termsof the fractionof simulated
"}|

values

exceededby therealmeasurement.

5.5 Application to sky maps

5.5.1 Foreground maps

The ideaof usingrotationmeasuresto hunt for Galacticcontaminationin CMB data

hingeson theassumptionthat foregroundsarerelated(directly or indirectly) with the

Galacticmagneticfield. As weexplainedabove in Section5.2,this assumptionseems

theoreticallywell–foundedbut notempiricallyproven.If thetwo setsof measurements

were found to be uncorrelated,it could be that our understandingof the physicsof
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foregroundemissionneedsadjustingor thatthebelief thatthethemaincontributionto

theintegral in Equation(5.2) relatesto theGalacticmagneticfield might beincorrect.

In orderto verify that thereis indeeda correlationbetweensynchrotronemissionand

rotationmeasureswe lookedat anumberof “foreground”maps.

To startwith, we lookedat ? “pure” synchrotronmaps:threeof thesearederivedfrom

the W : ? MHz survey of Haslamet al. (1982)and
æ

areproducedby theWMAP team

(Bennettetal., 2003b);mapsfor thelatter(andof thedataweuselaterin thissection)

areavailablein HEALPix format (Gorski, Hivon & Wandelt,1999)from the NASA

archive at http://lambda.gsfc.nasa.gov. TheWMAP mapshave a resolutionparameter

of de;/vgf�h 
 >�æ � correspondingto
� ? � 6 W N > pixels. The W : ? MHz maphasa resolution

of
æ~#

arcminandhasbeenreproducedin HEALPix formatwith d |)þ#��o =128. We also

looked at this survey smoothedto COBE resolution( d |)þ#��o =32). The WMAP team

producedtheir mapsusing a maximumentropy method(MEM) with the W : ? MHz

mapfurnishinga prior spatialdistribution; thedetailsof themethodaredescribedin

Bennettet al. (2003b).

Thefirst ? rowsof Table5.1summarisetheresultsfrom thesemaps.Themethodiden-

tifies weakbut highly significantcorrelationsbetweenthe rotationmeasuresandthe? maps. The WMAP–derived mapsyield particularlystrongsignals,with measured"}|
valuesexceedingthosein all

# : 6 :�:�: MCs except for the Y –bandderived case.

Thesestronglysignificantcorrelationsaddweight to the belief of the WMAP team

that they have producedsynchrotron–onlymapsfor the5 frequencies.While the W : ?
MHz mapis at sucha low frequency thatsynchrotronemissioncompletelydominates

thesky, theWMAP mapsareproducedat frequencieswheretheCMB is significant.

Furthermore,thesemapshave beenproducedby trying to modeland remove other

sourcesof contamination(dustandfree–free).The
"}|

valuesdecreasewith frequency

acrosstheWMAP range.This is not entirelyunexpected,becausesynchrotronemis-

sion(seeEquation(5.4))decreaseswith frequency. Ontheotherhandsimplyboosting

or suppressingthe amplitudeshouldnot influencethe non–parametriccorrelationif

thespatialdistributiondid not changewith frequency. This effectmaythereforebean

artifactof variationsin � .

To explore the possiblerelationshipbetweenfree–freeradiationandRM valueswe

usedtwo maps:oneby Finkbeiner(2003),which is acompositeall–sky H � mapusing

datafrom varioussurveys,andtheotherproducedby theWMAP teamat the

P
–band
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Map
"}|

CorrelationProbability

Synchrotron

408MHz (Unmasked) 0.267 1.00
408MHz (COBEresolution) 0.277 1.00
408MHz (Masked) 0.237 1.00P

–bandderived 0.289 1.00
P �

–bandderived 0.261 1.00�
–bandderived 0.196 1.00å –bandderived 0.168 1.00Y –bandderived 0.094 0.99

Free–Free

H � (Unmasked) 0.444 1.00
H � (Masked) 0.496 1.00
WMAP MEM (Unmasked) 0.427 1.00

Dust

FDSmodel(Unmasked) 0.405 1.00
FDSmodel(Masked) 0.429 1.00
WMAP MEM (Unmasked) 0.247 1.00

Table5.1: Significanceof correlationsof Galacticforegroundsynchrotron,free–free
anddustmapsdescribedin thetext with theBrotenetal. Faradayrotationmeasures.

frequency usingtheMEM approachmentionedabove. Perhapssurprisingly, theresults

in Table5.1demonstrateastrongercorrelationbetweenthesemapsandRM thanthere

is in the synchrotronmaps,suggestingthat the correlationmay relateto regions of

wheretheGalacticmagneticfield is largely constantor variesparallelto theline–of–

sightbut in which theelectrondensityfluctuates.Free–freeradiationwill dependon

thesquareof theelectrondensitysofluctuationsin ¿ o in aregionwith constant§ may

producelargerof correlationsof RM of free–freeemissionthansynchrotron.

As far as dust is concernedwe againusetwo maps: one is a map constructedby

theWMAP teamat 94 GHz usingmodelsproducedby Finkbeiner,Davis & Schlegel

(1999) and the other is producedby the WMAP teamusing MEM at the Y –band

frequency. Onceagainthe resultingcorrelationsaresignificantlystrongerthanthose

displayedby thesynchrotronmaps.
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Onepossibleexplanationof thefree–freeanddustresultsis thatthecross–correlation

with RM weareseeingis basicallyaneffectof Galacticlatitude.If all sources(and § )

vary with Galacticlatitudethenthey will correlatewith eachother. This is possible,

but onepieceof evidenceagainstthis explanationis that if we maskout low Galac-

tic latitudesusingthe Kp2 maskadvocatedby Hinshaw et al. (2003),the resultsfor

synchrotrondo not decreasedramaticallywhile thosefor dustandfree–freeactually

increaseslightly.

As a final commentit is worth noting thatwe repeatedthecross–correlationanalysis

of thesemaps,excludingthesourcesin theBrotenetal. cataloguethatyield very large

rotationmeasures,i.e.
l { N :�: radm

b �
. Theresultingvaluesof

"�|
wereall slightly

reducedby amaximumof about :~]�: W in
"}|

. Whatis interestingaboutthis resultis that

it shows that thesesourcesprobablydo containsomeinformationaboutthe Galactic

magneticfield becausetheir RM measuresarenot entirely intrinsic. If thesesources

only addednoiseto thecross–correlation,aswesuggestedabovethatthey might, then

the result on the cross–correlationof excluding them would be randomratherthan

systematic.

5.5.2 COBE–DMR data

The DMR instrumentcomprisedsix differentialmicrowave radiometers:two nearly

independentchannels,labelledA andB, at frequencies

N # ] æ , æ N and X�: GHz. We use

datafrom theregion
¶ W ¶ { > : y with customcutoutsneartheGalacticcentre(Banday

et al., 1997). Thereare W ��: sourcesfrom theBrotenet al. cataloguein this region to

comparewith the DMR data. The dipoleanisotropy of amplitude
� N

mK is largely

removedin pre–map–makingprocess(Bandayetal., 2003).Wechoseto look for cor-

relationsin
#(æ

mapsfrom theDMR data: theraw datafrom eachof thesix radiome-

ters;the(A+B)/2 summapsand(A-B)/2 differencemapsfor eachfrequency; andthe

(A+B)/2 summapsafter smoothingwith a
� y beamup to Ñ = > : usingthe ’smooth-

ing’ routinein theHEALPix package.ThesummapsshouldrepresentthetrueCMB

signalwhereasthedifferencemapsshouldmeasurethelevel of instrumentnoise.The

COBE–DMRfour yearsky mapsusedfor this analysishavea resolutionparameterofdQ;wvgf�h 
 N > correspondingto
#(> 6 > ?�? pixelsin theHEALPix representation.

