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Abstract

In thisthesis| developstatisticscapableof detectingpeculiarfeaturesn currentobser
vationsof the cosmicmicrowave background CMB) radiation. Suchtools scrutinise
the very foundationsof standardcosmologicaimodels. Evidenceof peculiarfeatures
in the CMB may requirea reassessmertf thesebuilding blocks. More likely, ary
featuresmay be artefactsof somenon—cosmologicasignal. Neverthelesswhether
the origin of thesestrangeattributesis primordial or local, their discovery would be
instructive. Existing statisticaltoolsfocuson the amplitudeof the sphericaharmonic
coeficients,l look insteadattheirphasesThemethod form checkdor theuniformity
of thedistribution of phaseanglesusinga non—parametridescriptoywhich is known
asKuiper’sstatistic. Themethodis appliedto the COBE-DMRandWMAP sky maps,
anddeparturegrom uniformity arefoundin both. The resultsprobablyreflectGalac-
tic contaminatioror the known variationof signal-to—noiseacrosgshe sky ratherthan
primordialnon-GaussianityNext, the statisticis adjustedo probethetopologyof the
universe. The newv methodexploits the existenceof correlationsin the phaseof the
CMB temperaturgatternassociatedvith matchedpairs of circlesseenin the CMB
in universeswith non—trvial topologies.After this, | turn our attentionto the issueof
Galacticforegroundsignals. A diagnosticof foregroundcontaminations developed
basedaroundthe FaradayrotationmeasurefRM) of extragalacticsources. Statisti-
cally significantcorrelationsof RM with the preliminaryWMAP individual frequeng
mapsarefound. Thesecorreltationsremainsignificantin CMB—only maps. Later; |
usecatalogue®f rotationmeasures$o constructa templateof the Galacticsky. The
RM mapsmay be usedastemplatesfor CMB foregroundanalysis. This idealis il-
lustratedwith a cross-correlatioranalysisbetweenthe WMAP dataand our maps. |
find asignificantcross—correlatiorggainindicatingthepresencef significantresidual
contaminationProblemsandfuture developmentsarediscussedttheend.



Chapter 1

Standard framework

1.1 Big bangmodels

We are enteringan era of “precision cosmology”in which our basicmodelsof the
universeare beingrefined. Our picture of the universehasevolved remarkablyover
the pastcentury;from a view limited to our Galaxyto a cosmoswith billions of sim-
ilar structures.Today cosmologyappeardo be concernedvith improving estimates
of parametershat describeour cosmologicalmodelsratherthansearchingor alter
natves. Recentobsenationsof the large scalestructure(eg. 2dFGRS;Percval etal.,
2001)andthe Wilkinson Microwave Anisotropy Probe(lWWMAP; Bennettetal., 2003a)
obsenationsof the cosmicmicrowave background CMB), appeato confirmour key
ideason structureformation. However, thereis the suggestiorthat our confidence
may be misplaced. The WMAP obsenations,for example,have thrown up a num-
ber of unusualfeatures(Chianget al., 2003; Efstathiou,2003; Naselsl, Doroshle-
vich & Verkhodang, 2003;Chiang& Naselsly, 2004;Eriksenetal., 2004b;Land &
Magueijo,2004; McEwenet al., 2004). It appearsa goodtime to standbackfrom
the establishegparadigmand testthe core assumptionsntrinsic to our view of the
universe.

Standardig BangcosmologicamodelsarefoundedupontheCosmologicaPrinciple.
This principle statesthat we live in a universethatis statisticallyhomogeneouand
isotropic. Homogeneitympliesthattheuniverseappearshesameto all obserers.An
isotropicuniverselooksthe samein all directions.Obsenationsof the CMB indicate
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thatthelatteris the case however, homogeneitys harderto prove.

Constructionof cosmologicaimodelsrequiresan understandingf the natureof the
forcesatthe largestscales.The principalforce on thesescaless gravity andour best
descriptionof this force is Einsteins theory of generalrelatvity. Generalrelativity
relatesthe distribution of matterto the geometryof space—timggiven by the metric
gu). Therefore,we needa metric that adherego the cosmologicalprinciple. All
homogeneouandisotropicspace—timesanbe describedn termsof the Robertson—

Walker metric

dr?

ds? = g, datdz” = Adt* — a®(t) +72(d6* +sin®0des?) |,  (L.1)

1—kr?
wherer, § and ¢ arethe sphericalpolar coordinatest is the propertime, a(t) is the
cosmicscalefactor and« is the spatialcurvaturescaledto take the values0 or £1.
The propertime ¢ is simply a measureof time calculatedrom the local densityof an
obsererthatis the samefor all obserersdueto thehomogeneityf theuniverse.The
scalefactora(t) describeshe overall expansionor contractionof the universe.

The dynamicsof the universecan then be determinedby Einsteins field equations
which relatethe geometricalpropertiesof the space—timeyia the metric tensorg,,,
to the contentsof the universesummarisedn the enegy—momentuntensor?),,. The
equationsarewritten as

R, — %g,wR = &CT—4GTM,,, (1.2)
whereR,, andR aretheRiccitensorandtheRicci scalarrespectiely. G' is Newton'’s
gravitational constant.For a perfectfluid, with pressure andenegy densitypc?, the

enegy—momentumensoris
Ty = (p+ p¢®) UUy — PGy, (1.3)

whereU,, is thefluid—four velocity. The Robertson—-\&lker metricrequiresr,, to take
thisform. Einsteins equationsanthenbe simplifiedassuminghe Robertson—\&lker

metricto ) \
3 (9> — 87Gp — 3“—20 (1.4)
a a
a  4nG P
o= 5 (Pr3g), (1.5)
and g g
3 p 3
- e =0. 1.
dt(pa)+02dt(a) 0 (1.6)
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Equation(1.6) is not independenbf the othertwo equations.Thesethreeequations
are collectively known asthe Friedmanequations. The Friedmanequationscan be
calculatedrom Newtonianargumentswhich at first soundssurprising,however Ein-
stein’s equationsaredesignedo reduceto Newton’s law whenthe gravitational field
is weak. The Friedmanequationswill allow usto constructcosmologicalmodelsif
the contentsof the universecanbe assumedo be anidealfluid. Thisis quite areal-
istic approximationaslong asthe meanfree pathof ary collision is muchlessthan
scalesof importance Now, all we needto specifyis the equationof statefor our fluid

(p= upc?).

To getaninsightinto the significanceof the Friedmanequationsye shalllook at two

scenarios:ithe matteronly andradiation—onlyuniverses(with « = 0). In the matter
casewe setw=0 asthe restmassof eachparticleis muchlarger thanthe particle’s
thermalenegy andsothe pressures zero. Therefore Equation(1.6) implies p < a 3.

Substitutingthis into Equation(1.4) leadsto a o t*3. On the otherhand, radiation
or relatiistic particleshave a valueof w=1/3 andconsequentlyve find p oc a=* and
a o t'/2. Our universecontainsboth matterandradiation,however, thisillustratesthe
basisof morecomplex models.Sofar, we have neglectedthe cosmologicatonstantA

which canbeincorporatednto Einsteins equations.A hasacquiredrenaved interest
dueto inflationarymodels(seelater) andthe resultsfrom distantType la superneae
thatsuggestinon—zerovalueof A (Perimutteretal., 1999;Knop etal., 2003).

Thereareanumberof key cosmologicaparametershatdeterminehelong—termhis-
tory of the universe. Firstly, thereis the Hubble parameterH (¢). In 1929, Hubble
obseredthatall galaxiesarerecedingfrom us by an amountrelatedlinearly to the
distancethe galaxiesareaway from us. This is conceptis enshrinedn Hubble’s law

v=Hr= (g) T, (1.7)

whereuv is thevelocity of the galaxyandr is the properdistanceo the galaxy Homo-

as

geneousndisotropicexpansiomaturallyreproduceHubble’s law.

The expansionof the universeallows usto introducea usefulmeasuref the distance
to an object. The redshiftz is definedasthe shift in frequeny v of spectrallines
towardstheredendof the spectrundueto therecessiorof a sourceresultingfrom the
expansiorof theuniverse.This canbeunderstoodby looking atthe Robertson—\&lker
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metric. Theinterval ds travelledby a photonis alwayszero.Fromthis, we canderive

%?:%:1+A (1.8)

wherethe subscripts ando indicatethe emittedandobsenedradiation,andz is the

redshiftof the source.The redshiftof anobjectcanbe obtainedwithout assumptions
abouttheunderlyingcosmology Importantly we canrelatez to thecosmicscalefactor

usingEquation(1.8)to get

142="2 (1.9)
a

andthereforewe canusez asadistancemeasure.

Thesecondkey parameters thedensityparametewhichis definedas

Q, = 81Gp, _ Pe ’
3H? Perit

(1.10)

wherez signifiesa constituentof the universe(matter radiationor A). The density
parametetis the ratio of the actualdensityto somecritical value p.,i;. The sum of

thesecomponentss labelled);.;. If Q:,;=1, we have a flat universewith x =0 that
continuego expand.This scenarids favouredby inflationarymodels.€2;., > 1 corre-
spondgo x =1 andresultsin a’Big Crunch’wherethe universerecollapses,; < 1

corresponds$o k= —1 anda continualexpansion.

Thedeceleratiorparameters definedas
g=—-——. (1.11)

The parametemeasureshe rate at which the expansionof the universeis slowing
down andwill bepositiveif gravity is the soleforceactingon largescales.

The key parametersnentionedgovernthe dynamicsof the universe. It is oneof the
major aims of obsenational cosmologyto preciselypin down thesenumbers. The
key projectof the Hubble SpaceTelescopgHST) wasto calculatethe present—day
valueof the Hubble parameteusingsecondaryndicators(superneae, Tully—Fisher
and surface brightnessfluctuations). The value of the parametemwas found to be
H(t,) =72 £ 8kms 'Mpc™' (Freedmaret al., 2001). The deceleratiorparameter
hasbeenconstrainedising high—redshiftType la superneae. The light curvesfrom
theseremnantsareimportantcosmologicaprobes.The dataprovide strongevidence
for an acceleratinguniverse(q < 0) andis inconsistentwith a 2, = 0 flat universe
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(Perimutteretal., 1999).In fact,the datasuggests valueof 2, ~0.7. The CMB has
the potentialto thoroughlydeterminetheseparametersThe 1styearresultsfrom the
WMAP satellite,by itself, givesa valuefor the matterdensityof ,,h% =0.12 & 0.02

andfor the densityof baryonsof Q4% = 0.024 & 0.001 (Spegel etal., 2003),where
his H(t,)/100. Whenthe WMAP datais combinedwith other small scaleCMB

measurementshe matterpower-spectrunfrom large—scalestructuresurweys andthe
Lyman-e forest,we obtainvaluesof Q%2 =0.13340.006 and), % =0.02264-0.0008

(Spegeletal., 2003).Finally, combiningthe WMAP datawith eitherthe HST results,
large—scalestructuresurweys or Typela supern@aeresultsimplies 2y, = 1.02 + 0.02

(Bennettetal., 2003a).Consequentlywe have animageof our universewhich is flat

andcomposeaf €2, =0.3 andQ2, =0.7; thisis dubbedhe concodancemodel

In the concordancenodel, we find that 30% of the universeis composedf matter
yet only 10% is of a baryonicform. Is our estimateof 2, wrong? The primordial
deuteriumalundances sensitve to the baryondensityandmeasurementsonfirmthe
CMB resultswith Qph% = 0.020 £ 0.002 (Burles, Nollett & Turner,2001). Galaxy
rotationcurvesalsosuggesthepresencef substantiahalosof non—luminousnaterial
surroundinggalaxies.This missingmatteris labelleddarkmater The currentfavoured
explanationis massve particleswith low thermalvelocitiesproducedn the big bang.
Thesecold dark matter(CDM) particlesdo not participatein nuclearreactionsand
interactpurelythroughgravity.

This picture allows us to develop a history of the very early universe. Naturally, we
expectthe universeto be hotteranddensein the past.In thisfireball phasewe expect
aseriesof creation—annihilatiomeactiondetweerparticlesto governuntil

kgT ~ m,c?, (1.12)

wherekg is the Boltzmannconstantandm, is the massof the particle. As long as
thetemperaturés higherthanthis, two photonswill createa particle—antiparticlgair.
However, whenthe temperaturaropsbelow, the pairscanno longerbe createdand
the pairsrapidly annihilate.The hightemperatures the pastwill alsoleadto theuni-
ficationof thefundamentaforces.Importantlyfor thisthesisastheuniversecoolswe
expectthereto bea periodwherethereis a plasmaof baryonsandphotonsin thermal
equilibrium. As the universecools,the matterbecomesransparento radiation;this
topicis the expandeduponin Sectionl.2. Therelic radiationis a powerful signature
of thebig bangmodel.
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The big bangmodelaccountdor threeimportantcosmologicabbsenations: the ex-
pansionof the universe;the existenceof a relic radiationbackgroundandthe alun-
dancesof light atomic nuclei which were createdin the first few minutesof the big
bang. However, the big bangmodelis not a completetheory;it doesnot specifythe
valuesof the key parameter®r describethe erabeforeplanck—-time.Moreover, cos-
mologistsareleft with a numberunexplainedfeaturesithe origin of the baryonasym-
metry; the natureof dark matter;the flatnessof the universe;the 'excessve’ degree
of homogeneityandisotropy (the horizon problem); missingrelic particles;andthe
origin of the primordialdensityperturbationsThefinal four of theseissueshave been
potentially overcomeby the addition of a new ideaby Guth (1981) calledinflation.
Inflationary modelsinvolve the early universegoing througha period of accelerated
expansion.Thetime of this expansionis chosento maintainthe successesf the big
bangmodel,thatis to say nucleosynthesisccursafterthe inflationaryperiod. Infla-
tion permitsa solutionto the horizon problembecause uniform region that appear
to be unableto have beenin causalcontactin the pastwould have beenthermalised
beforeinflation. Today we know the universeis very flat (€o; ~ 1), but the universe
had beenflatter still in the past. The inflationary phaseleaves the universein such
a state. Also, aslong asinflation happensafter the phasetransitionsproducingthe
defects theserelic particleswill be diluted by the increasen the scalefactorduring
inflation. Potentiallythe mostsignificantaspecbf inflation is thatit allows a possible
solutionto the origin of the structurewe seetoday During the inflationary period,
guantumfluctuationson microscopicscaleswill leadto present—dayarge scalefluc-
tuationsdueto the accelerateaxpansion. Generically inflationary modelspredicta
Harrison—Zeldovich spectrum(i.e. a scaleinvariantspectrum)of fluctuations.These
primordial fluctuationsareexpectedto constitutea Gaussiamandomfield. This class
of field is discussedn chapters2 and3. Clearly, if inflation is the real solutionthen
we needto testthesepredictions.In chapter3, we hopefullyfulfil thiscommitmentoy
proposinga statisticaltestto probethe natureof the primordialfield.

1.2 The cosmicmicrowave background

Our presenunderstandings thatthe universebeganroughly 15 billion yearsagoasa
hot, denseervironmentwith a nearly uniform seaof radiation. The baryonswerein
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a plasmaform until 300, 000 yearsafterthe Big Bang(z ~ 1100). At this point, the
universehad cooledsufficiently for protonsto capturefree—electronsnd form neu-
tral hydrogen.Prior to this, dueto the high temperaturematteris completelyionised.
Comptonscatteringcouplesthe photonsto the electronsandthe electronarecoupled
to baryonsby electromagnetimteractions.As the protonsrecombinewith electrons,
at 3,000 K, the universebecomedransparent.The radiationis saidto decoupleand
freely propagatethroughtheuniverseuntil reachingus. Beforedecouplingtheradia-
tion andmatterarein thermalequilibriumandthelack of interactionghereafteresults
in theradiationhaving a black—bodyspectrum Thetemperaturef theradiationdrops
accordingto T=(1 + z)T; dueto the expansionof the universe. Consequentlythe
presentday temperatureof this relic radiationis roughly 2.7 K and should be ob-

senablein the microwave region of the sky. The radiationshouldbe uniform in all

directionsof the sky andoriginatefrom the last—scattering—suate.

Therelic radiation,whichwe referto asthe CMB, wasprobablyfirst predictedo exist
by Gamav (1948). The CMB’s discovery by Penzias& Wilson (1965)was one of
the successesf hot big bangmodels.The temperaturef the CMB wasmeasuredy
the COBE—FIRASInstrumentas2.728 + 0.004 K (Fixsenet al., 1996)andfoundto
have a perfectblack—bodyspectrum Equallyimportantly in 1992the first primordial
temperaturdluctuationswere detectedoy the COBE-DMRinstrument(Smootetal.,
1992). Thesefluctuationhave beensoughtsincethe discovery of the CMB. Thetem-
peratureanisotropiesaretranslationsof the primordial matterfluctuations.Crucially,
the temperatureanisotropiesare small O(10~°) due to radiation pressureand have
evolvedlinearly. Therefore we caneasilytracethe temperaturenisotropiedackto
their primordial form unlike the casefor the matterdistribution. We shall now sum-
marisethe main sourceof the temperaturenisotropiesfor a detailedreview seeHu
& Dodelson(2002). The anisotropiescan be cateyorisedaccordingto their source.
Primaryanisotropiesregeneratedt, or prior, to decoupling.Secondaryanisotropies
areimprintedonthe CMB photonsasthey traversefrom thelast—scattering—suateto
our obsenatories. All the anisotropiesare characterizedby the power they induceat
particularscalesvhichis usuallyillustratedby the angularmpower spectrum.

The dominantobseredanisotropy is the kinetic dipole arisingfrom the Dopplershift
of the photondue to the motion of the emitter and obserer. This dipole is much
largerthanthe otherCMB anisotropiesandwasfirst measuredy Smoot,Gorenstein
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& Muller (1977). The dipole principally reflectsthe motion of the Local Group of
galaxies.

Theprimaryanisotropieshatdominateatlargescalegsuperhorizonsizes)arecaused
by the Sachs—Wilfe effect (Sachs& Wolfe, 1967). This effect representshe gravita-
tional redshiftof the photondueto thedifferencen gravitationalpotentialbetweerthe
locationof emissionandobsenation. At thesescalestheinitial perturbationsannot
be effectedby causabrocessaandthustheseanisotropiesaredirectly relatedto theini-
tial matterpower spectrum.Theselarge scaleswerefirst probedby the COBE-DMR
instrument.

Onintermediatescale(0.1° < # < 2°) the anisotropiesaredominatedby the acoustic
peaks. Thesepeaksin power are the result of acousticoscillationsof the photon—
baryonfluid within the soundhorizon. Thefirst acoustigpeakcorrespondso thescale
wherethe primordialdensityinhomogeneitiesrejustreachinga maximumamplitude
at the surfaceof last scattering. Furtheracousticpeakscorrespondo scalesthat are
reachingantinodesof oscillation. Thesepeaksencodea wealthof informationabout
the geometrycontentsandevolution of the universeboth beforeandafterrecombina-
tion. For example,the positionsof thesepeaksaredeterminedy the geometryof the

universe.A physicalscalesubtends smalleranglein anopenuniversegx=—1) com-

paredto the Euclideancase(x = 0). The peaksareconsequentlpbsenedat smaller
scalesfor the opencasethanin the flat case. The amplitudeof theseacousticpeaks
dependson a combinationof the baryonfraction, matterdensityand Hubble param-
eter Clearly accuratemeasurementsf thesepeakswill help constraina numberof

cosmologicalmodels.Thefirst peakhasbeenmeasuredby a numberof groundbased
andballoon—bornenstrumentsandrecentlyinstrumentson boardthe WMAP satellite
measuredhefirst andsecondpeaksBennettetal., 2003a).

At small scalesthe inhomogeneitiesn the photonsare dampeddue to mechanisms
thatdecreaseitherthe matteror radiationinhomogeneitiesPhotonsdefusingout of
overdenseegionsdragbaryonsandthusleadto damping(Silk, 1968).Free—streaming
of collisionlessparticles(suchasneutrinos)¥rom highto low densityregionswill also
causedamping. On top of this, small scalesare dampedbecausedecouplingis not
instantaneouandthereforethe last—scattering—suatehasa finite thickness.Never-
thelesstheseprocesseare againsensitve to cosmologicaparametersnakingmea-
surement®f thesescalesvorthwhile.
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Secondananisotropiesevealdetailsof the evolution of the universeafterdecoupling.
They canbecateyorisedinto gravitationalor rescatteringffects.In theformercasewe
have examplessuchasthe IntegratedSachsNolf Effect (ISW). If aphotonfallsinto a
potentialwell which varioustemporally thenthe photons enegy will beshiftedwhen
it climbsout of thewell. Onthe otherhand,gravity candeflectthe pathof the photon
without adjustingits enegy (i.e. gravitationallensing).The seconccateyory relatesto
the reionisationof the universe. Whenthe universereionises free-electronsre pro-
ducedthatwill scatterthe photonsandpotentiallywashout the primary anisotropies.
An importantexampleof thisis thethermalSuryae/—Zel'dovich (SZ) effect (Suryaer
& Zeldovich, 1970). Photonsare scatteredy hot electronsn the intraclustergasof
clustersof galaxiesproducingdistortionsin the black—bodyspectrunof the CMB.

So far we have only mentionedthe (scalar)CMB temperaturdield. However, the
CMB is polarisedandthe (vector) polarisationfield potentially harboursmore infor-
mation. In CMB measurementswo scalarfields, £ and B, areusedto describethe
polarisationfield. The polarisationfield directly probesthe time of last—scatteringAt
last—scatteringf theradiationfield hasa local quadrupolehenthe scatteringof pho-
tonsoff electronswill resultin linearly polarisedradiation. The polarisationfraction
is smallbecaus®nly thosephotonghatlast—scattein anoptically thin region possess
alocal quadrupole.The standardassumptions thatthe polarisationsignalis 10% of
the level of the temperaturanisotropies.e. O(10-%). Consequentlyit is a signifi-
cantexperimentalchallengeto measurehis signal,neverthelessmeasurementaere
recentlyachiezed by the DASI experiment(Kovacetal., 2002). The power spectrum
of the polarisationanisotropiesand cross—correlatiometweenthe temperaturdield
will leadto a sharpeningdf cosmologicalconstraints. The mostdramaticresultslie
onthelargestangularscalesvherethefield probesprimordialgravitationalwavesand
thereionizationepoch(de Oliveira-Costa2004). For comprehensie reviews of CMB
polarisationseeHu & White (1997)andKosavsky (1999).

Evidently, the CMB is animpressve tool for exploring modelsof our universe. |t is
ourmostdistantandcleanesprobeof theearlyuniverse.Yetit alsoyieldsinformation
on the nearbyuniverse. ThroughCMB obsenations, cosmologicalparametersan
be determinedand modelsruled out. Equally, the very foundationsof thesemodels
canbe scrutinised.Evidenceof peculiarfeaturesn the CMB mayrequirea reassess-
mentof thesebuilding blocks. More lik ely, peculiarfeaturesmay be artefactsof some
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non—cosmologicasignal. Neverthelesswhetherthe origin of thesestrangeattributes
is primordial or local, their discovery would be instructive. In this thesis,| develop
statisticsto detectunusualcharacteristicsn currentCMB obsenations. In chapters
2 and3, | establisha statisticthat seekssignsof non—Gaussianityn the temperature
field. The methodis basedon the phasesf the sphericalharmoniccoeficients. In
chapter4, the statisticis adjustedo probethe connectvity of the universe.l turn our
attentionto foregroundcontaminationn thechapter$ and6. | developadiagnosticof
foregroundcontaminationn chapters basedaroundthe Faradayrotationof light from
extragalacticsourcesln chaptel6, theserotationmeasureareusedto constructatem-
plateof the Galacticsky. Conclusionsaredrawn atthe endof eachchapter Problems
andfuture developmentsarediscussedn chapter7.