Theresultsof looking for correlationsbetweentheDMR mapsandtherotationmea-
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Map
"}|

CorrelationProbability

31.5GHzchannelA 0.039 0.80
31.5GHzchannelB 0.013 0.61
53.0GHzchannelA -0.074 0.06
53.0GHzchannelB -0.024 0.29
90.0GHzchannelA 0.062 0.91
90.0GHzchannelB -0.031 0.26

31.5GHz(A-B)/2 0.006 0.56
53.0GHz(A-B)/2 -0.026 0.29
90.0GHz(A-B)/2 0.059 0.90

31.5GHz(A+B)/2 0.017 0.64
53.0GHz(A+B)/2 -0.045 0.17
90.0GHz(A+B)/2 0.045 0.83

31.5GHz(A+B)/2 smoothed 0.056 0.89
53.0GHz(A+B)/2 smoothed 0.002 0.51
90.0GHz(A+B)/2 smoothed -0.048 0.15

Table5.2: Significancelevelsof correlationsbetweentheDMR mapsdescribedin the
text andtheBrotenet al. data.

suresareshown in table5.2. Thesummaps(correspondingto CMB + contaminants)

shouldshow thestrongestsignsof correlationsif thereareany to beseen.However,

noneof themapsshow any evidenceof correlationwith theBrotenet al. catalogue.

In orderto seehow stabletheprobabilityvaluesare,thesimulationswererepeatedfor

the X�: GHz (A+B)/
>

smoothedmapa further threetimesgiving probabilitiesof :�] # � ,:�] #(æ and :�] #(æ . This indicatesthat the probabilitiesand thusany conclusionsdrawn

from themarevalid. Althoughthemainfactormaywell betherelatively low signal–

to–noisein theCOBE–DMRdata,we cansaythatour methodshows no evidencefor

any residualforegroundcomponentin thesemaps.

5.5.3 WMAP 1–yr data

The WMAP instrumentcomprises
# : differencingassemblies(consistingof two ra-

diometerseach)measuringover 5 frequencies(
� > N

,

N�N
, W # , � # and X W GHz). The

two lowestfrequency bands(

P
and

P �
) areprimarily Galacticforegroundmonitors,

while the highestthree(
�

, å and Y ) are primarily cosmologicalbands(Hinshaw
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et al., 2003). For CMB analyses,it is necessaryto maskout regionsof strongfore-

groundemission. Bennettet al. (2003b,B03) provide masksfor excluding regions

wherethecontaminationlevel is large.Themasksarebasedon the

P
–bandmeasure-

ments,wherecontaminationis mostsevere.Themasks,of differing levelsof severity,

areavailablefrom theNASA archive. Theseverity of themaskis a compromisebe-

tweeneliminatingforegroundsandmaximisingsky areain analyses.We choseto use

theKp2 maskusedby Hinshaw et al. (2003)to calculatecross–spectrafrom thethree

high frequency dataleadingto theangularpower spectrum.Themaskremoves
#(æ

%

of pixels(includingbright sources)leaving

N�N ? Faradaysourcesto comparewith the

maps. Thereshouldbe no correlationsbetweenthe rotationmeasuresand the high

frequency maps,oncethemaskhasbeenapplied.If therearecorrelations,this would

questionwhethertheamplitudeof theangularpowerspectrumis cosmologicalin ori-

gin.

The WMAP teamhave also releasedan internal linear combination(ILC) map that

combinedthe five bandmapsin sucha way to maintainunity responseto the CMB

whilst minimising foregroundcontamination.Theconstructionof this mapis briefly

outlinedin Section3.3.4. Following thereleaseof theWMAP 1 yr dataTegmark,de

Oliveira-Costa& Hamilton(2003,TOH) have produceda cleanedCMB mapaswell

asaWienerfilteredmapof theCMB. Again,thedetailsof thesetwo mapsaresketched

in Section3.3.4.All threemapscoverthefull–sky andshouldrepresentonly theCMB

signal.

In all,
# N

mapsderived from the WMAP datawereusedto seekcorrelationwith the

Brotenet al. catalogue:thefive bandmaps,thefive bandmapswith theKp2 region

removed, the internal linear combinationmap,andthe cleanedandWienermapsof

TOH.

Theresultsof looking for correlationsbetweentheWMAP deriveddataandtherota-

tion measuresareshown in Table5.3. Theuncutfrequency mapsareall significantly

correlatedwith the rotationmeasures,except the highestfrequency map( Y –band).

This confirmsthe expectedcontaminationof the dataacrossthesefrequencies.The

strengthof correlationdecreaseswith increasingfrequency, which maybeunderstood

by looking at the contribution of all the foregroundsto the total sky signal across

thesebands. Combiningthe contributions of synchrotron,free–freeand dust, with

synchrotrongivena weightingof 0.5 dueto its weaker correlation,would reproduce
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Map
"}|

CorrelationProbabilityP
0.292 1.00

P �
0.189 1.00�
0.149 1.00å 0.126 1.00Y 0.063 0.95P

(with mask) 0.296 1.00
P �

(with mask) 0.099 0.97�
(with mask) 0.041 0.77å (with mask) 0.049 0.81Y (with mask) 0.043 0.78

ILC 0.021 0.71
TOH cleanedmap 0.059 0.93
TOH Wienermap 0.068 0.96

Table5.3: Significancelevelsof cross–correlationsderived from variousmapsorigi-
natingfrom WMAP with theBrotenet al. catalogue.

this trend. Oncethe Kp2 maskhasbeenapplied,the correlationsvanishfor all but

the

P
and

P �
bandmap.Thereasonthata correlationis still foundwith the

P
band

datais probablythatthecutonly excludestheverystrongestsignalssobothbandsare

still heavily contaminated.This is probablynot a problemfor CMB analysisbecause

thesewill be projectedout in the likelihoodanalysis.Moreover, the resultsfrom the

maskedmapsindicatethatcalculatingtheangularpowerspectrumfrom the

N
highfre-

quency bandswith theKp2 cut is valid. Thecontaminationfrom Galacticforegrounds

correlatedwith Faradayrotationon thesestudiesis thereforeprobablysmall. Finally,

no correlationsare found betweenthe rotationmeasuresand two of the CMB–only

maps,suggestingthatthelevelsof contaminationareindeedlow, astheauthorsclaim.

Nevertheless,theresultfrom theWienerfilteredmapof TOH suggestsacorrelationatX æ % confidencelevel.

Finally, we mentionthat on the NASA archive thereare mapsfrom eachhigh fre-

quency assemblythat are supposedlycleanof foregroundcontaminantsoutsidethe

Kp2 cut region. Theresultsin Table5.4show thereareindeedno significantresidual

correlationsin thesedatawhentheKp2 maskis applied.
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Map
"�|

CorrelationProbability�
1 cleaned 0.005 0.53�
2 cleaned -0.075 0.08å 1 cleaned -0.008 0.43å 2 cleaned 0.023 0.66Y 1 cleaned -0.048 0.19Y 2 cleaned 0.009 0.56Y 3 cleaned -0.047 0.19Y 4 cleaned 0.018 0.63

Table5.4: Cross–correlationsin the“cleanmaps”from eachhigh frequency assembly

5.6 Discussionand conclusions

Theaimof thechapterwasto look for tracesof Galacticcontaminationin theCOBE–

DMR 4 yr dataandWMAP 1 yr datausingcorrelationsbetweenthe mapsand the

rotationmeasuresof Broten,MacLeod& Vallee(1988).

Firstly, therelationshipbetweenthespatialpositionandtheRM valuesof thesources

in thecataloguewerestudiedby looking at theangularcorrelationsof subsetsdrawn

from it. Theresultsclearlyindicateacorrelation,andconfirmthebasicview expressed

by otherauthorsonpropertiesof theGalacticmagneticfield. We theninvestigatedthe

relationshipbetweenthe rotationmeasureof a sourceandthe synchrotronemission

at the locationof the source. Synchrotronmapsderived from the W : ? MHz survey

of Haslamet al. (1982)andproducedby the WMAP teamwere found to be corre-

latedwith RM values,showing thatthesedo indeedprovide somesortof probeof the

Galacticmagneticfield.

We found stronger positive correlationsof RM valueswith both dustand free–free

mapsthanfor synchrotron.This is consistentwith indirectassociationof thedifferent

sources,but is probablynot simply a Galacticlatitudeeffect becausethe correlation

persistsevenwhena Galacticcut is applied.Exactlyhow this correlationarisesis an

issuefor furtherstudy, but it mayprovide aninsight into thepossiblerole of spinning

dust(Draine& Lazarian,1998)in Galacticforegrounds(deOliveira-Costaetal., 1999,

2004a)as this may align with the local magneticfield. Clearly muchmoredetailed

modelling is neededto understandthesecorrelationstheoretically, but the empirical

approachwe have adoptedstill provides a useful consistency checkon foreground
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analysisevenif theorigin of thecorrelationis notwell understood.

Thecorrelationsbetweenthetemperaturestrengthof theDMR andWMAP dataat the

locationof sourcesandthe RM valueswerethenstudiedusingthe Spearmanrank–

ordercorrelationcoefficient. All
#(æ

mapscompiledfrom the temperaturefield mea-

suredby the DMR instrumentwerefound to be uncorrelatedwith the rotationmea-

surements.Correlationswerefound with the uncutWMAP frequency mapsandthe

cut

P
and

P �
–bandmaps.However, themapsusedby theWMAP teamto extractcos-

mologicalinformationwerefoundto beuncorrelated.Furthermore,two foreground–

subtractedCMB–only mapswerefoundto beuncorrelatedwith therotationmeasure

catalogue.Theresultsof this analysisprovide no evidenceof residualforegroundsin

theCOBE–DMRmapsor theWMAP ILC map,but doyield apositivecorrelationfor

theTOH Wiener–filteredmap.Owingto thesmallsizeof ourRM sampletheseresults

are only suggestive, but they do demonstratethe virtue of looking for independent

probesof Galacticforegroundcontamination.Much largercompilationsof RM values

wouldbeneededto makemoredefinitestatementsaboutcontaminationin temperature

maps.It is alsoverylikely thatmuchcouldbelearntaboutpolarisedforegroundsusing

asimilar approach.



Chapter 6

A Faraday rotation template for the

Galactic sky

6.1 Intr oduction

Thecontrolof foregroundemissionis acritical partof CMB analysis.Oneof themajor

problemsis building accuratetemplatesof the foregroundsat the frequencieswhere

CMB measurementsaremade. Not only doesthe strengthof the foregroundsignal

vary with frequency, but also the signal variesspatially. This makes it a challeng-

ing taskto extrapolateforegroundmeasurementsof synchrotronanddustfrom outside

frequencies.Eventhen,weareignoringtheintrinsicuncertaintiesin theoriginalmea-

surements,rangingfrom zero–level problemsto scanningerrors(Barreiro,2000).The

situationis evenmorebleakregardingfree–freeemission:theemissiononly becomes

strongerthansynchrotronanddustattheveryfrequencieswheretheCMB is dominant,� >�æ
–
� : GHz. Consequently, therearenodirecttemplatesof free–freeemissionavail-

able.Wehavealreadyseenevidenceof possibleforegroundcontaminationin WMAP–

deriveddatain chapters3 and5. FutureCMB experimentswith highersensitivity and

polarisationmeasurementswill only increasethe demandfor betterforegroundcon-

trols. Independenttracerscouldaid in thecompilationof theseforegroundtemplates.

In Section5.5.1,we found the rotationmeasuresof extragalacticradiosourcesto be

correlatedwith all threeknown Galacticforegroundcomponents.Ideally, we would

like to take a rotationmeasureandpredict the strengthof foregroundsemissionat a
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givenfrequency. Thefirst steptowardssucha goal is to build a templatefor theRM

acrossthewholesky. Fromthis,wecanenvisagethepossibleconstructionof separate

templatesfor theindividualcomponentswith moresophisticatedmodelling.

So, what do we intendto do? In this chapter, we attemptto mapthe RM valuesas

a function of angularpositiongiving
l � r �

, wherewe use
l

to denotethe Faraday

rotationmeasureand
r

for the angularposition. CataloguescontainingRM values

of extragalacticsourcesareusedto constructthe function. The observedspatialdis-

tribution of theRM valuescanbeexpandedover a setof orthogonalbasisfunctions.

For analysisof datadistributedon thesky, expansionover sphericalharmonicsseems

natural l � r ��
 Ç® È�É h
� É�ÊgÈ®� É b È � ÈÌË �ÁÍ ÈÌË � � r �±6 (6.1)

wherethe
� ÈÌË �

arethe sphericalharmoniccoefficientsandthe
Í ÈÎË �

arethe spherical

harmonics. The propertiesof the sphericalharmonicsare well understoodand the

calculationof the
� ÈÎË �

will allow us to utilise routineswithin the HEALPix package

for visualisationpurposesandfurtheranalysis.However, anon–uniformdistributionof

datapointscompromisessphericalharmonicanalysisdueto thelossof orthogonality

(Gorski,1994). It is morefruitful to analysea systemusingorthogonalfunctions:the

statisticalpropertiesof thecoefficientsaresimplified. If nonorthogonalfunctionsare

used,the propertiesof the systemandthe basisareconfused.Therefore,we would

like to constructan orthonormalbasiswith functionsclosely relatedto thoseof the

sphericalharmonics.The sphericalharmoniccoefficientscanthenbe obtainedfrom

theresultantcoefficientsof theorthogonalbasis.

Sphericalharmonicanalysisof extragalacticsourceshasbeenpreviouslyperformedby

Seymour (1966,1984). However, theanalysiswascarriedout usinga differentform

of orthogonalisationandonly on asetof 65 sources.

The RM map resultingfrom our methodwill be a useful tool for probing Galactic

magneticstructure.Crucially, themapwill alsobea valuablepoint of referencewhen

investigatingmechanismsthat involve the Galacticmagneticfield. This includesthe

CMB foregrounds(synchrotron,dust,free–freeemission)thatwehavealreadyshown

to becorrelatedwith rotationmeasures.Thereis evidenceof anotherforegroundcom-

ponent(de Oliveira-Costaet al., 2004a),labelledforegroundX, that is spatiallycor-

relatedwith
# :�:�� m dustemission. Spinningdustgrains(Draine& Lazarian,1998)
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arethemostpopularcandidatesfor causingthis anomalousemission.A RM mapcan

provide insight into therole of thesegrainsasthey mayalign with thelocal magnetic

field. Foregroundremoval will beparticularlychallengingin CMB polarisationstud-

ies asforegroundsaremoredominantthanin the temperatureanisotropies.Another

aspectof CMB researchwherea RM mapwould bebeneficialis in singlefrequency

polarisationmeasurements.Thesemeasurementswill notbeableto removetheeffects

of FaradayrotationthroughtheGalacticmagneticfield. Thus,theextentto which the

resultshavebeenaffectedby the ¦ –modesignalrotatinginto the § –modesignal(and

viceversa)is unknown.

Thelayoutof thechapteris asfollows. I sketchin thenext sectionthecurrentviewsand

methodsusedto explorelarge–scalemagneticfields. In section6.3,I describethethree

rotationmeasurecataloguesusedin our analysis.In Section6.4, I illustratea method

to generateorthonormalbasisfunctionsfor eachcatalogue.From the coefficientsof

the new basis,the sphericalharmoniccoefficients are calculated. In Section6.5, I

presenttheresultingRM mapsanddiscusstheobservedfeatures.A brief application

of themapsis givenin Section6.6.CorrelationsaresoughtbetweentheRM mapsand

cleanedCMB–onlymaps.Theconclusionsarepresentedanddiscussedin Section6.7.