Chapter 2

Characterizing early Universe
fluctuations

2.1 Densityfluctuations

Today we obsenre arich variety of complec structuresn the Universefrom filaments
to sheetdo clustersof galaxies.Standaracosmologicamodelsassumehesestructures
grew from smallinitial perturbationghroughgravitationalinstability. Theinitial per
turbationsarethoughtto be seededluring a periodof inflation (Guth,1981;Albrecht
& Steinhardt1982;Linde, 1982). Theseprimordial perturbationsretheresultof am-
plification of zero—poinguantunfluctuationgo classicakcalegluringtheinflationary
period(Guth& Pi, 1982;Hawking, 1982;Starobinsk, 1982).In mostinflationarysce-
nariostheresultantprimordial densityfield is takento be a statisticallyhomogeneous
andisotropicGaussiammandomfield (Adler, 1981;Bardeeretal., 1986). Suchafield
hasboth physicalandmathematicahttractions;seelater However, therearealterna-
tive possibilitiesthatleadto a field with non—Gaussiaastatistics.Versionsof inflation
involving multiple scalarfields or thosewith non—acuuminitial statedeadto a non—
Gaussiarspectrum. Other potentialcandidatedor seedingthe primordial field also
leadto non—Gaussiapossibilities. Topologicaldefectsarisefrom symmetriesbeing
brokenastheearlyUniversecools(like ice formingin rapidly coolingfreezingwater).
Thetopologicaldefectscenariancludesmodelsbasedn cosmicstrings,texturesand
monopolegKibble, 1976; Vilenkin & Shellard,1994). The developmentof the de-
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fectsinvolvesnonlineamphysicswhich leadsto a non—Gaussiapatternof fluctuations.
Anotheralternatve possibility is the explosionscenarioOstriker & Cowie, 1981)in
which explosionsfrom early massve starscauseshocksthatsweepaway materialand
leavesa non—Gaussiadistribution of matter

The densityfield is usuallydescribedn termsof the dimensionlesslensitycontrast,
d(x) whichis definedas

d6(x) = m, (2.1)

wherejp is the globalmeandensity Analysisof sucha field is aidedby anexpansion
of thedensitycontrastin Fourierseriesjn which §(x) is treatedasa superpositiorof
planewaveswith amplitudesi (k):

i(x) = Z 5(k) exp(ik - x). (2.2)

The Fourier transformé (k) is complex and thereforepossesseboth an amplitude
0(k)| anda phasepy. If the primordialdensityfield is anhomogeneouandisotropic
Gaussiamandomfield thentheamplitudesaredravn from a Rayleighdistributionand
¢, shouldbe uniformly randomon the interval [0, 27]. Thefield is fully described
by second—-ordestatisticsthe two—pointcorrelationfunction(r) in realspaceor the
power spectrumP (k) in Fourierspace Thetwo—pointcorrelationfunctionis obtained
from the varianceof thedensityfield

(6(x1)0(x2)) = &(|x1 — x2|) = &(r), (2.3)

whereaveragesaretaken over all spatialpositions. Similarly, the covarianceof § (k)
leadsto the power spectrum

(6(k1)d(ks)) = P(k)dp (ki + ko), (2.4)

wheredp is the Dirac deltafunction. This basicideaof structureformationhassur
vivednumerousbsenationalchallengesto suchanextentthatmary regardthefuture
of cosmologyasbeinglargely concernedvith refining estimateof parametersf this
modelratherthansearchingor alternatves. However, at this point it may be worth
steppingback,andtestingsomeof the underliningassumptionsseekingevidenceof
non—Gaussianity

Evenif the primordial densityfield is indeedGaussianthe later stagesof gravita-
tional clusteringinducesonlinearity Thedensityfluctuationsslowly evolveinto non—
Gaussiarstructuressuchaspancalkesandfilaments. Finding suitabledescriptorghat
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definethe propertiesandmorphologyof theseevolved structureds an on—goingtask.
Second-ordestatisticsdescribeonly partof theinformationonthedensityfield. A full

hierarchyof higherordercorrelationfunctionsin realspaceor polyspectran Fourier
spacearerequiredto fully describehefield (seePeebles1980).In ananalogousnan-
nerto &(r), it is possibleto definespatialcorrelationfunctionsfor n > 2 points. For
example thethree—pointorrelationfunction{(r, s, t) is definedas

(0(x1)d(x2)d(x3)) = ((r; 5,1), (2.5)

wherethe meanis taken over all points defining the triangle with sidesr, s andt.
The generalisatiorof Equation(2.5)to n > 3 is trivial. Fouriertransformsof the n—
point correlationfunctionsarereferedto aspolyspectraThe equivalentof the 3—point
correlationfunctionis the bispectrumB, where

(6(k1)d(k2)d(ks)) = Bk, ks, ks)op (ki + ks + k). (2.6)

Work hasfocusedonthethree—pointorrelationfunctionandbispectrumhowever, the

useof higherorderstatisticsis usuallyimpractical. Hence,alternatve statisticsthat
containsomeinformationon the higherorder statisticshave beensort. Complemen-
tary statisticsincludethe void probability function (White, 1979),the genusstatistic
(Gott, Dickinson& Melott, 1986)andotherMinkowski functionals(Mecke, Buchert
& Wagner 1994),percolationanalysis(Dekel & West,1985)andphaseanalysis(eg.

Ryden& Gramann,1991).1t isin thislastareathatwe shalllaterfocuswith regardto

CMB anisotropies.

Thephase®f theFouriercomponentsontaincrucialinformationonthespatialpattern

of the densityfluctuations. The nonlinearityassociatedvith the growth of structure
generatesion—randonphases.In the early stagesof structureformation, the situa-

tion canbe comparedo linearwaveson the surfaceof deepwater Like thesewaves,

the Fourier component®f the densityfield evolve independentlyandthe phasesare

random. However, asthe structuresgrow, the situationis more analogoudo break-

ing wavesin shallov water The componentsnteractin nonlinearways; mode—mode
interactionsleadto coupledphases.The questionis, how doesthis phasecoupling

manifestitself?

Developingusefulstatisticsfrom the behaiour of phasesn gravitational systemshas
beena challengingtask. The problemhasbeendemandingdueto the phasedeing
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circular measures.Suginohara& Suto (1991) examinedthe one—pointphasedistri-
bution in nonlineardensityfields. The distribution wasfoundto be uniform in even
the mostextremecasesf non—-GaussianityTherefore early attemptsto exploit the
informationencodedn the phasedocusedon the evolution of the individual phases
(Ryden& Gramann]1991;Soda& Suto,1992;Jain& Bertschinger1996,1998).This
wasdonethrougha mixture of numericalsimulationsandperturbatiortheory Scher
rer, Melott & Shandarin1991)werethefirst to examinetherelationshipbetweernhe
phasef differentFourier modes. The authorspresentedh quantitatve measureof
phasecorrelationsbasedon the locationsof the maximaof the Fourier components.
Otherauthorshave sinceconnectehasecorrelationswith clusteringdynamicsand
morphology(Chiang& Coles,2000;Chiang,2001;Chiang,Coles& Naselsly, 2002;
Watts,Coles& Melott, 2003). In Coles& Chiang(2000),a techniquewaspresented
that enabledthe phaseinformationto be visualisedusing colour coding. The tech-
niqueallowedreadergso seehow phasecouplingevolvedwith the growth of structure.
Besidesthis, the relationshipshetweenphasecorrelationsand moretraditional mea-
suresof non—GaussianityMatsubara2003;Watts& Coles,2003;Hikage,Matsubara
& Suto,2004), suchasthe bispectrumhave beensought. For example,Matsubara
(2003)foundarelationbetweerthedistribution of aspecificform of associategphases
andthe hierarchyof polyspectran perturbatiortheory

2.2 CMB temperature fluctuations

The developmentof statisticsthat seekand quantify non—Gaussianityn cosmology
is not restrictedto densityfield studies. Non—Gaussiarsignalsare soughtin CMB

anisotropiesgravitationallensing,anda numberof othercosmicfield studies.In this
thesis,we shall later explore the issueof non—Gaussianityn the CMB. It shouldbe
notedthat the questionof non—Gaussianityn the CMB is intertwinedwith the same
guestionconcerningheinitial densityperturbationsTheinhomogeneityn the matter
distribution is translatedo the backgroundadiationphotonsthroughThomsonscat-
tering. After last scatteringthe majority of thesephotonsarrive at our obsenatories
unperturbedIf theprimordialmatterdistributionis Gaussiarthensotoois theprimary
temperaturgattern.Thus,the CMB anisotropiegprovidesuswith a cleantool to dis-
criminatebetweerninitial field modelsdescribedn the previous section.However, be-
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fore we cantestthisassumptiowe needto ensurene arelooking atthelast—scattering
surface. Most secondananisotropiesare nonlinearin natureandhenceleadto non—
Gaussiarsignals. Lensingandthe Suryae/—Zel'dovich effect shouldboth be ableto
be isolatedthroughtheir non—Gaussiaeffects. Moreover, Galacticforegroundsand
experimentabystemati@rrorswill leave non—Gaussiaimprintsin the CMB measure-
ments.Thus,the developmentof non—-Gaussiastatisticsthat canisolatetheseeffects
is imperatve. The demandfor suchtracerswill only intensify: increasedsensitv-
ity andpolarisationmeasurementwill requirebettercontrol of secondaneffectsand
foregrounds.

Thetemperaturdluctuationsn thethe CMB atary pointin thecelestialspherecanbe
expressedn sphericaharmonicsas

= oo m=+I
800 =TT S5 0 yi0,0), @7

=1 m=—1

wherethegq; ,,, canbewritten

tm = |G m| exP[idm]- (2.8)

Thea,,,, arecomplec andarecharacterizedy two numbersd andm. Thesetake the
valuesi=0, 1, 2, ... andm=l, [—1,1-2, ..., -1+2, -1+1, <. Thereforefor every
given! thereare(2(+ 1) valuesof m andhencethesamenumberof ¢, ,,,. Thespherical
harmonicsareorthonormalon a completesphere However, notall the coeficientsare
independentor differentvaluesof m. The following relationshipareseenin a setof

Qapm-

1. 1f m =0, thenS(ay,,) = 0.
2. If misodd,thenR(a;m) = —R(a;,—m) andSS(am) = S(ar,—m)-

3. If mis even,thenR(a; ) = R(a,—m) aNdS(arm) = —S(a,—m)-

Therefore whenstudyingthe phase®f animageor anything elsetheserelationships
have to betakeninto account.

In orthodoxcosmologieghe primarytemperaturdluctuationsconstitutea statistically
homogeneouandisotropicGaussiamandomfield. If true,thenall the statisticalinfor-
mationfrom the last—scatteringurfaceis encodedn the angularpower spectrumC;.
Theangulampower spectrums constructedn a similar fashionto the power spectrum
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in Fourierspacethatis to say
(af,’m,al,m) = Cl 6l,l’5m,m’- (29)

Thephases, ,, of aGaussiamandontield shouldbeuniformly randomontheinterval
[0,27]. A large numberof methodgo testthis belief have beenproposedn thelitera-
ture. The skewnessandthe kurtosisof thetemperaturdield have beenstudied(Luo &

Schramm 1993a). Gaussianitydictatesthatall odd n—point correlationfunctionsare
zeroandall even n—point correlationfunctionscanbe relatedto the 2—pointcorrela-
tion function. The 3—pointcorrelationfunction(Luo & Schramm1993b;Kogutetal.,

1996) and its harmonicanalogue the bispectrum(Luo, 1994; Heavens, 1998; Fer

reira, Magueijo& Gorski, 1998),have both beenstudiedextensiely. Statisticaltests
have beendevelopedto explain propertiesof excursionsets,theseincludethe topol-
ogy of thetemperatureontours(Coles,1988; Gott et al., 1990; Kogutet al., 1996),
Minkowski functionals(Schmalzing& Gorski, 1998; Winitzki & Kosawsky, 1998)
and peakstatistics(Bond & Efstathiou,1987; Vittorio & Juszkievicz, 1987; Kogut
etal., 1996). Estimatorsbasedon Fourier statisticshave beenproposedFerreira&

Magueijo,1997a;Lewin, Albrecht& Magueijo,1999). Also, statisticshave beende-
velopedbasedon wavelettechniqguegPando,Valls-Gabaud& Fang,1998; Aghanim
& Forni, 1999;Hobson,Jones& Lasenby,1999). We shallinvestigatethe phaseof
the sphericaharmoniccoeficientswherepresentiytheliteratureis rathersparse.

The phase®f the g, ,, containcrucialinformationthatdetermineghe morphologyof
a sphericalimage. To demonstratehis Figure 2.1 shows the resultsof swappingthe
phasef two imageswhilst maintainingthe original valuesof |a;,,|. Figures2.1a
and2.1b areimagesof the Eartit andthe WMAP ILC? map,respectiely (bothwith
the dipole removed). Below the imageof the Earthis animagewith the ILC’s |a; , |
andEarth’s ¢, ,,, (Figure2.1c). Clearly, the structureof Earthis visible in theimage.
Figure2.1d is thereverseimageof this: Earth’s|a, ,,,| andILC’s ¢, ,,,. Interestinglythe
darkholein the centreof the ILC imageis still maintainedn this image.Overall, the
large—scaldeaturesf the ILC maparemimicked. Thereasorfor theretentionof the
large—scalestructureis that the methodactslik e a low—pasdfilter. The vastmajority

!Landandseafloor elevationsobtainedirom the ETOPO55-minutegriddedelevationdataset(Ed-

wards,1989)
2CMB-only imageproducedoy Bennettet al. (2003a)using1st—yrdatafrom the WMAP satellite.

Thedetailsof the constructiorof themaparegivenin Section3.3.4
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(© (d)
Figure2.1: (a: top left) Imageof Earth,(b: top right) WMAP ILC image,(c: bottom

left) imageconstructedrom Earth’s ¢, ,,, andILC’s |a, ,,,|, and(d: bottomright) image
constructedrom ILC’s ¢, ,,, andEarth’s |a; ,,,|.

600 600
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() (b)

Figure2.2: (a: left) Phasesrom WMAP V—band(b: right) andfrom the WMAP ILC
map.

of power in theimageof Earthis concentrate@t the largestscalesandthusit is these
featuresn theILC thatwe seein Figure?2.1d.
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Before moving onto the developmentof a phasestatisticto probe CMB data, it is
worth highlighting how the phasesnformationaltersasCMB datais processedRe-
cently phaseinformationhasbeenusedto producea cleanimageof the CMB from
WMAP data(Naselsk etal., 2003). Coles& Chiang(2000)presentedin the context
of structureformation,atechniqueo visualisethe developmentof phasecouplingby
usingcolour coding. We shall usethe methodto illustratethe structurein the phases
from CMB obsenations.Theirtechniquemakesuseof theHue—Saturation—Brightness
(HSB) colourschemeHuedistinguishebetweerbasiccolours.Saturatiordetermines
thepurity of acolour;i.e. theamountof white mixedin thecolour. And finally, bright-
nesssignifiesthe overall intensity of the pixel on a grey—scale. In Coles& Chiang
(2000),the phasenformationis representetty the hueparameterCiritically, the hue
parameters acircularvariablelik e the phasesThe phasestangingfrom -r to 7, are
trivially corvertedto therangeof thehueparametef0,1]. A valueof ¢, ,,,=-m equates
to a huevalue of 0 thatis equvalentto bright red. The prime hues(red, blue and
green)are2r /3 apart(at-r, -7/3, 7/3). Thecomplementaryones(yellow, cyanand
magneta)re at -2 /3, 0, 27/3, respectrely. Due to the circular natureof the hue
parameterredrepresentdotha phaseof 7 and-7. We usethetechniqueo represent
the phase®of two CMB datasetsup to /=600 (with boththe saturatiorandbrightness
parametersetto 1). In Figure2.2a the phasedrom the WMAP V—bandare shown.
Figure 2.2b shows the phasedrom the WMAP ILC mapthat purportsto be a clean
imageof the CMB signal. The top trianglein both imagesshowns phasedrom the
dataandthe bottomtriangle shovs a randomsetof phases.In Figure 2.2a thereis
clearly structurein the phasesyour eyesare ableto drawv lines connectingparts of
image. However, in Figure 2.2o thereis no ohbvious differencebetweenthe random
phasepatternandthat of the ILC phases.Whilst the VV—bandstill containsGalactic
foregroundcontaminationthe ILC mapappearso have theseforegroundssubtracted.
Consequentlythe phasesre potentiallya good diagnosticof foregroundcontamina-
tion.

2.3 Fluctuations on a sphere: the spherical harmonics

For analysisof datadistributed on a sphere|it is naturalto expandover the spheri-
cal harmonics.However, the natureof the structureformedby the individual modes
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Figure2.3: Theeffect of the/l-mode.(left) =10, (middle I=15, (right) {=20.

is rathercomple. If correlationsacrossparticularmodesare obsened, what doesit

mean?Clearly, correlationsacrossa particular/-modeindicatethata structureis be-
ing formedthatis intrinsic to this scale.Thesignificanceof correlationsacrossertain
m—modesis lessapparent. Moreover, more complicatedcorrelationscan be ervis-

aged.Thereforeto getahandleonthemeaningof thecorrelationsacrosghespherical
harmonicmodeswe look at somesimple examplesof correlatedmodes.In theseex-

amplesnotonly arethe phasegorrelatecbut alsotheamplitudesRedcorrespondso

maxima,blue corresponds$o minimaandgreento the zero—level. Howeverit is worth

bearingin mind thata greensectionin a particularpartof the sky doesnot meannone
of the modesform structurethere. Instead,it could meanthatthe variousmodesare
cancellingeachotherout.

Hopefully, the exampleswill leadto someinsightinto the resultsobtainedin the fol-
lowing chapterswhere correlationsare soughtacrossi-modesand m—modes. Fur-
thermore,in chapter6, we will constructcombinationsof sphericalharmonicmodes
thatareorthogonalo anunevenly distributedsampleof rotationmeasures orderto
generatea Faradayrotationtemplate.

2.3.1 Correlatedl-modes

In Figure 2.3 imagesare constructedvith a;,, setto 1.0 for all modesat scalesof
[=10, 15 and20. The numberof spotsincreasessthe scaleis increased.Moreover,
thevalueof | correspondso the numberof maxima/minima.Therefore we canthink
of [ asdeterminingthe wavelengthof thewavesspanninghe spherehatconstructhe
image(likein Fourieranalysis).

Imagesof the individual mm—modesfor the scaleof (=10 (againwith ;,,=1.0) are
shavn in Figure 2.4. Thesemodescombineto form the (=10 imagein Figure 2.3.
The imagefor m=0 appeargjuite differentthanthe other modes;the mode mainly
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Figure2.4: Individual modesfor (=10. (top left) m=0, (top middle m=2, (top right)
m=4, (bottomleft) m=6, (bottommiddle) m=8, (bottomright) m=10.
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Figure2.5: Therole of phases(left) =0, (middle ¢=n/2, (right) ¢=r.

constructdetailsin the polar regions. As m is increasedthe structurefocuseson a
smallerbandacrosshe sky (but still at the scaleof /=10). The numberof horizontal
bandss equalto (I+1— m) barm=0.

It seemaow would be an appropriatepoint to look at the role of the phases.Again,
[=10 scaleis probed.Theamplitudesof all them—modesaresetto 1.0andwe look at
the scalewith all the phasessetfirst to 0, thento /2 andn. Theimagesareshovn
in Figure 2.5. It is clearthatthe main bandis rotated. The maximain the centreof
the imagefor ¢=0 shifts slightly to theright in theimagefor ¢==/2. For ¢=mn, there
is neithera maximaor a minimain the centreof the image. Therefore,the phases
align maximafor particularscalesothatstructures formedata particularpointin an
image.

For the remainderof this subsectionthe effect of combiningdifferentmodesfor a
particularscaleis investigated All theimageshave (=16 and¢ setto 27 /3. In Figure
2.6, the maximummodem,,,, IS variedwhilst the minimum m,,;, maintainedat 0.
All modesfrom mpni, 10 mmax, iNClusive, areusedto constructthe image. In Figure
2.6,themainbandbecomesnorecircularasm,,,, IS increasedThereversesituation
is displayedin Figure2.7: my;, is variedwhilst the m,,, is maintainedat a value of
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Figure2.6: Combiningmodesat [=16. (top left) m,..=0, (top middle m,..=4, (top
right) my,.,=8, (bottomleft) m,.,=12, (bottomright) m,.,=16.

A\

\\‘\\

s, J'J.J 1S Zme ACwmmmmmRnmmy

Figure 2.7: Combining modesat [=16. (left) mu,;,=0, (middl@ m,;,=8, (right)
mmin=16.

16. Thebandis ring—like with m,,;,=0, but, the bandstraightensasm,,;, increases.
Eventually the bandis straightwhenm, i, =mmax.

2.3.2 Correlatedm—modes

The previous subsectiorestablishedhe trendsseenin correlationsacrossa particular
scale. In this subsectionthe effect of modescorrelatingacrossdifferent scalesis
investigated.In the whatfollows the m=10 modeis studiedwith the phasesll setto
27/3. The modefrom scalesl,,;, t0 /,,.x arecombinedto form the imagesseenin

Figures2.8and2.9. In Figure 2.8, l,,;, is variedwhilst [, is fixed at (=30. In all

theimagestherearetenmaximaacrosseachband.Wheni,;,=l..x, We have justone
modeandthe patternexpected,from the discussionon Figure 2.4, is seen. AS [,

decreasetheuppermosbandgetssharpelwith averticalpatternof maximafollowed
by minima). This trendis seendown to roughly /,,,;,=20, afterwhich, decreasingm,

leadsto the upperbandspreadingvith now a vertical stripe patternof eithermaxima
or minima. In Figure 2.9, .. is variedwhilst [,,,;, is fixed at =10. Increasing .

leadsto the solebandmoving up theimage(from the centrewhenl,,,,,=10).
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Figure 2.8: Combiningm=10 modesfrom differentscales. (top left) /,.,;,=30, (top
middle) [,,;»=25, (top right) /,,;,=20 (bottomleft) /,,;,=15 (bottomright) /,,,;,=10.
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Figure 2.9: Combiningm=10 modesfrom differentscales. (left) /,,.,=10, (middle
lmax=20, (right) 1,,,,=30.

Finally, we studythe effect of varyingm andmaintainingthe rangefrom /,;,=m to
lmax=10. Thisis shavn in Figure2.10. It is clearthatthe valueof m, notonly deter
minesthe numberof maxima/minimaut, also effectsthe heightof the main band.
The heightof the bandincreasesvith decreasingalueof m. Trivially, onecanthink
of thereductionin the numberof spotsfrom thedecreasén m, ascausinghebandto
risein orderto fit therequirednumberacrosgheimage.
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Figure2.10: Cross—scaleorrelationdor varyingm. (left) m=1, (middle m=5, (right)
m=9.
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Figure2.11:(a: left) Originalimage(b: right) Invertedimage
L [m [ Rlaim) [ Slapm) [ dim |

16 | 12 -0.5 -0.87 | 4n/3
16 | 13 0.5 0.87 /3
16 | 14 -0.5 -0.87 | 4n/3
16 | 15 0.5 0.87 /3
16 | 16 -0.5 -0.87 | 4n/3

Table2.1: Non—zerog, ,,, Obtainedrom theinvertedimage

2.3.3 Correlationsin inverted images

Looking at the imagesin this section,it is apparenthatwhena bandis straightit is
alwayslocatedin the northernhemisphere Also, whena bandis curved, it is always
U-shapedatherthann—-shapedSohow do we geta bandin the southerrhemisphere
or a N—shapedband? In Figure 2.11a, thereis an imagewherethe only non-zero
modesarefrom m=12 to 16 at/=16. Themodesaresetto exp i27/3 i.e. they have a
realcomponenbf -0.5 andanimaginarycomponenof 0.867. Thisimagewasinverted
andis displayedn Figure2.11b. Thea, ,, wereextractedfrom this invertedimageand
thenon-zerovaluesaredisplayedn Table2.1. In orderto obtainthis "—shapedand,
even m—modeshave negative valuesof 3(a;,,,) correspondingo the original image.
Whereas,odd m—modeshave negative valuesof R(a,,,). This relationshipcanbe
further studiedby inverting otherimageswith bandsin the northernhemisphereand
U—shapedands.It becomesapparenthatthis relationshipbetweerthe modesof the
original andinvertedimagesheld for even . However, the oppositeis true for odd
valuesof I: evenm—modeshad—R(q, ,) of theoriginalimageandoddm—modeshad
—(ar,m) Of the original image. Importantly the productionof thesestructureswill
manifestthemselesascorrelatedphasesvhichwill beusefulin laterchapters.