6.2 Lar ge–scalemagneticfields

In this chapter, we aim to generaterotation measuremapsthat hopefully tracethe

Galacticmagneticfield. However, first of all, I wish to outlineourcurrentunderstand-

ing of large–scalemagneticfields.

The origin of large–scalemagneticfields observed on galacticand clusterscalesis

unknown. The magneticfields, with observed strengthsof
� # : b�¨ G, could be the

consequenceof anamplificationof a tiny seed( }� # : b � ¢ G) by a dynamomechanism.

Alternatively, the compressionof a primordial seed(
� # : b�� G) by protogalacticcol-

lapsecouldleadto thefieldsweseetoday. Bothscenariosrequireaninitial primordial

field. Furthermore,the two mechanismsneedto explain the high redshiftmagnetic

fieldsobservedin galaxies(Kronberg, Perry& Zukowski, 1992)anddampedLyman–� clouds(Wolfe, Lanzetta& Oren,1992). Magneticfields play a crucial role in star

formationaswell aspossiblyplaying an active role in galaxyformationasa whole

(Wasserman,1978;Widrow, 2002).Thus,oneof themostsignificanttasksin cosmol-
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ogy is unravelling themysterybehindmagneticfields;from theprimordialfield to our

own Galacticfield.

TheCMB providesuswith themostdistantandextensiveprobeof theearlyuniverse.

A primordial magneticfield will leave an imprint in this radiation. Variousmeth-

odshave beendevelopedthat seekthesesignatures.Barrow, Ferreira& Silk (1997)

usethe anisotropicexpansioncausedby the presenceof a homogeneousprimordial

field to placelimits on its size from large–angleCMB measurements.Othershave

soughtcorrelationbetweendifferentscalesin thetemperatureanisotropies(Chenetal.,

2004;Naselsky et al., 2004)or computedtheeffectsthefield hason thepolarisation–

temperaturecross–correlation(Scannapieco& Ferreira,1997;Lewis,2004).Theexis-

tenceof amagneticfield at last–scatteringalsoleadsto apossiblemeasurableFaraday

rotationof thepolarisedCMB light (Kosowsky & Loeb,1996).

At the other endof the scale,investigationof our own Galaxy’s magneticfield has

led to the developmentof a numberof different techniques;Han (2004)providesa

concisereview of the subject. Techniquesinclude observingZeemansplitting, po-

larisedstarlight,synchrotronradiation,Faradayrotatedlight andpolariseddustemis-

sion.However, evenwith all thesemethods,therearestill outstandingproblems.This

hasled to a lack of consensuson key issues:from thenumberof spiralarms;how the

armsareconnected;to thedirectionthefield takesalongthearms(Vallee,1997;Han,

2004).

To fully understandmagneticfields,we needa coherentpicturethroughoutdifferent

epochs.Theoriesandmodelscanthenbetestedagainstthis observationalpicture. A

rotationmeasuremapof thefull sky hasthepotentialto fulfil sucha goal. RM values

probetheintegralof themagneticfield from theradiationsourceto theobserver. Obvi-

ously, theinformationencodedin sucha mapdependson thelocationof theradiation

thatis rotated.FaradayrotatedpolarisedCMB radiationwill offer bothapictureof the

primordial field (at the surfaceof last scattering)andthat of our Galaxy. The recent

detectionof CMB polarisationby DASI (Kovacet al., 2002)andconfirmationof this

via theWMAP (Kogutet al., 2003),have openedup a new avenuein CMB research.

Futureresultsfrom WMAP andPlancksatelliteswill offer polariseddatacoveringthe

full–sky over a rangeof frequencies(sevenin thecaseof Planck).By forming a RM

mapwith the dataandlooking at differing scales,we shouldbe ableto untanglethe

informationin the data;on the largestscalesthe local magneticfield canbe studied,
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whereastheprimordialfield canbestudiedon thesmallerscales.

On the otherhand,oneof the main tools for probing local magneticfields (suchas

our Galaxy’s) involves utilising RM valuesfrom extragalacticsources. Catalogues

containingRM valuesof extragalacticsourceshave beenusedto map the Galactic

field (eg. Frick etal. (2001)).Combiningthisdatawith rotationmeasuresfrom pulsars

thatarelocatedwithin our Galaxy, it is conceivablethata3–dimensionalimageof the

Galacticmagneticfield canbebuilt. However, currentRM cataloguesarebothsparsely

populatedandunevenlysampled.Thus,astutemethodsarerequiredto producea RM

mapwith thedataathand.It is with thisin mind,thatweproceedwith thedevelopment

of a techniquefor generatingRM maps.

6.3 Rotation measurecatalogues

Faradayrotationmeasuresof extragalacticradiosourcesaredirecttracersof theGalac-

tic magneticfield. Thenatureandusesof rotationmeasuresaredescribedin detail in

Section5.2. In what follows we shall useRM valuesobtainedfrom threecatalogues

in anattemptto map
l � r �

over thewholesky. All threecataloguesaresparselypop-

ulatedandhave non–uniformdistributions. It is essentialto remove thestructuredue

to the spatialdistribution of the sources.This structureis uniqueto eachcatalogue.

Therefore,for eachcatalogueanew setof orthonormalfunctionshasto begenerated.

Thethreecataloguesusedarethoseof Simard-Normandin,Kronberg & Button(1981,

hereafterS81),Broten,MacLeod& Vallee(1988,updated1991,B88)andFrick et al.

(2001,F01).S81presentanall–sky catalogueof rotationmeasuresfor
æ�æ�æ

extragalac-

tic radiosources(ie. galaxiesandquasars).B88 andF01contain � � W and ? :�: sources

respectively. B88 wasusedin chapter5 to look for statisticalcorrelationsbetween

CMB observationsanda RM sample.In F01,thetwo othercataloguesarecombined

with smallerstudiesof specificregionsin thesky (seepaperfor details).They alsopro-

vide slightly reducedversionsof theothertwo catalogues.Sourceswith significantly

larger RM valuesthanthosein the otherstudiesareremoved, leaving cataloguesofæ�æ�#
sourcesfor S81and ��� N for B88. In our analysiswewill usetheseversionsof the

two catalogues.

Finally, werejectsourceswith
l { N :�: n � � � b � . SuchlargeRM valuesareunlikely to
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representrealfeaturesof theGalacticmagneticfield: they perhapsarisefrom incorrect

determinationof
l

due to the ¿ A ambiguity in polarisationangle; magneticfields

within the sources;Equation(5.1) being incorrect; and so on. This final selection

criteriareducesthecataloguesto
æ W : sourcesfor S81, � W�W for B88,and

� W�W for F01.

6.4 Generatinga newbasis

Wecanonly observeRM valueswheretherehappensto bea line of sight.Thismeans

we seetheRM sky througha peculiar“mask”. We wish to generatea new orthogonal

basisthat takesaccountof the spatialstructureof this mask. In particular, we need

to find a setof functionsthatareorthogonalon the incompletesphere.Ideally, these

new functionsshouldberelatedto thesphericalharmonics(whichareorthogonalfunc-

tionson a completesphere).This will enableus to determinethesphericalharmonic

coefficientsfrom thenew functionsandtheir coefficients.

Gorski (1994)tacklestheproblemfrom thepoint of view of CMB analysis.Thede-

terminationof the angularpower spectrumis a crucial elementof muchwork in the

field. If the temperatureanisotropiesform a Gaussianrandomfield thenthey canbe

completelycharacterisedby the angularpower spectrum.In order to obtain the an-

gular power spectrum,oneneedsto estimatethe sphericalharmoniccoefficients. At

low Galacticlatitudes(
W } > : y ) foregroundcontaminationis severe. Therefore,it

is preferableto obtainan estimateof the sphericalharmoniccoefficientsoutsidethis

region. Gorski (1994) calculatesa new set of functionsthat are orthogonalto this

cut sphere.Thesefunctionsareusedto calculatethe sphericalharmoniccoefficients

andthusestimatethe angularpower spectrumfrom the two–yearCOBE–DMRdata

(Bennettet al., 1994).

In ordertoseehow themethodworksit is prudentto lookatthedefinitionof orthogonal

functions.Let usconsidertwo complex functions
B � � � and § � � � . Ifo��� B Ö(� � � § � � � �� 
 : 6 (6.2)

then
B � � � and § � � � areorthogonaloverontheinterval

 � 6HW � . If weincorporatethese

two functionsinto a vectorv=[
B � � � , § � � � ], theorthogonalityof the functionscanbe



Faraday rotation template 83

expressedthroughthescalarproduct»^� ´ ��� ¼�� � Ë ��� 
u� ] (6.3)

Weshallnow look atorthogonalfunctionsin thecontext of acompletesphere.A func-

tion canbedescribedby sphericalharmonics
Í ÈÎË � � r �

upto anorder Ñ �Tè³é . Wecanform

an
� Ñ �Tè³é & # � � –dimensionalvectory=[

Í ¢ Ë ¢ � r �±6 Í h Ë b�h � r ��6 Í h Ë ¢ � r ��6 Í h Ë h � r �±6 ]¡]¡] 6 Í È��A�x��Ë È��A�x� � r � ].
Thescalarproductis thendefinedas»�� ´ ��� ¼����j���g� ;yL�M � 
k� ] (6.4)

Thesky canthereforebefully describedbyl÷� r ��
 6 È �A�x� Ê h 8{�® þ É h ��þ Í þ�� r � (�� � ´ � ] (6.5)

However, whenthesphereis incompletedueto aGalaxycut or amorecomplex mask

beingapplied,wehave »�� ´ � � ¼�� t � x};yL�M � 
5� F
u�16
(6.6)

whereW is the coupling matrix. A new basis,where the equality is true, can be

constructedin the following manner. The procedureis a type of Gram–Schmidtor-

thogonalisation.W canbeCholeski–decomposedinto a productof a lower triangular

matrixL andits transpose � 
k�½´�� � ] (6.7)

Theinversematrix   
k� b�h
is thencomputed.Thenew setof functionsonthecutsky

is ¡ 
 »   ´ � ¼�� t � x�;yL�M � ] (6.8)

By construction,wehave» ¡ ´ ¡ � ¼�� t � x�;yL�M � 
   ´ � ´ � � ´   �
   ´�� ´�� � ´   �
 � b�h ´��½´�� � ´��¢� b�h � �
 � ] (6.9)

This canbea usefulcross–checkfor testingthecode.Finally, thenew basisfunctions

canbeusedto describe
l l � r ��
 6 È �A�x� Ê h 8 �® þ É h ��þ^£'þ5� r � (¥¤ � ´ ¡ ] (6.10)
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At thispoint,only theangularpositions
r ý

of thesourceshavebeenrequired.In order

to obtainthecoefficients
��þ

of thenew basis,therotationmeasure
lPý

themselvesare

required. It is worth putting it into the context of the datawe have. Let the number

of sourcesin our cataloguebe d andlet
� Ñ �Tè³é & # � � 
�¦

. It shouldbe evident that

wehaveasetof simultaneousequationswhichhave to besolvedin orderto obtainthe

coefficientsof thenew basisfunctionsl � r h ��
 � h ¡ h � r h � & � � ¡ � � r h � & ]¡]¡] & �0§ ¡ §f� r h �l � r � ��
 � h ¡ h � r � � & � � ¡ � � r � � & ]¡]¡] & �0§ ¡ §f� r � �
...

...l � r©¨ ��
 � h ¡ h � r©¨ � & � � ¡ � � r©¨ � & ]¡]¡] & �0§ ¡ § � r©¨ � ] (6.11)

So, as long as d { ¦
, theseequationsshouldbe solvable. Ultimately, we wish to

obtainthesphericalharmoniccoefficients
� ÈÎË �

. UsingEquation(6.8),weseel 
 � � ´ � 
 ¤ � ´ ¡ 
 ¤ � ´   ´ �
(6.12)

andtherefore � � 
 ¤ � ´  ª� � 
   � ´ ¤g] (6.13)

So,wehaveobtainedthesphericalharmoniccoefficients.

Therearesomepracticalpointsthathave beenglossedover in the above description

of themethod.Firstly, theRM valuesin thecataloguesneedto besmoothed.Other-

wise,astheseriesin Equation(6.10)is finite, we will beattemptingto fit large–scale

wavesto small–scalefeatures.Ideally, the smoothingwill take placein the new ba-

sis, however, this is impractical. Therefore,we choseto smoothin harmonicspace.

Aroundeachsource,ahoopof
> : y is thrown andtheaverageRM valueis takenof the

sourceswithin thehoop.This couldhave beendonevia a moresophisticatedmethod,

saya Gaussian–weightedmeanof RM values.However, we choseto usethe simple

approach.The sizeof the hoopwaschosento match Ñ �Tè³é � � # � � closelyin angular

size.Furthermore,it coincidedwith thelimiting resolutionof thewaveletmethodused

in Frick et al. (2001)on thesamecatalogues.

Secondly, weneedto determineto whatorderwe taketheseriesup to, i.e. thevalueofÑ �Tè³é . We do this throughtrial anderror. As we will expanduponin thenext section,

RM mapswere generatedfor Ñ �Tè³é valuesof 8, 10, 15, 16, 17 and 18. The power

spectrumfor eachmapwasstudied.At somelimiting valueof Ñ �Tè³é theshapeat low Ñ
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altersasfeaturesbecomeunstable.Maximaandminimapointsexplodesincewe are

trying to fit moreandmorefunctionto thesameamountof data.That is to say, d is

gettingtoosimilar to
¦

.

Finally, the conventionfor sphericalharmonicshasto be chosencarefully. The new

basisfunctionswerecalculatedusingtheconventionof Gorski(1994)whereÍ ÈÌË � �)*~6�28�a
 O > Ñ & #> S O � Ñ � ¶ � ¶ �0/� Ñ & ¶ � ¶ �0/ S ¹¬« � «È � �&% + *�� ) �³28� (6.14)

and ) �º2Ã� 
 A b�h cd� �'% + � � 2Ã��6f� > A � b�h cd� , or A b�h cd� +-,/. � ¶ � ¶ 28�
for

� { : 6 
 : , or } : .
Thesphericalharmoniccoefficientscanthenbetrivially convertedinto thosethatad-

hereto theHEALPix definitionof theharmonicswherenow ) �³28�a
 � > A � b�h cd� Ïë�'% + � � 2Ã� &² +�,w. � � 2Ã� Ð or
� � # � � � > A ��b�h cd� Ïë�'% + � � 2Ã� & ² +�,w. � � 2Ã� Ð for

� R : or } : . Theconven-

tion of Gorski(1994)waschosensincetheinformationwithin thecoefficientsis more

highly compressed.Whereasin theHEALPix definition, thecoefficient arecomplex

with asymmetrybetween+
�

and-
�

, thosefollowing theconventionof Gorski(1994)

arereal andcontainno suchsymmetry. The redundantinformationin the HEALPix

coefficientsleadsto confusionwhensolvingEquation(6.11).