Chapter 3

Non-Gaussianfluctuations in the
CosmicMicr owave Background
radiation

3.1 Intr oduction

In this chaptey the issueof non—Gaussianityn CMB temperaturanapsis explored.
As statedin the previous chapter non—Gaussiatracersplay a crucial role in charac-
terizing the initial densityfield. Thesestatisticsalsoplay a key functionin outlining
secondarnanisotropiesandforegroundcontaminantsn the CMB. This chapteris de-
votedto the developmentof a methodthat utilisesthe phaseinformationin orderto
huntfor signsof non-GaussianityUnfortunately therearea wealthof possiblecorre-
lationswithin the phaseghat cannotbe comprehensely studied.We focuson phase
correlationsata particularscale.Indeed notonly arethephaseshemselesexamined,
but also,the phasdlifferencebetweerconsecutie modes.ThephasdifferenceD,, (1)
is definedas

Dm(l) = (bl,m-l-l - ¢l,m- (31)

We chosethe phasdlifferenceshot only for their simplicity, but also,because&oncep-
tually similar quantitieshave beenfoundto bevery informative in structureformation
studies.Chiang& Coles(2000)foundthe phasealifferencebetweerconsecutte modes
in Fourierspaceo bea usefultracerof the dynamicsof nonlinearstructureformation.
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The quantitydefinedin Equation(3.1), like the phasesshouldbe uniformly random
acrosgherange[0,27] for ahomogeneou&aussiamandomfield.

Thelayoutof thechapteliis asfollows. | outlinein thenext sectionaprocedurehatcan
detectsignsof non—-randomness the phasesf the sphericalharmoniccoeficients.
In Section3.3,themethodis appliedto four typesof sky maps:two classe®f models
andtwo obsenationaldatasets.The conclusionsarepresentedn Section3.4.

3.2 Testingfor phasecorrelations

3.2.1 Kuiper’sstatistic

The approachtaken in this chapterand onesthat follow, is to assumehat a set of
phasesp, ,,, is available. We calculatethe phasedrom a setof sphericalharmonic
coeficientsq, ,,, obtainedirom eitherrealor simulateddata. The phasedifferencesas
describedn the previous section,canthenbe calculatedrom the phases.Therefore,
letusassumehattherearen genericangles.Underthestandardtatisticalassumption,
theseanglesshouldberandom apartfrom theconstraintglescribedn Section2.2. We
wishto testwhethera givensetof angless consistentvith beingdravn from uniform
distributionontheunit circle. Thisis notquiteassimpleasit seemsA numberof tests
requireanassumptioraboutthe underlyingdistribution of theangles suchasabiasin
a particulardirection; seeFisher(1993). Fortunately thereis a fully non—parametric
methodavailable known as Kuiper’s statistic (Kuiper, 1960). First, the anglesare
sortedinto ascendingrder, to give thesetfd, .. ., 0,. It doesnot matterwhetherthe
anglesaredefinedto lie in [0,27], [—r,+7] or ary otherrange.Eachangled; is divided
by 27 to give a setof variablesX;, wherei = 1...n. Fromthesetof X;, two values
S, andS,, arederivedwhere

1 2
S;'=max{——X1,——X2,...,1—Xn} (32)
n n
and . .
Sn:maX{Xl,Xg——,...,Xn—n_ } (3.3)
n n

Kuiper’s statistic,V, is thendefinedas

V=(55+8,)- (\/ﬁ +0.155 + %) : (3.4)
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Anomalouslylarge valuesof V' indicatea distribution that is more clumpedthana

uniformly randomdistribution, while low valuesmeanthat anglesare moreregular.

The test statisticis normalizedby the numberof datapoints, n, in sucha way that
standardablescanbe constructedo determinesignificancelevels for ary departure
from uniformity; seeFisher(1993). However, it is morecornvenientto determinethe

significanceof a resultfrom comparisonsvith Monte Carlo (MC) simulationswhere
thephasesrerandom.

Therearefurtheradvantageso usingMonte Carlosimulations.Theissueof conjugate
phasesliscussedh Section2.2,canbe handledby building theminto theMonte Carlo
generatar More importantly incompletesky coveragecan be incorporatednto the
generation. Obsenationsare often hinderedby Galacticforeground contamination,
leadingto aa Galacticcut. This cutcanintroducephasecorrelations However, apply-
ing thesamecut to the MC skies,canovercomethis problem.Onewould thenneedto
determinewvhetherl” from anobsenedsky is consistenwith having beendravn from
thesetof valuesof V' generateaverthe Monte Carloensemble.

3.2.2 Rotation of coordinate system

When analysingthe sphericalharmoniccoeficients, the orientationthe datais pre-
sentedin needsto be takeninto account.Both the COBE-DMRand WMAP results
were presentedvith the z—axis set perpendiculato the Galacticplane. The choice
of coordinatesysteminfluencesthe valuesof the ; ,,, andthusthe ¢, ,,,. A measured
sky cangenerateaninfinite numberof differentsetsof ¢, ,, sincethe phasesarenot
rotationallyinvariant. An apparentlynon—randonsetof phasesnaybetheresultof a
chancealignmentof a featurein the sky with the coordinateaxes. It is clearthatthis
aspecbf the phasesnayinfluencetheresultsof ary statisticaltest. Rotatingthe coor
dinatesystemwill leadto strongerconclusionsaboutthe natureof the CMB datathat
is notuniqueto oneorientation.In orderto overcomethis problem,onecanarbitrarily
rotatethe coordinatesystemandrecalculateghe ¢, ,,,. A new valueof the statisticwill
be obtainedand,aftera numberof rotations a distribution of V' canbegeneratedThe
processcanbe appliedto both real and Monte Carlo skies. The distributions corre-
spondingto therealandMC skiescanthenbe comparedA similar approachs taken
by HansenMarinucci & Vittorio (2003). Alternatively, one could compilea grid of
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orientationsuniformly coveringthe sky andcalculatethe distribution of V' from these
coordinatesystems. However, the first methodallows the stability of a resultto be
checled by repeatinghe processaandensuringa similar resultis obtained.Therefore,
thefirst methodis incorporatednto the practicalprocedureresentedater.

An arbitraryrotationof a coordinatesystemaboutthe origin canbe specifiedby three
real parametersRotationsof coordinatesystemsaremostusefullydescribedn terms
of the Euleranglesa, 8 and+~. Therotationof the coordinatesystemS{z,y, z} —
S'{z',y', 2'} canbeperformedby threesuccessie rotationsaboutthe coordinateaxes
(Varshal@ich, Moskaler & Khersonskii, 1988, hereafte’VMK). The new coordinate
systemis obtainedby executingthesethreerotationsabouttwo of the threemutually
perpendiculaaxes. Two methodscandescribehis

(a) A rotationof the z-axisthroughanangle«
(b) A rotationof the new y-axisthroughanangleg
(c) A rotationof thenew z-axisthroughanangley

or

(a) A rotationof the z-axisthroughanangley
(b) A rotationof theinitial y-axisthroughanangles
(c) A rotationof theinitial z-axisthroughanangle«

where0 < a < 27,0 < g < 7 and0 < v < 27. « and~ aredravn from uni-
form distributions,whereasg is drawn from asin(6)d@ distribution. It canbe shovn
thattherelative orientationsof theinitial andfinal axesarethe samefor bothmethods
(Edmonds,1960).

Theeffecttherotationshave on a coordinatevectorr aredescribedy threematrices

x' cosy siny 0 cosf 0 —sinf cosa sina 0 T
=14y | =] —siny cosy 0 0 1 0 —sina cosa 0
Z 0 0 1 sin3 0 cosf 0 0 1
(3.5)

or
r' = D(0,0,7)D(0, 8,0)D(e, 0,0)r = D(a, 8, 7)r (3.6)
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whereD corresponddo a rotation operator On the other hand,a scalarfield f is
unchangedby a changeof theframeof reference

F1(r') = f(r). (3.7)

A proceduras requiredto evaluatethevaluesof thega; ,,, in arotatedcoordinateframe.
The Wigner D—function Dﬁn . (o, B,7) providesus with sucha mechanism(VMK).

The Wigner D—functionrealizestransformation®f the covariantcomponen{i.e. m)
of any rank ! tensorundercoordinaterotation. The agumentsa, 5 and~ areEuler
angleghatspecifytherotation. If we consideatensor; ,,, (6, ¢) andapplytherotation
operatorthen

D(ev, B,7)u1m(6, ¢) = ZDmm, By )t (8, 6) = uf (6, ). (3.8)

Similarly, the operatorcanacton the sphericalharmonicsy ., (6, ¢). Fromequation

(3.7),we see

AT AT

Thus,therotateda, ,,, canbe calculatedrom
%,(9'@') = Zzai,mfﬁfmfw’,qﬁ’) (3.10)
- ZZaz m’ ZDm m (0 By 7)Yim (0, 6) (3.11)
- ZZaz,m Lm (0,6 (3.12)
I m

Z A}y Dl (00, B, 7). (3.13)

From Equation(3.13),it is clearthatln orderto calculatethe rotatedq; ,, the value
of the Wigner D—functionhasto be calculatedfor a particular! (given «, 8 and~).
The Wigner D—functionis complex andits calculationcan be madesimplerif it is
expresseds

Dy (@, 8,7) = €y (B)e ™™, (3.14)

whered;, .(8) is real and equivalentto D!, (0, 3,0). The computationataskis
now to generate:he d.. . (8). Methodsfor generatingt,, ,,(5) aregivenin VMK,
however, the iteration formulae require a division throughby sin 5 andwhen g is
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small computationaproblemsarise. Wright & Earl (2002) suggesusingan alterna-
tive methodthatis basedon Edmonds(1960) definition using spin matriceso. The
d., .(8) canbecalculatedusingthefollowing definition

l [+ m) =m0
Ainr (B) = [(l+m)!(l—m)!:|

- l+m l—m N —o
.g(l—m'—a>< o >(1)
204+m'+m 21—20—m'—m
. (cos g) (sin g) , (3.15)

wherethe n is taken asthe the smallestof [ — m andl — m'’. VMK alsoreveal the
following symmetrypropertiesof d! () thatcanaidin reducingthe computational

m,m’

time for generatinghem

dp o (B) = (=)™ ™d" . (B) (3.16)
dm(B) = (=)™ ™db 0 (B) (3.17)
diﬂ,m’(lﬁ) = dl—m’,—m(lﬁ)' (318)

Theserelationshelpmapd! ., (3) into differentregion of harmonicspace.

m,m/’
In orderto testthe generatiorprocedureof the Wigner D—functionthefollowing rela-
tionsfor particularvaluesof the Euleranglesweresought

D'fn,m’ (0’ Oa 0) = 6m,m’ (319)
Din,m’ (CY, 07 /B) = 5m,m’€_m(a+7) (320)
Din,m’ (av :|:2]€7T, ’Y) = 5m,m’ (_1)2kle—m(a+7)’ (321)

wherek is aninteger Again, theserelationshipsveretakenfrom VMK. VMK also
containedablesgiving theexplicit form of d,, ... () for i=1 — 5; theform of d,, ...(3)
for [=1 is givenin Table3.1. Note that the explicit form for /=1 highlightsthe rela-
tionshipsdisplayedn Equationg3.16—3.18).Therefore to furthertestthe generation
of thed., .(3) valuesfor d,, .(8) andd?, . (3) werecalculatecby handfor various
B. The generatedralueswere found to follow the relationsand the explicit values
calculatedoy hand.

TheWigner D—functionrepresentghematrixelementof therotationoperatorf)(a, B,7)-
Therefore applyingthefunctionto theq, ,,, shouldpurelyrotatetheframeof reference
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rf 1 0 -1
m

1 I+cos B —sin 3 1—cosfB

2 Vi 2
0 | B2 s =2
-1 1—cos sin 8 1+cos B

2 /2 2

Table3.1: Explicit form of ., ., (5) for I=1.

andleave thelengthfor a particularmodeunalteredIf we definethelengthas

A= D am, (3.22)

|4;| = |4}] = |A]| = constant. (3.23)

then

This allows therotationcodeto betestedfor ary valuesof [ > 5 andfor «, y#0.

3.2.3 Implementation

To begin with, a setof a;,, (Wwhetherfrom a real, modelor Monte Carlo sky) need
to be extractedor generated.This setof g, ,,, canbe usedto producea rotatedsetof
a;,» Whenthe Wigner D—functionis employedin the manneroutlinedin the previous
subsectionRandomvaluesof o, 5 and~y arechosenFromthis new rotatedsetof a; ,,
two subset®f the phasesrestudied(for agivenscale):thephases,, (/) themseles
andthe phasedifferencesD,, (1) betweenconsecutie modes.Kuiper’s statisticV,,,
is calculatedfor both subsets.After a numberof rotations,a distribution of V,, is
formedfrom theoriginal setof q; ,,,. Thisdistributionis thensplit into equally—spaced
bins. 3000rotationsand100binsspacedetweent/=0 to 2.5 werenecessario achieve
stableresults.

In orderto geta handleon the significanceof a distribution of V,;,, the datasetwas
comparedo 1000Monte Carlosimulationswith phasesandomlydravn from anuni-
form distribution [0,27]. The sameprocedurewasappliedto the MC setsof q; ,, to
producea binneddistributionsof V4;c. An averagedistribution of V4, wasformed
from the distributions correspondindo the MC simulations. A x? testwasthenap-
plied to thedistributionsfrom the original dataandthe MC average.Thatis to say we
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calculated s
=Y (fi = fi) , (3.24)
: Ji
wherethe summationis over all the binsand f; is the numberexpectedin the ith bin
from the overall averagedistribution. The larger the valueof x?_, thelesslikely the
distribution functionsweredranvn from the sameparentdistribution. The distribution
of V.mp, Wasassumedo be compatiblewith a distribution dravn from a sky with ran-

domphasesif thevalueof x2 , waslessthan95%of x%,

Sowhatscalesare studiedin the following section?We appliedthe methodto only
low valuesof . Thereis nodifficulty in principlein extendingthis methodto very high
sphericaharmonicsput thecomputationageneratiorof Wigner D—functionscalesy
~ [? sothe applicationwaslimited to [=20. Furthermorepnly evenvaluesof [ were
assesseth orderto keepthe analysiscomputationallymanageablandalsobecause
thesewerethe only modesavailableto mefrom the COBE-DMRdata(Section3.3.3).
Besideghis, theanalysiss suitedto asmallnumberof independentlatapoints: corre-
lationsbetweercertainphasearenot hiddenby alargenumberof randomphasesOn
the samenote,but asanaside the methodwasappliedto the whole sampleof phases
andphasdifferenceg/=1-20) for all thesky mapsanalysedn the next Sectionwith-
out results. This wastrue even when stark signalswere seenwhen scanningacross
individual scalesaswe will discusan thenext section.

3.3 Application to sky maps

3.3.1 Toy models

As afirst checkonthesuitability of themethodor detectingevidenceof non—Gaussianity
in CMB sky maps,setsof sphericalharmoniccoeficients were createdwith phases
dravn from non—uniformdistributions. Threetypesof distributionswereusedto test
the method: (i) the phasesvere coupled(ii) the phasesveredravn from a cardioid
distribution and(iii) the phasesveredravn from a wrappedCauchydistribution; see
Fisher(1993). Thefake setsof coeficientswerecreatedn a mannerthatinsuredthat
the orthonormalityof the coeficientswaspreseredasoutlinedin Section2.2.

The first non—uniformdistribution of phasess constructecusingthe following rela-
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Figure3.1: Probabilitydensityfunctionsfor (left) cardioidand(right) wrappedCauchy
distributions. Thesolid line, dashedine, anddot-dashedine correspondo p=0, 0.25,
0.5andp=0, 0.5,0.9for the cardioidandwrappedCauchydistributionsrespectrely.
tionship

Gim = Orma + k (3.25)

where¢, _,; is arandomnumberchosenbetween) and2r. The resultsof the simu-
lation with k=1 areshown in panel(i) of Tables3.2 and3.3. The sky is takento be
non-Gaussiaif ngy is largerthan95 % of x%,. for aparticularmode. The phasedif-
ferencemethodshouldbe particularly suitedto detectingthis kind of deviation from
Gaussianitypecausehe phasdlifferencesareall equalin this casethe distribution of
phasedifferenceds thereforehighly concentratedatherthanuniform. Nevertheless,
the non—uniformityis so clearthatit is evidentfrom the phasegshemseles,evenfor
low modes.On the otherhand,assessingon—uniformityfrom the quadrupolenode
[=2 onits own is difficult evenin this case.This is dueto the small numberof inde-
pendentariablesavailable.

Thecardioiddistributionwaschoserbecausstudiesof thenon—linearegimein struc-
ture formationhave shavn phasegapidly move away from their initial values. They
wrap aroundmary multiplesof 2z andthe’obsened’ phasesappearandom(Chiang
& Coles,2000;Watts,Coles& Melott, 2003). However, this evolution canbe distin-
guishedby the phasedlifferencesvhich appearto be dravn from aroughly cardioid
distribution (Watts,Coles& Melott, 2003). The cardioiddistribution hasa probability
densityfunctiongivenby

10 ! [142pcos(f)], 0<0<2m,0<p<1/2, (3.26)

T on
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wherep is themeanresultaniength. As p— 0 thedistribution corvergesto a uniform

distribution. Thedistribution is illustratedin Figure3.1. The kurtosisof the distribu-
tion is givenby )
P

K=- i (3.27)

Setsof coeficientswereproducedrom distributionswith p=0, 0.2, 0.4 and0.5. The

distributionsthemselesweregeneratedisingrejectionmethods Theresultsaregiven

in panel(ii) of Tables3.2and3.3. Theresultswith p=0 arenot shavn: they indicate

the coeficients are taken from a Gaussiarrandomfield, as expected. Furthermore,
with p=0.5 thenon-uniformitydetectedn the phasesndphaselifferencedor /=20 is
not particularlysignificant,however, the kurtosisfor this distribution is not especially
large.

Phasesvere dravn from wrappedCauchydistributionsin orderto testthe method
againstskieswith larger valuesof kurtosis. The wrappedCauchydistribution hasa
probabilitydensityfunctiongivenby

1 1—p?
= __ < 2m,0< p<1 2
1) 2m 14 p? —2pcos(f)’ 0<b<2mbs<p< (3.28)
Thekurtosisis givenby
2 _ 4
K= w. (3.29)

As p — 0 the distribution tendstowardsa uniform distribution. As p — 1 the distri-

bution tendstowardsa distribution concentrate@t ¢=0. The distributionis shavn in

Figure3.1. Fisher(1993)givesa methodfor simulatingthe distribution. Setsof co-

efficientswerecreatedor p=0, 0.2, 0.4, 0.6, 0.8 and1. Theresultsaregivenin panel
(i) of Tables3.2 and3.3. Again, p=0 is not displayed,but was usedto checkthe
distribution simulationwas correctbecauset shouldcorrespondo a uniformly ran-
domdistribution. For p > 0.6 the coeficientsaredistinctly non—GaussianTheresults
in the Tableindicatethatthe methodcanpick out departuregrom uniformly random
phasdlistributions,at 95%confidencdevel for | K| > 1. Notealsothattheresultsfrom

p=1 demonstrat¢hatfirm conclusionsaboutthe Gaussianityof the sky aredifficult to

draw usingthe quadrupolealone.Evenfor the highly non—Gaussiadistribution with

K =00, thestatisticdoesnot proveto bediscriminatory In summaryhowever, thetests
ontoy modelsdo shav thatthe methodcanpick outdeparturesrom therandomphase
hypothesisn CMB sky mapsusinglow multipole modes.
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-0.003 -0.07 -0.25|0.06 0.37 144 576 oo

76 79 29 8l | 53 21 68 98 52

96 56 41 44 | 68 77 39 68 100
100| 18 56 83 | 61 41 99 85 100
100| 99 16 64 | 97 18 99 100 100
100| 11 64 39 19 63 24 99 100
12 100 22 45 34 | 38 96 39 95 100
14 100| 63 4 82 | 60 62 93 97 100
16 100| 69 41 31 16 68 72 100 100
18 100| 83 63 44 | 54 18 100 100 100
20 100 5 72 95 | 64 1 83 100 100

=
o PO R~N

Table3.2: ¢,, (1) resultsfor toy modelskies

i ii iii

| K -0.003 -0.07 -0.25|0.06 0.37 144 576 oo

2 67 81 63 90 | 52 46 37 98 35

4 97 68 41 12 | 79 89 28 69 100
6 100| 18 66 87 | 25 4 98 95 100
8 100| 98 69 8 74 87 99 100 100
10 100| 34 66 12 | 44 32 65 99 100
12 100| 37 80 71 | 58 7 55 72 100
14 100| 22 29 85 | 79 40 28 65 100
16 100| 48 78 88 | 43 78 89 99 100
18 100 8 5 23 | 84 19 100 100 100
20 100| 85 55 99 | 53 27 32 99 100

Table3.3: D,,(l) resultsfor toy modelskies

3.3.2 Quadratic non—Gaussianmaps

In orderto further examinethe performanceof our statistic, it was appliedto non-
Gaussiarmodelswith strongerphysicalfoundations. At large scales,the CMB is
dominatedby the Sachs—Wlfe (Sachs& Wolfe, 1967)effect so thatthe temperature
fluctuationsare proportionalto fluctuationsin the gravitational potentialon the last
scatteringsurface. Non—GaussiaMB skiescanbe generatedby introducinga non-
lineartermin the gravitational potential®(n)

®(n) = @r(n) + fu(®L(n)— < @7 (n) >) (3.30)
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0] Dy(1)

{ a b ¢ d e a b ¢ d e
2 35 40 46 46 47 38 38 45 40 34
4 81 83 81 83 79 78 76 76 78 78
6 49 31 52 53 76 46 44 43 37 41
8 19 43 14 41 1 68 63 67 65 63
10 97 97 97 98 97 96 96 96 96 96
12 49 38 1 1 59 13 24 14 3 7
14 61 77 33 31 35 3 10 77 8 10
16 4 77 87 92 39 57 66 67 59 65
18 97 94 94 96 97 92 92 91 94 93
20 64 58 7 51 36 30 19 18 30 23

Table 3.4: Resultsfor COBE DMR databasedon phasesand phasedifferencese-
tweenconsecutie valuesof m atafixed!. The methodwasappliedto 5 realisations
of the DMR sky in orderto demonstraté¢he stability of theresults.

where®,,(n) refersto thelinear partof the potential, f,,; is the non-linearparameter
controllingtheamountof non-Gaussianitgndthe bracletsindicatea volumeaverage
(Liguori, Matarrese& Moscardini,2003). The methodwasappliedto thesetypesof
skieswith varyinglevelsof non—Gaussianitgontrolledby the parameter,,;.

The resultsfor the most extremeform of non—-Gaussianityf,; = co) are shovn in
panel(i) in Table3.5. Note that the statisticis clearly unsuitablefor detectingthis
form of non—Gaussianityevenfor this severelevel of non—Gaussianitthe methodis
incapableof finding ary deviationsof the phase®r phaselifferencesrom therandom
phasehypothesis.The reasonfor this is that the very simpleform of phaseassocia-
tion soughtby the statisticdoesnot pick up very sensitvely the quadraticcorrelations
manifestedoy the model givenin Equation(3.30); seeWatts & Coles(2003). The
reasorfor thisfailureis thatthe statisticis moresensitve to departure$rom statistical
homogeneityverthewholesky. Themodelsherearecertainlynon—Gaussiarut are
statisticallyhomogeneousverthewhole sphere Thereforethe statisticwill besensi-
tive to forms of non—Gaussianitysuchasblobsor edgesthatoccupy alarge fraction
of thesky. This characteristiof the statisticwill be usefulwheninterpretingrealdata.
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3.3.3 COBE-DMR data

In the following subsectionsthe methodwill be appliedto real datain orderto see
if arny signsof non—randonphasesanbe foundin available CMB sky maps.In this
subsectionthe q; ,, obtainedfrom COBE-DMR dataare studied. In the following
subsectionthe methodis appliedto ¢, ,,, obtainedrom five all-sky mapsderivedfrom
WMAP data.