6.5 All–sky RM mapsand their interpretation

For all threecatalogues,setsof sphericalharmoniccoefficientswerecalculatedwithÑ �Tè³é beingset to ? , # : , #(æ , # � , # � and
# ? . From thesecoefficients,RM mapswere

producedusingthe ’synfast’ routinein the HEALPix package.To seewhethera

RM mapwasdisplayingreal featuresor whetherthe seriesexpansionhadbeenex-

tendedtoo far, we looked at the angularpower spectrumof eachmap. The angular

power spectrumis the harmonicspaceequivalentof the autocovariancefunction in

realspace.It is definedas Õ È 
 #> Ñ & # ® � ¶ � ÈÌË � ¶ � ] (6.15)

The spectraof the RM mapsareshown in Figure6.1. For all threecatalogues,it is

clearthat theshapeof thespectrais consistentup to Ñ �Tè³é 
 # � . Extendingtheseries

expansionto highervaluesof Ñ �Tè³é leadsto fluctuationsin the power on the largest–

scales(low Ñ ). The methodfinds it harderto reconcilethe datawith the increasing

numberof basisfunctions.Theresultis thatmaximaandminimaexplodeastoomuch
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Figure6.1: Power spectra.Red Ñ �Tè³é =15, greenÑ �Tè³é =16,blue Ñ �Tè³é =17, dotted Ñ �Tè³é =8
and10,anddash–dotÑ �Tè³é =18. From top to bottom: S81,B88andF01catalogues.

freedomis given.Thisis clearlyvisible in themapsfor Ñ �Tè³é = # � and
# ? (notdisplayed).

Althoughlookingat thebottomsetsof spectrafor F01,weseethespectrafor Ñ �Tè³é = # �
is consistentuntil the octopole( Ñ = N ) whereit spikes. This suggestthat due to the

largerdatasizeof F01it is moreableto copewith thedemandsof increasingtheseries

expansion.Therefore,at timesthroughoutthis section,we will focusour analysison

theRM mapfrom theF01cataloguewith Ñ �Tè³é = # � .
In Figures6.2, 6.3 and6.4, we show the RM mapsfor the S81,B88 andF01 cata-

logues,respectively. Wedisplayonly the Ñ �Tè³é = # : and
# � mapsin ordernot to overload
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Figure6.2: S81cataloguewith 540sources.(Left) Ñ �Tè³é 
 10. (Right) Ñ �Tè³é 
 16.

Figure6.3: B88cataloguewith 644sources.(Left) Ñ �Tè³é 
 10. (Bottom) Ñ �Tè³é 
 16.

thereaderwith information.Ther.m.s.valuesof
l

for theS81,B88andF01RM maps

( Ñ �Tè³é =16)are
> �~] W , > N ] æ and

>�# ] æ n � � � b � , respectively. Maxima(largepositive
l

) are

red,whereas,minima (large negative
l

) areblue. The two limiting scalesenableus

to seethe progressof structureasthe seriesexpansionis extendedto includehigher

modes.We canobserve how featureat small Ñ developastheseriesextends.Reassur-

ingly, themainfeaturesin the Ñ �Tè³é = # � mapsarealsopresentin the Ñ �Tè³é = # : maps.The

positionsof themaximaandminima remainroughly unchanged.This is compelling

evidencethat theobserved featuresarereal. However, comparisonof themapsfrom

thethreecataloguesis inhibitedby thetemperature–colourscalevaryingfrom mapto

map.Therefore,for the Ñ �Tè³é = # � maps,we forcethemaximumandminimumscaleto

Figure6.4: F01cataloguewith 744sources.(Left) Ñ �Tè³é 
 10. (Bottom) Ñ �Tè³é 
 16.
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Figure6.5: RM mapswith identicaltemperature–colourscaling( Ñ �Tè³é 
 # � ). Fromtop
to bottom: S81,B88andF01catalogues.

be
¶ l ¶ 
 # :�: n � � � b � ; theresultsof which areshown in Figure6.5.

FromFigure6.5, it is clearthat themaximaat Ñ wyw � > � : y andminimaat Ñ wyw � X�: y are

thedominantfeaturesin all threeplots (againwe use Ñ w{w to denoteGalacticlongitude

to avoid confusionwith the angularscale Ñ ). This maxima/minimapair corresponds

to the large–scalemagneticfield in the local Orion spur(sometimesreferredto asan

arm).Thesetwo spotsaredisplacedfrom theequatorto negativeGalacticcoordinates.

This asymmetrybetweenthe two hemisphereshasbeenwidely reportedbefore(eg.

Vallee& Kronberg, 1975;Frick et al., 2001);it is usuallyattributedto thelocal radio

LoopI (theNorthGalacticspur).Suchlocaldistortionsareassociatedwith interstellar

magnetisedsuperbubbleswith typicaldiametersof
> :�: pc(Vallee,1997).Thereis also

a prominentmaxima/minimapair towardstheGalacticcentrein theRM mapformed
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Figure6.6: Galacticequatorcross–section( Ñ �Tè³é 
 # � � ]Dashed: S81catalogue;Dot-
ted: B88catalogue;andSolidline: F01catalogue

from the F01 catalogue.The centresof the maximaandminima areat Ñ wyw 
 # y andÑ w{w 
 N W � y , respectively . On closerinspection,this featureis presentin theRM maps

from theothertwo catalogues.Finally, in theS81RM map,thereis a strongmaxima

at Ñ w{w � æ : y in thenorthernhemisphere.This featureis only suggestedin theothertwo

maps.

Cross–sections,along the Galacticequator, were taken of the RM maps( Ñ �Tè³é =16)

in order to further understandthe features.Theseareshown in Figure6.6. Ideally,

with sucha slice, maxima/minimalocationsshouldindicatethe tangentialdirection

to spiral armsanddirectionalfield changesshouldcorrespondto
l 
 : . However,

local distortionsand flaws in the map–makingprocess,make this not entirely true.

Theorion spurlocationis clearfor all threemaps.Furthermore,themaxima/minima

pair towardsthe Galacticcentre(describedin the previous paragraph)is evident in

all threecross–sections.However, thepictureis hazyfrom Ñxwyw =30–50y : thereis clear

field reversalin S81map;a hint of a reversalin F01map;andnonein B88 map.The

maximaandminimain thecross–sectionscouldbeattributedto thenamedinnerarms

(eg. theminimaneartheGalacticcentreto theNormaarm),however, thisseemsquite

speculativegiventhevariationfrom catalogueto catalogue.

It is clear that the Orion spur is the dominantfeature. Since the associatedmax-

ima/minimapair is separatedby 180y , it will be themain sourceof the dipole ( Ñ =1).

Moreover, we seefrom the spectrathat the quadrupole( Ñ =2) is alsostrong. There-
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Figure6.7: F01cataloguewith boththedipoleandquadrupoleremoved( Ñ �Tè³é 
 # � ).
fore,we removeboththedipoleandquadruplefrom theRM map( Ñ �Tè³é =16)compiled

from theF01data.Theresultsof which aredisplayedin Figure6.7. This enableusto

view someof the smallerscalefeatures.Thesedetailswill be hardto explain solely

from Galacticmagneticfield models.It will beinterestingto see,if thesesmall–scale

featurespersistwith largerdatasets.

A studyof theglobalGalacticmagneticfield structurewouldbenefitfrom theremoval

of local distortions.Consequently, we appliedthemethodwith theregion containing

Loop I removed (
W {�: y , :f}�Ñ w{w } W : y , > � :ç}�Ñ w{w } N ��: y ) (Ruzmaikin& Sokolov,

1977). However, the removed segmentwastoo large to successfullyreconstructthe

sky giventhe remainingsources.The lack of restrictionsin thesegmentmeantlarge

maxima/minimaformedthere.Thishighlightsonedisadvantageof sphericalharmonic

analysisover waveletanalysisthatcanbelocalisedin bothphysicalandwavenumber

spaces.The removal of theselocal structuresis useful for gettinga clearpictureof

theGalacticmagneticfield. In CMB foregroundstudies,however, thesestructuresare

essentialcomponentsof a template.