TheDMR (DifferentialMicrowave Radiometer)nstrumenton boardthe COBE satel-
lite usheredn the eraof precisioncosmologyby measuringprimordial temperature
fluctuationsof order AT /T =10-° in the CMB. The DMR instrumentcomprisedsix
differentialmicrowave radiometersiwo nearlyindependenthannels|abelledA and
B, atfrequencies$1.5, 53 and90 GHz. The datafrom all threefrequenciehave been
usedto calculatethe ¢, ,,, correspondindo the CMB signalfrom regionsoutsidethe
Galacticcut.

The resultsof the applicationof the methodon the ¢, ,, are displayedin Table 3.4.
The methodwas appliedto five realisationgrotations)of the DMR sky in orderto
examine whetherthe resultswere stableand consequentlywhetherthe conclusions
wererobust. In thetable,it is clearthat the large valuesof x? do appearstablebut
for lower values(whenthe phasesappearandom)the probabilitiesdependstrongly
uponthe realisation. However, we are only interestedn significancelevelsthatare
largerthan95% andtheseappearstablefor all realisationsThe statisticindicatesthat
both the phasesand phasedifferencesof (=10 modeappeamon-random.For all 5
realisationsthe x? valuesarelargerthan95% of the MC skies. The phasedor /=18
alsoappeamunusualhowever, the confidenceof this resultdependon therealisation.

Non—Gaussiasignaturesn the COBE-DMR datahave beenreportedin the litera-
turebefore(FerreiraMagueijo& Gorski,1998;Pando,Valls-Gabau& Fang,1998).
However, theorigin of thesesignalss probablysystemati@rrorsin thedataprocessing
ratherthancosmological;seeBromley & Tegmark(1999)for a discussioron theis-
sue.Interestinglythebispectrunstatisticusedby FerreiraMagueijo& Gorski(1998)
foundthedominantnon—Gaussiaoontribution near/=16. Thestatisticdevelopedhere
detectsa non—Gaussiasignalat /=10. Thisillustratesthatthetwo statisticsareprob-
ing differentaspect®f thestatisticanatureof thetemperaturdeld. Thisdemonstrates
thevalueof complimentarytracersof non—Gaussianity
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(1) D (1)

l [ I i v v i i i ivoovoovi
2 13 15 4 43 51 81 92 31 11 17 66 44
4 46 11 25 36 32 93 59 38 33 42 35 93
6 32 94 96 94 97 96 2 91 95 93 96 94
8 89 73 17 19 14 35 61 23 11 34 2 34
10 37 49 13 11 47 46 29 47 7 8 43 22
12 74 82 81 87 98 96 84 85 52 71 79 94
14 55 85 95 96 82 87 34 95 98 98 90 95
16 12 100 100 90 96 88 41 99 99 97 97 79
18 48 77 57 87 25 3 22 52 92 89 64 40
20 64 20 59 50 17 76 70 49 23 30 63 16

Table3.5: Resultsbasedon phasesandphaseadifferencedetweenconsecutie values
of m atafixedl. Theresultsshowv the significancdevelsof detecteddeparturegrom
randomphasedor (i) the quadraticnon-Gaussiamap (f,; = o), (ii) the ILC map,
(i) thecleanedlTOH map, (iv) the Wienerfiltered TOH map,(v) the Eriksenmapand
(vi) theNaselsk map.

3.3.4 WMAP 1-yr data

The WMAP instrumentcompriseslO differencingassembliegconsistingof two ra-

diometerseach)measuringover 5 frequencieg~ 23, 33, 41, 61 and94 GHz). The
WMAP teamhave releasedan internallinear combination(ILC) mapthat combined
the five frequeny bandmapsin sucha way to maintainunit responsdo the signal
CMB while minimising the foregroundcontamination.The constructionof this map
is describedn detailin Bennettetal. (2003b).To furtherimprove theresult,theinner
Galacticplaneis dividedinto 11 separateegionsandweightsdeterminedseparately
Thistakesaccounbf thespatialvariationsin theforegroundproperties.Thus,thefinal

combinedmapdoesnot rely on modelsof foregroundemissionandthereforeary sys-
tematicor calibrationerrorsof otherexperimentsdo not enterthe problem. Thefinal

map coversthe full-sky andshouldrepresenbnly the CMB signal,althoughit is not
anticipatedhatforegroundsubtractions perfect.

Following thereleasef theWMAP 1-yrdataTegmark,deOliveira-Costa& Hamilton
(2003, hereafterTOH) have produceda cleanedCMB map. They arguedthat their
version containedless contaminationoutsidethe Galactic plane comparedwith the
internallinear combinationmap producedby the WMAP team. The five bandmaps
arecombinedwith weightsdependingooth on angularscaleandon the distancefrom
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the Galactic plane. The angularscaledependencellows for the way foregrounds
areimportanton large scaleswhereasdetectornoise becomesamportanton smaller
scales.TOH alsoproduceda Wienerfiltered map of the CMB that minimisizesrms

errorsin the CMB. Featurewith a high signal-to—noisareleft unafected,whereas
statistically less significantpartsare suppressed While their cleanedmap contains
residualGalacticfluctuationson very small angularscalesprobedonly by the W—

band,thesefluctuationsvanishin thefiltered map.

Two more CMB-only sky mapshave sincebeenreleasedseeEriksenet al. (2004a)
andNaselsly etal. (2003)for details.| shallreferto thesetwo mapsasthe Eriksenand
Naselsk mapsyrespectrely. TheEriksenmapis constructedn a similarmannetto the
WMAP ILC, but claimsto have 12%lessvariance.This reductionis attributedto the
removal of morenoise.Thegeneratiorof theNaselsly mapis basedn phase—analysis
of GalacticforegroundcomponentsThe underlyingassumptions thatthe phasef
the CMB signal, after foregroundcleaning,shouldcorrelateaslittle aspossiblewith
thoseof the foregrounds. Unlike the other four maps,the sky is not dissectednto
smallerregions;the methodis appliedoverthe whole—sk.

The five all-sky mapsare available in HEALPix* format (Gorski, Hivon & Wan-
delt, 1999). The ¢, ,, for eachmap were derived using the 'anaf ast ’ routine in
the HEALPix package.Theresultsareshowvn in panels(ii) to (vi) in Table3.5. The
resultsfor theILC mapsuggestherearedeparture$rom therandomphasehypothesis
for the phaseof /=16 andthe phasedifferencedor /=14 and16. The departurefor
I=16appearsery strongwith the x? valuebeinglargerthan995of thevaluesobtained
for the MC skies.

The distributions of Kuiper's statisticfor the phasedifferencesdrom two modesare
shavn in Figure3.2. The plot for =10 (Figure 3.2a) illustratesthat the distribution
correspondingo the ILC fits in with the scatterof the randomsampleof MCs around
the averagedistribution. Whereasjn the plot for /=16 (Figure 3.2b), the ILC distri-
bution is undoubtedlydifferentto thatcorrespondindo the averagedistribution. It is
alsoworth pointing out that, in Figure 3.2a, thereis a larger scatterin the shapeof
thedistributionscorrespondingo the MCs for [=10. Thisis not by chancejnstead,t
is dueto the smallernumberof independentiatapointsfor [=10. Consequentlyit is
harderto unearthsignsof non—uniformityin the lower multipoles. As a result,more

hitp:/iwww.eso.og/science/healpix/
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Figure 3.2: Distribution of Kuiper’s statisticfor the phasedifferences. The straight
line, dottedlinesanddashedine correspondo distributionsof theaverageof the 1000
MC skies,threerandomlychosenMC skiesandthe ILC, respectiely. (a: left) (=10
and(b: right) /=16.

weightshouldbe attachedo detectionsn thehighermultipolesasary detectionis less
likely to be a statisticalfluke.

To investigatethe (=16 modefurther, the temperaturgatternon the sky wasrecon-
structedsolelyusingthesphericaharmonicmodesfor (=16 with theirappropriatey, ,,
andcomparedhis with a mapwith the samepower spectrunbut with randomphases
(Figure3.3). Theresultconfirmsthatthe methodis very sensitve to departuregrom
statisticalhomogeneityThe /=16 modesareclearlyforming a morestructurecpattern
thanthe random—phaseounterpart.The alignmentof thesemodeswith the Galactic
planeis striking.

Themorphologicabppearancef thesefluctuationsasabandacrosghe Galacticplane
maybeindicative of residuaforegroundstill presentn the CMB mapafterforeground
removal. This is the mostlikely explanationfor the alignmentof featuresrelative to
the Galacticcoordinatesystem.The scanningstratg)y wassuchthatthe ecliptic poles
andringsaroundthe poleswereobseredthe greatesnumberof times(Bennettetal.,
2003a).Thus,noiseandproblemsassociatedvith dataprocessings unlikely to form
suchafeature.Furtherevidencefor foregroundcontaminations provided by signsof
cross—correlationsf the phasef CMB mapswith variousforegroundcomponents
(Naselsly, Doroshlevich & Verkhodanw, 2003; Chiang& Naselsly, 2004). Alter-



Non-Gaussianfluctuations in the CMB 44

natively, the structuremay be the consequencef the angularscalel=16 relatingto
the width of the zonesusedto modelthe Galacticplanein the generatiorof the ILC.
In ary caseoneshouldcertainlyavoid jumpingto the conclusionthatthis represents
arything primordial. The ILC is constructedrom preliminarydataandhascomple
variationsin signal-to-noiseacrossthe sky. Neverthelessthe ILC resultshows that
the methodis useful for testingrealistic obsenational datafor departuredrom the
standarccosmologicaktatistics.

Thetwo mapsproducedoy Tegmark,de Oliveira-Costa& Hamilton (2003)alsosug-
gestthatthe phasedor the /=16 scaleare non—random.The cleanedmap shows de-
parturesfrom the randomphasehypothesisat greaterthan 95% confidencefor the
phasesandphasedifferencesof (=6,14 and16. The Wienerfiltered mapfinds depar
turesfor the phasesorrespondingo (=14 andphasealifferencesn (=14 and16. Both
the cleanedandthe Wienerfiltered mapsof TOH displaysimilar bandpatterngo that
obsened in the (=16 mapfor the ILC. The Wienerfiltered TOH mapis shavn for
comparisorn Figure3.3.

The Eriksenmapdisplayssimilar signsof non—uniformityin the phasessthosein the
ILC andthe two TOH maps. The phasesand phasedifferencedor /=6 and 16 are
picked out by the statistic. On the otherhand,the Naselsy mapshows the wealest
signsof non—uniformityin the phaseadifferenceswith justthe/=14 highlightedby the
statistic. Thereis noindicationof anything unusualin both the phasesandthe phase
differencesat /=16. Unlike the othermaps,the Naselsk mapis processeaver the
whole sphere.This may addweightto the belief thatthe structureseenin Figure3.3
is the resultof the division of the sky during the map—makingprocess.Thenagain,
thelack of phasecorrelationsat /=16 mayinsteadbe anindicationthatthe foreground
componentarebetterhandledn the generatiorof this map.

Sofarl havefocusedmainly onthe/=16 mode,however, theresultsfor (=6 appearlso
to be hinting at somethingunusual.Signsof non—randonphasesn themodeareseen
in threeof the maps,whilst resultsfrom the othertwo mapshave significancelevels
slightly underthe 95% threshold.Eriksenet al. (2004a)notedthe peculiarnatureof

this modewheninvestigatingthe planarity of low multipolesin the ILC andEriksen
maps. The modewas found to be more planarthan 98% of their MC simulations.
Theirinvestigatiorwaspromptedoy theplanamatureandalignmentof thequadrupole
andoctopole(Tegmark,de Oliveira-Costa& Hamilton,2003;deOliveira-Costaetal.,
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Figure3.3: (Top) Internallinearcombinatiormapconstructedvith g, ,,, for (=16 only.
(Middle) The TOH Wienerfilteredmapwith a; ,,, for [=16 only. (Botton) A random-
phaseealisationof the mapincludingmodeswith (=16 only.

2004b). In sucha scenariothe phasesn both modeswill be correlatedo form this
flat structure.Unfortunately asstatedbefore,the statisticis not suitablefor studying
the quadrupoleandthe odd modeswere excludedin this analysis,so nothingfurther
canbeaddedo this debate.

For theremainderof this section,] will focusonthelLC modesat/=16. Specifically
theindividuala ,,, atthisscalewill bescrutinisedn thehopeof determininghemodes
thatareresponsibldor the structureseenin Figure3.3. In Figure 3.4, the individual
modesare plotted. It appearghat not only arethe phasesion—randonbut the |a; |
arealsounusual. The magnitudeof them=15and16 modesarenoticeablylargerthan
the othermodes.The abnormalnatureof the phasess highlightedby the absencef
ary modesin the bottomright quadrant. It also appearghat individual modescan
be pairedup with anothemrmodethat hasa similar magnitudeand a phaseseparation
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of +x. Thisis certainlytrue for the m=15 and16 modes(marked by a squareanda
circle, respectrely). Thesetwo modesareinvestigatedurtherin Figure3.5. Thetop
setof realisationshave |a; | takenfrom the ILC andrandomphasesTheamplitudes
arecertainlyunusualformingaflat structure(reverses—shaped)Whenall modesbar
the m=15 and 16 have ILC phasesthe middle setof realisationsn Figure 3.5, the
reverses—shapedtructures still seen However, whenthesetwo modeshave thelLC
phaseandtherestof the modeshave randomphasesthe morphologyseenin Figure
3.3 is obsered. Thesetwo modesare crucial to the formation of this ratherflat N—
shapedar. In thelight of thediscussionn Section2.3,thisis ratherunsurprising.The
discussiorregardingFigure 2.7 demonstratethatincreasingm,;, Whilst m ., is set
to [, leadsto aflatteningin theu—shapedband.Therefore settingm,;» to 15 andmy,.,
to 16 shouldleadto analmostflat U—shapedstructure. This structureshouldbe very
similarto anupside—dwn imageof Figure3.3. Indeed from Section2.3.3,we seethat
thereverseof animagecanbe formedby consecutre phasedbeingseparatedby +.
The arrangementf the modesin the ILC fits very well with this picture. The m=15
andm=16modesaredoublethemagnitudeof 13 of theremainingl 5 modegincluding
m=0), sothe effect of the othermodescanbe ignored. Moreover, the phasef this
pair areseparatedby +.

The precedingparagraptdemonstratebow theindividual modeseffect the geometry
of the structureat [=16. Unfortunately the natureof thesemodesoffers no further
insight into the reasonfor the structuresexistence. Whetherthe structureis due to

foregroundcontaminatioror not s still debatable.Neverthelessthe potentialof the

statisticis illustrated. Phasecorrelationsdo exist at this scaleandthesecorrelations
ultimately effectthe morphologyof the obsenedstructure.

3.4 Conclusions

In this chapteywe developeda new techniquehatseeksdeparture$rom the standard
assumptiorthatthe CMB representsa homogeneou&aussiarrandomfield. If true,
thenthe phase®f the sphericaharmoniccoeficientsshouldbe uniformly randomon
theinterval [0,27]. Specifically we examinedthe phasesandphasedifferencesacross
even modesfrom [=2-20. A key componenbf the techniquewas Kuiper’s statistic
which canbe usedto look for evidenceof non—uniformityin circulardata.
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Figure3.5: Therole of individual phaseof the ILC at/=16. (Top) Realisationswvith
la16.m| from the ILC andrandome,,. (Middle) Realisationswith |ai6,,| and ¢,_14
from the ILC andrandome,; 6. (Botton) Realisationswith |as6,,| and ¢ 16 from
thelLC andrandome;_4.

Firstly, the strengthsandlimitations of the techniquewere exploredby applyingit to
two typesof modelskies. Themethodsuccessfullyickedout skieswith non—uniform
phase®f the sortdiscussedn Watts,Coles& Melott (2003). However, modelswith
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guadraticnon—Gaussiafluctuationswereundetectablavith the method.Thesetypes
of skiesarenon—Gaussiahut statisticallyhnomogeneousndicatingthatthe methodis
bettersuitedto finding featureghatoccupy a substantiapartof the sky.

We next lookedatdatafrom the COBE-DMRinstrument.Thescaleof /=10 wasfound
to have a non—uniformdistribution of phasesat high confidence.This scalediffered
to the scaleof /=16 previously reportedas shoving signsof non—-Gaussianityising
the bispectrum(Ferreira,Magueijo& Gorski, 1998). Clearly, differentaspectof the
DMR dataarebeinghighlightedby thebispectrumandour method.Thisindicateghat
the pair of statisticsarecomplimentarynon—Gaussiatracers.

Wetheninvestigateall-sky mapsderivedfrom theWMAP 1st—yeadata.The WMAP

teams ILC map hadstrongsignsof non—randonphasesat /=16. The modesat this

scaleareformingaband-like structureacrosghe Galacticplane. Two modesn partic-
ular (m=15 and16) werefoundto befundamentain determininghestructures shape.
The alignmentof the structurewith the Galacticregion suggestshatit maybe dueto

foregroundcontamination.This is consistentvith otherindependentlaimsof fore-

groundcontaminationChianget al., 2003; Naselsl, Doroshlevich & Verkhodana,

2003;Chiang& Naselsk, 2004;Eriksenetal., 2004b).On the otherhand,the struc-
turemaybearelic of the partition of the sky duringthe map—making—procesSucha

claimis madestrongetby thefactthatthe onemapwithout sky division,the Naselslk

map,shavedno signsof peculiarphasestthis scale.Finally, the/=6 scalewasfound

to have non—-randonphasesteinforcingrecentclaimsthatthescaleis unusuallyplanar
(Eriksenetal., 2004a).

Theissueof foregroundcontaminatiorwill bereturnedo in chapter$ and6.

In this chapter we have studiedoneof the simplestforms of phaseassociationsWe
will explore anotherform of phaseassociationn the next chapter Already, we have
seenthetechniques usefulat pursuingdeparture$rom homogeneityn the CMB sky.
Suchascenarishouldexistif theuniversehasanon-trvial topology It is to thistopic
thatwe now turn our attention.



Chapter 4

Non—-random phasesn non-trivial
topologies

4.1 Intr oduction

Overall, the 1st-yearWMAP obsenationsseemin good accordwith the emeging

standardcosmologicaimodel; a flat A—dominateduniverseseededy scale—inariant
adiabaticdGaussiarfluctuationgSpepgel etal., 2003). However, atlarge scaleghereis

anunexpectediossof CMB anisotroly power thatwasalsoseenin the COBE-DMR
data(Bennettetal., 2003a).Onepossibleaxplanationis thatwe inhabita universethat
hasa non—trvial topology Thatis to say our universeis in factmulti-connectednd
hasa finite volume. If so,thenpower on scalesexceedingthe fundamentakell size
will be suppressedOur spacemay not be large enoughto supportlong—wavelength
fluctuations. A numberof authorshave tried to restrictthe topology of the universe
usingthe WMAP data(Luminetetal., 2003;Uzanetal., 2003;Cornishetal., 2004;de
Oliveira-Costaetal., 2004b;Roukemaetal., 2004;Weekset al., 2004). In particular
Luminetetal. (2003)have shawvn thatthe Poincaé dodecahedradpace(€2, =~ 1.013)

accountdor themeasureghowerin thequadrupoleandoctopolebetterthananinfinite

(simply—connectedjlat universe. The angularpower spectrum,however, is not an
effective way to characterisghe peculiarform of the anisotroy manifestin small
universesof this type (Levin, Scannapiecé& Silk, 1998).

Whetherwe candeterminethe topologyof the universedepend®n its volume. If the
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universeis smallenoughwe shouldbe ableto seeright aroundit, sincephotonscan
travel acrosshe whole universe.If so,thenwe may be ableto identify ghostimages
of thesameobjectin differentdirectionsin thesky or recognisehetopologyfrom sig-
naturesn clusteringstatistics.Luminet& Roukema(1999)provide a review of these
methods.However, thesemethodsare hinderedby the needto identify goodstandard
candlespbjectsthatcanbetracedthroughdifferenteras.This is not a problemwhen
looking at the CMB for signaturef thetopology The CMB photonsoriginatefrom
the sameepochandfrom a very thin shell, the lastscatteringsurface(LSS), which is
the samewhenviewed from eitherside. If the physicaldimensionsof the universe
arelessthanthe diameterof the LSS thenthe sphereself intersectsthe loci of self—
intersectionsrecircles(Cornish,Spegel & Starkman;1998).We shouldthereforebe
ableto matchpatternsof hot andcold spotsaroundcircles. This resultholdsno mat-
ter how comple thetopology A furtheradvantageof usingthe CMB asanindicator
is that the last scatteringsurfacemarksthe edgeof the visible universe,makingit a
powerful tool for looking for non—trivial topology

In this chapteywe introducea new methodto searchfor evidenceof a finite universe
in all-sky CMB maps. The methodis a simple extensionof the statisticdeveloped
in chapter3. Again, the techniqueis basedon the propertiesof the phasesof the
coeficientsobtainedrom asphericaharmonicexpansiorof all-sky maps specifically
we exploit phasecorrelationsarisingfrom matchedoairsof circles.Whereasn chapter
3, we look solely at correlationsbetweenconsecutie modesat a particularscale,in
this chapterwe also seekcorrelationsacrossdifferentscales. In the next section,|
briefly introducesomebasicideasin topologyanddiscusshe simulationswith non—
trivial topologiesusedlater on. In Section4.3, | sketchthe proceduredevelopedto
detectphasecorrelationsin the CMB. In Section4.4, the resultsare discussedafter
applyingthe methodto the simulationsand WMAP data. Conclusionsaredrawn in
Section4.5.

4.2 Non-trivial topology

Topology dealswith connectvity. To a topologist,a coffee cup anda doughnutare
equvalent, while a coffee cup anda bowl aredistinct. In the cosmologicalsetting,
we areconcernedvith the connectvity of space:a manifoldis describedassimply—
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connectedf ary closedpath canbe contractedto a point. The possibility that our
universemaybemulti—connectedavasfirst suggestethy Schwarzschild(1900),but has
oftenbeenoverlookedin favour of the simplicity offeredby trivial topologicalspaces.
Indeedthereis a commonmisconceptiorthat the shapeof the universecanbe deter
mined from Einsteins field equationsgiven a value of 2,. GeneralRelatvity only
specifiesthe local cunatureof space—timeso nothingin it forbids a (global) non—
trivial topology The CosmologicalPrinciple merely restrictsus to manifoldswith
constanturvature.Indeed,ary detectionof non—trvial topologycould determinehe
sign of the spatialcunaturesinceits characteristicsliffer for the casesf Euclidean,
sphericalandhyperbolicmanifolds.

A 3—-dimensionaimanifold can be describedby identifying facesof a fundamental
cell/polyhedron. The WMAP datasuggestshatthe Universeis very nearly spatially
flat, with ©,=1.02 + 0.02 (Bennettetal., 2003a).We thereforerestrictour attentionto

non-trivial topologieswith a flat geometry Thetechniqueshouldneverthelesde ap-

plicableto sphericalandhyperbolicspacesvherematchectirclesareexpected.There
are6 compactorientableflat modelsthat canbe constructeckitherby identifying the

sidesof a parallelepipear a hexagonalprism.

e Model 1: The simplestoneis the hypertorug(3—torus)which is obtainedfrom
a parallelepipedvith pairsof oppositefacesgluedtogether In otherwordsthis
manifoldis built out of a parallelepipedy identifyingz — z+h, y —y+b and
Z—z+c.

The otherthreemanifoldsare variationsof the hypertorusnvolving identifica-
tionson oppositefacesof atwistedparallelepiped.

e Model2: Oneof thesenasoppositefaceddentifiedwith onepairrotatedthrough
7 (thetwist torus).

e Model 3: the seconddentifiesoppositefaceswith onerotatedby 7 /2 (the 7 /2
twistedtorus).

e Model 4 : the third oneis obtainedby proceedingwith the following identi-
fications: (z, y, 2)—(z+ h, —y, —=) correspondingdo translationalongz and
rotationaroundz by 7; next (z, y, 2)— (-, y+b, —(2+¢)) corresponding
to translationalong y and z followed by rotation aroundy by =; andfinally
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(z,y,2)—=>(Hx+h),—(y+b), z+ ¢) translationalong z, y and z followed by
rotationaroundz by 7 (thetriple twist torus).

Two othertopologiesarebuilt out of a hexagonby identifying the threepairsof
oppositesideswhile in thez direction,

e Model5: thefacesarerotatedrelative to eachotherby 27 /3 (27 /3 hexagon)

e Model6: andby 7/3 (7 /3 hexagon).

The simulationspresentedhereare basedon thosein Rochaet al. (2004): they have
Q=0 anda Harrison—Zeldovich Gaussiarspectrum.The simulationsreflecttopolo-
gieswith equal-sidegbhysicaldimensionghatleadto a suppressionf thequadrupole
with respecto the high—ordemodegWeekset al., 2004). We definea dimensionless
topologicalscale; of a simulationasthe ratio betweerthe width of the fundamental
cellandthehorizonsize.

Thesesimulationancludeonly thosetemperaturdluctuationggeneratedby the Sachs—
Wolfe effect. Matchedcirclesoccurbecauseve arelooking atthe samepointon LSS
from differentdirections.In orderfor thisto betrue,thetemperaturdluctuationsneed
to begeneratectthe LSSwhichis truein this case put the SW effect only dominates
at large scales. We thereforeagainlimit our investigationto / < 20. Evenat these
scaleshowever, therearethreemainfactorsthatcould confusethe statistic: (i) veloc-
ity perturbationgyeneratinganisotropiesat the LSS; (ii) the integratedSachs—\lfe
effect dueto time varying potentialwells crossedby the photons;and (iii) Galactic
foregroundcontaminatiorof CMB data.

4.3 Testingfor phasecorrelations

In this section,the procedurefor detectingnon—randonphasesdescribedearlierin
Sections3.2.1-3.2.3is briefly outlinedwith someamendmentapplicableto thischap-
ter.

Thetemperaturdluctuationan the CMB atary pointin thecelestialspherecanbe ex-

pressedn sphericaharmonics.In orthodoxcosmologieshe temperaturdluctuations
constitutea statisticallynomogeneouandisotropicGaussiamandoniield. In thiscase
the phasesy, ,,, areindependenanduniformly randomon the intenval [0,27] andthe
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varianceof a;,, depend®nly uponi. Departuregrom orthodoxyleadto differencesn
behaiour of thea, ,,,. For example,in anisotropicGaussiarfluctuationsthe variance
of thea, ,, dependonm (Ferreira& Magueijo,1997b;lnoue& Sugiyama2003).In
chapter3, we developeda diagnosticof departuregrom the standarcassumptiorthat
involvestherandomnessef phasesThemaincomponenbf thetechniqueanvolvedus-
ing Kuiper’s statisticfrom anavailablesetof phaseangles.Firsttheanglesaresorted
into ascendingrder to give the set{6,,...,0,}. Eachangled; is divided by 2= to
giveasetof variablesX;, wherei=1...n. Fromthesetof X; we derivetwo valuesS;
andS, (Equationg3.2) and(3.3)). Kuiper's statistic,V/, is thendefinedin Equation
(3.4)as

V=(S+5)- (\/ﬁ+o.155+ %). (4.1)

n n \/ﬁ

In orderto remove ary artifactarisingfrom thechoiceof coordinatdramethatthea; ,,
aremeasuredh, V' is calculatedor randomlyrotatedcoordinatesystemsTherotated
coeficientsarefound by employing the Wigner D function asdescribedn Equation
(3.13). Thatis to say

Qpm = Z al,m’Din,m' (aa Ba 7), (42)

wheretheEuleranglesy, 3, v arerandomlychosen Consequentlya distribution of V/

is obtainedfrom onesetof angles.This distributionis comparedusinga x? test,with

distributionsobtainedn a similar mannerfrom 1,000Monte Carlo setsof ¢, ,,, dravn

from a uniformly randomdistribution. The probability P(x?) of obtaininga lower
valueof x? is calculatedfrom the fraction of x%,. thatarelessthanthe x? obtained
from the phasesA setof anglesis assumedo be non—randonif P(x?) > 0.95.

The random—phasaypothesiscan be further scrutinisedby investigatingsubsetsof
the phasesThesesubsetshouldalsobe uniformly randomon theinterval [0,27]. In
this chapter we look at two subsets:(i) the phasedifferencedor fixed valuesof m
(dr,m — d1,m) and(ii) the phasedifferencedor fixed valuesof I (¢; 11 — d1.m) (€ven
[-modesonly). Thelattersubsetvasalsostudiedin the previouschapter Both subsets
areof particularinterestsinceCornishet al. (2004)indicatethat matchedcirclesare
associatevith phasecorrelationsin their papeythesignificancdevel for detectiorof
matchectirclesin the WMAP datais calculatedrom’scrambledversionsof thedata.
In thescrambledrersionsphasecorrelationsaareremovedby randomlyexchanginghe
a,m atfixed!. Also, aspreviously mentionednulti-connectednedsreaksthe global
isotropy and sometimeghe global homogeneityof the universe(exceptthe caseof
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the projective space).Thiswill inducecorrelationdbetweertheq, ,, of different/ and
m. For instance,dueto the symmetriesof the hypertoruscase,(a;maj ;) # 0 =

m —m' =0 mod (2) and! — I'=0 mod (2) (Riazueloetal., 2004). Thesenon-zero
off-diagonaltermswill inducephasecorrelationsasdetectedn this study

Overall, for a given temperaturemap, we obtain a value of P(x?) for eachmode;
18 valuesfor subset(i) and 10 for subset(ii). To improve the presentatiorof the
results we combineP(x?) for eachsubsein two ways. First, we countthe numberof

modeswith P(x?) > 0.95 andfind themodethatdisplaysthe highestvalue.Secondly
we performa Kolmogoro/—Smirnos (K—S) teston the distribution of P(x?) over the
modes. If the phasesarerandom,the setof P(x?) shouldbe uniform in the interval

[0,1]. To quantify the significanceof the K-S value obtained,10,000MC setsof

P(x?) aregeneratedndthe probability of obtaininga lower K-S valueis calculated.
Thereasorfor doing boththesethingsis thatonewould expectonein twenty modes
to yield avalueof P(x?) > 0.95. The secondapproactgivesa (very conserative)

ideaof the significanceof thewhole setof modesratherthaneachindividual one.

4.4 Resultsand discussion

Thesimulationsweregeneratednh HEALPix format(Gorski,Hivon & Wandelt,1999)
with a resolutionparametetVg4.=32. The q,,, werederived usingthe’anaf ast’
routinein the HEALPIx package.V wasbinnedfrom 0-2.75 and0-2.5 for subsets
(i) and(ii), respectiely. Subsef(i) required10,000rotationsin orderto obtainstable
results. To analyseonerealisationtook 18 minuteson 1,400MHz CPU desktop.On
the otherhand,3,000rotationsproducedstableresultsfor subse(ii), resultingin each
analysistaking22 minuteson the samedesktop.

The six flat modelslisted in Section4.2 werestudiedwith j=0.5. In orderto seethe
effect j hadon theresults,the hypertorusvasexploredin moredetail. A further six
simulationswith ;7 < 2 werescrutinised.Also, six simulationsin which matchedcir-
clesarenot anticipated(; > 2) werestudied. The resultsfor subsetgi) and(ii) are
showvn in Tables4.1and4.2 respectrely. Thetablesshav the numberof modeswith
P(x?) > 0.95,the mostnon-randonmodeandthe K-S fractional probabilities. For
subsef(i), the methodwasappliedto five realisationgsetsof rotations)of eachsim-
ulation. The averagevaluesobtainedfrom theserealisationsare shown in thetables.
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| Map | Count(Mode) | K—SProbability |
Model1;=0.5 | 0.6 0.68
Model2 j=0.5 | 1.2(17) 0.35
Model3 j=0.5 | 4.6(4,5) 0.99
Model4 j=0.5 | 0.6 0.22
Model5 j=0.5 | 1.8(14) 0.68
Model 6 j=0.5 | 0.2 0.42
Model1=0.4 | 5.4(1,4,9,12) 0.99
Modell j=0.6 | 0.4 0.63
Model1;=0.8 | 0.8 0.35
Model1 j=0.9 | 0.0 0.56
Modellj=1.0 | 0.4 0.47
Modellj=1.6 | 3.8(8,9,10) 0.77
Model1 j=2.0 | 1.4(16) 0.43
Modell j=4.0 | 0.0 0.66
Modell j=5.0 | 2.8(12) 0.48
Model 1 j=6.0 | 0.0 0.62
Modell j=8.0 | 0.6 0.23
Model1j=10.0| 2.1(12) 0.88
ILC 1.2(4) 0.55
TOH 0.6 0.28
Eriksen 2.0(1,4) 0.33
Naselsk 2.2(2,4) 0.50

Table 4.1: Phasecorrelationswhen scanningacrossfixed m. The columnlabelled
Countshows the averagenumberof modesexceeding95 per centsignificance.The
columnlabelledMode givesthe mode(s)with greatessignificance.The lastcolumn
shawvs a rough measureof significancefor all modesobtainedusing a K-S testas
describedn thetext. 18 modesstudiedin total.

For subsetii), only onerealisationwasnecessaryn orderto obtainconsistentesults.

If the phasesare random,the numberof modeswith P(x?) > 0.95 shouldbe 0.9
for subset(i) and 0.5 for subset(ii). From Table4.1it is clearthat we are finding
correlationsvhenscanningacrosdixedm for mostof the simulations(we shall refer
to theseasm—correlations) The averagecountfor all the simulationsdisplayedn the
Table4.1lis 2.5. Theaveragevalueis significantlylargerthantheexpectedvalueof 0.9.
This contrastsith theaveragevalueof 0.7, from Table4.2,thatis only slightly higher
thanthe expectedvalue. Fromtheresults,it is evidentthatno particularmodecanbe
chosento look for signsof non—-randomnesis the phases.This is unsurprising,as
the correlationswould manifestthemselesacrossmary modeswhosenaturewould
dependbonthelocationandsizeof thecircleswith respecto theobsenrer.
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| Map | Count(Mode) | K—SProbability |
Modell1 ;=05 | O 0.17
Model2 j=0.5 |1 0.66
Model3;5=0.5 |0 0.52
Model4 j=0.5 |1 0.45
Model545=0.5 |0 0.46
Model6 j=0.5 | 2(2,12) 0.13
Modell j=0.4 | 2(8,20) 0.32
Modell j=0.6 | O 0.21
Modell;=0.8 | O 0.68
Modell =09 |1 0.97
Modell5=1.0 |1 0.08
Modell ;=16 | O 0.09
Modell;=2.0 |1 0.49
Model1;=4.0 |1 0.47
Modell j=5.0 |1 0.16
Modell j=6.0 |1 0.54
Modell1;=8.0 |1 0.73
Model 1 ;=10.0| 0 0.43
ILC 2 (14,16) 0.50
TOH 3(6,14,16) 0.77
Eriksen 2 (6,16) 0.80
Naselsk 1(14) 0.81

Table 4.2: Phasecorrelationswhen scanningacrossfixed /. Columnsare asin the
previoustable.10 evenmodesstudiedin total.

The m—correlationsarelessohviousin termsof the K-S probabilities. However, this
testis more general: it doesnot searchspecificallyfor large valuesof P(x?), soit
shouldbeinterpretedasa very crudemeasuref departurédrom uniformity. The K-S
testtendsto be moresensitve to deviationsaroundthe medianvalueof thetheoretical
cumulatve distribution. Thereareothertests,suchasthe Anderson—Darlingstatistic,
thatareweightedin a fashionthatleavesthe statisticmoresensitve to thetails of the
(cumulatie) distribution. A variety of statisticsthat probenon—uniformity(including
the Anderson—Darlingtatistic,x?, Kuiper'stest,andvariousstatisticghatincorporate
measure®f the areabelow the cumulatve distributions) were appliedto the values
of P(x?). However, like the K-S test, thesestatisticsall failed to detectary signsof
non—uniformityin the distribution. It shows thatthe specificform of non—uniformity
probedby the numbercount(a peakin the distribution at P(x?) > 95), is bestsuited
to seekingthe departureseenin theresults. In factthis is ratherunsurprising:there
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| Map

| Count

Model 1
Model 2
Model 3
Model 4
Model 5
Model 6

0.5£0.2
1.0+ 0.9
3.4+ 3.4
1.0£0.7
1.3+ 0.8
0.8£0.5

Table4.3: Thevariationin numbercountfrom simulationto simulation. The second
columnshaws the averagenumberof modes(alongwith the variation). We evaluated
6 simulationswith j=0.5 for eachmodel.

| Map

| Count

Model 2
Model 3
Model 4
Model 5
Model 6

16+1.1
3.2+ 3.3
1.0+ 0.5
1.0+ 0.3
0.9+0.8

Table4.4: Thevariationin numbercountdueto a shift in thelocationof the obserer.
The secondcolumn shows the averagenumberof modes(along with the variation).
We evaluated6 simulationswith j=0.5 for eachmodel.

is noinformationin thelow valuesP(x?) andapplyingstatisticsthatencompasthese
valuesonly dilute the power of thetest. Consequentlyaswell asbeingarathersimple
measurethe numbercountis alsomorerobust.

Thespreadn thenumbercountfrom onerealisationto anotheiis quite small(roughly
+1 for largervalues)andanexactvaluefor eachsimulationcanbeobtainedyy increas-
ing the numberof realisations.To seeif thereis any worthin doingthis, we looked at
five further simulationsfor eachmodelwith j=0.5, the resultsof which areshown in
Table4.3. The standarddeviation is very large, with a countof 1.0 beingconsistent
with all the models. This indicatesthat it would be very difficult to usethe method
to distinguishbetweenmodelsor to determinethe exacttopologicalscale,you could
merelyindicatethe mostprobablecase.Theseresultsconfirmthatthe hypertorusand
ther /3 hexagonmodels atthis scale donotdisplayary m—correlationsn thephases.
However, thetriple twist torusis detectablédrom m—correlationsThisfactis lessclear
in Table4.1,againindicatingthatthetestresultsvary from simulationto simulation.

Looking at resultsfor the hypertorusdisplayedin Table4.1,it is hardto perceve ary
trendbetweenthe numbercountandthe topologicalscaleof the simulation. The m—
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correlationsareseenbothwith valuesof j <2 andj > 2. Intuitively, onewould expect
phasecorrelationsvhenmatcheccirclesarepresen(j < 2). In suchcasesthenumber
of repeatedpatterns(circlesin the sky) increaseswith decreasingj, and hencewe
would expectanincreasen numbercountwith decreasing. Thisis not seenin the
results,although,this may be masked by the numbercountvarying from simulation
to simulationfor fixed valuesof j. Applying the statisticto further simulationsmay
revealsuchatrend.

On the otherhand,the high numbercountseenat j > 2 is lesseasyto explain. Un-
earthingsignsof non—trvial topologybeyondthe horizonsize,suggestshetechnique
potentially is a powerful tool. Diagnosticsthat hunt for circlesin the sky arelim-
ited to a maximumvalue of j=2. Our detectionsbeyond the horizonsize areby no
meansserendipitous Phillips & Kogut(2004) computethe covariancematrix of the
a;,, for thehypertorusat varioustopologicalscales.They find the off-diagonalterms,
thatincorporatethe phasenformation,remainprominenteven whenthe width of the
fundamentatell is greatetthanthe diameterof the LSS.

Apart from the hypertoruseachof the topologiesaddresseare not only anisotropic
but alsoinhomogeneousThe questionthereforearisesvhethertheresultsareaffected
greatlyby changesn the positionof the obserer. We generatesgimulationswith the
obsener’s positionshiftedwithin thefundamentatell. For models2 to 6, five simula-
tionswith j=0.5 weregeneratedvith theobsenrer positionshiftedby (0.12,0.12,0.1x)

wherez is thewidth of thefundamentatell. Theresultsareshavn in Table4.4. The
numbercountfor eachmodelwasfoundto be consistenwith thoseof the centrally
locatedobsenrerdisplayedn Table4.3.

A positive detectionof m—correlationsn CMB datawould thereforebe indicative of

the universehaving a non—trvial topology In orderto seekevidenceof thesecor

relationsin the CMB data,we turnedto four of the WMAP—derved mapsthat were
investigatedn Section3.3.4. Thetemperaturenapswereall constructedn a manner
thatminimisesforegroundcontaminatioranddetectomoise,leaving a pure CMB sig-

nal. Thefour mapscorrespondo thosereleasedy the WMAP team(Bennettet al.,

2003b),Tegmark,de Oliveira-Costa& Hamilton (2003),Naselsk etal. (2003),Erik-

senetal. (2004a)andNaselsly etal. (2003).We shallreferto theseasthelLC, TOH,

Eriksenand Naselsl mapsrespectrely. Again, the resultsareshavn in Tables4.1

and4.2. The methodwasappliedto five realisationof eachCMB mapfor subse(i).
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In threeof thefour maps.evidencewasfoundfor the sortof phasecorrelationsseenn
the simulations.However, all the maps,barthe Naselsk map,displayi—correlations
that were discussedn chapter3 which canbe explained, at leastpatrtially, by fore-
groundcontamination.lf no m—correlationsvere seenthenthis would suggesthere
is no evidencefor non—triial topology but a positive detectiondoesleave openthe
possibility of a non—trvial topology

4.5 Conclusions

In this chapteya nev methodwaspresentedor constrainingthe topologyof the uni-

verse.Themethodrelieson utilising phasecorrelationsassociateavith matchedoairs
of circlesin the CMB sky. We appliedthe methodto varioussimulationswith non—
trivial topologies. The methodfails to estimatethe scaleof featuresit detectsandis
not goodat discriminatingbetweerdifferentmodels.However, this canpotentiallybe
overcomeby studyingmoresimulationsastheresultswereshovn to vary from simula-
tion to simulation. Themethodis simple,computationallyfastanddoesdeliveraclear
signaturea positive detectionof thesem—correlationss clearevidencefor non—trvial

topology

With this in mind, the methodwas appliedto four CMB-only sky maps;we found

evidencefor m—correlationsin three of them. However, it would be prematureto

concludethatthereis evidencefor non—trivial topologyin ary of the available CMB

temperaturenap. The WMAP datais preliminary and hasalreadybeenshown to

have a numberof unusualpropertieshatarenot yet fully understoodChiangetal.,

2003; Eriksenet al., 2004b). Indeed,Eriksenet al. (2004a)have pointed out that
the techniquesusedin producingthesemapsresultin a poor reconstructiorof the
cosmologicaphasesvhich mayinterferewith the possibility of detectingcorrelations
of the type discussedere. Neverthelesswith improved data,| believe the method
will beausefultool in determininghe shapeof the universe.Moreover, the methodis

basedon only the simplestpossiblemeasureof randomnes@ the phasedistribution.

More sophisticatedcombinationgnay allow us to improve the methodsubstantially
perhapsunearthingurthersignsof non—trivial topologybeyondthe horizonsize.



Chapter 5

Faraday rotation asa diagnostic of
Galactic foreground contamination of
CMB maps

5.1 Intr oduction

Themicrowave sky is dominatedoy boththe cosmicmicrowave backgroundandfore-
groundemissions.In orderto obtaincosmologicalinformationfrom the CMB, it is
necessaryo separatehe differentcontributionsto the sky. Among the foregrounds
thatmay affect CMB obsenationsare Galacticdust,synchrotrorandfree—freeemis-
sion, extragalacticpoint sourcesandthe Suryaei—Zel'dovich effect dueto hot gases
in galaxyclusters.Instrumentghatprobelarge scalessuchasCOBE-DMR,aremost
sensitve to diffuseforegroundemissionof our galaxy(Gawiser & Silk, 2000). Syn-
chrotronemissionassociatedvith the motion of electronsin the Galacticmagnetic
field dominatesat v < 20 GHz. Free—freeemissionis dueto electron—iorcollisionsin
theinterstellammediumanddominatesn therange~ 25—70 GHz. Galacticdustgrains
absorbUV and optical light from the interstellarradiationfield and emit the enegy
in thefar-infrared. This foregrounddominatesat v > 90 GHz. CMB instrumentsan
identify foregroundsby their spectrakignaturescrossa rangeof frequenciegandthis
leadsto attemptsatforegroundsubtraction Foregroundpredictionandsubtractiorwill
be animportantpartof future CMB work, especiallyin polarisationstudieswherethe
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contaminations largerin proportionto the CMB signalthanfor the temperaturdield
(Davies& Wilkinson,1998;Sazhin Sironi& Khovanskaya2002).It is clearlyimpor-
tantto testthatforegroundmodellingandsubtractiorhasbeencarriedout accurately
especiallygiventhe evidencethatexistsalreadyfor unusuafeatureson the CMB Sky
(e.g.Chiangetal., 2003).

The DMR instrumenton boardthe COBE satellitefound primordialtemperaturédluc-
tuationsof order AT /T = 10~° (Smootet al., 1992). Thesefluctuationswere mea-
suredonangularscaledargerthan7°. Measurementweremadeat 3 differentfrequen-
cies(31.5, 53 and90 GHz) correspondingo a window wherethe Galacticemissions
are minimum and the CMB intensity peaks. The WMAP missionwas designedio
make reliable measurementsf the CMB down to angularscalesof several arcmin-
utes(Bennettet al., 2003b;Hinshaw et al., 2003). The instrumentmappedthe full
sky at five widely separatedrequenciegfrom 23 GHz to 94 GHz). After foreground
subtractiorthe mapsproducedrom bothinstrumentshouldrevealonly cosmological
information. However, we have alreadyseenin chapters3 and4 thatthereexiststhe
suspicionthatdatafrom theseinstrumentss contaminatedby foregroundsignals.

In this chaptey | shav how it is possibleto constructan independenprobeof fore-
groundsusing measurementsf Faradayrotationalonglines of sightto extragalactic
objects. The layout of the chapteris asfollows. In the next section,| give a brief
overview of possibleforegroundcontamination®f CMB maps,andexplain how they
might be correlatedwith Faradayrotationmeasure¢RM) takenalongrandomlines—
of—sight. In Section5.3, | carry out a simpleandrobusttestto verify thatthereis a
link betweerthe strengthof the sourcesandtheir locationin the sky. In Section5.4, 1
explainthenon—parametricross—correlatiotrechniqueln Section5.5,thelink is con-
firmed betweenthe RM valuesand Galacticforegroundsby determiningcorrelations
betweerthe RM catalogueandmapsof variouscontrikutions,includingthe surey of
Haslametal. (1982)at408 MHz, synchrotrormapscompiledby the WMAP team,as
well asdustandfree—freemaps. | alsoexplore correlationsbetweenthe RM—values
andthetemperaturdield valuesin the DMR andWMAP dataatthelocationin thesky
of the sourcedo seeif thereis ary evidenceof residualcontaminationn published
maps.Theconclusionsarepresente@gnddiscussedn Section5.6.
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5.2 Faraday rotation and foregrounds

Faradayrotationmeasuresf extragalacticadiosourcesredirecttracersof the Galac-
tic magneticfield. Whenplane—polarisedadiationpropagateshrougha plasmawith

acomponentf themagnetidield parallelto thedirectionof propagationthe planeof

polarisationrotateshroughanangle¢ givenby

= RN, (5.1)

wherethe Faradayrotation measures denotedby the symbol R and measuredn
rad m~2 where

63
R = W/T@B| ds. (52)

Notethat B) is the componenbf the magneticfield alongthe line—of-sightdirection.
The obsened RM of extragalacticsourcess a linear sumof threecomponentsthe
intrinsic RM of the source(often small); the value due to the intergalacticmedium
(usuallynggligible); andthe RM from the interstellarmediumof our Galaxy(Broten,
MacLeod& Vallee,1988). Thelattercomponents usuallyassumedo form themain

contribution to the integral. If thisis true, studiesof the distribution and strengthof

RM valuescanbeusedto mapthe Galacticmagnetidield (Vallee& Kronbeg, 1975).
Evenif theintrinsic contribution were not small, it could be ignoredif the magnetic
fieldsin differentradiosourcesvereuncorrelate@ndthereforesimply addnoiseto any

measureof the Galacticfield (Frick etal., 2001). In a similar vein, the distributions
of RM valueshave beenusedto measurdocal distortionsof the magneticfield, such
asloopsandfilaments,andattemptshave alsobeenmadeto determinghe strengthof

intraclustemagnetidields(Kim, Tribble & Kronbeg, 1991).In whatfollowswe shall

useRM valuesobtainedrom a cataloguenf extragalacticsourcesompiledby Broten,
MacLeod& Vallee(1988,updatedn 1991)not to attemptmappingthe Galactic B—

field but to look for statisticalcorrelationsoverthewhole sky.