6.6 Corr elationswith CMB maps

As mentionedin theintroductionto this chapter, RM mapshavea generalimportance

beyondtrying to maptheGalacticmagneticfield. In whatfollows,wehopeto display

one particularfunction. In this section,we focus solely on the RM map produced

from theF01cataloguewith Ñ �Tè³é setto
# � . In chapter5 we developeda diagnosticof

foregroundcontaminationin CMB maps.Themethodmeasuredthecross–correlation

betweenthe RM of extragalacticsourcesandthe observed microwave signalsat the
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sameangularposition. In what follows, we seekcorrelationsbetweenthe spherical

harmonicmodesof theRM mapandCMB–only maps.In doingso,we shall look at

thephasesof thecoefficientsof themodesfrom Ñ =2 to Ñ =16. Phasecorrelationswere

usedin chapter3 to huntfor evidenceof departuresin theCMB temperaturefield from

a Gaussianrandomfield. In chapter4.1a certainform of phasecorrelationwasfound

to be associatedwith non–trivial topologies. PhasecorrelationsbetweenCMB and

foregroundmapshave beensoughtbefore(Naselsky, Doroshkevich & Verkhodanov,

2003;Chiang& Naselsky, 2004),however, herewe wish to emphasisethe virtue of

having independentprobesof Galacticforegroundcontamination.

In orderto seekevidenceof phasecorrelationsbetweentheRM mapandCMB data,

we turnedto two WMAP–derivedmaps.Both maps’constructionareoutlinedin Sec-

tion 3.3.4. The ultimategoal of thesemapsis to build an accurateimageof the last

scatteringsurfacethat capturesthe detailedmorphology. We usethe WMAP team’s

internal linear combination(ILC) mapand the Wiener–filteredmapof Tegmark,de

Oliveira-Costa& Hamilton (2003,TOH). The latter waschosensincethe mapwas

foundto becorrelatedwith RM valuesin chapter5.

Two measuresof phaseassociationwereused: the circular cross–correlationcoeffi-

cient

=
andKuiper’sstatisticå . Bothstatisticswill beevaluatedateachscaleÑ from 2

to 16. If we let T��G and T®IAG°¯ bethephasesof theRM andCMB maps,respectively.

Then,following Fisher(1993),

=
is definedas:= � Ñ ��
 Ñ b�h
È®� É h �&% + � T � Ë �G � T � Ë IAG°¯ � ] (6.16)

The expectationvalueof

=
is 0, andhencehighly correlatedphasesare associated

with largevaluesof
¶ = ¶

. Kuiper’sstatisticis calculatedfrom theavailablesetof phase

differences( T � Ë �G � T � Ë IAG°¯ ) at a givenscale.Kuiper’s statisticis comprehensively

describedin Section3.2.1.First, thephasedifferencesaresortedinto ascendingorder,

to give theset
�± h 6 ]¡]¡] 6 ±|� � . Eachangle

±©²
is dividedby

> A to giveasetof variablesÿ ² , where _ 
 # ]¡]�])E . From the set of ÿ ² we derive two values
� Ê�

and
� b�

(see

Equations(3.2)and(3.3)). Kuiper’sstatisticis thendefinedaså � Ñ ��
 � � Ê� & � b� �Ä´ O 	 E & :�] #(æ�æ & :~] > W	 E S ] (6.17)

Again, the form of å is chosenso that it is approximatelyindependentof sample

size for large E . Anomalouslylarge valuesof å indicatea distribution that is more
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Figure6.8: Internallinearcombinationmapconstructedwith
� ÈÌË �

for Ñ =11only.

clumpedthana uniformly randomdistribution,while low valuesmeanthatanglesare

moreregular.

Toaccessthesignificanceof thevaluesof

=
and å obtainedfromthecomparisonof the

RM mapwith thetwo CMB maps,we make useof MonteCarloskieswith uniformly

randomphases.Thestatisticswerecalculatedfor 10,000MC skiescontrastedwith a

further 10,000MC skies. Thus,we areleft with 10,000valuesof

=
and å for each

scale.

Theresultsfrom bothCMB mapssuggeststhatthereis strongcorrelationsbetweenthe

phasesat Ñ = #�# . For theILC, thevaluesof

= � #�# �
and å � #�# � aregreaterthan99percent

of theMC values.Whereas,thevaluesof

= � #�# �
and å � #�# � correspondingto theTOH

Wiener–filteredmaparegreaterthan97 and98 percentof theMC skies,respectively.

In Figure6.8weplot theILC mapconstructedwith the
� ÈÌË �

for Ñ = #�# . Overlappingthis

imagewith thatof theRM in Fig 6.4,wecanseethatthecentralmaxima/minimapair

in theRM maparesimilar in location,sizeandshapeto structurein theILC image(but

with coloursreversed).This is probablywhatdeterminesthespecificscaleÑ =11. In-

terestingly, Ñ =11correspondsto thescalethatNaselsky, Doroshkevich & Verkhodanov

(2003)foundthegreatestlevel of correlationbetweentheILC phasesandthoseof the

foregroundmaps.

6.7 Conclusions

In this chapter, a new methodwaspresentedto generateall–sky RM mapsfrom un-

even andsparselypopulateddatasamples.The methodcalculatesa setof functions

orthonormalto thedataset. With thesebasisfunctions,thesphericalharmoniccoef-
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ficientsarecalculatedandconvertedinto sky mapsusingtheHEALPix package.The

methodwasappliedto threecatalogues;S81,B88andF01catalogues.Mapsfromeach

catalogueshowedevidenceof the magneticfield in our local Orion spur, the North–

Southasymmetryattributedto radio Loop I anda maxima/minimapair closeto the

Galacticcentrethatpossiblycorrespondsto the magneticfield of two inner Galactic

arms.A RM mapconstructedfrom theS81cataloguealsohadaprominentmaximaatÑxw{w � æ : y in thenorthernhemisphere.

In Section6.6, we showed the benefitsa RM map hasto CMB foregroundanaly-

sis. PhasecorrelationsweresoughtbetweenRM mapsandthoseof CMB–only maps

derivedfrom theWMAP data.For boththeWMAP team’s ILC mapandtheWiener–

filteredmapof TOH, phasescorrespondingto Ñ =11werefoundto behighly correlated.

Naselsky, Doroshkevich & Verkhodanov (2003)foundthesamescaleto displayphase

correlationswhencarryingoutasimilaranalysisontheILC mapandforegroundmaps.

Their detectionof correlationsat thesamescaleasour analysis,reaffirms theconclu-

sion drawn in chapter5 that the RM cataloguesarevaluableindependenttracersof

CMB foregrounds.

Modelling foregroundswill play a crucial role in CMB polarisationstudies. Fore-

groundcontaminationis expectedto bemoreseverethanin thetemperaturemeasure-

ments(Kosowsky, 1999). Consequently, superiortemplatesfor the individual fore-

groundcomponentsare required. RM mapswill help tracethesecomponents.Be-

sidesthis,extrapolationof low frequency measurementof synchrotronpolarisationto

CMB frequencieshasbeenshown to becomplicatedby Faradayrotation(deOliveira-

Costaet al., 2003). Again, this underlinesthe importanceof developingtemplatesof

the Faradayrotationof the Galacticsky. Efforts to mapthe RM sky will be greatly

enhancedby increasedsourcecataloguesfor both extragalacticsourcesandpulsars

within our Galaxy. This may enablethe formationof a 3–dimensionalimageof the

Galacticmagneticfield. Furthermore,attemptsto maptheRM sky will beenhancedby

upcomingsatelliteCMB polarisationexperimentswhich presentunprecedentedsky–

coverageandresolution.



Chapter 7

Problemsand futur eextensions

In this thesis,I have developeda numberof diagnosticscapableof identifying non–

standardbehaviour in the CMB temperaturefield. Chapters2–4 focusedon the de-

velopmentof a statisticthat utilised the phaseinformationof the sphericalharmonic

coefficients. The techniquewas found to complimentmore traditional measuresof

non–Gaussianity. A rathersimpleandobviousextensionto this work, is to apply the

phasestatisticto forthcoming2nd–yearWMAP datawith a Galacticcut incorporated

into theMC simulations.It will beinterestingto seeif theobservedpeculiarfeatures

seenin chapter3 remain.IncorporatingtheGalacticcut will allow usto directly anal-

ysethedatasetusedto establishthekey parameters.Theindividualfrequency mapsof

WMAP areusedin thecomputationof theangularpowerspectrum.Theestablishment

of key cosmologicalparametersrelieson Gaussianstatisticsto hold for this data.