Therearevariouswaysin which rotationmeasure®f externalgalaxiescould be di-

agnosticof foreground contamination. The most obvious at first sight is Galactic
synchrotron. The magnitudesof rotation measure®f extragalacticsourcegdracethe
Galacticmagneticfield strengthwhich, in turn, is correlatedwith the strengthof syn-
chrotronemissionresultingfrom the acceleratiorof electronsin the Galacticmag-
neticfield. The emissionis dependenbn both the enegy spectrumof the electrons,
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N(E)dE andthe strengthof the magneticfield, B. For a powerlaw distribution of
enepiesof theform
N(E)dE = kE7PdE, (5.3)

theintensityspectrunof the emittedradiationtakestheform
I(v) oc kBT, (5.4)

Thenormalisatiorconstant is relatedto the overall numberdensityof electronsy..

The intensity spectralindex « is relatedto the index of the enegy spectrumg via

8 =2a+ 1, but « is expectedo vary with bothpositionandfrequenyg (Lawsonetal.,

1987).Radiosurweysatfrequenciebelonv 2 GHz aredominatedoy synchrotroremis-
sion(Davies& Wilkinson, 1998)sothesehave beenusedto extrapolatethis contriku-

tion to the higherfrequenciesat which CMB instrumentsoperate.However, the only

complete—sk surwey is thatof Haslametal. (1982)at 408 MHz. Extrapolatingfrom

suchalow frequeny measuremens proneto problemswith zerolevelsandscanning
errors. Moreover, it is known thatthe spectralindex o variesby Aa ~ 0.5 (Davies,

Watson& Gutierrez,1996)which couldhave abig effecton extrapolationsoveralarge
frequeny range.If the DMR or WMAP datacorrelatewith RM measurementthen
this may suggesthat synchrotronemissionhasnot beencompletelyremoved. Our

approachs intendedo be complementaryo the standardextrapolation.

Ontheotherhand,correlationwith Galacticsynchrotroris nottheonly possiblediag-
nosticuseof rotationmeasuredata,andmay indeednot be the mostimportant. Note
that, while the formulaefor both rotation measurgEquation(5.2)) and synchrotron
intensity (Equation(5.4)) bothdependon B, the former depend®n the line—of—sight
componentindthe latter on the perpendiculacomponentIf the magneticfield were
disorderedon a relatively small scaleone might still expectcorrelationsto exist be-
tweenthe two, but it is certainly possibleto imaginefield configurationshat result
in large synchrotroremissionbut no Faradayrotation(andvice—\ersa).On the other
hand,althoughfree—freeemissiondoesnotrely uponthe presencef a B—field, it does
dependon the electrondensityas doesthe rotationmeasure.A correlationbetween
RM andfree—freeemissionis thereforepossibleevenif thefield configurationleads
to a ngyligible correlationwith synchrotronemissionin the obserer direction. Dust
may likewise be indirectly correlated;this correlationmay be further complicatedif
thedustis alignedin someway with the Galacticmagnetidield.
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It is notobviousa priori which of the potentialcontaminantsvould correlatebestwith

themeasuredRM valuesnor whatthe meaningof any measuredaorrelationwould be.
For example,free—free,synchrotronand dustemissionall vary stronglywith Galac-
tic latitude. For this reasonalonethey are expectedto correlatewith eachother A

cross—correlatiowith RM couldtherefore pn thefaceof it, simply be a Galacticlat-

itude effect. On the otherhand,sucha cross—correlatiocould insteadindicatemore
comple, smallerscalespatialassociatiorbetweentheseforegrounds. We therefore
adoptanentirelyempiricalapproacho this questionwe returnto theissueof Galactic
dependenchater, in Section5.5.

5.3 Distrib ution of rotation measures

Broten,MacLeod& Vallee (1988)presentan all-sky catalogueof rotationmeasures
for 674 extragalacticsourceqi.e. galaxiesor quasars).lt is believedthatvery large
RM valuesdo notreflectthecontribution of the Galacticmagnetidield, but areinstead
dueto themagnetidield in thesourceor areperhapsimply unreliabledeterminations
of RM (Ruzmaikin& Sololoff, 1979). The cataloguecontained39 sourceswhere
IR| >300rad m~?; 25 of thesearewithin the Galactic“cut” of the DMR dataused
in Section5.5.2and27 arewithin the Kp2 maskregion of the WMAP datausedlater
in Section5.5.3. While noting this complication,it wasdecidedto usethe complete
samplefor this study Thelarge—aluedrotationmeasuresvould only be expectedto
dilute obsened correlationsif they were entirely intrinsic; further commentson this
lateraremadein Section5.5.

Our first point of investigationwas to look at the distribution of rotation measures
acrosghesky. If we have asetof pointsonthecelestialspherdabelledwith somepar
ticular characteristi¢hatis independenotf thedirectionon the sphereany subsample
selectedusingthis characteristicshoulddisplaythe samebehaiour asthe sampleasa
whole. In particular any measureof the spatialcorrelationsof the subsampleshould
have the sameform asthe completesample(scaledto take into accountthe smaller
samplesize). Looking at the clusteringcharacteristicof subsamplesf the Faraday
rotation measurecataloguecanthusindicatewhetherthe RM valuesfor the sources
areintrinsic or determinedy their spatialpositions.

If apointis choseratrandomfrom anensemblef pointson a spherethenthe proba-
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bility of findingit hasa neighbourdocatedin the solid angled$2 separatedby 6 is
OP = ndQ[l + w(h)], (5.5)

wherew(f) is the two—point angularcorrelationfunction (Peebles1980) and n is

the numberof points per unit solid angle. The function w(f) measureghe excess
probability of finding two pointsseparatedby # above a randompoissondistribution.

Thus,whilst sitting on onepoint, the probability of finding a neighbouringpointin the
ranged to 6 + 66 is givenby

N -1

_ 2( 2 a2
P = L (sin®(0 4 06) — sin” 6) [1 4+ w(0)] (5.6)
N -1 .
~ 3 277 sin 6.7060 [1 + w(6)] (5.7)
N —
= = L in0[1 +w(9)] 56, (5.8)

wherer is theradiusof the sphereand N is the total numberof pointsin the sample.
On the other hand,the probability of finding a point in the range# to 8 + 66 when
centredon ary pointin thesamples givenby

5P = n(h) 60, (5.9)

wheren(0) is the conditionaldistribution of neighbourdistances.This is merelythe
summationover all pointsof the probabilitiesgiven by Equation(5.8) andtherefore
n(#) andw(@) canberelatedby

n(0) 60 = A sin @ [1 + w(6)] 60 (5.10)
N(N -1

NN =1) sinf [1 + w(6)]. (5.11)
NotethatwhenEquationg5.8)and(5.9) areintegratedover all angleshey cometo N
andN (N — 1) respectiely.

Owing to the small size of the sampleavailablefor this analysis,a simple but robust
statisticis needed We chosethe conditionaldistribution of neighbourdistancesy(9)
definedn Equation(5.9). Thishastheadvantageof beingcloselyrelatedo theangular
two—pointcorrelationfunction. The function () is straightforvardly calculatedby
determiningheanglebetweertheith sourceandeachremainingsource andrepeating
the procesdor every i. Theresultingangleswere placedin 100 bins of equalwidth
leadingto the distribution of 1(8).
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Thesamplewasdividedinto two sets;thosewith positve RM values(364 sourcesand
thosewith zeroor negative valuesof RM (310 sources).We calculatedy;(8) for two

subsampleghosewith positiverotationmeasureandthosewith negatve ones giving

n*t(#) andn~ (@) respectiely. Thetwo distributionswere comparedthroughMonte
Carlo simulationsin which the locationsof the sourcesn the sky were maintained,
but the RM valueswere randomly reallocatedto the position of the sources. This

methodensureghe underlyingdistribution of n(#) for realandMC samplesvasthe
samejut ary link betweerthe RM valuesandspatialpositionwould be severedin the
MCs. We extractn™(#) andn~ () from eachsimulationand constructedan average
of distribution over 1000 simulations.Sincethedistributionsarebinnedit is naturalto

compareMC distributionswith the real datato the averagedistributionsvia a x? test,
using

2 0;) — 7(0:)]?
) :;m ) 512

whereTj(0) is the averagedistribution. Thelarger x? is the lesslik ely the distribution
is drawn from the populationrepresentedby 77(6). The x?statisticobtainedfrom the
positive distributionsfor the MCs andBrotenet al. datawereranked (lowestvalueto
highest).Thesamewasdonefor the statisticsobtainedrom the negative distributions.
Thus, the higherthe rank of the real datathe morelikely the rotation measuresand
positionsarecorrelated.

Thedistributionn~ () calculatedrom the Brotenetal. catalogueandsampleMonte
Carlosimulationsareshavn in Figure5.1. Thedistributionsof n* (#) arenot shown,
but they behave in a similar fashion. The x? valuesobtainedwhen comparingboth
subsampledistributionswith the averageMC distributionswerelargerthanthoseob-
tainedby all 1000 MC subsamples.Indeed,Figure 5.1 demonstrateshat thereare
visible differencesbetweenthe measuredlistribution andthe MC simulations. This
demonstratethat the real datashow a significantcorrelationbetweerthe sign of ro-
tationmeasureandthe sources spatiallocation. Thisfits in with theideathatthereis
anasymmetryaboutthe meridianaboutthe Galacticcentre;a dominanceof negative
rotationmeasurest 0 < [ < 180° andpositive RM at 180° < [ < 360° (Vallee
& Kronbeg, 1975;Hanetal., 1997) (herewe usel! to denoteGalacticlongitudeto
avoid confusionwith theangularscal€el). Furthermoretheaveragedistribution of both
subsamplesireidenticalin shape;the peaksandtroughscorrespondo the samean-
gles.Thisreinforcegheview thatbothdistributionsyield similarinformation. Overall
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Figure5.1: Distribution of n(#) with # for sourceswith negative rotation measures.
Theverticalaxisis dimensionlesandthehorizontalaxisis ¢ in radians.Thesolid line
correspondso the Brotenetal. distribution, andthe dottedlinesshowv threerandomly
choserMC distributions.Notethe slight but statisticallysignificantexcessat small6.

theresultssupporttheview thatrotationmeasuresracethe Galacticmagneticfield at
theangularocationof the sourcewhichis encouragindor this study

5.4 Correlating rotation measureswith sky maps

In orderto look for correlationbetweerthetemperatureneasuremensndtherotation
measuregt the locationsof the sourcesve usea non—parametricneasurenf correla-
tion. ThetemperaturgT;) atthe locationof sourcei andthe rotationmeasureR; of
sourcei aredravn from unknonvn probability distributions. However, if the value of
eachT; is replacedby the valueof its rank amongall the otherT; thenthe resulting
list of numberswill be dravn uniformly from integersbetweernl andthe samplesize
N (whichis 674 for the whole sample). The sameprocedures followedfor the R;.
We areinterestedn the magnitudeof R asthis is determinedby the magneticfield
strength;the sign s irrelevantto the intensity of emissionat that point. If measure-
mentssharethe samevalue thenthey are assignedhe meanof the ranksthat they
would have hadif theirvaluesslightly differed.In all casethe sumof all ranksshould
be N(N + 1)/2, whereN is thenumberof sources.

The Spearmamank—ordercorrelationcoeficientis constructedsfollows. If z; is the
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rank of T; amongthe other7;’s, andy;’s is therank of R; amongthe otherR;. Then
the Spearmamank—ordercorrelationcoeficient, r, is thengivenby

Vi@ =2/ (v — 9)?
A perfectpositive correlationis representethy r, = 1, whereas;, = —1 is a perfect

negative correlation. This is a betterstatisticthanthe usualproduct-momentorrela-
tion coeficient becausehereis noreasorto suppose linearrelationbetweerthetwo
variables.In moregeneratermsit is worth stressinghatthe non—parametriaatureof
the Spearmarestrenderst insensitve to highly skewed distributions. Whatit mea-
suresrelatesto the orderingof the measurementstherthantheir actualvaluessothe
shape®f mamginal distributionsof x andy areirrelevant.

In orderto establisithe significanceof a non—zerar, valueobtainedfrom comparing
thetwo setsof measurementshe valuewascomparedo thoseobtainedthroughMC

simulations.The simulationsweredesigneduchthatthetemperaturdield ata partic-
ular pointwasnot linkedto the rotationmeasuresHowever, the sourcescould not be
simply placedrandomlyin ary locationthe sky sincetherealdatais clusteredwvhich

may affect the significancelevel of ary result. Therearetwo waysthis could have
beensimulatedo take this into account:itherotationmeasuresf the sourcecouldbe
shufled, or the coordinateframeof the sourcepositionscould be rotated. The former
option waschosenasit is computationallyfaster We performed10, 000 MCs anda
valueof r, wasobtainedfor eachone. This allows usstraightforvardly to establistthe
significancelevel of any measuremenh termsof the fraction of simulatedr, values
exceededy therealmeasurement.

5.5 Application to sky maps

5.5.1 Foreground maps

Theideaof usingrotationmeasures$o huntfor Galacticcontaminatiorin CMB data
hingeson the assumptiorthatforegroundsarerelated(directly or indirectly) with the
Galacticmagnetidield. As we explainedaborein Section5.2,this assumptiorseems
theoreticallywell-foundedout notempiricallyproven. If thetwo setsof measurements
were found to be uncorrelatedjt could be that our understandingf the physicsof
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foregroundemissiomeedsadjustingor thatthebeliefthatthethe maincontributionto
theintegralin Equation(5.2) relatesto the Galacticmagneticfield might beincorrect.
In orderto verify thatthereis indeeda correlationbetweensynchrotroremissionand
rotationmeasuresve lookedat a numberof “foreground” maps.

To startwith, we lookedat 8 “pure” synchrotrommaps:threeof thesearederivedfrom
the 408 MHz surwey of Haslamet al. (1982)and5 areproducedoy the WMAP team
(Bennettetal., 2003b);mapsfor thelatter (andof the datawe uselaterin this section)
areavailablein HEALPix format (Gorski, Hivon & Wandelt,1999)from the NASA
archve at http://lambda.gsfc.nasa.goThe WMAP mapshave a resolutionparameter
of Ngqe = 256 correspondindo 786, 432 pixels. The 408 MHz maphasa resolution
of 51 arcminandhasbeenreproducedn HEALPIx formatwith N,;;.,=128. We also
looked at this survey smoothedio COBE resolution(/N,;4.=32). The WMAP team
producedtheir mapsusing a maximumentroyy method(MEM) with the 408 MHz
map furnishinga prior spatialdistribution; the detailsof the methodare describedn
Bennettetal. (2003b).

Thefirst 8 rows of Table5.1summaris¢heresultsfrom thesemaps.The methodiden-
tifies weak but highly significantcorrelationsbetweenthe rotation measuresndthe
8 maps. The WMAP—derved mapsyield particularly strongsignals,with measured
rs Valuesexceedingthosein all 10,000 MCs exceptfor the W—-bandderived case.
Thesestrongly significantcorrelationsadd weight to the belief of the WMAP team
thatthey have producedsynchrotron—onlynapsfor the 5 frequenciesWhile the 408
MHz mapis at suchalow frequeng thatsynchrotroremissioncompletelydominates
the sky, the WMAP mapsare producedat frequenciesvherethe CMB is significant.
Furthermore thesemapshave beenproducedby trying to modeland remove other
sourcef contamination(dustandfree—free).Ther, valuesdecreasevith frequeng
acrosshe WMAP range. This is not entirely unexpected becausesynchrotronemis-
sion(seeEquation(5.4))decreasewith frequeng. Ontheotherhandsimply boosting
or suppressinghe amplitudeshouldnot influencethe non—parametricorrelationif
the spatialdistribution did not changewith frequeng. This effect maythereforebean
artifactof variationsin a.

To explore the possiblerelationshipbetweenfree—freeradiationand RM valueswe
usediwo maps:oneby Finkbeiner(2003),whichis acompositeall-sky Ha mapusing
datafrom varioussurweys, andthe otherproducedoy the WMAP teamatthe K—band
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| Map | r, | CorrelationProbability |
Synchrotron
408 MHz (Unmasled) 0.267 1.00
408 MHz (COBEresolution)| 0.277 1.00
408 MHz (Masked) 0.237 1.00
K—-bandderved 0.289 1.00
Ka—-bandderived 0.261 1.00
@—bandderived 0.196 1.00
V—-bandderived 0.168 1.00
W-bandderived 0.094 0.99
Free—Free
Ha (Unmasled) 0.444 1.00
Ha (Masked) 0.496 1.00
WMAP MEM (Unmasled) | 0.427 1.00
Dust
FDSmodel(Unmaslked) 0.405 1.00
FDS model(Masked) 0.429 1.00
WMAP MEM (Unmasled) | 0.247 1.00

Table5.1: Significanceof correlationsof Galacticforegroundsynchrotron free—free
anddustmapsdescribedn thetext with the Brotenetal. Faradayrotationmeasures.

frequeny usingtheMEM approachmentionedabove. Perhapsurprisingly theresults
in Table5.1demonstrata strongercorrelationbetweerthesemapsandRM thanthere
is in the synchrotronmaps,suggestinghat the correlationmay relateto regions of
wherethe Galacticmagneticfield is largely constantbor variesparallelto the line—of—
sightbut in which the electrondensityfluctuates.Free—freeadiationwill dependon
thesquareof theelectrondensitysofluctuationsn n, in aregionwith constantB may
producdargerof correlationsof RM of free—freeemissionthansynchrotron.

As far asdustis concernedve againusetwo maps: oneis a map constructedoy
the WMAP teamat 94 GHz usingmodelsproducedby Finkbeiner,Davis & Schleyel
(1999) and the otheris producedby the WMAP teamusing MEM at the W—band
frequeny. Onceagainthe resultingcorrelationsare significantly strongerthanthose
displayedby the synchrotrommaps.
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Onepossibleexplanationof the free—freeanddustresultsis thatthe cross—correlation
with RM we areseeings basicallyaneffect of Galacticlatitude.If all sourcegandB)
vary with Galacticlatitudethenthey will correlatewith eachother This is possible,
but one pieceof evidenceagainstthis explanationis thatif we maskout low Galac-
tic latitudesusingthe Kp2 maskadwcatedby Hinshav et al. (2003),the resultsfor
synchrotrondo not decreasaramaticallywhile thosefor dustand free—freeactually
increaseslightly.

As afinal commentit is worth noting thatwe repeatedhe cross—correlatiomnalysis
of thesemaps excludingthesourcesn theBrotenetal. catalogudhatyield verylarge

rotationmeasures,e. R > 300 radm~2. Theresultingvaluesof r, wereall slightly

reducedby amaximumof about0.04 in r,. Whatis interestingaboutthis resultis that

it shows thatthesesourcegprobablydo containsomeinformationaboutthe Galactic
magneticfield becauseheir RM measuresrenot entirely intrinsic. If thesesources
only addedhoiseto the cross—correlatioraswe suggesteabove thatthey might, then

the result on the cross—correlatiorof excluding themwould be randomratherthan

systematic.

5.5.2 COBE-DMR data

The DMR instrumentcomprisedsix differential microwave radiometers:two nearly
independenthannels|abelledA andB, atfrequencies$1.5, 53 and90 GHz. We use
datafrom theregion |b| > 20° with customcutoutsnearthe Galacticcentre(Banday
etal., 1997). Thereare460 sourcedrom the Brotenet al. cataloguen this region to
comparewith the DMR data. The dipole anisotropy of amplitude~ 3 mK is largely
removedin pre—map—makingrocesgBandayetal., 2003).We choseto look for cor-

relationsin 15 mapsfrom the DMR data:theraw datafrom eachof the six radiome-
ters;the (A+B)/2 summapsand(A-B)/2 differencemapsfor eachfrequeng; andthe
(A+B)/2 summapsafter smoothingwith a 7° beamup to /=20 usingthe’snoot h-

i ng’ routinein the HEALPIx packageThesummapsshouldrepresenthetrue CMB

signalwhereaghedifferencemapsshouldmeasurehe level of instrumentoise.The
COBE-DMRfour yearsky mapsusedfor this analysishave a resolutionparametepf
Nsige = 32 correspondingo 12, 288 pixelsin the HEALPIix representation.

Theresultsof looking for correlationsbetweernthe DMR mapsandthe rotationmea-
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| Map | r, | CorrelationProbability |
31.5GHz channelA 0.039 0.80
31.5GHzchanneB 0.013 0.61
53.0GHzchannelA -0.074 0.06
53.0GHz channeB -0.024 0.29
90.0GHz channelA 0.062 0.91
90.0GHz channeB -0.031 0.26
31.5GHz (A-B)/2 0.006 0.56
53.0GHz (A-B)/2 -0.026 0.29
90.0GHz (A-B)/2 0.059 0.90
31.5GHz (A+B)/2 0.017 0.64
53.0GHz (A+B)/2 -0.045 0.17
90.0GHz (A+B)/2 0.045 0.83
31.5GHz (A+B)/2 smoothed 0.056 0.89
53.0GHz (A+B)/2 smoothed 0.002 0.51
90.0GHz (A+B)/2 smoothed -0.048 0.15

Table5.2: Significancdevelsof correlationdbetweerthe DMR mapsdescribedn the
text andthe Brotenetal. data.

suresareshawn in table5.2. The summaps(correspondingo CMB + contaminants)
shouldshow the strongessignsof correlationsf thereareary to be seen.However,
noneof the mapsshawv ary evidenceof correlationwith the Brotenet al. catalogue.
In orderto seehow stablethe probability valuesare,the simulationswererepeatedor
the 90 GHz (A+B)/2 smoothednapa furtherthreetimesgiving probabilitiesof 0.16,
0.15 and0.15. This indicatesthat the probabilitiesand thusary conclusionsdravn
from themarevalid. Althoughthe mainfactormaywell betherelatively low signal—
to—noisein the COBE-DMRdata,we cansaythatour methodshows no evidencefor
ary residualforegroundcomponentn thesemaps.

5.5.3 WMAP 1-yr data

The WMAP instrumentcomprisesl0 differencingassembliegconsistingof two ra-
diometerseach)measuringover 5 frequencieg~23, 33, 41, 61 and94 GHz). The
two lowestfrequeny bands(K and Ka) areprimarily Galacticforegroundmonitors,
while the highestthree (Q, V' and W) are primarily cosmologicalbands(Hinshav
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etal., 2003). For CMB analysesit is necessaryo maskout regionsof strongfore-
groundemission. Bennettet al. (2003b,B03) provide masksfor excluding regions
wherethe contaminatiorievel is large. The masksarebasedon the K—bandmeasure-
ments wherecontaminatioris mostsevere. The masks of differing levelsof severity,
areavailablefrom the NASA archve. The severity of the maskis a compromisebe-
tweeneliminatingforegroundsandmaximisingsky areain analysesWe choseto use
theKp2 maskusedby Hinshaw etal. (2003)to calculatecross—spectraiom thethree
high frequeny dataleadingto the angularpower spectrum.The maskremoves15 %
of pixels (including bright sources)eaving 338 Faradaysourcego comparewith the
maps. Thereshouldbe no correlationsbetweenthe rotation measuresnd the high
frequeny maps,oncethe maskhasbeenapplied.If therearecorrelationsthis would
guestionwhetherthe amplitudeof the angularpower spectrunis cosmologicaln ori-
gin.

The WMAP teamhave alsoreleasedan internallinear combination(ILC) map that
combinedthe five bandmapsin sucha way to maintainunity responsdo the CMB
whilst minimising foregroundcontamination.The constructionof this mapis briefly
outlinedin Section3.3.4. Following thereleaseof the WMAP 1 yr dataTegmark,de
Oliveira-Costa%& Hamilton (2003, TOH) have produceda cleanedCMB mapaswell
asaWienerfilteredmapof the CMB. Again,thedetailsof thesewo mapsaresketched
in Section3.3.4.All threemapscoverthefull-sky andshouldrepresenonly the CMB
signal.

In all, 13 mapsderived from the WMAP datawereusedto seekcorrelationwith the
Brotenetal. catalogue:the five bandmaps,the five bandmapswith the Kp2 region
removed, the internallinear combinationmap, andthe cleanedand Wiener mapsof
TOH.

Theresultsof looking for correlationsbetweerthe WMAP derved dataandtherota-
tion measuresreshovn in Table5.3. Theuncutfrequeny mapsareall significantly
correlatedwith the rotation measuresexceptthe highestfrequeny map (W —band).
This confirmsthe expectedcontaminationof the dataacrossthesefrequencies.The
strengthof correlationdecreasewith increasingrequeng, which maybe understood
by looking at the contribution of all the foregroundsto the total sky signal across
thesebands. Combiningthe contributions of synchrotron,free—freeand dust, with
synchrotrongiven a weightingof 0.5 dueto its wealer correlation,would reproduce
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| Map | r, | CorrelationProbability |
K 0.292 1.00
Ka 0.189 1.00
Q 0.149 1.00
1% 0.126 1.00
W 0.063 0.95
K (with mask) 0.296 1.00
Ka (with mask) | 0.099 0.97
Q@ (with mask) 0.041 0.77
V' (with mask) 0.049 0.81
W (with mask) 0.043 0.78
ILC 0.021 0.71
TOH cleanedmap | 0.059 0.93
TOH Wienermap | 0.068 0.96

Table5.3: Significancelevels of cross—correlationderived from variousmapsorigi-
natingfrom WMAP with the Brotenetal. catalogue.

this trend. Oncethe Kp2 maskhasbeenapplied,the correlationsvanishfor all but
the K and Ka bandmap. Thereasorthata correlationis still foundwith the K band
datais probablythatthe cut only excludesthevery strongessignalssobothbandsare
still heavily contaminatedThis is probablynot a problemfor CMB analysisbecause
thesewill be projectedoutin the likelihoodanalysis.Moreover, the resultsfrom the
maslkedmapsindicatethatcalculatingthe angulampower spectrunfrom the 3 high fre-
gueng bandswith theKp2 cutis valid. Thecontaminatiorfrom Galacticforegrounds
correlatedwith Faradayrotationon thesestudiesis thereforeprobablysmall. Finally,
no correlationsare found betweenthe rotation measuresand two of the CMB—only
maps,suggestinghatthelevelsof contaminatiorareindeedlow, astheauthorsclaim.
Neverthelesstheresultfrom the Wienerfilteredmapof TOH suggests correlationat
95% confidencdevel.

Finally, we mentionthat on the NASA archve thereare mapsfrom eachhigh fre-
gueny assemblythat are supposedlycleanof foregroundcontaminantoutsidethe
Kp2 cutregion. Theresultsin Table5.4 showv thereareindeedno significantresidual
correlationgn thesedatawhenthe Kp2 maskis applied.
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| Map | r, | CorrelationProbability |
Q1 cleaned| 0.005 0.53

Q2 cleaned | -0.075 0.08

V1 cleaned | -0.008 0.43
V2cleaned| 0.023 0.66

W1 cleaned| -0.048 0.19

W2 cleaned| 0.009 0.56

W3 cleaned| -0.047 0.19

W4 cleaned| 0.018 0.63

Table5.4: Cross—correlations the“cleanmaps”from eachhigh frequeng assembly

5.6 Discussionand conclusions

Theaim of the chaptemwasto look for tracesof Galacticcontaminatiorin the COBE—
DMR 4 yr dataand WMAP 1 yr datausing correlationsbetweenthe mapsandthe
rotationmeasuresf Broten,MacLeod& Vallee(1988).

Firstly, therelationshipbetweerthe spatialpositionandthe RM valuesof the sources
in the cataloguewere studiedby looking at the angularcorrelationsof subsetgiravn
fromit. Theresultsclearlyindicatea correlationandconfirmthebasicview expressed
by otherauthorson propertiesof the Galacticmagnetidield. We theninvestigatedhe
relationshipbetweenthe rotation measureof a sourceandthe synchrotronemission
at the location of the source. Synchrotronmapsderived from the 408 MHz surnwey
of Haslamet al. (1982) and producedby the WMAP teamwere found to be corre-
latedwith RM values,shaving thatthesedo indeedprovide somesortof probeof the
Galacticmagnetidield.

We found stronger positive correlationsof RM valueswith both dustand free—free
mapsthanfor synchrotron.Thisis consistentvith indirectassociatiorof the different
sourcesput is probablynot simply a Galacticlatitude effect becausdhe correlation
persistsavenwhena Galacticcut is applied. Exactly how this correlationarisesis an
issuefor furtherstudy but it may provide aninsightinto the possiblerole of spinning
dust(Draine& Lazarian,1998)in GalacticforegroundqdeOliveira-Costatal., 1999,
2004a)asthis may align with the local magneticfield. Clearly much more detailed
modellingis neededo understandhesecorrelationstheoretically but the empirical
approachwe have adoptedstill provides a useful consisteng checkon foreground
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analysisevenif theorigin of the correlationis notwell understood.

Thecorrelationdetweerthetemperaturstrengthof the DMR andWMAP dataatthe
location of sourcesandthe RM valueswere then studiedusingthe Spearmamank—
ordercorrelationcoeficient. All 15 mapscompiledfrom the temperaturdield mea-
suredby the DMR instrumentwere found to be uncorrelatedwith the rotationmea-
surements.Correlationswere found with the uncutWMAP frequeng mapsandthe
cut K andK a—bandmaps.However, themapsusedby the WMAP teamto extractcos-
mologicalinformationwerefoundto be uncorrelated Furthermorefwo foreground—
subtractedCMB—-only mapswerefoundto be uncorrelatedvith the rotationmeasure
catalogue.Theresultsof this analysisprovide no evidenceof residualforegroundsin
the COBE-DMRmapsor the WMAP ILC map,but doyield a positive correlationfor
the TOH Wienerfilteredmap. Owingto thesmallsizeof our RM sampletheseresults
are only suggestie, but they do demonstratehe virtue of looking for independent
probesof GalacticforegroundcontaminationMuch largercompilationsof RM values
would beneededo make moredefinitestatementaboutcontaminationn temperature
maps.It is alsoverylik ely thatmuchcouldbelearntaboutpolarisedoregroundsusing
asimilarapproach.



Chapter 6

A Faraday rotation template for the
Galactic sky

6.1 Intr oduction

Thecontrolof foregroundemissions acritical partof CMB analysis.Oneof themajor
problemsis building accuratetemplatesof the foregroundsat the frequenciesvhere
CMB measurementare made. Not only doesthe strengthof the foregroundsignal
vary with frequeng, but also the signal variesspatially This makesit a challeng-
ing taskto extrapolateforegroundmeasurementsf synchrotroranddustfrom outside
frequenciesEventhen,we areignoringtheintrinsic uncertaintiesn the original mea-
surementsrangingfrom zero—lerel problemsto scanningerrors(Barreiro,2000). The
situationis evenmorebleakregardingfree—freeemission:the emissiononly becomes
strongethansynchrotroranddustattheveryfrequenciesvherethe CMB is dominant,
~25—70 GHz. Consequentlythereareno directtemplateof free—freeemissioravail-
able.We have alreadyseerevidenceof possibleforegroundcontaminationn WMAP—
deriveddatain chapters3 and5. FutureCMB experimentswith highersensitvity and
polarisationmeasurementwill only increasethe demandfor betterforegroundcon-
trols. Independentracerscould aid in the compilationof theseforegroundtemplates.
In Section5.5.1, we found the rotationmeasure®f extragalacticradio sourcedo be
correlatedwith all threeknown Galacticforegroundcomponents.ldeally, we would
like to take a rotationmeasureand predictthe strengthof foregroundsemissionat a
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givenfrequeng. Thefirst steptowardssucha goalis to build atemplatefor the RM
acrosghewholesky. Fromthis, we canervisagethe possibleconstructiorof separate
templatedor theindividual componentsvith moresophisticatesnodelling.

So, whatdo we intendto do? In this chapter we attemptto mapthe RM valuesas

a function of angularpositiongiving R(f2), wherewe useR to denotethe Faraday
rotation measureand (2 for the angularposition. CataloguesontainingRM values
of extragalacticsourcesare usedto constructthe function. The obsered spatialdis-

tribution of the RM valuescanbe expandedover a setof orthogonalbasisfunctions.
For analysisof datadistributedon the sky, expansionover sphericaharmonicsseems
natural

oo m=+I

RO =D amYim(®), (6.1)

=1 m=—1

wherethe q, ,,, arethe sphericalharmoniccoeficientsandtheY;,, arethe spherical
harmonics. The propertiesof the sphericalharmonicsare well understoodand the

calculationof the g, ,,, will allow us to utilise routineswithin the HEALPix package
for visualisatiorpurposesndfurtheranalysis However, anon—uniformdistribution of

datapointscompromisesphericaharmonicanalysisdueto thelossof orthogonality
(Gorski, 1994). It is morefruitful to analysea systemusingorthogonalffunctions:the

statisticalpropertiesof the coeficientsare simplified. If nonorthogonafunctionsare
used,the propertiesof the systemandthe basisare confused. Therefore,we would

like to constructan orthonormalbasiswith functionscloselyrelatedto thoseof the

sphericalharmonics. The sphericalharmoniccoeficients canthenbe obtainedfrom

theresultantcoeficientsof the orthogonabasis.

Sphericaharmonicanalysiof extragalacticsourceshasbeenpreviously performedoy
Seymour (1966,1984). However, the analysiswascarriedout usinga differentform
of orthogonalisatiomndonly on asetof 65 sources.

The RM mapresultingfrom our methodwill be a usefultool for probing Galactic
magneticstructure.Crucially, the mapwill alsobe avaluablepoint of referencevhen
investigatingmechanismshatinvolve the Galacticmagneticfield. This includesthe
CMB foregroundg(synchrotrondust,free—freeemissionhatwe have alreadyshovn
to becorrelatedwith rotationmeasuresThereis evidenceof anotherforegroundcom-
ponent(de Oliveira-Costeet al., 2004a),labelledforegroundX, thatis spatially cor-
relatedwith 100m dustemission. Spinningdustgrains(Draine & Lazarian,1998)
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arethe mostpopularcandidategor causingthis anomalougmission.A RM mapcan
provide insightinto therole of thesegrainsasthey may align with the local magnetic
field. Foregroundremoval will be particularlychallengingin CMB polarisationstud-
ies asforegroundsare moredominantthanin the temperatureanisotropies.Another
aspeciof CMB researclwherea RM mapwould be beneficialis in singlefrequeng

polarisatiormeasurementd hesemeasurementsill notbeableto remove theeffects
of Faradayrotationthroughthe Galacticmagneticfield. Thus,the extentto which the
resultshave beenaffectedby the E—-modesignalrotatinginto the B—modesignal(and
vice versa)is unknown.

Thelayoutof thechaptetis asfollows. | sketchin thenext sectionthecurrentviewsand
methodausedio explorelarge—scalenagnetidields. In section6.3,| describeéhethree
rotationmeasurecataloguesisedin our analysis.In Section6.4, | illustratea method
to generateorthonormalbasisfunctionsfor eachcatalogue.From the coeficients of
the new basis,the sphericalharmoniccoeficients are calculated. In Section6.5, |

presentheresultingRM mapsanddiscusshe obsenedfeatures.A brief application
of themapsis givenin Section6.6. Correlationsaaresoughtoetweerthe RM mapsand
cleanedCMB-only maps.Theconclusionsarepresente@nddiscussedh Section6.7.

6.2 Large—scalanagneticfields

In this chapter we aim to generaterotation measuremapsthat hopefully trace the

Galacticmagnetidield. However, first of all, | wishto outline our currentunderstand
ing of large—scalenagnetidields.

The origin of large—scalemagneticfields obsered on galacticand clusterscalesis
unknowvn. The magneticfields, with obsered strengthsof ~ 1076G, could be the
consequencef anamplificationof atiny seed( <10-?°G) by adynamomechanism.
Alternatively, the compressiorof a primordial seed(~ 10~?G) by protogalacticcol-
lapsecouldleadto thefieldswe seetoday Both scenariogequireaninitial primordial
field. Furthermorethe two mechanismseedto explain the high redshiftmagnetic
fieldsobsenedin galaxiegKronbe, Perry& Zukowski, 1992)anddamped.yman—
a clouds(Wolfe, Lanzetta& Oren,1992). Magneticfields play a crucialrole in star
formationaswell aspossiblyplaying an active role in galaxyformationasa whole
(Wassermanl978;Widrow, 2002). Thus,oneof the mostsignificanttasksin cosmol-
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ogy is unravelling the mysterybehindmagnetidields; from the primordialfield to our
own Galacticfield.

The CMB providesuswith the mostdistantandextensve probeof the earlyuniverse.
A primordial magneticfield will leave an imprint in this radiation. Various meth-
ods have beendevelopedthat seekthesesignatures.Barrav, Ferreira& Silk (1997)
usethe anisotropicexpansioncausedoy the presenceof a homogeneougprimordial
field to placelimits on its size from large—angleCMB measurementsOthershave
soughtcorrelationbetweerdifferentscalesn thetemperaturanisotropiegChenetal.,
2004;Naselsk etal., 2004)or computedhe effectsthefield hason the polarisation—
temperatureross—correlatiofScannapiecé& Ferreira, 1997;Lewis, 2004). Theexis-
tenceof amagnetidield atlast—scatteringlsoleadsto a possiblemeasurablé&araday
rotationof the polarisedCMB light (Kosowsky & Loeb,1996).

At the otherend of the scale,investigationof our own Galaxy's magneticfield has
led to the developmentof a numberof differenttechniquesHan (2004) provides a
concisereview of the subject. Techniquesnclude observingZeemansplitting, po-
larisedstarlight,synchrotrorradiation,Faradayrotatedlight andpolariseddustemis-
sion. However, evenwith all thesemethodstherearestill outstandingproblems.This
hasled to alack of consensusn key issuesifrom the numberof spiralarms;how the
armsareconnectedto thedirectionthefield takesalongthe arms(Vallee,1997;Han,
2004).

To fully understandnagneticfields, we needa coherentpicture throughoutdifferent
epochs.Theoriesandmodelscanthenbe testedagainstthis obsenationalpicture. A
rotationmeasurenapof thefull sky hasthe potentialto fulfil sucha goal. RM values
probetheintegral of themagnetidield from theradiationsourceto the obsenrer. Obvi-
ously, theinformationencodedn sucha mapdepend®nthelocationof theradiation
thatis rotated.FaradayrotatedpolarisedCMB radiationwill offer botha pictureof the
primordial field (at the surfaceof last scatteringlandthat of our Galaxy Therecent
detectionof CMB polarisationby DASI (Kovacetal., 2002) andconfirmationof this
via the WMAP (Kogutetal., 2003),have openedup a new avenuein CMB research.
Futureresultsfrom WMAP andPlancksatelliteswill offer polariseddatacoveringthe
full-sky over a rangeof frequenciegsevenin the caseof Planck). By forming a RM
mapwith the dataandlooking at differing scaleswe shouldbe ableto untanglethe
informationin the data;on the largestscalesthe local magneticfield canbe studied,
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whereaghe primordialfield canbe studiedon the smallerscales.

On the other hand,one of the maintools for probinglocal magneticfields (suchas
our Galaxys) involves utilising RM valuesfrom extragalacticsources. Catalogues
containingRM valuesof extragalacticsourceshave beenusedto map the Galactic
field (eg. Frick etal. (2001)). Combiningthis datawith rotationmeasurefrom pulsars
thatarelocatedwithin our Galaxy it is concevablethata 3—dimensionalmageof the
Galacticmagnetidield canbebuilt. However, currentRM cataloguearebothsparsely
populatedandunevenly sampled.Thus,astutemethodsarerequiredto producea RM
mapwith thedataathand.It is with thisin mind,thatwe proceedvith thedevelopment
of atechniqueor generatindRM maps.

6.3 Rotation measute catalogues

Faradayrotationmeasuresf extragalacticadiosourcesredirecttracersof the Galac-
tic magneticfield. The natureandusesof rotationmeasuregaredescribedn detailin
Section5.2. In whatfollows we shalluseRM valuesobtainedfrom threecatalogues
in anattemptto mapR(2) overthewholesky. All threecataloguesresparselypop-
ulatedandhave non—uniformdistributions. It is essentiato remove the structuredue
to the spatialdistribution of the sources.This structureis uniqueto eachcatalogue.
Thereforefor eachcataloguea new setof orthonormalfunctionshasto be generated.

Thethreecataloguesisedarethoseof Simard-NormandinkKronbeg & Button (1981,
hereaftelS81),Broten,MacLeod& Vallee(1988,updatedl991,B88) andFrick etal.
(2001,F01). S81presentnall-sky catalogueof rotationmeasure$or 555 extragalac-
tic radiosourcegie. galaxiesandquasars)B88 andF01 contain674 and800 sources
respectrely. B88 was usedin chapter5 to look for statisticalcorrelationsbetween
CMB obsenationsanda RM sample.In FO1,thetwo othercataloguesrecombined
with smallerstudiesof specificregionsin thesky (seepaperfor details). They alsopro-
vide slightly reducedversionsof the othertwo cataloguesSourceswith significantly
larger RM valuesthanthosein the otherstudiesareremoved, leaving cataloguef
551 sourcedor S81and663 for B88. In our analysiswe will usetheseversionsof the
two catalogues.

Finally, werejectsourcesvith R > 300 rad m™~2. SuchlargeRM valuesareunlikely to
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representealfeaturef the Galacticmagnetidield: they perhapsarisefrom incorrect
determinationof R dueto the nm ambiguity in polarisationangle; magneticfields
within the sources;Equation(5.1) beingincorrect; and so on. This final selection
criteriareduceshe catalogueso 540 sourcedor S81,644 for B88,and744 for FO1.

6.4 Generatinga new basis

We canonly obsere RM valueswheretherehappendo bealine of sight. This means
we seethe RM sky througha peculiar‘mask”. We wish to generatea new orthogonal
basisthat takes accountof the spatialstructureof this mask. In particular we need
to find a setof functionsthatare orthogonalon the incompletesphere.ldeally, these
new functionsshouldberelatedto thesphericaharmonicgwhichareorthogonafunc-

tions on a completesphere).Thiswill enableusto determinethe sphericalharmonic
coeficientsfrom the new functionsandtheir coeficients.

Gorski (1994)tacklesthe problemfrom the point of view of CMB analysis.The de-
terminationof the angularpower spectrumis a crucial elementof muchwork in the
field. If thetemperatureanisotropiesorm a Gaussiarmrandomfield thenthey canbe
completelycharacterisedby the angularpower spectrum. In orderto obtainthe an-
gular power spectrumone needsto estimatethe sphericalharmoniccoeficients. At
low Galacticlatitudes(b < 20°) foregroundcontaminationis severe. Therefore,it
is preferableto obtainan estimateof the sphericalharmoniccoeficients outsidethis
region. Gorski (1994) calculatesa new set of functionsthat are orthogonalto this
cut sphere.Thesefunctionsare usedto calculatethe sphericalharmoniccoeficients
andthusestimatethe angularpower spectrumfrom the two—yearCOBE-DMR data
(Bennettetal., 1994).

In orderto seehow themethodworksit is prudento look atthedefinitionof orthogonal
functions.Let usconsidetwo comple functionsA(z) and B(z). If

/b A*(z)B(z) dz = 0, (6.2)

thenA(z) andB(z) areorthogonabverontheinterval {a, b}. If weincorporatehese
two functionsinto a vectorv=[A(z),B(x)], the orthogonalityof the functionscanbe
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expressedhroughthe scalamproduct
(v v apy =L (6.3)

We shallnow look atorthogonafunctionsin the context of acompletesphere A func-

tion canbedescribedy sphericaharmonicsy; ,,,(€2) upto anorderl,,,,. We canform
an(lyax+1)*—dimensionavectory=[Y; ¢(2), Y1 1(Q), Y10(2), Y1.1(Q), - - -, Vieow e (D)]-
Thescalamproductis thendefinedas

{y - yT>{full skyy = L. (6.4)

Thesky canthereforebefully describedy

(lmax—+1)?
ROQ)= ) aYi(@Q=a"-y. (6.5)

=1
However, whenthe spherds incompletedueto a Galaxycut or amorecomplex mask
beingapplied,we have
v ¥ Veuskyy = W #1L, (6.6)
whereW is the coupling matrix. A new basis,wherethe equality is true, can be
constructedn the following manner The procedureis a type of Gram—Schmidbr-
thogonalisationW canbe Choleski—-decomposedto a productof a lower triangular
matrix L andits transpose
W=L.LT. (6.7)
TheinversematrixI' = L~! is thencomputed.The new setof functionson thecut sky
is
P = (I ¥){cut sky}- (6.8)

By constructionwe have

<¢ : ¢T>{Cut sky} — r. y- yT'FT

= T-L-LT.17T
= L' L.-L7-L™H
= L (6.9)

This canbe a usefulcross—checkor testingthe code.Finally, the new basisfunctions
canbeusedto describeR

(Imax—+1)2

RQ) = > Q) =c" 9. (6.10)

=1
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At this point, only theangularmpositions(2,, of thesourceshave beenrequired.In order
to obtainthe coeficientsc; of the new basis,the rotationmeasureR,, themselesare
required. It is worth putting it into the context of the datawe have. Let the number
of sourcesn our catalogueébe N andlet (/.. + 1)> = M. It shouldbe evidentthat
we have a setof simultaneougquationsvhich have to be solvedin orderto obtainthe
coeficientsof thenew basisfunctions

R() = c11() + cotpa () + ... 4 crtPar (1)
R(Q2) = c191(S) + cotpa (o) + ... + carPar (Q2)

R(Qn) = athi(Qn) + 22 () + ... + crroar (). (6.11)

So,aslongas N > M, theseequationsshouldbe solvable. Ultimately, we wish to
obtainthe sphericaharmoniccoeficientsa; ,,. Using Equation(6.8), we see

R=a-y=c'-¢y=c" Ty (6.12)

andtherefore
al=c’.T' - a=T7.c. (6.13)

So,we have obtainedthe sphericaharmoniccoeficients.

Thereare somepracticalpointsthat have beenglossedover in the above description
of the method. Firstly, the RM valuesin the cataloguesieedto be smoothed.Other
wise, asthe seriesin Equation(6.10)is finite, we will be attemptingto fit large—scale
wavesto small-scaldeatures.|deally, the smoothingwill take placein the new ba-
sis, however, this is impractical. Therefore,we choseto smoothin harmonicspace.
Aroundeachsourceahoopof 20° is thrown andthe averageRM valueis takenof the
sourceswithin the hoop. This could have beendonevia a moresophisticatesmethod,
saya Gaussian—weightesheanof RM values. However, we choseto usethe simple
approach.The size of the hoopwaschosento matchl,,., (~ 16) closelyin angular
size.Furthermoreit coincidedwith thelimiting resolutionof thewaveletmethodused
in Frick etal. (2001)onthe samecatalogues.