Equally, it shouldbe rewardingto usethe phasetechniqueto explore multipolesbe-

yond Ñ = > : . Two factorsinhibit this: Kuiper’s statisticis a generaltestthat is suitedto

asmallnumberof datapointsandsecondlythecomputationaltimeneededto generate

the Wigner û –functionsignificantlyincreaseswith increasingÑ . The first point may

betackledby thedevelopmentof a moretailoredstatistic.In Section2.3.3,we found

phaseswereseparatedby ; A whenforming particularband–shapesandstructurein

thesouthernhemisphere.It hasbeenclaimedthat thereis a North-Southasymmetry

in theWMAP data(eg. Eriksenetal., 2004b).Is this typeof phasecouplinghintingat

amethodto usethephasesto probethis?Clearly, it is vital to understandtheorigin of

thesephasecorrelations.Matsubara(2003)founda relationbetweenthedistribution

of a specificform of associatedphasesandthehierarchyof polyspectrain thecontext
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of structureformation. Finding links betweenthe phaseinformationandothertradi-

tional non–Gaussianmeasuressuchasthe genus(which is alsoa valuabletracerof

morphology)will allow usto getabetterhandleon thesourceof thesecorrelations.

Thesecondaspectrequiresadvancementsin thegenerationof theWigner û –function.

Alternatively, wecouldfind anew methodfor rotatingthecoordinateframe.Thismay

meantailoringthemethodaroundtheHEALPix pixelisationscheme.For example,we

couldcreatea grid of rotationvectorsin realspacethatshuffle thepixelsaround.The

problemis thatwehaveto evenlysamplethesphere.Uniformly rotatingthesky along

the polar angle
2

is trivial, but due to the shapeof the individual pixels, uniformly

samplingtheazimuthalangle
*

is morechallenging.Otherpixelisationschemesmay

bemoresuitedto rotatingthesky in real–space.

Theissueof studyinghigh multipolescanbesimplysolvedby takinga smallpatchof

thesky andassumingthesurfaceis flat. Onecanthenwork in theFourierdomainand

makeuseof phasetechniquesalreadydevelopedin thecontext of structureformation.

Beyondthis, thephaseanalysisneedsto beextendedin sucha way thatwe canprobe

more complex forms of phasecorrelations. A large–scalehomogeneousprimordial

magneticfield would inducecorrelationsbetween
� È b�h Ë � and

� È�Ê h Ë � at fixed
�

. Our

currentmethodsarenotsensitiveto thiskind of correlation.It will alsobeenlightening

to combinethephaseswith theamplitudes,in thespirit of Stannard& Coles(2004),

to look for anomalies.Ultimately, it will be importantto develop similar tools that

canuntanglephaseinformationencodedin otherclassesof cosmicfieldssuchasthose

seenin gravitationallensingstudies.

Oneof thekey questionsthatarosefrom thereleaseof theWMAP datawastheissue

of themissingpowerat largescales.A possibleexplanationis thatwe inhabita small

universe.Thiswasinvestigatedin chapter4. Theissueof thetopologyof theuniverse

is importantin its own right. Thestandardconcordancemodelplacesusin a universe

with Euclideangeometry. If simply–connected,then the universeis infinite in size.

Is it thensensibleto make claimsaboutthenatureof aninfinite universefrom a finite

observablepatch?A morecompleteview of theuniversewouldbeofferedby knowing

its topology. Methodsneedto be developedthat can explore beyond the limits of

the circlesin thesky method(Cornish,Spergel & Starkman,1998). We have shown

that the phaseshave the potential to do just that. However, we needto verify this

by applyingthemethodto moresimulations.Coupledto this, we needto seekthese
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correlationsin datawherethe issueof foregroundcontaminationis lesssignificant.

Incorporatingthe Galacticcut into the MC simulations,as alreadysuggested,will

enableusto probecleanermaps.

Thesignificanceof theabsentpower at largescalesappearsto dependon theanalysis

performedon thedata.It hasbeenclaimedthatthediscrepancy from theconcordance

modelis lessstatisticallysignificantthanoriginally thought(Efstathiou,2003). Nev-

ertheless,thereis still mysterysurroundingthe planarnatureof the low multipoles

(seeSection3.3.4).Evidently, furtherinvestigationof theselow multipolesis required

and in particulartheir phases.It would be surprisingif the phaseswere not a key

componentin formingthemultipoles’planarshape.It hasalreadybeenfoundthatcer-

tain map–making–processesleadto a poor reconstructionof thecosmologicalphases

(Eriksenet al., 2004a).

Theissueof foregroundcontaminationof CMB datawastoucheduponduringthework

on thephasestatistic.In chapter5, wedealtwith this issuein detail.Wedevelopedan

independenttracerof theGalacticforegroundsfrom a catalogueof rotationmeasures

of extragalacticradio sources.A betterunderstandingof the frequency dependence

of the correlationsis required.Datafrom a wider frequency rangewill aid this. For

example,the recentArcheopsdata(Tristramet al., 2004)thatcovers20%of thesky

is compiledfrom frequency bandscenteredat
# W N and

>~# �
GHz. At thesefrequencies

dust is the sole foregroundcontaminant.A comparisonof the samesectionsof the

sky from the WMAP datawould give us a betterhandleon how the strengthof the

correlationsvarieswith frequency for dust. This could aid in the separationof the

contribution of the differentcomponents.Again, this may give us a helpinghandin

understandingthemechanismcausingtheanomalousemissionat
� > : GHz.

In chapter6, we developeda templateof the RM sky. This is the first stepin de-

velopingtemplatesof the foregroundcomponentsthat incorporateinformationfrom

rotationmeasures.Applying constraintson theelectrondensityandGalacticmagnetic

field, it is conceivablethatpredictionscanbemadefor thesignalsfrom theforeground

components.Furthermore,the RM mapscanbe integratedinto methodsfor gener-

ating CMB–only maps. For example,maximumentropy methodsusetemplatesof

foregroundcomponentsfrom outsidefrequenciesto generateCMB–only maps. The

RM mapcould be addedasanotherconstraintin the calculationof the CMB signal

from sucha method.Otherpotentialusesfor theRM maphave alreadybeenlistedin
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chapter6, although,it is worth pointing out that the orthogonalisationschemecould

beusedonotherincompleteastronomicaldatasets.

Finally, on a moregeneralnote,high quality CMB–only mapswill eventuallybecon-

structeddueto decreasesin instrumentnoiseandbetterforegroundcontrol.Oneof the

motivationsfor producingtheseCMB–only sky mapsis to performjoint dataanaly-

sis. Boughn& Crittenden(2004)show the importanceof this type of analysis:they

useCMB dataandthe X–ray backgroundto show evidenceof dark energy. Cross–

correlatingX–raydata,large–scale–structuredataandtheCMB, or thefusionof CMB

datasetsrequiresspecificstatisticalanalysistools. Perhapssomeof thestatisticsde-

velopedin this thesiscanbe appliedwhenevaluatingthe detailedstructureof these

projecteddatasets.For example,studyingthephasedifferenceof thedatasetsshould

provide anothermethodfor performingjoint analyse.After WMAP andPlanck,it is

likely that polarisationstudieswill provide the main emphasisin CMB physics. Al-

thoughthedetectionandmeasurementof primordialpolarisation(especially§ -mode

fluctuations)promisesawealthof cosmologicalinformation,thismayberenderedim-

possibleif therearecomplicatedforegroundpolarisationpatterns.The development

of polarisationtoolswill beessential.Thework on rotationmeasurescouldbeusedto

makepredictionsof thepolarisationsignalfrom foregroundsources.Thephasestudies

canbeextendedfrom scalartemperaturemapsto mapsof thepolarisationwhich are

vectorfields.
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