Secondlywe needto determingo whatorderwe take theseriesupto, i.e. thevalueof
Imax- We do this throughtrial anderror As we will expanduponin the next section,
RM mapswere generatedor [, valuesof 8, 10, 15, 16, 17 and18. The power
spectrunmfor eachmapwasstudied.At somelimiting valueof [, theshapeatlow [
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altersasfeaturesbecomeunstable.Maximaandminima pointsexplodesincewe are
trying to fit moreandmorefunctionto the sameamountof data. Thatis to say N is
gettingtoo similarto M.

Finally, the corventionfor sphericalharmonicshasto be chosencarefully The new
basisfunctionswerecalculatedusingthe corventionof Gorski(1994)where

Yion(6.6) = \/ () \/ (o) nosnse) 4

andf(¢) = 72 cos(me), (27)~/2, or m=/2sin(|m|¢) for m > 0, = 0, or < 0.
The sphericalharmoniccoeficientscanthenbetrivially corvertedinto thosethatad-
hereto theHEALPix definitionof theharmonicsvherenow f(¢) = (27)~'/2[cos(m¢)+
isin(mg)] or (=1)™(27)~/2[cos(m¢) + isin(me)] for m > 0 or < 0. The corven-
tion of Gorski(1994)waschosersincetheinformationwithin the coeficientsis more

highly compressedWhereasn the HEALPix definition, the coeficient are comple
with asymmetrybetweentm and-m, thosefollowing thecornventionof Gorski(1994)
arereal and containno suchsymmetry The redundaninformationin the HEALPix
coeficientsleadsto confusionwhensolving Equation(6.11).

6.5 All-sky RM mapsand their interpretation

For all threecataloguessetsof sphericalharmoniccoeficientswere calculatedwith

lwax Deingsetto 8, 10, 15, 16, 17 and18. From thesecoeficients,RM mapswere
producedusingthe’synf ast ’ routinein the HEALPix package.To seewhethera
RM mapwasdisplayingreal featuresor whetherthe seriesexpansionhad beenex-

tendedtoo far, we looked at the angularpower spectrumof eachmap. The angular
power spectrumis the harmonicspaceequvalent of the autocwariancefunction in

realspacelt is definedas

2, (6.15)

1
Ci=s—= |aim
=gy 2l

m

The spectraof the RM mapsare showvn in Figure6.1. For all threecataloguesit is
clearthatthe shapeof the spectras consistenup to /., = 16. Extendingthe series
expansionto highervaluesof [,,,., leadsto fluctuationsin the power on the largest—
scales(low /). The methodfinds it harderto reconcilethe datawith the increasing
numberof basisfunctions.Theresultis thatmaximaandminimaexplodeastoo much
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Figure6.1: Power spectra.Red!,.,=15, greenl,,.,=16, blue /,,,,=17, dotted!,.,=8
and10,anddash—dot,,,,=18. Fromtopto bottom S81,B88 andF01 catalogues.

freedomis given. Thisis clearlyvisible in themapsfor /,,,,,=17 and18 (notdisplayed).
Althoughlooking at the bottomsetsof spectraor FO1,we seethe spectrdor /,,,,=17

is consistentuntil the octopole(/=3) whereit spikes. This suggesthat due to the
largerdatasizeof FO1it is moreableto copewith thedemand®f increasingheseries
expansion.Therefore at timesthroughoutthis section,we will focusour analysison

theRM mapfrom the FO1cataloguewith [,,,,=16.

In Figures6.2, 6.3 and 6.4, we shov the RM mapsfor the S81,B88 and FO1 cata-
loguesrespectiely. We displayonly thel,,,=10 and16 mapsin ordernotto overload
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Figure6.3: B88 cataloguawith 644 sources(Left) /. =10. (Botton) /., =16.

thereademwith information. Ther.m.s.valuesof R for theS81,B88andFO01RM maps
(Imax=16)are26.4, 23.5 and21.5 rad m 2, respectiely. Maxima(largepositve R) are
red, whereasminima (large negative R) areblue. The two limiting scalesenableus
to seethe progressof structureasthe seriesexpansionis extendedto include higher
modes.We canobsenre how featureat small/ developasthe seriesextends.Reassur
ingly, themainfeaturedn thel,,,,=16 mapsarealsopresenin thel,,,,=10 maps.The
positionsof the maximaand minimaremainroughly unchanged.This is compelling
evidencethatthe obsered featuresarereal. However, comparisorof the mapsfrom

thethreecataloguess inhibited by thetemperature—colowscalevarying from mapto

map. Therefore for the /,,.,=16 maps,we force the maximumandminimum scaleto

Figure6.4: FO1 catalogueawith 744 sources(Left) [,,.x =10. (Botton) /., =16.
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Figure6.5: RM mapswith identicaltemperature—colowgcaling(/,,.x = 16). Fromtop
to bottom S81,B88 andF01 catalogues.

be|R| = 100rad m~? ; theresultsof which areshowvn in Figure6.5.

From Figure6.5, it is clearthatthe maximaat /! ~ 270° andminimaat * ~ 90° are
the dominantfeaturesin all threeplots (againwe usel™ to denoteGalacticlongitude
to avoid confusionwith the angularscalel). This maxima/minimapair corresponds
to the large—scalemagneticfield in the local Orion spur(sometimegeferredto asan
arm). Thesetwo spotsaredisplacedrom theequatorto negative Galacticcoordinates.
This asymmetrybetweenthe two hemispheretiasbeenwidely reportedbefore (eg.
Vallee& Kronbeg, 1975;Frick etal., 2001);it is usuallyattributedto thelocal radio
Loop| (theNorth Galacticspur).Suchlocal distortionsareassociatedvith interstellar
magnetiseduperlibbleswith typical diameterof 200 pc (Vallee,1997).Thereis also
a prominentmaxima/minimapair towardsthe Galacticcentrein the RM mapformed
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Figure6.6: Galacticequatorcross—sectioff,.x = 16).Dashed S81catalogueDot-
ted B88 catalogueandSolidline: FO1catalogue

from the FO1 catalogue.The centresof the maximaand minimaareat /! = 1° and
I = 346°, respectiely . On closerinspectionthis featureis presenin the RM maps
from the othertwo cataloguesFinally, in the S81RM map,thereis a strongmaxima

at!! ~50° in the northernhemisphereThis featureis only suggestedh the othertwo
maps.

Cross—sectionsalong the Galactic equatoy were taken of the RM maps (/;,.,=16)
in orderto further understandhe features. Theseare shavn in Figure 6.6. Ideally,
with sucha slice, maxima/minimalocationsshouldindicatethe tangentialdirection
to spiral armsanddirectionalfield changesshouldcorrespondo R = 0. However,
local distortionsand flaws in the map—makingprocess make this not entirely true.
The orion spurlocationis clearfor all threemaps. Furthermorethe maxima/minima
pair towardsthe Galacticcentre(describedn the previous paragraph)s evidentin
all threecross—sectionsHowever, the pictureis hazyfrom ("'=30-50: thereis clear
field reversalin S81map;ahint of areversalin FO1 map;andnonein B88 map. The
maximaandminimain the cross—sectionsould be attributedto the namednnerarms
(eg. theminimanearthe Galacticcentreto the Normaarm),however, this seemgjuite
speculatre giventhevariationfrom catalogueo catalogue.

It is clear that the Orion spuris the dominantfeature. Sincethe associatednax-
ima/minimapair is separatedby 18, it will be the main sourceof the dipole (I=1).
Moreover, we seefrom the spectrathat the quadrupoleg(i=2) is also strong. There-



Faraday rotation template 90

WA [\

-1.247E+02 I +92. 480278

Figure6.7: FO1cataloguewith boththe dipoleandquadrupoleemoved(/,,., = 16).

fore, we remove boththe dipole andquadruplerom the RM map(/,,.,=16) compiled
from the FO1 data. Theresultsof which aredisplayedn Figure6.7. This enableusto
view someof the smallerscalefeatures.Thesedetailswill be hardto explain solely
from Galacticmagneticfield models.It will beinterestingto see,if thesesmall-scale
featuregersistwith largerdatasets.

A studyof theglobal Galacticmagnetidield structurewould benefitfrom theremoval
of local distortions. Consequentlywe appliedthe methodwith the region containing
Loop | removed (b > 0°, 0 < I < 40°, 270 < I'' < 360°) (Ruzmaikin& Sokolov,
1977). However, the removed segmentwastoo large to successfullyreconstructhe
sky giventhe remainingsources.The lack of restrictionsin the sgmentmeantlarge
maxima/minimdormedthere.This highlightsonedisadwantageof sphericaharmonic
analysisover waveletanalysisthatcanbe localisedin both physicalandwavenumber
spaces.The removal of theselocal structureds usefulfor gettinga clear picture of
the Galacticmagnetidield. In CMB foregroundstudies however, thesestructuresare
essentiatomponent®f atemplate.

6.6 Correlationswith CMB maps

As mentionedn theintroductionto this chaptey RM mapshave a generaimportance
beyondtrying to mapthe Galacticmagnetidield. In whatfollows, we hopeto display
one particularfunction. In this section,we focus solely on the RM map produced
from the FO1 cataloguewith /..., setto 16. In chapter5 we developeda diagnosticof
foregroundcontaminationn CMB maps.The methodmeasuredhe cross—correlation
betweenthe RM of extragalacticsourcesandthe obsered microwave signalsat the
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sameangularposition. In what follows, we seekcorrelationsbetweenthe spherical
harmonicmodesof the RM mapand CMB—-only maps. In doing so, we shalllook at
the phase®f the coeficientsof the modesfrom (=2 to [=16. Phasecorrelationsvere
usedin chapter3 to huntfor evidenceof departurein the CMB temperaturdield from

a Gaussiamandomfield. In chapter4.1a certainform of phasecorrelationwasfound
to be associatedvith non—trivial topologies. PhasecorrelationsbetweenCMB and
foregroundmapshave beensoughtbefore(Naselsly, Doroshlevich & Verkhodana,

2003; Chiang& Naselsly, 2004), however, herewe wish to emphasisehe virtue of

having independenprobesof Galacticforegroundcontamination.

In orderto seekevidenceof phasecorrelationsbetweerthe RM mapandCMB data,
we turnedto two WMAP-derved maps.Both maps’constructiorareoutlinedin Sec-
tion 3.3.4. The ultimate goal of thesemapsis to build an accuratemageof the last
scatteringsurfacethat captureshe detailedmorphology We usethe WMAP teams
internal linear combination(ILC) map andthe Wienerfiltered map of Tegmark, de
Oliveira-Costa& Hamilton (2003, TOH). The latter was chosensincethe map was
foundto becorrelatedvith RM valuesin chapters.

Two measure®f phaseassociatiorwere used: the circular cross—correlatioroefi-
cient R andKuiper'sstatisticl. Both statisticswill beevaluatedateachscalel from 2
to 16. If welet ®ry and®cyp bethe phase®f theRM andCMB maps respectiely.
Then,following Fisher(1993), R is definedas:

I
R(l)=17" Z co8(®@m,rm — Pr,cmB)- (6.16)
m=1

The expectationvalue of R is 0, and hencehighly correlatedphasesare associated
with largevaluesof |R|. Kuiper's statisticis calculatedrom the availablesetof phase
differenceq®,, r;t — @1 cMp) atagivenscale.Kuiper's statisticis comprehensiely
describedn Section3.2.1.First,the phasdifferencesaresortedinto ascendingrder
to givetheset{©;,...,0,}. Eachangle©; is dividedby 27 to give asetof variables
X;, wherej = 1...p. Fromthe setof X; we derive two valuesS; and S, (see
Equationg3.2) and(3.3)). Kuiper’s statisticis thendefinedas

V(l)=(S;+S,)- (\/]3+0.155+ 0'—\/2;). (6.17)

Again, the form of V is chosenso that it is approximatelyindependenbf sample
sizefor large p. Anomalouslylarge valuesof V' indicatea distribution thatis more
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Figure6.8: Internallinearcombinationmapconstructedvith a, ,,, for I=11only.

clumpedthana uniformly randomdistribution, while low valuesmeanthatanglesare
moreregular.

To accesshesignificanceof thevaluesof R andV obtainedrom thecomparisorof the
RM mapwith thetwo CMB maps,we make useof Monte Carlo skieswith uniformly
randomphases.The statisticswere calculatedfor 10,000MC skiescontrastedvith a
further 10,000MC skies. Thus,we areleft with 10,000valuesof R andV for each
scale.

Theresultsfrom bothCMB mapssuggestshatthereis strongcorrelationdetweerthe
phasest/=11. ForthelLC, thevaluesof R(11) andV/(11) aregreateithan99 percent
of theMC values.Whereasthevaluesof R(11) andV/(11) correspondingo the TOH

Wienerfilteredmaparegreaterthan97 and98 percentof the MC skies,respectrely.

In Figure6.8we plot theILC mapconstructeavith thea, ,,, for [=11. Overlappingthis

imagewith thatof theRM in Fig 6.4, we canseethatthe centralmaxima/minimapair

in theRM maparesimilarin location,sizeandshapdo structuren theILC image(but

with coloursreversed).This is probablywhat determineghe specificscale/=11. In-

terestingly /=11 correspond$o thescalethatNaselsly, Doroshlevich & Verkhodang

(2003)foundthe greatestevel of correlationbetweerthelLC phasesandthoseof the
foregroundmaps.

6.7 Conclusions

In this chaptey a nev methodwas presentedo generateall-sky RM mapsfrom un-
even and sparselypopulateddatasamples.The methodcalculatesa setof functions
orthonormailto the dataset. With thesebasisfunctions,the sphericalharmoniccoef-
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ficientsarecalculatedandcorvertedinto sky mapsusingthe HEALPix package . The
methodwasappliedto threecataloguesS81,B88andF01cataloguesMapsfrom each
catalogueshoved evidenceof the magneticfield in our local Orion spur the North—
Southasymmetryattributedto radio Loop | anda maxima/minimapair closeto the
Galacticcentrethat possiblycorrespondso the magneticfield of two inner Galactic
arms.A RM mapconstructedrom the S81cataloguealsohada prominentmaximaat
™~ 50° in the northernhemisphere.

In Section6.6, we shaved the benefitsa RM map hasto CMB foreground analy-
sis. PhasecorrelationsveresoughtbetweerRM mapsandthoseof CMB—only maps
derivedfrom the WMAP data.For boththe WMAP teams ILC mapandthe Wiener

fiteredmapof TOH, phasesorrespondingo /=11werefoundto behighly correlated.
Naselsk, Doroshlevich & Verkhodanw (2003)foundthesamescaleto displayphase
correlationsvhencarryingoutasimilaranalysisonthelLC mapandforegroundmaps.
Their detectionof correlationsat the samescaleasour analysis reafirms the conclu-
siondrawn in chapter5 thatthe RM cataloguesare valuableindependentracersof

CMB foregrounds.

Modelling foregroundswill play a crucial role in CMB polarisationstudies. Fore-
groundcontaminatioris expectedto be moreseverethanin thetemperatureneasure-
ments(Kosavsky, 1999). Consequentlysuperiortemplatesfor the individual fore-
groundcomponentsre required. RM mapswill help tracethesecomponents.Be-
sidesthis, extrapolationof low frequeny measurementf synchrotrorpolarisationto
CMB frequenciedasbeenshavn to be complicatedoy Faradayrotation(de Oliveira-
Costaet al., 2003). Again, this underlinesheimportanceof developingtemplatesof
the Faradayrotationof the Galacticsky. Efforts to mapthe RM sky will be greatly
enhancedy increasedsourcecataloguedor both extragalacticsourcesand pulsars
within our Galaxy This may enablethe formationof a 3—dimensionalmageof the
Galacticmagnetidield. Furthermoreattemptso mapthe RM sky will beenhancedby
upcomingsatellite CMB polarisationexperimentswhich presentunprecedentedky—
coverageandresolution.



Chapter 7
Problemsand futur e extensions

In this thesis,| have developeda numberof diagnosticscapableof identifying non—
standardoehaiour in the CMB temperaturdield. Chapters2—4 focusedon the de-
velopmentof a statisticthat utilised the phaseinformation of the sphericalharmonic
coeficients. The techniquewas found to complimentmore traditional measure®f
non—GaussianityA rathersimpleandobvious extensionto this work, is to apply the
phasestatisticto forthcoming2nd—yeaMWVMAP datawith a Galacticcutincorporated
into the MC simulations.It will beinterestingto seeif the obsered peculiarfeatures
seenin chapter3 remain.Incorporatingthe Galacticcut will allow usto directly anal-
ysethedatasetusedto establisithekey parametersTheindividual frequeny mapsof
WMAP areusedn thecomputatiorof theangulampower spectrum Theestablishment
of key cosmologicaparameterselieson Gaussiarstatisticsto hold for this data.

Equally, it shouldbe rewardingto usethe phasetechniqueto explore multipolesbe-
yond/=20. Two factorsinhibit this: Kuiper’s statisticis a generakestthatis suitedto
asmallnumberof datapointsandsecondlythe computationatime neededo generate
the Wigner D—functionsignificantlyincreasesvith increasing. The first point may
be tackledby the developmentof a moretailoredstatistic. In Section2.3.3,we found
phasesvere separatedby +7 whenforming particularband—shapeand structurein
the southernrhemispherelt hasbeenclaimedthatthereis a North-Southasymmetry
in the WMAP data(eg. Eriksenetal., 2004b).Is this type of phasecouplinghinting at
amethodto usethe phasedo probethis? Clearly; it is vital to understandhe origin of
thesephasecorrelations.Matsubarg2003)found a relation betweenthe distribution
of aspecificform of associateghhasesandthe hierarchyof polyspectran the context
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of structureformation. Finding links betweenthe phaseinformationandothertradi-
tional non—Gaussiameasuresuchasthe genus(which is also a valuabletracerof
morphology)will allow usto getabetterhandleon the sourceof thesecorrelations.

Thesecondaspectequiresadvancements thegeneratiorof the Wigner D—function.
Alternatively, we couldfind a new methodfor rotatingthe coordinatdrame. This may
meantailoringthemethodaroundthe HEALPIx pixelisationschemeFor example,we
couldcreatea grid of rotationvectorsin real spacethatshufle the pixelsaround.The
problemis thatwe have to evenly samplethe sphere Uniformly rotatingthe sky along
the polar angle ¢ is trivial, but dueto the shapeof the individual pixels, uniformly
samplingthe azimuthalanglef is morechallenging.Otherpixelisationschemesnay
be moresuitedto rotatingthe sky in real-space.

Theissueof studyinghigh multipolescanbe simply solvedby takinga small patchof
thesky andassuminghesurfaceis flat. Onecanthenwork in the Fourierdomainand
make useof phasdaechniqueslreadydevelopedin the context of structureformation.

Beyondthis, the phaseanalysisneeddo be extendedn suchaway thatwe canprobe
more complex forms of phasecorrelations. A large—scalenomogeneougprimordial
magneticfield would inducecorrelationsbetweeng;_; ,, anda;11 ,, atfixedm. Our
currentmethodsarenotsensitveto thiskind of correlation.It will alsobeenlightening
to combinethe phasewwith the amplitudesjn the spirit of Stannard® Coles(2004),
to look for anomalies. Ultimately, it will be importantto develop similar tools that
canuntanglephasenformationencodedn otherclasse®f cosmicfieldssuchasthose
seenin gravitationallensingstudies.

Oneof thekey questionghatarosefrom thereleaseof the WMAP datawastheissue
of themissingpower at large scales A possibleexplanationis thatwe inhabita small
universe.Thiswasinvestigatedn chapter4. Theissueof thetopologyof the universe
is importantin its own right. The standarcconcordancenodelplacesusin auniverse
with Euclideangeometry If simply—connectedthenthe universeis infinite in size.
Is it thensensibleo make claimsaboutthe natureof aninfinite universefrom afinite
obsenablepatch?A morecompleteview of the universewould be offeredby knowing
its topology Methodsneedto be developedthat can explore beyond the limits of
the circlesin the sky method(Cornish,Spegel & Starkman, 1998). We have shavn
that the phaseshave the potentialto do just that. However, we needto verify this
by applyingthe methodto more simulations. Coupledto this, we needto seekthese
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correlationsin datawherethe issueof foregroundcontaminationis lesssignificant.
Incorporatingthe Galactic cut into the MC simulations,as alreadysuggestedwill
enableusto probecleanemaps.

The significanceof the absenpower at large scalesappearso dependon the analysis
performedon thedata.lt hasbeenclaimedthatthe discrepang from the concordance
modelis lessstatisticallysignificantthanoriginally thought(Efstathiou,2003). Nev-
erthelessthereis still mysterysurroundingthe planarnatureof the low multipoles
(seeSection3.3.4).Evidently, furtherinvestigationof theselow multipolesis required
andin particulartheir phases. It would be surprisingif the phaseswere not a key
componentn forming themultipoles’planarshapelt hasalreadybeenfoundthatcer
tain map—making—processé=adto a poorreconstructiorof the cosmologicaphases
(Eriksenetal., 2004a).

Theissueof foregroundcontaminatiorof CMB datawastoucheduponduringthework
onthe phasestatistic.In chapter5, we dealtwith thisissuein detail. We developedan
independentracerof the Galacticforegroundsfrom a catalogueof rotationmeasures
of extragalacticradio sources.A betterunderstandingf the frequeny dependence
of the correlationsis required. Datafrom a wider frequeng rangewill aid this. For
example,the recentArcheopsdata(Tristramet al., 2004)that covers20% of the sky
is compiledfrom frequeny bandscenteredat 143 and217 GHz. At thesefrequencies
dustis the sole foregroundcontaminant. A comparisonof the samesectionsof the
sky from the WMAP datawould give us a betterhandleon how the strengthof the
correlationsvarieswith frequeng for dust. This could aid in the separatiorof the
contrikbution of the differentcomponents.Again, this may give us a helpinghandin
understandinghe mechanisntausingghe anomalougmissionat ~ 20 GHz.

In chapter6, we developeda templateof the RM sky. This is the first stepin de-
velopingtemplatesof the foregroundcomponentghat incorporateinformationfrom
rotationmeasuresApplying constrainton theelectrondensityandGalacticmagnetic
field, it is concevablethatpredictionscanbe madefor the signalsfrom theforeground
components.Furthermore the RM mapscan be integratedinto methodsfor gener
ating CMB—-only maps. For example, maximumentropy methodsuse templatesof
foregroundcomponentgrom outsidefrequenciego generateCMB-only maps. The
RM map could be addedas anotherconstraintin the calculationof the CMB signal
from sucha method.Otherpotentialusesfor the RM maphave alreadybeenlistedin
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chapter6, although,it is worth pointing out that the orthogonalisatiorschemecould
beusedon otherincompleteastronomicatlatasets.

Finally, on amoregeneralinote,high quality CMB—only mapswill eventuallybecon-
structeddueto decreasem instrumentnoiseandbetterforegroundcontrol. Oneof the
motivationsfor producingtheseCMB—-only sky mapsis to performjoint dataanaly-
sis. Boughné& Crittenden(2004) showv the importanceof this type of analysis:they
useCMB dataandthe X—ray backgroundo shaov evidenceof dark enegy. Cross—
correlatingX—ray data large—scale—structudataandthe CMB, or thefusionof CMB
datasetsrequiresspecificstatisticalanalysistools. Perhapsomeof the statisticsde-
velopedin this thesiscan be appliedwhen evaluatingthe detailedstructureof these
projecteddatasets.For example,studyingthe phasalifferenceof the datasetsshould
provide anothemethodfor performingjoint analyse.After WMAP andPlanck,it is
likely that polarisationstudieswill provide the main emphasisn CMB physics. Al-
thoughthe detectionandmeasurementf primordial polarisation(especiallyB-mode
fluctuations)romisesawealthof cosmologicalnformation,thismayberenderedm-
possibleif thereare complicatedforegroundpolarisationpatterns. The development
of polarisationtoolswill beessentialThework onrotationmeasuresouldbe usedto
make predictionsof thepolarisatiorsignalfrom foregroundsourcesThe phasestudies
canbe extendedfrom scalartemperaturanapsto mapsof the polarisationwhich are
vectorfields.
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